arXiv:math.NT/0110289 v1 26 Oct 2001

Derivatives of Eisenstein series and Faltings heights!
by
Stephen S. Kudla?
Michael Rapoport
Tonghai Yang?

In a series of papers, [25], [30], [28], [29], [31], [26], we showed that certain quantities
from the arithmetic geometry of Shimura varieties associated to orthogonal groups occur in
the Fourier coefficients of the derivative of suitable Siegel-Eisenstein series. It was essential
in these examples that this derivative was the second term in the Laurent expansion of a
Siegel-Eisenstein series at the center of symmetry, and that the first term in this Laurent
expansion vanished (incoherent case). In the present paper we prove a relation between a
generating function for the heights of Heegner cycles on the arithmetic surface associated
to a Shimura curve and the second term in the Laurent expansion at s = % of an Eisenstein
series of weight % for SLy. It is remarkable that s = % is not the center of symmetry and
that the first term of the Laurent expansion is non-zero. In fact, this nonzero value has a
geometric interpretation in terms of the Shimura curve over the field of complex numbers.
Considering the fact that the Eisenstein series is a rather familiar classical object, it is
surprising that this interpretation of its Laurent expansion at s = % has not been noticed
before. As we will argue below in this introduction, we believe that our result is part of a
general pattern involving the heights of divisors on arithmetic models of Shimura varieties
associated to orthogonal groups.

We now describe our results in more detail.

Let B be an indefinite division quaternion algebra over Q and let Op be a maximal order
in B. Let D(B) be the product of all primes p at which B is division. Let M be the
moduli space of abelian varieties of dimension 2 with a (special) action of Op. Then M
is an integral model of the Shimura curve attached to B; it is proper of relative dimension
1 over Spec (Z), with semi-stable reduction at all primes and is smooth at all primes p at
which B splits, i.e., for p{ D(B). Ignoring, for the moment, the fact that M is only a stack,
we may consider M as an arithmetic surface in the sense of Arakelov theory, [14], [3], ....

For each m € Z and for v € R, we define a class in the arithmetic Chow group

(0.1) Z(m,v) = (Z(m),Z(m,v)) € CH (M).
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Here, for m > 0, Z(m) is the divisor on M corresponding to those Op-abelian varieties
which admit a special endomorphism x with 22 = —m. These cycles can be viewed as the
Shimura curve analogues of the cycles on the modular curve defined by elliptic curves with
CM by the order Z[\/—m]. For m < 0, Z(m) = (. For all m # 0, Z(m,v) is the (non-
standard) Green’s function introduced in [25]. The class Z(0,v) will be defined presently.

The moduli stack M carries a universal abelian variety A/ M, and the Hodge bundle w on
M is defined by

(0.2) w = A?*( Lie(A))*.

We equip w with the metric || || which, for z € M(C) is given by

1
0.3 agze_QC-— / alal,
(03) o =1
where
1

(0.4) C= 5( log(4m) + ),
for Euler’s constant . The reason for this normalization will be explained below. We thus
obtain a class @ = (w, || ||) € Pic(M), and we set

. 1
(0.5) Z(0,v) = — (d) + (0,log(v))) e CH (M).

—1 —~
Using the Gillet—Soulé height pairing ( , ) between CH (M) and Pic(M), [18], we form
the height generating series

(0.6) Pheight(T) = Y { Z(m,v),& ) ¢,

m

where, for 7 = u+4v in the upper half plane §), we have set ¢ = e(7) = €2™". The quantities

( Z(m,v),w ) can be thought of as arithmetic degrees [5], [2]. At the same time, we can
define the more elementary generating series

(0.7) Pdegreo(T) = Y _ deg(Z(m,v)) g™

where deg(Z(m,v)) = deg(Z(m)) is simply the usual (geometric) degree of the 0-cycle
Z(m)c on the complex Shimura curve Mc.



To see that these generating series are the g—expansions of modular forms, we consider
a family of Eisenstein series. In 1975, Zagier [45], [8], introduced a (non-holomorphic)
Eisenstein series of weight %, whose Fourier expansion is given by
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where H(m) is the number of classes of positive definite integral binary quadratic forms of
discriminant —m. This series, which played a key role in the work of Hirzebruch and Zagier
[21] on generating functions for intersection numbers of curves on Hilbert modular surfaces,
can be viewed as the value at s = % of an Eisenstein series F (7, s), defined for s € C and
satisfying a functional equation F (7, —s) = F(7,s). In fact, there is a whole family of such
series, £(7, s; D), where D is a square free positive integer, whose values at s = %, for D > 1,
are given by*

09) & D)= (-1 1}“’ 1+ mZ>025<d; D) Ho(m; D) g™.

Here Hy(m; D) is a variant of the class number H(m), and d(d; D) is either 0 or a power of
2, cf. (8.19) and (8.20) respectively, and ord(D) is the number of prime factors of D. In the
case D = D(B) > 1, a simple calculation of deg(Z(m)) proves the (known) relation

(0.10) Pdegree(T) = E(7, 53 D(B)),

1
2

so that the value of £(r,s; D(B)) at s = 1 is the degree generating function. The main
result of this paper asserts that the second term in the Laurent expansion of the Eisenstein
series £(7,s; D(B)) at the point s = 1 contains information about the arithmetic surface

2
M:

Theorem A. For D(B) > 1,

Oneiga(r) = €/(r, 3 D(B)) + ¢

for some constant c.

This identity is proved by a direct computation of the two sides. The resulting formulas,
cf. Theorem 8.8, are quite complicated. For example, for m > 0 in the case in which

40ur normalization of these series differs slightly at 2 from that used by Zagier, so that our &(7, %; 1) is not
quite Zagier’s function, cf (8.24) below.
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deg(Z(m)c) # 0, the coefficient of ¢" in the derivative of the Eisenstein series is given by
(0.11)

26(d; D(B)) Ho(m; D(B)) - {% log(d) + 2 xa) _ 1

b o (mme) + Y ( log |, — b(:iw) ) + D Ky log(p) }

P
ptD(B) p|D(B)

Here we write the discriminant of the order Z[y/—m] as 4m = n2d for a fundamental
discriminant —d, and the other notation is explained in Theorem 8.8. Theorem A asserts
that this expression coincides with the height pairing ( Z(m,v),& )! A point over Q of
Z(m) corresponds to an Op—abelian surface A over Q, equipped with an action of Z[/—m)|
commuting with that of Op. Such a surface is isogenous to a product Fy x E4, where Ey
is an elliptic curve with complex multiplication by the maximal order Oy in the imaginary
quadratic field Q(v/—d). With our normalization of the metric on the Hodge bundle, the
Faltings height of Fy x F4 is given by

L/ (1, Xd) 1

1
=log(m) — 57,

1
12 rl(Fa X Eg) =2hip (Eg) = = 4 =A%

so that the geometric meaning of the first terms of (0.11), and of our title, emerges. The
change in the Faltings height due to the isogeny is accounted for by the term involving the
sum over p 1 D(B), where the logarithmic derivatives occurring there are given explicitly in
Lemma 8.10. The sum over p | D(B) has the following geometric meaning. The arithmetic
surface M has bad reduction at such primes and the cycle Z(m), defined as a moduli
space, can include components of the special fiber M,,, i.e., vertical components [29]. Their
contribution to the height pairing coincides with the term K, - log(p) in (0.11), where K,
is given explicitly in Theorem 8.8. Finally, there is an additional ‘archimedean’ term in the
height pairing, which arises from the fact that the Green’s function Z(m, v) is not orthogonal
to the Chern form g = ¢1(w) of the Hodge bundle. This contribution coincides with the
term involving 1.J(4rmwv).

The ambiguous constant ¢ occurs in Theorem A because we do not know the exact value of
the quantity ( @,w ). More precisely, for m = 0, the constant term of the derivative of the

Eisenstein series at s = + with D = D(B) > 1 is given by

(0.13) &, %; D(B)) = ¢p(~1) % log(v) 22/((:11)) 14204y p;oig,(f) }
|D

where ¢p(s) = ¢(s) [[,p(1 —p*). On the other hand, by (0.5), the constant term of the
generating function for heights is given by

(0.14) Sheigneo () = ( 2(0,0),6) = — (&, ) —% log(v) deg(w).



Noting that deg(w) = —(p(—1), we see that the constant terms would coincide as well, i.e.,
the constant ¢ in Theorem A would vanish, if

/ _1 l
(0.15) (o,0) E ep(=1) {25( RPN oF og(p)}'
C(—l) p—1
p|D
If we write @, = (w, || ||nat) for the Hodge bundle with the more standard choice of metric,

cf. (10.15) below and [3], and if we delete the ‘extra’ factor of 3 which occurs due to the
fact that M is a stack, cf. section 4, then (0.15) amounts to

016 (oo™ 2 ago-1) [ S5 ———Zplog /.

If we take formally D = D(B) = 1, so that M would be the modular curve and @, the
bundle of modular forms of weight 2 with the Petersson metric, then, indeed, by the result
of Bost and Kiihn, [4],[34],

¢(=1) 2
These considerations are one of the motivations for our choice of metric on the Hodge bundle
and our definition of Z(0,v).

(0.17) ( Doy o )™ =4¢(—1) {C/(_l) 42 }

We expect that Theorem A will continue to hold when D(B) = 1, i.e., in the case of
the modular curve M, where (0.17) will allow us to eliminate the constant c. There are,
however, extra complications. The first is that the metric on @ becomes singular at the cusp.
This difficulty was overcome by Bost [3], [4] and Kiihn [34] by extending the definition of
ﬁi:(M) ~CH ' (M) to allow more general Green’s functions. On these more general Chow
groups, the geometric degree map should be defined as

—1
(0.18) deg: CH (M) — R, (Z,97) — wz,

M(C)
where wy is the (now not necessarily smooth) form occuring on the right hand side of the
Green’s equation

(0.19) dd“ gz + 07 = wz.

Note that this definition agrees with the previous one in the case D(B) > 1. With our
previous definition of Z (m,v) for m # 0 and m = —n? and with a slight modification when
m =0 or m = —n?, the result of Funke [15], [16] shows that, indeed,

1
—1
27 )

(020) +22H0m 1 q +Z_U %/ —4mn? or .- %d’l"'q_RZ .

m>0 nez

Paeg (1) = E(T,
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In fact, if we had defined the cycles Z(m) by imposing the action of an order of discriminant
m (rather than 4m) on our Opg—abelian surface, then the degree generating function would

coincide exactly with Zagier’s function (0.8)! We defer the calculations of the additional

1.

terms which occur in the derivative £'(7, 3;1) and in the height generating function for

D(B) =1 to a sequel to this paper [32].

Relations like the ones proved here between the first (resp. second) term of the Laurent
expansion of an Eisenstein series and the generating function for degrees (resp. heights)
should hold in much greater generality. More precisely, suppose that V is a rational vector
space with nondegenerate inner product of signature (n,2). Let H = GSpin(V') and let D
be the space of oriented negative 2—planes in V' (R). Then, for each compact open subgroup
K C G(Ay), there is a quasiprojective variety X, defined over Q, with

(0.21) Xg(C) ~ H(Q)\(D X H(Af)/K).

For each integer m > 0, and each K-invariant ‘weight function’ ¢ € S(V(A;))X in the
Schwartz space of V(Ay), there is a divisor Z(m, ¢)x on Xk, rational over Q, [24]. The
variety X comes equipped with a metrized line bundle £ = (£, ]| ||), and it is proved in
[27] that, with the exception of the cases n = 1, V isotropic and n = 2, V split, the degree
generating function

(0.22) Paeg(T; ) = vol(Xi) p(0) + Y _ deg(Z(m, ¢)) ¢™

m>0

coincides with the value E(7, §; ) of an Eisenstein series (7, s; ¢) of weight & +1 associated
to . Here vol(Xg) (resp. deg(Z(m,¢))) is the volume of X g (C), (resp. Z(m,¢)x) with
respect to Q" (resp. 2771), where Q is the negative of the first Chern form of L. We believe
that there should be an analogue of Theorem A in this situation. To obtain such a result,
one needs, first of all, suitable extensions Z(m;¢) of the cycles Z(m, ) to suitable integral
models X of the Xi’s. Next, since the varieties X are, in general, not projective, one
needs nice compactifications X and, more importantly, an extension of the Gillet-Soulé
theory, general enough to allow the singularities of the metric on the extension & of £ to
the compactification, etc. Assuming all of this, one would have cycles

(0.23) Z(m, vip) = (2(m; 0),E(m,v)) € CH (X)x

—1 _
and a class w € CH (X)g. The analogue of Theorem A would identify the height generating
series

(0.24) Oeigne (150) == 3 ( Z(m, p30),0" ) ¢

m
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with the derivative £'(7, §; ) at s = % of a normalized (and possibly slightly modified, cf.
section 6 below) version £(7, s;p) of the Eisenstein series E(T,s;y). However, it seems a
challenge to go beyond the case considered in the present paper and to obtain such results
for more general level structures (even for n = 1) and for higher values of n, e.g. for n = 2
(Hilbert-Blumenthal surfaces) or n = 3 (Siegel threefolds). Nonetheless, the results of [27]
provide some additional evidence in favor of this picture for general n.

With hindsight, it may be said that the results in [31] support our picture in the case
n = 0. This is the one case which is common to the general picture developed here and
the general picture of our papers [25], [30], [28], [29], [31], [26]. In this rather degenerate
case, the variety X is zero dimensional, so that the cycles Z(m;¢) are actually empty,
and the degree generating function ¢geg(7; ) is identically zero. On the other hand, the
associated Eisenstein series £(7, s;¢) of weight 1 is incoherent, in the sense of [25], [26], so
that £(7,0;¢) = 0 as well. The main result of [31], Theorem 3, may be interpreted as the
identity

(026) ¢height (7-7 (;00) = 5/(7-7 0; 900)

Here, as in the present paper, ¢ = g is the characteristic function of a certain standard
lattice and K is the maximal open compact subgroup. To make the transition to the result
in [31] one has to take into account the following two remarks. First, the arithmetic degree

d/ég() on CH' (Xk) used in [31] may be viewed as
(0.27) deg(Z) = (Z,0°) .

Second, in defining the degree generating function in this case, we set

A

(0.28) 2(0,v) = &+ (0,1og v) € CH (Xx) |

where @ is the Hodge bundle on X (the moduli stack of elliptic curves with complex mul-
tiplication by O, for a prime ¢ =3 mod (4)), with metric normalized as in (10.16) of the
present paper. Indeed, this particular choice of normalization, i.e., the choice of the constant
C'in (0.3), was motivated by the requirement that no ambiguous constant like ¢ in Theorem
A should arise in (0.26). Specifically, the constant term which occurs in [31] is given by

a0(6,0) = —2h(k) ( % log(v) + 2 hea(E) — log(27) — % log(r) + %’y 1 2log(2m) )

(0.29) = —2h(k) ( % log(v) + 2 hra(F) + %log(ﬂ) + %’y +log(2))

= —2h(k) (% log(v) + 2 hipy (E)).
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Here the quantity hpa(E) — 4 log(2n) is the Faltings height in the normalization of Colmez
[9], which was used in (0.16) of [31], cf. Proposition 10.10 below. We found it particularly
striking that the normalization of the metric on the Hodge bundle which eliminates any
garbage constant in the case n = 0 also gives a precise match in the positive Fourier
coefficients in our Shimura curve case (n = 1). Of course, this is perhaps not so surprising,
given the fact that the cycles in the case of signature (n,2) are themselves (weighted)
combinations of Shimura varieties of the same type for signature (n — 1,2). Thus a main
term in the arithmetic degrees which occur in the positive Fourier coefficients of the height
generating function for the signature (n,2) case is the ‘arithmetic volume’ occuring in the
constant term for the (n — 1,2) case. This ‘explains’ the relation between the present
paper and the results of [31]. It should not be difficult to verify that the positive Fourier

coefficients of the derivatives of Eisenstein series of weight & + 1 at s = 5 are related to the

constant terms of the derivatives of those of weight "T_l +1ats=21

5— in a similar way.

In a similar vein, we remark that the height generating function which, according to our
picture above, is related to the derivative of Eisenstein series on SLy = Sp; of weight & + 1

n

2
series of genus 2, i.e., on Spg, of weight 5 +1 at s = "T_l In fact, this is how we arrived at

the height generating function considered in this paper. We hope to elaborate on this point

at s = 2, is connected with the singular Fourier coefficients of the derivative of Eisenstein

in a future paper.

The results of this paper are an outgrowth of a project begun during the first author’s visit
to the Mathematische Institut of the University of Cologne in the fall of 1999. He would like
to thank the Institut for providing a congenial and stimulating working environment. The
second author thanks the department of mathematics of the University of Maryland for its
(by now almost customary) hospitality during his sabbatical in the spring of 2001.
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Part I. Arithmetic geometry.

1. The moduli stack M.

Let B be an indefinite quaternion algebra over QQ. We fix a maximal order Op in B, and we
let D(B) be the product of the primes p at which B,, is a division algebra. For the moment,
we allow the case B = M2(Q) and Op = M3(Z), where D(B) = 1.

We denote by M the stack over SpecZ representing the following moduli problem. The
moduli problem associates to a scheme S the category M(S) whose objects are pairs (A, ¢),
where A is an abelian scheme over S and

L OB e Ends(A)
is a homomorphism such that, for a € Op,
(1.1) det(c(a); Lie(A)) = Nm°(a).

Here Nm? is the reduced norm on B and, as usual, [22], [38], the identity (1.1) is meant as
an identity of polynomial functions on S. All morphisms in this category are isomorphisms.

Proposition 1.1. M is an algebraic stack in the sense of Deligne-Mumford. Furthermore,
M is proper over SpecZ if B is a division algebra. The restriction of M to Spec Z|D(B)™}]
is smooth of relative dimension 1. Finally, if p | D(B), then M Xspecz Spec Zy, has semi-
stable reduction. [
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2. Uniformization.

Let H = B*, considered as an algebraic group over Q. Let
(2.1) D = HOIHR((C, BR),

be the set of homomorphisms of R-algebras, taking 1 to 1, with the natural conjugation
action of H(R). This action is transitive. We fix an isomorphism Br ~ M>(R), so that
H(R) ~ GL2(R), and a compatible isomorphism D ~ C \ R, the union of the upper and
lower half planes. Also let K = Og C H(Ay), be the compact open subgroup determined
by Op, where 0) B =0B®z 7. Then we have, as usual, an isomorphism of Deligne-Mumford
stacks over C,

(2.2) M Xspecz SpecC = [H(Q\D x H(A;)/K],

where the right is to be understood in the sense of stacks, [10], p.99. The stack on the right
hand side may be written in a simpler way using the fact that H(A;) = H(Q)K. Let

(2.3) I'=HQ)NK=O03.
Then
(2.4) M Xgpecz SpecC = [I'\D].

