®-MODULES AND COEFFICIENT SPACES

G. PAPPAS AND M. RAPOPORT

INTRODUCTION

This paper is inspired by Kisin’s article [Kil], in which he studies deformations of Galois
representations of a local p-adic field which are defined by finite flat group schemes. The
result of Kisin most relevant to our paper is his construction of a kind of resolution of the
formal deformation space of the given Galois representation, by constructing a scheme which
classifies all finite flat group schemes giving rise to the deformed Galois representation. Our
purpose here is to globalize Kisin’s construction.

Let K be a finite extension of Q,, with residue field k. Let Ky be the maximal unramified
extension of @, contained in K. Then Kj is the fraction field of the ring of Witt vectors
W = W(k). Let m be a uniformizer of K and E(u) € Wlu| the Eisenstein polynomial
that 7 satisfies. Let G = Gal(K/K) be the absolute Galois group of K. Set & for the
ring of formal power series W[[u]]. Let ¢ : & — & be such that ¢|W is the Frobenius
automorphism and with ¢(u) = u?.

Kisin’s construction is based on the existence of a fully faithful exact functor from a
suitable category of G-modules M equipped with a ¢-linear endomorphism & to the category
of finite flat (commutative) group schemes of p-power rank over Spec (O ). This in turn
was inspired by work of Breuil [Br] who gave a similar but more complicated description
of such group schemes. A variant of this functor also works with coefficients: if R is a Z,-
algebra with finitely many elements, then there is a similar functor from a suitable category
of & @z, R-modules M with ¢-linear endomorphism ® to the category of finite flat group
schemes of p-power rank with R-action over Spec O

Let K+ /K be the extension obtained by adjoining a compatible system of p"-power
roots of m, and let G = Gal(K/K) be its absolute Galois group. Let Og be the p-adic
completion of &[1/u], a complete discrete valuation ring, with uniformizer p and residue field
k((uw)) = k[[u]][1/u]. Then there exists an equivalence of categories between the category
of finitely generated Og-modules M equipped with an isomorphism ® : ¢*(M) — M and
the category of continuous representations of G in Z,-modules, and this is compatible
with the previous functor via the restriction functor from G g-representations to Gg_ -
representations. Again there is also a variant for representations with values in a finite
coefficient Z,-algebra R.
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Our basic idea in this paper is to formally forget about Galois representations and finite
flat group schemes and simply consider the modules themselves, without any finiteness
conditions on R. More precisely, for any Z,-algebra R set Ry = W ®z, R and extend the
endomorphism ¢ of W((u)) = W{[u]][1/u] to Rw((u)) = W ((u))&z,R by the identity on
the second factor. We define the fpqc-stack C4 ik by giving its values on Z,-algebras R as
the groupoid of pairs (9, @), where 9 is a finitely generated Ry [[u]]-module which is free
of rank d locally fpqc on Spec R and where

O 2 ¢*M[1/u] > M1 /0]

is an isomorphism of Ry ((u))-modules such that E(u)9 C ®(¢*M) C M.

We also introduce the fpqc-stack R4 with values in a Z,-algebra R the groupoid of pairs
(M, ®), where M is a finitely generated Ry ((u))-module which is locally fpqc on Spec R
free of rank d as Ry ((u))-module, and where ® : ¢*(M) = M.

There is an obvious morphism

0:Cax — Ra

sending (9, @) to (M[1/ul, P).
Our main results concern the algebraicity of the previous construction. Let C4 i be the
p-adic completion of the stack Cq x, i.e. its restriction to p-nilpotent Z,-algebras. Then

Cox = hi)na Cd, Kk XSpecz, Spec Z/p"Z .

Our main result shows that this presents é\d, k as an inductive 2-limit of Artin stacks of
finite type over SpecZ/p®Z. Furthermore, the singularities of Cyq x are modeled by local
models.

Theorem 0.1. (i) For each a, the stack Cqx Xspecz, SpecZ/p*Z on Z/p*Z-algebras is
representable by an Artin stack Cg’K of finite type over SpecZ/p®Z. The inductive limit

hLQa CiK is the formal p-adic completion é\dJ( of Cq k-

(ii) There is a “local model” diagram

Cde Md,K )

in which 7 is a principal homogeneous space under the positive loop group LTG of G =
ResW/Zp(GLd) completed along its special fiber, and in which ¢ is formally smooth. Here
Mgk is the projective Zy-scheme parametrizing all O ®z, Og-submodules of (O @z, 0Og)?
which are locally direct summands as Og-modules, and ]\//Td,K denotes its completion along
the special fiber.
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(iii) For each a, set RS = Rq Xspecz, Spec Z/p*Z. The morphism 6 : Cax — Ry given by
reducing 6 modulo p*Z is representable and proper; hence 0 : Cq g — Rq is an inductive
limit of representable and proper morphisms.

The fibers of 6 over a finite field F are interesting projective subvarieties of the affine
Grassmannian of the group G = Resyy;z, (G Lq), which we call Kisin varieties. More pre-
cisely, we define variants of Cq g and My g depending on a co-character p of G and define
Kisin varieties associated to (G, A, u), where A € G(F((u))) defines the given F-valued
point in Ry4. They are the analogues, for the kind of Frobenius involved here, of the affine
Deligne-Lusztig varieties appearing in the isocrystal context, cf., eg. [GHKR]. The study of
these varieties was begun by Kisin in [Kil], in the case d = 2 and W = Z,,. In a companion
paper to ours, E. Hellmann extends Kisin’s results (again for d = 2 and W = Z,). In
Hellmann’s paper, one of the main tools is the Bruhat-Tits building of GLy. We show here
how the Bruhat-Tits building can be used in general to gain a qualitative overview of Kisin
varieties.

The other extreme to the fiber over F of CAd, K is its fiber over Q,. Here we construct a
kind of period map of stacks over the category of adic formal schemes locally of finite type
over Spf(Zy),

TI(X) : Cy (X)) — Dy (X8

where Dy i is the stack over the category of rigid-analytic spaces over QQ, parametrizing
filtered ®-modules (both the filtration and ® vary!). To determine the image of the period
map seems one of the major challenges in the theory. We conjecture that the image should
be given somewhat analogously to Hartl’s admissible set in [Ha].

As is apparent from the above, the theory developed here bears many similarities to
the theory of period spaces for p-divisible groups in [RZ], but there are also substantial
differences. The stack CAd, K 1s analogous to one of the period spaces of p-divisible groups in
[RZ], but unlike these it is adic over Spec (Z,) (p generates an ideal of definition); the local
model diagram looks formally just like the corresponding one in [RZ]; Kisin varieties are
the analogues of affine Deligne-Lusztig varieties, and the stack ®g4 g plays a role similar to
the Grassmannian containing the period space of [RZ]. In [RZ], the base scheme of the p-
divisible groups is variable; here the base scheme Spec (Ok) is constant, but the coefficients
are variable.

We now explain the lay-out of the paper. In section 1 we explain by analogy on the
classical theory of unit root crystals the spaces/stacks we encounter. In section 2 we prove
our main technical result, which states that the stack Cq, which associates to Z,-algebras
R the groupoid of locally free Ryy[[u]]-modules of rank d with ®-module structure, can be
presented as an inductive limit of Artin stacks of finite type over Z,. In section 3 we fix the
local field as above and prove the main theorem stated above. In section 4 we indicate the
relation to the deformation spaces of Galois representations which is at the origin of Kisin’s
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theory. In section 5 we construct and discuss the period morphism. In the final section 6
we discuss Kisin varieties and their analysis through Bruhat-Tits buildings.

We thank X. Caruso, E. Hellmann, M. Kisin, R. Kottwitz, A. Lytchak, J. Stix and E.
Viehmann for helpful discussions.

1. MOTIVATION: UNIT CRYSTALS AND (GALOIS REPRESENTATIONS

l.a. Unit root crystals. Let k£ be a finite field of characteristic p > 0; for simplicity, we
will assume that & = [F,. Let X a variety over k. Denote by ¢ : X — X the Frobenius
¢(a) = aP for a € Ox. Suppose that S is a k-scheme, and let ¢pg = ¢ xidg : X xS — X x S.
Consider pairs (M, F') consisting of a locally free Ox « s-coherent sheaf M of rank d on X x S

and an isomorphism

As S varies, these pairs form an fpqc stack F M;lf’et over Speck. In fact, Mf(’et is an Artin

stack locally of finite type over k. Indeed, let Fib% Ik be the Artin stack locally of finite type

over k, whose values in a k-scheme S is the groupoid of locally free Ox «g-modules of rank
——d

d, and let Fibx;, be the GLg-torsor over Fz'bgl(/k, consisting of a locally free Ox « g-modules

M of rank d and a basis ¢ : M = (’)gl(X g- Then there is an action of GL4 on the product

g: (Malva)H(Mvgil'%gil’A‘(b(g)) .

—d
This presents FM)d(’et as a quotient of Fiby , x GLg4 by GLg, and hence FM;I(’et is an Artin
stack locally of finite type, as claimed.

Suppose S = Spec (A) with |A| < co. Then by Katz [Ka], 4.1, cf. also [E-K], there
is a bijective correspondence between pairs (M, F') over Spec (A) and étale sheaves of A-
modules on X. In the case A = F,, this correspondence is obtained via push-out from the
injection GL4(IF,) — GLgq which induces an equivalence of categories between the category
of GL4(Fp)-torsors on X (for the étale topology) and the category of GLg4-torsors P on X
with an isomorphism ¢*(P) = P.

We want to think of F M;l(’et as a “coefficient space” for p-torsion representations of
m1(X,7n). However, it seems that global questions on these spaces (i.e., when S is not a
local Artin ring) have not been studied much in the literature. For instance, are there
non-constant morphisms of projective k-schemes into F M;l(’d? What is the dimension of
F M;lget? Etc. The only result we are aware of is Laszlo’s construction [La] of a projective
curve X of genus 2 over the field with 2 elements, a projective curve S over a finite extension
k' of F5 and a locally free coherent Ox ys-module M of arbitrary rank with an isomorphism

F:(43)'M = M.
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1.b. Variants. We mention here some variants of the above theory. Let G be a reductive
group over [F,. Then we can consider the fpqgc stack FM)((;’Et of pairs (P, F), where P is
a G-torsor on X x S and where F' : ¢%(P) = P. For G = GLg, we recover the stack
considered above.

We may also consider “meromorphic Frobenius structures”, as follows. Assuming X to
be irreducible, with generic point 7(X), consider the fpqc stack F M}i( of pairs (M, F') with
M a locally free Ox «g-coherent sheaf of rank d on X x S and

F:pgM —M

a homomorphism such that Fj;x)xs is an isomorphism.

One may also control the degeneracy of the meromorphic Frobenius structure. For in-
stance, let X be a curve. Then we may consider triples (M, F,z) with (M, F) in FM% and
x : S — X such that Coker(F') is supported on the graph I';, C X x S and is annihilated
by the power of the ideal sheaf I for some fixed e > 1. Denoting the corresponding stack
by F M)d(’ ., there is a morphism (the ”pole morphism”),

p: FM%, — X

Similarly we can obtain a construction that resembles shtuka, but the Frobenius is “on
the other factor”. Namely, assume that X is a curve as before. Consider (M, M', F, F', z,y)
with M, M’ locally free Ox«s-coherent sheaves of rank d on X x S and homomorphisms

gsM L Em
such that Coker(F), resp. Coker(F') is supported on the graph of = : S — X, resp.
y: S — X. Again we can ask that Coker(F), resp. Coker(F’) , satisfy some additional
property.
Another variant is obtained by replacing the variety X by the spectrum of the completed
local ring at a closed point, or by its fraction field.

All these “spaces” /stacks seem interesting geometric objects.

2. SPACES OF KISIN-BREUIL MODULES

Fix a finite field k of characteristic p and denote by ¢(a) = a? the Frobenius automor-
phism of k. We will denote by W = W (k) the ring of Witt vectors of k and by ¢ : W — W
the unique lifting of Frobenius.

