ON THE GENERIC PART OF THE COHOMOLOGY OF
NON-COMPACT UNITARY SHIMURA VARIETIES

ANA CARAIANI AND PETER SCHOLZE

ABsTrRACT. We prove that the generic part of the mod £ cohomology of Shimura
varieties associated to quasi-split unitary groups of even dimension is concen-
trated above the middle degree, extending previous work [CSI7] to a non-
compact case. The result applies even to Eisenstein cohomology classes com-
ing from the locally symmetric space of the general linear group, and has been
used in Im to get good control on these classes and deduce potential
automorphy theorems without any self-duality hypothesis.

Our main geometric result is a computation of the fibers of the Hodge—Tate
period map on compactified Shimura varieties, in terms of similarly compact-
ified Igusa varieties.
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1. INTRODUCTION

In this paper, we aim to control the torsion in the cohomology of some non-
compact unitary Shimura varieties, extending previous results [CS17] to the non-
compact case. Before explaining our results, let us explain our motivation.

The original Taylor—Wiles method for proving automorphy lifting theorems, used
for example in proving the modularity of elliptic curves over Q, is restricted to set-
tings where a certain numerical criterion holds: these are roughly the settings where
the objects on the automorphic side arise from the middle degree cohomology of a
Shimura variety. Recently, Calegari-Geraghty [CGIS8| outlined a strategy for ex-
tending the Taylor—Wiles method to GL,, over a general CM field F'. Their method
requires a detailed understanding of the cohomology of the locally symmetric spaces
associated with GL,, /F. Part of their insight was to realize the central role played
by torsion classes in the cohomology of these locally symmetric spaces, and another
part of their insight was to reinterpret the failure of the Taylor-Wiles numerical
criterion in terms of invariants qg, [y seen on the automorphic side.

More precisely, for a connected reductive group G/Q, let Iy := rk(G(R)) —
rk(Koo) — tk(Aso) and qo = £(d — ZO)H The Calegari-Geraghty method works
for GL,, over an arbitrary number field F' as long as the following prerequisites are
in place:

(1) The construction of Galois representations associated to classes in the co-
homology with Z,-coeflicients of the locally symmetric space for GL,, /F.

(2) Local-global compatibility for these Galois representations at all primes of
F, including at primes above /.

(3) A folklore conjecture that predicts that, under an appropriate non-degeneracy
condition, the cohomology with Z,-coefficients of the locally symmetric
space for GL,, /F vanishes outside the range of degrees [qo, g0 + lo]-

From now on, assume that F' is a CM field. Then the first problem was solved
in [Schid], strengthening previous work [HLTTI6] that applies to Qg-coefficients.
(See also [NT16] and [CGHT18] for some further refinements.)

The remaining two problems were within reach with Q-coefficients: see [Varl4]
for local-global compatibility and Theorem 2.4.9], which builds on [Fra98],
for vanishing results. However, both problems remained largely open for torsion
classes. In the second problem, local-global compatibility at primes dividing ¢ is
particularly subtle, because the construction of Galois representations in [Schi5]
uses congruences to automorphic forms with arbitrarily deep level at £. The third

Here Koo C G(R) is a maximal compact subgroup, A is the identity component of the
R-points of the maximal Q-split torus in the center of GG, and d is the dimension over R of the
symmetric space for G.



GENERIC COHOMOLOGY OF NON-COMPACT UNITARY SHIMURA VARIETIES 3

problem is known only in low-dimensional cases, such as arithmetic hyperbolic
three-manifolds (arising from GLy over an imaginary quadratic field F).

When the locally symmetric spaces for the group G arise from Shimura varieties,
lp = 0 and qq is equal to the complex dimension of the Shimura variety. Originally,
we were trying to understand the third problem, by approaching it in the easier case
of Shimura varieties first; this is a result we obtained in [CS17| for compact unitary
Shimura varieties. Our hope was that a suitable adaptation of these results to the
case of non-compact unitary Shimura varieties, whose compactification contains the
locally symmetric spaces for GL,, /F, could give new information in that situation.
This turns out to be the case: however, so far not about the third problem, but
about the second problem.

This has been taken up in |[ACCT18|, where the main result of the present
paper is used to obtain local-global compatibility in the ordinary and (many)
Fontaine—Laffaille cases. The third problem was overcome in the particular set-
ting of JACC™T18| via an alternative argument that reduces it to the case of Q-
coefficients, allowing us to implement the Calegari-Geraghty method uncondition-
ally in arbitrary dimensions, and prove the meromorphic continuation of the L-
function and the Sato—Tate conjecture for elliptic curves over CM fields (among
other results).

In conclusion, the results of the present paper are tailored to give interesting
information about GL,, /F. For this reason, we restrict attention to the follow-
ing specific case at hand, although our methods should extend to somewhat more
general Shimura varieties.

1.0.1. Locally symmetric spaces. Fix a CM field F' and an integer n > 1. We
assume that F' contains an imaginary quadratic field Fy C F; if we let F'™ C F be
the maximal totally real subfield, we have F = F* - Fy. Let V = F?" be equipped

with the skew-hermitian form
n

(@1, @2n), (Y15, Y2n)) = Z(%?Qnﬂ—i — Tan41-iY;)

i=1
where ¥ denotes the complex conjugate of y, and consider the associated alternating
form

('7') VXV — @ : (.’E,y) = trF/Q<1'7y> .
Then V' admits Op-lattices L C V that are self-dual with respect to (-,-); fixing
one, we get an alternating perfect pairing
(v):LXL—Z.
Let G be the algebraic group over Z defined by
G(R) :=={g9 € GLo.(L)(R) x G (R) | (gv, gw) = (v,w) Yv,w € L} .

The generic fibre of G is then a quasi-split unitary groupE|

Over R, we have Gg = U(n7n)[F+:Q]. The associated symmetric space X =
G(R)/K for G(R) is given by

x= J] X

T:Ft—R

2In the main text, we will denote by G a unitary similitude group. The translation is explained

in §2.1]
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where X, ; is the space of positive definite n-dimensional subspaces in the split
hermitian space V ®p+ R = c?n,

For any neat compact open subgroup K C G(Ay), we are interested in the double
quotient

Xk = GQNX x G(Af)/K) .

As detailed below, this has the structure of a complex manifold of complex di-
mension d = [F* : Qn?. The Borel-Serre compactification of Xk includes strata
related to the locally symmetric spaces for GL,, /F'; this explains our interest in
Xk.

Assume that K = Hp K, is a product of compact open subgroups K, C G(Q,),
and fix a finite set of primes S containing all primes that ramify in F' or at which
K, # G(Z,). The abstract unramified Hecke algebra

T=-T= @ ZGQ)//G(Z,)

PES,pESPlR, /o

acts naturally on H'(Xg, A) and H:(Xf, A) for any coefficient module A; here we
restrict to the primes Sply o of Q that split in Fj. (We remark that including
fewer Hecke operators makes our main theorem stronger.)

If v is a prime of F' that divides a prime p ¢ S that splits in the imaginary
quadratic field Fp, then we get a lift p|p of p in Fy, and an isomorphism

G(Qy) = [[ GLon(Fu) = GLan(F) x  [] GLan(Fu) -
w(p w|p,w#v

Here w runs over primes of F' dividing p. For i =1,...,2n, we let

Tiw € ZIG(Qp)//G(Zy)]
be the Hecke operator given by the double coset of

GLan (Op, )diag(wy, ..., @y, 1,...,1) GLon(Or,) x [ GL2n(OF,)
———
i w|p,w#v
inside G(Qy).

Now fix a prime £ and let m C T be a maximal ideal occurring in the support
of H*(Xk,Fy) (i.e. a system of Hecke eigenvalues occurring in the cohomology of
Xk), and fix an embedding T/m — F,. Enlarge S to include ¢. It follows from
[Schi5l Theorem 4.3.1] and [ACCT 18| Theorem 2.3.3] (which relies on [Shil4]) that

there exists a continuous semisimple 2n-dimensional Galois representation
P : Gal(F/F) — GLg, (Fy)

unramified at all places not dividing a prime of S and such that for every prime v
of F' as above, the characteristic polynomial of 5, (Frob, ) is the reduction of

X2n _ T17:UX2TL71 4 (_l)iqi(ifl)/2Ti7UX2n7i R qg(Qnil)TQnﬂw

modulo m, where ¢, is the cardinality of the residue field at v.
Our main theorem is the following.

Theorem 1.1. Assume the following conditions.

(i) F*#Q;
(ii) Py, is of length at most 2;
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(iii) there is a prime p # £ that splits completely in F and such that for all
primes v|p of F, the representation p, is unramified at v with eigenvalues
{105, 0000} Of P (Froby) € GLo,(Fy) satisfying o, # paj, for all
i 7.

Then

(1) If H(Xg,Fp)m # 0 then i > d.

(2) If H(Xk,Fo)m #0 then i < d.

Remark 1.2. Assumption (i) simplifies some trace formula computations (essen-
tially, it implies that certain boundary terms vanish). Roughly, the point is that
the geometric side of the trace formula simplifies whenever the test function at two
auxiliary places is of a simple form, and here we would like to use two infinite places.
We would expect that one could remove this assumption with additional work.

Remark 1.3. We use assumption (ii) to ensure that only one boundary stratum (the
one of interest, giving rise to GL,, /F') can possibly contribute to the cohomology
localized at m. This is required to ensure a tight relation between cohomology and
compactly supported cohomology after localization at m, and seems to be a critical
assumption. In order to ensure this tight relation, we also need the existence of
Galois representations associated to torsion classes in the cohomology of locally
symmetric spaces for GL,, /F for m < n, as proved in [Sch15l Theorem 5.4.3].

Remark 1.4. Assumption (iii) is slightly weaker than a corresponding assumption in
|CS17, Theorem 1.1], which would in addition ask that ;. # ;.. As observed by
Koshikawa, this extra assumption is in fact superfluous: The critical [CS17, Lemma
6.2.2] holds (with very minor modifications) in this more general setup, cf. proof
of Corollary below, so in fact [CS17, Theorem 1.1] holds in this more general
setup. (The condition «; # o was also not necessary in Boyer’s work, [Boy19].)

Remark 1.5. The theorem implies formally that the same conclusion holds for
Hi(Xg,Z¢)m and HY(Xg,Z¢)m, and in addition that HY( Xy, Z)y is torsion-
free. There is an excision long exact sequence relating H: (X, Z¢)m, H (XK, Z¢)m
(which agrees with the cohomology of the Borel-Serre compactification of X ) and
the cohomology of the boundary H*(0Xx,Z¢)m- The cohomology of the boundary
is related to the cohomology of GL,, /F, and can contribute in many different de-
grees, both below and above the middle degree. By the long exact sequence, this
cohomology has to be split between H® and H{. The theorem asserts that this is
done in the most transparent wayﬂ Below the middle degree, everything maps into
H: above middle degree, everything comes from H*; and one has an exact sequence

0= HY (0Xk, Ze)m = HU (XK, Ze)m = HY(X5c, Zo)m = HYOX i, Ze)m = 0

around the middle degree. In particular, the torsion-free group H% (X, Z¢)m sur-
jects onto the cohomology H¥(0X -, Z¢)wm of the boundary, yielding control over the
various torsion classes there. Using the Hochschild—Serre spectral sequence, we can
deduce the theorem and the same consequences also for non-trivial Z,-coefficient
systems on Xg, such as Vy, where A is a highest weight for G. See JACC™ 18| for
applications.

31t surprises the second author that such a clean picture can possibly be true.
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Remark 1.6. If m is non-Eisenstein, i.e. if p,, is absolutely irreducible, the theorem
and the excision long exact sequence with Fy-coefficients imply that

H (X, Fo)m = H( Xk, Fo)m

and that these are non-zero only in degree ¢ = d. Indeed, if m is non-Eisenstein,
then H(0X i, F¢)m = 0, which follows from the proof of JACCT18, Theorem 2.4.2].
This also implies the same result with Z,-coefficients and that HI(Xg,Z¢)m —
HY( Xy, Z¢)m is torsion-free. This matches the folklore conjecture stated in (3)
above, in the case of the locally symmetric space Xg.

1.6.1. Shimura varieties. The space X i can be identified, Hecke-equivariantly, with
a union of connected components of %% n)(C), for a Shimura variety .7, (ny of PEL
type over Z; see § for the precise relationship. As in [CS17], we will prove the
theorem by using the p-adic geometry of #f(n) for a prime p as guaranteed by
Assumption (iii). More precisely, we will use the Shimura variety with infinite level
at p regarded as a perfectoid space, and analyze the fibers of the Hodge—Tate period
map in terms of Igusa varieties, including compactifications.

Our geometric results hold for any imaginary CM field F' (not necessarily con-
taining an imaginary quadratic field). Let Ap be the discriminant of F. From
now on, set K := K(N) to be a principal congruence subgroup in the unitary
similitude group corresponding to G, for some integer N > 3. We can define an
algebraic variety .Yk over Z[ﬁ] whose S-valued points parametrize quadruples
(A, 1, A,m) where A is an abelian scheme of dimension [F : Q]n over S with an ac-
tion ¢ : O — End(A) such that Lie A is free of rank n over Op ®7 Og, A : A = AY
is a principal polarization of A whose associated Rosati involution is compatible
with complex conjugation on Op via ¢, and 7 is an isomorphism A[N] = L/NL
compatible with the Op-action and polarization. Moreover, .k admits a minimal
compactification .} and a toroidal compactification 7", the latter depending on
the choice of a certain family of cone decompositions X, as usual.

Now fix a prime p that is unramified in ' and prime to N, and an algebraically
closed field k of characteristic p. Moreover, fix a p-divisible group X over k, with
an Op-action ¢ and a principal polarization A, satisfying the same assumptions as
the abelian variety above. Then the subset

{z € Ik x k| Ap™] x k(T) 2 X x; k(T)}

of all points = such that A[p®] is isomorphic to X, compatibly with the extra
structures, defines a leaf €% C .k x k, a locally closed smooth subscheme. In
[LS18al], Lan-Stroh prove that the leaf € is well-positioned, which implies that
one can define partial minimal and toroidal compactifications €%*, €%, which
have many of the same properties as the ambient Shimura varieties.

Over the leaf €, we can look at the scheme parametrizing isomorphisms A[p>] =2
X compatible with extra structures. This defines an Aut(X)-torsor

Jgt — €%,
where ng is a perfect scheme. Note that in general when X is not isoclinic, Aut(X)
is a highly non-reduced group scheme. Its group of connected components is the
profinite group I'x := Aut(X)(k). Then the map to the perfection

~ X X
Jg %cgpcrf
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is a I'x-torsor. One important property of ng is that it depends on X only up to
isogeny, i.e. an isogeny ¢ : X — X’ (compatible with the extra structures) induces
an isomorphism jgx = ngl.

Our first result is that there are good partial toroidal compactifications of Igusa
varieties.

Proposition 1.7. The T'x-torsor Jg* — %ggcrf extends uniquely to a I'x-torsor

X,tor X, tor
Jg — %perf .

Moreover, one can describe the local structure of Jg**" at the toroidal boundary

as in the case of Shimura varieties, cf. e.g. Theorem [3:2.13] As a consequence, we
prove that an isogeny ¢ : X — X’ that induces isomorphisms on étale quotients
induces an isomorphism Jg*t°" = ngl’mr

One can also define partial minimal compactifications of Jg**, for example via
normalization. We can describe the boundary components of the minimal com-
pactification explicitly in terms of Igusa cusp labels, cf. Theorem [3.3.15] Another

important result is that partial minimal compactifications are affine:

X,

Proposition 1.8. For any X, the leaf €* and the Iqusa variety Ig™* are affine.

To prove this, we first prove it for a special leaf in a given isogeny class (one
that is contained in a fundamental Ekedahl-Oort stratum). Such leaves exist in
general by a result of Nie, [Niel5|, and in their case we appeal to a result of Boxer,
[Box15|, that partial minimal compactifications of Ekedahl-Oort strata are affine.
(The latter result was also proved independently by Goldring—Koskivirta [GK19].)
Then we deduce the general case by using isogenies and the invariance of the partial
toroidal compactifications and minimal compactifications under isogenies.

Remark 1.9. When X is completely slope divisible the Igusa variety and its com-
pactifications admit non-perfect versions that are sometimes useful to keep the
situation more geometric. In particular, one can naturally define versions with fi-
nite level structure. For this reason, some of the analysis is carried out only for
completely slope divisible X. As any X is isogenous to a completely slope divisible
X this results in no essential loss of generality.

Our main geometric result is a description of the fibres of the Hodge—Tate period
map on both minimal and toroidal compactifications. Let

* T *
SK(pooN) = myK(p”LN),Qp
m
and similarly
tor 1 tor
SK(p=N) = MF om0,
m
as “p-adic analytic spaces”ﬂ There is a Hodge—Tate period map
* . O o
7THT . SK(poQN) — fﬁ
4The condition on étale quotients is required to ensure that the choice of cone decomposition
does not cause trouble.

5Technically, as diamonds, [Schi7]. It is known that both limits are representable by perfectoid
spaces, but we will not need to know this.
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where the flag variety .#¢ parametrizes totally isotropic F-stable subspaces of V;
by pre-composition with the projection from the toroidal to the minimal compact-
ification, we also get a map

Tt © SE(pee Ny = FL

Let C be some complete algebraically closed nonarchimedean extension of Q,, and
let x € Z¢(C) be a point. By [SW13], this is equivalent to a p-divisible group X over
Oc¢ with extra structure as above, and an isomorphism T,(X) = L. The special
fibre X of X gives rise to Jg* with its partial minimal and toroidal compactification
Jg®* and Jg® ™. As these are perfect schemes, they admit canonical lifts to p-adic
formal schemes over O¢; let us simply denote these by a subscript o, and then
their generic fibres, which are perfectoid spaces over C, by a subscript ¢.

Theorem 1.10. There are canonical maps
X,tor or \ —
Jgc™" = (mipr) (=),
X, * * —
Jgg" = (mir) (@)

They are open immersions of perfectoid spaces with the same rank-1-points; in fact,
the target is the canonical compactification of the source, in the sense of [Schl7,
Proposition 18.6].

In particular, the cohomology of the fibres of the Hodge—Tate period map agrees
with the cohomology of Igusa varieties, even on compactifications. This extends
the result of [CS17] to the non-compact case.

1.10.1. Organization. Let us now summarize the contents of the different sections,
highlighting also some further results not mentioned so far.

In Section [2] we set up the basic formalism of our Shimura varieties and recall
some foundational results, especially about the construction of Igusa varieties. At
the end of this section, we also explain the main argument, referring to the key
results of the later sections.

In Section [3] we construct the compactifications of Igusa varieties and prove
basic results about their geometry, as stated above.

In Section 4 we describe the fibres of the compactified Hodge-Tate period maps
gk and 7y in terms of compactified Igusa varieties. We use toroidal compact-
ifications first to write down an explicit map in terms of boundary strata (even
integrally). Once we have a map, checking that it is an isomorphism can be done
on geometric points by general properties of perfectoid spaces (or even diamonds).
The case of minimal compactifications follows rather formally by using that both
sides are affine. Finally, we also use these results to deduce a semiperversity result
for Rrpp, Fe.

In Section |5, we compute the cohomology of the Igusa varieties Ig’, as a vir-
tual Q,-representation. This builds on the previous work of Shin, [Shi09], [Shil0],
[Shill]; a similar analysis also appeared in [CSI7]. The present situation requires
us to understand more precisely the boundary terms. It is here that we have to
assume that F'T # Q, which ensures that G admits no cuspidal subgroups, cf. Def-
inition [5.5.2] Essentially, this ensures that we have a special test function at at
least two places (the infinite places) which simplifies the geometric of the side trace
formula, and allows us to compare it to Shin’s trace formula for Igusa varieties. If
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F* = Q, then the work of Morel, [Mor1(], shows that the situation is more com-
plicated even in the case of Shimura varieties, and one can expect a clean answer
only for intersection cohomology.

In Section [6] we analyze the cohomology of the boundary of the Igusa varieties in
terms of the Igusa varieties for smaller unitary groups and the cohomology of general
linear groups. What we prove is essentially a version for Igusa varieties of Pink’s
formula [Pin92]. It is actually somewhat tricky to show that these computations
are Hecke-equivariant, and we use some new ideas involving adic spaces to get a
transparent argument. As an application, we also construct Galois representations
associated to mod ¢ systems of Hecke eigenvalues that occur in the cohomology of
Igusa varieties (in the setting of Theorem [L.1]).

1.10.2. Acknowledgments. We thank Teruhisa Koshikawa for pointing out that the
“decomposed generic” condition of [CS17| can be slightly weakened. We also thank
Kestutis Cesnaviéius, Sophie Morel, and James Newton for helpful discussions. The
first author was supported by a Royal Society University Research Fellowship and
by ERC Starting Grant 804176. The second author was supported by a DFG
Leibniz Grant and the Hausdorff Center for Mathematics (GZ 2047/1, Projekt-ID
390685813).
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2. (QUASISPLIT UNITARY SHIMURA VARIETIES

In this section, we define the relevant Shimura varieties associated to quasi-split
unitary similitude groups and prove some basic related results. Our notation in
this section will be slightly different from the notation we used in the introduction.

2.1. Shimura varieties. As in the introduction, fix an imaginary CM field F' with
totally real subfield I’ C F, and an integer n > 1. Consider the F-vector space
V = F?" with the skew-hermitian form

n

(@1, mom), (Y1, -, y2m)) = Z(»Ti?znﬂ—i — Tan41-iY;)
i=1

and consider the induced alternating form
('a') VXV = Q : (x,y) - trF/Q<x7y>'

Then V' admits self-dual Op-lattices L C V' with respect to the pairing (-,-): For
example, if I C F' is the inverse different, then L = O% @ T" is such a self-dual
lattice. Fix any self-dual Op-lattice L C V, and define the group G over Z by

G(R) ={(g,¢) € GLo,(L)(R) x G (R) | (gv, gw) = ¢(v,w) Yv,w € L} ,
which is a unitary similitude group. We let

X = H X, U H X,
T:Ft—R T:Ft—R

be the symmetric space for G(R), where X, 1 (resp. X, _) is the space of positive
(resp. negative) definite n-dimensional subspaces of V @+ R = C?". For any neat
compact open subgroup K C G(Ay), we consider the double quotient

Xk = GQNX x G(Af)/K) .

To compare with Theorem [I.1} we will also need to consider the corresponding
unitary group G over Z:

Go(R) ={g € GLo,(L)(R) | (gv, gw) = (v,w) Yv,w € L} .

Then Gy is naturally a subgroup of G (and is the group denoted by G in the
introduction). We also consider X° = IL,.p+— g X+ +, which is the symmetric space
for Go(R) and, for a neat compact open subgroup Ko C Go(Ay), the corresponding
double quotient X?{O (this is the space denoted X in the introduction).

Moreover, for a prime v of F' above a prime away from S and that splits in Fjp,
let 77, be the double coset operator

GLay (OF, )diag(w,, . .., @y, 1,...,1) GLayp (O, ) H GL2n (OF,)
—_———
i w|p,w#v
for Gy, and T; , be the double coset operator
GLan (O, )diag(wy, ..., @y, 1,...,1) GLon(0p,) x  [[ GL2n(Or,) x Z
: w|p,w#v

for G. The inclusion Gy < G induces a restriction map T® — T%S on the level of
Hecke algebras that identifies 7} , with TZ-?U.
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Lemma 2.1.1. Assume that Ko = K N Go(Ay). The inclusion Gy — G induces
a natural map X?(U — X, which is an open and closed immersion. The induced
map on cohomology and compactly supported cohomology is Hecke-equivariant for
the restriction map TS — TS,

Proof. We have a short exact sequence of algebraic groups over Z:
15Gy—GS5G,y, — 1.

The inclusion Gy < G identifies X° with a connected component of X. The locally
symmetric space X is a disjoint union of quotients of X by congruence subgroups
of G(Q); the analogous statement also holds true for X ?(0. To prove the lemma, it
is enough to check that the natural map X?(O — Xk is injective. Assume that we
have pairs (h;, ;) € X° x Go(Ay) for i = 1,2 and elements v € G(Q) and k € K
such that (h1,g1) = v(he, g2)k. From g1 = g2k, we deduce that

dw:qmle@XmO]zﬁzqiu

On the other hand, h; = yhy implies that c¢(y) > 0. We deduce that v € Go(Q),
k € Ky. The last statement is clear. O

It will be convenient to know that G satisfies the Hasse principle:

Proposition 2.1.2. The group G satisfies the Hasse principle, i.e. the map
H'(Q,G) = [[H'(Q.,G)

is injective, where v runs over all places of F. FEquivalently, if (V',(-,-)") is any
other 2n-dimensional F-vector space with an alternating form (-, )" such that (xv, w)" =
(v,Tw)" for allv,w € V' and x € F, such that there are isomorphisms (Vy, (+,+)y) =
(Vi (+,-)h), identifying the forms up to a scalar, after base change to any local field
Qo of Q, then there is an isomorphism (V, (+,-)) = (V' (-,-)"), identifying the forms
up to a scalar.

Proof. (cf. [Kot92, Section 7]) The derived group Gger of G is simply connected,
so HY(Q, Gger) = 0. Tt follows that it suffices to see that D = G/G 4., satisfies the
Hasse principle. One can identify D with the subtorus of Resp /G X Gy, of all
pairs (z,t) such that Nmp,p+(2) = t*". Via (2,t) — (z/t",t), this is isomorphic
to Resp+ /o1 X Gy, where T' = ker(Nm : Resp,p+ G — Gyy,). Both of these tori
satisfy the Hasse principle. ([l

We can now interpret X as the C-points of a moduli scheme of abelian varieties
with certain extra structures. As we will have much occasion to consider similar
kinds of extra structure, let us fix some terminology for this paper.

Definition 2.1.3.

(1) Let S be a scheme over Z[ﬁ]' An abelian variety with G-structure over
S is a triple (A, 1, \) where A is an abelian scheme of dimension [F : Q|n
over S, v : Op — End(A) is an Op-action such that Lie A is free of rank
n over Op ®z Og, and X : A = AV is a principal polarization on A whose
Rosati involution is compatible with complex conjugation on Op via t.
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(2) Let p be a prime that is unramified in F and let S be a scheme on which p
is locally nilpotent. A p-divisible group with G-structure over S is a triple
(X,1,\) where X is a p-divisible group of height 2[F : Q|n and dimension
[F:Q]n, t: Op = End(X) is an Op-action such that Lie X is free of rank
n over O ®7 Og, and A : X = XV is a principal polarization on X whose
Rosati involution is compatible with complex conjugation on O via .

Let N > 3 and let
K=K(N)={geGZ)|g=1 mod N}

be a principal congruence subgroup, automatically neat. In the following definition,
we do not invert N; we do not claim any nice geometric properties of the resulting
scheme at primes dividing .

Definition 2.1.4. Let /5° over SpecZ[ﬁ] parametrize over o test scheme S
an abelian variety with G-structure A = (A,t,\) together with an Op-linear map
L/N — A[N] and a primitive N-th root of unity (n € pun(Og) such that the
diagram

L/N x L)N -2 7)N

-

A[N] x A[N] —— pun

commutes, where the lower map is the Weil pairing on A[N] induced by A, and such
that the map L/N — A[N] extends to similar Op-linear maps L/AFN — A[ARN]
compatible with the pairing for all m > 1.

It is standard that .2 is a Deligne-Mumford stack and that /%" x Z[ 5]
is representable, as it is relatively representable over the Siegel modular variety of
principal level N > 3. In fact, even if p divides N, .72 x Z,) is representable as
soon as the part of NV prime to p is at least 3; we will always be in such a situation.
We will need to normalize .7} °:

Definition 2.1.5. Let Sk be the normalization of S in & X Ll x5

The reason for the final condition on lifting the level structure will become ap-
parent in the following proof:

Proposition 2.1.6. There is a natural isomorphism of manifolds
X &2 Sy ((C)

Proof. It A = (A, ¢, ) is an abelian variety with G-structure over C, then the first
homology L' = H1(A,Z) is a finite projective Op-module of rank 2n equipped with
a perfect alternating form (-, )" : L'’ x L' — Z (up to sign). We want to see that when
A comes from %k, there is an F-linear isomorphism Lg = LfQ compatible with the
forms up to scalar. By the Hasse principle (Proposition , it is enough to show
that such isomorphisms exist locally. At the archimedean places, both forms are
of the same signature by the condition on the dimension of the Lie algebra. At
the primes that are unramified in F, both lattices are self-dual, which determines
the isomorphism class of the form. Finally, at the ramified primes we use the final
condition in Definition 2.T.4l
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Now the choice of an isomorphism Lg = L@ compatible with the form, up to
scalar, gives a G(Q)-torsor over Sk (C). We want to identify this with X xG(A)/K.
The element of X comes from Hodge theory — the (positive or negative) definite n-
dimensional F'®gC-subspace is the Hodge filtration — and the element of G(Af)/K
is exactly the given level structure. Note again that at ramified primes, we need
to use the assumption that the isomorphism lifts to ensure that the isomorphism
modulo N comes from an element of G(Ay). O

2.2. p-divisible groups. Next, we give some results about p-divisible groups with
G-structure.