Note that T acts on D through its image I' = T'/{#£1} in PGLy(R), with finite stabilizer
groups. Instead of considering [I'\ D] as an algebraic stack, it is more traditional to view
this quotient as an orbifold [20]. Intuitively speaking, this means that the quotient of D
by the action of I' is not carried out, but rather, all information obtained from the action
of I" on D is stored. As a particular instance, consider the hyperbolic volume form p on D,

normalized as

1
(2.5) p=—y 2dxAdy,

2T
in standard coordinates on C\R. Since this volume form is I'-invariant, it induces a volume
form on the orbifold [I'\D] = M(C). The volume of the orbifold M(C) is given by

1

(2.6) olM@)= [ u=5 [ w
[T\D] r'\D

where the extra factor of % in the second expression is due to the fact that the stablizer in
' of a generic point of D, has order 2. Explicitly, we have, [13],

2.7) volM(©) = 5 [T 0-1)= ~Co(-1).

p|D(B)
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where

We now turn to p-adic uniformization, [12], [6], [29]. We fix a prime p | D(B). Let B’ be
the definite quaternion algebra over () whose invariants agree with those of B at all primes
¢ # p, co. Let H = B’* considered as an algebraic group over Q. We fix identifications
H'(A}) ~ H(A%) and H'(Qp) = GL2(Qp). Let Q? be the Deligne-Drinfeld formal scheme
relative to GL2(Q,). Then

(2.8) M xspecz Spec W (F,) =~ [H’(Q)\ (QQ X spf 2, Spf W(Fp)) x Zx H'(AP)/K'? | .

Here K'P corresponds to (Op @ ZP)* under the identification of H (A}) with H'(A%), and
g € H'(Q) acts on the Z factor by shifting by ord,(det(g)). Again, this formula can be
simplified since H'(Q) K maps surjectively onto Z x H'(A%). Let

(2.9) H'(Q)' = { g€ H'(Q) | ordy(det(g)) = 0 }.

Put I" = H'(Q)' N K7. Then

(2.10) M Xgpecz Spec W(Fp) ~ [ I"\Q2 XSpecz, SPec W(Fp) ,

where, again the right hand side is considered as (the algebraization of) a formal Deligne-
Mumford stack. The group I/ acts through I = I /{+1} C PGL2(Q,) with finite stabilizer
groups.

3. The Hodge bundle.

We denote by (A, ¢) the universal abelian scheme over M and by € : M — A, its zero
section. The Hodge line bundle on M is the following line bundle:

(3.1) w = € (%) = A’Lie(A/M)".

For convenience, we will refer to w as the Hodge bundle.

Remark 3.1. Assume that (B,0p) = (M2(Q), M3(Z)). In this case, M may be identified
with the moduli stack of elliptic curves, and the universal object A with (£2,19) where &
is the universal elliptic curve and ¢y : M2(Z) — End(€?) = M3(End(€)) is the natural
embedding. In this case, Lie(A/M) = Lie(£/M)®? and hence

(3.2) w = w?fM.

Here wg/nq = Lie(£/M)*. Recall [11], VI.4.5, that w?/QM can be identified with the module

of relative differentials of M /SpecZ. The following proposition generalizes this fact. [
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Proposition 3.2. The Hodge bundle w is isomorphic to the relative dualizing sheaf waq 7

Proof. Since the fibers of M over Spec Z are Gorenstein, w4,z is an invertible sheaf. Since
M is regular of dimension 2, it suffices to show that the restrictions of w to the smooth locus
Memeoth ig isomorphic to the restriction of way sz to Memeoth i o to the sheaf of relative

differentials Q}\/[smooth/Z'

By deformation theory we have a canonical identification
(3.3) Vpgomoon ;2 = Homo,, (Lie A, (Lie(A)*)

where (A, 1) is, as before, the universal object over M and where A denotes the dual abelian
variety.

This formula shows that it suffices to check the claimed equality after passing to the com-
pletion Z, for each prime p. For any prime p 1 D(B) our identification problem reduces to
the situation considered in Remark 3.1. Hence, all we need to do is to extend to Msmooth
the isomorphism between w and Q}\/l/Spec over M[D(B)™1]. Fix a prime number p | D(B).
Denote by R the involution on Op

(3.4) ar—at=§a" 671,

where § € Op satisfies 62 = D(B), and where o — o is the main involution on B. After
choosing a p—principal polarization on A whose Rosati involution induces the involution R
on Op, we may identify (Lie A)* with (Lie.A)*, in such a way that o € Op acts on (Lie A)*
as (af*)*. We write

3.5 O, = Z,2[II)/(I1* = p, Tla = o, Va € Z,2)
p

P p

We may assume that the restriction of R to Z,2 is trivial and that 7 = —II. After extending
scalars from Z to Z,2, we have the eigenspace decomposition of Lie A as

(3.6) LieA=Lo® Ly

such that the action of IT on Lie A is of degree 1 with respect to this Z/2-grading. The
condition (1.1) ensures that £y and £; are both line bundles. It now follows, via (3.3) and
(3.6), that the local sections of Q) sz are given by local homomorphisms ¢; : £; — L]
(1 =0,1) forming a commutative diagram

Lo 2 L

Mo | |-
(3.7) L, L oo

m | |-

$o
,Co e ES
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The pair (po, 1) therefore defines an injective homomorphism
(3.8) oy — L5 @ LY (LieA)* ® (Lie A).

On the generic fiber, Egg %) and E?(_Q) both coincide with w and « induces an isomorphism
of Q}\A Iz with the diagonal. On the smooth locus either Il or II; is an isomorphism locally
around any given point. Assume for instance that Iy is an isomorphism. Then ¢ determines
1 by the commutativity of the upper square in (3.7),

(3.9) p1 = (=1I}) 0 pg o T !

But then also the lower square commutes. Since Iy is an isomorphism, it suffices to check
this after premultiplying ¢; with IIy. But

(3.10) (—II5) o p1 0oy = (—1IIj) o (—II7) o oo = po o Iy o Iy .

It follows that on the open sublocus of M3™°°th where Il is an isomorphism, the first
projection applied to (3.8) induces an isomorphism between Q}Vl Iz and cg‘f =2 On the other

5?(—2)

hand on this open sublocus, w can be identified with , which proves the claim. [

By base change to C, the Hodge bundle induces a line bundle wec on M¢ = [I'\D]. In the
orbifold picture, we may view wc as being given by a descent datum with respect to the
action of I on the pullback of we to D. At a point z of M¢, a section « of we corresponds
a holomorphic 2 form on A;, and so there is a natural norm [3] on wc¢ given by:

. 2
1
(3.11) las] 2, :\(—) / anal
t 27'(' .AZ((C)

Equivalently, wc is given by the automorphy factor (cz + d)?, i.e., by the action of I on
D x C defined by

b
(312 = (4 0): 0 Gt ),
More precisely, for z € D ~ C \ R, we have an isomorphism
(3.13) Br ~ My(R) =5 C2, u»—>u(z) :(wl),
1 w2

and the corresponding abelian variety A, has A,(C) = C2/A, where A, is the image of Op
in C2. The pullback of we to D is trivialized via the section oo = dw; A dws. The Petersson
norm, || ||pet on the bundle of modular forms of weight 2, is defined by the I'-invariant norm
on the trivial line bundle D x C given by

(3.14) [1(z, Ol [Bey = ICI7 (4Im(2))>.

If f is such a modular form, then we identify f with the section, [7], pp141-2,
a(f) = f(2) (2midwy A2midws) = —4n2f(2) a.
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Lemma 3.3. The two norms on wc are related by

1 [aas = DB 1] et

nat —

Proof. The pullback to Ma(R) of the form a A& = dwi A dws A divy A dive above is 4 Im(z)?
times the standard volume form, and so, via (3.11),

(3.15) |2 ! -4TIm(z)? vol(M2(R)/Op).

nat — 47'('2

Then )
, D(B)

3 Im(z)?. O

la(f)l[fa = 167* [ f(2)]

Definition 3.4. The metrized Hodge bundle & is w equipped with the metric

111= el Ilnat,

where .
C = 5( log(47) + 7).

Here ~ is Fuler’s constant.

The motivation for this normalization is explained in the introduction.
The Chern form ¢ (w) for this metric is then

(3.16) c1(0) = —dd®log||a||* =

with p as in (2.5), and so

(3.17) deg(w) = /[F\D} c1(@w) = vol(M(C)).

4. The arithmetic Picard group and the arithmetic Chow group.

From now on, we assume that D(B) > 1, so that B is a division algebra and M is proper
over SpecZ. If we had imposed a sufficient level structure, then M would be an arithmetic
surface over SpecZ, [18], [3], etc. Then the Chow groups (tensored with Q) CH"(M) and

—T —1 —~
arithmetic Chow groups CH (M) would be defined, with CH (M) =~ Pic(M), the group
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of isomorphism classes of metrized line bundles, and these would be equipped with a height
pairing

(4.1) (,):CH (M) x CH (M) — CH (M)
and the arithmetic degree
(4.2) deg : CH (M) — C.

In this section, we explain how to carry over (parts of) this formalism to our DM-stack M.

We begin with ﬁi:(M) There are two ways to define the concept of a metrized line bundle
on M. First, one can define such an object to be a rule which associates, functorially to
any S—valued point S — M of M, a line bundle Lg on S equipped with a C'°*°~metric on
the line bundle Lgc on S Xgpecz SpecC. Second, one can define a metrized line bundle
on M to be an invertible sheaf on M together with a I'-invariant metric on the pullback
of L¢ to D under the identification of M¢ with the orbifold [['\D]. These definitions are
equivalent. As usual, we denote the set of isomorphism classes of metrized line bundles on
M by 151\(3(./\/1) This is an abelian group under the tensor product operation.

Let £ = (£,|| - ||) be a metrized line bundle on M. Then £ determines a height of a one
dimensional irreducible reduced proper DM—stack Z mapping to M. To define it , we are
guided by the heuristic principle that, in a numerical formula, a geometric point z of a stack
counts with fractional multiplicity 1/|Aut(x)|. Let Z be the normalization and v : Z — M
be the natural morphism.

IfT(Z,05) = Ok for a number field K, then
(4.3) hy(2) = degr*(£)
Here the right hand side is defined by setting, for a meromorphic section s of v*(L),
— 4 ordg(s) 1 N
(4.4) degrv* (L) = ( 7) -logp — —/ log ||s]|“.
; IEZZ(FP) |Aut(z)| 2 J3(c)
Here the integral is defined as
1
(45) LotoglslP= Y el sl
2(C) ZGZZ((C) |Aut(2)]

Also ord,(s) is defined by noting that the strict henselization O %, of the local ring O3  is
a discrete valuation ring. Let us check that the expression (4.4) is independent of the choice
of 5. This comes down to checking for a function f € Q(Z2)* = K* that

B ord, (f) 1 1 5
(4.6) o_z( 3 m)-1ogp—5 > ey ol )

p xeZ(Fp) o:K—C
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For z € Z (F,), let = be the corresponding geometric point of the coarse moduli scheme
Z = Spec Ok of Z. Then

(4.7) Oy = (5 yAut@)/Aut@)

where 7 is any generic geometric point of Z, and @z’m is a totally ramified extension of
degree |Aut(z)|/|Aut(7)| of Oz,,. Inserting this into (4.6), we obtain for the right hand side
the expression

(4. (T X ok dosr Yloslen)

P x€(SpecOk)(Fp)

which is zero by the product formula for f € K*.
IfT(Z,05) =TF,, we put

(4.9) hs(Z) =degv™(L) -logq = ( Z %) -logp,

in(Fp)

where s is a meromorphic section of v*(L£). Here degr*(L) coincides with the definition
given in [11], V.4.3.

Next we need to define the (arithmetic) Chow group of M. By a prime divisor on M we
mean a closed substack Z of M which is locally for the étale topology a Cartier divisor
defined by an irreducible equation. Let Z'(M) be the free abelian group generated by the
prime divisors on M. Any rational function f € Q(M)* (i.e. a morphism & — A! defined
on a non-empty open substack U of M) defines a principal divisor

(4.10) div(f) =) Jordz(f)- Z ,

Z
where the sum is over the prime divisors Z of M, and where we note that the strict
henselization of the local ring at Z, O M, z, is a discrete valuation ring. The factor group of
ZY(M) by the group of principal divisors is the Chow group C H*(M), comp. [41].

Let Z € Z'(M). Then the divisor Z¢ of M¢ = [[\D] is of the form Z¢ = [['\Dz] for a
unique I'-invariant divisor Dz of D. By a Green’s function for Z we mean a real current g
of degree 0 on D which is I'-invariant and such that

(4.11) w=dd°g+p,

is C°°. We denote by Z (M) the group of Arakelov divisors, i.e., of pairs (Z,g) consisting
of a divisor Z on M and a Green’s function for Z, with componentwise addition. If f €
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Q(M)*, then f|Mc corresponds to a I-invariant meromorphic function fc on D and we
define the associated principal Arakelov divisor

(4.12) div(f) = (div(f), —log|fc|?) -

The factor group of Z L(M) by the group of principal Arakelov divisors is the arithmetic
—1 —1 —~

Chow group CH (M). The groups CH (M) and Pic(M) are isomorphic. Under this

isomorphism, an element L goes to the class of

(4.13) () ordz(s) Z, —log|s[I”) ,
zZ

where s is a meromorphic section of £. Conversely, if (Z,g) € Z'(M), then its preimage

under this isomorphism is
(4.14) ©@),0 1

where —log||1]|2 = g, with 1 the canonical [-invariant section of the pullback of O(Z) to
D.

We define a pairing

A

(4.15) (,):ZY(M) x Pic(M) — C

by formula (5.11) in Bost [3],

1

(4.16) (Z9) L) =he@ +5 [ gad)

Here cl(ﬁ) is the I-invariant form on D defined by the pullback to D of £ (analogously to
c1(w) in section 3 above). The integral is defined as

(4.17) /[F\D} g-c(L)=[C: 1" / g-ci1(L),

r\D

where IV = ker(I' — Aut(D)).

—1 —~
It seems very likely that under the identification CH (M) ~ Pic(M), the pairing (4.15)
descends to a symmetric bilinear pairing

(4.18) (,):CH (M)xCH (M) —C |,

as is the case for arithmetic surfaces. For ease of expression we will proceed as if this were
the case, although we have not checked it. Since all we will actually use is the paring (4.15),
this will cause no harm.
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5. Special cycles and the generating function.

In this section, we will define for each m € Z and each v € R} a class

A

(5.1) Z(m,v) = (2(m),Z(m,v)) € CH (M).

We first assume that m > 0. Then we consider the DM-stack Z(m) classifying triples
(A,t,z) where (A,¢) is an object of M and where z is a special endomorphism, [25],[29],

with 22 = —m, i.e.,
(5.2) x € End(4,.), tro(z) =0, % = —m.

Then Z(m) maps to M by a finite unramified morphism. Furthermore, Z(m) is purely one
dimensional, except in the following cases, [29] and the Appendix to section 11,

(5.3) dp | D(B), p # 2, such that m € Z;’Q.

In the cases covered by (5.3), we set Z(m,v) = 0. In all other cases, we define a Green’s
function for the unramified morphism Z(m) — M, in the sense of section 4, as follows
([25]). Let

(5.4) V={zxeB|tr’(x)=0}

with quadratic form Q(z) = —x? = N°(z) given by the restriction of the reduced norm and
with associated inner product (z,y) = tr°(xy*). Note that the signature of V(R) is (1,2).
As in [25], we can identify D with the space of oriented negative 2-planes in V(R). For
x € V(R) and z € D, let pr,(z) be the projection of x to z and let

(5.5) R(z,z) = —(prz(x), prz(z)) > 0.

This quantity vanishes precisely when pr,(x) = 0, i.e., when z € D, where
(5.6) D,={z€eD]|(zx,z) =0 }.

Let L =V(Q)NOp, and let

(5.7) Lim)={xz€L|Q(x)=m }.

Then, for m € Z4o, and v € R}, let

(5.8) E(m,v) = > &v?a,2)
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where
(5.9) &(x,2z) = —FEi(—27R(x, 2))

for the exponential integral
(5.10) —FEi(—t) = / e r=tdr.
1

The properties of this function are described in [25], section 11. For m > 0, Z(m,v) is a

I'-invariant Green’s function for the divisor

(5.11) Dzgy:= [[ D=

x€L(m)
in D.
When m < 0, Z(m,v) is a smooth I'-invariant function on D. Therefore,
(5.12) Z(m,v) = (0,E(m,v)), m<0

1
again defines an element of CH (M).

For m = 0, the definition of Z (0,v) is more speculative. Using the canonical map from
_ 1
Pic(M) to CH (M), we let

(5.13) Z(0,v) = —(a)+ (0,logv)).

. _—1
We now have defined elements Z(m,v) € CH (M) for all m € Z and v € RY. We define
the following two generating series, which are formal Laurent series in a parameter q. Later

2mMT where T = u + iv € 9.

we will take g = e(7) = ¢
The first generating function involves only the orbifold M(C) = [I"\D]. Let
(5.14) w(m,v) = dd°E(m,v) +0p,,

be the right hand side of the Green’s equation for Z(m,v). Then let

(5.15) des(Z(m, v)) = / w(m, v).

[T\ D]
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If m > 0, then deg(Z(m,v)) is just the usual degree of the 0-cycle Z(m)c (in the stack

sense). If m < 0, then deg(Z(m,v)) = 0, since Z(m, v) is smooth is this case so that w(m,v)
is exact. For m = 0, we take w(0,v) to be the Chern form of —®, i.e., —u, and hence

(5.16) des(2(0,v)) := /[F\D} (0, ) = — vol(M(C)).

The generating function for degrees is then
(5.17) Pace() : =D _ deg(Z(m,v)) g™

= —vol(M(C)) + Y deg(Z(m)c) ¢™.

m>0

For the second generating function, we use the height pairing (4.15) of our cycles with the
class w € Pic(M), and let

(5.18) Sheignt (1) = S Z(m,0),& ) g™

m

At the moment, we regard @qeg(7) (resp. @neignt(7) ) as a formal generating series, but our
main theorem will identify it as a bona fide holomorphic (resp. non-holomorphic) function of
the variable 7 by identifying it with the Fourier expansion of a special value of an Eisenstein
series (resp. of the derivative of an Eisenstein series).

Part II. Eisenstein series.