Let R be a commutative Zjy-algebra and set Ry = W ®z R. We extend ¢ in a R-linear
way to Ry and denote this extension also by ¢. We also denote by ¢ the endomorphism ¢
of Ry ((u)) = W((u))®zR given by

gb(z aiui) = Z <Z>(ai)upi .
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2.a. We define now various stacks of modules with Frobenius structure.

Let us consider the stack Cq4 such that C4(R) is the groupoid of Ry [[u]]-®-modules (9, ®):
These are by definition pairs of a Ryy|[[u]]-module 9 which is locally on R (for the fpqc
topology) Ry [[u]]-free of rank d and a Ry ((u))-module isomorphism

@ : ¢*M[1/u] = Rw (1) @4, Ry [ju)) P — M[1/u] = R () @Ry ug) M -
It is easy to see that C; is a stack for the fpqc topology.

Next, consider the stack R4 which is such that R4(R) is the groupoid of pairs (M, @) of
Ry ((u))-modules M which are fpqc locally on R free of rank d, together with a Ry ((u))-

linear isomomorphism
@ : ¢* M := Ry ((u)) @ gy () M — M .
Again it is easy to see that R4 gives a stack for the fpqc topology. Write
0:Ci— Ra; (M) — (M[1/u],®)
for the forgetful morphism.

Fix an integer m > 0. Let us consider the stack C,, 4 such that C,, 4(R) is the groupoid
of Ry [[u]]-®-modules (90, @) as above that satisfy the additional hypothesis

(2.1) u" M C P(PTM) Cu” "M
Once again, Cy, 4 gives a stack for the fpqc topology. The natural morphism C,, 4 — Cq is
a representable closed immersion.
If d is fixed we will often write C, R, C,, instead of Cy, R4 and Cp, 4.
2.b. For simplicity, we will set G = Resyy/z, GLg. Set
LG(R) := GLa(Rw((u))) ,
L*G(R) := GL4y(Rw/[[u]]) ,
LG="(R) := {A € GLa(Rw((w)) | A, A™" € u™™My(Rw|[[u]]) } .
Hence LTG = LG=". Note that the functor
R — LG=™(R)

is represented by a scheme LG=" (which is infinite dimensional). Let (9, ®) € C,,(R)
such that 9 is a free Ry [[u]]-module. By picking a Ryy|[[u]]-basis of 9, we can write ®
as multiplication by A € LG="(R). Changing the basis by g € GLy(Rw|[[u]]) amounts to
changing A to g=' - A - ¢(g). Therefore, we can write

(2.2) Ca = [LGS™ /4 LG

where the quotient /4 is via the right action of LTG(R) = GL4(Rw|[u]]) by ¢-conjugation
by Axg=g"" A ¢(g).



Similarly, we can write
(2.3) Ca=I[LG/s LTG], R4=|[LG/sLG).
In fact, we can consider the fpqc stack C; defined as follows: C~d(R) is the groupoid of pairs
(M, @), ) of Ryy[[u]]-P-modules (I, @) together with an Ryy[[u]]-module isomorphism
o : Ry [[u]]? = m.

The stack C, is represented by the ind-scheme LG and the forgetful morphism

T C~d —Cyq
is a Lt G-torsor.
2.b.1. Denote by Fg = LG/L*G the affine Grassmannian of Ry [[u]]-“lattices” in Ry ((u))?.
(Here by Ry [[u]]-lattice we mean a locally on R free Ryy[[u]]-submodule L of Ry ((u))¢ such
that L ®p( R((w)) = Rw((u))%) The fpqe quotient Fg = LG/LTG is represented by
an ind-scheme which is ind-projective over Z,. For m > 0, let fém be the projective
subscheme of F¢ parametrizing Ry [[u]]-lattices L

u™ Ry [[u]]¢ € L € u ™Ry [[u]]®.

(This is a finite union of Schubert varieties in the affine Grassmannian.) Set Uy(R) =
LTG(R) = GL4(Rw|[u]]) and define for n > 1 the principal congruence subgroup U, of
level n by U, (R) = I +u™ - My(Ry[[u]]). The subgroup scheme U, is normal in L*TG and
the quotient LTG /U, is represented by the smooth finite type group scheme G,, given by
the Weil restriction of GLg from W{[u]]/(u") to Z, (so that G, (R) = GL4(Rw|[[u]]/(u")).
Note that under the action of LTG on fém the subgroup Usy, acts trivially, and hence the
action factors through Go,,.

Theorem 2.1. a) For m > 1, C,, = [LG=™/4LTG] is an Artin stack of finite type over
L. We can write C as a direct 2-limit

C =1limC,,

m
and so C is an “ind-Artin stack of ind-finite type over Zy,”.
b) There is a formally smooth morphism

q:C— [LTG\Fg] = [LTG\LG/L*G] .
In fact, q is given as the limit of formally smooth morphisms
Gm 2 Cm — [LTG\F5™ = [LYG\LG="/L* @] .

The composition of qny, with the natural morphism [L+G\.7:§m] — [ggm\fém] is a smooth
morphism of Artin stacks of finite type,

The relative dimension of G is equal to 2md?.
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Proof. The group LG(R) is a topological group with topology described by the neighbor-
hoods U, of the identity I = I;. We have

LG(R) = | J LG=™(R) .
m>0

Suppose now that A is in LG="(R). For any integer n > 0 and for all A’ in the neighborhood
(coset)

{A|A-AeU,(R)} =Un(R) A
of A, we have A’ € LG=™(R) also.

Proposition 2.2. Suppose n > 2m/(p — 1).

1) For each g € U,(R), A € LGS™(R), we can write g~' - A - ¢(g) = H™' - A with a
unique H = H(g, A) € Up(R).

2) Conversely, for each A € LGS™(R) and h € U, (R), there is a unique g € U,(R) such
that Axg=g ' -A-¢p(g)=h"1 A1

Proof. Let us first prove (1). Write g=! = I + u"X with X € My(Rw|[[u]]). Then ¢(g) =
I +uP"Y, with Y € My(Rw|[u]]). Now
g A9 AT =T Hu"X) A (T +uPY)- A7 =
=T +u"X) (I +uP"AY A™Y).
Observe that AY A~! € u=2™My(Rw[[u]]) and pn — 2m > n. Hence, for
H'=(T+u"X) - (I+uP"AY A

we obtain g- A-¢(g)~! = H~'- A. The element H is uniquely determined from g and A by
g-A-glg)t=H1 A

The statement (2) is little trickier. First we show that if such a g exists it is uniquely
determined by h and A. It is enough to assume g - A - ¢(g)~! = A with g € U,(R) and
A € LG="™(R) and show g = 1. Write g = I +u"X, ¢(g) = I +uP"¢(X). We have

I+u"X)- A=A -(I+u""p(X))
which gives
WX - A=u"A- $(X) |
ie.,
Xo+ Xiu+ Xou® + - =uP" DA (Xg + X0 + Xou® + - )A7!
Note that A- X;- A~! € u=2™My(R[[u]]). Since (p—1)n —2m > 0, we obtain Xy = 0 which

implies g € U, 4+1(R). An induction finishes the proof of uniqueness.

IThe fact that two elements A and A’ in GLa(F,((u))) which are u-adically close, are ¢-conjugate is also

used by Caruso in [Ca]. The analogous fact for classical Dieudonné modules is also true.
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Now we will show that such a g exists. Let A’ = h™tA. Set Ag = A, hg = h and define
h; and A; inductively by
(2.4) Ai=hit - Aisy - d(hir), A =ht- A
Set k(i) := p'n —2(1 +p+ --- + p"~1)m with x(0) = n. Note that under our assumption

n > 2m/(p — 1), the function (7) strictly increases with ¢ > 0.
The existence of g will now follow from

Lemma 2.3. 1) We have h; € Uy, ;) (R) and so lim; .o h; = I.
2) Let g; = Hé‘:o hj. Then the limit g = lim; .o g; exists and belongs to Uy (R).

Proof. We will prove (1) by induction. It is true by our hypothesis when ¢ = 0. The
equalities (2.4) imply
hi=A"-¢(hi_y) - AL
By the induction hypothesis h;—1 € Uy(;—1)(RR) so
O(him1) = I+ ¢u T X) = I+ uPTHg(X)
with X € My(Rw|[[u]]). Since A’ € LG=™(R), we have
A p(X) - A1 e u P My(Ryy [[u]),
and so
hi= A" ¢(hiy) - A7 = T uprlizh=2my
with Y € My(Rw/([[u]]). Since (i) = p- k(i — 1) — 2m this completes the proof of (1). Part
(2) now follows immediately since from part (1)

with X; € My(Rw|[u]]) and ¢ — k(i) is strictly increasing. O
Now h; 'A; = g; - A-¢(gi—_1), hence passing to the limit, we obtain g~'- A-¢(g) = A’ =
h=1. A as desired. O

Remark 2.4. Let M be a R((u))-module and let R — R’ be a flat extension such that
M' = M&pR' ~ R'((u))?. The module M has a natural topology as a Tate R-module
(see [Dr]). The R-lattices of M (i.e R-modules L which are open and such that L/U is
finitely generated for every open submodule U C L) give a basis of open neighborhoods of
0. Multiplication by u on M is topologically nilpotent; i.e given any two R-lattices L, L',
there is N > 0 such that v - L C L'.

Then Gy := Autp((u)) (M) has a natural structure of a topological group. To obtain a
basis of neighborhoods of the identity I we take a lattice L and for n >> 0 we consider

Un(L)={9€Gm | g(L)C L, g =1modu"L}.

We can then show:
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Given two isomorphisms A, A’ : $* M = M, there exists an open neighborhood U of the
identity in the topological group Gy such that if A'- A= € U then A, A’ are ¢-conjugate
by a uniquely determined element of G.

The argument is similar as above: Suppose that A : ¢*M — M is an R((u))-isomorphism
and for h € Gy define hg = h and inductively

hi=A-¢*(hi—1)- AL,

The result follows from the statement: There is an open neighborhood U of I such that
for h € U, we have lim;_oo h; = I and the limit & = lim; Hogjgi h; exists. Indeed,
the arguments above show that this is true when M is a free R((u))-module. In general,
let R — R’ be a flat homomorphism such that M’ = M&gpR' ~ R'((u))?. Consider
hi=h;®1 € Gy and let L be a lattice in M. Then L' = L&gR’ is a lattice in M’. By the
above, there is n such that when h € U, (L) (and hence b’ = h® 1 € U,(L')) we have

(hi(z) —2) @1 = hi(z') — 2’ € "L
for a strictly increasing sequence £(i). Since u*®) L/ N M = u*" L this shows the result.

We now continue with the proof of Theorem 2.1 (a). Recall
Cm = [LG="/4 LTG]

Let n > 2m/(p — 1). Recall the normal subgroup U, of L*G and its smooth finite
type quotient G,,. Consider the quotient stack [LG=™/, U,]. Proposition 2.2 implies that
[LG="/, U,] coincides with the quotient X, nggl := [LG="/U,] by the free translation action
of U, on LG=™. The quotient X 5;” is represented by a scheme of finite type over Z,. This
can be seen as follows.

Recall that the quotient X(()TZ) = [LG="/L*@] is represented by the closed subscheme
fém of the affine Grassmannian F; = LG/LTG that parametrizes lattices L such that
u™Lo C L C u™Lg, where Ly = Ry[[u]]?. The natural map

P XS X = 7
is represented by the G,-torsor that parametrizes pairs (L, «) where L is a lattice as above

and « : Lo/u™Ly — L/u"L is an Ry [[u]]/(u™)-isomorphism.

