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Introduction

Prerequisites. You need a good knowledge of Linear Algebra and some basics from
Algebra (rings, ideals, polynomial rings, irreducible polynomials). We will not use
any Galois Theory. In fact, there will not even be field extensions. Homological
Algebra is also not necessary.

Since I do not want to waste your time: If you know already Homological
Algebra, then this lecture course (and its continuation) will be too easy for
you and you should maybe try to find a more suitable course.

Topics. This course is on the representation theory of (mostly finite-dimensional)

algebras and quivers. By an algebra we mean an associative K-algebra with 1, where
K is a field.

Content:

e Algebras, modules and homomorphisms between modules (definitions, ex-
amples, basic properties).

e Categories and functors.
e Representations of quivers and path algebras.

e Modules of finite length (Theorems of Jordan-Holder and Krull-Remak-
Schmidt, Harada-Sai Lemma).

e Semisimple algebras, semisimple modules, socle and radical of a module,
Jacobson radical of an algebra.

e Projective and injective modules.

e Basic algebras, path algebras modulo admissible ideals and Morita equiva-
lence.

e Homological Algebra.

e Homological conjectures for finite-dimensional algebras.
e Auslander-Tachikawa correspondence.

e Auslander-Reiten theory.

e Tilting theory and cluster tilting theory.

e Tame and wild algebras.

e Hereditary algebras.

e Geometric Representation Theory.

Literature. We are not following any particular book. For everyone who wants
to read about the topic anyway, there is a list of books at the end of these notes.
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However, most of these sources are assuming that you are familiar with Homological
Algebra.

Typo hunting and suggestions.

Typos and suggestions for improvement are very welcome. Please send these
to me via Email: schroer@math.uni-bonn.de

Many thanks for typo hunting and suggestions for improvement go to:

Acknowledgements. These notes are partially based on a 3 Semester lecture
course on Representation Theory held by Claus Michael Ringel at the University of
Bielefeld from Autumn 1993. Several parts are directly copied from his old notes
whereas others are entirely new. We were planning to convert these notes into a
book. That never happened. Instead they became a constantly evolving project.
There are major changes each time I'm teaching a 3 or 4 Semester course on Rep-
resentation Theory in Bonn. I take full responsibility for all inaccuracies, mistakes
or other deficiencies. Bonn, 2026, Jan Schroer.

Copyright.

Everyone is invited to use these notes for learning and teaching. However we
do not give permission to upload them to other websites or to publish them
or parts of them in any other form.

Zauberberg. The reader might have guessed already that a single semester is not

enough to cover all the topics mentioned above. So this course will be continued in
SS 27 and SS 27/28 and maybe even beyond that.

The following quote is from the introduction of Thomas Mann’s “Der Zauber-
berg”:

“Wir werden sie ausfiihrlich erzidhlen, genau und griindlich, — denn wann wére
je die Kurz- oder Langweiligkeit einer Geschichte abhangig gewesen von dem
Raum und der Zeit, die sie in Anspruch nahm? Ohne Furcht vor dem Odium
der Peinlichkeit, neigen wir vielmehr der Ansicht zu, dafl nur das Griindliche
wahrhaft unterhaltend sei. Im Handumdrehen also wird der Erzéhler mit
Hansens Geschichte nicht fertig werden. Die sieben Tage einer Woche werden
dazu nicht reichen und auch sieben Monate nicht. Am besten ist es, er macht
sich im voraus nicht klar, wieviel Erdenzeit ihm verstreichen wird, wahrend sie
ihn umsponnen halt. Es werden, in Gottes Namen, ja nicht geradezu sieben
Jahre sein! Und somit fangen wir an.”
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Notation and conventions. Throughout let K be a (commutative) field. Set
K* = K\{0}. Sometimes we will make additional assumptions on K. (For example,
we might assume that K is algebraically closed.)

Let N:={0,1,2,3,...} be the natural numbers (including 0). Let N; := N\ {0}.
For integers ¢ < j we define [i,j] :={k €Z|i <k < j}.

All vector spaces will be K-vector spaces, and all linear maps are assumed to be
K-linear.

For a subspace U of a vector space V' the corresponding factor space is denoted

by V/U.
For a vector space V and n > 1 let V" be the n-fold direct sum V& --- @ V.

For vector spaces V and W let Homg (V, W) be the vector space of linear maps
V—-W.

Depending on the situation, by a basis of a vector space, we sometimes mean
an ordered basis and sometimes an unordered basis. The standard basis of K" is
usually denoted by (eq,...,e,) (ordered) or {ey,...,e,} (unordered).

For a subset X of a vector space V' let Lin(X) be the smallest subspace of V/
containing X. For X = {zy,...,2,} let Lin(xy,...,z,) := Lin(X).

For a ring R and m,n > 0 let M,,,(R) be the (m x n)-matrices with entries in
R. Set M, (R) := My.(R).

For elements r and s in a ring R, [r, s| :== rs — sr is the commutator of r and s.
The transpose of a matrix A is denoted by A.

If I is a set, we denote its cardinality by |I|. If I” is subset of I we write I’ C .
If additionally I’ # I we also write I' C 1.

For sets M and N let Abb(M, N) be the set of maps M — N. By 1, (or idy,)
we denote the map M — M defined by m +— m for all m € M.

Given maps f: L — M and g: M — N, we denote the composition by ¢f: L —
N. Sometimes we also write g o f instead of gf.

We use

blue boxes to highlight statements,
green boxes to highlight definitions,

gray boxes for mathematical, personal or historical remarks,
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magenta boxes to highligt conjectures and open problems.

The red sections or paragraphs were not discussed in the lectures. But you should
read them anyway.