6. Eisenstein series of weight 3/2.

In this section, we introduce the Eisenstein series of half-integral weight which will be
connected with the arithmetic geometry discussed in Part I. A more general discussion of
such series from an adelic point of view can be found in [25]. The series we consider are,
of course, rather familiar from a classical point of view, and an expression for them in this
language will emerge in section 8 and 16 below. Thus, one purpose of the present section
is to explain how such classical series are associated to indefinite quaternion algebras in a
natural way, via the Weil representation. A second advantage of the adelic viewpoint is that
it allows one to assemble the Fourier coefficients out of local quantities. This construction
shows in a very clear way the dependence of these coefficients, and more importantly, of
their derivatives on the choice of local data.
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Let G’y be the metaplectic extension of Sp1(A) = SLy(A) by C!, and let P, be the preimage
of the subgroup N(A)M(A) of SLy(A) where

(6.1) N(A) = {n(b) = ((1) Zl’) | be A}

and

(6.2) M(A) = {m(a) = (g a91) | ac AXY.

As in [42] we have an identification Gy ~ SLa(A) x C! where the multiplication on the right
is given by [g1, 21][g2, 22] = [9192, c(g1, g2)z122] with cocycle ¢(g1, g2) as in [42] or [17]. Let
Gg = SL2(Q), identified with a subgroup of G via the canonical splitting homomorphism
Gg — G, and let Py = Py N Gg. An idele character x of Q*\A*, determines a character
x¥ of P{\Py via

(6.3) X ([n(b)m(a), 2]) = 2 x(a)v(a, )",

where 1 is our fixed additive character of Q\A and ~y(a, ) is the Weil index ([43] or [37],
appendix). For s € C, let

ey s
(6.4) I(s,x) = Indpix"||

be the principal series representation of G, determined by x¥. A section ®(s) € I(s,x) is
thus a smooth function on G/ such that

(6.5) (p'g’,s) =XV (@) |al*T @ (g, s).

where p’ = [n(b)m(a), z]. Such a section is called standard if its restriction to the maximal
compact subgroup K’ C G, is independent of s and factorizable if ®(s) = ®,P,(s) for the
decomposition of the induced representation I(s,x) = ®;,1(s,xp). Here, for each prime
P, Ip(s, xp) is the corresponding induced representation of G}, the metaplectic extension of
SL2(Qp). The Eisenstein series associated to a standard section ®(s) € I(s, x) is given by

(6.6) E(g,5,®)= > ®(yg,9).
YEPRL\GY,

This series is absolutely convergent for Re(s) > 1 and has a meromorphic continuation to
the whole complex s-plane. Note that this series is normalized so that it has a functional
equation

(6.7) E(g',—s,M(s)®) = E(g’,s,®),
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where M(s) : I(s,x) — I(—s,x™!) is the intertwining operator. It has a Fourier expansion

(6.8) E(g',s,®) = Em(ds,®)
meQ
where, in the half-plane of absolute convergence,
(6.9) Bnlg'5.®) = [ E(ab)g's5,) w(-mb)db
Q\A

for db the self-dual measure on A with respect to 1. When m # 0 and ®(s) = ®@,®,(s) is
factorizable, the mth Fourier coefficient has a product expansion

(6.10) En(g,5,@) = [ Wnp(gy: s ®p),
p<oo

where

(6.11) Wiy lgy05.0) = [ @ylwn(b)gpss) v(-mb) db
0

is the local Whittaker function, and w = 1 _01) € G{@. Here db is the self dual measure

on Q, for 1,. On the other hand, the constant term is

(6.12) Eo(g',5,®) = (g, 5) + [] Wonlgy, s, ®).

p<oo

Recall that the poles of the Eisenstein series are precisely those of its constant term.

In this paper, we will only be concerned with the case of a quadratic character y given by
x(z) = (z,k)a for k € Q*, where (, )a denotes the global quadratic Hilbert symbol, so we
will omit x from the notation and write I(s) = ®;,I,(s) for the induced representation, etc.
We now begin to make specific choices of the local sections @, (s).

As before, let B be an indefinite quaternion algebra over QQ with a fixed maximal order Op.
Once again, the case B = M>(Q) and Op = M3(Z) will be allowed. Let

(6.13) V={zeB|tr’(z) =0}

with quadratic form defined by Q(x) = —22, and let L = OgNV . Note that the determinant
of the quadratic space (V,Q), i.e., det(S) where S is the matrix for the quadratic form,
is a square. Therefore, the discriminant — det(S) is —1 and the quadratic character yy
associated to V' is given by xy(x) = (x,—1)a. We therefore take y = xy and Kk = —1 in
this case.
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The group G (resp. () acts on the Schwartz space S(V(A)) (resp. S(V},) ) via the Weil
representation w (resp. wy,) determined by v (resp. ).

For a finite prime p, let ®,(s) € I,(s) be the standard section extending A, (¢p), where

(6.14) M Sh) = B(5) Mlen)e) = (@(6)e) 0)

is the usual map and ¢, € S(V},) is the characteristic function of L, = L ®z Z,,.

Let K’ be the inverse image in Gy of SO(2) C SLa(R). For ¢ € 17, there is a character vy
of K such that

(6.15) ve([kg, 1])? = €2,

For ¢ € 2 + 27, there is a unique standard section ®%_(s) € I.(s) with
2 00

(6.16) D (k,s) = vo(k),

for k € K.

Let

(617 02 (5) =8t (5) & (5, 0,00))

be the associated global standard section. A little more generally, for a finite prime p, let
®F(s) be the standard section arising from the maximal order Mj(Zy) in M>(Q,) and let
® (s) be the standard section arising from the maximal order in the division quaternion
algebra over Q. Then for any square free positive integer D, we have a global section

(6.18) 4P (s) = @ (s) ® (®p c1>;<D>(s)),
where €(D) = (—1)°rd» (D),
Since, by strong approximation, Gy = GG K O for any open subgroup K° of Ggf, we loose

no information by restricting automorphic forms to Gg, the inverse image of SLo(R) in G;.
For r =u+1w € ), let

N|=

(6.19) g = [n(u)m(v2),1] € G, C G.
Then, if ®(s) is a standard factorizable section with ®..(s) = ®¢_(s), we set

(6.20) E(r,s5,®) = v"% E(g,,5,®),
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and, by (6.10), we have

(6.21) B (7,5,®) = 078 Wi oo (gh, 5, @5) - [ Winp (s, ®,),
p
for m # 0, and
(6.22) Eo(r,5,®) = 03T () + v7F Wo,n(gh, 5, @) [[ Woon(s. ).
p

The main series of interest to us will be E(7,s, ®%P), associated to the standard section

®%P(s) of (6.18). This series has weight ¢, where £ = 2, Z 11 Note that the character
1 5

X is given by x(z) = (x,—1)4 in this case. A second family E(r,s, ®“P), with £ = 1, 2,

%, ... etc. is obtained by the same construction applied to the quadratic space (V,Q-)

where Q_(x) = 22. In this case, kK = 1 and y is trivial. These cases will be discussed in

3

more detail in [33]. In the present paper, we will only be concerned with the case £ = 3,

and so, from now on, we take Kk = —1.

In the next section, we will give a geometric interpretation of the first two terms of the

Laurent expansion of the series E(7,s, 35D (B)) at the point s = % For this it will be

convenient to normalize the series as follows. For any square free positive integer D, let

(6.23) E(r,s; D) = (s + %) ¢(D)Ap(2s + 1) E(r,s,®27).
where
(6.:24) Ap(2s+1) = (%)+ Dis + 2)¢(2s + 1) 0=,
and
(6.25) ¢(D) = —(—1)°rdD) % DI[@+1D

p|D

where ord(D) = >~ ord,(D). Note that at the point s = 1, of interest to us, the normalizing
factor has value

(6.26) (D) Ap(2) = —(—1)7 4@ L [ - 1).

Then, in the case D = D(B), and recalling (2.7),

(6.27) (D) Ap(2) = — vol(M(C)).
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This expression explains the choice of ¢(D). In addition, the normalized Eisenstein series
satisfies the simple functional equation, c.f. section 16,

(6.28) E(r,s; D) = E(1,—s; D).

Finally, we restrict to the case D = D(B) > 1 and introduce the modified Fisenstein series

(6.29) E(r,s:D(B)) :=E(r,5,D(B)) + Y _¢p(s)E(r,s; D(B)/p),
p|D
where ¢, (s) is any rational function of p~* satisfying
1 1 p—1
(630) Cp(i) = 0, and C;(i) = —m lOg(p)

To retain the functional equation (6.28) one should also require that c¢,(s) = ¢,(—s), al-
though we will not use this. The motivation for the definition of £(7, s, D(B)) comes from
geometric considerations which will emerge below. Note that

(6:31) £(r, 5 D(B)) = E(r, 3: D(B)),
and
' 1 ;1 ;1 1
632)  E(r 5 DB) =E(r, 3 D(B) + 3¢ (5) Blr, 3 D(B)/p)
p|D

7. The main identities.

In this section, we state our main results on the generating functions

(7.1) aeg(T) = —vol(M(C)) + Y _ deg(Z(m)c) g™
m>0

and

(72) d)height(T) = Z( 2(mav)7d) >qm-

introduced in section 5.

The following result is actually well known, cf., for example, [16]. We state it here to bring
out the analogy with Theorem 7.2.
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Proposition 7.1. For any indefinite quaternion division algebra B over Q with associated
moduli stack M, as in section 1-5 above, the generating function for the degrees of the
special cycles coincides with the value at s = % of the Eisenstein series £(t,s; D(B)) of
weight %

bucs(r) = £(r, 33 D(B))

Theorem 7.2. Under the same assumptions, the generating series for heights of the special
cycles coincides, up to an additive constant, with the derivative at s = % of the Eisenstein
series E(1, s; D(B)) of weight 3:

Sreigie () = £'(7, 5 D(B)) +c.

for some constant c.

These identities are to be understood as follows. We write the Fourier expansion of the
modified Eisenstein series as

(7.3) E(r,5;D(B)) = Am(s,v)q™,

so that the Fourier expansions of the value and derivative at s = % are

(7.4 Er, 5:D(B) = Y An(5.0) ™
and

. ..
(7.5 £/(r. 5 D(B)) = 3" A, (5. 0) ™

Proposition 7.1 then says that

deg(Z(m)c) if m >0,
1

(7.6) Am(g,v) =4 —vol(M(C)) ifm=0,

0 if m < 0.

Analogously, Theorem 7.2 says that, for m # 0,

1

(7.7) A;n(i,v

): < 2(mav)7d) >

The ambiguity ¢ in Theorem 7.2 thus arises from the fact that we do not have an explicit
expression for the quantity ( @, ). If we knew, a priori, that ¢neight(7) was (the Fourier
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expansion of) a modular form of weight %, then we could conclude that ¢ = 0 and, by
formula (5.11) of Bost [3], that

(7.8) Ag(%,v) 7 (2(0,1}),&1)z—(d},c&)—%log(v)deg(d)).

For further discussion of this point, see section 13.

As already explained in the introduction, Theorem 7.2 is proved by an explicit computation
of both sides of (7.7). For the left hand side, this will be done in the next section. The right
hand side will be computed in sections 9-12.

8. Fourier expansions and derivatives.

In this section, we describe the first two terms of the Laurent expansion of the Eisenstein

series £(7,s; D(B)) at the point s = 1. By (6.21) and (6.22), the essential point is to

describe the behaviour of the local Whittaker functions W, ,(s, q)z? ) and

3 3
(8.1) Winoo (7,8, 82) 1= 075 W.0(gl, 5, B2).

The calculations of this section will be elementary manipulations based on results about
these Whittaker functions quoted from Part IV below.

In what follows, for a nonzero integer m, we write
(8.2) 4m = n’d

where —d is a fundamental discriminant, i.e., discriminant of the field k = k; = Q(v/—m).
Note that if 4m = —n?, then k= Q ® Q. Let x4 be the corresponding Dirichlet character,
so that

1 if p is split in kg,
(8.3) xda(p) = ¢ —1 if pisinertin ky,

0 if p is ramified in kg.

For a given m and for a square free positive integer D, define a modification of the standard
Dirichlet L-series L(s, xq) by

(8.4) L(s,Xm;D) := L(s, Xa) H by(n,s; D)
plnD

where by(n, s; D) is defined as follows. Set

(8.5) k = ky(n) = ord,(n)
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and X = p~*. Then for pt D
1 — xa(p) X + xa(p) pF X120 — (px2)k+t

(8.6) bp(n,s; D) =

1—pX2 ’
and, for p | D,
(8.7)
by(n,s; D)
(1= xX)(1 - P2XZ) — ypFHLXZRHL k2 X2h2 4 el Y243 2k x2k+d
1—pX2 '

Here, for a moment, we write x for xq(p). Depending on whether or not p | d we can rewrite
(8.7) as
1 _p2X2 + pk+2X2k+2(1 _ X2)

(8.8) by(n,s; D) = e if p|dandp| D,

and
(8.9)

b (n, 5 D) = (1—xX)(1—p2X?) — xp" 1 X2FF1 (1 — ypX)(1 — X?)
pRmm s 1—pX2

In all cases the local factor by(n,s; D) is, in fact, a polynomial in X = p~

if pfdand p | D.

% and is, hence,
entire in s. It satisfies the functional equation

(8.10) (nD|,*bp(n,s; D) = |nD|Z_1bp(n, 1—s;D).
One of the main results of section 14 is the following.

Proposition 8.1. For a fixed prime p,
(i) if m # 0, then

Cr . —L—  for tD
1 (2512 P14
Winp(s+ =, ®P) = Ly(s + 1, xa) bp(n,s + 1;D) - { &
2 C, ifp| D.

where the constants C’;E are given by
1 ifp# 2,
_{ Il ifp=2,
and C; = —p~'Cf. Here (s = e(3).
(ii) If m = 0, then
cr- m for pt D,
C, - m ifp| D.

Wols + 5. 82) = G(25)- {

From (6.21), (6.22), and these formulas, we obtain a nice description of the Fourier expansion
of E(7,s; D).



Corollary 8.2. Let C¢(D) =], C’;(D).

(i) For m # 0,
3 L(s+ %,Xd) g 1 '
Ep(7,8,D) = Cr(D) - Winoo(T, 8, P) - o5 t1) (nD) I;Ibp(”a 5~ s; D),
and
D\°"z 3 3
B(rosiD) = (D)D) (2) Tt 3): Winelrs,04)
1 L 1
XL(S+§,Xd)-(nD) l;Ibp(n,i—s;D).
(ii) For m =0,
1(._1 3 28) 1
Eo(t,s:D) = v20573) 4 Wy oo (1,5, 82) C(D) - 3 : ,
0( ) 0, ( ) f( ) CD(2S + 1) o Cp(28 — 1)
and

1 1 1
Eo(r,s; D) = v2072) (s 4 5) c(D)Ap(2s+1)

3 stz
+ Wo oo (7, 5,2 ¢(D) C (D) (?) Ds+2) ¢2s) - []

2 LGes—1

Here
1

(8.11) (D) C5(D) = =5

G % [T+~

p|D
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Using Corollary 8.2, we now compute the value of E(7,s; D) at s = % We start with the

constant term.

The following result is a special case of (iii) of Proposition 15.1 below.

Lemma 8.3.

3 N3 _l(salyo_s L(s)
Wo.00(T,5,®2,) = 27 (—i)2 v~ 2(5F3) 278 222 __
( ) = I'(a)l(5)
for a = %(S + %) and 3 = %(s — %) Here (_z)% = e(—%),
Since the zero of I'(3)~! at s = % cancels the pole of ((2s) there, the second term

Eo (7, s; D) has a zero of order equal to the number of primes dividing D, and we obtain

n
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Corollary 8.4. For D > 1, the constant term at s =

N[

Eo(r, 33 D) = e(D) Ap(2) = ~(~1)""®) =[]0 ~ 1) = Co(-1),

Next we consider the coefficients of E(7, 3; D) for m # 0.

If pt D, then by (8.6),

1 —xa(p) + xa(p) p* — pF*!
1—p

(8.13) by(n,0; D) =
Note that, when y4(p) = 1, this simplifies to p* = |n|;1.
If p | D, then by (8.7)—(8.9),

(8.14) bp(n,0; D) = (1 = xa(p))(1 +p).

Note that this quantity is actually independent of n, and that b,(n,0; D) = 0 if and only if
p| D and xa(p) = 1.

The proof of the following identity is a simple combinatorial exercise, which we omit.

Lemma 8.5. (i) For pt D, and k = ord,(n),

(n,0:0) = 3" [T — a0 ™).
c|lpk  L)c
where £ runs over the prime factors of ¢ and the product is taken to be 1 when ¢ = 1.

(ii)
pr(n,O;D): Z CH1_Xd .

p+D (c, D) 1

Here, again, ¢ runs over the prime factors of ¢ and the product is taken to be 1 when
c=1. U

On the other hand, the following fact is a special case of (iv) of Proposition 15.1 below.

Lemma 8.6.

20 - m?3 qg"  ifm >0, and
0 otherwise.
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where Coo = (—2i)2 7.

Combining these facts, we obtain the following results.
For m < 0, the vanishing of the archimedean factor yields:
(8.16) E(1,=; D) =0, when yq # 1, or D > 1.

For m > 0, (i) of Corollary 8.2 gives

(8.17)
En(r, 3: D) = (D) (D) Ca - % 2m¥ g™ - L(1, xa) (nD) " [[ bp(n, 0; D)
— D) G D) O 2 (5 e[T0 - a0
cln le

(e,D)=1

«(TIa-xatm+0)

p|D

=22 (O e[l - xar) - (T10 - ).

cln ¢ D
o le P

Here, w(d) = |Oy | is the number of roots of unity in the maximal order Oy of ky, h(d) is
the class number, and

(8.18) ¢(D)Cf(D)Coo = [[(p+ 1)

p|D

For m > 0, let

(8.19) Ho(m;D):%-( > CH(1—Xd(z)e—1)),
ey=r Hle

where, as before, in the product, ¢ runs over the prime factors of ¢ and the product is taken
to be 1 when ¢ =1, and

(8.20) 6(d; D) = T (1 = xa(p))-

p|D

Thus, we obtain the Fourier expansion of £(, 1; D).
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Proposition 8.7. For D > 1,

Here

This Eisenstein series of weight % is a familiar object. Recall that, if O.24 is the order in
Oy of conductor ¢, with class number h(c*d) and with w(c?*d) = |0%,], then [1], p.250°,

h(c2d)  h(d)

21 — . 1 — —1y
Thus,
h(cd)
.22 Ho(m; D) = .
(8.22) omD)= D L@
(e,D)=1
For example, if D =1, i.e., in the case of B = M(Q),
h(c2d)
8.23 H ;1) =
( ) 0(m7 ) Clzn ’U}(CQd)

is quite close to® the ‘class number’ H(m) which appears in the Fourier expansion

1 1 oo 2 3 2
.24 = —— H -5 —4nnvr ,— = —-n
(8.24) F(7) 124‘mz>0 (m)q™ +Zl67r 2/ e re2drq ",
of Zagier’s nonholomorphic Eisenstein series of weight %, (8], [45]. In fact, when D = 1, we
have
1 oo
(825) S(T 5 1 + Z 2H0 m 1 q + Z — ’U -3 / —4mn?or ,r.—% dr - q—nz'

This case will be discussed in detail in the sequel [32].