Combining the above, we now see that
(2.5) Com 2 (X277 /6 Gn)

where the quotient is for the action of the smooth group scheme G,, on X 52” which is induced
by ¢-conjugation. This (right) action of G,, on X RSZL can be explicitly described as follows:
Let v € G,(R) which we can lift to g € LTG(R) = GL4(Rw/|[u]]) and consider the point
x=(L,a) € Xi;”(R) given through the matrix A by L = Lo+ A, a = A mod u”. (Here the

elements of Ly are viewed as row vectors.) Then =+~ is the point of Xnggn that corresponds
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to the matrix g=! - A - ¢(g) € LGS™(R). Observe that if n’ > n > 2m/(p — 1), the natural
morphism Xf,”; — X Egl induces an isomorphism

(2.6) (X570l Gl = (X33 /6 Gn ]

It follows from (2.5) and the above that C,, is an algebraic (Artin) stack of finite type over
Z,, of dimension equal to the dimension of the scheme fém. It is clear that we can represent
C as the 2-limit of the algebraic stacks C,, and so the rest of (a) follows.

For part (b) observe that the quotient description of C,,, implies the existence of

Gm : Cm = [LGS™ )y LYG] — [LYG\FE™] = [F5™ /LG

(here in the last quotient ¢ € L*G acts by L-g = g 'L). This descends the quotient
morphism
LG=™ — LG="/LTG = F§™ .
Now for n > 2m, U, acts trivially on fém and the action of L*G on fém factors through
the quotient G,,. Hence composing ¢, with the quotient morphism by U,, we obtain a
morphism ¢, : Cp, — []:ém/gn] When n > 2m/(p — 1), the morphism ¢}, is given by
taking the quotient
(X' /6 Gl = [FE™/Gn)

of the smooth torsor X f;” — fém and hence is smooth. It follows that g, itself is formally
smooth. Also the morphism g, of the statement of part (b), which is given as a composition
of ¢, with [F5"/Gn] — [F5™/Gam), is also smooth. A straightforward dimension count
now gives that the relative dimension of g, is equal to the (relative) dimension of Gy, over
Zy; this is equal to 2md?. ]

2.c. We consider now some properties of R, 6., : C;, — R and 6 : C — R. Recall that, for
each Ry ((u))-module M which is fpqc locally on S = Spec (R) free of rank d, we have the
(twisted) affine Grassmannian Gry; — S whose A-points for an R-algebra A are given by
Ay [[u]]-lattices 9 of M4 = M&grA. By [Dr] (Theorem 3.8 and Remark (b) below it), Gryy
is represented by an ind-algebraic space which is ind-proper and of ind-finite presentation
over S.

Theorem 2.5. a) For each S = Spec (R) — R which corresponds to a Ry ((u))-®-module
(M, ®), the fiber products

HXRSZCXRS—MS, QmXRSZCmXRS—MS’,

are represented by the (twisted) affine Grassmannian Gryy — S, resp. by a proper algebraic
subspace of Gryr — S.
b) The diagonal morphism 0 : R — R xz, R is representable and of finite presentation.

Corollary 2.6. a) 0 : C — R is ind-representable and ind-proper.
b) 0, : Cpy — R is representable, proper and of finite presentation.
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Proof. Part (a). The first part of the statement regarding 6 xg S : C xg S — S follows
from the definition. Note here that we do not necessarily know that M contains a free
Ry [[u]]-lattice. However, there is a flat base change R — R’ such that M’ = M&gzR’
is Ry ((u))-free. Then there is a (free) Ry, [[u]]-lattice M, in M’. We will now show the
second part of the statement. Let § be the smallest integer for which

(2.7) WM C B(P*MY) C u oMY,
Set S’ = Spec(R') with R’ as above. Suppose T' = Spec(A) is an S-scheme and set

A'=A@rR,T =T xg S = Spec(A’). Let M be an A}y, [[u]]-®-lattice in M@pA’ that
corresponds to an object of (Cp, xg S')(T”). For simplicity, set 9 , = M@ p' A’. Then

(2.8) u"IM C D(*M) Cu "M, VMG 4 C M Cuw VMY 4,

for some N > 0 (we can suppose that N is the smallest integer with this property). Applying

® to the second chain of inclusions (2.8) gives
uPN (MG 4) C B(6™M) C u PV D(¢* MG 4)
and pN is the smallest integer with this property. On the other hand, we have
(™M) Cu "M C u” VMG 4 CuT N TOD (P, ), and
w"TNEOD (@MY 4) C w4 C uIN C B(GTM).
Combining these gives
uN D (GG 4) C B(P*M) C u N TTOB(SUMY 4).

This implies that pN < N +m+4,i.e N < (m+0)/(p—1), and so

[mtd]

_[m+S
ulv=tlomy , coom < w Bty .

(This is essentially the same argument as in [Kil] Prop. 2.1.7.) By the above, and the
definition [Dr] of the ind-structure on Gr)y, this implies that C,,, xx S’ is represented by a
proper S’-scheme; therefore, by descent, C,, X S is an S-proper algebraic space.

Part (b). Suppose that M, N are two Ry ((u))-®-modules of rank d. Consider the

functor on R-algebras
A Isomp (M, N)(A) := Isomg 4y, ((u))(Ma, Na),

where for simplicity we write My = M®pA, Ny = N®rA. We will show that this is
representable by a scheme of finite presentation over R. This implies then the statement
in (b). Using the existence of Ry-lattices in both M and N ([Dr|, see Remark 2.4), we
can see that the functor that sends R to the Ry ((u))-linear isomorphisms M — N is
represented by an ind-scheme. It is not hard to see that Isomg (M, N) is represented by
a ind-closed ind-subscheme of this ind-scheme. To show that this is actually a scheme of
finite presentation we can employ an fpqc base change R — R’ and assume that M’ = Mg/,
N’ = Npg are given by A, B € LG(R'). By the definitions, the additional condition on the
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Ry ((w))-linear isomorphism M’ — N’ given by g € GL4(Ry;,((u))) that guarantees that it
respects @ is

A=g ' B ¢(g), orequivalently,

(2.9 g=B o(g) AL,

Suppose that A and B are in LGS™(R'), LG="(R') respectively. Assume that g is in
LG=*(R') and s = s(g) is the smallest integer with that property. Then ¢(g) belongs to
LG=P*(R') and we can see that ps is the smallest integer with this property. The identities
above now imply that ¢(g) is in LG=5T™"(R'). Therefore ps < s+ m + n which gives

m-+n

2.10 < .
(210) s< T
Let us write out (2.9) explicitly
(2.11) Z giu :B-(Z giuPt) - A1 = Z Pt (B -gi- A7)

1>—38 i>—s i>—s
with g; € My(R’). Now consider the matrix identity obtained by comparing the u® terms
of both sides of (2.11) for a > (m +n)/(p — 1). We see that this has the form
(2.12) ga=Y _ Bi-gi- A}

1,k,l

with pi+k+1l =aand i > —s, k > —m, | > —n and A~ = Zzoz_m A;Cuk. Since
a > (m+n)/(p — 1), these inequalities imply that i < a. Therefore, all these matrix
identities for a > (m 4+ n)/(p — 1) amount to determining g, from g; for i < a. The result

now follows. O

Corollary 2.7. There is a diagram

C
N
R [LTG\Fq] .

where the morphism q is formally smooth and the morphism 0 is ind-representable and

ind-proper.

2.c.1. Recall that we set G = Resy/z,GL4. Let Ko be the fraction field of W and set
f=1[Ko:Qp] = [k :Fp]. Then, after ordering the elements of Gal(K(/Q)), we can write

f f
G(Ko) = [[ GLa(Ko), (Fo)w = [[(Foraw -

i=1 i=1
Let us set v = (v(1),...,v(f)) where for each i = 1,..., f, v(i) = (n1(i),...,nq(7)) is a
collection of integers with nj(i) > na(i) > --- > ng4(i). Let F' C Ky be the fixed field of the
subgroup of Gal(K(/Q)) that fixes v.
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Denote by u(®) the diagonal matrix diag(u™ @, ... u"®) in GLy(W((u))) and set
uw’ = W'Y, urDy e LGW).

Suppose that N = max{|n;(i)|}. Let SO, resp. S,, be the corresponding open, resp.
projective, affine Schubert variety in (]—"gN)W C (Fo)w which is given as the image of
LTG -u" - LTG, resp. the Zariski closure of that image. By descent, we see that this is
defined over the integers W' of the reflex field F. We set C, for the Artin stack over W’
which is the inverse image of S, under ¢; this is a closed substack of (Cy)w. If ng(i) > 0
for all 4, then for S = Spec (R), the groupoid C,(5) is given by Ry [[u]]-®-modules (91, P)
of rank d such that ®(¢*9Mt) C M and such that the action of u on Coker(P) = M/ (H*M)
has elementary divisors u” with »/ which satisfies /(i) < v/(i) in the usual ordering, for all
i; Cy, is a closed substack of Cy.

The obvious version of Theorem 2.1 holds for the stack C,; it is an Artin stack of finite
type over W’ smoothly equivalent to the Schubert variety S, in the affine Grassmannian
F¢a. Furthermore, restricting 6 to C, gives

HVZCZ,—VR,W/,

which is representable, proper and of finite presentation. (Similarly, we can consider the
inverse image CJ of SY under ¢ and the restriction 6, : C0 — Ry~ which is therefore
representable and of finite presentation.) Summarizing, we obtain a diagram

(2.13) Cy

o

Rw [(L*G)w\Su] |

where the morphism ¢ is formally smooth and the morphism 8, is representable and proper.

2.d. Let us sketch how to generalize the above theory to reductive groups. Let H be any
reductive algebraic group scheme H over W. Let us set G = Resyz (H). Instead of
Ry [[u]]-®-modules of rank d we consider H-torsors 7 over Ry[[u]] together with a H-
isomorphism @ : ¢%(7[1/u]) = T[1/u] (here S = Spec (R)). The corresponding fpqc stack
C¢ can be viewed as the quotient [LG/4L*G]. Similarly, we can consider the fpgc stack
R¢ of H-torsors T over Ryy((u)) (which are trivial fpqc locally on R), together with a
H-isomorphism @ : ¢%(T) = T. The stack R¢ can be viewed as the quotient [LG/, LG].
The obvious generalizations of Theorems 2.1 and Corollary 2.6 hold in this situation. The
proofs are extensions of the above proofs for GL; after using a faithful representation
H — GLpy. For example, the ind-structure is modeled on the ind-scheme structure of
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LG = lim, (LG N LResy /7, GLJSVm). In particular, we again obtain a diagram

(2.14) Ca

N
R [LTG\Fq] ,

where the morphism ¢ is formally smooth and the morphism 6 is ind-representable and
ind-proper.

Suppose we are given a dominant coweight v of G defined over an unramified extension
F of Q, with integers W’. Denote by v’ € LG(F) = G(F((u))) the element given as
the image of u € G,,(F((u))) by the corresponding homomorphism G,,p — Gp. As in
§2.c.1, we can define SY, resp. S,, to be the corresponding open, resp. projective, affine
Schubert variety in (Fg)w which is given as the image, resp. the closure of the image of
(L Gwr - w” - (LG,

We set Cq,, for the Artin stack over W’ which can be defined by descent as the inverse
image of S, under q. The obvious version of Theorem 2.1 holds for the stacks Cg ,; they are
Artin stacks of finite type over W’ smoothly equivalent to Schubert varieties in the affine
Grassmannian Fg. Once again, we have a diagram

(2.15) (Re)w & Cap 2 (LT G)w\S)]

where the morphism g, is formally smooth and the morphism 6, is representable and proper.

3. p-ADIC MODELS AND LOCAL MODELS

In this section, we define the stacks C4 x and prove Theorem 0.1 of the introduction.
Let K a finite extension of Q, with residue field k¥ and ramification index e. Choose a
uniformizer 7 of K with Eisenstein polynomial FE(u) over Ky = Fr(W). Then we can write
Ok ~ W]u]]/(E(u)). Fix h > 1 (the “height”). For a > 1, note that u®® vanishes in
Wel[u]]/(E(u)) where W, = W/p*W. Hence, if R is a Z/p®Z-algebra, we have

(3.16) u Ry [[u]] € E(u)" Ry [[u]).

