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PRISMS AND PRISMATIC COHOMOLOGY

BHARGAV BHATT AND PETER SCHOLZE

In the memory of Jean-Marc Fontaine

ABSTRACT. We introduce the notion of a prism, which may be regarded as a “deperfection” of
the notion of a perfectoid ring. Using prisms, we attach a ringed site — the prismatic site — to
a p-adic formal scheme. The resulting cohomology theory specializes to (and often refines) most
known integral p-adic cohomology theories.

As applications, we prove an improved version of the almost purity theorem allowing ramification
along arbitrary closed subsets (without using adic spaces), give a co-ordinate free description of g-de
Rham cohomology as conjectured by the second author in [Sch17], and settle a vanishing conjecture
for the p-adic Tate twists Z,(n) introduced in [BMS19].
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1. INTRODUCTION

Fix a prime p. In this article, we give a new and unified construction of various p-adic coho-
mology theories, including étale, de Rham and crystalline cohomology, as well as the more recent
constructions in [BMS18], [BMS19] and the so far conjectural g-de Rham cohomology from [Schl17].
The key innovation is the following definition, which is a “deperfection" of perfectoid rings.

Definition 1.1. A prism is a pair (A, ) where A is a §-ring (see Remark 1.2) and I C A is an
ideal defining a Cartier divisor in Spec(A), satisfying the following two conditions.

(1) The ring A is (p, I)-adically complete.!

(2) The ideal I 4+ ¢4(I)A contains p; here ¢4 refers to the lift of Frobenius on A induced by its
d-structure (Remark 1.2).

A map (A,I) — (B, J) of prisms is given by a map of A — B of ¢-rings carrying I into J.
Before giving examples, we briefly comment on the notion of d-rings used above.

Remark 1.2. The notion of J-rings was introduced by Joyal [Joy85] and studied extensively by
Buium [Bui97] under the name of “p-derivations”; see also [Bor16]. This notion provides a convenient
language for discussing rings with a lift of the Frobenius, and is reviewed in depth in §2. Roughly, a
d-ring structure on a commutative ring A is a map d4 : A — A satisfying certain identities ensuring
that the associated map ¢4 : A — A given by ¢a(x) = 2P +pda(z) is a ring homomorphism (which
then necessarily lifts the Frobenius on A/p). In particular, if A is a p-torsionfree commutative ring,
then a §-ring structure on A is equivalent to the datum of a ring map ¢4 : A — A lifting the
Frobenius on A/p. The name “p-derivation” is explained by observing that § lowers the p-adic order
of vanishing by 1 in a suitable sense (see Remark 2.6 for an example).

Let us give some examples of prisms. In the following examples (and, in fact, all known examples),
the ideal I = (d) is actually principal. Under Definition 1.1 (1), condition (2) is then equivalent to
the condition that §(d) € A is a unit; we call such an element d € A a distinguished element of A.

Example 1.3. The choice of names below is largely dictated by the comparison theorems for the
associated prismatic cohomology theory.

(1) (Crystalline Prisms) Let A be any p-torsionfree and p-complete ring with a Frobenius lift
¢ : A — A; this induces a unique d-ring structure on A. Then (A, (p)) is a prism.

(2) (Perfect Prisms) A prism (A,I) is called perfect if A is perfect, ie. ¢ : A — A is an
isomorphism. The category of perfect prisms is equivalent to the category of perfectoid
rings (as defined in say [BMS19, Definition 4.18]) via the functors (A,I) — A/I and R —
(Ains(R), ker(0)) (Theorem 3.10). Any prism admits a “perfection”, so a general prism can
be regarded as a “not necessarily perfect” analog of a perfectoid ring.

(3) (Breuil-Kisin-type Prisms) Let K/Q,, be a complete discretely valued extension with perfect
residue field k£ and uniformizer 7 € K. Let A = & = W (k)][[u]], regarded as a J-ring via the

lwe actually allow A to be merely derived (p,I)-adically complete below, although we will usually restrict to
situations where the subtle difference between these notions does not come up.
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Frobenius lift that extends the Frobenius on W (k) and sends u to uP. Let I C A be the
kernel of the surjective map A = W (k)[[u]] = Ok sending u to w. Then (A, I) is a prism.

(4) (g-crystalline Prism) Let A = Zy[[¢ — 1]], the (p, [p]q)-adic completion of Zg], regar(;lecll as
aP—

a ¢-ring via the Frobenius lift that sends ¢ to ¢”. Let I = ([plq), where [p]; = =

1+q+..+¢" ! is the g-analog of p. Then (A, I) is a prism.
In particular, combining the first example with any of the other examples shows that a given J-
ring A may support many different prism structures. At the opposite extreme, one can show that
the local ring W (F,[z]/(2?)) is naturally a p-adically complete §-ring (see Remark 2.7 for the 6-
structure on the ring of Witt vectors) that does not underlie any prism (A, I): one can show that
any nonzerodivisor d € W (F,[z]/(2?)) must be a unit”.

Our constructions with prisms will often require us to contemplate very large algebras and mod-
ules. For technical reasons pertaining to the behaviour of completions in highly nonnoetherian
situations (and, relatedly, to avoid introducing derived analogs of prisms), we will restrict attention
to the following class of prisms, which includes all the ones in Example 1.3.

Definition 1.4. A prism (A, I) is bounded if A/I has bounded p®-torsion, i.e. there is some integer
n such that A/I[p>] = A/I[p"].

Given a bounded prism (A, I) and a smooth p-adic formal scheme X over A/I, our next goal is
to describe a ringed site ((X/A) ,O ) that we call the prismatic site of X. Roughly, this category

is defined by “probing” X using prisms over (A, I). Before giving the formal definition, it is very
useful to note the following rigidity property of prisms over (A, I).

Proposition 1.5 (Proposition 3.5). If (A,I) — (B, J) is a map of prisms, then J = IB.

In other words, when working over a fixed base prism, the ideal I is not varying anymore. We
can now give the promised definition.

Definition 1.6. Fix a bounded prism (A, I) and a smooth p-adic formal scheme X over A/I.

(1) A map (A,I) — (B, J) of prisms is called (faithfully) flat if A — B is (p,I)-completely
(faithfully) flat (see §1.2 for a definition of the latter).

(2) The prismatic site (X/A) is the opposite of the category of prisms (B,J) with a map
(A,I) — (B,J) and a map Spf(B/J) — X over Spf(A/I), endowed with the faithfully flat
covers as defined in (1).

(3) The structure sheaf © on (X/A) is the sheaf taking a pair (B,J) (with maps (A4,I) —
(B, J) and Spf(B/J) — X) to B. This is a sheaf of I-torsionfree J-A-algebras.

(4) There is also another sheaf @ of rings on (X/A) taking a pair (B,J) to B/J. This is

naturally a sheaf of O(X)-algebras, and we have O ®4 A/I = O by Proposition 1.5.

Remark 1.7. There are many variants of Definition 1.6. For example, one might use the étale
or quasisyntomic topologies instead of the flat topology. More interestingly, one can define an

2The maximal ideal of W (F,[z]/(z?)) is generated by [x] and VW (F,[z]/(z?)) and is annihilated by multiplication
by the nonzero element [z]: we have [z] - [z] = [#®] = 0 and [2]V(~) = V(F([z]) - —) = 0 as F([z]) = [z"] = 0.
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“absolute” prismatic site (X) for any p-adic formal scheme X by simply discarding the base (A4, I)
in Definition 1.6, i.e., as the category of prisms (B, J) together with a map Spf(B/J) — X. While
important in arithmetic considerations, this notion does not play a significant role in this paper,
and is only used in our study of algebras over a perfectoid ring in an auxiliary way to make certain
functorialities transparent. Another variant is the perfect prismatic site (X /A)pemc7 which is obtained

from (X/A) by restricting attention to perfect prisms (B, J); this variant plays an important role
in our results on perfectoid rings, such as Theorem 1.17.

A major goal of this paper is to explain why prismatic cohomology recovers (and often refines)
most known integral p-adic cohomology theories:

Theorem 1.8. Let (A, I) be a bounded prism, and let X be a smooth p-adic formal scheme over
A/I. Let

RT (X/A) == R((X/A) ,0 ),

which is a commutative algebra in the derived category D(A) of A-modules, and comes equipped with
a ¢ a-linear endomorphism ¢.

(1) Crystalline Comparison (Theorem 5.2): If I = (p), then there is a canonical ¢-equivariant
isomorphism

~L
RUerys(X/A) = RU (X/A)@4,4,4 -
of commutative algebras in D(A).

(2) Hodge-Tate Comparison (Theorem 6.3): If X is affine, say X = SpfR, there is a canonical
R-module isomorphism

iyayni—i} = H'(RT (X/A)®% A/I) .
Here we write M{i} = M @4, (1/1%)®" for any A/I-module M.
(8) de Rham Comparison (Theorem 6.4, Corollary 15.4): There is a canonical isomorphism
~L
REgn(X/(A/T)) = R (X/A)@h ,, A/T .

of commutative algberas in D(A). Moreover, it can be upgraded naturally to an isomorphism
of commutative differential graded algebras.

(4) Etale Comparison (Theorem 9.1): Assume A is perfect. Let X, be the generic fibre of X
over Qp, as a (pre-)adic space. For any n > 0, there is a canonical isomorphism

n ~ 7 =1
RI (X, 2/p"2) = (BT (X/A)/p" (1))
of commutative algebras in D(Z/p™).

(5) Base Change (Corollary 4.12): Let (A,I) — (B,J) be a map of bounded prisms, and let
Y = X Xgpeayn) SpE(B/J). Then the natural map induces an isomorphism

RT (X/A)@5B=Rr (Y/B),

where the completion on the left is the derived (p, J)-adic completion.
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(6) Tmage of ¢ (Corollary 15.5): The linearization
¢3RT (X/A) — RT (X/A)

of ¢ becomes an isomorphism after inverting I. More precisely, if I = (d) is principal, there

is a map V; : H' (X/A) — HY(¢*RT' (X/A)) such that V;¢ = ¢V; = d'.

In particular, it follows from the Hodge-Tate comparison that RU' (X/A) is a perfect complex of
A-modules if X is proper.

Let us discuss the consequences of Theorem 1.8 over the prisms discussed in Example 1.3.

Example 1.9. (1) (Crystalline) Assume that I = (p). In this case, prismatic cohomology gives
a canonical Frobenius descent of crystalline cohomology by Theorem 1.8 (1). Note that this
is no extra information when A is perfect, while it is interesting extra information in the
common case that A is a p-completely smooth lift? of a smooth k-algebra equipped with a
Frobenius lift, for some perfect field k. This yields restrictions on the possible structure of

the torsion in crystalline cohomology (e.g., its length, when finite, has to be a multiple of
pdim(A/pA)).

(2) (BMS1) Let C/Qj be an algebraically closed complete extension with ring of integers Oc,
and let A := Ay = Ains(Oc¢) be Fontaine’s ring with I = ker(0 : Ajr — O¢). The pair
(A, ) is a perfect prism corresponding to the perfectoid ring O¢. In [BMSI8|, we defined
a complex of Aj,p-modules R4, (X) equipped with a “Frobenius” operator ¢. We shall
prove in §17 that there exists a canonical ¢-equivariant isomorphism

RT 4, (X) = ¢4 R (X/Aing) -

Note that in this case ¢ 4 is an isomorphism, so the pullback appearing above merely twists
the A-module structure. The comparison results from [BMS18] are then immediate con-
sequences of the comparison results above (except for the results on de Rham-Witt the-
ory in [BMSI18] that we have not taken up here); note that the Acrys-comparison theorem
from [BMS18] follows from Theorem 1.8 (1) thanks to Theorem 1.8 (5) applied to the map
(Aint, ker(0)) = (Acrys, (p)) of bounded prisms.

Remark 1.10. Our search for the prismatic site was substantially motivated by a desire
to obtain a site-theoretic construction of the Aj,s-cohomology. The “Frobenius” operator on
this cohomology had slightly mysterious origins: it came, rather indirectly, via the tilting
equivalence for perfectoids. Thanks to the relation to prismatic cohomology, the origins of
this operator are now clear: it comes from the Frobenius lift on O .

(3) (Breuil-Kisin, BMS2) Let K/Q, be a complete discretely valued field with perfect residue
field k£ and uniformizer 7, and let A = & = W (k)[[u]] with I C A the kernel of the map
A — Ok sending u to w. Then in [BMSI19] we defined a complex of A-modules RT'g(X)

3In this special case where A/p is a smooth k-algebra, the extra Frobenius descent provided by Theorem 1.8 (1),
at the level of cohomology groups, can also be deduced from Ogus-Vologodsky’s description [OV07, Theorem 2.8 (3)]
of their local Cartier transform.
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equipped with a Frobenius, using topological Hochschild homology. In §15, we construct a
canonical ¢-equivariant isomorphism

RT's(X)= Rl (X/6).
The above comparison results recover the results of [BMS19] on Breuil-Kisin cohomology.

(4) (g-crystalline) Let A = Z,[[q — 1]] with I = ([p],) as above, so that A/I =Z,[(,]. f Ris a
p-completely smooth Z,-algebra, RW .= R®z,Zy|(p| and X = SpfRM | then for any choice
of a p-completely étale map

D:ZP<T1,...,Td> — R,
we construct in §16 a canonical isomorphism
1R = R (X/A)

with the g-de Rham complexes from [Sch17], proving [Sch17, Conjecture 1.1] on the inde-
pendence (up to canonical quasi-isomorphism) of qQ% from the choice of .

Remark 1.11. In Theorem 1.8 (2), we have formulated the Hodge-Tate comparison solely in
the affine case. There are several reasons for this choice. First, it is simpler to formulate the
result in the affine case as we can avoid introducing excessive formalism necessary to formulate
the appropriate analog for non-affine formal schemes, e.g., the non-affine version of the Hodge-Tate
comparison in Theorem 6.3 needs the introduction of the functor Ry, : Shv((X/A) ) — Shv(X¢)
from Construction 4.4 for general X. Secondly, there is no loss of generality: our constructions
are functorial in the co-categorical sense, so the affine statement in Theorem 1.8 (2) immediately
implies the generalization to non-affine formal schemes in Theorem 6.3 (once the latter has been
formulated). Relatedly, the statement for affines immediately yields analogs of interest beyond
formal schemes, e.g., for formal stacks. Thus, in Theorem 1.8 (2) — and in fact for several other
analogous results elsewhere in the paper — we have restricted ourselves to the affine case when it
leads to cleaner statements without sacrificing generality.

In [FMS87], Fontaine-Messing gave a description of crystalline cohomology in terms of syntomic
cohomology of a sheaf of divided power envelopes. The corresponding idea in mixed characteristic
was taken up in [BMS19], where it was rephrased in terms of quasisyntomic descent from a class of
semiperfectoid rings. To adapt these results to the prismatic context, we prove the following result
about the prismatic site of semiperfectoid rings; we note that part (2) below says that there is a
notion of “perfection" even in mixed characteristic (see also Theorem 1.17 (2) for a more general
statement).

Theorem 1.12. Let S be a semiperfectoid ring, i.e., S is a (derived) p-adically complete quotient
of a perfectoid ring.
(1) Existence of universal prisms (Proposition 7.2): The category (S) of prisms (A,I) with a
map S — A/I admits an initial object ( W T), and I = (d) is principal.
(2) The perfectoidization of S (Corollary 7.3, Theorem 7.4): Let ( #%) i be the (p, I)-completed

init init

perfection of §", and Spertd = ( § )pert/I. Then Spera is a perfectoid ring and the map
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S — Sperta 5 the universal map to a perfectoid ring from S. Moreover, the map S — Sperfd
18 surjective.

The surjectivity of S — Sperta in Theorem 1.12 (2) implies that the notions of “Zariski closed"
and “strongly Zariski closed" subsets of affinoid perfectoid spaces agree, contrary to a claim made by
the second author in [Sch15, Section I1.2]. The proof of this result uses an important flatness lemma
of André [And18a| for perfectoid rings (for which we offer a direct prismatic proof in Theorem 7.14).

Remark 1.13 (Almost mathematics with respect to any closed set). Theorem 1.12 (2) implies
that there is a good notion of “almost mathematics” with respect to any ideal of a perfectoid ring,
and not merely \/pR as in the classical setup. More precisely, if J C R is any p-complete ideal in
a perfectoid ring, Theorem 1.12 (2) implies that R — (R/J)perta is a surjective map of perfectoid
rings. General properties of perfectoid rings then show that the kernel Jyertq := ker(R — (R/J)pertd)

satisfies Jperfd®éjperfd ~ Jperfd, Which leads to a notion of “J-almost mathematics” for p-complete
R-modules and p-complete objects of the derived category D(R) (see §10.1).

The prism i/rfit from Theorem 1.12 is poorly behaved in general, and we do not know any explicit
description. However, if S has a well-behaved cotangent complex, then one can do better, as this

prism can be described as the derived prismatic cohomology of S itself.

Theorem 1.14. Let S be a semiperfectoid ring. Assume now that S is quasiregular, i.e. S has
bounded p>-torsion and the cotangent complex Lg/z,,[—1] is p-completely flat. Write' ¢ = T for
the object from Theorem 1.12.

(1) The conjugate filtration (Proposition 7.10, Construction 7.6): The S-algebra g/ is p-

completely flat. Moreover, for any choice of a perfectoid R mapping to S, the S-algebra

s/I admits an increasing (“conjugate”) filtration Fil;™™ g/I by S-modules together with
1somorphisms

g /I = (N Lg/p[—i) {~i},
where the Brewil-Kisin twist appearing on the right is defined using the perfect prism attached
to R as in Theorem 1.8 (2).

(2) The Nygaard filtration (§12.1): The ring s admits a natural decreasing (“Nygaard") filtra-

tion

Fﬂ?v S:{ZL‘E S|¢(IE)EI] 5} .
For a generator d € I coming from a generator of ker 6 : Aj¢(R) — R for R as in (1), the
composite map

. dj
Fﬂg\f SL s— g/I

has 1mage Fil;onJ s/I, inducing an isomorphism

gry s =FIY g/

4We have switched from g‘it to the more evocative g in Theorem 1.14 as this object is well-behaved for S
quasiregular semiperfectoid (by Theorem 1.14!).
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(3) Comparison with the topological theory (§13): The ring T = moTP(S;Zy) defined in
[BMS19] is ¢-equivariantly isomorphic to the completion of g with respect to its Nygaard
filtration, and in particular admits a functorial §-ring structure.

Remark 1.15. Let S be a quasiregular semiperfectoid ring (see Theorem 1.12). The formalism of
topological Hochschild homology endows the commutative ring 7oTP(S; Z,,) with an endomorphism
¢s often called the “Frobenius” (see [NS18]). Despite the name, it is not clear from the definitions
that ¢g lifts the Frobenius on moTP(S;Z),)/p. Thanks to Theorem 1.14 (3), an even better statement
is now available: ¢g is the Frobenius lift attached to a d-structure. (Note that this assertion need
not be true for more general S.)

We give three applications of the above results on semiperfectoid rings. Our first application
concerns the Nygaard filtration on prismatic cohomology in the smooth case; the relevance of
semiperfectoid rings to this question is that the quasiregular semiperfectoid rings form a basis for
the quasisyntomic site. Note that part (3) below implies the result on the image of ¢ in Theorem 1.8.

Theorem 1.16 (Theorem 15.3). Let (A,I) be a bounded prism and let X = Spf(R) be an affine
smooth p-adic formal scheme over A/I.

(1) (Existence of the Nygaard filtration) On the quasisyntomic site Xqsym, one can define a
sheaf of (p, I)-completely flat 6-A-algebras _ ;4 equipped with a Nygaard filtration on its
Frobenius twist

given by
Fity O, =fze Y 1@ el _a}.
(2) (Quasisyntomic descent) There is a canonical isomorphism
RT (X/A) = RT'(Xgsyn, —/A)
and we endow prismatic cohomology with the Nygaard filtration
Filly RD (X/A)D = RT(Xqeyn, Filly 1)) .
(3) (Graded pieces of the Nygaard filtration) There are natural isomorphisms
griyRE (X/A)W = 750, 4 (i}
for all i > 0.
(4) (Frobenius is an isogeny) The Frobenius ¢ on RI' (X/A) factors as

¢ RU (X/A) = Rl (X/A)D % Ly;RD (X/A) — RT (X/A),
using the décalage functor Ly as e.g. in [BMS18]. The map
¢ 4RT (X/A) = LgiRT (X/A)

s an isomorphism.
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Our second application is to the study of perfectoid rings. Generalizing Theorem 1.12 (2), we
prove that there is a “perfectoidization” for any finite algebra over a perfectoid ring, and this
operation behaves like the perfection in characteristic p in many ways.

Theorem 1.17. Let R be a perfectoid ring and let S be an integral R-algebra.

(1) Perfectoidizing integral algebras (Theorem 10.11): There is a perfectoid ring Spersq with a
map S — Sperfd such that any map from S to a perfectoid ring factors uniquely over Spertq.

(2) Almost purity (Theorem 10.9): Assume R — S is finite étale away from V(J) C Spec(R),
where J C R is a finitely generated ideal. Then R — Spertq is J-almost finite étale (see
Remark 1.13 for the terminology, and §10 for a precise formulation).

Theorem 1.17 (2) reduces to the usual almost purity theorem for perfectoid algebras when J = (p),
and improves on the perfectoid Abhyankar lemma [And18b| when J = (g) for some g € R; moreover,
our proof avoids adic spaces (and thus perfectoid spaces), so we get a new proof of both results.
As a corollary, we deduce that for a perfectoid ring R, the F,-étale cohomological dimension of
Spec(R[1/p]) is <1 (Theorem 11.1).

The third application of our results on semiperfectoid rings is a resolution of the vanishing con-
jecture on the complexes Z,(n) made in [BMS19, Conjecture 7.18]. By the main results of [BMS19]
and [CMNM18], these are related to p-adic algebraic K-theory.

Theorem 1.18 (Theorem 14.1). The quasisyntomic sheaves of complexes Z,(n) of [BMS19] are
concentrated in degree 0 and p-torsionfree. In particular, locally in the quasisyntomic topology of
any quasisyntomic Zy-algebra, the mod p algebraic K -theory K(—)/p functor is concentrated in even
degrees.

Theorem 1.18 (or, rather, its proof) yields vanishing results in concrete situations. For instance,
if C/Qy is a complete and algebraically closed field, then m, K (O¢/p™; Z,) vanishes in odd degrees
for any n > 0 (Corollary 14.3).

1.1. Leitfaden of the paper. We begin with the theory of §-rings in §2. Having established enough
language, we introduce prisms in §3 and the prismatic site in §4. The crystalline and Hodge-Tate
comparison results in characteristic p are proven next in §5. From this, we deduce the Hodge-Tate
comparison in general in §6, which implies the compatibility with base change, and the de Rham
comparison (under a small technical hypothesis).

We then proceed in §7 to study semiperfectoid rings S via derived prismatic cohomology (i.e.,
using simplicial resolution by smooth algebras) to prove Theorem 1.12. These results are then
applied in §8 — §11 to studying the “generic fibre”. In particular, we prove the étale comparison
theorem for prismatic cohomology in §9, and Theorem 1.17 in §10.

In §12, we analyze the Nygaard filtration explicitly for quasiregular semiperfectoid rings. This
analysis is used to prove the comparison with [BMS19] in §13 and Theorem 1.18 in §14. Descending
back to the smooth case, we deduce Theorem 1.16 in §15, which also implies the results on the
image of ¢ and the general version of the de Rham comparison in Theorem 1.8.

Finally, in §16, we introduce g-crystalline cohomology; this theory is computed by g-de Rham
complexes in the presence of co-ordinates, which resolves some conjectures from [Sch17]. This
theory is also identified with prismatic cohomology in certain situations, which leads to concrete
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representatives computing prismatic cohomology. These concrete representatives are used in §17 to
relate prismatic cohomology to the AQ-complexes from [BMS18]. We end in §18 by proving a strong
uniqueness result for comparison isomorphisms (so any diagram chase involving such comparison
isomorphisms necessarily commutes).

1.2. Notation. Given an abelian group M equipped with a set of commuting endomorphisms
{fi: M — M};cr, we may regard M as a module over the polynomial algebra Z[f;|i € I] by letting
the variable f; act as the endomorphism f;. If we are further given a total ordering of I, we define
the (homological) Koszul complex

Kos(M; (fi)ier) = . = DM - @ M L ar 50 (1)

1<J i€l
with usual differentials (see, e.g., [Sta, Tag 0621]) which represents M ®é[f~|iel] Z in the derived
category, and dually the cohomological Koszul complex

Koso(M: (fi)ier) = 0 — M LU T [ M — .. 2)
iel i<j
representing RHomg;y,;cr(Z, M) in the derived category. Note that if I is finite, then these two
complexes are isomorphic up to shift.

We will often take various completions. These are taken in the derived sense unless otherwise
specified. We refer to [Sta, Tag 091N] for the following assertions about derived completion; other
relevant references are [BS15, §3.4, 3.5] as well as [Lurl8, §7, §8, and Appendix D| (especially for
the oo-categorical aspects). Recall that if A is a ring with a finitely generated ideal I C A, then a
complex M of A-modules is derived I-adically complete (often abbreviated to derived I-complete)
if the natural map

M — M := RlimKos(M; f{',.... fI)

is an isomorphism, where fi,..., f, € I are generators of I; the object M e D(A) and the map
M — M (and thus the condition of derived I-completeness) are independent of the choice of
generators of 1.” We shall write Dj_comp(A) for the full subcategory of D(A) spanned by I-complete
complexes; if the ideal I is clear from context, we shall simply write Deomp(A) instead.

A complex M of A-modules is derived I-complete if and only if each H*(M) is derived I-complete.
In particular, the category of derived I-complete A-modules is an abelian category stable under
passage to kernels, cokernels, images and extensions in the category of all A-modules. Any classically
I-adically complete A-module M is derived I-complete, and conversely if M is derived I-complete
and [-adically separated, then M is classicall;f\ I-adically complete. In general, for an A-module M
it can happen that its derived I-completion M is not concentrated in degree zero. However, if I is
principal and M has bounded I°°-torsion, i.e. there is some integer n such that M[I*°] = M[I"],
then M is concentrated in degree zero and agrees with the classical I-adic completion lim,, M /I™ M
of M. More generally, for I = (f1, ..., f) and an A-module M, the derived I-completion of M and

SBeware that in general the completion of M is not given by Rlim, M ®% A/I"; however, this happens if [ is
generated by a regular sequence, or if A is noetherian (by Artin-Rees).
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the classical I-adic completion of M agree if the projective system {H;(Kos(M; f1', ..., f7')}n>1 18
pro-zero for ¢ > 0. In such cases, we shall simply write “I-adic completion” for either the classical
or the derived completion of M.

A complex M of A-modules is I-completely flat if for every I-torsion A-module N, the derived
tensor product M ®ﬁ N is concentrated in degree 0. This implies in particular that M ®fl A/l is
concentrated in degree 0 and is a flat A/I-module. Moreover, if M is I-completely flat, then it is
J-completely flat for any ideal _J that contains /™ for some n. Note that if M is a flat A-module,
then the derived I-completion M is still I-completely flat. More generally, we say that M has finite
I-complete Tor amplitude if M ®% A/I has finite Tor amplitude in D(A/I); this is equivalent to
requiring that there exist a constant ¢ > 0 such that M ®ﬁ — carries I-power torsion A-modules to
D= (with ¢ = 0 corresponding to I-complete flatness).

A complex M of A-modules is I-completely faithfully flat if it is I-completely flat and M ®ﬁ A/l
(which is automatically a flat A/I-module concentrated in degree zero by I-complete flatness) is a
faithfully flat A/I-module.

A derived I-complete A-algebra R is called I-completely étale (resp. I-completely smooth, I-
completely ind-smooth) if R@% A/ is étale (resp. smooth, ind-smooth) over A/I, i.e., that Rk A/I
is concentrated in degree 0, where it is given by an étale (resp. smooth, ind-smooth) A/I-algebra.
We note that by Elkik’s algebraization results®, R is I-completely étale (resp. smooth) if and only
if it is the derived I-completion of an étale (resp. smooth) A-algebra, which is the condition that
we have used in [BMSI18], [BMS19].

We will sometimes use simplicial commutative rings, e.g., to resolve arbitrary algebras by ind-
smooth algebras as in the definition of the cotangent complex. (All our rings, including the simplicial
ones, are assumed to be commutative.) Following topological terminology, we say that a simplicial
ring A is discrete if it is concentrated in degree 0, i.e. m;A = 0 for ¢ > 0; in other words, a discrete
simplicial ring is equivalent to the usual ring mgA. Occasionally, we use the same terminology more
generally for any object of the derived category: A complex M is discrete if H(M) = 0 for i # 0,

6As Elkik’s exposition assumes noetherianness, we sketch a direct explanation of the relevant algebraization result
via derived deformation theory. Given a commutative ring A with finitely generated ideal I C A, we shall show
that any I-completely smooth and I-complete simplicial commutative A-algebra R is the derived I-completion of a
smooth A-algebra. Using [Sta, Tag 07MS], choose a smooth A-algebra R’ lifting the smooth A/I-algebra R ®% A/I.
We shall show that the derived I-completion S of R’ is isomorphic to R. Choose fi,..., fr € I generators, and
write A, = Kos(A4; f1'y...., ), so A ~ lim, A, is the derived I-completion of A and A/I = mo(A1). Each A, is a
simplicial commutative ring, and (by reduction to A = Z[f1, ..., fr]) each map A,+1 — A, is also a finite composition
of square-zero extension where the “ideals” of the extension lie in D*= at each step. Moreover, via the canonical
filtration, the map A1 — mo(A1) = A/I is a finite composition of square-zero extensions where the “ideals” of the
extension lie in D»<° at each step. The A-algebras R and S are isomorphic and smooth after derived base change
to A/I by construction. By derived deformation theory, any such isomorphism can then be lifted successively to
yield a compatible system {S ®ﬁ A, ~ R®ﬁ An}n>1 of isomorphisms of smooth algebras over {A,},>1. Indeed, the
obstruction to lifting across each square-zero extension encountered lies in a group of the form ExtlB(P, M), where
B is a simplicial commutative ring, P is a finite projective B-module (i.e., P € D(B) with P ®% mo(B) being finite
projective over mo(B)) and M € D*»=°(B); filtering M by the canonical filtration and using the projectivity of P
shows that these groups are 0, so the obstruction vanishes. Taking limits over n then gives an isomorphism S ~ R,
as wanted. Note that the derivedness in this proof can be suppressed if A is classically I-complete by simply working
with the tower {A/I"},>1.
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in which case M is isomorphic to the module H?(M); likewise, a complex M is connective (resp.
coconnective) if H' (M) = 0 for i > 0 (resp. i < 0). Given a simplicial commutative ring A and
M € D(A), recall that one calls M (faithfully) flat if M ®% mo(A) € D(m(A)) is (faithfully) flat in
the usual sense; similarly, one can define the notion of I-complete (faithful) flatness given a finitely
generated ideal I C mp(A).

Finally, we occasionally use oo-categorical techniques (especially when constructing and using
derived prismatic cohomology, and when talking about descent in the derived category). We shall
follow the following standard convention in these situations: given a commutative (or F-) ring A,
we write D(A) for its derived oo-category. Similarly, given a finitely generated ideal I C my(A), we
write Dr_comp(A) (or simply Deomp(A) if I is clear) for the full co-subcategory of D(A) spanned
by I-complete objects. The following variant of faithfully flat descent will be used often: for a
commutative ring A with a finitely generated ideal I C A, the functor Ds_comp(—) on simplicial
commutative A-algebras is a sheaf for the topology defined by I-completely faithfully flat maps’.
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"To see this, fix generators f1, ..., fr € I. Given a map B — C of simplicial commutative A-algebras with derived
Cech nerve C*, one has Di—comp(B) ~ lim,, D(Kos(B; fT', ..., fi)) and similarly for C*; this is proven for the bounded
above variant in [Lurl8, Theorem 8.3.4.4] and asserted for the full derived oco-categories in [Lurl8, Remark 8.3.4.5];
the latter can be proven by the same method as [BS15, Lemma 3.5.5]. Thus, the map Dr—comp(B) = Um Di_comp(C™)
is the inverse limit over n of the maps D(Kos(B; fT', ..., fi*)) — Um D(Kos(C*; fT', ..., fi*)); the latter maps are all
equivalences by faithfully flat descent for simplicial commutative rings ([Lurl8, Corollary D.6.3.3]), so the inverse
limit is also an equivalence.
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2. J-RINGS

Fix a prime p. In this section, we discuss the theory of d-rings. In §2.1 and §2.2, which are
essentially review, we discuss the definitions and basic properties of d-rings [Joy&5]; a good reference
for this material is [Borl6]. In §2.3, we introduce distinguished elements, which are essential to
defining prisms. Basic properties of perfect d-rings are then the subject of §2.4. In §2.5, we establish a
relationship between divided power envelopes and §-structures; this relationship plays an important
role in many subsequent computations in this paper, thanks in large part to the nice commutative
algebra properties of divided power envelopes of regular sequences, which are reviewed in §2.6.

All our rings are Z,)-algebras. We write rad(A) for the Jacobson radical of a ring A. In the
following, note that the expression

2+ yP— (4 y)
b

€ Zlz,y]
can be evaluated in any ring.

2.1. Definition and basic properties.

Definition 2.1. A §-ring is a pair (R, ) where R is a commutative ring and 6 : R — R is a map
of sets with 6(0) = §(1) = 0, satisfying the following two identities
2P + P — (z + y)P
N Y- (@ +y)
p
There is an evident category of é-rings. (In the literature, a d-structure is often called a p-derivation.)

6(zy) = 2Po(y) + yPo(x) + pd(z)d(y) and &(x+y) =4(x) +d(y)

Remark 2.2 (§-structures give Frobenius lifts). Given a d-ring (R, ), we write ¢ : R — R for the
map defined by ¢(z) = aP + pd(z); the identities on ¢ ensure that this is a ring homomorphism that
lifts Frobenius on R/p. In fact, the identities on § are reverse engineered from this requirement: if

R is a p-torsionfree ring, then any lift ¢ : R — R of the Frobenius on R/p comes from a unique
o(x)—zP
TR

d-structure on R, given by the formula §(z) = Note that as the condition of being a
lift of Frobenius is vacuous if p is invertible, a J-ring over Q is the same thing as a Q-algebra
with an endomorphism. In general, given a d§-ring R, we shall write ¢ : R — R for its Frobenius

endomorphism; if there is potential for confusion, we shall denote this map by ¢g instead.

Remark 2.3 (d-structures and A-structures). By a theorem of Wilkerson [Wil82, Proposition 1.2],
giving a A-ring structure on a flat Z-algebra R is equivalent to specifying commuting Frobenius lifts
¢p on R for all primes p. Borger has extended this in [Borll] in multiple ways (including allowing
all Z-algebras). In particular, it follows from his work that a J-structure on a ring R is the same as a
p-typical A-structure. This motivates the following terminology: an element x in a §-ring B has rank
1 if 6(z) = 0; such elements satisfy ¢(x) = 2P (and the converse holds true if B is p-torsionfree).

Remark 2.4 (J-rings via Wa(—), following Rezk [Rez14]). For any ring R, the ring W5(R) of p-
typical length 2 Witt vectors is defined as follows: we have Wa(R) = R X R as sets, and addition
and multiplication are defined via

P4 ()P — (x + /)P

i
(z,y)+(' ) == (42’ y+y'+ 5

) and (z,y)-(2",y) = (x2', 2Py +2Py+pyy’).
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Ignoring the second component gives a ring homomorphism e : Wao(R) — R. It is immediate from the
definitions that specifying a d-structure on R is the same as specifying a ring map w : R — Ws(R)
such that € o w = id: the correspondence attaches the map w(z) = (z,d(z)) to a d-structure
0:R— RonR.

Remark 2.5 (Derived Frobenius lifts give d-structures). Let R be any Z,)-algebra. Then spec-
ifying a J-structure on R is the same as specifying a map ¢ : R — R and a path in the space
EDdSCRFp (R ®é F,), between the points defined by ¢ and the Frobenius; here SC Ry, denotes the
oo-category of simplicial commutative Fj-algebras. In other words, giving a d-structure on R is
the same as specifying a lift of Frobenius in the derived sense. To prove this, first note that for a
p-torsionfree ring R, the square

Wa(R) -~ R

|,

R R/p

is a pullback square of rings, where the right map i the canonical projection, the lower map is the
composite of the projection R — R/p with the Frobenius of R/p, and the top map is the Witt vector
Frobenius (defined on Witt co-ordinates by F(x,y) = P 4+ py). Passing to simplicial resolutions,
this implies that for any simplicial ring, there is a functorial pullback square

F

Wa(R) R
I
R R®LF,

of simplicial rings. Using this pullback square, Remark 2.4 translates into the desired description
of d-rings.

Example 2.6 (The initial §-ring). The identity map on the p-torsionfree ring Z,) is its unique
endomorphism and lifts the Frobenius modulo p, so Z,) carries a unique d-structure given by
é(x) = ””;%p. In fact, this is the initial object in the category of d-rings (as we work with Z,-
algebras). One checks that § on Z,) lowers the p-adic valuation by 1 for non-units. In particular,
6" (p™) is a unit for all n. As Z,) is the initial §-ring, it follows that there is no nonzero -ring where
p™ = 0 for some n > 0.

Remark 2.7 (Limits and colimits of d-rings, and Witt vectors). One can show that the category
of d-rings admits all limits and colimits, and these are computed at the level of underlying rings:
this is easy for limits, and for colimits it follows via the characterization in Remark 2.4 as there is
a natural map colim; Wa(—) — Wa(colim; —) of functors. It follows by general nonsense that the
forgetful functor from d-rings to rings has both left and right adjoints, since it commutes with both
colimits and limits. The left adjoint provides one with a notion of “free objects” and is studied in
Lemma 2.11 below. The right adjoint is given by the (always p-typical) Witt vector functor W(—)

by a result of Joyal [Joy&5]. Thus, for each d-ring R, we have a natural map R — W (R) of d-rings
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by adjunction; the first two components of this map (in standard Witt co-ordinates) are given by
x +— (x,6(x)), as in Remark 2.4.

Notation 2.8. We shall use the symbols {} and ()s to denote the adjoining and killing of elements

in the theory of d-rings. Thus, Z,{z} is the free d-ring on one generator x, Zyy{z,y}/(f)s is
defined by a pushout square

t—f
Zpy{t} —— Z{z,y}

\LtHO \L
Zp) — Zpy{z,y}/(f)s,
etcetera.

Regarding the quotients that one takes here, we note the following lemma.

Lemma 2.9 (Quotients). Let A be a 0-ring. Let I C A be an ideal. Then I is stable under § if and
only if there exists a (necessarily unique) d-structure on A/I compatible with the one on A.

Proof. The “if” direction is clear. For the “only if” direction, we must show that if a € A and f € I,
then d(a) = d6(a + f) mod I; but this follows immediately from the additivity formula. O

Example 2.10 (Quotients in d-rings). Let A be a d-ring, and let I C A be an ideal. Then the
universal ¢-A-algebra B with IB = 0 is given by B = A/J, where J is the 0-stabilization of I, i.e.,
the ideal generated by U, 0" (I).

Lemma 2.11 (Free d-rings). The ring Z,{z} is a polynomial ring on the set {x,6(x),6%(x),...}
and its Frobenius endomorphism is faithfully flat. The ring Q{z} = Z(p){m}[%] is also a polynomial
ring on the set {x, #(x), ¢*(z),...}.

Proof. Consider the polynomial ring A = Z, [x0, %1, T2, ...] on countably many generators. The
assignment x; — azf + priy1 gives an endomorphism ¢ of A that lifts the Frobenius on A/p. As
A is p-torsionfree, there is a unique J-structure on A described by 6(x;) = z;41. Given any J-
ring R with an element f € R, thanks to the universal property of the polynomial ring, there is
a unique ring homomorphism 7y : A — R defined by n¢(x;) = 6°(f). By construction, we have
ng(6(x;)) = 0(ns(xi)), so ng is a map of d-rings, as the relations imposed on § in Definition 2.1
determine the behaviour on the Z,)-algebra generated by the z; from the behaviour on the z;. It is
then also clear that 7y is uniquely determined as a map of d-rings by the requirement n¢(zg) = f.
It follows that setting Z,){zr} = A with x = x¢ gives the free §-ring on a generator x, so this ring
is indeed a polynomial ring on {z,d(z),%(x),...} as asserted. Inverting p easily gives the desired
assertion for Q{z} as well.

We explain the faithful flatness assertion. The map ¢ : A — A can be written as the filtered
colimit of the maps

¢i : L[z, (), ... 04 (x)] — Zy [z, 0(x), .. L6 )]

so it is enough to prove that each ¢; is faithfully flat. By the fibrewise criterion for flatness, it
suffices to see that ¢;[1/p] and ¢;/p are faithfully flat. But ¢;[1/p| agrees with the map

Qlz, ¢(x),...,¢'(2)] = Qlz, ¢(),..., ¢ (2)]
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shifting generators, which is evidently faithfully flat. On the other hand, ¢;/p agrees with the

composite of the Frobenius on Fp[z,8(z), ..., (x)] with the inclusion
Fplz,0(x),...,8 (2)] < Fylz,d(x),..., 0 (2)],
both of which are faithfully flat. O

Corollary 2.12 (Frobenius is fpqc locally surjective). Fiz a §-ring A and an element x € A. Then
there exists a faithfully flat map A — B of -rings such that the image of x in B has the form ¢(y)
for some y € B.