7,%; D) in the case D = D(B) > 1. In this case, the only

terms which contribute are the following:
(i) m > 0 and §(d; D) # 0,

(i)

i)
v) m

Next we consider the derivative &' (7

m > 0 and there is a unique p | D(B) such that x4(p) = 1,
(iii m<0and5(d D) # 0, and

(i

®The quantity e. there is |0 : O:2d| = w(d)/w(c?d)
SPrecisely, 2 Ho(m; 1) = H(4m).
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In cases (i) and (iv), Em (7, 3; D) # 0. In cases (i) and (iii), &x (7, s; D) has a simple zero at
s =  due to the vanishing of the local factor by,(n,0; D) in case (ii) and the archimedean

factor Wi, oo (T, 5; (I>2 ) in case (iii). In all other cases, &y, (7, 3; D) has a zero of order at
least 2 at s =

N[

Theorem 8.8. Assume that D = D(B) > 1.
(i) If m > 0 and there is no prime p | D for which xq4(p) = 1, then

p 1
—_-D
£1,(75:D)
J— . . m 1 L/(l,Xd) 1 1

b (n,0; D)
-l— J(4mmo) —l—Z ( log |n|, — m ) +ZKP log(p) ]
pr

Here . .
—k 4 WD i x(p) = 1, and
K, =

k+
~1—k+ P ifxa(p) =0,

with k = ord,(n), and

|-

J(t) :/Oooe_”[(l-l-r) —1]r " dr.

An explicit expression for the logarithmic derivative of b,(n, s; D) is given by (i) of Lemma 8.10,
and Ho(m; D) and 6(d; D) are given by (8.19) and (8.20) respectively.
(i) If there is a unique prime p | D such that xq4(p) = 1, then

1
E (T, 53 D) =24(d; D/p) Ho(m; D) - (P* —1) log(p) - ¢
(113) If m < 0, then
/ 1 1 - -1 > —4n|m|or, ,—2
En(T, 53 D) =26(d; D) Ho(m; D) - ¢™ - —[m| "2 v 2 e rT 2 dr,
2 Ar 1

where, for m < 0, Ho(m; D) is defined by (8.32) below.
(iv)

& (T, %§D) =c(D)Ap(2) ! log(v) — L Gl B 1920 + plog(p) }

2 ¢(=1) o Pl

(v) All other Fourier coefficients of E'(t, 3; D) vanish.

Proof. We begin with the Eisenstein series E(7, s; D) for any D > 1.
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First consider case (i), so that m > 0 and that there are no primes p | D with x4(p) = 1.
Then, using (i) of Corollary 8.2, we have

o1 1 oo (T: 5, 07)
Em(Tv_;D) :Em(Tv_;D) log(D)_log(W)+1_7+ 1 3
2 2 m,oo(T, 29 @5)
L'(1, xa) by, (n,0; D) ]
+ =222 —2log(nD) — y L ——=
L(1, xa) (D) ; by(n,0; D)
The following fact is proved in section 15.
Lemma 8.9. For m > 0,
W' _(r,1 @2 1 /(3
mool ? 3) = —| log(mm) — (32) + J(4mmv)
Wm,OO(Ta 57@)5) 2 F(i)
Using this result and the fact that
'(3)
L(3)
and recalling that 4m = n2d, we obtain
1
(8.27) E! (T, §;D)
1 1 L'(1,xq) 1 1
=E,(r,=;D)| =1 - — =1 - = —J(4

—log(D)—l-;( log|n|p—m78;g;) }

p|D
Next we note the explicit expressions for the logarithmic derivatives of the b,(n,s; D)’s

which will be useful later.

Lemma 8.10. (i) For a prime p{ D,
1 b,(n,0:D)  xa(p) — xa(p) (2k + 1)p* + 2k +2)p*T1  2p

logp by(n,0;D) 1= xa(p) + xa(p) p* — p*+! L-p
% — 2k if xa(p) =1,
— Zp ety ) if xa(p) =0,
_ 143p—(2k+1)p~—3pF T4 2kph T2 if xa(p) = —1.

(p—1)(pkti4pk—-2)
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(ii) For a prime p | D with x4(p) # 1,

k+1_ .
| Wmop) [ I i ) =0,
] . b 0:D = k4+1,,2 4. X
08P bp(m.0:D) | _20amptlapt ot i) — 1,

Here k = ord,(n).

In case (ii), m > 0 and there is a unique prime p | D such that y4(p) = 1. In this case, it is
easy to verify

(8.28) b, (n,0;D) = (1+p—2p"*") logp.

Then, with the notation introduced above and using (8.14), we have

(829)  E(, %; D) = ~26(d; D/p) Ho(m; D) - ¢™ - (p+ 1) 7" - (1 +p — 2p"") logp.
Recall that k£ = ord,(n).

Finally, in case (iii), we need another result to be proved in section 15.

Lemma 8.11. For m < 0:

1 3 00
W7/n,oo(7-7 5, q)go) =Cyw |m|% qm e—47r|m|v / e—47r|m|vr(r + 1)_1 ’I"% dr
0

=Cx - 1 qmv_% / e~4mlmlvr =8 .
4 1

Using the second expression of this Lemma and (i) of Corollary 8.2, we have, for m < 0,

(8.30)
(1. 5: D) = (D) Cy(D) - 2 - Wi, o (r, 5, ®4) - (1, xa) - (2D) ™ ] 0,05 D)
4h(d) logle(d)] 4 1
=¢(D)C¢(D)Cq - - -n E c”l— 0H)e
(D)Cs (D) w(d) |d|= (( . €|C( () ))
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where €(d) is the fundamental unit of the real quadratic field ky = Q(y/|d|). Using the value
(8.18), this can rewritten as

1 1 ) ) 0o

(831) E;n(T, 57 D) = 2H0(m, D) (S(d7 D) . qm . E |m|_§ 73 / e—47r|m|vrr—% dr
1
where
h(d) 1 d
(8.32) Ho(m;D) = % . ( Z CH(l _ Xd(g)g—l))
cln Lc
(e,D)=1

_ 2 log |e(c*d)]
_ Zn h(c2d) Tu(cd)

(e,D)=1

is the analogue of (8.19) and (8.22) in the case of a real quadratic field, i.e., for m < 0.

Finally, we consider the constant term using (ii) of Corollary 8.2 and noting that for D =
D(B), the second term there has a zero of order at least 2. This gives

(8.33)

Eo(, %9D) =c¢(D)Ap(2) B log(v) +1+ 22?8;

¢(2) p?—1

= D) Ao (2)[§ log0) + 1+ log(D) ~log) 7 + 250+ 2" 1B
p|D

Now we return to the modified Eisenstein series

E(r,8;D) =E(r,s;D) + Z cp(s)E(T,s; D/p)
p|D

of (6.29) for D = D(B) > 1. By (6.32), the Fourier coefficients of £'(r, ;D) for m < 0
agree with those of E'(, 3; D), so that (8.31) gives part (iii) of Theorem 8.8.

If m > 0 and for all p | D, xq(p) # 1, note that by (8.13) and Lemma 8.5,
(8.34)
1
En (7, 55 D/p) = 26(d; D/p) Ho(m; D/p) q™

1 —xalp) + xa(p)p* —p**1

= (1= xa(p)) ™" - 25(d; D) Ho(m; D) - q™
= (1 xalp)) - A +1X_d§f)pk LA 5:D)
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Therefore,
(8.35)
1 1 1 11— xa(p) + xa(p)p® — pF*!

p|D

where the dots indicate the expression in (8.27) for E/, (7, 3; D). For a prime p | D, we write

¢ for c;(%) /log(p) and k = ord,(n). Then, the coefficient of log(p) inside the bracket is

1 b,(n,0;D) 1 — xa(p) + xa(p)p® — p***
8.36) —1—k— - +¢ (1 —xalp)t- .
(8.36) log(p) bp(n,0; D) ( ®) 1-p
We now use (ii) of Lemma 8.10. If x4(p) = —1, (8.36) gives
2p+ )p* 4 p?—dp-1 1 pFl4ph -2
. K, =-1-k .
(8.37) p + 27 — 1) +c 5 p—
1 pk+1 +pk )
S T AR LI
LI T
(p* -1
I k] )
2(p—1)
If xa(p) =0, (8.36) gives
2p(p*tt -1, prt -1
. Ky=—1—k+2 .2 -
(8.38) p B IR
k+1 _ 1
——1-k+2
p—1

Thus, (8.27), (8.35), and these expressions for the coefficients K, of log(p) for p | D yield
(i) of Theorem 8.8.

To prove (ii), suppose that m > 0 and that there is a unique prime p | D for which y4(p) = 1.
Then, using (8.29) and (6.32), we have

(8.39)

1 1 1 1
En(7.53D) =By (1,5 D) + D €il5) - (7, 33 D/1)
(D

= —26(d; D/p) Ho(m; D) - ¢™ - (p+ 1)~ - (1 +p —2p"" ") logp
+¢,(3) - 26(d; D/p) Holm: D/p) g™
= 26(d; D/p) Ho(m; D) - ¢ - {— P+ (L +p—2p"T") + - p* | log(p)

= 26(d; D/p) Hy(m; D) - ¢™ - (p* — 1) log(p),



38

as claimed.

Finally, we consider the constant term. By (8.33), Corollary 8.4 and (6.32), we have
(8.40)

(7,5 D)
—E)(r,2:D) = 3" Bt dog(p) - o(D/p) Ay (2)
= 07_727 ple+1 og\p) - ¢ P)AD/p
= L — log(m) — ¢ 2 ! o
— c(D)AD(2)| 5 Tog(s) + 1+ log(D) ~ log(m) — 1+ 2 > (g + g ) oso)
= c(D)AD (2) {% log(v) +1-—- log( ) ~y 22 Z pl }
(13.1)

1 ¢'(—1) plog(p)
=c¢(D)Ap(2) {5 log(v) — 2 = 1+ 2log(2) +log(m) + v+ - 1 ]

¢(-1)

= ¢(D)Ap(2) [% IOg(v)_2C(—1) —1+20+Zp; 1)},

where C' is as in Definition 3.4. Here we use the fact that

(8.41) c(D/p) Apyp(2) = ~e(D) Ap(2) Z.

O

For later comparison, we note that the coefficient A;n(%, v) in the term

1 1
(842) g;n(TvivD) :A;n(_vv)qm
in (i) of Theorem 8.8 can be written as a sum of four quantities:
L'(1,xq) 1 1
A4 24(d; D) Ho(m; D) - | = 1 — 0 ] - =
(8.43) 3(d5 D) H(m: D) | 5 Tox(d)+ 5 24 = Jnogtr) = 3 |,
1
(8.44) 26(d; D) Hy(m; D) - §J(47va),
b (n,0; D)
A4 24(d; D) Hy(m; D) - 1 e
(8.45) 3(6:0) Ho(ns ) - 3 ( lololy 20555 ).
ptD
and

(8.46) 26(d; D) Ho(m; D) - Y _ K, log(p)
p\pD
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Part ITII. Computations: geometric.

§9. The geometry of Z(m)’s.

In this section we will prepare the calculation of the coefficients of the generating series
®deg(T) and @neight (7) by describing some of the geometry of the special cycles Z(m).

It turns out that the primes of bad reduction (i.e. p | D(B)) play a very special role. Namely,
(9.1) Z(m) Xspec zSpec Z[D(B) '] is reduced and is finite and flat over Spec Z[D(B)™!].

We denote by Z(m)P°"% the closure of Z(m) Xspec z Spec Z[D(B)~!] in Z(m) and call it
the horizontal part of the special cycle.

We first describe the generic fiber of Z(m). As in section 5, let L =V NOp, let L(m) be as
in (5.7), and let

(9.2) Dzimy= [] D- .
x€L(m)

as in (5.11). Then I" acts on Dz(,,) compatibly with its action on D, and we may represent
Z(m)c as an orbifold mapping to [I'\ D]

(93) Z(m)(c = [F \ Dz(m)] .

We next give the degree of this orbifold. We recall the following notation from (8.2). For
x € L with Q(z) =m > 0, let

(9-4) k=Qla] ~ QX]/(X* +m) =Q(v-m) .

Let Og be its ring of integers and let —d = disc(Og) be its discriminant. Then the discrimi-
nant of the order Z[x] = Z[X]/(X? +m) is equal to —4m. Write 4m = n2d, as in (8.2). We
note that there is a map of discrete orbifolds

(9-5) [M\Dz(m)] — [M\L(m)],

which is 2 to 1.

Proposition 9.1. For m > 0 and k as above,
(1) if k cannot be embedded into B, then Z(m)g =0,
(ii) otherwise,
deg Z(m)g = 29(m, D) Hy(m, D).
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Here the degree of Z(m)g is taken in the stack sense, i.e. each geometric point n of Z(m)q
counts with multiplicity 1/|Aut(n)|.

Proof. (i) For any C-valued point (A,:) of M we have an injection
End(A,.) — B .

Hence, if (A, ¢, x) is a C-valued point of Z(m) we obtain an injection k = Q[z] — B.

(ii) Using (9.8), we obtain
1
(9.6) deg Z(m)g =2 ) T
x€L(m) ’
mod I

The following result finishes the proof of the Proposition.

Lemma 9.2. If m > 0, then

1
x€L(m) ’

mod T
where Hyo(m; D) and §(d; D) are given by (8.19) and (8.20).

Proof. For any =z € V(Q) N Op with Q(z) = m, there is an associated embedding i, :
Q(v/—m) — B, taking /—m to z. The order O.24 = i;'(Op) is an invariant of the ' = O}
conjugacy class of 7, and i, is an optimal embedding of O.z,4, in the terminology of Eichler,
[13]. Recall that the order Z[/—m] has discriminant —4m and hence, conductor n. Let

(9.7) OPt(Op24, O) = {i: Q(v—m) — B |i"}(0p) = Opzq }/T

be the set of ' orbits of optimal embeddings. Recall that the order i~!(Op) is maximal at
all primes p|D(B). The following fact is classical, [13]:

(9.8) [Opt(O24, Op)| = 8(d; D) - h(c*d).
Using (8.21), we have

3 |rx|—1): S [0pt(Ouza, O] - |02,

x€L(m) cln
c,D)=1
Q(z)=m (D)
mod I

(9.9) :5(d;D)% > ] —xa0)e™)

cln Lc
(¢,D)=1

= d(d; D) Ho(m; D).
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Proof of Proposition 7.1. Comparing the expression just found for deg Z(m)q together with
(2.7), we have

Pacg(T) = Cp(=1) + Y 26(d; D(B)) Ho(m; D(B))q"™,

m>0

which coincides with £(7, 3; D(B)), via Proposition 8.5, so that Proposition 7.1 is proved. [

Remark 9.3. The map Z(m)g — Mg is not a closed immersion, hence Z(m)g is not a
divisor on Mg. In fact, the morphism is of degree 2 over its image. To see this, note that
if (A,¢,7) € Z(m)(C), then End(A,t)g = k = Q(v/—m). Hence the only other point of
Z(m)(C) mapping to (A4,t) € M(C) is (A,t,—z). That the degree is 2 even in the stack
sense follows from

Aut(A, 1) = Aut(A, ¢, z). d

The stack Z(m) can have some pathological features in characteristic p for p | D(B).
Namely, as already mentioned in section 5, it can happen that Z(m) has dimension 0 (only
if k= Q(y/—m) does not embed into B, cf. (i) of Proposition 9.1) and also that Z(m
embedded components. This leads us to introduce the Cohen-Macauleyfication Z(m

has

)
)pure’

[29]. In the case that Z(m) has dimension 0, this is empty. In all other cases Z(m) may
be considered a divisor on M (but note that since Z(m) is not a closed substack of M, the
degree of Z(m) over its image must be taken into account). But even after Z(m) is replaced
by Z(m)P", one interesting feature remains, namely the existence of vertical components
in characteristic p | D(B). We write

(910) Z(m)Pure — Z(m)horiz + Z(m)vert

vert is the sum with multiplicities of the irreducible

(equality of “divisors” on M), where Z(m)
vertical components in characteristic p as p runs over primes dividing D(B). We note that

if we redefine

A

(9.11) Z(m,v) = (Z(m)PV¢, E(m,v))

A~

then the expression (Z(m,v),w) appearing in the definition of ¢peight (7) remains unchanged,
cf. [29], section 4. We remark in passing that if Z(m)g = 0, then Z(m,v) =0, cf. (5.8)

Taking (9.10) into account and using formula (5.11) of Bost [3], we may write

(9.12) (Z(m,v),&) = he(Z(m)P"%) + he(Z(m)Vet) + % /[F\D} E(m,v)er (@) -
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Also note that the second summand on the right hand side may be written as the sum over
contributions of the bad fibers ,

(913) h@( vert Z h vert) ’

p|D(B)
where, since Z(m)¥®"* has empty generic fiber,

(9.14) ha(Z(m);™™") = deg(w| Z(m);*™) log(p) -

p

Here Z(m)y*™* = Z(m)"*"" Xspec z Spec Zy.

In the next three sections we will evaluate explicitly each summand on the right hand side
of (9.12).

10. Contributions of horizontal components.

In this section, we compute the quantity hg (Z(m)P°#). This will be done in two steps. We
first express this quantity in terms of the Faltings heights of certain abelian surfaces which
are isogenous to products of CM—elliptic curves. We then determine the effect of the isogeny

on the Faltings height.