Let (X, ¢, A) be a p-divisible group with G-structure over an algebraically closed
field k of characteristic p. We get a filtration

Xt cCcX°cX

into the multiplicative and connected part. This filtration is Op-stable and sym-
plectic with respect to A. We let

XOD = x°/xH X = X/X°

be the graded pieces for the filtration. As we work over a perfect field, this filtration
splits uniquely, so
X o XK D X(O’l) @ Xét

under which A decomposes similarly into a direct sum. In particular, up to isomor-
phism, X is determined by X(©1) with its @ p-action and principal polarization and
the finite projective O ®7z Z,-module T,(X¢"). Slightly more generally, we have
the following observation

Proposition 2.2.1. Assume that
Z_oC7 ,CX

is an Op-stable filtration by sub-p-divisible groups such that Z_o is multiplicative,
X/Z_1 is étale, and the polarization identifies Z_o with X/Z_1. Then there is an
Op-linear splitting

X272 9o®Z /2 2®X/Z_4

under which A decomposes similarly into a direct sum.

Proof. We can decompose into multiplicative, biconnected, and étale parts, which
gives us only two splitting problems, on the étale and on the multiplicative parts.
We only have to arrange that they are dual, so we can make an arbitrary choice at
one side and then arrange the other one to be dual. ([

2.2.2. Construction of Igusa covers. Let k be an algebraically closed field of charac-
teristic p and let X/k be an isoclinic p-divisible group equipped with extra structures
of EL type or of PEL type. For every m € Zx>, let Iy, denote the group of au-
tomorphisms of X[p™] which commute with the extra structures and which lift to
automorphisms of X[pm/} for every m’ > m. We let Ty, ; denote the finite étale
group scheme over k corresponding to I'y,. The following is a consequence of [CS17]
Corollary 4.1.10].

6The motivation for the result are the Igusa cusp labels introduced later; this also explains the
notation.
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Proposition 2.2.3. The finite étale group scheme I'y, ;. represents the functor
Zr,, : Speck — Schemes — Sets

for which Fr_ (T) is the set of T -automorphisms of Xz [p™] which commute with
the extra structures and which lift (fppf locally on T ) to T -automorphisms of
Xz [p™] for all m' > m. In fact, for any m there is some m' > m so that it
is enough to ask for a lifting to X7 [p™] (fppf locally on T ).

Proof. We consider the functor .#y,, sending a Spec k-scheme 7 to the set of .7-
endomorphisms of X & [p™] which lift (fppf locally on 7) to Z-endomorphisms of
Xz [p™] for all m’ > m (we do not require these to be invertible or to commute
with the extra structures). Then .Zr  is a subfunctor of Fp . It is enough to
see that F,, is representable by a finite étale scheme H,, ;. This is proved in the
second part of [CS17, Corollary 4.1.10], which applies because X is isoclinic.

To see that one m’ is enough, use that everything is finitely presented. (I

Let X/k be a seminormal scheme. Assume that ¢/X is a p-divisible group
equipped with extra structures of EL type or of PEL type as in [CS17, Section 4.2],
such that for any point x € X and for any geometric point Z above z there exist
isomorphisms

G X x k(i’) 5 X Xk k(f)
compatible with the extra structures. The following result is proved in [Man05| in
the special case when X is an Oort central leaf in a PEL-type Shimura variety, but
the result holds more generally and we will need to appeal to the general result
repeatedly later on.

Theorem 2.2.4. Let m € Z>;. Consider the functor from X-schemes to sets
which sends a scheme F /X to the set of isomorphisms

pm:g[pm] ><X93>X[pm] Xky

compatible with the extra structures and which lift (fppf locally on T ) to isomor-
phisms pp, for all m’ > m (or just for one sufficiently large m’ as in the previous
proposition). This functor is representable by a Iy, -torsor

In(9/X) = X.

Proof. We may assume that X = SpecR is affine. We first make a reduction
to the case that R is perfect, so assume that the result holds true when R is
perfect. Our goal is to show that after some faithfully flat cover, ¢ is isomorphic
to X; this clearly implies the theorem by faithfully flat descent. Assuming the
result for Xperr, we get for any m > 1 a I'y-torsor J (9 Xx Xpert/Xpert) —
Xperf- As X — Xperf is a universal homeomorphism, this I'y,-torsor descends
uniquely to a I',,-torsor J/, — X. Let J' l'glm J/., which is faithfully flat
over X. We claim that the isomorphism ¢ X that exists tautologically over
J' X x Xpert = @m I (9 X x Xpert/Xperf) is in fact defined over J’. Note that
this isomorphism is given by a series of isomorphisms between finite locally free
group schemes 4[p™] = X[p™], so this amounts to a countable system of elements
of Rperf being elements of R. As R is seminormal, an element f € Ry lies in
R if and only if for all z € X = Spec R, the element f(z) € k(z)perr lies in k(z),
cf. [Swa80l Theorem 2.6]. Thus, we can reduce to the case that R is a field. In that

o~
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case R — Ry is faithfully flat, so the theorem follows by faithfully flat descent
for R; and then we also see the claim, as necessarily J,,,(¢/X) = J/ .

We therefore assume that X is perfect. We further want to reduce to the case that
X is strictly henselian local. For this, consider for any m the scheme J (49 /X) — X
parametrizing isomorphisms ¢[p™] & X[p™] compatible with extra structures; note
that this functor is representable by a finitely presented affine scheme over X. (For
this, we think of group scheme homomorphisms ¥[p™] xx  — X[p™] X T as
maps of Hopf algebras over 7.) Let J)(4/X) = Spec A,,. For m' > m, we get
maps A, = A,v; let A,, denote the image of A,, in A,,, where m’ is chosen large
enough as in the previous proposition. Then the formation of A,, commutes with
flat base change, and A,,, is still a finitely presented R-algebra, as it only depends on
9 [pm'] which is finitely presented. It is enough to show that A,, is faithfully finite
flat over R: Indeed, if this holds for all m, then hﬂm A, = Mm A,, is faithfully
flat over R, and we can by flat base change reduce to the case that ¢ = X, in which
case the claim is clear. But checking that A,, is faithfully finite flat can be done
over the strictly henselian local rings of R, so from now on we assume X = Spec R,
with R a strictly henselian local ring that is also perfect. It is then enough to find
an isomorphism 4 = X x, R compatible with extra structures.

From [CS17, Lemma 4.3.15], we see that we can construct an isogeny ¥4 —
X x4 R, a priori not compatible with extra structures. This induces a morphism
from Spec R to the reduced special fiber ﬂ%’d of a truncated Rapoport—Zink space
for X. Lemma below shows that the subset of points of M%d over which the
p-divisible group parametrised by the Rapoport—Zink space is isomorphic to X is
finite. As Spec R is connected, the map from Spec R to the Rapoport—Zink space
factors through one such (closed) point. Modifying the isogeny, we can then find
an isomorphism p : 4 = X x,, R, a priori not compatible with extra structure. But
[CS17, Lemma 4.3.15] ensures that it must automatically be compatible with the
extra structure. O

We used the following general lemma: Let k be an algebraically closed field of
characteristic p and let Y/k be a p-divisible group. Let My be the Rapoport—Zink
space for Y parametrizing quasi-isogenies from Y to varying p-divisible groups.
Consider the truncated Rapoport—Zink space Mg{’d, which parametrises isogenies
with kernel contained in the p%-torsion subgroup. Let ﬂg{’d be its reduced special
fiber. The following lemma is a slight generalisation of [Man04, Lemma 3.4], which
applies to the special case of an isoclinic, completely slope divisible p-divisible
group.

Lemma 2.2.5. Let 7 be the universal p-divisible group over M%d. The subset
7= {o e MY | # x k(Z) 2 Y x5 k(7)) C MY”

consists of finitely many reduced points.

Proof. We know that the subset Z is constructible by [Oor04, Corollary 2.5]. To

show that it is finite, it is enough to see that all points are defined over k. Consider

the scheme Z — M@;d parametrizing isomorphisms 7 22 Y; this surjects onto Z.
Then for any algebraically closed field k" over k, Z(k') is the set of self-isogenies
Yy — Y of degree < d. But End(Y) = End(Y}), so we see that Z(k') = Z(k),
and so it follows that all points of Z are k-valued, and hence Z is finite. O
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Note that in the previous lemma, we did not ask that Y be isoclinic. In fact, we
will now use it to prove a variant of Theorem [2:2.4] for non-isoclinic groups.

Let X/k be a p-divisible group with extra structure of EL or PEL type. Let
[=lm I = Aut(X) be the profinite group of automorphisms of X/k compatible
with the extra structure. Let X/k be a perfect scheme, and assume that ¢ is a
p-divisible group over X with the same kind of extra structure such that for all
geometric points Z of X, there is an isomorphism ¢ X k(Z) = X X, k(Z) compatible
with extra structures.

Proposition 2.2.6. The functor on perfect X -schemes J parametrizing isomor-
phisms G xx T = X Xy, T is representable by a I'-torsor J(4/X) — X.

Proof. First one verifies the assertion when ¢ is constant, for which one uses that
if R is a strictly henselian perfect ring then all automorphisms of Xp are constant,
cf. [CS17, Lemma 4.3.15]. In general, the functor is evidently representable by a
scheme affine over X; it is enough to show that it is faithfully flat, as one can
then by faithfully flat descent reduce to the case that ¢ is constant. Now faithful
flatness can be checked on strictly henselian local rings, so we can assume that
X = Spec R where R is a strictly henselian perfect ring. In this case, the argument
from Theorem shows that ¢ is already constant, so the result follows. (]

A variant is the following. Let Aut(X) denote the group scheme of automor-
phisms of X compatible with extra structures. This is in general highly non-reduced,
with the non-reduced structure related to the failure of X to be isoclinic (see [CS17,
Corollary 4.1.11]). Let X/k be a regular scheme, and assume as above that ¢ is
a p-divisible group over X with the same kind of extra structure such that for all
geometric points Z of X, there is an isomorphism ¢ X k(Z) = X X, k(Z) compatible
with extra structures.

Proposition 2.2.7. The functor on all X -schemes 7 parametrizing isomorphisms
Y xx T =X xy T is representable by an Aut(X)-torsor over X.

Proof. Tt is clearly a quasi-torsor, so it is enough to find a section over a faith-
fully flat cover. Proposition gives a section over the faithfully flat J(¥4 x x
Xpert/Xpert) = Xpert, and Xperr — X is faithfully flat as X is regular. O

2.3. Igusa varieties. Using the results of the previous subsection, we will now
define the Igusa varieties related to the Shimura variety .#x. We assume that
K = K(N) is a principal level with N > 3, and we fix a prime p that is unramified
in F' and prime to N. Let k be an algebraically closed field of characteristic p, and
let X/k be a p-divisible group with G-structure.

Definition 2.3.1. The central leaﬂ corresponding to X is the subset of Sk =
Sk X¥, k where the fibers of the p-divisible group A[p™] at all geometric points are
isomorphic to X:

CF={x € Srp | Ap™] x k(z) =X x4 k(Z)}.

(The isomorphisms are understood to be isomorphisms of p-divisible groups with
G-structure.)

"In [Oor04], Oort calls these objects central leaves to distinguish them from so-called isogeny
leaves. We will only consider central leaves in this paper, so we will simply call these leaves.
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By the argument in [Man05, Proposition 1], this is a locally closed subset of .k
and becomes a smooth subscheme when endowed with the induced reduced struc-
ture.

The results of the previous section imply the following result.

Corollary 2.3.2. The scheme
ng — ng C yK,k

parametrizing isomorphisms A[p™] = X of p-divisible groups with G-structure is
representable by an Aut(X)-torsor over €*.

Proof. Apply Proposition [2.2.7] O

Moreover, ng can be reinterpreted in terms of a moduli space of abelian varieties
with G-structures up to p-power isogeny, and isomorphisms of A[p>] with X-action
up to p-power isogeny, cf. [CS17, Lemma 4.3.4]. This shows in particular that Jg* is
perfect, and that an isogeny ¢ : X — X’ (compatible with extra structures) induces

X o Ao X

an isomorphism Jg Jg” . In particular, we get pro-finite correspondences

€% 39 23" - ¢

between different leaves in the same isogeny class.
Now we wish to obtain a variant of Igusa varieties that works at finite level. For
this, we work with completely slope divisible p-divisible groups:

Definition 2.3.3. Let .7 /SpecF, be a scheme and ¥/ a p-divisible group. Let
Froby denote the Frobenius morphism relative to 7 .

(1) & is isoclinic and slope divisible of slope X € Q¢ if one can write X = =
so that the quasi-isogeny

p~"Froby : ¥ — @)

s an isomorphism.
(2) 9 is slope divisible with respect to X € Q>q if one can write X = % so that
the quasi-isogeny
p"Frobly : 4 — ¢#")

18 an isogeny.
(3) ¥ is completely slope divisible if it has a filtration by closed immersions of
p-divisible groups

0:g§0Cg§1C”~Cg§T:g

such that, for each i, Y<;/9<;—1 is isoclinic and slope divisible of slope \;
and Y<; is slope divisible with respect to \;, where \; is a strictly decreasing
sequence of rational numbers.

We note that such slope decompositions are unique if they exist (as when ¥ is
isoclinic and slope divisible of slope A and ¢’ is slope divisible with respect to
A > ), then there are no maps ¢’ — ¢) and stable under base change. In
particular, the property of being completely slope divisible is fpqc local.

We will use repeatedly the following basic result on completely slope divisible
p-divisible groups.
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Lemma 2.3.4. Let 7 /SpecF, be a connected regular scheme and ¥/7 a p-
divisible group. Let n be the generic point of Z, and 7] a geometric point above
n. If 95 is completely slope divisible, then so is 4.

Proof. This is shown in the first part of the proof of [Zin01, Theorem 7]. O

Choose a p-divisible group with G-structure X over an algebraically closed field k
of characteristic p. Assume that X is completely slope divisible (this is a condition
without extra structures). Note that a p-divisible group over E) is completely slope
divisible if and only if it is a direct sum of its isoclinic pieces, which are defined
over a finite field, cf. [OZ02, Corollary 1.5]. One can check that such a choice of X
exists in any isogeny class.

We have

X= @:zlx’ia
where the X; are isoclinic p-divisible groups of strictly decreasing slopes \; € [0, 1].
The polarization A on X induces isomorphisms \* : X; — (X;)Y for all 4,j with
Ai + A; = 1 which satisfy (\Y)Y = =M. Let 4 = % be the p-divisible group of
the universal abelian variety A/.7f restricted to €=. Then ¢ is completely slope
divisible, since it is geometrically fiberwise constant. (Note that €= is a regular

scheme and the fibers of ¢4 over every generic point of €* are completely slope
divisible, so Lemma implies the result.) It has a slope filtration

OC%§1C"'C§§§T=%

for which the graded pieces %; := 9<;/%<;_1 are isoclinic of slope \;. The Op®zZ,-
action on ¢ respects this filtration, so that each ¥%; is endowed with an O ®z Z,,-
action. Moreover, the polarization on ¢ induces isomorphisms I’ : 4; — (¥;)V for
all 4,7 with \; + A; = 1, which satisfy (1) = —/.

Definition 2.3.5. The (pro-)Igusa variety is the map
Ig* — €%
which over a €*-scheme 7 parametrizes tuples (p;)i_, of isomorphisms
pi Y xox T S5 Xy %1, T

which are compatible with the OF ®gz Zy-actions on 9; and X; and commute with
the polarizations on & and X up to an element of Z,\ (') that is independent of i.

B

Remark 2.3.6. We can also define Igi‘iZ for any m > 0 as the moduli space of
isomorphisms on ¢*-schemes .77

Pi,m %me] Xegx T :) Xi[pm] Xk g

which (fppf locally on 7) lift to arbitrary m’ > m and which respect the extra
structures. Explicitly, this means that the isomorphisms p; ,,, commute with the

8This element of Z; () can be identified with an automorphism of the multiplicative p-
divisible group ppoe o .
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Op ®z Z,-actions on ¥;[p™] and X;[p™] and for 4, j with A; + A; = 1 they fit into a
diagram of isomorphisms

Gp™] xgx T —2" 5 Xip™] %6 T

)

(@) ] xgx T o (X3) "] X T
that commutes up to an element of (Z/p™Z)* that is independent of i. By The-
orem Igh is a finite étale cover of €%, Galois with Galois group I',, x, the
group of automorphisms of X[p™] that lift to isomorphisms of X compatible with

extra structure.
In particular, passing to the inverse limit, we see that
Igh — ¢~
is a pro-finite étale cover with Galois group I'x = Aut(X).

Remark 2.3.7. The scheme ’ng maps naturally to Ig”* (as is evident from the moduli
description), and then even to its perfection. The resulting map jgx — Igfferf is an
isomorphism, as the slope filtration splits uniquely over a perfect base, cf. [CS17,

Proposition 4.3.8|, or simply because it is a map between I'x-torsors over ‘Kgirf.

2.4. Serre—Tate theory. Our goal in this subsection is to prove a version of Serre—
Tate theory for semi-abelian schemes that are globally extensions of abelian schemes
by tori. We follow Drinfeld’s original proof, cf. [Kat81], but see also [And03]. Note
that we do not assume that we are working over a Noetherian base.

Theorem 2.4.1. Let S’ — S be a surjection of rings in which p is nilpotent, with
nilpotent kernel I C S’.

(1) The functor Ys: — Ybs 1= bs x g S from p-divisible groups up to isogeny
over S' to p-divisible groups up to isogeny over S is an equivalence of cat-
egories.

(2) The functor Ag: — Ag := Agr Xg S from abelian varieties up to p-power
isogeny over S’ to abelian wvarieties up to p-power isogeny over S is an
equivalence of categories.

(3) We now consider the category R of semi-abelian schemes Ag: which are
globally over S an extension

0—Ts — Asr = Bsr =0

of an abelian scheme Bg: by a split torus Ts: (necessarily of constant rank
over S'), with morphisms in Rs: given by Hom(Ag, A%, )[1/p]. Then the
functor Rs: — Rg given by Ag: — Ag := Ag: Xg/ S is an equivalence of
categories.

Proof. Consider first the case of p-divisible groups. We prove that the functor
Y — Ys is faithful. Let % be a p-divisible group over S’. Then its formal
completion along its identity section %AS/ is a formal Lie group. Let 7" be an affine
S’-scheme and set T :=T" x5/ S. Then

ker(%s (T') — 95(T)) = ker(Gs (T') — Gs(T))
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is killed by p™ for some sufficiently large positive integer n that depends only on
the degree of nilpotence of the ideal (p,I) C S’. This follows from [Mes72, Ch. II,
§4].

Now let ¢4; s+ be p-divisible groups over S’ for i = 1,2 and assume f : 4 g —
%, s is a map that reduces to 0 on S. Then for all T”, the image of f(7”) lies
in ker(%s,5/(T") — % s(T')) which is killed by p". It follows that p™f = 0, which
implies that f = 0 as Hom’s between p-divisible groups are torsion-free.

We now prove that the functor for p-divisible groups is full. Let f € Hom(% 5,% s).
We want to show that there exists a lifting § € Hom(% s/, %, s/) of p"f, where
n is the sufficiently large positive integer chosen above. Let z € % ¢ (T') with
image € % g(T). Since % g is formally smooth over S’, there exists a lift
f(Z) € %.5/(T") of f(Z). Since p™ kills

ker(gg’s/(T/) — gQ,S(T)),
the element g(x) := p" f (Z) is well-defined and gives rise to an element
g e HOIH(%LS/ (T/),gg)sl (T/>)

lifting p™ f.

Essential surjectivity in the case of p-divisible groups follows from [III85].

We now consider the case of abelian schemes. The full faithfulness is proved in
the same way as for p-divisible groups. The key point is that ker(AS/ (1) — AS( )
is the same as ker(AS/ (1) — AS( )), where A is the formal completion of A along
its identity section and is a formal Lie group. Essential surjectivity for abelian
schemes is standard (the obstruction theory of abelian schemes is unobstructed).

We now consider the case of semi-abelian schemes. The full faithfulness is also
proved in the same way as for p-divisible groups: note that Ag is still smooth and
therefore formally smooth. Moreover, ker(Asr(T’ ) — Ag(T)) can still be identified
with ker(AS/ (7)) — As( )), where A is the formal completion of A along its
identity section and is a formal Lie group. For essential surjectivity, note that we
can first lift the base abelian scheme B; afterwards, lifting the semiabelian scheme
is equivalent to lifting a section of the dual abelian scheme, which is possible by
(formal) smoothness. O

Theorem 2.4.2. Let S’ — S be a surjection of rings in which p is nilpotent, with
nilpotent kernel I C S’.
(1) Consider the category of triples (Ag,9ss, p), where Ag is an abelian scheme
over S, 9s: is a p-divisible group over S’ and
p: As[poo] :> ggl Xgr S
is an isomorphism. The functor Ag — (Ag X g S, As/[p*°],id) induces an
equivalence of categories between the category of abelian schemes over S’

and the category of triples defined above.
(2) Consider the category of triples (Ag,¥s:, p), where Ag is an extension

1—>T5—)A5—>Bs—>1

of an abelian scheme Bg by a split torus Ts over S (necessarily of constant
rank over S), 9s: is a p-divisible group over S’ and

p: As[poo] ggg = gs/ X g7 S
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is an isomorphism. We let morphisms between these triples be compatible
morphisms of triples. The functor Agr — (Ag: Xg1 S, Ag/[p*°],id) induces
an equivalence of categories between the category of extensions

1*>TS/*>AS/*>BS/—)1
over S’ and the category of triples defined above.

Proof. Consider first the case of abelian schemes. We prove that the functor is fully
faithful. The faithfulness follows from the fact that we have an injection

HOIH(ALS/, AQ,S/) — HOII](A175, A27s),

as proved in Theorem To prove that the functor is also full, let f: A; ¢ —
Az s and f* : ¥4 or = % g be compatible with the isomorphisms pi, p2. We can
lift p" f to a morphism g : A; g — Az g/, for n as in the proof of Theorem m
In order to obtain a lift f : Ay 50 = Az g of f, we need to show that g is divisible
by p", in other words that Ay g/[p™] C ker g. This can be checked on the level of
p-divisible groups, where it is automatic that p” f°° is divisible by p”.

For essential surjectivity, take a triple (Ag,%s, p) and pick any abelian scheme
Al over S” with an isogeny f : Ay — Ag, which exists by Theorem We get an
isogeny pf>° : A4[p>] = ¥s. Up to multiplying f by p", we may assume that this
lifts (necessarily uniquely) to an isogeny p : A%, [p>°] — ¥s. Let K =kerp C A,
which is a finite flat group scheme. Replacing A%, by A%, /K, we get the result.

Consider now the case of semi-abelian schemes. The fact that the functor is fully
faithful is proved in the same way as above. In the proof of essential surjectivity, the
only thing to make sure is that the quotient A%, /K is indeed a semi-abelian scheme
of the desired form. But note that this quotient is a flat algebraic space over S’
whose base change to S is Ag. This implies that it is a scheme, smooth over S, with
all fibers being semi-abelian schemes, i.e. it is a semi-abelian scheme. Moreover, by
the rigidity of multiplicative groups as in [SGAT0, Exposé IX Théoréme 3.6 bis|,
the torus Ty C Ag deforms uniquely to a torus Tss C Ag/, and then necessarily the
quotient is an abelian scheme (as it deforms an abelian scheme), showing that Ag
is still an extension of an abelian variety by a split torus T’s:. O

2.5. Compactifications. In this section, we recall the minimal and toroidal com-
pactifications of the Shimura varieties under consideration.

2.5.1. Degenerations. Before explaining the precise combinatorics of the compact-
ifications, let us quickly describe the C-valued points of #x where C is some
complete algebraically closed nonarchimedean field with ring of integers O¢, such
that AL' € Oc.

Let us recall first the structure of principally polarized abelian varieties (A, \)
over C'. By the semistable degeneration theorem, there is a unique semiabelian
scheme A over O¢ with generic fibre A. The completion Aof A along its special
fibre sits in an exact sequence

05T > A—=B—0
where T is the completion of a torus T over O¢, and B is the completion of an

abelian variety B over O¢. In fact, this short exact sequence algebraizes uniquely
to a short exact sequence

0—-T—-G—-B—0,
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where G is the so-called Raynaud extension. The polarization induces a line bundle
L on A x A; its pullback to the generic fibre of é\ X G\ arises from a line bundle
on the generic fibre of B x B, inducing a principal polarization of the generic fibre
of B, and thus on B itself by properness. Thus, B carries a canonical principal
polarization \g : B = BY.

Let X be the cocharacter group of T' (as O¢ is strictly henselian, this is simply a
finite free abelian group). Then the Raynaud extension is given by a map X — BY.
Using the principal polarization of B, this gives a map fy : X — B. On the other
hand, the map G — A extends to a map between the rigid-analytic generic fibres of
G and A; this is a covering map, and identifies A as a rigid-analytic variety with a
quotient G, /Y for some discrete subgroup Y C G(C). The principal polarization in
fact induces an identification Y = X under which the composite Y — G(C) — B(C)
is identified with the given map fy : X — B(O¢) = B(C). The lift f : X — G(C)
of fo: X — B(C) is equivalent to a section of the pullback of the Poincaré bundle
over B x BY = B x B to X x X; this section has to be symmetric (recalling that
the Poincaré bundle is symmetric). Moreover, for all € X, the section at (x,x)
must be topologically nilpotent (this condition is independent of a local integral
trivialization of the Poincaré bundle).

Conversely, given a symmetric lift f : X — G(C) of the given map X — B(C)
satisfying this topological nilpotence condition, one can form the quotient G, /X to
get a principally polarized abelian variety A over C.

If (A, \) carries in addition an Op-action, all objects involved will carry an
Op-action; note that X will then automatically be a finite projective Op-module.
Regarding level structures, we note that for any integer N invertible in C, the
N-torsion A[N] = A(C)[N] of A carries a canonical filtration

0 C T(C)[N] C G(C)[N] C A(C)[N]

with associated gradeds
Gr_y = T(C)[N], Gry = G(C)[N]/T(C)[N] = B(C)[N],

Gro = A(C)[N]/G(C)[N] = X/NX .
Moreover, T(C)[N] = G(C)[N]+, and G(C)[N] = T(C)[N]*+, under the Weil pair-
ing on A(C)[N]. Thus, any level structure n : A(C)[N] = L/N will induce a filtra-
tion Zy = {Zn,_2 C Zn,—1 C L/N} such that Zy,_2 = Zf@_l and Zy,_1 = ZJJ\_’,—2
(and the filtration lifts to a similar filtration modulo M for all N|M). Let Gr~

denote the associated gradeds for i = —2, —1,0. Let us pick an Opg-linear splitting
of this sequence, so

0
(2.5.1) L/NL=17n_2& %N _1/Zn—2® (L/N)/Zn_1 = P Gi7™ .
i=—2
In that case, level structures n : A(C)[N] = L/N inducing the given filtration
Zy are in bijection with the following data:

(1) Op-linear isomorphisms 1_5 : T(C)[N] = Gr’Y, n_; : B(C)[N] = Gr%y,
no : X/NX = Gr%N such that 7_o and 7y are dual under the canonical
pairing, and 7_; is compatible with the Weil pairing;

(2) an Op-linear splitting of the short exact sequence

0 — T(C)[N] = G(C)[N] = B(C)[N] = 0.
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This amounts to giving an extension of the given map fo: X — B(C) to a
map +X — B(C).