Classes of algebras. A list of the most important classes of algebras mentioned
in this course:

e matrix algebras M, (K)
e polynomial rings K[
free algebras F'(.J)
path algebras K@

e semisimple algebras

e group algebras KG
e hereditary algebras
e local rings

e selfinjective algebras

Classes of modules. A list of the most important classes of modules mentioned
in this course:

e simple and semisimple modules
e indecomposable modules
e uniform modules

e uniserial modules

e cyclic modules

o finitely generated modules
e modules of finite length

e finite-dimensional modules
e local modules

e regular modules 4 A

e free modules

e projective modules

e injective modules

projective-injective modules
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projective finitely generated
free indecomposable cyclic finite length
regular uniform local finite-dimensional

Injective uniserial semisimple
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Part 1. Algebras and modules

Summary.

e Algebras (Section 1): Definition of an algebra and first examples. Ideals of
algebras. Path algebras of quivers.

1. Algebras

1.1. Algebras. Just to be on the safe side, let us spell out what we mean by a ring
and an algebra.

A ring is a set R together with two maps +: R x R — R, (a,b) — a + b (the
addition) and -: R X R — R, (a,b) — ab (the multiplication) such that the
following hold:

e (a+b)+c=a+ (b+c)forall a,b,c € R;

ea+b=>b+aforall abe R,

e There exists an element 0 € R with a +0 = a for all a € R,

e For each a € R there exists an element —a € R such that a+(—a) = 0;
e (ab)c = a(be) for all a,b,c € R;

e There exists an element 1 € R with 1a = al = a for all a € R;

e (a+b)c=ac+bcand a(b+ c) = ab+ ac for all a,b,c € R.
A ring R is commutative if ab = ba for all a,b € R.

A K-algebra is a K-vector space A together with a map -: A x A — A,
(a,b) — ab (the multiplication) such that the following hold:

o (ab)c = a(bc) for all a, b, c € A;
e There exists an element 1 € A with 1la = al = a for all a € A;
e a(b+c) = ab+ ac and (a + b)c = ac + be for all a, b, c € A;

e Compatibility of multiplication and scalar multiplication: A(ab) =
(Aa)b = a(\b) for all A € K and a,b € A.

The identity element 1 is uniquely determined and we often denote it by 1 4.

In other words, a K-algebra is a ring A, which is also a K-vector space such that

additionally A(ab) = (Aa)b = a(Ab) for all A € K and a,b € A.

In contrast to the definition of a field, the definitions of a ring and an algebra do

not require that the element 0 is different from the element 1. Thus there is a ring
and an algebra which contain just one element, namely 0 = 1. (This is the only ring
or algebra satisfying this equality.)
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Examples:

(i) The set M, (K) of (n x n)-matrices is a K-algebra (with respect to the usual
addition and multiplication). We will later see that M, (K) is important,
but boring from a representation theoretic point of view. More interesting
examples are path algebras of quivers. They will play a prominent role in
this course.

(ii) Let

A= {(3 ﬁ) € My(K) | a,b,c € K}.
This is also a K-algebra (which is less boring than M (K)).

(iii) The polynomial ring K[7T] in one variable T" is a K-algebra.

If Ais a K-algebra, then we denote the opposite algebra of A by A°?. Here we
work with the same underlying vector space, but the multiplication map is changed:
To avoid confusion, we denote the multiplication of A°® by * which is defined as

a1 *x Qs = a9 - a1 = A201

for all ay, as € A (where - is the multiplication of A). This defines again a K-algebra.
Of course we have (A%)P = A.

The dimension of a K-algebra A is by definition just the dimension of A as
a K-vector space.

Let A and B be K-algebras. A K-algebra homomorphism is a K-linear
map
n:A— B
such that the following hold:
(i) For all a;,ay € A we have n(ajas) = n(ai)n(as);

(i) n(1a) = L.

In this case, let
Ker(n) := {a € A|n(a) = 0}
be the kernel of 7.

Compositions of K-algebra homomorphisms are again K-algebra homomorphisms.

Let X be a subset of A. Then X is an algebra generating set of A if each
element in A is finite K-linear combination of finite products a; - --a; (t > 0,
repetitions allowed) of elements a; € X. (By definition such a product is 1
for t = 0.) The elements in X are called algebra generators. When there
is no danger of misunderstanding, we drop the word “algebra” and just use
“generating set” and “generators” instead.
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A K-algebra A is finitely generated if it contains a finite algebra generating
set.

Finite-dimensional K-algebras are of course finitely generated. The converse does
not hold, e.g. K[T] is infinite dimensional and as a K-algebra generated by T'.

1.2. Ideals. Let A be a K-algebra.

A left ideal (resp. right ideal) in A is a subspace I of A such that av € T
(resp. va € I) for alla € A and v € I.

A subspace I of A is an ideal in A if it is a left and a right ideal. Such an
ideal is also called a two-sided ideal.

Example: Let f: A — B be an algebra homomorphism. Then Ker(f) is an ideal
in A.

For an ideal I let A/l :={a+ 1 | a € A} be the factor algebra of A modulo

I. The addition and scalar multiplication come from the K-vector space A/I.
The multiplication is defined by (a + 1) - (b+ 1) :=ab+ I.

If I and J are ideals in A, then the product I.J is the subspace of A consisting
of all finite sums of elements of the form zy with z € I and y € J.

One easily checks that I.J is again an ideal.
For n > 0, and an ideal I in A define I° := A, [' := [ and "2 := [(I"!).
We call I nilpotent if I™ = 0 for some n > 1.

1.3. Free algebras.

Let J be a set. The free algebra F(J) has an algebra generating set {z; |
j € J} such that the following hold:

(i) The monomials x;, x;, - - - ;, where 4y,...,4;, € J and t > 0 form a K-
basis of F(J). (By convention such a product is the identity 1 of F'(J)
for t = 0.)

(ii) The product of two basis vectors with s,¢ > 1 is defined by

(@iy - mi,) - (T, -~ Tg,) = Ty o Ti, Ty T

The elements {z; | j € J} are called free generators of F(J).

One can see F'(J) as a polynomial ring where the x; are non-commuting variables.
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We refrain from defining F'(.J) formally. One can characterize F'(J) by a universal
property.

