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Abstract

In this thesis we give an exposition of Arnold’s conjecture on Lagrangian
intersections, which was one of the main topics in late 1980s. We will mainly
focus on Floer’s proof under the topological condition mo(P, L) = 0, given
in his series of papers [Flo88d, Flo88a, Flo88d, Flo894, Flo89b], with some
slight generalizations made by precessors in most of the parts of the proof.

In the first section we give a brief introduction to the history of Arnold
conjecture, including its origin: the Poincaré’s last geometric theorem, how
it was proposed by Arnold in his 1965 paper [Arn65], and a summary of his
first exposition on this problem.

Then we present Floer’s approach to this Arnold conjecture. In the
second section we apply variation to an action functional and derive the
Cauchy-Riemann equation on a pseudo-holomorphic strip, which indicates
the trajectories associated to this action functional. We prove that this
trajectories tend to critical points as expected.

The third section is the main part of this paper. We construct the
Floer chain complex and prove that this is exactly a chain complex so that
we could take the cohomology. This step requires much techniques from
non-linear analysis and some study of non-linear elliptic partial differential
equations. Some of the technical part is presented in the appendix.

Finally in the last section, we show that the given cohomology is in-
dependent of the choice of some generic structures along the process we
construct the chain complex, so is actually a topological invariant. We
could then reduce to the easiest case of a “classical” phase space and prove
that the Floer cohomology group is isomorphic to the Morse cohomology
group, hence proving the Arnold conjecture.
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1. INTRODUCTION

This is an expository survery on the origin and the attempt people made to prove
the Arnold conjecture, and we will focus especially on Floer’s infinte-dimensional
Morse theory on Lagrangian intersection and his proof of the Arnold conjecture in
some restricted cases, with further developments to try to remove the restrictions
given by Floer and prove Arnold conjectures for much more kinds of symplectic
manifolds.

Arnold’s conjecture comes originally from Poincaré’s paper [Poil2] where he
was concerning the restricted three-body problem in celestial mechanics and for-
malised the following problem, which was known as - - Poincaré’s last geometric
theorem”:

1.1 Theorem. Let A = S! x I be the closed annulus where I = [0, 1] is the closed
unit inteval and let f: A — A be an area-preserving homeomorphism satisfying
the twist condition, i.e. f preserves the orientation of one of the circles and reverses
the other, then it must rotate the outer circle counterclocwise. Then f must have

Figure 1: THE ANNULUS AND TwiIST CONDITION

at least two fixed points.

Although this was formalised by Poincaré, he failed to prove it in general case.
One vear after his paper was published, George Birkhoff gave a proof of this in
[Bir13]. However, his proof could not be generalized to a general dimension, so
many mathematicians are working to point out the generalization of this, including
Arnold, who applies Morse theory to prove the Poincaré-Birkhoff theorem for
n-torus in his short paper [Arn65]. He then proposed two general conjectures
concerning fixed points, that is what we called the Arnold’s conjecture.

la) Statement and Proof of Poincaré-Birkhoff Theorem. Firstly let’s
review Arnold’s proof of the original problem. In order to do this, we need some
basic notions and facts about symplectic geometry.

1.2 Definition. We say a pair (P*",0) is a symplectic manifold if P is a dif-
ferential manifold and @ is a differential 2-form on P such that 6 is closed and 6" is
nowhere vanishing. 6 is called a symplectic form. If (M, o) is another symplectic
manifold and ¢: P — M is a smooth map, we say ¢ is a symplectomorphism
if ¢ is a diffeomorphism and p*o = w.

Symplectic manifolds was originally recognized as the phase space of a given
mechanical system, see first few chapters of Arnold’s book [Arn89] for examples,



so the most natural example is the cotangent bundle T*Y of some differential
manifold Y of dimension n. The symplectic form 6 on T*Y will be given by
¢ = —dA where A is a 1-form on T™Y such that A ) = a. This is called the
tautological 1-form. Another important example is the Riemann surface, where
any area form will serve as a symplectic form and conversely. A more trivial
example is the symplectic vector space (V,w) where V' is odd-dimensional and w
is just a non-degenerate skew-symmetric bilinear form on V. In this case, we say a
subspace L C V Lagrangian if w(x,y) = 0 for all 2,y € L and L has its maximal
dimension, i.e. dim L = n.

1.3 Definition. A Lagrangian submanifold L of P is a submanifold of dimen-
sion n such that 6|, = 0.

The symplectomorphism ¢ will send a Lagrangian submanifold L to a La-
grangian submanifold p(L).

1.4 Example. Come back to the case of cotangent bundles, the zero-section Y is
a Lagrangian submanifold of T*Y , and for any given smooth function f: Y — R,
the graph of df is a Lagrangian submanifold of T*Y .

The annulus A in the Poincaré-Birkhoff theorem El! can be regarded as a
submanifold of the symplectic manifold 7*S!, written A = S* x (0,1), and in
general the product manifold 2 = T" x B"(1) in the cotangent bundle T*T"(Note
that since T™ is a Lie group, its cotangent bundle is trivial. See [Whi78].) In this
case, we have the following result:

1.5 Theorem (Arnold). Let ¢: Q — € be a symplectomorphism of 2 onto itself,
and if p(T™) is a graph of some function f € C°(T"), then the intersection of T"
and ¢(T") has at least 2" points(counted with multiplicity), where at least n + 1
of them are geometrically different.

When n = 1, Q = A and the intersection points of these two curves are just
fixed points of the symplectomorphism ¢, hence this is a slight restriction and
a slight generlization of theorem pll:l! Arnold’s proof involves the use of Morse
theory.

1.6 Definition. Let X be a general differential manifold and f € C>(X) a
smooth function on X. We say f is a Morse function if all its singular points,
i.e. p € X such that df, = 0, are non-degenerate.

Non-degeneracy means that the second derivative of the function f at the point
p is a non-degenerate bilinear form. If p € X is a singular point of f, then by
Morse lemma

1.7 Lemma (Morse). Assume f is a Morse function on X and p € X a sin-
gular point of f, then there exists a neighbourhood U of p and a diffeomorphism
¢: B"(1) — U such that fop(x) =ai+a3+ - +a; —aj 4 — - — x> for all
xr € B™(1).

all the singular points of f are isolated, hence if X is compact, the number of
singular points of f is finite. For a proof, one can see Audin’s book [AD14]. There’s
also a wonderful proof written by Nicolaescu, in his textbook [Nicll]. Moreover,
we could define a chain complex C'M, (X; f;Fy) with coefficients in Fy generated
by critical points p of f, graded by the Morse index, denoted by Ind(p), which
is the number of negative values of df,. The differential d of this chain complex



will be the count of trajectories from one critical point to the other with Morse
index one less. In order to achieve this, we consider the space L(x,y) of all integral
curves of the gradient vector field of a Morse function f connecting x and y. If
f is Morse-Smale, i.e. for any two critical points a, b € Crit(f) of f, the unstable
manifold W*(a) of a and the stable manifold W?*(b) of b intersect transversely,
then by transversality we have dim(W"(a) N W#(b)) = max{Ind(a) — Ind(b), —1}.
Let M(a,b) to be the moduli space of points x € X so that x lies in one of the
trajectories connecting a and b, then we will have L(z,y) = M(z,y)/R where R
is the translation by times, and hence dim £(z,y) = dim M(z,y) — 1 = Ind(z) —
Ind(y) — 1. Then if Ind(z) — Ind(y) = 1 we have dim £(z,y) = 0 and since it is
a subset of the compact manifold X, we could count them. Once we define the
differential 9, we must verify that it satisfies 9> = 0 so that this actually defines
a complex. With much more effect, we could prove that the boundary of L(x,y)
with Ind(z) — Ind(y) = 2 consists of "brocken trajectories”, which serves as the
count of the coefficient of y in 9%z, and since we are working with Fy coefficient, it
follows that 9% = 0. Now we have defined the complex (C'M,(X; f;F,),d), which
is called the Morse-Witten complex since Witten in his paper [Wit82] firstly
defined the differential in this complex, inspired from quantum field theory. Then
we could prove that

1.8 Proposition. The homology H M., (X; f;Fs) of the Morse-Witten complex,
called Morse homology of X, is independent of the choice of f and is isomorphic
to the singular homology H,(X;Fs).

The proof can be found in [AD14]. Let b;(X) be the ith Betti number of X,
then from Proposition [1.§, we have

1.9 Proposition (Morse Inequality). Assume X" is a compact differential man-
ifold of dimension n, then we have the inequality

# Crit(f) > Zbi(X).

With Morse inequality, we could directly prove theorem .

Proof of Theorem . Note that Q@ = T"™ x B"(0;1), the tautological 1-form is
given by A = pdq where (g, p) denotes the coordinates of 2. Consider the integral
of pdq on ¢(T")
flz) = / pdg,
Zo

where 29 € p(T") and = € p(T"), then f is well-defined since for any loop 7 on

©(T™), we have
/ pdq = / ¢*(pdq) = / pdg =0
v w7 1() P G))

since @ is a symplectomorphism. Then f is differentiable on ¢(T") with df = pdg,
hence the critical points of f are the intersection of p(T") with T", hence if the
intersection is transverse, the critical points will be non-degenerate, and therefore

applying Morse inequality @ we have # Crit(f) > Z b;(T™) = 2". If the critical
i=0



points are not non-degenerate, there are several cases to arise, one is that the
intersection is infinite, and in this case the result follows directly. The second case
is that two distinct critical points come together, but in this case we could apply
the Lusternik-Schnilman theory to deduce that the lower bound for geometrically
different critical points must be n + 1. See [Nicl1]. O

1b) The Arnold Conjecture. Theorem @ inspires Arnold in his paper
[Arn65] to propose the following question: if we subtract the condition that o(T")
from theorem [L.5, will the same result hold? He then posted this questions in
the book [Bro76] and was then known by American mathematicians. The Arnold
conjecture can be stated formally as follows:

1.10 Conjecture (Arnold). Assume that P is a compact symplectic manifold
of dimension 2n and L C P a Lagrangian submanifold. If ¢: P — P is an
exact symplectic automorphism such that ¢(L) th L, then we have the following
inequality

#O(L)NL > dimb(L).
i=0

We say ¢ is a symplectic automorphism if it is a symplectomorphism from a
symplectic manifold (P,0) to itself keeping the symplectic structure . We can
form a infinite-dimensional Lie group Symp(P,#) of symplectic automorphisms
of (P,0) and Symp,(P, ) the connected component of the identity. Now for all
Y € Symp, (P, ), there exists a symplectic isotopy {1 }o<i<1 such that ¢y = id
and Y = .
1.11 Definition. We say this isotopy is a Hamiltonian isotopy if there is a
smooth function H: P — R such that {1} is the inverse flow of the Hamiltonian
vector field Xy of H.

A Hamiltonian vector field is a vector field Xy associated to a smooth
function H: P — R such that Xy.0 = —dH.

1.12 Definition. A symplectomorphism ¢ € Symp(P, ) is said to be exact if it
is Hamiltonian isotopic to id.

With a given Hamiltonian vector field, we would obtain a slightly different
conjecture from [1.10:

1.13 Conjecture (Arnold). Assume P is a compact symplectic manifold and
H:S!'x P — R a periodic Hamiltonian, then the number of all periodic orbits of
the Hamiltonian flow ¢%; is not less than the cup-length of P plus one, and if all
the periodic orbits are non-degenerate, then the number is not less than the sum
of betti numbers of P.

Here the cup-length C'L(P) is defined by the maximal number of a set of
differential 1-forms {ay,aq, -+ ,ax} such that a3 Aag A --- A agp # 0. From
Lusternik-Schnilman theory we know that this is the minimum of the number
of critical points of an arbitrary smooth functions over P. For a description of
Lusternik-Schnilman theory, see [Nicl1].

1.14 Definition. Assume that ¢}, is the flow of the Hamiltonian vector field Xy,
then a period-1 point z € P is called nondegenerate if det(idz, p —(dpl).) # 0.



The proof of this two conjectures go a quite long story. After Arnold’s in-
troducing this conjecture to [Bro76], Conley and Zehnder in their paper [CZ83]
gave a first attempt to prove the Arnold conjecture for the torus with standard
symplectic structure. In 1985, Gromov introduced an invariant given by counting
the number of pseudo-holomorphic curves in his paper [Gro85] and proved the
symplectic non-squeezing theorem with many important byproducts, which was
then used by Andreas Floer in 1988-1989 to prove Arnold conjecture with some
strong restrictions. Floer’s proof was inspired not only by Gromov, but by Wit-
ten’s paper [Wit82] which he used in infinite-dimensional case to construct the
Floer complex and the Floer differential, and by his own paper [Flo88h] where he
introduced the homology group which was only relatively graded with difference
given by the spectral flow. In this paper, the author would give a precise review
of Floer’s idea of the proof and its further developments used to prove Arnold’s
conjecture in a more general case. The main result of this paper is that

1.15 Theorem (Floer). Consider the symplectic manifold (P, #) with a given
Lagrangian submanifold L such that mo(P, L) = 0. Let {¢;}o<;<1 be a Hamiltonian
isotopy such that ¢;(L) th L, then there exists a generic choice of families of -
compactible almost complex structures J = {.J; }o<t<1 such that L is totally real
with respect to Jy and ¢, (L) is totally real with respect to Ji, so that we have the
isomorphism of cohomologies

HF(P,L; ¢, J; Zy) = H*(L; Z3)

where HF (P, L; ¢, J;Zs) is a cohomology group called the Floer cohomology
group, which would be defined in section ??. This cohomology group is generated
by all the intersection points in L N ¢1(L), hence we obtain the lower bound
estimate

ILO@(L)| > dim H'(L; Zs),
i=0
which proves the Arnold conjecture.

2. VARIATIONS OF ACTION FUNCTIONAL

The proof starts with a variation method, which is used to construct the complex
and the differential. Let P be a compact symplectic manifold and Lg, L; two
transversal Lagrangian submanifolds of P. Consider the space

Q(P; Lo, L) = {7 € C=(]0,1], P)|4(0) € Lo,v(1) € Ly}

of all paths starting from L, and ends at L;, then any intersection point p €
Ly N Ly corresponds to a constant path in Q(P; Ly, Ly), still denoted by p. Let
Qo(P; Lo, L) be the subspace of Q(P; Lo, L) consisting only of connected com-
ponents of intersection points, then for each v € Qq(P; Ly, L1) one can associate a
homotopy class [I'] of homotopies connecting -y to some intersection point p. Here
we say two such homotopies I'; and I's are homotopic if, we set the second variable
t to be curves from Lo to Ly, I'1(0,1) = I'2(0,¢) = p, ['1(1,t) = T'a(1,t) = ~(t),
and T(s,i) € L; for j € {1,2}. This gives a fibre bundle Qy(P; Ly, L;) over
Q0o(P; Lo, Ly) and we can associate to any pair (v, [I']) a value A(y, [I']) = [, T"™*6.

8



2.1 Lemma. This assignment is independent of the choice of the homotopy I.

Proof. Assume I'y, 'y are homotopic homotopies, and write h: I? x I — P for
this homotopy, then h could descend to a continuous map h: K — P where K is
the quotient space of I? x I such that (0,¢,u) ~ (0,0,0) and (1,¢,u) ~ (1,t,0)
for any 0 < t,u < 1. The space K would look like And we write K, for the

=

Figure 2: THE SPACE K

part of 0K lying in Ly, K; for the part lying in L;, and K5 for the upper part
of 0K connecting p to v, and K3 the lower part. Since we have Ky and K3 are
homotopies with opposite orientations relative to K, by Stokes’ formula,

/F{w—/ sz:/ h*dw—/ (h\KO)*w—i-/ (h|k,)*w =0,
12 12 K Ko Ky

and therefore the action functional A is independent of the choice of the homotopy

L. ]

It’s obvious that the C*°-limit of any sequence of homotopies I'; is again a
homotopy IT' that give the same homotopy class [I'], and for any given homotopy
[, there exists a C'** neighbourhood such that in this neighbourhood any homotopy
represents the same homotopy class as I', hence the quotient set is discrete and
the space Qo(P; Lo, L) is a covering over Qo (P; Lg, L1).

2a) Gradient Flow Lines. Now we apply the calculus of variations to com-
pute the gradient vector field of the action functional A and compute the integral
curve of the gradient vector field V.A. Before this, let’s review some basic notions
about almost complex manifolds.

2.2 Definition. Assume X?" is a differential manifold of dimension 2n. A section
J € T(X;End(TX,TX)) is called an almost complex structure if J?> = —idry.
Now if (X", 0) is a symplectic manifold, we say J is f-compactible if g(—, —) =
0(—, J—) gives a metric on X.

We call a differential manifold (X, .J) endowed with such an almost complex
structure J an almost complex manifold. It’s an easy linear algebra exercise
to see that

2.3 Proposition. For any symplectic manifold (X, #), the space J(X,0) of al-
most complex structures on X that is 6-compactible is non-empty and contractible.

This result originally appeared in Gromov’s paper [Gro85] and is contained in
many textbooks and lecture notes, for example Mcduff & Salamon’s famous book
[MS17] and [AL94]. Here we present a proof.

Proof. For each p, the space J,(X,0) of all almost complex structures on the
tangent space T, X is identified with J(R?%;wy), the set of all wy-compactible
complex structures on the symplectic vector space R?". In the linear case, note



that this set is homeomorphic to the homogeneous space Sp(R**, wy)/U(n), which
is contractible because of polar decomposition(for the statement of polar decom-
position, see, for example, [Hall5] ). Then the conclusion follows from the fact
that .J is a section of the bundle J.(X,0) — X with fibres J7,(X,0) at z € X. [

Now fix a point p € Ly N Ly such that « is connected to p in Q(P; Ly, L1),
and since the set of equivalent classes of the homotopy I' is open and closed, for
a sufficiently small perturbation of I', the homotopy class [I'] remains fixed. Now
pick any variation a: I? x (—¢,) — P so that a(—,0) = I', and we compute
the derivative of the composition A o a(—, A) with respect to A at A = 0. To do
this, we fix a f-compactible almost complex structure J on (X,#) and obtain a
Riemannian metric g on X.(Note that the almost complex structure given by a
symplectic manifold is in fact an almost Kéhler structure: we can use g and 6 to
obtain a hermitian metric A on X, which will give the hermitian connection on
X.) Then we directly compute

O or or . B ANl
dA, ) <8)\) / (d)\H(Ja Jat )> dsdt = /pF (Lo,r) _/I2F (da)\_ﬂ)

_ /w(or)* (%Je) /019 (%,»y) dt.

Therefore we could readily obtain two results, stated as follows:

2.4 Proposition. A pair (v,[I']) is a critical point if and only if 7 is a constant
loop, i.e. there exists a point p € Ly N Ly such that v = p.

The second result is that the gradient of A at the point (v, [[]) is given by
VAury = —J2, hence its integral curve a: [0,1] x R — P will satisfy the

ot
following partial differential equation
Oa oo
+J—=0 1
83 ot ’ (1)

which is called the Cauchy-Riemann equation with boundary conditions

a(0,s) € Lo, Vs € R; (2)
a(l,s) € Ly, Vs e R. (3)
57> equation (EI) can also be written of the form da = 0.

Hence gradient ﬂow lines are just holomorphic strips u: R x [0,1] — P satisfying
certain boundary conditions.

By setting 0 = 8 + JZ

2.5 Remark. We also have a calculation of variation for the Hamiltonian case.
In this case, there is a natural action functional L(vy fDQ e — fol H, o ~dt
where v: St — P is a contractible loop and T one homotopy from ~ to a point,
which gives a map D? — P. In classical mechanics, this is just the usual action
functional(Lagrangian). See for example, [Arn89]. The verification that the action
functional is independent of the choice of homotopy relies on a simple fact that
the symplectic _form 0 is exact near an isotropic submanifold. This result could
be found in [MS17]. Then by a similar procedure, we could obtain the Floer
equation

da D
a—a+J8—+gradHtoa—0 (4)

10



on a closed Riemann surface, i.e. without boundary conditions. Note that this is
the usual Cauchy-Riemann equation with a perturbed term grad H; o o, and when
H = 0 we will have the usual Cauchy-Riemann equation. The proof of Arnold
conjecture for periodic orbits relies on the analysis of this Floer equation. See
[AD14].

2b) Trajectories Tend to Critical Points. Now we will prove a Morse-
theoretic result that the constructed gradient flow lines u: R x [0, 1] must satisfy
the property that for s — o0, u(-,t) — x=+ for some critical points {z+} C LoN
L;. Smale and Palais have been studied the condition for an infinite-dimensional
Morse function to satisfy this property in their paper [PS64], but in this case the
condition is slightly different: we are not directly proving that the action functional
is actually a Morse function, but it satisfies the Palais-Smale condition mentioned
in this paper, and hence we could convince ourselves that the trajectories(with
bounded energy) will behave like the trajectories of a Morse function, which follows
from an easy argument when we have proved that the Palais-Smale condition
holds. In fact, we can also regard this as a corollary of Gromov compactness, that
is, since the energy will tend to 0 when s — oo, the sequence of holomorphic strips
given by translating in the s direction will tend uniformly in compact subsets to
a critical holomorphic strip(without bubbling). Floer proved this in a stronger
requirement that mo(P, Ly) = 0 in order to guarantee the bubbling phenomenon
did not occur, but this was shown to be unnecessary via a deep study into the
behaviour of the solution of the non-linear Cauchy-Riemann equation ([lf). This
was first seen in Robbin and Salamon’s paper [RS01] and the technical part was
collected in Mcduff and Salamon’s book [MS04]. Now we state the main result in
this subsection.

2.6 Theorem. Let u: R x [0,1] a smooth map with bounded energy satisfying
PDE (E]) with boundary conditions (E) and (H), then when s — +o00 we have

lim wu(s,-) =a%, xx € LyNL

s—+oo

and

ou
li —|| =
Jim [l =0
where we pick an almost complex structure J and the norm || - || is defined using

the induced metric g.