(3) An Op-linear extension of the map f: X — G(C) to a map +X — G(C)
whose composition with G(C') — B(C) gives the extension in (2), which
amounts to a splitting X/NX — A(C)[N],

subject to the condition that the induced isomorphism

0
(2.5.2) L/N = P G = T(C)[N] @& B(C)[N] & X/NX = A(C)[N]
i=—2
is compatible with the Weil pairing, and that this data lifts to similar data modulo
M for all N|M. In , the first isomorphism is the splitting chosen in ,
the second is induced by the 7; for i = —2, —1,0, and the third is induced by the
splittings in (2) and (3).
2.5.2. Cusp labels. In our situation (using critically that the alternating form (-,-)
on L is perfect), we can define a cusp label to be a pair (Z, X) where
(1) The filtration
72={2_,C7Z_yCL®;Z}
is Op-stable and symplectic in the sense that Z_; = ZJ_-2 and Z_5 = Zfl
with respect to the perfect alternating form (-,-) on L.
(2) X is a finite projective Op-module with an Op-linear isomorphism

X®Zi—> Gl‘g = L®22/Z_1.

In the following, we write Gr%2 =7_o, Gr%1 =Z_1/Z_5and Gr% = L®ZZ/Z_1.
Then Gr%2 and Grg are in natural perfect duality, and Gr%1 admits a natural
perfect pairing. Note also that in (2), one could equivalently ask for an isomorphism
XV @77 = 7_,, where XV = Hom(X,Z) is the dual of X.

There is an action of G(Ay) on cusp labels (Z, X). Indeed, cusp labels are in
bijection with pairs (Zg, Xq) defined similarly but on the rational level, and there
is an obvious action on the latter.

Definition 2.5.3. For K C G(Ay) a compact open subgroup, a cusp label at level
K is a K-orbit of cusp labels (Z,X). If H C G(Ay) is any closed subgroup, a
cusp label at level H is a compatible collection of cusp labels at level K for all open
compact subgroups K C G(Ay) containing H.

In case K = K(N) as above, we note that the cusp labels at level K can be
identified with pairs (Zy, X) where Z is an Op-stable filtration

ZN’72 C ZN,fl C L/N

that admits a lift to a filtration Z as above (in particular, Zy _o = Z]L\,’f1 and
N1 = ZJ]\-,,_Q), and X is a finite projective Op-module with an O pg-linear isomor-
phism X/N = GrgN.

Given a cusp label Z = (Zy, X) at principal level K = K(N), we define the
group

I'z={9€GLo.(X)|g=1 mod N} .

Moreover, we define a smaller Shimura variety .¥; associated to Z as follows, via
its moduli problem. Let r be the Op-rank of X. Then Yng/Z[AiF] parametrizes
over a test scheme S quadruples (B, ¢, A,n) where
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(1) B is an abelian scheme of dimension [F': Q](n — r);

(2) ¢: Op — End(B) is an action making Lie B free of rank n—r over Op®z0s;

(3) A: B = BV is a principal polarization whose Rosati involution is compatible
with complex conjugation on O along ¢;

(4) n: Gr®Y — B[N] is a map compatible with ¢ and such that the diagram

Gr?y x Gr®y —— Z/NZ

T

BIN] x B[N] — ix

commutes for some primitive N-th root of unity (n € Og; here, the upper
map is the natural perfect pairing on Gr%’}’ and the lower map is the Weil
pairing induced by A. Moreover, we demand that étale locally there is a
lifting to such a level structure modulo NA} for all m > 0.

Let .7 be the normalization of 2™ in 72" x Z[ﬁ]. Note that this is again
one of the unitary Shimura varieties of our setup, with n replaced by n —r. We
will make use of this observation for some inductive arguments.

2.5.4. Cone decompositions. Each cusp label Z = (Zy, X) at level K(N) deter-
mines an R-vector space My of symmetric pairings

(L) XORx X@R >R

such that (av,w) = (v,aw) for v,w € X @ R, a € F; these are equivalent to
Hermitian pairings

() XORxX®R— FQR.

We consider the cones Pg C Pz C My, where P; is the cone of positive definite
Hermitian pairings in My and Pz is the cone of positive semidefinite Hermitian
pairings with F-rational radicalsﬂ There is an action of I'; on Mz and both P}'
and Py are stable under this action.

Remark 2.5.5. In our case we can identify Mz with [F'* : Q] copies of the space of
Hermitian matrices in M, (C), where 7 is the Op-rank of X. The subspace P} is
then obtained by taking [F'* : Q] copies of the space of positive definite Hermitian
matrices in M,.(C), but Pz does not decompose into a product.

The cusp label Z also determines the Z-lattice Sz C My that is the image of
(X ® X) under the natural map
(X ®X)— My

sending v ® w € X ® X to the map taking the alternating form (-,-) € My to
(v,w). Then Sz is stable under the action of I'z on M. A rational polyhedral cone
o C My is a subset of the form

g = R>01)1 +... —|—R>0’UT
9n general, one would impose the condition of admissible radicals, but in our case the order

OpF is maximal and having admissible radicals is equivalent to having rational radicals, cf. [Lan13]
Remark 6.2.5.5].
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for v1,...,v, € Sy. (In particular, {0} is a rational polyhedral cone because it
is obtained from the empty sum.) A rational polyhedral cone ¢ C Mz is non-
degenerate if the closure & of o does not contain any non-trivial R-vector subspace
of M. A rational polyhedral cone o C Mz is smooth if it is of the form

g = R>01)1 + ... +R>0’UT

for v1,...,v, € SY which extend to a basis of SY. A rational polyhedral cone 7 is a
face of a rational polyhedral cone o if there exists a linear functional \ : Mz — R
with A(¢) € R>p and 7 = 6 N A71(0). (This definition implies that o is always a
face of itself.)

A rational polyhedral cone ¢ C Mz determines semigroups

oV ={leSz|l(v)>0,Yv €0},
of ={l €Sz |l(v)>0,Yv €0},
ot ={leSz|l(v)=0,Yv € q}.

A T'z-admissible rational polyhedral cone decomposition is a set Yz of non-
degenerate rational polyhedral cones such that

(1) The cones in Xz are disjoint and Pz = Uyex, 0.
(2) For each o € ¥z and each face 7 of o we have 7 € ¥ 5.
(3) The set Xz is invariant under 'y and the set of orbits ¥ /I'z is finite.

Such a Yz has a I'z-stable subset EJZF forming a rational polyhedral cone decom-
position of P;. We call X5 smooth if each cone o € ¥ is smooth.

Let us write Z < Z' if Z = (Zn,X),Z" = (Zn+, X') are cusp labels at level K
that admit lifts (Z, X), (Z’, X’) such that Z_5 C Z' 5 and XV C (X’)¥. In that
case, fixing such a lift, the injection XV — (X’)Y induces a surjection X’ — X and
then inclusions My C My and Pz C Pz. We say that two admissible rational
polyhedral cone decompositions ¥z and Xz are compatible if for each o € ¥z
we also have 0 € Yz (via the inclusion My C Myz). A compatible family of
cone decompositions at level K is a collection ¥ = {¥ 7} of I'z-admissible rational
polyhedral cone decompositions for each cusp label Z at level K that are pairwise
compatible.

Remark 2.5.6. We can and do assume that each ¥ is smooth and projective, in
the sense of |[Lanl3l Definition 7.3.1.1], and that for each cusp label Z and o €
Z; its stabilizer I', in I'z is trivial. The fact that compatible families of cone
decompositions satisfying these properties exist follows from [Lanl3l Proposition
7.3.1.4]. Moreover, we note that such a cone decomposition at some principal
level K(N) induces a cone decomposition with the same properties at principal
level K(M) for any N|M. For the following, we fix some smooth projective cone
decomposition ¥ (satisfying the assumption that all stabilizers I', are trivial) at
some auxiliary principal level K (V) in the beginning, and pull it back to any other
principal level considered.

2.5.7. Compactifications. Under the above assumptions, in particular K = K(N),
and away from the primes dividing N, the Shimura variety .k has good toroidal
and minimal compactifications Y}("rz and ./, whose properties we summarize
below. Actually, we will define a naive extension of the toroidal compactification
to unramified primes dividing V.
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Theorem 2.5.8. There ezists a flat, projective, normal scheme .}/ Spec Z[ﬁ}
together with a dense open embedding

i Ixlyl = Ik
satisfying the following additional properties:
(1) For each cusp label Z at level K, there is a canonical locally closed immer-
sion Sz[~] < S}, where Sy is the Shimura variety defined above.
(2) The mczdence relations among strata are determined by the partial order

relation on cusp labels: 7| +:] lies in the closure of z/[%:] if and only if

7 < Z'. Moreover, this property is preserved under pullback to the special
fiber.

(3) If Ky = K(N), Ky = K(Ny) C G(Z) with Ny,Ny > 3 and g € G(Ay)
satisfies gK 19~ C Ky then there is a finite surjective morphism

9] 7% miw | = i ]

extending the usual morphism [g] : Lk, | — Sy [ ]

N1N2] N1N2

Proof. This summarizes the main results in [Lanl3, §7]. There is one subtlety,
namely the identification of the boundary stratum .#7. See [Lanl3, Definition
5.4.2.6] and [LS18al Remark 4.3.3] for an explanation of why the description of the
boundary stratum simplifies in our case, when the level K = K(N) is principal,
when p{ NAp, and when [Lanl3, Condition 1.4.3.10] is satisfied. O

In the following statement, we assume that for all primes p unramified in F,
the part of N prime to p is still > 3. (Otherwise, we would have to talk about
Deligne-Mumford stacks.)

Theorem 2.5.9. Given a choice X of a compatible family of cone decompositz’ons as

m § (and Remark , there exists a projective scheme 525,/ Spec Z[ ]

together with an open dense embeddmg Jer L S Y}{OTZ, satzsfymg the followmg
additional properties:

(1) After inverting N, the scheme 425, [+] is smooth.
(2) There is a set-theoretic decomposition

tor tor

KE_ KEZ7

where the disjoint union runs over the set of cusp labels at level K where
each Y}("rz » 1s reduced, flat over Z, and locally closed.

(3) Let ,5”}5”2 7 denote the formal completion of 5%, along 5%, ;. Moreover,
pick a splzttmg

L/N = G’y @ Gr”y @ Grf™

of the filtration Zy. Then we have the following canonical description of
the formal completion Y}(‘E’Z. There exists an abelian scheme

Cz—>yz

together with a compatible action of U'yz. There exists a torsor under the
split torus with character group Sz,

EZ — Cz,
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with a compatible action of I'z. We have

27 =Spec, D ¥z (),
leSz
where for each |l € Sz, Wz(l) is a line bundle on Cz and for each Il € Sz
there is an isomorphism Wz (1) @ Wz(I') = Vz (1 +1'), giving Pes, Yz(1)
the structure of a sheaf of Oc,-algebras. The choice of ¥z determines a
T z-equivariant relative torus embedding

82’22 2y EZ,ZZ~
We let Xz 5, denote the formal completion of ZEzx, along the boundary

0zx, of the relative torus embedding. We may form the quotient Xz 5, /T2
as a formal scheme and we have a canonical isomorphism of formal schemes

o~

for
Iz =2Xz5,/Tz.

Moreover, there exists a semi-abelian scheme A over 1" endowed with
an Op®gZy-action and a Raynaud extension Gz over C'z also endowed with
an Op ®gzZy-action such that we have a canonical Op @z Zy,-equivariant iso-

morphism of the formal completion of A with Gz over 5/’?{0%2 ~Xz%,/Tz.
There is a stratification

2= 1 SRz
CAL))

where Z runs over cusp labels at level K and [o] runs over T z-orbits in
5. If (Z,[0]) and (Z',[0"]) are two such pairs, then LS”}(‘E’(Z’[U]) lies in the
closure of 5%, (2'.10"]) if and only if Z < Z' and there are representatives
o,0’ such that via the inclusion My C Mgy, ¢’ is a face of 0. These
incidence relations among strata are preserved under pullback to fibers.
Fiz a representative o of an orbit [0] € X} /Tz. We have the relatively
affine toroidal embedding

Ez < E(o0) = Mocz lg?v Uz (1).
The scheme Z(o) has a closed subscheme Z, defined by the ideal sheaf
Mocz @leUg U4 (1) (so naturally isomorphic to M(Dcz Direor ¥z(1)).
Let X, denote the formal completion of Z(c) along 2, and Zt((jrz,(z,[g])
denote the formal completion of y}("rz along ﬂ};‘fr&(z[a]). Then there is a
canonical isomorphism

K5 (z0) = Xo-

After inverting N, there is a projective morphism

tor

TK® * y&z[%] — Ik
which is the identity on the open subscheme CS”K[%] For each cusp label Z
we have
—1 y _ tor 1
7rK,z( 7) = K,E,Z[N}
set-theoretically and WK’E*OyIt{orZ[%] = Og;. This final equality holds on
any fiber.
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Proof. Away from the primes dividing N, this summarizes results in [Lanl3l §6,87].
See [LS18a, Remark 2.1.8] for an explanation why Cz — 7% is an abelian scheme
in our particular case rather than an abelian scheme torsor over a finite étale cover
of yz.

More precisely, let us give a construction of the Raynaud extension in part (2).
Let r be the Op-rank of X. Then .7 parametrizes on S-valued points quadruples
(B, t,A,n) where B is an abelian scheme of dimension [F' : Q](n —r), ¢ : Op —
End(B) is an Op-action making Lie B free of rank n — r over Op ®7 Og, A : B
BV is a principal polarization whose Rosati involution is compatible with complex
conjugation on O via ¢, and 7 : B[N] = Gr”Y is an isomorphism that étale locally
lifts to an isomorphism modulo M for all N|M.

Let T be the torus with character group X. Over .z, the abelian scheme
Cy — &7 parametrizes the following data:

(1) An Op-linear extension
0T —=G—-B—=0.
(2) An Op-linear splitting of the short exact sequence
0— T[N] = G[N]— B[N]—=0.

We note that the first piece of data is equivalent to an Op-linear map X — BV,
and then the second piece of data is equivalent to lifting this to a map %X — BY.
As %X is a finite projective Op-module, one sees that

Cz =Hom,,, (% X,BY)

defines an abelian scheme over ..

Identifying BY with B via \, we get a map fo : %X — B over Cz. The Sz-
torsor =57 — .7 parametrizes “polarizable” lifts f : %X — G of fy. Via the theory
of degenerations of abelian varieties, one can after formal completion along the
boundary of a corresponding torus compactification construct the quotient

A=G/X

over Xz5,, as a semiabelian scheme equipped with Op-action and a principal
polarization away from the boundary. From the construction, A[N] admits, away
from the boundary, a filtration with graded pieces T[N], B[N] and X/NX. In fact,
the construction makes this filtration split. The similar decomposition

L/N = Gr%y @ Gr%y @ G~

induces a level-N-structure on the generic fibre of A.

At primes dividing N, these models have been constructed by Lan, [Lan16|. Let
N = p™N’ and assume that still N’ > 3. Then one can construct the desired
toroidal compactification relatively over the toroidal compactification at level N'.
On boundary charts, the extra data parametrized is an Op-linear splitting of the
short exact sequence

0— T[p"] = Gp™| — Blp™] =0

(which is incorporated into the abelian scheme Cz — .z) and a polarizable lift of
fo: %X —Bto f: %X — G. Both of these structures extend the corresponding
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structures present away from characteristic p. Away from the toroidal boundary,
the given data induce an (9 r-linear map

L/p™ = G @ G @ Grl™ = Tp™ & Blp™ & X/p™ X — A]p™]
giving the desired level-p™-structure. O

In the following, we will fix a choice of ¥ as in Remark [2.5.6] and leave its
choice implicit; in particular, we will simply write 74" := 5” L% for principal level
K = K(N).

2.6. Perfectoid Shimura varieties. In this section, we recall what is known
about perfectoid Shimura varieties in our setup. Fix a prime p that can actually
be arbitrary for this section (i.e., even be ramified in F'). We can take the adic
spaces over Q, associated with Y;{( ) and K(rN), let us denote these simply by
a subscript g,. We would like to take the inverse limit over levels K(p™N) a

m — oo. Unfortunately, inverse limits do not exist in the category of adic spaces,
but they do in the category of diamonds. As we are mainly interested in étale
cohomology, which is entirely functorial in diamonds, [Sch17], this is good enough
for our purposes.

As above, we fix a cone decomposition ¥ as in Remark [2.5.6]

Definition 2.6.1. Let

Sk(pny = im y K(pmN) Qp’

t tor,
Skp=n) = L nn) g,
m

in the category of diamonds over SpdQ,.

As both are inverse limits of diamonds associated to qcgs analytic adic spaces,
they are spatial diamonds. We have the following theorem. We will not need the
part on toroidal compactifications in this paper, but we record it for reassurance.

Theorem 2.6.2. The diamonds S}‘{( o N) and, for a cofinal choice of cone decom-
positions 33, S °°N) are representable by perfectoid spaces.

Proof. In [Sch15, Theorem 4.1.1], certain spaces %%
were defined such that

K(pm N) finite under Yi‘;(pm}v)

* . *,

SKp=N) = 1%11;9 f((imN)y@p

is representable by a perfectoid space. Now [BS19, Theorem 1.16 (1)] ensures that
Sf((px N) is itself representable by a perfectoid space.

In the case of S;?(rpw N)» the result follows from [PS16, Théoréme 0.4], at least for
cone decompositions that are compatible with cone decompositions on the Siegel
moduli space, as the induced map of toroidal compactifications is a closed immersion
at high enough level (here, we are using that Zariski closed subsets of perfectoid
spaces are themselves perfectoid by [Sch15l Section 2.2]). O

We note that for any locally spatial diamond D over Spd Q,, there is a well-
defined étale site Dg; and a sheaf (92') /p on D¢ whose pullback to any quasi-pro-étale
perfectoid space X — D agrees with Oj} /p. Indeed, it is clear that one can define a
quasi-pro-étale sheaf this way, but this comes via pullback from the étale site when
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X is a perfectoid space; thus, [Schi7, Theorem 14.12 (ii)] applies. If D = X< for
an analytic adic space X over Q,, then D¢ = X¢ and OF /p = OF /p naturally (as
this can be checked after pullback to a pro-étale perfectoid cover). For a cofiltered
inverse limit of spatial diamonds D; over Spd Q, along qcgs transition maps, the
inverse limit D = 'Inl, D; is a locally spatial diamond by [Schl7, Lemma 11.22],
and denoting by m; : D — D, the projections, we have

O} /p =m0}, [p.

This can be proved by identifying the stalks at geometric points of D; these
factor over geometric points of D;, and then one is reduced to the case that
D; = Spa(C;, C;") are all adic spectra of complete algebraically closed field C; over
Q, with open and bounded valuation subrings C;t C C;. Then D = Spa(C,C%)
where CT is the p-adic completion of lim, C; is of the same form, and indeed
C*/p =1lim, C /p.

We see in particular that we have such an identification of étale OF /p-sheaves
in the situation of Definition 2.6.1]

Remark 2.6.3. In [Schif, Theorem 4.1.1], a stronger result is proved, namely that
the map

Ii O — Ocx
E TR pmN) 0y Sk o)

has dense image when evaluated on some (explicit) affinoid cover of the limit.
A similar result is known for the toroidal compactification by [PS16, Théoréme
0.4], but for the minimal compactification it is still open (it was claimed by the
second author in the original version of [SW19, Lecture X], but the argument was
incorrect).

Inside fK(N 0, We have the locus 5” M0, C SK(N),q, contained in the adic
space associated to the scheme S () X Spec (@p, where the universal abelian variety
has good reduction. This is a Hecke-equivariant quasicompact open subspace. If p
is a prime of good reduction, this can also be defined as the adic generic fibre of
the p-adic completion Sk (n) z, of Fx(n). We also let

S° (= N) = hmYK( " N).Q,
and note that it is itself a perfectoid space; this case follows directly from [SchI5l
Theorem 4.1.1] (and so we even have the stronger assertion from Remark [2.6.3]).

We note that the cohomology of the good reduction locus captures the whole
cohomology of the Shimura variety by results of Lan-Stroh, [LSle]H

Proposition 2.6.4. Let C' be a complete algebraically closed extension of Q,. For
any N > 3 (not necessarily prime to p), the natural Hecke-equivariant map

% o
H (i ()5 Fe) = H' (y .00 Fe)
is an isomorphism.
10We will actually only use the result when NV is prime to p, in which case it is a standard

consequence of the existence of a compactification with a relative normal crossing boundary divisor,
here given by the toroidal compactification.
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Proof. We apply the results of Lan-Stroh, [LS18b], in the case (Nm) of normal inte-
gral models defined by normalization over the Siegel moduli problem; let S (n) 7,
be such a model. Then |[LSI8D, Corollary 5.20] shows that

HZ(yK(N),@a]F[) = HZ(GK(N),EDaRwFf)

using the nearby cycles RyF,. (This would be clear for proper varieties, and Lan-
Stroh prove that even in case of bad reduction one can understand the boundary
well enough to justify the assertion.) On the other hand the natural map

HY (SR ny.00Fo) = H (S k(w1 RYFY)

is always an isomorphism, where k is the residue field, by the comparison of nearby
cycles in the algebraic and adic setting, [Hub96, Theorem 3.5.13]. We conclude by
invariance of nearby cycles and cohomology under the extension of algebraically
closed fields k/F,,. O

2.7. The Hodge—Tate period morphism. Let .Z¢ be the adic space over Spa Q,
associated to the flag variety FIl parametrizing totally isotropic F-linear subspaces
of V.

Theorem 2.7.1. There exists a G(A)-equivariant Hodge—Tate period morphisrﬂ
fitting in the commutative diagram

I Skpre ) T Skpoen)

*
° THT
THT

H.

In particular, by projection to the minimal compactification we also get a Hodge—
Tate period morphism

tor . tor a
TyqT - SK(pocN) — .

Proof. This relies on [Sch15, Theorem 4.1.1] and [CS17, Theorem 2.1.3|, though the
precise statement regarding 7j; requires the extra argument in [CGH™ 18, Theorem
3.3.1]. O

In [CS17], we also described the fibers of the Hodge-Tate period morphism g
on the good reduction locus. More precisely, assume from now on again that p is
unramified in F" and let C be a complete algebraically closed nonarchimedean field
over Q, with ring of integers O¢ and residue field k, and with a section k — O¢/p.
Take a point =z € F(C). By [SW13, Theorem B]|, the point z corresponds to
a p-divisible group Xp, with G-structure over O¢ together with an isomorphism
T,(Xo.) =2 L ®z Z, compatible with G-structures. Associated to the special fibre
Xk, we get the perfect Igusa variety

J gX’“

defined above, where the level prime to p is given by the part of N prime to p. As
it is perfect a scheme, it admits a canonical lift to W (k), and thus to O¢; let us
denote by subscript ¢ the adic generic fibre, which is a perfectoid space over C.

HThe morphisms are equivariant for the natural action of G(Qp) on Fg,,, and for the trivial
action of G(A’;) on Hg,,.
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Theorem 2.7.2. There is a canonical open immersion

~ X o -1

Jact = (mar) ™ (%)
whose image contains all points of rank 1. In particular, for a prime £ # p, there
is a canonical Hecke-equivariant isomorphism

(R(m§ir)«Fe)e = RU(3g™, Fy).
Proof. This is [CS17, Theorem 4.4.4]. O

We also recall the Newton stratification of .#¢. Let B(Gq,) be the Kottwitz set
attached to the group Gg,; see [Kot85] and [RRI6] for more details on the Kottwitz
set. This is equipped with a partial order called the Bruhat order, which we denote
by <. Let p~' be a dominant representative of the inverse of p. Let B(Gg,,p ")
denote the set of u~'-admissible elements in B(Gq,), cf. [CS17, Definition 3.1.2].

For any b € B(Gg,, "), let dj, be the dimension of the Igusa variety Ig®; this
is known to be given explicitly by (2p, ), cf. e.g. [Haml5|. In particular, dy > dp
whenever b’ > b.

Recall from above that for a complete algebraically closed nonarchimedean exten-
sion C'/Q, and a point x € F(C'), we have a p-divisible group Xp with G-structure
over O¢. In particular, the special fiber X defines a p-divisible group with G-
structure, and this is classified up to isogeny by an element b = b(z) € B(Gg,, ).
The following theorem asserts that this defines a reasonable stratification of %¢:

Theorem 2.7.3 (§3 of [CS17]). There exists a stratification
F= ||

bEB(Ggy,n~ 1)

with locally closed partially proper strata such that x € F4(C) lies in FL°(C) if and
only if b(x) = b. The dimension of Ft® (i.e., the Krull dimension of the locally
spectral space |.FH|) is given by d — dj.
Moreover, the strata
g0zt = | |
b|§|b
are closed.

Since the reflex field of the Shimura datum is Q, the largest element of B(Gg,, 1~ !)
is the ordinary one, cf. [Wed99, Theorem 1.6.3]. We have Z°™d = Z4(Q,) (see,
for example, |CGH™18, Proposition 3.3.8]) and in particular this stratum is 0-
dimensional.

2.8. The main argument. Let us now give the proof of Theorem [T.1] It uses the
following inputs. Assume again that p is unramified in F' and fix some level N > 3
prime to p and cone decomposition ¥ as in Remark For any b € B(Gq,, ph),
we have the associated Igusa variety Igb = Igsf(p( ~y associated to some choice of
completely slope divisible X in the isogeny class given by b. In Section [3| we define
a partial minimal compactification j : Igb — Igb’*, and set

_o(Ig",Fy) = H'(Ig"*, jiFy).

The first result we need is that Ig®* is affine:

*

Theorem 2.8.1. The partial minimal compactification Igb’ s affine.
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Proof. This is Lemma [3.3.8] O
In particular, we get the following result about cohomology:
Proposition 2.8.2. For any £ # p, the cohomology group
i_o(lg’, Fy)
is nonzero only for i < dy = dim Ig®.
Proof. This is a direct consequence of Artin vanishing and the affineness of Igb’*. O
The next result we need is the following semiperversity result.

Theorem 2.8.3. Let C be a complete algebraically closed extension of Q, with ring
of integers O¢ and residue field k. Consider the Hodge—Tate period map

Tt Skpeny,c — Flo-
There is a cofinal system of formal models Fl of Fleo over Oc such that
R(R(mgr)«Fe) € PDZ4(F1y, Fy).

Proof. This is Theorem [£.6.1] It proceeds by first proving an analogous result
for toroidal compactifications, for which one uses an identification of the fibers
of the Hodge-Tate period map with partial toroidal compactifications of Igusa
varieties. U

Now fix a maximal ideal m C T containing ¢, where the finite set S of places of
Q contains oo and all primes dividing p/NAFg. Pick a b with d, minimal such that
H i(Igb, F¢)m is nonzero; recall that dp is the dimension of Ig®. (If several b achieve
the same value of dy, pick any of them.) The previous theorem implies the following
result that proves a bound going in the other direction than Proposition [2.8.2

Lemma 2.8.4. If H'(Ig",F¢)m # 0 then i > dy.

Remark 2.8.5. One could prove a variant of Theorem for Rrfip, (7iF¢), where
j denotes the Zariski open immersion of the open Shimura variety into its minimal
compactification, where one would get an object in ?D=? at the end. However, the
result obtained this way would only amount to Proposition (definitely for the
largest b as in this lemma; for deeper strata there is some nontrivial translation
to do between our notion of (semi)perversity in terms of nearby cycles and a more
naive version one could hope to define directly on the flag variety).

Proof. Consider the complex of étale sheaves A = (R(wr)«Fe)m on Flc. By
assumption and Theorem (that also applies to higher rank points; in fact
qcgs pushforwards of overconvergent sheaves are overconvergent), we know that it
is concentrated on Ub',db/zdb ¥ which is of dimension < d—dj,. In particular, for
any formal model Fl of F¥c, the nearby cycles Ry A € D(Fl,,Fy) are concentrated
on a closed subscheme of dimension < d —dp: The closure of a subset of the generic
fibre of dimension ¢ is of dimension at most J, as the specialization map (from
the generic fibre to the special fibre) is specializing. Choosing formal models as
in Theorem we note that Ry A € PD24(F1,.,Fy) as localization is a filtered
colimit and thus preserves P DZ¢. Together, we see that the stalks of RyA at all
points of dimension d — d;, are concentrated in degrees > d,. Now choose a rank
1 point of %#¢ of dimension d — d, and compute the stalk of A at this point as a
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filtered colimit of the stalks of RiA at its specialization (which will define a point
of dimension d — dj, for fine enough formal models, cf. [CS17, Corollary 6.1.4, end of
proof]), over a cofinal system of formal models. This gives the desired resultH O

We need two more results about the cohomology of Igusa varieties. These rely
on the trace formula for which we have to assume that F' contains an imaginary
quadratic field Fy, that F* # Q, and we have to fix a character @ : Ay, /Fy* — C*
such that w|sx /g« is the quadratic character corresponding to the extension Fp.
We include all primes above which w is ramified into S. We assume moreover that
the level N > 3 is only divisible by primes in S\ {p}, and is divisible by some
specific sufficiently large Ny with these properties, cf. Remark

Theorem 2.8.6. Assume that F'T # Q, that p is split in the imaginary quadratic
field Fy C F, and that b € B(Gg,, ") is such that
H' (1% Fy)m
is monzero for exactly one i. Then there exists a continuous semisimple Galois
representation
Pm & Gal(F'/F) — GLa, (Fy)
such that for all primes v dividing a rational prime q € S that splits in Fy, the
characteristic polynomial of py, s given by
X?TL _ 1’!1 vXQ'IL—l ot (_1)1q’z(l—1)/21ﬂz UX2n—i R q;r)L(Qn—l)T2n .

with notation as in the introduction. Moreover, if p is totally split in F and
P 18 unramified at all places v dividing p, such that the Frobenius eigenvalues
{10, ..., on 0} of P (Froby) satisfy o, » # poyj o, for all i # j, then b is ordinary.