Proof. Set B to be the pushout of the diagram Z,{s} + Z,){t} — A of o-rings, where the first
map sends ¢ to ¢(s) and the second map sends ¢ to x. The resulting map A — B is faithfully flat
by Lemma 2.11 (recalling that pushouts of d-rings can be computed on the level of underlying rings
by Remark 2.7), and the image of x equals that of ¢(s) in B. O

Remark 2.13 (Joyal’s d,-operations). As d-rings R admit a natural map w : R — W(R) to their
ring of p-typical Witt vectors, there are natural functorial operations d,, : R — R for n > 0 on any
d-ring R such that

w(z) = (do(x),01(x),d2(x),...) € W(R)

in Witt vector coordinates; in particular dg(x) = = and d1(x) = d(x). These operations can be
characterised by the following universal identity: for each element x in each d-ring R, we have

" (z) = So(z)”" + poy ()" + ... + P on(2).

In general, one can express d,(—) as a monic polynomial of degree n in 6.

n—

Remark 2.14 (The free é-ring via Joyal’s operations). As the operation §,, from Remark 2.13 is a
monic degree n polynomial in §, one can reformulate the first part of Lemma 2.11 as the following
assertion: the ring Z,){z} is a polynomial ring on the set {d, () }n>0-

2.2. Extending J-structures.

Lemma 2.15 (Localizations). Let A be a §-ring. Let S C A be a multiplicative subset such that
#(S) C S. Then the localization S~ A admits a unique §-structure compatible with the map A —
S=Y(A). Moreover, the map A — S™1A is initial amongst all §-A-algebras B such that each element
of S is invertible in B.

Proof. We first explain the argument when A is p-torsionfree. In this case, the localization S~'A
is also p-torsionfree. The map ¢4 : A — A carries S to itself, and hence induces a map ¢g-14 :
S71A - S71A. As A — S~ !A s a localization, it is easy to see that ¢g-1, is a lift of Frobenius as
¢4 is so; this gives the first part of the lemma. The second part is clear.

In general, given a pair (A, S) as in the lemma, choose a surjection « : F' — A with F' being a free
-ring on some set. Then F is p-torsionfree (by Lemma 2.11). The preimage T := a~!(S) C F is a
multiplicative closed subset of F' (as « is multiplicative) that is ¢-stable (as o commutes with ¢).
The localization 77! F carries a unique d-structure compatible with the one on F by the preceding
paragraph. The formula S™'A4 = T7'F @ A, and the fact that colimits of d-rings coincide with
those of the underlying rings, then shows that S~'A also carries a unique d-structure compatible
with the one on A. The last part is clear. O
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Remark 2.16 (Localizations in the p-local world). In a é-ring A with p in the Jacobson radical
rad(A), the formula ¢(f) = fP + pd(f) shows that if f is a unit, so is ¢(f). Thus, for any o-
ring A and any multiplicative subset S C A, the p-localization (SflA)(p) of the localization S~'A
of A coincides with the p-localization of T™'A where T = {S, ¢(S), $*(S),...}. By Lemma 2.15,
it follows that (S _1A)(p) carries a unique J-structure compatible with the one on A, and can be
characterized as the initial object in the category of all §-A-algebras B with p € rad(B) where S
becomes invertible.

In the paper, we will use the preceding remark mostly with p-localization replaced with p-
completion. Regarding completions, we have the following general result.

Lemma 2.17 (Completions). Let A be a §-ring, and let I C A be a finitely generated ideal containing
p. Then the map 6 : A — A is I-adically continuous; more precisely, for each n there is some m
such that for all x € A, one has 6(x + I"™) C d(x) + I".

Moreover, the classical I-adic completion of A acquires a unique d-structures compatible with the
one on A.

The case of derived completions will be handled by the next lemma.

Proof. Once we have proved that ¢ is I —adlcally continuous, it follows that ¢ extends to a continuous
map on the classical I-adic completion A of A, Wthh will by continuity still be a d-structure. This
extension is also unique as the §-structure on A must be I A- adically continuous by the same result
applied to A.

For continuity, we note that the additivity formula implies that

O(x+1") = 6(x) C6(I™)+ 1™,
so it suffices to see that for any n there is some m > n such that 6(I™) C I". Note that the product
(and addition) formula for § imply that for any two ideals Jq, Ja,
(5(J1J2) CcJi+ Jo +p5(J1)5(J2)A .

In particular, taking J; = Jo = I, we see that 6(I?) C I as p € I by assumption. Taking
J1 = Jo = I%" then shows inductively that 5(I2n+ ) C I2n, as desired. O

Lemma 2.18 (Etale maps). Let A be a 6-ring equipped with a finitely generated ideal I C A
containing p. Assume that B is a derived I-complete and I-completely étale A-algebra. Then B
admits a unique §-structure compatible with the one on A.

This lemma implies, in particular, that the J-structure on A passes uniquely to its derived I-
completion for any I C A containing a power of p.

Proof. We use the characterization of §-rings in terms of W5 as in Remark 2.4. By Elkik’s alge-
braization theorem, we can write B as the derived I-completion of some étale A-algebra B’. Then
Wa(A) — Wh(B’) is étale by van der Kallen’s theorem, cf. [BMS18, Theorem 10.4]. We claim that
Wy (B) is the derived I-completion of Wa(B'), when regarded as A-algebras via A 2 Wy(A) —
Wy(B'). For this, note that there is a short exact sequence

0— ¢B — Wo(B')— B —0
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of A-modules, and derived I-completion agrees with derived ¢(I)-completion as p € I. In particular
Wy(B) is derived I-complete and I-completely étale over Wa(A).
Considering the diagram

A= Wa(B)
|
B’ B

and using that A — B’ is étale while Wo(B) — B is a pro-infinitesimal thickening, we see that
there is a unique lift B’ — W5(B) making the diagram commute, which then extends to a unique
map wp : B — Wy (B) as Wy(B) is derived I-complete. This gives the desired unique d-structure
on B compatible with the one on A. ]

2.3. Distinguished elements. The following notion plays a central role in this paper:
Definition 2.19. An element d of a d-ring A is distinguished if §(d) is a unit.
Any morphism of §-rings preserves distinguished elements.

Example 2.20. The following examples of distinguished elements are crucial for cohomological
purposes.

(1) Crystalline cohomology. Take A = Z,, with d = p. Indeed, §(p) =1 —pP~! € Z,.

(2) g-de Rham cohomology. Take A = ZyJq — 1], d = [plq = % € A, with d-structure
determined by ¢(q) = ¢P. The distinguishedness of d can be seen directly, or by simply
observing that d([p]q) = d(p) mod (¢ — 1), so the claim follows from (1) and (¢ — 1)-adic

completeness.

(3) Aing-cohomology. For a perfectoid field C/Q,, take A = Ajns(O¢) with d = £ being any
generator of the kernel of Fontaine’s map Aj,s — O¢. The ring A carries a unique d-structure
given by the usual lift of Frobenius. The distinguishedness of d can be seen as in (2) via
specialization along the §-map Aj,¢ — W (k), where k is the residue field of C.

(4) Breuil-Kisin cohomology. Fix a discretely valued extension K/Q, with uniformizer 7. Let
W C Ok be the maximal unramified subring. Take A = Wu] with d-structure determined
by the canonical one on W and satisfying ¢(u) = uP. There is a W-equivariant surjec-

tion A — Ok determined by u — w. Any generator d € A of the kernel of this map is
u—0

distinguished; this can be seen as in (2) via specialization along the é-map Wlu] —— W.
Example 2.21. Consider the initial object in the category d-rings equipped with a distinguished
element d. By Lemma 2.15 and Lemma 2.11, such an object exists and can be described explicitly
as the localization S™'Z,{d}, where S = {(d), $(6(d)), $*(6(d)),...}. In particular, the universal
distinguished element d is a nonzerodivisor modulo p. If no confusion arises, we shall denote this
d-ring by Z,){d,o(d)~"}.

Remark 2.22 (Viewing a distinguished element as a deformation of p). There is a relatively easy
way to map any distinguished element to the distinguished element p (up to units). Let A be a
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derived p-complete d-ring equipped with a distinguished element d. Consider the composite
st A AL WA L W(A/d),

where w comes from Remark 2.7. As s is a map of d-rings, the Witt vector s(d) € W(A/d) has
the form F(0,d(d),...) € W(A/d), where F is the Witt vector Frobenius. Thus, we can write
s(d) = F(V(6(d),...)) =p-(6(d),....). As §(d) is a unit and W (A/d) is complete along the kernel
of W(A/d) — A/d (by the derived p-completeness of A/d and the analogous assertion for Z/p"-
algebras), the Witt vector (6(d), ...) € W(A/d) is a unit as well, so s(d) = pu for a unit u € W(A/d).
Thus, s gives the promised map. However, the passage from A to W(A/d) is fairly drastic, and
one often loses control on the algebraic properties of this map. A refinement of s which is better
behaved homologically is presented in Construction 6.1 (under some extra hypotheses on A).

Lemma 2.23. Let A be a §-ring. Fir a distinguished element d € A and a unit v € A*. If
d,p € rad(A), then ud is distinguished.

Proof. We want to show that d(ud) is a unit. Expanding, we have
d(ud) = uPo(d) + dPS(u) + pd(u)o(d).

The first term on the right side is a unit and the other two terms lie in rad(A), so the whole
expression is also a unit. [l

Lemma 2.24. Let A be a §-ring with a distinguished element d € A. Assume that we can write
d = fh for some f,h € A such that f,p € rad(A). Then f is distinguished and h is a unit.

Proof. Applying 6 to d = fh gives
6(d) = fPo(h) + hP5(f) +pa(f)d(h).

The left side is a unit, while the first and last terms of the right side lie in rad(A), so APd(f) is a
unit, which proves both claims. ]

Lemma 2.25. Fiz a d-ring A and an element d € A such that d,p € rad(A). Then d is distinguished

if and only if p € (d, ¢(d)). In particular, the property “d is distinguished” only depends on the ideal
(d).

Proof. Assume first that that d is distinguished, so §(d) is a unit. Then the formula ¢(d) = dP+pd(d)
immediately shows that p € (d, ¢(d)).

Conversely, assume we can write p = ad + bo(d) for some a,b € A. We want to show d(d) is
invertible. As d,p € rad(A), it suffices to show that d(d) is invertible modulo (d, p); equivalently,
it suffices to show that A/(p,d,d(d)) = 0. To prove this, we may replace A with its (p,d,d(d))-
adic completion (or just a suitable ind-Zariski localization) to assume that p,d,d(d) € rad(A).
Simplifying the equation p = ad+ bg(d) using the definition of ¢ then yields an equation of the form
p(1 —bd(d)) = cd for suitable ¢ € A. As p is distinguished and §(d) € rad(A), the left hand side is
distinguished by Lemma 2.23. But then Lemma 2.24 implies that d is distinguished, as desired. [
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2.4. Perfect §-rings.
Definition 2.26. A J-ring A is perfect if ¢ is an isomorphism.

Remark 2.27 (Perfection). The inclusion of perfect d-rings into all 6-rings has left and right adjoints
given by the perfection functors A +— Aperf = colimy A and A +— Arert — limg A respectively.

A pleasant feature of this theory is that Frobenius kills the p-torsion.

Lemma 2.28 (p-torsion in d-rings). Fiz a 6-ring A. Then A is p-torsionfree if at least one of the
following holds true:

(1) The Frobenius ¢ is injective (e.g., A is perfect).
(2) A is reduced.

Proof. For (1), we shall prove a stronger statement: given x € A with px = 0, we have ¢(x) = 0.
To see this, apply d to px = 0 to get

0= pPo(z) + 274(p) + pd(x)d(p) = pPo(z) + ()3 (p).
As §(p) is a unit, it is enough to show that pPé(z) = 0. But we have

pPo(x) = pP~H((x) —aP) = p(p* ') —pPat,
and this vanishes as pr = 0 and p > 2.
For (2), say A is a reduced dé-ring and z € A with px = 0. We have seen above that ¢(x) = 0
and that pPd(z) = 0. The latter implies that pd(z) = 0 as A is reduced. On the other hand, since
¢(z) = 0, we have 2P = —pd(z), so 2P = 0, whence = = 0 by reducedness of A. O

Remark 2.29. A ring R of characteristic p is reduced if and only if its Frobenius endomorphism
is injective. Thus, one might wonder if assumptions (1) and (2) in Lemma 2.28 are equivalent. In
fact, they are mutually non-comparable, i.e., neither implies the other. For example, the reduced
ring A = Zp[z]/(«P — 1) supports a unique J-structure ¢(z) = 2P = 1; the Frobenius lift ¢ on A
is not injective since ¢(x — 1) = 0. Conversely, the non-reduced ring B = Z,[z]/(2?) supports a
unique J-structure with ¢(x) = px; since ¢(a + bxr) = a + pbz for a,b € Z,,, the map ¢ is injective.
Remark 2.30. Lemma 2.28 (1) can also be conceptually understood using the fact that ¢ is a
derived Frobenius lift, as in Remark 2.5. To see this, given a d-ring (A, d), write B for the simplicial
commutative Fy-algebra A ®é F, obtained by base change from A. Then the map ¢p : B — B
induced by base change from ¢ : A — A coincides with the Frobenius endomorphism of B. Now it
is known that the Frobenius is always zero on m;(B) for ¢ > 0, cf. e.g. [BS17, Proposition 11.6]. In
particular, it follows that m1(¢p) : m1(B) — m1(B) is zero. But the standard resolution of F), over
Z identifies m1(B) with A[p] in a ¢-compatible manner, so it follows that ¢(A[p]) = 0, as wanted.

Corollary 2.31 (Perfect d-rings). The following categories are equivalent:
(1) The category Cy of perfect p-complete d-rings.
(2) The category Co of p-adically complete and p-torsionfree rings A with A/p being perfect.
(3) The category C3 of perfect F,-algebras.
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The functor relating (1) and (2) is the forgetful functor; in particular, any ring homomorphism
between two perfect p-complete §-rings is automatically a 6-map. The functors relating (2) and (3)
are A~ A/p and R — W(R); in particular, there is only one §-structure on W(R) for R perfect
of characteristic p.

Proof. Lemma 2.28 ensures that forgetting the d-structure gives a functor Fio : C; — Cs, which
is then tautologically faithful. The functor Fs3 : Co — Cs is given by reduction modulo p, i.e. by
A +— A/p. Finally, the functor F3; : C3 — C; is given by R +— W(R). It is well-known (e.g., by
deformation theory) that the resulting functor F3e := Fjp0F3; is an inverse to Fyz. As F)y is faithful
and the equivalence F3o factors over Fio, it formally follows that Fio is also an equivalence. O

Lemma 2.32 (Perfect elements have rank 1). Fiz a §-ring A and some x € A. Then 6(zP") € p"A
for all n. In particular, if A is p-adically separated and y € A admits a p"-th root for all n > 0,
then 0(y) =0, i.e., y has rank 1.

The conclusion of last part is false if we do not impose some form of p-locality on A: any

1
endomorphism of the ring Q[z7> ] determines a J-structure, but very few of them make x have rank
1. An explicit example is given by taking the Frobenius to be the identity.

Proof. The last assertion is automatic from the first one. For the first one, by reduction to the
universal case from Lemma 2.11, we may assume A is p-torsionfree. Thus, §(zP") € p"A if and
only if p§(zP") € p"*tA. But showing the latter is equivalent to checking that ¢(aP") = P
mod p"T1A. For n = 0, this is true by definition. In general, given elements a, b of a ring C such
that « = b mod p*C for some k > 0, we have a? = b» mod p*t1C using the binomial theorem.
Applying this inductively to ¢(z) = 2P mod pA then gives the desired claim. O

Lemma 2.33 (Distinguished elements in perfect d-rings). Let A be a perfect p-complete §-ring, and
fird € A. Then d is distinguished if and only if the coefficient of p in the Teichmiiller expansion of
d (defined via Corollary 2.51) is a unit.

Proof. Say d = Y.°,[a;]p’ is the Teichmiiller expansion of some d € A = W(R) for a perfect
F,-algebra R. One then has

1 — % = )

5(d) = — - (D _laflp' = Q_lailp")?).

L i=0
Reducing modulo p, this gives

§(d) =a] mod pA,
80, by p-completeness of A, d is distinguished exactly when a; € R is a unit. ]

Lemma 2.34. Let A be a p-torsionfree and p-adically separated 6-ring with A/p reduced. (For
example, A could be perfect and p-complete.) Fix d € A that is distinguished. Then

(1) The element d € A is a nonzerodivisor.
(2) The ring R = A/d has bounded p™>-torsion; in fact, we have R[p] = R[p>].
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Proof. For (1), assume fd = 0 for some f € A. We must show f = 0. If not, then since A is
p-torsionfree and p-adically separated, we may assume p t f (by dividing f by a suitable power of
p). Applying 6 to fd = 0 gives

fPo(d) +6(f)¢(d) = 0.

Multiplying by ¢(f) and using ¢(fd) = 0 gives fPo(f)d(d) = 0, and hence fPo(f) =0 as d(d) is a
unit. Reducing modulo p yields f?? = 0 mod pA, whence f =0 mod pA as A/pA has an injective
Frobenius. But we assumed p{ f, so we get a contradiction.

For (2), it is enough to show that R[p] = R[p?]. Lifting to A, we must show the following: given
f,g € A with pf = gd, we must have p | g and hence pf € dA since A is p-torsionfree. Applying
§ to the containment gd € p?A gives §(d)g? + 6(g9)é(d) € pA. Multiplying by ¢(g), and using that
#(dg) € pA, gives 6(d)gP¢(g) € pA. As §(d) is a unit, this gives gP#(g) € pA and hence g?P € pA.
Finally, as Frobenius is injective modulo p, we conclude that g € pA, as wanted. O

2.5. Relation to divided power algebras. In a p-torsionfree Z,-algebra A, we let

@) =27 € AL

be the usual divided powers.

Lemma 2.35. Let A be a p-torsionfree §-ring. Fiz z € A with y,(z) € A. Then y,(z) € A for all
n > 0.

2
Proof. We first explain why 7,2(z) € A. As val,(p?!) = p+ 1, we must check that ]% €A As A
is a d-ring, we have 6(%) € A. Using the definition of ¢, we get

€ A

21 rp(2)P 2 (2P +pd(2))P 2P
e e

P
Now Zp%i‘s(z) € A by assumption, which gives (Zp?% =pP2. (zp%ié(z)) € Aas well (asp > 2),

so the above formula for § (%) shows that ;,)le €A

We now prove the lemma. For the purposes of solely this lemma, call an element z € A admissible
if v,(2z) € A. We shall prove by induction on n that for any admissible z € A, we have v,(2) € A.
The n = 1 case is clear. Assume inductively that for all admissible y € A, we have 7,,,(y) € A for
m < n. Fix admissible z € A. We must check v,(z) € A. The statement is clear by induction if
n is not divisible by p, so we may assume n = kp, whence k < n. But one checks (by induction
on k) that the general identity yi,(—) = u - Y (7p(—)) for a unit u € Z,). Using this identity for
k = p, the previous paragraph shows that ~,(z) is admissible. As k < n, induction shows that
Y6(Vp(2)) € A, so the claim follows. O



PRISMS AND PRISMATIC COHOMOLOGY 23

Lemma 2.36. The ring C := Zg{z, @} defined by the pushout square

Yy—pz

Zp) iy} Z){z}

y»—)(f)(x)l J{

Z){z} — Zg){z, 2}/ (¢(x) — pz)s = C
of §-rings identifies with the pd-envelope D := D y(Z){z}).

Proof. The left vertical map in the pushout square defining C' identifies abstractly with the map ¢
on Z,{z}, and is thus faithfully flat by Lemma 2.11. The right vertical map is then also faithfully
flat, so C' has no p-torsion. Moreover, as the top horizontal map is an isomorphism after inverting
p, the same is true for the bottom horizontal map. We may thus view C' as the smallest d-subring

of Z(p){$}[]%] that contains Z,{r} and @. Equivalently, as @ = ‘%p +0(z), we can also view C'
as the smallest d-subring of Z(p){x}[%] containing Z,{x} and %p.

Now consider the pd-envelope D of Z,){z} along (z). As x is a free variable, it is standard
that D is p-torsionfree, and may thus be viewed as the smallest subring of Z(p){a:}[%] that contains

Zy{r} and % for all n > 1. We shall check D = C as subrings of Z(p){x}[%].
The containment D C C is immediate from Lemma 2.35. To show C' C D, since & € D, it is
enough to show that ¢ preserves D and that the resulting endomorphism of D gives a d-structure

(or, equivalently, that ¢ restricts to a Frobenius lift on D). Observe that

oy @ pd@) | B ()2 @) S () @) 0" )

n! n! n!

¢(
To prove ¢ preserves D, it suffices to prove that the coefficient

(") - (pi)! - p
n!

n!

is p-integral. But we have
(D) e)t-p" " (pi)!  p

n! il (=)

Both terms lie in Z(,), and the first factor is divisible by p for ¢ > 0, while the second factor is
divisible by p if i < n (as it is a divided power of p). This proves that ¢ preserves D, and that

n

gb(x—') =0 mod pD
n!

for n > 0. We also have
T\ P "
(H) =%(7) - pt=0 mod pD
for n > 0. In particular, the endomorphism ¢ of D reduces modulo p to Frobenius on all generators,

and hence all elements, of D, as wanted. O
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Remark 2.37. The proof of Lemma 2.36 shows also that the simplicial commutative ring obtained
by freely adjoining % to Zy{x} is discrete (i.e., that the pushout square in Lemma 2.36 is also
a pushout square in the oo-category of simplicial commutative rings) and thus coincides with the
ring Z,){z, @} ~ D(y)(Z(y)) above.

Lemma 2.38 (Divided power envelopes for regular sequences). Let B be a p-torsionfree ring. Fiz
f1, - fr € B that give a Koszul-reqular sequence on B/p. Consider simplicial commutative ring D’
defined by the pushout square

x> fi

Zip 1, ty] — B

|

D(ml,...,xT)(Z(p) [-7317 3 mr]) — D'

in the oco-category of simplicial commutative rings. Then D' is discrete, p-torsionfree, and identified
with the PD-envelope Dy, . r(B). In particular, the latter is also p-torsionfree, and its formation
from B commutes with base change along maps B — B’ of p-torsionfree rings with the property that
f1s s [r give a Koszul-reqular sequence on B’ /p.

Proof. We first prove that D’ is discrete and p-torsionfree. As the left vertical map is an isomorphism
after inverting p, the same is true for the right one, so B[1/p] = D’[1/p]. To show that D’ is discrete
and p-torsionfree, it then suffices to show that D’ ®% F, is discrete. Now recall the standard
calculation that the map Fylz1,..,z] = Dy, 2 (F)[T1,...,7;]) expresses the target as a free
module over Fy[z1,...,2,]/(2],...;at) = Kos(Fp[z1,...,x,];2Y,...,2¥). Applying — ®% F,, to the
above square, we learn that D’ ®L F,, is a free module over Kos(B/p; f7, ..., ff). Our assumption on
the f;’s shows that Kos(B/p; f1, ..., fr) is concentrated in degree 0. By induction on ), n;, it then
follows that Kos(B/p; f1', ..., fi'") is concentrated in degree 0 for all r-tuples (n1, ..., n,) of positive
integers. In particular, Kos(B/p; f1, ..., f¥) is concentrated in degree 0, and thus the free module
D’ ®é F, is also concentrated in degree 0.

In the p-torsionfree B-algebra D', the images of the f;’s admit divided powers (as the images
of the divided powers of the z;’s on the bottom left in the square above). The universal property
then gives a map a : Dy, . r)(B) — D’ of B-algebras. On the other hand, the description of
D’ as a pushout and functoriality of divided power envelopes also gives a natural map b : D’ —
Dy,,...1)(B) of B-algebras. The composition a ob : D’ — D’ must be the identity: it induces
the identity on D'[1/p] = B[1/p] by virtue of being a B-algebra map. On the other hand, the
composition boa : Dy, . )(B) = Dy, .. 1 (B) is a B-algebra map that sends each divided power

Yn(fi) € D(yy,...1,)(B) to the image under the functoriality map Dy, . o\ (Zp) @1, 20]) = D’ LA
Dg,....1)(B) of vu(xi) € Day,.. o) (Zpy[21, -5 77]). As this image is exactly v (f;), it follows that
boa is the identity on all B-algebra generators of D(s, . f)(B), and must thus be the identity.
Thus, a and b give mutually inverse isomorphisms between D’ and D,...., f'r)(B>'

The last part is clear as the formation of D’ from B commutes with all base changes. ([l
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Corollary 2.39. Let A be a p-torsionfree §-ring. Fizx fi,..., fr € A that define a reqular sequence

in A/p. Consider the simplicial commutative 0-ring A{@, @} obtained by freely adjoining

)

@ to A for1 <i <, i.e., the simplicial commutative §-ring defined by the derived pushout square
Ti—PYi
Zipy{re, .oy} Zipy{v, -y}
zi—=@(fi) i
#(f1) o(fr)
A A{ S T }

in the co-category of simplicial commutative §-rings. Then A{@, e @} is discrete, p-torsionfree,
and identifies with the pd-envelope Dr(A) of I = (fi,..., fr) C A. In particular, D;(A) is a 0-ring,
and is finitely presented (over A) as such.

Proof. We can write the pushout square in the statement as a composition of two pushout squares
in the oo-category of simplicial commutative d-rings:

Ti—PYi

Zpy{zr, oy ar} Zipy{y1, -y}

¢ i

Z(p){wl, ....,{L’,«} —_— Z(p){l'l, ceey Ly ¢

x> fi l

A A{¢(I{1),..., ¢(IJ:T)},

where the second and third vertex of the second column are defined by virtue of the pushout
property. Using Lemma 2.36 and Remark 2.36, the middle row can be identified with the map
Zpyir1, v} = Doz (L) {71, s 2 }) that formally adjoins divided powers of the x;’s.
Lemma 2.38 (and the fact that the formation of PD-envelopes commutes with flat base change
along Z 21, ..., 7r] = Zgy{71,...,2,}) then imply the bottom right vertex of the above square is
indeed discrete, p-torsionfree, and identified with Dy(A), as wanted. O

Remark 2.40. Corollary 2.39 shows that the pd-envelope Dy(A) is the ¢-pullback of A{%, - %}
This last ring only depends on the ideal I = (f1,.., fr), and not on the specific sequence chosen:
it can be characterized as the universal p-torsionfree §-A-algebra B where p | I. In particular, the
pd-envelopes that arise in this fashion have a canonical ¢-descent.

Warning 2.41. Corollary 2.39 shows that the subring A{@, e @} C A[%], which also equals

P
A{f?l, - %7}, is independent of the J-structure on A. The Frobenius appearing in the preceding
sentence is crucial, and the claim does not hold without the ¢-twist. For example, consider the

ring A = Z,)[z] with f = 2. If we use the Frobenius lift x + 2” to define a d-structure 61, then
Ry = A{7} C A[%] contains 01 () = z . (pP~1 —1). On the other hand, if we use the Frobenius lift

- pp+1 :
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x + aP +p to define a §-structure dz, then Ry := A{%} C A[%] contains 0z(3) = pﬁl S(pPl—-1)+ ]%.
Any subring of A[%] that contains both 61(7) and d2(7) must then also contain %. On the other
hand, it is easy to see using Corollary 2.39 that neither Ry nor Ry contain %. In particular, we have

Rl §Z R2 and Rg §Z Rl.

2.6. Flatness for certain pd-envelopes and prismatic-envelopes. For future reference, we
record some well-known facts about divided power envelopes as well as their consequences for
prismatic envelopms. We formulate these in the generality of simplicial commutative rings as it will
be convenient for applications.

Fix a simplicial commutative ring A and a finitely generated ideal I = (fi, ..., fn) C mo(A). Let
B be a derived I-complete simplicial commutative A-algebra. Then it follows from the definitions
that B is I-completely flat over A if and only if the map Kos(4; f1, .., fn) = Kos(B; f1, ..., fn) is a
flat map of simplicial commutative rings. Here the Koszul complexes are defined by

Kos(A; f1,- - fn) = Ay 11 ZUf1s ool (F1s o fn) -

We shall need a variant.

Definition 2.42. Fix a simplicial commutative ring A and a finitely generated ideal I = (f1, ..., fn) C
mo(A). Let B be a derived I-complete simplicial commutative A-algebra. A sequence i, ...,x, €
mo(B) is I-completely reqular relative to A if the map Kos(A; f1, .., fn) = Kos(B; f1, ..o, fry X1y ooy Ty)
is a flat map of simplicial commutative rings.

In the above setup, it is immediate that these notions are stable under I-complete base changes
on A. Moreover, the condition of I-complete regularity on a sequence x1,..., T, is insensitive to
perturbing each z; by an element of (f1,..., fr)mo(B). Using notion, we obtain a relative variant of
a slight strengthening of Lemma 2.38 with a similar proof:

Lemma 2.43. Let A be a simplicial commutative ring. Let B be a p-complete simplicial commutative
A-algebra equipped with a sequence z1, ...,x, € mo(B) such that the sequence %, ..., 2t € my(B) is
p-completely regular relative to A. Let D be the simplicial commutative ring obtained defined by the
pushout square

B

Zp[y17 7y7‘]]/)\

ican

D(yl,-u,yr)(zp[yl, ey yr]);)\ —D

in the co-category of derived p-complete simplicial commutative rings, where the top horizontal map
1s any map of simplicial commutative rings sending y; to x; on my; there is a unique such map up
to homotopy. Then A — D is p-completely flat.

The condition on the z;’s is implied if we assume that z1,...,x, is itself p-completely regular
relative to A by filtering the Koszul complex on zf, ...,z in terms of that on z1,...,z, (as in the
proof of Lemma 2.38).

Proof. To show that A — D is p-completely flat, it suffices to show that the base change mo(A/p) —
mo(A/p) ®f‘ D is flat. As the formation of D from B commutes with base change, and because our
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hypotheses are stable under base change, we may base change along A — my(A/p) to reduce to the
case where A is a discrete Fj-algebra. In this case, B is a simplicial commutative A-algebra, and
T1, ...,z € To(B) is a sequence such that Kos(B;zl,...,2¥) is A-flat. As we are working over F,,
one learns from the square defining D that D is a free Kos(B; !, ..., 2¥)-module: this reduces to
the analogous statement for the mod p reduction of the left vertical map, which is classical. Since
we already assume that Kos(B;zf, ..., z7) is A-flat, the claim follows. O

Corollary 2.44. Let A be a p-complete simplicial commutative §-ring. Let B be a p-complete
simplicial commutative 0-A-algebra. Fix a sequence x4, ...,x, € mo(B) that is p-completely regular
relative to A. Consider the p-complete simplicial commutative d-A-algebra C' = B{%}A obtained
by freely adjoining % to B, i.e., C' is described by a pushout diagram

T,

Zp{xy, ..., xr )y B

Z,{z1, ...,z }" C

in the co-category of simplicial commutative §-rings. Then C' is p-completely flat over A.

Proof. Consider the commutative diagram

A——s Az, ., )" B B{%J"'v%}/\ —.C
lw le iwc
A— Ay, -y B’ B, ey e

Here the second vertical map 1 is the unique §-A-algebra map defined by z; — ¢(y;), and B’ and
C' are simplicial commutative d-rings defined by requiring the middle and right squares above to
be derived pushout squares in p-complete simplicial commutative rings. The map v is p-completely
faithfully flat, and hence the same holds for ¢g and ¥¢. It is thus enough to show that C’ is p-
completely flat over A. Now the images ¢(y1), ..., ¢(y,) € mo(B’) of 21, ..., x, € mo(B) under ¥ form
a p-completely regular sequence on B’ relative to A by the assumption on 1, ..., z, € mo(B) and the
p-complete flatness of ¢yp. When checking p-complete regularity, we may perturb the sequence by
multiples of p, so we learn that the sequence /', ....,yr € mo(B’) is also p-completely regular relative
to A. The p-complete flatness of C’ over A now follows from Lemma 2.43 and Corollary 2.39. [
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3. PRISMS

In this section, we define prisms (Definition 3.2) and prove some basic properties; notably, we
establish the equivalence between perfectoid rings and perfect prisms (Lemma 3.9), and prove a
flatness result for certain “prismatic envelopes” (Proposition 3.13) that plays an important role
later.

Before defining prisms, let us record the following criterion for when an ideal in a §-ring can be
generated by a distinguished element.

Lemma 3.1. Fiz a pair (A,I) where A is a 0-ring and I C A is an ideal that is locally principal.
Assume that p and I lie in rad(A). The following are equivalent:

(1) We have p € IP + ¢(I1)A
(2) We have p e I + ¢(I)A

(8) There exists a faithfully flat map A — A’ of §-rings that is an ind-(Zariski localization)®
such that TA" is generated by a distinguished element d and d,p € rad(A’).

Proof. We trivially have (1) = (2).
For (2) = (3): choose a sequence gi, ..., gn €A A of elements generatlng the unit ideal of A such

that TA[1/g;] is principal. Write A" = [T, A[l/gz] where A[l/gz] denotes the Zariski localization
of A[1/g;] along V(p,I), so p and I A’ lie in rad(A’). By Remark 2.16, the ring A’ admits a unique
5-A-algebra structure. As p and I lie in rad(A), it trivially follows that A — A’ is faithfully flat.
By construction, IA” = (d) for some d € A’, and this element is distinguished by Lemma 2.25.

For (3) = (1): under the hypothesis of (3), we must check that p = 01in A/(I?+¢(I)A). This can
be checked after base change to A’, so it is enough to show that p = 0in A’/(dP, ¢(d)) where d € T A’
is a distinguished generator. But this follows immediately: d(d) is a unit by the distinguishedness
of d, and we have ¢(d) = dP + po(d). O

Definition 3.2 (The category of prisms). Fix a pair (A4, I) comprising a d-ring A and an ideal
I C A; the collection of all such pairs forms a category called the category of d-pairs.

(1) The pair (A,I) is a prism if I C A defines a Cartier divisor on Spec(A) such that A is
derived (p, I)-complete, and p € I + ¢(1)A. The category of prisms is the corresponding full
subcategory of all d-pairs.

(2) A prism (A, 1) is called

- perfect if A is a perfect §-ring, i.e., ¢ : A — A is an isomorphism.

- bounded if A/I has bounded p*>-torsion.

- orientable if the ideal I is principal, and the choice of a generator of I is called an
orientation.

- crystalline if I = (p); any such prism is bounded and orientable.

8By definition, an A-algebra B is called an ind-(Zariski localization) if it can be presented as a filtered colimit of
maps of A-algebras of the form B; := szl Ay, for fi1,..., fn; € A. Note that such an A-algebra B is faithfully flat
over A exactly when each tuple (fi, ..., fn;) generates the unit ideal in some (or equivalently any) presentation of B
as such a filtered colimit.
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(3) A map (A,I) — (B,J) of prisms is (faithfully) flat if the map A — B is (p, I)-completely
(faithfully) flat.

Example 3.3. For any p-torsionfree and p-complete d-ring A, the pair (A, (p)) is a crystalline
prism, and conversely any crystalline prism is of this form.

Example 3.4. Let Ag = Z,){d, 5(d) "'} be the displayed localization of the free d-ring on a variable
d. Let A be the (p,d)-completion of Ay, and let I = (d) C A. Then the pair (A, ) is a bounded
prism, and the element d € I is a distinguished generator (and thus defines an orientation). In
fact, this pair is the universal oriented prism (but not the universal orientable prism). For future
reference, we note the following: in this prism, the sequence p,d is regular and the Frobenius map
¢: A/p — A/pis d-completely flat.

An important property of prisms is the rigidity of the ideal I.

Lemma 3.5 (Rigidity of maps). If (A,I) — (B,J) is a map of prisms, then the natural map
induces an isomorphism I @4 B =2 J. In particular, IB = J.

Conversely, if A — B is a map of 6-rings with B being derived (p, I)-complete, then (B,IB) is a
prism exactly when B[I] = 0.

Proof. We use Lemma 3.1 to choose faithfully flat maps A — A’ and B — B’ such that ITA" = (d)
and JB' = (e) are principal and d,p € rad(A’), p,e € rad(B’). Note that necessarily d and e are
nonzerodivisors, as I and J define Cartier divisors. We may also assume that the map A — B
extends to a map A" — B’ (replacing B’ by a localization of A’ ® 4 B’ if necessary). To see that
I ®4 B — J is an isomorphism, it suffices to see that the similar claim holds for the map of §-pairs
(A, (d)) — (B, (e)), by faithfully flat descent. But now d = ef for some f € B’ and p, e € rad(B’)
by assumption, so Lemma 2.24 says that f is a unit, and thus (d) = (e) in B'.

For the second, note that B[I] = 0 if and only if /® 4 B ~ I B via the natural map. It then follows
from the first part that if (B,IB) is a prism, then B[I] = 0. Conversely, if I ® 4 B ~ IB, then
IB C B is an invertible B-module, so it defines a Cartier divisor on Spec(B). Also, the containment
p € IB+ ¢(I)B comes from the corresponding containment on A and B is derived (p, I)-complete
by hypothesis, so (B, IB) is indeed a prism. O

One can get close to proving that the ideal I is necessarily principal:

Lemma 3.6. Let (A,I) be a prism. Then the ideal ¢(I1)A C A is principal and any generator is
a distinguished element. Moreover, the invertible A-modules ¢*(I) = 1 ®a.4 A and IP are trivial,
i.e. isomorphic to A.

Proof. Once we know one generator of ¢(I)A is distinguished, it follows from Lemma 2.24 that all
generators are distinguished. So for the first part it suffices to show that ¢(I)A is generated by a
distinguished element. By Lemma 3.1, we can write p = a + b where a € IP and b € ¢(I)A. We
claim that b generates ¢(I)A, i.e., the map A — ¢(I)A defined by 1 +— b is surjective. Choose a
faithfully flat map A — B as in Proposition 3.1 (3). It is enough to show that the map B — ¢(I)B
induced by 1 — b is surjective and that b is distinguished. We have IB = (d) for a distinguished
element d € B. Since a € I? and b € ¢(I), we can write a = xdP and b = y¢p(d) for suitable x,y € B.
Our task is to show that y is a unit. As d,p € rad(B), it suffices to show that y is a unit modulo
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(d, p) or equivalently that B/(d,p,y) = 0. If not, by localizing along Spec(B/(d,p,y)) C Spec(B),
we may assume that d,p,y € rad(B). The equation p = a + b = xdP + y¢(d) simplifies to show

p(1 = yd(d)) = d’(z +y) = d- (& (z +y))

Now 1 —yd(d) is a unit as y € rad(B), so the left side is distinguished by Lemma 2.23. Lemma 2.24
then implies that d?~!(x + y) is a unit, whence d is a unit, which contradicts d € rad(B).

Note that ¢*(I) and I? become isomorphic over A/p as in characteristic p Frobenius pullback of
a line bundle is its p-th power. As p € rad(A), it follows that ¢*(I) and I? are isomorphic, so it
suffices to prove that ¢*(I) is isomorphic to A. There is a natural surjection ¢*(I) — ¢(I)A C A,
and we proved that ¢(I)A is principal. Let f € ¢*(I) be any element mapping to a generator of
d(I)A. We claim that the induced map A — ¢*(I),1 — f is an isomorphism. As it is a map
of invertible modules, it suffices to prove that it induces a surjection on fibres at all closed points
of Spec(A) (all of which lie in Spec(A/p) as p € rad(A)). In particular, letting B be the p-adic
completion of Ap,ey, it suffices to see that the map B — ¢*(I) ®4 B,1 — f is surjective. But now
the natural map ¢*(I) ® 4 B — ¢(I)B is an isomorphism (as any distinguished element in a perfect
d-algebra is a nonzerodivisor by Lemma 2.34) and evidently B — ¢(I)B, 1+ f is surjective as we
chose f to be a generator of ¢(I)A. O

Lemma 3.7 (Properties of bounded prisms). Let (A,I) be a bounded prism.

(1) The ring A is classically (p, I)-complete.

(2) Fiz a (p,I)-completely flat A-complex M € D(A). Then M is discrete and classically (p, I)-
complete. For any n > 0, we have M[I"] =0 and M/I"M has bounded p>-torsion.

(8) The category of (faithfully) flat maps (A,I) — (B, J) of prisms identifies with the category
of (p, I)-completely (faithfully) flat §-A-algebras B by the functor sending such an A-algebra
B to (B,IB).

(4) (Bounded prisms are locally orientable) There exists a (p,I)-completely faithfully flat map
A — B of §-rings such that IB = (d) for a distinguished element d € B that is a nonzero-
divisor. In fact, we may choose A — B to be the derived (p, I)-completion of an ind-Zariski
localization of A. In particular, (A,I) — (B, (d)) is a faithfully flat map of bounded prisms.

Observe that, by (p, I)-completely faithfully flat descent, the functor that carries (A, I) to the
full subcategory of D(A) spanned by derived (p, I)-complete (p, I)-completely flat A-complexes is
a sheaf on the category of all prisms. Part (2) shows that the restriction of this functor to the
category of bounded prisms coincides with the assignment carrying (A, I) to derived (p, I')-complete
(p, I)-completely flat A-modules; in particular, the latter assignment is functorial under derived
(p, I)-completed derived base changes, and forms a sheaf.