For J ={1,...,n} let

Note that F (1) = K[T].

The following proposition is straightforward:

Proposition 1.1. Let J be a set, and let A be a K-algebra. Then there is a
bijection

n: Algi (F(J),A) — Abb(J, A)
defined by f > [j — f(z;)]. Furthermore, n(f)(J) is an algebra generating set
of A if and only if f is surjective.

Each algebra is isomorphic to a factor algebra of a free algebra:

Corollary 1.2. Let A be a K-algebra, then there exists a surjective K -algebra
homomorphism

f:F(J)— A
for some set J. With I := Ker(f) we get an algebra isomorphism F(J)/I = A.

1.4. Products of algebras. Let A and B be K-algebras. The product A x B of
A and B is again a K-algebra with componentwise addition and multiplication, i.e.
(a,b) + (a/,0') :==(a+d,b+0b)  and (a,b) - (a’, V) := (ad’, 0V).

The scalar multiplication is defined by A(a,b) := (Aa, A\b). To understand the repre-
sentation theory of A x B it is enough to understand the representation theory of
A and B. This will be explained in more detail later.

More generally, let (A;);c; be a family of K-algebras. By
114
iel
we denote the product of the algebras A;. Its elements are the tuples (a;);e; with
a; € A; for all 7, and the addition and multiplication are defined componentwise, i.e.

(a:)i + (a;); == (a; + a;);  and (@:); - (a3)i = (a;a});.
The scalar multiplication is defined by A(a;); := (Aa;);.

1.5. Path algebras of quivers. Path algebras of quivers are a central topic in the
representation theory of finite-dimensional algebras. They appear everywhere. The
necessary definitions and some basic properties can be formulated and proved in
terms of Linear Algebra. For a deeper understanding one needs fancier tools like
Homological Algebra, Auslander-Reiten Theory, Lie Theory and Algebraic Geome-
try.
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A quiver is a quadruple

Q = (Qo, @1, 5, 1)
where )y and (), are finite sets, and s,t: ()1 — Qo are maps. The elements in
Qo are the vertices of (), and the elements in (); are the arrows of (). For an
arrow a € ()1 we call s(a) the starting vertex and t(a) the terminal vertex
of a.

We usually draw an arrow a € ()1 as

s(a) —=t(a)

Thus we can think of () as a finite directed graph. But note that multiple arrows
and loops (a loop is an arrow a with s(a) = t(a)) are allowed.

—=27).

l 1]

The opposite quiver Q°P of a quiver () is obtained from @) by reversing all
arrows.

For example, 1 —— 2+—— 3 is the opposite quiver of 1+—2——3.

Let @ = (Qo, @1, s,t) be a quiver. A sequence
a=(ar,as,...,an)

of arrows a; € @)1 is a path in @Q if s(a;) = t(a;41) for all 1 <i < m—1. In this
case, length(a) := m is called the length of a. Furthermore set s(a) = s(a,)
and t(a) = t(ay).

t(a) & 2 s(a)

Instead of (ai,as,...,a,) we often just write ajas - - - a,,. Additionally there
is a path e; of length 0 for each vertex i € )y, and we set s(e;) = t(e;) = i.

For a paths a we say that a starts in s(a) and ends in t(a).
A path a of length m > 1 is an oriented cycle in @ if s(a) = t(a).
A quiver @) is acyclic if there is no oriented cycle in Q.

In the example above, there are infinitely many paths, e.g. for each m > 1 there
is the path ¢™ := (¢, ..., c) of length m and the path (ef)™ := (e, f,e, f,...,e, f) of
length 2m. Also (f,c,c,e, f,a) is a path, whereas (a,b) and (a, c) are not.

Examples:
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(i) For n > 1, the n-loop quiver L(n) has one vertex 1 and n arrows 1 — 1.

L(2) C1D)

(ii) For n > 1, the n-Kronecker quiver K (n) has two vertices 1 and 2 and n
arrows 1 — 2.

K@) 1=
Leopold Kronecker (1823-1891)

(iii) For n > 1, the n-subspace quiver S(n) has n+ 1 vertices 1,...,n+ 1 and
an arrow ¢ — n + 1 for each 1 < ¢ < n.

The path algebra K@ of ) over K is the K-algebra with basis the set of
all paths in ). The multiplication of paths a and b is defined as follows: If
a=(ay,...,q) and b = (by,...,b,) are paths in Q) with [, m > 1, then

ab:=a-b:= <a17"'7alabl7"'7bm) if S(CL[) :t<b1),
' ' 0 otherwise.

If a or b is a path of length 0, then
a if b=e; and s(a) =i,
ab:=a-b:=qb ifa=e; and t(b) =1,
0 otherwise.

These multiplication rules are clearly associative, so extending them K-linearly
turns K@) into a K-algebra.

By definition we have

€; if i = j,
€;6; = .
/ 0 otherwise.

Furthermore, observe that

is the identity in K(Q.

The set of Qo U Q1 (i.e. paths of length < 1) is an algebra generating set of
KQ.

Examples:


https://de.wikipedia.org/wiki/Leopold_Kronecker
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(i) Let @ be the following quiver:

Then the paths in () are
€1, €2, €3, €4, €5,
a,b,c.d e, f,
ca,da, fc, fd,
fda, fca.

Thus, K@ is a 17-dimensional K-algebra. Here are some examples of multi-
plications of paths:

e1-e; = eq, e3-ey =0, fec-a= fca, a-fe=0,
b'ezzb, 62'620, 63'b:b.

(ii) For m > 1, let @ = L(m) be the m-loop quiver with a single vertex and m
loops ay, ..., a,. We get a K-algebra isomorphism

K(xy,...,zn) = KQ

defined by z; — a; for 1 <7 < m. It maps a monomial of the form z;, - - - x;,
to the path (a;,,...,a;,).

For m =1, we get KQ = K[T], where K[T] is the polynomial ring in one
variable T'.

