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Abstract. The goal of this article is three-fold; first we establish an interesting link be-
tween some sets related to cohomologies of complex local systems and the stratification of
the Albanese morphism of smooth irregular complex projective varieties. This gives a dif-
ferent interpretation of a result due to Green and Lazarsfeld. This observation originated
out of our interest in studying zeros of holomorphic 1-forms. Secondly, we show that the set
of 1-forms that admit codimension 1 zeros are in fact a linear subvariety of H0(X,Ω1

X). We
ask the same question for all codimensions, in particular for the set of all 1-forms that admit
zeros. Thirdly, in a somewhat different direction we deduce some geometric consequences.
The key ingredient in the third part is a result of Kashiwara which relates the singular
support produced by Albanese morphism to 1-forms that admit zeros. We show that when
a smooth projective variety with simple Albanese admits a C∞-fibre bundle structure over
the circle, its Albanese morphism is cohomologically trivial, i.e. the decomposition theorem
behaves like that of a smooth morphism. Such a C∞-fibre bundle structure is conjecturally
equivalent to the existence of holomorphic 1-forms without zeros.
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1. Introduction

In this paper, all complex of sheaves and perverse sheaves are defined with complex coef-
ficients. All the varieties are complex quasi-projective varieties. Unless specified otherwise
by 1-forms on a smooth projective variety, we mean global holomorphic 1-forms.

1.1. Singular support and holomorphic resonance complex. It has been indicated by
plethora of results ([GL87, HK05, LZ05, Sch20, HS21, PS14] to name just a few) that a lot
of geometry and topology of irregular varieties depend on zeros of holomorphic 1-forms. For
a 1-form ω ∈ H0(X,Ω1

X), denote the zero locus of ω by Z(ω) = {x ∈ X | ω(TxX) = 0}.
Define

W (X) := {ω ∈ H0(X,Ω1
X)|Z(ω) 6= ∅},

2010 Mathematics Subject Classification. primary 32Q55, 32S60, 14K12, 14C30 secondary 14F40.
Key words and phrases. Holomorphic one-form, cohomology jump loci, constructible sheaves, singular

support, linearity, abelian variety.

1



2 YAJNASENI DUTTA, FENG HAO, AND YONGQIANG LIU

which is the collection of 1-forms that admit zeros. In particular, W (X) is a closed subvariety
of H0(X,Ω1

X).
Let a : X → AX denote the Albanese morphism. Throughout the rest of the exposition we

identify H0(X,Ω1
X) with H0(AX ,Ω

1
AX

). Due to Kashiwara’s estimate (see Theorem 2.11),
for any local system L on X we have

π(SS(Ra∗L)) ⊆ W (X). (1)

Here SS(·) denotes the singular support (see Definition 2.10), which is a closed subvariety of
the cotangent bundle T ∗AX , and π : T ∗AX → H0(AX ,Ω

1
AX

) is the natural projection.
On the other hand, given ω ∈ H0(X,Ω1

X) by taking cup product with ω we obtain the
resonant complex (or Aomoto complex)

(H•(X,C),∧ω) := [· · · −→ H i−1(X,C)
∧ω−→ H i(X,C)

∧ω−→ H i+1(X,C) −→ · · · ].

The holomorphic resonance variety of X is defined as:

R(X) := {ω ∈ H0(X,Ω1
X) | (H•(X,C),∧ω) is not exact}.

It is well known [GL91] that R(X) is a finite union of vector subspaces of H0(X,Ω1
X). Green

and Lazarsfeld also proved [GL87, Proposition 3.4] that if ω ∈ R(X), then Z(ω) 6= ∅, hence
R(X) ⊆ W (X). Furthermore for any finite étale cover τ : X ′ → X we have

R(X ′, a ◦ τ) := {ω ∈ H0(AX ,Ω
1
AX

) | (H•(X ′,C),∧τ ∗a∗ω) is not exact} ⊆ W (X). (2)

In the following theorem we connect the subsets of W (X) described in the Eq. (1) and
Eq. (2) above.

Theorem A. Let X be a smooth projective variety with a : X → AX being its Albanese
morphism. Then ⋃

τ

π(SS(R(a ◦ τ)∗CX′)) =
⋃
τ

R(X ′, a ◦ τ) ⊆ W (X) (3)

where both unions are running over all possible finite étale cover τ : X ′ → X.

Remark 1.1. Similar to R(X, a ◦ τ), more generally for any morphism f : X → A to an
abelian variety A, we consider the notion Rdol(X, f) ⊆ H0(A,Ω1

A) (see Notation (2.4) in
§2.4) for all unitary rank 1 local systems. Then we show more specifically in Theorem 3.8

π(SS(Rf∗CX)) = Rdol(X, f).

If one considers finite abelian étale covers, the right hand side can be written in terms
of a union of R(X, a ◦ τ) for finitely many finite abelian étale covers τ : X ′ → X (see
Eq. (13)). As pointed to us by Schreieder, it would be interesting to deduce whether it
suffices to replace Rdol(X, f) by R(X, f) above. This is equivalent to asking whether there
is a smooth projective variety X such that a component of the cohomology jump loci of X
(see Definition 1.4), after a translation, is not contained in any of the components passing
through the origin.

In [Sch20] Schreieder asked: if there exists ω ∈ H0(X,Ω1
X) such that the complexes

(H•(X ′,C),∧τ ∗ω) are exact for all finite étale morphisms τ : X ′ → X, does there exist
ω′ ∈ H0(X,Ω1

X) such that Z(ω′) = ∅? The question is in a way asking how far the inclusion



GENERIC VANISHING AND HOLOMORPHIC 1-FORMS 3

in (3) is from being an equality. In fact considering all possible local systems L on X by
Kashiwara’s estimate there is a possibly larger subset of W (X), namely we have⋃

τ

π(SS(R(a ◦ τ)∗CX′)) ⊆
⋃
L

π(SS(Ra∗L)) ⊆ W (X), (4)

where · denotes the Zariski closure. We remark that the second union is indeed at most a
countable union (due to Theorem B and Theorem 3.1) and propose the following

Conjecture 1.2. The two inclusions in (4) are equalities.

Remark 1.3. The conjecture holds for varieties of dimension less than or equal to 3. In
fact, in this case we have [Sch20, HS21]⋃

ν

π(SS(R(a ◦ ν)∗CX′)) = W (X),

with the union running over all possible finite abelian étale covers ν : X ′ → X.

In order to prove Theorem A we need to connect holomorphic resonance variety with
cohomology jump loci. To this end, let us recall its definition. Let

Char0(X) := Hom(H1(X,Z)/ torsion,C∗)

denote the identity component of the character variety Char(X) := Hom(H1(X,Z),C∗).

Definition 1.4. The i-th cohomology jump loci of a constructible complex F ∈ Db
c(X) on

X is defined to be the set

V i(X,F) := {ρ ∈ Char0(X)|Hi(X,F ⊗ Cρ) 6= 0},

where Cρ denotes the rank 1 local system associated to ρ ∈ Char0(X). Furthermore we write

V(X,F) :=
⋃
i

V i(X,F).

The tangent space TCρ(Char0(X)) at a character ρ ∈ Char0(X) is H1(X,C). Then
the (1, 0)-piece of the tangent cone of the cohomology jump loci at the trivial character
1 determines the holomorphic resonance varieties. In other words, we have the so called
tangent cone equality:

H0(X,Ω1
X) ∩ TC1(V(X,CX)) = R(X).

In fact more is true. We set for any bounded constructible complex of sheaves F on an
abelian variety A

T (A,F) := H0(A,Ω1
A) ∩

(⋃
ρ

TCρV(A,F)
)
,

where the union is running over the representative points from irreducible components of
V(A,F). Then for any f : X → A we have (see Lemma 2.3)

T (A,Rf∗CX) = Rdol(X, f).
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1.2. Singular support of constructible complexes on abelian varieties. Theorem A
follows from the next result which connects the singular support of bounded constructible
complexes on abelian varieties and their cohomology jump loci. We use notations from the
previous discussion and denote by SS(·) the singular support and by T (·) the holomorphic
tangent cone.

Theorem B. Let A be an abelian variety. For any F ∈ Db
c(A), we have the equality

π(SS(F)) = T (A,F), (5)

where π : T ∗A → H0(A,Ω1
A) is the natural projection. In particular, π(SS(F)) is a finite

union of vector subspaces of the vector space H0(A,Ω1
A).