Proof. For (1), we must show that A ~ lim; A/(I* p*). Given finitely many invertible A-modules
J1, ey Iy equipped with maps a; : J; — A, we write Kos(A4;J1, ..., Jy,) for the Koszul complex

attached to the map ®",J; DLINY) (see |Sta, Tag 0622]; note that if J; = A for all 4, then

this agrees with Kos(A4;ai(1),...,a,m(1)). We now observe that one has the following sequence of
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isomorphisms
A~ Rlim Rlim Kos(4; I", p™)
~ Rlim Rlim Kos(A/I";p™)
~ Rlim Rlim A/(I",p")
~ lim A/(1*,p"),

where the first equality comes from derived (p, I)-completeness of A, the second from the fact that
I C A is locally generated by a nonzerodivisor, the third by virtue of A/I"™ having bounded p*-
torsion (by devissage and the fact that A/I has this property by assumption), and the last by a
simple cofinality argument.

For (2), note that M ®L A/I™ is a p-completely flat A/I"-complex for any n > 0. Since A/I
has bounded p*°-torsion, the same holds true for A/I™ for any n > 0. But then [BMS19, Lemma
4.7] implies that M @4 A/I™ ~ M/I"M is a discrete A/I"-module with bounded p™-torsion;
in particular, M[I"] = 0 for all n > 0. The discreteness of M now follows from the derived I-
completeness of M and the discreteness of M ®£1 A/I™. Finally, to prove that M is classically
(p, I)-complete, we may proceed as in (1).

For (3), note that if (A4,I) — (B,J) is a (faithfully) flat map of prisms, then B is a (p,I)-
completely flat A-algebra by hypothesis, and J = IB by Lemma 3.5. Conversely, say B is a
(p, I)-completely (faithfully) flat A-algebra. By Lemma 3.5, it suffices to see that B[I] = 0, which
follows from part (2).

For (4), take B to be the derived (p, I')-completion of the ring A’ from Lemma 3.1 (3), so IB = (d)
for a distinguished element d € B. By (2), the ring B is discrete, B/IB has bounded p®-torsion,
and B[I] =0, so (B, IB) defines a prism by Lemma 3.5. O

Lemma 3.8 (Properties of perfect prisms). Let (A, I) be a perfect prism.

(1) The ideal I is principal and any generator is a distinguished element.

(2) The prism (A, I) is bounded. In particular, the ring A is classically (p, I)-complete.

Proof. (1) follows from Lemma 3.6 as ¢ : A — A is an isomorphism by hypothesis. For (2), choose a
generator d € I. By Lemma 3.7, it is enough to check that A/d has bounded p>°-torsion. Now A is
p-torsionfree by Lemma 2.28. As A/p is perfect, it follows from Lemma 2.34 that A/d has bounded
p°-torsion. ]

Lemma 3.9 (Perfection of a prism). Let (A, 1) be a prism. Let Apers = colimg A be the perfection
of A. Then IApes = (d) is generated by a distinguished element, d and p are nonzerodivisors in
Apert, and Apers/d[p>] = Apert/d[p]. In particular, the derived (p, I)-completion Ao of Apert agrees
with its classical (p, I)-adic completion, and (A, I)pert := (Ao, [As) is the universal perfect prism
under (A, I).

Proof. As A — Aperf factors over ¢ : A — A, it follows that from Lemma 3.6 that I Apc,¢ is generated
by a distinguished element d € Aperr. As Aper is perfect, p is a nonzerodivisor, and by Lemma 2.34,
d is a nonzerodivisor and A/d[p>] = A/d[p]. Passing to p-adic completions first, the derived and
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classical completions agree by p-torsionfreeness, and d is still a nonzerodivisor by Lemma 2.34. Note
that as Aper is p-adically complete, any quotient Ape¢/d™ is derived p-complete, and it also has
bounded p®°-torsion, so that it is in fact classically p-complete. This implies that we may now also
pass to the d-adic completion, where again the derived and classical completions agree, and it is
classically (p, d)-adically complete. The universal property of (Ao, [Ax) is clear. O

Theorem 3.10 (Perfectoid rings = perfect prisms). The following two categories are equivalent:

e The category of perfectoid rings R (in the sense of [BMS18, §3]).
e The category of perfect prisms (A, ).

The functors are R +— (Aint(R), ker(8)) and (A, I) — A/I respectively.

Proof. For a perfectoid ring R in the sense of [BMS18, §3|, the ring Aj,¢(R) is a perfect d-ring (clear)
and ker(f) is generated by a distinguished element that is a nonzerodivisor by [BMS18, Remark
3.11]. Moreover, Aj,¢(R) is classically (p, ker(6))-complete by construction, and hence also derived
(p, ker(#))-complete. This gives a functor F' in the forward direction.

Conversely, fix a perfect prism (A, ). Lemma 3.8 shows that I = (d) for a distinguished element
d € A that is a nonzerodivisor, and that A is classically (p,d)-complete. To get a functor G in the
reverse direction, we shall show that R = A/d is perfectoid. The perfectness of A ensures that the
Frobenius on R/p is surjective. As A is perfect, we have A = W (S) for a perfect Fp-algebra S by
Corollary 2.31. Via this isomorphism, we have d = [ag]+ pu for a unit u € A thanks to Lemma 2.33.

If we let m € R be the image of [a(l)/ P, then 7P | p in R. It remains to show that R is classically

p-adically complete. Note that R is derived p-complete as it is the cokernel of the map A 9 A of
derived p-complete modules. As it has bounded torsion by Lemma 2.34, we conclude that R is also
classically p-adically complete. This proves that R is perfectoid.

It is immediate from the construction that GF' ~ id. To prove F'G =~ id, we must check that if
(A,I) is a perfect prism, then (A, I) ~ (Ajs(A/I),ker(0)). As Aj(A/I) N A/I is the universal
pro-infinitesimal thickening of A/, there is a unique map Aj,s(A/I) — A factoring the map down
to A/I on either side; in particular, we have ker(§)A C I A. By Corollary 2.31, it is automatically a
map of d-rings. As ker(0) C Ains(A/I) and I C A are both generated by distinguished elements, it
follows from Lemma 2.24 that if ker(0) = dAjn¢(A/I), then I = dA. Moreover, d is a nonzerodivisor
on both rings by Lemma 2.34 and both rings are d-adically complete. It remains to simply observe
that Ains(A/I)/dAins(A/I) — A/d is an isomorphism as both sides identify with A/I. O

Remark 3.11 (Perfectoid covers of regular local rings via prisms). Let R be a complete noetherian
regular local ring of dimension d with residue field k of characteristic p > 0. We explain how the
formalism of prisms helps understand the construction of a faithfully flat map R — R with R
perfectoid that appeared in [And18b, Example 3.4.6 (3)] and [Bhal8a, Proposition 5.2]. We focus
on the essential case of mixed characteristic, i.e., we assume R is p-torsionfree.

Choose a Cohen ring W for k£ with a Frobenius lift ¢y. Thanks to the Cohen structure theorem,
we may write R = A/(f), where A := W[x1,...,z4] and f € m — m?, where m = (p, z1,...,24) C A
is the maximal ideal. We first explain how to endow A with the structure of a d-ring that makes f
a distinguished element (and thus (A4, (f)) becomes a prism). In the (d + 1)-dimensional k-vector
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space m/m?, we can write f = agp + Z?:l a;xi, with ag € k. There are two cases to consider,
depending on whether ag = 0 or not.

If ag # 0, then constant coefficient f(0) has p-adic valuation 1. Consider the Frobenius lift ¢4 on
A extending ¢y and satisfying ¢4 (z;) = 2% for all i. We claim that the resulting d-structure on A

makes f distinguished. Indeed, the “evaluating at 0” map A Z20 g s a d-map with topologically
nilpotent kernel that carries f to a distinguished element, so f must be distinguished.

If ap = 0, then f can be regarded a nonzero W-linear form in the z;’s modulo m?. We can then
change variables to assume that f = x1 — p. In this case, the same §-structure used in the previous
paragraph makes f distinguished.

Thus, we have written R = A/(f), where (A, (f)) is a prism. As A is a p-torsionfree J-ring whose
mod p reduction A/p = k[z1, ..., x4] is regular, the Frobenius ¢4 : A — A is p-completely faithfully
flat by inspection (or by the easy half of Kunz’s theorem). Write (A, (f)) for the perfection of
(A, (f)) (Proposition 3.9), and Roo = Aso/(f) for the corresponding perfectoid ring (Theorem 3.10).
As (A, (f)) — (Ao, (f)) is a faithfully flat map of prisms with perfect target, the map R — Ry is
then p-completely faithfully flat with R., perfectoid. As R is noetherian, one checks that R — R
is actually faithfully flat [Bhal8a, Proposition 5.1], thus providing the requisite perfectoid faithfully
flat cover of R.

Corollary 3.12 (The site of all prisms). The category opposite to that of all bounded prisms (A, I),
endowed with the topology where covers are determined by faithfully flat maps of prisms, forms a
site. The functor that carries (A,I) to A (resp. A/I) forms a sheaf for this topology with vanishing
higher cohomology on any (A, I).

Proof. To check the site axioms, we must show the following: (a) isomorphisms are covers, (b) a
composition of covers is a cover, and (c¢) the pushout of a cover along an arbitrary map is a cover.
The first two are automatic. For the last one, using the description from Lemma 3.5, we are reduced
to showing the following: given a diagram (C, IC) <= (A, IA) LA (B, IB) of maps of bounded prisms
with b faithfully flat, the map b admits a pushout along ¢ which is also faithfully flat. For this, we
simply take D to be the derived (p, I)-completion of B ®% C. By standard properties, D is (p, I)-
completely faithfully flat over C. By Lemma 3.7, it follows that (C,IC) — (D, ID) is a faithfully
flat map of bounded prisms; one checks that it serves as a pushout of b along c.

Let us check the sheaf axiom now. Say (A,I) — (B,IB) is a faithfully flat map of prisms.
Let (B*,IB®) be the Cech nerve of this map in the category of bounded prisms, regarded as a
cosimplicial bounded prism over (A,I). By the previous paragraph, this means that B® is the
derived (p, I)-completion of the derived Cech nerve of A — B, regarded as a cosimplicial object
in D(A). In particular, Kos(A;p™, I") — Kos(B®;p™, I"™) is a limit diagram in D(A) for all n by
faithfully flat descent for maps of simplicial commutative rings. Taking an inverse limit over n then
shows that A — B® is also a limit diagram in D(A); this implies the sheaf axiom as well as the
vanishing of higher Cech cohomology. The case of (A, I) — A/I follows by tensoring the equivalence
A ~lim B® in D(A) with the perfect complex A/I. O

Proposition 3.13 (Existence of prismatic envelopes for regular ideals). Let (A, I) be a bounded
prism, and let B be a (p,I)-completely flat 0-A-algebra. Let J C B be an ideal containing IB, so
there is an induced map (A,I) — (B, J) of 0-pairs. Assume that, Zariski locally on Spf(B), we can
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write J = (I, 21, ...,x,) for a sequence x1,...,x, € B that is (p,I)-completely reqular relative to A
(in the sense of Definition 2.42).

Then there is a universal map (B,J) — (C,IC) of 6-pairs to a prism (C,IC) over (A,I). If
there is no potential for confusion, we shall write C := B{%}A. Moreover, this universal object has
the following properties:

(1) (B{£}", I1B{}") is (p, I)-completely flat over (A, I).

(2) The construction (B,J) — (B{$}",IB{Z}") commutes with base change along arbitrary
maps (A, I) — (A, TA") of bounded prisms.

(3) The construction (B,J) (B{%}/\,IB{%}/\) is compatible with flat localization on B: if

B — B’ is a (p, I)-completely flat map of 6-A-algebras, then B{%}/\@éB' = B/{JTI}/\, where
J =JB' CcB.

For evident reasons, we shall refer to the map (B,J) — (B{4}",IB{Z}") as the prismatic
envelope of the d-pair (B, J) over the bounded prism (A, I).

Proof. We first observe that it suffices to prove the proposition when the prism (A, I) is orientable,
i.e., when I is principal. Indeed, the base change compatibility in part (2) of the proposition in the
orientable case coupled with (p, I)-complete faithfully flat descent for derived (p, I)-complete (p, I)-
completely flat A-modules (see remark following statement of Lemma 3.7) then solve the problem
in general. Thus, assume I = (d) is principal with distinguished generator d € I.

Next, we observe that it suffices to prove the proposition when J globally has the form J =
(I,z1,...xy) with x1,...,x, € B being (p, I)-completely regular relative to A. This follows by a
similar argument as in the previous paragraph using part (3) instead of part (2), and using the sheaf
property for Dy, 1y_comp(—) instead of its restriction to the (p, I)-completely flat objects (as B{%}/\
is typically not (p, I)-completely flat over B). Thus, we may and do assume that J = (I, z1, ..., z;)
has this form.

Consider the simplicial commutative -A-algebra C' := B{%, ..., &} obtained by freely adjoining
“ to B in the category of derived (p,I)-complete simplicial §-A-algebras (i.e., as an appropriate
pushout, as in Corollary 2.44). We shall check that C is (p,I)-completely flat over A. Granting
this, the proposition follows. Indeed, the (p, I)-complete flatness of C' forces C' to be discrete and
d-torsionfree by Lemma 3.7, so (C,(d)) is a bounded prism over (A4, (d)). Moreover, there is a
natural map (B, J) — (C, (d)) over (A, (d)) by construction, and its universality is clear: to specify
a map from C to any d-torsionfree (p, d)-complete d-ring D, we must specify a map B — D that
carries all the x;, and hence the ideal J, into dD. The compatibility with base change is also clear
from the definition of C' as the free derived (p,I)-complete §-B-algebra on {%};—1 .. Similarly,
the last assertion of the proposition — the flat localization property — is clear either from the
universal property, or from the definition of C' (and the fact that the sequence x1,...,z, € B’ is
(p, I)-completely regular relative to A thanks to (p, I)-complete flatness of B — B’).
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We have reduced to checking that C' is (p,d)-completely flat over A. Consider the following
commutative diagram of derived (p, d)-complete simplicial commutative J-rings:

Z, {2} —° A B B{%, .., = = C
wlz'—ﬂb(y) l i
A / / 1 T Ty AN __. /
Z,{y) 1& B s B2 o 25} = O
o WA z lﬁ A .
D= A/{T} B" B”{?l,...,?} =C"

Here the first row is our input data, the top left vertical map labelled ¢ abstractly identifies with
the Frobenius on the free (p, z)-complete d-ring Z,{z}", all squares are derived pushout squares of
(p, z)-complete simplicial commutative rings over the top left vertex, and description of the bottom
right vertex follows by observing that ¢(y) = p-u € mo(D) for a unit u € mo(D) by Lemma 2.24.
The map v is (p, z)-completely faithfully flat, and hence the same holds true for all the vertical
maps relating the first and second rows, so it suffices to show that A" — C’ is (p, z)-completely flat.
The map D — C” is (p, z)-completely flat by Corollary 2.44 (as our hypotheses are stable under
base change). So it is enough to show that (p, z)-complete flatness, or equivalently (p, y)-complete
flatness, over A’ can be detected after base change along A" — D. But Corollary 2.39 ensures that
that D identifies with the ring obtained by freely adjoining divided powers of y to A’. Since (p,y)-
complete flatness of an A’-algebra is defined as flatness after base change to A" — Kos(A';p,y),
it suffices to observe that there is an A’-algebra map D — Kos(A;p,y) (which easily follows, for
instance, by reduction to the universal case A" = Z,{y}). O

Example 3.14. Let us describe the typical application of Proposition 3.13 for the purposes of
this paper. Given a p-completely smooth A/I-algebra R, a surjection By — R of derived (p, I)-
complete A-algebras with By being (p, I)-completely smooth over A, and a (p, I)-completely flat
map By — B with B being 0-A-algebra, let J C B be the derived (p, I)-complete ideal generated

by the image of ker(By — R); equivalently, J is the kernel of B — R@éOB . Then the pair (B, J)
satisfies the hypothesis of Proposition 3.13. Consequently, one can form the prismatic envelope
(B,J) = (B{Z}",IB{4}") satisfying (1), (2) and (3) in Proposition 3.13.
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4. THE PRISMATIC SITE AND FORMULATION OF THE HODGE-TATE COMPARISON

Fix a bounded prism (A, I). Unless otherwise specified, all formal schemes over A are assumed
to have the (p, I')-adic topology, and thus formal schemes over A/I have the p-adic topology. Fix a
smooth p-adic formal A/I-scheme X. In §4.1, we introduce the prismatic site (X/A) and discuss
its relation to the étale topology of X. A key comparison theorem for prismatic cohomology —
the Hodge-Tate comparison — is then formulated in §4.2. We end in §4.3 by discussing the Cech-
Alexander approach to computing prismatic cohomology, drawing consequences from the flatness
results for prismatic envelopes established earlier.

4.1. The prismatic site.

Definition 4.1 (The prismatic site and its structure sheaf). Let X be a p-adic formal scheme over
A/I. Let (X/A) be the category of maps (A,I) — (B,IB) of bounded prisms together with a
map Spf(B/IB) — X over A/I; the notion of morphism is the obvious one. We shall often denote
such an object by
(Spf(B) < Spf(B/IB) — X) € (X/A)

if no confusion arises. A map (Spf(C) « Spf(C/IC) — X) — (Spf(B) < Spf(B/IB) — X) in
(X/A) is a flat cover if (B,IB) — (C,IC) is a faithfully flat map of prisms, i.e., C is (p, IB)-
completely flat over B. The category (X/A) with the topology defined by flat covers is called the
prismatic site of X/A.

The assignment (Spf(B) < Spf(B/IB) — X) — B (resp. B/IB) defines a presheaf O (resp.
O ) of commutative A-algebras (resp. O(X)-algebras) on (X/A) . It follows from Corollary 3.12
that (X/A) with topology as defined above is indeed a site, and that O and O are sheaves. We
refer to O  as the structure sheaf on (X/A) .

Thus, given a formal scheme X as above, the data of an object of the prismatic site can be
summarized by the following diagram:

Spf(B/IB) —— Spf(B)

lf

X g

|

Spf(A/I) — Spf(A),
where f and g are the maps that must be specified (together with the d-A-algebra B).

Remark 4.2. In this paper, we shall almost exclusively use the prismatic site (X/A) as defined
above under the additional assumption that X is a smooth p-adic formal scheme over A/I: the
main theorems (such as the Hodge-Tate comparison) break down without this assumption. We
shall later extend prismatic cohomology to all p-adic formal A/I-schemes via left Kan extension
from the smooth case; though we do not do so here, it is possible to recover the same definition
using a derived prismatic site, i.e. by working with simplicial rings throughout.
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Unless otherwise specified, assume for the rest of this subsection that X is a smooth p-adic formal
scheme over A/I.

Remark 4.3 (The prismatic topos as a slice topos and its functoriality). Let (x/A) be the category
of all bounded prisms over (A, I'), made into a site as in Corollary 3.12; this also coincides with the
site (Spf(A/I)/A) constructed above. The smooth p-adic formal scheme X defines a presheaf hx
on (*/A) by the formula hx (B, IB) = Hom 4 ,;(Spf(B/IB), X). A variant of the argument used to
prove Corollary 3.12 shows that hx is a sheaf on (x/A) . Unwinding definitions, the prismatic site
(X/A) introduced above coincides with the category of pairs ((B,IB) € (x/A) ,n € hx(B,IB)),
with topology inherited from (x/A) . In particular, we may view Shv((X/A) ) as the slice topos
Shv((+/4) ) jny.

The slice topos perspective makes the functoriality of the prismatic topos clear: if f: X — Y
is a map of smooth p-adic formal schemes over A/I, there is an induced natural transformation
hx — hy of sheaves on (x/A) , which then yields a morphism Shv((X/A4) ) — Shv((Y/A) ) of
slice topoi.

Construction 4.4 (Relating prismatic sheaves to étale sheaves). Write fSch,yx for the category
of p-adic formal schemes U equipped with an adic map U — X; we endow this category with the
étale topology. There is a natural functor p : (X/A) — fSch,x given by sending (B, IB) to
Spf(B/IB) — X. This functor is cocontinuous by Lemma 2.18: given a bounded prism (B, IB)
and a p-completely étale map (resp. covering) B/IB — C, there is a unique (p, I)-completely étale
map (resp. covering) B — C of -rings lifting the previous map modulo I B. Consequently, this
construction defines a morphism

px : Shv((X/A) ) — Shv(fSch/X)

of topoi by [Sta, Tag 00XO]; we shall simply write p instead of px if no confusion arises. There is
also a natural map Shv(fSch,y) — Shv(X¢) of topoi defined by restriction. Composing with px
gives a map
vx : Shv((X/A) ) — Shv(Xe);

again, we write v instead of vx if no confusion arises. We shall be interested in the pushforward v,
along this map, which is described as follows. For any étale map U — X, the category (U/A) is
naturally a slice of (X/A) in a manner that preserves the notion of coverings. Moreover, restriction
along this functor carries sheaves to sheaves. Unwinding definitions then gives that

(v F)(U — X) = H(U/A) , Flway ).
In other words, the functor v allows us to localize the prismatic cohomology on Xg;.

Remark 4.5 (Change of topology). In Definition 4.1, we used the flat topology on the category
of prisms to define coverings. Replacing the flat topology with the Zariski, Nisnevich or étale
topologies also leads to useful site structures on the same underlying category. Moreover, one has
natural comparison maps

Shv((X/A) ) — Shv((X/A) 7et) — Shv((X/A) ,Nis) — Shv((X/A) 7ZCW)
relating the corresponding topoi. By Corollary 3.12 as well as the perspective adopted in Remark 4.3,

derived pushforward along every map in the above composition carries O (resp. O ) to itself. In
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particular, we can use any of these topologies to compute the cohomology of X with coefficients
in O or O— More generally, using (p, I)-completely faithfully flat descent for Dy, 1)_comp(—), a
similar remark applies to cohomology with coefficients in a crystal M in (p, I)-complete complexes,
i.e., an assignment

1= (Spf(B) « Spf(B/IB) = X) € (X/A) = M(n) € D(p,1)—comp(B)

that is compatible with base change. More precisely, one defines such crystals as objects in the
full subcategory of D(PShv((X/A) ,O )) spanned by objects M satisfying these properties. (Note
that the notion of crystal only depends on the category (X/A) equipped with the presheaf O of
A-algebras; it does not depend on the topology chosen.)

Given the insensitivity of the notion of prismatic cohomology and crystals to the choice of topology
(as explained in the previous paragraph), it seems worth explaining why we choose the flat topology
(instead of, say, the étale topology) in our definition of the prismatic site. Besides naturality, the
primary reason is to leave open the possibility of making arguments via quasisyntomic descent from
“perfectoid” situations; see Examples 7.12 and 7.13 for explicit examples of flat covers that are useful
in practice (e.g., such covers are used in [BS21] to understand F-crystals on the absolute prismatic
site of O for finite extension K/Q,).

Remark 4.6 (The perfect prismatic site). For any p-adic formal A/I-scheme Y, one can define a ver-
sion of the prismatic site (Definition 4.1) by restricting to the full subcategory of (Y/A)P*™ < (Y/A)
of those objects (Spf(B) « Spf(B/IB) — Y) € (Y/A) for which B is perfect. Equivalently, this
is the category of perfectoid rings R over A/I together with a map Spf(R) — Y, and so this admits
a description that does not use the notion of prisms. The cohomology of the perfect prismatic site
has a different flavour than that of the prismatic site, and we will analyze it in Section 8.

Remark 4.7 (The absolute prismatic site). For any p-adic formal scheme X, we can also consider
the absolute prismatic site (X) ; its objects are bounded prisms (B,J) equipped with a map
Spf(B/J) — X of p-adic formal schemes. We do not seriously explore this notion in this paper.
However, the following observation shall be useful later:

Lemma 4.8. Let (A, I) be a perfect prism corresponding to a perfectoid ring R = A/I. Then for any
prism (B, J), any map A/I — B/J of commutative rings lifts uniquely to a map (A,I) — (B, J)
of prisms.

Using suggestive notation, this says that A € (R) is initial (or rather final, as we pass to opposite
categories in order to get a site), so that (R) = (R/A)

Proof. Fix a prism (B,J). We must show that any map A/I — B/J of commutative rings lifts
uniquely to map (A, 1) — (B, J) of prisms. Now L,z vanishes after derived p-completion as A
is ring of Witt vectors of a perfect ring of characteristic p, while both B and B/J are derived p-
complete. It follows by deformation theory that Hom(A, B) ~ Hom(A, B/J) ~ Hom(A, B/(J,p)),
so the composite map A — A/I — B/J lifts uniquely to a map « : A — B. This argument also
proves that « is compatible with the Frobenius lifts on A and B. Also, by construction, we have
a(I) C J. Thus, once we know « is a §-map (which is not automatic, since B might have p-torsion),
we will have found a unique map (A,I) — (B,J) of prisms lifting the given map A/I — B/J,
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proving the lemma. To check « is a d-map, note that o factors uniquely over BP := limy B — B
by the bijectivity of ¢ on A. As BP*f is a perfect d-ring, it is p-torsionfree. Thus, the ¢-equivariant
map A — BP! is automatically a §-map. Moreover, the map BP*f — B is a é-map by construction,
so the composite o : A — B is indeed a §-map, as wanted. O

The “dual” to the above assertion is false: given a prism (A, I) and a perfect prism (B, J), there
might be multiple maps (A,I) — (B, J) inducing the same map A/l — B/J.

4.2. The Hodge-Tate comparison theorem: formulation. In this subsection, we fix a smooth
p-adic formal scheme X over A/I.

Construction 4.9 (The Hodge-Tate comparison map). Using Construction 4.4, we can produce
some complexes on X that will be fundamental to this paper. Write

X/A = Rv,O € D(Xét,A) and 7X/A = Rl&@ S D(Xét, OX)
These are commutative algebra objects of the corresponding derived categories, and we have the
formula -
XA~ x4 ®FA/L
In particular, setting M {i} := M®A/Ili/li+1 for an A/I-module M, we have a Bockstein differential

Br:H'( xa){i} = H( xa){i+1}
from the triangle B o B
xali+ 1} = @I/ I = ¢ {i}

As i varies, these maps assemble to endow the graded ring H*( x/4){*} with the structure of a
differential graded A/I-algebra whose O-th term is an Ox-algebra; write 7% : Ox — H° (7X/A) for
the structure map. By the universal property of Kéahler differentials, we have an Ox-module map
Ik Q%{/(A/I) — Hl(ix/A){l} given by sending a local section fdg to ffBr(g). To extend this to
larger degrees, note that the differential graded algebra H *(7)(/ 4){*} is graded commutative by
generalities on cohomology of commutative ring objects in a topos. Moreover, we have the following
weak form of strict graded commutativity

Lemma 4.10. For any local section f € Ox(U), the differential B1(f) € H'(" x/4){1}(U) of the
image of f in Ho(ix/A)(U) squares to zero.

This lemma is only non-obvious when p = 2. We do not prove it here; it follows from Proposi-
tion 6.2, which we shall prove later. Assuming Lemma 4.10, we can use the universal property of
the de Rham complex to extend the graded Ox-module map

M ®nx 1 Ox ® Qs — HO( x/4) © H'( x/a){1}
(that is compatible with the differential) as defined above to a map
mx : Uxyam = H (O xpa){x}
of commutative differential graded algebras compatibly with the Ox-module structure on the terms.

When the prism (A4, I) is oriented via the choice of a distinguished elemnt d € I, we have A/I ~
I'/I'! via d', so we may drop the twists appearing above; we typically do this when d = p.
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For future reference, we remark that the construction of the map 7% depends functorially on the
commutative algebra object x4 € D(X¢t, A) together with the Ox-algebra structure on  x /A ®ﬁ
A/l

This map forms our main tool for controlling x/4.
Theorem 4.11 (Hodge-Tate Comparison). The map
mx s Lyyayn — HC xza){}

constructed above is an isomorphism of differential graded A/I-algebras. In particular, 7X/A €
D (X4, Ox) is a perfect complex with Hi(ix/A) = Qf'X/(A/I){—i}.

Theorem 4.11 will be proven in §5 in characteristic p, and then in §6 in general. In the rest of
this subsection, we record some consequences.

Corollary 4.12. The formation of x4 € D(Xg,A) commutes with base change along a map
(A, 1) — (B,IB) of bounded prisms, i.c., if g : Xp 1= X Xgpea/r) Spf(B/IB) — X denotes the
projection, then (g* x/a)" = Xp/B> Where (=) denotes derived (p, I)-completion.

Proof. By derived Nakayama [Sta, Tag 0G1U], it suffices to prove the base change modulo I, i.e. that

* AN ~ -
(g X/A) = Xp/B >
where the completion is the derived p-completion. This follows from the Hodge-Tate comparison as
differentials Q% /4 commute with base change. O

Remark 4.13 (A Higgs specialization). Assume A is p-torsionfree. If X lifts to a (p, I)-completely
flat (p, I)-adic formal scheme X/A equipped with a compatible lift of Frobenius, then the affines
in X¢ ~ Xg naturally yield objects of (X/A) : for each such affine 4 — X, the diagram (4 <«
U xyg A/T — X) is an object of (X/A) . Passing to global sections, this gives a ¢-equivariant map

x/4 — Ox of Ey-A-algebras on X¢. Reducing modulo I, this determines an Ew-A/I-algebra
map 7X/A — Ox that splits the structure map Ox — 7X/A; note that this map, which we call a
Higgs specialziation’, depends on the choice of X (including its d-structure).

Remark 4.14 (Obstruction to lifting modulo I?). One can show that the map Ox — 7_§1*X/A

splits as an Ox-module map if and only if X lifts to A/I?. To see this, we use the cotangent
complex; in this remark, all cotangent complexes are interpreted in the p-complete sense. By
general properties of the cotangent complex of the quotient of a ring by a nonzerodivisor, lifting X
to A/I? is equivalent to splitting the map L x/4 = Lx/a/r)- The desired claim now follows from:

9The reason for this choice of terminology is that one can show the following: the oco-category of crystals M
of derived p-complete O -complexes on (X/A) is equivalent (via sheafified global sections) to Dp—comp(X, x/4),
which in turn is equivalent, via base change along a chosen Higgs specialization, to the oco-category of quasi-coherent
sheaves on the formal completion T*X of the relative cotangent bundle of X/(A/I) at its O-section. Thus, via base
change along Higgs specializations, one can attach topologically nilpotent Higgs fields on X (relative to A/I) to
crystals of O -modules on (X/A) . Giving more precise statements and proofs is beyond the scope of this article as
we have not systematically treated prismatic crystals; related results have been established elsewhere, e.g., [Tia21],
[MT20], Ogus (to appear) and [BL].
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Proposition 4.15. There is a natural isomorphism Ly 4 ~ (=1 x/4){1}[1].

Proof sketch. When X := Spf(R) is affine, we shall construct a natural map ng : Lr/a — 7R/A{1}[1]
in the oo-category D(R) (where we follow Notation 4.16 below in switching from schemes to rings).
As both objects appearing in the statement of the proposition lie in Dpe,r(X) (by Theorem 4.11
for the right side), globalizing (i.e., taking limits over all affine opens) yields a comparison map
Lx/a = x/a{1}{1] in Dpe,s(X) and thus (as Ly/4 € D=°) a map Ly/a — 750 ( x/a{1}[1]) ~
(7='" x/4){1}[1] in Dpe,s(X), as wanted in the proposition. To construct ng, observe that given
any object (R — B/IB < B) € (R/A) , we have a natural map

Lpja = Ly = /12 %1 B/IB[1] ~ B/IB{1}[1].

Taking derived global sections over (R/A) then yields the desired comparison map.

It remains to show that the map p: Lx/4 — (TSlix/A){l}[l] constructed above is an isomor-
phism. Note that the cohomology sheaves of both sides are abstractly isomorphic: we get Ox{1} in
degree —1 and Qk /A in degree 0 (by the transitivity triangle for the left side, and by Theorem 4.11
for the right side). Moreover, the formation of both sides and the map above commutes with p-
completed base change (using Corollary 4.12 for the right side). Using this property, we reduce to
checking the statement when I = (p). Using Theorem 4.11, it is enough to show that the maps
H'(u) for i = 0,1 agree with the maps coming from Construction 4.9 used to produce the maps in
Theorem 4.11. For this compatibility, one reduces to the case where X = A!. By the base change
compatibility of the construction, we may then even assume A = Z,,. In this case, we leave it to the
reader to check the desired compatibility. Alternately, a complete proof can be found in [ALB19b,
Proposition 3.2.1]. O

The I = (p) case of the preceding discussion is closely related to [DI87, Theorem 3.5 via the de
Rham comparison isomorphism (Theorem 15.4); see also [BMS18, §8.2] for a variant in the Aj,¢-
cohomology theory, Remark 15.6 for a variant in the singular case, and [I1121a, I1121b] for a more
general statement with applications in the crystalline case.

4.3. Generalities on computing prismatic cohomology.

Notation 4.16. Let (A, I) be a bounded prism, and let X be a smooth p-adic formal A/I-scheme.
When X := Spf(R) is affine, we also write (R/A) for (Spf(R)/A) ; a typical object here is seen as
a diagram (B — B/IB < R) where (B,IB) is a prism over (A, ). When we view our objects via
rings rather than schemes, we use the algebraic language to describe categorical properties of objects
in (R/A) ; for instance, if A = R/I, then we refer to (A — A/l <~ A/I = R) € (R/A) as an initial
object rather than a final object. In this affine situation, set /4 := RI'(Spec(R), gpec(r)/a) and

R/A = R/A ®ﬁ A/I

Construction 4.17 (Weakly initial objects). Let R be a p-completely smooth A/I-algebra. Let
By — R be a surjection of A-algebras with By being the derived (p, I)-completion of a polyno-
mial A-algebra, and let B = Frees 4(Bp)” be the derived (p, I)-completion of the free §-A-algebra
Frees 4(Bp) on By. As A is bounded, one can also use the classical completion to define B by
Lemma 3.7. Let Jy = ker(By — R); as By — B expresses the latter as the derived (p, I)-completion
of a polynomial Bp-algebra, the same holds true for R — R’ := (B/JyB)", where the completion is
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now p-adic. In particular, R" is p-completely ind-smooth over A/I, and ker(B — R’) is the derived
(p, I)-complete ideal of B generated by Jy. Applying Proposition 3.13 (see also Example 3.14) to
the pair (B, ker(B — R')) yields an object (C' — C/IC + R) € (R/A) , and the construction fits
into the following commutative diagram

A By B = Frees a(By)" C
A/l R R’ c/Ic,

with the square in the middle being a pushut square of derived (p, I)-complete A-algebras. We
claim that the resulting object (C' — C/IC < R) € (R/A) is weakly initial, i.e., it maps to any
other object of (R/A) . To see this, fix some (D — D/ID «+ R) € (R/A) . As By is the derived
(p, I)-completion of a polynomial A-algebra and D is derived (p,I)-complete, one can choose an
A-algebra map By — D lifting the A/I-algebra map R — D/ID. As D is a ¢-A-algebra, this
choice extends uniquely to a d-A-algebra map B — D. By construction, this extension carries JyB
into ID. By the universal property of C, there is a unique §-A-algebra factorization B — C' — D.
To finish, we must check that the resulting map R — C/IC — D/ID agrees with the given map
R — D/ID, but this is immediate as the composite By — B — C' — D was the map chosen as the
start of the construction and thus compatible with the given map R — D/ID under the natural
quotient maps By — R and D — D/ID.

For future use, we remark that the construction above carrying the surjection (By — R) to the
weakly final object (C' — C/IC < R) € (R/A) is functorial in By in the obvious sense. Moreover,
using the universal property of the construction of B from By and C' from B, one checks that the
construction carries tensor products in the By argument to coproducts in (R/A)

Construction 4.18 (éech—Alexander complexes for prismatic cohomology). Let R be a p-completely
smooth A/I-algebra. Let By — R be a surjection of A-algebras with By being the derived (p, I)-
completion of a polynomial A-algebra. Write B{ for the derived (p, I)-completed Cech nerve of
A — By. Applying Construction 4.17 to the cosimplicial object of surjections (B§ — R) gives a
cosimplicial object (C* — C*/IC® <~ R) € (R/A) . By the last sentence of Construction 4.17,
this object is the Cech nerve of (C° — C°/IC? «+~ R) € (R/A) . As the latter object is weakly
initial in (R/A) , it follows from the vanishing assertion'’ in Corollary 3.12 that C* (resp. C*/IC*®)

computes g/4 (resp. pgya).

In the preceding construction, we may choose the input surjection B® — R functorially in R; for
instance, one may simply set By to be the (p, I)-completion of the polynomial A-algebra on the set
R. Via such a choice, we obtain a strictly functorial chain complex C*((R/A) ,0O ) calculating

10Given a topos X, a sheaf A of abelian groups, and a weakly final object Xo € X with Cech nerve X¢, the natural
map gives an isomorphism RI'(X, A) ~ Rlime RT'(X§, A); thus, if A has vanishing higher cohomology on each X¢,
then RI'(X, A) is computed by the cosimplicial object F(Xg). To prove this, observe that the map Xo — * in X is
surjective by the weak finality assumption on Xo. The claim now follows from Cech cohomological descent applied
to the surjective map Xo — *; the special case of a presheaf topos is the subject of [Sta, Tag 07JM], and the proof
of Cech descent given there adapts here.
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r/A- This complex, however, does not commute with base change on the prism (A, I) as the choice
of By is not base change compatible.

Remark 4.19 (A base change compatible Cech-Alexander complex for the affine line). Let us
explain how to make Construction 4.18 explicit for R = A/I(X) being the p-adic completion of
a polynomial ring. In this case, for the ring By from Construction 4.18, we may simply take the
derived (p, I)-completion of A[X], with the map By — R being the obvious map. The resulting
cosimplicial 0-A-algebra C*® commutes with base change on the prism (A, I).

Using the complexes from Construction 4.18, we prove two stability properties for prismatic
cohomology that will be useful for the proof of the Hodge-Tate comparison. We note that both
are easy consequences of the Hodge-Tate comparison; in particular, the first is a special case of
Corollary 4.12.

Lemma 4.20 (Base change). Let R be a p-completely smooth A/I-algebra. Let (A, 1) — (A, I")

be a map of bounded prisms such that A — A’ has finite (p, I)-complete Tor amplitude. If we write

R’ := RR44" for the base change, then the natural map induces an isomorphism R/A(@,QA, ~
rr/ars and similarly for  gya.

Once the Hodge-Tate comparison is proven, the (p, I)-complete Tor amplitude assumption above
can be dropped; of course, as Lemma 4.20 is used to prove the Hodge-Tate comparison, we cannot
drop the assumption at this point of the exposition.

Proof. By inspection and the base change property of Proposition 3.13 (2), the formation of the
complex in Construction 4.18 commutes with (p, I)-completed base change along A — A’ in a
weak sense, i.e., the cosimplicial ring C*((R/A) , 0 )®4A’ obtained as the termuwise derived (p, I)-
completed base change of the cosimplicial ring C*((R/A) ,O ) computes g/ 4. It now remains to
observe that since A — A’ has finite (p, I')-complete Tor amplitude, the functor of (p, I')-completed
base change along A — A’ commutes with totalizations of cosimplicial (p, I)-complete A-modules
by Lemma 4.22. The result for  follows by reduction modulo 1. g

Second, it localizes for the étale topology.

Lemma 4.21 (Etale localization). Let R — S be a p-completely étale map of p-completely smooth
A/I-algebras. Then the natural map 7R/A®IL%S — 75/14 s an isomorphism.

Proof. Let us begin with a general observation. There is an obvious functor (S/A) — (R/A)
given by restriction of scalars along R — S. This functor has a left'! adjoint F : (R/A) — (S/A)
described as follows: given a prism (B — B/IB < R) € (R/A) , the induced p-completely
étale map B/IB — B/IB@;S deforms uniquely to a (p, I)-completely étale §-map B — Bg by
Lemma 2.18, giving an object F(B — B/IB <« R) := (Bs — Bg/IBg ~ B/IB@)%S «— 5) of
(S/A) . As Fis a left adjoint, it preserves coproducts and carries weakly initial objects to weakly
initial objects.

HRecall that we are viewing objects in (R/A) as diagrams of rings rather than affine schemes.
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Now consider the cosimplicial object (C* — C*/IC*® < R) in (R/A) given by Construction 4.18,
so C*/IC® computes p /A- By construction, this cosimplicial object is the Cech nerve of its zeroth
term (C° — C°/IC° <~ R), and this zeroth term is a weakly initial object. Consider the correspond-
ing cosimplicial object (D* — D*/ID® « S) := F(C* — C*/IC® < R) in (S/A) . As F preserves
both coproducts and weakly initial objects, it follows that 7S/A is computed by D*®/ID®. Our task

is thus to show that the natural map C'/IC'@ZS — D*/ID"® is an isomorphism. This is true at
the level of terms by construction of the functor F', so the claim follows from Lemma 4.22. O

The following purely algebraic lemma was used above.

Lemma 4.22. Let C be a commutative ring equipped with a finitely generated ideal J. Let C' — C’
be a map of commutative rings that has finite J-complete Tor amplitude. Then the J-completed base

change functor —@)éC’ commutes with totalizations in D=0,
Proof. Let M*® be a cosimplicial object in D20 with totalization M. We must show that
Tot(M®)BLC! ~ Tot(M*®EC)

via the natural map. If instead of M® one uses the n-skeleton M<" of M, then the corresponding
assertion is clear. We are thus reduced to showing the following: there exists some ¢ > 0 such that
if K € D="(C), then K@éC’ € D="=¢(C") for all n > 0. Choose generators x1,...,z, € J. It is
enough to find some ¢ > 0 such that the functor

K — (K L C") @& Kos(C'; 1, ..., 1)

takes D" to DZ"~¢: indeed, this would imply that for the same constant ¢ and any integer m > 1,
the functor

K — (K @k C") ®L Kos(C'; 2, ..., 2™)
also carries D=" to DZ"~¢ which then implies the desired claim by taking an inverse limit of m.

