STEINBERG’S THEOREM

SEAN COTNER

1. INTRODUCTION

Recall that for a field k, we say dimk < 1 if every finite-dimensional division algebra over k is
commutative. For some equivalent conditions, see [Ser02, Chap. II, Sec. 3.1, Prop. 5]. If k is
perfect, it is equivalent that k& has cohomological dimension at most 1, but in the imperfect case
this is not quite the case. Two simple examples of fields k with dim k < 1 are as follows:

e Finite fields: this is Wedderburn’s little theorem.

e The maximal unramified extension K" of a non-archimedean local field K: this follows
from a result in local class field theory which states that every finite-dimensional division
algebra over such a field splits after a finite unramified extension. This is the main case of
interest in Bruhat-Tits theory.

We aim to prove the following theorem of Steinberg, proved in [Ste65]:

Theorem 1.1. Let k be a field with dimk < 1. If G is a connected reductive group over k, then
Hl(k,G) =0.

For k a finite field, this is a consequence of Lang’s theorem, a sharper result which states that
H'(k,G) = 0 for all connected algebraic groups G, not necessarily affine. In [Ser02, Chap. III, Sec.
2.3], Steinberg’s theorem in the case that k is infinite is deduced in a self-contained way from the
following general theorem:

Theorem 1.2. Let k be a field. Let G be a quasi-split semisimple connected group over k and let
C' be a conjugacy class in G(ks) consisting of reqular semisimple elements. If C is stable under the
action of Gal(ks/k), then it contains an element of G(k).

We will reproduce the deduction of Theorem 1.1 from Theorem 1.2 in the final section. The
crux of the proof of Theorem 1.2 is the existence of a variety of regular classes V of G isomorphic
to an affine space, and a natural map G — V. We will find a section to this map in every case in
which G does not contain any simple component of type As,, and a complicated replacement for a
section in the case of Ag,,.

Because the only goal of this paper is to prove Theorem 1.1, we have avoided the notion of
regular unipotent element which is analyzed extensively in [Ste65]. Although this is very natural
in the theory and leads to many beautiful results, it is not ultimately necessary to the final result
and thus has been excised.

This note was written in late 2020 and early 2021 in order to give an exposition of Steinberg’s
theorem. Since then, it has only been edited for formatting. All substantial ideas are due to
Steinberg, and most are contained in [Ste65].

2. BACKGROUND IN REDUCTIVE GROUPS

In this section we gather several facts from the theory of reductive groups which we will use
without further reference in what follows. Let G be a connected reductive group over a field k.
If G is split and B is a Borel k-subgroup of G containing a split maximal torus 7', then we let
W = Ng(T)/T denote the Weyl group of G, a finite constant k-group which we will frequently
identify with its underlying abstract group of k-points. This is the Weyl group in the sense of
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[Bou68, Chap. VI] for the root system ® = ®(G,T') of T-weights on the Lie algebra g = Lie(G).
Let ®* = ®(B,T) and A denote the system of positive roots and the system of simple roots,
respectively, corresponding to B. Let ®V denote the set of coroots, lying in the cocharacter lattice
X, (T) = Homy (G, T); we say that G is simply connected if Z(®V)* = X*(T). Note that this
implies that G is semisimple. In general, if G is not necessarily split, we say that G is simply
connected if Gy, is simply connected. By [Con22, Cor. M.1.2], every simply connected group
is isomorphic to a product [[; Ry, /G for finite separable extensions k; /k and absolutely simple
connected semisimple k;-groups G;. Here Ry, /G denotes the Weil restriction, see [CGP15, Sec.
AL5].

The case of simply connected semisimple connected groups G will be the most important case in
what follows, and in the split case we will often tacitly assume that we are given a maximal k-torus
T contained in a Borel k-subgroup B of G.

Recall the Bruhat decomposition (see [Bor69, Thm. 14.12]) which states

G(k) = [] BkywB(k).

weW

Moreover, if U/, = U NwU w™!, where U is the unipotent radical of B and U~ is the unipotent
radical of the opposite Borel U™, then BwB = U! x U x T as k-schemes. If ®* = &(B,T)
is the system of positive roots corresponding to B, then there is an isomorphism of k-schemes
[Taco+ Ua — U given by multiplication (in any fixed order). If @, = {a € ®* : w'(a) € -0},
then there is also an isomorphism of k-schemes Ha@% U, — U, given by multiplication in any
fixed order. For any a € ®, let u, : G, — U, be an isomorphism such that tus(x)t™! = u,(a(t)z)
for all t € T and = € G,. Finally, recall that the multiplication map U~ x U x T'— G is an open
immersion (see [Con20, Lem. 24.3.3]).

Theorem 2.1. Let G be a connected reductive algebraic group over a field k such that 2(G) is
simply connected and let g € G(k) be a semisimple element. Then the centralizer Zg(g) of g in G
is connected.

Proof. We may and do assume that k is algebraically closed. By [Con22, Thm. D.2.1], there is a
maximal torus 17" of G containing the element g. Let B be a Borel subgroup of G containing 7',
and let W = Ng(T)/T denote the Weyl group of G, a finite constant k-group. The proofs of the
following two results will not rely on the simple connectedness of G. O

Lemma 2.2. If g, h are elements of T(k) and g = xha~" where x € B(k)wB(k) for some w € W,
then g = whw™ .

Proof. Since T is commutative, we may assume z = u'wu for some w € W, v’ € U (k), and

u € U(k). Then we have

wugu_lw_l — u/—lgu/ _ u/_l(gu/g_l)g.
so because wugu tw! = w(u(gutg™))w H(wgw™!) and T normalizes U and U,, it follows that

g =wgw L. ]

1 1

Lemma 2.3. The centralizer Zg(g) is generated by T, those root groups U, with a(g) = 1, and
those elements n € Ng(T) such that ngn™! = g.