Now consider the category Nil, of schemes S such that p’ - Og = 0 for some b > 1.
Such schemes can be viewed as formal schemes over Z,. We will call set-valued functors on
Nil,, which satisfy descent for the fpqc topology “formal spaces”. A formal scheme X over
Spf(Z,) gives a formal space by sending S in Nil, to the set of formal scheme morphisms
S — X over Spf(Z,). Also if S is a fpqc stack over Z,, we can consider the restriction S
to a groupoid over the category Nil,; we can think of the “formal stack” S as “the formal
completion of S along its fiber over p”.
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3.a. Consider the functor My x on schemes over Z, that associates to S = Spec (R) the
set of Ry [u]-submodules

(3.17) € (Bw[ul/(E(u)"))*

such that both £ and the quotient (Ryy[u]/(F(u)"))¢/E are Ry-projective with rank locally
constant on Spec (R). This functor is represented by a projective scheme over Z,, (a disjoint
sum of closed subschemes of Grassmannians), which we will also denote by M), . Once
again, here and in what follows we will omit the subscript d from the notation. In fact, if
in addition h = 1, we will also omit A from the notation and simply write My . The group
scheme

Resw pu/(em)/z, Gl
over Zjy acts on My, .
Suppose that p* - R = 0 for a > 1. Then M}, x(R) is in bijection with the set of Ry [[u]]-
modules £ with
u™ - Ry [[u]] € E(u)"Rw([u])? € £ C Ry [[u])?
which are, locally on R, free over Ryy[[u]]. This gives a functorial injection,

(3.18) My, (R) — Fa(R)

and it implies that we can view the formal completion M;% K of My i along its fiber over p

as a subspace of the formal space Fe defined by the affine Grassmannian Fg.

3.b. We now define a groupoid Cq, i over Z,-schemes as follows. Let R be a Z,-algebra.
Then Cgqp ik (R) is given by pairs (9, @) of an Ry [[u]]-module 9t which is, locally fpqc on
Spec (R), free of rank d and a Ryy((u))-module isomorphism

(3.19) O : " M[1/u] = M[1/ul],

such that E(u)"9t C ®(¢*9M) C 9. We can see that the groupoid Cqp x is an fpqe stack.
In what follows, we will omit d from the notation and write C, k.

We can consider the formal p-adic completion CAh, K of Cp, k. This is a fpqc stack over Nil,
defined by considering Cp, i (R) as above for Zy,-algebras R in which p is nilpotent. We can
write CAh,K as a 2-limit

5h,K = lmCj g
a
where C ;- = é\h’K Xz, Z/p*Z is the reduction modulo p®. Using (3.16) we can see that
Cﬁ & is a (closed) substack of Ceap, X7z, Z/p®Z. Now suppose that X" is a formal scheme over
Spf(Zy) such that pOx is an ideal of definition. Then, for each a > 1, X xz, Z/p®Z is a
scheme over Z/p®Z. We set

Ch, i (X) = 1im Cp i (X Xz, Z/p"Z) .
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This allows us to extend CA;“ x to a groupoid over the category of adic formal schemes over
Spf(Zy). Suppose that R is a Noetherian p-adic ring (i.e a Noetherian Z,-algebra which is
p-adically complete and separated, R = lim R/p®R), and set X = Spf(R). Set

—a

1——00

+o0o
Ry {{u}} = hﬁ“ [(Rw /p"Rw)((w))] = { Z aiui | a; € Ry, lim a; = 0} .

i=—00

We can see that the objects of (?h,K(Spf(R)) are given by pairs (9, ®) of an Ry [[u]]-module
M which is locally Ry [[u]]-free of rank d and a Ry {{u}}-module isomorphism

(3.20) P : ¢*M DRy, ) B {{u}} = M Qg B {{u}},
such that
(3.21) E(u)"m c &(¢*m) c o .

(Note that E(u) is a unit in W{{u}} and so therefore also in Ry {{u}}.)
3.b.1. For Spec (R) in Nil, now set
LG"®(R) = {A € Mg(Rwl[u]]) | A™! € E(u)™" - Ma(Rw[[u]]) € Ma(Rw ((u)))}.
This defines a functor on Nil,. As before, we can write
é\hJ( = [LGh’K/d, L+G].
where (by abusing notation) we also denote by LG the formal p-adic completion of LTG.
The map
A A Rw[[u € R ((u))*
gives a morphism of formal stacks,
qhK : Eh,K = [LG""/, LTG] — [L+G\]\//—Th,K]-
3.b.2. Using Proposition 2.2 and the above, we see that if n(a) > eah/(p — 1) then
[LGh’K/QﬁUn(a)]Z/paZ = [LGh’K/Un(a)]Z/paZ'
As in the proof of Theorem 2.1 we can see that the quotient stack [LGh’K/Un(a)]Z/paZ is
represented by a torsor (XZ(S 2)z/pez for the group scheme (LG /Uy (o)) z/pez. = (Gn(a))z/po2
over (M, i )z/paz- Similarly to that proof, we can conclude
a h,K
Ch.xe > [( Xy, 0)z/002/ 6 (Gnia))z/poz]
and that the morphism
4k Ch g — [LTG\Mp kz/pe7
is formally smooth. Hence, the morphism between the formal stacks

(3.22) g : Chic — [LTG\Mj, k]

is also formally smooth.
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Recall the definition of the stack R = Rg over Z,-schemes, cf. §2.a, and the notations
R* =R xg, Z/p"Z, C} = Ch,x Xz, Z/p"Z. By sending an object (M, @) to (M[1/u], ),
we obtain a morphism of stacks 6 : C, x — R. Note that the morphism 9 : CAh7K — R on
formal completions is obtained by passing to the limit on the morphisms 6 : C,‘i x — R°
which arise by restricting the morphisms

Qeah XZP Z/paZ : Ceah XZP Z/paZ — R

to the closed substacks Cj; ;.. This together with Corollary 2.6 implies that the morphisms
0% are representable and proper.

Our discussion, in the previous two paragraphs gives the proof of Theorem 0.1 of the
introduction when h = 1.

Remark 3.1. Of course, the above actually shows that the obvious generalization of The-
orem 0.1 to Cp, 4 i for any h > 1 is also valid.

Remark 3.2. a) The morphism 6 : Cp x — R is ind-representable: Indeed, suppose that
we are given a point £ : S = Spec (R) — R corresponding to a module (M, ®) over Ry ((u)).
Then by Theorem 2.5, the fiber C xg ¢ S — S is ind-represented by an ind-algebraic space.
We can see that the subspace Cp g Xr e S — C X ¢ S is described by a closed condition
and it is a closed ind-algebraic subspace.

b) In general, C, xk xg¢ S — S is not representable for all S = Spec(R). However,
assume that R ~ h:fll R/p®R is a Noetherian p-adic ring and that

£=(¢"), € :Spec(R/pR) — R",

is a point of the formal completion R. Assume also that the Ry {{u}}-module M which cor-
responds to € is free over Ry {{u}}. Fix a basis Ry {{u}}% ~ M and set M = Ry ((u))? C
M. The affine Grassmannian Gry; — S is ind-projective and supports a natural line bundle
whose restriction on each closed subscheme is very ample. As above, we can see that for
each a, the fiber of the morphism 6 : Cj ;,» — R* over {” is representable by a closed (and
hence) projective subscheme of Grys xz, Z/p®Z. Varying a, this defines a formal scheme
over Spf(R). As in [Ki3|, proof of Prop. 1.3, by using the above ample line bundle on
Grys, we may algebraicize this p-adic formal scheme over Spf(R) to a projective scheme
Ci ¢ over Spec (R). The result is that, in this case, the fiber (?d,hjg xﬁgg — S between the
formal completions is representable by the formal scheme over S = Spf(R) associated to
the projective scheme Ci ¢ — Spec (R). If in addition to the hypotheses above, R/pR is of
finite type over [F,,, the arguments in the proof of [Ki3] Prop. 1.6.4, show that the morphism
Ck, — Spec (R) induces a closed immersion between the generic fibers.

3.c. Choose a cocharacter

peQy — (ResK/QpGLd)(@p) = H GLq(Qp)
w:K—>@p
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defined over @p whose conjugacy class is defined over the reflex field E. The projection to
the component corresponding to

fy = pry o pu: Q) — GLa(Qp)
provides a grading
~d
(3.23) =V,
nez

with V¥ = {ve @g | py(a) = a"v}. Let hy, resp. h_, the maximum, resp. minimum value
of n (among all the values for all 1) for which VY £ (0). Set h="hy —h_.

We will now define the corresponding local model M LO% over Op; it is going to be a
projective subscheme of My k (see 3.a).

First, we define the generic fiber of M }f’}( over the reflex field F. Suppose that R is a
Qp-algebra, and fix an embedding ¢ : K — Q,, this induces a homomorphism

Ry =W®z, R—-R; a®rw—Y(a)r.
Elements of M}, i (R) correspond bijectively to Ry [u]-modules M such that
E(u)™ Ry [u]® € M C E(u)" Ry [u]®

with graded pieces Ryy-projective and with rank locally constant on Spec (R). Write

Normp, g, (E(w) =[] (u—wy) € Qlu]

’(/):K—)Qp

so that @y = (). Using this, we see that we can write M = @y M, with My, a Rlul-
submodule with

(u — )"+ Rlu] € My, C (u — )" Ru]?.
For each such v, consider the R-module

My N (u— @) Riu]? My 0 (u — )7 T R[u]?

We ask that for each 1, j € Z, this is a projective R-module of rank dim(ij). We can see
that this condition defines a locally closed subvariety of My i ®z, Q,. This carries an action
of Gal(Q,/E) that allows us to descend it to a subvariety Z of M}, x ®z, E. By definition,
the generic fiber of the local model M }f}{ is the Zariski closure Z of Z in My @z, E.
Finally, by definition, the local model M}f% is the flat closure of Z in M}, ®z, OF.

Observe that, by the above, for each Og-scheme S = Spec (R) in Nil, we have
(3.24) M)%(R) = (F¢ ®z, Op)(R).

Remark 3.3. Suppose that, for all ¢, we have n € {0,1} in (3.23). Then p is miniscule.
Assume hy =1, h_ = 0, which is the typical case. Then h = 1, Ry [u]/(E(u)") = Ox®z, R,
and My k(R) is given by Ox ®z, R-submodules

EC (OK Xz, R)d
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which are locally on R direct summands as Ry-modules. Set ry, = dim(Vgp). The conditions
above amount to asking that rankgr(&y) = 7y _and so M}f}} agrees with the local model of
[PR1]. If k = ), the special fiber M}ff( ®o, Fp can be identified with the affine Schubert
variety S, in the affine Grassmannian of GLg4, where the coweight v is the dual partition
to (ry)y, i.e., v; = 8{¢p | ry > i}, cf. [PR1], Thm. 5.4.

3.d. We continue with the above notations of §3.a. By definition we have a closed immersion
]/\4\}3% — ]/\Zh,K
which is equivariant for the natural action of (the formal completion of) L*G. Using descent
and (3.22) we obtain a fpqc stack é\lhK over Nil,N(Sch/OF) together with a formally smooth
morphism
Qu.rc  Cux — [LJFG\M;ILO%]
Indeed, if S = Spec (R) is an Spec (Op)-scheme in Nil, then é\MK (R) is the groupoid of

pairs (M, @) of a Ry [[u]]-module M which is Ry [[u]]-free of rank d (fpqc) locally on R and
a Ry ((u))-module isomorphism

(3.25) @ ;¢ M[1/u] > M[1 /0] ,

such that, locally, there is an isomorphism o : Ry [[u]]? = 9 for which the Ry [[u]]-lattice
a L (®(¢*M)) C Ry ((u))? belongs to the subset MLO}{(R) of (Fe®z,OFg)(R). Asin §3.b.2,
we see that there is also a morphism of formal completions

~ ~

(3.26) 0, : Cure — Ra®z, Op

which can be obtained as the limit of representable and proper morphisms.