Observe that Z(m)"°™# is a union of horizontal integral substacks

(10.1) Zm)rr = Y Z,
gez(m)aoriz

where £ is the generic point of Z¢. Let 2,;5 be the normalization of Z¢ and let j¢ : 25 — M
be the composition of the normalization map 25 — Z¢ with the morphism Z¢ — M. By
linearity and the definition of kg for horizontal cycles, cf. (4.4) section 4 and [3], we have

ho(Zm™ ) = 3 ha(Ze)

gez(m)aoriz

1

(10.2) — deg jio - ———
gez(z)horiz g |Aut (S) |
Mg
1 — 1
- deg jpi .
IL: Q| 2 T [Aut(n)]

nez(m)horiz(L)

for any sufficiently large number field L C Q, where 7 runs over the L points of Z(m) and
where the factors involving Aut(£) = Aut((A,+,z)g) and Aut(n) = Aut((A, ¢, z),) come in
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due to the stack. Here we also write 7 for the extension to 7 : Spec (Or) — M. We may
assume that A, , the abelian variety over L determined by 7, has semistable reduction over
L. Then, by definition, the Faltings height A}, (A,) is given by

(10.3) hiai(Ay) = |L: Q| deg jyi.
Here the notation hj,,; indicates that we have used the metric || || given in Definition 3.4,

rather than the standard metric of (3.11). This point is discussed further below. Then:

oriz * 1
(10.4) ho(Z(m)"o) = > a1 (Ay) - TAwt(m
horiz | ut(lr])|
n€Z(m)heri#(L)
. 1
x€L(m) ’
mod I"

In the last expression, we have used the description of Z(m)(C) = Z(m)""*(C) as the
orbifold [['\ Dz (,)], as in section 9, where the map [['\ Dz (,,)] — [['\L(m)] is 2 to 1, together
with the fact that the abelian varieties associated to the two points in D, (i.e., having
opposite complex structures) have the same Faltings height.

We next turn to the computation of the Faltings height hj, (A) of an abelian surface A
occuring in a triple (A4,¢,x) where ¢ : Op — End(A) and x € End(A4,:) is a special en-
domorphism with Q(x) = m, all defined over a number field L, where they all have good
reduction. Let ¢, : k — End’(A) be the embedding determined by ¢, (v/—m) = x and let

(10.5) Oc2q = ¢ (Q[z] N End(4)),

where O, 24 is the order in Oy of conductor c. In this case, we will say that the triple (A, ¢, x)
is of type c¢. Recall that the order Z[y/—m|] C O C Ok has discriminant 4m, and that
we have written 4m = n?d, where —d is the discriminant of Og. Then the order Z[y/—m|
has conductor n and ¢ | n. Note, in addition, that the order O.24; must be maximal at all
primes p | D(B), and hence (¢, D(B)) = 1.

Here the key point is that the special endomorphism x with 22 = —Q(x) - 14 forces A to be
isogenous to a product of elliptic curves with CM by k = Q(1/—m). The isogeny of interest
is constructed as follows. Since k splits B, we can choose an embedding of 1) : k < B such
that

(10.6) Ox = v~ (Op),
i.e., an optimal embedding, in the sense of Eichler. Then the endomorphisms

(10.7) o =z +101h(v/—m) € End(A)



44

satisfy

(10.8) af +a) =2z and af -a, =0.
Let

(10.9) E* = (ker(a))°

be the identity component of the kernel of the endomorphism af. Choose an element
n € Op with tr(n) = 0 and such that conjugation by 1 induces the Galois automorphism on

(k). Note that

(10.10) v(n) o = ag u(n),
and so
(10.11) W(n)E* = EF.

Thus E* are both elliptic curves, and we obtain an isogeny
(10.12) ur : EY x E= = (ker(a}))° x (ker(a;))? — A,

rational over L. Moreover, the elliptic curves E* = (ker(aF))? are stable under 1(Oy), i.e.,
have complex multiplication by the full ring of integers of k. Note that the kernel of uy, is
the subgroup

(10.13) My, = (ker(a;))? N (ker(ay, ))°
embedded antidiagonally in ET x E~.

The behavior of the Faltings height under isogeny is nicely described in the article of Ray-
naud, [39]. Our normalization of the Faltings height is the following. For an abelian
variety B of dimension g over a number field L, let N(B) be the Néron model of B over
S = Spec(Op), and let wp = €*(AIQn(py/s) be the pullback by the zero section e of the
top power of the sheaf of relative differentials on N(B). This invertible sheaf on Spec (Oy,)
has natural metrics; if 0 : L — C is an embedding of L, then a section 3 of wp determines
a holomorphic g-form on B, (C), and”

: g9
14 2 = i) ‘
(10.14) 8= | (55) [, 07

"Note that we use the factor (%)g rather than (%)g. This is the normalization used in Bost, [3], for
example.
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If B has semi—stable reduction, then the Faltings height of B is given by
(10.15) hral(B) = |L : Q™" deg (ws)

where d/e%(w B) denotes that Arakelov degree of wp. The quantity hpa.i(B) does not depend
on the choice of L over which B has semi—stable reduction.

In view of the normalization used in Definition 3.4, we introduce the metrics

o | (e i\ :
(10.16) o =|(<o5) [, _ons

where, as before, C' = % ( log(4m) + fy). We denote the resulting height by hj,,(B). The
two heights are related by

Y

1
(10.17) B (B) = hra(B) + 9C.

Assume that A has good reduction over L and let uy : A — B be an isogeny defined over L.
Let u : N(A) — N(B) be the resulting homomorphism of Néron models with M := ker(u).
Then, as a special case of [39], p.205,

(10.18) hra1(B) = hpa(A) + %log(deg(m)) —|L: Q|7 log [e*(Q4/R)]-

The quantity d(u) = log|e* (2}, /s)| is a sum of local contributions as follows. For each
prime v of L with v | deg(ur), let R, be the completion of Oy, at v and let M,, = M ®¢, R,.
Then

(10.19) S(u) =logle" (U p)l = Y logle"(Qy, r,)l.
v|deg(ur)

For convenience, we set
(10.20) 8y (u) = log|e* (R, /g, )l

This quantity is invariant under base change in the sense that if L’ is a finite extension of
L and if «’ is the base change of u to Spec (Or), then

(10.21) Su(u) = 6w (W),

wlv

where w runs over the primes of L’ dividing v.
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We now return to our isogeny ur, noting that A and E* all have good reduction over L.
Let

(10.22) u:NET)x N(E7) — N(A)

be the homomorphism induced by ur, and let M be its kernel. To calculate 6, (u) for a prime
v | deg(ur, ), we pass to the p-divisible groups, where p is the residue characteristic for v.

Let G = GT x G~ (resp. A(p)) be the p-divisible group over R, associated to Et x E~
(resp. A) so that we have an exact sequence

(10.23) 0—C—G— A(p) — 0

determined by the isogeny u. Since the prime to p part of the kernel of u is automatically
étale over R,, the invariant d,(u) depends only on the p—divisible groups and hence on C.
The isogeny (10.23) corresponds to a submodule T’ of V(G), the rational Tate module of
G,

(10.24) TG CT cV(Q)=V(GN) e V(G).

The fact that £ maps injectively into A implies that G* < A(p) and hence
(10.25) T' NV(GF) = T(G*).

Thus there are isomorphisms

(10.26) pr(I)/T(GT) « T'/T(G) — pr™ (T")/T(G").

Proposition 10.1. Suppose that p splits in k. Then ordy,(deg(ur)) = 2ord,(c). Moreover,
for any place v of L with v | p, the group C is étale over R,, and hence

dy(u) = log |€*(Q}\/[U/RU)| = log |€*(Qlc/Rv)| = 0.

Proof. We write
(1027) kp = Qp D Qp: Q= ((1’1, Ojg),

and let A\; and A2 be the corresponding algebra homomorphisms from k, to Q,. Let Gg
(resp. G¢t) be the connected (resp. étale) part of G, and note that, for example

(10.28) Go = G§ x Gy .
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Since the action of O := Oy ® Z,, ~ Z, ® 7Z, preserves G(jf, the action of O on the Tate
module T'(G*) must have the form

(10.29) TGH =T(GH e T(GL) ~ 2, 7, PYREPY
T(GT)=T(Gy ) ®T(Gy) = Zp ® Ly, A2 A1,

where the switch of characters is due to the fact that the isogeny induced by 7 is O—
antilinear but must preserve the connected—étale decomposition. Thus there is a canonical
decomposition

(10.30) T(G)=T(G§) e T(Gy) & T(GL) ® T(Gy,), A D A2 D A2 DA

Since the Z,-lattice T" C V(G) is stable under O, it must be generated by coset represen-
tatives of the form (z,0,0,w) and (0,y, z,0). Condition (10.24) implies, for example, that
if x = 0 for such a representative, then w = 0 (i.e., lies in Z,). It follows that

(10.31) T =2, (p7".0,0,c1p™") + Zy - (0,p~" c2p™,0) + T(G).

for units €; and €5 and non—negative integers r and s. In addition, we can choose the element
n € Op above so that n? is prime to p and so 1 induces an automorphism on A(p). Since T’
is stable under this automorphism, we must have r = s and €; = €2 mod p”. On the other
hand, the ¢,—action of O on V(G) is given by

(10.32) A2 B A2 @ A1 D A1
The ¢, action of o € O preserves T" if and only if
(10.33) o € O0pq®7Zy={(a1,a2)O | a; = ag mod p°dr(9)},

Thus, we conclude that r = ord,(c). This proves that ord,(deg(ur)) = 2ord,(c).

To finish the proof of the Proposition, it suffices to show that
(10.34) T' NV (Go) = T(Gy),
so that the projection to the étale part G — G induces an isomorphism on C'. But this is

clear from our description of the coset representatives. [

Proposition 10.2. Suppose that p is inert or ramified in k.
(i) If p¥ D(B), then for any place v of L with v | p, there is a factorization u = u' ou® with
isogenies u' and u® such that

5y(u°) = % Ly - Q| - (ordy(deg(ur)) — 2ordy(c) ),
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and ord,(deg(u')) = 2ord,(c) = 2s. Moreover,

(1—p~*)-(1—x(p)
(L=p=1)-(p—x(p))
Here x(p) = —1 if p is inert and x(p) = 0 if p is ramified in k.
(it) If p | D(B), then ordy,(deg(ur)) =0 and d,(u) = 0.

du(u') =Ly : Qyl

log(p).

Proof. Let F, be the residue field O/7O, where 7 is a fixed prime element of O. Also write
Os = Oc24 ®@ Zy, where s = ord,(c). For convenience, we temporarily write L in place of L,
and Oy, in place of Oy, .

Now G* = E*(p) is a formal group of dimension 1 and height 2 over R, = O, with
an action of O, i.e., a special formal O—module in the sense of Drinfeld. We consider the
sequence

(10.35) C— Gt xG -5 Ap)

and note that Op ® O acts on A(p). After replacing L by a finite extension and using the
invariance property (10.21), we may assume that G := Gt ~ G~

First suppose that pt D(B). Then, fixing an isomorphism
(10.36) OB ®7 Og ~ MQ(Zp) ®z, Oy ~ MQ(OS),

we may write A(p) ~ G5 X G4, where G4 is a 1-dimensional formal group of height 2. Since
(A, 1, x) was supposed to be of type ¢, we have End(Gs) = Og, hence the notation for G,
consistent with that for GGy. The isogeny u corresponds to an inclusion of Tate modules

(10.37)  T(Go) @ T(Go) = T(Go x Go) CT(A(p)) = T(Gs x Gs) = T(Gs) @ T(Gs).

Note that the two direct sums here are not necessarily compatible. Let T(G)" be the largest
O-module contained in the Os—module T'(G;). Note that

(10.38) T(G)' o T(G)!

is the largest O—module contained in T'(G5) ® T(Gs). Hence the inclusion (10.37) gives rise

to a chain of inclusions
(10.39) T(Go) ® T(Go) C T(Gs)T @ T(Gs)' € T(Gs) @ T(Gy).
Hence the isogeny u factors as

u® ut
(10.40) Gox Go = Gl x Gl %5 G, x Gy,
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By the elementary divisor theorem, we can then find automorphisms « of Gy x Gy and 3 of
GT x G1 such that Bou°oa is of the form u$ x ug for isogenies u? : Go — G}, i = 1, 2. Each
of the isogenies u¢ corresponds to an inclusion of Tate modules T'(Go) C T(GL) C V(Gy).
Since both Tate modules are free O-modules of rank 1, there exists an isomorphism G ~ GJ
such that u¢ is given by multiplication by an element v; € O. On the other hand, the
isogeny u' is of the form u' = uJ{ X uJ{, where the isogeny uJ{ is determined by the inclusion

T(G,)" Cc T(G,). If we choose an isomorphism T(G,)" ~ O, then
(10.41) T(Gs) ~p *eZy,+ O,

where € is a unit in O. This implies that the degree of the isogeny uJ{ is p®, as claimed.

The contribution 8, (u!) = 20, (ul) of the isogeny u! to the invariant &, (u) = 0, (u®) + 8, (u')
can now be obtained from the following result, whose proof we include, for the sake of
completeness.

Proposition 10.3. (Nakkajima-Taguchi, [36]) Let k,/Q,, be a quadratic extension and let
L/k, be a finite extension. Let Gy be a one-dimensional formal O-module over Oy, For
s > 0 suppose that \ : Gy — Gy is an isogeny of degree p* over Or, such that End(Gg) = Os.
Let D = Ker \. Then

ol o] = 31+ (=5 a6 5

2
Here x(p) is —1 (resp. 0) depending on whether k,/Q, is unramified or ramified.

Proof. (Sketch) Let G be defined by the formal group law ¢(X,Y) € OL[[X,Y]]. Then by
Serre’s isogeny formula, [19],

(10.42) D = Spec OL[[X]]/ [] 9(X.d).
deD

It follows that

(10.43) e 00, = OL/( IT 9(x. d))XO

deD

= Or/( H d) .
de D\ {0}

A consideration of the Newton polygon of [7"]g, = "X + ... shows that if d € D \ {0} is

0
of precise m-order r then

1

r—1"

(10.44) ord(d) = pr———
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Here, as before, m denotes a prime element of k, and the ord function is normalized by
ord(m) = 1. It follows that

(10.45) g0, (£"Qp/0,) =€k, - > ord(d)
de D\{0}

oo

lr
:eL/kp.Z. r ( )r—l

r=1 T —4q

Here £(r) denotes the number of elements of D(L) of exact m-order £(r). But the conditions
deg(A\) = p*® and End(Gs) = Oy imply that

(10.46) D(L) = T(G)/T(Gy) = (pcZy+0)/O = p°T,/Z,

where € is a unit in O. Hence, for r > 1.

1 . . .
p"—p" 1<r<s, if k,/Q, is unramified
(10.47) Ur) = { pEsp

p: —p2~t 1<r<2s 2|7, if k,/Q, is ramified

and is zero in all other cases. It follows that

(10.48) log|5*Q})/0L| = fL/Q, -lgoL(e*Q})/oL) -logp
~ ()

= fLi0, €L/, - Y =

—— rlogp
g —q

which yields the assertion. [
Finally, the contribution 6, (u®) = d,(u{) + d,(u3) is given by the following result.

Lemma 10.4. For extensions L/k,/Q, as in the previous Proposition, suppose that G is
a one-dimensional formal O-module over Op. Let X : Gog — Gg be the isogeny given by
multiplication by a non-zero element v € O. Let D = ker(\). Then

. 1
logle Q})/OJ =35 |L : Qp|log(deg A)

Proof. Let s = ord(v). Then, there are ¢" — ¢"~! elements in D(L) ~ 7=*0O/O of exact
order 7", for 1 < r < s, and none for all other . Hence

S 1

(1049) lgOL (8*QE/OL) = eL/k:D ) Z % - eL/kp - 8-
r=1
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It follows that
. 1
(10.50) log|e*Qp 0, | = ek, - fLyg, -5 - logp = 3 1L :Qpl - s log(q).

The assertion follows since the isogeny A has degree ¢°. [

Finally, we consider the case p | D(B), and we recall that ord,(c) = 0, so that O, = Op = O.
Once again, we consider the action of Op ® O on A(p). We fix an isomorphism

(10.51) B®k, ~ My(k,), with  Op ® O — M(0).

and such that, for a € k,,

(10.52) 1®a'—>(a a) and zb(a)@lH(a ag),

where 1) is the embedding of k into B chosen above.

Lemma 10.5. (i) If k,/Q),, is unramified, then the image of Op ® O in M2(O) is the order

0o 0

pO O)°
(it) If k,/Q, is ramified, then there is an element A € (Op ® O)* whose image in GLa(F))
under the composition of maps

Op ® O — My(O) — My(F,)

has eigenvalues which are not rational over IF),.
(113) In the ramified case, suppose that A is an O-lattice contained in k? which is stable
under O ® O. Then A is homothetic to Ay = O?.

Remark 10.6. In fact, if p # 2 and k,/Q, is ramified, then the image of Op ® O in M5(O)
is conjugate to red~!(F,z2), where

red : MQ(O) — MQ(FP)
is the reduction modulo 7, and I,z is the nontrivial quadratic extension of F,, viewed as a

subalgebra of Ms(F),).

Proof. In the unramified case, we may write

(10.53) Op®7Z, =0 (1),
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where II € Op is an element with 11> = p which normalizes 1(k,) and acts on it by the
Galois automorphism o, i.e., [la = a?Il. The image of Op ® O in M3(QO) is then generated
by the elements of the form

(10.54) (0‘ a), (0‘ ag), and (p 1),

for o« € O. Since k, is unramified, there is an o € O such that @ — a” is a unit, and hence
such elements generate the Eichler order as claimed in (i).

Next suppose that k, is ramified. Let k, be the unramified quadratic extention of Q, and
let O, be its ring of integers, with generator A\ having unit norm. Again, we can write
OB ®Zy, = O, ( I1 ). But now, the image of A\® 1 € (Op ® O)* gives the element required
in (i).

Finally, to prove (iii), observe that the lattice Ag = O? is preserved by Op ® O, and hence
is fixed by the element A of part (ii). If A is another O-lattice, preserved by Op ® O,
then A must also be fixed by A\. The whole geodesic joining the vertices [Ag] and [A] in
the building of PGLy(k,) is then fixed by A. In particular, A must then fix a vertex at
distance 1 from [Ag]. But this implies that the image of X\ in PGLy(F,) has a fixed point
on P1(F,) = P(Ag/mAg), and hence an F,-rational eigenvector/eigenvalue, which has been
excluded. [

Returning to A(p) and our isogeny, the isomorphism (10.51) determines an isomorphism

(10.55) V(A(p)) ~ &,
under which
(10.56) V(G = k- ((1)) and  V(G) =k (‘1)) .

The image of the Tate module T(A(p)) in k” is an O-lattice which is stable under the action
of Op® O.

If k, is unramified, then T(A(p)) C k° is an O-lattice stable under the Eichler order
O’ C M3(0O) in (i) of Lemma. Let 13 = ey + e_ € O’ where

(00 /(10 ,
(10.57) e+—(0 1) and e_—(o O)EO.

If y = yi +y- € T(A(p)) with yx € V(G*), then yx = exy € V(GT) NT(A(p)) = T(G*),
and hence T(A(p)) = T(G*™ x G™). Thus, our isogeny has degree 1 and §,(u) = 0.