Proof. Let € Zg(g)(k). Using the Bruhat decomposition and the fact that T centralizes g, we
may assume z = w'wu for some w € W, v’ € U], (k), and u € U(k). By the previous lemma,
wgw ! = g. Write u = [[,cq+ Ua(®a) and v/ = [],cq ua(),), so that

wh/w = H g (2),,)-

a€E—dTNw—1(®+)
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Because w lies in Zg(g)(k), we have w™lv'wu € Zg(g)(k) and thus

1 -1 1

g(w M wu)g™" = w v wu.

Using the T-equivariance of u,, we see that

[T vl [T wo@e) = [ walehe) [ i)

acw=1(d!) bed+ acw=1(®’,) bed+

w

and thus a(g) = 1 for all @ € —®* Nw~1(®T) such that 2/, # 0, and similarly b(g) = 1 for all
b € ®F such that z;, # 0. In other words, w™'uw/wu is a product of elements of U,(k) for roots
a € ® such that a(g) = 1. O

Lemma 2.4. Suppose that a € ® is a root and n, € Ng(T) restricts to the reflection r, € W. If
nagng' = g, then a(g) = 1.

Proof. First, suppose that G = GL9 and that T is the diagonal torus in G, so that there is a
0 1
10
roots of (G, T), one of which is given by a(diag(s,t)) = st~!, and the other of which is a~!. Note
ndiag(s,t)n~! = diag(t, s), so n centralizes diag(s, ) precisely when s = t. As a(diag(t,t)) = 1, we
see that the result is true for GLo, hence also for SLs.

Now suppose that G is simple and has semisimple rank > 1 and let T, = ker(a) 4, so that Z¢(Ty)
is a connected reductive group of rank 1 and indeed Zg(T,) = GLy x D for a central torus D. Since
T centralizes g, we may choose n, to lie in the copy of GLjy. Letting g = hd for h € GLy(k) and
d € D(k), it follows that nehn, ! = h and thus we are in the situation of the previous paragraph
since a|p is trivial. O

unique nontrivial element of W, represented by the matrix n = . There are precisely two

Recall that, with notation as in the proof of the lemma, for any root a € ® the group Z(Zg(1,)) =
SLs is generated by the root groups U, and U_,. As these are both connected, we are reduced to
showing the following: if w € W is any element fixing g, then w is the product of reflections r, for
a € ¥ such that each r, also fixes g. In other words, we wish to show that the stabilizer of g in W
is generated by reflections. We will reduce this to a statement purely about root systems.

Let M = @ be the closed k-subgroup of G generated by g, so that M is a multiplicative type
group and Zg(g) = Zg(M). We have M = M x D, where M is a torus and D is a finite constant
group. Write g = st for s € M%(k) and t € D(k), so that Zg(g) = Zzm0)(t). By [Con22, Prop.
1.4.3] (essentially a consequence of the existence of the open cell), Zg(M?) is connected, so to
prove the result it suffices to consider semisimple elements g of finite order, say d. Note that the
characteristic of k£ does not divide d since g is semisimple.

Recall that there is a natural isomorphism X, (7T') ® k* — T'(k), where X.(T') is the cocharacter
group of T', given by v* ® a — v*(a). The group of dth roots of unity in £* is isomorphic to Z/d,
so we may identify ¢ with an element of X, (T) ® Z/d, say v* ® 1 for v* € X, (T). The stabilizer of
g in W is then identified with the group

W(g) ={weW :wk")—v"edX.(T)}
={we W :wl*/d) —v*/de X.(T)},
where we consider v*/d as an element of X.(7) ® R. Since G is simply connected, we have
X.(T) = Q(®), where Q(®V) is the subgroup of X,(T) generated by the set of coroots ®. We

are thus reduced finally to the following lemma, appearing as [Bou68, Chap. VI, Section 2, Exerc.
1].

Lemma 2.5. Let ® be a reduced root system in a finite-dimensional real vector space V. Let
v € V and let W(v) be the subgroup of W (®) consisting of those elements w € W such that
w(zx) —x € Q(P), where W is the Weyl group of ®. Then W (v) is generated by reflections.
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Proof. Let W, denote the affine Weyl group of the dual root system ®V, defined in [Bou63, Chap.
VI, no. 2.1]. By [Bou68, Chap. VI, no. 2.1, Prop. 1], W, is the semidirect product of W and the
group of translations of V' corresponding to elements of Q(®), so if W,(v) is the stabilizer of v in
W, then W,(v) = W(v) via the homomorphism sending an element of W, (v) to the underlying
linear automorphism of V. By [Bou68, Chap. V, no. 3.2, Thm. 1] and [Bou68, Chap. VI, no. 2.1,
Prop. 2], W, is a Coxeter group and thus by [Bou68, Chap. V, no. 3.3, Prop. 2], W, (v) is generated
by reflections. This completes the proof of the lemma and hence also the proof of the theorem. [J

Remark 2.6. Theorem 2.1 originally appeared in [Ste63, Lemma 3.9], which contains a very brief
sketch of a proof attributed to Springer; the proof that we describe is an elaboration of the proof
given there.