Recall from Smale and Palais’ paper that the trajectory of a Morse function on
a Riemannian manifold will tend to critical points at infinity time if the following
condition is satisfied:

Palais-Smale condition Let (X,g) be a Riemannian manifold modeled on
some Hilbert space H, f: X — R a C?-Morse function, then the Palais-Smale
condition(or condition C) is that if a set S of points in X satisfies |f(x)| < M for
x € S and |df| is not bounded away from 0, then the closure of S must contains
a critical point of f.

This motivates our proof. We will need some results from the study of Cauchy-
Riemann equations, given in appendix @ If the Palais-Smale condition is satisfied,
it’s easy to see that lim u(s, -) = x4 for some points z+: let S be any subsequence

11



{u(s+ sk, )} for a sequence s, — oo, then from the energy bound the action func-
tional has a bound on this set and the partial derivative tends to 0(which we will
prove later), so there is a subsequence, still denoted {s;}, that tends to some crit-
ical point z+. Now collect all the critical points on the space M(P; Lg, L1; J) and
consider the union U of disjoint open neighbourhoods U, of them(since the critical
points are disjoint and finite), and we claim that for sufficnetly large £ > 0 we
must have u([sg, +00)) C U,+. This follows from the fact that U, is disjoint from
the complement U \ U, and that the image of [sg, +00) must be connected(when
we view M as a topological space with the C*°-topology). OJ
The rest of this paragraph is devoted to the verification of the Palais-Smale con-
dition. Given a pseudo-holomorphic strip u: R x [0,1] — P, we can define the
energy of u to be the functional

o[ f

Since u is pesudo-holomorphic, this is just the square of the norm of du. We set

M(P; Ly, Ly; J) = {u: R x [0, 1]|u satisfies equation (EI) with boundary conditions

(E),(B), and F(u) < oo} and M(z+,z—) = {u| lim u(s) = z+, lim u(s) =z—}.
S§—00 S§—>—00

Now we write the Palais-Smale condition down explicitly in this case:

oul|?
— || dsdt
0s 5

2.7 Proposition. Assume u € M(P; Ly, L1;J), then for any sequence {s;}%2;
that tends to oo, there exists a subsequence {s}} and a point x+ € Lo N Ly such
that

lim ug, (t) = lim u(sg,t) =z + in Cp..
k—o0 k—o0

and

— 0.

0s

lim
S— 00

Here the norm is taken with a chosen #-compactible almost complex structure J.

This is a very special case of what we call the "Gromov Compactness”.

Proof. We want to apply the Arzela-Ascoli theorem to the sequence {ux(s,t) =
u(sk+s,t)}, i.e. we want to verify that {u} is uniformly bounded and is equicon-
tinuous. The uniform boundedness follows from the fact that P is compact, and
the equicontinuity follows from the second result that we want to prove: that

Ou

<
(st < o

lim sup
k—+o0

for some positive constant ¢ > 0 and all (s,¢) in some compact subset K C
R x [0,1] := S. This is the consequence of the mean-value inequality for
Cauchy-Riemann equations: if this is not the case, then for k sufficiently large,
there must be a positive constant § > 0 such that |Osug(z, yx)| > ¢ for all k and
(zg,yx) € K. Then by the mean-value inequality, we can pick r sufficiently small
such that B, (zk, yx) NS is disjoint, and the integration of dsu over B, (zy, yx) has
a positive lower bound, contradicting the finiteness of the energy E(uy) = E(u).
Therefore u; admits a subsequence, still written {uy}, that converges locally in C°
to some pseudo-holomorphic strip u. However, we also need the C}. -convergence

loc
so that we can compute the energy of u. This relies on the elliptic regularity
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property, theorem @, which states that if |Osux| is bounded in some compact
subset then the C*-norm of {u} in a smaller compact subset, hence Arzela-Ascoli
theorem again tells us that {9sux} admits a C} _-convergent subsequence, and if
we calculate the energy of the limit u, we would find that E(u) = 0, hence u would
be a constant point x+, which is an intersection point of Ly and L;. Therefore
the C'-limit of {u} consists of constant curves with energy 0, that is, the limit
is a constant point x+. By a similar argument using regularity theorem , We

can also deduce that the CF -norm of d,u; would also go to 0. ]

2.8 Remark. Furthermore, we can show that the C*-norm of dsu is decreasing
exponentially. The proof requires some effort on the analysis of the ordinary
differential operator V,+S where S is the remaining term of the linearized Cauchy-
Riemann operator. See [RS01] for details.

2.9 Remark. Although we do not try to prove the boundedness of the action
functional, but with the Arzela-Ascoli theorem, it is easily seen that A(x+) —
A(z—) = E(u) for this pseudo-holomorphic strip w. Hence the Palais-Smale
condition is satisfied.

3. THE FLOER COMPLEX

Here is the main part of the proof: we construct the Floer cochain complex
CF(P; Ly, Ly; J; Zs) with Zg-coefficients for a chosen almost complex structure
J and transverse Lagrangian submanifolds Ly and L; of the symplectic manifold
(P,0). The definition is given as follows: we let

CF(P, L(),Ll) = @ ZQ.I‘

to be the vector space generated by intersection points, and to make it into a
complex, we need a differential d0p: CF(P; Lo, L) — CF(P; Ly, Ly) such that
0% = 0. Recall from Witten’s Morse theory [Wit82] that the Morse differential
O of some Morse complex C'M (X; Zs) can be regarded as counting the number of
trajectories from one critical point to another with Morse index one less. Here we
also want to have a similar construction as in finite-dimensional case. In order to
do this, we need to know the shape of the space M(x,y) of trajectories connecting
two critical points x and y. Recall from differential topology (See [Sma63], for
example) that

3.1 Definition. Assume X is a topological space. We say X is a C*-Banach
manifold modeled over a Banach space B if for all x € X there exists an open
neighbourhood U of x such that U is diffeomorphic to an open subset of B. It is
callled a smooth Banach manifold if the diffeomorphism is C* for any k& € Z.
Similarly we could also define the Hilbert manifold and the Frechét manifold.

The important result regarding the manifold structure of M(z,y) is the fol-
lowing property

3.2 Definition. Assume that I': X — Y is a C*-map between C*-Banach man-
ifolds X and Y, and W is a regular submanifold of Y. If I" satisfies that for all
w € W such that w = I'(x) for some x € X, we have the composition

T.X 5 T, - T,Y /T W
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is a split surjection.

With the transversality property, it follows directly from definition(and implicit
function theorem) that for each y € ImI' N W, the preimage I'"!(x) will be a C*-
Banach manifold. Moreover, recall the definition of Fredholm operator in the
linear case:

3.3 Definition. Assume f: X — Y is a bounded linear operator between Banach
spaces. We say f is a Fredholm operator if Imf is a closed subspace of Y, ker f
is finite-dimensional, and the quotient space Y /Imf is finite-dimensional.

In the non-linear case, we say a C*-map f: X — Y between Banach manifolds
is Fredholm if the tangent map df, is Fredholm for all x € X, or in a more
analytical setting, the linearization of f at any z € X is Fredholm. If we have
known I' is a Fredholm map, then it follows from Sard-Smale theorem [Sma65]
that the set of regular values of I'(i.e. the set of points y € Y such that the
linearization dI'; is surjective) is residual, under the hypothesis that the Fredholm
index of f plus one, Ind(f) + 1, is smaller than the order of smoothness of T
Then on each point y € Y with dI', surjective, the preimage I'"!(y) will be a
C*-Banach manifold of dimension exactly equal to the Fredholm index of dT',,
therefore finite-dimensional.

3a) Moduli Space as an Intersection To apply the general theory to
our case, we must give an alternative construction of M(z,y) such that it is an
intersection of two known smooth Banach manifolds. Since M(z,y) is the set of
all pesudo-holomorphic strips u: R x [0,1] — P satisfying boundary conditions,
that is, the set of smooth functions v with Ou = 0, hence we could consider a
larger set of functions from R x [0,1] := S to P, with a Banach vector bundle
associated to this function space, such that 0 can be viewed as a smooth section
of this vector bundle, and M(x,%) as the intersection of the image of d with the
zero-section of this vector bundle, and hence the transversality condition as well
as the Fredholm property would be considered only on these intersection points.
Note that the space of smooth maps even on compact manifolds does not form
a Banach manifold, only Frechét manifolds, hence here we consider the function
space given by weakly differentiable functions. Before the construction, let’s prove
an exponential decay property for maps in M(z,y) so that we could refine the
Sobolev norm in our construction of function space so that all the functions in
this manifold would decay exponentially at infinity:

3.4 Theorem. Assume u € M(x,y), then there exists a sequence of positive
constants {cx}7°, and a positive constant € > 0 such that

[0s5ul| ot (s, 400) x[0,1] < CrE™*

Here the norm is taken with some fixed 6-compactible almost complex struc-
tures. The proof of this requires some effort. From Proposition , we know
that u € M(z,y) tends as s — oo to y in the C} -topology, and by the elliptic
regularity theorem , we can argue by contradiction that u tends to y in the
Cre-topology as s — oo. If this is not the case, then there exists a sequence
{(sk,tr) }32, tending to oo such that ||Osu(sk, tk) | cr(—1,1]x0,1] = 0 for some given
positive constant 6 > 0. However, Arzela-Ascoli theorem tells us that this se-

quence has a convergent subsequence, and this convergent subsequence must tend
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to y, a contradiction. Then for any u € M(z,y) and any neighbourhood U of v,
there is M > 0 such that for s > M, u(s,t) lies in U for all . As in appendix ﬁ
we let Jy be the standard almost complex structure on R?". With a little general-
ity, in the following lemma we assume that we pick a family {J;}o<;<1 of almost
complex structures on P that is compactible with 6, such that Lg is totally real
with respect to Jy and L, totally real with respect to L;. To distinguish between
Jili=o and Jy, we use Jy(q) for the almost complex structure J;|;—o with value at
q.

3.5 Lemma. There exists a neighbourhood U of y and a local trivialization

b

[0,1] x U x R*™ — TP: (t,q,v) — ®(q)v € T,M
such that

1. Ji(q)®u(q) = Pul(q)Jo;
2. &y(q)(R” x {0}) C T,L; fort=0,1;
3. 0,(P(y)v, P (y)w) = wo(v,w) for v,w € R*™.

Proof. In T, P, we have an induced symplectic form 6,. Let {A;}o<t<1 C LG(T,P)
be a family of Lagrangian submanifolds such that A, = T, L; for i = 0,1. Then
we could construct smooth functions ey (), ea(t), - - ,en(t): [0, 1] — T, P such that
they form an orthogonal basis with respect to the metric g; = 6,,(-, J;(y)-).(This can
be done by choosing a sequence of symplectic matrices {U,} such that W,(Ag) = Ay,
then for a given orthogonal basis {e;(0)} of Ay, we can set ¢;(t) = W.e;(0).) Let
eirn(t) = Ji(y)ei(t), and we obtain a smooth family of orthonormal basis of the

tangent space T,P. Now we could define the trivialization {®,: R*" — T, P} by
2n

ORTIE Z vie;(t) for v € R?". Then @, identifies R™ x {0} with Ay, Jy with J;(y),
i=1

and wy with 6,. We can then choose trivializations of T'P|;, and TP|;, near p

such that R™ x {0} is identified via trivializations to 7),L; when ¢t = i. Finally, we

could extend this trivialization to a trivialization over U that identifies J, with

Jy for all t and all p € U. It is easy to see that the three conditions are already

satisfied. [

The existence of such a good trivialization allows us to transform local vector
fields near y to smooth functions from U to R?", that is, for a large positive
constant M > 0 and for all (s,t) with s > M, set

€= @ uls. 1)) (50, 1= ululs,1) " (G,

and let D,, be the linearization of the Cauchy-Riemann operator 0, that is, for any
£ e C®wTP),

where S is a matrix-valued smooth function on S and V is the Levi-Civita connec-
tion with respect to the Riemannian metric u*g := u*(0(-, J-)) on v*T'P. Now we

15



transform the linearization D, to the trivialization as follows: firstly, observe that
in our case the Levi-Civita connection V,; is transformed into the usual partial
derivative, denoted J;,, and we define the zero-order term S as

O, (1) (Dsl + JoOh& + SE€) = Dy (P4(w)€)

it is also a matrix-valued function on S. At s = oo, the induced operator S, =

lim S is independent of s, hence we set
s—+00

u(y)Soo(t) = Ju(y)0Pu(y)
to be the counterpart of S, in the trivialization. For convenience of notations, we

omit the™ from these operators and just write S, and S. We will expect that

3.6 Proposition. The matrix S (t) is symmetric for every ¢ € [0, 1] and there
exists a constant ¢ > 0 such that

15(s, 1) = Sec (B < (|05 (s, )] + d(uls, 1), y))

for all s > 0 and t € [0,1]. Here || - || denotes the operator norm and |- | is just the
vector norm with respect to the given Riemannian metric. Moreover, if u satiafies
a uniform C*-bound for every positive integer k& > 1, then there exists a positive
constant ¢, > 0 such that

15" = Socllen (s,00)x[0,1] < Ck([[0stl|cr(psoorxor] = sup  d(u(s',t),y)

s'>r,0<t<1

for every s > 0. Here we assume that u([0, 00) x [0,1]) C U.

Here we only assume u to be an arbitrary map from [0, +00) x [0, 1] into U.

Proof. Assume that u is the restriction of u to the subspace [0,00) x [0,1]. By a

direct calculation, for any v, w € R?", we have

gO(U> Soo(t)w) = WO(’U7 JOSoo(t)w) = gy(q)t(y) (’U), th)t<y)Soo(t)w) = ey(q)t(y) (U)a thtatq)t(y)w)
— —0,(@(y)v, (92(y))w) = 0, (D1 (y)o, Buly)w) = go(Swe(t)o

hence S, (t) is symmetric. Since when we take v to be the constant vector on
[0,00) x [0, 1], we will have

aw)a

B, () = V(@) + () Vu(Be()0) + (V)

hence the difference can be computed as

(S(5,1)—=Sso(t))v = @, (u) (V5(<1>t(u)v) + Ji(u) V(P4 (u)v) + (Vét(u)vjt(y))%)

- q)lf_l(y)Jt(y)at(I)t<y) (5)

Since we have
;7 (u) (Va,pi(y) = Ji(y),

the norm of this term reduces to dsu; for the other part, note that Vy(®:(y)v) =
0, by mean-value inequality, this is controlled by the derivatives of ®; and the
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distance d(u(s,t),y). Therefore we have proved the estimate for the operator
norm. For the C*-estimate, note that by taking derivatives of S with respect to
s, we have that

Oy (u)(05Sv) = Vs(Py(u)Sv) — (Vs Py(u))Sv
= V V(P (u)v) + (Vs Jo(u) ) Vi (P (w)v) + Ji(u) Vs Vi (P (u)v)
+ Vi(Va, o di(w)0u) — (VPy(u))Sv.

Each term in the above expression corresponds to derivatives of u or the distance
d(u,y), thus we have proved the required estimate for ¥ = 1 and by a direct
induction process we obtain the estimate for any k. O

It follows from the estimate that in our case, when s — oo the operator
S(s,t) tends in C*° topology to S (t), a symmetric operator on T, P. Now we try
to prove the exponential decay for the C'-topology. Consider the Hilbert space
H = L*([0,1]; R*") and the dense subspace

V ={¢e W([0,1], R*)[£(0),£(1) € R" x {0}},

1
and consider the two differential operators A(s) := Jy0; + 5(5(5, t)+S(s,t)") and
A = JoO; + Soo. By this slight modification we know that A(s) is also a self-
1
adjoint operator on H. Now define B(s): H — H by B(s) = 5(5(5, t)—S(s,t)")

to be the skew-symmetric operator such that A(s) + B(s) = Jyd; + S. There’s a
final preliminary lemma that gives a good estimate for the unbounded opeartor
Ao

3.7 Lemma. The operators A(s)—As, A(s) and B(s) extend to bounded operators
on H, As: V — H is bijective, and we have the following estimate

14(5) = Awllecn + 1B(s) ) < e sup (1hu(s. )] +d(u(s. 1) 3)

and
[A(S) | ey < Coiggl(lvsasU(SJ)l + [Osu(s, t)| + d(u(s, t),y)).

Proof. These two estimates follows directly from the previous Proposition, so we
only focus on the bijectivity of A,. We first show that A, is injective. Given
¢ € V such that A, = 0, then £ is a smooth path satisfying the boundary
conditions ®¢(y)&(0) € T, Lo and ®1(y)&(1) € T, Ly, thus by a direct calculation,

O (Pe(y)E(t)) = Pe(y)OrE(t) — Je(y)Pe(y) oo (1§ () = Pe(y) (0 — JoSeo(t))€(2) = 0

since Ao, = JoOs + Soo(t). Therefore ®;(y)&(t) is a constant path with ®;(y)&(t) €
T,Lo N T,Ly, therefore ®,(y){(t) = 0, i.e. £(t) = 0 by transversality.

Now we show that A, is surjective. Note that A, is an ordinary differential
operator on V', hence by the standard theory of ordinary differential equations,
we obtain regardless of the boundary condition a fundamental solution

W [0,1]* — Sp(2n)
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satisfying W(¢,t) = idgen and A U(t,¢') = 0 for all (¢,¢') € [0,1]2. Now we insert
the boundary condition and use the fact that A, is injective to obtain that for
Ao = R" x {0}, the map

Ao x Ag = R*™: (&0,&1) = & — ¥uo(1,0)&

must be bijective. This is because, when we take £(t) = U(t, 0)&, if the above map
sends (&p,&1) to 0 then we must have (1) € Ag, so & € V and by the condition
of fundamental solution, we have A, .{ = 0, therefore £ = 0, and hence & = 0
and & = &(1) = 0. Therefore the map is injective. Surjectivity follows from the
dimension of these two vector spaces. Now for n € H, we construct the vector
¢ € V with A& = n. Using bijectivity, we can find (&y,&1) € Ag X Ap such that

1
& - V(0% =~ [ BV
0
This is the boundary value of £, and we construct £ using variation of constants,
ie.
t
€)= U005 — [ JU( (et =
0

Now the exponential decay follows from an abstract result concerning ODE in
Hilbert spaces:

3.8 Lemma. Assume that: [0,4+00) — H andn: [0, +00) — H are continuously
differential functions such that £(s) € V' for all s > 0 and

§(s) + A(s)§(s) + B(s)€(s) = n(s).
We assume furthermore that n satisfies the exponential decay property
()| + In(s)]| < ce™

for some positive constants c,e > 0, then there exists positive constants ¢; > 0
and 6 > 0 such that ||£(s)|| < cre™®.

Proof. Consider the function

u(s) = ()P

then by a direct calculation, we have u(s) = (£(s),n(s) — A(s)&(s) — B(s)&(s)) =
(&(s),n(s) — A(s)&(s)) since B(s) is anti-symmetric by definition. Taking second-
order derivatives, we have

iis) = (€(s),n(s) — 24&(s)) + (€(s),7(s) — AE)
= [Inll* + 2] A&|* — 3¢A&,m) — (BE,m) + 2(BE, A€)

5 .
> [Inll2 + 1 A¢]2 - (§||B||2 n ||A||2) €12 = 4l — (€, ).

By the fact that A — Ao, A and B decrease to 0 when s — oo, and |||, [|7]]
satisfies the exponential decay property, and the fact that A, is bijectivve, we
could find a positive constant 6 < min{e, 1/4} such that

IAE]| = 34I€]|
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then there exists sg > 0 so that

5 .

SIBEI” +[A@)* <0® and  [A(s) = Al <0
for all s > sg, thus we obtain the further estimate

) _ 1
ii(s) = 4°([<[” = S*(1<1” — Allnl® = (€, m) = 30*NENI* = 4llnll”* — SN = =5 1mll”

> 26°16(s)|” — %(HU(S)HQ + [19(s)]12) > 20%|€(s) 12 — 3¢ = (26)%u(s) — coe 2",

52
Now we introduce the auxillary function

6267253

B(s) = u(s) + (202 — ()

so that by a direct calculatioon, we have

B(s) = (20)*B(s).

Now the conclusion will follow from a standard theory of ordinary differential
equations. We first show that this would imply that

Bs) +2653(s) <0

For all s > so. If not, there is s, > so such that 5(s1) + 206(s;) > 0, by taking
derivatives we find that for all s > sy, we must have this inequality, thus there
exists a positive constant C' > 0 such that

B(s) +205(s) = Ce*

therefore we have
B(s) > Ce** — D

for al] s > s1 and for some positive constants C' and D. However, from the fact that
n = §+A§+BE and that 7 satisfies the exponential decay, it follows that [|]| cannot
diverge as s — oco. This gives a contradiction, therefore we have 3(s)+203(s) < 0.

Since (3(s) is positive, it follows that there is a positive constant C' > 0 such that for
all s > sg, B(s) < e 2°C and therefore [|£(s)]| < \/2u(s) < 1/26(s) < Ce . O

Proof of Proposition . What remains is that the estimate holds for the C*-
norm for all £ > 1. Recall from elliptic regularity result @ that for every k > 1,
there is a positive constant ¢, > 0 such that for all s > 1 we have

||§||Wk72([s,oo)><[0,1] < Ck’(HSgHWk_lvz[s—l,oo)X[0,1}+||€||Wk_172([s—1,oo)><[0,1]) < Ck’||§||Wk_172([s—1,oo)><[[),1])

where S is the order zero term in the linearized Cauchy-Riemann operator. Now
by induction, for s > k we have the exponential estimate for |||y« .2((s,00)x[0,1] and
therefore we have the exponential decay for all C*-norm (as k tends to oo and use
the embedding theorem of Sobolev spaces). ]
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With the exponential decay at hand, we know that M(z,y) C C(x,y) where
the latter space denotes the space of all smooth strips with ends z, y, satisfying the
boundary conditions, and converges exponentially in the C'*°-topology. However,
this is again not a Banach manifold, so we consider the Banach manifold locally
modeled on Sobolev spaces that with the exponential decay property. For each
u € CL(z,y), we consider firstly the tangent space WP (y*TP) and for each
& € WhP(u*TP; Ly, L1) =the set of all W'P-sections satisfying the boundary
condition, we use the "exponential map” to construct a neighbourhood of the
Banach manifold P'*(z,y) as the set

{036 € WHP(W'TP),v(s, 1) = expye ) €(s,1)¥(s, 1) € S}

where we pick a compactible almost complex structure J and exp is the exponential
map on P of the given Riemannian metric g. We then define a Banach bundle
LP(z,y) — PYP(z,y) as the set of pairs (u, &) with € € LP(u*T'P; Lo, L1). Then 0
can be viewed as a section on this Banach bundle. It’s a technical result of Floer
in his paper [Flo88d] that

3.9 Proposition. The Banach manifolds and the Banach bundles constructed
above are all smooth, and the section 0 is a smooth section on this Banach bundle.