If k,/Q, is ramified, then, by (iii) of Lemma 10.5, T'(A(p)) is homothetic to Ag = O?. But
then, since T(GT) = T(A(p))NV (G*), we have simply T(GT xG~) = T(A(p)), so again our
isogeny has degree 1 and 0, (u) = 0. This finishes the proof of (ii) of Proposition 10.2. [

We can now compute the Faltings height.
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Theorem 10.7. Suppose that the triple (A, i, x), defined over a number field L, is of type
c. Write 4m = n%d, with —d a fundamental discriminant, and let E = E4 be an elliptic
curve over L with complex multiplication by Oy, the ring of integers in k= Q(v/—d). Then

(1—p o). (1—x(p))

hu(4) = 2hia(E) +108(0) =3 300l

p

-log(p).
Here x = xq is as in (8.3).

Proof. We apply formula (10.18) to the isogeny E™ x E~ — A defined above. The change
in the Faltings height due to the isogeny has the form

(10.58) % log(deg(1r)) ~ 77 1 5 Z 5(1).
We write
(10.59) 5 Tos(dea(uz)) = S ord, (des(ur) - log(p),

so that (10.58) can be written as a sum of local contributions (10.58), which we now describe
case by case.

If p is split in k, then by Proposition 10.1,

(10.60) (10.58), = ord,(c) - log(p).

If pt D(B) is inert or ramified, by Proposition 10.2 , (10.58), is equal to:

(10.61)
%Ordp(deg(uL))'IOg(p)

1 o} (1-p"") (1-x(p)
A % |Ly = Qp (i[ordp(deg(UL)) —2r] + a . N ) log(p)

_ ( _A=p) (- xp)
(I—=p= 1) (p—x(p)

)mgm

where we have set r = ord,(c).

If p | D(B), then by the considerations after Lemma 10.5, (10.58), = 0. O
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Theorem 10.8. The contribution of the ‘horizontal’ part to the pairing (Z(m,v), @) is

ho(Z(m)hori%) = 26(d, D) Ho(m, D(B)) 2 iy (E)

+20(d.0) ML S T w06 - Y mplord, () log(p),

w(d) cln Lle p

(e,D(B))=1

where, for r € Zx>o,

Proof. Continuing (10.4) above, we have

h@ (Z(m)horiz)

=2> Y hi(4 T |

c[n z€L(m)
mod I"

type c

—p % (). (1 - x(p))
(1=p= 1) (p—x(®)

I
[\
-
N——
N
[\
>
%
9;
_|_
.
O
(TQ
vM

+25(d, D) % Y cJ[a—x@e) Y nylordy(c)) log(p),
c|n Llc p
(e,D(B))=1

as claimed. [

We now make the comparison of this expression with terms arising in the the positive Fourier
coefficients of the derivative of the modified Eisenstein series. To do this, we need a better
expression for the sum on c¢ in the second term in Theorem 10.8. For convenience in the
calculations, we let

E_ .
plf(p_ll): if Xd(p) =1,
k_ — —_ .
(10.62) Golk) = =2k + ¢ BEEEERSE i) = -1,

2 g i va(p) = 0.
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Note that when k& = ord,(n), then, by (i) of Lemma 8.7,

1 b,(n,0; D)
log(p) bp(n,0; D)

(10.63) Bp(k) =

Lemma 10.9. Let 4m = n2d, as before. Then the following identity holds for any square-
free D > 0:

% Z ¢ H(l —xa(p)p™") an(ordp(c)) log(p)

cln ple ple

= Ho(m; D) - Z ( —ordy(n) — 5p(0rdp(n))) log(p)

(p’Dp):l
b, (n,0; D)
Ho(m;D)- > (log|n|p—bp o-D))'
P p »
(p,D)=1

Proof. We note that the sum on the last expression of the Lemma (right hand side) is finite
since only summands for p with p|n are non-zero. We proceed by induction on the number
of prime factors of n. To start the induction, let n = p'. Then the first expression of the
Lemma (left hand side) is equal to

Q) <
(10.64) (—d ZpT (1 —xalp)p~ 1) np(r) -logp
r=1

(note that the contribution of ¢ = 1 is trivial). By (8.19) and (10.62), the right hand side is
equal to

(10.65) e <2pT<l ~ Xalwp ) + 1) (= By(t)) -logp.

Case by case, one can check that these two expressions coincide.

Case xq(p) = 1: Then (10.64) without the factor % -log(p) is equal to

i t

(10.66) Y pi-p Hr=@-1) er“lztpt—i__ll-

r=1

t
=1

On the other hand, (10.65) without the factor hld) log(p) is equal to
w(d)

(10.67) <Zp (1—p Y+ 1) (t —pt %) = pt (t —pt %) .
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Case xq(p) = —1: Then (10.64) without the factor % -log(p) is equal to

t '
r —1 —T‘+1p -1
E_p(1+p )(7‘—229 p—z_l)

(10.68) =(1+p) ;(rpT—Qpig:i)
_ -1t +1)+2)-Bp+1) (' - 1)
(p—1)?

On the other hand, (10.65) without the factor % -log(p) is equal to

B+ 1) —4t(p-1)
<Zp e “)(t PR (e
pt+1+pt—2( B (3p+1)(pt—1)—4t(p—1))

)

p—1 (p—1)(ptt! +pt -2

(p—=Dt'P+1)+2)-GBp+1)(p' —1)
(p—1)?

(10.69) -

Case xq(p) = 0: Then (10.64) without the factor % -log(p) is equal to

Zp ( —rp_ll)

p

t t .

(10.70) :erT—ZZ_
r=1 r=1

AR 2 2t + 2
R 4t
p—1 ptt-1

On the other hand, (10.65) without the factor % -log(p) is equal to

2 2t + 2 pitt —1 2 2t + 2
10.71 t— = t—
( ) <ZP>( 1+pt+1_1) p—l p_1+pt+1_1

We therefore have checked the beginning of the induction. Let us now perform the induction

step. Let n = p' - ng where p f ng. Let us put mo = m/p?', so that 4my = n2d. We may
assume that p 1 D because otherwise both sides of the identity for n coincide with the
corresponding sides of the identity for ng, so that we may apply the induction hypothesis.
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We write £(m) resp. R(m) for the left hand side resp. right hand side of our identity
corresponding to m. Then L£(m) is equal to

h(d) ZPT(l —xa)p ) Z co - (H(l _ Xd(g)f—l)) {np(r) log(p) + ZW(W(CO)) 108;(5)}

r=1 colno £|co Llco
(cg,D)=1
h(d
3 o ([l v
colng Llco L)co
(cp,D)=1
We recall that
h(d)
(10.73) @ Y. o] ] —xa@)e) = Ho(mo; D).
co|no £|co
(co,D)=1

Hence we can write the above expression as a sum of three terms, the first one being
(10.74)

% 3 cO(Ha—xd(z)f—l))-(l—xd Zp np(r) Tog (p

colno £L)co
(cp,D)=1

=Ho(mo, D) - (1 — xa(p Zp 1p(r) log(p

The second and the third term are respectively equal to

t t

_ -1
(10.75) L(mo) - (1 = xa(p Z (1 - xa(p)p™")p 1; —
and L(my).
We thus obtain
(10.76)

P — xa(P)p’ + xa(p) — 1

L(m) = p— -L(mo)+Ho(mo, D) (1—xa(p ZP 1p(r) log(p

By induction we have for the last summand

Ho(mo; D) - (1 — xa(p Zp 1p(r) log(p
(10.77)

— Ho(mo: D (Zp (= xa™) +1) (=t 5,(0) ogtr)

= Ho(m; D) - ( —t = B,(t)) log(p) -
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Hence

1078)  £im) = 2= xa®)p' + xalp) ~1

p—1 - £(mo) + Ho(m: D) - (=t = 6,(1)) log(p).

Now recall from (8.13) and Lemma 8.5 that

(10.79) Ho(m; D) = Z((;ll)) H gt — Xd(clq)Q_t :‘ xa(g) — 1
atD

It follows that

(10.80) Ho(m;D)  p** — xa(p)p' + xa(p) — 1

Ho(mo;D) P — 1

From the definition of R(m) we have

(10.81)

Rim) = % “R(mo) + Ho(m, D) - (—t — B,(1)) log(p)

_ P - Xd(Z;)Zit 1+ X0) =L 2o + Ho(m: D) - (—t — Pp(t)) log(p)

Comparing (10.78) with (10.81), the induction hypothesis L(my) = R(mg) implies the
assertion. [J

The following result is well known, cf., for example, [9].

Proposition 10.10. With the normalization given by (10.14) above, the Faltings height
hra1(E) of an elliptic curve E with CM by Oy, is given by

L'(0, xa)

QhFal(E) = —% log(d) — L(O Xd)

L'(1, xa)

1
= e T

—log(27) — 7.

Remark 10.11. The value for 2hg,1(E) in Colmez [9], p.633 is our 2hpa(E) — log(27) due
to a difference in the normalization of the metric on the Hodge bundle.
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Our renormalized Faltings height is then given by

1 1
(10.82) 2 h;‘al(E) =2 hFal(E) + 5 log(ﬂ) + 5’)’ + log(2)
1 L/(l Xd) 1 1
1 Lhxd) 2y _ 2
5 log(d) + L) 2 og(m) — 57

Combining these facts, we have

Corollary 10.12. The contribution of the ‘horizontal’ part to the pairing ( Z(m,v),&) is

s 1 (1, 1 1
ho(Z(m)*"#) — 25(d: D) Ho (m; D) 510g<d>+ﬁ—51og<m—§v
b, (n,0; D)
S (1 _ BB
+ D ( Og|n|p bp(n707D)) :|
ptD=1

Proof of Theorem 7.2. Looking back to the end of section 8, we see that the expression of
Corollary 10.12 for hg(Z(m)Bt2) coincides exactly with the sum of (8.43) and (8.45). The

remaining terms will be considered in the next two sections.

§11. Contributions of vertical components.

In this section we fix a prime number p with p | D(B). We wish to determine the quantity

deg(w|Z(m)ye*t), cf. (9.11), using the results of [29].

We describe Z(m) Xspec z Spec W (F,) in terms of the p-adic uniformization of M Xgpec 7
Spec (F,), comp. section 2. To this end we fix z € Op/ with tr°(z) = 0 and 22 = —m. Asin
section 2 we identify B’ ® AL with B ® A} and H(A%) with H'(A%}) and K? with K'P. Put

(11.1) I(z) = {gK” € H'(A})/K"" | g~ 'zg e O%,} .

We also use the abbreviation QW(FP) for )2 Xsprz, SPf W (Fp). Let & = =, if ordy(m) = 0
(resp. T =1+ z, if ordy(m) > 0). Let

(11.2) Z(z) = (Qw,) x Z)°

be the fixed point set of € H'(Q,). Denoting by H. the stabilizer of x in H’, we have,
29],

(11.3) Z(m) Xspec z Spec W(Fp) = [H,(Q) \ I(z) x Z(z)]
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(quotient in the sense of stacks). Since ord, det(Z) = 0, we have
(11.4) Z(x) = Q@V(F y X Z
Since the set

Hy(AF)\{g € H'(A}) | g~'zg € OR}

is compact, the group H, (AI;) has only finitely many orbits on I(x). Let g1,... , 9, € H’(AI;)
such that

(11.5) I(z) = [[ HL.(A}) g K7

i=1
Then we may rewrite (11.3) as

T

[T [r@) (s s ) < 2x G, )]

=1

where K7 = ¢;K'Pg,.

Note that H'(Q) = k*, where k = Q(/—m) is the imaginary quadratic field associated to
m. Let us first consider the case where p does not split in k. Then

(11.6) ord,det(k)) =6, -Z ,
where 6, = 2 if p is unramified in k and 6, = 1 if p is ramified in k. Let
(11.7) Hy(Q)' = {g € H;(Q) | ordy(det(g)) =0} .

Then H! (Q)! acts with finite stabilizer groups on H’, (A?)/(Ké’p N H; (A%)). Hence we may
rewrite (11.3) as d,, copies of

T

(11.8) [T @ (1 @)/ 0 sh) )| < g,

=1

(here the first factor is taken in the sense of stacks).

Appealing now to [29], Proposition 3.2, we obtain the following expression for the vertical
components of Z(m):

(11.9)
Z(m)"ert X Spec 7 Spec W(Fp)

= 7,/5,7 x ]_[ [H;(@)l\(H’(Ag)/(K’PmH' A?) )} ( 3 multpy( IP’[A]).

[AleB

Here [A] ranges over the vertices of the Bruhat-Tits tree of PGL2(Q,) and the multiplic-
ity with which the prime divisor Py} occurs is given by loc.cit., (3.9) for p # 2 and by
Proposition A.1 in the Appendix below for p = 2.
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Proposition 11.1. For any [A] € B we have

deg(w[Pp) =p—1 .

Proof. Of course, here deg(w|P|,)) is shorthand for
deg ify)(w ®z W(F,)) ,
where i) : Pja) — M Xgpec z Spec W (F,) is the natural morphism. We write OB, as
Op, = Z,2[11]/(II> = p, Ha = a’ll, Va € Z,) .

For the inverse image of the universal abelian scheme (A, 1) on M Xgspec z Spec W (F,) we
have

(11.10) Lied=Lo& L, ,

where £; = {x € Lie A | 1(a)r = a® 'z, Vac€ L2}

Due to the determinant condition (1.1), both £y and £; are line bundles on M Xgpec 7

Spec W (F,) and
(11.11) wz W(F,) =Lyt Lyt .

The fiber of £; at a F,-valued point of M is expressed as follows in terms of the Dieudonné
module M of the corresponding abelian variety,

(11.12) Lo=My/VM;, , L1=M/VM, .

Here M = My ® M; is the eigenspace decomposition under the action of Z,> analogous to
(11.10).

To fix ideas assume that A is even ([29]). Then for every @ € Py (F,) we have
(11.13) My = A ®z, W(F,), VMy =1IMy; Loz = Mo/l

where £, is the line in A ®z, F, corresponding to z. It follows that

(11.14) ifa)(Lo) = Opy (1) -

It is Op,,, (1) rather than Op,, (—1) since Ly obviously has global sections.) To calculate
[A] [A]

ZTA] (L1), we use the exact sequence of coherent sheaves on QW(FP)

(11.15) 0— L1 -5 Lo —> Opoaa — 0 .
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Here Opoaa denotes the structure sheaf of the closed subscheme of the special fiber ([29],
section 2),

(11.16) U Pu € Qwe,) @wae,) Fo -
[A] odd

This sequence remains exact after pulling back and yields
(11.17) 0 — iy (L£1) — i (Lo) — OpyyF,) — 0

(note that ify,(£1) is torsion-free). Here we used that Piaj(Fp) = Ppa) N ([A]Udd P(a;). From
(11.14) we obtain

(11.18) deg i[5 (£1) = deg [y (Lo) — (p + 1)

Now the identity (11.11) yields the assertion. The case where [A] is odd is similar. O
Remark 11.2. Another proof of Proposition 11.1 may be obtained by using Proposition

3.2. Indeed, by that proposition we may identify w and the relative dualizing sheaf w 7.
It follows that

deg(w|Pa)) = deg(wamyz| Pla)) = deg(wme,r, 5, [ Pla) -

By expressing the dualizing sheaf wyg,7 /7, explicitly, it is easy to calculate the last
term. O

Corollary 11.3. Let k = ord,n, where, as usual, 4m = n?d. Then

—2k+(p+1): p:__ll if p is unramified in k

Z mult(y) () - deg(w|Ppa)) = -
[AleB —2k—-2+2- ppT_l if p is ramified in k.

Proof. Tt remains to calculate Z[ Al multy) (z). If p is odd, this is an easy exercise using the
results of [29], section 6. For instance, let p be odd and unramified and put o = ord,(m)
so that a = 2k. Then

a e —a p+1 pz -1
multiy(z) = -+ (p+1 pT1<——T): + . .
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The case p = 2 is handled in the Appendix to this section. [J

It now remains to determine the degree of the discrete stack

ﬂ (@)U (B (A5)/(K[P 0 Ho(85))) |

1=1

Now the elements ¢1,...,g, are in one-to-one correspondence with the OA%’Xfconjugacy
classes of embeddings of rings

g7 k:®A1;c — B® AL,
with z € (j7)71(0%). To each embedding j” there is associated an order of k,
O(j%) = (")~ (O}).0x,) N k.

The conductor ¢ = ¢(jP) of this order satisfies (¢, D(B)) = 1 and ¢ | n, because x €
(57)71(O%). Conversely, given ¢ with those two properties, there are precisely

II a-xa®)

(|D(B) t#p

classes of embeddings j? yielding the order of conductor c. Finally, if g; yields the order of
conductor ¢, the stack [H;(Q)" \ (H'(A%})/K] N H(A%}))] may be identified with

[\ (k@ A7 /0%))]

which has degree h(c?d)/w(c?d). Summarizing these arguments, we therefore obtain

Lemma 11.4.

0p - deg <H[H;(@)1 \ H'(A})/ KPP 0 H, (A’})]>

=1

= [T C—xa@)- 3 h(Ed)/w(Pd)
tID(B) (e.D(BY=1

= 0(d; D(B)) - Ho(m; D(B))

O

Now let us consider the case when p splits in k. In this case ord,(det(k, )) = Z, but H,(Q)*
does not act with finite stabilizer groups on H/, (A?)/(K;pﬂH; (A})). Let e(x) € Hy(Q) = k™
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be an element whose localization in k, = Q, & Q, has valuation (1,—1). Let H.(Q)"! be
the subgroup of elements of H..(Q) which are units at p. Then H.(Q)! = H.(Q)!! x {e(z)?),
and H'(Q)%! a(fts with finite stabilizer groups on H;(A?)/(K;p N H;(A%)), whereas e(x)
W)
We obtain therefore the following expression for (11.3) in this case

acts freely on () by translations by 2 on the ‘apartment of central components’ ([29]).

(11.19) (H (L@ (HL(AR)/ (K77 0 H;<A§>>)}> % ((e@™\ Yy, ) -

i=1
The same analysis as before yields

T

(11.20) deg( [T [Ho(@"\ ((H(A%)/ (577 0 Hi (A7) ) ])

1=1

=[] @=xa®)- D> h(d)/w(c*d)

¢|D(B) cln
#p (e,D(B))=1

— 3(d; D(B)/p) - Ho(m; D(B)) .
Using Proposition 11.1 we have

(11.21) deg(w | ({e(@))\ Nye,)) ) =2 — 1) > multpy(2).
[A]

The sum on the right hand side runs over all vertices [A] such that the closest vertex on the
apartment corresponding to k:; is a fixed vertex. This sum can again be evaluated using
[29], 3.9, for p odd (resp. the appendix to this section for p = 2).