1.6. Exercises.

1.6.1. Find examples of non-commutative K-algebras A and B such that A = A°P
and B 2 B°P.

1.6.2. Let @ be a quiver. Show that the algebras (KQ)° and K Q°P are isomorphic.

1.6.3.  Consider the usual field extension C/R. This turns C into an R-algebra A.
Show that A is not isomorphic to a path algebra RQ.

1.6.4. The algebra

ai; Qr2 a3
A= 0 A922 Q923 | Qi e K
0 0 ass

of upper triangular matrices is isomorphic to the path algebra K@) of the quiver

1—%,9-".,3
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Construct this isomorphism. Try to realize the path algebra of

1—%592+0% 3

as an algebra of matrices.

1.6.5. Let

KI|T\/(T?) KI|T|/(T?
A::( /(T KTl >)_

This is a K-algebra via the usual matrix multiplication. Show that A is isomorphic
to KQ/I for some quiver () and some ideal I of K(Q.

1.6.6.

The centre Z(R) of a ring R is defined as
Z(R):={ce R|cr=rcforalre R}

Let @ be a quiver. Determine the centre Z(KQ).

2. Modules and homomorphisms — basic notions

2.1. Representations of an algebra.

A representation of a K-algebra A is a K-algebra homomorphism
n: A— Endg(V)

where V' is a K-vector space.

We want to write down explicitly what this means: To every a € A we associate
a map 7n(a): V — V such that the following hold:

(R1) n(a)(vr + va) = n(a)(v1) + nla)(v2),
(R2) n(a)(A\v) = Aln(a)(v)),

(R3) (a1 + az)(v) = nlar)(v) + nlaz)(v),
(R4) n(Aa)(v) = A(n(a)(v)),

(R5) n(araz)(v) = nlar)(nlaz)(v)),
(R6) n(1a)(v) = v

for all a,a;,as € A, v,v1,v2 € V and A € K. The conditions (R1) and (R2) just
mean that for every a € A the map n(a): V. — V is K-linear. The other rules
show that n is a K-algebra homomorphism: (R3) and (R4) say that n is K-linear,
(R5) means that 1 is compatible with the multiplication, and (R6) ensures that the
identity element of A is mapped to the identity element of Endg (V).
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We are often a bit sloppy and just say “V is a representation of A” without
mentioning 7.

The following lemma is an easy exercise.

Lemma 2.1. Let X be an algebra generating set of A. A representation
n: A — Endg (V) is then uniquely determined by the tuple (n(a))acx-

Examples:

(i) Let F(n) = K{(z1,...,2,). Then there is a bijection between the set of
representations 1: F(n) — Endg (V) and the set of tuples (V, fi1,..., fa)
with f; € Endg (V) for all i. (We have n(x;) = f; for 1 <i <mn.)

(ii) Let A = K[T]/(T™). Then there is a bijection between the set of representa-
tions n: A — Endg (V) and the set of pairs (V) f) where f € Endg (V) with
fr=0.

(i) Let A = Klxy,...,x,| be the polynomial ring in n commuting variables.
Then there is a bijection between the set of representations : A — Endg (V)

and the set of tuples (V, fi1,..., f,) with f; € Endg (V) and f;f; = f;fi for
all 7, 5.

(iv) Let f: A — B be a K-algebra homomorphism. For each representation

n: B — Endg (V') the composition nf: A — Endg (V) is a representation of
A.

2.2. Modules over an algebra.

Let A be a K-algebra, and let V be a K-vector space. An A-module struc-

ture on V (or more precisely, a left A-module structure on V) is a K-
bilinear map

o: AxXV =V
(where we write av instead of o(a,v)) such that the following holds:
(i) For all a1,ay € A and v € V we have (aja2)v = a;(agv);

(i) For all v € V' we have 14v = v.

In other words, we demand that for all a,aq,as € A, v,v1,v5 € V and A € K the
following hold:

(M1) a(vy + va) = avy + ave,
(M2) a(Av) = Aav),
(M3) (a1 + az)v = ayv + ayv,
(M4) (Aa)v = Aav),
(M5) (a1az)v = a1(azv),
(MG6)

14v =v.
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The conditions (Mi) with 1 < ¢ < 4 mean that o is K-bilinear. Condition (M5)
gives the compatibility with the multiplication, and (M6) ensures that 14 acts as
the identity on V.

An A-module (or more precisely a left A-module) is a vector space V' to-
gether with an A-module structure o on V. Often we just say “V is an A-
module” (or “Vis a module over A”) without mentioning . We sometimes
write 4V to indicate that V is a left A-module.

The dimension of an A-module V is just the dimension of the vector space

V.

Occasionally, we will also work with right A-modules.

Let A be a K-algebra, and let V' be a K-vector space. A right A-module
structure on V is a K-bilinear map

p: VA=V

(where we write va instead of p(v,a)) such that the following holds:
(i) For all a1,ay € A and v € V we have v(ajaz) = (vay)as;

(ii) For all v € V' we have vl = v.

A right A-module is a vector space V together with a right A-module struc-
ture on V. In this case, we sometimes write V.

2.3. Modules and representations.

For sets A and V, there is a bijection
ADbb(A, Abb(V,V)) — Abb(A x V, V).

which sends a map n: A — Abb(V, V) to the map

n:AXV >V

(a,v) = n(a)(v).

The inverse sends a map o: A x V' — V to the map

g: A— Abb(V,V)

a— v o(a,v).

Now assume that A is a K-algebra and V is a K-vector space. Using the maps
above one can show the following:

A map n: A — Endg (V) is a representation if and only if 7: A x V — V is
an A-module structure on V.
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This follows from matching the conditions (Ri) and (Mi) for 1 <i < 6.

We often do not distinguish between the two concepts of a module and a repre-
sentation.

2.4. Homomorphisms between modules.

Let V and W be A-modules. A K-linear map f: V — W is a homomorphism
(or A-module homomorphism or homomorphism of A-modules or A-
linear map) if

flav) = af(v)

foralla € Aandv e V.