Proof. This is Corollary It is proved by computing H* (Igb,@g), as a virtual
representation, in terms of automorphic representations. O

To get concentration in one degree, we need to understand the cohomology of
the boundary of Igusa varieties in order to play off upper bounds on H!_, with
lower bounds on H'. This is achieved in Section EI and gives the following result:

Theorem 2.8.7. Assume that FT # Q, that p is split in the imaginary quadratic
field Fy C F, and that the map

2—8(Igb7 F[)m - HZ(Igba F[)m
is not an isomorphism for some i. Then there exists a continuous semisimple Galois
representation

Pm : Gal(F/F) — GLa, (Fy)
such that for all primes v dividing a rational prime q € S that splits in Fy, the
characteristic polynomial of p,, s given by

XQTL _ TLUXQTL—l 4t (_1)iq2(i—l)/2n’UX2n—i L q:L(Qn_l)TQn,'Lr

Moreover, if b is not ordinary, then the length of p,, is at least 3.

Proof. This is proved in Section [6} O

12When writing [CS17], the authors wanted their perverse sheaves to be constructible, not
realizing that the theory works well without constructibility. This explains the circumlocutions
involving the quotient by K, in [CS17].



GENERIC COHOMOLOGY OF NON-COMPACT UNITARY SHIMURA VARIETIES 35

Proof of Theorem[I.1. Now assume all of our hypotheses: that F' = F, - F™ with
Ft #£ Q, that p is totally split in F, and that m is so that p,, is unramified and
generic at all places dividing p, and of length at most 2.

Pick b as in Lemma If b is not ordinary, then the map

H{(Ig" Fp)m — H (Ig", F)m

is an isomorphism by Theorem 2:8.7 Combining Lemma [2.8.4] with Proposi-
tion [2.8.2] we see that both sides are nonzero only for ¢ = d,. But then Theo-
rem gives a contradiction unless b is ordinary.

It follows that Hi(Igb, F¢)m can be nonzero ouly if b is ordinary. By Lemma |2.8.4
this shows that also in this case Hi(IngFg)m # 0 only for i > d = d. By The-
orem this shows that (R(7f)«F¢)m is concentrated on the ordinary locus
FL(Q,) and in degrees > d. We see that

H' (S5 (oo vy, Fe)m = H (P, (R(miyp) «Fo)m)

is concentrated in degrees > d. By a Hochschild-Serre spectral sequence, this implies
that ‘

H' (g (vy,00 Fo)m
is concentrated in degrees > d. By Proposition [2.6.4] we see that

H'(Sk(n)(C),Fo)m = H' (S ()50 Fodm = H (LR (ny,00 Fom
is concentrated in degrees > d, which is what we wanted to prove (by Lemmam

and Proposition .

Finally, the case of H!(Xx,F;)m follows by Poincaré duality applied to the
“dual” system of Hecke eigenvalues. More precisely, let ¢ : TS — T° be the
(anti-)involution that sends the double coset operator [K*°gK*®] to [K®g 1 K]. Set
mY := ((m). Then Poincaré duality, cf. e.g. [ACCT18 Proposition 2.2.12 and
Corollary 2.2.13|, provides an isomorphism between H(Xg,F;)yn and the dual of
sz’i(XK,IFg)mv. We only need to check that the conditions of the theorem are
also satisfied for m".

By explicitly computing the characteristic polynomial of 5,,v (Frob,) for any
prime v € S of F' in terms of Hecke operators, we deduce the relationship

Py > Dl Artpe! 1721,
where the global Artin reciprocity map Artg is normalized to take uniformizers to
geometric Frobenius elements. Note that p,,v still has length at most 2, and, when
restricted to Gal(F,/F,) for any prime v|p of F, is still unramified. Moreover,
if p,, has Frob,-eigenvalues equal to a;, for i = 1,...,2n, then p,v has Frob,-
eigenvalues equal to p2”*1a55 for i =1,...,2n. This implies that m" satisfies our

genericity hypothesis at all v|p. (I



36 ANA CARAIANI AND PETER SCHOLZE

3. COMPACTIFICATIONS OF IGUSA VARIETIES

In this section, we construct the partial minimal and toroidal compactifications
of Igusa varieties and establish their main geometric properties. Throughout this
section, we fix: a prime p unramified in F, an integer N > 3 prime to p, and a
cone decomposition Y as in Remark at principal level K(N). We abbreviate

3.1. Well-positioned subsets. In this section, we recall the notion of well-positioned
subsets introduced by [Box15| [LS18a] and the fact that Oort central leaves are well-
positioned subsets of the special fiber of .. Fix an algebraically closed field k of
characteristic p.

To state the condition of being well-positioned, we note that if C' is some com-
plete algebraically closed nonarchimedean field, with ring of integers O¢, and
x=(4,1,\n) € FL(C), then the associated Raynaud extension

0—-T—-G—>B—=0

over O¢ endows the abelian scheme B over O¢ with a principal polarization, an
Op-action, and a level-N-structure, defining a point of .7, (O¢), where Z is the
cusp into which x degenerates, and in particular a point w(x) € z(C).

Definition 3.1.1. A locally closed subset Y C ), = ¥ X k is well-positioned if
there exists a family Y = {YZH} indexed by the cusp labels Z at level K such that

(1) YZb is a locally closed subset of Sz .

(2) For any C over k and x = (A,1,\,n) € F%(C) as above, degenerating
into a cusp Z, the point x lies in Y if and only if the associated point
m(x) = (Be,...) € Sz1(C) lies in Y5.

Remark 3.1.2. Let us verify that this agrees with [LS18al, Definition 2.2.1] in our
case. In what follows, we will need to work with an open cover X of the formal
scheme Xz s, indexed by elements o € E}. The formal scheme X¢ is obtained by
taking the formal completion along a larger closed subscheme of =5, than =,

namely
E(o)t = U =,
TER} . FCE

(The reason for considering Z(o)" is the following: when 7 C & we have ¢V C 7V,
which defines an open embedding =(7) C (o). The closed subscheme =(c)™ is pre-
cisely the set-theoretic intersection of the boundary 9z y, with =(c).) See [LS18a),
Proposition 2.1.3] for properties of this formal scheme; the key property is that
there is a canonical isomorphism

(3.1.1) Ffor ~ X0

UTEE;,?CE(Z’[T]) o

For any affine open formal subscheme Spf R of XZ, we obtain canonical morphisms
W := SpecR — E(0) and W — " (induced by the isomorphism (3.1.1])).
Then the two stratifications of W induced by the stratifications of Z(o) and #tr
coincide. In particular, the preimages of . and Ey coincide and we denote this
open subscheme by W°. Now |LS18al Definition 2.1.1] asks that for any affine open
Spf R C X7 C Xz %, as above, we have an identification

YXyWOZYZthZWO,
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where the morphism W% — .#, is obtained by composing the induced morphism
W0 — Z, with the canonical morphism Z; — .#7. But this identification can be
checked on points, where it amounts precisely to the condition we stated.

In particular, the definition is independent of the choice of ¥, cf. also [L.S18al
Lemma 2.2.2]. Remark 2.3.8 of [LS18a] shows that this notion is consistent (in
our particular case, when there exist good integral models) with [Box15, Definition
3.4.1].

A well-positioned subset admits partial toroidal and minimal compactifications
that satisfy many nice properties. Let Y C .} be a well-positioned subset. Let YV

be the closure of Y in .%%, with complement Y. Let Y* and Y, denote the closures
of Y and Yj in .}, Define

and call this the partial minimal compactification of Y. Define Y*°* analogously by
ytor . ?tor \ Y*Qtor

and call it the partial toroidal compactification of Y. See [LS18al Theorem 2.3.3]
for the first basic properties of these partial compactifications. We have an identi-
fication
Y* Xyl;« ka = YZu
as subsets of .7z .
We need the following basic proposition.

Proposition 3.1.3. Let Y C Y’ C % be well-positioned locally closed subsets such
that Y is closed in Y'. Then Y* is a closed subset of Y'*.

Proof. The maps W° — %, for varying W0, form an fpqc cover, and using this
one can check that YZh must be a closed subset of Yéh for all cusp labels Z. In
particular, the last displayed formula now shows that Y* is a subset of Y/*. On the

other hand, Y* is a closed subset of }77*, and then
Y =YYy cV Yy
is a closed subset. As Y'* is a subset of Y/~ \Yy (as Yo C YY), the result follows. [
Now we want to apply these ideas to the case of central leaves. For this, we fix
a p-divisible group X with G-structures over k.

Proposition 3.1.4. For any p-divisible group X with extra structure over k, the
associated Oort central leaf €* C .7 is well-positioned. For a cusp label Z =
(Zn+, X), the subset (%X)uz is either the central leaf €37 on .z, associated with
the unique p-divisible group Xz with extra structure that admits a decomposition

X = Hom(X, ppee) @ Xz & X @ (Qp/Zp)
or empty if there is no such XZE

Proof. This is [LS18al, Proposition 3.4.2], but let us give the proof. Choose C as
above and a point (A4,¢,\,n) € S (C). Let 0 = T — G — B — 0 be the Raynaud
extension and X the cocharacter group of T

We have two short exact sequences

0= Golp™] = Aclp™] — (X/p"X)c = 0

13The uniqueness follows from the discussion around Proposition m
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and
0—Telp™] = Gelp™] — Belp™] — 0.

These two short exact sequences give a canonical Op-linear filtration on Ac[p™]
which is symplectic with respect to the Weil pairing. Passing to the direct limit
over m, we get a filtration on Ac[p™] with graded pieces Hom (X, ppe ), Be[p™],
and X ® (Qp/Z,).

By Proposition [2:2.T] this implies that there is an isomorphism

Xo = Hom(X, ppe) ® Bolp™] @ X @ (Qp/Zy)

and, as observed there, the corresponding p-divisible group Be[p™®] =2 (Xz)¢ is
then unique up to isomorphism. O

We let €%:t" and €** denote the partial toroidal and minimal compactifications
of the leaf €%. Let 65 = ¢** x 9« .#z. By Proposition and the remark
above it, we can identify €5 with €57.

Lemma 3.1.5. The partial toroidal compactification €t° is a smooth variety.

Proof. Since we are working over the perfect field , it is enough to show that €*-tor
is a regular scheme. This follows from the fact that €* is smooth, thus regular,
and from [LS18al, Proposition 2.3.13]. O

3.2. Partial toroidal compactifications of Igusa varieties. We continue in
the same setup, in particular X is a p-divisible group with G-structure over k, as
before. Let A denote the restriction of the semi-abelian scheme over .7t" to ¢%:tor,
Note that the group schemes A[p™] for m € Z>, are quasi-finite and flat, but not
finite and flat. Therefore, the inductive system A[p*] is not a p-divisible group.
Nonetheless, we show below that the connected part A[p>]° of A[p>] (which can be
defined as the ind-scheme /l[poo], where A is the completion of A along its identity
section) is a p-divisible group.

Proposition 3.2.1. The connected part A[p™]° of A[p™] is a p-divisible group
over €Xtor,

Proof. We can check this on the completed strict local rings of €**°*; more pre-
cisely, we restrict to Spec R, where R is the completed strict local ring of €%t at
some point x that lies in a boundary stratum indexed by a cusp label Z.

In that case, there is the Raynaud extension

0—-T—-G—>B—=0

over Spec R and a map G — A over Spf R. On formal completions at the identity,
this gives an isomorphism G =~ A that is in fact defined over Spec R (as modulo any
power of the augmentation ideal, both schemes are finite over Spf R, so one can
apply formal GAGA). This induces an isomorphism G[p™]° = A[p°°]° over Spec R.
But G[p>] is a p-divisible group, and its connected part has constant rank, as the
abelian variety B is given by a map from Spec R into the leaf ‘K;gz . Thus, G[p>]°
is also a p-divisible group, as desired. ([l

Clearly, A[p>°]° carries an Op-action. At every geometric point Z of %" there
is an Op-linear isomorphism

APp®]° Xgpror k() 2= X° x, k(7).
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Indeed, in the notation of the previous proof, this follows directly from B[p>°] xx
k(z) 2 Xy as
X° =2 Hom(X, pip ) @ X%.

In particular, we see that the multiplicative part A[p™]* is of constant rank, and
thus defines a p-divisible group itself. Let

Alp=] O = A[p™]° /Ap™]"
be the biconnected part.

Proposition 3.2.2. There exists a polarization on A[poo](o’l) extending the polar-
ization that exists after restriction to €*.

Proof. Again, this can be checked after restriction to Spec R for the completed local
rings of %%, With notation as before, this identifies A[p>](®!) with the bicon-
nected part of B[p*], which has a natural principal polarization, by construction
compatible with the polarization on the generic fibre of A. O

3.2.3. Partial toroidal compactifications of Igusa varieties in the completely slope
divisible case. Assume now that X = @, X is completely slope divisible. Let Igﬁ
be the Igusa variety over €= of some finite level p™ as defined in Remark
recall that this is a finite étale cover of %, which is Galois with Galois group I',,, x.

Theorem 3.2.4. The finite étale cover Igzi — €% extends uniquely to a finite étale

Ktor _y g¥itor - Qulois with group Inx.

cover Ig;»

In fact, we can be more precise, and give a moduli description of Igfgn’tor. Note
that A[p>°]° is also completely slope divisible, so we obtain p-divisible groups A[p>°];
equipped with extra structures of EL or of PEL type for all 7 such that A\; < 1.

Definition 3.2.5. An Igusa level p™ structure p,, on a €**°*-scheme .7 consists
of the following data:
For each i such that A; > 0, an isomorphism

pim = AlpTLilp"] Xgnior T = Xi[p™] X1 7,

that commutes with the Op-action and lifts fopf locally to p™ -torsion for all m’ >
m, and an element of (Z/p™Z)* () such that, for alli,j such that \;, A\; > 0 and
Ai+XA; =1, the isomorphisms p; m and pjm commute with the polarizations up the

given scalar in (Z/p™Z)*(T).

Proof of Theorem[3.2.} We prove that the moduli problem in Definition is
representable by a finite étale scheme over €*-t°". This follows from Theorem
applied to the isoclinic p-divisible groups A[p™]; for all ¢ with \; > % as p-divisible
groups with EL structure, and the p-divisible group A[p*]; for ¢ with A = % as p-
divisible group with PEL structure. Indeed, the isomorphisms for ¢ with 0 < \; < %
are then formally determined. We now apply Theorem [2.2.4] to each graded piece
with its induced extra structures and take the fiber product of the resulting finite
étale covers of ¢Xtor,

It is clear that over the open part, this recovers Igii, again as the polarization de-
termines the structure on the étale quotient from the structure on the multiplicative
quotient. In particular, it defines a I', x-torsor, as desired. [
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For further use, we would like to give a preliminary description of the formal
completions along boundary strata in Igf{tor in terms of the toroidal boundary
charts in Theorem Let Z be a cusp label at level N. This determines a
locally closed boundary stratum (55 o - gXitor et ‘@g’tor denote the completion

X,tor

~ Xt .
along this boundary stratum. Let Igm;r denote the formal completion of Ig;’

along the boundary stratum Igfi’fgr determined by the preimage of %, """, We have

a finite étale map of formal schemes

~ X tor SX,tor
Igp, 2 =€,

which is Galois, with Galois group I'y, x.
Because ¢ is well-positioned, we can identify %;;g,mr with the quotient by 'z
of the formal completion of

(ggﬁz = EZ,EZ Xyz %;g
along 0z s, X 5, €5, cf. [LS18a, Theorem 2.3.2 (5)]. We would like to give a similar

~ X, tor
description for Ig,, , . By construction, over Cz, we have a semi-abelian scheme
;

Gz together with an Op-action. Here Gz is a Raynaud extension
0>T—>Gz > Bz —0,

where T is the constant torus with character group X (recall that X is part of
the torus argument that comes with the cusp label Z) and Bz is the pullback of
the universal abelian scheme over .7 to Cz. As observed in the proof of Proposi-
tion over Cz X », €3, the connected part Gz[p™]° defines a p-divisible group
itself (as the étale part has constant rank); let us write %% for this p-divisible group
with Op-action on Cz X o, %%g. Again, it is completely slope divisible, so we get
p-divisible groups 7 ; of slope \;, equipped with polarizations as above.

With the obvious version of Definition [3.2.5, we can now define a Iy, x-torsor
over Cz X .o, €5, whose pullback to 2z, x.», Cs we denote by

Ig;é,Ez — EZ,EZ~
We also let OIg}é,Ez denote the corresponding finite étale cover of 0z s, X.», ‘5%.
This is a closed subscheme of Ig?zz. Finally, we let Yz 5, denote the formal
completion of Ig%z , along 8Ig§§’2 i

Theorem 3.2.6. With the same choice of a splitting of the filtration Zy as in
Theorem (3), there is a canonical isomorphism of formal schemes

~X,tor ~

Igm,Z — YZ,EZ/FZ~

Proof. This follows once we prove that there exists an isomorphism between the
pullbacks of A[p>]° and #% to @,tor that commutes with the extra structures.

We work Zariski locally on €. We cover 5"" by affine open formal sub-
schemes Spf R which lift to affine opens in the formal completion of %%g,zz along
the toroidal boundary stratum (because taking the quotient by I'z is a local iso-
morphism) and which arise by formal completion from affine opens in %" and
%% 5,- We obtain induced flat maps of schemes

f1:Spec R — €% and f, : Spec R — Cg%g,zz-

LA different description will be given in Theorem |3.3.12]
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We let A denote the pullback of the semi-abelian scheme A along fi and A denote
the pullback of the Raynaud extension Gz along fy. As above, the completions

along the identity A A are isomorphic over Spf R, and thus over Spec R.
Now _
fa Ay = A[p™]° = A[p™]° = [ A[p™]°,
as desired. O

3.2.7. Partial toroidal compactifications of perfect Iqusa varieties. In this subsec-
tion, we will repeat the previous constructions for perfect Igusa varieties, allowing
now general X (not necessarily completely slope divisible).

Let Jg* be the perfect Igusa variety over €%; this is a pro-finite étale cover of
the perfection of €%, Galois with group 'y = Aut(X).

Theorem 3.2.8. The pro-finite étale cover 3gX — ‘fggerf extends uniquely to a

X,tor N %X,tor

porf 2 Galois with group I'x.

pro-finite étale cover Jg

X,tor

We remark that if X is completely slope divisible, then Jg is the perfection

of lim Ig™tr (by uniqueness).
X,tor,

Again, we can be more precise, and give a moduli description of Jg
Definition 3.2.9. A perfect Igusa level structure p on a perfect Cﬁg’mr—scheme T
is given by an Op-linear isomorphism

p: APp®° Xgrio T 53X %, T
and a scalar in 2, (7) such that the induced isomorphism
P(0,1) :A[poo](o,l) X gz tor T ~ xO.D X T

obtained by quotienting by the multiplicative parts commutes with the polarizations
up to the given element of Z, (7).

Proof of Theorem[3.2.8 Uniqueness is clear as the base is normal and the cover
is given on an open dense subspace. The proof is now similar to the proof of
Theorem except that we refer to Proposition [2.2.6] instead of Theorem

O

Remark 3.2.10. By Corollary Jg* is an fpqe Aut(X)-torsor over € (before
perfection). However, this no longer holds true over the boundary strata of the
partial toroidal compactification. This phenomenon already occurs for the modular
curves, in which case the precise structure at the boundary is described in [Howl18|

§3].

Again, we can give a description of the formal completions along boundary strata.
More precisely, we would like to describe the I'x-torsor

—X,tor

oX,tor
9z - (gZ,pcrf

with notation following the previous subsection.

We can identify ‘@g;gff with the quotient by 'z of the formal completion of

X _ = X
CgZ,ZZ,pcrf - (‘—'Z,Ez XSy (gZ)Pcrf

~X,t
along its toroidal boundary. We would like to give a similar description for Jg, .
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As above, we have the p-divisible group % over Cz x », C (the connected part
of the p-divisible group of the Raynaud extension). On perfect test schemes over
Cyz X9, €5, we can parametrize Op-linear isomorphisms

Iy =2 X°
together with a section of Z) such that the induced isomorphism of biconnected
parts is compatible with the polarization. By Proposition[2.2.6] this is representable
by a I'x-torsor
Jg,X
C’Zg7 — (CZ X 7, %%g)perf.

Let us give an explicit description of ng,x.
Proposition 3.2.11. The perfect scheme ng,x parametrizes points (B,i,\,n) €
Sz together with an extension

0T —-G—+B—=0
by the split torus T with cocharacter group X, and an Op-linear embedding

p:Gp>] =X

that is compatible with the polarization in the following sense: The filtration Zx of
X given by

Tp>*l cgp*]cX
is symplectic, and the induced isomorphism

B[p™] = Gp™)/Tp™] = G

is compatible with principal polarizations.

Proof. The description given above would only require an isomorphism G[p>]° =
5 =2 X°. However, over a perfect base the étale part is a direct summand, which
by duality with the multiplicative part has a natural map into the étale part of X,
inducing a canonical extension G[p™] < X. The result follows easily. ]

=Jg,X :
Now define = 7%, Dby the cartesian square

=Jg.X = X
Eyy, — Ez3n, X9, €7 )pert

| |

3g,X
C¥" ——=(Cz Xz, €F)pert-

We would also like to understand this explicitly. The essential point is to understand
the Sz pere-torsor

=30, c20
of which E%?’EXZ is a partial compactification.
Proposition 3.2.12. The Sz pers-torsor

=85 5 9%

is the perfection of the Sz-torsor that parametrizes lifts of the map fo : X — BY = B
(given by the extension 0 =T — G — B — 0) to symmetric f : X — G.
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Explicitly, this can be described as follows. Choose a symplectic splitting ox of
the filtration Zx of X over ng,x. Via the embedding p : G[p*°] — X, this induces
a splitting of

0— T[p>*] = G[p>=] = Bp™] =0
and dually a lift of fo to a map fo X[%} — BY = B. Then the Sz pert-torsor
30K _, g0

parametrizes symmetric lifts f : X[%] -G of fo.

Proof. The first description follows directly from the definition. For the second

description, it is enough to observe that it does indeed define a lift of the given
Sz-torsor to a Sz pers-torsor; by uniqueness, it must be the correct one. O

Let 9z 5, be the completion of E%Q’EXZ along its toroidal boundary.

Theorem 3.2.13. With the same choice of a splitting of the filtration Zn as in
Theorem (3), there is a canonical isomorphism of formal schemes

—~X,tor .,

Joz = Dzz,/Tz.
Proof. The proof is the same as for Theorem [3.2.6] O

A corollary of this description is the independence of jgé’mr from X up to quasi-
isogeny:

Corollary 3.2.14. Let ¢ : Xp1 — Xp2 be an isogeny between p-divisible groups
with G-structure over k. Assume that ¢ induces an isomorphism on étale and
multiplicative parts. Then the isomorphism

jgxl [a] ngQ

induced by ¢ extends uniquely to an isomorphism

jgxl tor ~y ngQ,tor )

Proof. For each cusp Z, we will produce an isomorphism

—b,tor —b,tor
~

I9kr 321 = I8kr 5. 7,2-
For this, we use the description in Theorem [3.:2.13] First, consider the I'x-torsor
ng,x — (Cz X o, %%g)perf. We use the description in Proposition [3.2.11L We have
given the Raynaud extension
0-T—-G—-B—=0

together with an embedding
p:G[p™] =X,
and the isogeny ¢ : X — X’ whose kernel £ C X is contained in X° and does
not meet the multiplicative part. It follows that G’ = G/p~1(K) defines another
semiabelian scheme
0—-T—G —-B =0

(where B’ = B/p~1(K), noting that the composite p~*(K) — G — B is still a closed
immersion as K does not meet the multiplicative part), together with an injection

p G [p>*] = X.
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It is clear that this induces an isomorphism
39,X ~ ~I,X
b1 CF 2O
We need to compare the perfect torus torsors. Note that the maps fy: X — B
and fj: X — B’ satisfy that the composite X oo B B s p™ fy where p™ is the
degree of ¢. In particular, the pullback of the natural Sz-torsor over ng,X under
¢« is the pushout of the natural Sz-torsor over ng,x under p™ : Sz — Sz. After
perfection, we get a natural isomorphism, and as p™ is a scalar, it preserves the
cone decomposition.
It is now easy to check that this isomorphism on completions at the boundary is

compatible with the given one in the interior, which implies the desired extension.
O

3.3. Partial minimal compactifications of Igusa varieties. In this section,
we will analyze the partial minimal compactifications of Igusa varieties, by using
the geometry of the toroidal compactifications from the last subsection. As before,
we fix an algebraically closed field k of characteristic p and a p-divisible group X
with G-structure as usual.

3.3.1. Partial minimal compactifications are affine. First, we observe that the par-
tial minimal compactifications of leaves are affine.

Theorem 3.3.2. The partial minimal compactification €** is affine.

Proof. First, we prove that there exists some X in the given isogeny class for which
the result is true. By a result of Nie, [Nield, Proposition 1.5, Corollary 1.6], there
is an Ekedahl-Oort stratum that is completely contained in the given Newton
stratum. Taking X so that X[p] defines such an Ekedahl-Oort stratum, the leaf ¢
is a closed subset of the corresponding Ekedahl-Oort stratum (as it is closed in its
Newton stratum). By [Box15l Theorem C], the partial minimal compactifications
of Ekedahl-Oort strata are affine. As mentioned above, the definitions of partial
minimal compactifications of [LS18a] and [Box15| are equivalent in our situation.
We conclude by Proposition [3.1.3]

In general, we can find an isogeny ¢ : X’ — X from a p-divisible group X’
with G-structure for which the result holds, and we may assume that ¢ induces
isomorphisms of étale and multiplicative parts. Using Corollary we get a

correspondence

tor
1 ng,tor

%X',* ™ X
which extends the diagram
AL, PN 72 S

Approximating Jg='°" by a scheme of finite type, the result now follows from
Lemma, below, and induction to ensure that the boundary of €%* is affine. [
Lemma 3.3.3. Consider a diagram

[ f f
[ L

X+—C——
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of schemes, where the vertical arrows are closed immersions and Cy C C' is topo-
logically the preimage both of Xo C X and of Yo CY. Assume that X, Xo and Yy
are affine, and that w1 and me are proper and surjective and finite away from Cy.
Then'Y is affine.

Proof. Let C — C" — Y be the Stein factorization of m5. Note that the map
C — X factors uniquely over C" as H*(C’, O¢/) = H°(C,O¢) and X is affine. The
resulting map C' — X is automatically proper and surjective (cf. e.g. [Stal9, Tag
03GN]). We can then replace C by C'.

In particular, we can assume that 7 is finite and surjective. As affineness de-
scends along finite surjections, it follows that it is enough to prove that C' is affine.
For this, it suffices to show that 7y is finite, for which it suffices to prove that 7 is
quasi-finite. This is evident away from Xy. On Xy, the map Cy — X is a proper
map of affine schemes (as Cy — Y is finite and Y} is affine), and thus finite. This
gives the result. O

X,

In particular, if one defines the partial minimal compactification Jg™* as the

normalization of €** in Jg*, we have the following results.

Proposition 3.3.4. The map jgx’* — €%* s integral, and in particular jgx’* 18
affine. It agrees with the Stein factorization of

ng,tor N %X,*.