We summarize our findings in the following theorem.

Theorem 11.5. Let k = ord,(n), where, as usual, 4m = n’d.
(i) If p splits in k, then

deg(w | Z(m);*™") = 2 Ho(m; D(B)) 8(d; D(B)/p) - (0" —1).

(i)

t —k 4+ 2D Gf ya(p) = -1,
deg(w | Z(m)ger ) = 2H0(m7D(B))5(d7D(B)) ) k+1_1

—1—-k+ pp_l if xa(p) = 0.

Proof of Theorem 7.2 (continued). In the case x4(p) = 1, the quantity

deg(w | Z(m);™™") log(p) - ¢™
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coincides exactly with the term (ii) of Theorem 8.8. On the other hand, in the cases
Xd(p) = —1 and x4(p) = 0, we find that

deg(w | Z(m);"* ) log(p) - ¢™ = 26(d; D) Ho(m; D) K, log(p) - ¢,

where K, is as in Theorem 8.8. Thus, summing on p | D, we obtain (8.45).

Appendix to section 11: The case p = 2.

In [29] we made the blanket assumption p # 2. In this appendix we indicate the modifica-
tions needed to arrive at the formulas given in Theorem 11.5 in the case p = 2.

We will use the same notation as in [29]. We fix a special endomorphism j € V with
q(j) = j2 € Zy \ {0}. We denote by Z(j) the associated closed formal subscheme of the
Drinfeld moduli space M =~ Q xsp¢ 7, Spf W (Fs). We will content ourselves with giving the
structure of the divisor Z(j)P" associated to Z(j), loc.cit., section 4. Our discussion will
proceed by distinguishing cases. Let k = Q2(j) (hence in the global case k is the localization
at 2 of the imaginary quadratic field). Let O = Oy be the ring of integers in k. We write
as usual

(A1) q(j)=¢e-2% , e€Zy; , a>0 .
We define k£ > 0 by
(A.2) a+2 =2k + orda(d)

where d denotes the discriminant of O/Zy. Note that in the global context, when Z(m) is
p-adically uniformized by Z(j) (cf. (11.3) above), then o = ord,(m). If we write as usual
4m = n?d, then k = ord,(n).

We have then the following cases

Case q(7) 2in k |value of k BO”
1 | 2a, e=1(8) split  |k=35+1 A
2la, € =5(8) |unramified|k = § + 1| {[Ao]}
2la, e = —1(4)| ramified | k=5 [{[Ao], [A1]}
2ta ramified | k = 21 [{[Ao], [A1]}

W N

We explain the last column in this table. In cases 1 and 2, writing j = 2%/2 .}, the index of
Zslj] in O is 2. In case 1, the fixed point set of O* is the apartment A in B corresponding
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to the split Cartan subgroup k* of GL2(Q2). In case 2, the fixed point set of O* is the
vertex corresponding to the lattice Ag = O in Q3. Note that in case 1 the fixed point set of

jis

(4.3) B = {[A]; d([A], A) <1} .

In case 2, denoting by [A1] the vertex corresponding to the lattice A; = Zs[j], we have
(4.4) B7 = {[Ao], [Ad]} .

In cases 3 and 4 we write j = 2[%/2lj. Then we have O = Zy[j]. The fixed point set of O*
consists of the vertices corresponding to the lattices Ag = O and A; = 7O, where ™ denotes
a uniformizer in O. In case 3 this coincides with the fixed point set of j, whereas, in case
4, j permutes the two vertices [Ao] and [A1] so that B? consists of the midpoint of the edge
formed by [Ag] and [A4].

To formulate the theorem we write the divisor as usual as a sum of a vertical part and a
horizontal part,
Z(j)pure — Z(j)vert + Z(j)horiz )

Proposition A.1. (i) Let

Vert Z mult[A ]P[A]
[AleB

Then the multiplicity multis)(j) is given by
multgy)(j) = max(k — d([A], BC"),0)

(i) In case 1, Z(5)P°"% = 0. In case 2, Z(j)""? is isomorphic to the disjoint union of
two copies of Spf W (Fg) and meets the special fiber in two ordinary special points of Prao]-

( )hOI‘lZ

In cases 3 and 4, is isomorphic to Spf W', where W' is the ring of integers in a

ramified quadratic extension of W (F2), and meets the special fiber in the superspecial point
corresponding to the midpoint of the edge formed by [Ag] and [A1].

Proof. We first determine Z(j) N (Q[A] X spf 7, Spf W (F2)) for a vertex [A] where the inter-
section is non-empty. Let m = max{r; j(A) C 2"A}. Then
(4.5) m=a/2—d(A], BY) .

cf. loc.cit., Lemma 2.8. After choosing a basis of A we may write

—a

QI

(A.6) j=2m. (
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where @, b, ¢ are not simultaneously divisible by p. The equation of Z(j) on Q[A] XSpf Zs
Spf W (Fy) = Spf W (F)[T, (T2 —T)~'] " is given by

(A7) 2™ . (bT? —2aT —¢) =0

cf. loc.cit., (3.5). We now distinguish 2 cases.

Case a: 2|b and 2|¢. Then 2/ a and we may write (A.7) in the form
(A8) gm+l. (li)()T2 —al — Eo) =0 ,
where b = 2by and ¢ = 2¢.

Hence in this case the multiplicity multjs;(j) equals m+1. However, in this case j € GLo(Zs)
and hence [A] is fixed by j. We check now case by case when alternative a) can occur. Case
4 can be excluded right away since in this case no vertex is fixed by j. In case 3 let [A] = [A(]
with the notation introduced in this case, i.e. Ag = O = Zs[j]. Choosing as basis 1, j we see
that j is given by the matrix

A9 :2a/2<0 5):2777,7' ,
(4.9) j L0 J
hence alternative a) does not occur for [Ag]. The case when [A] = [A1] with Ay = 7O is

identical and hence alternative a) does not occur in case 3.

In case 2, the vertex [A;] with Ay = Zs[j] is excluded for the same reason. Now let us

consider the vertex [Ag], with Ag = O. We may choose the basis 1, 1%5 of Ap and then j is

given by the matrix

(A.10) j:2%-<‘21 2?) , where s — 1 =4\ .

Hence alternative a) applies here. Furthermore, in this case, the second factor in (A.8) is
equal to

(A.11) MN?+T -1 .

Since, in case 2, we have A € ZJ, the ring
Zo|T)/(ANT* +T —1)

is the ring of integers in an unramified quadratic extension of Q2 and the zero’s of the
polynomial 7% + T — 1 € F5[T] lie in F4 \ Fy and define 2 ordinary special points of Piag)-



68

In case 1 the analysis is similar to case 2. First one checks that if [A] ¢ B, then alternative
a) does not occur. If [A] € B®™, then after replacing [A] by [gA] for some g € k* we may
assume that either [A] = [Ag] with Ag = O = (1, 3F4) or [A] = [Aj] with Aj = (2, 1E1). In
the first case the matrix of j is given by (A.10) and hence we are in alternative a). The
second factor in (A.8) is equal to

M?4+T—-1=T—-1mod 2 ,

since 2|\ in case 1. It follows that Z(j)"°r# N (Q[AO] Xspt 7, Spf W(F2)) = 0. In the second
case the matrix of j is given by

(A.12) j:ﬁ-(‘; ?)

Again we are in alternative a), since 2|\. The second factor in (A.8) is equal to

MNT?+T —2=XT*+T mod 2

where we have set A\ = 2)\g. Since T2 — T is invertible on Q[Aé], we again have Z(j)P°r# 0

(Q[Aé] Xspf 7, SPf W (F2)) = (). This concludes our analysis of the alternative a).

Case b: 2/ bor 2 /¢ In this case the second factor of (A.7) is not divisible by 2, and
hence multy;(j) = m. At this point we have shown that for any [A] € B the multiplicity
mult(y (7) is given by the formula in (i). Indeed, this follows by listing case by case the fixed
point sets of j, and the expressions for k and for m, cf. (A.5), and comparing them with the
multiplicities calculated above.

Now let us analyze the second factor in (A.7) in the alternative b). Its image in Fo[T] is

bT? —¢ |,
hence is equal to either 72 —1, 1, or T2, In all cases Z(5)""#N (Qa) X spf 7, Spf W (F2)) = 0.

Now we determine Z(5)2"#N (Qa Xspt 7, Spf W (F2)) for an edge A = {[A], [A’]}, where the
intersection is non-empty. As in the proof of Prop. 3.3 in [29] we see that this intersection
is non-empty only when d([A], B?) = d([A’], B?). In cases 3 and 4, we therefore must have

(A.13) (Al =T[Ao] , [AT=[M] .

In case 3, we take as basis in standard form for Ag, A1, and, noting that 1+ j is a uniformizer
of O,

(A.14) Ao=(L1+j) , M=(2,1+7) .
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In terms of the basis 1,1 + j of Ag the matrix of j is

(A.15) j:p%-<_11 _2'(11_2)‘)) , wheree =4\ —1 .

By loc. cit. the equations for Z(j) N (Qa Xspf 7, Spf W (F2)) in
Qa Xspt 2, Sf W(F2) = Spf W (F2)[To,Th,(1 — To) ', (1 = T1) ] /(ToTy — 2)
are given by

P2 Ty(= (1 —20)Tp +2—T1) =0
P2 Ty (= (1—20)Tp+2-T1) =0

Hence, Z(j)P°" is defined by the second factor in these equations. Now putting
p=(—(1-2X)"1 € Z5, we obtain

(4.16) Z(j)" = Spt W () [To] /(T3 + 21Ty — 2p)

Since T¢ +2uTo— 2 is an Eisenstein polynomial, we see that Z(5)2°"# is the formal spectrum
of the ring of integers in a ramified quadratic extension of W ([F3) and it meets the special
fiber of Q{[Ao],[/h]} Xspt 7, OSpf W(F2) in pt,, which finishes the proof in this case.

The case 4 is similar to the case of loc. cit., p. 180.8 In this case we have
(A.17) J(Ao) =277 <Ay, j(A1) =2 -Ag .

Hence, as in loc. cit., we can write j in terms of standard coordinates for Ag, A;
PPy (a b) with b=2-b
¢ —a

horiz

and where 2 | @ and by and ¢ are units. Hence Z(5) is isomorphic to

Spf W (F2)[To, Ty, (1 —To) ™, (1 = T /(ToTy — 2,b0Ty — 2a — €T}) .

8We note that at this point in loc. cit. there is a slight error. The equations (3.23) of loc. cit. do not define
the same closed subscheme as equations (3.22). The correct expression for Z(j)", replacing (3.24) is

Z(j)! = Spt W[To,T1] /(boTo — 2a — &T1, ToT1 — p)
= Spf WI[Tp]/(T§ + oTo + B) ,

where o € pZ, and 3 € pZ;f. The conclusions drawn from these corrected equations (pp. 181, 182/183 loc.
cit.) are unchanged.
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Putting pu = (%0)_1 € Zy and v =2, we see that

(A.18) Z(5)""" = Spf W (F2)[To) /(T3 — 20Ty — 2u)
which yields the assertion as in case 3.

In case 2, we must have A = {[A¢], [A1]}, where Ag = O and A; = Zs[j]. In this case we

take as standard bases
147 147
Ao={—"2L1 A={(2-—221
= (gt ()

But then, by (A.10), the equation for Z(j)""* is given by
To—1—XI1 =0 , wheree—1=4\ .
It follows that pt, & Z (7)) which finishes the proof in this case.

Finally there is case 1. In this case either A C A or, after replacing A by gA where
g € kK*, we may assume that A = {[Ag], [A1]} where Ag and A; are as in case 3. The second
alternative is treated as the case 3 above. If A C A, we may assume that

A:<1,1ﬂ> , A/:<2,1ﬂ>
2 2

In this case j is given by the matrix (A.10) which yields the following equations for Z(j),

p*? To(NTy +2 - 2T1) =0,
p*/2 T (\Ip +2 —211) =0 .

Since we are in case 1, we may write A = 2)\¢ in the defining equation € — 1 = 4\. It follows
that, after pulling a 2 out of the last factor in both equations, Z(j)""* is defined by the
equation

MIo+1-T1=0 ,

and again pty € Z(j)herz. O

§12. Archimedean contributions.

In this section, we compute the additional contribution

1
12.1 k(m,v) = = =(m,v)ci(w
(12.1) (m, ) /M (m,v) e (&)
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to the height pairing coming from the fact that we are using nonstandard Green functions
defined in [25] for the cycles Z(m). Recall that, by (5.8), for z € D, we have

(12.2) E(m,v)(z) = Z E(via, 2),

where

&(x, z) = —Ei(—27R(z, 2)).

Note that the quantity
R(xv Z) = _(prz (33), prz (33)),

and hence £(z, z), is independent of the orientation of the plane z. Also recall that ¢1(w) = p.

Proposition 12.1. (i) If m > 0, then
1
k(m,v) =20(d, D) Hy(m; D) - 5 J(4mmu),

where

N|=

J(t) :/OOOe_tw [(w+1)2 —1]w ! dw,

is as in Theorem 8.8, and Ho(m; D) is given by (8.19).
(ii) If m < 0, then

1 oo
k(m,v) =20(d; D) Hy(m; D) o |m|_% vz / e~Ammlvw =3 qu,
4 1

where Ho(m; D) is given by (8.32).

Proof. We have

Kk(m,v) =

/ S s
[, 2 ol du)

x€L(m)

= ]

1 1
-3 / E(wta, 2)dp(z).
r',\D
x€L(m)

mod I"

First suppose that m = Q(x) > 0, so that I',, is finite. Then

D+

23 | Edut) =20 [ e aau) =aira =t [z duco)
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Here the factor of 2 occurs since I', contains £1, but these elements act trivially on D,
while in the second step, we use the fact that £(z, z) does not depend on the orientation of
z. Since

(12.4) £(gr, g2) = &(w, 2),

for g € GL2(R), we may assume that
1 L 1
(12.5) z=m? -zmo=m=-| .
Then, writing z = kg (e'i) € $ ~ DT, [25], p.601 , we have
(12.6) R(x,z) = 2m sinh®(t).
Now, noting that ¢ runs from 0 to co and 6 runs from 0 to 7,
I: :/ —Ei(—QWR(v%x,z))d,u(z)
D+
1 ™ o
= — / / —Ei(—4mmusinh?(t)) 2sinh(t) dt df
2T 0 0
= L / / e~ 4mmusinh® (O)r,—1 g,. 2sinh(t) dt
2 Jo 1
1 > > —4Ammowr,,—1 -1
= — e rodr ) (w+1)72 dw
2 Jo 1

/ e—47rmvwr (w + 1)—% dw
0

But

oo

=

— e—47rmvwr 2(10 + 1)

+ 47va7“/ e ATmYWT 9 (4 - 1)% dw
0 0

= -2+ 47rmv7‘/ e ATmYWT 9 (4 + 1)% dw
0

= 87va7“/ e~ e [(w + 1)% —1] dw
0

so that

1

I= 5 / 87va/ et [(w + 1)% — 1] dwdr
1 0

N

= / e [(w+1)7 — 1] w™ dw
0

= J(4mmv).
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By Lemma 9.2, we have

(12.7) > |Te|™' =4(d; D) - Hyo(m; D).
x€L(m)
mod I

Collecting terms, we obtain (i).

Next suppose that m < 0. Let I't = I' N1 GL2(R)™", and let §, = |T', : T'}|, where I'} =
', NI'*t. Then

128 [ e@du) =5 [ ewdnz) =260 [z dule)
r.\D rA\D ri\D+
By conjugating by a suitable g € GL3(R), we can take
1 1 1
(12.9) g-x:|m|2-az0:|m|2-( _1).

Let T" be the corresponding conjugate of I'" in SLy(R), and note that I'}, will then be
generated by +15 and a unique element

(12.10) (6(”3) 6(33)_1)

for e(z) > 1 the fundamental unit of norm 1 in the order i;'(Op). If we write z = re? €
$ =~ D*, then I',, acts by multiplication by powers of e(z)?. Note that

__2|m|
(12.11) R(gx,z) = n2(0)
Then
, 1@ (4 RPN
/I"I\D-" E(wax,z)du(z) = / ( Sﬂm)g}) r~1(sin(6)) 2 df dr

2 /2 3 47T|m|v . -2
= W10g| e(@)] - /0 —El( s1n(0)2) (sin(6))~* db
1 o /oo 1
= — log |€(1‘)| . / (/ e—47r|m|vtw w—l dU)) (t o 1)_5 dt
™ 1 1
= l lOg |€($)| . / e—47r|m|vw (/ e—47r|m|vtw t—% dt) w_l dw
™ 1 0

1 1 oo
= — log |€(l‘)| . ]_—‘(5) (47T|m|’l))_% / e—47r|m|vw ’U)_% dw
T 1

1 o
= —log|e(x)] - (|m|fu)_% / e~4mImlvw =3 qu.
2T 1

The analogue of Lemma 9.2 for m < 0 is the following.



74

Lemma 12.3. If m <0, then

S 20 og e ) = 4(d: D) Ho(ms D).

x€L(m)
mod I"

where Hyo(m; D) is as in (8.32).

Proof. We proceed as in the proof of Lemma 9.2. Note that for x of type ¢, I', ~ 0%, and
Il ~ OL,, the subgroup of norm 1 elements, so that 6, = d. = |0, : Ol ,|. Let €(c*d) be
a fundamental unit in O.4 with €(c2d) > 1. Note that ¢*(c?d) = e(c?d)’ is a generator of
Ol,,/%1. Then we have

> 20 ogle)] )

x€L(m)
mod I
= > 267Y0pt(Oczq,0p)| - log|et (cd)|
(cj?lr)Lzl
=2 )" |Opt(O.2q,08)| - log |e(c?d)]
(c,%?:l
—20D) Y hld)- DL (T - a0 ) ) og e(ca)
’ | logle(c2d)| \"+;
(¢,D)=1
h(d) log |e(d)] L
8(d; D) == |Z Cgr'[“ Xa(0)e™)
(¢,D)=1

Proof of Theorem 7.2 (concluded). We observe that the expression in Corollary 12.2 when
m > 0 coincides with the term (8.44) in the Fourier coefficient &/, (7, 1; D) = A/, (1,v)¢™.
On the other hand, when m < 0, the expression in Corollary 12.2 coincides with that in (iii)
of Theorem 8.8. [
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§13. Remarks about the constant term.
In this section we explain the motivation for our definition of Z (0,v). The key point is the
comparison of our expression for the constant term of £ (7, 3; D) with the result of Bost [4]

and Kiihn [34] concerning ( @, ) in the case of the modular curve.