Remark 1.5. The second part of the theorem follows immediately from a result of Schnell.
In [Sch15] he shows that V(A,F) is a finite union of translated subtori of Char(A) (see The-
orem 3.1). Nonetheless the linearity property of π(SS(F)) is indeed a direct consequence of
a result about the conormal sheaf associated to subvarieties of abelian varieties (see Propo-
sition 3.3). In other words the argument does not involve cohomology jump loci.

The key technique we use is to relate the two sides of the equality in Theorem B via the
Euler characteristic formula given by the Kashiwara index theorem (see Theorem 2.9).

Remark 1.6. Unsurprisingly, this statement exists in the world of D-modules as well. For
the precise statement, please see Theorem 3.7.

1.3. Linearity Question. For a 1-form ω ∈ H0(X,Ω1
X) we consider more specifically

W i(X) = {ω ∈ H0(X,Ω1
X) | codimX Z(ω) ≤ i}.

In particular, W (X) = W dimX(X).
In Theorem A, more precisely in Remark 1.1 we have identified linear subvarieties of

W (X), i.e. a finite union of linear subspaces of H0(X,Ω1
X). Such a statement is true for

the set of global holomorphic tangent vector fields with zeros due to the work of Carrell and
Lieberman [CL73]. This prompts the following

Question 1.7. Are W i(X) linear for every degree i, i.e. a finite union of vector subspaces
of the vector space H0(X,Ω1

X)?

Remark 1.8. Let us list some evidence for the question.

(1) If χ(X) 6= 0, the complex (H•(X,C),∧ω) cannot be exact for any ω ∈ H0(X,Ω1
X),

hence R(X) = H0(X,Ω1
X). Thus in this case W (X) = R(X) which is linear.

(2) If X is of general type, Popa and Schnell showed that W (X) = H0(X,Ω1
X) [PS14],

hence also linear.
(3) The equality R(X) = W (X) is however known to fail in case of [DJL17, Example

1.11]. More specifically, let C1 be a higher genus curve that admits a degree 2 finite
morphism to an elliptic curve E, and let C2 be an elliptic curve. Consider σ1 to be the
involution action such that C1/σ1 ' E and σ2 induces an isogeny C2 → C2/σ2. Then
their example is given by X := C1×C2/ ∼, where the ∼ is a diagonal action induced
by σ1 and σ2. In this case, one can compute more generally Rdol(X) = {0} but
W (X) = f ∗H0(E,Ω1

E) for the natural map f : X → E. We remark furthermore that

the finite étale cover given by C1 × C2 =: X ′
τ−→ X satisfies Rdol(X

′, a ◦ τ) = W (X).
This shows why it is necessary to consider finite étale covers.
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(4) The answer to the question above is yes for W (X) when dimX ≤ 3 by a result of
the second named author obtained jointly with Schreieder [Sch20, HS21]. For more
details, please see §1.4.

(5) If X admits a finite morphism f : X → A to its image, then the set of 1-forms in
W (X) that are pulled back from A is linear (see Corollary 3.5).

We answer the question positively for W 1(X).

Theorem C (see Theorem 4.4). Let X be a smooth projective variety of dimension n.
Then W 1(X) is linear.

This follows from a result of Spurr [Spu88, Theorem 2]; whenever a divisor E ⊂ Z(ω) for
some 1-form ω, then either E is rigid in the sense that E2 ·Hn−2 < 0 with respect to some
polarisation H on X, or ω comes from a curve. We generalise this statement in the setting
of a pair.

Theorem D. Let (X,D) be a pair with X a smooth projective variety of dimension n
and D a simple normal crossing divisor on X. Let H be an ample divisor on X. If (X,D)
carries a nonzero logarithmic 1-form ω ∈ H0(X,Ω1

X(logD)) such that there exists an integral
divisor E with E2 ·Hn−2 ≥ 0, E ⊆ Z(ω), and E 6⊆ D, then there is a surjective morphism
f : X − D → C to a smooth quasi-projective curve C = C̄ − B (where C̄ is a smooth
completion of C and B can be empty) with

(1) χ(C) ≤ 0 and ω = f ∗η for some η ∈ H0(C̄,Ω1
C̄

(logB)).
(2) f has connected generic fibres.
(3) E2 ·Hn−2 = 0.
(4) If χ(C) = 0, then f has at least one multiple fibre.

As a corollary we prove the linearity of the set of logarithmic 1-forms admitting codimen-
sion one zeros.

Theorem E (see Theorem 4.7). Let (X,D) be a pair with X a smooth projective variety
and D a simple normal crossing divisor of X. Then the set

W 1(X,D) := {ω ∈ H0(X,Ω1
X(logD)) | codimX Z(ω) ≤ 1}

is linear.

To show the above corollary we prove that W 1(X,D) consists of the following two types
of logarithmic 1-forms: those coming from the degree 1 cohomology jump loci of X \D and
those vanishing along some rigid divisors. This corollary complements Budur, Wang and
Yoon’s work [BWY16] (see Remark 4.8).

1.4. Connection to topology and geometric consequences. The linearity question is
connected to the following set of three statements, which serves as a bridge between the
topological and the algebro-geometric worlds.

(1) X admits a global holomorphic 1-form without zeros.
(2) X admits a C∞ real 1-form which has no zeros, or equivalently X admits a C∞-fibre

bundle over the circle.
(3) There exists ω ∈ H0(X,Ω1

X) such that for all finite étale morphism τ : X ′ → X, the
complex (H•(X ′,C),∧τ ∗ω) is exact.
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The direction (1)⇒ (2) is obvious. The opposite direction (2)⇒ (1) was asked by Kotschick
[Kot21, Question 15]. (1) ⇒ (3) is proved by Green and Lazarsfeld as mentioned in Section
1.1. Motivated by this fact, (3) was recently proposed by Schreieder as an approach to solve
the conjectural direction and he showed that (2) ⇒ (3) [Sch20, Theorem 1.2]. Moreover,
Schreieder gave a positive answer for (3) ⇒ (1) in dimension 2 [Sch20, Theorem 1.3] and
in dimension 3 by a joint work with the second named author [HS21, Theorem 1.4]. This
connects back to Conjecture 1.2; in fact up-to dimension 3 their result implies the conjecture
and that both the unions in Eq. (4) are finite. Hence W (X) is linear.

Finally we present some geometric consequences. Recall that by a result of Popa and
Schnell we know that if X is of general type, then all 1-forms admit zeros. The (2) ⇒ (1)
direction above suggests the following

Conjecture 1.9. A smooth projective variety of general type can not admit a C∞-fibre
bundle structure over the circle.

As an evidence to this conjecture we note that under the additional assumption that there
exists an ample line bundle L on the Albanese variety AX such that a∗L ⊆ ωX , Popa and
Schnell’s method in fact implies that Rdol(X) = H0(X,Ω1

X) (see [PS14, Eq. (6.1)]). Here X
is a smooth projective variety of general type and a : X → AX is the Albanese morphism.
Then the conjecture follows from Schreieder’s observation (2)⇒ (3) (see Proposition 5.1).

A morphism f : X → A to an abelian variety A with divisorial discriminant of general
type shows a similar attribute, i.e. for all ω ∈ H0(A,Ω1

A), Z(f ∗ω) 6= ∅. This was observed
by Hacon and Kovács [HK05, Proposition 3.5.]. Considering these observations we expect
the following (compare with [HS21, Conjecture 1.7])

Conjecture 1.10. Any surjective morphism f : X → A to a simple abelian variety A saits-
fying one of the following conditions

(1) there exists a 1-form ω ∈ H0(A,Ω1
A) with Z(f ∗ω) = ∅,

(2) there exists a C∞-fibre bundle structure pX : X → S1 such that p∗X(dθ) ∈ f ∗H1(A,C),
where θ is a coordinate of the circle.

must be a smooth morphism.

To this end we have the following partial answers which state that under the above hypoth-
esis f is cohomologically insignificant, i.e. decomposition of the pushforward of CX behaves
like that of a smooth proper morphism.

Theorem F. Let f : X → A be a morphism from a smooth projective variety X to a simple
abelian variety A. Assume that there exists a holomorphic 1-form ω ∈ H0(A,Ω1

A) with
Z(f ∗ω) = ∅. Then for any semi-simple C-local system L, the pushforward Rf∗L is a direct
sum of shifted rank one local systems in Db

c(X).

