REGULAR FORMAL MODULI SPACES AND
ARITHMETIC TRANSFER CONJECTURES

M. RAPOPORT, B. SMITHLING, AND W. ZHANG

ABSTRACT. We define various formal moduli spaces of p-divisible groups which are regu-
lar, and morphisms between them. We formulate arithmetic transfer conjectures, which are
variants of the arithmetic fundamental lemma conjecture of [37] in the presence of ramifi-
cation. These conjectures include the AT conjecture of [2I]. We prove these conjectures in
low-dimensional cases.
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In [37] the third-named author proposed a relative trace formula approach to the arithmetic
Gan—Gross—Prasad conjecture. In this context, he formulated the arithmetic fundamental lemma
(AFL) conjecture, cf. [37, 24]. The AFL conjecturally relates the special value of the derivative
an orbital integral to an arithmetic intersection number on a Rapoport—Zink formal moduli space
of p-divisible groups (RZ space) attached to a unitary group. It is essential here that one is
dealing with a situation that is unramified in every possible sense (the quadratic extension F'/Fj
defining the unitary group is unramified, and the hermitian space is split; the function appearing
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in the derivative of the orbital integral is the characteristic function of a hyperspecial maximal
compact subgroup, etc.). The AFL is proved for low ranks of the unitary group (n = 2 and 3)
in [37], and for arbitrary rank n and minuscule group elements in [24]. A simplified proof for
n = 3 is given by Mihatsch in [I4]. At present, the general case of the AFL seems out of reach,
even though Yun has obtained interesting results concerning the function field analog [36].

The present series of papers is devoted to investigating how the statement of the AFL has
to be modified when the various unramifiedness hypotheses are dropped. In the context of the
fundamental lemma (FL) conjecture of Jacquet—Rallis, this question leads naturally to their
smooth transfer (ST) conjecture, cf. [8]. In the arithmetic context, this question naturally leads
to the problem of formulating arithmetic transfer (AT) conjectures. One goal of the present
paper is to formulate such AT conjectures in as many cases as possible and to prove these
conjectures in low dimension.

The search for such AT conjectures motivates the problem of defining RZ spaces with good
properties and to construct morphisms between them beyond the unramified case. The con-
struction of such spaces and morphisms is the second goal of this paper. The ground work for
the construction of such RZ spaces has been laid in earlier papers on local models. To be more
specific, let us consider the case when the quadratic extension F'/Fy is ramified. In our previous
paper [21], we considered the problem of defining RZ spaces attached to a unitary group of sig-
nature (1,n—1). When n is even, based on work on local models of Pappas and the first author
[17], we constructed such RZ spaces which are formally smooth. We termed this phenomenon
exotic smoothness, since smoothness is unexpected in the presence of ramification. In the present
paper, we complete the picture by again constructing such RZ spaces which are formally smooth
when n is odd, this time based on work on local models of the second author [29] (in our previous
paper [21], we only constructed an open subspace of these RZ spaces when n is odd).

We stress that for applications to AT conjectures, it seems essential to have a functor de-
scription of the relevant RZ spaces. Correspondingly, it is essential to have a functor description
of the relevant local models; the Pappas—Zhu definition through a closure operation in a mixed
characteristic Beilinson-Gaitsgory degeneration of an affine Grassmannian [I9] (even though
much more general) is not useful in this context. In fact, to define the morphisms between RZ
spaces required for the AT conjecture in the case that F/Fj is ramified and n is even, we have
to dig even deeper into the theory of local models, and this constitutes the most difficult part of
the present paper. The case when F'/Fj is unramified is much easier and is based on the work
of Drinfeld [3] and Gortz [4] on local models for GL,,.

Let us now describe the contents of the paper in more detail.

Let p be an odd prime number, and let Fy be a finite extension of Q,,, with residue field k. Let
F/Fy be a quadratic field extension. We denote by a — @ the non-trivial automorphism of F'/Fp,
and by 7 = 0, g, the corresponding quadratic character on FJ. Lete:=(0,...,0,1) € F}", and
let GL,_1 — GL,, be the natural embedding that identifies GL,,_; with the subgroup fixing e
under left multiplication, and fixing the transposed vector ‘e under right multiplication. Let

Sn = {5 € Resp/p, GL,, | s5 =1},

which is acted on by GL,,_; by conjugation. On the other hand, let Wy and W3 be the respective
split and non-split F'/Fp-hermitian spaces of dimension n. For i € {0, 1}, fix anisotropic vectors
u; € W; of the same length, and denote by W C W; the orthogonal complement of the line
spanned by u;. The unitary group U(W}) acts by conjugation on U(W;).

Let us recall the matching relation between regular semi-simple elements of S,,(Fp) and of
U(Wy)(Fy) and U(W7)(Fy). Here an element of S, (Fp), resp. of U(W;)(Fyp), is called regular
semi-simple (rs) if its orbit under GL,_1, resp. U(W?), is Zariski-closed of maximal dimension.
We denote by S, (Fo)rs and U(W;)(Fp)ys the subsets of regular semi-simple elements. For each
i, choose a basis of W; by first choosing a basis of W/ and then appending u; to it. This
identifies U(W?)(Fy) with a subgroup of GL,,_1(F) and U(W;)(Fp) with a subgroup of GL,,(F).
An element v € S, (Fp)ys is then said to match an element g € U(W;)(Fp)ys if these elements
are conjugate under GL,_;(F') when considered as elements in GL,,(F'). The matching relation

induces a bijection

[SH(FO)YS] = [U(WO)(FO)YS] il [U(Wl)(FO)rsL
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cf. [37, §2], where the brackets indicate the sets of orbits under GL,,_1(Fy), U(W3)(Fp), and
U(W?})(Fy), respectively.

Dual to the matching of elements is the transfer of functions, which is defined through orbital
integrals. For a function f' € C2°(S,,(Fp)), an element v € S, (Fp)s, and a complex parameter
s € C, we define the weighted orbital integral

Orb(v, ', s) := /GL - f'(h=*yh)|det h|*n(det ) dh,
n—1 0

as well as its special value
Orb(y, f') := Orb(s, f',0).
For later use in the arithmetic situation, we also introduce the special value of its derivative,

d /
%‘S:o Orb(7, 1/, 5).

Here the Haar measure on GL,,_1(F}) is normalized so that vol(GL,,—1(Op,)) = 1. For a function
fi € C*(U(W;)(Fp)) and an element g € U(W;)(Fp),s, we define the orbital integral

Orb(g, f) = / fi(h~"gh) dh.
U(W?)(Fo)

d0rb(y, ') :=

Then the function f' € C*(S,(Fp)) is said to transfer to the pair of functions (fp, f1) in
C(U(WH)(Fp)) x C2(U(Wh)(Fp)) if, whenever v € S, (Fp),s matches g € U(W;)(Fp)ys,

w(7) Orb(y, f) = Orb(g, fi).

Here
w: Sn(FO)rS — CX

is a fixed transfer factor [39, p. 988], and the Haar measures on U(W})(Fp) are fixed. For the
particular transfer factor we will take in this paper, see

The FL conjecture asserts a specific transfer relation in a completely unramified situation.
Namely, assume that F'/Fp is unramified and that the special vectors u; have norm one, and nor-
malize the Haar measure on U(Wg )(Fo) by giving a hyperspecial maximal compact subgroup vol-
ume one. Then the FL conjecture asserts that, with respect to the “natural” transfer factor (see
below), the characteristic function 1g, (0, ) transfers to (1x,,0), where Ko C U(Wo)(Fo)
denotes a hyperspecial maximal open subgroup.

By contrast, when F'/Fj is ramified, such natural choices do not exist. The ST conjecture
asserts that for any f/, a transfer (fy, f1) exists (non-uniquely), and that any pair (fo, f1) arises
as a transfer from some (non-unique) f’. It is known to hold by [39].

The arithmetic situation is analogous. For the AFL conjecture we assume, just as in the FL
conjecture, that F'/Fy is unramified and that the special vectors u; have norm one. We take the
same Haar measure on U(W3)(Fp), and the same transfer factor w. Then the AFL conjecture
asserts that

w(7) 8Orb(’y,15n(opo)) = —Int(g) - logg (1.1)
whenever v € S, (Fo)rs matches g € U(W1)(Fp)rs (note that the FL conjecture asserts that
Orb(~,1 Sn(OFO)) = 0 for such 7). Here ¢ denotes the number of elements in the residue field of
Fy.

The term Int(g) that appears in is an intersection number on an unramified RZ space.
Let us recall its definition, cf. [2I]. For each Spf O z-scheme S, we consider triples (X, ¢, \) over
S, where X is a formal p-divisible O -module of relative height 2n and dimension n, where
t: Op — End(X) is an action of Op extending the Op,-action and satisfying the Kottwitz
condition of signature (1,n — 1) on Lie(X) (cf. [9] §2]), and where A is a principal polarization
on X whose Rosati involution induces the automorphism a — @ on O via . Over S = Speck,
there is a unique such triple (X,,tx,,Ax, ) up to Op-linear quasi-isogeny compatible with the
polarizations. We then denote by V,, = Ny /Fo,n the formal scheme over Spf O which represents
the functor that associates to each S the set of isomorphism classes of tuples (X, ¢, A, p), where
the first three entries are as just given, and where p: X xg 5 — X, xspeCE§ is a framing of the

restriction of X to the special fiber S of S, compatible with ¢+ and X in a certain sense, cf. [24] §2].
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Then N, is formally smooth of relative formal dimension n — 1 over Spf O . The automorphism
group (in a certain sense) of the framing object X,, can be identified with U(W7)(Fp); it acts on
N, by changing the framing. Let £ be the canonical lifting of the formal Or-module of relative
height one and dimension one over Spf Oy, with its canonical Op-action tg and its natural
polarization Ag. There is a natural closed embedding of N,,_; into N,,,

onv: Nyog —— N,
(Y, e, ) —— (Y X ;1 X Tg, A X Ag).
Here 7g denotes the precomposition of (g with the nontrivial Galois automorphism on Op. Let
A C Nn—l ><SpfOﬁ Nn

denote the graph of d5. Then Int(g) is defined as the intersection number of A with its translate
under the automorphism 1 x g of Ny,—1 Xspro, N,

Int(g) = X(OA ®]L O(lxg)A)-
We also define homogeneous and Lie algebra versions of this intersection number, cf. (4.4]) and
[A6).
It should be true in the situation of the AFL that for any f' € C°(S,(Fy)) with transfer
(1k,,0), there exists a function f. ., € C(S,(Fp)) such that

w(7) 0rb(v, f') = —Int(g) - log g + w(7) Orb(7, flor)

whenever v € S, (Fp),s matches g € U(W7)(Fp)rs. This would follow from the AFL and a con-
jectural density principle on weighted orbital integrals, cf. [2I, Conj. 5.15, Lem. 5.17]. This
remark shows how to formulate AT conjectures.

The problem of formulating an AT conjecture arises when one drops the unramifiedness
assumptions made in the AFL conjecture. We want to replace N,, by variants where the quadratic
extension F'/Fy is allowed to be ramified, and where separately the polarization is allowed to be
non-principal. However, the scope of the conjecture is limited by the fact that we want to keep
the definition of Int(g) as an Euler—Poincaré characteristic of a derived tensor product. This
forces on us the condition that the analog of the product N, _1 XSpf O N, is reqular. We do
not know a systematic way of singling out such cases; in the present paper, we discuss those
we have found. The principle underlying our examples is that when F/F; is unramified, we
take the polarization to be principal or almost principal (or equivalently, ww-modular or almost
w-modular, cf. Remarks and . When F/F, is ramified, we take the polarization to be
m-modular or almost m-modular.