We now briefly describe the representation theory of split connected semisimple groups G. Let
B~ denote the opposite Borel of B (see [CGP15, Prop. 3.3.5]). We say that A\ € X*(T) is a
dominant root if (\,a") > 0 for all @ € A. The set of all dominant roots will be denoted
X*(T)4. For every X € X*(T); there is a line bundle .Z(\) = Z5(\) on G/B~ such that
HO()\) := HY(G/B~,£(\)) is the induced representation ind%(\). There is a unique simple G-
subrepresentation L(\) = Lg(\) € H°()\). All simple G-representations are obtained this way, and
for two dominant roots A and p we have L(A) = L(u) if and only if A = p. By [Jan03, Part II,
Prop. 2.2], if U denotes the unipotent radical of B then H°(A)Y is equal to the A-eigenspace for
the action of 7' on HY()), and the dimension of this subspace is 1. If U~ denotes the unipotent
radical of B~ and wy € W is the long Weyl element, then also H?(A\)Y" is the wyA-eigenspace in
H°()), and the dimension of this subspace is 1.

For each a € ®T, choose an isomorphism u, : G, — U,, where U, is the unique smooth
connected unipotent k-subgroup of G on whose Lie algebra T acts via the character a. Moreover,
choose ny € Go = 2(Zg((ker a)?,,)) normalizing T and representing the reflection corresponding
to a in the Weyl group of (G,T). It follows from the Bruhat decomposition that the n, and U,
for « € ®T generate G as an algebraic k-group.

Lemma 2.7. Let V = L(\) be a simple G-module, so that V = @weX*(T) Vi as T'-modules, where
V., is the w-eigenspace for T. The k-vector space V' admits a basis relative to which each n, acts
integrally and each uqy(co) acts as a polynomial in c,, with integral coefficients.

Proof. By the Existence Theorem [Conl4, Thm. 6.1.16(2)], there is some split semisimple group
4 over Z such that G = ¢ ®z k. The k-representation H’(\) of G is the base change of a Z-
representation Wy of 4 (see [Jan03, Part II, Chap. 8]). The root groups Uy, isomorphisms u,, and
Weyl elements can be defined over Z by [Conl4, Prop. 5.1.6], so this is immediate. O

The condition that the split connected semisimple k-group G be simply connected is equivalent
to the condition that the coroot lattice Z®" be equal to the cocharacter lattice X, (T, with basis
given by AY. In this case the dual (Z®")* is equal to X*(T') and we say that w € X*(T) is a
fundamental weight for T precisely when w € (AY)*; the fundamental weights evidently form a
Z-basis for X*(T'), and whenever we deal with simply connected groups below we will choose an
enumeration wy, ...,w, of these fundamental weights. We will also let x; : G — A} denote the
character obtained as the trace of the representation of G with highest weight w;, called the ith
fundamental representation; we will call this y; a fundamental character for G.

Example 2.8. Let G = SL,, 11, let T be the diagonal torus in G, and let B be the Borel subgroup
consisting of the upper-triangular matrices in G. The fundamental weights of 7" may be computed
to be given by

wl(dla‘g(tly ey tn+1) = tl e tz
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for 1 < i < n. The corresponding fundamental representations of G are then given by the wedge
powers /\k V of the standard representation V of G; this will be important for us when dealing
with the As,, case alluded to in the introduction.

3. CLASS FUNCTIONS

Let G be a group scheme over a field k which acts on a k-scheme X. A G-invariant function
on X is an element of k[X] constant on orbits, i.e., it is a k-morphism f : X — A,lC such that the
diagram

GxX —%5 X

JPrQ if

x I Al
commutes, where o : G X X — X is the action map. If G is smooth over k, then it sufficient for
this commutativity to hold on the level of k-points, where k is an algebraic closure of k. We will
denote the ring of G-invariant functions on X by k[X]“. If X = G and « is the conjugation action
a(g,9") = gg’'g~ !, we will call a G-invariant function a class function and denote the ring of class
functions by C[G].

For the rest of this section, let G be a split semisimple connected group over a field k, and let

T be a split maximal k-torus of G. Let W = Ng(T)/T denote the Weyl group of (G,T), a finite
constant k-group scheme acting on 7. We will often identify W with the group W (k).

Lemma 3.1. The ring k[TV is freely generated as a k-vector space by the irreducible characters
of G restricted to T. If G is simply connected, then k[T1V is a polynomial algebra over k generated
by the fundamental characters of G restricted to T.

Proof. For a dominant root A € X*(T)4, let sym A denote the sum of all distinct conjugates of A
under W. We will write A\; < Mg if /\1_1)\2 is a sum of positive roots.

Since T' = G, for r = rk(G), we have k[T] = k[X*(T)]. Recall that every element of X*(T)
is W-conjugate to a unique element of X*(7T")4 [Bou68, no. 1.5, Thm. 2], so the functions symd,
§ € D, freely generate k[T]" as a k-vector space. By [Jan03, Part II, Cor. 2.7], there is a one-to-one
correspondence between the elements of X*(7T'); and the irreducible representations of G; if § € D,
say that ys is the corresponding irreducible character of G. The restriction of any character of G
to T is evidently W-invariant, and indeed (see [Jan03, Part II, Prop. 2.2]) given § € D there are
elements ¢(0) € k for all &' € D, ¢’ < §, such that xs|r = symd + > 5 _5c(d")symd’. This shows
that the first claim holds.

If G is simply connected, then by the above every element of X*(7') is uniquely a Z>¢-linear com-
bination of the fundamental weights w;. If 6 = >, njw;, then we have x5 = [, X[ + > 55 c(0')xs
by [Jan03, Part II, Prop. 2.2], so by induction we see that that ;|7 generate k[T]V as a k-algebra.
Moreover, the existence of the order above shows that the map k[{X;}] — k[T]" given by X; — x;|r
is injective, so the second statement also holds. O

Theorem 3.2. The ring C[G] is freely generated as a k-vector space by the irreducible characters of
G. If G is simply connected, then C|[G| is a polynomial algebra over k generated by the fundamental
characters of G.

