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Let E, M be complex manifold and let 7 : E — M be a continuous map. Show
that the following are equivalent.

(a) m: E — M is a holomorphic vector bundle.

(b) The map 7 is holomorphic, and for each € M, the fibre 77(x) has the
structure of an r-dimensional complex vector space. Furthermore, there
exists an open covering X = UU;, and biholomorphic maps v; : 77 1(U;) —
U; x C" commuting with the projections to U; such that the induced map
71 (z) = C" is C-linear.

A holomorphic line bundle L — M is trivial if it admits a vector bundle isomor-
phism onto M x C.

(a) Let L — M be a holomorphic line bundle. Show that L*, the bundle whose
fibre at p is the vector space of C-linear functional L, — C is a holomorphic
line bundle.

(b) Show that the line bundle L over a compact complex manifold is trivial if
and only if L and its dual L* admit non-trivial holomorphic sections. (Hint:
Use the non-trivial sections to construct a non-trivial section of O = L@ L*.)

Let f : M — N be a holomorphic map between complex manifolds and let
E — N be a holomorphic vector bundle, with Hermitean metric and Chern
connection V. Equip the pull-back f*F with the pull-back Hermitean metric.
Show that the curvature © g, O of the Chern connections for f*E, E satisfy
Opp = f*Op.

(a) Let E— M, F — M be holomorphic vector bundles. Show that the Whit-
ney sum F@ F and the tensor product E® F' are holomorphic vector bundle.

(b) Consider the tautological bundle ; C CP"™ x C"*'. Show that 77 admits a
holomorphic section which vanishes precisely on the image of CP*~!, defined
by a standard coordinate embedding C* — C"*!,