Assuming the hypothesis in Conjecture 1.10 (2), which is currently a weaker (yet conjec-
turally equivalent) hypothesis, we have

Theorem G. Let f : X → A be a morphism from a smooth projective variety X to a simple
abelian variety A. Assume that there is a C∞-fibre bundle structure pX : X → S1 such that
p∗X(dθ) ∈ f ∗H1(A,C) with θ a coordinate of the circle. Then Rf∗CX is a direct sum of shifted
rank one local systems in Db

c(X).
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2. Preliminaries

2.1. 1-forms and associated local systems. The i-th cohomology jump loci V i(X,F)
for F ∈ Db

c(X) is already defined in Definition 1.4. We set

T i(X,F) := H0(X,Ω1
X) ∩

(⋃
ρ

TCρV i(X,F)
)
,

where the union is running over representative points from irreducible components of V i(X,F)
and TCρV i(X,F) ⊆ H1(X,C) denotes the tangent cone at ρ. Similar to V(X,F) =⋃
i V i(X,F), we set T (X,F) :=

⋃
i T i(X,F). When F = CX , we simply write T i(X)

and T (X).

Given a 1-form ω ∈ H0(X,Ω1
X), the kernel L(ω) of OX

d+∧ω−→ Ω1
X is a rank 1 local system

resolved by the de Rham complex (see the proof of [Sch20, Lemma 2.2])

K•(ω) := [OX
d+∧ω−→ Ω1

X −→ · · ·
d+∧ω−→ Ωn−1

X

d+∧ω−→ Ωn
X , ] (6)

and hence Hk(X,L(ω)) = Hk(X, (Ω•X , d+∧ω)). What’s more, the corresponding line bundle
Lω := L(ω)⊗C OX is isomorphic to OX . Hence we have the following short exact sequence

0→ H0(X,Ω1
X)→ Char0(X)→ Pic0(X)→ 0, (7)

ω 7→ L(ω);L 7→ L⊗C OX ,
In order to obtain a Kodaira–Nakano-type vanishing theorem for degree zero line bundles

Green–Lazarsfeld [GL87] considered the following spectral sequence
associated to the complex (6)

Ep,q
1 (ω) := Hp(X,Ωq

X)⇒ Hp+q(X, (Ω•X , d+ ∧ω)),

with differential d1 = ∧ω : Ep,q
1 (ω) → Ep,q+1

1 (ω) induced by d + ∧ω in complex (6). Using
this spectral sequence, [GL87, Proposition 3.4] shows that if there is a holomorphic 1-form
ω whose zero locus Z(ω) has codimension ≥ k, then the sequence

· · · −→ Hp(X,Ωq−1)
∧ω−→ Hp(X,Ωq

X)
∧ω−→ Hp(X,Ωq+1

X ) −→ · · ·
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is exact for all p+ q < k. Putting these together by the Hodge decomposition for H i(X,C)
we get

(H•(X,C),∧ω) := [. . .→ H i−1(X,C)
∧ω−→ H i(X,C)

∧ω−→ H i+1(X,C)→ . . .] (8)

is exact for all i < k. This prompts the following

Definition 2.1 (Holomorphic resonant varieties). The k-th holomorphic resonant va-
riety of X is defined as

Rk(X) := {ω ∈ H0(X,Ω1
X) | Hk(H•(X,C),∧ω) 6= 0}

and we set R(X) =
⋃
kRk(X). When a 1-form ω ∈ R(X), we call such 1-form resonant.

We will refer to the sequence (H•(X,C),∧ω) above as the resonance sequence.

More generally, the above picture can be extended to unitary local systems. To make our
notation precise recall that the space of unitary local systems is defined to be

Char0(X)u := Hom(H1(X,Z)/ torsion, U(1)).

For any unitary character η ∈ Char0(X)u, the corresponding local system Cη corresponds
to a degree 0 line bundle Lη := Cη ⊗C OX . In fact, this gives a one-to-one correspondence
between Char0(X)u and Pic0(X). Also, for any unitary character η ∈ Char0(X)u, one has
the Hodge decomposition for the associated unitary local system ([GL87, Proposition 3.7,
Remark on p. 404])

Hk(X,Cη) '
⊕
p+q=k

Hp(X,Ωq
X ⊗ Lη).

We now consider the following de Rham complex twisted by Lη.

K•(ω, η) := [Lη
d+∧ω−→ Ω1

X ⊗ Lη −→ · · ·
d+∧ω−→ Ωn−1

X ⊗ Lη
d+∧ω−→ Ωn

X ⊗ Lη.] (9)

Then similar to the case of trivial character, the kernel L(ω, η) of Lη
d+∧ω−→ Ω1

X ⊗Lη is a rank
1 local system resolved by the de Rham complex (9). Furthermore L(ω, η) = L(ω)⊗C Cη.

Definition 2.2 (Generalised holomorphic resonant variety). Given a local system
Cη associated to a unitary character η, the k-th generalised holomorphic resonant variety
associated to η is defined as

Rk(X,Cη) := {ω ∈ H0(X,Ω1
X)|Hk(H•(X,Cη),∧ω) 6= 0}1,

where (H•(X,Cη),∧ω) is induced by the complex (9) and the Hodge decomposition. We
denote as usual R(X,Cη) :=

⋃
kRk(X,Cη). We set

Rdol(X) :=
⋃

η∈Char0(X)u

R(X,Cη).

As noted in the introduction, another way to understand Rdol(X) is via the tangent cone
of the cohomology jump loci defined in Definition 1.4. The following lemma generalizes the
so-called tangent-cone equality

H0(X,Ω1
X) ∩ TC1V(X,CX) = R(X).

Lemma 2.3. With the notation as above, we have

T (X) = Rdol(X).

1Here we only write ∧ω in (H•(X,Cη),∧ω), since d acts trivially on H•(X,Cη).



GENERIC VANISHING AND HOLOMORPHIC 1-FORMS 9

Proof. For any unitary character η and holomorphic 1-form ω, with notations as above we
consider the spectral sequence

Ep,q
1 (ω, η) := Hp(X,Ωq

X ⊗ Lη)⇒ Hp+q(X,L(ω, η)) (10)

associated to K•(ω, η). We may and do take the differential to be d1 := ∧ω : Hp(X,Ωq
X ⊗

Lη) → Hp(X,Ωq+1
X ⊗ Lη). Since this degenerates at E2 by [GL87, Proposition 3.7, Remark

on p. 404], we have

Ep,q
2 (ω, η) = 0, for all p+ q = k ⇔ Hk(X,L(ω, η)) = 0. (11)

Note that Hk(H•(X,Cη),∧ω) 6= 0 if and only if Ep,q
2 (ω, η) 6= 0 for some p + q = k.

Now for any ω ∈ Rk(X,Cη) with η some unitary character, by Eq. (11) the local system
L(c · ω, η) ∈ Vk(X,CX) for all c ∈ C∗. Furthermore, since Ep,q

2 (ω, η) 6= 0, by Eq. (10) we
have Cη ∈ Vk(X,CX) Hence we have ω ∈ H0(X,Ω1

X) ∩ TCη(Vk(X,CX)) ⊆ T (X).
On the other hand, since Vk(X,CX) is a union of torsion translated subtori (see e.g.,

[Sim93]), any ω ∈ T (X) can be chosen to be in H0(X,Ω1
X) ∩ TCρ(Vk(X,CX)) for some

ρ ∈ Vk(X,CX) torsion, in particular unitary. Hence L(ω, ρ) has nontrivial k-th cohomology.
We get ω ∈ Rk(X,Cρ) from Eq. (11). �

Remark 2.4. There is another cohomology jump loci coming from DX-modules2. It is no
surprise that the 1-forms arising out of them also coincide with Rdol(X) and T (X). Denote
by XdR the space of L ∈ Pic0(X) together with a flat connection ∇ : L → Ω1

X ⊗ L, i.e. it
satisfies ∇◦∇ = 0 and locally for any f ∈ OX and s ∈ L, we have ∇(fs) = df ⊗s+f ·∇(s).
For any complex of DX-module M∈ Db

rh(X) with regular holonomic cohomologies, define

Vk(X,M) := {(L,∇)|Hk (X,DR(M⊗ (L,∇))) 6= 0}.