Let V and W be A-modules.

For homomorphisms f,g: V — W define
f+g:V->W
by (f +9)(v) := f(v) + g(v).

For A € K we define
AV =W
by (Af)(v) :== Af(v).

One easily checks that f + g and Af are also homomorphisms.

Thus the set Hom4(V, W) of homomorphisms V' — W forms a subspace of
Homg (V, W).

Sometimes we just write Hom(V, W) instead of Hom4(V, W).

For A-module homomorphisms f: U — V and ¢g: V — W the composition
gf: U — W is again a homomorphism.

Namely, for a € A and u € U we have

gf(au) = g(af(u)) = a(gf(u)).

For an A-module V' define End4 (V) := Homyu(V, V). We often just write
End (V) instead of End4 (V). An element f € End(V) is called an endomor-
phism of V. One often calls End(V') the endomorphism algebra (or the
endomorphism ring) of V.

End(V) is a K-algebra with multiplication given by the composition of endo-
morphisms.
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An injective homomorphism is also called a monomorphism, and a surjective
homomorphism is an epimorphism. A homomorphism which is injective and
surjective is an isomorphism.

Let f: V — W be an A-module isomorphism. Then V' and W are isomorphic
and we write V' = W.

In this case, the inverse f~': W — V is also a homomorphism, and thus also
an isomorphism.

Namely, let a € A and w € W. There is some v € V with f(v) = w. We get
fHaw) = [ af(v) = [T (fla)) = av = af ' (w).

Lemma 2.2. Let V and W be A-modules, and let n: A — Endg (V) and
: A — Endg(W) be the associated representations. Let X be an algebra
generating set of A. For f € Homg(V, W) the following are equivalent:

(i) fe HOHlA(V, W):'
(i) ¥(a)f = fn(a) for all a € A;
(iii) ¥(a)f = fn(a) for alla € X.

Proof. Let f € Homg(V,W). Note that condition (ii) in Lemma 2.2 says that the
diagram

—f>W

v
W(a)l ¥(a)
V

—f>W

commutes for all a € A.

For a € A and v € V' we have af(v) = ¢(a)(f(v)) and f(av) = f(n(a)(v)). This
implies (i) <= (ii).

To show that (ii) and (iii) are equivalent, one uses that the diagram

V—f>W

n(az) P(az)

n(aiaz) V— W Y(araz)

is commutative for all a;,a, € A. O
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Corollary 2.3. Let V and W be A-modules, and let n: A — Endg (V) and
: A — Endg (W) be the associated representations. Then the following are
equivalent:

() V=W,

(ii) There exists some vector space isomorphism f € Homg(V, W) such

that fn(a)f~t =(a) for all a € A.

In the situation of Corollary 2.3(ii) we write = 1 and say that the represen-
tations 1 and ¢ are isomorphic.

2.5. Examples of representations and modules.

2.5.1. Zero module. Let V = 0 be the zero vector space. There is only one K-bilinar
map A x 0 — 0. This defines a (unique) A-module structure on V.

2.5.2. Regular module.

Let V = A be the underlying vector space of A. Then
AxV =V
(a,v) — av

defines an A-module structure on V. (Here av is just the multiplication in A.)
One calls V' the regular A-module (which is often denoted by 4A) or the
free A-module of rank 1.

The representation corresponding to 4 A is
n: A — Endg(A) where A: A= A
ar— A T ar

is the left multiplication with a. We call n the regular representation of A.

There is also a right regular A-module A, which is defined in the obvious way.

2.5.3. Modules over K. Let A = K. The A-modules are nothing else than K-vector
spaces. Two K-modules V and W are isomorphic as modules if and only if V' and
W are isomorphic as vector spaces. As we learned in Linear Algebra this is the case
if and only if dim(V') = dim(W).

2.5.4. A module over M, (K). Let A= M,(K) and V = K". Then
AxXV =V
(a,v) — av

defines an A-module structure on V. (Here av is just the matrix multiplication.
Note that we treat the elements of K™ as column vectors.)
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2.5.5. Matriz representations. Recall that we can identify Endg(K™) and M, (K).

A representation of the form A — Endg(K™) is called a matrix representa-
tion of A.

Each finite-dimensional representation is isomorphic to a matrix representa-
tion.

Namely, let n: A — Endg (V) be an n-dimensional representation. Choosing a
K-basis B = (by,...,b,) of V we get the coordinate isomorphism cg: V. — K™.
Then

Y: A — Endg(K")
a CBn(a)cgl

is a representation. Note that cg: V' — K" becomes an A-module isomorphism:
For a € A and v € V we have

cp(av) = cp(n(a)(v)) = canla)(cy es(v)) = ¥(a)ep(v) = acp(v).
Thus we have n = 1.

2.5.6. Representations of K[T]. Let A = KI[T], and let n: A — Endg(V) and
: A — Endg (W) be representations. These are isomorphic if and only if there
exists some isomorphism f: V — W of K-vector spaces such that

f(T)f~ = o(T).
Now assume that V and W are finite-dimensional. Without loss of generality we
can assume that n and 1 are matrix representations. Thus n = ¢ if and only if
the matrices n(7") and ¢ (7T') are conjugate. We solved this classification problem
in Linear Algebra (Jordan Normal Form for K algebraically closed and Frobenius
Normal Form for general K).

2.6. How to compute homomorphism spaces. For simplicity we restrict to
finitely generated algebras. Let A be a finitely generated K-algebra, and let X =
{ai,...,a,} be an algebra generating set of A.

Let n: A — Endg (V) be a representation. Thus V is an A-module. Consider
the tuple (V, f1,..., fu) where f; := n(a;) for 1 <i <n. (For A = F(n) each tuple
(V. f1,..., fn) with f; € Endg (V) for 1 <i < n occurs in this way. In general, this
is not the case.)

Let (W, g1,...,gs) be also an A-module.

Then
Homu (V, W) = {h € Homg(V, W) | g;h = hf; for all 1 <i < n}.