Therefore it suffices for us to give the transversality property for the smooth
section 0.

3b) The Fredholm Property Before we enter the transversality of 0, we
give a proof that the linearized Cauchy-Riemann operator dd is Fredholm. This
would be essential in our discussion of transversality property as well as the cal-
culation of dimensions of the moduli space. The main result of this section is

3.10 Theorem. The linearized Cauchy-Riemann operator
L =0+ S(s,t): W'P(S,R*) — LP(S,R*")

is Fredholm for all p > 1, where we abbreviate W1P(S, R?"; Ly, L) for WP(S, R?").

The proof of the Fredholm property relies on the fact that the dual operator
of L, L*, is also elliptic, and with the ”semi-Fredholm” property

3.11 Proposition. Assume that A: X — Y is a bounded linear operator such
that there exists a positive constant C' > 0 and a compact operator K: X — Y
such that for all x € X,

[zllx < CUlAz[ly + [[Kzlly),

then A has finite-dimensional kernel and a closed image.

This is not hard to prove, and can be found in [Brell]. Since the dual operator
satisfies a similar estimate, we have the kernel of L* is also finite-dimensional, but
it is exactly the cokernel of L. Therefore this semi-Fredholm property would impl
that L is Fredholm. We obtain from the elliptic estimate for L in proposition
that there exists a positive constant C' > 0 with

1Y e < CULY ||ze) + 1Y || zecs))

but S is non-compact and we cannot directly use Rellich compactness. But if we
have
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3.12 Proposition. The operator L is bijective from W!'?(S R*") to LP(S,R*")
provided S is independent of s.

then L is asympototically bijective, so we could improve this inequality into

1Y [lwre) < CULY ||z + 1Y (| ze=as,01%0,1))

where M > 0 is a sufficiently large positive number. Then we can apply the Rellich
compactness theorem to obtain that W?(S,R**) — LP([—M, M] x [0, 1], R*") is

a compact operator, proving the main theorem . [
Now we proceed to prove Proposition 3.15. With notation in the previous
subsection, we can write L = V4 + A,. Lemma gives the bijectiveness of

A in the case p = 2 and more generally for all p > 2(since in this case £ would
be continuous and it makes sense to consider the boundary conditions), we know
prove the bijectiveness of L in the case p = 2 first.

The case p = 2. We are going to use Hille-Yosida theorem stated in chapter 7
of [Brell], which states that

3.13 Theorem (Hille-Yosida). If A is a closed unbounded operator on a Hilbert
space X with dense domain and is maximally monotone, i.e. idx +A is surjective,
then the ordinary differential equation

9 1 AY =0,
{ Y(0) = Yo (6)

has a unique solution Y: [0,400) — X. Moreover, for all s > 0, we have the
following estimate

oY 1
e < Il | 5] = 1aven < i

However, A, is not monotone in L?([0,1],R?"). Recall that A, is bijec-
tive from WH2([0,1],R?*") to L*([0,1],R*"), the inverse A~! is then continuous
by the Banach-Steinhaus theorem. Moreover, the inclusion W'2([0, 1], R*") —
L?([0,1],R*") is compact, hence A~! is a compact operator. Observe also that A
is a self-adjoint operator, hence from the spectral theory for compact self-adjoint

operators, L?([0,1],R?") can be decomposed into the direct sum of eigenspaces of
A=Y Write H = L*([0, 1], R?*") and decompose H as

H=H"®H"

where H¥ is the subspace of H consisting of direct sum of positive and negative
eigenspaces of A1, Noticing that for x an eigenvector we have A~z = \z with
A # 0, hence Az = x/) and therefore A maps H* into itself, which is obviously
monotone. We write AT for the restriction of A into the subspaces H*, then
Hille-Yosida theorem gives the existence and uniqueness of solutions to differential
equations
{ 9L ATY =0,
Y(0) =Yy
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on [0, 4+00). What remains is to glue the solutions together to obtain a unique
solution defined on R to the differential equation Y (s) + A Y = 0. Set K(s) to
be the "kernel” of this differential solution, constructed as

Ky = { e 520
—eA7p_, s <.

where p. denotes the orthogonal projection of H onto H*, then for s # 0, K(s)
is continuous. It is not continuous at s = 0. Define @Q: H — H to be

_ /R K(s — 0)Z(0)do,

then @ is linear and if we write AT to be the positive and negative eigenvalues of
AT such that it is closest to 0, then we have the estimate

le=*"*p Z(s)|| < (| Z(s)|
and similarly for e~ *p_, hence there is a positive integer § > 0 such that
1 ()| ey < e

here B(H) denotes the set of bounded linear operators on H. @ will send Z into
L*(R, L*(]0, 1], R?")) since

Q(Z)(s, )| L2 K(s —0)Z(o,t)|*dodsdt
|

< /6—2‘“’ (/|Z(a+s,t)|2dsdt) do
R S

< O Z]|2s)

Now we must show that () gives the inverse of the operator L. Since for each
Y € L*(S,R*") we have

s +o0
:/K(S—U)Y<O', t)da:/ e A=y (g, t)da—/ e Y (5, t)do
R s

hence we know that Q(Y) = Z can be decomposed in this way into mutually
orthogonal parts Z = Z* + Z~, and by taking derivatives, we have

7+ s
dz7 _ Y (s, t) — / e AT AYY (o, 1) do = Y (s, t) — ATY (s, 1)

dt o
and
dZ_ _ oo A= (s—0) g—v— o _
T:Y (s,t) — e’ CTYVATY (s, t)do = —ATY (s, t) + Y (s,1).

Combining with these two, we obtain that

dz
o = Y (s, t) — AY (s,1).
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Therefore we have L o () = id. Conversely, to show () o L = id, for any Y €
W12(S,R?") we decompose Y as Y =Y + Y, and by a direct calculation,

s

Qo (AY) = /R K(s — 0)(AY)(0)do = / A=) g+y+ g — / A9 Ay (0)do

d s 7A+( d +00
- _ so‘YJr At el A (s— aY A~
- (0)do + A*(s) - ds/ ¢ (0)do + A™(s)

d 0 +o0
= A(s) — —/ e Y (o + s)do + —/ e Y (0 + s)do

/K 7L (s + 0)do = ()+Q<dy)

Therefore we have L o Q = id. Therefore L is a bijective operator from W'? to
L?, proving the Fredholm property in the case p = 2. O

The General Case p > 1. We want to prove the general case from the special
case p = 2. To do this, firstly assume p > 2, then we have the following improved
estimate:

3.14 Lemma. Letp > 2. Then there exists a constant C; > 0 such that for every
k€R and Y € WHP(S,R*), we have

1Y e ekt 1x0,1) < CrUILY || o1 0421x0,1) + 1Y 122 (k=1, 5421 [0,1]) -

Proof. By Holder’s inequality, we readily have LP([k — 1,k + 2] x [0,1]) C L*([k —

1,k + 2] x [0,1]) and from Sobolev embedding theorem, for all p > 1 we have

W2k —1,k+2] x [0,1]) C LP([k — 1,k + 2] x [0,1]), therefore by using theorem
(] we have

IV llwreersaxoay < CLUILY [ + [V [zr) < Co(ILY (o + [[Y [lwr2)
< Gs([ILY e + Y [lze + 1LY [[22) < Ca(ILY [l2o + 1Y 2)- T

We could further imporve this result that

3.15 Lemma. There exists a positive constant C' > 0 such that if Y € W12(S, R*"?)
and LY € LP(S,R*"), then Y € WLP(S,R?") and we have the following estimate

1Y lwre < C|LY || Lo

Proof. 1f p > 2, then Theorem - () gives the fact that YV € VVzoc , and the previous
lemma readily gives Y € WP, In order to see this estimate, we view Y as a
function from R to H, and define the LP(R, H)-norm to be

1Y Lo ( / v ds)

Y oo < CVULY [l Loqreraxo + 1Y [ 2e—1,5+21x10,17))"
< 2PCP(||LY |70

Now for this Y, we have

(bt hr2)x01)) T 1Y N2t aroxpo)s
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and apply Holder’s inequality,

<3(

HyHil’([k—l,k-&-Q]x[O 1)) - 2> HYHLP( k—1,k+2]x[0,1])"

Summing them up with respect to k, we have
Y oy < CULY 7o) + 1Y 10w m)

the only difference between this estimate and the required result is the term
|Y||Lo(r,rr), SO We try to give an estimate for this term. Let Z = LY, then
we have

“Q(Z)”L"(R,H) < C”ZHLP(R,H)

using Young inequality. By Holder’s inequality, we have
12| o @ty < 1| Z] 1o (s R2m)
and hence we obtain the estimate
IV 2o,y < ClILY || o). .

With this result, it follows directly that L is injective with a closed image in
LP(S,R?"). In order to show bijectiveness, it suffices to show that the image of
L is dense in LP, but this follows from the fact that the image of L in the subset
W2 N WP is already dense in L?.(This is just the subspace L?) Therefore L is

bijective. 0

The Case p > 1. The final step is to prove the bijectiveness for 2 > p > 1.
Note that in this case, LP is the dual space of L? with ¢ > 2 conjugate to p,
so we consider the dual operator L* of L defined as L* = =V, + JyV, + S(t)
from W14(S,R?") to L(S,R*"). Now assume that Y € C§°(S, R?") satisfying the
boundary conditions and by Riesz theorem,

IVl = sup [(X,Y)[ = sup [(X,LY)[ < ILY|[» sup [ X]|a.
XeL?P XelL?P XeLp
x1=1 |L* X =1 |Z*X =1

Since the dual operator L* is bijective, it follows that || X ||z« < C||L*X]||z« and

therefore we have ||Y||z» < C||LY||q, and for partial derivatives of Y, we have a
similar estimate combining to an estimate for ||Y||y1.q:

1Y {lwrasreny < CIILY || La,

and therefore L is injective with closed image. To show surjectivity here, consider
the cokernel of L, which is the kernel of L*, and since L* is bijective, it follows
that the cokernel of L is trivial, hence L is bijective. 0

Therefore we have proved theorem B.10 for all p > 1. O
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3c) Transversality In this paragraph we prove the vital theorem for deter-
mining the dimension of moduli spaces: the transversality property. The main
conclusion is that

3.16 Theorem (Transversality). For a generic choice of almost complex struc-
tures, the Cauchy-Riemann operator 0 defined as a section of the Banach bundle
LP(z,y) — PYP(x,y) has a surjective linearization and the linearization admits
a right inverse at the zero set. Therefore M (x,y), for a generic choice of J, is
finite-dimensional and its dimension equals the Fredholm index of 0.

In order to prove this, we need the "generic” choice of an almost complex struc-
ture, which is non-constructible, hence for each given almost complex structure
J, we introduce the space of "perturbations” of J so that it serves as the tangent
space to the space of all almost complex structures of at this point J. Then we
could view the Cauchy-Riemann operator 0, as a section of the product manifold
of P1?(z,y) and C>(P;[0,1] x J)(where the subscript * denotes the choice of
almost complex structure). Then recall from the previous sections that for any
choice of almost complex structure J, we have the operator 0 is Fredholm, and
from the following abstract result in functional analysis:

3.17 Proposition. Assume that X,Y, 7 are Banach spaces, F': X @Y — Z is
a surjective bounded linear operator such that F' = f & g where f: X — 7 is
Fredholm, then F' admits a right inverse.

Proof. Since f is Fredholm, Imf is closed and coker f is finite-dimensional, hence
there exists a finite-dimensional subspace Z; C Z such that Z = Z; @ Imf. Since
F' is surjective, Img O Z; and since ker f is also finite-dimensional, there is a
complementary subspace X; of ker f in X and hence we can further decompose
into ker f@ XY . Then f is an isomorphism from X; onto Imf, and for elements
in Z;, we assume Z; = span{zj, 29, -+ ,2x}. Define a map G: Z — X @Y by
setting G(z;) = y; for some y; € Y such that g(y;) = 2; and G(z) = f~(x) for
x € Imf. Since f~! is continuous and Z; is finite-dimensional, G is continuous
and F' o (G is obviously the identity map, thus G is the right inverse to F. [

we know that it suffices to show that the operator 0, is surjective. Floer tried
to give a proof in his paper [Flo88d], but it has some errors, and was proved by
Oh in the appendix in his paper [Oh06]. Here we present the proof in Oh’s paper.

Proof of Theorem . The tangent space to C*(P, [0, 1] x J) at some point .J
is given explicitly by

TJCOO([Ov I]XJ(P, 9)) = {jt3 S — End(TP)|g(jtv,w)—l—g(v,jtw) =0,5J+J3: =0,0<t < 1}'

We introduce a norm || - || on some proper subspace of T;C*°([0, 1] x J (P, 0)) for
an infinite family of positive numbers ¢ = (e) keZs,- For simplicity, we write this
tangent space as C*°(P, [0, 1] x J;(P)). The norm is given by

lill: = 37 ewmax|a*j()],
k>0

and we set
Ce([0,1] x J7) = {jlllille < oo}

as the subspace of C'*°.
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3.18 Lemma. The space C¢ is a dense subspace of L*.

For fixed positive number » > 0 and a prescribed open neighbourhood U of
Lo N Ly, we set C5([0,1] x J;) to be the set of all js such that ||j||. < r and
j(t,z) =0 for all z € U. Set L to be the pull-back bundle of L? via the projection
map PP x C¢, where P'* is the "universal” space of trajectories, i.e. the set of all
smooth maps u: S — P such that u(R x {i}) C L;, and LP is the corresponding
"universal” bundle. Then the differential of the section 9, on any pair (u,j)
decomposes into two parts, written d;0 and d,0:

d10uj) = Deug);  d20uy) = (dexp,);&i

where we write D for the linearized Cauchy-Riemann operator, and exp; the
exponential map at J. From the Fredholm property m we know that D, ;) is
Fredholm, hence it suffices to show that the linearization do is surjective. Note
that the linearization dé(w-) has closed image since D, j) is Fredholm, hence it
suffices to show the image of dJ is dense in LP(u). Assume to the contrary that
this is not true, then there exists a non-zero linear functional v on LP(u) such that
Y/tmag, = 0. Then for all £ € T, P and all n € T;J we have

Y(Dw,5§) = v((dexp,);nu) = 0.

From the standard theory of real analysis([Rud87]) we have v € L?(u) and hence
there exists a function in L9(u), still denoted by ~, such that

€)= [ 9321,y

S
for all £ € LP(u). Now the first equality (D, €&) = 0 implies that D, )y =0as
distributions, hence by elliptic regularity we know that « is at least continuous.
To conclude, we need a result that any pesudo-holomorphic strip is “somewhere
injective”:

3.19 Lemma. The set R(u) of all points (s,t) € S such that %(s,t) # 0,
s
u(s,t) &€ LoN Ly and u(s,t) € u((R\ {s}) x {t}) for all t € [0,1] is dense and

open in S.

Hence if we could show that y(s,t) = 0 in R(u), then we could conclude
that ¥ = 0 on S. Assume to the contrary that there exists some (sg,y) with
v(s0, o) # 0, then by definition of R(u) there are no points (s, ty) with s # so but
u(s, to) = u(so, o). By injectivity of u it follows that g, # 0 on the whole inteval
and hence the preimage of u(sg,tg) on S is finite. Therefore we could choose a
small element n € T;C; supported in a disjoint union of closed neighbourhoods of
each preimage such that

g((dexp ) jsnn(s, )ils, t),7(s, 1)) > 0

in the interior of this support, and therefore by taking integration, we obtain a
contradiction. Now since do is surjective and admits a continuous right inverse,
we consider the projection map m;: Z(x,y) — J;(P,0) where Z(x,y) is the in-
tersection of 0, with the zero-section. From the above transversality argument
it follows that Z(z,y) is a Banach manifold and the linearization of m; at any
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point u has kernel equal to the kernel of (d;d.),, which is finite-dimensional and
the image is exactly the inverse image of dlé(w) via the map dgé(w). Hence the
cokernel is also finite, and hence the map 7 is a Fredholm map. From Sard-Smale
theorem [Sma65], it follows that for a generic choice of j, the linearization d;9y,
is surjective, i.e. for a generic choice of J'(push j via the exponential map), the
linearization (dd,), is surjective on its solution set, hence the preimage would
be a finite-dimensional manifold with index equal to the Fredholm index of this

linearized operator. [

It remains to prove the somewhere injectivity property . To do this, we
add the requirements one by one and show that all these conditions are open and
dense conditions on S.

3.20 Lemma. The set

u

R(u) = {s e R‘ 55 (5:1) # 0 for all t € [0, 1]}

is open and dense in R.
Proof. The condition is an open condition, hence it suffices to show this is dense.
Assume to the contrary that there is a bounded closed inteval I C R such that for

all s € I, there is ts € [0, 1] such that ?
s

ou
there is a cumulative point (sg,to) of the set {(s,ts)}ses. Since s satisfies the
s

(s,ts) = 0, then since I x [0, 1] is compact,

linearized Cauchy-Riemann equation (), we can apply the unique continuation

0 0
theorem to 8_u to conclude that a_u = 0 on the whole of S, a contradiction.
S S

Therefore R(u) is open and dense. ]

Next, we impose the condition that the image of u should be disjoint from the
intersection points in Lo N Ly.

3.21 Lemma. The set

R(u) = {s € RlImus N Ly N L, = 0}
is open and dense in R(u).

Proof. Since Ly M Ly, the intersection points are discrete and finite, hence R(u)
must be open and dense in R(u). To prove this is dense in R(u), assume to the
contrary that there is a bounded closed interval I C R such that for all s € I,
Imu, N Lo N Ly # 0, i.e. there exists ¢, for each s € I such that u(s,ts) € Lo N Ly,
then again there is an element (s, o) such that u(sg,ty) € Lo N Ly and there is

n—oo

a sequence (Sp,ts,) — (So,t0). Since Lo N Ly is discrete, it follows that for

du

n sufficiently large we must have u(s,,t,) = u(sg,to), hence a—(so,to) =0, a
s

contradiction to the fact that sy € R(u). O

By some abuse of notations, let’s write R(u) for R(u) in the previous lemma,
and step forward to add conditions in the set R(u).
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3.22 Lemma. The set
R(u) = {s € R(u)lus(t) C uw((R\ {s}) x {t}) vt € [0, 1]}
is open and dense in R(u).

Proof. In this lemma even the openness is not obvious. Assume to the contrary
that there is some point s € R(u) such that there is a sequence {s,} C (R\ R(u))
that tends to so. By definition, for each such s, and any ¢t € [0,1], there exists
s # s, such that u(s,,t) = u(s),t). Since {s,} is bounded, {(s,,?)} admits a
convergent subsequence, still written {(s/,,t)}, that tends to some point (sg,1).
By construction, u(sg,t) = u(sy,t) and since this holds for all ¢ € [0, 1], from

definition of R(u) it follows that sy = s), hence we conclude that —u(so, t)=0,a

0s

contradiction. Therefore R(u) is open in R(u).

Now we prove that R(u) is dense in R(u). Again assume to the contrary that
there exists an closed inteval I C R(u) such that R(u) NI = @, then since u is a
local embedding, there exists a closed subinteval I; C I such that u(l; x {t}) C
u((R\ Iy) x {t}) for all £ € [0,1]. In particular, this holds for t = 0, hence there
is a distinct closed inteval I, C R(u) such that u(l; x {0}) = u(ly x {0}). We
could then pick open neighbourhoods A; of I; x {0} and A, of I, x {0} such that
u(Ay) = u(Az). Now assume that w is injective in A;, then we can construct a
biholomorphic map h: A; — Ay and if we pick z € I; with a path () = («,t),
then we can extend h to a neighbourhood I'y of v in I x [0, 1] containing A; and
its image would be extended to a neighbourhood I'y of a corresponding path ~s.
Now we could glue S along h and obtain a cylinder, contradicting the fact that

Figure 3: Glueing in the Strip

the region I'y must be far away from the intersection points in Lo N L;. Therefore
we must have R(u) dense in R(u). O

We replace again R(u) by R(u), and a final argument is that

Proof of Lemma . We write R(u) the set we defined in the lemma. Observe
that R(u) = R(u) x [0, 1], therefore R(u) is dense and open in S. O
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3d) Dimension of Moduli Spaces Here in order to introduce cohomology,
we write this notation for the space of trajectories starting from x and tending to
y. We will show that for each space M(y,z), the dimension dim M(y,z) for a
generic choice of J, will be the Maslov-Viterbo index Ind(z,y) of any pseudo-
holomorphic disk u € M(z,y). This is an index depending only on x and y, and we
could define a function u: Crit(A) — Z such that u(z)—p(y) = Ind(z, y), and this
is defined up to an additive constant. Thus if we assume that p(z) — p(y) = 1,
then the space M(y,z) is one-dimensional. Note that this is the space of tra-
jectories from x to y, and we have a natural group action R ~ M(z,y) by
translation on the s-variable, thus to obtain the space of "geometrically distinct”
trajectories, we must quotient the space by R and obtain a zero-dimensional mod-
uli space M(y,x) = M(y,x)/R. Assuming a compactness property, it follows
that |M\ (y,x)| < oo and hence we can count the number of trajectories from x to
y. Now we define the Floer differential 0 to be the map

y€Crit(A),u(y)=p(z)+1

where the coefficient is given modulo 2.