Proof. First, we claim that two elements of T'(k) are G(k)-conjugate if and only if they are W-
conjugate. To see this, let t,#/ € T(k) and suppose that gtg~! = t' for some g € G(k). Let B
be a Borel k-subgroup of G containing T, and let U be the unipotent radical of B; let U~ be the
unipotent radical of the opposite Borel of B. By the Bruhat decomposition, there are some w € W,
weUk), teTk) v e U(k)Nw U~ (k)w such that g = v/wut. Since T is commutative, we may
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assume that ¢ = 1, so that we obtain
wutu o™t =W

Note that wutu™lw™! = wu(tu=t=1))w twtw™! and u(tu=1tt) € U(k), so w(u(tu=1t71))w=!
lies in the image of U~ (k) x U(k) in G(k) under multiplication. Similarly «/~ v’ = v'~1(t'u/'t'~1)¢’
and v/~ ('u't'~') € U~ (k). The multiplication morphism U~ x U x T — G is an open immersion,
so it follows that wtw ™' = #', and the claim is proved. From this it follows that there is a restriction
map 3 : C[G] — k[T]W.

Suppose that f € C[G] is a class function such that 5(f) = 0. Since every semisimple element of
G(k) is conjugate to an element of T'(k) [Con22, Thm. D.2.1], it follows that f vanishes on the set
of semisimple elements of G(k). These are the k-points of a dense open subset of G, so it follows
that f =0, i.e., 8 is injective. By Lemma 3.1,  is clearly surjective, so it is an isomorphism and

another application of Lemma 3.1 proves the Theorem. U

Corollary 3.3. If z € G(k) and x = xsxy is its Jordan decomposition, then f(x) = f(xs) for every
class function f € C|[G].

Proof. This is true for every character f of G: using the functoriality of the Jordan decomposition

[Con20, Thm. 13.1.7], this simply comes down to the fact that tr(yz) = tr(y) if y,z € GL,(k)
commute with y semisimple and z unipotent. ]

Corollary 3.4. Let x,y € G(k) be two semisimple elements of G. The following are equivalent:
(1) x and y are conjugate.
(2) f(x) = f(y) for all € C[G].
(3) x(x) = x(y) for all characters x of G.
(4) p(x) and p(y) are conjugate for every representation p of G.
If G is simply connected, then 3) and 4) need only hold for the fundamental characters and repre-
sentations of G.

Proof. Clearly 1 implies 4 implies 3 implies 2 by Theorem 3.2. To show that 2 implies 1, first
note that we may conjugate x and y to assume that they lie in 7. Since W is a finite group of
automorphisms of T, the k-points of the scheme T/W = Spec k[T]W are the same as the W-orbits
in T'(k) (since T/W is by definition the ringed space quotient), and it follows that k[T]" separates

W-orbits in T'(k), and thus 2 implies 1. O

We come now to a very important construction. Assume that G is simply connected, and define
a morphism p : G — A} functorially via p(z) = (x1(2),...,xr(z)). We will retain this notation
in all that follows. We say that a semisimple element x € G(k) is regular if the scheme-theoretic
centralizer Zg(z) is a torus.

Corollary 3.5. Ifc €k , then p~'(c) is closed in Gy; it is a union of conjugacy classes of G(k),
and it contains a unique semisimple class, which is closed. If p~*(c) contains a reqular semisimple
element, then it is irreducible.

Proof. The only point not following immediately from the definitions and the preceding two corol-
laries is the final one. Suppose that p(x) = ¢ for some regular semisimple element = € G(k). By
Corollary 3.3, every element in p~!(c) has semisimple part a conjugate of x, so because Zg(z) is a
torus (by Theorem 2.1) we see that p~!(c) is the conjugacy class of ; in particular, it is irreducible

since it is the set-theoretic image of the morphism G — G, g — gxg~'. U

Remark 3.6. In [SteG5, Thm. 6.11], it is proved, among other things, that in fact every fiber of
the map p is irreducible, using the existence of regular unipotent elements. Since we are trying to
avoid using this result, we can only prove the weaker statement above.
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4. THE STEINBERG SECTION

For this section, unless mention is made to the contrary we will assume that G is a simply
connected split semisimple connected group of rank r over a field k£ and that 7" is a split maximal k-
torus contained in a Borel k-subgroup B of G. Let {a; : 1 <i < r} be a system of simple roots and
for each i let U; = U,, be the root group corresponding to the simple root and let n; € Ng(T)(k)
be an element reducing to the reflection w; corresponding to «; in the Weyl group. For each i let
u; : Gq — U; be an isomorphism of k-groups. Let N = [[\_, (Uin;).

Theorem 4.1. The scheme N is closed and irreducible in G. The natural morphism ¢ : Aj — N,
©0((¢i)) = I1i—y ui(ci)ng, is an isomorphism of k-schemes.

First, we need the following two lemmas.

Lemma 4.2. Let B; = wywy - wi—1c; for 1 <i<r andw=wy - w,.
(1) The roots (; are positive, distinct, and independent.
1

(2) The B; form the set of positive roots which become negative under w™".
(8) The sum of any two of the (; is never a root.

Proof. The first two statements are [Bou68, Chap. VI, Cor. 2 & Prop. 17]; the third follows from
the second because the sum of two §; is positive and becomes negative under w=!. ]

Lemma 4.3. The product [[;,_, Ug, in U is direct, and if Uy, is this product and n,, = ning---ny,,
then N = Uyny,.