Now we can write
(K @& C ®é/ Kos(C'; 1, ..., x,) ~ (K @& Kos(C; x1, ..., ,)) ®IL(OS( ) Kos(C'; 1, ..., x).
Now the operation K — K ®é Kos(C;z1, ..., z,) takes DZ" to D=""" while the operation N

N ®IL<os(C~a:1 ) Kos(C’; x1, ..., ;) takes DZ™ to DZ™~% for some fixed a by assumption on the
Tor amplitude. It follows that taking ¢ = a + r solves the problem. O

Cix1,..,x
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5. THE CHARACTERISTIC p CASE: THE HODGE-TATE AND CRYSTALLINE COMPARISONS

In this section, we prove the crystalline comparison for prismatic cohomology; the key tool is the
relationship between divided power envelopes and d-structures (Corollary 2.39). Using the Cartier
isomorphism, we deduce the Hodge-Tate comparison over crystalline prisms (Corollary 5.5).

Notation 5.1. Let (4, (p)) be a crystalline prism and let I C A be a pd-ideal with p € I. In
particular the Frobenius A/p — A/p factors over the quotient A/p — A/I, inducing a map 1) :
AJI — A/p. Let R be a smooth A/I-algebra and let R = R ®a/1,4 A/D-

Theorem 5.2 (The crystalline comparison in characteristic p). Write RI crys(R/A) for the crys-
talline cohomology of Spf(R) relative to the pd-thickening Spec(A/I) C Spf(A). Then there is a
canonical isomorphism  pa) /4 = RT¢rys(R/A) of Es-A-algebras compatibly with the Frobenius.

Remark 5.3. We will often apply the theorem when R = R® 4 /pA/1 for some smooth A/p-algebra

R. In that case R is the pullback of R under ¢, and the base change compatibility of prismatic
cohomology (Corollary 4.12, reproduced as part of Corollary 5.5 below) translates the theorem into

¢f4 R/A = chryS(R/A) .

Proof. We first give the proof when I = (p), and then reduce to this case.

The I = (p) case. For I = (p), let us first recall a Cech-Alexander style construction of crystalline
cohomology that closely mirrors by Construction 4.18. Consider an A-algebra surjection By — R
where By is the p-completion of a polynomial A-algebra. Let Jy = ker(By — R), and let B be the
free p-complete §-A-algebra on By. Let R’ = B/JyB, so R — R’ is the ind-smooth map of A/p-
algebras obtained via base change from the p-completely ind-smooth map By — B of p-complete
A-algebras. Write Dy (resp. D) for the p-completed PD-envelope of the ideal Jy C By (resp.
JoB C B). Thus, we have a diagram

A Bo B
Dy——D

|

A/p—R——R.

Both the small squares on the right are pushout squares whose horizontal maps are p-completely
flat, the vertical maps on the small square on the bottom right are PD-thickenings, and both Dg and
D are p-torsionfree (Lemma 2.38). Moreover, for each n > 1, the rings Dy/p™ and D/p™ identify
with the PD-envelopes of By/p" — R and B/p" — R’ (compatibly with the standard divided power
structure on (p)). In particular, for each n > 1, the object (D/p™ — R’ < R) gives an object of
the big crystalline site (R/A)crys as in [Ber06, §II1.4|, where the base A is equipped with the
PD-ideal (p) with its unique PD-structure. As n varies, we obtain a pro-object {(D/p"™ — R’ +
R)}p>1 of (R/A)crys. It is easy to see that this object is weakly initial (i.e., that each object of
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(R/A)cRys receives a map from some term of the pro-object) and that the construction carrying the
initial surjection (By — R) to the pro-object {(D/p™ — R’ < R)},>1 commutes with coproducts.
Consequently, the Cech nerve of this object has the form {(D®/p" — (R')® < R)}n>1, where D®
is obtained by applying the initial construction By — D to the Cech nerve of A — By. Thus,
RT¢pys(R/A) is computed by the cosimplicial ring D®; here we implicitly use [Ber06, Proposition
I11.4.1.4] to identify crystalline cohomology in the big and small crystalline sites. Moreover, as the
collection of surjections (By — R) is sifted, this recipe is independent of the choice of (By — R) up
to canonical isomorphism.

Next, running Construction 4.18 with the same input data (By — R) as in the previous paragraph,
we obtain a cosimplicial ring C* computing pg/4. By base change stability of Cech-Alexander
complexes, the cosimplicial ring ¢%C*® (obtained by termwise base change along the Frobenius on
A) computes g e (Note that we are not claiming yet that ¢% commutes with totalizing C*®.) To
prove the isomorphism in the theorem, we shall exhibit a canonical map ¢*% C*® — D*® of cosimplicial
A-algebras that gives a quasi-isomorphism on underlying complexes. We shall do so by explicitly
describing both sides as suitable prismatic envelopes. Write Bj and B® for the Cech nerves of
A — By and A — B computed in p-complete A-algebras. If J§ C B{ denotes the kernel of B — R,
then C* identifies with the p-completed prismatic envelope B'{@}/\, while D*® identifies with
the PD-envelope D js e (B*®) of J§ inside B*®. Via Corollary 2.39, we can then also describe D* as

o(J3)B*
4

the prismatic envelope B*® }*. In particular, the relative Frobenius for A — B*® induces a

canonical map
JyB*®
p

(] [ ]
weoaCt = 0B (0 g DB e
of cosimplicial A-algebras that yields the desired comparison map of E..-A-algebras on passage
to the derived category. This description also shows that D® identifies with the pullback of the
cosimplicial B*()-module ¢%C*® under the relative Frobenius B*(1) — B* as the latter map is flat.
Moreover, both source and target of 1 are p-torsionfree: this is standard for PD envelopes and then
follows for prismatic envelopes (see, e.g., Lemma 2.43 and Corollary 2.44 applied with A = Z,). We
may then apply Lemma 5.4 below (with N = ¢%C*®/p and B*® replaced by its mod p reduction) to
conclude that the derived mod p reduction of n gives a quasi-isomorphism on underlying complexes;
derived Nakayama (|Sta, Tag 0G1U]) then implies that 7 itself is a quasi-isomorphism, proving the
isomorphism in the theorem in the I = (p) case.

To finish the I = (p) case, it remains to prove that the comparison constructed above is compatible
with the Frobenius. Note that the source and target of the map 7 constructed above are naturally
cosimplicial §-A-algebras and n respects this structure. To finish, it will suffice to show that the
Frobenius lift on D*® coming from its d-structure (ultimately induced by the d-structure on B*)
coincides with the Frobenius on crystalline cohomology RI'crys(R/A) under the natural identification
RT¢ys(R/A) ~ lim D*®. This is a statement entirely on the crystalline side, but we do not know a
reference, so we sketch a proof. Recall the following functoriality statement, immediate from the
definition in crystalline cohomology: given any map o : A — A’ of p-torsionfree rings, a smooth
A/p-scheme Y and a smooth A’/p-scheme X, an a-equivariant map 7 : X — Y, simplicial objects
Us € (X/A)crys and Ve € (Y/A)crys, and a map f, : Us — Ve of PD-schemes lying over 7 (and
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thus over «), one has an induced commutative diagram

RT ¢rys(Y/A) RT ¢y (X/A)

P

. fo ..
lim OCRys(V.) — lim OCRYS(UO)

of E-A-algebras (where the objects on the right are regarded as A-algebras via «). Apply this
observation with A = A’, X =Y = Spec(R), Uy = V4, given by the PD-thickening (D®/p" —
(R)® < R) used above, and «, 7 and fs being the Frobenius maps to conclude that the comparison
map Rlys(R/A) — lime D®/p" is ¢-equivariant; a similar argument with inductive systems of
simplicial objects applied to {(D*®/p™ — (R')® < R)},>1 then allows us to take the inverse limit to
conclude that the comparison isomorphism RI'¢rys(R/A) ~ lime D* is ¢-equivariant.

The general case. We now no longer assume I = (p), so we merely have a containment p € I.
As I admits divided powers, the map A/p — A/I is a surjection with a locally nilpotent kernel
(each element is annihilated by the Frobenius). By noetherian approximation, we can choose a
lift of the smooth A/I-algebra R to a smooth A/p-algebra R. After making such a choice, the
I = (p) case proven above gives the desired isomorphism p) /A~ RT¢pys(R/A): the base change

of R along the Frobenius A/p — A/p coincides with RM as this base change factors over the
surjection A/p — A/I. To conclude the argument, it therefore suffices to exhibit a canonically
defined comparison map g, 4 — RTys(R/A) that agrees with the map coming from the choice

of R. We shall explain the canonical construction of such a map, and leave the compatibility of
the two constructions to the reader as an exercise in relating distinct Cech-Alexander complexes
computing crystalline cohomology.

To construct the comparison, choose a surjection By — R where By is a smooth A-algebra
equipped with a §-structure; for instance, By could be a polynomial A-algebra. Forming the PD
envelope of the surjection By — R as well as its Cech nerve yields a p-completely flat p-complete
cosimplicial §-A-algebra D® equipped with a surjection D® — R whose kernel K*® has divided
powers compatible with those on I and such that the resulting map RI'¢ys(R/A) — lim D® is an
isomorphism. Now observe that the Frobenius on D*® carries K*® into pD*® by the existence of divided
powers on K*, thus giving a map

R~ D*/KD* %2 D*/pD".
of cosimplicial rings which is linear over the corresponding map A/I — A/p induced by the Frobenius
on A. Linearizing over 1, we obtain an object (D* — D*/pD® + RW) € (R /A) , which then
gives the desired comparison map pa) /A~ lim D*® ~ RI¢ys(R/A). This comparison map, a priori,
depends on the choice of the initial surjection By — R. But the collection of all such choices is
sifted, so the constructed comparison map pq) /A~ RT¢ys(R/A) is independent of the choice of

By — R up to contractible ambiguity (e.g., one may take a colimit over all choices to obtain a
canonical map). O

The following lemma on cosimplicial modules was used in the above proof.
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Lemma 5.4. Let k be a commutative ring of characteristic p. Let B be a polynomial k-algebra.
Let B® be the Cech nerve of k — B, and let B®() be its Frobenius twist, so we have the relative
Frobenius B*Y) — B*® over k. For any cosimplicial B*®W _module N, the natural map

N — N®B.,(1) B*®
gives a quasi-isomorphism on associated unnormalized chain complezxes of k-modules.

The argument given below is somewhat indirect, and relies crucially on the fact that degeneracy
maps may be ignored when passing from cosimplicial abelian groups to the corresponding object in
the derived category. It is desirable to have a better proof of this comparison. A similar statement
can also be found in [Niz08, Lemma 3.28] (which we learnt about from [Kos20, Appendix B]).

Proof. By a filtered colimit argument, we reduce to the case where B is a polynomial algebra in
finitely many variables. We first explain why B® admits a “basis” over B*() as a semi-cosimplicial
module (i.e., ignoring degeneracy maps), and then we use the basis to prove the lemma. For ease
of notation, write B = k[M] for the monoid M = N" with suitable r > 0.

For any [n] € A, we have the monoid M®. As [n] varies, the assignment [n] — M@ assembles
naturally into a cosimplicial object EM: the face maps are given by inclusions of finite products of
M into larger finite products (and thus only use the knowedge of M as a set pointed by 0 € M),
while the degeneracies involve the monoid operation. More precisely, EM is the Cech nerve of the
map 0 — M of commutative monoids. The construction M +— EM is functorial in M, and the
map B*(1) — B* in the question identifies with the map k[E(pM)] — k[EM] on monoid algebras
induced by the inclusion pM C M by functroriality of E(—).

Let S C M be the standard set of coset representatives for M9 /pMI™P i.e., writing M = N",
we take S = {0,...,p — 1}7 C N". We regard S as a set pointed by 0 € S, so the composition
S — M — M9IP /pM9"™P is a pointed bijection. We then have

|_|(pM)+s:M. (3)
seM

Taking products, we obtain subsets S®" ¢ M for each [n] € A. Note that a face map MM —
MM in EM carries S into S[™): up to a permutation, a face map M®M — M@ ig given by the
product of the identity map on the first #[n] factors of the target and the 0 map on the remaining
factors, so the claim follows as 0 € S. Thus, we obtain a semi-cosimplicial set .S together with an
inclusion E'S C EM of semi-cosimplicial sets. The decomposition (3) yields a similar decomposition
of the semi-cosimplicial set EM, i.e., for each [n] € A, the subset Seln « Ml gives a set of coset
representatives for (M97P /pM9P)®l" | the natural maps give a decomposition

LI oM®) + 5 ~ Mol (4)

seS®n]

and this decomposition is compatible with the face maps of the semi-cosimplicial sets EM and ES
respectively (as the face maps for E'S were defined by restriction from EM).
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For future use, we remark that if * denotes the constant semi-cosimplicial set with value a point
(i.e., the final object in semi-cosimplicial sets), then there is a natural map 7y : * — ES of semi-
cosimplicial sets determined by the point 0 € S; let

n = k[no] : k — k[ES]

be the induced map on semi-cosimplicial k-modules.
Passing to free commutative k-algebras, we learn from (4) that the semi-cosimplicial k-algebra

B* = k[EM] is free when regarded as a module over the semi-cosimplicial k-algebra B®() =
k[E(pM)] with basis ES, i.e., we have a natural isomorphism
KE(pM)] @y, k[ES] ~ k[EM] (5)

of semi-cosimplicial k[E(pM )]-modules. Moreover, under this isomorphism, the structure map
k[E(pM)] — k[EM]
of semi-cosimplicial k-modules to the right side of (5) identifies with the map
iz @1 k[E(EM)] = k[E(pM)] @k k — k[E(pM)] @, k[ES]

to the left side of (5).

Now we prove the lemma, so let N be any cosimplicial k[E(pM)]-module. Our task is to show
that the natural map
of cosimplicial k-modules gives a quasi-isomorphism on associated unnormalized chain complexes
of k-modules. As the formation of the unnormalized chain complex only depends on underlying
semi-cosimplicial objects, we can use the discussion in the previous paragraph to reduce to checking
that the natural map of semi-cosimplicial k-modules

B=idy®n: N =Nk — N ®jk[ES]

gives a quasi-isomorphism on associated unnormalized chain complexes of k-modules. We next
observe that, using the pointed bijection S ~ M9"P/pM9I™P the semi-cosimplicial k-module k[ES]
can also be identified with the semi-cosimplicial k-module underlying the Cech nerve C*® of the k-
algebra map k — C° := k[MI™P /pMI"P]. Moreover, under this identification, the map n : k — k[ES]
identifies with the structure map v : k — C*. In our context, this means that the map

d=1dyRY: N=N®rk—> N,C*

of cosimplicial k-modules recovers the map 8 on underlying semi-cosimplicial k-modules, so it suffices
to prove ¢ is a quasi-isomorphism on underlying unnormalized complexes. But v is a homotopy
equivalence of cosimplicial k-modules as it is the Cech nerve of the k-algebra map k — C° that
admits a section (determined by the map M — 0 via functoriality). As homotopy equivalences of
cosimplicial k-modules are stable under tensor products with arbitrary cosimplicial k-modules, the
claim follows. g

Corollary 5.5 (The Hodge-Tate comparison in characteristic p). For any smooth A/p-algebra S,
the comparison map from Theorem 4.11 yields an isomorphism

H( g/a) = Qya/m{—i}-
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In particular, the assigment R — grsa commutes with arbitrary p-complete base change on the
prism (A, (p)).
Proof. By Lemma 4.21, we can assume that S = A/p[Xi,...,X,] is a polynomial algebra, and

then by Lemma 4.20 we can reduce to the case A = Z,. Then § = RM for the F,-algebra
R =F,[Xi,...,X,], and the result follows from Theorem 5.2 and the Cartier isomorphism. ]
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6. THE MIXED CHARACTERISTIC CASE OF THE HODGE-TATE COMPARISON

To prove the Hodge-Tate comparison in general, we shall need the following construction to pass
from general bounded prisms (A, I) to crystalline ones.

Construction 6.1 (Mapping the universal oriented prism to a crystalline one). Let (A4, (d)) be an
oriented prism with the following properties: the Frobenius on A/p is flat, and the ring A/(d) is
p-torsionfree. For example, the universal oriented prism from Example 3.4 has these properties. Let
B .= A{@}A be the p-complete simplicial commutative §-A-algebra obtained by freely adjoining
¢(d)/p to A; as ¢(d) = pu for a unit v € mp(B) by Lemma 2.24, the A-algebra B is (p, ¢(d))-
complete, and hence (as d? € (p,¢(d))) also (p,d)-complete Moreover, by Corollary 2.39, the A-
algebra B identifies with the p-completed pd-envelope of (d) C A via the natural map A — B,
and is thus discrete and p-torsionfree since d is a nonzerodivisor modulo p. Now consider the map
«a : A — B determined as the composition of the natural map A — B with ¢ : A — A. We can
regard o as a map of prisms (4, (d)) — (B, (p)) since a(d) € pB. Modulo p, the map « factors as

Afp 2 A)(p,d) S Af(p,d”) < B/p =~ Diay(A/p) (6)

where the first map has finite Tor amplitude, the second map is faithfully flat by construction, and
the last map is faithfully flat (even free) by the structure of divided power envelopes. Using this
description, one obtains the following properties of the base change functor

a*  Deomp(A) = Deomp(B)
on derived (p, d)-complete objects of the derived category:

(1) The functor o* is conservative. Indeed, by derived Nakayama ([Sta, Tag 0G1U]), it suffices to
know that derived d-completed base change along the map A/p — D(4)(A/p) is conservative
on derived d-complete objects; this follows as the same statement is true individually for
each map appearing in the composition (6) (by derived Nakayama for the first, and faithful
flatness for the rest).

(2) The functor o has finite (p, d)-complete Tor amplitude. Again, this reduces to the statement
that derived d-completed base change along the composition in (6) has finite d-complete Tor
amplitude, which holds true individually for each map.

(3) For any p-completely smooth A/I-algebra R with p-completed base change Rp to B, we
have a base change isomorphism a* r/4 ~ g,/p by Lemma 4.20.

We shall use these properties to deduce general properties of prismatic cohomology from those of
crystalline cohomology.

Before proceeding to the proof of the Hodge-Tate comparison, we need to prove Lemma 4.10,
ensuring that we have well-defined Hodge-Tate comparison maps. For this, we actually prove the
Hodge-Tate comparison for the affine line; the proof below is structured in a way that generalizes
to higher dimensions.

Proposition 6.2 (The Hodge-Tate comparison for the affine line). If R is the p-adic completion
A/I(X) of the polynomial ring, then the maps 0, : R — H°(" g/a) and np{—1} : Q}Q/(A/I){—l} —



52 BHARGAV BHATT AND PETER SCHOLZE

Hl(iR/A) coming from Construction /.9 (by twisting) are isomorphisms, and Hi(iR/A) =0 for
1> 1. In particular, Lemma 4.10 holds true in general.

Proof. The last part follows by functoriality. For the rest, choose a map 7 : R® Q}% oy d){—l}[—l] —
R /4 in D(R) inducing the maps 77% on cohomology for ¢ = 0, 1; this is possible because R and
Q}% J(Ajd) A€ finite free over R. We will show that 7 is an isomorphism.

First, if I = (p), we are done thanks to the Hodge-Tate comparison in characteristic p (Corol-
lary 5.5). Next, if (A, ) is the universal oriented prism (A, (d)) from Example 3.4, then the
claim follows by base change to the I = (p) case using the map « and properties (1) and (3) from
Construction 6.1.

Next, consider a general bounded oriented prism (A, (d)). The choice of the generator d € A
determines a map Ay — A, where (Ay, (d)) is the universal oriented prism considered in the previous
paragraph. If the map Ay — A had finite (p, I)-complete Tor-amplitude (or we knew base change
for prismatic cohomology in general already), we would get the claim via Lemma 4.20. We can
however argue as follows. Letting a : A9 — Dy denote the map « from Construction 6.1, we obtain
a diagram

Ao A

I !

Z, —> Dy —= E := A®} Dy

of (p,d)-complete simplicial commutative rings, where the square is a pushout square of (p,d)-
complete simplicial commutative rings. Note that the bottom left arrow lifts to a map of prisms
(Z,, (p)) = (Do, (a(d))) as (p) = (a(d)) by construction. Write ¢ for the composite map Z, — E.
The base change functor b* is conservative on (p, d)-complete objects in the derived category (since
the same holds true for a*, see property (1) in Construction 6.1), so it suffices to show that bA*(n) is
an isomorphism. We claim that I;‘iR JA cA*in[ X))z, thisis clear at the level of explicit complexes
if one uses the complexes from Remark 4.19, and the rest follows from Lemma 4.22 together with
the observation that b (resp. c¢) has finite (p,d)-complete (resp. p-complete) Tor amplitude. We
leave it to the reader to check that the resulting identification bA*iR /A~ é:kin[ X]/z, carries the map
l;‘n to a map realizing the Hodge-Tate comparison map on cohomology for the target. In particular,
our claim now reduces to the Hodge-Tate comparison for 7Fp[X] /z,, which was already explained
earlier (Corollary 5.5).

Finally, for a general bounded prism (A, I'), we reduce to the case treated in the previous para-
graph by making a faithfully flat base change to a bounded oriented prism (Lemma 3.7 (4)). O

Thus, we now have a well-defined Hodge-Tate comparison map from Construction 4.9.
Theorem 6.3 (The Hodge-Tate comparison). The Hodge-Tate comparison maps
Vysayny = H'( xya){i}

of sheaves on Xg from Construction 4.9 are isomorphisms.
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Proof. Since the comparison map is globally defined, it is enough to prove the statement for affines.
Thus, we shall check that for any p-completely smooth A/I-algebra R, the analogous map

Vyarn — H( ra){i}
is an isomorphism of R-modules. As both differential forms and prismatic cohomology localize in

the étale topology (Lemma 4.21), it is enough to prove the statement when R = A/I(Xy,..., X;,) is
the p-adic completion of a polynomial ring. In this case, we choose a map

n: @D % an{—it—il = r/a
i=0

in the derived category D(R) lifting the Hodge-Tate comparison maps (up to twists) on cohomology,
and proceed exactly as explained in Lemma 6.2 for n = 1. O

Using base change for prismatic cohomology (proven in Corollary 4.12 using Theorem 6.3), we
can now also prove the de Rham comparison, at least under the technical assumption that W (A/I)
is p-torsion free. This is satisfied, for example, if A/I is p-torsion free or if I = (p) and A/p is
reduced. This technical assumption will be removed later (Corollary 15.4).

Theorem 6.4 (The de Rham comparison). Let X be a smooth formal A/I-scheme and assume
that W(A/I) is p-torsion free. Then there is a natural isomorphism X/A(/gid)A/I ~ Q&/(A/I) of
commutative algebras in D(Xg, A/T), where the completion is p-adic.

Proof. As before, it is enough to solve the problem in the affine case. Thus, for a p-completely
smooth A/I-algebra R, we must construct a functorial isomorphism R/A@)fl,gsA/I ~ Q*R/(A/I) of
commutative algebras in D(A/I). We shall prove a stronger statement that involves relating both
sides to crystalline cohomology.

To formulate this stronger statement, note that the kernel J C W(A/I) of the canonical composite
surjection W(A/I) — A/I — A/(I,p) is a pd-ideal. By generalities on crystalline cohomology,
the commutative algebra object Rl ccys((R/p)/W(A/I)) € D(W(A/I)) lifts the de Rham complex
Q*R/(A/I) € D(A/I). On the other hand, the natural map A — A/I refines uniquely to a é-map

A — W(A/I) by Remark 2.7. It is therefore enough to construct a functorial isomorphism

RAB Ay W(A/T) = Rlays(R/p)/W(A/D))
of commutative algebras in D(W(A/I)), where ¢ : A — W(A/I) is obtained by composing the
canonical map A — W(A/I) with the Frobenius. We shall deduce this from the crystalline com-
parison.

Note that the composite ¢ : A — W(A/I) carries I into (p): the canonical map A — W(A/I)
carries I into VW (A/I), so ¢ carries I into FVW (R) = (p). By our p-torsionfreeness assumption
on W(A/I), the map v thus refines to a map (A,I) — (W(A/I),(p)) of prisms. Base change for
prismatic cohomology then gives an isomorphism

~L N
RIADALWI(A/L) = riywayry -

for the base change R’ = R® 4 11W(A/I)/p. Tt thus suffices to identify the right side above with
RTys((R/p)/W(A/I)). But this follows by applying Theorem 5.2 to the pd-ideal J C W(A/I),
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and noting that R’ is the base change of R/p along W(A/I)/J ~ A/(p,I) — W(A/I)/p induced
by the Frobenius on W(A/I). O
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7. SEMIPERFECTOID RINGS AND PERFECTION IN MIXED CHARACTERISTIC

In this section, we study semiperfectoid rings. In §7.1, we construct an initial object of the
absolute prismatic site (S) of a semiperfectoid ring S essentially by hand, use it to construct a
“perfectoidization” Sperq of S, and formulate the main theorem of this section: the map S — Sperfq is
surjective (Theorem 7.4). To prove this theorem, we need a better way to access the aforementioned
initial object; this is provided by the theory of derived prismatic cohomology, which is the subject
of §7.2. In §7.3, these ideas are put to use: we give a new proof of a key flatness result of André
from [And18a], and use it to prove the promised surjectivity of S — Sperfd-

7.1. Universal prisms for semiperfectoid rings.

Notation 7.1. Fix a semiperfectoid ring S, i.e. S is a derived p-complete ring that can be written
as a quotient of a perfectoid ring R. We recall that S is called quasiregular if S has bounded p*°-
torsion, and the cotangent complex Lg,z [—1] is p-completely flat over S (see [BMS19, §4.4]). In
that case S is classically p-adically complete.

Proposition 7.2. The category of prisms (A, I) equipped with a map S — A/I admits an initial
object ( . I) and I = (d) is principal.

In terms of Remark 4.7, the category in question is the absolute prismatic site (Spf(.S))

Proof. Choose a surjective map R — S from a perfectoid ring. By Lemma 4.8, the category of
prisms (A, I) with a map R — A/I admits the initial object (Ajnt(R),ker ), and we recall that

ker @ = (d) is always principal. Let J C Aj¢(R) be the kernel of the surjection Ajn¢(R) YRS,
Given any prism (C, K) with amap S — C/K, we get a unique map (Aju¢(R), (d)) — (C, K) making
Apng(R)/d = R — S — C/K commute, and K = dC by Lemma 3.5. As d is a nonzerodivisor in C,
there are unique elements 5 € C for each f € J. Let

B = Ainf(R){xf|f c J}/(dajf —flfeJ)s.

The preceding arguments show that there is a unique map of §-rings B — C. As C is d-torsionfree,
this extends to a unique map B/B[d*]s — C (where B[d*]s is the smallest d-stable ideal of B
containing B[d*°]). As C'is also a derived (p, d)-complete classical ring, this map uniquely extends
further to HC of the derived (p, d)-completion of B/B[d*®]s. The latter J-ring may however contain
new d-torsion elements; but after a transfinite induction (using that completion commutes with
wi-filtered colimits), we arrive at a derived (p, d)-complete §-Aj,¢(R)-algebra 3 such that d is a
nonzerodivisor. We still have a unique map ( ', (d)) — (C, K). Moreover, 2'*is a prism as d is
distinguished. Finally, the map
R Ay(R)/d— §°/d

factors over the quotient S of R as all elements of J become divisible by d in 2. Thus, ( 2 (d))
with the map S — ¥/d is the desired initial object. O

In general, gﬁt is not particularly well-behaved; for example it is not bounded in general. After
perfection, this issue disappears.
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Corollary 7.3. There is a universal perfectoid ring Sperta equipped with a map S — Sperta- In fact,
Spertd 15 the p-adic completion of ( ‘é“t)perf/f.

Proof. Note that the category of perfectoid rings Spertq With a map S — Sperfq is equivalent to the
category of perfect prisms (A, I') with a map R — A/I. Thus, the claim follows from Lemma 3.9. [

One goal in this section is prove the following theorem.
Theorem 7.4. The map S — Sperta @5 surjective.

Remark 7.5 (Zariski closed sets are strongly Zariski closed). In [Schl5, Section II.2|, the sec-
ond author defined notions of “Zariski closed" and “strongly Zariski closed" subsets of an affinoid
perfectoid space X = Spa(R, RT). Here R is a perfectoid Tate ring, in particular there is some
topologically nilpotent unit @ € R, and RT™ C R is an open and integrally closed subring of R°.
Then strongly Zariski closed subsets are in bijection with quotients R — R’ to perfectoid Tate rings
R’, while Zariski closed subsets are those closed subsets of X that are the vanishing locus of some
ideal I C R. Tt was claimed in [Sch15, Remark I1.2.4] that not any Zariski closed subset is strongly
Zariski closed. The theorem implies that this is false, and that the notions in fact agree. Indeed, let
I C R be any ideal, and let S be the w-adic completion of RT/I N RT. Then S is a semiperfectoid
ring, and so by the theorem R’ = Sperpa[1/w] is a perfectoid Tate ring that is a quotient of R and
such that any map from R to a perfectoid ring that vanishes on I factors uniquely over R’. This
implies that the vanishing locus of I is exactly the strongly Zariski closed subset Spa(R’, R't), where
Rt C R’ is the minimal open and integrally closed subring that contains the image of RT.

For the proof of Theorem 7.4, we will need a different definition of which makes it possible
to use the Hodge-Tate comparison result that we proved for smooth algebras (Theorem 6.3) in order
to compute .

init
S

7.2. Derived prismatic cohomology. In this section, we explain how to extend the notion of
prismatic cohomology to all p-complete rings via Quillen’s formalism of non-abelian left derived
functors (aka left Kan extensions), as recast in the oco-categorical language in [Lur09, §5.5.9| (see
also [BLM18, §9.2| for an exposition closer to our context). Write D(A) for the derived oo-category
of a commutative ring A.

Construction 7.6 (Constructing derived prismatic cohomology). Fix a bounded prism (A,T).
Consider the functor R + g 4 on p-completely smooth A/I-algebras R valued in the category
of commutative algebras in the oo-category of (p,I)-complete objects in D(A) equipped with a
¢ a-semilinear endomorphism ¢. Write R — g/ for the left Kan extension of this functor to
all derived p-complete simplicial commutative A/I-algebras, so pg/4 is a derived (p, I)-complete
commutative algebra in D(A) equipped with an endomorphism ¢ : /4 — das+ grya; We call this
theory derived prismatic cohomology.

The Hodge-Tate comparison shows that g /A= R/A ®f‘ A/I admits an exhaustive increasing
N-indexed filtration with gr; given by sending R to the derived p-completion of /\iLR/(A/I){—i}[—i];
we refer to this as the Hodge- Tate comparison for g /a- Let us record some immediate consequences:

(1) (The value on smooth algebras) If R is p-completely smooth, then R/A 1s unchanged, so
derived prismatic cohomology extends prismatic cohomology to all p-complete A/I-algebras.
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(2) (The étale sheaf property) The Hodge-Tate comparison for derived prismatic cohomology
shows that R + g/, is a sheaf for the p-completely étale topology on the category of
derived p-complete A/I-algebras. In particular, if X is a p-adic formal scheme, then we can
naturally define its derived prismatic cohomology x,4 as a commutative algebra in the
oo-category of derived (p, I')-complete objects in D(X¢, A) (equipped with a Frobenius).

(3) (The quasisyntomic sheaf property) Assume that (A, I) is a perfect prism. Then the assign-
ment R+ g/ forms a sheaf for the quasisyntomic topology on the category of quasisyn-
tomic A/I-algebras (see [BMS19, Example 5.11] for a variant involving derived de Rham
cohomology in characteristic p).

(4) (Base change behaviour) The formation of /4 commutes with base change in the sense
that for any map of bounded prisms (A, I) — (B, J), letting Rp be the derived p-completion
of R ®ﬁ B, one has

~ ~L
Rp/B S R/A®AB
where the completion is the derived (p, J)-completion.

(5) (Colimit preservation) The functor _,4 from p-complete simplicial commutative A/I-
algebras to (p, I)-complete F-algebras in D(A) is symmetric monoidal. In fact, it commutes
with all colimits (as the same holds true for the associated graded of the derived Hodge-Tate
cohomology _ /4 functor).

A key advantage of derived prismatic cohomology is that there is a large supply of rings for which
this theory is concentrated in degree 0 (Example 7.9). In such situations, this theory is also closely
related to an initial object of the prismatic site.

Lemma 7.7 (Derived prismatic cohomology when it is discrete). Assume (A, I) is a bounded prism,
and R is a derived p-complete simplicial A/I-algebra such that g4 is concentrated in degree 0.

(1) The ¢ a-linear Frobenius ¢r on  gsa naturally lifts to a §-A-structure on the ring pja.

(2) The pair ( rya,1 gja) gives a prism over (A,I) equipped with a map R — 7R/A =
r/a/T Rya-
(8) The category of prisms (B,J) over (A,I) equipped with a map R — B/J has an initial
object, and ( gja, 1 pgja) is weakly initial. In particular, the initial object is the image of
some idempotent endomorphism of ( gja, I Rr/a)-

In part (3), we conjecture that ( r/a,1 gya) is actually the initial object.

Proof. Using Cech-Alexander complexes and canonical simplicial resolutions, we obtain a func-
tor R — F4(R) from derived p-complete A/I-algebras to simplicial cosimplicial derived (p,I)-
complete §-A-algebras computing prismatic cohomology, i.e., we have a functorial identification
colimaop lima Fa(R) ~ g/4. The 0-A-algebra structure on Fa(R) is classified by a map Fa(R) —
Wo(F4(R)) of simplicial cosimplicial rings (where the target is defined by pointwise application of
W5(—)). This map lies over the map A — Ws(A) classifying the J-structure on A and splits the
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natural restriction map Wa(F4(R)) — Fa(R). This defines a map
RJA = cglgzrjnlignFA(R) — cglgzrjnliin Wa(Fa(R))
of Ey-rings lying over the map A — W(A) and splitting the restriction map
c%lgzr)nliin Wy (Fa(R)) — c%lgzr)nliin Fa(R) >~ pgya-

Using the functorial pullback square

F

Wy(B) B
|,
B B®LF,

of simplicial commutative (and thus of E) rings, as well as the discreteness of g/ 4, one can identify
colimaer lima Wo(Fa(R)) as Wa( grya). Thus, the above map defines a §-A-algebra structure on

r/A refining the ¢4-linear Frobenius endomorphism ¢g, proving part (1).

Part (2) is then immediate from the derived (p, I)-completeness of g /4 and our assumption that
" R/A= R/A @k A/I is discrete.

For part (3), we first construct a functorial map ( gya,! gja) — (B,J) for any prism (B, J)
over (A, I) equipped with a map R — B/J. Fix a resolution Rs — R by p-completely ind-smooth
A/I-algebras R;. For each R;, let (R;/A) be the category of prisms (C, K) over (A,I) equipped
with a map R; = C/K. Then

= coli li C
RIA = Q0" e(Ra)a)
in the category of (p,I)-complete complexes, as g,/4 = limce(r,/a) C by the theory of Cech-
Alexander complexes. But now (B, J), like any object of (R/A) , defines compatible objects of all
(R;/A) , and so restricting the limit to this object gives a functorial map
= coli li C — colimB =B.
RIA= CR0 ce(Rala) Qo
Using the argument from part (1), one shows that this is in fact a map of o-rings. Now part (3)
follows from the following general categorical lemma. O

Lemma 7.8. Let C be an idempotent complete category and X € C an object. Let Cx\ be the
category of objects Y € C equipped with a map X — Y. Assume that the identity on C factors over
the projection Cx\ — C via a functor F : C — Cx\. Then F(X) is an idempotent endomorphism of
X and the corresponding retract of X is an initial object of C.

Proof. Let F(X) = (X S X). Applying F to the morphism (X < X) of C shows that e is an
idempotent. Let X’ be the corresponding retract of X. Then F(X’) = (X — X') where X — X’
is an epimorphism. The functor F' is faithful, so for any Y € C, one has

Home (X', Y) — Home,, (X — X' X—=Y).
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But X — X’ is an epimorphism, so the right hand side has at most one element, so any Y admits
at most one map from X’. On the other hand, there is at least one map X’ — Y as there is a map
X’ — X and a map X — Y. Thus, X’ is initial, as desired. O

Example 7.9 (Prismatic cohomology of an lci quotient). Fix a bounded prism (A4,I). Let R :=
A/J, where J = (I, f1,..., fr) with f1,..., f; giving a Koszul-regular sequence on A/I; assume R has
bounded p-torsion. Then g/ 4 is concentrated in degree 0 and [-torsionfree thanks to the Hodge-
Tate comparison, so ( g/a,I gsa) is an object of (R/A) . We claim that this is the initial object.
This assertion can be checked locally on Spf(A), so we may assume I = (d) is principal. In this
case, consider the derived (p, I)-complete simplicial commutative d-A-algebra B = A{%, ey %’}/\
obtained by freely adjoining %. There is a natural map B — g4 of simplicial commutative §-A-
algebras since f; =0 € p /4. We shall check this map is an isomorphism. Granting this property, it
follows that B is discrete and (B, IB) gives an object of (R/A) ; the universal property describing
B then shows immediately that (B, 1B) is the initial object of (R/A) , whence ( p/a,I grya) is
also initial, as wanted.

It remains to check that the map B = A{ﬁ, ceny %}A —  Rya from the previous paragraph is an
isomorphism. As the formation of both sides commutes with arbitrary base change, it is enough
to check this in the universal case where A = Z,{d, f1,..., f-}[6(d)71]", so A/I and R are both
p-torsionfree. Setting (Ao, Iy) := (Zp{d}[6(d)1]", (d)), we see that fi,..., f € A/I is p-completely
regular relative Ag/Iy. By the construction of the prismatic envelope in Proposition 3.13, it follows
that B identifies with the prismatic envelope A{%}/\; this implies that B is concentrated in degree
0 and (B,IB) is the initial object of (R/A) . The map B — g/4 then admits a retraction by
Lemma 7.7; the map B/IB — 7R/A then also admits a retraction, and thus has a p-torsionfree
cokernel as g /A 1s p-torsionfree since R is so. To prove this map is an isomorphism, it is then
enough to see that the map B/IB[%] — 7R/A[Z%} is surjective. By the Hodge-Tate comparison,
7R/A[%D] is generated as a Banach R[%]—algebra by gr; = L%/(A/I){—l}[—l] =J/(JP+D{-1}. Tt
thus suffices to see that the map B = A{$} — R/A ApPS 4 surjectively onto gr; = J/(J2+1){—1}.
This is a standard computation using a free resolution for R over A/I; see [Bhal2, Claim 3.30] for
a variant of this calculation in crystalline cohomology.

Proposition 7.10. Let S be a quasiregular semiperfectoid ring, let R be any perfectoid ring with a
map R — S, and let (A, 1) = (Ains(R), ker0). Then g4 is discrete, and g/ is the initial prism

glit with a map S — g?it/I. In particular, g/4 = ?it does not depend on R. Moreover, the map
S — 73/14 is p-completely faithfully flat.

In the following, we simply write g = gﬁt = g4 for quasiregular semiperfectoid S.

Proof. 1f S is quasiregular, then Lg/r[—1] is p-completely flat, and thus the derived p-completions
of all A'Lg /r[—1] are p-completely flat S-modules and in particular discrete. Thus the Hodge-Tate
comparison implies that 75/ 4 is discrete and p-completely faithfully flat over S. It remains to see
that g/4 is initial, or equivalently that the idempotent endomorphism from Lemma 7.7 (3) is the
identity.



60 BHARGAV BHATT AND PETER SCHOLZE

Replacing R by R(Y;l/poo |i € I) for some set I and noting that this does not change the cotangent
complexes, and thus not g/r, we may assume that R — S is surjective. Choose a generating set
{f;j}jes of the kernel of R — S. Then the resulting map

S'=RX/"jeN)(X; - filie ) =S+ X;=0

is surjective and also induces a surjection on cotangent complexes. Thus, by the Hodge-Tate com-
parison, g/p — /g I surjective, so it suffices to show that the idempotent endomorphism of

s//4 1s the identity. But, by truncating the set J of generators, we can express S’ as a filtered
colimit of regular semiperfectoid rings of the form

T=RXPT XMV )X = fa L X — f),
so it suffices to prove that the idempotent endomorphism of 7,4 is the identity for each such 7'

Now if A" = Ainf(R<X11/poo,...,Xﬁ/poo>), then we also have 74 ~ /4 compatibly with the
idempotent endomorphisms. Example 7.9 then implies that the idempotent endomorphism 7,4/ is
the identity, proving the claim.

7.3. André’s lemma.

Proposition 7.11 (Lifting quasisyntomic covers to the prismatic site). Let (A,I) be a bounded
prism. Let R be a quasisyntomic A/I-algebra. Then there exists an object (B — B/IB + R) €
(R/A) with R — B/IB being p-completely faithfully flat. Consequently:

(1) The map (A,I) — (B,IB) is a flat map of prisms (and faithfully flat if A/I — R is
p-completely faithfully flat).

(2) If A is perfect, then the map (A,I) — (B,IB)per is flat as well (and faithfully flat if
A/I — R is p-completely faithfully flat).