From Theorem 8.8, we have

1 1 ¢'(=1) plog(p)
13.1 "(1,=:D) =c¢(D)Ap(2) | =1 — —
131 6i(r50) = (D) Ap(2) | lost) ~ 2=y ~1+20+ T B |
where C' is as in Definition 3.4.
Now suppose, for a moment, that D = 1. Then, recalling (6.28), we have

1 -

¢(D)Cp(2) = 35 = ((=1) = —vol(M(C)) = — deg(w)

and so we obtain:
1 , 1 I1

(13.2) & (T, §;D)\Dzl =-2[¢'(-1) + 3 ¢(-1)] — deg(®) 3 log(v) 4+ 2C |.

Let w, denote the Hodge bundle with the metric defined by (3.11) or (10.15), so that, as
_——1
elements of CH (M),

(13.3) & =d,+(0,20).

Then, @, is the bundle of modular forms of weight 2 with its Petersson metric and hence,
by Kiithn and Bost,

(13.4) ( Gor @0 Y = 4[C(-1) + 3 C(-D)]-

Here ( , )h denotes the height pairing without the ‘stack’ aspect! Thus, for the renormalized

metric, we have
(13.5) (@, ) = ( oy @0 ) +2C degl(w)

=4[ (1) + % ¢(~1)] + deg(w) 2C
Note that

(13.6) (, )=
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Then, recalling that
Z(0,v) = — (L?J + (0,1og(v)) ),
we have
( 2(0,0),0)

(13.7) — (@@ >—% deg(w) log(v)

=-2[{(-1) + %C(—l)} — deg(w) B log(v) + 20]

This agrees perfectly with our constant term (7, 3; D)|p=1.

Finally, for general D = D(B) > 1, this discussion suggests that

{Gorio0 ) = — { 2(0,0),6 ) —% deg(w) log(v) — deg(w) 2C

?? / 1

(13.8) 2 _gj(r, 5 D) - % deg(w) log(v) — deg(w) 2C

since ¢(D) Ap(2) = (p(—1) = ((=1) [T,p(p— 1).
Part IV. Computations: analytic.

§14. Local Whittaker functions: the non-archimedean case.

The main purpose of this section is to prove Proposition 8.1. We fix a prime p and frequently
drop the subscript p to lighten the notation. Recall that B = B,, is a quaternion algebra
which is a matrix algebra or a division algebra depending on whether p1 D or p | D. Here
D is a fixed square-free positive integer. Let Op be a maximal order of B and let

V={zecB| t:% =0}

with the quadratic form Q(z) = ka2, where x = +1. Actually, only the case Kk = —1 is
needed in section 8, but we treat the slightly more general case for future reference. Let
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L =V NOg, and let S € Symy(Q,) be the matrix associated to L in the following sense.
With respect to a basis of L over Z,, identify L with Z2. Then, for any « € L = 7},

(14.1) Q(x) = %(w,az) ='zS.
0 I

L. 0
as the direct sum of L and r hyperbolic planes. Let dx = [][dz; be the standard Haar

/ da:l =1.
Z

2

Let S, =S5 L % ( ,and let L, = Z?f”’ be the associated quadratic lattice, viewed

measure on L,, where

Let
(14.2) W(m,ST):/ /L@D(bthTx)@b(—mb)dxdb

be the integral defined in [44], (1.2). It is the same as the local quadratic density polynomial
ap(X,m,S) with X = p™" defined in [44], page 312. Here ¢ = 9, is the local component
of our standard additive character of A/Q.

Lemma 14.1. With the notation as above, for any r > 0 and any m € Q,,
1 1
Wi p(L,7 + 2 ®,) = B(V)|det 25 |3 W(m,Sy).

Here
8V) = (V)10 e Vi ) )

is the local splitting index defined in [23], Theorem 3.1. Here (V') is the Hasse invariant
of V- and ~v(v) and vy(a,v) are the local Weil indices as in [37].

Proof. We remark that this proposition is true in general for any 3-dimensional quadratic
space V over Qp. Let ¢ = char(L) and ¢, = char(L,). Then [25], Appendix, asserts that

w(9)60(0) = By(g, 7+ )

where w = wy is the Weil representation of Gj, (the metaplectic cover of SL2(Q,)) on the
space S(V') of Schwartz functions on V. Thus

1
Wm’p(l, r—+ 5, @I;)

(14.3) - / w(wn (b)), (0) 4(—bm) db

Qp
— B(V) / p /V 60(2) dz o (—bm) db,
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where d,z is the self-dual Haar measure with respect to the bi-character (z,y) — ¥, ((z,y)r)
with (z,y), the bilinear from on V, = L, ® Q, associated to S,. It is easy to check

(14.4) dyx = | det 25,|2 de = | det 28 |2 da

under the identification L, = Z?f”’ as above. This proves the proposition. [
The following lemma is standard.

Lemma 14.2. Let V and L be as above.
(i) When pt D, one has L = Zg with the quadratic form and symmetric matriz as follows:

1
Q(x) = k(2] +xaw3),  S=k X 3
2
ii) When 2 # p | D , one has L = 73 with the quadratic form and symmetric matriz as
P
follows:

Qz) =k (Ba1 +pry — Bpr3), S = rdiag(8,p, —Bp).
Here 3 € Z,; with (8,p), = —1.
(iii) When p =2 | D(B), one has L = Z3 with the quadratic form and symmetric matriz as
follows:

-3
q = k(=327 + 223 + 2xox3 + 223), SZK( 2 1).
1 2
(iv) Finally,

L ifpiD,
| det 25 [, = [2]p - { _o .
p ifp| D.

Notice that 5(V') in Lemma 14.1 depends only on V and is well-defined even when p = oo.

271

Lemma 14.3. Let V be as above. Let (s =e™s . Then
1 if p1 200,
BV)=eB)-q " ifp=oc,
¢ fp=2

Here €(B) = £1 depending on whether B = B,, is split or not.

Proof. Tt is easy to see from Lemma 14.2 that detV € —k Q;’Q in all cases, and so, by [37],

(14.5) et V, 29) = (=, 5) =1(59) >0,
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Here a(k) = (1 + k)/2. By [37], A.10, A.11, one has

1 1 if pt200,
(14.) 150 = { |
(s if p=o0.
When p = 2, following the principle in [37], page 370, one has
1 1 1 _
(14.7) G0 =5 D v =G
T€ZL/4

As for the Hasse invariant €(V'), one has in the split case

1¢p)4<1—a<n>>,

(14.8) {(V) = (5~ 1)y =05
where (, ), is the quadratic Hllbert symbol for Q,. In the ramified case, one has

1

(14.9) (V) = (nk, —&*np?)p(kp, —knp)p = (K, =1)p(ps0)p = _7(§¢p)4(1_a(n))-

Now the lemma follows from the formula

(14.10) BV) = (VI () (det V, )} . O

Proof of Proposition 8.1 By Lemmas 14.1 and 14.3, Proposition 8.1 is equivalent to the
following proposition for k = —1.

Proposition 14.4. For a nonzero integer m, write 4m = n?d such that kd is a fundamental
discriminant of a quadratic field.

(i) If p1 D, L " D)
 Lyp(r+1,X—kd) bp(n,r + 1;

Wa(m, 5r) = (2 +2)
(it) If p | D,

Wp(m7 ST) = LP(T + 17 X—Hd) bp(’fL,’l“ + 1; D)
(iii) If m = 0, e

Cp(2r+1 .
L[ aep,
p( ’ T) - Cp(2r+1)

¢p(2r) pr | D’

Proof. Part (i) is a better reformulation of [44], Propositions 8.3. Part (ii) follows from
(i) and [44], Proposition 8.2. Part (iii) follows from (i) and (ii) when we let a = ord,m
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tends to infinity. We verify the case p = 2 + D and leave the other (easier) cases to the
reader. We recall again that Wj,(m,S,) is just the local density polynomial a,(X,m,S)
in [44] with X = p~". Write m = ap® with a = ord,m = 2k + ord, 4 and o € 7y
where k = kp(n) = ordyn as before. In the notation of [44], Proposition 8.3, one has
() = X—ra(p) if pfd. In our case p =21 D, a = ordym = 2k — 2 4 ordad with k = ordan
as before.

Subcase 1. First we assume 8 | d. Then a = 2k + 1 is odd, and [44], Proposition 8.3(1),

implies
k
Wa(m,S,) = (1-272X%) > (271 X?)
=0

_ (1 —9- 2X2)(1 _ (2 1X2)k+1)

(14.11) R
o LQ(T + 17 X—nd) bQ(nar + 17 D)
C2(28 + 2)
as desired.
Subcase 2. Now assume that orded = 2. Then a = 2k, ak = 24(n27%)2 = —1 mod 4,

and thus (=%) = —1 and dg(a — k) = 0 So [44], Proposition 8.3(3), (% in the summation
akK 2

there should be §) implies

W(mS)_1+2 IZ 1X2 2_k_2X2k+2
=1
(1 _ 2_2X2)(1 _ (2—1X2)k+1)

(14.12) =

1-2-1Xx2
LQ(T + 17X—f€d)
= C2(27“+2) bg(ﬂ,T+1;D).

Subcase 3. Finally if 21 d, i.e., kd =1 mod 4. Then a = 2k — 2 and a = d(n2=**1)2 =d
mod 8. In this case, (1) =1 and

(14.13) ds(a — k) = ds(d — K) = x—rd(2).
Set v2 = X_ka(2). Then [44], Proposition 8.3(3), gives

(14.14)
k—1

W (m S ) -1 + 92— 1 Z 1X2 + 2—k—1X2k + U22_k_1X2k+1
=1
122X - 27 R gy 27X 4 027 1X2)
- 1 —2-1x2
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On the other hand,
Lo(r+ 1, x—ka)b2(n,r + 1; D)

Ca(2r 4+ 2)
(14.15) _ @+ 0227 LX) (1 — wo X + 02 F2 X2k +1 _ 9—k—1 x2k+2)
1—92-1x2

127X - 2L 4 027 X (s + X)

B 1—92-1x2

127X iy 27X 4 0327 X)

B 1_92-1x2 )
Therefore
(14.16) Wa(m, S,) = Lo(r 4+ 1,X—rd) by(nor 4 1: D). O

CQ(Q?" + 2)

§15. Local Whittaker functions: the archimedean case.

In this section, we compute the local Whittaker function
(15.1) Wooe(7,5.8%) = 074 [ @ (wnlb)gr.5) v (~b) db
R

and prove Lemmas 8.9, and 8.11. Here ¢ € %Z is such that ¢ = % mod 27Z. In this paper,
we only need ¢ = %

Let

1
I'(a)

(15.2) U(a,b;2) = / e (r+ 1) T dr
0

be the standard confluent hypergeometric function of the second kind, [35], where a > 0,
z > 0 and b is any real number. It satisfies the functional equation, [35], p. 265

(15.3) Ula,b;z) = 2"PW(1+a—b,2 - b;2).
For convenience, we also define
(15.4) U(0,b;2) = lir(r)1+\Il(a, b;z) = 1.

So ¥(a,b; z) is well-defined for z > 0, a > min{0,b — 1}. Finally, for any number n, we
define

1
(15.5) U, (s, 2) :\P(§(1+n+s),s+1;z).
Then (15.3) implies

(15.6) U, (s,2) = 27°W,(—s, 2).
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Proposition 15.1. Let ¢ = e(m7), (—i)* = e(—£/4), and

— 8716 — ng
o = , .
W T =92 3 U_ V%
m’oo( )55 @f;o) = 4T (—i)év (27Tm)5 M . qm

[«)
(ii) For m <0,

Uy(s, dm|m|v) -
I'(B)

W00 (T, 8, @ﬁo) =27 (— )é B (27| ml)® 4|mlv q".
(11i) For m =0,

s L) — 9 02(155)2 T'(s)
W0 (7 5, @) = 2 (=)' Tt (@)

(iv) The special value at s =€ —1 is

0 if m <0,

Winoo(T, £ — 1,5 ) = _
{ (_FQ(%)E mf~Lg™  if m > 0.

Proof. A standard calculation, [40], (see also [25] pages 585-586, for this special case) gives

(15.7) Winoo (7, 8, @50) = (—i) v e(m7) / e (= m)? T dr
>
r>m

When m = 0, this gives (iii) immediately.
When m > 0, the integral equals
/ e—47rvr(7,, . m)ﬁ—lra—l dr = m56—47rmv / e—47rmvr,rﬂ—1(,r, + 1)a—ld,’,,
r>m 0
= m e L (B)U_y(s, drmu).

This proves (i). The special value at s =¢ — 1 is

U_,(f—1,4mmo)
I'(€)

Winoo(T, € — 1, ot ) = 271-(_15’)5(27Tm)€—1qm
_ (=2mim)t .
- Wq )

as claimed in (iv).
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When m < 0, the integral is

/ e—47rvr(,r . m)ﬁ—lra—l dr = |m|5/ e—47rmvr,ra—1(r + 1)6_1d7°
r>0 0
= |m|*T()Wy(s, 4mmv).

This proves (ii). The special value at s = £ — 1 is 0 since % =0at s =/¢—-1and

Uyl — 1,4m|m|v) is finite. O

Proof of Lemma 8.9. Since m > 0, (i) of Proposition 15.1 implies

W oo(ml=1,85) 1 1T7(6) V. ,(6—1,4mmv)

— Slogv + log(2mm) — = .
W oo (r 0 —1,0L) — 21080 +108(2mm) = 5 4 G, 7= 1, drmo)

Notice that, for any z > 0,
V_y(l—1,2)=V(0,42) =1,

by (15.4). Observe that

1 o
U_y(s,2) =277+ —/ e ((r+1)*% - 1)rftar.
I'(8) Jo
The integral here is well-defined at s = ¢ — 1 and is equal to
> )t —1
(15.8) J(0—1,2) ::/ e (T )T dr.
0

Notice also that the function ﬁ vanishes at s = ¢ — 1 and has the first derivative % at
s =¥¢ — 1. Thus,

1 1

and we have

W7/n oo(Tvg_ 17@6;0) 1 F/(E)

15.1 ’ = _ |1 _
(15.10) W I —1,8L) — 3 [°80™) ~ T

+ J(¢ —1,4mmv)

When ¢ = 2, J(1,47rmv) = J(4mmv) is the quantity defined in Theorem 8.8, so this gives
Lemma 8.9. [0

Proof of Lemma 8.11. (The case m < 0, with derivative). We now assume m < 0. Since
the function ﬁ vanishes at s = ¢ — 1 and has the first derivative % there, one has, by (ii)
of Proposition 15.1,

1
W0 (o€ = 1,®%) = 2m(=i) (2mm|)~" 5 Wo(€ = 1, dz|mlv) - e~ 4710 - g™,
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By (15.6), one has

Uo(0 — 1, 4n|m|v) = (Ax|m|v) =4 Uy (1 — £, 4ncjm|v)
= (4m|m|v) =E W (1,2 — £;4x|m|v)

= (4m|mlv)t=* /OO e~ AmImlvr (1 4 )=t dr
0
— (dn|mlv) =t edrlml /100 e—amlmlor,.—t g
Therefore,
(15.11) Wi oo(T, 0 —1, ) =2 (—i)f 2 bl g™ /OO e~ Amimlvr .=t qp.
1

When ¢ = %, this gives Lemma 8.11. [J

616. The functional equation.

Let D be a square-free positive integer, not necessarily the discriminant of an indefinite
quaternion algebra, and let

(16.1) E(r,s,®2P) = ¢(D) (s + %) Ap(2s + 1) E(r,s,®2P)

be the renormalized Eisenstein series of (6.23). In this section, we prove that it is invariant
when s goes to —s, i.e., that

(16.2) E(r,s,®2P) = E(r, —s,®2:D).

First we need

Proposition 16.1. Set

)L(vad) pr(na SvD)

p

2

4|m|D2)%5 pEte
T

Mo D) =

with a = (1 +sgn(m))/2. Then A(s,xm, D) has a meromorphic continuation to the whole
complex s-plane with possible poles at s = 0 and 1, which occurs precisely when D = —d = 1.
Furthermore, it satisfies the following function equation

A(s, xm; D) = A(1 — s, xm; D),
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and

ords—o A(5, Xm; D) = ords—1 A(s, Xm; D) = ords=1 L(s, xa) + #{p|D : xa(p) = 1}.

Proof. The functional equation follows from that of L(s,xq) and (8.10). The vanishing
order at s = 0 follows from (8.14). We remark that b,(n, s; D) is a polynomial of p~* even
though it was written as a rational function and thus is regular at s =1/2. O

Theorem 16.2. Let
E(r,5,250) =" A (v,5) g™

m

be the Fourier expansion of E(r, s, CID%’D).
(i) For m > 0, one has

N

A(5 + 8, Xm; D) (4mmu) 2~ Vs (s, 4mmu)
VT L p(1+p)

A (v, s) =

(i) For m < 0, one has

(52 = $)A(3 + 5, Xm; D) (47 |m|v) 35 ©
AV 1, p(1+p)

j (5, 4|m|v)

A (v, s) =

. e—47r|m|v'

(11i) The constant term is

D

Al = e+ D

(Gp(s) + Gp(—s9)),

where

1 s 1 1 L
Gp(s) =v73 75 A(1+25) (s + 3) 1;[}29‘5—5 )
p

Proof. When m > 0, one has, by Propositions 8.1 and 15.1 and formula (8.18),

_s (s, 4mmo)

D 1 3 C S 1
A (v,8) = c(D)(Z) ™3 T(s + 5)Cp(2s + 1) —2vi~F (2mm)* —2
09) = eD)( 2 s + )o(2s + 1) 2 rm)
L(s + 5,xa) [1bp(n, s + 5; D)
XCf(D) 2 CD(QS-l-l) 2
Al + dowmiD) T(s+ 32t
leD(p+1) I‘(%-}-%)T(% %)(47va) \I/_%(s,47rmv)



86

Now the doubling formula of the gamma function gives

Nl JBP S e
L(5+ 05+ 3)

This proves (i). The case m < 0 is the same and is left to the reader. When m = 0, one has
by Corollary 8.2 and (8.12)

Aolw,5) = e(D)(Z )2

N]
=
w
_|_
|
TN
v
™o
V)
_|_
=

_v_%Jr%A(l-i-Qs)(% + s)
21 [ p(p+1)
v iTEA@s) (5 —s) T(s— 5)287
Vrllpe+1) T - PTG +3)

(_1)ord(D)Ds+% H(l . p—1—23)

D
R SRR TR

Here we have used the doubling formula for the gamma functions again. [J

Proof of the functional equation (16.2). Now the functional equation (16.2) follows
immediately from Theorem 16.2, Proposition 16.1, and (15.6). O
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