4. DEFORMATIONS OF (GALOIS REPRESENTATIONS

In this section, we explain an aspect of the connection between the spaces of ®-modules
and the deformation theory of Galois representations as developed by Kisin [Kil], [Ki3].
We restrict attention to the flat or Barsotti-Tate case (cf. [Kil]) This corresponds to the
case h = 1. For simplicity, we also assume p is odd.

4.a. Galois representations. Suppose that R = A is a Z,-algebra with finitely many
elements. As in §1 (see also [Fo]), a pair (M, ®) corresponding to an object of R(A) gives
an étale A-sheaf over Spec (k((u))) which is free of rank d, i.e an equivalence class of a

representation
poe) : Gal(k((w))*P/k((u))) — GLa(A).
As a result, an object (9, ®) of Cq(A) also gives a representation p(any1/y),¢) of the Galois

group Gal(k((u))*P /k((u))).
Now let F be a finite field and suppose that

p: Gal(k((u))**/k((u))) — GLa(F)
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is a representation which corresponds to a pair (My, @), and consider the corresponding
object [p] : Spec (F) — R. Denote by R/, the groupoid over finite local Artinian Z,-algebras
A with residue field F, with objects

Rip(A) ={(M,®) e R(A),a: (M, @) @5 F = (Mo, o)}

and obvious morphisms. By the above, R/ is identified with the groupoid of deformations
D, of the Galois representation p.

4.b. Finite flat group schemes. Now let K be a finite extension of Q, with residue field
k and ramification index e. Choose a uniformizer = of K with Eisenstein polynomial E(u)
over Fr(W). Set Ko, = U,K(m,), where 7, = 7'/P" are compatible choices of roots; then
the theory of norm fields allows us to identify the Galois groups

Goo i= Gal(K /Ks) = Gal(k((u))**P/k((u))) ,

comp. [Kil], §1. The following can be derived from [Ki2] Theorem 0.5 by taking into account
the functoriality of the A-action and the properties of the Breuil-Kisin module functors (for
example see [Kil] §1.2).

Theorem 4.1. (Kisin) Assume p > 2 and let A be a Z,-algebra with finitely many elements.
There is an equivalence between the groupoid of finite flat commutative group schemes G with
an action of A (i.e “A-module schemes”) over Ok such that G(Or) ~ A%, and the groupoid
of pairs (M, @) of Aw|[[u]]-®-modules with the following properties:

a) Coker(®) is annihilated by E(u),

b) M[1/u] is Aw ((w))-free of rank d,

c) M is a W[u]]-module of projective dimension 1, i.e., equivalently by [Ki2], Lemma
(2.3.2), M is an iterated extension of free k[[u]]-modules.

Under this equivalence, the restriction of
pg : Gal(K /K) — Auta(G(Ok))
to Goo =~ Gal(k((u))*P/k((u))) is isomorphic to pmi/u),e)(1) [twist by the cyclotomic

character].

Note that property (c) is automatically satisfied when p - A = (0). We will also consider
the groupoid of modules as above with the additional property

d) M is Ay [[u]]-free.

Lemma 4.2. Let A be a local Noetherian ring with residue field | and suppose that M C
A((u))? is a finitely generated A[[u)]-module such that M[1/u] = A((u))? and M @41 ~
U[u]]?. Then M ~ A[[u]]?.
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Proof. By Nakayama’s lemma, there is a surjective A[[u]]-homomorphism ¢ : A[[u]]¢ — M.
Then ¢[1/u] : A((w))? — M[1/u] = A((u))? is also a surjection which then has to be
bijective. This implies that ¢ is also injective. O

Write A @z, W = Hj A; with A; Artin local. An application of the lemma to A; shows
that the additional property (d) is satisfied if and only if M @ F ~ (F @ k)[[u]]¢.

4.c. Suppose that (A, m) is an Artin local Noetherian ring with finite residue field F. A

representation
p:Gal(K/K) — GL4(A)
is called flat [Ra] if the corresponding Z,[Gal(K /K)]-module is isomorphic to the twist by

(—1) of the module obtained by the Galois action on the Zj,-module of O g-points of some
commutative finite flat group scheme over Og. This notion extends to the more general
situation that (A, m) is a complete local Noetherian ring with finite residue field F. In this
case, the representation

p:Gal(K/K) — GLg(A)

is flat iff, for all n > 1, the representation obtained by reducing p modulo m” is flat, cf.
[Ra].

Consider the morphism of formal stacks O : é}g = 51,}( -~ R. Suppose that (A, m) is
a complete local Noetherian ring with finite residue field F. Let £ = (§,)n>1 € 7%(14) be
an A-valued object of R, where for each n > 1, &, is in ﬁ(A/m") The 2-fiber product
§n X7 Cx is representable by a projective scheme Cg ¢, — Spec (A/m™). In the limit, we
obtain a formal scheme Ck ¢ over Spf(A). The argument in [Ki3], Cor. 1.5.1 (or see Remark
3.2 (b)) shows that this is algebraizable to a projective scheme

Ck,e — Spec (A).

Denote by AX the quotient of A that corresponds to the scheme theoretic image of this
morphism. We obtain

€k : Spec (AK) = Spec (4) — R.
Proposition 4.3. With the above notations, assume in addition that A is Artinian. Then
perc : Goo = Gal(k((w))® /(1)) — GLa(AX)
extends to a representation of Gal(K /K) which is flat.

Proof. For simplicity, set B = AX. Then there is B < B’ with B’ a B-algebra of finite type
such that Ck affords a B’-valued point ¢’ that lifts 5. Denote by (Mp, ®) the By ((u))-

module that corresponds to £p. Since B is Artinian, Mp ~ By ((u))%.

Giving the point
¢’ amounts to giving a Bj; [[u]]-projective module M of rank d in M’ = Mp&pB' which
satisfies

E(w)M C ®(¢* M) C M.
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Now set M := M' N M C M’; this is a Byy[[u]]-module which is ®-stable. The proof of
[Kil] Prop. 2.1.4 applies to show that 91 satisfies properties (a), (b) and (c¢) (with A = B).
Therefore, the Z,[Go]-module given by p(1) is given by a finite flat group scheme over
Ok as desired. (However, note here that, as pointed out by Kisin, 9t does not have to be
By [[u]]-free.) O

4.c.1. Assume now that (4, m) is a complete local Noetherian ring with finite residue field
F and that in addition:

1) the A-valued representation pg of G which corresponds to £ extends to a represen-
tation of Gal(K/K), and

2) the F-valued representation of Gal(K/K) which is obtained by reducing p¢ modulo m
is flat.

By [Ra] there is a quotient A — A" such that for each A — B with B a local Artinian
A-algebra with residue field F, the representation obtained by composing with GLgy(A) —
GLy(B) is flat if and only if A — B factors as A — Al — B. Using the above proposition
one can see that A — AX factors as

A — A 4K,

Remark 4.4. In general, it is not clear whether we should expect that Al — AK is an
isomorphism. The issue is the following: Consider a deformation p of pg = p¢ modulo m over
a finite Artin local Zy-algebra A with residue field F. It corresponds to a Ay ((u))-®-module
M. By assumption, the (F ®z, W)((u))-®-module My = M @, F which corresponds to pg
contains a (F ®z, W)[[u]]-®-submodule My with E(u)My C (¢*Mp) C M. We can easily
see that My =~ (F @z, W)|[[u]]?. Assume now that p is also flat; this implies that M contains
a Aw|[[u]]-®-module M with M[1/u] = M that satisfies properties (a), (b) and (c). The
problem is that if e > p — 1, we cannot expect that 91 is a deformation of My (so that we
can apply Lemma 4.2). The question is: Is there is some Zy-algebra C' that contains A and
a Cy[[u]]-®-module M with M [1/u] = M @, C which is in addition Cyy[[u]]-projective
and such that 9 = M N9Mc? Our discussion implies

Proposition 4.5. In the situation of Remark 4.4, assume that e < p—1. Then Al ~ AK

5. COEFFICIENT DOMAINS AND A PERIOD MORPHISM

5.a. Fix d, the local field K and h > 1. We define the stack in groupoids Dy x over
schemes over Q, which is described as follows:
If R is a Qy-algebra, then the objects of Dy i (R) are triples (D, ®,Fil*) where
e Dis a R®q, Ko-module which is, locally on R, free of rank d,
e ®: D — Dis an Id ®q, ¢-linear automorphism,
e Fil® is a exhausting, decreasing filtration of Dy := D ®k, K by R ®q, K-modules
which are locally direct summands and satisfy Fil° = Dy, Fil"* = (0).
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We can see that Dy i is a fpqc stack over Q. Locally we can choose a basis of D; this
allows us to write the stack as a quotient

(5.27) Dd,h,K = [(RGSKO/QPGLd XQp Grd,h,K)/(¢,-)ReSKO/QpGLd]-

Here Grgp, i is the Grassmannian of filtrations as above of length h 4+ 1 on a vector space
of dimension d over K. (Notice here that we are not yet prescribing dimensions for the
graded pieces Fil’/ Fil'*!; in particular, Grgp i is not necessarily connected.) The symbol
(¢, -) is supposed to remind us that the action of the group Resg, /g, GLq4 on the product is
by ¢-conjugation on the first factor and by translation on the second. It follows from this
description that Dy, x is an Artin stack, smooth of finite type over Q.

Similarly, suppose that pu : @If — (ResK/QpGLd)(Qp) is a coweight as in §3.d before.
Assume that p is defined over the reflex field E and, for simplicity, assume h_ = 0 so that
h = hy. We define the stack in groupoids D, x over schemes over I/ which is described
as follows: If R is an FE-algebra, then the objects of D, x(R) are triples (D, ®,Fil®) that
correspond to objects of Dy 5 i (R) as above with the additional property

e The filtration Fil® is of type p in the sense that the base change of the graded piece
Fil/ /FiV ™ under id® ¢ : R®g, K — R®g, Q) has rank equal to dim(ij) for each
1 and each j (see (3.23)).
Once again D, i is a fpqc stack over F which is an Artin stack, smooth of finite type
over F/. We can write

(5.28) DM,K = [(ReSKO/QpGLd)E XE Gru,K/(¢,~)(ReSKO/QpGLd)E]-
Here Gr,  is the Grassmannian of filtrations as above of type y on (E ®q, K )e.

Remark 5.1. We can also consider the following “rigid” variants: Dq 5 x = Dgi , Is the
category fibered in groupoids over the category of rigid spaces over QQ, which is defined
as follows. If X is a rigid space, then ®4, x(X) is the groupoid of pairs (D, ®,Fil®) with
D a coherent sheaf of Ox ®q, Ko-modules over X which is locally free of rank d, ® an
1 ®q, ¢-linear isomorphism of D, and Fil* a filtration of D ®, K (of length h, as above) by
coherent Ox ®q, K-sheaves over X with locally free graded pieces. Here we are implicitly
using that descent of coherent modules under fpqc morphisms of rigid spaces is effective,
cf. [BG]. Similarly, we can define ©,  etc.

5.a.1. Now suppose that A is a p-adic ring. Set A = A[1/p]. Let (M, P) a Aw[[u]]-P-
module which corresponds to an object of (?d@ k(A). Consider

D = (M/udm)[1/p]

with the 1 ® ¢-endomorphism given by ® mod u; we can easily see that this endomorphism
is bijective and that D is an A ®q, Ko-module which is projective of rank d.
Similarly to [Ki2], [Ki3], we set

O = lim(Aw [[u, u" /p]][1/p]) € Aw[[u]] = (A ®q, Ko)[[u]];
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in particular
O = Og, = lim(W{[u, u" /p]][1/p]) C Ko[u]]

is the ring of rigid analytic functions on the open disk U of radius 1 over Kj. (The inverse
limit is under the maps given by u” /p — u =" - (u™/p).)

