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The Langlands lemma and the Betti numbers
of stacks of G—bundles on a curve

G. Laumon and M. Rapoport

Atiyah and Bott [AB] and Harder and Narasimhan [HN] have established a formula
for the Poincaré series (the generating series formed using the Betti numbers) of the
stack M (G, v(;) of G-bundles with slope v, on a Riemann surface, which expresses it in
terms of the Poincaré series of the open substack of semi—stable G—bundles and the similar
Poincaré series for all standard Levi subgroups of GG. This relation is a consequence of the
Harder—Narasimhan stratification of M(G, v;). A similar relation arises in the context
of period domains over a finite or p—adic field, where the Fuler—Poincaré characteristic of
a generalized flag variety of a reductive group is expressed in terms of the Euler—Poincaré
characteristics of the period domains associated with the various standard Levi subgroups
of G (cf. [Rap]). These relations can be considered as recursion relations expressing the
Poincaré series (resp. Euler—Poincaré characteristic) of the semi-stable sublocus in terms
of the corresponding quantities for the ambiant spaces for G and its Levi subgroups.

In this paper we show that the Langlands lemma from the theory of Eisenstein
series, which has become a standard tool in the development of the Arthur—Selberg
trace formula, can be used to invert the recursion relation for the Poincaré series of the
open substack of semi-stable G-bundles. This note is therefore of a purely combinatorial
nature.

This application of the Langlands lemma has been noticed by Kottwitz (in the context
of p—adic period domains). Our only contribution has been to formalize this suggestion in
a different context. In the case of vector bundles on a curve the inversion of the recursion
formula had been obtained earlier by Zagier [Za] using different techniques.

The paper is organized as follows. In Section 1 we fix our notations and recall the
Langlands lemma. In section 2 we use the lemma to prove a general inversion formula.
In section 3 we explain how to apply this inversion formula to the theory of G—bundles
on a curve. The special case of vector bundles is discussed in section 4.

We wish to thank R. Kottwitz for many helpful discussions. We also thank the
Deutsche Forschungsgemeinschaft for its support.

1. The Langlands lemma.

Let G be a reductive algebraic group over a perfect field k. We fix a minimal parabolic
subgroup Py of G and a Levi subgroup M. We denote by P the set of standard parabolic
subgroups of G, i.e. parabolic subgroups of G containing F.



If P € P, we denote by Np its unipotent radical and by Mp the unique Levi subgroup
of P containing M. Moreover, we denote by

Ap =Homy v (G, Zp) @ Gy i
the maximal split torus in the center Zp of Mp and by
'> = Hom(Homg_gr (Mp.ab, Gm k), Gm k)
the maximal quotient split torus of Mp .. The composite map
Ap — Zp — Mp — Mpp — Ap

is an isogeny. In particular, we have an injective map of free abelian groups of the same
finite rank

X«(Ap) = Homp—gr(Gm i, Zp) — Hom(Homy g (Mpab, Gm k), Z) = X (AD) .
Following Arthur [Arl], for each P € P, we set
ap =R® X.(Ap) =R® X, (4p) .
If P C Q are two standard parabolic subgroups of G, we have canonical maps
Ag — Ap — Ap — A .

The canonical maps Ag — Ap and A — A’Q induce a canonical embedding ag — ap
and a canonical retraction ap —— ag. Hence, we have a canonical splitting

ap:ag@aQ,

where ag is the kernel of the retraction. Taking the dual real vector spaces, we get a
splitting
ab = a2 @ al
p = Ap Q -
More generally, if P C () C R are three standard parabolic subgroups of G, we have
canonical splittings
ap = ag ) ag b ar
and

*

ap=ap @al dap .