Let us now review case by case the variants of the AFL conjecture that we propose in this
paper.

We start with the case when F/Fj is unramified. Let @ denote a uniformizer of Fy. To define
a variant of NV,,, we impose that the polarization X is almost principal, i.e. that

ker A C X [u(w)] is of rank ¢°.

The corresponding formal scheme N,, has semi-stable reduction over Spf O of relative formal
dimension n — 1 (cf. Theorem [5.1)). For n = 2, there is an isomorphism [10]

N ~ QF Xsprog, SPfOp,

where ﬁ%o denotes the formal scheme version of the Drinfeld halfspace corresponding to the
local field Fy. Note that, in contrast to Ny, the automorphism group of the framing object for
N, identifies with U(Wy)(Fp), which therefore acts on N,.

We define a closed embedding of formal schemes

g_N‘Z ./V’nf] Nn
(X, 0, ) —— (X X E, L X Tg, A X w)\g).

We therefore obtain, as in the case of the AFL, a closed embedding

(dwn, 1 .08)
- 5

Ap: Nn—1 Nn—l,n =Npo1 XSpf O Nrm
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whose image we denote by
A= An(Nyo1).

Here we point out that /\N/n_lm is regular of formal dimension 2(n—1). Hence for g € U(Wp)(Fo)rs
we may set

Int(g) := (A, (1 x g)A>A~/

n—1,n

In this case, we take the special vectors u; € W, to have norm w. It follows that I/Vlb is
split, and therefore admits self-dual lattices. We normalize the Haar measure on U(W?)(Fp) by
giving the stabilizer of such a self-dual lattice volume one. Consider the characteristic function
1x € C§°(Sy), where

K' = 5,(0p,) N Ko(w),

where, in turn, Ko(w) denotes the subgroup of matrices in GL,,(Op) which are congruent modulo
w to a lower triangular block matrix with respect to the decomposition O% = Og_l @ Ope. We
conjecture that (—1)""!1 transfers to (0,1k,), where the open compact subgroup K; of
U(W1)(Fp) is the stabilizer of an almost self-dual lattice in W7y, cf. Conjecture We prove
that this conjecture holds, provided that ¢ > n and that the Lie algebra version of the FL
conjecture holds (cf. Theorem [14.1)). Hence this transfer relation holds for p > n by [6, 35], and
for any odd p when n = 2 or n = 3 by [37]. The AT conjecture in the present situation is now
as follows.

Conjecture 1.1. Let F/Fy be unramified.

(a) For any f' € C(S,(Fy)) with transfer (0,1, ), there exists a function f
such that

orr

ws(7) 901b(y, f') = —Int(g) - log g + ws(7) Orb(v, fier)
for any v € S, (Fo)ws matching an element g € U(Wy)(Fp)ys-
(b) Suppose that v € S(Fy)s matches g € UWy)(Fo)rs. Then

wg(v) 80rb(, (—1)"_111(/) = —Int(g) - logg. (1.2)

We also give a homogeneous version of this conjecture, as well as a Lie algebra version, cf.
Conjecture Our main result on this conjecture is the following result (cf. §14.2)).

Theorem 1.2. Conjecture @ holds true in the non-degenerate case if the AFL conjecture
in its Lie algebra version (cf. Conjecture @) holds, provided that q > n. Furthermore,
Congecture [I_1] holds true for n =2 and n = 3.

Now assume that F'/Fj is ramified. In this case we modify the definition of the formal moduli
space NF/FO,n = N,, by imposing on the polarization A the condition

ker(\) C X[u(n)] is of rank qzm/zj_

Here 7 denotes a uniformizer of F'. In order to obtain formal schemes with reasonable properties,
we impose additional conditions on the action of Op induced by ¢ on the Lie algebra of the p-
divisible groups involved (the Pappas wedge condition and (variants of) the spin condition).
When n is odd, there is no longer a unique framing object over k; however, the two possible
choices lead to isomorphic moduli spaces, and we will therefore ignore this issue. In both the
even and the odd case, N,, is formally smooth of relative formal dimension n — 1 over Spf O
and essentially proper (exotic smoothness). In the case n = 2, the formal scheme Ny can be
identified with the base change from Spf O 7, to Spf O of the disjoint sum of two copies of the
Lubin-Tate deformation space M, cf. Example [6.5]

In the case when n is odd, the morphism dn: N1 — N, can be defined exactly as in the
AFL case, since then 2| 251 | = 2[Z|. As in the AFL, the group U(W;)(Fy) acts on A, and we
define Int(g) as before for g € U(W7)(Fp),s. We take the special vectors to have norm one. We
recall from [2I] our AT conjecture in this case (cf. §I1).

Conjecture 1.3. Let F/Fy be ramified, and let n > 3 be odd.
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(a) For any f' € C°(S,(Fp)) with transfer (1k,,0), there exists a function f!
such that

€ C(Sa(Fo))

orr

2(,0(")/) 80I‘b(’y’ f/) == Int(g) ’ 1Og q+ W(’}/) Orb(’% fclorr)
for any v € S, (Fy)rs matching an element g € U(W1)(Fo)qs-
(b) There ezists a function f' € C°(S,(Fo)) with transfer (1k,,0) such that

2w() 00rb(y, f') = —Int(g) - logq (1.3)
for any v € S, (Fo)rs matching an element g € U(W1)(Fp)ys-

Here K denotes the maximal compact subgroup stabilizing an almost w-modular lattice Ag
in Wy. The Haar measure on U(W{)(Fp) is defined by vol K = 1 for a special maximal compact
subgroup K} of U(W3)(Fy).

In [21], we also formulate homogeneous and Lie algebra versions of this conjecture, comp.
and we prove this conjecture when n = 3.

In the case when n is even, it is much less obvious how to define the morphism dpr: N,,_1 —
N,,. Indeed, the definition of Jxr in the AFL and odd ramified setting, transposed to the present
case, produces p-divisible groups with the wrong polarization type to give points on N,,. More
precisely, consider the moduli problem of triples (X, ¢, A) as in the definition of \,,, except where
the polarization \ satisfies

ker(\) C X[u(n)] is of rank ¢" 2.
As in the case of A, when n is odd, up to isogeny there are two such triples over k, only one
of which is isogenous (Op-linearly and compatibly with the polarizations) to the framing object
for N,,. Taking this as the framing object, we obtain a formal moduli space P, as before. The
formula defining dns in the AFL and odd ramified settings then defines a morphism

SN: Nn—l — Ph.

We obtain a morphism from P, to N,, (in fact, two of them) as follows. Let P}, denote the
moduli space over Spf Op of tuples (X, ¢, A, p, X', /, N, p/, ¢), where first four entries are a point
on N, the second four entries are a point on P, and ¢: X — X' is an isogeny of degree ¢ lifting
a fixed isogeny between the framing objects of A, and P,. Then P}, is again an RZ space, and
there are evident projections

P, — N, and P, — P,.

We show in Proposition [6.4] that N, naturally decomposes into a disjoint union N,/ IT N, of
open and closed formal subschemes (this generalizes the case n = 2 mentioned above). Pulling
back along the projection P, — N,,, we obtain a decomposition P;, = (P,,)" II (P},)~. The key
geometric result is now that this presents P/, as a trivial double cover of P,,, which in turn gives
rise to two embeddings of V,,_; into N,,, cf. Theorem and Proposition [T2:1]

Theorem 1.4. The projection P!, — P,, maps each of the summands (P.)* isomorphically to
P,. Denoting the inverse by *: P, = (P.)*, the composite

g +
SE N 25 P, L (PE — NE
N n n
is a closed embedding.

In other words, the first assertion in the theorem says that, loosely speaking, given any point
(X', N, p') on P, over a connected base, there are exactly two ways to extend it to an isogeny

chain X % X’ such that the composite X 2 xr Xy (XY #%, XV is a m-modular polarization A
on X. This can be viewed as an analog of the linear algebra fact that in a split, even-dimensional
F/Fy-hermitian space, every Op-lattice A’ such that A’ C (A")Y €2 7=tA’ contains exactly two
m-modular lattices A (and, furthermore, this remark essentially is the proof that P, — P, is a
double cover on k-points, via the interpretation of both sides in terms of Dieudonné modules).
The fact that the “simple” way of defining §xs from before does not work in the even ramified
case can also be understood in terms of the group theory of lattice stabilizers; see Remark

Using Theorem we define A to be the union of the graph subschemes of 5;} and 0, inside
No—im = Nn—1 Xspro, N As in the case of odd n, the group U(W1)(Fp) acts on N, and we

)
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then define Int(g) as before, for g € U(W7)(Fp)rs. We take the special vectors u; of norm —1. We
normalize the Haar measure on U(W})(Fy) by giving the stabilizer K§ of an almost m-modular
lattice A% volume one. Consider the two m-modular lattices Aat contained in A'{, ® Opug, and
denote by K their stabilizers in U(Wy)(Fp). We consider K3 as a subgroup of U(Wp)(Fp).

Conjecture 1.5. Let F/Fy be ramified, and let n > 2 be even.
(a) For any [ € C°(S,(Fp)) with transfer (lKgK; + 1K3K570)7 there exists a function fl,,, €
C(Sn(Fo)) such that

2w(y) O0rb(v, f') = —Int(g) - log g + w(v) Orb(7, flom)
for any v € S, (Fy)rs matching an element g € U(W1)(Fo)ys-
(b) There ezists a function f' € C°(S,(Fy)) with transfer (1K5K0+ + 1K5K5,0) such that

2w(v) @0rb(y, f) = —Int(g) - logq (1.4)
for any v € S,,(Fy)rs matching an element g € U(W7)(Fp)ys-

We also formulate homogeneous and Lie algebra versions of this conjecture (cf. Conjecture
112.4)), and we prove them all in the case of minimal rank (cf. §15]).

Theorem 1.6. Conjecture holds true for n = 2.

Note that there is a discrepancy of a factor of 2 in the statements of the AFL conjecture
and the AT conjecture on the one hand, and of the AT conjectures and on the
other. This is a genuine difference between the unramified and ramified cases, which finds its
justification in the global comparison between the height pairing and the derivative of a relative
trace formula, cf. [22].

There are two further cases of AT statements, which we formulate in In both of these,
F/F} is ramified and n = 2; and, in fact, we prove them in In these cases we impose that
the polarization A in the moduli problem is principal. Then there are two possibilities for the
framing objects, and the corresponding formal schemes /\72(0) and ./\72(1) (which are defined over
Spf OFO) are genuinely different. In fact, there are natural identifications

J\~f2(0) ~ (Aﬁ:o Xspf Op, SPEOp,  and Nz(l) ~ Mry(w)-

Here (AZ%O again denotes the formal scheme version of the Drinfeld halfspace corresponding to the
local field Fp, and Mp () denotes the formal deformation space of a w-isogeny between Lubin—
Tate formal groups (after base change to Spf Oz, the latter case recovers the formal scheme P
from above). We refer to the body of the text for the precise AT statements in these cases (they
fall formally somewhat outside the framework of the general conjectures we make in Conjectures
and .

We now comment on the proofs of our results.