The Generalized Riemann-Roch Theorem The calculation of dimension
was done originally via the analysis of spectral flow in Floer’s paper [Flo88al,
inspired by Atiyah, Patodi and Singer’s famous paper [APS75]. But in this pa-
per we want to give an alternative approach to this calculation, which relies on
a generlized Riemann-Roch theorem discovered by Gromov, which tells the rela-
tionship between Fredholm operators of the real linear Cauchy-Riemann operator
on a complex vector bundle over some Riemann surface > possibly with boundary
and the euler characteristic of ¥ as well as the relative(absolute) Chern number
of a pair (E, F') where F is a totally real subbundle of E|ss.

Before stating the main theorem, let’s review some basis of complex analysis.
Given an (almost) complex structure j on ¥, one can associate an hermitian
inner product which is a sesquilinear form

h: TeX QT — COO(E,(C)

such that h(j-,7-) = h(-,-). Here TcX is the complexification of the real tangent
bundle 7Y, and we say h is sesquilinear if it is complex-linear with respect to the
first variable and complex-antilinear with respect to the second. We could then
decompose h into its real and imaginary parts(see [Wel08]), with its real parts a
real inner product such that J is orthogonal, and imaginary parts a 2-form. We
write (-,-) for the real parts of h and we call it an hermitian structure over
Y.(It’s not hard to recover h from its hermitian structure. See again [Wel0§].)
There is a natural generalization of the hermitian structure to the case of a smooth
complex vector bundle £ — . On this vector bundle, we write the bundle of
differential forms of type (p, ¢) with values in E by QP4(X, E) := E®QP4(X), and
similarly for differential k-forms with values in E by Q*(Z, E).

3.23 Definition. Given a connection V: Q°(2, E) — QYX, F), we say it is an
hermitian connection if for any open subset U C ¥ and any vector field £,n €
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I'(U, E) and functions f € C*°(U,C) we have

V(f§) = fVE+df @& and d(§,n) = (V& n) + (£, Vn),

where on the right-hand side the inner product (-, -) is the bilinear map EQTcX ®
E — Tt by contraction.

From [Wel08] we konw that such an hermitian connection is unique for the
given vector bundle E. For this hermitian operator, we can consider its anti-lienar
part V%!, which is a differential operator on E with symbol 0, thus it follows that
such an hermitian structure determines a Cauchy-Riemann operator on F,
and we can further show that any Cauchy-Riemann operator comes in this way.
Here we just define the Cauchy-Riemann operator D to be the complex linear
first-order differential operator on E with symbol 0. We say D is a real linear
Cauchy-Riemann operator if it is of the form D; + o with D; a Cauchy-
Riemann operator and « a real 1-form.

The Boundary Maslov Index The Fredholm index of such a Cauchy-Riemann
operator corresponds to the so-called boundary Maslov index on >, which is an
index for the bundle pair (E, F'). It’s a slight modification of the classical Maslov
index, which was defined by Maslov who wanted to compute the coefficient of the
asymptotic expansion in semiclassical approximation, which gives the quantiza-
tion conditions. It was then developed by Arnold in his paper [Arn67] who showed
that the Maslov index is obtained by counting the intersection number of a loop of
Lagrangian subspaces with the degenerate part of a Lagrangian Grassmannian
L(n) that intersects with a given Lagrangian subspace non-trivially. Viterbo then
use this index in his paper [Vit87] to define the well-known Maslov-Viterbo index,
for a given transversal pair of Lagrangian submanifolds (Lg, L) and two intersec-
tion points x,y. Robbin and Salamon wrote a systematic treatment with Maslov
index in their paper We start with a review of the construction of Maslov index.
Let R(n) := GL(n,C)/GL(n,R) be the homogeneous space of all totally real sub-
manifolds over the standard Euclidean space C", and let L(n) = Sp(2n)/GL(n,R)
be the Lagrangian Grassmannian, i.e. the space of all Lagrangian submanifolds
inside the standard symplectic space R*", here Sp(2n) is the group of linear sym-
plectomorphisms over R?".

3.24 Proposition. L(n) is the deformation restract of R(n) and the determinant
map

det?: L(n) — S*
gives an isomorphism det?: 7, (L(n)) — 71 (S'), thus we know that 7, (L(n)) = Z.

Proof. We use the polar decomposition in [Hall5] again for Sp(2n,R) and for
GL(k,R) to deduce that Sp(2n,R) deformation retracts to U(n) and GL(k,R)
deformation restracts onto O(n), and we have that L(n) = U(n)/O(n). Note that
GL(n, C) also deformation retracts onto U(n), it follows that L(n) is a deformation
retract of R(n). Now consider the determinant map

det: U(n) — S*
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which is a group homomorphism with kernel SU(n), thus we have a natural fibra-
tion SU(n) — U(n) — S! which induces an exact sequence on homotopy groups

det?

0= m(SU(n)) = m(Un)) <5 7y (S — m0(SU(n)) = 0 (7)

It follows directly that det,: 71 (U(n)) — 71(S*) induces an isomorphism of groups,
hence m(U(n)) = Z. Since L(n) = U(n)/O(n), it follows that only when square
the map det can we pass to the quotient and obtain a well-defined continuous map
det’: L(n) — S'. To show this is an isomorphism in fundamental groups, note
that det” gives a long exact sequence for the map U(n) — S! as

—_——— deti —_—

0 =m(SU(n)) = 7 (U(n)) —= m(S') — m(SU(n)) — mo(U(n)) =0  (8)

where SU(n) is the trivial two-fold covering of SU(n), while as a group it is a
semi-direct product of SU(n) with Z/2Z, hence its 0-dimensional homotopy group
is isomorphic to Z/27. As a homogeneous space, L(n) admits a natural long exact
sequence of homotopy groups

m(0(n)) = m(U(n)) = m(L(n)) = m0(O(n)) = mo(U(n)) = 0 (9)

since m1(0O(n)) = m(SO(n)) = Z/2Z when n > 3, trivial when n = 1 and is
isomorphic to Z when n = 2, it follows that when n > 3 we have m;(SO(n)) —
m(U(n)) trivial, thus when n > 3, this gives a short exact sequence

0— m(U(n)) = m(L(n)) = Z/2Z — 0.

Since SU(n) is a two-fold covering of O(n), we have a natural group homomorphism

—_——

m(SU(n)) — m(O(n)) which combining with (g) and (E) gives the following
diagram

det? ST N

0 —— m(U(n)) —— m(S') —— 7(SU(n)) —— 0

] |

0 —— m(U(n)) —— m(L(n)) —— m(O(n)) —— 0

By definition we know that the first square commutes, and by the construction
of the induced connecting homomorphism from 7 (X, A) to my(A) in Hatcher’s
book [Hat02], it follows that the second square is also commutative, with the last
column an isomorphism, thus we can reverse the arrow and obtain from five-lemma
that det? in the middle column is an isomorphism. [

3.25 Definition. For aloop A: S' — L(n), we define its Maslov index, denoted
(M), to be the degree of the map det?oA: S' — S!.
From the above Proposition it follows directly that

3.26 Corollary. Two loops Ay, Ay: St — L(n) are homotopic if and only if they
have the same Maslov index.

Since R(n) deformation retracts onto L(n), by a suitable refinement of de-
terminant, it follows that the Maslov index pu(A) for a loop A: St — R(n) is
well-defined.
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3.27 Corollary. Two loops A, Ay: S' — R(n) are homotopic if and only if they
have the same Maslov index.

Now we consider a compact Riemann surface 3 possibly with boundary 0%,
with a given bundle pair (£, F') over ¥. Since ¥ is compact, the boundary 0% is
a bunch of disjoint circles, thus giving a map I': 0¥ — F. Note that in this case,
with the almost complex structure J on FE, the space (E,,J,) varies over 3, and
hence we cannot apply the above construction directly in this case. However, since
the boundary 0% consists only of circles, we can pick a trivialization ®: 9% xC" —
E|ss of E on 0¥ and in the trivialization, the totally real subbundle F' is given
by a smooth map A: L(n) with z — ®_1(F,).

3.28 Definition. The boundary Maslov index of the bundle pair (E, F') over a
Riemann surface 3 is given by p(E, F) := p(A) with A defined as above. When
0¥ is empty, we define pu(FE, F) := 2¢,(F) where ¢; is the first Chern class of E.

We can view the boundary Maslov class as the characteristic class(obstruction
to the pair (F, F) being trivial) of the bundle pair (E, F'), so we also say this
is a relative Chern class.(For example, in Seidel’s paper [Sei00]) However, we
need some effort to show that this defintion is well-defined, i.e. it is independent
of the choice of trivializations on the boundary, and to deduce some properties
needed for calculation. We say two bundle pairs (Ey, Fy) and (FEs, Fy) over the
same Riemann surface are isomorphic if there is an isomorphism sending F} to
F5. Since F; are totally real, we have E; = F; @& JF; and hence the isomorphism
on F; extends to an isomorphism on F;.

3.29 Theorem. There exists a unique integer-valued function p on the class of
all bundle pairs (F, F') such that the following properties hold:

I[somorpPHISM If : E; — Es is a vector bundle isomorphism covering an orientation-
preserving diffeomorphism ¢: ¥ — 3, then pu(Ey, Fy) = p(Eq, ®(F1)).

DIRECT SUM pu(Ey & Eo, Fy @ Fy) = p(Ey, Fi) + p(Es, Fy).

CoMPOSITION We say a decomposition of a bundle pair (Egg, Fy2) over a Riemann
surface Yo is a decomposition of ¥y into ¥g; and ¥15(See Definition El!)
with the induced subbundles Ey = Egls,,, E12 = Ep2ls,, and a totally
real subbundle F} on ¥g; N5 such that Fyy = Fy := Foolosgens,, U F1 and
Foo = Fy := Foa|oogensy, U Fi. For such a decomposition, we have

p(Eo2, Fo2) = p(Eor, For) + (B, Fia).
NORMALIZATION For ¥ = I the closed unit disk, £ = D x C the trivial bundle,
and F, = Re™*/2 for z = ¢ € 9D = S!' we have u(D x C, F) = k.

3.30 Theorem. The boundary Maslov index pu satisfies the following further
properties:

TRIVIAL BUNDLE If 0¥ # () and E = ¥ x C", then pu(X x C", F) = u(A) where
p is the Maslov index of the loop A(z) = F, for z € 0%.

CHERN Crass If 9X = 0, then p(E,) is twice the value of the first Chern
class ¢;(E) € H?(X) on the fundamental class [©] € Ho(X): p(E,D) =
2(c1(E), [X]).
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Moreover, we can deduce that

3.31 Corollary. Tow bundle pairs (Ey, F}) and (Es, ) over the same Riemann
surface 3 are isomorphic if and only if F; and Fs, have the same rank, u(E;, Fy) =
w(Es, Fy), and for each connected component C' of the boundary 9% the real vector
bundles Fi|c and F;|c are isomorphic.

In order to give a proof, note that in dimension 2, complex vector bundles over
a Riemann surface with boundary can always be trivialized since the homotopy
type of a Riemann surface with boundary is a bouquet of circles. But then we
need to decompose the totally real subbundle F' so that we could apply the direct
sum axiom to give boundary Maslov indices for all bundle pairs. This leads us to
the following normalization of bundle pairs:

3.32 Proposition (Normalization of Bundle Pairs). For any bundle pair (E, F')
over D, we say a partial framing of F' is a pair (L;sy, - ,S,-1) such that

S1,+++ ,Sp_1 are nowhere vanishing sections of F' and L a line subbundle of F
n—1

such that F' = L @ @ Rs;. Equipped with such a partial framing, there exists a
i=1
trivialization
d:E SN xC"

and a smooth function A: 9% — S* such that ®,(L,) = \/A(2)R for all z € 9%
and ®(s;) = e; where {e;} is the standard basis of C". In particular, for all z € 0%,
we have ®(F.) = \/A(z)R & R" 1.

Proof. For sufficiently small positive number € let U. be the closure of a collar
neighbourhood of 0%, then it follows that ¥ \ U. = ¥, is diffeomorphic to X,

and for the bundle E|y,, we have a natural trivialization Els, 2oy x O
Since U. is diffeomorphic to a cylinder with ends 0¥ and 0%, E — U. admits
a trivialization E|g. 2, . x C". We then have a loop Ay: 95 — R(n) given
by Ao(z) = Wo(F,). Pick A(z) a smooth function and write A;: 937 — R(n) be
the totally real subbundle of E|as, given by Ai(2) = v/A(2)R & R"! such that
(A1) = p(Ap). Then Corollary gives a homotopy

[':[0,1] x 903 — R(n)

such that I'(0,—) = Ap(—) and I'(1,—) = Ay(—). This in fact gives a smooth
family of operators U: [0, 1] x 9% — GL(n, C) such that U(1, z) is contractible and
No(2) = U(1,2)A1(2), U(0, 2) = id. Therefore we set Uy : U, x C* — U, x C" given
by ¥y (z,v) = (x,U(x)v), then the composition ¥y o ¥y gives the trivialization
that satisfies the given requirements on boundary. Then we just glue ¥; and
Uy o Uy to obtain the global trivialization . ]

As a Corollary, we know that

3.33 Corollary. On a closed unit disc D, any bundle pair (E, F') with E a line
bundle is isomorphic to the trivial bundle C x D over D with the boundary given
by e*?/?R for some k.

The positive integer k is exactly the Maslov index of the loop S' — R(n). In the
case when > = D, we know that the boundary Maslov index is well-defined: any
bundle isomorphism U: (C", Fy) — (C", F,), restricted to the boundary, gives a
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transformation of the loops Ay = UA;, and this isomorphism is extended naturally
to the whole disc, and is hence contractible, which implies p(As) = pu(Aq).

The proof of theorem relies on the pair of pants induction. That is,
for any compact Riemann surface > possibly with boundary, there exists a pair
of pants decomposition as we stated in appendix [B. The pair of pants induction
is the procedure that once we have shown a theorem is true for both the disc D
and a pair of pants P, and we show that if we have a decomposition of Riemann
surfaces Yoo = g1 U Y12 and this theorem holds for both Y5 and ¥y, then this
theorem holds for ¥Xgs. From the pair of pants decomposition, it follows directly
that if we complete all these three steps, then the theorem holds for all compact
Riemann surfaces.

Proof of Theorem . The uniqueness follows from firstly the normalization ax-
iom tells us the Maslov index defined on the line bundle over D is unique, and
direct sum axiom and Proposition tells us this then holds for all bundle pairs
(E, F) over D. Now for a general compact Riemann surface ¥, we apply the pair
of pants induction and observe that a pair of pants is a closed unit disk D sub-
tracted by two open disks, and from the composition axiom and the decomposition
D =D, U(D\IntD;) where D; C D is a subdisk of I, we know that the boundary
Maslov index is defined uniquely on D\ Int D; and then on a pair of pants P. Now
we just go by a pair of pants induction.

For existence, since we have shown that the construction of boundary Maslov
index on the closed unit disk D is independent of the choice of trivializations,
it suffices to verify the axioms for the boundary Maslov index. The direct sum
axiom, the isomorphism axiom and the normalization are obvious, so it suffices
to verify the composition axiom. If we have decomposed a Riemann surface g
into two parts g1 U 219, then we know that Yy N Xge has reverse orientations
as boundaries of ¥g; and of Xgy, hence the sum of their degree cancels. On the
other hand, components of 0¥y, has the same orientation in gy and in ¥y; and
212, thus it follows that M(EOQ, F() U FQ) = /L(Egl, FO U F1> + /L(Eu, F1 U Fg) This
proves existence in the case 0%y, # (). For existence in the case when 9y = 0,
we need some more argument, and this is done in the proof below. O

Proof of Theorem . For the case 0¥y = (), the composition gives two compact
Riemann surfaces with boundary, hence we could start with the boundary Maslov
indices of the decompositions. For convenience of notations, let’s write X = Y9,
E = FEy, F = F, Yo=Yy and Y7 = X5 with the corresponding decompositions
of E into Ey and E;. Then we already have the boundary Maslov index p(Fo, F')
and p(Ey, F). From theorem we could further assume E is a line bundle and
there are trivializations ®;: F; — ¥; x C. Pick an hermitian inner product h on X,
then we can assume ®; to be unitary and there exists a global section s; of C x ¥;
with norm 1 over ¥; such that s;|sx, generates the totally real subbundle ®; |y, (F').
We could then find a unitary map u: 0%y — U(1) so that s;(z) = u(z)so(z), and
by definition of Maslov index, we have

f1(s1) — p(s2) = 2degu.

Therefore it suffices to compute the degree of u. Write I' for the boundary 0%;.
Now pick an hermitian connection V with respect to h, and we define complex-
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valued 1-forms
1 -1
o =S, VSy, a1 =35 VSi.

By a direct calculation, we have the curvature FV = dog on the trivialization of
Yo, 'V = day on the trivialization of ¥, and (a1|r — ap|r) = v~ du. Integration
over I' gives

1 7 1
d = 1du = — - = -
cgu = 5 Pu u= oo F(Cvo ay) 5 </r %) /qu)

([ [ )
= (a(B), [X])

where the last identity follows from the famous Chern-Weil theory(see for example,
chapter 5 in [Mor01]). Therefore we have p(FEo, F) + u(Ey, F) = 2(c;(E), [X]), as
required. [

Proof of Corollary . Without loss of generality, we assume that (E;, F;) are
bundle pairs of rank 1, and firstly assume in particular ¥ has only one boundary
component, then on the boundary S' we have a smooth map u: S' — S! such that
As(z) = u(z)A1(2), where we pick trivializations of both (Ej, F) and (Es, Fy) and
let A; be the corresponding path with values in R(n) of the same Maslov index,
then u has degree 0, hence we can realize a homotopy from u to 1 on a collar
neighbourhood of 0%, and extend it by 1 to the whole space .

In general, if deguc = 0 for some boundary component C', then we can glue a
disk to C, then ¥ would have one boundary component less, and if deg u¢, # 0 for
two different boundary components C; and Cy(This should be the case since if not,
we cannot expect the same boundary Maslov index of these two bundles), then we
can pick two points on C and C5 such that u takes the same value, connect them
through a path in Y, and extend u to be the constant map along this path, cut
> along this path to obtain a new Riemann surface with one boudary component
less. By this procedure we can finally reduce to the case when X has only one
boundary components, and therefore we can extend u to the whole ¥ and obtain
a global isomorphism (Ej, F) ~ (Esy, Fy).

The remaining case to treat with is when > has no boundary components, but
in this case, this follows directly from the classification of line bundles over any

paracompact topological space, that the line bundle is completely classified by the
first Chern class.([MS74]) O

Using the boundary Maslov index, we can now formulate the main theorem
of this paragraph. For general | € Z-y and p > 1, we write Wllw’p (3, E) for
the Sobolev space of sections s on ¥ with values in F satisfying the boundary
conditions s|py € WP(X, F).

3.34 Theorem (Riemann-Roch). Let Dp be a real linear Cauchy-Riemann op-
erator on a complex vector bundle E over a compact Riemann surface X, possibly
with boundary, and let Ip > 2 where [ € Z~y and p > 1. Then for any Z.g 3> k <1

2 2
and ¢ > 1 such that k — — <[ — —, the map
q p

Dp: Wi(S, E) — WrL(s, Q(E))
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is Fredholm, and its kernel is independent of the choice of almost complex struc-
tures and the numbers k, g. This holds also for the dual operator

Di: WEU(S, QYY(E)) — Wk L9(x, E).
The Fredholm index of D is given by
Ind(Drp) = nx(¥) + u(E, F)

where x(X) is the euler characteristic of 3 and n is the rank of E.

The Fredholm theory for complex and smooth linear Cauchy-Riemann equa-
tions is nothing new: it is even easier than what we have done for pseudo-
holomorphic strips: in that case we are treating with non-compact Riemann man-
ifolds, so we must concern the asymptotic behaviour of such an operator, and
apply some methods in ordinary differential equations. However, in this case the
Fredholm theory follows directly from the elliptic estimate Elll The general non-
smooth case is much harder, and it requires some spaces to give a proof. This
is because, any real linear C-R operator of class WP has the form Dp = D + A
where A is some W!~1%-gsection of the tensor bundle T*Y ®g Endg(F), and it does
not follow directly that the product of two L4-functions are again L7, so in this
case we need some further expositions. The first thing is to remark that

3.35 Proposition. For [, k,p,q given above and A € W' (3, T*Y @ Endg(F)),
the linear opeartor

WS, E) — WS TOY @ B): € (A9
is well-defined and compact.

Proof. We apply the Sobolev embedding theorem. If £k = [ then ¢ < p, and
by Hoélder’s inequality, W' =tP — Wk=L4  Since the map WIP(K) — LP(K)
given by multiplying a LP-function is well-defined(from the Sobolev embedding
theorem, the Hoélder’s inequality, and the assumption that K be Compact) the
first statement holds for k = [. For k < [—2, the relation k—2 < [— tells us that
we have the embedding W!=14(%, T*Y®@g Endg (E)) < C*~ 1(2 T*E@REndR(E))
and the result follows directly. For k =1 — 1, we have -<14- . =q< 22_p
hence from Sobolev embedding theorem, we have Wl_lﬂp(Z, T*% @ Endg (F)) —
WF=La(2, T*Y ®g Endg(F)), which gives the required result.