We shall denote by [-]9, [/] g and [-| g the canonical projections of ap onto ag, ag and ap

respectively.
For each P € P, let ®p C a$* C a% be the set of the non trivial characters of Ap
which occur in the Lie algebra g of G and let CIDJIS C ®p be the set of the non trivial
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characters of Ap which occur in the Lie algebra np of the unipotent radical of P. It is
well known that &9 = ®p, is a root system and that o = QDJISO is an order on ®g. Let
Ao = Ap, C q;ér be the set of simple roots; A is a basis of the real vector space agj.
For each a € @, there is a corresponding coroot a” and (a")aea, is a basis of the real
vector space ag = alc_io C ap, = ag. For the other P’s in P, ®p is not a root system

in general. Nevertheless, following Arthur, we define Ap C ®% as the set of non trivial

restrictions to Ap (or ap) of the simple roots in Ag. Then, Ap is a basis of the real

vector space ag* and, for each a@ € Ap, there is a corresponding “coroot” aV € alc_i with

the property that (a")aea, is a basis of the real vector space ag . « is the restriction

to Ap of a unique 3 € Ag and " is the projection of 8V onto a$.

If P C @ are two standard parabolic subgroups of G, let @g = ®pnnr, (resp.
(IDng = @JISQMQ, resp. Ag = Apnn,) be the set of o in ®p (resp. ®F, resp. Ap)
which occur in the Lie algebra mg of Mg. Then, on the one hand, Ag is contained in
ag* C aB* and is a basis of the real vector space ag*. On the other hand, the projection
of (a"),¢ AQ onto ag is a basis of the real vector space ag and we may consider its dual

basis (wg)aeAg C a¥".

If P C Q C R are three standard parabolic subgroups of G and if H € afl, we have
(o, [H]9) = (a,H),  VYa€AFCAR

and
(@a,[Hlo) = (wfi,H),  Va€Af,
where (3 is the unique element in AE such that o = 8| Ag.

LemMA 1.1. — Let P C R be two standard parabolic subgroups of G and let H € a&.

(i) Let us assume that (o, H) > 0 or (ws, H) > 0 for each a € AE. Then, we
have (o, H) > 0 for all o« € AE.

(ii) Let us assume that (o, H) < 0 or (wa, H) < 0 for each o € AE. Then, we
have (wq, H) <0 for all o € AI@.

Proof : See [La] 3.1.
I

If P C @ are two standard parabolic subgroups of G, Arthur has introduced two

characteristic functions on the real vector space ag : the characteristic function 7‘1(;2 of

the acute Weyl chamber
ot ={H ed% | (o, H) >0, Yo e A9}
and the characteristic function ?1(;2 of the obtuse Weyl chamber
Tl = {H € a¥ | (@9, H) >0, Va e A%} .

It follows from lemma 1.1 (i) that ang C +ag.



LemMmA 1.2 (Langlands). — For any standard parabolic subgroups P C R of G and
any H € a&, we have

ST (~)dmER) rE(H))FE(H]g) = OF
PCQCR

and
PCQCR

Proof : See [Arl] §6 or [La] 3.2.

Following Arthur (see [Ar2] §2), we set

PRH,T) = Y (~1)8m6QrR(H]Q)FE(H — T)g)
PCQCR

and

TRHT) = Y (~)3CDr2((H - T)9)75(Hg) = () ™ HTrEH — T, -T),
PCQCR

for any standard parabolic subgroups P C R of G and for any H,T € af. As an
immediate consequence of the Langlands lemma, we obtain

3 (~)ImEOre(H, T)TE(H,T) = 68
PCQCR

and s
> (—)ImERTE(H, TG (H, T) = 5f .
PCQCR

LemMma 1.3 (Arthur). — If T € ot © *ak, the function H — TE(H,T) (resp.
H — TE(H,T)) is the characteristic function of the bounded subset

{Heaf | (a,H) >0, (@a,H) < (@a,T), Yo € AR} C afF
(resp.
{H e a} | (wq,H) >0, (o, H) <(a,T), Va € AZ} C "a)
of a.
In particular, when T goes to infinity, the supports of the functions H +— T'E(H,T)

(resp. H — fg(H, T)) cover a§+ (resp. Taft) (by definition, T’ € a§+ goes to infinity if
(o, T) > 0 goes to infinity, for each o € AE).