In the situation of Theorem the field extension F'/Fj is unramified, while the polarization
in the moduli problem for ./\~/'n is taken to be almost principal, reflecting the fact the compact
open subgroup K is the stabilizer of an almost self-dual lattice in Wy. The key observation of
our proof is that, although the automorphism groups of the framing objects for N,, and N,, are
not directly related, their Lie algebras are. Therefore we first use the Cayley transform to reduce
the group version of the AT conjecture to the corresponding Lie algebra version, and then to
the Lie algebra version of the AFL conjecture.

In the situation of Conjecture when n = 2, the field extension F'/Fp is ramified, and the
moduli space N3 can be identified with the base change from Spf O 7, to Spf O of the disjoint
union of two copies of the Lubin—-Tate deformation space M. On the geometric side, Gross’s
theory of the canonical lifting allows us to compute explicitly the intersection number Int(g). On
the analytic side, we develop a germ expansion of the derivative of the orbital integrals around
every semi-simple (but irregular) point. The irregular orbital integrals of the test function on
the unitary side completely determine the derivative of the orbital integrals, up to an orbital
integral function.

The proofs of the two sporadic cases of AT theorems stated in §I3| are parallel to those of
Conjecture for n = 2.



8 M. RAPOPORT, B. SMITHLING, AND W. ZHANG

Let us also comment on the proof of Theorem [1.4] which holds for any even n. The proof
of the first assertion consists of two steps, the first of which is to show, via a straightforward
Dieudonné module argument, that the morphism in question induces a bijection on the underly-
ing point sets of the formal schemes. The remaining step, which is more difficult, is to show the
the corresponding morphism on local models is an isomorphism, and hence the two sides have
the same deformation theories. Here the “refined” spin condition introduced in [29] plays an
important role, insofar as it is necessary for flatness of the local models, cf. Remarks [9.10] and
We also remark that this isomorphism between local models can be viewed as a reflection
of the group-theoretic fact that, for an Op-lattice A’ in a split, even-dimensional F'/ Fy-hermitian
space such that A’ C (A’)Y c? 7~1A’, and for A one of the two 7-modular lattices contained in
A, the connected stabilizer of A’ in the unitary group is the same as the common stabilizer group
of A and A’. We prove the second assertion in Theorem [1.4]in a similar way, via a Dieudonné
module step followed by a local model step.

We finally give an overview of the contents of this paper, which consists of four parts.

In Part 1, we give the group-theoretic setup (in its homogeneous, its inhomogeneous, and its
Lie algebra versions), and we review the statements of the FL conjecture and the AFL conjecture.

In Part 2, we introduce the RZ spaces that will appear in the various AT conjectures. Here
the auxiliary spaces in §9| are introduced because they are needed to construct the morphisms
5?& mentioned above.

In Part 3, we formulate case by case the AT conjectures mentioned above.

In Part 4, we prove the AT conjectures in some instances. Besides the general result of
Theorem and after the result of [2I] concerning the case when F/Fp is ramified and n = 3,
these instances all occur for n = 2.
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Notation. We fix an odd prime number p. We let F{, be a finite extension of Q,, and we denote
by Op, its ring of integers, by w a uniformizer, and by k its residue field. We set ¢ := #k (a
power of p), and we fix an algebraic closure k of k. We write v for the normalized (i.e. w-adic)
valuation on Fy. We let F' be a quadratic extension of Fy, with ring of integers Op and residue
field kp. When F'/F} is unramified, we take 7 := w as a uniformizer for F'; and when F/Fy is
ramified, since p # 2, we may and will choose a uniformizer 7 for F' such that (after possibly
changing @) 72 = w. We denote by a — @ the nontrivial automorphism of F/Fy, and by
n = Nr/r, the corresponding quadratic character on Fy*. We denote the group of norm one
elements in F'* by
F':={a€Flaa=1}.
We denote by F} the completion of a maximal unramified extension of Fpy, and by F the analogous
object for F'; thus F / Fy is an extension of degree 1 or 2 according as F/Fy is unramified or
ramified. Given a scheme S over Spec O (or more commonly for us, over Spf O), we denote
its special fiber by
S:=9 X Spec O Speck.
As stated above, when working in an algebro-geometric context where formal schemes are
present, we always understand that ¢ = p and Fy = Q.
A polarization on a p-divisible group X is an anti-symmetric isogeny X — XV, where XV
denotes the dual. For any polarization A on X, we denote the Rosati involution on End®(X) by

Rosy: f— A"tofYol

here and elsewhere the superscript o denotes the operation — ®z Q. For any quasi-isogeny
p: X — Y and polarization A on Y, we define the pullback quasi-polarization

p*(A):=p’oXop
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on X.
We denote by E “the” formal Op,-module of relative height 2 and dimension 1 over Spec k.
We set
Op = Endo,, (E) and D:=O0p ®0p, Fo-
Thus D is “the” quaternion division algebra over Fpy, and Op is its maximal order. We make E
into a formal Op-module of relative height 1 by fixing any Fp-embedding

tg: F— D.

When F/F, is unramified, the requirement that Op acts on Lie E via the structure map dictates
an embedding of kr into k, and hence an embedding F — Fy, via which we take F' = F.
We denote the main involution on D by ¢ — ¢, and the reduced norm by N. We also write N
for the norm map F* — F;; of course, all of this notation is compatible with the embedding
tg: F'— D. When F/Fy is ramified, we write D~ for the —1-eigenspace in D of the conjugation
action of tg(m), so that D = F @ D~. We fix an Op,-linear principal polarization (any two of
which differ by an O, -multiple)
Mt E S EVY.

The Rosati involution Rosy, induces the main involution on D, and hence the nontrivial Galois
involution on F' via (.

We denote by £ the canonical lift of E over Spf Oz with respect to tg, equipped with its
Op-action 1g, Op-linear framing isomorphism pg : & = E, and principal polarization g lifting
pe(Ag). We denote by E the same object as E, except where the Op-action i is equal to the

precomposition of tg by the nontrivial automorphism of F/Fy; and ditto for £ and Lz in relation
to £ and tg. On the level of Op,-modules, we set

Mg =g, Az i=Ag, and pg:= pg.

Note that Eﬁis not a formal Op,-module when F/Fy is unramified, provided we keep the same
map Op — k dictated above; and € is never a formal Op,-module.
Given a p-divisible group X over Spec k equipped with an Op-action ¢, we define

V(X) := Homgp,, (E7 X). (1.5)

When X is equipped with a polarization A such that Rosy induces the nontrivial Galois involution
on Op (via ), V(X) carries a natural F'//Fy-hermitian form, cf. e.g. [9, Def. 3.1]: for z,y € V(X),
the composition

-1

_ Vo AT
E-Sx-5HxY S E Z2SE

lies in Endg, (E), and hence identifies via (z with an element in F, which we define to be the
pairing of = and y.

Given modules M and N over a ring R, we write M C" N to indicate that M is an R-
submodule of N of finite colength 7. Typically R will be Op or O, and the quotient N/M
will be a vector space over the residue field of dimension r. When A is an Op-lattice in an
F/Fy-hermitian space, we denote the dual lattice with respect to the hermitian form by A, and
we call A a vertex lattice of type r if A " AV C 7~'A. Note that this terminology differs slightly
from e.g. [0 23]. Of course, a vertex lattice is a vertex lattice of type r for some 7. Let us single
out the following special cases. A self-dual lattice is, of course, a vertex lattice of type 0. An
almost self-dual lattice is a vertex lattice of type 1. At the other extreme, a vertex lattice A is
m-modular if AV = 77'A, and almost T-modular if A C AV c' 77 1A.

Given a variety V over Spec Fj, we denote by CS°(V') the set of locally constant, compactly
supported functions on the space V(Fp) relative to the w-adic topology.

We write 1,, for the n x n identity matrix. We use a subscript S to denote base change to a
scheme (or other object) S, and when S = Spec A, we often use a subscript A instead.

Part 1. Setup and background

In this first part of the paper we describe the group-theoretic setup involved in our various
AT conjectures, and we review the AFL conjecture of the third author [37].
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2. GROUP-THEORETIC SETUP AND DEFINITIONS

We begin by recalling the setup of [21], except we make no assumption on the ramification of
F/Fy. Let n > 2 be an integer.
2.1. Homogeneous group setting. Let
e:=(0,...,0,1) € F",
and consider the embedding of algebraic groups over F',

GL,-.1 ——— GL,, 2.1)
Yo ——— diag(0,1) ’ .

this identifies GL,,_; with the subgroup of points v in GL,, such that ye = ‘ye = e. Next define
the algebraic groups over Fy,

G/ = ResF/FU(GLn_l X GLn),

Hj := Resp/p, GLy, 1,

H) := GL,,_1 x GL,,.
We embed Hj in G’ by taking the graph of the map (2.1), and we embed H) in G’ via the
evident natural map. Let

H{yg = Hj x Hj.
We consider the natural right action of Hy , on G’,
7+ (h1y ha) = hy ' yhe.

We say that an element v € G'(Fp) is regular semi-simple if it is regular semi-simple for this
action, i.e. its orbit under Hj , is Zariski-closed in G’, and its stabilizer in Hj , is of minimal
dimension. In the situation at hand, it is equivalent that v have closed orbit and trivial stabilizer,
which follows from [20, Th. 6.1]. We denote by G’ (Fp),s the set of regular semi-simple elements

in GI(F())

Next let W be an F'/Fy-hermitian space of dimension n. Up to isometry there are two
possibilities for W, the split and non-split cases, and we write x(W) = 1 or x(W) = -1
accordingly. These satisfy the formula

x(W) = n((=1)"=D/2 det W), (2.2)

where we recall that n = np/ g, is the quadratic character on Fy¢ attached to F'/Fy, and we set
det W := det J mod NF* for any hermitian matrix J representing the form on W. We fix an
anisotropic vector

ueWw,

which we call the special vector. Let
WP i=ut cW.

Then there is an orthogonal decomposition W = W’ @ Fu. Setting € := (u,u), it follows from

[£2) that

X(W) = x(W)n((=1)" e). (2.3)
We define the algebraic groups over Fy,
G :=U(W),
H:=UW"), (2.4)
Gw = H x G,
Hy = H x H.

We embed H in G in the natural way as the stabilizer of the special vector u, and we embed
H in Gy as the graph of this embedding. We then consider the natural right action of Hy, on
GW7

g+ (h1,h2) = hi'ghs.
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We say that an element g € Gy (Fp) is regular semi-simple if it is regular semi-simple for this
action, and we denote the set of such elements by Gy (Fp)rs.

Now choose an F-basis for W”, and complete it to a basis for W by appending u (and thus
identifying u with e € F™). This determines closed embeddings

H — H{, G < Resp/p, GL,, and Gw — G,
where the third embedding is the product of the first two. We call the maps obtained in this

way special embeddings.

Definition 2.1. An element v € G’'(Fp),s and an element g € Gy (Fp)ys match if they are in
the same Hj ,(Fp)-orbit when g is regarded as an element in G'(Fp) via any special embedding.

