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Fourier series
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Fourier's motivation: solving PDE, e.g. Airy equation

u(6,0) = v(0)
Oru(f,t) = dgu(6,t)

Image: S. Liu, Y. Zhang, B. A. Malomed, E. Karimi
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. 3 Image: S. Liu, Y. Zhang, B. A. Malomed, E. Karimi
v— fy— ™t — u(d, t)
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Representing general functions

For a sequence f, with ||7|l1 <1,

N
vn(0) = Z foem®

n=—N

has a limit v(0) for every § as N — oo

Norbert Wiener, Wikipedia
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Representing general functions

N
|fallp < 1, if for all N have > |fp|P <1.
n=—N

For a sequence f, with ||7|l1 <1,
N .
vn(0) = Z foem®
n=—N

has a limit v(0) for every § as N — oo

and v is "Wiener", in particular continuous. Norbert Wiener, Wikipedia
) :

|fallp < 1 for p > 1 does not imply convergence at every 6.
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Even m ral functions

Plancherel:
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David Hilbert, Wikipedia
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Even more general functions

Plancherel:

N

S IhP= / (02 db
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n=—N

If ||fn]]2 < 1, there is a unique square integrable
function v such that

21
/0 v (8) — v(6)2d0

David Hilbert, Wikipedia

tends to 0 as N — oo.
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Carleson’s 1966 theorem, formalized 2025

If ||[fa]]2 < 1, then for almost every 6§ the values vy () tend to v(#).
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Formalization ’25 [F. van Doorn, CT, et al (+15)]
Further Dutch influence: N.G.(Dick) de Bruijn, L.E.J.(Bertus) Brouwer
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https://florisvandoorn.com/carleson/

Quantum computer

Polynomials as alternation of multiplication by z and addition of f,

N
Yo "= ((fvz + fu-1)z+ fv2)z + fus)z + -+ ]z N
n=—N

IBM Kryostat, Wikipedia
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Quantum computer

Polynomials as alternation of multiplication by z and addition of f,

N
Yo "= ((fvz + fu-1)z+ fv2)z + fus)z + -+ ]z N
n=—N

Alternate multiplication by two types of SU(2) matrices:
z 0
7=(5 )

1 1 1
V1412 —fh 1

Nonlinear Fourier series suited for quantum computers.

IBM Kryostat, Wikipedia
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Nonlinear Fourier series suited for quantum computers.

IBM Kryostat, Wikipedia
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Visualization of nonlinear Fourier series

Christoph Thiele Nonlinear Fourier analysis and applications Antwerpen, April 8th 2026 8/16



Two models: SU(2) and SU(1,1)

(52 yrte (5 1))
Lt (e )= () e

In linear approximation, by becomes the linear Fourier series.
Does limit (a, b) of (an, by) exists as N — oo?
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Two models: SU(2) and SU(1,1)
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Does limit (a, b) of (an, by) exists as N — oo?

Christoph Thiele Nonlinear Fourier analysis and applications Antwerpen, April 8th 2026



Quantum signal processing results

If ||fa]]1 < oo, then limit b(z) of by(z) as N — oo exists for all
|z| = 1. The function b is "Wiener".

Plancherel: for "outer” a,

/—Iog(l |b(e”[2) db = = Z I

n=—N

Thm '24 [M Alexis, L Lin, G.Mnatsakanyan, C.T., J. Wang]

SU(2): For b with finite log-integral, there exists unique square summable
sequence f, such that by converge to b in mean and a is "outer”.

Thm 25 [H. Ni, R. Sarkar, L. Ying, L. Lin]

The sequence f, for |n| < N can be computed in CN log(/N)? steps.
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Orthogonal polynomials

100

In SU(1,1) model, f, supported on n > 0,

050

on(z) = zNan(2) + bn(Z)

0.00

—0.25

are polynomials. For N # M, orthogonality = -

—0.75

» —Ph =P

—1.00

<¢N’ ¢M> — O’ —1.00 —0.75 —0.50 —025 0.00 0.25 0.50 0.75 1.00
where (¢,1)) is defined as

(&, 9) = /v“jqoo/qr (an(z) + bn(2))(an(Z) + bu(2))

Convergence in measure.
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Left and right orthogonal polynomials

In SU(2) model, consider polynomials

on(z) = 2(an(2) + B, n(z) = 2(an(2) — Ba(2)
One observes for N # M,
<¢N, ¢~5M> =0,
where (¢,1)) is defined as
o H2)I(E)
9= I, e+ BN oo

Thm ’25 [M. Alexis, G. Mnatsakanyan, C.T.] If [b(z)| < 3 for all z and a
is "outer”, then for almost all z the following converges for k — oo

[(2(2) + B2 D)@ — bs(2))]
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Fourier integral instead of sum

f(e) = /Oo f(t)e ™dt “
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Fourier integral instead of sum

o= [ rea=uen)
e = [ e o !
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Fourier integral instead of sum

Fe) = / T (et dt = u(€, 00) 4

—0o0

u(€, x) i= / . F(t)e it dt g

Differential equation Initial condition Result
Bu(€,x) = f(x)e™ ™, u(€, —00) =0,  u(&,+o0) = F(£)
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Fourier integral instead of sum

Fe) = / T (et dt = u(€, 00) 4

u(§, x) == /X f(t)e " dt .

g(f,X) - eu(f,x) ’ 05 15 2
Differential equation Initial condition Result
Bu(€,x) = f(x)e ™, u(é,—00) =0,  u(&, +oo) = (&)
0xg(&, %) = g(&, x)f(x)e™ ™, g6, —o0) =1, g(& 00)=e©®
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Two matrix models (SU(2),S5U(1,1))

Differential equation

0.G(€.x) = G(£.) (

Initial condition

Result
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0
FF(x)e™¢
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f(x)e &
0

a(¢) b(£)>
+b(€) a(§)

)
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modified Korteweg de Vries equation

u(x,0) = v(x)
dru(x, t) = 3u(x, t) + 60 (x, t)dxu(x, t)
v— ¥ — vt S u(x, t)
v — (a,b) — (a, be’©t) = u(x, t)

Solution method works if |b(£)| < 1/2 for all £ and a "outer”.
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https://www.researchgate.net/figure/Recreation-of-a-solitary-wave-on-the-Scott-Russell-Aqueduct-on-the-Union-Canal_fig3_256097400

Stadspark Lier, 2018
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