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Due June 19. 2013.

Exercise 1:

The Beta function is defined for <z > 0 and <w > 0 by

B(z, w) =

∫ 1

0

(1− t)z−1tw−1dt.

(i) Prove that B(z, w) = Γ(z)Γ(w)
Γ(z+w)

.

(ii) Show that the family of distributions (jz)z∈C defined in class satisfies

jz ∗ jw = jz+w,

for every z, w ∈ C.

Exercise 2:

Given 0 < α < d, for which pairs 1 ≤ p, q ≤ ∞ is the fractional integral operator
f 7→ Iα(f) := f ∗ | · |α−d bounded from Lp(Rd) to Lq(Rd)? A scaling argument shows
that this is only possible if

1

q
=

1

p
− α

d
.

The Hardy-Littlewood-Sobolev inequality shows that this condition is almost suffi-
cient, and this is best possible. Indeed, show that Lp → Lq boundedness of the
operator Iα fails at the two exceptional cases:

(i) p = 1 (which forces q = d/(d− α));

(ii) q =∞ (and so p = d/α).

Hint: For (i), use an approximation to the identity; for (ii), consider a function which

locally looks like f(x) = |x|−α(log 1/|x|)C(α,d)(1+ε) for sufficiently small ε > 0.

Exercise 3:

Let K be a compact subset (with nonempty interior) of the paraboloid

Pd−1 :=
{
ξ ∈ Rd : ξd =

1

2
|ξ′|2

}
,

equipped with the pullback dσ∗ of the (d−1)-dimensional Lebesgue measure dξ′ under
the projection map ξ 7→ ξ′. Show that a restriction estimate of the form∥∥∥f̂ ∣∣∣

K

∥∥∥
Lq(dσ∗)

.p,q,K ‖f‖Lp(Rd)

is only possible if d+1
p′
≤ d−1

q
. Verify that this necessary condition can be improved to

d+1
p′

= d−1
q

if one considers instead the full paraboloid Pd−1.
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