Now for the compactness, we just apply the Rellich-Kondrachov theorem. If
kg > 2 and ¢ > 2 then we have the compact embedding W*4 — C*=! and
hence the operator is obviously compact. If q < 2, then we only have compact
embeddings W#4 — Wk=17 for any ¢ < r < 5 but since X is compact, some of

them embeds into W*1¢ where ¢ is ConJugate to q, and the compactness follows.
If kg < 2, then we must have £k = 1 and ¢ < 2. In this case, we just use the
Rellich embeddlng for Wb — L" for any ¢ < r < 5, and since ¢ < 2, it follows

that W4 < L9 is compact where ¢’ is conjugate to q, therefore in any cases, this
operator is compact(and hence bounded). O

Our main result of the Fredholm theory is the following
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3.36 Theorem. Let D be a real linear Cauchy-Riemann operator of class W' =1,
and [, k, p,q given as in theorem B.34. Let r > 1 such that % —-1<k-— %. Then
the following holds:

i) The operators Dp and Dj are Fredholm and Ind(Dpg) + Ind(D3) = 0.
Moreover, the Fredholm index of Dp is independent of the choice of D and
of the complex structure on X. It is also independent of k£ and q.

i) Ifnpe L"(S,T*'Y ® E) and £ € WF14(X E) satisfy
[ .Depavol = [ (€. 0dvol (10)
> >

for all ¢ € WyI(%, E), then n € WYX, T%'Y @ E) and Djn = €.

iii) If ¢ € L"(%, F) and n € WFL4(X, TS ® E) satisfy
/(D};C,@dvol = /(C,n)dvol
Y )

for all ¢ € WS, T%'Y ® E), then € € WEY(X, E) and Dpé = 7.

This is just a restatement of the first part of theorem . Note that the
second and third statements tell us that ImnDp L ker D} and ImD7 L ker Dp,
so once we prove the Fredholm property for Dp, it follows directly the Fredholm
property of D} as well as the identity concerning Fredholm index. We begin with
a lemma concerning embeddings of function spaces.

3.37 Lemma. 1. Sets > 1 be conjugate tor, then there are inclusions W*=14
L% and L™ — (WkLa)*,

2. There is an inclusion W1 — (W=1p)*,
3. There is an inclusion W*4 — (Wk=L4)* 4f and only if —% <k- %.

Proof. We only need to verify the case when (k —1)¢ < 2). In this case, note that
wehave%—? < k:—l—%and%—{—% = 2, hence§+1—l<: < % and therefore
s < %. Then from Holder’s inequality, we have W*~14 < [*. By taking
dual we get the natural map L™ — (W*~19)* but then using the fact that W14
is dense in L?, it follows that the natural map is an inclusion, hence an embedding.

For the second one, it suffices for us to show for the case when both kq < 2
and (I — 1)p < 2. In this case, we have W!=1P — L=i% and hence LTF=2

(W=LPy* - Since Ip > 2, it follows that % —k<Il+1- %, hence we have the

2 2
embedding L7t <3 [T 052, Then the second statement follows.
For the last statement, we only consider the case kg < 2. In this case, we have

k=1 and g < 2, so we have Sobolev embeddings W4 — L7 and W1 = 4.
2q q
Then L2-¢ embeds into LT if and only if —% <1- %1 =k— %. [

This tells us in what cases the integration [ (n,&)dvol is well-defined.
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Proof in the case Dr is smooth. Recall that we have the following elliptic esti-
mate for 0:

lullweey < C1Oull o) + lull o))

where V' C U C H are open subsets such that V' C U. This inequality glues to
the global inequality

[€llwrrme) < CUDE e + €llrs.e)

for any vector bundle G — . Hence we know that D has finite-dimensional
kernel and closed image. Therefore it suffices for us to prove statements 2 and
3 and the direct sum decompositions W*4(X, T%'Y @ F) = ImDp & ker D} and
Wha(3, E) & ImD} @ ker Dp.

Let n,& and ¢ as in statement 2. We can pick bump functions so that the
question is local, and locally with a chosen unitary frame for E, we can assume
that £ = U x C™ with the standard almost complex structure ¢+ = J, the hermitian
connection reads Vy, = 0, + ® and V; = 0; + ¥, and the volume form is given by
dvol = Ads A dt. Then the identity ([L(]) reads

/ (n, 0s¢ +10,¢)dsdt = / (N2€ — ®*n + U*in, ()dsdt,
U

U

where ®* and U* are real adjoints of these operators. Here n € L", ® and ¥ are
smooth, and & € W*=14 hence \2( —®*n+U*in € L* where 1 < s = min{r, ¢}. In
order to obtain regularity for 1, observe that the above identity reads (1, 9¢) 2 =
(Ln, )2 for some operator L, and by further applying 0 we get An = —dLn in
the weak sense, hence applying Proposition @jwe obtain

[nllws vy < CULAI Loy + 0l 2o@)

here we use the fact that ¥ is compact, hence locally we must have the embeddings
L" < L* whenever s < r. This implies that n € W,>*(U) and for the boundary
condition (R x {0}) € R™ x {0}, we pick any smooth sequence of functions v;
that converges in W to n(here we extend U to the double region U and consider

the natural extension of 7 to the larger region), and let
1
ni(s,t) = §(vi(s,t) + Ru;(s, —t))

be another sequence of smooth functions, where R is the matrix such that n(s, —t) =
Rn(s,t) for t > 0. Now we know that 7; satisfies the given boundary condition
and using the trace theorem(see for example, section 5.4 of [Eval(Q]), we con-
clude that 7; converges in L*® on the boundary U N (R x {0}) to n, and therefore
n(s,0) € R" x {0} for a.e. s. This proves the boundary condition of 7, and there-
fore n € Wo2 (U, R?"). If s > 2, then np € L{ (U, R*"), and if s < 2, we have
n € LY(U,R®) where s < t < 2. In this case, A% — ®*n + U*in € L}, where
r’ = min{gq, 22%3}, so either 1’ = qor 1’ = % > 2 since s > 1. In the latter case, we
have n € I/Vi)f and therefore in any cases n € Lj, .. Now we apply again the elliptic
estimate to conclude that n € I/Vllocq We could then iterate the process to obtain

that € W% and since ¥ is compact, we glue to obtain n € W (X, TO% @ E).
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Then 7 is weakly differentiable and D3n = £. The estimate for the third one is
almost the same as the second statement, and we omit the proof.

Now we prove statement 1. It suffices for us to show the direct sum decom-
position. If n € ImDy N ker D}, then we have Dyn = 0 and hence by ellip-
tic bootstrapping it follows that 1 is smooth, and identity (@) tells us for any
(e Wllﬁ’q(E, E), we have (n, Dp()r2 = 0. Therefore 1 belongs to the annihilator of
the subspace ImnDp C LY(X, T%'Y ® FE), but note that 7 is always smooth, hence
n € LY(Z, THY® FE) as well, but then we could pick ¢ to be one of the preimage of
n and we have (1, Dp()r2 = (n,1)r2 = 0. Therefore n = 0. Let ( € L" be a section
such that ¢ L (ImDp @ ker D%), then for any ¢ € Wy? we have (¢, Dpé)2 = 0
and hence ¢ € ker D}, € L". However, ¢ L ker D}, so we have £ = 0 and there-
fore by Hahn-Banach theorem and the density of L” in LY, we conclude that
L9 = ImDp @ ker Dy,. The decomposition for ImD7 and ker Dp is similar. This
proves the theorem in the case k = 1, and for general k, it’s obvious that the
intersection is still trivial, and for the decomposition, let ¢ € L™ — (Wk=bha)*
be the function such that ¢ L ImDp & ker D}, from ¢ 1 ImDp we know that
¢ € W*4 and that ¢ € ker D, so ¢ L ker D% implies that ¢ = 0. Therefore from
density the decomposition for general k follows.

Finally, we want to show that the Fredholm index of Dp is independent of the
choice of D and the complex structure on X, but the first one just follows directly
from the fact that the difference of any two such C-R operators is a compact
operator from W}?’q to W*=14 and for the second one, given any smooth path
A = 7y of compatible almost complex structures with 0 < A < 1, we could modify
A such that near 0 and 1 the almost complex structures are the same and construct
the product manifold I x ¥ where [ is the open unit interval and consider the
pull-back of T to I x ¥. We could then construct an induced almost complex
structure j on I x ¥ such that for each ¢t € I, j|;xap = ji- Then we just choose a
complex linear connection V on p*T'> — I x M and consider the parallel transport
by this connection. This would give the complex linear bundle isomorphism @,
of TY. Now we just pick an hermitian connection V on E and consider the
corresponding family of Cauchy-Riemann operators D,. The composition Dy o ®y
is again Fredholm, and from results in functional analysis(c.f. [RS01]), we know
that the Fredholm index of this family is the same. Therefore the Fredholm index
is independent of the choice of almost complex structures. [

Now we must consider the case when Dy is no longer smooth but only of class
WP for Ip > 2, and we have k <[ and k — % <l- %. We first prove part one.

Proof of Statement (i) in General. From Proposition E we know that the non-
smooth zero-order term A is a compact operator viewed as a linear operator from
Wllﬁ’q — Wk=44_ hence the Fredholm index of Dy is the same as some correspond-
ing smooth Cauchy-Riemann operator, which is independent of the choice of k, ¢
and the almost complex structure of 7%, so is Dp. The statement for D7, is also
the same. [

From Lemma we know that we have the inclusion Wk — (WHh=14)* if
and only if we have the inequality —% <k-— %, so we firstly consider the case when
(k, q) satisfies this given inequality.
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Proof of (i) and (i) in the case —
sition

% < k — 2. We firstly show that the decompo-
q

Wk—l,q(z) 7013 ® E) 2 ImDyp & ker D}':—,

still holds. In the non-smooth case, we also have the elliptic estimate for Dpg
and D}, so any 1 € ker D and ¢ € ker D% are of class W', then by a direct
calculation:

3.38 Lemma. For any & € Q%(Z, E) and n € Q3N (2, E), we have

/(77, Dr&)dvol = /(D}n,ﬁ}dvol.
2

by

and the natural inclusion W*4 — (W*=19)* we know that there is a natural
map ker Dp — coker D}, and conversely ker D}, — coker Dp. They are inclusions,
and the fact that Ind(Dp) 4+ Ind(D3) = 0 gives us the identity

dimker Dp + dim ker D}, = dim coker Dy + dim coker D7,

hence we know that the map ker Dp @ ker D — coker Dy @ coker Dy, is an
isomorphism, giving the required isomorphism ker Dy = coker D}, and ker D}, =
coker Dg. Therefore the decomposition

WkL(S, E @ T™'Y) 2 ImDp @ ker D

and the similar result for W*~14(3 E) continues to hold in the general case.
Now we just try to prove the statement. Let n € L"(X,T*'Y ® F) and £ €

Wk=L4(3| E) satisfy the given identity, then we have the decomposition & = &, +

D7yno where 7y € W;f’q and & € ker Dp C W*=L4(X, F), so the identity reads

(1, DrQ)r2 = (§,Q) 2 = (&0, Q)2 + (Dm0, )2 = (€0, C) 2 + (0, Dr() 2.

Since Dp& = 0 and hence & € W*4(X, E), we could pick ¢ = & and obtain

&ll72 = (&0, &0) 12 = (1 — 10, Dr&o) 2 = 0.

Therefore & = 0, hence we have (9 — 1y, Dr()z2 = 0 for all ( € W*4(X E). This
implies that n — 79 € coker Dp = ker D3}, hence if we write n; = 1 — 1o, then
we have 1, € ker D% C WEY(S, E ® T%'S) and Diny = 0. Then we know that
neWri(S, E®T%'Y) and Dyn = Diny = €. This gives the required result. [

Finally, we drop the requirement that —1 < k— %. This relies on the following
elliptic estimate:

3.39 Proposition. For every ¢ € WEY(X, E), Dpé = 0 implies that & € Wi (3, E).
Similar results hold for Dj. Moreover, the inclusions ker Dp < coker D}, and
ker D}, — coker Dy are isomorphisms and the decompositions

Wk—l,q(z’ E) =ker Dy & ImD7,, (11)
Wk—l,q(z’ Ty & E) = ker D} & ImDpg (12)

hold.
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Proof. Since lp > 2, we have the inclusion W — (W*~19)* hence we have the
natural inclusion of ker Dp into coker D}, and similarly ker D}, < coker Dp. Then
we have the isomorphism ker Dy = coker D} and ker Dy = coker Dp. The rest
then follows from this isomorphisms. We just iterate the proof above to obtain
decompositions (E) and (@) O

With this decomposition, we could then follow the proof above in special cases
to obtain theorem B.36¢. This is completely similar and hence will be omitted. [J

For the second part, we need the calculation of Fredholm index. Again we use
the pair of pants induction, so firstly

3.40 Proposition. Assume that ¥ =D and (F, F)) is a trivial line bundle over D
with F = €™*9/2 gver S! for some k € Z. Then theorem holds for this bundle
pair (E, F) and the standard Cauchy-Riemann operator 0 := D over the closed
unit disk D.

Proof. We firstly give a characterisation of the cokernel of Dp, that is, the kernel
of D%. Note that for standard £ € Wi”(D, C) we have

Drt = (0.6 +i0)(ds — i)

and the conjugate operator is given by D}.(¢(dz) = (05 — i0;)(, and it suffices to
determine the boundary conditions for ¢ € W*4(D, Q%) such that D;¢ = 0. By
definition,

/ (¢dz, Dp&)dsdt = Re / (0,6 + 0,€)dsdt + Re / (0, — i0,CEdsdt
D D D

= Re [ 2.((C6)+ D.Ce)sdt = Re [ e G(e)e(e)ag

The last equality follows from Green’s formula. Now since £ € W}],f’p , it follows
that over the boundary, £(e?) € ¢*/2R, i.e. when multiplying with e=*%/2 we
have e~*9/2¢ € R, thus the last term in the above formula is zero if and only if
eWTik0/2¢ € R ie. ((e?) € e®+* /2R, This is the required boundary conditions for
¢, and we still write W}’,i’q for the space of all ¢ with the given boundary conditions.
Now we compute explicitly the dimension of ker Dp. Let u be such a kernel,
then u is holomorphic inside D with e~*u(e”) = @(e?) on the boundary. Let’s
expand u at 0 to obtain the power series
u(z) = Z a;z"
=0
where the radius of convergence is greater than or equal to 1, and on the boundary,
the Fourier coefficient of a,, can be computed as

1 . 1 : .
a, = lim — f(re NemmPdg = — [ £(e)e ™ dg
21 st
thus we have a,, = a,_,, for all n € Z, and since a,, = 0 when n < 0, it follows

that a, = 0 for n > k + 1 and therefore v can only be the polynomials



with a; = ag_;. This tells us dim Dr = k + 1 for £ > 0 and is zero for k£ < —1.

Similarly, for the cokernel of Dy, i.e. the kernel of D%, we have ¢ holomorphic
and satisfies e!®**9((¢?) = ((¢"), thus by the above result, we have that if we
expand ¢ as a sum of power series with coefficients b, then b, = b_j_s_,. Since
we have b, = 0 when n < 0, it follows that

with b, = b_j_o_;. Then for £k > —1, dimcoker D = 0 and for k < —2,
dim coker D = —k — 1. This proves that for any &, we have Ind(Dr) =k + 1 =
X(D) + pu(E, F). O

The next step towards the proof of the index formula is to show the composition
of two Riemann surface correponds to the sum of two Fredholm indices of two
Cauchy-Riemann operators. Then the general result follows directly from the pair
of pants induction.

3.41 Theorem. Assume that we have a decomposition of Riemann surfaces ¥go =
Y01 U X9, with decompositions of bundle pairs (Egy, Foy U Fy) = (Eo1, Fo U Fy) U
(Ev2, F1UF3), and we write D;; for the corresponding real-linear Cauchy-Riemann
operators on Y;;, X;; for the corresponding domains of D;; and Y the common
codomain. Then we have

Ind(D()Q) = IHd(DOl) + Ind(Dlg).

Proof. The rough idea is that we construct two Banach spaces Xy and X inside
the direct sum Xy, @& Xio such that they are isomorphic and the operators Dys
and Dg; @ D15 can be viewed as a perturbation of some operators Dy: Xg — Y
and Dy: X; — Y, hence the final step would be to show that as complexes, we
have the isomorphism

0 s Xy 2y > 0

Jo o

0 y X, 2y > 0

which gives the desired result. First of all, let I' = 3; N X1, then we could pick
a tubular neighbourhood of T" in gy, which is an embedding ¢: T' x [0, 1] — oo
and moreover we can modify the almost complex structure on ¥ge(Since almost
complex structures does not influence the Fredholm index of D;;) so that ¢ is
pseudo-holomorphic. On this neighbourhood, we can find a trivialization F|y 2,
C" x U so that 0o ® = ® o Dy, that is, on the trivialization the Cauchy-Riemann
operator is standard. This is because any two connections over the same vector
bundle differs from a vector-valued differential one-form A, hence we can replace
D by D+ A so that ®o (D + A) o ®~! = 9 and since A has order 0, D + A and
D have the same Fredholm index.
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Now we write Xij = Wg’p<2ij,Eij), FO = 6202 N 201, Fl = 201 N 212, FQ =
0¥ N Y10, Y = LF14 @ LF~19 and define

{lose, € FoU I1;
Xo=1d(6.n) € Xoy @ X o , 13
‘ {(f " o 2| nlox,, € FLU By (13)
o) C Fy, n(Ty) C Fy:
Xl — {(677]) €X01EBX12 g( 0) 0_77( 2) 2 } (14)
§|F1_77’F1‘

It follows that X; C Xy and in fact, since we could glue these two functions up,
we have X; = Xgpo. Let Dy and D; be the induced operator of Dy, to these two
spaces, then by definition, we know that Dy is the direct sum of Dy; and D;s, thus
we have

Ind(Do) = IDd(D()l) + Ind(Dlg); IHd(Dl) = Ind(Dog).

It suffices to construct an isomorphism from the sequence 0 — X, Doy 50

to the sequence 0 — X3 D4y Y — 0. This is given via homotopy. Note
that over I'; the space X can be viewed as the space of sections with conditions
(&(2),m(2)) € A where A C C" @ C™ is the diagonal, and in this sense, if we could
construct a bundle isomorphism on C™ ¢ C" such that it sends the direct sum
F} & F; on the set I'y to A, then we could construct a map from Xy to X;. In
fact,

3.42 Lemma. On any connected component of I'y, there exists a smooth section
W: [0,1] x St — GLg(C"@®C") such that ¥(s,t) =id for s > 5, ¥ commutes with

the almost complex structure I = (_Z Z) and U(0,t)"*(A) = A(t) ® A(t). Here

A(t) = ®(p(s,t))Frp witht € St

The proof is direct: with the given almost complex structure I, A(t) & A(t)
has Maslov index zero, hence contractible to the diagonal A. Then we just realize
this diagonal as the section W. What remains is the construction of ¥y and Uy,
but they are given directly by applying ¥ to the image of the pair (£, 7) under the
local trivialization ¢. Finally, by some calculation, we have Dy o Wx — Wy o Dy
differs from a compact operator from X; to Y, hence Ind(D;) = Ind(Dy), proving
the theorem. O

The Maslov-Viterbo Index Now we apply Riemann-Roch theorem to com-
pute the dimension of the moduli space M(x,y) for given critical points z and
y. Although the strip S is not a compact Riemann surface, when we add criti-
cal points to the strip, we will obtain a compactification which is a closed unit
disk. Let Lo and L, be transversal Lagrangian submanifolds and {.J;}o<i<1 a se-
quence of almost complex structures compactible with  on P such that L; is
totally real with respect to J;, then u*(T'L;) are totally real subbundles of u*(T'P)
when we pick a proper family of almost complex structures, and for any ¢, u is
pseudo-holomorphic.

3.43 Definition. The Maslov-Viterbo index assigns to each such u € M(z,y;{J:})
an index p(u) such that this is independent of the choice of u but only on the choice
of z and y.

This "definition” is not quite clear. It’s only a "principle” for us to construct
the index, and the explicit construction of such an index is given as follows. We
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regard at present the strip S as a unit square [ x I, with the upper and lower
boudnaries the original boundaries, and the left and right boundaries mapping to
x and y. Then on the upper and lower boundaries, we just set the totally real
subbundle F' := T LyUTL;. On the left and right boundaries, since T, Lo # T, L,
because of transversality, for each ¢, we firstly set ®; € GLgr(n,C) to be the
linear map such that it is symplectic, & = id and J;&; = $;Jy, and on the
trivialization I x C™ defined by ®;, we set A(t) to be the canonical short path
from A(0) = T,Lo to A(1) = ®;'T,L,.(For the concept of canonical short path,
this is just what Arnold used in his paper [Arn67], the path given by rotations.)
We can do the similar construction for y, and finally glue to a continuous family
of loops on the boudnary. Then we just set u(z,y) = u(0I?) with the positive
orientation. In this case, the loop is in fact smooth if we pick the homeomorphism
from this square to the usual closed unit disk, with the left and right boudnaries of
I? corresponding to a small neighbourhood of —1 and 1, hence we could apply the
Riemann-Roch theorem to our case and conclude that the Fredholm index of
dd is just n + u(z,y). Since we have

3.44 Lemma. For any given boundary conditions f on D with values in a given
totally real subbundle F' of E, there exists a solution u satisfying Dpu = 0 in D
and ulsp = f.

and the exponential decay property tells us that the value of any vector field
on the critical points must be 0, therefore we have dim M(z,y) = u(z,y), proving
the dimension formula for moduli spaces.