There exists a biholomorphic map Φ: XdR → Char0(X) that associates to the DX-module
(L,∇) a rank 1-local system given by ker(∇). It is well-known that XdR can be described
as an extension of Pic0(X) by H0(X,Ω1

X). We set

RdR(X,M) := H0(X,Ω1
X) ∩

(⋃
k

Vk(X,M)

)
As before, RdR(X) := RdR(X,OX). The equality “RdR(X) = T (X)” follows from [Sch15,
Theorem 14.1] which for any constructible complex F ∈ Db

c(X) and the corresponding
complex of DX-modules M∈ Db

rh(X) identifies

Φ(V i(X,M)) = V i(X,F).

Indeed, after appropriate identification of the cohomology jump loci on the Albanese AX , we
note that these loci come from various abelian subvarieties B of AX . Then Φ above coincides
with the biholomorphic maps BdR → Char(B).

2.2. Finite étale covers and cohomology jump loci. One of the reasons why we consider
finite étale covers in Theorem A is that we would like to incorporate more generally the
cohomology jump loci in Char(X), namely

Σ(X) := {ρ ∈ Char(X)|H i(X,Cρ) 6= 0 for some i}.

2see §2.3 below for a quick background
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Note that Char(X)/Char0(X) ' H1(X,Z)tors. We write

Σ(X) =
⊔

α∈H1(X,Z)tors

α̃ · V(X,Cα̃)

where α̃ is a lift of α in Char(X). Note that the right hand side does not depend on the
choice of this lift. Furthermore, one can construct a finite abelian étale cover ν : X ′ → X
corresponding to ker(π1(X)→→ H1(X,Z)tors) such that ν∗Cα̃ ∈ Char0(X ′). We deduce

V(X ′, ν) =
⋃

α∈H1(X,Z)tors

V(X,Cα̃) (12)

where V(X ′, ν) := {ρ ∈ Char0(X)|H i(X ′, ν∗Cρ) 6= 0 for some i}. Identifying Char0(X)
with Char0(AX), with the notation for the holomorphic piece of the tangent cone from the
previous section we have

H0(X,Ω1
X) ∩ TC(Σ(X)) = T (AX ,R(a ◦ ν)∗CX′)

where TC(Σ(X)) is the union of all tangent cones of its irreducible components.

In fact if we allow finite abelian étale covers, for almost all practical purposes it is enough
to consider the tangent cone at the trivial character 1. More concretely one can show the
following

Lemma 2.5. For any morphism f : X → A, there exist finitely many finite abelian étale
covers τ : Xτ → X such that

T (A,Rf∗CX) =
⋃
τ

T1(A,R(f ◦ τ)∗CXτ )

where T1(A,R(f ◦ τ)∗CXτ ) denotes the holomorphic part of the tangent cone of V(A,R(f ◦
τ)∗CXτ )) at 1.

A similar statement is true for the 1-forms coming from the resonance complexes. By
the tangent cone equality T1(A,R(f ◦ τ)∗CXτ ) = R(Xτ , f ◦ τ) and Lemma 2.3 it follows
immediately that

Rdol(X) :=
⋃
τ

R(Xτ , f ◦ τ) (13)

Lemma 2.5 or at least its incarnation for tangent cones perhaps goes without saying. Nonethe-
less due to lack of references we include it here.

Proof of Lemma 2.5. We let F = Rf∗CX for notational simplicity. There exist finitely many
torsion points ρ ∈ V(A,F) (see [Sim93]) such that

T (A,F) =
⋃
ρ

Tρ(A,F)

where Tρ(A,F) denotes the holomorphic part of the tangent cone of V(A,F) at ρ. Consider
the isogenies τρ : Aρ → A such that τ ∗ρCρ = C. Then τρ∗C ' ⊕`−1

k=0C⊗kρ where C⊗`ρ = C. The
equality follows from noting that

T (A,F) =
⋃
ρ

T1(A,F ⊗ Cρ) =
⋃
ρ

T1(A,F ⊗ τρ∗C).

For each ρ we define τ : Xτ → X as the pullback of f over Aρ.
�
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The lemma applied to a ◦ ν : X ′ → AX in Eq. (12) we obtain finitely many τi : Xi → X ′

such that
H0(X,Ω1

X) ∩ TC(Σ(X)) =
⋃
i

T1(AX ,R(a ◦ ν ◦ τi)∗CXi) (14)

2.3. Perverse sheaves and D-modules. Perverse sheaves on a smooth projective vari-
ety X are, roughly speaking, a generalisation of local systems, i.e. locally constant sheaves.
Denoting by DX the sheaf of differential operators, recall that under the Riemann–Hilbert
correspondence perverse sheaves underlie regular holonomic DX-modules and the two cat-
egories are equivalent. We refer the readers to [HTT08, Chapter 6,7] for definitions and a
comprehensive background on this topic. A regular holonomic DX-module M admits an
increasing filtration F•M with respect to the filtration on DX given by the order of differen-
tial operators. Furthermore, the filtration can be chosen so that the corresponding graded
module grF•M is coherent as a module over the graded abelian algebra grF• DX . Such filtra-
tions are called good filtration. We identify grF• DX with the pushforward of the structure
sheaf OT ∗X of the cotangent bundle, via the bundle map T ∗X → X. Consider grF•M as
a OT ∗X-module with structure induced via pullback under the bundle map. We have the
following

Definition 2.6 (Singular Support). Given a perverse sheaf P and its corresponding
regular holonomic DX-module (M, F•) with a good filtration F•, we define the singular
support of P and M to be the support of the coherent OT ∗X-module grF•M with reduced
scheme structure.

By results of Kashiwara and Gabber, the holonomicity condition ensures that (see e.g.
[HTT08, Theorem 2.3.1]) the support of grF•M is a finite union of conical Lagrangian sub-
varieties. By [HTT08, Theorem E.3.6] we know that it is given by conormal sheaves along
various subvarieties of X defined below.

Definition 2.7 (Conormal Sheaf). Given Z ⊂ X an irreducible closed subvariety of a
smooth projective variety X, the conormal sheaf is defined by T ∗ZX := T ∗ZregX, where T ∗ZregX
is the conormal bundle of the regular locus Zreg of Z in X.

Therefore we have
SS(P) = SS(M) :=

⋃
Zi⊆X

T ∗ZiX,

which is a finite union over some irreducible closed subvariety Zi ⊆ X.

Definition 2.8 (Characteristic Cycle). The characteristic cycle associated to a perverse
sheaf P (and its corresponding regular holonomic DX-module (M, F•)) is defined to be the
support of grF•M with each irreducible component Zi taken with multiplicity nZi , which is
given by the length of the module localised at the generic point of Zi. we write

CC(P) = CC(M) :=
∑
i

nZiT
∗
Zi
X

The euler characteristic of perverse sheaves satisfy a Grothendiek–Riemann–Roch-type
theorem. This was shown by Kashiwara and is known as Kashiwara’s index theorem.

Theorem 2.9 [Kas85]. Let P be a perverse sheaf on a smooth projective variety X. Then

χ(X,P) = CC(P) · T ∗XX =
∑
i

nZi(T
∗
Zi
X · T ∗XX)
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where the dot denotes intersections of cycles in the complex manifold T ∗X.

More generally we consider the bounded derived category of constructible sheaves on X,
Db
c(X). The Riemann–Hilbert correspondence gives a map

DR: Db
rh(X)→ Db

c(X)

where the category on the left hand side is the bounded derived category of regular holonomic
DX-modules. We define (see [KS94, Exercise X.6] [HTT08, p. 373])

Definition 2.10. For a constructible complex F ∈ Db
c(X), let M denote the correspond-

ing complex of DX-modules. For any integer i, the regular holonomic DX-module Hi(M)
underlies the perverse cohomology sheaf pHi(F). The singular support of M is defined as

SS(M) :=
⋃
i

SS(Hi(M)),

and it coincides with the one for F defined as follows:

SS(F) :=
⋃
i

SS(pHi(F)).

Given f : X → A a morphism to an abelian variety A, Kashiwara’s estimate for the
behaviour of the singular support produces a breeding ground for 1-forms with zeros. This
estimate was exploited in [PS14] to show that all 1-forms admit zeros on smooth projective
varieties of general type. We recall it in our current framework.

Theorem 2.11 (Kashiwara’s estimate [Kas77, Theorem 4.2]). Given f : X → A, consider
the following commutative diagram.