The notion of matching is independent of the choice of special embedding. Now let W, and
W1 respectively denote the split and non-split hermitian spaces of dimension n, and take the
special vectors in each to have the same norm (which is always possible since n > 2). Then
the basic group-theoretic fact of concern to us is that the matching relation induces a bijection
on regular semi-simple orbits (which follows from the analogous bijection below in the
inhomogeneous setting),

G'(Fo)us/Hj 5(Fo) =~ (Gw, (Fo)rs/Hw, (Fo)) 1T (Gw, (Fo)rs/ Hw, (Fp))- (2.5)

The matching bijection (2.5) gives rise to the notion of transfer of smooth functions with
respect to the following orbital integrals. For v € G'(Fp)ys, a function f/ € C°(G’), and a
complex parameter s € C, we define the weighted orbital integral

Orb(y, f', ) = / F(hy vha) et ha | (he) dy dhs,
H{ 5 (Fo)

where | | denotes the normalized absolute value on F', where we set
n(ha) = n(det hy)"n(det hy)" ' for hy = (hh, hy) € Hy(Fy) = GL,_1(Fo) x GL,(Fp),

and where we use fixed Haar measures on H{(Fy) and H}(Fp) and the product Haar measure
on Hj o(Fy) = H{(Fy) x Hy(Fp). We further define the special values

Orb(y, f') := Orb(v, f/,0) and 9Orb(y, f') := % OOrb(%f',s).
The integral defining Orb(v, f’, s) is absolutely convergent, and Orb(vy, f’) has the transformation
property
Orb(hy yha, ') = n(hy) Orb(y, f') for (hi,hs) € Hj 5(Fy) = H{(Fy) x Hy(Fp).

For W an n-dimensional hermitian space as above, an element g € Gy (Fp),s, and a function
f € C(Gw), we similarly define the orbital integral

Orb(g, f) == / f(higha) dhy dhs.
Hw (Fo)
Here the Haar measure on Hy (Fy) = H(Fy) x H(Fp) is a product of identical Haar measures
on H(Fp).
Finally, recall that a transfer factor for G’ is a function w: G'(Fp)s — C* such that
w(hy 'vha) = n(ha)w(y) forall (1, ha) € Hi(Fy) x Hy(Fp).

We will specify different transfer factors depending on the context later in the paper. We can
now state the definition of smooth transfer in the present context; we again denote by W and
W1 the respective split and non-split hermitian spaces of dimension n.

Definition 2.2. A function f/ € C°(G’) and a pair of functions (fy, f1) € C°(Gw, )X C(Gw, )
are transfers of each other (for the fixed choices of Haar measures, a fixed choice of transfer factor,
and fixed choices of special vectors u; € W;) if for each i € {0,1} and each g € Gw, (Fo)ys,

Orb(g, fi) = w(y) Orb(, f)
whenever v € G'(Fp),s matches g.
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2.2. Inhomogeneous group setting. In this subsection we give an “inhomogeneous” analog
of the previous subsection, whose notation we retain. The role of G’ in the inhomogeneous
setting is played by the symmetric space

S:=5, Z:{’}/ERGSF/FO GL,, |"W:1n}. (2.6)

Note that in some later parts of the paper (especially in Part [2]in the context of RZ spaces) we
will also use the symbol S to denote an arbitrary test scheme; context should always make the
meaning clear. The role of H {72 in the inhomogeneous setting is played by the group over Fj

H' = GLy,_1,

which acts naturally on the right on S by conjugation (via the map (2.1)). The homogeneous
and inhomogeneous settings are related via the maps

G — ReSF/FO GL,, (2 7)
(71,72) ——— 71 "2 '

(defined again using (2.1))) and

r: Res GL,, —— S
F/Fo (2.8)

"
These maps induce respective isomorphisms of varieties
H\G" = Resp/p, GL, and (Resg/p, GL,)/GL, — S,
and a bijection on Fy-rational points
G'(Fo)/Hj o(Fo) — S(Fo)/H'(Fy).

On the unitary side, let W be an n-dimensional F'/Fy-hermitian space, and choose a special
vector u € W, as in the previous subsection. Then the role of Gy is played by G, and the role
of Hy is played by H, cf. (2.4). The natural map

Gy —G

2.9
(91, 92) —— 91 ‘g2 (2.9)

induces an isomorphism of varieties
H\Gw — G,
where H acts on Gy via its diagonal embedding; and a bijection on Fj-rational points
Gw (Fo)/Hw (Fy) — G(Fo)/H(Fy),

where H acts on G by conjugation.

Now let us say that an element v € M,,(F) is regular semi-simple if it is regular semi-simple
for the conjugation action of GL,_1 r on M, p with respect to the embedding ‘ It is
equivalent that v have Zariski-closed orbit and trivial stabilizer; or that the sets of vectors
{vle}=y and {*yie}}=, are linearly independent over F [20, Th. 6.1]. We say that an element
~v € S(Fy) is reqular semi-simple if it is regular semi-simple for the conjugation action of H’
on S. It is equivalent that v be regular semi-simple as an element in M, (F') in the sense just
given. The notions of regular semi-simplicity in the homogeneous and inhomogeneous settings
are compatible in the sense that an element v € G'(Fp) is regular semi-simple if and only if
its image in S(Fp) under the composite of the maps and is. Similarly, an element
g € G(Fy) is reqular semi-simple if it is regular semi-simple for the conjugation action of H on
G; or equivalently if it is regular semi-simple as an element in M, (F) under one, hence any,
special embedding G < Resp/p, GL,. An element g € Gw (Fp) is regular semi-simple if and
only if its image in G(Fp) under the map is. We denote by S(Fp)ss and G(Fp),s the sets
of regular semi-simple elements in S(Fy) and G(Fy), respectively. In the inhomogeneous setting
the notion of matching takes the following form.

Definition 2.3. An element v € S(Fp),s and an element g € G(Fp),s match if they are in the
same GL,,_1(F)-orbit when g is regarded as an element in GL,,(F) via any special embedding.
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The matching relation is again independent of the choice of special embedding, and it induces
a bijection on regular semi-simple orbits [37, §2],

S(Fy)s/H'(Fy) ~ (GO(FO)rS/HO(FO)) I (Gl(FO)rS/Hl(FO)), (2.10)
where we write
Go:=G and Hy:=H
when W = W, is split, and
Gy =G and H; =H
when W = W is non-split. (Note that the quasi-splitness of Hy and H; is then governed by the
formula (2.3).) Here as before we take the special vectors in Wy and Wj to have the same norm.
The formalism of orbital integrals and smooth transfer carries over readily from the homo-

geneous setting to the inhomogeneous setting. For v € S(Fp)is, [/ € C2(5), and s € C, we
define

Orb(y, ', 5) := /H/(F)f’(h_l'yh)|deth|sn(h) dh, (2.11)

where | | denotes the normalized absolute value on Fj, where we set
n(h) = n(det h),
and where we use a fixed Haar measure on H'(Fy) = GL,_1(Fp). We define the special values

Orb(y, f') := Orb(v, f/,0) and 9Orb(y, f') := di . Orb(y, f', s).
Sls=

As in the homogeneous setting, the integral defining Orb(y, f’, s) is absolutely convergent, and
it transforms when s = 0 as

Orb(h™*yh, f') = n(h) Orb(y, /) for all h € H'(Fp).
On the unitary side, for g € G(Fp)ys and f € C°(G), we define

Orb(g, f) == /H L T g an

where we use the same fixed Haar measure on H(F)) as in the previous subsection. Finally, a
transfer factor for S is a function w: S(Fp)ys — C* such that

w(h™yh) = n(h)w(y) forall he H'(F).
With this we arrive at the inhomogeneous version of smooth transfer.
Definition 2.4. A function f’ € C2°(S) and a pair of functions (fo, f1) € C(Gy) x C°(G1)

are transfers of each other (for the fixed choices of Haar measures, a fixed choice of transfer
factor, and fixed choices of special vectors) if for each i € {0,1} and each g € G;(Fp).s,

Orb(97 fl) = w(’Y) Orb(77 f/)
whenever v € S(Fp),s matches g.

2.3. Lie algebra setting. In this subsection we give a “Lie algebra” analog of the inhomoge-
neous group setup. The role of S is played by its tangent space at the identity matrix,

5:= 85, ::{yEResF/FOMn|y+?:O}'

The group action we consider is the natural right action of H' on s by conjugation. For W an
n-dimensional hermitian space, the role of G is played by its Lie algebra

g := LieG.

Upon choosing a special vector in W, we then consider the right adjoint action of H on g.

We say that an element in y € s(F)) is reqular semi-simple if it is regular semi-simple for the
action of H’, and we denote the set of such elements by s(Fp)s. It is equivalent that y have closed
H'-orbit and trivial stabilizer; or that y be regular semi-simple as an element in M, (F) in the
sense of the previous subsection. We say that an element x € g(Fp) is regular semi-simple if it is
regular semi-simple for the action of H, and we denote the set of such elements by g(Fp).s. As
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in the choice of a basis for W”, extended by the special vector to a basis for W, determines
a closed embedding

g — ResF/FO Mn,
which we again call a special embedding. For x € g(Fp) to be regular semi-simple, it is again
equivalent that x have closed H-orbit and trivial stabilizer; or that x be regular semi-simple as
an element in M, (F) under one, hence any, special embedding.

Definition 2.5. An element y € s(Fp),s and an element x € g(Fo),s match if they are in the
same GL,_1(F)-orbit when z is regarded as an element in M,,(F') via any special embedding.

As before, the matching relation is independent of the choice of special embedding, and it
induces a bijection on regular semi-simple orbits [8, §5],

$(F0)es/H' (Fo) ~ (90 (Fo)rs/Ho(Fo)) I (g1(Fo)ws/Hi1(Fp)),
where as in the inhomogeneous group setting we use the subscripts 0 and 1 on g and H according
as W is split or non-split, and we take the special vectors to have the same norm.
The formalism of orbital integrals and smooth transfer again carries over in a straightforward
way to the present setting. For y € §(Fp)s, ¢’ € C(s), and s € C, we define

Orb(y. o cs) i= [ /(™ yh)ldethfn(h) di.
H'(Fo)
as well as the special values

/ / d /
Orb(y, ¢') := Orb(y, ¢,0) and 9IOrb(y,¢’) := %“;:0 Orb(y, ¢', s).

The notation in the integral defining Orb(y, ¢, s) is as in (2.11)). This integral is again absolutely
convergent and transforms when s = 0 as
Orb(h~'yh, ¢') = n(h) Orb(y,#') for all h e H'(F).
On the unitary side, for z € g(Fp),s and ¢ € C°(g), we define
Orb(z, ¢) ::/ ¢(h~tzh)dh,
H(Fo)
where we use the same Haar measure on H(Fy) as before. A transfer factor for s is a function
w: 5(Fp)s — C* such that
w(h™'yh) = n(h)w(y) forall he H'(Fy).
Definition 2.6. A function ¢’ € CS°(s) and a pair of functions (¢g, ¢1) € C°(go) x C°(g1) are

transfers of each other (for the fixed choices of Haar measures, a fixed choice of transfer factor,
and fixed choices of special vectors) if for each ¢ € {0,1} and each x € g;(Fp);s,

Orb(z, ¢;) = w(y) Orb(y, ¢')
whenever y € s(Fp),s matches x.
2.4. Transfer factors. We now fix transfer factors for use throughout the rest of the paper,
which are slight variants of the ones in [39] §2.4]. First fix an extension 77 of the quadratic

character n from Fj* to F'* (not necessarily of order 2). If F' is unramified, then we take the
natural extension 77(x) = (—1)"®). For S we take the transfer factor

ws(7) = n(det(y) 1" det(v'€)ocicn—1), 7 € S(Fo)rs:
For G’ we take the transfer factor
. wg(r(q/fl'yg)), n odd;
war (7) =4 ~ -1 -1
Ny t2)ws (11 192)),  n even,
where r is defined in (2.8), and where for any vy € GL,(F) we set
(7o) = n(det o).