Proof. The first statement follows from the fact that the §; are positive and independent, see
[CGP15, Thm. 3.3.11]. Note that Ug, = ny - -ni_lUm;ll . -nl_l, SO

r

-1 -1
H Ugi = UlnlUQnQ s Urnrfl ey,
i=1

and this gives the final equality. O

Proof of theorem. By the previous lemma and the fact that each u; : G, — U; is an isomorphism,
this theorem follows immediately. g

Now define G; = 2(Z¢(ker(;)%,)), so that G; is isomorphic to SLy. Throughout the rest of
this note, we will assume that we have chosen n; € G; to have order 4.

Theorem 4.4. If G is simply connected, then the restriction of p to N induces an isomorphism
N — Aj.

Since G is simply connected, X*(T')+ is the set {>7_; mjw; : m; > 0 for all j}, where {w;}7_,
is the set of fundamental weights, i.e., the basis of X*(7T') dual to the basis {a)}_; of X,(T). If
w =" mjw; for some integers m;, then we will write m;(w) :=m;.

We now define w; < w; precisely when i # j and there exists a dominant weight w such that
mj(w) > 0 and w; — w is a sum of positive roots.

Lemma 4.5. The relation < is a partial order on the set of fundamental weights.

Proof. Suppose wy, < w; and wj < w;, so there exist w,w’ € D such that my(w) > 0, m;(w’) > 0,
and wj — w, w; —w' are both sums of positive roots. Thus

(wi — ')+ (wj —w) =w; — (w+w —wj)
is a sum of positive roots, w + w’ —w; € D since m;(w’) > 0, and my(w + W' — w;) > my(w) > 0.
As elements of X*(T'), are all positive, it follows also that k # i. O

Lemma 4.6. Let T, = G; N T. There exists an isomorphism of schemes 8 : T; — U; — {0} such
that x = B(t) if and only if (wtn;)® = 1.
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Proof. Since G is simply connected, GG; = SLo in such a way that T; is sent isomorphically to the
diagonal torus and U; is sent isomorphically to the upper triangular unipotent subgroup. Suppose

a 0 0 -1 1 ba! : :
that t = (0 a_1>’ n; = <1 0 ), and x = (0 1 ) for some units a, b in a k-algebra A. Then

tliab 0 -1\ (b at
Ti=o o)\t 0) T \=a 0

and thus a simple calculation shows

we have

b3 — 2b a — ab?
(= (S 0“0

If this matrix is the identity, then evidently b = —1, and the converse is simple to see. Thus the
morphisms S must be given on points by

a O 1 —a!
(06 )-6 )
where b is as above. O

Proposition 4.7. Suppose we have chosen n; € G;(k) of order 4 for all i. If B is as in Lemma
4.6, we normalize u; : Gq — U; so that u;(—1) = B(1). Let ¢; : N — Al be defined by
Vi(Ilj= uj(cj)ng) = cj. Then there exist f;, gi € k[G] such that
(1) fi (resp. gi) is a polynomial with integral coefficients in those 1; (resp. x;) with wj < wj.
(2) On N we have x; = ¥; + fi and ¥; = x; + g;-
Proof of Theorem ./ using Proposition 4.7. Using the notation in Proposition 4.7 and regarding
fi and g; as elements of Z[T7,...,T,], we define maps f,g: A} — AJ via

fler, .o o) = (e + file), .- e + fr(c))
and
9(61, s 707') = (Cl + gl(c)’ ces G gT(C))
If v = (¢Y1,...,%,) and x = (x1,-..,xr) then by assumption we have
(foy)(@) = (1(x) + [r((2)), ..., ¥r(2) + fr(P(2))) = x(x)
and
(gox)(z) = (a(@) + g1 (x(@)), -, xr(2) + gr(x(2))) = ¥(2).
Since v is an isomorphism from N to A7, it follows that y is also an isomorphism, proving Theorem
4.4. O

Proof of Prop /.7. We may and do assume k = k. Fix z € N(k) and write x = H;Zl y; for
y; = uj(cj)n;. For a fixed index 4, let V; be the vector space for the ith fundamental representation
of G, i.e., the irreducible representation of G with character x;. For each character w € X*(T),
let V,, be the w-weight space of V; for T, so that V; = @, X*(T) V., by complete reducibility of
representations of split tori. We will calculate x;(x).

Lemma 4.8. Let m, : V; = V,, be the projection coming from the weight space decomposition. Then
MMy, = H;Zl(ﬂ'wijw) as operators on V; and x;(z) = ZweX*(T) tT T, T,

Proof. Let v € V,,. By [Jan03, Part II, 1.19(6)] and the fact that n,v € V,,_,;, (), We have
yjo =njo+ Y _ () vn
n>1
for some vy, € Vioi (n—m;(w))a;- We have then

TwlYjV = Njv
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and similarly
.

TV = Tyl - Ypl = N1+ - Np = H(ﬂwijw)v,
j=1
so the first claim holds. For the second claim, note that 1 =) m,, so x =) x7m, and thus

Xi(z) =tra = Ztrmrw = Ztrmrf, = Ztrwwmrw.
w w w

0

Lemma 4.9. If w = w;, then trm,xm, = ¥i(x). Ifw € X*(T)+ and w # w;, then tr myam,, depends
only on those v;(x) with wj < w;. If w & X*(T)4 then myxm, = 0.