Proof. Let us first construct a quasisyntomic cover R — S with S/p relatively semiperfect over
A/(I,p), i.e., S/p can be written as a quotient of a flat A/(I,p)-algebra with a bijective relative
Frobenius; any such S has Qé/(A/I)/p = 0. Choose a surjection A/I(z;|j € J) — R, where J is
some index set, and let S be the p-complete R-algebra obtained by formally extracting all p-power
roots of the x;’s, i.e.,

S = A/Lw)""|j € 1)Els)100,7en R
It is easy to see that R — S is a quasisyntomic cover (so S is quasisyntomic over A/l as well),
and that A/(I,p) — S/p is relatively semiperfect. In particular, the derived p-completion of the
cotangent complex L (AT [—1] is a p-completely flat S-module. The argument in the first half of
Proposition 7.10 repeats verbatim shows that B = g/4 gives the required prism (using Lemma 7.7
to get the d-structure on B). The consequence in (1) follows because each map in the composition

A/I - R — S — B/IB is p-completely flat (and p-completely faithfully flat provided A/I — R is
s0), and the consequence in (2) follows by passage to filtered colimits. O

Using the previous lemma, one can often construct covers of the final object of the prismatic site
(for nice enough rings) via “perfectoid” constructions. We give two examples.
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Example 7.12 (Covers of the final object of (R/A) via relative perfectoids for R smooth). Let
(A,I) be a bounded prism. Assume R is a p-completely smooth A/I-algebra. Let R — Ry be a
quasisyntomic cover with Ry, being formally p-completely étale over A/I, i.e., Lp__ /(A/1) vanishes
after derived p-completion'?. Then B := Roo/A IS @ (p, I)-completely flat and relatively perfect 0-A-

algebra with the natural map inducing Roo =~ 7Ro<>/A = B/IB. In particular, (B, I B) gives an object
of (R/A) . We claim this object covers the final object. To see this, let (C'— C/IC «+ R) € (R/A)

be a test object. We must find a (p, I)-completely faithfully flat cover (C,1C) — (D, ID) together
with a map (B,IB) — (D,ID) in (R/A) . To find such a D, consider the base change C/IC —

c/I C@IL%ROO of R — Rs. This map is a quasisyntomic cover, so Proposition 7.11 yields a faithfully

flat map (C, IC) — (D, ID) of prisms together with a factorization C/IC — C’/IC@%ROO — D/IC.
In particular, the natural map A/ItoD/IC factors over the p-completely étale A/I-algebra Ry. By
deformation theory, there is a unique ¢-A-algebra map B — D lifting B/IB ~ R, — D/IC.
The resulting map R — R, — D/ID (which equals R — C/IC — D/ID) then gives an object
(R— D/ID «+ D) € (R/A) . By construction, one has a faithfully flat map (C,1C) — (D, ID)
of prisms. Moreover, the induced map C/IC — D/ID can be checked to be an R-algebra map by
a diagram chase. Thus, (D,ID) € (R/A) provides the desired object.

Example 7.13 (Covers of the final object of the absolute prismatic site of a regular ring). Let (A, I)
be a bounded prism with ¢ : A — A being (p, I)-completely flat. Let (B, IB) be the perfection of
(A, ) in the sense of Lemma 3.9. Then B/IB is a perfectoid ring, and (B, IB) provides an object
of the absolute prismatic site (A/I) from Remark 4.7. An argument similar to that employed in
Example 7.12 shows that this object covers the final object. A natural example of such a prism
(A,I) is any prism (A, I) with A/I being a regular ring.

We give an application.

Theorem 7.14 (André’s flatness lemma). Let R be a perfectoid ring. Then there exists a p-
completely faithfully flat map R — S of perfectoid rings such that S is absolutely integrally closed
(i.e., every monic polynomial has a solution). In particular, every element of S admits a compatible
system of p-power roots.

In fact, the map R — S can also be chosen to be ind-syntomic modulo p, see Remark 7.15.

Proof. Write R = A/I for a perfect prism (A, I). Let R be the p-complete R-algebra obtained by
formally adjoining roots of all monic polynomials over R. Then R is a quasisyntomic cover of R, and
each monic polynomial over R has a solution in R. Proposition 7.11 (2) then gives a perfect prism
(B, IB) over (A, I) equipped with an A/I-algebra map R — B/IB =: Ry such that the composition
A/l =R — R — Ry is p-completely faithfully flat. In particular, R is a perfectoid ring that is
p-completely faithfully flat over R such that every monic polynomial over R admits a solution in
R;. Transfinitely iterating the construction R — R; yields a quasisyntomic cover R — R’ with R’
being perfectoid and absolutely integrally closed. ]

127wo examples of such covers are given as follows. First, if (A, I) is a perfect crystalline prism, then there is
an obvious choice for Ro: take Ro to be the perfection of R. Secondly, given a choice x1,...,z, € R of étale
co-ordinates, we may set Roc = R[yi/p Yy y}/p ]Q/(yl — Z1,...,Yn — Tn) to be the derived p-complete R-algebra

obtained by freely adjoining p-power roots of the x;’s.
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Remark 7.15 (Refined form of André’s flatness lemma). The map R — S constructed in Theo-
rem 7.14 can be shown to be an ind-syntomic cover modulo p, as we now briefly sketch. Unwinding
our construction, it suffices to show the following: for a monic equation f(Y) € R[Y], if we set
S == R(YYP™)/(f(Y)) over the prism (A, ), then the resulting map S — T := g is an ind-
syntomic cover modulo p. The “cover” part follows from Proposition 7.10. For ind-syntomicity, by
base change, we may assume R is p-torsionfree. Choose w € R such that (w?) = (p). By the
definition of T" as a prismatic envelope and Corollary 2.39, ¢% (T'/w) is the pd-envelope of f(Y') in
R/w[Y/P™]. The claim now follows by combining the following two facts:

(1) If Ais an F)-algebra and f € A is a nonzerodivisor, then the natural map A/f? — D) (A)
is identified with the natural map A/f? — A/fP[g1, g2, ...]/ (9}, g5, ...) via gi — vip(f); in
particular, this map is ind-syntomic. This is a well-known fact about divided power algebras
in characteristic p, and can be proven by reduction to the universal case where A = Fp[f].

(2) If A — B = A/I is a surjection of F,-algebras with nilpotent kernel I, and D is a flat A-
algebra with D/ID ~ Blgi, g2,...]/ (g}, g5, ...), then D is ind-syntomic over A. To see this,
pick h; € D lifting g;. Then we get an obvious surjective map A[hy, ha,...| = D by h; — h;.
As b € ID, we can find ¢; € ITA[hy, ha,....] such that hY —¢; maps to 0 in D for each i.
Setting Dy, = A[hq, ho,...]/ (R} — €1, hh — €2, ..., b — €,,), we get a map colim,, D,, — D; this
map is an isomorphism as it is a surjection of flat A-algebras that is an isomorphism modulo
the nilpotent ideal I. The claim follows as each D, is ind-syntomic over A.

The observation that R — S can be chosen to be ind-syntomic modulo p also follows from [GR,
Theorem 16.9.17].

Finally, we can prove Theorem 7.4.

Proof. Recall that we want to prove that for any semiperfectoid ring S, the map S — Sperpq is
surjective, where Sperq is the universal perfectoid ring with a map from S. Write S = R/J for some
perfectoid ring R. Using filtered colimits, we may assume that J is finitely generated, and then by
induction we may actually assume that I = (f) is principal. By Theorem 7.14, we can assume that
f admits compatible p-power roots fl/ P" ¢ R. But as any perfectoid ring T is reduced, any map
S = R/f — T automatically factors over the p-completion of R/(f'/P™), which is itself perfectoid.
Thus, Spertq is the p-completion of R/(fY?™), and in particular the maps R — S — Spertd are
surjective. ]
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8. PERFECTIONS IN MIXED CHARACTERISTIC: GENERAL CASE

The goal of this section is to study a notion of “perfectoidiziation” for any algebra over a perfectoid
ring. In §8.1, we define this notion using derived prismatic cohomology, and then describe it via the
perfect prismatic site. These results are then used in §8.2 to reinterpret the perfectoidization as the
sheafification of the structure sheaf for the arc-topology (on p-adic formal schemes over a perfectoid
ring), which leads to consequences such as a version of excision (Corollary 8.12).

8.1. Perfections via the perfect prismatic site.

Notation 8.1. Fix a perfectoid ring R corresponding to a perfect prism (A,I). For notational
convenience, we fix a distinguished element d € I (which is automatically a generator).

Definition 8.2 (Perfectoidizations). Fix a derived p-complete simplicial R-algebra S.
(1) The perfection g4 perr Of g4 is defined as

S/Aperf ‘= C%}gm( S/A = G sia = O g4 — .)€ D(A).

This is a derived (p, I)-complete E-A-algebra equipped with a ¢ 4-semilinear automorphism
induced by ¢g.

(2) The perfectoidization Spersq of S is defined as
Sperfd ‘= S/A,perf ®ﬁ A/I € D(R)
This is a p-complete Eo.-S-algebra.

A priori, Sperta depends on the choice of perfectoid base ring A, but it follows from Proposition 8.5
below that it is actually independent of this choice. The same proposition will also show that
Definition 8.2 (2) is compatible with Corollary 7.3.

Example 8.3 (Perfectoidizations of characteristic p rings). Assume that S is an R-algebra where
p = 0. In this case, we claim that Sperfq coincides with the usual (direct limit) perfection Spers of S.
To see this, as Sperfq is independent of the choice of the perfectoid base ring, we may simply take
A =17, so R=F,. But then the Frobenius equivariant map S — g/4/p coming from the derived
Hodge-Tate comparison induces an isomorphism on perfections: one checks (by, e.g., reduction to
the case S = Fy[z]) that the endomorphism of A’Lg,p [—i] induced by the Frobenius endomorphism
of g/4 via the Hodge-Tate comparison is the one induced by the Frobenius on S, and is thus 0 for
i # 0. Thus, we have Sperf =~ colimgy  g/4 /P =: Sperfd, as asserted.

The goal of this section is to describe Sperfq via maps from S to perfectoid rings.

Lemma 8.4 (Coconnectivity of perfectoidizations). For any derived p-complete simplicial R-algebra
S, both  5/4 pert and Sperfa lie in D=9,

Proof. We first show the claim for /4 et using the PY operation for E-F,-algebras. As the
levelwise Frobenius map on a simplicial cosimplicial F,-algebra induces the PY-operation on its
realization, we learn that /4 pert /p is an E-F,-algebra where PO acts invertibly. As P° kills
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all positive degree homotopy classes [Lurll, Remark 2.2.7], it follows that g/4 pert/p € D20 so
S/A,perf € D=0 as well.

To deduce that Sperta € D20, it is enough to check that d is a nonzerodivisor in HY( S/A,pert)-
As  g/apet/P € DZ° the ring H( S/Aperf) Must be p-torsionfree. The reasoning used above
also shows that the automorphism ¢g of HO( S/A,pert) lifts the Frobenius on H o( S/Apert) /D C
HO( S/Apert/P). It follows that HO( S/Aperf) 18 @ perfect p-complete -ring, and ¢g is the unique

Frobenius lift on such a ring. In particular, the map A — H°( S/A,perf) is @ map of d-rings, so it
carries d to a distinguished element. The claim now follows from Lemma 2.34. O

Fix a derived p-complete simplicial R-algebra S as above. Our next goal is to describe  g/4 pert
in terms of the perfect prismatic site (S/A)perf defined (as in Remark 4.6) as the category of perfect
prisms (B,IB) over (A,I) endowed with an A/I-algebra map S — B/IB; thus, (S/A)perf =
(WO(S)/A)perf. Moreover, by Lemma 4.8, the site (S/A)perf is also simply the site of all maps S — T
with T" a perfectoid ring. Thus, (S/A)perf is independent of (A, I) and the structure map A/I — S.
By Lemma 7.7, for (B,J) € (S/A)P™ we have a functorial map

s/a— B,
which after passing to the perfection on the left and the limit over all B on the right induces a

comparison map

S/A,perf - RP((S/A)perfa O ) :

Proposition 8.5. For any choice of topology on (,S’/A)perf between the flat and the chaotic topology,
the map
f
S/A,perf — RF((S/A)per 70 )

1s an equivalence. In particular, the perfectoidization

Soertd = RT((S/AP™ O Y2 lim R

perfd (/AP0 ) = lim,

is the derived limit of R’ over all maps from S to perfectoid rings R', and does not depend on the
choice of A.

Proposition 8.5 implies that when S is semiperfectoid, Sperfq agrees with the perfectoidization
from Corollary 7.3, and that in general g/4 pert and Sperta depend only on 7S (and not on A).

Proof. First we check independence of the choice of topology. We claim first that the site (S /A)perf
admits a weakly final object. We can evidently assume that S is discrete. It suffices to prove that
there is a map S — S to a semiperfectoid ring S such that any map from S to a perfectoid ring
R’ extends to S , for then S'perfd is the desired weakly initial object. For this, we inductively take
any element z € S and pass to S, = S(X,Y)/(x — XP — pY'). This adjoins a p-th root of z modulo
p, and any map S — R’ to a perfectoid ring extends to S,. Repeating this transfinitely gives the
desired ring S; here we implicitly use the fact (from [BMS19, Remark 4.22]) that any p-complete
R-algebra T with T'/pT semiperfect is itself semiperfectoid as T is a quotient of the perfectoid ring
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R@ZPW(T »). Then by Cech-Alexander theory and flat descent, RT'((S /A)perf, O ) is computed by
the cosimplicial perfectoid S-algebra (S")perfd, where S = (S®50+D)A is the p-completed tensor
product of i + 1 copies of S over S, independently of the choice of topology, giving the desired
independence.

We now work with the flat topology. First, let us restrict to the case where m(.S) is topologically
finitely generated over A/I. For this, it is enough to show that both functors S +— Sperfa and
S+ RI((S/AP™ © ) commute with filtered colimits (when viewed as valued in (p, I)-complete
objects in D(A)). This is clear for S — Spertq as the analogous property holds true for derived
prismatic cohomology. For the functor S — RI'((S /A)perf, O ), we may assume S is discrete (since
QS’/A)perf = (wo(S)/A)perf). In that case, we can also compute the cohomology by passing to any
flat semiperfectoid cover S — S and taking the similar Cech-Alexander complex. In particular, we
can choose S functorially by extracting all p-power roots of all elements of S. Using such functorial
Cech-Alexander complexes, one verifies that RT'((S/A)P"™, O ) commutes with filtered colimits in
S. Thus, we may assume that 7S is topologically finitely generated over A/I.

Now choose a map R(Xj,...,X,) — S that is surjective on my. Let S be the p-completion of
R[Xll/poo, el X}/pw] @R[X1,...,x,] 9; then 7S is semiperfectoid. Let S* be the derived p-completion
of §®s(it1) By Lemma 8.6 below, s/4 can be computed as the limit of g, ,. By the similar
descent for the right-hand side, we can reduce to the case that myS is semiperfectoid.

Now assume that mS is semiperfectoid. Let R’ be the perfectoidization of m(S in the sense of
the last section, i.e. the universal perfectoid ring to which S maps. We need to see that

S/A,perf ®ﬁ A/I — R

is an isomorphism. Note that the left-hand side is always coconnective by Lemma 8.4. On the other
hand, as S is semiperfectoid and so Lg/z, [—1] and thus all A'Lg/z [—i] are connective, it follows
from the Hodge-Tate comparison that g/4 and thus also g/4 pert are connective. Thus, g/4 pert

is in fact a perfect d-ring, and S0 Sperfd = 5/ pert ®ﬁ A/I is a perfectoid ring. We have maps
S — Sperta — R’

where the composite is surjective by Theorem 7.4. By the universal property of R’, the second map
is split surjective. Thus, it suffices to show that S — Spereq is surjective.

As S/p is semiperfect, we may replace R with R(Ykl/ P | k € K) (for suitable index set K), we
may assume R — S is surjective. Let {f;};cs be a set of generators of R — S. As the formation of
S — Sperfa commutes with p-completely flat base change on R, we may assume by Theorem 7.14
that each f; admits a compatible system { fjl/ p”}TLZO of p-power roots in R. Fixing such a system
for each f; gives a map

= R e DX [Ge ) 58 XM o i

that is surjective on 7y and induces a surjection on 7T1(L_/Zp/p). By the Hodge-Tate comparison

theorem, the map S{Derfd — Sperfd is also surjective, so it suffices to prove that S — Sperrq is
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surjective when S = S’. By passage to filtered colimits, we may also assume J is finite. But then
Proposition 7.10 and the construction of R’ show that indeed Sperfd = R, as desired. ]

We used the following lemma, which relies on Mathew’s notion of descendability from [Mat16];
see also [BS17, §11.2] for a quick review.

Lemma 8.6 (Strong descent for passage to the perfection). Let T = R[Xy, ..., X,,|", and let To, =
R[Xll/poo, ...,X}L/poo]/\. The natural maps /4 = T /4 ANd  T/Apert =  Too/Apert aT€ descendable
as maps of commutative algebras in Deomp(A).

Recall that Deomyp(A) is the full subcategory of D(A) spanned by derived (p, I)-complete objects.

Proof. The descendability of 7/4 pert = Too/Aperf fOllows from that of 7,4 = 7./4 and a
general categorical fact: if B — C is a descendable map of commutative algebras of index < n and
both B and C come equipped with compatible endomorphisms ¢, then the colimg B — colimg C' is
descendable of index < 2n (see [BS17, Lemma 11.22]).

We now prove the descendability of 7,4 — 7,_/4. As the functor _,4 from p-complete
simplicial commutative R-algebras to commutative algebras in Dcomp(A) commutes with coproducts,
we may assume n = 1. Let F' € D( 7,4) denote the fibre of 7,4 — 1 /4. It suffices to show all
maps F®? — 7/4 in D( 7/4) are null-homotopic (where the tensor product is in D( 7/4)). For
this, it is enough to show that

RHom _ (F®* 71,,4)€ D’

T/A
By completeness, it suffices to check the same assertion after base change along A — A/(p, ¢~ *(d)).
In particular, we may assume R is a perfect ring of characteristic p, so T = R[X] and Tp, = R[X'/P™]
is its perfection. Using the de Rham comparison and the Cartier isomorphism, we are reduced to
checking the following;:

(%) Let Q:=T @ Q%/R[—l], regarded as a T-cdga that is a split square zero extension of T' by

Q;/R[—l]. Let F be the fibre of the canonical map 2 — T — T,. Then

RHomgq (F®?,Q) € D<°,

where the tensor product is in D(£2).
The fibre of Q@ — T is Q%,/R[—l], which is isomorphic to T'[—1] as a dg-module over €2 via the
choice of the generator dX € QlT R Also, T is free when regarded as a T-module with one of the

generators being 1 € Ti, so the fibre of T — T, identifies with T®/[—1] where I a set. Combining,
we find that the fibre F' of Q — T, is isomorphic to an Q-module of the the form T%/[—1] for
some set J. As RHom(—, —) converts coproducts in the first factor into products, it is enough to
check that RHomgq ((T[—1])®2,Q) € D<% (where the tensor product is in D(Q2)). This is a standard
calculation using the resolution of the dg-module T'[—1] over the dg-algebra 2 given by

(. o Q3] = Q[-2] — Q[—1]) = T[-1],

where all transition maps are determined by dX € QIT /R g
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8.2. arc-descent. In this section, we use Proposition 8.5 to deduce some very strong descent results
for the association S — Sperfd, formulated in terms of the arc-topology from [B l\llo]“.

Definition 8.7 (The arc-topology of p-adic formal schemes). Consider the category fSch of p-adic
formal schemes X. Endow fSch with the structure of a site by declaring a map ¥ — X of qcgs
p-adic formal schemes to be an arc-cover if for all p-adically complete valuation rings V' of rank 1
with a map SpfV — X there is a faithfully flat extension V- C W of p-adically complete valuation
rings of rank 1 and a lift to a map SpfW — Y, and taking the topology generated by arc-covers
and open covers. We will refer to this as the arc-site on fSch.

Let Perfd C fSch be the full subcategory of p-adic formal schemes that are locally of the form
SpfR for some perfectoid ring R, with the induced topology.

Perfectoids form a basis for the arc-topology:
Lemma 8.8. Any X € fSch admits a arc-cover by some Y € Perfd.

Proof. We may assume X = SpfR is affine. Choose a p-completely faithfully flat map R — R such
that R is semiperfectoid, so Spr — SpfR is an arc-cover. Moreover, the map Sprperfd — Spr
is also an arc-cover as any map R—Vtoa p-adically complete valuation ring factors over Rperfd
one can assume that V is perfectoid by replacing it by the p-completion of an absolute integral
closure, and the universal property of R — Rperfd gives the desired extension. The composite
Spff%perfd — SpfR is then the desired arc-cover. O

Remark 8.9. In fact, one can find an even simpler basis that that in Lemma 8.8: any p-complete
ring R admits a p-complete arc-cover R — S where S is a product of p-complete rank 1 valuation
rings with algebraically closed fraction field (and thus S is perfectoid). Indeed, choose a set Xp of

representatives of rank 1 valuations on R, and take S =[] . Xn V", where V,, — V. is an absolute
integral closure of the valuation ring V, C x(ker(z)) attached to z € Xp and the completion is
p-adic. Such covers shall be used in §9.

The structure sheaf on fSch is obviously not an arc-sheaf: nilpotent elements of a p-complete
ring are not detected by mapping into valuation rings. On the other hand, it turns out that such
problems disappear on the basis Perfd C fSch:

Proposition 8.10. The presheaf O on Perfd is a sheaf, and if X = SpfR is affine with R perfectoid,
then H...(X,0) =0 fori > 0.
For any p-adic formal scheme T, the functor X — Hom(X,T) is an arc-sheaf on Perfd.
Proof. By Zariski descent, one can reduce to case of affine X. For the first statement, it suffices
to prove that if R — S is a map of perfectoid rings such that SpfS — SpfR is an arc-cover, the
complex
0—>R—>S— SRS — ...

is acyclic. It is enough to prove that the complex
0 R =8 =805 —

BBwe are trying to achieve optimal results here and thus use the arc-topology. Getting similar results for the
slightly weaker v-topology would be enough for the applications below, and could avoid reference to [BM13].
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is acyclic where the completion is now d-adic, where d generates ker(Ajns(R) — R). Indeed, this
implies that the same is true after applying Witt vectors to this sequence, and then also for the
quotient modulo d.

Now we claim that Spec(S)” U SpeC(R)I’[é] — Spec(R)® is an arc-cover in the sense of [BMI8,
Definition 1.2|. Take any map R’ — V to a rank 1-valuation ring; we can assume that V is perfect.
If the image of d in V is invertible, then it lifts to a map Rb[é] — V. Otherwise, we may replace V'
by its d-adic completion. Then the map R’ — V is equivalent to the map R — V¥ to a p-adically
complete valuation ring, which by assumption can be lifted to a map S — W for some p-adically
complete extension W of V# which we may assume to be perfectoid. Then S° — W? gives the
desired lift.

By v-descent, [BS17, Theorem 4.1|, and the characterization [BM18, Theorem 1.6] of arc-descent
in terms of v-descent and a property for valuation rings that in the present case is given by [BS17,
Lemma 6.3], for any arc-cover Spec(B) — Spec(A) of perfect schemes, the complex

0>A—-B—>B®sB—...

is exact. Applying this to A = R’, B = 5" x Rl’[é], and passing to (derived) d-adic completions, all
terms involving Rb[é] disappear, and we see that indeed

05 R =8 =SS — ...

is exact.

If T = SpfS is affine, it is immediate from the preceding that Hom (X, T') is a sheaf on Perfd. In
general, assume that ¥ — X is an arc-cover and we have given a map Y — T such that the two
induced maps Y xx Y — T agree. It suffices to see that |Y| — |T'| factors over a continuous map
|X| — |T|, as then one can localize on T" and assume that 7" is affine. As the topological space in
question depends only on the special fibre, we can assume that 7T is of characteristic p, and then X
and Y are perfect schemes. By Zariski descent, it suffices to solve the problem when X and Y are
affine. We may then assume that T is quasicompact, and by an argument of Gabber, cf. [Bhal6,
Remark 4.6], [Sta, Tag 03K0], we can assume that T is also quasiseparated. Then T' can be written
as an inverse limit of finite type Fp-schemes along affine transition maps by [TT90, Appendix C], so
we can assume that T is of finite type. In that case we can also assume that X and Y are perfections
of schemes of finite type over F),. But then X — Y is an arc-cover only if it is an h-cover, in which
case | X| — |Y] is a quotient map, giving the desired continuous map |Y| — |T|. O

Corollary 8.11. For any p-complete ring S, one has
Spertd = Rl arc(SpfS, O) .
In particular, the association S +— Sperta satisfies descent for the arc-topology.

Proof. Let affPerfd C Perfd be the subcategory of SpfR with R perfectoid. As affPerfd C fSch is a
basis (by proof of Lemma 8.8), one has

RU ¢ (SpfS, O) = RI arc(affPerfd g5, O)
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On the other hand, the projection from affPerfd with its arc-topology to affPerfd with the chaotic
topology has trivial higher direct images for O by Proposition 8.10, giving

RF&TC(SpfS’ O) = Sll)nl}l’ R/ = Operfd »
as desired. OJ

Corollary 8.12. Let S — S’ be a map of derived p-complete rings and assume that for some derived
p-complete ideal I C S, the map S — S’ induces an isomorphism of arc-sheaves outside of I in the
sense that for any p-complete valuation ring V' of rank 1 with a map S — V that does not kill I,
there is a unique extension to a map S' — V.'* Then

/
Sperfd perfd

l |

(S/I)perfd - (S,/I)perfd
is a pullback square of Ex-S-algebras (in particular, in the derived category of S-modules).

We note that even when S and S’ are perfectoid, the result is interesting, and in particular ensures
that the kernel and cokernel of S — S’ are killed by ker(S — (S/I)perfd)-

Proof. Replacing S’ by S’ x S/I, we may assume that Spf.S” — Spf.S is an arc-cover. Now we follow
the proof of [BS17, Theorem 2.9] (cf. [Voc96, Lemma 3.6]). Let Fr be the sheaf X +— Hom(X, SpfT’)
on Perfd for any derived p-complete ring 1. By Corollary 8.11, it suffices to see that

Fs=Fs Urg,; Fs/i

as sheaves of spaces on the site Perfd. But as Fg/,; < Fgr, this pushout is still discrete, so we can
compute it in the category of sheaves of sets. In other words, we need to see that for any sheaf of
sets F' on Perfd, we have

F(S) = F(S") xp(sn F(S) ,
where F' is extended to fSch by descent. For this, we use descent along SpfS’ — SpfS. Note that
SpfS’ L Spf(S'/1) X Spf(S/1) Spf(S’'/T) — SptS’ xgprs Spts’
is an arc-cover by the assumption on I. Unraveling, this gives the result. ([l

On the other hand, a main advantage of the definition of Sperfg in terms of derived prismatic
cohomology is that it allows us to prove the following result.

Proposition 8.13. The functor S + Sperfa from derived p-complete simplicial rings admitting a
map from a perfectoid ring, to derived p-complete Eoo-rings is symmetric monoidal, i.e. for any
diagram S1 < S3 — So, the induced map

~L ~L
Sl,perfd®s37perfd S2,perfd — (Sl ®53 SZ)perfd

18 an equivalence.

Mg holds, for example, if S — S’ is an integral map and Spec(S’) — Spec(S) is an isomorphism outside V (T).
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Proof. Pick a perfectoid ring A mapping to S3. Then derived prismatic cohomology _,4 is sym-
metric monoidal by the Hodge-Tate comparison (see property (5) in Construction 7.6 for a more
general statement), and this passes to the perfection, and then to the quotient modulo 1. ]

Corollary 8.14. Say S is a derived p-complete simplicial ring admitting a map from a perfectoid
ring. Assume that Spertq is connective (or, equivalently by Lemma 8.4, concentrated in degree 0).
Then Sperfa s a perfectoid ring, and S — Sperfa 15 the universal map from S to a perfectoid ring.

Proof. 1f Sperta is discrete, then sois g 4 perf by derived Nakayama. But then g/ perf is a perfect p-
complete §- A-algebra by the proof of Lemma 7.7. The pair ( g/4 perts I §/4,pert) 1S then necessarily a
perfect prism (Lemma 2.34), 50 Spered is a perfectoid ring. To prove the universality of S — Spertd, we
must show that any map Sperrq — S” with S” perfectoid is uniquely determined by the composition

S — Sperta — S’; equivalently, we must check that any map 7 : Sperfd®§sperfd — S8 with &’

perfectoid factors (necessarily uniquely) over the multiplication map Sperfd(/g\)gsperfd — Sperfd- As
. . ~L ~L .

S’ is perfectoid, such a map 7 factors over Spertd®@gSpertd — (Sperfd@gSperfd )pertd by applying the

. ~L . .. .
functor (—)perfa since S’ ~ Sll)erfd' Now (Sperfd®gSperfd)perfd =~ Sperfd Via the multiplication map
thanks to Proposition 8.13, so we are done. O
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9. THE ETALE COMPARISON THEOREM

In this section, we explain how to recover étale cohomology of the generic fibre from prismatic
cohomology for arbitrary rings.

Theorem 9.1 (The étale comparison theorem). Fizx a perfectoid ring R corresponding to a perfect
prism (4, (d)), and a p-adic formal scheme X over R. Write X, 1= X Xgp(r) Spa(R[1/p], R) for
the adic generic fibre of X, and let p : X, & — Xg denote the “nearby cycles” map. There is a
canonical identification

R Z/p" = ( xalt/d]/p")*=",
In particular, if X = Spf(S) is affine, then there is a canonical identification

RT(Spec(S[1/p]), Z/p") =~ ( g/al1/d]/p")*~ (7)
for each n > 0.

Note that there are no restrictions on the singularities of X above. We shall apply this in
Theorem 9.4 to relate the p-adic Tate twists introduced in [BMS19] to the usual Tate twists on
the generic fibre for perfectoid rings. The proof of Theorem 9.1 will rely on a slightly surprising
compatibility of the formation of ¢-fixed points with completed colimits.

Lemma 9.2 (Commuting fixed points with completed colimits). Let B be an F,-algebra equipped
with an element t € B. Let D(B[F]) be the co-category of pairs (M, ¢) where M € D(B) and
¢ M — ¢.M is a map. Let Deomp(B[F]) C D(B[F]) be the full subcategory spanned by pairs
(M, ¢) with M derived t-complete. Then the functors Deomp(B[F]) — D(F)) given by M s M1
and M s (M[1/t])*= commute with colimits.

Proof. In this proof, all colimits refer to colimits in the underlying category D(B). Let {(M;, ¢;)}
be a diagram in Deomp(B[F]). The fiber of the map colim; M; — colim; M; is uniquely t-divisible,

and thus identifies with the fiber of the map colim; M;[1/t] — (coﬁﬁi\Mi)[l /t]. As the lemma can
be reformulated as the statement that F?=! = 0, it suffices to prove the statement for the functor
M + M?=1. For this, we claim that for any (N,®) € Deomp(B[F]), we have N®=! ~ (N/t)¢=1,
First, this makes sense because we have ¢(t) = t? C tB, so for any N € D(B[F]), there is an
induced ¢-structure on N/t compatible with the one on N. Secondly, if N is derived t-complete,
then the fibre of N — N/t is complete when endowed with the t-adic filtration, and the ¢-action
on the fibre is topologically nilpotent with respect to this filtration as ¢(t) = t? C 2B, so (—)*~!
must vanish on the fibre, giving N®=! ~ (N/t)?=!, as asserted. The lemma now follows because
both functors in the composition

Deomp(BIF)) 2% ppF]) 25 D(Fy)

commute with all colimits. O

Proof of Theorem 9.1. Consider the following two functors F' and G on affine formal schemes SpfS €
fSch /SpfR*

F(S) = RT(Spec(SL]).2/p") and G(S) = syalgl/o)" ™"
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Using the arc,-topology from [BM18, Definition 6.14|, we shall build a comparison map F' — G and
then check it is an isomorphism.

First, we note that F' is an arc,-sheaf by [BM18, Corollary 6.17]. Moreover, F' is arc,-locally
concentrated in degree 0 by arguing with valuation rings'®, so it coincides with the arcy-sheafification
of HO(F(—)). Finally, for any Spf(S) € fSchgy¢(g), any clopen decomposition of Spec(S[%]) can
be lifted to a clopen decomposition of Spf(S) at the expense of replacing S by an arcp-equivalent
(see |BM 18, Definition 6.19]) subring of S [%] by simply adjoining the relevant idempotents. As the
Zariski topology on fSch g (g) is coarser than the arcy-topology, it follows that we get a natural
comparison map H°(F(—)) — ngcp(—, Z/p") on fSch gpe(g) (this map is in fact an isomorphism,
but we do not need that here). As F is the arc,-sheafification of its H", the preceding map extends
extends uniquely to a natural transformation ' — Rl (—,Z/p") of arc,-sheaves on fSch /gp¢(r)-

Next, we prove that G is an arcy-sheaf. First, we show that the natural map

G(S) = ( syal /o™ = ( spapen5)/p")*"

is an isomorphism. Indeed, it suffices to check this when n = 1, and then g/4 pers/p is the d-
completed filtered colimit of

¢ é
s/AlP =2 sjalp —> ... .
1

As each map ¢g trivially induces an equivalence on applying ((—)[a])(’b:l, Lemma 9.2 gives the
claim. Now  g/4 pert is an arc-sheaf as S + Sperpq is so (Corollary 8.11); this implies that G' is
also an arc-sheaf. To get the stronger statement that G is an arc,-sheaf, we argue as in [BMIS,
Corollary 6.17]. Given an arc,-cover S — T of p-complete R-algebras with Cech nerve S — T°,
the map S — T x S/p is an arc-cover with Cech nerve S — T x T*/p x S/p. To deduce arcy-
descent for G, it then suffices to show the following: for any p-complete R-algebra of the form
S x S" with pS’ = 0, the projection map G(S x S’) — G(S) is an isomorphism. By the description
G= ( —JAperf/ pn[é])(ﬁ:l given earlier in this paragraph and the product compatibility for prismatic
cohomology, we are reduced to checking that S//A7perf/pn|:$] = 0. But pS’ =0, so S;/)erfd =9

perf
is the usual perfection (Example 8.3), whence g//4 pers identifies with W (S ). As (d) = (p) as

perf
ideals in W (] ¢), the object W ( gerf)/p”[é] is clearly 0.

The previous paragraph implies that the obvious map Z/p" — G of presheaves on fSch gp¢(pg)
extends uniquely to a comparison map RIa,(—,Z/p") — G of arcy-sheaves. Combining this the
construction two paragraphs ago gives a comparison map

F(S) = RP(Spec(S[;D, Z/5") = G(S) = (s/all/d)/p")*")

between the arc,-sheaves F' and G. To prove this an isomorphism, we may work arcp-locally and
thus also arc-locally. At this point, there are two ways to finish the proof. In the first approach,

1514 suffices to show that F(S) is in degree 0 when S = I, Vi is a product of p-complete rank 1 valuation rings
with algebraically closed residue field. Recall that any higher étale cohomology class on any affine scheme can be
annihilated by pullback along finitely presented finite covers. Now any finitely presented finite cover of S [%] spreads
out to a finitely presented finite cover of S. By the assumption on each V;, any such cover of S admits a section, so

the same holds for the original cover of S [%], whence all higher étale cohomology classes on S [%] must be trivial.
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we can assume S is perfectoid thanks to arc-localization. One can then identify g/4[1/d]/p" =
W (S°)[1/d]/p™, and then by Artin-Schreier-Witt we have

RI(Spec(S°[3]), Z/p") = ( s/al1/d]/p")*=" .
It remains to prove that there is a canonical quasi-isomorphism
RT(Spec(S[L]), Z/p") ~ RT(Spec(S’[1]), Z/p") -

This follows from the comparison between the étale cohomology of Spec(S [%]) and Spa(S [%],S)

(and similarly for S°), cf. [Hub96, Corollary 3.2.2], and [Sch12, Theorem 1.11].

In the second approach, one can apply further arc-descent to reduce to a case like S = [[ R;
being a product of absolutely integrally closed valuation rings of rank < 1 (Remark 8.9), where the
claim can be verified by hand (as H® = 0 for i > 0 and the H" becomes explicit); we leave this as
an exercise to the reader. ([l

Remark 9.3. There is also a variant of Theorem 9.1 without inverting p or d: if X is a p-adic
formal scheme R-scheme, then there is a canonical identification

Z/p" ~ ( X/A/pn)¢:1

of étale sheaves on X for all n > 0; we leave this to the reader.
Recall that for any integer n > 0, we have defined p-adic Tate twists Z,(n) as sheaves on the

quasisyntomic site in [BMS19, §7.4]; the notion is reviewed more thoroughly in §12. For a perfectoid
ring R, these admit a concrete description in terms of the corresponding perfect prism (A, (d)):

Z(n)(R) = (67 (dy A £ 4), ©

One can show that the right side is independent of the choice of generator d up to quasi-isomorphism.
Our goal is to describe these complexes in terms involving only the special or generic fibres.

Theorem 9.4. Let R be a perfectoid ring. For any integer n > 1, there is a canonical identification
Z,(n)(R) ~ RI'(Spec(R[1/p]), Zp(n)).
For n =0, there is a canonical identification
Z,(0)(R) ~ RI'(Spec(R), Zp) ~ RI'(Spec((R/p)pert); Zp)-

Proof. The statement for n = 0 at the end follows from Remark 9.3 (and Gabber’s affine analog of
proper base change to pass from R to R/p); we leave the details to the reader. Assume from now
that n > 1. Write F},(R) = Zy(n)(R) and G,(R) = RI'(Spec(R[1/p]), Zy(n)); these are p-complete
arc-sheaves on the category of perfectoid rings. The proof involves three steps:

The theorem over Z,[(p=]-algebras R: We first explain why F,,/p ~ G, /p when restricted to
perfectoid Z,[(p~]-algebras R; the isomorphism we produce in this case will not obviously agree
with our eventual isomorphism over all perfectoid rings, but will be useful in proving structural
properties of F, over all perfectoid rings. Write ¢ = [¢] € Ay (R) for the the usual element,
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normalized to ensure that the distinguished element d = [p], generates ker(Ais(R) — R). Set
uw=q—1¢€ Ajs(R). Consider the map of complexes
n %—1 —
ol Fy(R)/p = (dmb LN Rb) — Gn(R)/p = (Rm/d] o, R"[l/d])

n

induced by multiplication by =" on the terms. In other words, it is given by the evident map of

complexes
_ o -1
(w7 R 22w R) — (R 2= R /u])
The map o/, is a quasi-isomorphism: it is the colimit over i of the maps of complexes
(anpi—le p—1 Hinpin> . (,ufnpin o—1 M,npiﬂRb)

induced by the identity; these are homotopic to the maps induced by ¢, which are isomorphisms of
complexes. For future references, we remark that the maps o/, are multiplicative, i.e., they induce
an isomorphism &, F, /p — @©,Gy/p of graded ring sheaves on perfectoid Z,[(y~]-algebras R; this
is easy to see from the formula given above.

Multiplicativity: We shall prove the following assertion that will allow us to reduce the theorem
for general n to the n =1 case:

(*) As presheaves on all perfectoid rings, each F,, (resp. Gy,) is p-complete arc-locally concen-
trated on degree 0 where it is p-torsionfree, and that the multiplication map F1®” — F,

(resp. G?" — G, expresses the target as the p-complete arc-sheafification of the source.

As both assertions in (x) are p-complete arc-local, it suffices to prove them for perfectoid Z[(pe]-
algebras R. By the first part of the proof, it is then enough to show them only for the G,’s. In
other words, we reduce to showing:

(¥)q The sheaf R — Gy(R)/p = RI'(Spec(R[1/p]),Z/p(n)) on perfectoid rings is p-complete
arc-locally concentrated in degree 0.

(xp) The multiplication map (G1/p)®™ — G,, exhibits the target as the p-complete arc-sheafification
of the source.

For (%,): by p-complete arc-descent, it suffices to prove that RI'(Spec(R[1/p]),Z/p(n)) is con-
centrated in degree 0 when R = [[, Vi is a product of p-complete rank 1 valuation rings with
algebraically closed fraction fields (Remark 8.9). Moreover, as each G, kills rings of characteristic
p, we may also assume each V; has fraction field of characteristic 0. For such an R, we can choose a
structure map Z,[(p~] — R, so the previous paragraph shows that G,,(R)/p ~ [ [, G»n(Vi)/p: indeed,
the analogous statement is clear for F,(R)/p as Ajns(—) commutes with products. Now G, (V;)/p
is visibly concentrated in degree 0, so we conclude that each G, is p-completely arc-locally concen-
trated in degree 0 where it is p-torsionfree.

For (%), we prove a stronger statement: for R = [[, Vi with V; a p-complete valuation ring
with algebraically closed fraction field, the restrictions H; = (Gi/p)|sps(r) to the small Zariski site

of Spf(R) satisfy H{"™ ~ H, as sheaves on the topological space Spf(R). As a map of sheaves
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on Spf(R) is an isomorphism exactly when it is on stacks, we must check the following: for each
x € Spf(R), the natural map

co(l]im (H1(O(U))®n — Hn(O(U)))

is an isomorphism, where the colimit runs over all affine open neighbourhoods U C Spf(R). Now
the functors G, (—)/p carry p-completed filtered colimits of perfectoid rings to filtered colimits of
complexes: this follows from the Gabber-Fujiwara theorem. Consequently, the above map can
identified with the natural map

G1(Ospt(r)e)®" = Gn(Ospi(r).z)-

The perfectoid ring V' := Ogp(p), is the p-completed ultraproduct of p-complete absolutely in-
tegrally closed valuation rings, and hence must itself be a p-complete absolutely integrally closed
valuation ring. But then C' = V[1/p] is an algebraically closed field, so the above map identifies
with the tautological map

H°(Spec(C), Z/p(1))®" — H(Spec(C), Z/p(n)),
which is an isomorphism by the definition Z/p(i) = Z/p(1)®* as étale sheaves on Spec(C).