3e) Glueing Trajectories Although we have defined the Floer differential,
we have not completely finished the construction: we need to verify that 0% = 0,
so that this actually gives a complex. To do this, we need a kind of Gromov
compactness results. The baby version is proved by Gromov in his paper [Gro85]
where he proved that the closure of the moduli space of J-holomorphic curves
consists of "cusp-curves”. In our case, we consider when u(x) — u(y) = 2, the
boundary of the moduli space M (y, x) would be expected to consist of "brocken
trajectories”; as in finite-dimensional case, i.e. a pair (u, v) of pseudo-holomorphic
strips such that u € M(z,z), v € M(y, 2), and p(z) = p(x) + 1, then we know

that the closure M (y,x) is a compact one-dimensional manifold with boundary,
and from the classification of compact one-dimensional manifolds(for this, see for
example chapter 5 of Lee’s textbook [Leell]), we know that the number of bound-
ary points must be even, thus proving that 9% modulo 2. Therefore we have a
well-defined Floer complex (CF(P; Ly, Ly; J; Zs), Or). In order to avoid too much
analysis details, we impose stronger conditions on the original manifold (P,6),
but the idea in the general case is the same. In fact, the compactness property is
the main obstruction for symplectic topologists to proof Arnold’s conjecture in a
more general setting, that is when we drop the strong topological conditions and
impose a restriction that L be involutive. Yong-Geon Oh gave a proof in the case
when P is monotone in his series of papers [Oh93, Oh95, Oh06]. Further develop-
ments of compactness results were inspired from Mirror Symmetry, where Witten
conjectured an invariant on the symplectic manifold given by counting holomor-
phic curves with prescribed marked points, which lead to the Gromov-Witten
invariant. This was then used by two groups of people, Fukaya, Ono [FO99] and
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Liu, Tian [LT9§]. The first main theorem in this paragraph is that

3.45 Theorem (Gromov Compactness). Assume that (P, ) is a compact sym-
plectic manifold and Ly C P a Lagrangian submanifold such that mo(P, L) = 0.
Let L; be a Lagrangian submanifold transversal to Ly such that L; deforms
into Lo via a Hamiltonian diffeotopy. Then for any pair of intersection points
x,y € Ly N Ly, any sequence {J; }o<t<1 of almost complex structures compactible
with 6 such that L; is totally real with respect to J;, and {u,},en @ sequence
of pseudo-holomorphic strips in M(x,y), there exists a subsequence {u,, }x of
P

loc

{u,} and intersection points z1,y1 € Lo N L; such that u,, —= u for some
u € M(z1,y1) and we have the energy estimate

[Vul[r2 < limsup [|Vu,|| 2.
n—oo

The proof is based on the Arzela-Ascoli theorem, which states that once we
know that the sequence is uniformly bounded and equicontinuous, then it ad-
mits a locally uniformly convergent subsequence to some strips. In fact, the
condition that the w, all lie in some space M(x,y) can be dropped and be re-
placed by a general sequence of strips u,, € Pfo’f (S, P) with the norm E(u,) =
05,0 | w1 272 0 and the energy E(u,) = 2|V, |2 < C for some positive
constant C' > 0, where J,, is a sequence of f-compactible almost complex struc-
tures that tends in VV/ZCP to some #-compactible almost complex structure J. This
is because, if {u,,} € M(z,y), then for a chosen homotopy class [I'] all the strips
u, € M(z,y) representing the same homotpy class has the same energy, which
is the difference of the given action functionals. Then for any such sequence, we
can just pick a subsequence which represents the same homotopy class to achieve
this. We can also make the L; in the theorem changes, but they should all be
Hamiltonian isotopic to Lg. In principle, when we have obtained a convergent
subsequence, we could then compute the energy of this limit, and since the energy
tends to 0, it follows directly that the energy of the limit of this sequence is also
0.

Proof. Tt suffices to show that for such a sequence {u,}, and any positive integer
p € N, there exists a positive constant C, such that

IDunllrs,) < Cp

for any n > 1 and some p > 2, where S, = [—p, p] x [0, 1] is the compact subset of
S. Assume to the contrary that this does not hold, then we could find a sequence
{e,} tending to 0 such that ||Du,]| > e Explicitly, we set

en = inf{e > 0[[|Dun| (5.6, = P77},

then it follows that for each p, there exists a point 6,, € S, such that

1
/ Duy[Pdg = 227,
Be,, (0n) 2

Set B, = Be,(0,). The key point is that if this divergence does hold, then near
the limit of 6,, there would be a “bubbling”, which gives a sphere or a disk with
non-empty area, contradicting the fact that mo(P, Ly) = 0. So we just set

50 = .d(6,,0S)
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This positive number indicates the limit point lies in the boundary or in the
interior. If 9,, — oo, then the limit would lie in the interior of S, and if we set

Up, = Up(0,(0 — 6,))
for 0 € S, then {v,} would be a sequence satisfying the following property

|Vu,|lz2 < C, since the L:-norm of the gradient in independent of transla-
tion and dilation;

|V |l o3, 0)) = %, because of the rescaling and the translation;

V|| 2o (B9 < 1 forall @ € B_1_,(0), because of the minimality of 0,;

|0vn || r =25 0, because of the invariance.

It follows that the sequence {v,} admits a subsequence tending in VVZ P(C, P)
to some pseudo-holomorphic strip v. This limit would satisty ||Vv||;2 < C and
V0| Le(By0)) = 3, but then, under the conformal map v: S' x R — C* the map
¥ = v o~y has the same L?-norm on the gradient with v and we have explicitly

a@ 2
||VU||L2 dtds > ||U ||L2dS
st

which implies that for any € > 0 sufficiently small, there exists s sufficiently large
such that 0(s) is contained in an e-ball in P, then we could extend ¢ to another
map v: S — P(with the origin attached at one end to be a constant disk and the
end points attached with a small disk in this small ball) with

28@

1
/1_}*00 = §HVUH%2 - 0182 >0

for some positive constant C; independent of . Then since mo(P, Lg) = 0 and L
Lagrangian, it follows that we must have (w,m(P)) = 0, hence the integral must
be zero, a contradiction.

There is still another case when ¢, is bounded with limit §. Now when we apply
the same procedure to construct a sequence v, the local uniform limit would then
be a map v: (H — ir) — P where H is the closed upper half plane, and we have
v(—ir + R) € L. Then we could pick a conformal equivalence v: R x [0,1] —
(H — 4r) \ {—ir} and consider similarly = v o y. The energy estimate on the
gradient would imply the fact that the ends of the strip can also be attached
with a disk with boundaries in L so that the whole strip is made into a disk with
boundaries in L. We then obtain a disk with non-empty area, contradicting the
topological condition.

Now since we have proved the bound for any p > 2, for p < 2 the same bound
holds using Holder’s inequality, we could apply Arzela-Ascoli theorem directly to
the sequence {u,} to conclude the_convergence. The remaining poit that u €
M(z,y) has been shown in section P O

This only gives the technical part of the compactness. What we actually want
is the following theorem about brocken trajectories. Here for a given real number
T;, We set 7; * u, to be the strip 7; x u,(s,t) := u,(s — 7, t), and assume u is a
smooth function from R to Q(I; P, Loy, L,,).
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3.46 Theorem. For any sequence {u,} in M, 1, (x—,x+) with convergence on
L, and J,, there exists a pair of finite set of points {71, 7on, -+, 7Tvn} € R and
{1, 29, -+ ,xx} such that there exists a subsequence, still written {u, }, satisfying

Tin ¥ Uy — U; € M(l’i,bl’i)

where xg := x— and z;,; := x+ in the local topology. Moreover, for any € > 0,
there exists n € N such that v, lies in the e-cube

where U, (v;(7)) is the neighbourhood of v;(7) consisting of paths that with distance
to v; less than e.

Proof. We have shown in the previous technical lemma that the sequence
u, always admits a locally convergent subsequence, still written u, that con-
verges to some pseudo-holomorphic strip v € M(x1—,z1+). For simplicity, we
give a prescribed translation of w,, still written w,, such that A(u,(0),[l]) =
+(A(x, [I']) + A(y, [['])) with the homotopy class [I'] prescribed. Then we have
excluded the case when z1— = x;+ € {x—, x+} since then the value of A at u(0)
will not coincide with A(u,(0)), and the case when x;,— = z— and =1+ = z+
is easily obtained by doing nothing(i.e. let 7;, = 0). Now we consider the case
when 21— # x— or 1+ # x+. In this case, we can find for each n a positive real
number 7, such that

Attn(=110)) = 3 (A=) + A1)

Then when we consider the strip m,,*u,,, we would obtain a convergent subsequence
converging to some strip vy with A(v(0)) = 3(A(z—) 4+ A(z1—)). We know that
T, > 0 for all n since A(x1—) < A(xz+), and by calculating the energy of u; in
[—M — 71, —111] x [0, 1] for M > 0 sufficiently large and taking the limit on this
subset, we obtain that the energy of v on a compact subset [—M, 0] is close to
$(A(z1—)—A(z—)), s0 T1,, is bounded above and we can then conclude that the left
end of vy is the critical point z—. Similarly, one can show that the right end of v,
will be 1—. On the other hand, because of the conformal equivalence(and in fact
the equivalence that preserves the energy) between strips S and the "punctured
upper half-plane” H \ {0} and the following fact on energy estimate:

3.47 Lemma. Assume (X, J) is an almost complex manifold and R a totally real
submanifold of X, then there exists a positive integer & > 0 such that for any
chosen Riemannian metric g and any pseudo-holomorphic map

u: (H,R) — (X, R),

we have [ |du|*dvol, > 4.

With the existence of such a § > 0, it follows directly that the sequences
{T1n, Ton, - - - } should be finite, and the result follows from an induction process.
]
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Proof of Lemma . This is just a simple Corollary of the mean value inequality

. This inequality gives a positive number ¢ > 0, and if there is a u with energy
E(u) < 6, then by mean-value inequality, we must have |du| = O(2) for all r > 0,
therefore we have du = 0 everywhere. [

Theorem gives the splitting of a pseudo-holomorphic strip under transla-
tions into a union of strips that connects through critical points, named "brocken
trajectories”. Note that if we have such a brocken trajectory, we could regard each
critical point as a path and assign a canonical short path to each of these critical
points. Then the whole brocken trajectories can be viewed as a decomposition of
a compact Riemann surface, hence the Maslov-Viterbo index can be defined on
this pair (vy,ve,- -+ ,vg) as the sum of all of them.

3.48 Proposition. The index defined above coincides with the Maslov-Viterbo
index of the original strip u.

Hence in the case when Ind(u) = 2, it follows that w splits into at most two
trajectories v; and vq, each with Maslov-Viterbo index 1, hence lying in M(z—, x)
and M(z, x+), each with dimension 1. When we quotient the action of R, we
obtain that the there are only finitely many of them. There is still one thing
we need to consider: we only prove that the boundary of M(z—, xz+) lies in the
product space M(z—,x) x M(x,z+), but we haven’t shown that they coincide,
so that by the classification of 1-manifolds the boundary points of a compact
1-manifold always appear in pairs and therefore proving the fact that 9> = 0.
This requires us to construct a sequence {u,} C M(zg,22) that tends to the
pair (v1,v9) € M(xg, 1) X M(21,22). In order to do this, we use a variation of
Taubes’ construction coming from his paper [Tau82]. The construction goes as
follows: for x5 € Ly N Ly, we consider an open neighbourhood U of x5 that is the
image of a neighbourhood of 0 in T}, P via the map exp,: T, P x [0,1] — P with
expy(v7 i) € L; when v € T, L,. From the property of a pseudo-holomorphic strip
mentioned in section P, we know that there exists a positive number M > 0 such
that for all s > M we have

vi(s,t) CU and wy(—s,t) CU forallt e [0,1].

Hence for any such strip, there exists & € W'?(S, T, P) such that exp, (¢, &(s, t)
v;(s,t). Now pick an increasing smooth function 8: R — [0, 1] such that 3(s)

for s <0 and f(s) =1 for s > 1 and construct
vi(s+ M+ 1,t), s < —1;
Ul#UQ(Svt) = expy<t76(_8)£l(5 + M + 17t> +B<S)£2<S - M- 17t>)7 —1<s< 17
vo(s — M —1,t), s> 1.

It is obvious that v, #vy € P1P(xg, x5). For this construction, our main conclusion
is that

3.49 Theorem. Let Ky C M(xg,x1) and K5 C M(x1,z5) be compact subsets
containing only regular trajectories, i.e. trajectories u such that the linearization
dd, is surjective(note that for a generic choice of .J, this would be always the case
as we have shown in the above transversality result), then there exists a positive
number pg > 0 and a smooth map

exp: Ko1 X [po, +00] X K19 = M (xq,x2)
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mapping any pair (ui,s,uz) to exp,, u,,(§), where § is a vector field over S
with the estimate [[£]|w1r < C||O(ui#us)||zr. Moreover, for any pair (vq,ve) €
M(xo, z1) X M(21,x9) such that M(zg, z5) NU: (v, v2) is contained in the image
of exp. Here we define U.(v1,vs) to be the union of loops v € Q(P; Lo, L) such
that dist(vi(s),7) < € or dist(va(s), ).

This tells us that the sequence exp,, 4,, § is what we want, and therefore the
boundary of M(xg, z3) is exactly M(xg, 1) X M(x1, x2). The proof of this theorem
can be found in Floer’s paper [F1o88d].

4. THE FLOER COHOMOLOGY

Now since we have constructed the Floer complex (CF(P; Ly, L1; J; Zs), 0F), we

can take the cohomology to obtain the Floer cohomology group H F(P; Ly, Ly; J; Zs).
We must firstly show that this depends only on the manifold pair (P; Lo, L1) itself,

that is, the cohomology group is independent of the choice of the generic J and
invariant under Hamiltonian isotopies H. Here for simplicity we just write L = Lg

and L; = ¢y (L). The main result is that

4.1 Theorem ([F1o88¢]). Assume that (.J;, H;) and (J2, H2) be two pairs of struc-
tures on (P, ) such that J; is the #-compactible almost complex structure such
that L is totally real and that the linearization dd, is surjective for any pseudo-
holomorphic strip u, and H; be a Hamiltonian such that the induced Hamiltonian
diffeomorphism ¢ g satisfies ¢ (L) intersects with L transversely. Then we have
the isomorphism

HF(P§ L, JlaHl;ZZ) = HF(P§L>J2,H2;Z2)

The proof can be seen in section 3 of this paper. This allows us to consider
the case "Lg = L,”, that is, L; is obtained from Ly by an exact symplectic isotopy
{bt}o<t<1, then it is obvious that for ¢ sufficiently small, all the trajectories u €
M(x,y; Lo, ¢:(Lo)) has image in the tubular neighbourhood of L. This allows us
to consider the finite-dimensional Morse theory in the cotangent bundle 7™ L, with
a given generating function H. Then we want to show that the Floer cohomology
HF (P, L; J, H;Zs) with Zs-coefficients is isomorphic to the Morse cohomology
H3,(L; Zs), hence proving the Arnold conjecture in case when mo(P, L) = 0. To do
this, we should relate the space of trajectories M j(x,y) for two intersection points
x,y when J regular to the space of trajectories L£(x,y) in the finite-dimensional
Morse theory for H.

4.2 Theorem. Let L be a smooth Riemannian manifold with Riemannian metric
g. Let H be a smooth function defined on L such that there exists € > 0 inserting
into the estimate

|f ()| + |V f(z)| +|Vif(z)| <e.

Then there exists a family J = {.J; }o<t<1 such that the natural projection
MJ(ZE, y) — COO<R7 L) u — UO(T) = U(Tu O)

where z,y are critical points of H, gives a bijection of M onto the set of all
trajectories of the gradient flow of H connecting x to y.
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Here we construct the Floer cohomology theory on the cotangent bundle 7% L.
Moreover, let J be regular in the sense that the linearization is surjective, we
would have

4.3 Proposition. For u € M (z,y), there is an isomorphism
ker dd, = T,W*"(x) N T,W*(y)

on p = u(0,0), where W*"(z) is the unstable manifold of x and W*(y) is the stable
manifold of y, corresponding to the smooth function H.

And therefore we have the desired conclusion. The proof of both of these
results can be found in Floer’s paper [Flo89b].

A. CAucCHY-RIEMANN EQUATIONS

In this section we state and prove important facts about solutions of Cauchy-
Riemann equations (m) with the given boundary condition that we will use in this
paper. We will always assume u is such a solution to equation ([l)).

Aa) The Mean Value Inequality We will firstly construct an analogue
of mean value inequality of solutions to non-linear Cauchy-Riemann equations
to the case on Laplace equations. For Laplacian case, this follows from a direct
calculation. See [Eval0] for details of the proof. Here the case is slightly more
complicated: for non-linear equations, we must firstly take the linearization and do
the estimate for du, and when taking linearization, the non-linear term appears
to make the equation much more complicated. However, we still have in some
sense similar results to the easy linear case. In our case, the mean value inequality
reads:

A.1 Proposition (Mean Value Inequality). Let (P, J) be a compact almost com-
plex manifold and L C M a totally real submanifold(i.e. T, L is a totally real sub-
space of T, P for all x € L), then for a suitable choice of the Riemannian metric

g, there exists constants ¢, d > 0 such that for every r > 0 and every holomorphic
map u: By,.(0) NH — P with u(Bs.(0) NOR) C L,

2
/ duP <5 =  sup |duf® < —j/ dul?.
Bo, (0)NH B.NH " JBs.nH

The idea of proof is to reduce the non-linear equation into some linear partial
differential inequalities, and apply the mean value inequality for subharmonic
functions to obtain the required estimate. First of all, with any Riemannian metric
compactible with almost complex structure J, we have |du|? = 2|¢|? = 2|n|* where

ou 1
E=—andn= e Pick w = §|du\2 to be the energy density function and by a

direct calculation, we would have the inequality
Aw > —cuw?. (15)

and the problem is reduced to the analysis of the inequality () The calculation
is non-trivial, and we need a choice of some proper Riemannian metric. This is
done in U. Frauenfelder’s master thesis [Fra0g].

20



A.2 Lemma (Frauenfelder). There exists a Riemannian metric g defined on
(P, J, L) such that the following properties hold:

1. g(Ju, Jv) = g(u,v) for all u,v € T, P and all x € P;
2. JT,.L is orthogonal to T, L for all x € L w.r.t. g;
3. L is a totally geodesic submanifold of (P, g).

Proof. Using partition of unity, it suffices to construct g locally, i.e. in an Eu-
clidean space C", where J is standard and L is the subspace R™ x {0} C C™. The
first and second property reads ¢ is a 2 x 2 block diagonal matrix such that

(6 3

write a;; for the coefficients of the matrix A, and from the third property with
some calculation, we know that the third property is equivalent to the fact that
On+iA(z,0) = 0 for all x € L. It’s obvious that under these requirements one
Riemannian metric does exist locally near every point of L, but for « ¢ L, the
construction would be much easier since the second and third requirements are

empty requirements. Il
Now we do the calculation. With notations at hand, we could compute the
0? 0?
Laplacian of w, where A = — + — directly as
P 0s?  Ot? Y

%Aw = |Vs€|2 + |Vt€|2 - 9(3(5777)7775) + K

where R(&,n) is the curvature term V,V, — V,V (Note that in this case, vector

du u
fields — and — commutes.) and « is an "error term” given by

Os ot
k= g(Vs((Vp))§=(Ve)n),§) = 9(&, (Vo) )VE= (Ve ) Van)+9((VsVy J)E=(V Ve )n),
and since P is compact and u holomorphic, we have the estimate for J
IVs(Vy )] IVs(Ved)| < e(|€] + [Vi€))

and the first order term controlled by |£|?, thus we have

w2 el — a8 + V) 2 1 (V.EP + (vief?) - 2 g
and hence
1
28w > L(V.EP +9.eP) — LDt g(nie nn ) >~

However, in our case there is a boundary in Bs,(z9) N R, so we must extend w
firstly to a function w(s,t) such that when ¢ < 0, we have w(s,t) = w(s, —t). By
some calculation of normal derivatives,

ow

5 (5:0) = 20(Vi€, im0 = ~29(J€, V.E)lizo = 0,

thus we could extend w through the boundary. Here we use the fact that L C P
is totally geodesic(then we will have V¢ is still orthogonal to J¢). O
Now we focus on this "subharmonic function” w. The result about the inquality
Aw > —cw? for ¢ > 0 is that
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A.3 Proposition. Assume that w: B,.(0) — R is C? and satisfies inequality (@)7
wZOand/ w<£,then
r(O) 80

8

In our case, we firstly obtain the estimate for w, and note that the integral of
W in Bs,.(0) is identical to twice the integral of w over Bs,.(0) N H, and that for
every z € B.(0) NH, we can pick a ball with center at z of radius r and apply
proposition @)for every such z to obtain our required result. O

Proof. We want to further simplify the problem to the case when w is a positive
subharmonic function, or say, a minus of such a function by some positive constant.
In this case the mean value inequality just follows from the classical theory of
Laplace equations. To do this, first of all, observe that the constant ¢ can be
assumed to be 1 since we can do a rescaling, and the constant r can also be
assumed to be 1 since we can construct a new function @ by w(s,t) = w(rs,rt),
and we can verify that @ satisfies all the conditions with r replaced by 1, and
this construction gives a one-to-one correspondence between w and w, so we can
recover w from w. The hardest part is to show that when we assume ¢ = 1 and
r = 1, we want to show Aw > —b for some positive constant b. To do this, we
need a "Heinz trick”, work as follows: for 0 < p < 1, consider the function

flp)=(1—p)?* sup w(z),
z€B,(0)

from the construction we know that f(1) = 0 and f is a non-negative continuous

function, so there exists p* € [0,1) such that f(p*) reaches the maximum of f,
1—p*

and write a = w(z*) = sup w(z), then if we pick ¢ = , we have

zep*

sup w(z) < sup w(z) = flm+e) _4f(p+e) _ 4f(p) i,

Be(=) Beipr (L—pr=e)?  (1—p)? = (1—p)?

thus in B.(z*) we have Aw > —w? > —16a?, so b = 16a*>. Now from the lemma
, we know that

16a%r? 1 5 9 1
< + — w = 2a“r° + — w
8 7T7“2 Br(z*) 7'(_7"2 B

a=w(z")

/1
for all r < e. Now we test if 4ae? < 1. If not, we can pick r = % that r < e

a
s
[
By 8

contradicting the given condition. Therefore we must have 4as? < 1 and if we
pick r = ¢, we have

9 9 1 a 4
a < 2a‘c +—= wﬁ——i——*2 w.
e By 2 W(l—p) By
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Therefore we have

w(0) = £(0) < F(p) = (1 p"a < ° / w?. m

T
A.4 Lemma. Assume that w is a C*-function, w > 0, / w < 3 and Aw >
B, (0) c
—b for some positive constant b, then

br? 1
<4

w(0) <

— w.
2
8 Tr B,

b
Proof. Let v(s,t) = w(s,t) + 1(82 + t?), then we must have Av = Aw + b, thus
Av > 0 and, by the standard mean value property,
B br? 1

w(O):U(O)SL/B v = w. O

+ R
8 mr? g
A.5 Remark. In Robbin and Salamon’s paper [RS01] they treat with the more
general case that the almost complex structure J depends on the parameters (s,t),
and in this case we still have a weaker version of mean value inequality, which
still fits in our proof of compactness.