Proof : Let us prove the statement about I'E(H,T). Let us fix H and let us set
I={ac AR | (@ H-T) <0}
and
J={ac Ak |(a,H) >0} .
We clearly have

PR(H,T) = (-1)*F 1 37 (A= (cplaiils]
PCQCR
IcAScy

Therefore, TE(H, T) # 0 if and only if I = J. Now, if I = J, we have
(o, H-T) < —{a,T) <0, Vae AR - T
and

(Wl H-T) <0, Vael,

so that
(wl H-T)<0, Va € AR

by the lemma 1.1 (ii). Therefore, if I = J, we have I = J = AR and H satifies the
relations
(a, HY >0

and
<wa: H> < <wa:T>

for all o € AE. Conversely, if H satisfies these relations, it is obvious that I = J = AL,
The proof of the statement about I'E(H, T is similar.
]

2. A general inversion formula.
We denote by P the set of pairs (P,v}p), where P € P and v € X.(A%). We fix a
topological abelian group A. A function

a:P— A

is said to be ffconvergmg if it has the following property :
For each standard parabolic subgroup P C Q) of G and each Vb € X*(A’Q), the finite

sum .
Yo TR(wp Ta(P,vp)
VpEX.(Ap)
[vplo=vg
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admits a limit as T € aQ+ goes to infinity.
If this is the case, we shall denote this limit by

Yo AR () Da(Pvp)
vpEX.(Ap)
[vplo=vg

A function
b:P— A

is said to be I'-converging if it has the following property :
For each standard parabolic subgroup P C Q) of G and each Vé? € X*(A’Q), the finite
sum

S TR(Wpl?. TP, vp)
vpEX.(Ap)
[vpla=vg

admits a limit as T € aQ+ goes to infinity.
If this is the case, we shall denote this limit by

> TE(WEIDN(PE) -
VpEX.(Ap)
[vplo=vg

THEOREM 2.1. — For each ffconvergmg function a : P — A, there exists a unique
['—converging function b : S — A such that, for each (Q, I/é) € B, we have

a@Qup)= > Y. mR([WpI9b(P.vp) .
II;EP v EX, (Ap)

[vpla=rg

The function b is given by the following formula : for each (Q, Vé) € B, we have

im Q A
b(Q,vg) = > (—1)mEr) N FR([Wp]a(P,vp) -
Peo vp X (Ap)
[VP]Q_VQ

Proof : This is an easy consequence of lemmas 1.2 and 1.3.
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Let us now consider a particular case of this theorem which is relevant for the
computation of the Poincaré series of the stack of semi—stable G-bundles on a curve.

For any standard parabolic subgroup P of G, we fix np € Z>o and 6’ € af* C aj.
We assume that, for any standard parabolic subgroups P C Q) of GG, we have

and
where we have set

We have
(6%, [H]?) = (6, H) — (5§, [H]q)

for every H € ap.
We set

m(P,vp) =np + (65, vp)
for each (P,v}) € B.
Lemma 2.2. — Let (Q,vg) € B.

(i) For each (P,vp) € P such that P C Q, [vplq = v and 72 ([Vp)Q) # 0, we
have
m(P,vp) > m(Q,vg) -
(ii) For each positive integer m, there are only finitely many (P,v}p) € B such that
P CQ. [vplo = vl 78 (Vp]?) # 0 and m(P,vp) < m.

I

We take A to be a Zl[[t]]-module equipped with the t-adic topology and we assume
that A is complete for this topology. We consider an arbitrary function

ag:P— A

and set
a(P, V) = ag(P)t™Pve) ¢ A

for any (P,vp) € P. It follows from part (ii) of lemma 2.2 that the function a is I
converging. Therefore, by theorem 2.1, there exists a unique I'-converging function

b:P— A
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such that

a@Qug)= >, > TEWRNP V) .
IP?GP vpeX. (A/P)
[V lo= VQ

Moreover, the function b is given by

b(Q,vp) = bo(Q,vp)t™ e (Y(Q,vy) €P),

where
i Q oy m v m v
bo(Qvp) = Y (1) Rag(P) 3T AR (wp| PR @) € A
PO VpEX.(Ap)

velo=vg
for any (Q,vg) € P (cf. Lemma 2.2 (i)).