In particular,
ng,* — HO (ng,tor, Ojgx,mr),
and a G-isogeny ¢ : X — X' inducing isomorphisms of étale and multiplicative parts
induces an isomorphism
fJgX,* ) ng',*.

Remark 3.3.5. One would expect that the final statement does not need ¢ to induce
isomorphisms of étale and multiplicative parts.

Proof. All statements are immediate. O

3.3.6. Partial minimal compactifications of Igusa varieties in the completely slope
divisible case. From now on, we fix, for a given b € B(G,, p~ 1), a p-divisible group
with G-structure X = X, in the given isogeny class such that X, is completely slope
divisible. As the perfect Igusa varieties are invariant under isogenies, it is for the
rest enough to understand one choice of X,. Thus, by abuse of notation, we denote
by Igfn = Igi‘f‘f be the Igusa variety over €° := €*¢ of level p™; recall that this is
a finite étale cover of €, which is Galois with Galois group Loy =T x, -

Definition 3.3.7. Define the partial minimal compactification Ig>* of Ig® to be the
normalization of €%* in Igb.

While we cannot in general expect Igb’* to be finite étale over ¥**, the partial
minimal compactifications of Igusa varieties satisfy the following basic properties
that follow formally from the definition.

Lemma 3.3.8.
(1) The morphism hb* : Igb’* — €Y* is finite and surjective. In particular,
Ig* is affine.
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(2) The morphism Ig® — Ig»* is the open immersion of a dense subset and
Igb,*

Proof. This is clear. O

is mormal.

3.3.9. Igusa cusp labels. In order to describe the boundary strata in Ig”* explicitly,
we will define a notion of Igusa cusp label that mirrors the notion of cusp label
introduced in § 235.2] Recall that we have fixed the completely slope divisible
p-divisible group X, with G-structure.

Definition 3.3.10. An Igusa cusp label is a triple Z = (Zp,ZP, X') where
(1) Zy is an Op-stable filtration of Xy of the form

Zb7,2 C Zb7,1 Cc Xy

such that Gr%l’2 = Zp,—2 15 multiplicative, Grgb = Xp/Zp,—1 is étale, and
the polarization identifies these as Cartier dual. In particular, it induces a
principal polarization of

Cr2 = Zy 1 /7.
(2) 7P is an Op-stable symplectic filtration

7P, C 7P, C L ®y Z".

~

(3) X is a finite projective O p-module equipped with isomorphisms X®(Qp/Zy)
Grgb, X®Zr Gr%p.
There is an action of Jy(Qp) x G(A%) on Igusa cusp labels. If K C Jy(Qp) x G(A%)
is a compact open subgroup, then an Igusa cusp label at level K is a K-orbit of
Igusa cusp labels. For a general closed subgroup H C Jp(Q)) X G(A’}), an Igusa
cusp label at level H is a compatible family of Igusa cusp labels at level K for all
KDOH.

If K = Ty(p™)KP(N) where T'y(p™) = ker(I'y, — TI'y, ) is the principal level
p™ subgroup of I'y, one can identify Igusa cusp labels at level K with triples Z =
(Zmps Zn, X) where Z = (Zn, X) form a usual cusp label at level K(N), and Z,,
is an Op-linear symplectic filtration of Xp[p™] with an isomorphism

X/p™ = Grgm’b.

(This forces in particular that this is an étale p-divisible group, and then the sym-
plectic pairing forces Gr%’g’b to be multiplicative. The filtration will automatically
lift modulo higher powers of p.)

Given an Igusa cusp label Z at level Ty (p™)K?(N), we define the group
I'y:={yeAutp,(X)|g=1 mod p™N}

3.3.11. Boundary strata in partial toroidal compactifications of Igusa varieties. Con-
sider a cusp label Z = (Zy, X) at level K(N). We will now give a description of

b,tor b,tor

bt .
the formal completion Igm,ozr of Ig,,”" along Ig, "> in terms of Igusa cusp labels at

level T'y(p™)KP(N).
Theorem 3.3.12.
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(1) There exists a decomposition into open and closed formal subschemes
~b,tor ~b,tor
Igm,Z = |_|Igm,Z
Z

where Z runs over Iqusa cusp labels at level Ty(p™)KP(N) above Z.
(2) Let Z be an Igusa cusp label at level Ty(p™)KP(N) above Z. Fix a sym-
plectic Op-linear splitting

0
Zim b
Xm,b = @ Gri ;

i=—2
cf. Proposition [2:2.1], and as usual a splitting of Zn. The formal scheme

bt ‘
Igm}r can be described as follows:
Consider the diagram

EZC—> EZ,EZ

|~

Cy

|

Sz
describing @Or. Then there is an abelian variety
Cz = 187m

over the level-p™-Igusa variety over the leaf €3 of %z, and a commutative
diagram
Cy —Cy

|

IgbZ’m —_— yz.

Let 255 — C5 be the pullback of 2z 5, — Cz. Then there is an action
of I'z on all objects, and letting X ; 5, be the completion of Zz 5, al its
toroidal boundary, there is an isomorphism

~b,tor
~J

Igy,z =X;5,/Tz
~b,tor
Proof. For the first part, note that in the notation of Theorem over Ig,, ~
one parametrizes in particular isomorphisms s [p™] = X|'[p™]. Here 7 is the
connected part of the p-divisible group of the Raynaud extension. Inside its multi-
plicative part, there is the p-divisible group T'[p>°] C ¢)}'. In particular, we get a
multiplicative subspace

Tlp™] = A7 "] = X [p™] < Xp[p™] -

This is necessarily locally constant, and together with its dual defines a symplectic
filtration

T[pm} = Zm,b,—Z C Zm,b,—l C Xb[pm].
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Together with the identification T'[p™] = Zy, p,—2, this defines the Igusa cusp label
Z above Z (as T is the torus with cocharacter group X, so T'[p™] = Hom(X, ppm ),

m,b ~v

and the identification T'[p™] = Z,, p,—2 is Cartier dual to an identification Grg o
X/p™). )
If we fix the cusp label Z together with a symplectic Op-linear splitting

0
~ Zm,
Smp : Xolp™] = P Grym,
i=—2
then the data of an Igusa level-p™-structure can be described as follows. Recall
that over Cz X &, ‘Kg we have the Raynaud extension

0—-T—-G—-B—0

where T is the split torus with cocharacter group X and B lies in the leaf €% of
the smaller Shimura variety .#z. In particular, B[p®°] carries a slope filtration; we
let B; denote the graded pieces, with slopes \;.

Definition 3.3.13. An Igusa level-p™-structure on a Cz X o, %g-scheme T that
is compatible with the Igusa cusp label Z and 0., consists of the following data:

(1) An isomorphism
P B Xy gy T (GZP O] X T

compatible with the Op-action on both sides.
(2) A splitting

Om = BU[D™] Xyn sy an T = AL X0y 0n T

compatible with the Op-action on both sides.
(3) For each \; € (0,1), an isomorphism

pim : Bilp™] X0 an T = Xilp"] Xk T

that commutes with the Op-action, and commutes with the isomorphisms
Bi[p™] = (B;[p™))Y and X;[p™] S (X;[p™])Y induced by polarizations for
Ai +Aj =1 up to an element of (Z/p™Z)* () that is independent of i.
The isomorphisms p; m are required to lift fppf locally to p™ torsion for
any m' > m.

Note that the Igusa cusp label itself defines an isomorphism X/p™ = Grg’"”’,
and thus T'[p™] = Zy, p,—2 by Cartier duality. It is easy to see that Igusa level-p™-
structures compatible with Z and 6, ;, are representable by a scheme

Cz—>CZ><5ﬂZ<€§

that we will identify in a second. Moreover, a direct comparison of moduli problems,
and Theorem shows that

~b,tor

Em,Z
can be described in terms of the pullback of =z 5;, — Cz to C'; in the way described
in the statement. (In Theorem one was taking the quotient by I'z whereas
here it is T';; this difference is accounted for by the isomorphism T'[p™] = Z, 2
that is part of the cusp label.)
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It remains to identify C';. We note that the data in parts (1) and (3) precisely
define an Igusa level structure of level p on B. This shows that there is a natural
map

CZ — CZ X 7, IgbZ,mv
where IgbZ,m — %% denotes the Igusa level-p™-covering. Recall that Cy — ¥z
parametrizes Op-linear Raynaud extensions 0 — 7' — G — B — 0 with a splitting
B[N] — G[N]; equivalently, Cy is given by HomoF(%X, BY). Parametrizing data
of type (2) in addition amounts to a splitting of the extension
0—Tp™ — Gtp™ — B*[p™] — 0.
This means that C'; — Igme is given by HomoF(%X7 (B/B*[p™])¥), which is an
abelian scheme. (We note that this explicit description also implies that the natural
map C; — Cz X, Igbzﬂn is finite étale.) O

3.3.14. Boundary strata in partial minimal compactifications of Igusa varieties. As

an application, we can describe the boundary strata of Igl,),;* in terms of Igusa cusp
labels at level T'y(p™)KP(N).

Theorem 3.3.15. We have a decomposition into locally closed strata
Igh" = |1s%,
Z

where Z runs over Iqusa cusp labels at level Ty(p™)KP(N).

If Z lies over a cusp label Z of level K(N), then IgbZ = IgbZ’m — €} is isomorphic
to the Iqusa variety of level p™ over the Oort central leaf €5 in the special fiber of
the boundary stratum .

Proof. Observe that Igh* — %%* is the Stein factorization of Ig%'" — €b*: since
the toroidal compactification is smooth, its Stein factorization factors over the
normalization of €%* in Igi’n, and then the map is an isomorphism by Zariski’s
main theorem. The description of the boundary strata of Igfﬁ* now follows from
this observation, from Theorem [3.3.12] and from the same arguments as in the case
of Shimura varieties using Fourier—Jacobi series, cf. e.g. [Lanl3, Section 7]. (In fact,

our situation is even simpler than the one in loc. cit. because Igf;L* is affine.) O
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4. THE HODGE—TATE PERIOD MORPHISM ON COMPACTIFICATIONS

4.1. Statements. As before, fix a prime p that is unramified in the CM field F,
and fix an integer N > 3 prime to p and a cone decomposition ¥ level K(N) as in
Remark We consider the infinite-level minimal and toroidal compactifications

* 1 *,$
Sk(pn) = MM T 0,0
m
tor 1 tor,$>
SK(pOCN) T l&nyK(:ﬂmN%Qp
m
as diamonds. They admit the HodgeTate period map
7TI>'_(IT : S}k((pocN) — ﬁf,
T }?(rpocN) — F,
where the flag variety .#¢ is the adic space (or diamond) over Q, parametrizing
totally isotropic F-linear subspaces over V.
Our goal in this section is to describe the fibers of these maps. For this, let
C be any complete algebraically closed nonarchimedean extension of Q, with ring
of integers O¢ and residue field k. Let © € F¢(C) be a point of the flag variety,
which by [SW13l Theorem B] gives rise to a p-divisible group Xp with G-structure
over O¢, equipped with an isomorphism « : T,(Xo,) = L ®z Z, compatible with
G-structures. Associated to the special fibre X, we get the perfect Igusa variety
Jg* equipped with its partial minimal and toroidal compactification Jg*, Jg*tr.
Being perfect schemes, they admit unique flat deformations to formal schemes
over W (k), which we can then base change to O¢. Let us denote simply by a
subscript ¢ the generic fibres of these formal schemes, which are perfectoid spaces

over SpaC.
The main theorem of this section is the following:

Theorem 4.1.1. There are natural maps
~ Xk * —1
Jgc” = (mar)~ (2),
X, _
99 (wifh) " @)
They are open immersions of perfectoid spaces with the same rank-1-points; in fact,
the target is the canonical compactification of the source.

In particular, this implies the following corollary:
Corollary 4.1.2. There are natural Hecke-equivariant isomorphisms
RT(3g™",Fy) 2 (R(miyr)Fo)a,
RT(3g™*", ) = (R(mify)«Fe)a,

Moreover, the stalks at higher-rank points agree with the stalks at the corresponding
rank 1 points.

Proof. This follows from Theorem and the arguments in [CS17, Section 4.4].
[

We start by giving an explicit description of the Hodge-Tate period morphism
on boundary strata, in terms of toroidal boundary charts. Next, we construct maps
from jgg’tor into the fibre of the Hodge-Tate period map, by describing the map

on toroidal boundary charts. We check that it is (essentially) an isomorphism by
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checking that it has the correct geometric points; by general properties of (qcgs)
diamonds, this is enough to imply the result.
In the final part of this section, we deduce a semiperversity result for Rng,[Fe.

4.2. The Hodge—Tate period morphism on boundary strata. Our first goal
is to describe the Hodge—Tate period map explicitly on the toroidal compactifica-
tion. We have the naive integral models

T N) 2,
of ,5’1'3{0(;)," N0, from Theorem regarded as p-adic formal schemes. We can
take the inverse limit
tor 1 tor
yK(pOQN),Zp = @yk(pmzv),zp
m

as a p-adic formal scheme. Fix a cusp label Z of level K(NN). We can take the fibre
product of formal schemes

otor _ tor otor

TKp=N),2.2, = TKp=N) 2, X iy, TKN),Z
with the formal completion at the boundary stratum corresponding to the cusp Z.
The cusp Z defines a rational parabolic subgroup P = P. C G (up to conjugation)

depending on the Op-rank r of the Op-lattice X implicit in the cusp label Z, and
the projection to the cusp labels at p defines a natural map

™ S Kooy 2,2, — (G/P) (@) 5
here, (G/P)(Qp) parametrizes symplectic Op-linear filtrations
Zpoo,,g C Zpoc’,l C L ®Z Zp

o~

o s tor
where the O ®yz Zy-rank of Z,~ _5 is r. In particular, over K(p>=N), 2,2,
ZP

a natural local system of O ®gz Z,-lattices Lz := Gr_loo with a perfect alternating
form. On the other hand, there is a natural projection

we have

‘ylt(o(];;ooN),Z,Zp — SZK(N)2,
remembering only the base B of the Raynaud extension, with its extra structure.
Moreover, over .¥ ;(O&)m N),Z,z, We have compatible maps Lz /p™ — B[p™] for vary-

ing m, inducing level structures on the generic fibre.

Let
ot ot
T p~N), 2.0, = K (p>N),2,2, XSpaz, SPaQp
be the generic fibre, as a (pre-)adic space over Q, (where we regard any formal

scheme as a (pre-)adic space via the natural fully faithful functor). Its associated
diamond is an open subspace

—

(ylt(o(rp‘x’N),Z,Qp)o c S;?(rpoczv)

whose C-valued points are exactly those that specialize into the cusp Z. The
Hodge—Tate filtration of B now defines a totally isotropic subspace

Li 1 Stor L Ztor .
1e B( ) X O(yx(pooN),Z,@p)o — Lz ®Zp O(YK(pooN),z,Qp)O

Pulling this filtration back to

Zpoo,fl ®Zp O(j\tor )

<&
K(p®°N),Z,Qp
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then defines a totally isotropic subspace of

L®z0, Ztor
(‘Sﬂ;((pwN)~Z,Qp)<>

yielding a map
THT,Z (ylt(Oé)OON)yZ,Qp)O — H.

Theorem 4.2.1. The map mut,z constructed above agrees with the composite

(LR ) 2,0,)° = (Fieony0,)¢ = FL.

Proof. For points away from the boundary, this follows from [Sch15, Proposition
3.3.1] (as the forgetful map to the Siegel modular variety is injective on flag vari-
eties). We deduce the general case by continuity: The locus where the two maps
agree is closed. If they do not agree, they differ on some quasicompact open sub-
space

U C (L5 ny,2.0,)° | € 1(SK o)),

necessarily contained in the boundary. Note that U is necessarily the preimage of
some quasicompact open subspace U, C \,5”;(0(’;,,1 N) Qp| for m large enough, where
U — U, will be surjective, so that U, is contained in the boundary. But there are

no open subspaces of Y[t(o(rpm N).Q, contained in the boundary. O

We can now also describe the restriction of mjp to the boundary of the minimal
compactification 3}}(])00 N): We have a set-theoretic decomposition

Skp=n) = USK@WNLZ
Z

in terms of cusp labels at level K(p>N) on the generic fiber, defined by taking the
inverse limit of the corresponding decomposition on the level of schemes.

Corollary 4.2.2. The restriction of T : S}k{(pOON) — F to SK(pooN) 7 agrees
with the composition
SK(pr)’z — ﬁﬁz — fﬁ,

where the first morphism is the Hodge—Tate period morphism for the smaller Shimura
variety SK(pOON) 7.

4.3. Construction of the map. In this subsection, fix a complete algebraically
closed nonarchimedean field C over @, with ring of integers O¢ and residue field &,
and fix a point x € Z¢(C) of the flag variety. This corresponds to a pair (Xp,, @)
consisting of a p-divisible group Xp, with G-structure over O¢ and a trivialization
a:T,(Xo,) =2 L ®z Z, compatible with G-structures.

Note that the filtration X‘éc C Xb,. C Xo, induces by transport of structure
via o a symplectic Op-linear filtration of L ®z Z,; we fix a symplectic splitting ¢
of this filtration. Transporting it back via «, this induces an Op-linear splitting
0k, : Xoo 2 Xt @ XSV @ X&,

o

under which the polarization similarly decomposes into a direct sum.
Let X = X}, be the special fiber of Xp,,, which comes with an induced splitting
0x, and fix a section k — O¢/p.
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Proposition 4.3.1. There exists ¢ € Q, 1 > € > 0 such that there exists an
isomorphism

p X X (DC'/pE = XOC oYl OC/pE
of p-divisible groups with G-structures, lifting the identity. Moreover, we can ar-
range that 0x,_, Xo. Oc/p° = dx xx Oc/p°.

Proof. Consider the p-divisible group X := Xp, X0, Oc/p equipped with the
induced extra structures. Its associated Dieudonné module is a finite projective
Acrys-module equipped with a Frobenius; let (M, ¢) be the corresponding ¢-module
over Bg’;ys = Acrys[%]. Let (Mo, ¢o) be similarly the Dieudonné module associated
with Xx,Oc¢/p. By [SW13, Theorem A], it suffices to find an isomorphism (M, ¢) =
(Mo, ¢o) of G-Dieudonné modules reducing to the identity on W (k) [%] (indeed, then
the associated quasi-isogeny will be an isomorphism over k, and thus over O¢/p®
for e small enough). It is in fact enough to find any such isomorphism, as we can
always change it by an automorphism of (M, ¢g).

Now [FarI5, Théoréme 5.1] classifies G-Dieudonné modules over Bf , as they
are equivalent to G-bundles on the Fargues-Fontaine curve, and in particular shows
that they are determined up to isomorphism by their restriction to W (k) [%], cf. [Far15l
Théoréme 5.6].

For the final statement, note that we can also apply the argument individually
to all three summands (identifying the outer ones as Cartier duals) and then pass
to the direct sum. (]

X,tor

We consider the perfect toroidally compactified Igusa variety Jg associated

with X. By construction, this comes with a map
ftor . ng,tor N ytor

which factors through the partial toroidal compactification €% of the leaf corre-
sponding to X.

We can base change everything from k to O¢ /p® and express everything in terms
of Xo. X0, Oc/p using p. Our goal in this section is to lift the morphism

tor ., X,tor tor
for jgoc/pe — 75

to a morphism of p-adic formal schemes. We first define the formal schemes: we set
jgi{o’éor =W (3™ xww) Oc,

where W (Jg™") is the p-adic formal scheme over Spf W (k) obtained by taking an

affine cover of ng"tor, applying Witt vectors, and gluing. This is also the unique

flat formal lift of 392’;0/} to O¢. On the other hand, we have the p-adic formal
tor

scheme .57, and we want to construct a map
t .~ X tor .
150 306" = S8,
and in fact a lift to
tor . X,tor tor
9" o, = LK (p=N),0c

Let us recall the construction away from the boundary: Over ngé o /pc: We have
an abelian scheme A, /e With extra structures together with an isomorphism of
p-divisible groups with G-structures

(4.3.1) Aoe/pe[p™] 5 Koo X0c I86 /pe-
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By Serre-Tate theory, the abelian scheme A, /p with G-structure lifts uniquely to
an abelian scheme Ao, with G-structure over jgg - equipped with an isomorphism

AOC [poo] = XOC X0Oc jggc
of p-divisible groups with G-structures. This induces the morphism of formal
schemes
f : 39%0 — y(gc,

such that Ao, can be identified with the pullback under f of the universal abelian
scheme over .7p,. Now the composition of (T}, applied to) the isomorphism Ao, [p>]
Xoe with a : T,(Xo,) & L ®z Z, gives a full level structure on the generic fibre
of Ao, and thus (via the definition of integral models via normalization and the
normality of Igusa varieties) a lift to a map

X
9:380c = LK@=N),0c
Our goal now is to extend this to toroidal compactifications.

Theorem 4.3.2. The morphism g constructed above extends to a morphism of
p-adic formal schemes
4 IG5 S 00

Proof. We will first construct analogues of the morphism g for boundary strata,
then glue. Fix a cusp label Z = (Zy, X) at level N.
First, we recall the description of

:\X,tor
Joz
from Theorem [3.2.13] By Proposition [3.2.11} over ng’x, we have a Raynaud ex-

tension
0—-T—->G—>B—0

together with an Op-linear embedding
p:Gp*l =X

with étale quotient, and that is compatible with polarizations.

Now we lift these structures to Og. By base change, everything exists over
Oc¢/p°. The injection G[p>°] — X, deforms uniquely to an injection G[p™lp. —
Xo. as the quotient is étale. By Serre-Tate theory, this induces a unique deforma-
tion of the Raynaud extension compatibly with the deformation of G[p], yielding
a Raynaud extension

0—-T—Go, = Bo, =0

over Cg?bxc with an injection po. @ Goo[p™®] — Xo., which is Op-linear and
compatible with polarizations after taking the quotient by the isotropic subspace
Tp™].
We also need to describe the lift of the Sz pcre-torsor
=85 o ok
To do this, we fix a symplectic Op-linear splitting 5Xoc, z of the filtration ZXoc of

Xo, over Cg?(’gxc given by
T[p™] C Goc[p™] € Xo,

~
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compatible with the splitting 5X0c chosen above. Equivalently, we only have to
choose a splitting on étale parts (it will induce a similar splitting on multiplicative
parts, which together with the splitting dx induces the desired splitting). Note that
we automatically have

0xoy.2 X0c Oc /D" = (0x0,.2 X0c k) X1 Oc/p°

as this holds for dx, _ by Proposition @ and splittings of the étale parts are
rigid.
Using the splitting 5Xoc,Z and po,, we get a splitting of
0= Tp™] = Goc[p™] = Boc[p™] — 0

and thus a map fo : X[%] — Bo,- Then the lift

=Jg,X Jg,X

:z?oc - Oz?oc
of the Sz perse-torsor

=J9,X Jg.X

50 = Cf
parametrizes symmetric lifts f : X [%] — Go. of fo. Indeed, this describes a flat
lift of this relatively perfect scheme, and over O¢ /p©, it agrees with the description
from Proposition [3.2.12} using critically that 5Xoc is constant modulo O¢/p©.

—b,tor A
Now fix any m > 0. Note that Jg, decomposes into open and closed subsets

?g;tor according to Igusa cusp labels Z of level Ty (p™)KP(N); concretely, this
is given by the symplectic Op-stable filtration T[p™] C Zpy,—1[p™] C X[p™] above.
Note that Xp,, and the isomorphism Xp,, [p"](C) = L/p™ induce a map from Igusa
cusp labels to usual cusp labels. For an Igusa cusp label Z of level I'y(p™)K?(N),
let by abuse of notation Z also denote the corresponding usual cusp label of level
K(p™N). We want to construct maps

—b,tor
r

) ot
ng - yKO(pmN)’Z'

For this, we want to use the explicit description of the right-hand side, and so
choose a symplectic splitting L/p™ & @?:_2 Griz“’m compatible with splitting
chosen in the beginning of this section. (Also choose a similar splitting on L/N; we
will in the following ignore the discussion of level structures away from p as they are
identical in the two setups.) By transfer of structure along X, [p™](C) = L/p™,

this induces a splitting Gr?{“b — Zm,p,—1, which then induces a splitting of

0—T[p™"] = Go.lp™] = Bo.[p™] — 0.

—

This gives a map to the abelian variety C'; in the description of y;(o(;m Nz More-
over, this splitting also induces a lift of the map fy : X — B, corresponding to
the Raynaud extension to a map f, : p%X — Bo,. By the description of the torus
torsor

:jg,x Jg, X
—Z,0¢c - CZ7OC

above, we get a map from E;?ggc to the torsor of lifts of f,, to Go, over C;, and

then also a map of torus compactifications. The given structures also evidently
define a pre-level structure on Bo. [p™] (as in the definition of .”%°) but then by
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normality of @bztgc a level structure. In the inverse limit, these structures define
a map
—b,tor —
9700 = ylt(()(];;OON),Z,Oc’

as desired.

It remains to show that these maps on toroidal boundary charts glue. We argue
modulo any power p™ of p. Take any small enough

—b,tor
Spf R C /ngﬁoc/pM
and let Ur C Spec R be the complement of the boundary. We get two induced maps
Ur = JK(p>N),0c/pM: One via the map on toroidal boundary charts, the other
by mapping Ur — jgl(’g «/pm to the open Igusa variety first, and then using the map
g above. We need to see that the two maps agree. Note that the first map also
factors naturally over ’ngggc/pM — LK (p=N),0c/pM: Indeed, the abelian variety A
over Ur will come with an isomorphism A[p™]® = Xg, = which is Op-linear and
compatible with polarizations after taking the quotient by the multiplicative part;
moreover, the chosen splitting § (and thus 5XOC) induces an Op-linear symplectic
splitting
Ap®] = Ap<) & Ap™]OD © A

Now this comes with the desired isomorphism to Xo,,, giving the lift Ur — jglgg o/pM
of the first map Ur — Sk (peen),0,/pm- At this point, we have to show that two
maps Ur — jg% «/pM agree, where we note that all schemes are flat lifts of schemes
that are relatively perfect over Oc/p. As thus the cotangent complex vanishes, it
suffices to see that these maps agree over O¢/p¢. But in that case, everything is
simply the base change from k, so we get the desired result. O

4.4. The fibers of the toroidal compactification.

Theorem 4.4.1. The morphism ¢*°" constructed in Theorem imduces a map
of diamonds

Jge' " S (wiih) (@)
that is an open immersion with the same rank 1 points. As the target is partially
proper over Spa(C,O¢), this implies that it is the canonical compactification of
fJ'gbC:tor, and itself affinoid perfectoid.

Proof. By Lemma below, it is enough to check that it induces a bijection
on (C, O¢)-valued points (for all possibly larger C'). Note that on both sides, the
C-valued points decompose according to Igusa cusp labels of level KP(N) (using
Theorem for the right-hand side) via looking at the induced k-valued point,
and the map is by construction compatible with this decomposition. Thus, fix an
Igusa cusp label Z of level KP (N). In particular, we fix a symplectic Op-stable
filtration
Zy,—2 CZy, 1 CXog

with Zp o = Hom(X, ppe) a trivialized multiplicative group. Moreover, we fix an
Op-linear symplectic splitting d, of this filtration. Let

Zpoo7_2 C Zpoo7_1 C L®yzg Zp
be the induced filtration (with induced splitting), using T,,(Xo. ) = L ®z Zy,.
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On the left-hand side, we parametrize now in addition the following dataﬁ

(1) A principally polarized abelian variety B over O¢ with Op-action as usual.
(2) An Op-linear extension

0—-T—-G—>B—=0

where T is a torus with cocharacter group X. This induces in particular
an Op-linear map fo: X — B.
(3) An isomorphism
Glp™] = Zp,—1
compatible with the T[p>®] = Z, _2. By the splitting J, this induces an
Op-linear splitting of
0— T[p>] — G[p>] = Bp>*] —0
and in particular fy extends to a map fo : X[]%] — B.
(4) Away from the boundary, a lift of f to an Op-map f : X[%] — G(C) that
is symmetric and positive. In general, we have a torsor P over O¢ for the
torus S; with cocharacter group generated by p%X ® X, parametrizing

symmetric lifts of fo to X [%] — @G, and the cone decomposition Xz gives
rise to an embedding P C Ps,. Then the final datum is an O¢-point of
Ps., whose special fibre lies in the boundary.