T ∗X f ∗T ∗A T ∗A H0(A,Ω1
A)

X A

f×iddf π

f

(15)

Then for any local system L on X

SS(Rf∗L) ⊆ (f × id)(df−1(0X))

where 0X denotes the zero section T ∗XX of T ∗X.

Note that π(f × id)(df−1(0X)) = W (X) ∩H0(A,Ω1
A) under a suitable identification. We

use this result frequently as follows:

π(SS(Rf∗L)) ⊆ W (X) ∩H0(A,Ω1
A) (16)

Finally we recall some special properties exhibited by the cohomology jump loci of perverse
sheaves on abelian varieties.

Theorem 2.12 [LMW20, Theorem 1.2] and [FK00, Corollary 1.4]. Let P be a perverse sheaf
on an abelian variety A with dimA = g. The cohomology jump loci of P satisfy the following

(1) Propagation property:

V−g(A,P) ⊆ · · · ⊆ V−1(A,P) ⊆ V0(A,P) ⊇ V1(A,P) ⊇ · · · ⊇ Vg(A,P).

Furthermore, V i(A,P) = ∅, if i /∈ [−g, g].
(2) Signed Euler characteristic property: χ(A,P) ≥ 0. Moreover, the equality holds if

and only if V0(A,P) 6= Char(A).
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2.4. Glossary of Notations. For the ease of navigation we quickly recall the three different
sources of 1-forms arising out of the generic vanishing theory.

(1) Rdol(X)3 :=
⋃
η∈Char0(X)u{ω ∈ H0(X,Ω1

X)|(H•(X,Cη),∧ω) not exact}. We also in-

troduce the notion Rdol(X, f) with respect to morphisms to abelian varieties f : X → A, by
simply restricting to the 1-forms that come from A.

(2) Given a constructible complex F ∈ Db
c(X), T (X,F) := holomorphic pieces of the

tangent cones of the cohomology jump loci V(X,F). When F = CX , we write T (X) =
T (X,CX).

(3) Later on we also consider RdR(X,M) := holomorphic piece of the cohomology jump
loci V(X,M) for a complexM of DX-modules with regular holonomic cohomologies. When
M = OX , we write RdR(X) = RdR(X,OX).

3. Constructible complexes on abelian varieties

3.1. Linearity and comparison. In this subsection, we prove that the set of 1-forms sup-
ported on the conormal sheaf of a subvariety of an abelian variety is linear. As a consequence
we obtain that the set of 1-fors associated to the singular support of any constructible com-
plex F is linear. In the light of Theorem B we compare this result to the linearity coming
from the following structure theorem due to Schnell.

Theorem 3.1 [Sch15]. Let A be an abelian variety. For any F ∈ Db
c(A) and any integer i,

V i(A,F) is a finite union of translated sub-tori of Char(A).

Proposition 3.2. Let A be an abelian variety. For any F ∈ Db
c(A), π(SS(F)) is linear in

H0(A,Ω1
A).

This proposition directly follows from the following

Proposition 3.3. Let A be an abelian variety and Z be a proper irreducible subvariety of
A. Then the following are equivalent

(1) Z is not fibred by tori or of dimension 0.
(2) General holomorphic 1-form ω ∈ H0(A,Ω1

A) restricted to Zreg, i.e. ω|Zreg admits
isolated zeros on the smooth locus Zreg.

In particular, let B ⊆ A be the largest (in dimensional sense) abelian subvariety such that
Z is fibred by B, we have π(T ∗ZA) = H0(C,Ω1

C) identified as a vector subspace of the vector
space H0(A,Ω1

A). Here C denotes the quotient A/B

Remark 3.4. When Z is smooth, this result is well-known to the experts (see e.g. [Laz04,
Proposition 6.3.10.]). Hacon and Kovács showed this under the additional assumption that
A is simple [HK05, Proposition 3.2]. After this draft was written we also noticed that the
result is stated in the preprint [Wei11, Theorem 1] with a different argument.

Proof of Proposition 3.3. (2)⇒ (1): Suppose Z is fibred by a non-trivial abelian subvariety B
and dimZ > 0. Let C := A/B and Y = ϕ(Z) under the projection ϕ : A→ C. Considering
the isogeny τ : B×C → A, we obtain τ−1(Z) = B×Y . Then the non-trivial 1-forms coming
from B do not vanish on the smooth locus of Z ′, hence also not on the smooth locus of Z.

3Here “dol” stands for Dolbeault. It is closely related to certain cohomology support loci defined via
the Dolbeault cohomologies appearing in the decomposition Hk(X,Cη) '

⊕
p+q=kH

q(X,ΩpX ⊗ Lη) where

Lη := OX ⊗ Cη.
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(1)⇒(2): Denote d = dimZ and g = dimA. If d = 0 it is trivial, so we assume d > 0.
Denote by N the vector bundle on Zreg given by NZ/A|Zreg where NZ/A is the normal sheaf
[Sta21, Tag 01R1]. Associated to

TA|Zreg →→ N,

we obtain the following chain of maps

ϕ := (P(N)→ Zreg × P(T0A)→ P(T0A) = Pg−1)

where for a vector bundle E on Zreg we use the notation P(E) := ProjZreg(Sym•(E)). Denote
by p : P(N) → Zreg the bundle map and by S := ϕ(P(N)) the image. Given a point s ∈ S,
by construction we can associate a hyperplane Hs ⊂ T0A. Then p induces an isomorphism

p : ϕ−1(s)
∼→ {z ∈ Zreg|TzZreg ⊂ Hs}. (17)

It suffices to show that ϕ is dominant. If dimS < g − 1, for general s ∈ S, Zs := p(ϕ−1(s))
has dimension g − 1 − dimS. Let B denote the abelian subvariety generated by Zs in A.
Note that B does not depend on general s, since A only contains countably many sub-abelian
varieties. Also, dimB > g− 1−dimS. Indeed, our assumption implies that Zs cannot itself
be an abelian variety. By (17), Hs ⊃ T0B for general s ∈ S. Thus dimT0B ≤ g− 1− dimS,
which gives the contradiction. Hence ϕ is quasi-finite dominant morphism which shows the
first part of the claim.

For the second part, if Z is not fibred by tori, π(T ∗ZA) = H0(A,Ω1
A). When Z is fibred by

some tori, there exists a non-trivial abelian subvariety B of A such that, for the smooth map
ϕ : A→ C with C = A/B, Y := ϕ(Z) ⊂ C is not fibred by any tori. Let ϕ∗ : H0(C,Ω1

C)→
H0(A,Ω1

A) be the induced injective morphism. We have

π(T ∗ZA) = ϕ∗(H0(C,Ω1
C)).

Hence π(T ∗ZA) is linear. �

Proof of Proposition 3.2. The claim follows from Proposition 3.3 since SS(F) is a finite union
of conormal sheaves along various subvarieties of A. �

A consequence of the proposition above is the following

Corollary 3.5. If X admits a finite morphism f : X → A to its image, then W (X) ∩
H0(A,Ω1

A) is linear. In particular, if the Albanese morphism is finite to its image, then
W (X) is linear.

Proof. By [Lia18, Proposition 3.9 (2)] and [Sab85, Proposition 3.3], (f × id)(df−1(0X)) in
the diagram (15) is Lagrangian, i.e. it is a finite union of conormal sheaves along various
subvarieties of A. Then the corollary follows from Proposition 3.3. �

3.2. Proof of Theorem B. We need the following lemma, which may be of independent
interest.

Lemma 3.6. For a simple perverse sheaf P on an abelian variety A, χ(A,P) = 0 if and
only for any irreducible component T ∗ZA of the singular support SS(P), the subvariety Z is
fibred by a fixed non-trivial abelian subvariety B ⊆ A.

Proof. One direction is relatively easier, namely if Zi is fibred by tori for all Zi appearing in

SS(P) =
⋃
i

T ∗ZiA,

https://stacks.math.columbia.edu/tag/01R1
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then we have the result by noting that the intersection (T ∗ZiA · T
∗
AA) = 0 and

χ(A,P) =
∑
i

ni(T
∗
Zi
A · T ∗AA) = 0

as in Theorem 2.9.
For the converse we need a result of Weissauer [Wei12, Theorem 2] which ensures that

there exists an abelian variety C, a surjective morphism ϕ : A→ C with connected fibres, a
simple perverse sheaf PC on C with χ(C,PC) > 0, and a character ρ ∈ Char(A) such that

P ⊗ Cρ ' ϕ∗PC [dimA− dimC].