If the f; and g; are given explicitely as matrices, then Hom4(V, W) can be com-
puted by solving a system of linear equations.
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Example: Let A = K[T]. Let V be the A-module corresponding to the represen-
tation n: A — Endg (K?) defined by T + n(T) where

010
77(T) =10 0 1
0 0 O
We get
a b c
End (V) ={f € M3(K) | fo(T)=n(T)f} =4 |0 a 0] |abceK
0 0 a
This follows from the calculation
010 @11 a2 13 Q21 Q22 Q23
77(T)f: 0 0 1] -|axn ax as| =|an azx ass
0 0O a31 a3z ass 0 0 0
and
@11 a2 13 010 0 ann a2
fn(T)=laxn ax as|-10 0 1] =10 an ax

a31 dzz G33 0 00 0 az1 a3

Let W be the A-module corresponding to the representation v: A — Endg(K?)
defined by T+ ¢(T') where
01
With V' as before, we get
0 b
Homa (V:W) = {f € Maal) | 0TS = fur} = { (0§ 1) labe )

2.7. Posets and lattices.

A partially ordered set (or poset) is given by (5, <) where S is a set and <
is a relation on S which is transitive (s; < sy < s3 implies s; < s3), reflexive
(s1 < s1) and anti-symmetric (s; < s and sy < s implies s; = s5).

One can try to visualize a partially ordered set (S, <) using its Hasse diagram
H(.S): This is an oriented graph with vertices the elements of S, and one draws
an arrow s — t if s <t and if s < m <t implies s =m or m = t.

Usually one tries to draw the diagram with arrows pointing upwards and then one
forgets the orientation of the arrows and just uses unoriented edges.

For example, the following Hasse diagram describes the partially ordered set (.5, <)
with three elements s, s9,t with s; < t for i = 1,2, and s; and s, are not comparable
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in (9, <).
t
s / \s

Helmut Hasse (1898-1979) was a member of the NSDAP and an active sup-
porter of the NS regime. Despite being quite a fascist, Hasse was very fond
of Emmy Noether (1882-1935) and had an extensive correspondence with her,
even after her emigration (being Jewish, she lost her position in 1933 and
emigrated to the USA). It took till 1948 before Hasse was more or less acquit-
ted from his NS sins. Hasse and Krull also had an extensive correspondence
between 1928 - 1970. Both collections of letters can be easily found online.

For a subset T C S an upper bound for T is some s € S such that ¢t < s for
all t € T. A supremum of T is a smallest upper bound s, for T, i.e. sq is an
upper bound and if s is an upper bound for 7', then sy < s.

Similarly, define a lower bound and an infimum of 7.

The poset (S, <) is a lattice if for any two elements s,¢ € S there is a supre-
mum and an infimum of 7" = {s,¢}. In this case, we write s + ¢ (or s Ut) for
the supremum and s Nt for the infimum. One calls (S5, <) a complete lattice
if there is a supremum and infimum for every subset of S.

Let s1, $2,t be elements in a lattice (S, <) with s; < sy. Then
s1+ (tNsg) < (s1+1) N so.

S9 81+t

~

(s1+1)Nsg

s1 4+ (tNs2)

N

S1 thQ

A lattice (5, <) is called modular if
Sl—f—(thQ) = (Sl—f—t)mSQ

for all elements sq, $o,t € S with s1 < ss.

Examples:


https://de.wikipedia.org/wiki/Helmut_Hasse
https://de.wikipedia.org/wiki/Emmy_Noether
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(i) The natural numbers N together with the usual ordering form a modular
lattice, but this lattice is not complete. For example, the subset N itself does
not have a supremum in N.

RN
A

(iii) This is a complete lattice, but it is not modular:

Let V be an A-module. A subspace U of V is a submodule of V if au € U
forall a € A and u € U.

(ii) This is not a lattice:

2.8. Submodules.

Then U is again an A-module in the obvious way.

How to compute submodules: For simplicity we restrict again to finitely generated
algebras. Let A be a finitely generated K-algebra, and let X = {a;,...,a,} be an
algebra generating set of A. Let n: A — Endg (V) be a representation. Thus V' is
an A-module. As before, we consider the tuple (V) fi,..., f,) where f; := n(a;) for
1 <1< n.

A subspace U of V is then a submodule of V' if and only if
fU)cU
foralll <i<n.

A submodule U of V' is a proper submodule if U C V ie. U # V.

A module V is simple (or irreducible ) if V' # 0 and the only submodules
are 0 and V.

Examples:

(i) Let V be an A-module. Then 0 and V' are submodules of V.
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(ii) Let n: K[T] — Endg(K?) be the representation defined by

0 1
TH(O 0),

and let V = K? be the corresponding module. Then V has exactly one
non-zero proper submodule, namely Lin(e;). (Why?)

(iii) The submodules of the regular module 4 A are exactly the left ideals in A.

The set of submodules of a module V' becomes a poset by defining U; < U,
whenever U; C U,.

The following lemma is straightforward:

Lemma 2.4. Let (U;)ier be a family of submodules of a module. Then the
sum y_,.; U; and the intersection (\,c; U; are again submodules.

Lemma 2.5. Let V' be a module. Then the set of all submodules of V is a
complete lattice.

Proof. The supremum of a set {U; | i € I} of submodules is ) .., U;, and the
infimum is (¢, Us. O

Lemma 2.6 (Dedekind Lemma). Let Uy, Uy, W be submodules of a module V/
such that Uy C Uy. Then we have

U+ WnU) = U +W)NUs.

Richard Dedekind (1831-1906)

Proof. Tt is sufficient to prove the statement for subspaces of vector spaces.

Let u; € Uy and uy € WNUs,. Then u; +uy belongs to U +W and (since Uy C Us)
also to Us.