On the right-hand side, we parametrize the following data:

(1) A principally polarized abelian variety B over O¢ with Op-action as usual,
and an Op-linear symplectic isomorphism

T,(B) = Gr’y”,
that induces an isomorphism
B[p™] = Gr%,
by Theorem (and [SW13| Theorem B]).
(2’) An Op-linear extension
0=-T—=G—-B-0

where T is a torus with cocharacter group X. This induces in particular
an Op-linear map fy: X — B.

(3’) An Op-linear splitting of

0— T[p™] = G[p>™] = B[p>] — 0;

in particular, this induces a lift of fo to fo : X[%] — B.

(4) Away from the boundary, a lift of fo to a symmetric positive f : X [Il)] —
G(C). In general, we have a torsor P’ over O¢ for the torus S; with
cocharacter group generated by p%QX ® X, parametrizing symmetric lifts of

foto X [%] — @G, and the cone decomposition Xz gives rise to an embedding
P' C Py, Then the final datum is an Oc-point of Py, whose special fibre
lies in the boundary.

L5we ignore the level-N-structures away from p.
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It is clear that (2) and (2°) as well as (4) and (4”) correspond. But (3) is equivalent

to a splitting of 0 — T[p>] — G[p>°] — B[p>°] — 0 plus an isomorphism B[p*>] =
Gr%bl, i.e. (3) and the extra part of (1’), as desired. O

Lemma 4.4.2. Let f: X — Y be a map from a quasicompact separated perfectoid
space X to a proper diamond Y over Spd C' for some complete algebraically closed
extension C of Q,. Assume that for all complete algebraically closed C'/C, the map
X(C",Ocr) = Y(C',0c¢) is a bijection. Then f induces an isomorphism X — Y
where X is the canonical compactification of X over Spd C, in the sense of [Sch17,
Proposition 18.6]. In particular, if X/Spd C is compactifiable, then f is an open
mmersion.

Proof. We may replace X by X and assume that X/Spd C is also proper. Then f
induces bijections on (C”, C't)-valued points for general C'T C C’ containing O¢
(as these agree with the (C’, O¢/)-valued points by properness). Now the result
follows from [Sch17, Lemma 11.11]. O

4.5. The fibers of the minimal compactification.
Theorem 4.5.1. The morphism f** induces an open immersion
* o~ bk~ * —
f*:3e8" 5 (mir) ().
of affinoid perfectoid spaces with the same rank 1 points.

Proof. The fact that ﬁglé* is affinoid perfectoid follows from Lemma m By
[Sch15, Theorem 4.1.1], we know that () % (z) is an affinoid perfectoid space.
By [BS19, Theorem 1.16|, we see that (mjr)~!(z) is affinoid perfectoid as well.
The theorem follows from Theorem [£.4.1] after taking global sections, and noting
the results of Lemma below. O

Lemma 4.5.2.

(1) The canonical morphism nggtor — Jggl* induces an isomorphism on global
sections.
(2) The canonical morphism F*°r = (7ih)~Y(z) — F* = (np) Hz) in-

duces an isomorphism on global sections.

Proof. The first part is clear (we know it over k, thus over O¢/p¢ by base change,
then we can lift to O¢, and invert p).

. ob,tor b,*

For the second part, let 7 : SK(pOON) — SK(pooN)

It is enough to prove that the natural map of sheaves on (F*)g

(4.5.1) O%% /p" = w055, [p"

is an almost isomorphism. The result in the statement of the lemma follows from
this by passing to the inverse limit over n, inverting p, and taking global sections.
We now claim that it is enough to prove that the natural map of sheaves on

denote the canonical projection.

b,*
(SK(poe et

(4.5.2) 0L /P = T O /p"
K(p>®N),C K(p™®N),C

is an almost isomorphism. Since the pullback functor v* from the étale site to the
quasi-pro-étale site is fully faithful, cf. [Sch17, Proposition 14.8], it is enough to
consider the pullbacks of the sheaves to the corresponding quasi-pro-étale sites.
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The map x — FLc is quasi-pro-étale, since the point x can be identified with
lim U, where the limit runs over a cofinal set of quasi- compact open neighbourhoods

U of z in Flg,,. This implies that the immersions (*** : F'r — S}qpoc N).C and
L T S;’(’(‘poo Ny.c are quasi-pro-étale as well. Therefore, (FFtT) proct 1s a slice

category of (S t(of,o N))qproét and we can identify the sheaves

() (Ogior . [/1") = OFuar/p"

K(p>°N)

on (F ) qproet. Similarly, we can identify the sheaves

(O /p") = 0% /p"

K(p>® N),C

on (F*)gproct- By the base change result in [Schi7, Corollary 16.9], we obtain a
natural isomorphism of sheaves on (% *)qprost-

L* OW*Ogtor /pn :> T, 0 ( tor) O+ /pn'
K(p>N)

‘S’lt’?(rp"c N)
We conclude that implies (4.5.1)).
It remains to prove the almost isomorphism (4.5.2)). At each finite level K (p™N),
we have a natural isomorphism Z/p"Z — TR (pm N) (Z/p"Z) of sheaves on (Sz(pmzv))etv
by base change, e.g. [Sch17, Corollary 16.10], and by the fact that the fibers of the

Stein factorisation are geometrically connected. We tensor with OF, pe /p™ and
K(p™N
apply the relative primitive comparison isomorphism in the form of [Schi3l Theo-

rem 3.13]; this gives an almost isomorphism

O K( mN)/p —> 7TK(pmN 0 K( '"N)/p .
We conclude by taking a direct limit over the finite levels K (p™N). (I

4.6. Semiperversity. Let C be any complete algebraically closed extension of Q,,
with ring of integers O¢ and residue field k.

Theorem 4.6.1. Consider
Rrjr,Fe € D(Flo, F).

There is a cofinal system of formal models §l of FL over O¢ such that the nearby
cycles

R(Rr5, Fr) € PDZ4(F1,, Fy)

are semiperverse, where d = [F+ : Qn? is the dimension of the Shimura variety.

For the proof, we need the following lemma about passage to £°>°-level structures.
Let

Ine= RN Q = yft(o(rzveoo),@
denote the open immersion, where the inverse limit over levels N/™ is taken in the
category of schemes.

Lemma 4.6.2. The natural map
Fy — Rjne «Fy

is an isomorphism.
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Proof. This is a standard consequence of the structure of toroidal compactifications,
see for example [Pin92, §2.7]. For completeness, we sketch the argument: At each
finite level, the boundary of the toroidal compactification is a divisor with normal
crossings, so one can compute Rjym .Fy explicitly: The R'jyem .Fy is at each
point freely generated by the divisors passing through this point, and the higher
R'jnm Fy are wedge powers. Going up the £>-tower, the boundary divisors get
more and more ramified with transition maps of degree divisible by ¢, so the transi-
tion maps are zero on R'jym .Fy for i > 0, giving the desired result in the colimit
over m. (]

Similarly:
Lemma 4.6.3. For any Igusa variety ﬁgx, the restriction map

H”(Jgiif?éem),m) — H'(3g5c(now), Fe)

is an isomorphism.

Proof. One can assume that X is completely slope divisible and reduce to the similar
assertion for the non-perfect schemes

X X,tor
Ing((NZDC) C Igm,t;)((Ngoo)

that have the same local structure as Shimura varieties, so the same argument as
for Shimura varieties works. O

Proof of Theorem[[.6.1 First, we note that by the Hochschild-Serre spectral se-
quence, it is enough to show that

RY(Rfip oo JFe) € PDZ4(F1, Fy)
where
TR Sk (peene),c — Flo
is the version with £*°-level structure. Combining Lemma Theorem and
Corollary we see that the natural map

Rw%f’f’foo’*F[ — R/]TI?IT,[“’,*]FZ

is an isomorphism. From now on, we will work with the left-hand side.

We may arrange, using [Sch15, Theorem 4.1.1], that there is an integral model
Gi(p‘x’N),Oc of ff((p(x,N)’C that is an inverse limit of integral models Gi(pmN),Oc
of Yf((pm N).C for sufficiently large m, and an extension of 71 to an affine map

x,int | o~k
TgT - GK(pmN)pc — Sl

The map on the special fibre factors over a map of special fibers
fm: Gi(pm’N),k? — Sl

for sufficiently large m. Now f,, is still affine, and is also partially proper (as WﬁT is,
cf. proof of [CS17, Proposition 6.1.3]), which implies that it is finite. In particular,
pushforward along f,, preserves PD=¢,

As taking nearby cycles commutes with pushforwards, we find that it is enough
to see that if

00,00 tor *
Im' ™ LK Ne=),c ™ Lm0
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denotes the projection, then
RY(Rgy3:>Fe) € PDZU S (m ) 4 Fo)-

If we let for any my > m, mgy >0

mi,m2 .

tor *
Im C K Nem2) .o = LK),

be the corresponding projection, and

ymy,ma

J

the open immersion (of analytifications of smooth schemes over C'), then on the
one hand

. tor
: yK(pml Nem2),C = yK(pml Nim2),C

Rgpi™Fe = lim Rgp ™ F

my,msa

while on the other hand for any fixed m;, the natural map

lim Ryt ™2 Fp — lim R, ™ Ry "2 Fy
mo m2

is an isomorphism. For the latter claim, it suffices to check the analogous assertion
on schemes (as all operations are between analytifications of schemes of finite type,
where they agree with the operations on the scheme level), and then it follows from
Rj" > F, = F, in the setting of schemes, which is Lemma [4.6.2]

Finally, it suffices to see that for all mq, mo,

RY(Rgt™ RjIM™2Fy) € PDZHS (4o Fo)-

mi,msa

But the sheaf Rgmi™?Rj.""""*F, is simply the pushforward of F, under the open

immersion yK(pml Nem2),c y}%(p"q Nem2) 00 which can be computed in the same

way on the level of schemes, and lies in PDZ¢ in the scheme setting. Now the result
follows from t-exactness of nearby cycles for the perverse t-structure, cf. [I1194] (and
compatibility of nearby cycles between schemes and adic spaces, [Hub96, Theorem
3.5.13]). 0
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5. THE COHOMOLOGY OF IGUSA VARIETIES AND AUTOMORPHIC
REPRESENTATIONS

In this section, we analyze the Q,-cohomology of Igusa varieties as a virtual
representation, and describe it in terms of automorphic representations. As an
application, we can prove the existence of associated Galois representations when
the cohomology is concentrated in one degree.

The methods and results of this section are parallel to those of Section 5 of [CS17],
but we will replace the conditions imposed there on the ramification of primes in
F with the condition that the level be sufficiently small at “bad places”. In [Shil0],
Sug Woo Shin derived a formula for the alternating sum of the compactly supported
cohomology of Igusa varieties as a sum of stable orbital integrals for G and its elliptic
endoscopic groups. If F' is not imaginary quadratic and the level N is sufficiently
divisible, we can reinterpret this formula as the geometric side of the twisted trace
formula. We then compare it to the spectral side of the twisted trace formula to
compute it in terms of virtual representations of G(AZ}) X Jp(Qp).

5.1. Statements. As usual, we fix a prime p that is unramified in F. In this
section, we make the following further assumptions:
(1) The CM field F' contains an imaginary quadratic field Fy in which p is split;
(2) The totally real subfield F* is not equal to Q.
We also fix a set S of places of Q containing oo and all primes dividing plAp.
For technical reasons, we also fix a character w : A;O JEFy — C* extending the
quadratic character of AX/Q* — {£1} corresponding to F, (via the embedding
AX/Q* — Ag /Fy), and add to S all primes above WhiChiﬂ is ramified.
Throughout this section we also fix an isomorphism ¢, : Q, = C.
Let Splg, /g be the set of primes that split in Fp, and let

TS = H Z[G(Qq)//G(Zq)]
q%S,9€8plg, /o

be the associated spherical Hecke algebra. If v is a place of F' dividing a prime
q ¢ S that splits in Fp, then v determines a prime q|q of Fp, and

G(Qq) GLZn u H GLZn X QX

wlq,w#v
For any i = 1,...,2n, we define T; , € T as the Hecke operator corresponding to
the G(Z)-double coset
GLyn (O, )diag(wy, ..., @y, 1,...,1) GLon(0p,) x  [[ GL2n(Or,) x 2
. w|p,w#v

inside G(Qy).

Fix b € B(Gq,, p~1) and fix a p-divisible group X = X, with G-structure over
Fp in the isogeny class given by b; we assume that X is completely slope divisible.
Note that if v is a prime of F' dividing p, inducing a prime p|p of Fy, then we have
a decomposition

To(Qp) = Ty, (F) x [ Jon (Fu) x Q)

w|p,wH#v
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where b, € B(GLgay,, F,) and b, € B(GLg, r,) are the elements induced by b. If ©
is an irreducible representation of J;(Q,), we will write

T =T, & ® Tw @ X
wlp,w#v
for the associated decomposition. Note that J,, (F},) is an inner form of a Levi
subgroup of GLa,(F}). As such, any irreducible smooth Q, representation m, of
Jp, (Fy) has a semisimple L-parameter

O, * WFU — GLgn(@g),

using the results of Badulescu, [Bad07], on the Jacquet-Langlands correspondence
for all inner forms of general linear groups.

Remark 5.1.1. Recall that the semisimple Langlands parameter associated to a
Frobenius semisimple Weil-Deligne representation
W, x SLy(C) — GL,,,(C)
is the restriction along the embedding
Wp, — Wp, x SLa(C) : w — (w, diag(|w]'/?, jw|~1/?))

where |-| : Wg, — R is the map sending a Frobenius to ¢,. This has the property
that nontrivial extensions can only exist between irreducible smooth representations
with the same semisimple Langlands parameter; in fact the semisimple Langlands
parameter gives exactly a point of the Bernstein center. Also, it is compatible with
normalized parabolic induction.

We fix a level N > 3 that is only divisible by primes in S}) := San \ {p}. The
goal of this section is to describe the virtual representation

[HC(Igba@f)] = Z(_l)l[@Hé(Igfn,K(N)v@Z)]
7 m

of Jp(Qp) x T, under an additional assumption on N. As a virtual representation

of Jy(Q,) x T, we can write

[He(1g", Q)] = > nym; @ ¢
jeJ
over some countable index set .J, where each 7; is an irreducible smooth represen-
tation of J,(Qp), ¥; : T¥ — Q, is a character, and we assume that all n; # 0 and
all m; ® v, are pairwise distinct.
The goal of this section is to prove the following theorem.

Theorem 5.1.2. Assume that the level N is divisible by some No > 3 as in Re-

mark in particular, Ny is only divisible by primes in S;’ := San \ {p}
For each j € J, there is a continuous semisimple Galois representation

pj : Gal(F/F) — GL2n(Qy)
that is almost everywhere unramified, and for all primes v of F dividing a prime q &
S that splits in Fy, the representation p; is unramified at v, and the characteristic
polynomial of p;(Frob,) is given by
X2n . qu (TLU)X2n71 NIV (71)iq1i)(i71)/21/]j (Tm))Xani NI q:}L(anl)wj (TQn,v)a

where q, is the cardinality of the residue field at v.
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Moreover, for all primes v dividing p, the semisimple Langlands parameter of

" is given by the semisimple Langlands parameter induced by p; |Gal(fu/Fv)'

1_
Tl |2
In particular, we get the following corollary.

Corollary 5.1.3. Let N be divisible by Ny as above. Assume that m C T® is a
maximal ideal such that
H{(Ig" Fp)m #0

in exactly one degree. Then there exists a continuous semisimple Galois represen-
tation

Pm : Gal(F/F) — GLa, (F))
such that for all primes v of F dividing a prime q € S that splits in Fy, the
representation p,, is unramified at v, and the characteristic polynomial of p, (Frob,)
is given by the reduction of

X2’n _ T17UX2n71 R (_l)iqf}(ifl)/Qﬂ,vXani R q2(2n71)T2n,U

modulo m, where q, is the cardinality of the residue field at v.

Moreover, if p splits completely in F and for all v|p, the representation p,, is
unramified with the eigenvalues {1 ,...,Qon 0} of Pn(Frob,) satisfying o, , #
P for all i # j, then b is ordinary.

Proof. Recall the involution ¢ : T9 — T, as in [ACCT18| §2.2.11] and set m" :=
t(m). By the assumption of concentration in one degree and Poincaré duality, it
follows that HCi(Igb,Zg)mv is also concentrated in one degree and torsion-free, so
there must be some j € J such that 1, : TS — Q, reduces to m". Then we can
apply Theorem define p,,v as the semisimplification of the reduction of p;
modulo ¢, and set

pm = ﬁmv |Art;‘1 |1—2n.

For the final statement, assume that b is not ordinary. Then J, is a nontrivial
inner form of a Levi subgroup of G, . In particular, there is some prime v dividing p
such that J, is a nontrivial inner form of a Levi subgroup of GL2, r, = GLan g, It
follows that there are no irreducible smooth representations , of J,, (F,) such that
O, is a direct sum of characters x1&. ..® x2n, such that x;/x; is not the cyclotomic
character for any 7 # j. (Indeed, such L-parameters correspond to generic principal
series representations which do not transfer to any nontrivial inner form, cf. [CS17,
Lemma 5.4.3].)

Now we distinguish two cases. If p Z 1 mod ¢, then we claim that p; must be
unramified at v; necessarily no two Frobenius eigenvalues can have ratio p (as they
do not have ratio p modulo ¢ by assumption), leading to the desired contradiction.
To show that Pj|Ga1(FU JE) is unramified, look at the deformation theory of the
unramified representation p; |Ga1(FU /F,) that is a direct sum of unramified characters
with eigenvalues iy, ..., 2, and check, using the condition «;, # poy; ., that
the obstructions, deformations, and automorphisms are the same whether regarded
as representations of Gal(Q,/Q,) or Gal(E,/IFp)

On the other hand, if p =1 mod ¢, then the similar deformation theoretic argu-
ment implies that pj‘Gal(F,, /F) is a direct sum of characters, and again their ratio
cannot be the cyclotomic character as this does not happen modulo ¢, cf. [CS17,
Lemma 6.2.2]. O

16\e thank Koshikawa for pointing out this argument.
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5.2. Unitary groups and endoscopic triples. If 7 = (n;){_; is a vector with
entries positive integers, one can define a quasi-split group Gz over Q as in [Shilll
Section 3.1]. Define GLz := [[;_; GL,, and let iz : GLz = GL(x n,) be the
natural embedding. Let

(I)ﬁ = iﬁ(q)n17 ey (I)ns)7
where ®,, is the matrix in GL,, with entries (®,,,);; = (—1)i+16i7m+1,j. Then Gj
is the algebraic group over Q sending a Q-algebra R to

Gﬁ(R) = {()\,g) € R* x GLﬁ(F RqQ R)‘g O tgc = )\(I)ﬁ}
Since G is quasi-split, we have Gg = Gay,.
We identify the Langlands dual group of G5 with
Gi=C*x [] GLa(©),
cedt
where ®* is the set of embeddings F' — C above a fixed embedding 7o : Fy — C.
Let £°'(G) be the set of isomorphism classes of elliptic endoscopic triples for G. By

[Shilll Section 3.2], a set of representatives for these isomorphism classes is given
by
{(GQna S2na772n)} U {<Gn1,n27 Snl,nzannhnz)'nl +n2 =2n,n1 > ng > 0} ’

where (n1,n2) may be excluded if all of ny, ny and [FT : Q] are odd numbers (see
condition 7.4.3 of [Kot84]). Here, s9, =1 € @n,snl,nz =(1,(Ip,,—1In,)) € @nhnz,
Non égn — égn is the identity map and 1y, n, : énl,m — éQn is the natural
embedding induced by GL,,, x GL,, — GLa,.

We can extend the map 9y, n, : énl,m — éQn on Langlands dual groups to
an L-morphism of L-groups 7, n, : LGmm2 — LGy,. Then the L-group “Gj =
G Wy is the semidirect product defined by

w(A, (g(,)(,)w_1 = (A, (Gu-10)0s), if we Wg,

and

w(A, (go)o)w™" = <>\ [T detgo. (@7 tgcjlo%l)g) if wé Wpg,.
cedt

We will use the same formula for 7, , as in Section 3.2 of [Shilll, but we recall
the precise definition here because it will be important when we attach Galois rep-
resentations to systems of Hecke eigenvalues. As in the beginning of this section, we
fix w: Af /Fy* — C* such that w|yx g« is the quadratic character corresponding
to Fy. Using the map Artp,, we can also view w as a character Wy, — C*. Set
€ :Z — {0,1} to be the unique map such that e(m) = m (mod 2). Let w* be a
fixed element in Wg \ Wg,. We extend 7, n, to an L-morphism 7, n, by

—N(nq, w(w)<.1, 0
w e Wg, — (w(w) (n1 nz)’ ( . 1 o)) 1 X w
"2 /) gcd+

w* (a"17n27 ((I)nl,nzq)Q_nl)UGqZ'*) A w*’
where N(ny,n2) = [FT : Q](n1€(n1)+n2e(n2))/2 € Z and ay, n, is a square root of
(=1)N(m2) | Using the definition of the L-groups “G/ one can check that 7, ,, is
indeed an L-morphism. We remark that this is an adaptation to unitary similitude
groups of the L-morphism defined in Section 1.2 of [Rog92].
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5.3. A stable trace formula. Let ¢ € C°(J5(Q,) x G(A%})) be a function of the

form
6=y pgr - ¢°
where ¢, € C(J,(Qp)),
b5y € O2(GlAgy))

is simply the characteristic function of the principal congruence subgroup K(N)
where N is sufficiently divisible as defined later, and

¢ € 1™ (G(AY))

is in the unramified Hecke algebra. We assume moreover that ¢ is acceptable in
the sense of Definition 6.2 of [Shi09].

For G € &°(G) as in Section we can define the transfer of ¢ to ¢" €
C(Gi(Ay)) as follows.

Definition 5.3.1. Let ¢" := ¢§ . gp S¢S Pl where:
f

oo

(1) gbg is constructed in Section 6 of [Shil0] and is the same function used in
Sections 5.2 and 5.4 of [CS1T].
(2) qﬁgp is the Langlands-Shelstad transfer of ¢S;,
;

(3) ™S € G (Gi(A%) is given by 7j5(¢”), where
s HY(GA®)) — HY (Ga(A))

is induced by the L-morphism 7z defined in Section [5.3
(4) @7 is a linear combination of Euler-Poincaré functions, the same as in
Section 5.2 of [CS17].

The following is the main result of [Shil0)].
Theorem 5.3.2. If ¢ € C(J,(Qp) X G(Asﬁ)) @ H™(G(AS)) is as above, then
tr (¢1H.(18". Q) = D UG, Ga) ST (67),
Gy

where G runs over the set of representatives of &(G) and ¢" is obtained from ¢
as in Definition [5.3.1}
5.4. Base change and compatibility of transfers. Let G := Resp, /o(G# xq
Fy). The Langlands dual group @ﬁ can be identified with
G =C* x C* x [] GLa(©),
oced

where ® is the set of embeddings F' < C. We can describe the L-group *Gj as
the semidirect product Gz x Wg, where

w(>\+, A, (ga)oeq>)w_1 = (/\+7 A, (gw*10>0€‘1>) if we WFO
and if w & Wg,

wA i, A, (go)oea)w™ = (Ao [ detgs, Ay [ detgo, (@5 g 1,05 )oca
cED\ D+ oCdt
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One can define L-morphisms BCy : “Gi — “G; and fnl,m : L(Grm,n2 — LGy, and
there is a commutative diagram of L-morphisms

finy g

(5.4.1) LGryny —— LGay,

JBCTLM2 JBCQH

Cnym
L "2 L
Gnl,nz ? GQn-

We give the precise definition of fnl,m, as it will be important for explicitly defining

the transfer of functions and representations at unramified places, which in turn will

determine the Galois representations. On the level of dual groups Gy, the morphism

is induced by the embedding GLz < GLo,. We extend this to an L-morphism by

w e Wg, — (w<w)—N(n1,n2)7w(w>—N(n1,n2), (w(w)e(m).lnl 0 ) )N’w
ced

0 w(w)<"2).1,,

*

’lU* — (anl,n27an1,’n27 ((bnl,nZ(I);T})UGq)) Xw-.

The L-morphism BCj is defined by

()‘7 (gd)oe¢>+) X w = (>" A, (gU)U€<I>+7 (gca)oeb\‘b"')'

One can check the commutativity of the diagram by a direct computation.
In this section, we review the associated base change for the groups G and Gj
as well as the twisted trace formula. Recall that we have fixed a finite set of bad
places S. Everything is identical with Section 5.3 of [CS17], except for the base
change transfer of functions at primes in S?.
More precisely, if v is a finite place of Q such that v & S, then the dual map to
the L-morphism BCj defines the transfer

BC - H™ (G7(Qv)) = H™ (Gr(Qy)),

(Case 1) of Section 4.2 of [Shill]. We remark that, if v ¢ S then we can define a
transfer corresponding to the L-morphism (7 via

G+ H (G2n(Qw)) = H (G (Qy)).

Moroever the diagram [5.4.1] gives rise to a commutative diagram of transfers

*
Cnl,nz

(542) Hur (GZn(Qv)) — Hur(Gnhnz (Qv)) .

JBCT*L JBCIQ ng
Ty g

Hur (GQTL(QU)) —— Hur(GTn ;M2 (QU))

We note that we can also transfer unramified representations and we have the
corresponding commutative diagram

ur fingmae e
(543) Rep (Gn17n2 (Qv)) i> Rep (G2n(Qv)) .
JBC lBCM
4:"1:"2-,*

Rep™ (Gpy 0y (Qu)) — Rep™ (G2, (Qy))
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Both commutative diagrams come from equation (4.18) of [Shill]. Moreover, trans-
fer of functions and transfer of representations are, in some sense, inverse operations,
so that we have

tr 71—(77’:,1,712 ((bv)) =tr ﬁnl,n2,*(77)(¢v)
and similarly for BCz and C}.

Remark 5.4.1. We give explicit formulas for 5;;. and for Zﬁm using the fact that both
Gan and Gy, ,, are products of (restrictions of scalars of) general linear groups.
Let Q,, n, be a parabolic subgroup of G, with Levi subgroup Gy, »,. Recall
that we have chosen a character w : AIX% JFy — C*. Let x be the character
Gnyons(A) = C* defined by

2
(A, 91, 92) € Ajy XGLy, (Ap)XGLp, (Ap) = @ (A‘N““’"” [I~e/m, <det(gi))6<"i>> :

i=1
Given a place v of Q and a function f, € C°(G2,(Qy,)), we let fq?"l” be the

constant term of f, along Qy, n, and we set f;;l’nz (fs) = f™" - Y. Given
IT, € Rep(Gp, 1, (Qy)), define G,y «(I1,) :=1n — Indgif‘l (II, ® Xw,w)- The com-

n2

patibility trTl, (. .. (fo)) = trCny my.x (I1,)(fo) follows from Lemma 3.3 of [Shill].

ni,n2

If v = p, then it splits in Fy and Section 4.2 of [Shilll, (Case 2), constructs a
BC-transfer ¢, € C°(Gr(Qp)) of fp € C°(G7(Qp)). Moreover, in this case one
can check directly that BC} is surjective.

At oo, the transfer is defined in Section 4.3 of [Shill]. Let £ be an irreducible
algebraic representation of (G)c, giving rise to the representation = of (Gz)c which
is just 2 := £®&. Recall that ¢, ¢ is the Euler-Poincaré function for . Associated
to Z, Labesse defined a twisted analogue of the Euler-Poincaré function, a Lefschetz
function fg. = [Lab91]. The discussion on page 24 of [Shill|] implies that fg. = and
¢G,,¢ are BC-matching functions.

At places v € S?, we will be less explicit. We simply note that Theorem
3.3.1 of |[Lab99] guarantees the existence of a base-change transfer: given f7 €
C>*(G#(Q,)), there exists ¢ € C°(G7(Q,)) such that f7 and ¢7 have matching
orbital integrals. We will be more interested in inverse transfer: finding f7 given
#7 such that the two are BC-matching functions. For this, we will follow the strat-
egy used in Section 8 of [Mor10]. Proposition 3.3.2 of [Lab99], recalled below, gives
a sufficient condition for a function ¢ to be a BC-transfer of some f.

Proposition 5.4.2. Let ¢" € C°(G7(Q,)) be such that the stable orbital integral
of 9", SO, (¢™), is equal to 0 for every v € Gz(Q,) that is not a norm. Then there
exists [ € C°(G7(Q,)) such that ¢" is a BC-transfer of fm.

The following is an analogue of Lemma 8.3.6 of [Mor10] to the case where F' is
a general imaginary CM field rather than an imaginary quadratic field.