Let us consider the lattices

> Za¥ € X.(Ap)

aGAg

and let us set

AR =X, (Ap)) > Za"

aGAg
Clearly, the projection [-]g : X«(A%) — ag factors through Ag and, for each a € Ag,
w? : X,(A») — R induces a homomorphism from Ag to R/Z.

«

LEMMA 2.3. — For each (Q, Vé?) € P and each standard parabolic subgroup P C @) of
G, we have

S A (p Q)R )
vpEX.(Ap)
velo=vg

Q VY (@
(I ) X £,
Q 1 - t<5P,aV> o
a€EAY AEAG
Me=vg

where, for each p € R/Z, (u) € R is the unique representative of the class p such that
0<(u <L

As 5Q Y. eAQ((SP,(l/ Voo?, we have

> 08, N @R (Wpl? +2)) = (62, [Vp]?) =0 (mod Z)

aGAg

for any v}, € X, (A%).



Proof : We have

ORI EOME SRS | D DI

Vp €X L (Al) AEAQ acAY  Ma€L
[V}]Q:Vég [A]Q:Vé) Mma+wa(A)>0

where \ € X.(A%) is a representative of the class A. But, for each p € Zs( and each
r € R, we have

tp((z+Z)—x)
I
€z 1—
m+x>0

Hence, we have

QO\))
. (62 ]
O IACTCEZ LI S | T
vpEX.(Ap) AEAQ aeAl — 1%
[Vplo=vg No=vg

To sum up, we can state :

THEOREM 2.4. — There exists a unique function by : B — A which satisfies the relation

=3 S B(Wl)be(P e P @)

IP?EP V;;EX*(A/P)
[vplo=vg

for each (Q,v)) € B. This function is given by
Q

(@) = - () Dag(prr e (] ——),

1-—t
PeP Q
P aEAY

for each (Q,vg) € PB. []

REMARK 2.5. — It follows from the definition of the function by that by (P, v}) only
depends on the class 7p of v in X, (A%)/X.(Ap).
]
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3. Application to G-bundles.

From now on, let us assume that k is algebraically closed, so that P, is a Borel subgroup
of GG, and let us fix a smooth, projective and connected curve X of genus g > 2 over k.

Let us recall that, for any P € P and any P-bundle 7p on X, the slope of Tp is the
element p(7p) € X.(A’) defined by the condition

(€ u(Tp)) = c1(Tpe) €Z, V€ X™(Ap),

where Tp¢ is the line bundle on X deduced from 7p by push-out via P — A, LN GL;.
Let us also recall that a P-bundle 7p on X is said to be semi-stable (see [Ra]) if, for
each standard parabolic subgroup () C P such that |Ag| = 1 and for each @)-bundle 7
on X such that

Tp =Ty x9 P,

the slope u(7q) € X« (Ag) C aq satisfies

(g, m(7g)) <0,

where o is the unique element of Ag.

LemMMA 3.1. — For each G-bundle T of slope vy, there exist (P,vp) € P with
Vhla = vl and [Vp])¢ € a§T, a semi-stable P-bundle Tp of slope v and an isomorphism

L:TPXPGST.

Moreover, the pair (P,v) and the isomorphism class of the pair (Tp,t) are uniquely
determined by T .

The pair (P,v}p) is called the Harder-Narasimhan type of 7 and the pair (7p,:) is
called the Harder—Narasimhan reduction of 7T .

Proof : See [HN] in the case of G = GL,, and [AB] in general.

