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Due June 26. 2013.

Exercise 1:

Consider the curve γ(t) = (t, tk) on R2, with k an integer ≥ 2. If k = 2, its curvature
vanishes nowhere; if k > 2, its curvature vanishes at the origin (and only there) of
order k − 2. Consider the measure dµ defined by∫

R2

fdµ =

∫
R

f(t, tk)ψ(t)dt,

where ψ ∈ C∞0 (R) is such that ψ(0) 6= 0. Prove that:

(i) |d̂µ(ξ)| = O(|ξ|−1/k);

(ii) |d̂µ(0, ξ2)| ≥ c|ξ2|−1/k if ξ2 is large.

Hint: For part (ii), consider the case when k is even and check that∫ ∞
−∞

e
iλxk

e
−xk

dx = cλ(1− iλ)
−1/k

.

Exercise 2:

Let dµ denote the projection measure on the paraboloid P ⊂ R3 given by

P := {(ξ, τ) ∈ R2 ×R : τ = |ξ|2}.

Prove that there exists a constant c0 > 0 such that

µ ∗ µ(ξ, τ) = c0 · χ
(
τ ≥ |ξ|

2

2

)
.

Determine the numerical value of c0.

Exercise 3:

Let d ≥ 2, and let u = u(x, t) be a solution of the wave equation in Rd+1
x,t ,

∂2t u−4xu = 0,

subject to initial conditions u|t=0 = 0 and ∂tu|t=0 = f ∈ S(Rd). Prove that

‖u‖
L

2d+2
d−1 (Rd+1)

.d

(∫
Rd

|f̂(ξ)|2 dξ
|ξ|

)1/2
.

Hint: Use the stationary phase method to establish an appropriate decay for σ̂Γ0
, where

Γ0 := {(ξ, τ) ∈ R
d+1

: 1 ≤ τ = |ξ| ≤ 2}

is a section of the light cone in Rd+1. For p = (2d + 2)/(d + 3), establish an Lp → L2(σΓ0
) restriction estimate for Γ0. Rescale.
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