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22
Take formal -combinations tun
Corr(2) = -algebra (commutatie !

To I associat tweoperator on

functions : for F : 2 -> DMs

[x(F)(x)= mall,(,N)F(X) .

Apply this to modular forms :



↳
Seh fer(t) ins Fg with

Fy(X/W,, wal) = w . f()
Them(Ff) = F2(f) · Zalflece -

Gel
Cow(2) -> End (Mr(4) .

Hecke operators-
3 steps :
· Correspondence
O action on cofficients
& linear operator



↳

Moderpoit of view : Let SK be
tower of moder carves,

Sy(k) = Gh(2))(X + 24(x])/(),
whl

X = PP()-(R) = I half plane
Ik open compact sulgp
.

= 4) X
i

mediontobeging if
= Ko =Als

Whole hower defined /Q
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Zet geG(A)) . Gelanche corresp . log
S

/ Kngg] g
Thy Y

Si #z S
Ik

(finte fibers) . Thigives 1 step.

step : Yet WR
, K

= line balle of
module forms of whk on SK.
Them

(wa)wa
Bal i finde + flatwas brace map

k

MT(wm) - Wa



↳

equivaletly , usingabaording pullback,
have identification
h (Wel -> (a) -i 10m)

-

-ohomologicalHeck corresp . (Sim- (Ska

=

5 step : Chom
. corr

.

induces liva

map on coho

Tg : H"(SK,m) - H
"

Sp , wa ?

Leckeoperator
.

Remark : H"(SKI) can be infinite-di.

Replace by Hi(51 , we) .



E

By liner extension get homo of algebras

IG())/1) - End (H
"

(514,2).
Remak : Let R 1

.

Then H" = 0 fariso

Any ell . of Mr (M) has fanie
Let

g
= (1
, -., (41) , 1

...
)
.

Them

Tplanq=pa
Nole : Not optimal !



(8
Shimma varieties-Gal Let ( , X) =

Shimma datum Im EC & riffefild

S = G(Q))X x 2())/k
I

Istep : Define grom .
Hecke corresp- So

go GlAg) : clear

&Step : Replace Op by any auto-

morphic of. N , get

()= (X)= (X)
.

step : Gel
a C(G(f) , 1) - End (H

*

(Sin ,Mill
i = 0, ..., d.



&

Problem : Fix p, . Let
E = Er , C = Kop , K = K Ko

,

where Ko <CCRp)special . The
lave Sko smooth model of Sp/E
2 natural ob extending NIK.g

Question : Does a extend to

a : 2(GKy) , 4) - End(R4/5
Note : ((G(A) , () = 2/2(]),)

H(GRp), Kol

Toblemsphil up in 3 parts :
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Istep : Extend roof integrally
Sky

Sko SKo
Cannot be done in naive way: have

good integral models only for K= KPK,
where KcG(Qp) parahoric

Step : Lift to colo
. correspondence

of Vo.

&step : Deduce estimate on predic
absolute values ofrigevales of Hecke

operators on H"(Si
, MK) .



#

Explanation : Zel

HiHG he-lathi
stable under Kp-algebra H .

Let

X : 2 -+ Ep
eighvalue o .

in H. Then X

factors through Ep and fence

(x(2))[1
,
Fhell .

#twkidof lathie e(5,
· If X = 100

,
then

H : (5
14 ,
H + H

:
(5k,4) ·

(Vincl Latforgue , Fakhruddin - Pillowi)



32Ther basis of spherich Heckeal
Notation : 2/Qp , Ko , AcTaB

2 (G
, Ko) has minimal system of genratos

[TX 1 X indecomposable in Xx(A)
*

Y.

If 2 adjoid, then X indecomposable
iff X = w , fundamental cowright,

and= (Tw, .. ,Tor] polynomia
algebra

Theor : Fir Jwalori Ic Ko .
There

er another minimal system of generates
<Ax / X . as before 3



2k = K
.

Le

st. An of form
7

Ax =Akiki-Kkr ·Tel

where Ko
,
K
, ..., Kr sta

.
maximal parah.

Furthermore
,
the base change matrix from

Th to Ay is upper briangular.

If I classical gp ,
then v= 1 or 2.

Example : Let G = Sp(V,<, 3) . Fir
maximal selfdual periodic lattice chaim

Nm-Amped - - . co =Noc
Then atormic basis given by
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Ai = Kok· Kiko Ki-Stati

Iadjoit group : the same
, exapt

replace Am by
Am = 14 km · Telm

I win minuscule fundamental conight).

Geometric Hecke corresp . assoc . To Ai
-

is
< Y
D SkoiSkoix Y

Sko Ski Sko
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point : this diagram extendes

integrally to 5
- ↓

S SoiS



16

·3homological integralHeckecomsa
Eacht : Let f : X -> X morph.

of O-schemes of f .t .. Ansue X . Y

are smooth /O of same dinhision. Then

natural
mapIfundamental class of fl
8x - f

!
(0y) .

Construction : reach sequence

Rysy



fet de(df):y,000x
herre

0-by f(8y)
(Grothendiec drahtig)

Remark : Extends to case where X
, Y regular

EC : Yet f : X - X or 0.

Assume UcX and VC Y opens will

U
,
V regular of same dimension

,
with

f(U) - V, and UcXge.
Also assume Y Colen-Macaulay

.
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Them Op -f(8y)/n extende

uniquely to 8x -> f
: (0y).

I uses lemma of Blatt) .

Can apply this 1 Sp + S :

· all integral models are CM

eh
· er UKSK complement
of all

norebene-Rape
Strate in
-

- nach smooth/Or (E smooth

locus ? (
- uni



Hence get OSp+ /OS) .

Es

Apply to atomic generator
Ax =&KKi-T

get colom . correspondence

(3 ,
07 +1,0..1

13
Obtain linear operator
Axx = R4(S , 0) - R4/814,0
as composition.



↳0

jecture : (1) Ax
,
only depends on X

( not on atomic presentation) .

(i) These endomorphisms commute and

define 2 (2 , K0) - End (RT(3,,
fül Ax

, optimal , i . e . not dionible
by p .

Tearn : The composed cohomological
correspondence
(Sk ,

0) -> (K ,0
is optimal.



↳

54on-bional cofficients (G classical

El antom
.
26

.

I
corresp . So wireduc.

spin of M = M oor E : hance
u

have Ke X
*

(+)
+M

.
Consider

atomic generatorAAKiTei
Then have "natural integral extensions"

T of XK wesp . Ve of MK:S
plus natural maps
(5)- ),
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Compose with fundamental clas
(0)-(:
(0)- ((0) = (0)
Get cohom . correspondences

(3( ,8) + 14, ) - 18.100).
Projectedtheorem : Consider composed coh

correspondence (SK ,
V) - (SK

Let a (k) = (+0)2-dom
. infint

Set

ei(k) = <Xi , u(k) -a) +(xi , B()



↳3

Here B(k) = pos · Anw coub- of simple
roots
, heuce error term ?,0

Then above coho
. corresp ,

is divisible

by pli)
Nole : If K+Q regaler, or if X: minuscale,

them B (k) =0 Class case leads to

conjecture of Fakhruddin-Pillomi).