For the other inclusion let v € Uy, w € W and assume u + w € Us. Then w =
(u+w)—u belongs to Uy and thus to WNUs. It follows that u+w € Uy+(WNU,). O

Corollary 2.7. The poset of submodules of a module is a complete modular
lattice.


https://de.wikipedia.org/wiki/Richard_Dedekind
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2.9. Factor modules. Let U be a submodule of V. Recall that
VU ={v+U|veV}
and v+ U =v"+ U if and only if v — ' € U.

The factor module V/U corresponding to U is defined by
AxV/U—-V/U
(g, v+U)— av+U.

This is well defined since U is a submodule: Given v + U = v’ 4+ U, we have
av+U = av' + U if and only if a(v —v’) € U. This is the case, since v —v" € U and
U is a submodule.

Lemma 2.8. Let V' be a module, and let U be a submodule of V. Then
Wi— W/U

defines an inclusion preserving bijection between the set of submodules W of

V with U CW and the set of submodules of V//U.

Proof. We know from Linear Algebra (K-modules) that W — W/U defines a bijec-
tion between the set of subspaces W of V with U C W and the set of subspaces of
V/U.

Let W be a submodule of V' with U C W. Then W/U is obviously a submodule
of V/U.

Vice versa, let W/U be a submodule of V/U. Thus
alw+U)=aw+U e W/U
for all @ € A and w € W. This implies aw € W. Thus W is a submodule of V. [

2.10. Examples of submodule lattices.
2.10.1. Consider the K[T]-module (K2, f;) where
o C1 0
fl - (0 CQ) .

If ¢; # ¢y, then (K2, f1) has exactly two non-zero proper submodules, namely
Lin(e;) and Lin(es). Here is the submodule lattice of (K2, f1):

N\
N
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If ¢; = ¢, then each subspace of K? is a submodule.

2.10.2. Consider the F(2)-module (K?, f;, f2) where

_[a 0 . 01
=3 o) me 2= ()
and ¢; # c3. The module (K2, f1, fo) is simple. Here is its submodule lattice:

2.10.3. Let V be the F(2)-module (K?, fy, f2) where

() e

Then (K2, f1, f2) has exactly one non-zero proper submodule, namely U = Lin(e;).
We have U = (K, ¢1,0), and V/U = (K, ¢,0). In particular, U and V/U are not
isomorphic if and only if ¢; # ¢y. Here is the submodule lattice of (K2, f1, fo):

2.10.4. Let (K3, f1, f2) be the F(2)-module defined by

cc 0 0 0 0O
fi=10 ¢ O and fo=10 0 0
0 0 c3 1 10

with pairwise different ¢;. The non-zero proper submodules are Lin(es), Lin(eq, e3)
and Lin(ey, e3). The submodule lattice of (K3, fi, f2) looks like this:

N\
N/

2.10.5. Let A= F(2), and let V = (K™, fi1, f2) be the A-module defined by
01 0

A=l 0 - and  fy =
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(The empty spots in the matrices are meant to be 0 entries.) Then V' is a simple A-
module. To prove this, one first shows that the only submodules of the K[T']-module
(K™, f1) are U; := Lin(ey, e, . .., €;) for i > 0. (By convention, Uy := 0.)

2.10.6. Let A= KI[T], and let f be an irreducible polynomial in K[T]. Then the
factor module V' = K[T|/(f) is a simple A-module with dim(V') = deg(f). For
example, for K = Q and n > 1, the polynomial f = X™ — 2 is irreducible in K|[T].
Thus, in this case, we have an n-dimensional simple A-module for each n > 1.

2.11. Matrix version of submodules and factor modules. Let V' be a finite-
dimensional A-module, and let U be a submodule of V. Let n: A — Endg(V),
nu: A — Endg(U) and nyyp: A = Endg (V/U) be the associated representations.

Choose a basis B = (by,...,b,) of V such that By = (by,...,bs) is a basis of U.
Then By = (bsy1 + U, ..., b, + U) is a basis of V/U. The coordinate isomorphism
cp: V — K" gives a representation np: A — Endg(K™) defined by a + cgn(a)cg'.

o= (g &)

where A, = cBan(a)c]_gf and C, = cBgnV/U(a)cgi. In other words, ny and 7y, are
isomorphic to the matrix representations a — A, and a — C, respectively.

For a € A we get

2.12. Kernel, image and cokernel.

If f: V — W is a homomorphism, then

Ker(f) :={v eV | f(v) =0}
is the kernel of f,
Im(f) :={f(v) |veV}
is the image of f, and
Cok(f) := W/ Im(f)

is the cokernel of f.

Ker(f) is a submodule of V:
For a € A and v € Ker(f), we have f(av) = af(v) = a0 = 0.
Im(f) is a submodule of W:

For a € A and v € V, we have af(v) = f(av) € Im(f).

Here are two easy examples of homomorphisms:
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Let V be an A-module, and let U be a submodule of V.

Let
w:U—=>V
U u
be the (canonical) inclusion, and let
mw: V= V/U
v v+ U

be the (canonical) projection.

The maps ¢y and 7y are are homomorphisms.

Note that Cok(ty) = V/U and Ker(ny) = U.

2.13. Homomorphism Theorems.

Theorem 2.9 (Homomorphism Theorem). Let f: V. — W be a homomor-
phism of modules. Then f induces an isomorphism

f:V/Ker(f) — Im(f)
defined by f(v+ Ker(f)) = f(v).

Proof. We know from Linear Algebra that £ is a well defined isomorphism of vector
spaces. Next one easily checks that f is a module homomorphism: Let V and W be
A-modules. Then

fla(v +Ker(f))) = f(av + Ker(f)) = f(av) = af(v) = af (v + Ker(f))
forallae Aandv e V. O

We derive some consequences of Theorem 2.9:

Corollary 2.10 (First Isomorphism Theorem). If U; C Us are submodules of
a module V', then

V/Uy = (V/U1)/(Us/Uh).