Proof. Suppose first that w = w;. Let v be a nonzero vector in V,,, so V,, = kv. Let v/ = —n,v.
Then y; = u;(c;)n; stabilizes the k-subspace V' generated by v and v’, and it maps these vectors
onto —v’ + ac;v and bv respectively, for some a,b € k, independent of ¢;. (This follows from the
proof of Lemma 4.8.) Note that V' is stabilized by G; since elements of the form w;(c;)n; generate
Gi(k), so that G; acts faithfully on V'’ by semisimplicity. Since n; has order 4 and U; acts trivially
on kv, we have b = 1. We have
v = y2(—v' + aciv) = yi(—v + aci(—v' + ac;v))
= —(=v" + acv) + aci(—v + ac;(—v" + ac;v))

= (1 —a*) + (a®c} — 2ac;)v

and also
v’ = y2(v) = yi(—v' + acw) = —v + aci(—v' + acw)
= —acv' + (a*c? — 1)v,
so clearly yf’ = 1 on V' if and only if CLQC? —1=0and a3c? — 2ac; = —ac; = 1. This in turn is
equivalent to ac; = —1. By our normalization of 3 (see Lemma 4.6) and the fact that y7 = 1 if and
only if u;(¢;) = (1), this is the case if and only if ¢; = —1, so this gives a = 1. So 7,y;mwv = ¢;v.

If j # 4, then wjw = w, so U; and n; fix kv, so G; fixes kv, so it is the identity on kv since
2(Gj) = Gj. So by (2) we have

T
o H TWYjTe | V= civ = ¢i(x)v,
j=1
whence the first claim.

Now suppose that w € X*(T')+ and w # w;. Since w; is the highest weight of V; it follows from
Lemma 4.8 that m,zm,, depends only on those ¥;(x) with m;(w) > 0. Since w, being a weight for
Vi, has the property that w; —w is a sum of positive roots, we get the second claim by definition of
the < relation.

Finally, suppose w ¢ X*(T') 4. If j is such that m;(w) < 0, then m,y;m, = 0, so this follows from
Lemma 4.8. U

By Lemma 2.7 the function x; is a polynomial in the ¢; with integral coefficients. Now to prove
the lemma, we just combine Lemmas 4.8 and 4.9 to get the f; and then solve x; = 1; + f; recursively
for the v; to obtain the assertions about the g;. O

Corollary 4.10. Let C be a conjugacy class in G such that C(k) consists of reqular semisimple
elements, i.e., C is the set-theoretic image of the map G — G, g — gxg~ ' for some regular
semisimple element © € G(k). Then C N N is scheme-theoretically a single k-point.
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Proof. By Corollary 3.5, C = p~1(p(C))req (in fact, no reduction is necessary, but we do not need
this finer point), so that C' N N is indeed a single k-point by Theorem 4.4. ]

Example 4.11. If G = SL, 1, then the function f; is 0.

Proof. Let V; = @, c x~ () V., so by Example 2.8 we have V = /\’ E"T1. Note that V,, is nonzero
precisely when w is defined by w(diag(ti,...,tr41)) =tj, ---t;, for 1 <j3 <--- <j; <r+1, and
this is a dominant weight precisely when w = w;. Thus the claim follows directly from Lemma
4.9. ]

In the last part of this section, we will deduce Theorem 1.2 for any simply connected quasi-split
semisimple connected k-group with no simple component of type As,; the case of As, is rather
different will be taken up in the next section. Let I' = Gal(ks/k).

Theorem 4.12. Let G be a simply connected quasi-split semisimple connected k-group with no
simple component of type As,, and let B be a Borel k-subgroup of G. Enumerate the simple
absolute roots a; corresponding to B so that roots in the same I'-orbit are adjacent. Then the closed
subscheme Ny, of Gy, is I'-stable and thus descends to a closed subscheme N of G.

Proof. Let T' be a maximal k-torus contained in B. To show that Ny, is Gal(ks/k)-stable, it suffices
to show that the product of the U;n; over any single orbit is I'-stable. So we will assume that
ai,...,oq forms a single I'-orbit in ®. Note that I' permutes the closed subschemes U; ;. n; of Gj,
and these subschemes pairwise commute because the only Dynkin diagram with an automorphism
sending one root to a distinct adjacent root is the Dynkin diagram of type As,. Thus indeed
Hle Ui k,n; is I'-stable, as desired. d

Proof of Theorem 1.2 away from type Aap,. Let G be as in the statement of Theorem 1.2 and sup-
pose that G has no simple component of type As,,. Let C be a I'-stable conjugacy class in G(ks)
consisting of regular semisimple elements, so that C is the set of ks points of some closed subscheme
C of G. By Corollary 4.10, the intersection Cj, N N, is scheme-theoretically a single ks-point, so
indeed C'N N is a single k-point and C contains a k-point. [l

5. THE CASE OF As,,

Throughout this section, until mention is made to the contrary, G is a simply connected split
semisimple connected group over a field k, and moreover G is simple of type As,, for some m > 1.
Choosing a maximal k-torus T contained in a Borel k-subgroup B of G, we will order the simple
roots ay, . . ., oy, as they are ordered in the Dynkin diagram. As we saw in the previous section, the
failure of N = H?L”l U;a; to descend to k came essentially from the existence of an automorphism
of the Dynkin diagram exchanging the two non-orthogonal roots a,, and a,,+1. In this section we
will construct two subschemes Ny, Ny of G, very similar to N, with the property that p|y, is a
closed immersion, p|n, is an open immersion, and the images of these cover Aim. It is not clear
whether an honest section to p exists in the case of As,,, and we will not need it; once we have
constructed N1 and Ns, Theorem 1.2 will follow in the case of Ay, immediately as in the previous
section.