Y= (71772) € G/(Fo)rsa

For s we take the transfer factor
ws(y) = ﬁ(det(yie)OSiSn—l)a ) S 5(F0)rs~ (212)
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3. REVIEW OF THE FL CONJECTURE

To set the stage, in this section we review the FL conjecture in its homogeneous, inhomoge-
neous, and Lie algebra versions, cf. [8, 37, 24]. Let F//Fy be unramified and n > 2. As in the
previous section, let Wy and W7 respectively be the split and non-split F'/Fy-hermitian spaces
of dimension n. Assume furthermore that the special vectors u; € W; have common norm which
is a unit in Op,. Then by the orthogonal complement W? of u; in W; is again split for

K3
i = 0 and non-split for ¢ = 1. As in the previous section, we write G; = U(W;), g; = Lie G;, and

H; = U(W?). Fix a self-dual Op-lattice
Ay C W,
which exists and is unique up to Hy(Fp)-conjugacy since W is split. Let
Ao =AY @ Opug C W,
which is again self-dual. We denote by
K{ C Ho(Fp)
the stabilizer of A%, and by
Ko C Go(Fy) and € C go(Fp)

the respective stabilizers of Ag. Then Kg and Ky are both hyperspecial maximal parahoric
subgroups.
We normalize the Haar measures on the groups

H/(Fo) = GLn—l(FO)a GL”(F()), H{(Fo) = GLn_l(F), and Ho(Fo)
by assigning each of the respective subgroups
GL.-1(0OR,), GLyn(Og,), GL,-1(Op), and K;

measure one. We then take the product measure on the groups H5(Fy) = GLy,—1(Fp) x GL,, (Fp),
Hi 5(Fy) = Hi(Fo) x Hy(Fy), and Hyy, (Fo) = Ho(Fp) x Ho(Fp). The Haar measures on Hy (Fp)
and Hy, (Fy) will not be important for us. The transfer factors are defined in They take
the following simple form on S(Fp)s and g(Fp)ys,

wS(’y) = (71)”(d'3t(“/ie)ogignf1),
ws(y) = (—1)v(d6t(yje)0§i§7L71)'

With respect to these normalizations, the FL conjecture is the following statement.

(3.1)

Conjecture 3.1 (Fundamental lemma).
a) (Homogeneous version) The characteristic function 1g/0. y € C°(G’) transfers to the pair
& (Ory) c
of functions (1, 0) € C°(Gw,) x C&°(Gw, ).
b) (Inhomogeneous version) The characteristic function 1g0, y € C°(S) transfers to the pair
g (Ory) c
of functions (1g,,0) € C°(Gp) x C(Gy).
c¢) (Lie algebra version) The characteristic function 1,0,y € CX(s) transfers to the pair o
(Ory) c
functions (1g,,0) € C(go) x C°(g1).

We note that the equal characteristic analog of the FL conjecture was proved by Z. Yun for
p > n; J. Gordon deduced the p-adic case for p large, but unspecified, cf. [6] 35].

4. REVIEW OF THE AFL CONJECTURE

‘We continue with the notation and normalizations introduced in the last section. In particular,
F/F} is unramified, and the special vectors u; have norm a unit in Op,. Note that the FL con-
jecture predicts that the orbital integrals Orb(~y, 1G’(OF0))» Orb(~, 1S(Op0))» and Orb(y, 15(OF0))
vanish whenever ~, resp. 7, resp. y matches with elements in Gy, (Fp).s, resp. G1(Fp)ys, resp.
91(Fb)rs- The AFL conjecture then proposes an identity for the derivatives of these orbital
integrals at such elements, in terms of geometry.

Conjecture 4.1 (Arithmetic fundamental lemma).
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(a) (Homogeneous version) Suppose that v € G'(Fy)ys matches an element g € Gy, (Fo)rs. Then
war (7) 90rb(7y, 1ar(0p,)) = — Int(g) - logg.

(b) (Inhomogeneous version) Suppose that v € S(Fy)rs matches an element g € G1(Fy)ys. Then
wg(7) d0rb (7, ]‘S(OFO)) = —Int(g) - logg.

(c¢) (Lie algebra version) Suppose that y € s(Fy)ys matches an element © € g1(Fp)ys, and assume
that the intersection A N A, is an artinian scheme. Then

ws(Y) 80rb(y, 15(0F0)) = —(-Int(x) - logq.

Let us explain the right-hand side in each part (as well as the expression A N A, in (d)).
For any n > 1, let N,, = ./\fmp/p0 denote the formal moduli scheme over Spf O of [9, [32] I In
other words, we consider triples (X, ¢, A) over Spf O jz-schemes S, where X is a p-divisible group
of absolute height 2nd and dimension n over S, equipped with an action ¢ of Op such that the
induced action of Op, on Lie X is via the structure morphism Op, — Og, and with a principal
(Op,-relative) polarization A. Here d := [Fp : Qp]. Hence (X, |0y, ) is a formal Op,-module of
relative height 2n and dimension n. We require that the Rosati involution Rosy induces the non-
trivial Galois automorphism in Gal(F/Fy) on O, and that the Kottwitz condition of signature
(1,n — 1) is satisfied, i.e.

char(u(a) | Lie X) = (T — a)(T —a)" ' € Og[T] forall a€ Op. (4.1)

An isomorphism (X,:,\) = (X’,¢/,\') between two such triples is an Op-linear isomorphism
©: X = X' such that p*(\) = \.

It is not hard to see that over the residue field k of Op there is a unique such triple
(X, tx,, Ax, ) such that X, is supersingular, up to Op-linear quasi-isogeny compatible with
the polarization, cf. [31, Prop. 1.15]. Then N, represents the functor over Spf O that asso-
ciates to each S the set of isomorphism classes of quadruples (X, ¢, A, p) over S, where the final
entry is an Op-linear quasi-isogeny of height zero defined over the special fiber,

p: X ng — X, xSpccE§7
such that p*((Ax,)g) = Ag (a framing).

Remark 4.2. The definition of A,, given here differs slightly from that in [9, [32]. First of all,
N, is in fact an open and closed formal subscheme of the space defined in these papers (it is the
locus, denoted by Nj in [32], where the framing p has height zero). Furthermore, within this
locus, the moduli problem in these papers imposes the weaker condition that Ag differs from
p*((Ax,)s) locally on S by a unit in Op,, but it also weakens the notion of an isomorphism.
This changes nothing in the outcome: the formal scheme in loc. cit. is identical to the formal
scheme defined here, cf. also [2I, Rem. 3.6].

The following theorem summarizes basic facts on the structure of the formal scheme N,,.

Theorem 4.3 (Vollaard~Wedhorn [32]).

(i) For any n, the formal scheme N, is formally locally of finite type, essentially properﬂ and
formally smooth of relative formal dimension n—1 over Spf O . In particular, N, is reqular of
formal dimension n.

(i) The underlying scheme (N, )rea has a Bruhat-Tits stratification by Deligne—Lusztig varieties
of dimensions 0,1,..., L”T_lj attached to unitary groups in an odd number of variables and to
Coxeter elements, with strata parametrized by the vertices of the Bruhat-Tits complex of the
special unitary group for the non-split n-dimensional F/Fy-hermitian space. O

Corollary 4.4. Forn > 2, the product Ny_1.n = Ny—1 Xspro, Nu is a regular formal scheme
of formal dimension 2(n — 1). O

1Recall that, since F//Fy is unramified, we have F = Fy as in the Introduction.
2Recall that essentially proper means that each irreducible component of the reduced underlying scheme is
proper over Speck.
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Returning to our explanation of the statement of Conjecture now recall from the Introduc-
tion the formal Op-module E over k and its canonical lift £ over O, as well as the “conjugate”
objects E and €. For n > 2, there is a natural closed embedding of formal schemes

5/\/’1 Nn_1 -/\/n
(X, e, A p) — (X X E, L% g, A X )\g,pxpg),

where we set X; = E and inductively take

X, =X, 1 xE (4.2)
as the framing object for NV,,. Let
Ay Ny 2020, 6 xsiro, N = Naim
be the graph morphism of §r. Then
A=Ay (Np-1)
is a closed formal subscheme of half the formal dimension of N,_1 ,. Note that
Aut® (Xy, x5 Ax, ) = U(V(X,,)) (Fo), (4.3)

where the left-hand side is the group of self-framings of X,,, and where V(X,,) is the hermitian
space attached to X,,. The left-hand side acts naturally on N, by acting on the framing:
g (X,t, A p) = (X,1,\,g0p). Furthermore V(X,,) contains a natural special vector u given by
the inclusion of E in X,, = X,,_; x E via the second factor. The norm of v is 1. It is easy to
compute directly that V(X;) = V(E) is non-split, and then by induction and (2.3), V(X,,) is a
non-split hermitian space of dimension n for any n. Applying this to n and n — 1, we can choose
identifications W, = V(X,,) and W} = V(X,,_1) compatible with the natural inclusions on both
sides. Hence we obtain an action of Hi(Fy) on N,_1, of G1(Fy) on N, and of Gw, (Fp) on
Np—1n; and furthermore the maps dy and Ay are equivariant with respect to the respective
embeddings H;(Fy) — G1(Fo) and Hy(Fp) <= Gw, (Fo) defined in

Now we are ready to define the right-hand side of the identities appearing in Conjecture [41]
For g € Gw, (F)), we denote by Int(g) the intersection product on N;,_1 ,, of A with its translate
g/, defined through the derived tensor product of the structure sheaves,

Int(g) := (A, gAVN, 1, = X(Np—1.n, Oa ®" Oga). (4.4)
We similarly define Int(g) for g € G1(Fp),
Int(g) := <A, (1x g)A>Nn

In both cases, when g is regular semi-simple, the right-hand side of this definition is finite, at
least when Fy = Q,, cf. [37, Lem. 2.8]. The proof in loc. cit. uses global methods.

—1,n

Remark 4.5. In [9], there is associated to v € V(X,,) a special cycle Z(u) in N,,, namely,
the locus where the quasi-homomorphism u: E — X, lifts to a homomorphism from € to the
universal object over N,,. By [0, Prop. 3.5], Z(u) is a relative divisor. Then §u induces an
obvious closed embedding N,,_1 — Z(u). By [0, Lem. 5.2], this is an isomorphism. Similarly,
for g € U(V(X,,)), there is an identification gdn (N,—1) = Z(gu).

We make an analogous definition in the Lie algebra case, as in [I8] §4.4]. Note that, anal-
ogously to (4.3]), we can identify the Fy-points of g; = Lie U(V(X,,)) with a subgroup of the
Op-linear quasi-endomorphisms of X,, (those z for which = 4 Rosy,, (z) = 0). Now, for any
quasi-endomorphism z of X,,, define A, C N,,_1,, to be the closed formal subscheme (abusing
notation in the obvious way)

A, = { YV, X)eNo—1n | z: X,, = X, lifts to a homomorphism ¥ x £ — X } (4.5)

For g € G1(Fp), A, is simply the translate (1 x g)A. For any z, in the case that the intersection
AN A, is an artinian scheme, we define

¢-Int(x) := length(A N A,). (4.6)

This completes the explanation of the statement of the AFL in all cases.
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Remark 4.6. As already pointed out in [2I] §4.4], we do not have a Lie algebra version of the
AFL outside the non-degenerate case, i.e. when A N A, is not an artinian scheme.

