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6.1. Let X be a smooth (local) section of TCn
⊗R C.

(a) Show that X is holomorphic if and only if it can be written in the form

X =
∑

i

ai
∂

∂zi

with holomorphic functions ai.

(b) The Lie bracket [X1, X2] of two vector fieldsX1, X2 is the vector field defined
by [X1, X2](f) = X1(X2(f)) − X2(X1(f)) for every smooth function f .
Compute this is local coordinates for vector fields Xk =

∑
j a

k
j

∂
∂xj

+
∑

j b
k
j

∂
∂yj

(here zj = xj + iyj, k = 1, 2) and use this to show that the Lie bracket is
bilinear.

(c) Use (a) and (b) and C-bilinear extension to compute (in local coordinates):
If X is holomorphic then [X, iY ] = i[X, Y ] for all vector fields Y (ie X

automorphic).

6.2. Let ω = i
2π

∑
j dzj ∧ dz̄j be the standard Kähler form on C

n.

(a) Find for any point in C
n an explicit function φ such that ω = i

2π
∂∂̄φ.

(b) Let h be the standard Hermitian metric on C
n. Show that any smooth real

function f on C
n such that the metric efh is Kähler is constant.

6.3. The canonical embedding C
n
→ C

n+1 induces an embedding CP n−1
→ CP n.

Show that the restriction to CP n−1 of the Fubini Study metric on CP n is the
Fubini Study metric on CP n−1.

6.4. Let M,N be two Kähler manifolds. Show that M ×N admits a Kähler metric.