Note that P and P ⊗ Cρ have the same singular support. Since the map ϕ : A → C is
smooth, [HTT08, Example 2.4.5 and Remark 2.4.8] give us that

SS(P) = dϕ ◦ (ϕ× id)−1(SS(PC)),

where the relevant maps are coming from the following diagram

T ∗A ϕ∗T ∗C T ∗C

A C

ϕ×iddϕ

ϕ

Indeed, for a subvariety Y ⊂ C we have dϕ ◦ (ϕ× id)−1(T ∗YC) = T ∗ϕ−1(Y )A. Then the claim

follows. �

Proof of Theorem B. The proof is divided into 2 steps.

Step 1: We first prove the case where F = P is a perverse sheaf on A.
Note that for a short exact sequences of perverse sheaves on A

0→ P ′ → P → P ′′ → 0,

we have V(A,P) = V(A,P ′) ∪ V(A,P ′′) and SS(P) = SS(P ′) ∪ SS(P ′′). Since perverse
sheaves admit Jordan–Holder type filtration with simple perverse sheaves as quotients, it is
enough to deal with the case of simple perverse sheaves. From now on let us assume that P
is a simple perverse sheaf on A. First note that by the propagation property in Theorem 2.12
(1), we have V(A,P) = V0(A,P). According to Theorem 2.12 (2), the argument can be split
in two cases:

Case I: χ(A,P) > 0. In this case Theorem 2.12 (2) shows that V0(A,P) = Char(A), hence
T (A,P) = H0(A,Ω1

A). On the other hand by the Kashiwara index Theorem 2.9 we have

χ(A,P) = CC(P) · T ∗AA,

where CC(P) is the characteristic cycle of P as in Definition 2.8. Note that if Z ⊂ A is
fibred by an abelian subvariety, (T ∗ZA·T ∗AA) = 0. Therefore, SS(P) must contain a subvariety
Z ⊂ A such that Z is not fibred by tori. We conclude by Proposition 3.3, i.e. when Z is not
fibred by tori, π(T ∗ZA) = H0(A,Ω1

A). Hence we obtain the desired equality.

Case II: χ(A,P) = 0. As in the proof of Lemma 3.6 we have

P ⊗ Cρ ' ϕ∗PC [dimA− dimC]
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with notations from before. Since χ(C,PC) > 0, by Lemma 3.6 there exists a component
T ∗ZA ⊂ SS(P) such that ϕ(Z) ⊂ C is not fibred by tori. Since P and P ⊗Cρ have the same
singular support, by Proposition 3.3 we conclude that

π(SS(P)) = ϕ∗H0(C,Ω1
C). (18)

From Case I above we have
T (C,PC) = H0(C,Ω1

C).

On the other hand, it follows from [LMW18, Theorem 5.5] that

V0(A,P) = ρ−1 · ϕ∗(V0(C,PC)) (19)

where ϕ∗ : Char(C) → Char(A) is given by the induced representation. Putting (18) and
(19) together, the desired equality follows.

Step 2: In general for any F ∈ Db
c(A), [LMW18, Proposition 6.11] shows that

V(A,F) =
⋃
i

V0(A, pHi(F)),

where pHi(F) is the i-th perverse cohomology of F . On the other hand, SS(F) =
⋃
i SS(pHi(F))

by Definition 2.10. Then the claim follows. �

Version for D-modules. For a complex of regular holonomic DA-moduleM, we have defined
(see Remark 2.4) its cohomology jump loci. This loci is an algebraic subvariety of the de
Rham moduli space AdR of degree 0 line bundles together with a flat connection.

Theorem 3.7. Let A be an abelian variety. For M∈ Db
rh(A), we have the equality

π(SS(M)) = RdR(A,M).

Proof. The statement follows from Theorem B and the result of Schnell [Sch15, Theorem
14.1] which states

Φ(V i(A,M)) = V i(A,F),

where F = DR(M) and Φ: AdR → Char(A) is the biholomorphic map. �

We are now ready to prove Theorem A. Let us first introduce a general version. Consider
f : X → A to be a morphism from a smooth projective variety X to an abelian variety A.
Let us recall Notation (2.4) in §2.4.

Rdol(X, f) :=
⋃

η∈Char(A)u

{ω ∈ H0(A,Ω1
A)|(H•(X, f ∗Cη),∧f ∗ω) not exact},

Theorem 3.8. With the above hypothesis and notations, we have

π(SS(Rf∗CX)) = T (A,Rf∗CX) = Rdol(X, f),

which is a finite union of vector subspaces of H0(A,Ω1
A).

Proof. The first equality follows from Theorem B. The second equality follows from Lemma 2.3.
Finally the statement about linearity follows from Theorem 3.1 or Proposition 3.2. �

Proof of Theorem A. Given any finite étale cover τ : X ′ → X, by Theorem 3.8 we have

π(SS(R(a ◦ τ)∗CX)) = T (AX ,R(a ◦ τ)∗CX) = Rdol(X
′, (a ◦ τ)).

Then the result follows from Lemma 2.5, or more precisely by Eq. (13). �
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4. (Logarithmic) 1-forms with codimension one zeros

4.1. Arapura’s result about cohomology jump loci. Let X be a smooth projective
variety with a simple normal crossing divisor D. Set U = X − D. Note that the space of
logarithmic 1-forms H0(X,Ω1

X(logD)) does not depend on the choice of the good compact-
ification of U . Similar to the projective case, one can define [BWY16]

W i(X,D) := {ω ∈ H0(X,Ω1
X(logD)) | codimX Z(ω) ≤ i}.

where Z(ω) is the zero locus of ω. Again by Chevalley’s upper-semicontinuity theorem,
W i(X,D) are all algebraic sets.

Define 4

Σ1(U) := {ρ ∈ Char(U) | H1(U,Cρ) 6= 0}.
Arapura’s work gives a geometric interpretation of the set Σ1(U). We briefly outline it here.
An algebraic morphism f : U → C from U to a smooth curve C is called an orbifold map, if
f is surjective, has connected generic fibre, and one of the following condition holds:

• χ(C) < 0
• χ(C) = 0 and f has at least one multiple fibre.

Roughly speaking, Arapura [Ara97] (also see [Dim07, Corollary 5.4, Corollary 5.8]) showed
that every positive dimensional component of Σ1(U) arises from some orbifold map. More
precisely, an orbifold map induces an injection: f ∗ : H1(C,C)→ H1(U,C). Arapura’s work
implies that ⋃

ρ

TCρΣ
1(U) =

⋃
f

Im f ∗,

where the first union is running over representative points from irreducible components of
Σ1(U), TCρΣ

1(U) ⊆ H1(U,C) denotes the tangent cone at ρ, and the second union runs over
all possible orbifold maps for U . In particular, there are at most finitely many equivalent
orbifold maps for a fixed U [Ara97, Theorem 1.6]. So the second union is indeed a finite
union. We define

T 1
Σ (U) := H0(X,Ω1

X(logD)) ∩
(⋃

ρ

TCρΣ
1(U)

)
= H0(X,Ω1

X(logD)) ∩
(⋃

f

Im f ∗
)
.

In particular, T 1
Σ (U) is a finite union of vector subspaces.

Remark 4.1. (1) Recall from §2.2 that when U = X is projective, there exists a finite
abelian étale cover ν : X ′ → X such that

T 1
Σ (X) = T 1(AX , (a ◦ ν)∗CX′) ⊇ T 1(X).

In the example Remark 1.8 (3) we have observed that T 1(X) = {0}, however T 1
Σ (X) =

T 1(AX , (a ◦ τ)∗CX′) = H0(E,Ω1
E) where τ : X ′ := C1 × C2 → X.

(2) However one should not expect T 1
Σ (X) = W 1(X). For instance, let X be a complex

abelian surface and Y be the blowup of X along a point. Then we take Z to be the blowup
of Y along a point in the exceptional divisor. Then T 1

Σ (X) = T 1
Σ (Z), but W 1(X) ( W 1(Z).

4Compare this notion to Vi(U,CU ). In this section we will use Char(U) instead of Char0(U). Note that
when H1(U,Z) has no torsion, Σi(U) = Vi(U,CU ).
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4.2. Projective case. The observation of Arapura discussed above allows us to turn the
piece of W 1(X) that traditionally arised from cohomology jump loci into a set arising out of
orbifold maps. In fact we will see in Theorem 4.4 that holomorphic 1-form in W 1(X)\T 1

Σ (X)
vanishes along some negative divisors. See Theorem 4.7 for its quasi-projective incarnation.