We note that the left-hand sides of the identities in Conjecture [4.1] are constant on the orbit
of v under Hj ,(Fp), resp. v under H'(Fy), resp. y under H'(Fp). Similarly, the right-hand sides
of these identities are constant on the orbit of g under Hy, (Fp), resp. g under Hy(Fp), resp. x
under Hi(Fp), cf. [I8, Rems. 4.3, 4.4, 4.6]. Hence Conjecture “makes sense” in the sense
that it does not depend on the choice of matching elements.

Our aim in Parts[2]and [3of the paper is to formulate variants of Conjecture [.I]which apply to
cases where the various unramifiedness hypotheses in Conjecture [£.1] are dropped. As explained
in the Introduction, we still want to have identities like in the AFL, but the function on G’(Fp)
transferring to (1 - 0) on Gw, (Fo) X Gw, (Fo) (and analogously in the inhomogeneous and
Lie algebra settings) will not be explicit anymore. Rather, the statement of the ATC will be that
some choice of function may be found which transfers to (1 K x Ky 0) on Gy, (Fo) x Gw, (Fo),
and which also satisfies a suitable analog of the AFL identity (and again analogously in the
inhomogeneous and Lie algebra settings).

Remark 4.7. A first natural variant of the moduli problem defining A, (still with n > 1
and F'/Fy unramified) is to consider quadruples (X, ¢, A, p) exactly as above, except where the
polarization A satisfies ker A = X[¢(w)]. The resulting moduli space yields nothing new, however:
there is an isomorphism from N, to it defined by (X, ¢, A, p) — (X, ¢, @A, p).

Part 2. Some regular formal moduli spaces

In this part of the paper we define variants of the formal moduli space N,, that appeared in
the AFL conjecture. In the various AT conjectures which we formulate in Part [3] the right-hand
side will involve an intersection number of cycles in a product of such moduli spaces. Therefore
we are looking for analogs of A where the target is a regular formal scheme. We do not know of
a systematic method of finding such variants. In the following sections we present the examples
we have found.

5. UNRAMIFIED ALMOST SELF-DUAL TYPE

In this section we continue with the notation of In particular, F/F, is an unramified
extension. For any n > 2, we now define a variant ./\7n of the formal scheme N, over Spf Oy =
Spf Op, . This variant parametrizes isomorphism classes of quadruples (X, 1, )\, p) as in the case
of NV,,, except that instead of requiring the polarization A to be principal, we impose that

ker A C X[u(w)] is of rank ¢°. (5.1)

Mimicking [3T], §1], one sees that as in the case of Ny, up to quasi-isogeny there is a unique
supersingular triple (X,,tz ,Ag ) for this moduli problem over k. To fix a particular choice,
first let
E =, g =1, and Ay 1= wg (5.2)
Then we set
§~§n = X,_1 X E/, Ig, = Xy X s and /\gn = Ax,_, X Ag, (5.3)

where X,,_; is the framing object for N;,_1 in ([4.2). We then take the target of the framing p
to be the constant object over the special fiber obtained from (X, , A

The following theorem is the analog of Theorem [4.3f) for N,.

n—1
%)

Theorem 5.1. The formal scheme N, is formally locally of finite type, essentially proper, and
of semi-stable reduction over Spf O, of relative formal dimension n — 1. More precisely, the
corresponding local model has semi-stable reduction such that the special fiber is the union of two
smooth schemes of dimension n — 1 intersecting along a smooth scheme of dimension n — 2. In
particular, N, is regqular of formal dimension n, and the completed local Ting at any closed point
of Ny, is isomorphic to either Op[[X1, ..., Xn-1]] or to Op[[Xo, X1, ..., Xn-1]]/(Xo X1 — w).
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Proof. By the general formalism of RZ spaces (see [25, Prop. 3.33]), it suffices to prove the
claim for the local model. Let us recall the defintion, which is similar to (an instance of)
Definition below. Endow F™ with the (non-split) F/Fy-hermitian form h given by the
matrix diag(w, 1,...,1). Fix an element § € O satisfying § = —6, and define the alternating
Fy-bilinear form on F™,

1
<I7y>:§tI'F/FO((Sh(,I,y)), $7y€Fn
Define the Op-lattices in F™,
Ag:=0% and Ay :=w 'Op @O} "

Then A; is the dual lattice of Ay with respect to both h and (, ). The local model ]\7,,, is the
scheme over Spec O representing the functor that associates to each Op-scheme S the set of all
pairs (Fo, F1) such that

e for each i = 0,1, F; is an Op ®0g, Og-subsheaf of A; ®0g, Og which Zariski-locally on S is

an Og-direct summand of rank n;
e the natural maps Ag R0, Og — A @0, Og and A @0, Og =i, Ao ®0p, Og carry Fy
into F; and F; into JFg, respectively;

e Fi- = F, with respect to the natural perfect pairing (Ag ®0p, Og) x (Ay @0, Og) — Og
induced by ( , ); and

e the Kottwitz condition of signature (n — 1, 1)
char(a® 1| F;) = (T —a)" YT —a) € Os[T] forall a€Op, i=0,1
is satisfied.
Note that for any point (X, ¢, A, p) on ./\7m there is a unique isogeny A’ such that the composite
x5 xv Y Xis t(w). It follows easily from this that the base change (Nn)Spf 0, identifies
with the local model for A, as in [25, Ch. 3].
Now, since F'/Fy is unramified and S is an Op-scheme, we have
OF ®0oy, Os —~ % 0g x Og
a®br—— (ab,ab).

Correspondingly, for any S-point (Fo, F1) on ]\N/'n, there are decompositions
.Fi = ‘Fz/ EBH/ C Az ®OF0 OS = (Az ®OFO OS)I @ (Az ®OF0 OS)N7 1= 07 17
where Og x Og acts via its first factor on the primed sheaves, and via its second factor on

the double-primed sheaves. By the Kottwitz condition, F, C (A; ®0p, Og)’ is an Og-locally

K3
direct summand of rank n — 1. By the perpendicularity condition, Fj and F; determine Fy

and FY, respectively. It follows that the map (F;)i=01 — (F; C (A4 ®0p, 0s5)")i=0,1 is an
isomorphism from N,, to the standard local model over Spec OF in [4] for the group GL,,, the
cocharacter = (1=1,0), and the periodic lattice chain determined by the (adjacent) lattices
(Ao ®op, OF)" C (A1 ®op, OrF)'. By §4.4.5 in loc. cit. (in the case £ = 1 and r = n — 1) this
latter scheme has semi-stable reduction of the asserted form. (]

Now define
Nn—l,n = Nn—1 XSpf Oy Nn

Since N, only occurs here as the “bigger” formal scheme, we won’t need to know an analog of
Theorem [4.3(i) for the structure of (N, )red.

Corollary 5.2. The formal scheme /\~/'n_1,n is reqular of formal dimension 2(n — 1). O
Remark 5.3 (n = 2). For n = 2, the formal scheme N, is isomorphic to
./\72 ~ Q%‘O XSPfOFO Spf OF" (5.4)

cf. [10]. Here (AZ%O denotes the formal scheme version of the Drinfeld halfspace corresponding to
the local field Fj.
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Remark 5.4 (n = 1). For n = 1, the definition of N; still makes sense, but the result is trivial:
this space is just Spf O itself, with universal object (€,tg,@Ae, pe).

Remark 5.5. Let us consider the variant of the moduli problem for ./\7n where the condition on
the polarization A is replaced by

ker A C X[u(w)] is of rank ¢*™~ Y.

Then, in analogy with Remark the resulting moduli space is isomorphic to N,,. Indeed, given
a point (X, 1, A, p) on Ny, let Op act on XV via the rule 7V: a — «(@)Y. Then X is Op-linear.
Since ker A C X|[i(w)], there exists a unique (automatically Op-linear) isogeny \': XV — X
such that X o A = «(w). Since F/Fy is unramified and X is a polarization, so is A’. Furthermore,
since ker A C X[i(w)] of rank ¢2, we have ker X' C XV[1V(w)] of rank ¢V, In this way we
obtain a morphism (X, ¢, \, p) — (XY, 7, X, (p¥)™1) from N,, to the variant moduli space we
have just defined, and it is easy to see that this is an isomorphism.

6. RAMIFIED, EVEN, T-MODULAR TYPE

In this and the next three sections we define analogs of A, (and of N,,) when the quadratic
extension F/Fy is ramified, beginning in this section with the case that n > 2 is even. Recall
that F/Fy is implicit in the definition of A, in §4l Therefore we may recycle the notation
N, = Nn,p/po in the present situation. We define N, to be the formal scheme over Spf O
that parametrizes isomorphism classes of quadruples (X, ¢, A, p) as in except that instead of
requiring the polarization A to be principal, we impose that it is m-modular, i.e.

ker A = X[i(m)].
We furthermore require that ¢ satisfies the wedge condition
/\2(L(7r) +m|LieX) =0 (6.1)
and the spin condition
the endomorphism u(m) | Lie X is nowhere zero, (6.2)

i.e. () is a nonzero operator on Lie X ® (s) for all points s of the base scheme S. Since S is a
Spf O jz-scheme, 7 - k(s) = 0 for all s. Therefore, in the presence of the wedge condition, the spin
condition says that «(7) | Lie X ® k(s) has rank 1 for all s. Note that this is a purely pointwise
condition on S, i.e. it holds if and only if it holds after base change to S,eq. As before, up to
quasi-isogeny there is a unique supersingular framing object (X,,, tx, , Ax, ) over k, which follows
in the case of this moduli problem from Prop. 3.1 and its proof in [2I]. The last entry p in the
quadruple above is a framing to the constant object over S defined by (X, tx,, Ax, ), as before.

Remark 6.1. It is not necessary to explicitly make the Kottwitz condition part of the
definition of A,,. Indeed, let ¢ denote the operator ¢(m) + 7 acting on Lie X. Then conditions
and imply that im ¢ is a locally direct summand of Lie X of Og-rank 1. Hence ker ¢
is a locally direct summand of rank n — 1. Since «(7) visibly acts as multiplication by 7 on im ¢
and by —7 on ker ¢, it follows that X satisfies the Kottwitz condition.

For use later in the paper we fix essentially the same explicit choice of framing object as in
[21] §3.3]. When n = 2, we take
Xo:=ExE

as a formal Op,-module, and we define tx, by

a bw

x,(a + br) = [b a}’ a,b € Op,.

(This identifies Xo with the Serre tensor construction Op ®o,, E.) For the polarization, for
technical convenience later in the paper we take a rescaled version of the one in loc. cit.,

[-2)g
Ay, = [ oe )\]E] . (6.3)
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We then take
X, =Xy x B,

X, 1= lx, X L%_Q,
. 0 g L(ﬂ'):l { 0 g L(ﬂ'):l )
Ax, = Ax, X dia EE e EE :
S g([—xm w(m) 0 Agig(m) 0

(n—2)/2 times

Remark 6.2. By [21I] Lem. 3.5], the associated F'/Fy-hermitian space V(X,,) defined in ([1.5)) is
the non-split space of dimension n. (Note that, since the polarization (6.3)) is a scalar multiple
of the one considered in loc. cit. when n = 2, the splitness of the hermitian spaces is the same.)