For each v, € X.(Ay), we wish to consider the Poincaré series
P (G,vg) € Z[[t]]

of the stack M (G, v(;) of semi-stable G-bundles on X of slope vg,. There are at least
three ways to make sense of this series. Harder and Narasimhan ([HN]) count (in a
weighted way) in the case k = F, the number of semi-stable bundles which are defined
over a finite subfield of k£ and obtain this series as a consequence of Deligne’s purity
theorem. Atiyah and Bott ([AB]) consider in the case k = C the action of a gauge group
on the space of complex structures on a C>*°~bundle on the Riemann surface X (C) and
define P*(G, vy;) as the Poincaré series for the equivariant cohomology of the semi-stable



11

open subset. Bifet, Ghione and Letizia ([BGL]) consider an ind-variety of semi-stable
matrix divisors and obtain P*(G,vy;) in terms of its ¢-adic cohomology. Most probably,
P(G,vg) is also the Poincaré series of the smooth algebraic stack of semi-stable G-
bundles on X of slope v, for the f~adic cohomology.

We point out that this Poincaré series is not the Poincaré polynomial of the coarse
moduli scheme of semi-stable G-bundles on X of slope v, (for a relation in a special
case, see section 4). In fact, it is not even a polynomial in general.

There is a recursion formula for P®(G,v), as follows. For each vy € X, (Ay), we
have the stack M(G, VG) of G bundles on X of slope vg,. For each (P,vp) € P such
that [vp]g = v and [Vp]¢ € aP , we also have the substack M(G, P,vp) C M(G,vg)
of G-bundles on X of slope v which admit (P,v}) as Harder-Narasimhan type. The
family of M(G, P,vp) is a stratification of M(G,vy), with M*(G,vg) = M(G, G, vg)
as the open stratum. The codimension of the stratum M(G, P,v}) is equal to

dim(Np)(g — 1) + 2(p&, v,

where

Z acafcab.

aeq>G+

We set
m(P,vp) = 2dim(Np)(g — 1) + 4(p%, vp) -

We have the Poincaré series P;(G,vy) of M(G,v) and also the Poincaré series
PG, P,vp) of M(G, P,v}) for any Harder—Narasimhan type (P,v}p).

In all the above definitions we may replace G by the Levi component Mp of any
standard parabolic subgroup P of G. For each Harder-Narasimhan type (P, v}) we have
a fibration

M(Ga P7 VQD) - MSS(Mpv VQD)
given by 7 +— Tp/Np, where (7p,t) is the Harder-Narasimhan reduction of 7.

THEOREM 3.2 (Harder-Narasimhan ; Atiyah-Bott). — The stratification of M(G,v(;)
by the M(G, P,v}) is perfect modulo torsion, so that for the Poincaré series we have

P(Gg)=> > T8 (Wp| )PP PG, Pvp)
PeP viLeX. (A
[vpla=rg

Moreover, for each Harder-Narasimhan type (P,v'), the above fibration is acyclic and

we have
Pt(Ga P7 V;?) = PtSS(MP’y;D) .

Again, in this theorem, we may replace G by the Levi component of any standard
parabolic subgroup of G.
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Proof : See [HN] and [AB| Theorem 10.10.
I

The Weyl group W& of Ag in G acts on the real vector space a§ and, therefore, on
the graded algebra Sym(a$™) of polynomials on a§. It is well-known that the algebra of
invariants .

Sym(ag™*)"o
(with its grading) is isomorphic to an algebra of polynomials
R[Ilv s :Idim(a(?)] )

where Iy, ..., Idim(ag:) are algebraically independent homogeneous polynomials on a§ of
degree > 2. Let us denote by di(G),... ,ddim(a(c);)(G) the degrees of these homogeneous
polynomials. Up to a permutation, the sequence (d1(G), ... ,ddim(a(c);)(G)) is canonically

defined. If we set
t(ﬁo,av>+1 1

Wat)= Y ™= ] e T

wEWOG a€<1>g;+

(0 : W§ — Zso is the length function), we have
dim(a§)

4@ — 1
Wa(t) = —

, t—1
=1

THEOREM 3.3. — For any v, € X.(Ay), we have

dim(a§’)

(1 +t2di(G)—1)29

(1 + t)29 )dim(ag)

Pt(G7V/C1'):< 1—t2

In particular, P,(G,v(;) does not depend on v,.

Again, in this theorem, we may replace G by the Levi component of any standard
parabolic subgroup of G.