Definition 4.2. Let X be a smooth projective variety of dimension n with a fixed ample
line bundle H and an integral divisor E on X. We say that E is H-negative if E2 ·Hn−2 < 0,
where

E2 ·Hn−2 =

∫
X

c2
1(E) ∧ cn−2

1 (H).

Similarly, E is called H-trivial if E2 ·Hn−2 = 0.

Lemma 4.3. Let E be an integral divisor in X. Suppose there exists a holomorphic 1-form
ω such that E ⊆ Z(ω). Then the sign of the intersection number E2 ·Hn−2does not depend
on the choice of ample divisor H.

Proof. By Theorem [Spu88, Theorem 2], E2 ·Hn−2 ≤ 0 for any ample divisor H, and when
E2 · Hn−2 = 0 the divisor E is set theoretically contained in a fibre of an orbifold map
f : X → C to a smooth projective curve C. In the latter case E is the only component of the
fibre containing E. Otherwise, let E ′ be the union of components of the scheme-theoretic
fibre f−1(f(E)) that is not supported on E. Then there is a positive integer a such that
aE+E ′ is numerically equivalent to F where F is a general fibre of f . Since f has connected
fibres, E · E ′ ·Hn−2 > 0. First notice that F · E ′ ·Hn−2 = (aE + E ′) · E ′ ·Hn−2 = 0. Also,
(aE + E ′)2 · Hn−2 = 0. Hence we get E2 · Hn−2 < 0, which is a contradiction. Since set
theoretically E is the whole fibre of a morphism f : X → C, E2 · Hn−2 = 0 for all ample
divisor H. �

We denote

Wneg(X) := {ω ∈ H0(X,Ω1
X) |∃ some negative integral divisor E such that E ⊂ Z(ω)}.

Then we have the following result.

Theorem 4.4. Let X be a smooth projective variety. With the above notations, we have

W 1(X) = T 1
Σ (X) ∪Wneg(X).

In particular, W 1(X) is linear.

Remark 4.5. (1) Theorem 4.4 complements the result of Green-Lazarsfeld [GL87] which
ensures the linearity of T 1

Σ (X) ⊂ W 1(X). As noted in Remark 4.1 (2) this is often a proper
subset.

(2) The two pieces T 1
Σ (X) and Wneg(X) may overlap. For example let f : S → C be a

morphism from a smooth projective surface S to a smooth projective curve C with genus
g(C) ≥ 2. Take a 1-form ω ∈ H0(C,Ω1

C) which has a zero at p ∈ C. Let X be the blow-up of
S along a point in f−1(p). The exceptional curve E has negative self-intersection. Consider
the natural morphism f ′ : X → C, then (f ′)∗ω ∈ T 1

Σ (X) ∩Wneg(X).

Lemma 4.6. Let X be a smooth projective variety of dimension n with an ample divisor H.
Then there are at most countably many H-negative divisors in X.

Proof. Let E be any H-negative divisor. Let S be a general complete intersection surface
by the hyperplanes in |mH| for m� 0. Then E ∩ S is a negative curve. Since there are at
most countably many negative curves on S, the claim follows. �
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Proof of Theorem 4.4. We assume n > 1. For any 1-form ω ∈ W 1(X), there is an integral
divisor E ⊂ X such that E ⊆ Z(ω). By [Spu88, Theorem 2] we have either ω ∈ Wneg, or there
exists an orbifold map f : X → C with genus g(C) > 0 and ω = f ∗η for some η ∈ H0(C,Ω1

C).
In the latter case by the proof of Lemma 4.3 we know that E is the only component of a
fibre. Since E ⊆ Z(f ∗η) and E is the whole fibre, either f has a multiple fibre and g(C) = 1,
or g(C) > 1 and η(f(E)) = 0. Hence ω ∈ T 1

Σ (X). Notice that T 1
Σ (X) ⊆ W 1(X) and hence

the first part of the theorem follows.
For the second part, note that W 1(X) is an algebraic set. Since T 1

Σ (X) is linear and Wneg

is a union of at most countably many linear subspaces in H0(X,Ω1
X) by Lemma 4.6 and

Lemma 4.3, W 1(X) is also linear. �

4.3. Quasi-projective case. Let X be a smooth projective variety with a simple normal
crossing divisor D =

∑r
j=1 Dj. Set U = X −D. Similar to the projective case, we denote

Wneg(X,D) := {ω ∈ H0(X,Ω1
X(logD)) | E ⊆ Z(ω) for some negative integral divisor E}.

Theorem 4.7. With the above notations, we have

W 1(X,D) = T 1
Σ (U) ∪Wneg(X,D).

In particular W 1(X,D) is linear in H0(X,Ω1
X(logD)).

Remark 4.8. In [BWY16], Budur, Wang and Yoon identified a linear piece of W 1(X,D);
namely (

R1 ∪R2n−1

)
∩H0(X,Ω1

X(logD)) ⊆ W 1(X,D).

Here we use the same notations as in their paper. Note that R1∩H0(X,Ω1
X(logD))coincides

with T 1
Σ (U). But it is not clear to us how R2n−1 ∩ H0(X,Ω1

X(logD)) is connected to
Wneg(X,D).

Dimca in [Dim10] define the first logarithmic resonance variety

LR1(U) := {ω ∈ H0(X,Ω1
X(logD)) | H1(H0(X,Ω•X(logD)),∧ω) 6= 0}

as the same notation in his paper. In particular, [Dim10, Proposition 4.5] implies that
LR1(U) =

⋃
f Im f ∗, where the union runs over all possible orbifold maps f : U → C with

χ(C) < 0 and C not being a once-punctured elliptic curve. Hence LR1(U) ⊆ T 1
Σ (U).

The proof of the above theorem follows that of Theorem 4.4 closely once we establish a
generalisation of Spurr [Spu88, Theorem 2] for quasi-projective varieties. In order to do that
we briefly recall

The construction of Albanese varieties. This can be found in [Iit76] (see also [Fuj15] for a
survey). Pick a basis {θ1, . . . θq} for H0(X,Ω1

X) and {ω1, . . . , ωr} ∈ H0(X,Ω1
X(logD)) such

that {θ1, . . . , θq, ω1, . . . , ωr} is a basis of H0(X,Ω1
X(logD)). Pick a basis {γ1, . . . , γ2q} for the

free part of H1(X,Z) and a basis {δ1, . . . , δr} for the free part of ker{H1(U,Z)→ H1(X,Z)}.
Then we have the following periods as a semi-lattice for H0(X,Ω1

X(logD))∨

Λ =

2q∑
i=1

Z
(∫

γi

θ1, . . . ,

∫
γi

ωr

)
+

r∑
j=1

Z

(∫
δj

θ1, . . . ,

∫
δj

ωr

)
.
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The Albanese variety is then defined as the semi-abelian variety AU =
H0(X,Ω1

X(logD))∨

Λ
and the Albanese map aU : U → AU is given by

aU(x) =

[
q∑
i=1

(∫ x

p

θi

)
θ∗i +

r∑
j=1

(∫ x

p

ωj

)
ω∗j

]
/Λ,

where p ∈ U is a chosen base-point and θ∗i , ω
∗
j are the dual bases in H0(X,Ω1

X(logD))∨.

Proof of Theorem D. First we claim that if E ∩Di 6= ∅ for some component Di of D, then ω
has no pole along Di. In other words, ω ∈ H0(X,Ω1

X(logD−Di)). To see the claim consider
the following diagram

H0(X,Ω1
X(logD −Di)⊗OX(−E)) H0(X,Ω1

X(logD −Di)) H0(Ω1
X(logD −Di)|E)

H0(X,Ω1
X(logD)⊗OX(−E)) H0(X,Ω1

X(logD)) H0(X,Ω1
X(logD)|E)

(20)
The left vertical arrow is an isomorphism. Indeed, it is injective and the cokernel is con-
tained in H0(Di,ODi(−E)) [EV92, 2.3 properties] which is zero since E|Di is an effec-
tive divisor. Therefore any ω ∈ H0(X,Ω1

X(logD)) such that E ⊆ Z(ω) must come from
H0(X,Ω1

X(logD −Di)). Hence the claim.
Now it suffices to deal with the case when D ∩E = ∅. Indeed, let D = D′ +D′′ such that

E intersects each component of D′ and E ∩D′′ = ∅, by the reduction step we can construct
an orbifold map from f : X \D′′ → C satisfying the desired properties. Then the restriction
f |U : U → C is also an orbifold map and satisfies the same properties. In what follows we
assume D ∩ E = ∅.