Unfortunately, we know less about the structure of N, than in the unramified case, but at
least the analog of Theorem [4.3([i)) is known.

Theorem 6.3 (Exotic smoothness [21I, Prop. 3.8]). Recall that n is even. The formal scheme
Ny is formally locally of finite type, essentially proper, and formally smooth of relative formal
dimension n — 1 over Spf O . In particular, N, is regular of formal dimension n. O

The analog of Theorem is only known for low values of n. To give the precise formu-
lation, we first need to explain a natural decomposition of A,, that occurs in the even ramified
setting. Let

M and N:=M®&o, F
denote the covariant relative Dieudonné module and rational Dieudonné module, respectively, of
Xp. The action tx, makes M into an O ®0,, O B = O p-module. The polarization Ax, induces

a nondegenerate alternating Fpy-bilinear form (', ) on N satisfying
(ax,y) = (z,ay) forall z,yeN, aekF.

The form

hz,y) = (rz,y) + (x,y)m, xz,y €N,
then makes N into an F / Fy-hermitian space of dimension n. By Dieudonné theory, for a perfect
field extension K of k, the set of K-points on N, identifies with a certain subset S of O ®oﬁ0
W (K)-lattices M C N®o, W(K), all of which are m-modular, i.e. MY = 771 M, where M"Y
denotes the common dual lattice with respect to h and ( , ). For a lattice M € S, let us say that
the corresponding K-point on A, lies in NV} or N, according as the O ®0y, W (K)-length of
the module

(M +M ®Oﬁo W(K))/M ®Oﬁo W(K) (6.4)
is even or odd. The parity of this length may also be described as follows. Since the m-modular
lattices in a hermitian space are all conjugate under the unitary group, and since M®Oﬁo W(K)
is itself m-modular in N R0y, W (K), there exists an element g € U(N)(F @0, W(K)) such
that g - (M ®0y, W(K)) = M. The determinant det g is a norm one element in F ®0,, W(K),
and hence lies in O R0y, W (K) with reduction mod 7 equal to 1 € K. Then the length of
is even or odd according as this reduction is 1 or —1 (independent of the choice of g) by
[21, Lem. 3.2].

Proposition 6.4. NI and N, define a decomposition
Ny = NFTIN
into open and closed formal subschemes.
Proof. We must show that the parity of the length of is a locally constant function on

(perfect points of) the scheme (N;,)rea. Let © € (Ny)req, and let

. Frob Frob
R =10 [OwW, e = OWoeaie = ]

be the direct perfection of the local ring O, ),..,» at x. Since (Np)req is locally of finite type
over Spec k, it suffices to show that the parity in question is constant on points of Spec R (which
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is homeomorphic to Spec O(,),.q,z)- For this we apply Gabber’s result, reproved by Lau in [12,
Th. 6.4], that the category of p-divisible groups over a perfect ring is equivalent to the category
of Dieudonné modules over the corresponding Witt vector ring. Since R is a perfect local ring,
the rings
W:=W(R) and W' :=0p3 ® g, W(R)
are local and w-torsion-free. Thus to the tautological R-point Spec R — N, corresponds a
W'-submodule
M cN ®0F0 w

which is free of rank n and m-modular in the obvious sense, i.e. the dual module
MY :={zeNwo, W|h(z,M)c W'}

is equal to 7'M inside N ®Oﬁ0 w.

To proceed, we claim that the unitary group acts transitively on the m-modular submodules
in N®o, W. Indeed, this follows by the usual argument for hermitian spaces over complete,
discretely valued fields; let us give a sketch. It suffices to show that any m-modular L admits
a W/-basis with respect to which the hermitian form is [, ~™] &--- & [, ~™]. Let e € L be
an element in a basis for L. Since LY = 7~ 1L, there exists f € L such that h(e, f) = 7; and
furthermore h(e,e),h(f, f) € itW' NW = wW. Say h(e,e) = wa for a € W. Then

2
h<e+”2“f,e+”2af) = —ZE0(f, ) € =W,

Continuing by successive approximation, we reduce to the case that e is isotropic. After adding
an appropriate multiple of 7me to f, we may then assume that f is isotropic too. Again since L is
m-modular, h(e, L) and h(f, L) are contained in 7W’, and it follows that we can split W'e+ W' f
off from L as an orthogonal direct summand. The claim now follows by induction.

By the claim, there exists g € U(N)(W[X]) such that g - (M R0y, W) = M. Since det g is a
norm one element in W’ [%], we have det g € W/, and a := det g mod 7 is a square one element
in R. Since R is a local ring of residue characteristic not 2, it follows that a = £1 in R. Since
the parity of the length in question at each residue field of R is determined by the image of a in
the residue field, the lemma follows. O

Example 6.5 (n = 2). Proposition [6.4] generalizes [21| Lem. 6.1], which shows that (N3)eq is a
disjoint union of two points. In fact, when n = 2, the space N3 is already defined over Spf O 7
(the Kottwitz condition char(¢(r) | Lie X) = T — makes sense over O , and after base change
to Spf O this implies the wedge condition (6.1))). Let (N2)spr 0, denote this descended formal
scheme. Then the decomposition in the lemma is induced by a decomposition

N2)sp o, = (N2)dpo, T N2)spr0,, -

and the summands on the right-hand side are both isomorphic to the universal deformation
space M of “the” formal Op,-module of relative height 2 and dimension 1 over k; see [21,
Prop. 6.3] (which remains valid over Spf O 7,5 here, in keeping with our definition of A\x, as —2
times the polarization of the framing object defined in [2I], we also multiply the polarization
in the definition of the isomorphism M = (Ng)g'pf O, by —2). Note that when Fy = Q,, the

formal scheme M can be identified with the completion of the moduli space of elliptic curves at
a supersingular point.

Now let NF denote either of the formal subschemes N;f and A,7. The following is the
conjectural analog of Theorem .

Conjecture 6.6. The reduced underlying scheme (N:F)ieq has a Bruhat-Tits stratification by
Deligne-Lusztig varieties of dimensions 0,1,...,5 — 1 attached to non-split orthogonal groups
in an even number of variables and to Coxeter elements, with strata parametrized by the vertices

of the Bruhat-Tits complex of SU(V(X,,)).

As evidence for this conjecture, we note that it holds in the equal characteristic analog studied
by Gértz—He [5].
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Example 6.7 (n = 4). In the case of N5, the description in [5] is that every irreducible
component in (Nf)red is a projective line containing p? + 1 special points, and every special
point lies in the intersection of p + 1 projective lines. The following figure illustrates the case
p=3.

7. RAMIFIED, ODD, ALMOST 7-MODULAR TYPE

In this section we define the formal scheme N, over Spf O i when F'/Fy is ramified and n > 1
is odd. We define N, to be the moduli space for quadruples (X,¢, ), p) as before, with p a
framing into a fixed framing object, except this time we impose that the polarization X is almost
m-modular, i.e.
ker A\ C X[u(m)] is of rank ¢" .
We furthermore require that the triple (X, ¢, ) satisfies condition below; this condition is a
little complicated to formulate and will require some preparation. (For the relationship of
to the Kottwitz, wedge, and spin conditions introduced previously, see Remark ) Since we
will also need an analog of this condition in §9| for even n, for the moment let n be any positive
integer. Let
m:= |n/2].
Let eq,...,e, denote the standard basis in F", and let h be the standard split F'/ Fy-hermitian
form on F™ with respect to this basis,
h(aei, be;) := abd; ni1-; (Kronecker delta). (7.1)
Let (, ) and (, ) be the respective alternating and symmetric O, -bilinear forms F" x F™ — Fy
defined by
(x,y) := %trF/FO (wilh(x,y)) and (z,y) := %trF/FO h(z,y). (7.2)
For i = bn + ¢ with 0 < ¢ < n, define the Op-lattice

A; = wabflOpej + Z 7T7bOF€j C F™.
j=1 j=c+1
For each i, the form ( , ) induces a perfect pairing
Ai X A—i — OF0~
In this way, for fixed nonempty I C {0,...,m}, the set
forms a polarized chain of Op-lattices over O, in the sense of [25], Def. 3.14].
Now define the 2n-dimensional F-vector space

V:i=F" ®F0 F,
where F acts on the right tensor factor. The nth wedge power "V := ALV admits a canonical
decomposition

W= v (7.3)

r4+s=n
ec{x1}

which is described in [29] §§2.3, 2.5}E| Let us briefly review it. The operator 7 ® 1 acts F-linearly

on V with eigenvalues +7; let
V=V,eV_,.

3Here and below we replace the symbol W used in loc. cit. with V.
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denote the corresponding eigenspace decomposition. For a partition r + s = n, deﬁneE|

T S
ny;r,s .__
vee= N\ Vewr )\ Vor,
which is naturally a subspace of "V. Furthermore, the symmetric form (, ) splits after base
change to V', and therefore there is a decomposition

as an SO((, ))(F)-representation. The subspaces "V,; have the property that for any La-
grangian (i.e. totally isotropic n-dimensional) subspace F C V, the line A F C "V is contained
in one of them, and in this way they distinguish the two connected components of the orthogonal
Grassmannian OGr(n, V') over Spec F. The subspaces "V, are canonical up to labeling, and
we will follow the labeling conventions in loc. cit., to which we refer the reader for details. The
summands in the decomposition are then given by

n‘/er,s .= TS A n‘/s
(intersection in "V') for € € {£1}.
Given an Op-lattice A C F™, now define
A = /\OF(A ®OF0 OF),
which is naturally a lattice in ™V. For fixed r, s, and €, define
TADS =TANTVS (7.5)

(intersection in "V). Then ™Al® is a direct summand of ™A, since the quotient "A/"Al® is
torsion-free. For an Op-scheme S, define

L::S(S) = lm[n(Al):’S Kop OS — nAZ Rop Os] (76)
For nonempty I C {0,...,m}, let Aut(A;) denote the scheme of automorphisms of the polarized

Op-lattice chain Ay over Spec Op,, in the sense of [25] Th. 3.16] or [I5 p. 581] (this is denoted
by P in [15]).

Lemma 7.1. For any Op-scheme S and A; € Ay, the submodule L’} (S) C "A;®0, Os is stable
under the natural action of Aut(Ar)(S) on ™A, ®o, Os.

Proof. Let C C Aut(A)o, be the stabilizer of L}*

C(8) = {g € Aut(A1)(S) | g L72(S) = L2 () }-

Then C' is a closed subscheme of Aut(Ar)o,. Since Aut(Ar)p, = U(h), it is obvious that C
contains the F-generic fiber Aut(Ay)p. Therefore C' = Aut(Aj)o,, since Aut(A;)o, is smooth,
and hence flat, over Spec Op by [25] Th. 3.16] and [15, Th. 2.2(a)]. O

This concludes our discussion for general n. We now formulate our condition on the triple
(X, t,A) over a Spf O jz-scheme S in the case of odd n, which will make use of the above discussion
in the case I = {m}. Let M(X) and M (X") denote the respective Lie algebras of the universal
vector extensions of X and XV. Since ker A C X [i()], there is a unique (necessarily Op-linear)
isogeny A such that the composite

X2 xv A x
is ¢(m). Since ker A furthermore has rank ¢"~!, the induced diagram
M(X) 25 M(XY) 25 M(X)

extends periodically to a polarized chain of Op®0,, Os-modules of type A}, in the terminology
of [25]. By Theorem 3.16 in loc. cit., étale-locally on S there exists an isomorphism of polarized
chains

’

N ~
[ 25 M(X) 2% M(XY) 25 -] 5 Ay @0y, Os, (7.7)

4Here and below we interchange r and s in the notation relative to [29].
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which in particular gives an isomorphism of O ®0,, Os-modules
M(X) = Ay @0y, Os. (7.8)
The module M (X) fits into the covariant Hodge filtration
0 — Fil' — M(X) — LieX — 0
for X, and the condition we finally impose is that

upon identifying Fil' with a submodule of A_,, ®0g, Os via (7.8), the line bundle
A Fil' ¢ "A_,, ®0, Os (7.9)
Og

. . . n—1,1
is contained in L " (S).