Proof : See [AB] Theorem 2.15 for the case G = GL,,.
I

THEOREM 3.4. — For any v, € X.(Ay), the Poincaré series Pi°(G,v;) € Z[[t]] is
equal to the expansion of the rational function

. P
ydima) (L 827 dimer) e (1 4 2 (Mr)—1)20
pm o () (s )
) _ 1 4> (pp,a” ) (@S (M)
42dim(Np)(g—1) o o
t P)\g ( H —1 _t4<pP,OéV>) Z t €ap
a€EAp )\EAg
Ne=vg

in Q(t).
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Proof : Let
ap : P — Q[[t]]
be the function defined by
dim(ag’) (1 + thi(MP)_l)Qg

iHl (1 _ t2di(Mp)—2)(1 _ t2d1(Mp)) :

1+ t)29 dim(ap)
P =(F=)

wlP) =%

Our function m(P,vp) is of the form np + (6§,v%) with np = 2dim(Np)(g — 1) and

6§ = 4p§ satisfying the hypotheses imposed in section 2. We may therefore apply theorem

2.4. Let by be the unique function from P to Z[[¢]] which satisfies the relation

w@ =Y 3 T8 (P, )t PR mm Q)
DEP vpeX.(Ap)
[Vplo=vg

for each (Q,vg) € P. It follows from theorems 3.2 and 3.3 that
bO(G7 V/G) = PtSS(G7 V/G)

and the theorem is proved.

I

REMARK 3.5. — It follows from this theorem and remark 2.5 that P;(G,v(;) only
depends on the class Ty, of v, in X, (Ay,)/ X« (Ag). This can be viewed directly as follows.
Let us arbitrarily choose a line bundle £ of degree 1 on X. For any vg € X.(Ag), va«L
is an Ag—bundle on X and the map

MG v5) — M3(G v +vg), T T x4 va. L
is an isomorphism of algebraic stacks.

4. The case of vector bundles.

Let us consider the particular case G = GL,. Let us take for P, the Borel subgroup
of upper triangular matrices, so that Ap, = Ap = (GL1)", ap = R" with standard
coordinates (Hy,...,H,), ® = {H;, — H; | i # j}, ®f = {H;, — H; | i < j} and
Ag={H; —Hij+1 |i=1,...,n—1}. Then, the standard parabolic subgroups of G are
in one to one correspondence with the partitions of n.

Let P be a standard parabolic of G which corresponds to the partition (n1,...,ns).
Then we have

ap={HER"|Hy = =Hn,,...,Hofim. 41 ="+ =Hp},
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AP = {(Hn1++nJ - Hn1++n3+1)|ap | j — 1’ A ,S — 1}’
and, for any o = (Hyp,+-..4n; — Hny 4 qn;+1)|ap € Ap,

y o L 1 1 1

o :(0, ,O,—,...,—,— g ooy T 707"'70)7
n; ng o MNjt1 nj+1
ny+---+n;
wg = (Hl “+ .- +Hn1+~-~+nj — %(Hl + - +Hn))|aP
and +
5 T ;
<pP7av>: ’ 2]+1 :

The isomorphism

ClP—>]R5, (Hl,...,Hn)’—)(hl,...,hs)

with h] = Hn1+~~~+nj_1+1 == ni+-4n; identifies
X.(Ap) C X.(4%) Cap

with
~ 1
Z° C —7Z s
@ S R®
j=1

and o« = (Hn1+~~~+nj — Hn1+...+nj+1)|ap € AP with

hj _hj-i-lv
a with
1 1
0,...,0,—,———.0,...,0)
g M+l
and @& with
nit-+n
nihy +---njh; — %(mhl + -+ nghs) .

Moreover, the composite map

is an isomorphism and, for any A = = € RLZ =~ A%, we have

m 1
ANe=—¢ 52 =~ X.(Ag)

n

and
D) = —Wm €ER/Z, Ya=h; —hji1 € Ap .
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Therefore, we have

s—1
1 1
H 1 — t4pp,aV) - H 1 — t2(nj+nj41)
a€APp Jj=1

and, if v, = £ € L7 ~ X, (A};), we have

ni+-4n;
%d)

Z t4 ZaeAP@P,aV)(wS(A)) _ t2 Z;;i(nﬂ’"‘"i-’-lﬂ_

AEAG
Ne=vg

(it is easy to check directly that Zj;i(n] + ) (=N ) € 7).
The degrees of the invariant polynomials for W = &,, acting on a§ = R"~! are

2,3,...,n .