Proof of theorem: Thanks to assertion (%) above, to prove the theorem, it remains to construct
a canonical isomorphism « : F} ~ (G of sheaves on all perfectoid rings: any such isomorphism
induces a multiplicative system of isomorphisms «, : F,, ~ G, by (x). By [BMS19, Proposition
7.17], we know that Z,(1) = lim,, y1,» as arc-sheaves on perfectoid rings (or even as sheaves on
the full quasisyntomic site), so there is a canonical map a; : F; — G determined by Kummer
theory. To prove this map is an isomorphism, we may work p-complete arc-locally, so we reduce
to checking that «;(R) is an isomorphism where R = [[, V; with V; a p-complete and p-torsion
free rank 1 valuation ring with algebraically closed fraction field C; = V;[1/p]. In this case, as we
saw in the proof of (%,) above, both sides commute with products and are concentrated in degree
0, so we reduce to checking the statement when R = V is a p-complete and p-torsion free rank 1
valuation ring with algebraically closed fraction field C'. Unwinding definitions, we must show that
the composite map

Z,(1)(V) = T,(V*) % T,(C*) = H"(Spec(C), Zy(1))

is an isomorphism, where a is the natural map and b comes from classical Kummer theory. In fact,
both a and b are themselves isomorphisms: the isomorphy of b is clear as H'(Spec(C), Gy,) = 0,
while the isomorphy of a follows as C*/V* is uniquely p-divisible. O

Remark 9.5. The isomorphism Z,(n)(R) ~ RI'(Spec(R[1/p]), Zy(n)) from Theorem 9.4 relied on
the following fact about Z,(1)(R): it can be described both as the Tate module of G, (which allows
us to construct the comparison map for n = 1 explicitly) and as a filtered Frobenius eigenspace of
prismatic cohomology (which allowed us to prove various properties of Z,(1)(—) including the key

~L
multiplicativity Z,(1)® ™ ~ Z,(n) necessary to construct the comparison map for all n). Taking
the second property as a definition, the first property is highly non-obvious and relies on homotopy-
theoretic input: it is proven in [BMS19] using the cyclotomic trace map to relate algebraic K-theory
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with TC'C. In [BL], we shall give a direct algebraic construction of a comparison map
log :T,(R") — gb_l(d)Ainf(R){l}.

In fact, this is the special case of a prismatic logarithm map Z,(1)(A/I) — A{1} that exists over any
bounded prism (A, I). Using this, the proof of Theorem 9.4 becomes purely algebraic. Moreover,
the two approaches to building comparison map are equivalent: the map log over the g-de Rham
prism can be shown to agree (up to a Frobenius twist) with the g-logarithm, which was studied in
[ALB19a] as an explicitification of the map coming from the cyclotomic trace construction.

We next extract algebraic consequences from Theorem 9.4. For this, we need the following lemma
reformulating results from [BMS19]; all cohomology groups appearing below are computed in the
flat topology unless otherwise specified.

Lemma 9.6. For a ring R, let Pic(R) = (7='RI'(Spec(R),Gn)) [1] denote the groupoid of line
bundles on R, regarded as an object of the derived category of abelian groups. For any quasisyntomic
ring R, there is a natural identification

Pic(R)"[-2] ~ Zy(1)(R),
where the completion on the left side is the p-completion.

Proof. By quasi-syntomic descent for perfect complexes and then line bundles, the functor Pic(—)
is a sheaf of complexes on the quasi-syntomic site. Moreover, it is locally concentrated in degree —1:
we have Pic(R) = R*[1] for any ring R no non-trivial line bundles, and every quasisyntomic ring has
a quasisyntomic cover with this property (e.g., by p-completing its w-localization). Passing to p-
completions, and using that units are p-divisible locally in the quasisyntomic topology, we learn that
Pic(—)"[-2] is the unique sheaf of complexes on the quasisyntomic site which is locally identified
by the sheaf R — T),(R*) = lim,, p1pn (R) of abelian groups. But this is exactly the characterization
of Z,(1)(—) by [BMS19, Proposition 7.17|, so the lemma follows. O

Corollary 9.7. For a perfectoid ring R, the groups Pic(R) and Pic(R[1/p]) are uniquely p-divisible.

Proof. By deformation theory, we have Pic(R) = Pic(Ais(R)) = Pic(R), so the claim follows for
Pic(R) as any perfect ring has a uniquely p-divisible Picard group.
For Pic(R[1/p]), we shall use Theorem 9.4 and Lemma 9.6. Consider the diagram

a, ~

Pic(R)"-2] Zy(1)(R)

: -

Pic(R[1/p])"[~2] —L> RT(Spec(R[1/p]), Z,(1)),

where @ is the isomorphism from Lemma 9.6, ¢ is the isomorphism of Theorem 9.4, d is the classical
Kummer map, and b is the canonical map; by p-complete arc-descent and reduction to the case R =
Oc¢ with C'/Q, complete and algebraically closed, one can check that this diagram is commutative.

16The proof in [BMS19] also uses the main theorems of [CMM18] to equate K-theory and TC in the relevant
context; however, once the comparison map is constructed, this input can be avoided using the method of proof of
Theorem 9.4.
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Moreover, the map d[1] is the p-completion of the truncation map 7<'RI'(Spec(R[1/p]), Grm) —
RT'(Spec(R[1/p]), Gp), so d is injective on all cohomology groups. As a and c¢ are isomorphisms,
it follows that b and d must also be isomorphisms. Reducing the isomorphism b modulo p gives an
identification
Pic(R)/p = Pic(R[1/p])/p.

Taking H° in this identification shows that Pic(R[1/p])/p =~ Pic(R)/p; this group vanishes as
Pic(R) is p-divisible, and thus Pic(R[1/p]) is p-divisible. On the other hand, computing H~* for
the previous isomorphism using the Bockstein sequences on both sides gives a surjection

Pic(R)[p] — Pic(R[1/p])[p]

on p-torsion subgroups. By the unique p-divisibility of Pic(R), the left side is 0, so the right is also
0, whence Pic(R[1/p]) is uniquely p-divisible. O
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10. THE ALMOST PURITY THEOREM

The goal of this section is to use the perfectoidization functor S +— Sperfg from Section 8 to
prove a general version of the almost purity theorem that includes André’s perfectoid Abhyankar
lemma [And18b]; this goal is accomplished in §10.2. To accomplish this task, we need a notion of
almost mathematics that deals with ramification with respect to any (finitely generated) ideal in a
perfectoid ring; this is possible thanks to Theorem 7.4, and is the subject of §10.1.

10.1. Almost mathematics with respect to any ideal. Let R be a perfectoid ring and let
J C R be a derived p-complete ideal with perfectoidization Jperrqa = ker(R — (R/J)pertd). In this
section, we study almost mathematics for p-complete R-modules with respect to the ideal Jyersa-

Definition 10.1. A derived p-complete R-module M is J-almost zero if JperrgM = 0.

When J = (p), we have Jperida = /PR, and the above notion then agrees with the usual notion
of “almost zero” for modules over a perfectoid ring.

Proposition 10.2. The subcategory of J-almost zero derived p-complete R-modules is stable under
kernels, cokernels and extensions in the category of derived p-complete R-modules, and forms a
®-ideal. It is equivalent to the category of derived p-complete (R/J)perta-modules.

Proof. Consider the “forgetful" functor from the category of derived p-complete (R/J)perta-modules
to the category of derived p-complete R-modules. To prove the proposition, it suffices to prove that
this functor is fully faithful and preserves Ext!. We will in fact prove that it preserves RHom. Thus
let M and N be two derived p-complete (R/J)perta-modules. Then

~L
RHomR(Mv N) = RHom(R/J)perfd (M®R(R/J)perfda N) .

Thus it is enough to see that M — M @é(R/ J)perfd is an isomorphism. As M is an (R/J)pertd-
module, it suffices to prove this when M = (R/J)perfd, Which is part of the next lemma. ]

Lemma 10.3. The multiplication maps

~L ~L
Jperfd®RJperfd - Jperfd ) (R/J)perfd®R(R/J)perfd — (R/J)perfd
are quasi-isomorphisms, and
~L
Jperfd®R(R/J)perfd =0.

. . . . ~L
Proof. 1t is clear that the first two maps are isomorphism precisely when Jyera®@z(R/J)pertd = 0,
so it suffices to prove that

~L
(R/J)perfd®R(R/J)perfd - (R/J)perfd
is a quasi-isomorphism. This is clearly true on H, so it suffices to prove more generally that for any

maps S < R — T of perfectoid rings, the ring .S QAQ}L%T is concentrated in degree 0 and perfectoid. Let
(B,IB) < (A,I) — (C,IC) be the diagram of perfect prisms corresponding to S «— R — T. Then

D= B@f,(} is concentrated in degree 0 and a perfect d-ring, as this can be checked after (derived)
reduction modulo p, where it follows from Tor-independence of perfect rings, cf. e.g. [BS17, Lemma
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3.16]. In particular, (D, ID) is a perfect prism. In particular, ID defines a Cartier divisor and we
have D/ID = S (EAQIL%T, giving the desired statement. O

Proposition 10.4. A derived p-complete complex M of R-modules is J-almost zero, i.e. H (M) is
J-almost zero for all i, if and only if

~L
Jperfd®RM - 0 .

The category of all such is equivalent to the category Dyp.comp((R/J)perta) of derived p-complete
complexes of (R/J)perta-modules, and is a thick tensor ideal in the category of all derived p-complete
complexes of R-modules.

Proof. We have already proved that Dy comp((R/J)pertd) = Dp-comp(R) is fully faithful. Clearly,
any object in the image is J-almost zero; conversely, writing any object as a limit and colimit of
its truncations, and using that the inclusion commutes with all limits and colimits, shows that any
J-almost zero complex is in the image. For all objects M in the image,

L I
Jperfd®RM = Jperfd®R(R/J)perfd ®(R/J)perfd M=0.

Conversely, if Jperfd(/géM =0, then M — M @é(R/ J)pertd 18 @ quasi-isomorphism and so M is
J-almost zero. OJ

The following connectivity criterion in J-almost mathematics shall be useful later.

Lemma 10.5. A p-complete complex M € D(R) is connective if and only if M@éR/Jperfd is
connective and M is J-almost connective (i.e., H'(M) is J-almost zero for i > 0).

Proof. The “only if” direction is clear as (—)@)IL%R/ Jpertd Preserves connectivity. For the converse,
fix a derived p-complete complex M € D(R). We have a triangle

~L ~L
<%mm®Rﬂf—%ﬂ4—%(R/ﬁmmﬂ®RﬂL

so it suffices to see that if M is J-almost connective then Jperfd@iéM is connective (the converse is
also true, and clear). But in the triangle

~L ~L sL
Jperfd®R7—§0M — Jperfd®RM — Jperfd®RT>0M
the last term vanishes by Proposition 10.4 and the first term is connective. O
The following approach to Galois coverings in the J-almost category shall prove useful.

Definition 10.6. A p-complete R-algebra S equipped with an action of a finite group G is a
J-almost G-Galois extension if the maps

R— RI(G,S), 5855 — [[ S
G

are J-almost isomorphismes, i.e. the cones are J-almost zero.
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Remark 10.7. The conditions imply similar statements modulo p”, which then by passing to H°
imply that

Rip" = (S/5™)C | /0" @ S/p" — [] /"
G

are J-almost isomorphisms.

Note that for each n, (R/p", Jpertd,n) defines an almost setting (called a basic setup in [GRO3,
§2.1.1]), where Jperfa,n is the image of Jyereg in R/p™ (i.e., Jpertd,n is an idempotent ideal of R/p").
If J = (g) is generated by one element, then it satisfies the hypothesis of [GR03, §2.5.15] that
Jpertd;n @R/pr Jpertd,n is a flat R/p"-module: Indeed, when g admits p-power roots, this is given by
colim /iy /pi-1 R/pn.17
Proposition 10.8 ([And18b, Proposition 1.9.1]). Let S be a p-complete R-algebra with G-action
that is a J-almost G-Galois cover. Then R/p™ — S/p" is almost finite projective and almost
unramified with respect to (R/p", Jpertdn). More generally, if for a subgroup H C G the map
S" = SH — S is a J-almost H-Galois cover, then R/p™ — S'/p"™ is almost finite projective and
almost unramified.

Note that [And18b, §1.1] has a standing flatness assumption on m ®g m, rendering it inapplicable
directly in the context of Proposition 10.8. To circumvent this, one checks directly that this as-
sumption is not necessary for the proof of [And18h, Proposition 1.9.1]; alternately, one can reduce
to the flat case using the observation recalled before the statement of Proposition 10.8 as well as the
fact that an object in Dy,_comp(R) is J-almost zero if and only if it is (g)-almost zero for all g € J.

10.2. The almost purity theorem. Our goal is to prove the following version of the almost purity
theorem (and André’s perfectoid Abhyankar lemma) over a perfectoid ring R, handling ramification
along arbitrary closed subsets of Spec(R).

Theorem 10.9. Let R be a perfectoid ring, J C R a finitely generated ideal and Jpersqg = ker(R —
(R/J)perfd). Let S be a finitely presented finite R-algebra such that Spec(S) — Spec(R) is finite
étale outside V(J). Then Sperq is discrete and a perfectoid ring, and the map S — Sperta 15 an
isomorphism away from V(J). Moreover, for n > 0, the map R/p" — Sperta/p" is almost finite
projective and almost unramified with respect to the almost setting (R/p"™, Jpertd,n)-

1TRor this, we have to see that
colim ) R/p™ — Jpersa /D"

gl/pt—1/pi=
is an isomorphism. Surjectivity is clear. For injectivity, assume that a € R is an element such that when considered

as an element in the i-th copy of R/p™ it maps to 0 in Jperta/p™. This means that gl/pia = p"gl/Pkb for some k
(which we can assume to be larger than ¢) and b € R. In particular

k i k
gl/P (gl/p -1/p%, —p"b) =0.
As R is reduced, this implies that also
g (g e — ) =0,

or in other words , . . -
gl/p —1/pP+1/p" T pngl/p bep"R,

which means that the image of a in colimgl/pi,l/piﬂ R/p™ is equal to 0.
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In fact, if S admits a G-action for some finite group G such that Spec(S) — Spec(R) is a G-Galois
cover outside V (J), then R — Sperta is a J-almost G-Galois cover in the sense of Definition 10.6.

We first prove Theorem 10.9 only in the J-almost setting. This J-almost version then implies
a general discreteness statement (Theorem 10.11) for perfectoidizations of integral algebras over
perfectoid rings, which then yields Theorem 10.9 in general. The key inputs in the argument are:

(1) The arc-descent properties of S — Sperfd, especially Corollary 8.12.
(2) André’s lemma (Theorem 7.14).

Remark 10.10. Our proof of Theorem 10.9 yields, in particular, a new proof of the almost purity
theorem: our arguments do not make any use of adic spaces (in particular, not of perfectoid spaces).

Proof of Theorem 10.9 in the J-almost setting. With hypotheses and notation as in Theorem 10.9,
our goal is to show Theorem 10.9 holds true in J-almost setting, i.e., to show:

(%) Sperfa is J-almost connective, i.e. JpertaH'(Sperta) = 0 for @ > 0, and S — Sperfa is an
isomorphism away from V(.J). Moreover, for all n > 0 the map

R/p" — H°(Sperta) /1"

is almost finite projective and almost unramified with respect to the almost setting (R/p", Jpertd,n)-
In fact, if S admits a G-action for some finite group G such that Spec(S) — Spec(R) is

a G-Galois cover outside V(J), then R — H%(Sperfa) is a J-almost G-Galois cover in the

sense of Definition 10.6.

By Corollary 8.12, we are allowed to replace S by an S-algebra S’ that is integral over S and such
that Spec(S’) — Spec(S) is an isomorphism outside V/(J) (as then Sperta — S]oqq 18 a J-almost
isomorphism). In particular, this implies that Sperfq is independent of the choice of S inducing a
given finite étale cover of Spec(R) \ V(J), up to J-almost isomorphism.

Assume first that S admits an action of G such that Spec(S) — Spec(R) is a G-Galois extension
outside V' (J). We want to prove that R — Spereq is a J-almost G-Galois cover. By Theorem 7.14,
we can assume that R is absolutely integrally closed. This implies in particular that any finite étale

cover of any Zariski localization is Zariski locally split, so we can find generators fi,..., f, of J
such that Spec(S) — Spec(R) admits a splitting outside V(f;) fori = 1,...,r. As being a J-almost
isomorphism is equivalent to being an (f;)-almost isomorphism for all i = 1,...,r, we can assume

that J = (f) is a principal ideal such that Spec(S) — Spec(R) splits over Spec(R)[%].18 But recall
that we were allowed to replace S by an integral S-algebra S’ such that Spec(S’) — Spec(S) is an
isomorphism outside V' (J). This allows us to replace S by the trivial G-torsor, where the result is
clear.

Now assume more generally that Spec(S) — Spec(R) has constant degree r outside V(J). In
that case, we can find a ¥,-Galois extension of X \ V(.J) of which Spec(S) \ V' (J) is the quotient by
¥r_1, cf. e.g. [And18b, Lemma 1.9.2]. By Proposition 10.8, we can reduce to the case of a G-Galois
extension.

8Even if J was principal to start with, say J = (p) as in the usual almost purity theorem, this step may change
the principal ideal, and requires general elements.
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In general, there is an open and closed decomposition of Spec(R) \ V(J) = ||, U; over which
the degree of Spec(S) — Spec(R) is constant. For each i, let (R;)perfa be the perfectoidization of
the image R; of R in H°(U;, 0). Then R — [, (Ri)perta satisfies the hypothesis of Corollary 8.12
(any map R — V that does not kill J gives a map Spec(V) — Spec(R) \ V(J) = ||, Us, so
factors over exactly one of the U;, inducing a map R; — V, which then extends uniquely to the
perfectoidization of R;). Thus, we may replace R by (R;)perfa for some 4, and hence assume that
Spec(S) — Spec(R) has constant degree outside V'(.J). O

Theorem 10.11. Let R be a perfectoid ring corresponding to a perfect prism (A,I). Let R — S be
the p-completion of an integral map. Then g4 pert 18 discrete and a perfect p-complete -A-algebra.
Consequently, Sperta ts discrete and a perfectoid ring.

Proof. By passage to filtered colimits, we may assume R — S is finitely presented finite map'’.
By Corollary 8.14, it is enough to prove Spertq is connective. Choose a sequence gi,...,g, € R
as in Lemma 10.12. We shall prove the connectivity of Sperfq by induction on n. If n = 1, the
conditions in Lemma 10.12 ensure that the map R — S)eq is finite étale, and thus Syeq is perfectoid.
But S — Sreq is an isomorphism on arc-sheafification, so Sperta = Sred,perfd = Sred 1s discrete by
Corollary 8.11.

Now assume n > 1. The inductive hypothesis applied to (R/g1R)perfa = S @r (R/g1R)perta and
Proposition 8.13 ensure that (S/g1.5)perta is connective. The criterion in Lemma 10.5 reduces us to
checking that Sperfq is g1-almost connective. The conditions in Lemma 10.12 imply the following:

(1) Either p =0 in R[1/g1] or p € R[1/g1]*.

(2) The map R[1/g1] — Srea[1/91] factors as R[1/g1] — T1 — Sred[1/g1], where the first map
is finite étale and the second map is a universal homeomorphism. If p € R[1/g1]*, then the
second map is actually an isomorphism.

We claim that 71 — Syeda[1/g1] is an isomorphism in general. By the last sentence of (2) above, we
may assume p = 0 in R[1/g1], so R[1/g1] is a perfect F,-algebra. But then 7} is perfect as well, so
T1 — Sred[1/g1] is a universal homeomorphism from a perfect ring into a reduced ring; any such map
must be an isomorphism, so 71 = Sreq[1/g1]. Summarizing, the map R[1/g1] — S[1/g1] — Srea[1/g1]
is a finite étale cover.

If S’ denotes the integral closure of R in Syeq[1/g1], then the R-finiteness of S gives a map S — S’
of integral R-algebras that is an isomorphism of arc-sheaves outside (g1). By Corollary 8.12, the
map Sperfd — Sl’)erfd is a g1-almost isomorphism. As we only want to show g-almost connectivity of

Sperfd, it suffices to check the gi-almost connectivity of Sgerfd. But this follows from Theorem 10.9
by approximating S’ by finitely presented finite R-algebras inducing the given finite étale cover
R[1/g1] = Sted[1/g1] on inverting g;. O

We needed the following lemma, stating roughly that any finitely presented finite map of qcgs
schemes becomes finite étale over a constructible stratification of the target, at least up to universal
homeomorphisms.

9Note that any such S is finitely presented as an R-module: any generator of S as an R-algebra satisfies a
monic polynomial, so any finite presentation of S as an R-algebra immediately gives a finite presentation of S as an
R-module. In particular, such an S is already p-complete.
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Lemma 10.12. Let R — S be a finitely presented finite map of commutative Z,)-algebras. Then
there exists a sequence of elements g1, ...,gn € R such that, if we set R; = R/(g1, .-, gi—1)red[1/gi]
and S; = S/(g1, -, §i—1)red[1/gi] fori =1,.....,n, then the following hold true:

(1) The ideal (g1, ....,gn) is the unit ideal of R; equivalently, U;Spec(R;) = Spec(R).

(2) The map R; — S; factors as Ry — T; — S;, where R; — T is finite étale, and T; — S; is a
universal homeomorphism. Moreover, the map T;[1/p] — S;[1/p] is an isomorphism.

(3) In each R;, we either have p =0 or p € R}.

Proof. Tt suffices to find g, ..., g, € R satisfying (1) and (2): we can then stratify further if necessary
to also achieve (3); explicitly, replacing (g1, ..., gn) With (pg1, g1, pg2, 92, ..., Pgn, gn) does the trick.
For (1) and (2), by noetherian approximation, we may assume R is a finitely presented Z,)-algebra.
Say p1,...,pr are the minimal primes of R, and let K = [[, K; be the corresponding product of
residue fields of R, so K is the total ring of fractions of R..q. As R — S is finite, the induced map
K — (S ®p K)eq is then the product of maps of the form K; — L;, where each L; = (S @ K;)red
is a finite reduced Kj;-algebra. But then each L; is a finite product of finite field extensions of K;, so
the map K; — L; factors as K; — M; — L;, where the first map is finite étale, while the second map
is a universal homeomorphism and an isomorphism if p is invertible in K;. By an approximation
argument, we can then find some ¢g; € R invertible on K such that Ryeq[1/g1] — Srea[1/g1] has the
form required in (2). This constructs the open stratum, and the rest follows by noetherian induction
applied to the map R/(g1) — S/(g1). O

Proof of Theorem 10.9. Combine the J-almost version proven above with Theorem 10.11. O

Remark 10.13. Theorem 10.9 can be used to reprove some known results in commutative algebra
relatively quickly. For example, the main theorems of [HM17] follow almost immediately. Let us
explain the argument for [[IM17, Theorem 1.3]. Fix a complete regular local ring R of mixed
characteristic and a finite extension R — S contained in a fixed absolute integral closure R — RT.
Fix some n > 0. To prove [[IM17, Theorem 1.3], it is enough to show that there exists some ¢ € R
such that for all ¢ > 0, the natural transformation

Tor; /" (S/p", =) — Torf”" (R* /p", )

is c-almost zero, i.e., the image is annihilated by all p-power roots cM/P" e Rt of e. We claim
that any ¢ € pR such that R[1/c] — S[1/c] is finite étale will do the job. To see this, choose a
faithfully flat extension R — R, contained inside the p-adic completion of RT with R, perfectoid
(see Remark 3.11). Set T' = S ®p Roo, so the finite map R, — T is finite étale after inverting
c. Theorem 10.9 implies that Ro, — Tperfd is c-almost finite étale. In particular, as B — R is
faithfully flat, the functor Torf'/ " (Tpertd/P", —) is c-almost zero (i.e., killed by (cTpertd)perta) for
i > 0; here we implicitly use that ¢ € pR and that the p-torsion in Tperfq is p-almost zero (and thus
c-almost zero). But the map S/p™ — RT /p™ factors as S/p™ — T'/p" — Tpera/p™ — R /p", where
the last map is obtained from the universal property of perfectoidizations as the p-adic completion
of RT is perfectoid. This gives a factorization

Tor] /""" (5/p", —) — Tor!™”" (Tpeta/p", =) — Torl™" (R* /p", -),
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which implies the claim as the middle group is c-almost zero for 7 > 0.
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11. THE ETALE COHOMOLOGICAL DIMENSION OF PERFECTOID RINGS

Fix a perfectoid ring R corresponding to a perfect prism (A4, I). We apply our general version of
the almost purity theorem to prove the following theorem.

Theorem 11.1 (The étale cohomological dimension of algebraic étale sheaves). The F-étale co-
homological dimension of X = Spec(R[1/p]) is < 1, i.e., for every étale Fp-sheaf F' on X, we have
HY{(X,F)=0 fori>1.

We stress that X is the spectrum, not the adic spectrum, of R[1/p]; in particular, F' is a filtered
colimit of Zariski-constructible sheaves. It is easy to see that the statement is wrong for general
sheaves on the adic spectrum of R[1/p].

Proof. 1t suffices to prove the result when F' = j L, where j : U — X is the inclusion of a
quasicompact open subset of a constructible closed subset of X, and L is an F,-local system of
constant rank on U. Using the method of the trace [Sta, Tag 03SH|, we can find a finite étale cover
V — U of degree prime-to-p such that L|y admits a finite filtration whose graded pieces are the
constant sheaf F). Let YT := Spec(S) — X := Spec(R) be a finitely presented finite morphism
lifting V' — U. Write Y = Y*[1/p] and let j : V — Y be the resulting open immersion. This data
is summarized in the diagram

v ey oyt

L

U2l x o x+

where all squares are cartesian. A standard devissage argument now reduces us to showing that
RT(Y,jiF,) € D=!. Let J C S be a finitely generated ideal cutting out the closed subset Y+ —V C
Y. By the étale comparison theorem for Spec(S) and Spec(S/J), the complex RI(Y,jF,) is
computed by applying (—/p[%])‘i’:l to the fibre of

S/Aperf —7  (S/J)/A,perfs

so its is enough to show this fibre is connective. This can be checked after base change along
A — A/I, so we are reduced to checking that the fibre of

Sperfd — (S/J)perfd
is connective. By Theorem 10.11, both objects above are discrete perfectoid rings, so we must show
that the map is surjective. The universal property of perfectoidization shows that (S/J)perfa =~
(Sperfa/J Spertd)perfd, S0 the claim follows from Theorem 7.4.
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12. THE NYGAARD FILTRATION FOR QUASIREGULAR SEMIPERFECTOID RINGS

In this section, we define and analyze the Nygaard filtration on g when S is quasiregular semiper-
fectoid, and use it to endow prismatic cohomology with a Nygaard filtration which will in particular
prove the de Rham comparison. The main result and its proof strategy is explained in §12.1; the
proof, which is completed in §12.5, depends crucially on an analysis of the Nygaard filtration for a
specific quasiregular semiperfectoid ring explained in §12.2.

12.1. Structure of the Nygaard filtration for quasiregular semiperfectoid rings. The Ny-
gaard filtration has a rather direct definition.

Definition 12.1. Let S be a quasiregular semiperfectoid ring with associated prism ( g, (d)). The
Nygaard filtration on g is given by

Fi]ﬁ'v s={x e 5\¢(x)€di s} -
It is an N-indexed decreasing multiplicative filtration.

We warn the reader that in general the Nygaard filtration is not separated. The primary goal of
this section is to prove the following theorem. Fix any perfectoid ring R (correiponding to a perfect
prism (A, (d))) mapping to S. Then recall that by the Hodge-Tate comparison, s = g/d= g/r/d
is an S-algebra equipped with the conjugate filtration

Fil, sC s
which is an N-indexed increasing exhaustive multiplicative filtration with
gr; 5= (A'Lg/r[=i])"
The conjugate filtration depends on the choice of R in general (see Example 12.3).

Theorem 12.2. The image of
° _
Filyy s £, s — S
agrees with Fil; g. In particular, there is a natural isomorphism
gry s = Fil; g{i}.
The proof of this theorem in the general case is rather indirect. We will proceed in the following
steps:
(1) The case S = R(X/P™)/X (§12.2).
(2) The case S = R(Xll/poo, . ,X}L/poo>/(f1, ..y fm) for some p-completely regular sequence

(3) Define a Nygaard filtration on p/4 for any p-completely smooth R-algebra B by quasisyn-
tomic descent (§12.4).

(4) Define a derived Nygaard filtration on g/4 via left Kan extension from smooth algebras,
show that it agrees with the Nygaard filtration and finish the proof (§12.5).
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Example 12.3. We record an example of a quasiregular semiperfectoid ring S where the conjugate
filtration on g defined using a choice of a perfectoid ring mapping to S depends on the choice.
Let R = Oc, and I be the absolute Galois group of Q,, so I" acts naturally on R. Let S = R@zp R,
so S is quasiregular semiperfectoid and has a natural I' x [-action. Write 41,4 : R — S for the
inclusion of each of the two factors, and let Fy and F! be the corresponding conjugate filtrations
on g. Write R{1} = LR/Z [—1], regarded as a finite free R-module of rank 1 equipped with an
equivariant ['-action. Regarding ¢; as the map 4 : R@zp Z, — R@sz shows that 47 has a natural

(T x T')-action. This implies that the (I' x I')-action on g preserves the conjugate filtration F;
moreover, the standard description of gr; for the conjugate filtration then gives an isomorphism

gr{ s~ L) [-1] ~ R®z R{1}
of (I' x I')-equivariant S-modules. By symmetry, we also have an isomorphism

el s ~ R(1)3g, R
of (I' x I')-equivariant S-modules.

Now assume that the conjugate filtration on g attached to any choice of perfectoid ring mapplng
to S is independent of the choice. Then F} and F) are the same filtration and thus gr; g and gr{" s
are equal as subquotients of g; in particular, they are (I x I')-equivariantly isomorphic S-modules.
Thus, we learn that that R@sz{l} and R{l}@sz are isomorphic as I' x I'-modules. Applying
derived invariants under 1 x I' to such an isomorphism would then show that

RT(1 x T, R®z,R{1}) ~ RT(1 x I, R{1}&z,R).
Using the projection formula, this implies that
R®y, RT(T, R{1}) ~ R{1}&5, RT(T,R).

Now Tate calculated that HORT(T', R) = Z,, while RT(T', R{1}) is annihilated by a fixed power of p.
Plugging this into the above equality gives an absurd statement: the left side is bounded p-torsion
while the right side is nonzero after inverting p. Thus, we get a contradiction to the existence of
such a filtration on g.

12.2. The Nygaard filtration in a special case. In this section, we consider the semiperfectoid
ring

S = (Zp[praXl/poo]/X)/\
We consider it as an algebra over the perfectoid ring R = Z,[(y~]|". The corresponding perfect
prism is given by the pair (A4,I), where A is the (p, [p],)-adic completion of Z,[¢"/?™] and I =
[plg =1+q+...+¢""!; here ¢/P" € A maps to Gpnt1 € R= A/I. From the definition of g = init
as a prismatic envelope it follows that
st
[plq

where we normalize the coordinates so that the map S — g takes X'/P" to Y/P (These
normalizations will make the following formulas appear nicer.) The J-structure on g is determined

by 6(q) = 0(Y) =

s = AP

n—1
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It turns out that in this situation, there is an explicit description of g as a ¢g-divided power
algebra. Recall that for any integer n > 0, one sets

n n

—1 _ .
=7 =1tat .+l =[[ly e Zla - 1] c A
=1

The description as a prismatic envelope also shows that g is (p,q — 1)-completely flat over A
(Lemma 3.13) and hence also over Z,[q — 1] as Z,[¢ — 1] C A is a flat inclusion; as the Z,[q — 1]
is noetherian, we conclude that g is flat over Z,[q — 1] (see [Bha20, Lemma 5.15]). In particular,
each [n], acts as a nonzerodivisor on g, so the statement of the following lemma makes sense.

Lemma 12.4. We have % € g for all integers n > 0. The resulting A-module map

DA (9)

ienpyy Ll

identifies g as the (p,[plq)-adic completion of the left side.

Proof. Lemma 12.5 below implies that % € g for all n > 0. To check that the map is an
isomorphism after completion, we may take the base change along the map A — A/(q — 1) of
d-rings; after this base change, ¢ = A(Yl/poo>{ﬁ} becomes

Allg - 1><Y1/P°°>{‘;p}

which by Corollary 2.39 agrees with the divided power envelope of (Y) in A/(q — 1)(Y/?*) which
indeed has the desired description. ]

The following lemma will be reused below, so it is formulated in larger generality than necessary
right now.

Lemma 12.5. Let D be a (p, [ply)-completely flat Z,[q — 1]-algebra. Assume we are given a map
¢: D — D and an element x € D such that the following hold true:

(1) We have ¢(q) = ¢ and ¢(z) = xP.
(2) We have ¢(z) € [plyD.
Then x™ € [n]y!D for all n > 0.

Proof. As [i], is invertible for ¢ coprime to p, it suffices to prove the following statement:

(x) Given m > 0, if 2™ € [m],!D, then 2™ € [mpl,!D.
Using Lemma 12.6 (1), it suffices to show that ¢([m],!) - [p]g* | 2™ under the above assumption on
z. Now ¢([m],!) is a nonzerodivisor modulo [p],: this holds true in Z,[q — 1] as the polynomial
o([mlg!) = 1%, ‘g—:ll does not vanish at the primitive p-th roots of unity in Q,, and thus also in
D by flatness. Thus, (x) reduces to showing

(*') Given m > 0, if 2™ € [m],!D, then 2™ is divisible by both [p];* and ¢([m],!).
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Now 2™ € [m]y!D implies that 2™P = ¢(a™) € ¢([m]y!)D, which proves half of (+'). For the other
half, we simply observe that 2™ = (27)™ € [p];" D by our assumption 2? € [p],D. O

Next, we record two multiplicative identities in Z,[¢g — 1], one of which was already used above.

Lemma 12.6. In the ring Zy[q — 1], we have the following identities:

(1) For any m € N, we have [mply! = u - ¢([m]g!) - [plg" with u a unit.

(2) For any i € N[1/p], we have [|i|pls! = [|ip]]q! - v with v a unit.

Proof. For (1), note that, up to multiplication by units, [mpl,! equals [[;~,[ip]s: for any integer
k > 0, the polynomial [k], is invertible if & is not divisible by p. Moreover, we also have an equality

m m

H[ip]q! -

i=1 =1

m

qip_l_ qip_l ¢ —1
qg—1 Pl -1 qg-—-1

) = ([mlg)) - [plg"-

The desired identity now easily follows.

For (2), write ¢ = |i] + € for 0 < e < 1 in N[1/p]. Then |ip| = |i]p+ |ep]. As 0 < e < 1in
NJ[1/p], we have 0 < |ep] < p in N. But then any integer k with |i]p < k < [ip] is coprime to p,
so the corresponding polynomial [k], is invertible; this easily implies the claim. O

Now we can describe the Nygaard filtration explicitly.

Lemma 12.7. Theorem 12.2 holds true for S. More precisely:
(1) The Nygaard filtration Fil, g identifies with the (p, [plq )—adic completion of the A-submodule

D vy 4 e @ A

ie€N[1/p] : i€N[1/p]

n—|i

A = 1 for non-positive

under the isomorphism in (9), and we follow the convention that [p]
exponents (i.e., when i >n+1).

(2) The image of

¢
el

is given by the summands with i < p(n + 1).

:Fily ¢ — S_ S/[pq— @ Z Cp

i€N[1/p]

W

(3) The conjugate filtration Fil,, s C g is also given by the summands with i < p(n + 1).

Proof. For (1), we note that ¢ is a graded map in the above N[1/p]-grading, multiplying the grading
by p. In particular, it follows that Fil}; g is also graded. Using both parts of Lemma 12.6, we can
write

S GRS (AN (10
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for a unit w. It follows from this formula that [p]:;;/y ﬁ € Fil}; s for all ¢ (under the convention

that [p}Zl_/yJ = 1 for non-positive exponents). The same formula (and the fact that ¢ is bijective on
Yyt

A) also shows that no smaller multiple of i can lie in Fil} g, giving (1).
For part (2), we use the above formula to see the following:

n

e For i <n+1, the map ¢ maps (Fily s)geg=i isomorphically onto [p]g - ( s)deg=ip-
e Fori>n+ 1, the map ¢ maps (Fil} §)deg—; into [p]2™ - ( 5)deg—ip-
This immediately gives (2).
For part (3), recall that the natural map

S = (Zp[gp‘x’:Xl/poo]/X)A - 5

carries X1/P" to Y1/P" ', As [ply | Y¥in g for i > p, it follows that the image of the above map
is given by the summands with ¢ < p, giving the claim in part (3) for n = 0. For n = 1, we use
the end of Example 7.9 to see that gr' ¢ is generated by %. The higher graded pieces are then

generated by the divided powers of ﬁ by the multiplicativity of the conjugate filtration, which by

yP?

Lemma 12.6 (1) indeed agree up to units with nk

This gives the desired comparison. O

12.3. The Nygaard filtration for finitely presented semiperfectoid rings. In this subsection
we prove the following result.

Proposition 12.8. Theorem 12.2 holds true for S = R(Xll/poo, e ,X}L/poo>/(f1, .oy fm) where
fi1,- .., fm 18 a p-completely reqular sequence.

Proof. For the purposes of this proof, we make the following definition for a quasiregular semiper-
fectoid R-algebra S:

(*) A multiplicative filtration {Fil}, g};>0 by ideals on the ring g is good if ¢(Fily,) C d* ¢
s _ _
for all 4 and the induced map ngM s X5 g identifies the source with Fil; g for all i.

The goodness condition has the following properties:

(1) Given a quasiregular semiperfectoid R-algebra S and a good filtration Fil},;, we must have
Fil},; = Fily: indeed, this follows by induction on ¢ using the map

0—Filit! ¢ —=Fil), s —>grf, §——0

bk |

0*>di+1 g dz S dz S/di-l-l SHO

of short exact sequences, the definition of the Nygaard filtration, and the injectivity of the
rightmost vertical arrow in the above map of exact sequences.

(2) If the g of a quasiregular semiperfectoid R-algebra S admits a good filtration, then Theo-
rem 12.2 holds true for S: this follows by the definition of a good filtration and (1).
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(3) Say S — S’ is a map of quasiregular semiperfectoid R-algebras which is relatively perfect in
the following sense: it is obtained via base change from a map of perfectoid R-algebras. If
s supports a good filtration {Fil},; s}i>o, then {Fil}, ¢ := Fil}, 5(§>LS s }i>o is a good
filtration on ¢. Indeed, by the base change compatibility of the conjugate filtration along
such maps S — S’, we know that ngM/ ¢ ~ Fil; g is concentrated in degree O for all i, and
hence the same is true for g/ Filh, g for all i. Moreover, by base change, we also know
that ¢ — g/ Filéw g is surjective for all 4, so each FilZM, g’ is concentrated in degree
0 and an ideal of g. By the assumption on S — S’, we also know that the Frobenius
s — g is the base change of the Frobenius on g. Using this remark, it is easy to see

now that {Fil%,; ¢ }i>0 is a good filtration .

(4) Say S — T is a map of quasiregular semiperfectoid R-algebras which is relatively perfect in
the sense of (3) and further is p-completely faithfully flat. If 7 supports a good filtration,
so does g. Indeed, consider the Cech nerve S — T of S — T. Applying (3) to T, we
learn that each 7 supports a good filtration via base change from the one for 7 along
some structure map T — T°. By (2), this filtration on 7 must be the Nygaard filtration,
so it is independent of the structure map used in the previous sentence. In other words,
the Nygaard filtration {Filfv 7e }i>0 defines a cartesian cosimplicial (p, d)-complete complex
over the cosimplicial ring 7e. Now ¢ — 7 is (p,d)-completely faithfully flat with Cech
nerve e, so the Nygaard filtration {Filly 7e};50 on 7e must arise as the base change
of a multiplicative filtration {FillM s}i>o on g, a priori merely in the filtered derived
category. To finish, we must check that {Fil’M s}i>o defines a good filtration on g. For
each 4, the map ¢ — g/Fil{; s base changes along ¢ — 7 to a surjective map of
modules in degree 0. By (p, d)-complete faithful flatness, we conclude that each g/Fil}; s
is connective and the map ¢ — g/ Filéw s is surjective on H®. This implies that each
F ﬂZM g is connective and the map to g is injective on H°. On the other hand, the descent
formula Fil%, g ~ lim, Filyy 7+ shows that Fil}, g is also coconnective, so {Fil}; s}i>0
is indeed a multiplicative filtration by ideals on g. Using (p, d)-complete faithful flatness
and base change for the conjugate filtration, we then conclude that {Filé\/[ s}i>o is a good
filtration on g.

We can now prove the proposition by devissage.