We may assume that ω is not everywhere holomorphic, otherwise we are done by [Spu88,
Theorem 1]. Let φ : N → E be the normalisation map and ϕ : N → U be the composition
map (this makes sense since E ∩D = ∅). Consider the following commutative diagram

N
ϕ
//

aN
��

U

aU
��

AN
ψ
// AU ,

where aN and aU are Albanese maps and the base points are chosen in an appropriate way
such that ψ is a group homomorphism.

Now we consider the transpose of the pullback map

ϕ∨ : H0(N,Ω1
N)∨ → H0(X,Ω1

X(logD))∨,

which induces the morphism ψ. Without any loss of generality we assume ω1 = ω with
the notations introduced shortly before the proof. Hence by hypothesis ϕ∗(ω1) = 0. Let
z1 be the coefficient coordinate of ω∗1 ∈ H0(X,Ω1

X(logD))∨. We get ψ(AN) is contained in
{z1 = 0}/Λ. We define β : U → T := AU/ψ(AN) as the composition of aU and the quotient
AU → T . Since αU(E) ⊂ ψ(AN), E is contracted by β.

Notice that β is not the constant map. We claim that dim β(U) = 1. Otherwise, replacing
U by an intersection of general hyperplane sections coming from the very ample linear system
|mH| for some m� 0 we may assume dimU = dim β(U) = 2. In this case β : U → β(U) is



GENERIC VANISHING AND HOLOMORPHIC 1-FORMS 21

a generically finite surjective morphism. Projectivising and resolving indeterminacy we get
a generically finite morphism β : U → β(U) where U is smooth and projective. Note that
E ∩ D = ∅. Hence E2 < 0 in U (See e.g., [Kol13, Theorem 10.1]), which contradicts the
assumption E2 ≥ 0.

Taking the Stein factorisation of β̄, we get the following commutative diagram:

U

β !!

f
// C

��

β(U).

Set C := f(U). Then we have the following commutative diagram:

U
f |U

//

��

C //

��

β(U)
� _

��

AU
ψf
// AC // T

Note that the holomorphic 1-form dz1 on T pulls back to logarithmic 1-form ω. Therefore
to see (1), it suffices to show that T is isogenous to AC . First all the horizontal maps in the
diagram are surjective. In fact we only need to show ψf is surjective. Since f |U : U → C is
surjective and has connected generic fibres, the induced map on the first homology groups
H1(U,Z) → H1(C,Z) is surjective and the surjectivity of ψf follows. Since f comes from
the Stein factorisation and β contracts E, so does f . By choosing appropriate base points,
we get that ψ(AN) is contained in the kernel of ψf . Hence AC is isogenous to T . To see (3),
notice that E is contained in a fibre of f and E2 ·Hn−2 ≥ 0. Hence E2 ·Hn−2 = 0. Finally
for (4), when χ(C) = 0, notice that for any non-zero η ∈ H0(C,Ω1

C
(logB)), it has no zeros.

Then E has to be a multiple fibre. �

Proof of Theorem 4.7. We assume n > 1. For any 1-form ω ∈ W 1(X,D), pick an integral
divisor E ⊂ X such that E ⊆ Z(ω). We may assume that ω /∈ Wneg(X,D) so that E2·Hn−2 ≥
0. If E is not a component of D, then ω ∈ T 1

Σ (U) by Theorem D. Otherwise, say E = D1 a
component of D. Then we have an injective map [EV92, 2.3 Properties (c)]

H0(X,Ω1
X(logD)(−D1)) ↪→ H0(X,Ω1

X(logD −D1)).

In particular, ω ∈ H0(X,Ω1
X(logD−D1)). Set U1 = X −

⋃
j 6=1Dj. By Theorem D, we have

an orbifold map f1 : U1 → C1 such that ω ∈ f ∗1H0(C1,Ω
1
C1

(logB1)), where B1 = C1 − C1.

Note that f := f1|U : U → C is also an orbifold map, where C is the image of U . Furthermore
we know that f ∗1H

0(C1,Ω
1
C1

(logB1)) is contained in f ∗H0(C,Ω1
C

(logB)), where C = C1 and

B = C − C. It implies that ω ∈ f ∗H0(C,Ω1
C

(logB)), i.e. ω ∈ T 1
Σ (U). Hence the first part

follows.
To see the linearity, we notice that there are at most countably many negative divisors.

Indeed, similar to the projective case the sign of the intersection of E2 ·Hn−2 does not depend
on the choice of H when E ⊂ Z(ω) for some ω ∈ H0(X,Ω1

X(logD)). This can be seen using
the same argument as in the proof of Lemma 4.3. Then the proof follows the arguments in
Theorem 4.4 verbatim. �
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5. Some geometric consequences

In this section we prove Theorem F and G. Note that by a result of Tischler [Tis70,
Theorem 1] we know that for a real manifold X being a C∞-fibre bundle over S1 is equivalent
to having a real C∞ closed 1-form α without zeros. The following slightly generalised result
of Schreieder [Sch20, Theorem 1.2] and Qin–Wang [QW18, Proposition 5.4] relates this with
the algebraic geometry of X.

Proposition 5.1. With the same hypothesis as in Theorem G except that A is not necessarily
simple, we obtain a 1-form ω ∈ H0(A,Ω1

A) such that for any finite étale cover τ : X ′ → X
and any unitary character ρ ∈ Char(A), the complex (H•(X ′, τ ∗f ∗Cρ),∧τ ∗f ∗ω) is exact.

Proof. For pX : X → S1 the fibre bundle map, [QW18, Proposition 5.4] shows that the local
system Cp∗X(ρ) for ρ ∈ Char(S1) admits some non-trivial cohomology if and only if ρ is an
eigenvalue of the monodromy operator on H•(F,C), where F is the fibre of pX . We have
the strict inclusion

V(X, f) := {ρ ∈ Char(A)|H i(X, f ∗Cp∗X(ρ)) 6= 0 for some i} ( Char(A).

Indeed, the hypothesis p∗X(dθ) ∈ f ∗H1(A,C) implies p∗X Char(S1) ⊂ f ∗Char(A) ⊆ Char0(X).
Since the translated tangent cones TCp∗X(ρ)V(X, f) ( H1(A,C) are sub-Hodge structures,
we obtain the same strict inclusion

T (A,Rf∗CX) ( H0(A,Ω1
A).

Consider ω in the complement on this inclusion. By Lemma 2.3 adapted to f , we have
ω /∈ Rdol(X, f). Then the proposition follows. �

We should mention that when A = AX , one can deduce this immediately from Schreieder’s
original result.

Proof of Theorem G. If there exists a simple perverse sheaf P in the decomposition of Rf∗CX

such that P is not a local system, by [HTT08, Proposition 2.2.5] we must have a proper
subvariety Z ( A such that T ∗ZA ∈ SS(P). Since A is simple, π(T ∗ZA) = H0(A,Ω1

A) by
Proposition 3.3. The proof of Proposition 5.1 above ensures that Rdol(X, f) is not all of
H0(A,Ω1

A). This is a contradiction to Theorem 3.8. �

Proof of Theorem F. For a semisimple local system L on X, the decomposition [Moc11,
Theorem 19.4.2] states that Rf∗L admits a decomposition into direct sum of shifted simple
perverse sheaves. Let P denote one such perverse sheaf in the direct summand that is not a
shifted local system, then by [HTT08, Proposition 2.2.5] we have a proper subvariety Z ( A
such that T ∗ZA ⊂ SS(P). Since A is simple π(T ∗ZA) = H0(A,Ω1

A). By Kashiwara’s estimate
(see Theorem 2.11) we have

T ∗ZA ⊂ SS(Rf∗L) ⊆ (f × id)(df−1(0X)) ⊆ T ∗A

where the notations are as in the Diagram (15). Hence we get π((f × id)(df−1(0X))) =
H0(A,Ω1

A). However, as we have noted in Eq. (16) before, π((f × id)(df−1(0X))) is the set
of ω ∈ H0(A,Ω1

A) such that Z(f ∗ω) 6= ∅. This is a contradiction. �
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