Lemma 5.4.3. Let Dy := G7/G3. Then a semisimple element of G7(Q,) is a
norm if and only if its image in Dz(Q,) is a norm.

Proof. This follows in the same way as Lemma 8.3.6 of [Morl0]. We give more
details for completeness. If v splits in Fy, then every element of Gz(Q,) is a norm
and the same holds for Dz(Q,), so the lemma is immediate in this case. Assume
that v is inert or ramified in Fy and let w be the place of Fy above v. For every Levi
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subgroup M of Gj, set Dy := M/M?. For a semisimple element v € G7(Q,),
let M be a Levi subgroup of Gz such that v € M(Q,) and + is elliptic in M. Then
Proposition 2.5.3 of [Lab99] says that v is a norm if and only if its image in Dy (Q,)
is a norm. It remains to check that an element of Dj;(Q,) is a norm if and only if
its image under the canonical map Dy (Q,) — Dz(Q,) is a norm.

The Levi M is Gz(Q,) conjugate to a standard Levi subgroup of Gy defined
over Q. We may assume that M is a standard Levi subgroup of G defined over
Q, in which case we have explicit descriptions of M, Dy; and Dz. There exist
s,my1,me € N such that n; — m; is non-negative and even for i = 1,2 and M is
the product of G,,, m, and of s groups obtained by restriction of scalars of general
linear groups over F. We have isomorphisms

Dz 5 {()\721,22) € Gy, X (ResF/QGm)2|zi2i = )\"i} )

and
Dy — D]L[J X DM,h7
where Dy = (Resp/gGy,)® and

Dy = {()\,zl,ZQ) e G,, x (ResF/Q(Gm)2|ziZi =A"ifm;>0and z; =11if m; = 0.}
The map Dy — Dy is 1 on Djs; and given by
(/\, 21, 22) — (/\, )\(nliml)/zzl, /\<n27m2)/222)

on Dy, Every element of Dy ;(Q),) is the norm of some element in Dy ;(Q,),
where Dy := Resp, g, (D, Xq, Fo). The lemma follows, since an element of Dy
or Dy, is a norm if and only if the corresponding multiplier A is a norm. [

By combining Proposition[5.4.2] Lemma[5.4.3]and the observation that the group
of norms in a torus contains an open neighborhood of the identity, we deduce that
every function in C2°(G#(Q,)) with support a small enough neighborhood of the
identity is the BC-transfer of some function in C°(G#(Qy)).

Lemma 5.4.4. Let v € S}. Every function ¢, € C2(G2,(Qu)) with support
in a small enough neighborhood of the identity has the property that its transfer
¢ € C°(G7(Q,)) is the BC-transfer of some f € C°(Gz(Qy)).

Remark 5.4.5. We can now explain the choice of Ny: It is such that the principal
congruence subgroup of level Ny is small enough in the sense of this lemma, for all
v € S§. (Recall that G = Go,.)

Proof. This is essentially the same as the proof of the first part of Lemma 8.4.1
of [Morl0]. The only difference is that we use Lemma instead of Lemma
8.3.6 of [Morl0]. We sketch the proof. For every G € &°(Gy,), choose an
embedding Gz — Gg,. By Lemma [5.4.3] and the observation that the group of
norms in a torus contains an open neighborhood of the identity, there exists an
open neighborhood of the identity Uz C G5 such that every semisimple element of
Uz is a norm. By Lemma 8.4.2 of [Morl(] (with Gz the Levi subgroup of Ga,),
there exists a neighborhood Vi of the identity in Ga,(Fy ®g Q) such that every
semisimple element of G7(Q,) that is G, (Fo ®g Q,)-conjugate to an element of
Vz is G(Q,)-conjugate to an element of Ug.

Let V := Ng,cgen(e) Vi, then U := VN Ga,(Q,) is an open neighborhood of the
identity in G2, (Q,). Any function ¢ € C°(G2,(Q,)) with support contained in U
will satisfy the desired property. Choose a transfer ¢” of ¢ to G. To show that
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#" is the base change transfer of some f7 € C°(G7(Q,)), it is enough, by Propo-
sition to show that, if for some semisimple v € G(Q,) we have SO, (¢™) # 0,
then « is a norm. By the definition of transfer, if SO, (¢™) # 0, then there exists
d € G2,(Q,) which is associated to 7 such that the orbital integral Os(¢) # 0. The
fact that v and ¢ are associated means that they are Ga, (Fo ®g Qy)-conjugate and
the fact that Os(¢) # 0 means that 6 € U C V. By the construction of Vz, we see
that v is G7(Q,)-conjugate to an element of Uz, which is a norm, so 7 is a norm
itself. O

5.5. The twisted trace formula. The first part of this section is identical to the
corresponding section of [CS17]. The essential difference is that we give more detail
in the proof of Proposition [5.5.1] since we want to emphasize the role that cuspidal
subgroups play in it.

Define the group

G} := (Resp,/gGm x Resp g GL7) x {1,603,

where 0(), g)0~" = (A%, \°g?) and ¢g* = @%gcégl. There is a natural Q-isomorphism
Gi = G, which extends to an isomorphism

Ga % Gal(Fo/Q) 3 G

so that ¢ € Gal(Fp/Q) maps to 0. Using this isomorphism, we write Gz and G0
for the two cosets.

If f e CX(Gn(A)) (with trivial character on Ag ), then we define f6 to be
the function on Gz0(A) obtained via translation by 6. The (invariant) twisted trace
formula (see [Art88al [Art88b]) gives an equality

(5.5.1) 1679 (£0) = IC79(£0).

geom spec

The left hand side of the equation is defined in Section 3 of [Art88b], while the
right hand side is defined in Section 4 of loc. cit.

Let fg, = and ¢g, ¢ be as defined above. The following is analogous to Corollary
4.7 of [Shill].

Proposition 5.5.1. We have the followz'ng equality:
(5.5.2) IS0 (£70) = ZSOG W) (™) = 7(Gr) ™t - ST (¢7),
when ¢" and 7 satisfy
o7 = (6")7 - 05, b and [T = (1) [§,  fo =
with (¢™)° a BC-transfer of (f7)%, qbzf a BC-transfer of fgf. The sum in the

center runs over a set of representatives of Q-elliptic semisimple stable conjugacy
classes in Gz(Q) and 7(Gz) is the Tamagawa number of Gy.

Proof. The second equality follows exactly as in the proof of Corollary 4.7 of [Shill].
Moreover, Theorem 4.3.4 of [Lab99] rewrites the sum of stable orbital integrals in
the center as the elliptic part of the twisted trace formula for Gz6. Comparing with
the definition of the elliptic part in Section 4.1 of [Lab99], we get

ZSOG (A) ¢n Zvol 1519 AG 9\[59( )) G (A)(f'ﬂ)
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where 7 is as above and  runs over a set of representatives for #-elliptic #-conjugacy
classes in Gz(Q).

The key point in proving the first equality is to simplify the geometric side of
the twisted trace formula for Gz6, using similar techniques to those in Chapter 7
of [Art88b] to show that only this part contributes. This is done in Proposition
4.5 of [Shill], but we repeat the argument here in order to emphasize the role that
cuspidal subgroups play. Theorem 7.1.(b) and Corollary 7.4 of [Art88b] give a way
to simplify the geometric side of the trace formula if the test function f7 is cuspidal
at two places. The test function f7 that we constructed is only necessarily cuspidal
at oo but we will use the assumption that [F* : Q] > 2 instead and we will explain
why twisted analogues of these two results hold.

The geometric side of the twisted trace formula is a linear combination of in-
variant distributions Iﬁlﬁe(ée, f76), where M runs over Levi subsets of G;. (The
twisted analogue of) Theorem 7.1.(b) of [Art88b] shows that the geometric side can
be simplified to a linear combination of distributions on Gz itself. The proof of
Theorem 7.1.(b) of [Art88b] goes through as long as one can show that the distribu-
tions Iﬁlﬁe(éﬂ, f70) vanish for every proper subset M C G;; and semisimple element
0 € M(Q). Since fg = is cuspidal, Proposition 9.1 (the splitting formula) and

Corollary 8.3 of [Art88a] imply that I57% (86, f7) is a multiple of 5% (56, fc, =6)
so it is enough to show that the distribution at oo vanishes. Proposition 8.2.3
of [Mor10] shows that the term I57%(86, fg, =6) vanishes if M is not a cuspidal
Levi subset of Gz0. We recall what cuspidal subgroups and subsets are in Defini-
tion below and show in Lemma that, when [F'* : Q] > 2, G0 does not
admit any cuspidal subsets.

The argument above implies that the conclusion of Theorem 7.1.(b) of [Art88b]
holds: the geometric side of the twisted trace formula in this case is a linear com-
bination of distributions on Gz 9 itself. Recall that f7 is cuspidal at co. Theorem
A.1.1 of [Lab99] implies that O ' A)(fﬁ) = 0 unless ¢ is f-elliptic in Gz(R). We
deduce the twisted analogue of the first condition of Corollary 7.4 of [Art88b]. The
second condition (that f" is cuspidal at an additional place) is not needed for the
proof to go through: it was only imposed in order to invoke Theorem 7.1 of loc.
cit.

By the twisted analogue of Corollary 7.4 of [Art88b], we deduce that

1879 (f79) = Zvol (I50(Q) Ag.0 \ Lso(A)) - O57 ™ (17,

where 0 runs over a set of representatives for 6-elliptic 6-conjugacy classes in Gz(Q).
The proposition follows. O

Definition 5.5.2.

(1) A cuspidal group is a reductive group M over Q such that (M/An)r con-
tains a mazimal R-torus that is R-anisotropic. Here Ap; denotes the max-
imal Q-split torus in the center of M.

(2) A cuspidal Levi subgroup M of Gy is a subgroup which is a cuspidal group.

(3) For a Levi subset Ml of Gz, we let M° be the intersection of the subgroup
of Grfl generated by M with Gz. We say that a subset Ml of G0 is cuspidal
if M° NGz is a cuspidal Levi subgroup of Gj.

Lemma 5.5.3. Gz0 admits no proper cuspidal subsets.
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Proof. 1t is enough to show that Gz admits no proper cuspidal Levi subgroups.
Suppose that M C Gg is a cuspidal Levi subgroup. Then M contains a direct
factor of the form Res F/Q GLj, for some 0 < h < n, which would also have to be
cuspidal group. However, the center of Resp g GLy XgR contains a split torus of
rank [F'T : Q] > 1, whereas the maximal split torus in the center of Resp g GLp
has rank 1.

Remark 5.5.4. When F is an imaginary quadratic field, so F'* = Q, the unitary
similitude groups G do admit proper cuspidal subgroups. For example, for Ga,,
these are the Levi subgroups of the form (Resp/gGm)® X Ga(n—s) for some s € Z.
In this case, one cannot directly identify the stable trace formula for Igusa varieties
with the geometric side of the (twisted) trace formula. The latter contains more
terms coming from the cuspidal subgroups.

5.6. Construction of test functions. In this section, we explain how to construct
our test functions. This differs slightly from the construction of test functions in
Section 6 of [Shill] and Section 5 of [CSI7], but only at primes in S}. We fix
the isomorphism G 22 Ga,. We let (f27)% be any function in H"(Gg,(A%)) and
take ¢° € H"(G(A%)) be its BC-transfer. We let gf)sjg € C?(G(Asﬁ)) be the
characteristic function of a principal congruence subgroup for some sufficiently large
level N, as guaranteed by Lemma[5.4.4] We let ¢, € C2°(J5(Qp)) and set

(b = ¢P : ¢S§: : ¢Sa
and assume that it is acceptable.

From these test functions, we construct all the other test functions we will need.
First, for each elliptic endoscopic group Gy, we let ¢” be the function constructed
from ¢ as in Definition Let (f™v"2) be obtained from (f2")° by transfer
along the L-morphism fmm. We choose fgj’i as in Lemma|5.4.4]to be any function

such that gbgp is a BC-transfer of fgp. We choose f;? so that BC;L(f;?) = qbpﬁ (recall
¥ ¥

that BC? is surjective at p). We define I explicitly, as a linear combination of
Lefschetz functions for representations Z(pz) of Gz for which Cao 7 corresponds
to the trivial representation of Gg, (see (6.7) of [Shill] for the precise formula).
Finally, we set

fr= g (M (1% fL
By the commutative diagram (5.4.2]), we see that (¢")° is the transfer of (f7)%

along BCZ%. We can therefore apply Proposition to 7 and ¢”. We obtain the
following result, analogous to Theorem 5.3.2 of |[CS17].

Theorem 5.6.1. We have an equality
tr(@l[He(lg”, Q) =7(G) D> en IGH(f70),
GrEEN(G)
where €5 = % if i = (n,n) and ez = 1 otherwise.
Recall the group morphism
Red? : Groth(G(Q,)) — Groth(J,(Q,))

from Section 5.4 of [CS17]. This is the representation-theoretic counterpart of
constructing the transfer qbg of ¢,. The following is an analogue of Lemma 5.5.1
of [CS17].
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Lemma 5.6.2. The trace tr(¢|[H.(1g°,Q,)]) can be written as a linear combination
of terms of the form

tr (Redy(mg)(9) ) tr ()52 ()55 0 Ay ) tr (G ((F2)9)))

where 77;7 € Rep(Gr(Qp)) base changes to Hg € Rep(G(Qp)), lfhe component at p
of a 0-stable isobaric irreducible automorphic representation II" of Gz. Moreover,
17 is cohomological (with respect to the trivial algebraic representation).

Proof. We sketch the proof. Since we are only interested in obtaining a linear
combination, we do not keep track of endoscopic signs or constants. First, assume
that ¢ was chosen to be an acceptable function. Then we can apply Theorem [5.6.1]
to tr(¢|[H. (15", Q).

For each G € &°Y(G), we simplify the spectral side Ié%éﬁ(fﬁﬂ) as in Section
of [Shill] and Section 5.3 of [CS17|. Fix a minimal Levi subgroup My of Gj.
For each Levi subgroup M containing My, choose a parabolic subgroup ) with

Levi M. The spectral side Ig;gg( f70) can be written as a linear combination of

terms of the form tr (n — IndG (ITar)e(f™) 0 A), where II5; runs over irreducible,

10 stable subrepresentations of the (relatively) discrete spectrum Rjs gisc. The
subscrlpt ¢ indicates a possible twist by a character of Ag _ corresponding to an
irreducible algebraic representation & of Gz and A is a normahzed intertwiner on
n— IndG” (ITar)e. This follows by combining Proposition 4.8 and Corollary 4.14
of [Shill].

We take TI” to be n — Indgﬁ (ITar)¢. Choose a decomposition

A:Ap-Aszfo-AS-Aoo

as a product of normalized intertwining operators. Then we can rewrite the desired
trace as a linear combination of terms of the form

tr (I () 0 Ap) tr ()5 (/) 52) © Asy ) tr (IT)S((FT)) 0 A5).
In order to rewrite the traces at p, use the fact that the base change transfer of

representations at p is injective, since p splits in Fp, to construct 7r” then the term
at p is equal to tr (w7 (¢!7)). Then appeal to Lemma 5.4.2 of [CSl?] which identifies

the latter trace with tr Red%(wg)(gbp)). On the other hand, if we ignore the sign

that comes from the choice of the normalized intertwiner A7, then recalling that
(f™)° is the transfer of (f2")° along (%, we can rewrite

tr ()3 ((£7)%)) = tr (G () ((£2)%))

We now explain why II” has the desired properties. The fact that II7 is 6-
stable follows from the fact that II,; is @glﬁ—stable. The fact that ITI7 is irreducible
follows from the fact that II,; is irreducible and unitary, and ITj; is isobaric because
it contributes to the (relatively) discrete automorphic spectrum Rz qisc and M is a
product of general linear groups. Then II” is also isobaric because it is irreducible.

Finally, we remove the assumption that ¢ be acceptable using Lemma 6.4 of [Shi09].
(The idea is that the twist QSI(,N/) of any ¢, by a power of Frobenius makes ¢ an
acceptable function for any large enough N’ and that, as long as we keep ¢P fixed,

we have expressed the desired trace as a finite linear combination of traces of qb,(,N )
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against irreducible representations of J;(Q)). The argument in the proof of Lemma
6.4 of [Shi09] proves that the desired equality holds for every integer N’ and, in
particular, for N’ = 0.) O

Remark 5.6.3. A fixed TS-character of [H.(Ig®,Q,)] could be obtained from several
07 for several different Gz € &°(G). For example, in the Case ST which is
discussed in Section 6 of [Shill], the contribution is from an endoscopic group
Gn, n, but also from a Levi subgroup M of G.

5.7. Galois representations. Lemma [5.6.2] essentially finishes the proof of The-
orem [5.1.2} it only remains to apply the known results on existence of Galois repre-
sentations for regular L-algebraic, essentially self-dual, cuspidal automorphic rep-
resentations of GL,,(Ar). (Here we use the notions of L-algebraic and C-algebraic
representations due to Buzzard-Gee [BGI4]| and note that in the case of general
linear groups these notions only differ by a character twist.)

Our goal is now to construct a Galois representation

P11 ¢ Gal(F/F) — GLQn(@Z)

attached to the automorphic representation IT := (5 .(II7) (or rather the auto-
morphic representation of GLa,, (Ar) obtained from II by forgetting the similitude
factor) as in Lemma

By Lemma m I, is cohomological, which implies that II" is C-algebraic.
Write II" = ) ® II; ® II, according to the decomposition G, n,(A) = AF x
GL,,, (Ar) x GL,,(Ar). Each II; is a regular C-algebraic, #-stable isobaric automo-
prhic representation of GL,,, (Ar). The automorphic representation IT;| det |(*=7)/2
is regular L-algebraic.

Recall that we have chosen an isomorphism ¢, : Q, = C.

Theorem 5.7.1. There exists a Galois representation
pi : Gal(F/F) = GL,, (@)
such that for any place q of F,

F—ss 1
WD (Pi|Ga1(fq/Fq)) ~ 1, rec (Hi,q| det |(1’”i)/2) ,
where rec denotes the local Langlands correspondence normalized as in [HTO1].

Proof. This is proved just as Theorem 5.5.3 of [CS17]. Recall that the represen-
tation TI" was constructed as n — Indgﬂ (ITps) (recall that for us £ is trivial), for

some automorphic representation I, which is <I>7§19—stable and which occurs in the
discrete automorphic spectrum of some Levi subgroup M of Gz. This means we
can write
IL = n —Indg ™ (Iay,)

where M; is the Levi subgroup of parabolic subgroup @); of GL,,, and II,, is @;ilﬁ—
stable and occurs in the discrete automorphic spectrum of M;. The classification of
the discrete automorphic spectrum for general linear groups due to Harris—Taylor
and Moeglin-Waldspurger [MWS89] together with the fact that 1Ty, is @;ilﬂ-stable
tells us that IIas, can be expressed in terms of regular L-algebraic, conjugate self-
dual cuspidal automorphic representations of (possibly a product of) general linear
groups. The existence of the Galois representation p; and the compatibility with
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the local Langlands correspondence now follows from the main theorems of [Shilll,
CH13, [Car12]. O

Now we can prove Theorem [5.1.2

Proof of Theorem[5.1.2. We use the description from Lemma where we fix qb?
to be the characteristic function of K (N), and note that we can realize all elements
of T* as the base change of some (f2")% as we only used places split in Fy in the
definition of T. Lemma shows that for each j € J, there is some cuspidal
automorphic representation " = Y ® I1; ® IIs of Gy such that (Hﬁ)s gives the
Hecke character ¢;, and m; = Red% (F;;i) where 77 is an irreducible representation of
G#(Q,) base changing to Hﬁ. By Theorem there exist Galois representations
pi associated to the L-algebraic representations IT;| det |(1=7)/2,

The character w satisfies wo(2) = (2/2)%/? for some odd integer §, since wey :
C* — C* extends the sign character on R*. The character of GL,,(Ar) defined
by | det |"/>~"w(Np, g, o det)<(™) is L-algebraic, since (n; + €(n;)d)/2 € Z, so it
corresponds to a character ¢; : Gal(F/F) — Q, .

Let TT := Cpy oy« (IT7). Write T = ¢/ @ I, according to the decomposition
GQn(A) = A;o X GLQn(AF) Set

1Y := 11| det |(1="0)/2| det |""/2_"w(NF/FO o det)€(m)

By the definition of Q:nhnz,*, we get the identity
0 1/2—n _ GLy, 0 0
0| det [V*7" = n — Indgr? g, (I} ©113).

The representation on the RHS is L-algebraic and normalized parabolic induction
is compatible with this notion and with the local Langlands correspondence rec,
so the term on the LHS, II°|det |(1=™)/2  is also L-algebraic, with corresponding
Galois representation prs , 1= ®2_,p; ® ¢; (matching via rec).

In particular, one can compare the Hecke eigenvalues at good places, as stated
in Theorem On the other hand, regarding the representation 7; of J,(Qp),

we recall that it is given by Red%(ﬂg), and then follow the semisimple Langlands
parameter through all normalized parabolic inductions and Langlands correspon-
dences. Note that Red% is also by construction compatible with semisimple Lang-

lands parameters. [l
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6. BOUNDARY COHOMOLOGY OF IGUSA VARIETIES

In this section, we compute the cohomology of the (partial) boundary of Igusa
varieties.

6.1. Statements. More precisely, fix as usual a prime p that is unramified in F'
Fix any p-divisible group with G-structure X over an algebraically closed field k
of characteristic p. By abuse of notation, we write ng}((N) = Tlg}f@(m for the
associated Igusa variety, where b = b(X) € B(Gq,, ') is as usual; here N > 3 is
any integer prime to p. Let 8Jg>* C Jg>* be the boundary of the Igusa variety. It
admits a natural stratification in terms of conjugacy classes [P] of maximal rational
parabolic subgroups P C Gg: Note that a set of representatives for these are given
by the stabilizer P, of the chain

0C F'c F2n=r c p?n

for r = 1,...,n. Then the stratum 391[7;] C 8jgb’* can be defined as the preimage
of all strata .7 C .* where the cusp label Z = (Zy, X) has an Op-lattice X of
rank r. The strata are naturally Hecke-equivariant.

We can pass to the inverse limit over all N > 3 prime to p: Let

Jgl, = kth%m
N

and define similarly Jg%*, Jg%'°", 7g%* and figl;’o*’[ P
Let
1 b ~ b,*
J 19800 7 800
be the open immersion and
. ~ b, ~ byx
itp) 2 390 p) < I
the locally closed immersion. We consider

R (392 py i p Ri=Fo).

This is naturally a complex of smooth representations of J,(Q,) X G(A?) (where
we note that both groups act naturally on all objects in the definition).

The main theorem of this section is the following. For the statement, we fix the
standard rational parabolic P € [P] given by the stabilizer of 0 C F" C F?"~" C
F?". Tts Levi group M is given by Resp/g GL, XGa(y—ry wWhere Go(,_,y is the
variant of G with n replaced by n — r. Let

Xr _ ( H Mferm,>0(c)> /R>O

T:Ft—R

where MPer™>0(C) denotes the space of positive definite hermitian matrices, which
is the symmetric space for GL, (F ®g R). Finally, fix a symplectic Og-stable filtra-
tion
Zy : 0 C Zb7_2 C Zb7_1 C Xp

with an isomorphism Z; _o = Hom(O%, fipes). This induces a parabolic subgroup
P,(Qp) C Jp(Qp) of the self-quasi-isogenies preserving this filtration, and a p-
divisible group Xp = Zy _2/Zp 1 with Gy(,_p)-structure; we denote by bp its
associated isocrystal with Gy, _,-structure.
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Theorem 6.1.1. There is a natural J,(Qp) X G(A?)—equivam’ant isomorphism

J4(Qp) X G(AT)

~ b,* .k . ~
RFC(JQOO’[P],Z[P]R]*FZ) = Inde(Qp)xP(A?)

RU(GL, (F)\(X, xGL,(Ap f)),F¢)®RT(3g°2 , Fy).
The action of Py(Qy) x P(A%) on

RT(GL,(F)\(X, x GL,(Agy)),F) ® RT(3g22 , Fy)
is through its Levi quotient.

We will prove this result in several steps. First, we realize the structure of par-
abolic induction geometrically and reduce to a statement about P,(Qj,) x P(A%)-
representations. Then we construct an equivariant map, as the cup product of two
different maps, realizing the two factors. The factor RFC(JQZIS,IF@) is easy, while
the other factor RT'(GL,(F)\(X, x GL,(Ag r)),F,) will arise by realizing this real
manifold inside the perfectoid space that is the punctured formal neighborhood
of Jgg’o*, p- The latter is probably the most novel part of the proof. Finally, we
show that the map is an isomorphism. For this, we use the explicit toroidal bound-
ary charts. (We could have done this computation directly, but this would have
obscured the Hecke-equivariance).

In the last subsection, we deduce Theorem on possible systems of Hecke
eigenvalues in the boundary. In particular, we show, under the same technical
assumptions as in the last section, that all systems of Hecke eigenvalues appearing
in the cohomology of Igusa varieties admit associated Galois representations.

6.2. Construction of the map. The goal of this section is to construct a natural
map

k) RT(GL(F)\(X, X GLy (Ar 1)), Fe) €T (302  Fy) — RTo(Ig% ), i5p R F).

Indp, q,)x p(a

6.2.1. Parabolic induction. First, we prove that
~ byx o) .
RFC(ng’[p]aZ[P]RJ*FZ)

*

is necessarily parabolically induced, by showing that the space 391; (P]

ically induced. More precisely, we note that there is a natural J,(Qp) x G(A%)-
equivariant map

is parabol-

302 1p) = (@) Po(Qy) x G(AT)/P(AT)

induced by cusp labels, as J,(Q,)/ Py (Q,) x G(A%) / P(AY;) parametrizes pairs (Zs, Z7)
“of rank 7. Let

*

b,* b,
jg<>0,P - jgoo,[P]
be the fibre over the identity. It is then formal that

Ty(Qp) X G(AR)

b,* ok . _
RFc(jgmy[p] , Z[P]R]*Fé) = Inde(Qp)XP(A?)

RTo(3g2 p, ipRjFe)

as Jp(Qp) x G(A’;)—representations.
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6.2.2. Cup products. It remains to construct a map
RT(GL, (F)\(X, x GL,(Aps)),F¢) ® RTc(3g%, Fe) — RT(3g2 p, ipRjuFy)
as a representation of P,(Q,) x P(A%}). To do this, we will construct two maps:
(1) A map
RT.(3g%  Fy) — RT (392 . Fo).
(2) A map
RT(GL,(F)\(X, x GL,(Ap)),Fe) = RU(3g2 p,i5RjJFe).

Both maps will by construction be P,(A%) x G(A%)-equivariant, where the action on
the left-hand side will factor over Jy,(Qp) X Ga(n—r) (A’}) respectively GL,(Ap ),
both of which are quotients of the Levi. The desired map will then arise as the cup
product of the two maps, via the natural map

RT.(3g2 p.Fo) ® RU(392 b, ipRjFe) = RU(3g20 p.ipRjFy).

0o, P 0o, P

The first map comes directly from the profinite map
jQZ’O*,P — Jglr
obtained by passing to the limit in Theorem |3.3.15

6.2.3. Perfectoid magic. Thus, it remains to construct a natural equivariant map
RU(GL,(F)\(X; x GLy(Ar,5)),Fe) = RU(392 p, ip R o).

Note that this seems a priori tricky, as the space on the left is naturally only a real
manifold, while on the right we have a perfect scheme.

Let us indicate how one can bridge the gap by using analytic geometry; in the
present situation, we will naturally get perfectoid spaces. Let us first give an
idealized version of the argument and then add in the details.