Proof. Note that Us/U; is a submodule of V/U;. Thus we can build the factor
module (V/Uy)/(Uy/Uy). Let

V = V/Uy = (V/Th)/(Us/Ur)

be the composition of the two canonical projections. This homomorphism is obvi-
ously surjective and its kernel is U;. Now we use Theorem 2.9. Il
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Corollary 2.11 (Second Isomorphism Theorem). IfU; and Us are submodules
of a module V', then

Uy /(U N ) & (U + Uy) /Us.

Proof. Let

U, —-U +U, — (Ul +U2)/U2

be the composition of the inclusion U; — U; 4+ U, and the projection Uy + Uy —
(Uy + Us)/Us. This homomorphism is surjective: If u; € Uy and uy € U,, then
up + ug + Uy = uy + Us is the image of u;. Furthermore, its kernel is Uy N Us: An
element u; € U; is mapped to 0 if and only if uy + Uy = U, thus if and only if

u; € Uy NUy. Now we use Theorem 2.9. O
U, + U,
U1 U2
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If Uy C Uy and W are submodules of a module V', then we get the following
picture:

e
oY
RWAN

Nl

(Note that by the Dedekind Lemma 2.6, we do not need to add brackets in the
expression Uy + W N Usy.) Now Corollary 2.11 yields the isomorphisms

(UonW)/(UynW) = (U + W nNUy) /Uy,
UyJ(U + W NUy) = (U + W) /(U + W).

2.14. Exact sequences. Let [ be an interval in Z, i.e. [ is of one of the following
forms:

[a,b] :={m € Z | a < m < b},
(—o0,b] :={m € Z | m < b},
la,00) :={m € Z|a<m}

(—00,00) =7

where a,b € Z with a < b.

A tuple (f;)ie; of A-module homomorphisms is an exact sequence provided
the composition f;.; o f; is defined and Im(f;) = Ker(fi1;) for all 4,i 4+ 1 C I.

Ji—1 fit1 fit2
L= V = Vig ? Vit2 7o

A diagram
0sULVvEW S0

of homomorphisms is a short exact sequence if (0, f, g,0) is an exact se-
quence.

Thus
0sULVSwWSo
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is a short exact sequence if and only if f is a monomorphism, g is an epimorphism,
and Im(f) = Ker(g). We say that this sequence starts in U and ends in W. Its
middle term is V' and its end terms are U and W. For such a short exact sequence
we often write (f, g) instead of (0, f, g,0).

Examples: Let f: V — W be a homomorphism.

(i) Let ¢: Ker(f) — V be the inclusion, and let 7: W — Cok(f) be the projec-
tion. Then the sequence

0= Ker(f) 5 VLW S Cok(f) = 0

1s exact.

(ii) The exact sequence in (i) is obtained by “glueing” the short exact sequences

0— Ker(f) >V —=Im(f) =0 and 0 — Im(f) = W 5 Cok(f) — 0.

2.15. Schur’s Lemma.

A skew field is a non-zero ring D such that every non-zero element in D has
a multiplicative inverse. Such a skew field is called a K-skew field if D is a
K-algebra.

Lemma 2.12 (Schur’s Lemma). Let S be a simple A-module. Then End4(S)
is a K-skew field.

Issai Schur (1875-1941)

Proof. We know that End4(S) is a K-algebra. Let f € Enda(S). It follows that
Im(f) and Ker(f) are submodules of S. Since S is simple we get either Ker(f) =0
and Im(f) = S, or we get Ker(f) = S and Im(f) = 0. In the first case, f is

an isomorphism, and in the second case f = 0. Thus every non-zero element in
End,4(S) is invertible. d

In other words, if S is a simple module, then every endomorphism of S is either
0 or an isomorphism.

Example: Let A = F(2), and let V be the A-module (K2, fi, f>) discussed in
Section 2.10.3. If ¢ # co, then End (V) = K (thus End4 (V) is a K-skew field but
V is not simple). If ¢; = ¢y, then Enda (V) = K[T]/(T?).

2.16. Decompositions and direct sums of modules.


https://de.wikipedia.org/wiki/Issai_Schur
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Let V' be a module, and let U; and U, be submodules of V. If Uy NU; = 0
and U; + Uy =V, then we write

V:Ul@UQ

and call this a direct decomposition of V. We say that V' is the (internal)
direct sum of the submodules U; and Us.

A submodule U of V is a direct summand of V' if there exists a submodule
U’ such that

UaU =V.
In this case, we say that U’ is a direct complement of U in V.

Lemma 2.13. Let Uy C Uy be submodules of a module V.
(i) If Uy is a direct summand of V', then Uy is a direct summand of Us.

(ii) If Uy is a direct summand of V, then Uy /Uy is a direct summand of
V/U,.

Proof. (i): If Uy @ W =V for some submodule W, then
Uye(WnUy)=UeW)NUy,=VNU;=Us.

(ii): If Uy ® W =V for some submodule W, then
Uy /Uy ® (W + Uy) /Uy = V/U;.

Let V and W be A-modules. Then
VeW =V xW:={(vw)|veV,weW}

carries an A-module structure defined by (a, (v, w)) — (av,aw). The module
V @& W is called the (external) direct sum of V' and W.

Note that an external direct sum VW is the internal direct sum of its submodules
V x0and 0 x W.

In case the distinction is necessary, it will always be clear from the context if a
direct sum is internal or external.

Matrix version: Assume that V is finite-dimensional, and let V = U; & U, be a
direct decomposition.

Let n: A — Endg(V) and ny,: A — Endg(U;) (i

representations.

1,2) be the associated

Choose a basis B = (by,...,b,) of V such that By = (by,...,bs) is a basis of U;
and By = (bsy1,...,b,) is a basis of Uy. The coordinate isomorphism cg: V — K"
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gives a representation np: A — Endg(K") defined by a — cgn(a)cg'. We know
that n = np.

For a € A we get
np(a) = As 0
& 0 C,

where A, = cp,nu, (a)cy, and C, = cp,nu, (a)cpg.. In other words, ny, and ny, are
isomorphic to the matrix representations a — A, and a — C, respectively.
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