We have inclusions W{[u]][1/p] — O, Aw|[[u]][1/p] — Oa. The endomorphism ¢ has a
unique continuous extension to O and O4. Set M = M@ 4, (1)) O4; the P-structure on M
induces

®: (M) — M.
This map is injective and we have E(u)"M C ®(¢*(M)) C M, and D = M /uM. Set

A= ][] ¢"(Ew)/EW0) € 0.
n=0

r(m)

For each m, let r(m) be the smallest integer such that em < p and consider

O e = Aw[[u, ™ /p™]][1/p].

There is a ring homomorphism Oyq — O4em. Since || = p~1/¢, we can see that u — 7

gives O ge.m — A ®q, K which induces an isomorphism
(5.29) Onem/(E(u) = A®q, K.

Recall M = M @ 4, (ju)) Oa- As in [Ki3] Lemma (2.2) we see that there is a unique
¢-compatible Ay -linear map

&E:D—-M

with the following properties:
1) The reduction modulo u of £ is the identity.
2) The induced map £ : D ® A®q, Ko O4 — M is injective and has cokernel killed by A\".
3) For any sufficiently large m, the induced map

€®0A O.A,e,m : D ®A®QPKO O.A,e,m — M RO, O.A,e,m =M ®AW[[U]] O.A,e,m
is injective and its image is equal to that of the map
¢* (M) P04 O.A,e,m — M RO, OA,e,m

induced by .

Indeed, the construction of { : D — M in [Ki3] works verbatim when 90t is Ay [[u]]-free.
(The assumptions that A is complete, local and Noetherian are not needed for our version
of the construction. We can choose 9t and 9t/u to play the roles of the modules denoted
by M5 and D9 in loc. cit.) The general case is obtained by gluing, using the uniqueness of
¢ in the free case. To check claims (2) and (3) we can argue as in [Ki3]. (Note that loc. cit.
Lemma (2.2.1) is also valid with essentially the same proof even when A is not Noetherian.)
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As a result of (2) and (3), and by using (5.29) to reduce modulo (E(u)), we obtain an

isomorphism
(5.30) D ®K, K = ¢"(M)®0, (A@g, K) ~ S(¢"M1/p]) @ ay u1/5] (A @g, K).

(In the last tensor product, we use Aw[[u]][1/p] — Aw[[u]][1/p])/(E(v)) — A ®q, K.) We
can see that the isomorphism (5.30) is independent of the choice of m.

5.a.2. Recall that U denotes the rigid open unit disk over Ky. If I is a subinterval of
[0,1), we set U(I) for the admissible open subspace of points with absolute value in I.
Set O; = I'(U(I), Oy(yy) so that O = Oy ;). We denote by ¢ : U — U the “Frobenius”
morphism which corresponds to ¢ : O — O as before.

We can consider the category €4 g fibered in groupoids over Q,-rigid spaces which is
defined as follows. Let X be a rigid space over @, and consider X x U with the partial
Frobenius ¢ :=id X ¢ : X x U — X x U. Then, by definition, €q x(X) is the groupoid of
pairs (M, ®) where M is a coherent sheaf over X x U which is locally on X free of rank d,
and ® : ¢* M — M an injective homomorphism with cokernel annihilated by E(u)".

Denote by i : Xg, — X x U the inclusion i(z) = (2,0) and by p : X x U — Xk, the
projection. If (M, ®) is an object of €q x(X) we set D = i*M. This is a coherent sheaf
on Xk, which is locally free of rank d; the morphism ® : ¢$*M — M induces a ¢-linear
isomorphism ® : D — D.

Proposition 5.2. There is a (unique) ®-compatible morphism of sheaves of OggKO -modules
§:D — p (M) such that

1) i*¢ is the identity,

2) the induced morphism p*¢ : p* D — M is injective and has cokernel annihilated by A",

3) If v € (|z|, |x|'/P), then the image of the restriction P&, to X x U0, 7) coincides
with the image of @y 1 ¢* Mg ) — Mg

Proof. When X = Sp(Q)) is a point, this is [Ki2] Lemma 1.2.6. Note that there is at most
one ®-compatible £ : D — p*(M) that satisfies property (1). Indeed, if £, & are two such
morphisms we have Im(§—¢’) C u-p*(M). The ®-compatibility gives ®-(§—¢') = (£—-¢)-D.
Hence, since ® : D — D is an isomorphism, we obtain inductively Im(§ — &) C u® - p*(M)
for all s > 0. This implies that £ = &’. To show the existence of £ we suppose first that A
is a Tate Qp-algebra and that X = Sp(A) is the corresponding affinoid rigid space. Then
O4 is the ring of rigid analytic functions Og,(4)xp on the product Sp(A4) x U and M is
given by an O4-module as in the previous paragraph. There is a p-adic ring A which is
topologically of finite presentation (tfp) over Z, and p-torsion free such that A = A[1/p].
The arguments of [Ki2] Lemma 1.2.6, [Ki3] Lemma (2.2) (see also the previous paragraph)
extend to this case to construct £ that satisfies all the required properties. The result in
the case of a general rigid space X follows by the affinoid case above by gluing using the

uniqueness of &. O
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Suppose now that r is in (||, |7|*/P). Then Oxxup,r)/(E(u)) ~ Ox ®g, K. As a result
of (2) and (3), we obtain an isomorphism
(531) p*D[O,r‘) — (I)(Qb*M)[O,r)
which by reducing modulo (F(u)) gives an isomorphism
(532) D ®KO K AN (I)(Qﬁ*,/\/l) ®03€><U[0,r) (Ox ®Qp K)
of coherent Ox ®q, K-sheaves over X.

5.b. In what follows, we will assume that h = 1.

Let A be a p-adic ring and set A = A[1/p]. Suppose that (9, @) is an Ay [[u]]-®-module
which corresponds to an object of (/3\d7K(A). We will define an object D(9, @) of Dy x(A)
by following the construction of [Ki2], [Ki3]. Let D = (9t/udN)[1/p] with its ®-structure
be as in §5.a.1. It remains to define the filtration Fil®* on D ®g, K. Since h = 1, we have

E(u)M C (o™ M) C M .
The module ®(¢*M[1/p]) is filtered
E(u)®(¢™M[1/p]) C E(u)M[1/p] C ©(¢™M[1/p]) -

Hence, we can filter the A ®g, K-module D @, K >~ ®(¢*"M[1/p]) @ 4,y (ju))1/p] (A Bq, K)
via (5.30) by taking the image of this filtration, i.e we set

Fil? = (0),

Fill = E(u)9[1/p] mod B(w)®(6"M{1/p]),

Fi' = Doy, K .
Since E(u) is not a zero divisor in Ay [[u]][1/p], we can see (cf. [Ki3] 2.6.1 (1)) that
the quotient 9M[1/p]/P(¢*M[1/p]) is a finitely generated projective A ®g, K-module. We
conclude that Fil® is a finitely generated projective A®q, K-module which is locally a direct
summand of D ®, K. Hence, (D, ®,Fil®) gives an object of Dy i (A) which we will denote
by D(9, ®). This gives a functor of groupoids,

D(A) : Cq i (A) — Dy (A).
5.b.1. Similarly, if (M, ®) is an object of €4 x (X) for a rigid space X, we consider D = i*M
with its ¢-linear isomorphism ® : D — D as above. We also have
E(u)®(¢*M) C E(u)M C ®(¢* M)

(A filtration of coherent sheaves over X x U.) As above, we can use this and (5.32) to
produce a filtration

(0) =Fil> Cc Fil'! c Fil® = D ®g, K
of the coherent sheaf D ®p, K over Xg,. We can see that the triple (D, ®,Fil®) gives
an object of g4 x(X). Since (M, ®) — (D, ®,Fil*) is functorial, this defines a functor of
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groupoids, €4 g (X) — D4 x(X). This functor is compatible with descent, hence we obtain
a morphism of stacks over the category of rigid spaces,

(5.33) Q : Q:dj( — gd,K-

Similarly, if p is a miniscule cocharacter with h_ = 0, hy = 1 and with reflex field £
as in Remark 3.3, we can define the category €, i fibered in groupoids over E-rigid spaces
by requiring the cokernels M/®(¢* M) to have a filtration “of type p”. In this case, the
morphism D sends €, x to D, .

5.b.2. It follows from [Ki2] Theorem (1.2.15) that the functor D(Sp(L)) gives an equiv-
alence €4 x(Sp(L)) = D4k (Sp(L)) for any finite extension L/Q,. To briefly explain the
construction of the inverse functor we need some notation: Denote by ¢ the isomorphism
O — O given by applying Frobenius (only) to the coefficients of the power series. Denote
by x, the point of U that corresponds to the irreducible polynomial E(upn) and let @U@n
the complete local ring of U at z,,. Notice that the function c7"(\) € O has a simple zero
at x,,. Now consider the composite map

O ®K0 D m) @) ®K0 D — @U@n ®K0 D = @U,Zn RK DK,

where in the first arrow 7" : D — D makes sense since & = & p is bijective. By the above,
this induces a map

in: ON"Y®K, D — @U,mn[(u — )" ®K Di .

Now suppose we are given an object (D, ®, Fil*) over L. Kisin constructs a ®-module
(M, @) = M(D, ®,Fil*) over Of, = Ogp(1)xu by taking

(5.34) M = ()i, (Fil' ®k (v — 20) ' Oua, + Dk @k Ouyz,)
n>0

and setting ® : ¢p* M — M to be the restriction of

1@ ®p : ¢*(ON @K, D) — ON Y @K, D .
Note that by definition, we have
(5.35) Ok, DCMcC I\ 'Ok, D .

Observe that by its construction, M is a closed O-submodule of A0 ®k, D and so by
[Ki2] Lemma 1.1.4, M is finite free over O.
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5.b.3. This construction extends to the case that L is a complete rank-1 valued field: Let
R° be a p-adic valuation ring of rank 1 with L = R°[1/p]. Then Of, = Oy is the ring of
rigid functions on the open unit disk over L ®q, Ko. For simplicity, set Lx, = L ®q, Ko,
Lk = L ®q, K. Consider a triple (D, ®, Fil®) as above. We can construct a ®-module M
over Ojg 1y by (5.34) as above that satisfies

(536) O[O,l) ®LKO D - M C /\*1(’)[0,1) ®LK0 D .

By [Gr], V, Rem. 3°, p. 87, Olo,1) is a product of Priifer domains. We can see that when
an integral power of r is in the set |L| the restriction M|y, of M to the closed disk [0, 7] is
given by a finitely generated torsion free O ,)-module which is free (since Oy, is a product
of p.i.ds). Using [Gr], V, Thm. 1, p. 83, we can see that M is a projective finitely generated
Olo,1)-module. As such it is a direct sum of a free module with a projective module £ of
rank 1 and £ =~ det(M). We can see that det(M) = A\"*Oj ;) with a = dimp,, (Fil');
therefore £ and hence M is finite free over O 1.

5.b.4. The constructions of the two previous paragraphs are compatible in the following
sense: Suppose that the p-adic ring A is topologically of finite presentation over Z,. Then
A = A[1/p] is a Tate algebra and we can consider the affinoid rigid space Sp(A). Recall
that Sp(A) is the “generic fiber” Spf(.A)™& of Spf(A) in the sense of Raynaud. An object
(9, @) of CAd,K(A) gives an object (M, ®) of €4 x(Sp(A)) by taking M to be the coherent
sheaf with global sections 9 ® 4, (ju) Oa. This gives a functor (?d7 K(A) — €4k (Sp(A4)).
The diagram

CAd,K(A) — &4k (Sp(A))
D(A) l lD(Spm»
Dy (A) — Dax(Sp(4)) ,

commutes up to natural equivalence. (Here the lower horizontal arrow is given by sending
the A-module D to the corresponding coherent sheaf over Sp(A).) The diagonal arrow

II(A) : Cgx(A) — Dax(Sp(A))

(obtained as the composition of the top followed by the right downward arrow) is by defi-
nition, the period functor for A. It globalizes as follows.