We proceed to the construction of Ny and No. Let v = auy, + 1, let Go = 2(Za((kera)?,y)),
and let T, be the maximal torus of G, contained in 7. Let n, be an element of Ng(T')(k)
corresponding to the reflection relative to « in the Weyl group. Choose elements x,,, € U, (k) — {0}
and Tpm41 € Unt1(k) — {0} and set

N1 == Uana H anj



STEINBERG’S THEOREM 11

and
N2 = xm-i—lmeoznozToc H anj.
j#Emm+1
Note that the set A" = {aq,...,Qm—1,Q, Qmi2,...,0a2,} forms a system of simple roots for a

k-subgroup G’ of G, simple of type Ao, 1, and Ny is equal to the scheme N corresponding to G'.

Theorem 5.1. Let z1,...,T9, denote the coordinate functions on Azm. The restriction p|n, is
a closed immersion with image defined by the vanishing of Z?;nl(—l)zxz, the restriction p|n, is
an open immersion whose image is the open subscheme of A%m defined by the non-vanishing of
S (=1) .

The proof will proceed just as in the proof of Theorem 4.4. In particular, there will be a direct
analogue of Proposition 4.7.

Lemma 5.2. The natural maps U, X Hj;ém,mH — Ny and Uy X Ty x ]
isomorphisms of k-schemes.

jtmamt1 U; — Na are

Proof. This follows immediately from the corresponding statement for N applied to G’ above. [
We will prove the following two Propositions:

Proposition 5.3. Fori # m,m + 1, let ¥; : N1 — A}i be the composition of the projection onto
U; and uj_l, and similarly for 1. Set g = om+1 = 0. Then on N1 we have

(1) xi =V + i1 if 1 <i<m —1,

(2) xi = Vi + Yig1 if m+2 <0 < 2m,

(3) Xm = 7/104 + wm—l;

(4} Xm+1 = % + wm+2'

Proposition 5.4. Fori % m,m + 1, let 1; : No — A,lC be the composition of the projection onto
Uj and uj_l. Let ¢ : No — A,l€ be the composition of the projection onto U, and u*.
that T, Tmy1, and ue are normalized such that ul'([Tmy1,Tm]) = 1. Let @4 be defined by the
composition No — T, — Gy,, where the second map is the character au,, or equivalently cumy1.
Then on Ny we have

(1) xi =i +vi1if1<i<m-—1,

(2) Xi = i +Yiy1 if m+2 <0 <2m,

(3) Xm = Pata + Vm-1,

(4) Xm+1 = Pa + Patba + Ynia.

Proof of Theorem 5.1 from Propositions 5.3 and 5.4. First we deal with N1. If 1 <4 <m —1 then

(2

vi= > (1) "xi.

=1

Assume

If m+2 <7< 2m, then

2m

b= (=17
j=i
These calculations and the results for ., Xm+1 show that

2m

Define a map ¢ : N1 — Azm by
q= (07¢a7¢17 s 7¢m717¢]m+2a e '777Z}2m)7
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and note that by Lemma 5.2 this map is a closed immersion onto the subscheme of Aim defined
by the vanishing of ;. From the above calculations it thus follows that p|y, is a closed immersion
onto the subscheme defined by 377 (—1)'x;, as desired.

Now we analyze the situation with Ns. The relations for ¢;, i # m,m + 1, are the same as for
Np. Moreover,

2m
Po = Xm+1 = Xm + Ym—1 — Ymiz = Y _(—1)'x;
=1

and ¥ = 53" (Xm — ¥m—1). Define a map r : Ny — AF™ by
r= (1%7900“1/117 o 71/}m—17¢m+27 .. '7¢2m)

and note that Lemma 5.2 shows that r is an open immersion onto the open subset of Aim defined
by the nonvanishing of the second coordinate. From the above calculations it therefore follows that
p| N, is an open immersion onto the open subset of Azm defined by the nonvanishing of E?g(—l)imi,
where z; is the ith coordinate function. So we are done. ]

To prove Proposition 5.3, we require the following lemma.

Lemma 5.5. Let p; be the ith fundamental representation of G, and pj that of G', according to the
ordering of A" given above. The restriction of p; to G’ is isomorphic to the direct sum of p} and
pi_q, where p is the trivial representation.

Proof. Identify G = SL(V) for some k-vector space V of dimension 2m + 1. If V. = V' g V”
for V', V" of dimensions 2m and 1, respectively, then G’ can be identified with the subgroup
SL(V’) x SL(V"). Then p; is given by the natural representation of G on A*V, and similarly for
G’. We have a canonical decomposition A°V = A* V'@ (A" V@ V"), so this gives the result. [

Proof of Proposition 5.5. By the lemma, we have x; = x}+ x}_, so Proposition 5.3 follows directly
from Proposition 4.7 and Example 4.11. ]

For the proof of Proposition 5.4, we will again require a few lemmas.

Lemma 5.6. Let 1 < ¢ < m. There exist precisely two weights w such that <w,ﬁv> > 0 for all
g e A, and V,, # 0. For both, dimV,, = 1. One is the highest weight w; and the other, say wy,
pairs to 0 with all terms of A" except the (i — 1)th.

Proof. Indeed, a simple calculation following Example 2.8 shows that we must have w}(diag(t1, . .., tam+1)) =
Ty tim1tipr. t

Let x = gy, H#m’mﬂ Y; = Yoy be an element of Ny with yo € Tmi12mUanaTy and y; € Ujn;.
Lemma 5.7. For allw € X*(T') we have

MWLMy = TwYaTw H (Tw¥jTw) = TwYaTw * TwYTy.