Ab) Elliptic Regularity In this paragraph we prove a regularity result
for the solution to the Cauchy-Riemann equation ([lf) with the given boundary
conditions. We firstly consider the linear case: assume that (2 C H is a bounded
open domain of the upper half-plane H = {z|Imz > 0}, and we consider the
standard Euclidean space C" with standard almost complex structure J,. We
write (s,t) for the real and imagine variables of H, and write 0 = 9, + Jy0; for the
anti-holomorphic differential. Consider the linear partial differential equation

ou = 0, (16)

where u: 2 — R?" satisfies the boundary condition that u(R x {0} C R" x {0}.
We start with the regularity theorem for this special case.

A.6 Proposition. Assume 2’ C 2 is an open subset of {2 such that 0 c Q, then
for any smooth function ¢ satisfying the boundary condition £(Rx {0}) € R"x {0}
defined on €2 and any positive integer k, there exists a constant ¢, > 0 such that

I€llwirr2y < a0 lwnzi) + [1Ellwrz@)-

Note that when 9¢ = 0, this immediately gives the elliptic bootstrapping for
the solution to equation (@)

Proof. Let (—,—) be the standard inner product in R?". Assume that ¢ has
compact support in €2, and by a direct calculation,

/ 96 = / (0. + JohE, DL + Jodh€) = / O.E12 + 2 + 20,8, JodiE)
Q Q Q
- /Q .2+ 196 + (D6, oDk} + (D6, JoDi€) — /Q 0,612 + 0r¢
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thus by the Poincaré’s inequality, we have |||lw12y < co|9€]|12(q), and the other
results follow directly from the elliptic bootstrapping. Now in general, we can pick
a cut-off function 5: " — R such that 5(£2) = {1}, then we can apply the previous
regularity results to the function 5§ and obtain the estimate

18 llwri12i0) < cr(10(8E)llwra) + IEllwre)

and observe that [ is a cut-off function on €2, with compact support, thus there
is another positive constant, still written ¢, such that

1€ llwesr2i@y < 1BEllwrsra) < cr(lO€lwna) + IEllwee))- 0

We imagine this result as the first order estimate for the "first-order deriva-
tive” of a smooth map u, i.e. & is some derivative of u, and this linear Cauchy-
Riemann equation is just the linearized Cauchy-Riemann equation for the non-
linear Cauchy-Riemann equation ([ll). To obtain an estimate for solutions to @), we
0?9

. . . . . . 682 atQ
Here we are considering solutions with two type of boundary conditions on Rx {0}:
The Dirichlet boundary condition

still need the regularity results for the standard Laplacian A. Here A =

u(s,0) =0 (17)
and the Neumann boundary condition
u(s,0) =0 (18)

for all s € R such that (s,0) € Q.

A.7 Proposition. Let  C " be bounded open subsets of H with Q C ", then
for every positive integer k, there exists a positive constant ¢, > 0 such that

[ullwrreza) < cr(lAullwrz@ry + lullwesz@n)

for every smooth function u: 2’ — R that satisfies boundary conditions (@) or

(19

Proof. We consider the complex plane R? = C with standard almost complex
structure Jy, and write 0 = 9y — Jy0.._ Let u,v be smooth functions on Q" such
that v satisfies ([L7) and u satisfies (@), then we set & = (u,v): Q" — R? and
n = 0&, then & and 1 both satisfy the boundary condition in proposition
and by this proposition, for each positive integer k there exists positive constants
¢ > 0 such that

€ llwrs220) < cr(llO€|lwesr2gry + 1€lwrerzn)

then since 06 = n, using a similar elliptic estimate for 0 to proposition @, we
have

[€llwrs22i) < cr([[AElwrz@r) + IEllwnsz@r)

for another positive constant c¢j. Therefore by taking components(that is, u = 0
or v = (), we obtain the required estimate. Il
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Now we go to our main estimate.

A.8 Theorem. Let © and Q' be bounded open domains of H with Q C €, and
u: ¥ — (M, J) be a holomorphic map with boundary conditions u(R x {0}) C L,
where L is a totally real submanifold of M, then for every positive constant ¢; > 0,
there exists constants ¢, > 0 for each positive integer k such that

sg/p Osul <1 = [Juller) <

Proof. Write 2n for the dimension of M, and for all x € L, pick coordinate
neighbourhoods U, such that U, = C" with L N U, identified with R™ x {0}.
Then since M is compact, we pick other covers that does not intersect L and
there would be finitely many such open neighbourhoods. Since  CC €V, there is
a constant 0 > 0 such that for all z € Q we have d(z, 9 \R x {0}) > 4, and hence
the disk Hs(z) = Bs(z) NH C Q. From the first-order estimate sup |Osu| < ¢
we know that d(u(z),u(z0)) < ¢10 for all z € Hs(z) with zo € Q, hence for
a small choice of §, we can assume that u(Hs(z9)) C U for some chosen open
neighbourhood U as above. Thus we could assume that u: Hs(z9) — C" satisfies
the boundary condition u(R x {0}) C R"™ x {0}. If we write u = (uy, ug) where u;
is the ith component, then we have dyu;(s,0) = —0sus(s,0) = 0 and hence from
proposition , we have

HuHWk‘*‘lv?(H(;/(kH)(zo)) < Ck(||Au||W’€—1’2(H5/k(zo)) + ||u||W’“+1’2(H5/k))
for some positive constant ¢; > 0. Now since du = 0, we have
(0 — JO,) (D5 + JO)u = 0,

and hence

Au = (0pJ)0su — (0sJ) 0.
This equality implies that
HAUHW’“*L%H(;/;C)(zo)) < C(||88uHWk*1’2(H(;/k)(zo))+Hatu||W’“*va(H(;/k)(zo))) < C||u||ka2(H5/k(zo))7

and therefore we would have

[l 2y o) < Collullwserag o)

Now the conclusion follows from the sobolev embedding theorem and the fact that
there exists a positive constant ¢ > 0 such that

| comszo) < cllwllwz2 (o) - u

For these theorems regarding Sobolev spaces, one can refer to [Eval(] for the
explicit statements and proofs.

Ac) The LP-estimate We need the LP-estimate for all p > 1 for linear elliptic
operators to serve the Fredholm theory of Cauchy-Riemann operators. Here by
abuse of notation, we write the linearized Cauchy-Riemann operator as

L=0+8: W'Y(S,R*; Ly, L;) — LP(S,R*")
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where 0 is the operator V, + JyV, with a chosen unitary frame for the almost
complex structure J(u), and S is the order zero term such that S(s,t) is bounded,
converges to a bounded operator S(t) as s — oo and the first-order derivative
VS(s,t) tends to 0 as s — oo. In this paragraph we show that for L a similar
estimate to the previous paragraph holds.

A.9 Theorem. For p > 1 and any Y € WLP(S,R?"; Ly, L), there is a positive
constant C' > 0 such that

1Y [lwre) < CUILY ||ze) + 1Y (| zegs))-

Combining this result and the following local estimate

A.10 Proposition. Let U C H be a bounded open subset of the upper half-
plane H, V' C U an open subset such that V' C U, then for any f € L} (U) and

u € LP (U) satistying the equation du = f, we have u € W,2”(U) and there exists
a positive constant C' > 0 such that

ullwrroy < CUullr@y + | flle@))-

The regularity for this linearized Cauchy-Riemann operator follows.

A.11 Proposition. Assume that Y € LP(S,R?"; Ly, L;) satisfies LY = 0, then
Y € WP and therefore Y is in the class C°°. Moreover, if p > 2, then Y € L4 for
any q > 1.

Here LY = 0 holds in the distributional sense.

Proof. LY = 0 implies that Y = SY, and since SY € LP(S) it follows from
Proposition |A.10 that 9Y € I/Vllof and by a bootstrapping procedure combined
with the Sobolev embedding theorem, we have 9Y € C™ and therefore by applying
estimates in theorem @, we deduce that Y € WP (S).

The second part of this Proposition follows from the exponential decay prop-
erty stated in Theorem @ IfY € L? for p > 2, then by Holder’s inequality it

follows that )
1 1 ?
JRLERIRTE ( / |\Y<s,t>||f’dt)
0 0

since Y lies in LP, it follows that the energy of Y does not diverge to oo as
s — o0o. Then Y satisfies the exponential decay property and therefore Y € L4

for all ¢ > 1. 0
We now give a proof of Theorem and Proposition . We start from
Proposition . To prove this local estimate, write 0 = V, — JyV; and observe

that 00 = A, so when Ju = f, it follows that Au = Jf and therefore we can
consider the following estimate for Laplacian operators:

A.12 Proposition. Assume that u € L} (U) satisfies

loc

in the sense of distributions for f, g, h € Lt (U), and u satisfies either the Dirichlet

loc
or the Neumann boundary conditions, then u € W,?(U) and for V CC U there
exists a positive constant C' > 0 such that
lullwrrory < Clullo@w) + 1 fle@) + 9lle @) + |l 2o@))-
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Proof. Firstly assume u to be harmonic, i.e. Au = 0, then it follows from subsec-
tion that u is smooth and satisfies the mean value property

u(z) = —3 " )U(?J)dy

in the extended region U = UUU. Observe that the mean-value integral is
identical to the convolution
1

_ dy = v,
—3 B(M)U(y) y = Xr *u(z)

where x, = WlB(OJ‘)' We then have

: ! 2l ol /BT TP
mrd /B(ac,r) X?"(y)dy B W (2 arceos 2_7’ N 2 s

for those = such that B(z,r) N B(0,7) # () and is 0 otherwise. Thus ¥, * x,. € C{.
Then for any continuous function h € CY, we have the convolution

str [ /P
/t_m

hence it follows that y, * g € C! and therefore the function ¢ = y, * x, * X, is in
C;. By the identity ¢ * u = u we have

Xr * Xr(x) =

b)) = [

-

h(fﬂ,y)dy> de,

[l = 19 * ullwra@y < 1Pl lull ooy
and note that the value of v in U and U satisfies u(s, —t) = u(s, t), thus we have

1
Jallwrow = 55 lulhwn < 50510l < Cllull)

In the general case, extend u to the function @ defined in the region U, pick a
bump function S that is smooth, with support in U, and is identically 1 in V.
Then we could consider the convolution

v=Kxp[f+ K %89+ Ky xfh

where K is defined in subsection . Applying Calderén-Zygmund inequality, we
have for any such u, there is a positive constant C' > 0 such that

I grad(Ky + B9)| oy < CllBN oy = CllBN Lo (supp )

and
I grad(Ks * B9)| oy < ClBA oy = ClIBRN o supp 5):
For f, applying Young’s inequality, we have

I grad(K * B1)| Loy < N1 B ooy + 152 % B | ooy < CllSf Mo (supp 9)-
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Combining with these three inequalities, we obtain the following estimate

lgrad v| o7y < CUIf 2o supp ) + 19l o supp 8) + [l o supp )

and applying the Poincaré’s inequality, we have

lgrad vl oy < CUIflLrsupp sy + 19l Lrsupp ) + 17l Lo(supp 5))-

Since the Laplacian of v satisfies

Av=30%Bf + 8% Bg+ 8 x Bh = Bf + V(Bg) + Vi(Bh),

so in V we will have A(u — v) = 0, i.e. u — v is harmonic, and therefore we have
the estimate

lellwrnry < lu=vllwromy Hllwiewy < CUF @) gl @) H IRl @y el @ )-
]

Proposition follows immediately from this result.

Proof of Proposition @ Firstly, assume that S is independent of s, i.e. we are
considering the case on critical points, then we just write S = S(t) and since S is
translationally invariant under s, we have for each k € Z,

1Y lwre e rs1xo01) < (LY | oo(e-10421x[017) + 1Y | o (h—1,5421x[0,1]))-

Summing them up with respect to k, we obtain the required global estimate.
Note that here we are considering the region with two boundaries, and we just
extend the function as usual, but consider the extended open subset to be properly
contained in the extended region in order not to touch the boundary.

For the general case, observe that we are assuming S converges to some op-

erator Sy, at the ends of the strip, hence is asymptotically independent of s.
To be explicit, since S(s,t) SoEeo, Sioo(t), for each € > 0 there exists a positive
integer M > 0 such that ||S(s,t) — Siao(t)]] < € for any s > M, and simi-
larly for any s < —M we have ||S(s,t) — S_«(t)|| < €, therefore in the region

Su = ((—o00, —M| U [M,+00)) X [0, 1] we have the estimate
Y llwrrsay < CULY losan + 1Y |zesan)s

and in any compact subset of S, we have the local estimate , hence we can
pick a bump function § such that § =1 on [—M, M] x [0, 1] and is supported in
[—M — 1, M + 1] x [0,1], and decompose Y as Y = Y + (1 — B)Y, and we have
the following estimate

HYHW“’(S) < HBYHWl’P([—M—l,M—&-l]X[O,l]) + (1 - 5)Y’|W1,p(sM)
< O LY |erem—1,m+1x0,1)) + 1Y o (em—1,00411x 017 + 1LY | zesa) + 1Y lzesan)
< CULY o) + 1Y lzesan)- O
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Ad) Unique Continuation In this paragraph we will prove the unique con-
tinuation property for Cauchy-Riemann operators on closed unit disk ID. Floer,
Hofer and Salamon proved in [FHS95] the transversality property for the moduli
space of pseudo-holomorphic cylinders using this unique continuation property,
and we will modify the proof of unique continuation in his paper and give a proof
of the unique continuation property considering the pseudo-holomorphic disks.
We start by a simple version of Riemann-Roch theorem. Assume ¥ is any com-
pact Riemann surface(with boundary) and E — ¥ is a complex vector bundle

_ ~ 0
over ¥, then we define 0: £ — Q)@ FE as f — 0f = 6_{
z
A.13 Theorem (Riemann-Roch). Assume that V' is a complex vector space of
dimension r, L C V a totally real subspace and let W1P(ID; V, L) be the space of
all WlP-maps from D to V such that 0D is mapped into L, where p > 2 so that

Wtr c C° Then the Cauchy-Riemann operator

® dz.

d: Wh(D;V, L) — LP(D; QYD) ® V)

is Fredholm and its index

Ind(0) = dim¢ V
as a complex operator.

We have proven that this operator is Fredholm in paragraph @, with an
assumption that L, is Hamiltonian isotopic to Ly. Observe that when we write
0 in the form of differntial operator, it coincides with 0 as the standard outer
differential on D, hence we have

Ind(9) = dim¢ ker d — dime coker 9 = r(h*® — h%1)

where V' is regarded as the direct sum of r trivial line bundles over D and A is
the Hodge number of ID. Since D is contractible, it follows that the index is just
r. In order to prove the Riemann-Roch theorem, we still need to check that this
operator is indeed surjective. As in [FHS95], we use the uniqueness of solutions
to harmonic equations.

Proof of theorem . Notice that solutions to the equationﬁé = 0 on D con-

sisting of a pair (u,v) of vector-valued functions satisfying du = dv = 0 and
U

on the boundary, v = 0 and — = 0, here v is the outer normal vector. Now

it follows from the standard thgory of existence and uniqueness of solutions to
harmonic equations that v = 0 and v is constant in D with values in L. Hence
dimc ker 0 = r and therefore from the index of 0 we have coker 9 = 0 and hence
0 is surjective. O

Now let S € LP(D;End(V)) be a zero-order term and consider the perturbed
Cauchy-Riemann operator 0 4+ S, we have the following result generlized from
[Vek62], named Carleman’s Similarity Principle. Here we assume J is depen-
dent on the parameter z € U C C.

A.14 Theorem (Carleman’s Similarity Principle). Assume that u € W'P(H (2, ¢),C")
is a solution to the non-linear Cauchy-Riemann equation

Osu(z) + J(2)0u+ S(z)u =0 (19)
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where H(zp,¢) is a disk of radius ¢ in H, and wu satisfies the boundary condition
that u(H (zg, ) NOH) C R™ x {0}, and we assume J(z) € WHP(H (2, ), End(C"))
such that R™ x {0} is always totally real and u(zy) = 0, then there exists a positive
constant € > § > 0 and a family of endomorphisms ® € W' (H (z,d), GLg(C"))
such that J(2)®(z) = ®(z)i the function v(z) = ®(z)u(z) satisfies

0sv(2) + J(2)0w(z) =0
for all z € H(zp,d) and the boundary condition v|gnsm C R™ x {0}.

Proof. Pick a field ¥ € W'P(H(z,¢), GLg(C")) of endomorphisms such that
U(z)J(z) = ¥(2)i, and replace u by ¥(z)o(z), then we have o(z) = 0 and
equation ([L9) becomes

950 (2) +i0,0(2) + S(2)o(2) =0

where S(z) is a new field of endomorphisms such that S(z) € L?. Since ¥(z)
commutes with J(z), on OH we still have o(0H) C R" x {0}. Now we could
decompose S as complex linear part S+ and complex anti-linear part S~ so that
S = (St+57), and we define a family W (z) € L®(H (2, <), Endg(C")) of complex
anti-linear operators such that W(z)o(z) = o(z) for all z € H(zo,¢). One example
T
of such a family is given by setting W (z)( = % for all z with o(z) # 0
and 0 for o(z) = 0. Then we could give a correction to S by U(z) = St(z) +
S=(2)W(z). By direct verification, U(z)o(z) = S(2)o(z) for all z € H(zy,e) and
since W € L*® and S € L?, it follows that U(z) € LP. For any 0 < 6 < &, let
Us = U(2)11(z,5) and for 6 sufficiently small, we view H (2, ) as part of the closed
unit disk D via a biholomorphic map and consider the perturbed Cauchy-Riemann
operator Dy given by
Dyss = 0s + Ussdz

for any s € W'P(D;V, L). Now we set V = Endg(C") since 0 is surjective, the
operator s — (0s, s(0))(or if H(zy,d) intersects with the boundary, (Js,s(1))) is
bijective, and since when 6 — 0, we have

1Us 2o 222 0

hence the linear map s — (Dss, s(1)) is bijective for ¢ sufficiently small(or when
it does not touch the boundary, s(0)). Therefore we could find a section ss €
WhP(D, V) such that Dsss = 0 with s5(0) = id or ss(1) = id. In particular, on

H(z,d) we have dgs5 + i0;ss + Uss = 0 and s; W—lp> id as 6 — 0. Set
B(z) = U(2)s(), o(z) = s(2) o (2)
then we have ®(z) € WP and ®(2)v(z) = ¥(z)o(z) = v(z). Moreover, in H (2, )

we have
0 = 040 + 100 + So = 04(s(2)v(2)) + i0,(s(2)v(2)) + U(2)s(2)v(2)

= (0ss(2) +10s(2) + U(2)s(2))v(2) + 5(2)(0s0(2) + i00(2)) = s(2)(9sv(2) + 10w (2))
and since s(z) is invertible in H(z,d), it follows that dsv(z) 4+ idw(z) = 0 in
H(Zmé). O
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With the Carleman’s similarity principle at hand, we can prove several signif-
icant results. The first one is the isolatedness of critical points.

A.15 Corollary. Assume u is a solution to (@) in H(z,¢e) with J € Whr,
S € WP and u(z) = 0 satisfying the boundary conditions u(0H) C L, then

1. There exists 0 < § < € such that u(z) # 0 for all z € H(z,6) \ {20}

2. If S = 0, then there exists 0 < § < ¢ such that du(z) # 0 for all z €
H(z0,6) \ {z0}-

From elliptic regularity theorem we know that if J € W' and S € Wi-1»
then already u € WP,

Proof. The first assertion follows directly by replacing u by the corresponding
pseudo-holomorphic map v and apply the standard complex analysis results to v.
For the second one, let £ = Osu and differentiate ([19), we have

06 + JO& — (05])JE =0
Apply similarity principle to &, we then obtain the required result. O

Our aim of this paragraph is to prove the following unique continuation prop-
erty, which would be useful in the proof of transversality. Recall the following
concept from differential topology [Hir76]:

A.16 Definition. Let X, Y be differential manifolds, then the k-jet from z € X
toy € Y is the equivalent class of all smooth functions f € C*°(U,Y) where z € U
such that f(x) = y and f ~ g if and only if (d'f), = (d'g), for all 0 < i < k.
When k = oo, this means that (d'f), = (d’g), for all i > 0.

This can be slightly generalized to the case of WP-functions. A function
u € WP is called vanishing at infinity order at x € X if for any k& > 0 there
exists a positive constant Cj > 0 such that for all » > 0 sufficiently small and all
e € B(0,r), we have
u(z +¢) — u(z)]
rk

< Cy.