Suppose that X' is an adic formal scheme which is locally of finite type over Z, (hence
pOy is an ideal of definition), and denote by X = X8 the corresponding rigid space
given by its generic fiber, comp. [RZ], Prop. 5.3. The construction (9, ®) — (M, P)
above generalizes to give a functor 5d, K (X) — €4 (X™8). Its composition with the functor
w(X™8) 1 €4 i (XM8) — Dy ;¢ (X&) above gives the period functor

(5.37) (X)) : Cy i (X) — Dy (XTE) .
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It is localizing in the following sense. Let X = (J;U; be an open covering of the formal
scheme X. This induces an admissible open covering of the associated rigid-analytic spaces,

rig __ rig
X - Uz uZ )

comp. [RZ], Prop. 5.3. Then the corresponding diagram of 2-cartesian rows, with vertical

arrows the period morphisms, is commutative,
Ca,xc(X) — Hl Cox) = H” Cax (Us NU)
1 ! l
Da i (X7) H DaxU®) = Hw D i U™ N U;ig) :

5.b.5. Let us now assume that R° is a complete rank one valuation ring with residue field
equal to F,, and set L = R°[1/p] for the corresponding complete rank-1 valued field. Recall
Or = Ojp,1) is the ring of rigid functions on the open unit disk over Lg,. Denote by O%
the corresponding Robba ring

OL = lim O(r 1) -

r—1-

This can be identified with the set of Laurent power series ), a,u™ with coefficients in
Lk, that converge in some open annulus r < |u| < 1. The ring (’)E is equipped with a
Frobenius endomorphism ¢ : C’)E — O% which restricts to ¢ : O — Op. Let (’)iLnt the
subring of Of consisting of those Laurent power series ), a,u" with a, € R° ®z, W,
for all n € Z. By [Ke2] Prop. 3.5.5, O is a henselian local ring with maximal ideal given
by the set of series with |a,| < 1, for all n € Z, and residue field F,((u)). Notice that E(u)
is a unit in O and ¢ preserves OBt

Suppose now that A is a finite free rank d ®-module over OR with @ : ¢*N = N an
isomorphism. We will say that (N, ®) is purely of slope zero if there is a finite free rank d
Ot_submodule N C A such that:

i) Nint Roint OR =N, and

ii) ®|psine induces an isomorphism ¢* A = A,

When L/Qp is finite, this is equivalent to asking that (N, ®) is purely of slope zero in
the sense of Kedlaya [Kel].

As in the previous paragraph, we have the period functor

I(R®) : Cyxc(R°) — Da (L) ~ Dax(Sp(L)) .

By 5.b.3 we can associate to an object (D,®,Fil®) of Dygg(L) a ®-module (M,®) =
M(D, ®,Fil*) over Oy,

Conjecture 5.3. (i) The object (D, ®,Fil*) of D4 x(Sp(L)) is in the image of the period
functor II(R°), i.e is of the form II(R°)(9M, @) for some (M, P) € CAd7K(R°), if and only if
M(D,d,Fil*) ®0p, (’)E s purely of slope zero.
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(11) There ezists an Qp-analytic subspace (in the sense of Berkovich)
(Resk,/0,GLd Xq, Grax)™ C Resg, 0,GLa Xq, Gra, i
invariant under Resg, /9, GLa such that the fiber over L of the stack quotient

[(ReSKO/Qp GLd XQP Grd,K)an/(@.)ResKO/@p GLd]

parametrizes the image points of II over L.

There is an obvious variant of this conjecture involving a minuscule cocharacter p with

ho=0,hy =1.

6. KISIN VARIETIES AND BRUHAT-TITS BUILDINGS

6.a. We return to the set-up and notations of §2.c.1. Let F be a finite extension of F),.

6.a.1. For simplicity, set L = F ® k. Recall G = Resy,z,GL4. Suppose now that
A € G(F((u))) = GLg(L((u))) and consider the corresponding L((u))-®-module My =
(L((u))?, A - ¢) which gives an object of R(F). Choices A, A’ that are ¢-conjugate, i.e
A'=g ' A-¢(g) with g € GLy(L((u))), give isomorphic modules. By the above, the fiber
product {M} xx C, is represented over F by a projective subscheme of the affine Grass-
mannian Fg of L[[u]]-lattices in L((u))?. We denote this subscheme by C,(A). Similarly,
we can consider the fiber product {M4} x C;) which is a locally closed subscheme of C, (A);
we denote this subscheme by C)(A). This can be thought of as an inseparable analogue of
an affine Deligne-Lusztig variety. We call CO(A) the Kisin variety associated to (G, A,v),
and C,(A) the corresponding closed Kisin variety.

Concretely, for every finite extension F’ of F, the '-points of the Kisin variety CJ(A) are
given by

COAF) ={g- F @R)[u]’ | g7 A-p(g) € GEF[[u]]) - u” - GE[[u]])}.

The points C,(A)(F’) parametrize finite flat commutative group schemes G with F'-action
over Ok which have “Hodge type < v” and are such that the restriction of the Galois
representation Gal(K/K) — Autg(G(Ok)) to the Galois group Go corresponds to the
®-module given by A.

6.a.2. The above construction extends to the set-up of a general reductive group G =
Resyy/z, H described in §2.d. If v is a dominant coweight of G and A € LG(F) = G(F((u))),
we can define as above CB’G, Cv,c and the Kisin variety CB’G(A), and closed Kisin variety
Co.c(A). However, the relation with Galois representations of Gal(K/K) or finite group
schemes is not so clear in this general case.

6.b. We now explain how the Bruhat-Tits building can help to get an overview of a Kisin
variety.
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6.b.1. For simplicity, we assume that k = F,, W = Z, and that H = G is a split Chevalley
group over Zj,. In the rest of this section, the symbol W is free again, and will be reserved
for Weyl groups. Let T be a maximal split torus of G. We will identify the cocharacter
groups X, = X.(Tq,) = X«(Tk,) = Xu(Tk,((u)))- Suppose that C is a choice of a positive
closed Weyl chamber in the vector space

V = X*(T) RXR7, R.

Let B = B(F((u)) be the Bruhat-Tits building of G over F((w)). This is a metric space
with equivariant distance function d : B x B — R. We have the “refined” Weyl distance
function § : B x B — C which is defined as follows, cf. [KLM], section 5.1: Let =, y € B
and suppose that 4 is an apartment that contains both = and y. Let d 4(z, y) be the unique
representative in C of the vector y —x € V and set d(x,y) = da(x,y). (This is independent
of the choice of apartment A.) The function J is translation G-equivariant and satisfies the
triangle inequality, cf.[KLM], Remark 3.33, (ii),

(6.38) 6(x,2) < d0(z,y) +6(y, 2)
for the order that extends the usual order on dominant coweights. Also,
(6.39) 6(z,y) =d(y, )",

where v — v* = wy(—v) is the usual involution of C' defined by the longest element wq of
the finite Weyl group W.

6.b.2. Consider now the homomorphism ¢ : F((u)) — F((u)), given ¢(a) = a if a € F,
¢(u) = uP. We will show that it induces a map ¢ : B — B with the following properties:

(a) the image of any apartment under ¢ is an apartment,
(b) we have 6(g) - 6(z) = B(g - ) for any g € G(F((u))), = € B.
(c) For z, y € B, we have

d(d(z), ¢(y)) =p-d(z,y), (d(z),d(y)) =p-d(x,y).

(d) The map ¢ : B — B takes maps geodesics to geodesics; i.e., if [x,y] C B is the
geodesic in B joining = and y, then the image ¢([x,y]) is the geodesic [p(x), ¢(y)]
joining ¢(x) and ¢(y).

(e) The map ¢ has a unique fixed point, i.e., there is a unique yo € B such that ¢(yp) =
yo- The point yq is a special vertex in B.

Indeed, consider the vertex yo of B which is fixed under the subgroup G(F[[u]]). Let Ao
be the apartment in B that corresponds to a constant maximal torus 7" = Ty ®r F((u))
with Ty C Gp; then yg belongs to A and this choice of base point allows us to identify the
affine space Ay with V' = X, (T) ®z R. Scaling by p on V now gives a well-defined map
oo : Ap — Ap such that ¢o(yp) = yo and which satisfies ¢g(n - y) = ¢(n) - ¢o(y) for each
y € Ag and n in the normalizer N(T') C G(F((u))). Now recall that the building B can be
described as the quotient of G(F((u)) x Ap via the equivalence relation (g,z) ~ (2, ¢') if
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there is n € N(T) such that 2’ = n -z, ¢’ = ngn~!. Using the above we immediately see
that ¢(z,9) = (¢o(x),P(g)) respects the equivalence relation and gives ¢ : B — B; since
each apartment of B is of the form ¢g- Ay we see that the image of an apartment by ¢ is also
an apartment. The desired properties now follow easily by using the above and the fact
that any two points z, y € BB are contained in some apartment and that the geodesic [z, y]
is the straight line segment connecting x and y in that apartment. Note that the equality
d(¢(x),¢(y)) = p-d(x,y) implies that there is at most one fixed point which then has to be
the vertex yg given above.

Note that, by construction, the group LTG(F) = G(F[[u]]) is the stabilizer of yq in
G(F((u))). The map

(6.40) v Fo(F) = GE((w)/GE([u]]) = B, g-G(F[[ul]) = g-y0

allows us to identify the F-valued points of the affine Grassmannian with a subset of the
vertices in the building.

6.b.3. Suppose now that A is in G(F((u))) and gives an object in Rg(F). Then we have a
map & = A- ¢ : B — B which also satisfies

(6.41) d(®a(z),®a(y)) =p-d(z,y), 6(Pa(z),Pa(y)) =p-d(z,y).

Then the F-valued points of C,(A) C Fg(F) correspond to the following subset of vertices
of the building,

Co(A) ={x vertexin B|z €Im¢, 0 <(x,Pa(z)) <v }.
If N/F((u)) is a finite separable extension, we have an isometric embedding
B — B(N).

We will use this to identify B with a subspace of B(N). The map ®4 extends to a map
B(N) — B(N).

Proposition 6.1. There is a finite separable extension M/F((u)) such that the above map
Q4 :B(M) — B(M) has a fived point. This fived point is unique in Uy /p(w))B(IN).

Proof. The uniqueness follows easily from (6.41). For simplicity, we will write ® instead of
® 4. Consider the “Lang isogeny”
Gr(w) — Grw) i 9— 9 (g)-

This is a finite étale surjective morphism; therefore, if A is in G(F((u))), then there is
g € G(M) for some finite Galois extension M/F((u)) such that A = g~'¢(g). Consider

xo = g~ ' yo which is a special vertex in B(M). We have
O(xo) = A-d(g~ - y0) =9~ - d(9) - d(9) " w0 =9"" yo =10

and so x is a fixed point. O
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In fact, if o is an element of Gal(M/F((u))), since o - ¢ = ¢ - 0, we can see that c(A) =

a(g7'é(g9)) = a(g)'d(a(9)) = A = g '¢(g); therefore o(g)g~" € G(F). Since go - yo = yo
for go € G(F), the point 29 = g~! - yo depends only on A and is Gal(M/F((u)))-fixed.
Therefore, if M /F((u)) is tamely ramified, which implies B(M )G (M/F((w)) = B, we conclude
that xg belongs to B.

6.b.4. We continue to write ® = ®4. If x is in B, we can apply the triangle inequality
above to z, ®(x) and z¢g = ®(z9), in two different ways. We obtain:
6(®(z),2) < 6(®(x), x0) + 0(z0, %) = p - d(x, x0) + 6(2,20)",
5(®(x), 20) = p- 8(z, 70) < 8(®(x),7) + 8(, 20).