Also,
Xi(T) = T, M, + T T -
Proof. The proof of this is entirely similar to the proof of Lemma 4.8 above. O

Proof of Proposition 5.4. We begin by proving the identity 1. Since 1 < i < m — 1, both w; and
w; are orthogonal to q,, 41, and therefore . So if w = w; or w} and z lies in the rank 2 group
generated by G, and G,,41 then m,zm, = 1 on V,,, so m,axm, = Tunaym, and so by Lemma 5.7

«

we have x;(z) = xi(nay). But now nyy € Ny, so that this follows from Proposition 5.3
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Next we prove the identity 3. If w = w/,, then w is orthogonal to «, so m,xm, = TLNYTL as
in the previous paragraph. Applying Example 4.11 to the representation p/, ; of G’ as in Lemma
5.5, we have

tr Ty = Ym_1(2).

Suppose now w = wy,. Write Yo, = Tm+1TmTaNats and normalize the choices of ny,, N1 SO
that they lie in Gy, Gput1, and ng = nm+1nmn;iH, as we may by a simple calculation in SLs.
Write yo = 212023t0 With 21 = Ty p1mm11, and 2o = n;LlJrlxanaan, and z3 = n;nilnglxmna
(note that x, and z,, commute, so this equality really holds). Then z1,z3 € G;4+1 and 22 € Gy,
as is seen by a simple calculation in SLz. Note that t, acts on V,, by the scalar o, (to) = @a(z).
Because w is orthogonal to au,+1 the factor z3 can be suppressed, and independence of «,, and
am+1 shows that also z; can be suppressed. So

TWwTTy = Pa()Twz2my = Pa(2)a(x)
on V,, by Lemma 4.9. So Lemma 5.7 and the above calculations show that indeed X, = oo +
wm—l'

Finally we prove the identities 2 and 4. Let ® : G — G be an automorphism fixing T" and
interchanging the roots «; and awony1—; for all 1 < ¢ < m, as exists by the Isomorphism Theorem
[Conl4, Thm. 6.1.16(2)]. Applying ® to the identities 1 and 3, we obtain 2 from 1 and 4 from
3, noting that in the latter case we must take the product of x,, and z,,+1 in the opposite order,
SO T in the previous paragraph must be replaced by [Zy41,Zm]Tq. By the assumption on this
commutator in Proposition 5.4, we obtain the extra term . U

Proof of Theorem 1.2. We have already dealt in the previous section with the case that G has no
simple components of type As,,, so we are reduced to the case that G is a product of simple groups
of (absolute) type Aa,,. We show that the closed subschemes N; and Ny of Gy, descend to closed
k-subschemes of G. For Ny, this follows from the fact for N applied to G’, which is Gal(ks/k)-stable
in Gg,. For Ny, note that U,,11U,,U, /U, is isomorphic to G, X G, so the additive Hilbert 90 shows
that there exist =, Tm+1 in Upy(ks), Un+1(ks) such that the class of zp, 12y, in Upt1UnUqs /U,
is Gal(ks/k)-stable. Thus indeed Nj is Gal(ks/k)-stable. We will abuse notation and write Ny, Na
for the corresponding closed k-subschemes of G as well.

Let C be a conjugacy class in G whose set of ks-points consists of regular semisimple elements
and let = € k2™ be the common image of the elements of C' under p. Let i € {1,2} be such that
x € p(N;(ks)), so that by Propositions 5.3 and 5.4 the scheme-theoretic intersection C'N N; consists
of a single k-point. This concludes the proof of Theorem 1.2. O

6. PROOF OF THEOREM 1.1
We will need the following theorem, really a corollary of Theorem 1.2.

Theorem 6.1. Let G be a quasi-split connected semisimple group over a field k. For each element
xr € H'(k,G), there exists a mazimal torus T of G such that x belongs to the image of H*(k,T) —
H'(k,G).

We deduce Theorem 1.1 from Theorem 6.1. Assume that dimk < 1, so that H!(k,T) = 0 for all
k-tori T by [Ser02, Chap. III, pf. of Thm. 1]. So we have H'(k,G) = 0 for all quasi-split connected
semisimple k-groups G by Theorem 6.1. In general, if H is any connected semisimple k-group, then
we have H = G for some quasi-split connected semisimple k-group G and a a 1l-cocycle in the
adjoint group G of G, see [Conl4, Sec. 7.2]. But now H'(k,G) is trivial, so that H = G, i.e., H is
quasi-split. Thus the result follows finally from [Ser02, Chap. III, Thm. 1].

Proof of Theorem 6.1. By Lang’s theorem, we may assume that k is an infinite field. Let a = (as)
be a 1-cocycle of Gal(ks/k) valued in G(ks) representing x. As G acts on itself by conjugation,
it also acts on its universal cover G by automorphisms. Let z € ,G(k) be a regular semisimple
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element, as exists because k is infinite. Let C' be the conjugacy class of z in ,G(ks) = G(ks).
By the description of the Galois action on aé(ks) given in [Ser02, Chap. I, Sec. 5.3], it is clear
that C is Galois-stable inside G(ks). By Theorem 1.2 there is some zg € C' N G(k). Let T be the
unique maximal k-torus of G containing zo, and let 7' be its image in G, a maximal torus of G. By
Theorem 2.1, the centralizer of zy is 7', so that the kg-points of G / T=aG /T can be identified with

the conjugacy class C'. By contruction, the twist of G / T by a contains the rational point z, so that
.G /T has a rational point. Thus [Ser02, Chap. I, Prop. 37] shows that the class of a belongs to the
image of H!(k,T) in H'(k,G). O
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