Here we set r sufficiently small such that u takes values in a small neighbourhood
of z. The set of all points such that the infinity jet of f is zero(i.e. all its deriva-
tives vanish) forms a closed subset of X, and in the case when X, Y are complex
manifolds and f holomorphic, the local analycity of holomorphic functions(See, for
example, [GH11]) gives that the set of points that a function vanishes at infinity
order is also open, hence f would be identically zero in the connected component
of X containing x. This is also called the "unique continuation property”, in our
case stated as follows:

A.17 Theorem (Unique Continuation). Assume J(z,u) € W and S(z,u) €
WP depends on the map u. Let u,v: Q — C™ be two W!P-solutions to equation

Osu(z) + J(z,u)0u+ S(z,u) =0 (20)

defined on some open subset 2 C H satisfying u(0H) C C" and v(0H) C C".
Then the set of points z € {2 where u — v vanishes to infinite order is open and
closed. In other words, if €2 is connected, then v = v in ).
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Proof. Let w = u — v and by direct calculation,

Osw + J(z,u)0w = =S(z,u) + S(z,v) + (J(2,v) — J(2,u))0w

_ /01 S5z, ut s(u—v))ds + </01 S ut s - u))ds) D

= S(2)w

where we assume v and v are fixed, then w satisfies the linearized Cauchy-Riemann
equation B .
oyw + J(2)0sw + S(z)w =0

hence we could apply theorem to w, hence if w vanishes at infinity order at
some point z € €2, then w = 0 in €. 0

Ae) Weyl’s Lemma and Calderén-Zygmund Inequality In this para-
graph we will state the two important lemmas for use of elliptic regularity for
Laplacian operator in [GT01]. This two lemmas are given without boundary con-
ditions, but it is not hard to extend the result to our setting with Dirichlet and
Nuemann boundary conditions. Recall that we have the mean value property for
C?-harmonic functions u, and a stronger result is that

A.18 Proposition. Assume that v € L} (U) where U C C is an open subset

of C and w satisfies the mean value property: for all x € U and r > 0 such that
B(x,r) C U we have the following equality

1
u(r) = — u(y)dy,
( mr? B(z,r)

then v € C*°(U) and Au = 0.
With this result we can prove the converse, which is called Weyl’s lemma:

A.19 Corollary (Weyl). Assume that u € L} (U) satisfies Au = 0 in the distri-
butional sense, then u satisfies the mean value property and hence u € C*(U).

Now we assume that u is a harmonic function in a bounded open subset U C H
for H the upper half-plane satisfying either the Dirichlet boundary condition or
the Neumann boundary condition, then we could construct an extension u of u
to the open subset U U U where U = {(s, —t)|(s,t) € U}. Apply the continuation
theorem in [Rud87] we know that u is automatically harmonic in U U U and
therefore harmonic and smooth on the boundary. Hence we have shown that

A.20 Proposition. Assume that v € Lj (U) satisfies either the Dirichlet or
Neumann boundary conditions with U C H and Au = 0 in the distributional

sense, then u € C>(U).

Another important result is the Calderén-Zygmund inequality. Here we use
the version stated in Mcduff and Salamon’s book [MS04], which is easier in use.

A.21 Proposition (Calderén-Zygmund). For every p > 1, there exists a positive
constant C' > 0 such that for every C*°-function f with compact support in R2
we have the estimate

| grad (K * f)|le < Clf|zr-
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Proof. In view of Calderén-Zygmund theory, it suffices for us to check this in-
equality for some 1 < p < co. In fact, this inequality holds for p = 2. In order
to see this, recall that on a Riemannian manifold (M, g) we have the following
Gauss’ formula:
/ divXdvol, :/ (v, X)dvolgy,
N ON

and the Laplacian A is just the operator div grad, hence applying Gauss’ formula
with the estimate that for u = K; x f, with the definition of K; and f, we have

fu(@)] + |Vu(z)| < —

— ‘x’nfl

for some positive constant C', hence we know that the integration /
0BR(0)

ou
ug‘ dvolspy o)

vanishes as R — oo, therefore on R", we have
| grad ul|7. = (gradu, gradu) e = —(u, Au) > = —(u, 9, f) 12 = (B, f) > < || grad | L2]| f]| 2
therefore we have |Vu||r2 < || f|z- O

1
Here we write K = o log |z| for the fundamental solution of A, and K; the
7r

ith partial derivative of K. If we replace R? by H, similar estimates hold: we just
extend functions to R? and use the Calderén-Zygmund inequality.

B. PAIR OF PANTS DECOMPOSITION

This appendix serves as a proof of the existence of pair of pants decomposition
for any Riemann surface (3, g).

B.1 Definition. A decomposition of ¥ consists of two Riemann surfaces >, >y
such that 21 U 22 =Y and 21 N 22 = 821 N 822

We expect to decompose a compact Riemann surface into simple Riemann sur-
faces so that some properties that hold for simple Riemann surfaces would also hold
for the complex one via induction process. The simplest but non-trivial Riemann
surface with boundary is the following, called a pair of pants or elementary
cobordism in the sense of Milnor [MSS65].

B.2 Example. The Riemann surface X that is obtained from the closed unit disk

D by extracting two disjoint open disks in the boundary is called a pants. This is
3

a compact Riemann surface with boundary HSl. Another example is the closed
_ i=1

unit disk D itself, which is also a compact Riemann surface with only one boudary

oD = S'. A final example, and also a trivial one, is the cylinder C = [0,1] x S,

with boundary 0C = S'[[S*.

Now we could give the exact definition of "pair of pants decomposition”.

B.3 Definition. A pair of pants decomposition for ¥ is an ascending sequence
of Riemann surfaces
S CTEN G CT, =T
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Figure 4: A PAIR OF PANTS

such that ¥ is a closed disk, and Y; admits a decomposition into >;_; and a pair
of pants. When ¢ = n, it’s possible that X, is the union of ¥,,_; and a closed disk
instead of a pair of pants.

The picture of a pair of pants decomposition would be like as follows: here

) )

Figure 5: A PAIR OF PANTS DECOMPOSITION

we add a pair of auxiliary cylinders in order to draw the picture beautifully. The
main result of this section is that

B.4 Theorem. For any compact Riemann surface there exists a pair of pants
decomposition.

We prove this theorem via Morse theory. We have stated some results in
section ﬁ, and here we need slightly more: the first one is that

B.5 Proposition. For any compact differential manifold X (possibly with bound-
ary) the set M (X) of all Morse functions on X and the set M (X; V, W) of all Morse
functions on X such that f~'(min f) = V, f~!(max f) = W and the minimal and
maximal values of f are regular, where VUW = 90X, V, W are closed submanifolds
without boundary of 90X, are Baire sets in C*°(X) endowed with both weak and
strong topology.

The first existence can be seen in [Hir76], and the proof of the second one is
only a slight modification of the first one, with the fact that all critical points of
f lies inside the interior of X.

B.6 Definition. A gradient-like vector field of f on X is a vector field £ such
that

1. £f(p) > 0 for all p & Crit(f);

2. For any critical point p € Crit(f), there exists an open neighbourhood U
of p and a coordinate chart g: U — R* x R"* such that f o g(z1,19) =
f(p) — |z1)* + |22]?, where A = Ind;(p) is the Morse index of f.
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The flow (pé of ¢ tends toward the direction that f increases, and since f
cannot have critical values on the boundary, the gradient flow on the "incoming”
boundary V' is pointing inward and on the "outgoing” boundary W is pointing
outward.

In order to do the pair of pants decomposition for any Riemann surface 3,
we should firstly determine ¥;. Endow Y with a Riemannian metric g, pick any
interior point p € 3 and consider a neighbourhood B(p,r) := {x € X|d(z,p) < r}
isometric to B(0,7) C C with closure contained in the interior of 3. We just
set X9 = B(p,r) and let fy: Xy — to be the smooth function fo(z) := d(p, z)>.
Expressed in coordinate charts, we can easily see that fy is a Morse function on
Yo with p the unique critical point with Morse index 0. Now let ¥, = 3\ Int X
to be the submanifold obtained by subtracting the interior of ¥ from 3, and we
obtain that 90Xy = 0%y U 9X. For this Riemann surface, we can set 0%, to_be
the ”incoming boundary” and 0% the "outcoming boundary”. Proposition
gives the existence of a Morse function f: Xg; — [a,b] with f~1(a) = 0%y and
f71(b) = 0%. Since the dimension of Yy, is two, it follows that the Morse index of
critical points of f can only be 1 if f~1(b) # () and can be two if f~1(b) = 0.(Here
when 0¥ = () we just make b to be slightly larger than the maximum of f so that
f7Yb) = 0). In order to see the decomposition for this Riemann surface Yy, let
Y, = [ (—o0,z] for x € [a,b] and we see what happens to the family {3, },<.<p
when x passes through some critical value ¢ and some regular value r.

B.7 Proposition. Assume that there are no critical points in f~!([a,b]), then
f7Y([a, b]) is diffeomorphic to f~'(a) x [0,1] and f~(b) is diffeomorphic to f~!(a).

Proof. Since there are no critical points of f in f~!([a,b]) := W, the gradient-like
vector field &y of f is nowhere vanishing on W, hence we could normalize &; to
be n = &r/&s(f), so that n(f) = 1, then the integral curve v of n with any initial
value v € f~!(a) := V would satisfy

Forl = [ 3o(forteNds = [ n(p)s)s =

hence for any v € V and t € [0,b — a], 7,(¢) lies in f~!(¢) and therefore the map
Ye(%¥): V x [0,b — a] — W gives a well-defined injective smooth map. That this
is bijective comes from the existence of integral curves to the ordinary differential
equation 7 = n with initial value at any point w € W, and consider the inverse
flow of 7. (). Then by closed map lemma and the fact that d~.(*) non-degenerate
at every point of V' x [0,b — a], 7.(x) is a diffeomorphism. O

Figure 6: THE CYLINDER AND GRADIENT-LIKE VECTOR FIELD

Therefore when &; does not pass through any critical point, then the sublevel
set Y, is diffeomorphic to the product of a closed inteval and a boundary. When
§r passes through a critical point, things become different. Roughly speaking,
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when £y passes through a critical point p, then ;). for any ¢ > 0 would be
obtained from Xy)—. by “attaching handles”, and the number of handles are
determined by the number of critical points on f~(f(p)). We firstly analyse
the case when there is only one critical point lying in the fibre f~'(3) in the
submanifold W = f~1([0,1]). Before stating the result, let’s review some basic
topological operations.

B.8 Definition. Assume that M™ is an arbitrary differential manifold and ¢: S x
D" — M is an embedding, then a surgery of type (\,n—\) for ¢ is the quotient
manifold S(M, ¢) of

(M\ (S x 0) [ D* x "

given by equivalence relationship ¢(u,v) ~ (fu,v) where u € S*1, v € S*A1
and 0 € (0, 1].

The most intuitive example of a surgery would be a surgery of type (1,2):
in this case, the image of ¢ is just a disjoint union of two closed disks and the
surgery of type (1,2) would be given by cancelling out the two centers of these
two disks and attach a cylinder S* x [0,1] via the rule given above. Then the
resulting manifold S(M, ¢) would be a manifold given by subtracting the interiors
of these two disks and attach the two ends of this cylinder to boundaries of these
two disks. This is the so-called "attaching a handle to M”. We also say a surgery
of type (r,n — r) is to attach an r-handle to the manifold M.

B.9 Proposition. Assume that f is a Morse function defined on f~*([—3,3]) =
W with only one critical point with index A in f~1(0), then f~'(3) = S(V, f) is

given by attaching a A-handle to V. Then W is a cobordism from V' to S(V, f).

Proof. Here we only state the main idea of the proof. A complete proof can be
found in chapter 3 of Milnor’s lecture note [MSS65]. Near the critical point p,
there is a Morse chart ¢: U — B(0,¢) where U is an open neighbourhood of p
and on B(0,¢) the Morse function f can be represented by

foe ™ (a) ==z = —|mal* + loaga P + - + |2

hence we can draw a picture for the level sets in B(0,2¢) as Where V_. is the

Figure 7: LocAL MODEL FOR SURGERY

fibre f~'(—&?) and V. the fibre f~!(e?). The directions of the gradient-like flow
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is indicated in this graph, hence we know that by cancelling the coordinate axis
R*x {0}U{0} x R"™*, the grdient-like flow gives a diffeomorphism V__\R*x {0} —
V. \ {0} x R"* and when we pick a small tube-like closed neighbourhood of
R* x {0}, the intersection of this neighbourhood with V_. would be diffeomorphic
to S* 1 x D", and this intersection is sent via the gradient-like flow to D* x SP=*~1
except at the center, which is exactly what we claim to be a surgery of type

(A, —A). 0

Notice that the attachment of handles is a local construction, i.e. we can choose
the neighbourhood to be sufficiently small so that there would be only one such
critical points in this neighbourhood, hence the argument can be easily generalized
to any Morse functions, i.e. when a Morse function f: (W;Vy, Vi) — [0,1] has
several critical points {p1, - - , pn }, then V] would be obtained from V; by attaching
n handles of several dimensions, determined by the Morse index of each critical
point, and the construction can then be done disjointly, i.e. in our case, we have
the following

B.10 Proposition. Any Riemann surface ¥ can be decomposed into a composi-
tion of several elementary cobordisms.

Given two differntial manifolds Vy and V;, we say the pair (W; Vg, Vi) with W
a differential manifold a cobordism from V; to V; if OW = V; [[ V4 with the com-
patible orientation induced from W. A composition of cobordisms (Voy; Vo, V1)
and (Vig; V1, V3) is the cobordism (Vie; Vo, V2) given by glueing Vi, and Vi, via the
identity map V; LN Vi.

The final step of our proof of theorem @ is to show that the elementary
cobordism in dimension 2 is, if connected, diffeomorphic to the pair of pants
described above. The detailed proof is given in chapter 9 of Hirsch’s book [Hir76],
and here we only describe the ideas briefly.

B.11 Proposition. The elementary cobordism (Vpy; Vp, V1) of dimension 2 is dif-
feomorphic to pair of pants if Vj; is connnected.

Proof. This relies on the fact that a surface X such that there exists a Morse
function f: X — [0,1] having three critical points with index 0,0, 1, then X is
diffeomoprhic to D?. The proof of this can be found in section 9.2 of Hirsch [Hir76],
is quite technical, and hence we omit here. Since V and V; are closed 1-manifolds,
they must be disjoint unions of circles, and since Vj; is connected and orientable,
we must have Vy = S! and V; = S'[[S! or conversely. Now assume the first
case, and we attach two closed disks to V5 to obtain V, with prescribed Morse
function with only a critical point of index 0 at the origin, and consider the union
of Vo1 and V3 along the boundary V; with a glued Morse function on the union,
then this Morse function would have two critical points of index 0 and one critical
points of index 1, and is therefore diffeomorphic to the disk D?. Therefore Vj,;
is obtained from ID? by subtracting two open disks, hence is diffeomorphic to the
pair of pants. O

And theorem @ is proved. O
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C. METHODS OF HARMONIC ANALYSIS

In this section we treat with methods in harmonic analysis involved in this paper.
This is mainly subtracted from Simon’s book [Sim15].

Ca) Calderén-Zygmund Method This method is provided by Calderén
and Zygmund [CZ52] exactly when they are deducing the Calderén-Zygmund in-
equality for Laplacian operators(or to say, for the operator T': L?*(R") — L?(R")
which is given by convolution by K). We will introduce the more general theory
concerning such operators of convolution type, where the kernel is some function
with behaviour very similar to this convolution by fundamental solutions K. This
is also a special case of the so-called Riesz potential.

We start with a description of such a kernel.

C.1 Definition. We give the following assumptions on a funcction K on R™:

[K ()] < Al (21)
K is C' on R™\ {0} and |VK (2)| < Blz|™™ % (22)
and for each 0 < r < oo,
K(rw)dS(w) =0 (23)
Sn—1

where dS is the normalized rotation-invariant measure on the sphere S*~!.

A C'-function K on R™ \ {0} satisfying (@) and K(Azx) = A\"K(z) for all
A > 0and all x € R"\ {0} is called a classical Calderén-Zygmund kernel,
and the corresponding linear map 7" is called the classical Calderén-Zygmund
operator.

The main result concerning such a function K is that

C.2 Theorem. Let K be a function defined on R™ \ {0} satisfying conditions
(@) and (@), and the corresponding linear map 7' maps L"(R™) into L"(R") for
some 1 < r < oo, then for all 1 < p < oo, T is a bounded linear map from L? to
LP.

We apply interpolation to prove this theorem. That is, it suffices for us to
prove that 7' is at least of weak type (1,1). That is, if p is a measure on R", then
we have

C
wlz € RY[Tf(2)] > af < —|fls

for any o > 0, any f € L' and some positive constant C' > 0. Marcinkiewicz
interpolation then tells us for any 1 < p < r we have T is of strong type (p,p).
Using a dual argument(that is, consider the dual space of L™ and replacing 7" by
the dual operator 7%, so the L"-boundedness of 7" implies L -boundedness of T*,
which gives the LP-boundedness of T' for p > r. Then we pick one p > r and
repeat the argument to conclude the proof). The rest of this subsection deals with
the weak L!'-boundedness.

The proof of this uses the Calderéon-Zygmund decomposition, whose idea is
roughly given as follows: we decompose an L' function f into two different parts
f = b+ g, where b stands for "bad” and g for "good”. The reason why we call
g good is that its essential upper bound is finite and its L'-norm is equal to the
L'-norm of f. Rigorously, the decomposition is stated as follows:
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C.3 Theorem (Calderén-Zygmund). Given a non-negative function f € L'(R")
and a € (0, 00), there is a disjoint family {Q;}/_,(/ finite or infinite) of standard
dyadic cubes(perhaps of different sizes) and measurable functions b and g(with
g > 0), so that

1.

2.

3.

f=b+y
> 1Q51 < aHIflly (24)
On R™\ U‘j]:1 (Q); we have

is a constant;
19]loe < 270y; (25)
If b; = b|g,, then we have
/ bj(z)dz = 0;
Qj
lglly = {1/l and [|bfls < 2[[£1]x;

10; 111 < 2"*a|Q;;

. For any r € [1,00) we have

lgll7. o gne-—n A1
«Q

Proof. The most non-trivial part is the construction of b and g, and the other
properties will be easily verified. Take a dyadic decomposition of R™ by cubes,
and let k£ be the smallest integer such that

T“/ﬂw®<w

This means that for any cube @Q of radius 2¥, we have

1
— (y)dy < a.
Q5] Jg,

Therefore it is possible for us to choose cubes of radius 27"*~! that violates the
inequality given above. Choose these cubes as ()}, and since we have

@l < [ o
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there are only finitely many of them. Then we just iterate the procedure and sub-
tracted from the class of dyadic cubes more such cubes, and we write these cubes
as a collection {@);}. By construction, the inequality (@) is trivially satisfied, so
is the bound (ﬁ Here we just set ¢ = g; on each (); and g = f outside the
union, and outside these cubes, we have

1
o /Q fy)dy < a

holds for any cube @, then from an analogue of Lebesgue differentiation theorem(in
fact, it can be done by looking at the maximal functions), we obtain that f(z) < «
fora.e. z ¢ |J; Q;. The construction of g tells us [|g|[1 = || f[[1, and since b = f—g,
it follows that ||bl[y < 2||f]|;. Combining the essential bound of ¢ and the fact
that glg, = g;, it follows that ||b;]; < 2"*'a|Q;|. Finally, we are left with the
comparison between L™-norms of g and L'-norms of f. This follows from the
essential bound of g. In fact, we have

lallz _ g™ loollglh — pe-allgls _ oy 11 .
a” a’ - o o

Using this theorem, we canary directly proof the weak L!-bound of T

C.4 Theorem. Let T be an operator of strong type (r,7) for some r and is given
by a kernel K satisfying conditions (R1) and (@l) Then there exists a positive
constant C' > 0 such that for all f € S(R™), we have

C
wzl|Tf(2)] 2 a} < —|Ifs.

In other words, T is of weak type (1,1).

Proof. Without loss of generality, we can assume that f is non-negative, and we
apply the Calderén-Zygmund decomposition to f to obtain f = b+g where b and g
satisfies conditions given in theorem (C.3. Since T is linear, we have T'f = T'g+T'b,
hence we have

|| Tf(2)] = a} < p{z[|Tg(x)| = %} +p{z][Th(z)] = -

N O

For simplicity, we just write d,(«) for the distribution function for g. Since T is
of strong type (r,7), we already have

2TCT 2nr—n+rCT

a T
g7 < T”fHLl-

2
dr, (= S—/ Tg(x)|"dx <
@< (o)

aT

Now it suffices to consider the second term dry(5). To do this, let B; be a ball

with the same center as (); but with radius 2R; = 2 - 2”1(\/75), where the radius
of Q; is 2". Therefore B; is a ball with radius twice the smallest ball containing
Qj. Then we could decompose dry(§) into two parts:

dr(5) = 3 1B+ ufe ¢ UBIITbw)] > T),

J J
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and for the first part we have
— C
Y IBjl = Virr, > 1@yl < o AL IS
J J

where 7, is the volume of the unit sphere in R™. The second part is somewhat
technical, here we have the conditions of K involved. By Chebyshev inequality,

2 2
o & UB 1Th(z)] > &3 < _/ ITh(x)|de < —/ ITh(z)|de
2 RM\UB, @ Jrm s,

for one j € J. Let z; be the center of );, and the integration is taken outside
Bsg,(x;). From the lemma

C.5 Lemma. Let h be an L'-function supported in a ball Br(zo) around some
xo and suppose that [ h(y)dy = 0. Then with T given by the kernel K satisfying
conditions (R2), we have

/ o |Th(z)|de < 2"Cw,_1||h| L2
T—x0

where wy,_, is the area of S*™t, the unit sphere in R™.

we readily know that
/ Th(x)|de < 2*'Con 10| f 1. 0
R"\ B,

Proof of Lemma . Without loss of generality, assume ¢ = 0. Since [ h(y)dy =

0, we can write the left-hand side of the required inequality as

/|r|22R

Since K satisfies condition (@), we have

[ =)= K] ae< [ ] -k @)

z|>2R JR"

K(x—y) - K(z)] < / VK (@ — 0y)|d6 <

and plugging in this inequality, we have
B|h(y
LHS </ / )] Gyde < 2%, Bl e 0
|z|>2R JR® ||~
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