Combining these we get

(6.42) (p—1)-d(z,20) <6(P(x),z) <p-d(x,x0)+ d(z,20)"
This implies that if h € G(F((u))) is such that
(6.43) p-d(h-yo,x0) + I(h - yo,x0)* < v,

then the corresponding point h - G(F[[u]]) in F¢(F) belongs to C,, ¢(A), which is then non-
empty and is contained in the ball of radius v/(p — 1) around x.

6.b.5. Suppose that A’ = h=!- A - ¢(h) with h € G(F((u))). Then A’ = (gh)~'¢(gh) and
the corresponding ® 4/-fixed vertex is xf, = (gh)™' -yo = h~' - 29. We conclude that the
orbit G(F((u))) - zo only depends on the ¢-conjugacy class of A in G(F((u))). By the above,
if M/F((u)) is tamely ramified, o belongs to B.

6.c. We continue to assume that & = F, and now take G = H = GL;. Take T the
standard maximal torus of GLg4. Then the finite Weyl group is the symmetric group Sy,
X«(T)r = X.(T) ®z R, and the standard choice of a positive closed Weyl chamber is

C:{(Ulv"'vvd)eRd ‘ U1 Z’UQZ"'Z’Ud}-
The partial order on C is given by: (v1,...,v4) < (v],...,v}) iff
T T
ZviSng, forr=1,...,d—1,and vy + - +vg=v] + -+ v}
i=1 i=1

In this case, we will explain the construction of the fixed point in a slightly different way.
Start with M4 = (k((u))?, A - ¢) and set

U = (k((u))*® @p(uy) Ma)?@P4714 C k() )P () Ma

for the k-vector space of the corresponding Gal(k((u))*P/k((u)))-representation p. (Here
¢ k((u))**P — E((u))%P denotes again the Frobenius of the separable closure.) In fact, one
can see from the construction of p that there is a finite separable extension L/k((u)) such
that

U = (L @p((uy) Ma)*®*7¢ C L @p()) Ma = L
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as Gal(k((u))**P/k((u)))-modules. (Note that L¢ also supports a ®-module structure for
the extension ¢, of ¢ to L; this is given by A - @1, ) Now set My for the Or-submodule in
Ld generated by the elements in U. Then My /urIMMy ~ U and so My is an Op-lattice in
L% Since p & = A - ¢ acts as identity on U, we can see that

(A~ dL)"(Mo) = M.

The lattice My gives a point xo of B(L) which is fixed under the map ®, i.e ®(xg) = xg.

6.d. In this paragraph, we will explain the picture in the building for F = [F, and G =
H = GLy. Our main objective is the following. Given a dominant coweight v = (a,b)
with @ > b > 0 and a matrix A € GL2(F((u))), describe the set of vertices in the building
B which correspond to F-valued points in C,(A), i.e, to lattices M C F((u))? for which
D4 (" (M) C M and such that WM/ P 4(¢* (M) = M/(A - p(9M)) has elementary divisors
(@', V), a > b > 0 which are smaller than v = (a,b), i.e d’ < a, ' +b = a+0b. The
corresponding set in the building is the set of vertices x such that 0 < 6(z, P4(x)) < v.
To simplify our discussion, we will consider the projection B — 7 where 7 is the tree
of homothety classes of lattices in F((u))? (i.e the building for PG Lo(F((u)))). Note that
the Weyl chamber distance § on the tree 7 coincides (up to sign) with the usual distance
d:7T xT — Rxg.
We consider the sets Vert(7), a of vertices « in the tree 7 for which

dx,®a(z)) <r=la—0|

Let xg be the fixed point of ® = ®4 on 7 (M) and Zg its projection to 7. Note that the
inequalities (6.42) imply that

.
B(xg,
(0p+1

where B(zg, R) is the “ball”

N Vert(7) C Vert(7), 4 C B(xo, ! N Vert(7T
’ 1

(6.44) d(z,z0) <R

of radius R centered at the point x.

To refine this, we will consider several possible cases:

A) Zp is not a vertex in 7. Then T lies on a segment [n, '] with n, 1’ the closest vertices
to Zp. Now consider the images ®(n), ®(n’). Since the geodesic [xo, ®(n)] passes through
the projection Zg, it also has to pass through either n or 1’ (but not both). Similarly for
[0, ®(1')]. There are several subcases:

1) g € [xo, ()], 0" € [x0,P(n)]. Apply ® to conclude that ®(n) lies in the geodesic from
zo to (1) and ®(n’) in the geodesic from xg to ®?(n). Note that if ®(Zg) # T and is, for
example, between Zo and 7', then ®([x,n']) = [z, P(1’)] would pass first through Zg, then
through ®(Z), and then through 7. This contradicts the fact that this is a geodesic. A
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similar contradiction is obtained if ®(Z) is between Zg and n. We conclude that ®(Zg) = %o

and hence xg = Zo.

FIGURE 1. The case Al

By similar arguments, we deduce that the limit
lim [$*" (), @*" ()] = lim [@*"7(n), &2 ()]
n—oo n—oo

gives an apartment which is preserved (but flipped) by ®. Indeed, ® takes the half-
apartment lim [zg, ®*"(n)] to lim [zq, ®*"(n)].

Note tha?—i}(io this case, theren;rzo no half-apartments in the tree 7 that are preserved by
®. Indeed, consider a vertex g in such a half-apartment and connect this to xg; the geodesic
has to pass through either 7 or 7/; in either case, since the geodesic from zy to ®(y) has to
pass through the opposite point 1/, resp. 7, we obtain a contradiction. Recall that the set
of half apartments in the tree can be naturally identified with the set of one-dimensional
subspaces of the corresponding vector space F((u))2. Hence, we see that in case (A1) the
®-module given by the matrix A is simple.

Now suppose z is a vertex in 7. The geodesic [zg, 2] has to pass through either 7 or 7.
Suppose that ' € [z, 2] (the other case is similar) and consider ®([zg, z]) = [®(z0), P(z)] =
[0, ®(x)]. This contains ®(n’) and therefore has to pass through n (since n € [zg, ®(7)]).
Therefore, the geodesic [z, ®(x)] passes through both 7 and 1’ (and also () and we have

d(l’,@(%’)) = d(.%',l’o) +d((L‘0,(I)(x))
= (p+Dd(z,zo).
Hence, in this case, d(z, ®4(x)) < r amounts to d(z,z¢) < r/(p+ 1) and we have

Vert(T),.4 = B(zo, pi o) N Vert(7).

2) g € [xo,®(n)], 7 € [x0,®(n')]. Then, we can see that the limits lim_,, [z, ®"(n)],
lim_,,[xo, ®"(n')] give two half-apartments that are both preserved by ®. As above, this
implies that the ®-module given by A contains two 1-dimensional ®-submodules; we can
easily see that these are distinct. Hence the ®-module given by A is decomposable.
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FIGURE 2. The case A2

Now suppose z is a vertex in 7. The geodesic [zg, x| has to pass through either n or
n'. Suppose that n € [zg,x] and in fact suppose that a > 0 is the largest integer for which
®4(n) is contained in [zg, x]. Consider ®([zg, z]) = [zo, P(x)] which has to contain 41 (n).
Therefore, the geodesic [r, ®(z)] has to pass through ®**1(n). We obtain

d(z,@(x)) = d(z, @ (n)) + (@ (n), 2(x))
= d(z, " () +p - d(®(n), ).

If 2 is the projection of = to the half-apartment lim_,, [xo, ®"(n)], then we can rewrite this

distance as

d(z,®(x)) = d(®(z),®(z")) +d(®(a"), " (n)) +
+d(@T (), ®° (1)) — d(’, 9% (n)) + d(x, 2")
= (p+)d(z,2") + (p— 1)d(a’, 2"(n)) + p"d(2(n), 7).

There is a similar expression if 7’ is in [z, z]. Hence, d(x, ® 4(z)) < r can be described as
the union of two “thinning tubes” around the two half-apartments that are preserved by ®.
Note that, in the above, when d(z, ®(z)) is bounded, the possible values of a are bounded
too.

3) n € [x0, ®(n)], n € [w0o, (0] (the case ' € [z, (0], 0’ € [xg, P(n)] is symmetric).
Then lim_,,[zg, ®"(n)] gives a half-apartment which is preserved by ®. As above, this
implies that the ®-module given by A contains a 1-dimensional ®-submodule and, therefore,
it is not simple. In this case, we can see that this is the unique half-apartment preserved by
®. Indeed, consider a vertex y in such a half-apartment A’ and connect this with a geodesic
to xg; the geodesic has to pass through either n or 7’ and we can easily rule out 7. Now
the geodesic [z, ®(y)] has to pass through ®(n). Since ®(y) is also in A’, we can conclude
that A’ also contain ®(n). Inductively, A" contains ®"(n) for all n. We conclude that the
d-module given by A is not simple and not decomposable.

Now suppose x is a vertex in 7. The geodesic [zg, z] has to pass through either n or 7.
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FIGURE 3. The case A3

e Suppose first that the geodesic [zg, x| passes through 7. In fact, suppose that a > 0 is
the largest integer for which ®%(n) is contained in [xg,x]. Then as before, we obtain

d(z, (I)<m)) = d(xv (I)a+1(77)) +Pd(¢’a(77)a x)
= (p+Dd(z,2') + (p — 1)d(2", ®*(n)) + p"d(2(n), n)

with 2’ the projection of x to the apartment lim_,,, [z, ®"(n)]. Hence again the set d(z, ®4(x)) <
r can be described for these vertices as a union of thinning tubes.
e Now suppose that the geodesic [xg, 2] passes through 7. Then an argument as in case
(A1) gives
d(z,®(z)) = (p+ 1)d(x,z0) — 2d(Zo, xo).
Hence for this kind of vertices this set d(x, ®4(z)) < r is a ball around xg.

B) Suppose now that &y = 7 is a vertex of 7. There are two subcases:

1) o = n is not fixed by ®. Then, lim_,, [z, ®"(n)] gives again a half-apartment that is
preserved by ®. We can, in fact, see as before, that this is the unique such half-apartment.
Hence, in this case, the ®-module given by A is not simple and not decomposable. Note
that after replacing F by a finite extension, zy becomes of type B2 below.

If = is a vertex of 7 then n € [xg,x]. If @ > 0 is the largest integer for which ®%(n) is
contained in [z, 2] we obtain for d(z, ®(z)) the same formula as in cases A2 or A3a. Hence
in this case d(x, ® 4(x)) < r is a union of thinning tubes.

2) Ty = n is fixed by @, in other words the fixed point z is a vertex of 7. This corresponds
to the homothety class of a lattice 9y; we have ®(¢*My) = u*My for some s. Denote by
{mi}i=o,..p its neighborhood vertices. The link of 7 is identified with the projective space
of lines in My /uMy and the action of ® on the link then corresponds to the action on
the projective space given the linear action of u=* - ® on My /uIMy. Now observe that the
geodesic [zg, P(n;)] passes through n; if and only if the action of ® on the link leaves the
point of the link that is given by n; fixed. Depending on whether the number of fixed points
in the link is > 2, resp. 1, resp. 0, the $-module is decomposable, resp. not simple and
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FIGURE 4. The case Bl

not decomposable, resp. simple. Note that in the last case it is not absolutely simple, it
disappears if I is replaced by a finite extension.

Now let = be a vertex of 7 and consider the geodesic [zg, 2] which has to pass through
one of the vertices 1;. We distinguish cases according as 7; gives a fixed point of the link,

or not.

FI1GURE 5. The case B2

e Suppose first that [z, ] passes through a vertex n; with the corresponding point of the
link fixed by ®. Then the argument of case A2 applies to obtain d(z, ®(z)). (It involves the
largest integer a > 0 such that ®%(n;) is in [zg, x].) For this kind of vertices d(z, ®4(z)) <r
is a union of thinning tubes.

e Now suppose that [zg,z] passes through a vertex n; with the corresponding point of
the link not fixed by ®. Then the argument of case Al applies to give

d(z,®(x)) = (p+ 1)d(x, zo).

For this kind of vertices d(z, ®4(z)) < r is a ball around x.
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