First, consider S(m) = R<X11/poo, e ,Xrln/poo>/(X1, ..., Xmm). Lemma 12.7 gives the theorem for
S(1). The general m case follows by the Kiinneth formula: tensoring together the Nygaard filtration

for each R(X Z-l/ P OO> /(X;) gives a good filtration, so the claim follow from property (2) above.

Next, consider a quasiregular semiperfectoid ring of the form R'/(f1, ..., f»), where R’ is a perfec-
toid R-algebra and fi, ..., f, € R’ is a sequence of elements that is p-completely regular relative to
R and such that each f; admits a compatible system of p-power roots in f;. Such a ring receives a
relatively perfect map (in the sense of property (3) above) from S(r), so the proposition follows in
this case from property (3).

Finally, by André’s lemma, any S as in the proposition admits a relatively perfect and p-
completely faithfully flat cover by the type of quasiregular semiperfectoid ring treated in the previous
paragraph, so the claim follows from property (4). O
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12.4. The Nygaard filtration on prismatic cohomology. Fix a perfectoid ring R corresponding
to a perfect prism (A, 7). We want to endow p,4 with a functorial Nygaard filtration for any p-
completely smooth R = A/I-algebra B. Although we will later be able to give a better definition,
we use the following direct recipe.

For any surjection R(X7,...,X,) — B, the ring

B=RX{PT, XYY ©pix, . x B

n

is semiperfectoid and Zariski locally of the form considered in the previous subsection, so by lo-
calization Theorem 12.2 holds true for B. The same applies to all terms of the Cech nerve B® of
B — B. The cosimplicial §-ring

computes p/a (for example, by the Hodge—Tateiomparison and quasisyntomic descent).
Definition 12.9. The Nygaard filtration

Fily p/a— B/a
is the totalization of Fily ge C  pe-

Proposition 12.10. There is a natural map

ccé
di

that projects to an isomorphism of grﬁv B/A S T<i B/A-

” Fllﬁv B/A_) B/A

Proof. This follows from Proposition 12.8 by passing to totalizations of the cosimplicial objects. [

It follows that the Nygaard filtration on p,4 is independent of the choice of the surjection
R(Xy,...,X,) — B: adding extra variables to the Xj;, one gets a comparison map between the two
induced Nygaard filtrations, and it induces isomorphisms on grﬁ\, B/A, S0 by descending induction
on 7 on all Fil’}v B/A-

12.5. End of proof. Finally, we can finish the proof of Theorem 12.2. First, by left Kan extension
of B+ Fily p,4 we can define a “deriyed Nygaard ﬁltration" Fily, p/a on  p/a for any derived
p-complete simplicial R-algebra, with gr"N, B/a = Fil; p/a. In case B = S is quasiregular semiper-
fectoid, these properties imply that Fily, g /A is concentrated in cohomological degrees 0 and —1
for all ¢ > 0.

Proposition 12.11. For all @ > 0, the complex Filﬁ'v, s sits in degree O and defines a filtration of
s that agrees with Filyy g, and Theorem 12.2 holds true for S.

Proof. We argue by induction on 4, so assume that Fily, = Filﬁv holds true for some ¢. This is
clearly true for ¢ = 0, giving the inductive start. First, we check that then Theorem 12.2 holds true
in degree i, i.e. the image of

%:Fﬂév S—>75
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is given by Fil; g. Using Filﬁv = Filéw, one sees that the image is at most Fil; g. On the other

hand, by picking a surjection S’ = R(X.l/poo y P

;LY )/(Y;) = S that also induces a surjection on
cotangent complexes and using Proposition 12.8 (and passage to filtered colimits), one sees that the
image is at least Fil; g. Thus, Theorem 12.2 holds true in degree 1.

We also see that Filﬁ\,/ s — gr?v, g is surjective, and hence its derived kernel Fil

concentrated in degree 0. Moreover, it agrees with the kernel of

é\'f,l g is still

%:Fﬂ?\[ S—>73

which by definition is Filé\'}'l 5. Thus, Filé\'}',l s = Filé\'}'l s, as desired. ]
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13. COMPARISON WITH [BMS19]

The goal of this section is to compare the constructions of this paper with those in [BMS19]. Recall
that for a quasiregular semiperfectoid S, we defined in [BMS19, §7.2] the ring AS =mTC™(S;Zy) =
moTP(S;Z,) together with a Frobenius semilinear endomorphism ¢g (induced by the cyclotomic
Frobenius map). The fundamental diagram

TC(8:2,) — L~ TP(S: Z,) (11)

| l

THH(S; Z,) — >~ THH(S; Z,)'C»

then yields on 7wy a commutative diagram

s— 5 (12)

e Jom

SLAS/d

of commutative algebras. By construction, AS is complete for a filtration Filﬁv/\s C AS also termed
the Nygaard filtration in [BMS19]. Our comparison theorem is the following:

Theorem 13.1. There is a functorial (in S) 0-ring structure on As refining the endomorphism ¢.
init
S

The induced map g = — AS identifies AS with the Nygaard completion of g, compatibly with

Nygaard filtrations.

~

Note that the §-ring structure on g is uniquely determined when AS is p-torsionfree, which
happens for example if S is p;torsionfree. In that case, the first part of the theorem simply says
that the endomorphism ¢ on g lifts the Frobenius. Our proof of this fact is very indirect and we
do not know of a good conceptual reason for this in terms of topological Hochschild homology.

Proof. First we check the claim, independent of the theory of [BMS19], that the -ring structure on
s extends uniquely to a continuous J-ring structure on its Nygaard completion. This follows from
the following lemma.

Lemma 13.2. Let S be any quasireqular semiperfectoid ring.

(1) One has
5(Fily s) CFilYy s+ (d,p) ' s.
(2) The completion of g with respect to the sequence of ideals Filﬁv s agrees with its completion

with respect to the sequence of ideals Filyy s+ (d,p)? .

Proof. In part (1), pick a perfectoid ring R mapping to S. There is a surjection S’ = R(Xil/poo , le/poo>/(Xi) —
S inducing a surjection on cotangent complexes and thus on g and all Filﬁv s by the explicit de-

scription. Thus we can assume S = S’. Replacing R by R(le/ P Oo> we can assume there are no
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Y;’s. By a filtered colimit argument one can reduce to the case that there are only finitely many
X;. Next, we want to use the Kiinneth formula to reduce to the case of a single X. For this, we
need to remark that it is enough to check the claim on a set of generators for the ideal Filﬁv s by
the addition formula for d, and that if i = j + k and z € Fil; g,y € Filﬂ“\, g satisfy

1 1

(5(33) =21+ 22 € Fll% s+ (d7p)]_ S 6(3/) =y +ty2 € Fll?\]; s+ (dvp)k_ S

then
6(zy) = 2P6(y) +yP6(z) + pd(x)d(y) = xPy1 + 2Py + yPx1 + Y22 + pr1y1 + pr1Y2 + PT2Y1 + PT2Y2 |
where
pray2 € (d,p) " g,
2Pyi, yPxr, priy € Fﬂlf\l} S s
(2 + pa1)ys = (¢(x) — pr2)ya € (d,p)"" s,
(v" + py1)za = (6(y) — pya)aa € (d,p)' " s,

so indeed d(xy) € Fil% s+ (d,p)'~! g. Thus, finally, we can reduce to the case of one variable.
Using Lemma 12.7 and the previous considerations, it is enough to check the claim for z = [p] /e €

Fily s and z = %‘:, € Fill; s (as these generate the Nygaard filtration multiplicatively). In the

first case i = 1 and the claim is trivial as (d,p)"~! ¢ = 5. In the other case §(z) is homogeneous
of degree pt, and all such elements lie in Fﬂ% s, as desired.

For part (2), it is enough to show that all gr’y g are classically (d, p)-adically complete. Under
the ¢-linear identification with Fil; g, it is enough to prove that the latter are classically (¢(d), p)-
adically complete. But ¢(d) agrees up to units with p modulo d, so it suffices to prove that the
latter are classically p-adically complete. This follows from them being derived p-complete and
p-completely flat over S. O

Now we start the proof of the theorem. Fix a perfectoid ring R corresponding to a perfect
prism (A4, (d)), and restrict to R-algebras S. By André’s lemma, we may assume that there is a
compatible systems of p-power roots of unity in R, and so we can take R = Z,[(p]". By descent to
p-completely smooth R-algebras and left Kan extension, we defined in [BMS19,; Construction 7.12]

a functor S — Agj 4 (there simply denoted by g/4 as will be justified a posteriori by the theorem;
here nc stands for “non-completed"). This can be endowed with a Nygaard filtration Fil’]‘VAgc/ 4 by

the same procedure, and then - s/A is the Nygaard completion for quasisyntomic R-algebras S, in
particular if S is quasiregular semiperfectoid. By the Segal conjecture for smooth algebras, [BMS19,
Corollary 9.12], one has a Hodge-Tate comparison for AS/ 4/d in the smooth case, and thus also in
general. Moreover, the same result and the identification of grf\,Agj 4 with gr'THH(S; Z,,) implies
that for quasiregular semiperfectoid S the Nygaard filtration is given by

Fily sa={r€ guld)ed g}
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and the image of

¢ ~1nc
d'L Fll S/A — S/A/d

is given by the conjugate filtration Fl]i S/ 4/d coming from the Hodge-Tate comparison. More-
over, the graded pieces griAgj 4/d are given by the p-completion of AiLS/ rl—i]. In other words,
structurally Agf; 4 has exactly the same properties as .

Our task now is to show that Agvc/ 4 = g compatibly with ¢, as - s/4 1s the Nygaard completion of
the left, which then inherits its functorial d-ring structure by the lemma. As both sides are defined
via left Kan extensions from p-completely smooth algebras, and in the p-completely smooth case
via descent, it suffices to prove the result for the quasiregular semiperfectoid algebras S required
in this descent. In other words, as in §12.4, we can assume S = R(Xl/p e Xy Y/ (fi, ooy fm)

-~1nc

where f1,..., fm is a p-completely regular sequence relative to R. In particular in this case g4 is
-~1nc

p-torsion free, so the -ring structure is unique if it exists, and then the map ¢ — ¢ /A is unique.
Following the steps in the proof Proposition 12.8, we can assume that all f; admit compatible
p-power roots in R, and then to S = R(X/?™)/(X) by Kiinneth and base change.

In this case, we can apply Lemma 12.5 to D = g/ 4. Using the explicit description of g, this

gives a ¢-equivariant map
-~nc

S 5/A
in this case. This sits in a commutative diagram

-~1nc
S—> g/A

I

Sl (s/n)/A1
where the lower isomorphism comes from [BMS19, Theorem 8.17] (plus descent and left Kan ex-
tension to pass to the non-completed version of (;/p) JFy and independence of the perfect01d
base). Moreover the upper map is the derived p-completed base extension of g — S/ 4 along
A = Aipt(R) = Acrys(R/p) (as both  and " satisfy base change and using [BMS19, Theorem
8.17| again). By derived Nakayama, it suffices to see that g — S/ 4 1s an isomorphism after

base change along Aiys(R) — Aing(R)/(p,d), but this map factors over Aerys(R/p), so the result
follows. O
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14. p-ADIC TATE TWISTS AND THE ODD VANISHING CONJECTURE FOR K-THEORY

In [BMS19], for each n > 0, we defined a sheaf Z,(n) of complexes on the category of p-complete
quasisyntomic rings. It was given by the formula

Z,(n)(S) = fib(NZ" " g{n} -2 “g{n}).

Here AS is a version of the Nygaard completed prismatic cohomology of S defined using topological
Hochschild homology and quasisyntomic descent in [BMS19]; when S lives over a perfectoid ring,
this theory coincides with the Nygaard completion of prismatic cohomology as defined in this paper,
with /\/'Z'As being the Nygaard filtration (Theorem 13.1). Our goal in this section is to prove the
following structural property of this sheaf, conjectured in [BMS19, Conjecture 7.18]:

Theorem 14.1. For each n > 0, the sheaf Zy(n) is discrete and p-torsionfree.

It was shown in [BMS19, Theorem 1.12 (5)] that (p-complete) topological cyclic homology of
quasisyntomic rings admits a complete descending N-indexed filtration with graded pieces given by
the sheaves Z,(n)’s. The paper [CMNMI8]| identifies K-theory with topological cyclic homology for
a large class of rings. Theorem 14.1 then has the following consequence:

Corollary 14.2. Locally on the quasisyntomic site, the functor K(—;Zy) is concentrated in even
degrees, i.e., 1K (—; Zy,) vanishes for n odd after quasisyntomic sheafification.

Another corollary of the method of the proof is the following, showing a slightly more precise form
of Corollary 14.2 in a certain situation; notably, this shows that m, K (O¢/p™;Z,) is concentrated
in even degrees for n > 0, where C'/Q,, is a complete and algebraically closed extension. We thank
Martin Speirs for raising this question.

Corollary 14.3. Say R is a perfectoid Z,[(p=]"-algebra. Fiz a regular sequence fi,...,fr € R
such that each f; admits a compatible system of p-power roots; let S = R/(f1,..., fr). The map
K (R; Z,) — m K (S Zy) is surjective in odd degrees. In particular, if 7. K (R;Zy) is concentrated
in even degrees, the same holds true for m K (S;Zy).

The proof of Theorem 14.1 depends on two inputs. First, we use André’s lemma (Theorem 7.14)
to restrict attention to a particular nice class of quasisyntomic rings. Secondly, we use the explicit
description of prismatic cohomology and its Nygaard filtration for this class of rings (coming from
§12.2) to make calculations. Let us begin with the latter.

Lemma 14.4. Let R be a perfectoid Z,[(p-]"-algebra. Set R = R(Xll/poo,....,X;/poo> and S =
R'/(X1,...., X;). The natural map Z,(n)(R') — Z,(n)(S) is surjective on H".

Proof. Let A = Aine(R), so (A, [plq) is the perfect prism corresponding to R, and we have

Ant(R)= @ A XL where Xi=]]X7. (13)
1€N[1/p]" J=1
In this description, the Nygaard filtration is given by
Fily Ain(R') = [plj1/p Aine (R').
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Write
nre : Aing(R') — coker(¢n, — 1 : Fil} Aing(R') — Aine(R')) =: H (Zp(n)(R)))
for the canonical map.
Write D = g/4, so

oo @D A where [l =[N (4)

. '7
ienipr (Ll '

[p]q [p]q

Taking products of the calculation in (10), we find

Xt X% >, Lis)
W) = oo Pla
[Lflgt [lapllgt ™
where u is a unit. Using this description and the [p],-torsionfreeness of A, one checks that the
Nygaard filtration is given by

D= Ainf(R,){

n il Xt
Fil}, D = @ [p]ql/p gt . T (15)
ieN[1/p]" =

¢ =1 for a <0. Again, we write

where we declare [p]g

ns : D —» coker(¢, — 1 : FilyD — D) =: H'(Z,(n)(S))

for the canonical map.

Using these explicit descriptions, we shall prove the lemma by analyzing the surjective map ng
on various graded pieces of D. Before delving into the specifics, let us explain the structure of
the argument. The key is to observe (by comparing (13) and (14)) that the map Aij,s(R') — D is
bijective on components of sufficiently small degree %; in fact, it suffices to assume that 7; < 1 for all
j since that forces the denominator appearing in (14) to be 1. Thus, the lemma would follow once
we knew that H'(Z,(n)(S)) is already spanned by the image of components of D with sufficiently
small degree under the ng. We shall verify this to be the case by using the explicit description of
the Nygaard filtration given in (15).

To carry out this strategy, it is convenient to use the following notation. Given a (p, [p]q)-complete
Ains(R)-module M equipped with a (p, [p]y)-complete N[1/p]"-grading

M= P M
i€N[1/p)"

(such as A or D or Fily, D) and any o € N, we write

MSCM,IJ = @ Mi7
1EN[1/p]", 37, 15| <ex
and similarly for M>, ;. For future use, we observe that

M ~ Mga,l_l (&%) MZOH—LLI and MSO,LI = @ M£
1€NI1/p]"N[0,1)"
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with these conventions.
We now begin the proof. First, we claim that

15(Dznt10) = 0.
To see this, we must check that D>p,41,, C D lies in the image of ¢, — 1 : Fily D — D. The
description (15) shows that

On((FilED)2nt1,0) € [plyDznsr,o
On the other hand, the identity map induces an isomorphism
(FilRy D) >nt1,0 = D>nt1,0,
again by (15). Combining these, it follows that the map

. o1
(Fily D) >nt1,0 o, D>t

is surjective: explicitly, for any & € D>p41,, the infinite sum

— (2 + ¢n(x) + Pp(x) + ...)

converges to an element y € D>, 41 = (Fil{yD)>n41,0 that is a lift of 2 under ¢, — 1. This proves
that ng kills D>y41., so

D<nyy € D 25 HY(Z,(n)(S))

is surjective.
Next, for any ¢ € N[1/p]" with }_.[i;] <n, the map ¢, : Filiy D — D induces an isomorphism

¢ : (FilY D)1

p

by (15). As ng(z) = ns(¢n(z)) for any = € D, we learn that
ns(Di) C ns(D1 ;).

P

3

Iterating this observation shows that we can divide the degree by arbitrarily many powers of p. In
particular, after dividing finitely many times, we learn that the map

D<oy, € D5 HY(Z,(n)(9))

is surjective.
Next, we observe that the map

Aint(R)<0,u — D<o

is surjective. Indeed, the degree i terms of (13) and (14) coincide since the degrees i occurring here
satisfy i; < 1 for all j. By functoriality, we conclude

H'(Zy(n)(R')) = H'(Zy(n)(S))
is also surjective. O

The following lemma will be quite useful in making reductions.
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Lemma 14.5. Fiz a perfectoid ring R. If 8" — S is a surjection of quasireqular semiperfectoid
R-algebras such that the p-completion of Lgi /g — Lg/g is also surjective on H=1(-), then ¢ — 5
18 surjective.

Proof. This follows from the Hodge-Tate comparison. O
We can finally put everything together to prove Theorem 14.1.

Proof of Theorem 14.1. By [BMS19, Remark 7.20] and Theorem 13.1, it suffices to prove discrete-
ness. Moreover, as we work locally on the quasisyntomic site, we may restrict attention to quasireg-
ular semiperfectoid O¢-algebras, where C'/Q is an algebraically closed nonarchimedean field. In
this setting, the Breuil-Kisin twists and the Nygaard completion may be ignored whilst calculating
Z,(n): more precisely, the proof of [BMS19, Lemma 7.22| shows that

Z,(n)(S) = fib(Fil}, s —2% ).

Consider the following assertion:

(¥)s Given a quasiregular semiperfectoid Oc-algebra S and an element o € H'(Z,(n)(S)), there
exists a quasi-syntomic cover S — S’ such that o maps to 0 in H*(Z,(n)(S")).

Our goal is to prove (x)g for all S. Let us first prove this when S = R is a perfectoid O¢c-algebra.
Theorem 9.4 and Artin-Schreier theory show that any class in H!(Z,(0)(—)) can be annihilated by
a pro-(finite étale) cover of R, which settles the n = 0 case of (x)g. If n > 0, then Theorem 9.4 (and
a trivialization of Z,(1) = Z,(n) on the generic fibre) reduce us to the n = 1 case. By Kummer
theory (and [BMS19, Proposition 7.17] to identify Z,(1) as the quasisyntomic sheaf lim,, p,n), for
any perfectoid ring R, the group H'(Z,(1)(R)) is H° of the derived p-completion of R*; here we use
that Pic(R) is uniquely p-divisible by Corollary 9.7. André’s lemma (Theorem 7.14) gives a cover
R — R’ with (R')* being p-divisible, whence H'(Z,(1)(R’)) = 0, so we are done.

Next, we verify (x)g for a specific example. Set

So = R(@/P™ 2PV (@),

with R being a perfectoid Oc-algebra R. We claim that (x)g, holds: indeed, Lemma 14.4 implies
that (x)g, follows from (x), @ Py which was already shown above.

Finally, we handle the general case. Fix a quasiregular semiperfectoid S, presented as a quotient
R'/I with R' a perfectoid Oc¢-algebra. Fix a set {z; € I}ier of generators of I. By André’s
lemma, we may replace R’ by a quasisyntomic cover if necessary to assume that each x; admits
a compatible system of p-power roots. On fixing such a system, we obtain an evident surjection
S = (R [{x;/ P Oo}teT] / (xt))/\ — S. The induced map on p-complete cotangent complexes is also
surjective on H~!, so we can then assume S = S’ by Lemma 14.5. Filtering T by its finite subsets
then reduces us to the ring Sy considered in the previous paragraph, so we are done. ([l

Proof of Corollary 14.5. Via [BMS19, Theorem 1.12 (5)] and [CMM18], it is enough to show that for
all n > 0, applying H(Z,(n)(—)) to R — S gives a surjective map. Choose a p-power compatible
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system of roots { fil/ 4 }n>0 for each i. Via this choice, we obtain a commutative square

R(™™, 2ty — R, 2P (ay, . 3)

| |

R S = R/(flv"'af'r)

where the top horizontal map is the obvious one, and left vertical map is determined by xll LN

fil/pn for all n > 0 and i € 1,...,7. The top horizontal map is surjective on H'(Z,(n)(—)) by
Lemma 14.4, while the vertical maps are surjective on H'(Z,(n)(—)) by Lemma 14.5. The commu-
tativity implies the same for the bottom horizontal map, as wanted. ([
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15. THE NYGAARD FILTRATION: RELATIVE CASE

In §15.1, we explain how to prove a version of the results of §12 relative to any bounded base
prism (A, I). This yields, in particular, the Nygaard filtration on the prismatic complex on a smooth
formal A/I-scheme, thus proving Theorem 1.16. In §15.2, we apply these results to compare the
theory constructed in this paper with the Breuil-Kisin type theory from [BMS19].

15.1. Constructing the Nygaard filtration on relative prismatic cohomology. Let S be
any quasisyntomic A/I-algebra. Recall that this means that S is a p-completely flat A/I-algebra
such that Lg/4/r) has p-adic Tor amplitude in [—1,0], and we always assume that S is derived
p-adically complete; such an S is automatically classically p-adically complete by [BMS19, Lemma
4.7].

Definition 15.1. A quasisyntomic A/I-algebra S is large if there is a surjection A/I(Xil/pooﬁ €
I) — S for some set 1.

For large quasisyntomic A/I-algebras Lg/4/r)[—1] is a p-completely flat S-module as QL J(A/T)
vanishes after p-completion. Note that large quasisyntomic algebras form a basis for the quasisyn-
tomic site of A/I as one can always extract compatible sequences of p-power roots of elements. The
1/p*>
1

standard examples are A/I(X e ,X,ll/ P oo> /(f1,..., fm) for some p-completely regular sequence

(f1,.-., fm) relative to A/I.

Theorem 15.2. Let S be a large quasisyntomic A/I-algebra.
(1) The derived prismatic cohomology g4 is concentrated in degree 0 and a (p,I)-completely
flat 6-A-algebra. It is the initial object of (S/A)
Let
Ps/a (;/)A = S/A®fx,¢f4 = 5/A

denote the relative Frobenius, and
17 1 1 %
Filly Eq/)A ={re Eq/)A | ps/a(x) € 1" g4} -
(2) The image of
cei (@) - :
¢S/A “8IN 5/4 — S/A{Z}
is given by Filiis/A{i}.

(3) The formation of Filly commutes with base change in A.

Proof. In part (1), note that g/4 is concentrated in degree 0 by the Hodge-Tate comparison and
the assumption that Lg/4/r)[—1] is p-completely flat, and we also see that it is (p, I)-completely
flat. To see that g/ is initial, it is enough by Lemma 7.7 to show that a functorial idempotent
endomorphism of g/4 is the identity, which follows from the proof of Proposition 7.10.

Part (3) is immediate from the explicit description, but in fact one can see that if part (2) is true
for the A/I-algebra S, then it is also true for any base change of S along a map (A, I) — (B, J) of

bounded prisms. Indeed, one can define a putative Nygaard filtration on S&.B/B = 8/A® 4B via
base change, and it follow satisfy (2), which implies that it has to be the Nygaard filtration.
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The proof of part (2) follows exactly the outline of §12. In particular, by descent to smooth
algebras and left Kan extension, it suffices to treat the case

S=A/XPT XY (f s f)

for some p-completely regular sequence (f1,..., fin) relative to A/I. By Proposition 7.11, we can

after a flat base change in A assume that all f; admit compatible p-power roots fil/ P Arguing as
in the proof of Proposition 12.8 reduces us to the case

S =A/ (X7 /(X)) .

Localizing on A, we may assume that I = (d) is orientable, and then by base change in A we can
reduce to the universal oriented prism. In that case the perfection A — A is flat, so we can reduce
to the case that A is perfect, where it follows from §12. (Note that for all terms in the Cech nerve
Aso®aAs ete. , the Nygaard filtration will simply be the base change from A by our remark
about part (3) above, so one can apply flat descent.) O

In particular, if X is a smooth formal A/I-scheme, we can define sheaves _,, and
i (1 1 ~L
Fity Ve U= 8544

on the quasisyntomic site Xqsyn by defining them on the base of large quasisyntomic A/I-algebras
S, with the values defined in the theorem. We can now prove Theorem 1.16, whose statement we
recall.

Theorem 15.3. Let (A, ) be a bounded prism and let X = SpfR be an affine smooth p-adic formal
scheme over A/I. There is a canonical isomorphism

RU (X/A) = RN (Xqsns /)
and we endow prismatic cohomology with the Nygaard filtration

1e 14 1
Filily RT (X/A)V) = RD(Xeym, Filly (—)A) :
Then there are natural isomorphisms
gy RT (X/A)W =757 5 (i}

for alli > 0. The Frobenius ¢ on RI' (X/A) factors as

¢ RT (X/A) =Rl (X/A)D % Ly RT (X/A) — RT (X/A),
using the décalage functor Lnr as e.g. in [BMS18]. The map
¢: ¢4 RT (X/A) — LnRT (X/A)
s an isomorphism.

Proof. The isomorphism
R (X/A) = RT'(Xgsyn, —y4)
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follows from the Hodge-Tate comparison and flat descent for the cotangent complex and its wedge
powers [BMS19, Theorem 3.1]. The isomorphism

eriyRE (X/A)W 2750 )4 {i}
follows via descent from Theorem 15.2 (2). The Frobenius refines to a map of filtered complexes
Fill, R (X/A)Y) — I*RT' (X/A) .

The filtered complex on the left is connective in the Beilinson ¢-structure by the identification of its
graded pieces. Thus [BMS19, Proposition 5.8| implies that the Frobenius lifts to a map

¢: Rl (X/A)WY = Ly RT (X/A) .

To see that this is an isomorphism, it suffices by derived Nakayama to check modulo I. Then the
right-hand side is given by QE/A by the Hodge-Tate comparison and [BMS18, Proposition 6.12]. In
particular, both sides commute with base change and satisfy étale localization. We can then reduce
to the case of a polynomial algebra and then via base change in A first to an oriented A, then to the
universal oriented A, and then by Construction 6.1 to crystalline A, and finally to A = Z,,. Now it
follows from Theorem 5.2 and the Cartier isomorphism. O

In particular, we get the de Rham comparison in general.

Corollary 15.4. For any bounded prism (A,I) and any smooth formal A/I-scheme X, there is a
canonical isomorphism of Eso-algebras in D(Xg, A/I),
~L -
x/A@A A/ = Qpyoar -

Proof. Take the reduction of ¢ modulo I and use [BMS18, Proposition 6.12] and the Hodge-Tate
comparison. (]

Another application is the following result on the image of ¢ on prismatic cohomology.

Corollary 15.5. Let (A,I) be a bounded prism and X be a smooth formal A/I-scheme. For any
i > 0, there is a natural map

Vi X/A®AI®iHT§i ;}A

such that ¢Vj is the natural map 7=° x/A ®A I® 5 =i x/A and also the composite

i (1)
7= X/A

18 the natural map. In particular, V; induces a map

\ Hi(Xét, %}A) ®a 1% — Hi(Xét, X/A) =H' (X/A)

®q I® —>¢® <t X/A(XLAI@Z—M’SZ ;}A

that is an inverse of ¢ up to I
Proof. This follows from the isomorphism
7 1
o a=Lnr x4
and [BMS18, Lemma 6.9]. O
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Remark 15.6. By left Kan extension, Proposition 4.15 combined with Theorem 1.16 (2) (which
is a part of Theorem 15.3) imply the following: for any formal A/I-scheme X, there is a canonical
identification

Lx/a =~ gr}v ;}A.

When I = (p), this identification has been proven (independently) recently by Illusie (to appear).

15.2. Comparison with the Breuil-Kisin type theory from [BMSI19]. One of the goals of
[BMS19] was to give a construction of Breuil-Kisin-type cohomology theories. Let us verify that
the theory defined in [BMS19] agrees with the present construction. Thus, let K be a complete
discretely valued extension of Q, with perfect residue field with ring of integers O and residue
field k, and fix a uniformizer m# € Ok. Let & = W (k)[[u]] which surjects onto Ok via u +— 7. Let
I C & be the kernel of this map; then (&, 1) is a prism. We fix a generator d € I.

In [BMS19], we used relative THH for the base S[u]. The key comparison is now the following.

Proposition 15.7. For any quasireqular semiperfectoid quasisyntomic Og-algebra S, the cyclo-
tomic Frobenius on moTP(S/S[ul;Zy) refines to a d-ring structure, functorial in S, and identifies

—

with the Nygaard completion (5,1/)6 of g/)g, compatibly with Nygaard filtrations.

Proof. The ring moTP(S/S[u]; Z,) is p-torsion free, so we need to check that the cyclotomic Frobe-
nius is a Frobenius lift. This can be checked after the (p,u)-completed base change along & —
W (k)[[u'/P™]], which gives mTP(S(x/?™);Z,) by [BMS19, Corollary 11.8]. Thus, we can apply
Theorem 13.1. Now the universal property of g/ and the formal properties of moTP(S/S[u}; Z,)
(namely, the relative to S[u] analog of the diagrams (11) and (12)) give a map

1

U = mTP(S/S[ul; Z,) .
Checking its compatibility with the Nygaard filtration can again be done after base change to
W (k)[[u!/P™]] where it follows from Theorem 13.1. In particular, the map extends to the Nygaard
completion, and then is an isomorphism, again via reduction to Theorem 13.1. O

Now note that for 7 at least the dimension of X, the map

s/ ¢ Filly Q}A N

induces an isomorphism
—_—
1)

RT (X qsyn, Filly Da) = BT (Xgsyn, —/a) R4 I®

as both are complete for compatible filtrations (Fil; respectively I i / 4) and one has isomorphisms
on graded pieces by Theorem 15.3. The left-hand side can be expressed in terms of 7o TP (—/S[u|; Z,)
and its Nygaard filtration by the previous proposition. This is how RI'g(X) was defined in [BMS19]
(cf. |[BMS19, Proposition 11.5|, noting that the Nygaard filtration is what one finds on higher
homotopy groups in TC™), so we get a canonical isomorphism

Rl's(X) = Rl (X/6),

as desired.
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16. g-CRYSTALLINE AND ¢-DE RHAM COHOMOLOGY

In this section, we construct a canonical g-deformation of de Rham cohomology: given a formally
smooth Z,-scheme X, we construct a ringed site — the g-crystalline site of X — whose cohomology

yields a deformation of the de Rham cohomology of X/Z,, across the map Z,[q — 1] KinaN Z,, and
can be computed in local co-ordinates via a g-de Rham complex; this verifies some conjectures from
[Sch17]. The main innovation here is the introduction of a g-analog of the notion of divided power
thickenings (defined in a co-ordinate free fashion) in the category of d-rings over Z,[¢ — 1]; this
notion is introduced in §16.1, and the basic example is the pair (Z,[¢ — 1], (¢ — 1)). With this
ingredient, the g-crystalline site is defined in an evident fashion in §16.2 and the comparison with
g-de Rham complexes is the subject of §16.3; our definitions are set up to work over any ¢-divided
power thickening as a base. Along the way, we also check that g-crystalline cohomology is closely
related to prismatic cohomology (Theorem 16.18), so the comparison with ¢g-de Rham complexes
gives an explicit complex computing prismatic cohomology in many cases.

Notation 16.1. Set A = Z,[q — 1] with é-structure given by 6(¢) = 0, and let [p], = q;;f €A
be the g-analog of p. Note that ¢(¢ —1) = ¢” — 1 € [p]gA. We shall often use without comment
the congruence [p], = p mod (¢ — 1) and that (¢ — 1)?~! and p differ by a multiplicative unit in
A/lplg = Z,[¢p], where (), is a primitive p-th root of 1. In particular, derived (p, [p],)-completion
coincides with derived (p, [p],)-completion for any complex of A-modules. Finally, if z is an element
of a [p],-torsionfree d-A-algebra D such that ¢(z) € [p],D, then we write

()
(x) =
[Plq
if g =1 in D, then we have v(z) = % is (up to the unit (p — 1)!) the usual divided p-th power,

—d(z) € D ;

and in general we think of v(z) as the “divided [p],-th power". (A true g-analog of the p-th divided
power would be obtained by further dividing the expression for v(z) above by the unit H?;%[j]q;
we avoid doing this to keep formulas simple.)

16.1. ¢g-divided power thickenings. The key innovation of our approach to g-crystalline coho-
mology is the following definition.

Definition 16.2 (¢-divided power algebras). A ¢-PD pair is given by a derived (p, [p]q)-complete
d-pair (D, I) over (A, (¢ — 1)) satisfying the following conditions:
(1) The ideal I C D satisfies ¢(I) C [p|qD (so that ~ is defined on I) and v(I) C I.
(2) The pair (D, ([plq)) is a bounded prism over (A, ([plq)), i-e., D is [p]4-torsionfree, and D/([p]q)
has bounded p°°-torsion.
(3) The ring D/(q — 1) is p-torsionfree with finite (p, [p],)-complete Tor-amplitude*’ over D.

The corresponding map D — D/I is sometimes called a ¢-PD thickening and the ideal I is sometimes
called a ¢-PD ideal. There is an obvious category of ¢-PD pairs. If (D, I) is a ¢-PD pair with g—1 =0
in D, then we call (D, I) a §-PD pair. The collection of §-PD pairs forms a full subcategory of the
category of all ¢-PD pairs.

20We could also say finite p-complete Tor amplitude since [p] = p mod (¢ — 1).
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Unlike the classical crystalline theory, being a ¢-PD pair is a property of a d-pair (D, I) rather
than extra structure. Moreover, condition (3) above is a technical condition imposed to facilitate
some arguments below. Likewise, condition (2) might reasonably be weakened to merely asking that
(D, ([plq)) is a prism, i.e. that D is [p]s-torsionfree. However, as with prismatic cohomology above,
it is more convenient to work with bounded prisms. We note that one way to satisfy (2) and (3)
is for D to be (p, [p]q)-completely flat over A; another is for ¢ = 1 in D and D being p-torsionfree.
These will be the cases of interest below, and one can show that if D is noetherian, these are the
only possibilities, at least for D local, using the Buchsbaum-Eisenbud criterion.

Remark 16.3 (Characterizing §-PD pairs). Say D is a d-ring regarded as an A-algebra via ¢ = 1
and I C A is an ideal. Then (D, I) is a 6-PD pair if and only if the following hold true:

(a) The ring D is p-torsionfree, and both D and I are p-adically complete.

(b) The ideal I admits divided powers, i.e., for each z € I, we have %l €I for all n > 0.
Indeed, it is easy to see that any pair (D, ) satisfying the above conditions is a §-PD pair. Con-
versely, if (D, I) is a 6-PD pair, then condition (a) above is automatic. For (b), we note that
condition (1) in Definition 16.2 ensures that %p €l forall z el As(p—1)!isa unit, this means
%1; € I for all € I. Via the formula 7y, (x) = uyi(vp(2)) for some unit u, one sees inductively that
all divided powers stay in I.

Remark 16.4 (Relating ¢-PD pairs to 0-PD pairs). The hypotheses are designed to ensure that
if (D, I) is a ¢-PD pair, then (D/(q—1),ID/(q — 1)) is a 6-PD pair; this construction gives a left
adjoint to the inclusion of §-PD pairs into all ¢-PD pairs.

Lemma 16.5 (Homological properties of ¢-PD pairs). Let (D, I) be a q-PD pair.
(1) The ring D is derived f-complete for every f € I.

(2) The functor M — M@éD/(q — 1) of (p, [plq)-completed base change along D — D/(q — 1)
is conservative on (p, [plq)-complete complexes.

(3) The functor in (2) commutes with totalizations of cosimplicial (p, [py)-complezes in D=0,
(4) Let I' C D be the derived (p,[plq)-complete ideal generated by I. Then (D,I') is a q-PD

pair.
(5) Let D — D' be a (p, [plq)-completely flat map of -A-algebras. Let I' be the (p, [plq)-complete
ideal of D' generated by I. Then (D', I') is a q-PD pair.

Proof. For (1), we simply note that for any f € I, we have fP € (p,[plq) since ¢(f) € [plgD by
hypothesis, so derived fP-completeness (and hence derived f-completeness) follows from derived
(p, [plq)-completeness of D.

For (2), it suffices to show that base change along the composite D — D /(¢ — 1) — D/(q¢ — 1,p)
is conservative on derived (p, [p]y)-complete complexes. If M ®& D/(q — 1,p) = 0, then M ®%
Kos(D; [plg, ¢—1) = 0 as well, since Kos(D; [p]y, ¢ — 1) has at most two nonzero cohomology groups,
each of which is a D/(q — 1, p)-module. But this forces M = 0 by derived Nakayama, so the claim
follows.

Part (3) follows immediately Definition 16.2 (3) and Lemma 4.22.
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For part (4), we must check that condition (1) from Definition 16.2 is satisfied for I’. The
containment ¢(I") C [p],D is clear since ¢~ ([p],D) is derived (p, [p],)-complete. To check v(I') C I’,
recall that I’ is defined as the image of I — D, where the source is the derived (p, [p]q)-completion
of I. As ¢ —1 € I, the ideal I’ is the preimage of its image in D /(¢ — 1). Moreover, the image of I’
in D/(¢g—1) coincides with the image of I"* — P D/(q—1), where I =im(I — D/(g—1)). The
map I — I is surjective as the derived completion preserves surjections, so I’ is the preimage of
the p-complete ideal in D/(q — 1) generated by I. Thus, we can reduce to case ¢ = 1, in which case
the claim follows from p-adic continuity of divided powers in a p-torsionfree ring.

For part (5), we check the conditions from Definition 16.2. Conditions (1) and (2) in Defi-
nition 16.2 come from part (4) above and Lemma 3.7 respectively. For (3) in Definition 16.2, we
observe that the p-completed derived base change D/(q—1) — (D'®% D/(g—1))" of D — D' along
D — D/(q— 1) is p-completely flat with source being p-torsionfree. Consequently, by Lemma 3.7
again, the derived p-completion (D’ ®% D/(g —1))" is concentrated in degree 0 and p-torsionfree
in that degree. But then this object must coincide with D’/(q¢ — 1) by derived p-completeness of
D’ and stability of derived p-completeness under cokernels, so D’/(q — 1) is indeed p-torsionfree.
This reasoning also shows that D’ — D’/(q — 1) is the p-completed base change of D — D/(q — 1)
and hence must have finite p-complete Tor amplitude by the assumption on D — D /(g — 1), thus
verifying the conditions in Definition 16.2 (3). O

To check condition (1) from Definition 16.2 in examples, the following remark is useful.

Remark 16.6 (Additivity and multiplicative properties of ). Let D be a [pl|,-torsionfree §-A-
algebra. Given z,y € ¢~ 1([p],D), one easily checks that
(@ +y)P —al —yP

; :

Yz +y) =) +y(y) +

Similarly, given z € ¢~!([p],D) and f € D, one checks that

V(fz) = o(f)v(x) — 2Po(f).

It follows immediately from the shape of these formulas that if I is any ideal of D, then the subset
J:={zxel]|¢(z)e€plyD, v(x) € I} is an ideal of D. In particular, to check I = J, it suffices to
check that ¢(z) € [p|qD and y(z) € I as  runs through a generating set for I.

The next lemma roughly states that if 7(z) makes sense, so does y(y(z)).

Lemma 16.7 (Existence of higher ¢-divided powers). Let D be a [p]4-torsionfree §-A-algebra. The
ideal ¢~ 1([plyD) is stable under .

Proof. We must show that if f € D with ¢(f) € [p|qD, then ¢(v(f)) € [plgD as well. It suffices to
prove this in the universal case D = A{f, %}fq)} In particular, we may assume that D is A-flat by
Proposition 3.13. Our goal is to show that

¢*(f)

= ¢(6(f)) mod [plyD
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Note that ¢([p]q) equals p in A/[p];A. In particular, it is a nonzerodivisor in this ring. Flatness
implies that ¢([p]q) equals p and is a nonzerodivisor in D/[p],D as well. It thus suffices to check
that

¢°(£) = po(8(f)) mod [plyD.
¢

)
Now ¢(f) = fP + pd(f), so ¢*(f) = ()P + pp(5(f)). Our claim follows since ¢(f) € [plgD by
assumption. i

Corollary 16.8 (Smallest and largest ¢-PD ideals). Say D is a derived (p, [p]q)-complete A-algebra
satisfying conditions (2) and (3) from Definition 16.2. Then (q — 1) is the smallest q-PD ideal in
D, and ¢~ ([p]¢D) is the largest q-PD ideal in D.

Proof. We first show that (¢—1) C D is a ¢-PD ideal. This ideal is derived (p, [p]q)-complete as it is

the image of the map D 2L D between derived (p, [plq)-complete A-modules. For the rest, using
Remark 16.6, it suffices to check that ¢(¢—1) € [p]yD and v(¢—1) € (¢—1). The first containment
is clear: ¢(q —1) =¢? — 1= (q — 1)[p]4 € [plqA. For the second, note that

7<q—1>:W—5<q—1>:(q—1>—6<q—1>.