Let Iggo, p be the perfectoid space obtained from T)’gg’o* by taking the punctured
formal neighborhood of jgl;’: p- This agrees with the perfectoid space obtained from
Jgg;for by taking the punctured formal neighborhood of the preimage of jgl;: p-
Using the corresponding description of the toroidal boundary, and restricting for
the moment to a specific cusp label Z , we see that over Igf;<> 5 we have the universal
abelian variety A as well as a Raynaud extension 7

0T —-G—-B—-0

and a lift of the corresponding map fo : X — B to a symmetric map f : X — G;
equivalently, a section of the Poincaré bundle P — B x B over X x X; such that
A = G/X. Note that the principally polarized abelian variety B has locally good
reduction, and in particular the Poincaré bundle P over B x B has a canonical
integral structure. If one takes a point z € Igf;O 5 and fixes anorm || : K(z) — R>o
on the residue field, then the map taking z,y € X to the logarithm of the norm of
the section of P gives a positive definite symmetric hermitian form

X xX—>R;

changing the norm |- | changes this only by a scalar. We see that there is a canonical
map
IZg%, 51 = GLop (X)\X,.
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In fact, working globally and Hecke-equivariantly, we note that Xg is a well-defined
F-vector space of rank r over all of IggQ p. Fixing an isomorphism Xg = F", we
get (for each x € T ggo’ p) a point of X,.. Moreover, we have level structures: In the
present situation, this is an Op-linear symplectic isomorphism Vf (A) =2V ®q A’;p
matching the subspace V7 (T) with F" ®g A%. This gives another isomorphism
Xg ®g AI; = F” Qq Aljﬁ, i.e. an element of GL,(F ®q A?). Similarly, the Igusa
level structure induces an isomorphism Xq ®q Qp = F" ®q Qp, i.e. an element of
GL,(F ®g Q,). In total, we get a natural continuous map

I |Iggo,P| — GL(F)\ (X, x GLT(AF,J‘ )

)
and it follows from the construction that it is J,(Q,) X P(A?)—equivariant.
There is a natural map

Rr(jglgo*,Pa ipRj.Fe) — RF(Iggo,P’ Fe)

(as the left-hand side can be computed as the cohomology of the perfect scheme
b* along 391;’0*,1:, and deleting the bound-

o0

obtained by taking the henselization of Jg
ary, and there is a natural map from Iggoy p to that scheme) that is probably an
isomorphism. However, as Igf;o, p is in general highly non-quasicompact — in fact,
at least as noncompact as the locally symmetric space GL, (F)\(X, x GL,(Ap,y))
— it is nontrivial to justify this. If the map were an isomorphism, we would now get
a natural map

RU(GL, (F)\(X, x GL,(Ar ), Fo) 5 RO(Tg", p, Fy)
= RT(3g2 p, ip RjFo).

For this reason, we make the following small circumlocutions. Recall that the
natural map

lig RT(GL, (F)\(X,xGL,(Ap 1)/K),F¢) = RI'(GL,(F)\ (X, xGL.(AFf)),F¢)
KCGL,(Ap )
is an isomorphism, where K runs over compact open subgroups of GL,(Ap f); this
follows for example from the Borel-Serre compactification[]

17Indeed, let X?S be the Borel-Serre compactification of X,. Then both X, and XPS are
contractible. It follows that for any paracompact Hausdorff space S, one has

RT(X, x S, A) = RI'(S, A) = RT(XBS x S, A)

for any coefficient module A; here cohomology means Cech (or equivalently sheaf) cohomology.
By descent along the GL,(F')-quotient, it follows that the natural map

RU(GL (F)\(XE® x GLy(AFp,;)/H), A) = RT(GL (F)\(Xr x GLr(Ap,f)/H), A)
is an isomorphism, for any closed subgroup H C GLy(Af,f). On the other hand, the quotients
GL,(F)\(XB® x GL,(Ap,f)/H) are compact Hausdorff, and the natural maps
GLr(F)\(X?® % GLr(Ap,f)/H) = lim GLr(F)\(X7® x GLy(Ap,)/K)
KDH

are homeomorphisms (as continuous bijections between compact Hausdorff spaces), where K runs
through open compact subgroups containing H. This implies that on Cech cohomology,

limy RT(GL (F)\(X2S x GLr (A, 7)/K), A) — RT(GL (F)\(XPS x GLy (Ap,;)/H), A)
KDH

is an isomorphism.
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Similarly, for each finite m and N > 3 prime to p, let

b,* b,*
I, kvy,p C 185 k()

be the image of ng;: p, and let Igfn K(N),P be formed similarly as the punctured

formal completion, which is an analytic adic space. Then it follows from [Hub96,
Corollary 3.5.14] applied at each of these finite levels, plus passage to the limit on
the left-hand side, that

R (392 p,ip RjFy) = lim RT(Zgh, vy ps Fe)-
m,N
Moreover, the map
f+1Zgl pl = GLA(F)\(X: x GL,(Ap,s))

is the limit of a map of pro-systems

{1Zgm. k(). p by = {GLA(F)\(X; x GL(Arf)/K)} k-
Thus, passing to the colimit, we get the desired map
RT(GL, (F)\(X, x GL,(Apy)),F¢) = hgl RT(GL,(F)\(X, x GL,(Ap )/ K),Fy)
KCGL,(Ap )

- h_“} RF(Igfn,K(N),P»Ff)
m,N

= RU(392 p.ip RjT).

On the level of pro-systems (and passing to perfections where appropriate), every-
thing carries natural P,(Qp) x P(A%)-actions for which the maps are equivariant,
implying the desired equivariance.

6.3. Local computation. In this section, we do a local computation with toroidal
boundary charts to finish the proof of Theorem [6.1.1]
Note that
791;’:,19

admits a further decomposition according to Igusa cusp labels above P. Concretely,
this amounts to finite projective Op-modules X of rank r with isomorphisms X ®
Zr = 0% ®z ZP and X @ Z, = O% @z Z, (as we have fixed an isomorphism
Zp,—2 = Hom(O%, pp-)). Noting that we are really only mapping to the limit
over all levels K of K-equivalence classes of cups labels, we get a decomposition
according to

| | GLo, (X)\ GLo, (X ®2Z).

X/
On the other hand, in the last section, we constructed a map from the punctured
formal neighborhoods to

GLr (F)\(X; x GLy(Apf)),
and in particular to GL,(F)\ GL,(Ar ). Note that the natural map

| | GLo.(X)\ GLo, (X ®z Z) — GL,(F)\ GL,(Ap,s)
X/

is a bijection. It is readily seen that these two maps are compatible.
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Thus, from now on we fix a ﬁmte projective Op-module X of rank r with an
isomorphism X ®z A= OF ®z Z corresponding to an Igusa cusp label Z, and let

g7, C Il p
be the corresponding closed subset, defined as the inverse limit of the correspond-
ing strata at finite level. Note that the corresponding part of the cohomology of
GL, (F)\(X, x GL,(Agy)) is given by
lim  RT(I,Fy),
I'CGLo, (X)

where I' runs through congruence subgroups of GLp, (X) (recall that X, is con-
tractible). Thus, we have to prove the following statement.

Proposition 6.3.1. The map

R (3%, Fo)@  lim  RT(T,Fo) — RU.(Jg" .5 Rj.Fe)
I'CGLo, (X) ’

constructed in the previous section is an isomorphism.

Proof. Using the toroidal compactification to do the computation and the explicit
description of the toroidal boundary charts from Theorem this is a by now

standard computation due to Pink, [Pin92, Theorem 4.2.1], see also [LS18a, Theo-

rem 4.3.10]. The key point is to notice that the inverse system (Ig?por) p of partial
P

toroidal compactifications of Igusa varieties has the axiomatic properties described
in [LS18al Lemma 4.3.2]. O

This finishes the proof of Theorem

Remark 6.3.2. Theorem|[6.1.1]can be interpreted as a version of Pink’s formula [Pin92]
for Igusa varieties. A similar argument as in §[6.2.3] in the setting of Shimura va-
rieties can be used to prove that the original version of Pink’s formula is Hecke-
equivariant. This provides an alternative to the argument in [Pin92, §4.8].

6.4. Applications. We now use Theorem [6.1.1]to construct Galois representations
associated to maximal ideals m C T in the support of RI'(._o) (Igb, Fy).

From now on, assume that F' contains (properly) an imaginary quadratic field
Fy C F in which p splits and fix the finite set S of places of Q and a level N > 3
prime to p as in the last section. We let T® be the same unramified Hecke algebra,
and fix a maximal ideal m C T® containing .

We will consider the Igusa varieties with implicit tame level K?(N).

Theorem 6.4.1. Assume that for some b € B(G@p,,u_l) one of the cohomology
groups ‘
La(Igba Ff)mv H’L(Igbv Fl)m
is nonzero. Then there exists a continuous semisimple Galois representation
P : Gal(F/F) — GLay, (TFy)
such that for all primes v dividing a rational prime q & S that splits in Fy, the
characteristic polynomial of p, is given by
xX2n _ T UXQn—l N (_1)iqz(i—1)/2Ti vX2n—i N qLL(Qn_l)TQn "

with notation as in the introduction.
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Moreover, if the map
Z’—B(Igbv Fl)m — Hl(Igba Ff)m
is not an isomorphism and b is not ordinary, then p,, is of length at least 3.

Before proving the theorem, we record some preliminary notation and results.
We denote by

RTeont(KP(N),) : DX, (G(A%),Fy) — D (T?)

the derived functor of KP(N)-invariants in the bounded below derived category of
smooth G(A?)-representations with Fy-coefficients. We also consider the forgetful
functor D+ (T¥) — D*(Z). After applying this forgetful functor to the left hand
sides, we obtain T®-equivariant isomorphisms

(6.4.1) RTcont (KP(N), RTo(3gb, Fr)) = RT(Ig", Fy)

and

(6.4.2) RTcont(KP(N), RUc(3g%, Rj.Fy)) & RT.(Ig"*, Rj.Fy).
in DV (Z).

We set K f, := K°NP(A%) and consider the corresponding abstract Hecke algebra
T3 for P. Recall from [NTT16], §2.2.3] the ring homomorphism rp : T — T3 given
by “restriction of functions”. The following is a version of [NT16l Corollary 2.6] for
smooth representations.

Lemma 6.4.2. There is a natural isomorphism of functors

~

S
chont <K57 Indggisg ) _> T;;R]‘—‘COnt (KPS)V )

from DL (P(A®),F,) to D*(T3).

Proof. Since K*° is hyperspecial for every place v € S of F, we have the Iwasawa
decomposition G(A®) = K* . P(A%). For non-derived functors, we obtain the
commutative diagram

S
Modym (G(AS), Fy) —5) 4 Mod(T¥)

G(a5) *
IndP(AS)T TPT
(K3, )

Modgm (P(AS), Fy) — 2" Mod(T%),

. . AS) . e . .
where the smooth induction IndIGDE AS; is exact and preserves injectives, 3 is exact,

and I'(K®, ) and T'(K2, ) are left exact. The proof that the diagram commutes
is identical to that of [NT16l Lemma 2.4 (iii)]. Taking derived functors, we obtain
the lemma. O

Let M = Resp/qg GL, XGy g be the Levi and N be the unipotent radical
of P; we have a Levi decomposition P = M x N. The compact open subgroup
K3 C P(A®) is decomposed in the sense of [NT16] §2.2.4] with respect to this Levi
decomposition. We set Ky, := K5 N M(A%) and Ky := K2 N N(A%). Recall also
from [NT16) §2.2.4] the ring homomorphism ry; : T — T3, given by “integration
along unipotent fibers”. The following is an analogue of [NT16, Corollary 2.8| for
smooth representations.
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Lemma 6.4.3. There is a natural isomorphism of functors

~ S
PR cont(Kar,) = RUcone (K3, Infy 1, ) )

from D& (M(A%),F,) to DT(T%).

sm

Proof. On the level of non-derived functors, we have the commutative diagram

(K3,
Modsm (P(AS), Fy) — 22 Mod(TS)
Inf ;&SSE T r?vf T
(K%,
Modam (M(AS), Fy) — 220, Mod(T,),

where the vertical functors are exact and the horizontal functors are left exact. We

S
do not know that Infﬂ&s)) preserves injectives, but we get a natural transformation
of functors

7R cont (Kar, ) = Rlcont (K3, IHfIAj&?) )
by [NT16, Lemma 2.1].

Now observe that the above natural transformation becomes an isomorphism on
any object of D (M(A®),F,). It is enough to check this after applying functors
that forget the Hecke action. We have Rl cont(K3, ) = Rl cont (K35, ) o T(KR, ),
because I'(K%, ) preserves injectives and is exact on DX (P(A®),F,). This last

part follows from the fact that K f, is profinite with order prime to £. On the other
S
hand, T(K, ) o Inf®2 =1d. O

s =
K]W

Proof of Theorem |[0.4.1. We argue by induction on n, so we may assume that the
analogous result is known for Igusa varieties on smaller unitary groups. Assume
first that the map

t (8" Fo)m = H'(Ig" Fo)m

is not an isomorphism. In particular, this happens at some finite Igusa level p™,
and then by Poincaré duality the map

Hi(Ig" Fp)mv — H (Ig"*, RjF)mv

is not an isomorphism for the “dual” set of Hecke eigenvalues m".

From the TS-equivariant isomorphisms and , and by considering
the stratification of the boundary of Jg%* in terms of the conjugacy classes [P] of
rational parabolic subgroups of G, we deduce that for some such [P] corresponding
to an integer 1 <r < n,

R cont(K?(N), RTe(382 pys ip RsFe) Jmv # 0.

oo

In particular,

(6.4.3) R cont(K®, RTo(382 py i RiFe) v # 0

where K = G(Op @7 Z5).

We now wish to apply Theorem in order to show that m" must be pulled
back under the unnormalized Satake transform T — T%, from a maximal ideal of
the Hecke algebra ’]I‘f/l. We will do this in two steps, going via the Hecke algebra ’]TISD
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of P. By Theorem and Lemma we can rewrite (6.4.3]) as the localization

at mVY of

(6.4.4)
« P(AS Jb(@p)XG(F(@QASP) ~ bp
rpRTcont K3, Infy i, d) Hdp,,(@,,)xp(m@ASP [(GL,(F)\(X, x GL(Ap.f)),F¢) ® RU.(3g°, F)

By Lemma we can rewrite as the localization at m" of

(6.4.5)
.. (@)X G(F@ghgy) b
T p Rl cont <KMaIHde(@p)XP(F®h Sp) RT(GL,.(F)\(X, x GLT‘(AF,f))7F€> ® RFC(39£7F€)> )

After applying the forgetful functor to D*(Z), and using (6.4.1) for Ig®” and
the analogue for the locally symmetric spaces for GL,., we see that (6.4.5) is T°-
equivariantly isomorphic to

Jb(@p)XG(F®@Aszf>) SGL bp
erPInde(Qp)xP(F@)@Asp) RT(GL, (F)\(X,xGL,(Ap )/ K" T),Fg)@RFC(IgKSY%(n_T),IFg),

where K5GLr — GL,(Op ®; Z5) and similarly K5C20-n = Gon—r)(OF @z 75)
(satisfying K7y, = K%Clr x K5:G2m-n),

Note that the composition r3; o rp : TS — ']I‘% is the unnormalised Satake
transform. Using the decomposition M = Resp /g GL, XGy,— g, we find that there
are maximal ideals m; of the Hecke algebra for Resp,. /7 GL, and my of the Hecke
algebra for Gy(,_,) such that

RT(GL,.(F)\(X, x GL,(Ap )/ K3 Fy)m, # 0

and
RU(18"%s 0,y Fe)my # 0,

and mY maps into a maximal ideal containing m; ® my C Tps. Using [Schi5l
Corollary 5.4.3], the induction hypothesis, and Poincaré duality, we get the desired
Galois representation p,, associated to m.

If r < n, p, will be a direct sum of three representations: Note that the rep-
resentation from GL, will contribute two summands. If b is not ordinary, then
P = P, C G does not contribute a stratum to the Igusa variety (as there will be
no Igusa cusp labels where the rank of X is n), justifying the final statement.

Thus, we are left with the case that

¢ (8" Fo)m = H'(Ig" Fo)m

is an isomorphism. Possibly changing b, we can then ensure, using Proposition|2.8.4
and Corollary - 2.8.2 that these cohomology groups are concentrated in one degree.
Now Theorem [5.1.2] finishes the proof. O



GENERIC COHOMOLOGY OF NON-COMPACT UNITARY SHIMURA VARIETIES 85

REFERENCES

[ACC*18] P. Allen, F. Calegari, A. Caraiani, T. Gee, D. Helm, B. V. Le Hung, J. New-
ton, P. Scholze, R. Taylor, and J. Thorne, Potential automorphy over CM fields,
arXiv:1812.09999, 2018.

[And03] Y. André, Period mappings and differential equations. From C to Cp, MSJ Memoirs,
vol. 12, Mathematical Society of Japan, Tokyo, 2003, Téhoku-Hokkaidd lectures in
arithmetic geometry, With appendices by F. Kato and N. Tsuzuki.

[Art88a|  J. Arthur, The invariant trace formula. I. Local theory, J. Amer. Math. Soc. 1 (1988),

no. 2, 323-383.

[Art88b] , The invariant trace formula. II. Global theory, J. Amer. Math. Soc. 1 (1988),
no. 3, 501-554.

[Bad07] A. 1. Badulescu, Jacquet-Langlands et unitarisabilité, J. Inst. Math. Jussieu 6 (2007),
no. 3, 349-379.

[BG14] K. Buzzard and T. Gee, The conjectural connections between automorphic represen-

tations and Galois representations, Automorphic forms and Galois representations.
Proceedings of the 94th London Mathematical Society (LMS) — EPSRC Durham sym-
posium, Durham, UK, July 18-28, 2011. Volume 1, Cambridge: Cambridge University
Press, 2014, pp. 135-187 (English).

[Box15] G. Boxer, Torsion in the Coherent Cohomology of Shimura Varieties and Galois Rep-
resentations, arXiv:1507.05922, 2015.

[Boy19] P. Boyer, Sur la torsion dans la cohomologie des variétés de Shimura de Kottwitz-
Harris-Taylor, J. Inst. Math. Jussieu 18 (2019), no. 3, 499-517 (French).

[BS19] B. Bhatt and P. Scholze, Prisms and prismatic cohomology, arXiv:1905.08229, 2019.

[Car12] A. Caraiani, Local-global compatibility and the action of monodromy on nearby cycles,
Duke Math. J. 161 (2012), no. 12, 2311-2413.

[CG18] F. Calegari and D. Geraghty, Modularity lifting beyond the taylor-wiles method, Invent.
Math. 211 (2018), no. 1, 297-433.

[CGH*18] A. Caraiani, D. R. Gulotta, C.-Y. Hsu, C. Johansson, L. Mocz, E. Reinecke,
and S.-C. Shih, Shimura varieties at level ' _1(p>) and Galois representations,
arXiv:1804.00136, 2018.

[CH13]| G. Chenevier and M. Harris, Construction of automorphic Galois representations, II,
Camb. J. Math. 1 (2013), no. 1, 53-73.
[CS17] A. Caraijani and P. Scholze, On the generic part of the cohomology of compact unitary

Shimura varieties, Ann. of Math. (2) 186 (2017), no. 3, 649-766.

[Far15] L. Fargues, G-torseurs en théorie de Hodge p-adique, http://webusers.imj-
prg.fr/~laurent.fargues/Gtorseurs.pdf, 2015.

[Fra9sg| J. Franke, Harmonic analysis in weighted Lo-spaces, Ann. Sci. Ecole Norm. Sup. (4)
31 (1998), no. 2, 181-279.

[GK19] W. Goldring and J.-S. Koskivirta, Strata Hasse invariants, Hecke algebras and Galois
representations, Inventiones mathematicae 217 (2019), no. 3, 887-984.

[Ham15] P. Hamacher, The geometry of Newton strata in the reduction modulo p of Shimura
varieties of PEL type, Duke Math. J. 164 (2015), no. 15, 2809-2895.

[HLTT16] M. Harris, K.-W. Lan, R. Taylor, and J. Thorne, On the rigid cohomology of certain
Shimura varieties, Res. Math. Sci. 8 (2016), Paper No. 37, 308.

[How18] S. Howe, A unipotent circle action on p-adic modular forms, preprint, 2018.

[HTO01] M. Harris and R. Taylor, The geometry and cohomology of some simple Shimura vari-
eties, Annals of Mathematics Studies, vol. 151, Princeton University Press, Princeton,
NJ, 2001, With an appendix by Vladimir G. Berkovich.

[Hub96] R. Huber, Etale cohomology of rigid analytic varieties and adic spaces, Aspects of
Mathematics, E30, Friedr. Vieweg & Sohn, Braunschweig, 1996.

[11185] L. Illusie, Déformations de groupes de Barsotti-Tate (d’aprés A. Grothendieck),
Astérisque (1985), no. 127, 151-198, Seminar on arithmetic bundles: the Mordell
conjecture (Paris, 1983/84).

[11194] _, Autour du théoréme de monodromie locale, Astérisque (1994), no. 223, 9-57,
Périodes p-adiques (Bures-sur-Yvette, 1988).

[Kat81] N. Katz, Serre-Tate local moduli, Algebraic surfaces (Orsay, 1976-78), Lecture Notes
in Math., vol. 868, Springer, Berlin-New York, 1981, pp. 138-202.



86

[Kot84]
[Kot85)
[Kot92]
[Lab91]

[Lab99]

[Lan13]
[Lan16]
[LS18a]
[LS18b]

[Man04]

[Man05]

[MesT2]

[Mor10]
MW
[Nie15]
[NT16]
[Oor04]
[0Z02]
[Pin92]
[PS16]

[Rog92]

[RR96]

[Sch13]

[Sch15]

[Sch17]
[SGATO0]

ANA CARAIANI AND PETER SCHOLZE

R. E. Kottwitz, Stable trace formula: cuspidal tempered terms, Duke Math. J. 51
(1984), no. 3, 611-650.

, Isocrystals with additional structure, Compositio Math. 56 (1985), no. 2,
201-220.

, Points on some Shimura varieties over finite fields, J. Amer. Math. Soc. 5
(1992), no. 2, 373-444.

J.-P. Labesse, Pseudo-coefficients tres cuspidauz et K-théorie, Math. Ann. 291 (1991),
no. 4, 607-616.

, Cohomologie, stabilisation et changement de base, Astérisque (1999), no. 257,
vi+161, Appendix A by Laurent Clozel and Labesse, and Appendix B by Lawrence
Breen.

K.-W. Lan, Arithmetic compactifications of PEL-type Shimura varieties, Princeton,
NJ: Princeton University Press, 2013.

, Compactifications of PEL-type Shimura varieties in ramified characteristics,
Forum Math. Sigma 4 (2016), el, 98.

K.-W. Lan and B. Stroh, Compactifications of subschemes of integral models of
Shimura varieties, Forum Math. Sigma 6 (2018), 18, 105.

, Nearby cycles of automorphic étale sheaves, Compos. Math. 154 (2018), no. 1,

80-119.

E. Mantovan, On certain unitary group Shimura varieties, Astérisque (2004), no. 291,
201-331, Variétés de Shimura, espaces de Rapoport-Zink et correspondances de Lang-
lands locales.

, On the cohomology of certain PEL-type Shimura varieties, Duke Math. J.
129 (2005), no. 3, 573-610.

W. Messing, The crystals associated to Barsotti-Tate groups: with applications to
abelian schemes, Lecture Notes in Mathematics, Vol. 264, Springer-Verlag, Berlin-New
York, 1972.

S. Morel, On the cohomology of certain non-compact Shimura varieties, vol. 173,
Princeton, NJ: Princeton University Press, 2010.

C. Moeglin and J.-L. Waldspurger, Le spectre résiduel de GL(n), Ann. Sci. Ecole Norm.
Sup. (4) 22 (1989), no. 4, 605-674.

S. Nie, Fundamental elements of an affine Weyl group, Math. Ann. 362 (2015), no. 1-2,
485-499 (English).

J. Newton and J. A. Thorne, Torsion Galois representations over CM fields and Hecke
algebras in the derived category, Forum Math. Sigma 4 (2016), €21, 88.

F. Oort, Foliations in moduli spaces of abelian varieties, J. Amer. Math. Soc. 17
(2004), no. 2, 267296 (electronic).

F. Oort and T. Zink, Families of p-divisible groups with constant Newton polygon,
Doc. Math. 7 (2002), 183-201 (electronic).

R. Pink, On l-adic sheaves on Shimura varieties and their higher direct images in the
Baily-Borel compactification, Math. Ann. 292 (1992), no. 2, 197-240.

V. Pilloni and B. Stroh, Cohomologie cohérente et représentations Galoisiennes, Ann.
Math. Qué. 40 (2016), no. 1, 167-202.

J. Rogawski, Analytic expression for the number of points mod p, The zeta functions
of Picard modular surfaces. Based on lectures, delivered at a CRM workshop in the
spring of 1988, Montréal, Canada, Montréal: Centre de Recherches Mathématiques,
Université de Montréal, 1992, pp. 65—109.

M. Rapoport and M. Richartz, On the classification and specialization of F'-isocrystals
with additional structure, Compositio Math. 103 (1996), no. 2, 153-181.

P. Scholze, Perfectoid Spaces: A survey, Current developments in mathematics 2012.
Papers based on selected lectures given at the current development mathematics con-
ference, Harvard University, Cambridge, MA, USA, November 2012, Somerville, MA:
International Press, 2013, pp. 193-227.

, On torsion in the cohomology of locally symmetric varieties, Ann. Math. (2)
182 (2015), no. 3, 945-1066.

, Etale cohomology of diamonds, arXiv:1709.07343, 2017.

Schémas en groupes. II: Groupes de type multiplicatif, et structure des schémas en
groupes générauz, Séminaire de Géométrie Algébrique du Bois Marie 1962/64 (SGA




GENERIC COHOMOLOGY OF NON-COMPACT UNITARY SHIMURA VARIETIES 87

3). Dirigé par M. Demazure et A. Grothendieck. Lecture Notes in Mathematics, Vol.
152, Springer-Verlag, Berlin-New York, 1970.
[Shi09] S. W. Shin, Counting points on Igusa varieties, Duke Math. J. 146 (2009), no. 3,

509-568.

[Shi10] , A stable trace formula for Igusa varieties, J. Inst. Math. Jussieu 9 (2010),
no. 4, 847-895.

[Shil1] , Galois representations arising from some compact Shimura varieties, Ann. of
Math. (2) 173 (2011), no. 3, 1645-1741.

[Shi14] , On the cohomological base change for unitary similitude groups, Compos.
Math. 150 (2014), no. 2, 220-225, Appendix to Galois representations associated to
holomorphic limits of discrete series, by Wushi Goldring.

[Sta19] The Stacks Project Authors, Stacks Project, http://stacks.math.columbia.edu,
2019.

[SW13] P. Scholze and J. Weinstein, Moduli of p-divisible groups, Camb. J. Math. 1 (2013),
no. 2, 145-237.

[SW19] , Berkeley lectures on p-adic geometry, http://www.math.uni-bonn.de/

people/scholze/Berkeley.pdf}, 2019.

[Swa80]  R. G. Swan, On seminormality, J. Algebra 67 (1980), 210-229.

[Var14] 1. Varma, Local-global compatibility for regular algebraic cuspidal automorphic repre-
sentation when ¢ # p, ArXiv e-prints (2014).

[Wed99]  T. Wedhorn, Ordinariness in good reductions of Shimura varieties of PEL-type, Ann.
Sci. Ecole Norm. Sup. (4) 32 (1999), no. 5, 575-618.

|Zin01] T. Zink, On the slope filtration, Duke Math. J. 109 (2001), no. 1, 79-95.


http://stacks.math.columbia.edu
http://www.math.uni-bonn.de/people/scholze/Berkeley.pdf
http://www.math.uni-bonn.de/people/scholze/Berkeley.pdf

	1. Introduction
	2. Quasisplit unitary Shimura varieties
	2.1. Shimura varieties
	2.2. p-divisible groups
	2.3. Igusa varieties
	2.4. Serre–Tate theory
	2.5. Compactifications
	2.6. Perfectoid Shimura varieties
	2.7. The Hodge–Tate period morphism
	2.8. The main argument

	3. Compactifications of Igusa varieties
	3.1. Well-positioned subsets
	3.2. Partial toroidal compactifications of Igusa varieties
	3.3. Partial minimal compactifications of Igusa varieties

	4. The Hodge–Tate period morphism on compactifications
	4.1. Statements
	4.2. The Hodge–Tate period morphism on boundary strata
	4.3. Construction of the map
	4.4. The fibers of the toroidal compactification
	4.5. The fibers of the minimal compactification
	4.6. Semiperversity

	5. The cohomology of Igusa varieties and automorphic representations
	5.1. Statements
	5.2. Unitary groups and endoscopic triples
	5.3. A stable trace formula
	5.4. Base change and compatibility of transfers
	5.5. The twisted trace formula
	5.6. Construction of test functions
	5.7. Galois representations

	6. Boundary cohomology of Igusa varieties
	6.1. Statements
	6.2. Construction of the map
	6.3. Local computation
	6.4. Applications

	References