Therefore, for any v, € X.(Ay), we have

2g M 2i+1\2g
PGty — (LD I (1+820)

1—t2 el O t20)(1 — t2i+2) -

From theorem 3.4, we conclude that the Poincaré series P{*(GL,,,d/n) of the algebraic
stack of semi-stable vector bundles of rank n and degree d on the curve X of genus g > 2
is equal to

Yo (T X (T i)
_ 42 _ 421 _ 42442
s=1 1 t N1yenny ngs>1 jg=1 i=1 (1 t )(1 t )
ni+-+ns=n
ni+--+ng d>

s—1
-t221Si<J’SS mano=1) (H 1 )tQZj:i(nj'i'nj-i-lﬂ_

1 — t2(nj+nj41)

1=

We may also consider the stack M*(GL,,,d/n) of stable vector bundles of rank n and
degree d on the curve X (of genus g > 2). It is an open substack of M*(GL,,d/n),
which is almost a smooth quasi—projective variety over k. More precisely, there exists a
smooth quasi-—projective variety M*(GL,,,d/n) of dimension (n? — 1)(g — 1) over k and
a morphism of stacks M*(GL,,d/n) — M®*(GL,,d/n) which is a gerb with fibers all
isomorphic to BGL1.

If d is prime to n, we have M*(GL,,,d/n) = M*(GL,,d/n) and M*(GL,,d/n) is pro-
jective over k. Let us denote by Q3 (G Ly, d/n) the Poincaré polynomial of M*(GL,,,d/n)
in this case. We have

Q3 (GL,,d/n) = (1 —t*)PS(GL,,d/n) .

Therefore, we have proved :
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THEOREM 4.1. — For each integer d prime to n, the Poincaré polynomial Q3(GLy,,d/n)
of the moduli space M®(GL,,d/n) of stable vector bundles of rank n and degree d on the
curve X (of genus g > 2) is equal to

n o1 (1 +t)293 s Nj— 1 +t21—|—1)29
Z(_l) (1—¢2)51 Z (H H (1—¢2)(1 — t21+2))'
s=1 N1yenny ns>1  j=1 i=1

ni+-- +ng d>

42 Zlgmgs nin;(g—1) (H 1 )t2 Zj:(anrnjH)(

el t2(nj+njy1)

I

This last formula is equivalent to the following expression for the Poincaré polynomial
of the moduli space of stable vector bundles of rank n having as determinant a fixed line
bundle of degree d, prime to n, on the curve X (of genus g > 2)

i(—l)s_l (%)5_1 Z (H 11_[ 1 _115;: t211+_1):z]+2))'

s=1  ni,.., ns>1

1 - -
-t Zl<’b<]< nin;(g— 1)<H 1 )t22j_i(nj+nj+1)< 1+ Ly |

1 — t2(”3+n3+1)

This was proved earlier by Zagier using different arguments (see [Za]). As he has
remarked in loc. cit., it is not at all clear that the right hand sides of the last two
formulas are polynomials.

Let us also point out that, if n > 2, the right hand side of the last formula vanishes

at t = —1 (the order of vanishing at ¢ = —1 of each summand of the double sum is
S ng_l —1
2g-D(s—1+> > (29—2) Z( D=mn-1)(29-2)) .
7j=1 =1 =1

This gives a new proof of the following result of Narasimhan and Ramanan (see [NR]) :

CoroLLARY 4.2 (Narasimhan and Ramanan). — The Fuler—Poincaré characteristic
of the moduli space of stable vector bundles of rank n > 2 having as determinant a fized
line bundle of degree d prime to n on the curve X (of genus g > 2) is equal to 0.
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