It thus suffices to check that 6(¢ — 1) € (¢ —1). As D/(q — 1) is p-torsionfree by hypothesis, it is
enough to show that pd(¢ — 1) € (¢ — 1). But we have

pi(g=1) =od(g=1) = (¢=1)"=(¢" = 1) = (¢ = D" = (¢ = D([plg — (¢ = "),
which lies in (¢ — 1), so the claim follows.

We now show that ¢~1([p],D) is a ¢-PD ideal. Derived (p, [p],)-completeness of the ideal follows

as above: ¢ 1([p],D) is the limit of the diagram D 2 oD &Pl ¢+(D) of derived (p, [plq)-

complete A-modules. The containment ¢(¢~1([p],D)) C [p],D is clear, while the containment
(¢~ ([plgD)) C ¢~ ([p]yD) follows from Lemma 16.7. O

We now give the most important examples of ¢-PD pairs for our purposes.

Example 16.9 (Examples of ¢-PD pairs). The key examples are:

(1) (The initial object). The pair (A, (¢ — 1)) is a ¢-PD pair. Indeed, conditions (2) and (3)
from Definition 16.2 are clear, while (1) follows from Corollary 16.8. Note that the pair
(A, (g — 1)) is the initial object in the category of all ¢-PD pairs. More generally, the same
reasoning shows that if D is a (p, [p]q)-completely flat A-algebra, then (D, (¢—1)) is a ¢-PD
pair.

(2) (A perfect object). Let Ay be the (p,[p]q)-completed perfection of A, and set { :=
¢~ Y([ply) € Aing. Then (Aing, (€)) is a ¢-PD pair. Using Remark 16.6, the only non-trivial
statement one must check is that y(£) € (). Unwinding definitions, this amounts to show-
ing that §(§) = 1 mod (§). As p is a nonzerodivisor on Aj,¢/(€), it suffices to check that
pd(§) =p mod (§). As & =0 mod (£), it is enough to show that ¢(§) =p mod (£). But

¢ -1
¢(&) = [plq = g—1

=14qg+..+¢"'=p mod (qg—1),
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so the claim follows as £ | ¢ — 1.

(3) (The classical case). If D is a p-torsionfree and p-complete d-ring equipped with a p-complete
ideal I, then (D, I) is a §-PD pair exactly when each x € I admits all divided powers in D
(Remark 16.3).

Lemma 16.10 (Existence of ¢-PD envelopes). Let (D,I) be a q-PD pair. Let P be a (p,[plq)-
completely flat §-D-algebra. Let xy,...,x, € P be a sequence that is (p, [ply)-completely reqular
relative to D.

(1) The (p, [plq)-complete 6-D-algebra

g pfle)  de),,
[plq [plq
obtained by freely adjoining (ﬁ[;—gﬁ) is (p, [plq)-completely flat over D. In particular, it is

discrete and [p|q-torsionfree.

(2) Write J C P for the ideal generated by I and the x;’s and let K C E be the minimal
(p, [plq)-complete ideal containing J and stable under the operation y. Then the natural map
P/J — E/K is an isomorphism, and in particular we get a natural map E — E/K = P/J.
Then (E, K) is a q-PD pair and the induced map (P, J) — (E, K) of 6-pairs is the universal
map from (P, J) to a q-PD pair.
In this situation, we often write Djq,(P) = E and call the pair (Djq(P),K) (or just Djq(P) if
there is no potential for confusion) the q-PD envelope of (P,J); note that it only depends on the
ideal J and not the generators x1,...,x, by (2) above. We then have the following:

(3) The functor (P,J) — (Djq(P),K) commutes with (p, [plq)-completed derived base change

along maps (D,I) — (D', I') of q-PD pairs. In particular, qu(P)@éD/(q — 1) is the
pd-envelope of J/(qg —1) C P/(q—1).

Proof. Let E be the (p, [plq)-complete simplicial commutative - P-algebra obtained by freely ad-

joining % to P. We claim that E is (p, [plq)-completely flat over D; this will imply that E is

q
discrete and thus coincides with the ring E above, proving (1). To show (p, [p]q)-complete flatness

of E over D, it suffices to do so after derived base change along D — D/(q —1). After this base
change, the claim follows from Lemma 2.44, so we have proven (1).

To prove (2), we first construct a map E — P/J. To define this map, observe that the previous
paragraph shows that E'/(¢—1) is the p-completely flat D/(g—1)-algebra obtained as the pd-envelope
of p-completely flat D/(q— 1)-algebra P/(q— 1) along the ideal generated by the sequence z1, ..., z,
that is p-completely regular relative to D/(¢—1). In particular, we have an obvious map E/(¢—1) —
P/(q—1,z1,...,x,), and hence also an obvious map £ — E/(q—1) — P/(q— 1,21, ....,z,) — P/J.
Let K’ denote the kernel of this map. Note that the kernel K of E /(g —1) — P/J has divided
powers by the previous paragraph (and because I - D/(q — 1) has divided powers), and that K’ is
the preimage of K.

We now prove that (E, K') is a ¢-PD pair. For this, it suffices to check that ¢(K’) € [p];E and
that v(K') € K’. Equivalently, if we set K" = K’ N ¢ 1([p],E), we must show that K" = K’
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and that v(K"”) C K”. For the latter, we must check that if f € K”, then v(f) € K", which is
immediate: the containment in ¢~'([p]4E) follows from Lemma 16.7, while the containment in K’

follows as v(f) maps under E — E/(q — 1) to the element %, which lies in K C E/(q — 1) as the

latter ideal has divided powers (and thus ~(f) itself must lie in the inverse image of K , which is
K'). Tt remains to show K” = K’ = K. We already have (I, z1,...,2,) C K” and v(K") Cc K".
We shall deduce that K” = K’ = K from Lemma 16.11. To apply this lemma, it suffices to check
that K” is the preimage of its image under E — E/(q — 1). But this is easy to see: if z € K" and
y € E, then z+ (¢ — 1)y € K" since ¢(q¢ — 1) € [p];D and ¢ — 1 € K.

This also proves (2) by the definition of K and the identification K’ = K. Finally, (3) is immediate
from the construction of £ 2 F and the fact that the hypotheses on the x;’s commute with base
change. O

Lemma 16.11. Let B be p-torsionfree Zy,-algebra equipped with an ideal I that is regular modulo p.
Let (D, J) be the pd-pair obtained as the pd-envelope of (B,I). Then the ideal J C D can described
as the smallest ideal of D that contains ID and is stable under the operation f +— %.

Proof. The regularity hypothesis ensures that D is p-torsionfree. The rest follows by [Sta, Tag
07GS]. O

16.2. The g-crystalline site. In this section, we fix a ¢-PD pair (D, I) over (A, (¢ —1)) as well as
a p-completely smooth D/I-algebra R.

Definition 16.12 (The g-crystalline site and its cohomology). The g-crystalline site of R relative
to D, denoted (R/D)g—crys, is the (opposite of the) category of ¢-PD thickenings of R relative to D,
i.e., the category of ¢-PD pairs (E, J) over (D, I) equipped with a D/I-algebra map R — E/J; we
give this category the indiscrete topology, so all presheaves are sheaves. Let Oy_crys be the presheaf
on (R/D)g—crys determined by (E,J) — Ej; this presheaf is naturally valued in §-B-algebras. The
q-crystalline cohomology of R relative to D, denoted ¢S2g,/p, is defined as RT'((12/D)g—crys, Og—crys);
viewed as a (p, [p]y)-complete commutative algebra object in D(D) equipped with a ¢p-semilinear
endomorphism ¢p/p.

Let us explain how to compute g-crystalline cohomology explicitly in a manner analogous to
Construction 4.18.

Construction 16.13 (Computing g-crystalline cohomology via Cech-Alexander complexes). Choose
a derived (p, [p]q)-complete polynomial D-algebra P with a surjection P — R over D with kernel
Jo. Let F be the free derived (p, [p]y)-complete d-D-algebra on P, and write J = (JoF)" for the
derived (p, [p]q)-complete ideal in F' generated by Jy. Form the Cech nerves P* and F* of D — P
and D — F respectively. We then have a map P®* — F'® expressing F'® as the free derived (p, [p]y)-
complete d-D-algebra on P*. Let JJ C P*® be the kernel of the surjection P* — P — R, and let
J® = (J3F*)" C F* be the corresponding derived (p, [p],)-complete ideal of F'® (so J° = J). Then
the natural D-algebra map R ~ P*/J5 — F'*/J* is identified with the derived p-completed Cech
nerve of the map R — F/J obtained via base change from P — F": this follows by pushing out
P* — F* first along P* — P and then P — R. The kernel of each augmentation P* — P — R
is generated by I and, locally on Spec(P), by a filtered colimit of ideals generated by sequences
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that are (p, [p]q)-completely regular relative to D. We may then apply Lemma 16.10 to the ideals
J® C F* obtain a cosimplicial ¢-PD thickening D e ,(F'*) — F'*/J® with kernel K*®. In particular,
this yields a cosimplicial object (D e 4(F'"®), K*®) € (R/D)g—crys- By construction, this cosimplicial
object is the Cech nerve in (R/D)y—crys of its O-th term D ,(F). Moreover, using the freeness of
P (as a D-algebra) and F' (as a 6-D-algebra), one checks (as in Construction 4.17) that this 0-th
term Dj,(F) is a weakly initial object. Consequently, by Cech theory, we learn that the limit of
D je 4(F*®) computes ¢Qg/p.

Theorem 16.14 (g-crystalline and crystalline cohomology). There is a canonical identification

4Qr/p&pD/(q — 1) = Rlay(R/(D/(q - 1))).
Proof. We use the complex D je ,(F*) from Construction 16.13 to compute ¢Q2r. Applying the
functor —@LDD/(Q — 1) of p-completed derived base change along D — D/(q — 1), and using
Lemma 16.5 (3), we learn that qQD(@éD/(q —1) is computed by the cosimplicial D /(g —1)-complex

D(]O7q(F.)®éD/(q —1). Lemma 16.10 (3) then shows that this base change is a Cech-Alexander
complex computing Rl ¢ys(R/(D/(q — 1))), proving the theorem. O

Remark 16.15 (Globalization). Let us briefly explain two equivalent approaches to defining g-
crystalline complexes for not necessarily affine smooth p-adic formal schemes X/(D/I).

(1) Theorem 16.14 together with Zariski descent for crystalline cohomology implies that the
functor carrying a p-completely smooth D/I-algebra R to the (p,[p]q)-complete Eoo-D-
algebra ¢{2g,p is naturally a sheaf for the Zariski topology: by derived Nakayama, the iso-
morphy of a map of derived (p, [p]q)-complete D-complexes can be checked after p-completed
base change along D — D/(q—1) as D is derived (¢ — 1)-complete. Consequently, we obtain
a sheaf ¢Q2x/p of E-D-algebras on the Zariski site of X admitting a comparison analogous
of Theorem 16.14 with the pushforward of the crystalline structure structure along the stan-
dard comparison map (X/(D/(q — 1)))erys = X between the crystalline and Zariski sites.

(2) One can define a ringed g-crystalline site ((X/D)g—crys, Og—crys) With a morphism uy,p :
(X/D)g—crys — X, and set ¢Qx/p = Rux;p +Og—crys- The objects of (X/D)y crys are given
by ¢-PD pairs (E,J) over (D, I) together with D/I-maps Spf(E/J) — X; the topology is
determined by finite families of maps {(E, J) — (E;, J;) }i=1,...n of ¢-PD pairs in (X/D)q—crys
with the property that the map £ — [, E; is a (p, [p]q)-completed Zariski cover and such
that E/J @éEz ~ E;/J; for all i. The morphism ug,p is obtained by deforming Zariski covers
along ¢-PD thickenings, using Lemma 16.5 (5) to extend ¢-PD structures along (p, [p]y)-
completeted Zariski localizations.

As the affine case suffices for our applications, and in view of the relatively simple construction in
(1), we do not develop the definition in (2) further in this paper.

Remark 16.16 (Computing g¢-crystalline cohomology via “small” Cech-Alexander complexes).
There is a variant of Construction 16.13 with much smaller objects that produces a quasi-isomorphic
output. For instance, choose a (p, [p],)-completely smooth §-D-algebra P with a surjection P — R
of D-algebras. Let P® be the derived (p, [p]q)-completed Cech nerve of D — P, and let J* C P*
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be the kernel of P* — R. The kernel of each augmentation P* — P — R is generated by I and,
locally on SpecP, by sequences that are (p, [p]q)-completely regular relative to D. Consequently, ap-
plying Lemma 16.10, we obtain a cosimplicial diagram D je ;(P®) in (R/D)q—crys. The limit of this
complex still computes ¢{2g,p. Indeed, this follows by running through the proof of Theorem 16.14
with D e ,(P*®) instead, and observing that classical crystalline cohomology can be computed by
the cosimplicial ring Dje(P®) ~ Dje ,(P*)/(q — 1) formed by the p-completed PD-envelope of
J* C P*: this cosimplicial ring is the Cech-Alexander complex of the PD-thickening D o (P°) of R
relative to D, and this latter object is weakly initial amongst all PD-thickenings of R relative to D.
In particular, it is often convenient to let P simply be a (p, I)-completely smooth lift of R along
D — D/I.

Theorem 16.17 (Invariance under ¢-PD thickenings of the base). Let (D, J) — (D, I) be a mor-
phism of q-PD pairs that is the identity on underlying §-rings. (For example, take J = (¢q—1).) Let
R be a p-completely smooth D /J-algebra lifting R along D/J — D/I. Then there is a canonical
identification qQE/D ~ ¢Qg/p-

Proof. Let us first observe that if (E, K) € (é/D)q_crys, then the natural map E — E/K ~ R — R
is surjective and a ¢-PD thickening: surjectivity follows from that of R —> R (which holds true
as it does so modulo p), while the rest follows as the kernel can be described as the smallest
derived (p, [p]q)-complete ideal of E generated by K and IE. This construction gives a functor
(I?B/D)q,crys — (R/D)g—crys that does not change the underlying é-D-algebra, and thus yields a

canonical map qQé/D — q€Q2r/p- It now follows by inspection of the proof of Lemma 16.10 that the

Cech-Alexander complex used to compute ¢{25 /D also computes ¢Q0g/p. O

Theorem 16.18 (g-crystalline and prismatic cohomology). Let R be a p-completely smooth D/I-
algebra. Let RY) be the p-completely smooth D/([ply)-algebra defined via p-completed base change
along the map D/I — D/([plq) induced by ¢p. Writing ga),p for the prismatic cohomology of

RO relative to the bounded prism (D, [plg), there is a canonical isomorphism R /p = 4QR)D-

Proof. Let us first describe a canonical map pa) /D q<2 R/D- For this, it is enough to explain
how each (E,J) € (R/D),—eys functorially yields an object (E — E/([p],) <~ RWV) of (RV/D) .
As E — E/J = R is a ¢-PD thickening, we have ¢g(J) C [p|E, so ¢g yields a map R =
E/J — E/([plq) that is linear over ¢p. By linearization, this can be viewed as a D-linear map
RM — E/([pl,), which then gives the desired object (E — E/([p],) + RM) of (RV/D) .

We have constructed the map a:  p) /D~ qQg/p- It remains to check that « is an isomorphism.
We are now allowed to make choices. In particular, using Theorem 16.17, we may assume I = (¢—1);
here we implicitly use that R lifts to a p-completely smooth algebra along D/(¢ — 1) — D/I.
To check « is an isomorphism, it suffices to do so after (p, [p]q)-completed derived base change
along D — D/(¢ — 1) by Lemma 16.5 (2). Now D — D/(q — 1) refines to a map (D, ([plq)) —
(D/(q —1),(p)) of prisms by our assumptions on D. So base change for prismatic cohomology

identifies R(l)/DQAQéD/(q — 1) with D (D (a-1)) where B is the smooth D/(p,q — 1)-algebra

defined by R() via base change. Using base change for prismatic cohomology again, this can also
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be written as gg% B/(D/(q—1))" where R is the D/(p, q— 1)-algebra defined by R via base change (i.e,

R=R/p, so RY is the Frobenius twist of & relative to D/(q—1,p), as the notation suggests). But
Theorem 5.2 identifies this with Rl¢rys(R/(D/(q¢—1))), which coincides with Rl¢rys(R/(D/(qg—1)))

and hence also qQR/Dé\@éD/(q — 1) by Theorem 16.14. O

16.3. ¢-de Rham cohomology. In this section, we fix a ¢-PD pair (D, I) with D being A-flat as
well as a p-completely smooth D/I-algebra R.

Construction 16.19 (The g-de Rham complex of a framed D-algebra). A framed D-algebra is a
pair (P,S), where P is a p-completely ind-smooth D-algebra and S C P is a set of p-completely
ind-étale co-ordinates, i.e., the map 00 : D[S] := D[{Xs}ses] — P is p-completely ind-étale. There
are unique (and compatible) §-D-algebra structures on D[S] and P determined by the requirement
§(Xs) =0 for all s € S. For each s € S, there is a unique J-D-algebra automorphism ~, of D[S]
given by scaling X, — ¢Xs and X; — X; for t # s. As this automorphism is congruent to the
identity modulo the topologically nilpotent element ¢ X — X, it extends uniquely to a d-D-algebra
automorphism v, of P that is also congruent to the identity modulo ¢X; — Xs. Since D was A-
flat, the same holds true for P. In particular, ¢X; — X, is a nonzerodivisor on P, so we obtain a
g-derivation Vg, : P — P given by the formula

L 75<f) _f
P X = X

Note that V¢ lifts the derivative aLXS(—) on both D[S]/(¢—1) and P/(g—1): this is clear for D[S]

by explicit computation and follows for P by formal étaleness?!. Varying s we can assemble these
g-derivations into a map

—

Vy:P—Qpgi= ®seSPdXS

given by the rule V,(f) := > V4 (f)dX,. Taking the Koszul complex on the commuting endomor-
phisms V¢, we obtain the g-de Rham complex

* v v
A = (P 5 Oy~ Oy = ),

regarded as a chain complex of D-modules. This construction has the following functoriality prop-
erty: given two framed D-algebras (P,S) and (P’,S’) as well as a map P — P’ of D-algebras

*,I/ZID N qQ* Od

carrying S into S’, we obtain an induced morphism ¢Q7; P'/D of chain complexes.

Construction 16.20 (The g-de Rham complex of a framed ¢-PD pair). A framed q-PD datum is a
triple (P, S, J), where (P, S) is a framed D-algebra as in Construction 16.19 and J C P is the kernel
of a D-algebra surjection P — R. Let Dj,(P) be the ¢-PD envelope as in Construction 16.10. We
have the following:

2IMore precisely, as (¢—1) is a nonzerodivisor on P, it suffices to check that the endomorphism f — ~vs(f)— f of P
coincides with X - &(7) modulo (q — 1), which follows from formal étaleness of D[S] — P and the interpretation
of the endomorphism f — vs(f) — f of D[S]/(g — 1)* as the element of H*(Tp(s);p ®p (g — 1)/(q — 1)) classifying

the infinitesimal automorphism 7 of the square-zero extension D[S]/(q — 1)*> — D[S]/(q — 1).
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Lemma 16.21. For each s € S, the automorphism s of P extends uniquely to an automorphism
of Djq(P) that is congruent to the identity modulo ¢Xs — X5.

Proof. We will check that s extends to D, as an endomorphism that is congruent to the identity
modulo ¢ Xs— Xj; this will force the extension to be an automorphism, proving the lemma. Consider
the composition P = P — D J.q(P). As all rings in sight are A-flat, it suffices to show that this
composition carries ¢(f) into [p|qaD s q(P) for all f € J. As v, is congruent to the identity modulo
qXs — Xs, for any f € P, we can write

Ys(f) = f+ (g —1)Xsg

for suitable g € P. Applying ¢ shows

¢(vs(f) = o(f) + [plg - (¢ = 1) - XT - 6(9)-

As ¢(f) € [plgDq(P) for f € J, the same must hold true for ¢(vs(f)) by the previous formula.
This proves that s extends to D, as an endomorphism. In fact, this formula also shows that the
resulting endomorphism of D, is congruent to the identity modulo ¢X, — X, as wanted. (|

We can thus define g-derivatives V5 of D, by the same formula as in Construction 16.19; note
that these derivatives continue to lift the operator 81)(5 on Dj,/(q—1): this follows by identifying
the latter as the pd-envelope of of P/(¢ — 1) — R and reducing to the analogous statement for P
using torsionfreeness and density. Taking the Koszul complex of the commuting endomorphisms
Vy,s as in Construction 16.19, we obtain a ¢g-dR complex

* v ~ A\ ~
a5 oo = (Daa(P) = Dyg(P)@pQyp ~% Dy (P)@p0%p — ).

o
has the follow-

J,q(P)/D

ing functoriality property: given two framed ¢-PD data (P, S, J) and (P’,S’,J’) and a map P — P’

of D-algebras carrying S into S’ and .J into J’, we obtain an induced morphism qQB? Py/p
»q
*,0J

qQDJ/ (P"Y/D" To see this, it suffices to show that for any ¢ € S’ — im(S), we have an equality
2q

regarded as a chain complex of D-modules. The construction (P, S, J) qQB

Y © a = « of morphisms, where a : Dj4(P) — Dy 4(P') is the map induced by the given map
P — P’ and 7; denotes the endomorphism of Dy ,(P’) attached to ¢t € S’ coming from Construc-
tion 16.20. This identity holds true after evaluation on each of the étale co-ordinates X, € P
as t € S" —im(S); the rest follows by (p, I)-complete étaleness of the framing A[{Xs}]ses — P,
the [p]s-torsionfreeness of Dy 4(P’), and the fact that D;,(P) is generated as a (p, )-complete
- A-algebra by elements of the form f/[p], for suitable f € P.

Theorem 16.22 (g-de Rham and g-crystalline comparison). Let (P,S,J) be a framed q-PD da-
tum in the sense of Construction 10.20. Then there is a canonical quasi-isomorphism qQr/p =~

*,0
?®p, (p)/D-

The proof given below follows the cosimplicial proof of the crystalline-de Rham comparison in
[Sta, Tag 0TLG].
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Proof. Consider the Cech nerve P® of D — P. The étale co-ordinates S on P = P° naturally define
étale co-ordinates S® on P*® by taking coproducts, yielding a cosimplicial framed D-algebra (P*®,S*®).
Likewise, letting J® C P*® be the cosimplicial ideal defined as the kernel of the augmentation P" —
P — R, we obtain a cosimplicial framed ¢-PD datum (P*,S®,J*®). Applying Construction 16.20,

we obtain a cosimplicial complex M** := qQB?_ (P The cosimplicial D-module M®* given by

the “i-th row” is acyclic (even homotopy equivalent to 0 as a cosimplicial module) for i > 0 by a
standard argument (see [Sta, Tag 07JP] for the analogous assertion in crystalline cohomology). On
the other hand, for any face map P* — P7 in the cosimplicial ring P*®, the induced map M®* — M+
of chain complexes is a quasi-isomorphism: this holds true modulo (¢ — 1) by the Poincaré lemma,
and thus holds true by (¢ — 1)-completeness. It formally follows that the chain complex attached to
the cosimplicial D-module M*? is quasi-isomorphic to the 0-th column M%*. The former computes

qQ2r/p, while the latter is qQB? (P)/ D SO We obtain the desired quasi-isomorphism. O
»q
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17. COMPARISON WITH A

In this section, we fix a perfectoid field C' of characteristic 0 containing p,~ as well as a p-
completely smooth O¢g-algebra R. The goal of this section is to prove the comparison between the
prismatic cohomology of R and the AQ-complexes defined in [BMS18] via the intermediary of g-de
Rham cohomology. Let us introduce the relevant notation first.

Notation 17.1. Choosing a compatible system {(yn € ppn (C)} of primitive p-power roots of 1, we
obtain the rank 1 element ¢ = [¢] € A := Ajyt(O¢), where € = (1,(p,...) € O%. This allows us to
view A as a perfect 0-Z,[q — 1]-algebra that is (p, ¢ — 1)-completely flat and thus also genuinely flat
(see [Bha20, Lemma 5.15]). Let & = ¢~ 1([p],), so (A, &) is a ¢-PD pair corresponding to the ¢-PD
thickening A — A/(§) = Oc¢.

With this notation, our goal is to show the following:
Theorem 17.2. There is a canonical isomorphism qQr /4 ~ AQg, and thus
AQp ~qQr/a >~ groya= P4 R/A -
All these maps are isomorphisms of Ex-A-algebras compatible with the Frobenius.

Remark 17.3. The proof will a priori give an isomorphism of F;-A-algebras functorially in R and
compatibly with the Frobenius. However, this can be upgraded to an isomorphism of F..-A-algebras
a posteriori: By left Kan extension, one can extend both sides to quasiregular semiperfectoid R-
algebras, where it induces an isomorphism (as associative rings) of discrete commutative rings,
which then tautologically upgrades to an isomorphism as F.-rings. Now by quasisyntomic descent,
one gets the desired isomorphism of E.-A-algebras.

Proof. We shall build a functorial map ug : ¢€2g/4 — AQRg by constructing one between functorial
representatives of both sides; to check this is a quasi-isomorphism, we give an abstract argument
(ultimately reducing to the Hodge-Tate comparison theorem for both sides). In fact, it suffices to
build a strictly functorial map under the additional assumption that R is very small, i.e., when R/p
is generated over O¢ /p by units; the comparison map for general R is then obtained by glueing as
any smooth formal Oc-scheme has a basis of opens of the form Spf(R) with R very small. For the
rest of the proof, we assume R is very small.

Before introducing the complexes, we need some notation. Let S = R* and let Cg be the
collection of all finite subsets ¥ C S large enough to generate R, i.e., such that the induced map
A{zEY sex] — R (or equivalently Oc[{zf!}sex]" — R) is surjective; thus, the inclusion relation
amongst subsets of S turns Cg into a filtered poset. For each ¥ € Cg, let Py = A[{zF'}sex]" be
the formal torus over A with variables indexed by X; we endow Ps; with the d-structure defined by
d(zs) = 0 for all s € ¥. Moreover, for each s € ¥, we have the automorphism ~, of Py given by
scaling xs by ¢ and fixing x; for ¢ # s.

Elaborating on the strategy above, in the proof below, we shall build, for each ¥ € Cg, explicit
functorial complexes computing ¢Q2g/4 and AQp,4 and a natural (in R and a choice of ¥ € Cg)
quasi-isomorphism between them. By naturality in 3, we may pass to the colimit over all ¥ will
yield a natural (in R) quasi-isomorphism ¢Qp /4 — AR/ intrinsic to the very small algebra R.
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Computing ¢Qr/a by an explicit and functorial complez. Fix ¥ € Cg. Write D g o(Ps) for the
¢-PD envelope of the surjection Py — R. By Theorem 16.22, we can then compute ¢{2g 4 by the
complex Kos¢(D j;, ¢(Ps5); {Vqs}sex). As the formation of these complexes is functorial in ¥ € Cg
(see discussion before Theorem 16.22), we can take a colimit to see that ¢Qp /A 1s also computed by
the complex

colimKos.(D jy, ¢(P5); {Vqs}sexn), (16)
>eCs

which is an explicit complex functorial in the very small algebra R.

Computing AQr by an explicit and functorial complex. Fix ¥ € Cg, and set Ayx := [[ o5 Zp(1)
be the displayed profinite group. Formally extracting all p-power roots of the x,’s gives a pro-étale
Ayx-torsor over R[1/p]. Let Ry o be the p-completed integral closure of R in this extension of
R[1/p]. Tt is then standard that Ry o is perfectoid®”, and the map Spa(Rx ~[1/p]) — Spa(R[1/p])
is a pro-étale Axp-torsor. Consider the complex

77q—1I<OSc(14inf(]%E,oo)7 {Us - 1}862)7

where o denotes the automorphism induced by the s-th basis vector of Ay. Note that the com-
plex Kosc(Aint(Rx 00), {0s — 1}sex) computes the continuous group cohomology of Ay acting on
Aint(Ryx,00) by [BMS18, Lemma 7.3]. Moreover, this construction is evidently functorial in enlarging
Y, so we may pass to the limit to form the complex

colim 7, 1Kos¢(Aint(Rx 00 ), {0s — 1}sex), (17)
YeSg

which is an explicit complex functorial in the very small algebra R. Using the arguments in [BMSI18,
§9|, one checks that this explicit functorial complex computes AQg: in fact, for a cofinal collection
of 3 € Cg (more precisely, any ¥ containing a subset {1, ...,z,} C ¥ of units defining a formally
étale map Oc[zE!, ...,z )" — R), the complex 7,1 Ko0s(Aint(Rs.00), {0s — 1}sex) already com-

putes AQp by [BMSI18, Theorem 9.4 (iii)| and the criterion in [Bhal8h, Lemma 5.14].

Constructing the comparison map pr : ¢Qr/a — AQg. To construct a functorial comparison
map using the complexes described above in (16) and (17), it suffices to construct, for each 3 € Cg,
a natural (in R and the chosen ¥ € Cg) map

po : Dy q(Ps) = Aint(Ry 00)

of Ajns-algebras that intertwines 4 on the left with o, on the right and is compatible with enlarging
Y. Indeed, we will then get a map

Kose(D g q(Px); {vq,s}seE) = nq—lKOSC(DJz,q(PZ)Q {1s—1}sex) = nq—lKOSC(Ainf(RE,OO)§ {os—1}sex)

also compatible with enlarging 3, so we can then pass to the limit over ¥ € Cg to obtain a desired
comparison map between the explicit complexes constructed earlier.

22This follows from [Sch15, §11.2] in general. For our application, it suffices to consider sufficiently large > € Cg, so
we may assume that ¥ contains a subset {z1, ..., z, } C ¥ of units defining a formally étale map Oc¢ [azlﬂ, s xfl]A — R;
in this case, the perfectoidness claim also follows from almost purity.
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To construct the comparison map g desired above, let Py, — Py o be the (p,I)-completed
perfection. Write Py := Py/(€), etc. Note that Ps o is a perfect (p, &)-completely flat d-ring over
Ajn, 80 Pr o is perfectoid and Ps o =~ Ain(Ps o0). Moreover, the perfectoid ring Py o is obtained
from Py, by formally extracting all p-power roots of the z,’s, so there is a natural Ay-action on
Ps. . Applying Ajne(—), we obtain a Ax-action on Py o with the property that the automorphism
os of Ps o induced by the s-th basis vector e; € Ay lies over the automorphism 75 of Ps. We can
relate the objects over Px; and over R in the following commutative diagram:

PE —— PE,OO ~ Ainf(PE,oo) I Ainf(RE,oo)

|

PfE PE,oo
R R®P72P2700 RZ,OOv

here all maps in the top horizontal row are d-maps, all vertical maps are surjective, and the two
smaller squares on the left are pushout squares. For each s € ¥, the automorphism o of Ajnf(Rs o0)
is compatible with corresponding automorphism of Py o, and hence also with the automorphism -,
of PE~

As Aini(Rs,00) — Ry oo is a ¢-PD thickening, the outer square in the above commutative diagram
shows that the d-map Py, = Ainf(Ry,00) extends uniquely to a 0-A-map Dy o(Ps) = Ainf(Rs,00). It
also follows by uniqueness that the induced ~s-action on D, ,(Ps) is compatible with the os-action
on Ainf(Ry o0): the maps

Dy q(Ps) =5 Dy o(Ps) = Aing(Reoo) and Dy q(Ps) = Aine(Ry,o0) =2 Aint(Ry,00)
of §-A-algebras are induced by the universal property of ¢-PD envelopes from the maps
PE ,Y_g> PZ — Ainf(RE,oo) and PE — Ainf(RE,oo) g Ainf(RE,oo)a

so the former pair must coincide as the latter pair does. This gives the promised map pg :
Dy, 4(Ps) = Aint(Ry o) of 6-rings that intertwines the v, automorphism of the source with the o
automorphism of the target, and thus also a comparison map

LR qSpsa — AQR

by the explicit complexes constructed above.

Proving that pur is an isomorphism. To check that pp is an isomorphism, we use the criterion
in Lemma 17.4 with d = [p],. By Theorem 16.18, we can identify ¢Qp/4 ~ R /4, Where RM .=
R ® 4,6 A By the Hodge-Tate comparison for RO /A WE then obtain a canonical map

Mgy : BY — HO(qQp,4/[plg)
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that induces an isomorphism

(Qrw jaypl,) dar) = (H(42r/4/[Pla), Bp,)

of commutative differential graded A/[p]s-algebras. On the other hand, by [BMSI18, Theorem 9.2]
for AQp, we have a canonical identification®’

ﬁR(l) = AQR/[P]q

of commutative A/[p],-algebras. This gives a comparison map
naoy, : R — H(AQg/[ply).
By the Hodge-Tate comparison [BMS18, Theorem 8.3|, the map n4q,, induces an isomorphism
(Q*R(l)/(A/[p]q)y ddR) = (H* (AQR/[p]Q)7 B[P]q)

of commutative differential graded A/[p],-algebras. We leave it to the reader to check that the
comparison map ppg intertwines 7,0, /A with naq, by reduction to the case where R = O¢ [xil]A.
Lemma 17.4 then implies that ug is an isomorphism. O

The following abstract criterion for proving that comparison maps are isomorphisms often allows
us to bypass tedious checks (e.g., as in the proof above).

Lemma 17.4. Let A be a commutative ring equipped with a nonzerodivisor d. Let R be a smooth
A/d-algebra. Let E and F be derived d-complete commutative algebras in D(A) with E/d and
F/d being coconnective and H*(E/d) and H*(F/d) being strictly graded commutative. Assume
we are given A/d-algebra maps ng : R — H°(E/d) and np : R — H°(F/d) such that the map
(Q}}/(A/d),ddR) — (H*(E/d), Bg) induced by the universal property of the de Rham complex is an
isomorphism, and similarly for F'. Then any commutative A-algebra map o : E — F that intertwines
ne with np must be an isomorphism.

A similar statement holds true if (A,d) is a bounded prism, R is assumed to be p-completely
smooth over A/d, and E and F are assumed to be derived (p, d)-complete.

Proof. To show « is an isomorphism, it is enough to show that & : E/d — F/d induces an isomor-
phism on H*(—). Now H*(@) is a map of graded A/d-algebras that lifts to a map of commutative
differential graded A/d-algebras (H*(E/d),Bq4) — (H*(F/d),4). This latter map intertwines ng
with nF by assumption, so we obtain a commutative diagram

(Q*R/(A/d)a ddR) . (Q*R/(A/d)a ddR)

|

(H*(E/d), Ba) —— (H*(F/d), Ba)

23The Frobenius twist in S~)R<1) is implicit but not mentioned in [BMS18, Theorem 9.2]: the p-completely smooth
O-algebra R (corresponding to the formal scheme X) is regarded in loc. cit. as an Ajn¢-algebra via the map Aine i>

O — R, which is identified in the present context with the map Ajns i> O —R g RW,
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of maps of commutative differential graded A/d-algebras. The left and right vertical maps are

induced by ng and ng, and are isomorphisms by assumption. It follows that the bottom horizontal
map is also an isomorphism, as wanted. ]
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18. A UNIQUENESS CRITERION FOR COMPARISON ISOMORPHISMS

Let (A, I) be a perfect prism corresponding a perfectoid ring R. In this section, we show that the
prismatic cohomology functor S +— g/ has no non-trivial automorphisms that are compatible with
the Hodge-Tate structure map ng : S — 75/ gr- In particular, the comparison isomorphisms relating
prismatic cohomology to g-crystalline cohomology (Theorem 16.18), the AQ-theory (Theorem 17.2),
or the p-adic Nygaard complexes arising from topological Hochschild homology (Theorem 13.1) are
essentially unique. To formulate our result precisely, we introduce some co-categorical notation.

Notation 18.1. Let Smp denote the category of p-completely smooth R-algebras. Let Cspmy, be the
oo-category of pairs (G,7), where G : Smg — D(p, 1)-comp(4) is @ symmetric monoidal functor and
n:id - G ®ﬁ R is a natural transformation of symmetric monoidal functors Smp — Dpcomp(R);
here G®L R is the Dy comp (R)-valued functor determined by S +— G(S)®% R. Prismatic cohomology
together with the Hodge-Tate comparison naturally gives an object _/4 € Comy,.

Theorem 18.2. The object _/5 € Csmy, has no nontrivial endomorphisms, i.e., End( _/4) = {1}.

Somewhat surprisingly, we do not need to a priori impose compatibility with the Frobenius
endomorphism of prismatic cohomology in formulating the above uniqueness assertion.

Proof. Let rsPerfdr denote the category of R-algebras S that are quotients of p-completely flat
perfectoid R-algebras by p-completely regular sequences relative to R. In particular, Kos(S;p) is
flat over Kos(R;p) for any such S. Let Cisperfa, be the oco-category defined the same way as Cgmj,
with rsPerfdp replacing Smp. Derived prismatic cohomology and its Hodge-Tate comparison then
similarly defines an object ' /A € CisPerfdp- As any p-completely smooth O-algebra S admits a

quasisyntomic hypercover (or even a Cech cover) S — S® with each S? € rsPerfdp, it suffices by
descent to show that /A has no nontrivial endomorphisms. As the prismatic cohomology of any
S € rsPerfdgr takes on discrete values, this reduces to the following concrete statement:

Lemma 18.3. Assume that for each S € rsPerfdr, we are given an A-algebra endomorphism eg of
s/A with the following properties:

(1) The endomorphism €s is functorial in S.

(2) The endomorphism €g is compatible with the identity map on S under the natural map
ns : S — S/A-
Then eg = id for all S.

Proof. Let us first check that eg = id when S is perfectoid. In this case, we have g/4 & Aing(9), so
es can be regarded as an A-algebra endomorphism of Ajn¢(S). By A-linearity, this endomorphism
carries I Ajy¢(R) to itself. As any endomorphism of a perfect p-complete d-ring is automatically com-
patible with the J-structure (Corollary 2.31), we may regard eg as an endomorphism of the perfect
prism (Aius(S), [Aine(S)). By assumption (2), this endomorphism gives the trivial endomorphism
of S Apne(S)/IAine(S). By Theorem 3.10, it follows that eg = id for perfectoid S.

Now fix some S € rsPerfdg. By assumption, we can write S = R'/(f1,..., fr), where R’ is a
p-completely flat perfectoid R-algebra and f1, ..., fi- is a sequence in S that is p-completely regular
relative to R. Then pijq = Ajpp(R'), so g4 is naturally a 0-Aj,e(R')-algebra. Moreover, if we fix
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a distinguished element d € I as well as g; € Ajne(R') lifting f; € S for i = 1,...,r, then the presen—
tation S = R'/(f1, .., fr) gives a presentation of g/4 as the d-Aj,¢(R')-algebra Aine(S){%, ..., &}
obtained by freely adjoining % for i = 1,...,7 to Ajy¢(S) in the world of (p,d)-complete simplicial
0-rings. Applying assumption (1) to the map R’ — S, we obtain the commutative diagram

Apg (R 2> Apme (RO Y, ..., &30
L
Ainf(R/) 0 Alnf(R/) 7 o d }/\
We must show that the A-module endomorphism eg — id of Aj¢(R'){%,. }/\ is identically 0.
Equivalently, if K denotes the kernel of this map, we must show K = Amf(R’) ;oo 31 Note
that K is an A-submodule of Ajne(R'){%,..., %} that has the following stability propertres

(1) K is stable under taking powers, i.e., if f € K then f" € K for all n > 0: the kernel of a
difference of ring homomorphisms always has this property.

(2) K is naturally linear over Aju¢(R’), not merely A: we have eg = id by the previously settled
perfectoid case, so both es and id are Aj,¢(R')-algebra maps. In particular, the image of

Ape(R) in Amf(R’) oLk }/\ lies in K.
(3) K is saturated in Amf(R’ HEG, ..., &0 Wrth respect to multiplication by both p as well as
¢"(d) for all n > 0. Indeed Amf(R/) L. 3N is (p,d)-completely flat over A (Propo-

sition 3.13). In particular, by Lemma 3 7 (2), the element p as well as all the Frobenius
powers ¢"(d) for n > 0 are nonzerodivisors in this A-module, and hence the kernel of any
endomorphism of this Aje( R’/ ) module has the stated saturation property.

We now show that K = Ajne(R){%, ..., Z}". As K is derived (p, [p]q)-complete and an Aj,¢(R')-
module by property (2)7 it suffices to check that a topological generating set for the Aj,f(R')-
module Aj,(R){%,...,Z}" lies in K. Using the operations {d,},>0 of Joyal (Remark 2.13 and

Remark 2.14), it bufﬁceb to check that 6,(%) € K for all n > 0 and all 4. We check this by induction
on n (and fixed 7). For n = 0, we must check that £ € K. But g; € K by property (2), and hence
% € K by the d-saturatedness of K from property ( ). Assume now that §;(%) € K for j <n. To
show ont1(%) € K, we use the formula

(L) = (" (G (D) (D).
The term on the left lies in K this follows after multiplication by ¢"*!(d) using property (2), and
hence holds true on the nose as K is ¢"*!(d)-saturated by property (3). Moreover, all terms on the
right except the last one also lie in K: this follows by induction and property (1). Thus, the last
term p"*18,41(%) also lies in K. As K is p-saturated by property (3), it follows that 6,41(%) € K
as well, which ﬁnlshes the induction. 0

O
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