Note that Lemma gives exactly what is needed to conclude that condition is independent
of the choice of chain isomorphism in .

To complete the definition of AV,,, it remains to specify a framing object (X,,, tx, , Ax,, ) for this
moduli problem over k. In contrast to the cases we have encountered previously, such a triple is
not unique up to quasi-isogeny. In fact, there are two isogeny classes (as always, up to Op-linear
quasi-isogeny compatible with the polarizations) such that X,, is supersingular, corresponding
to the two possible isometry classes of the hermitian space C' in the proof of [2I], Prop. 31]E| As
an explicit representative for which V is non-split, we take the same framing object as in [21].
Thus when n = 1 we define

X{V =B, g =i, and Mg = e (7.10)

Then V(Xgl)) = Homgp,, (E,E) is the —1-cigenspace D~ for the conjugation action by wg(7) in
D, endowed with the hermitian norm (z,z) = —Nz, which is indeed non-split. When n > 3, we
take

XM =X, _; xE, L = x, o, X g, and Ag) 1= Ax, ;X AR (7.11)

here n — 1 is even and X,,_; is as defined in Then by (2.3]) and the fact that V(X,,_;) is the

non-split hermitian space of dimension n — 1, V(Xg)) is indeed the non-split space of dimension
n. To fix a framing object in the other isogeny class, for all n we simply multiply the polarization
of X{" by a non-norm unit, i.e. we fix e € Of, ~ NF* and define

Xglo) = XS), Ly 1= tg, and Ay = €A (7.12)

X£L1) .

Then, since n is odd and € ¢ NF*, V(X%O)) is the split hermitian space of dimension n. Note
that such an ¢ exists since F'/Fy is ramified.

Taking X%O) and XS) as the framing objects, we obtain respective moduli spaces /\/}50) and
J\/ﬁl). However, these spaces are isomorphic via the map

N ———— N
(X, 0,\p) — (X7 t,Ao L(&:),p).
To simplify notation in the rest of the paper, from now on we set
N, = Nél) and X, := XS).

Example 7.2 (n = 1). When n = 1, the moduli problem for A is just the moduli problem of
lifting E as a formal Op-module. Thus the solution is N7 = Spf O, with universal object the
canonical lift (€, 1g, —Ag, pe). (In this case condition (|7.9) is redundant in the moduli problem.)

5Note that the statement in loc. cit. considers quasi-isogenies which are compatible with the polarizations
only up to scalar, whereas here we are requiring compatibility on the nose.
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Remark 7.3. Of course the Kottwitz condition , the wedge condition , and the spin
condition all continue to make sense as written in the odd ramified setting. The first two of
these conditions are implied by condition (7.9), cf. [29] Lem. 5.1.2, Rem. 5.2.2] (which shows that
these implications hold on the local modeOn the other hand, let NV;? be the moduli space of
quadruples (X, ¢, A, p) as in the definition of V,,, except that instead of imposing condition ,
we impose conditions and . Then and imply condition , and in this
way N2 is an open formal subscheme of A,. Indeed, this statement follows from the analogous
statement for the corresponding local models, which is explained in [29] §3.3]. (More precisely,
loc. cit. shows that the local model for N is the complement of the “worst point” in the local
model for N,,.) We note that when n > 3, the framing objects XS) and X%O) obviously satisfy
and (because X,,—1 does), and therefore they indeed satisfy ; and it is trivial to

check directly that Xgl) and Xgo) satisfy (7.9) when n = 1. We further note that [2I] uses the
notation N, for what we call N2, and what we call N, is the “better” formal scheme alluded to
in Rem. 3.13 of loc. cit.

Remark 7.4. There is a natural analog of condition on N,, when n is even (still with F'/Fj
ramified). However this analog is automatically satisfied on the whole space, which follows from
the fact that this condition is automatically satisfied in the generic fiber of the local model for
N, and this local model is already flat (in fact smooth).

As when n is even, we know less about the structure of N,, than in the unramified case, but
at least we have the analog of Theorem W|.3}(i).

Theorem 7.5 (Exotic smoothness). Recall that n is odd. The formal scheme N, is formally
locally of finite type, essentially proper, and formally smooth of relative formal dimension n — 1
over Spf Op. In particular, N, is reqular of dimension n.

Proof. This is proved in the same way as |21 Prop. 3.8], using that the local model for N, is a
closed subscheme of the “naive” local model, and is furthermore smooth by Richarz’s result [2}
Prop. 4.6] and [29, Th. 1.4]. (Note that |21, Prop. 3.8] proves that N} satisfies all the conclusions
of this theorem except essential properness.) ([

Again, the analog of Theorem [4.3|(ii]) is only known for low values of n.
Conjecture 7.6. The reduced underlying scheme (Ny)rea has a Bruhat-Tits stratification by

Deligne—Lusztig varieties of dimensions 0,1,..., "7*1 attached to orthogonal groups in an odd

number of variables and to Cozeter elements, with strata parametrized by the vertices of the
Bruhat-Tits complex of SU(V(XS))),

As evidence for this conjecture, we again note that it holds in the equal characteristic analog
[5].
Example 7.7 (n = 3). In the case n = 3, as in Example there are strata of dimensions
0 and 1 in (N3)eq. Every irreducible component is a projective line containing p + 1 special

points, and every special point lies in the intersection of p 4+ 1 projective lines. The following
figure illustrates the case p = 3.

Taking Theorems [6.3] and [7.5] together, we obtain the following corollary. For arbitrary n > 2,
define
Nn—l;ﬂ = Nn—l X Spf Og Nn

6Strictly speaking, loc. cit. shows this in the case of signature opposite to ours, but up to isomorphism the
local model is the same, cf. [2I] footnote p. 19]. The same remark applies to essentially all of the subsequent
references we make to the local models in [2], [I7], [I8) §2.6], and [29].
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Corollary 7.8. For arbitrary n, the formal scheme N,_1.,, is reqular of formal dimension
2(n—1). O

Remark 7.9. For arbitrary n, the space N, is an (open and closed formal subscheme of an)
RZ space with “special maximal parahoric level structure” in the sense that, in the notation of
[25, §1.38, Def. 3.18], it arises from a PEL datum with B = F, V = F" (,) = (,), b* = b,
G = GU(h), and £ = Agp,y; and the stabilizer of the lattice chain A,y in GU(h)(Fp) is a special
maximal parahoric subgroup. For F'/F, ramified, up to conjugacy there is one further case of
a special maximal parahoric subgroup in GU(h)(Fp), namely the stabilizer of a self-dual lattice
in F™ when n is odd [I7, §1.2.3]. The corresponding RZ space, in which the polarization A in
the moduli problem is principal (still with Kottwitz condition of signature (1,n — 1)), is
studied for n both even and odd in [23]. This space is not regular for n > 3, and therefore it
does not appear to fit into the framework of this paper. The case n = 2 is exceptionalm however,
and we will turn to this in the next section.

8. RAMIFIED SELF-DUAL TYPE, n = 2

In this section, continuing from Remark we consider the formal moduli space of [23] in the
special case n = 2, still with F'/F, ramified; see also [10]. This is a moduli space for quadruples
(X, ¢, A, p) as before, with (X, ) satisfying the Kottwitz condition

char(u(7) | Lie X) = T? — w, (8.1)

and where this time the polarization A is principal. As in the previous section in the case of odd
n (and via the same argument), there are two isogeny classes of supersingular framing objects
over k. Accordingly we obtain two moduli spaces, both defined over Spf O £y which we denote by
./\72(0) and ./\72(1) according as the hermitian space of the framing object is split or non-split.
These two spaces really are different, in contrast to the case of Ny(LO) and /\/}(Ll) in the previous
section. In fact, we can describe both of these spaces explicitly.

(i) For the formal scheme ./\72(0), there is a natural isomorphism
NQ(O) = ﬁ%—b X Spf Or, Spf Oﬁb (82)

which is equivariant for the respective actions of SU(X(QO)) 2 SLy(Fp) on both sides. This is the
alternative description of the Drinfeld half-plane in [10].

(ii) For the formal scheme J\~/'2(1)7 there is an isomorphism
(1
N3 = Spt Oy [l ]}/ (wy — ).

More precisely, we are now going to show in that /\72(1) is isomorphic to the deformation
space with Iwahori level structure Mrp (). Let us recall the definition of this latter space.

Definition 8.1. The formal scheme M, () represents the functor over Spf O that associates
to each scheme S the set of isomorphism classes of quadruples

Y Y, ¢:Y =Y, py),

where Y and Y’ are formal Op,-modules of relative height 2 and dimension 1 over S, ¢ is an
isogeny of degree ¢, and py: Y xg S = E X Speck S is an Op,-linear quasi-isogeny of height 0.

When Fy = Q,, it follows that Mrp ) can be identified with the formal completion at a
supersingular point of the moduli space of elliptic curves with T'g(p)-structure.
To define the desired isomorphism Mp, () — J\72(1), let (Y,Y’ ¢,py) be an S-point on
Mro(w). Set
X =Y xY'.

7Exceptional in three ways: in this case the space is defined over Spf OF“O instead of Spf Op; it is regular;

and the corresponding parahoric subgroup of GU(h)(Fp) is not a maximal parahoric subgroup, but an Iwahori
subgroup, cf. [18] Rem. 2.35].
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Since ker ¢ is w-power torsion and of rank g, i.e. of relative Op,-height 1, it is killed by w. Hence
there exists a unique (necessarily Op,-linear) isogeny ¢’ such that the composite

y Ly Yy (8.3)
is multiplication by w. Let
/
o(m) = Li’ d)} € Endo, (X).

Then «(m)? is multiplication by w. Hence ¢(7) defines an Op-action ¢ on X extending the Op,-
action. It is easy to verify that ¢ satisfies the Kottwitz condition (8.1)). Now define the composite
quasi-isogeny over the special fiber S,

-1 L (m

Then the pullbacks p3 (Ax) and p}- (Ag) lift to principal polarizations Ay of ¥ and Ay of Y7,
respectively (since the same holds for the universal object over the Lubin—Tate space M of formal
Op,-modules of dimension 1 and relative height 2 equipped with a quasi-isogeny of height 0 to
E in the special fiber). Let

A= PY

In the particular case that S = Speck and (Y,Y’, ¢, py) = (E,E, tg(7),idg), our construction
produces the triple

X:=ExE, wx(r):= LE(W) LE(”)} . Ax = [AE /\[J . (8.5)

It is straightforward to calculate that the space V(X) defined in (1.5) has no nonzero isotropic
vectors, so that V(X) is the non-split F/Fy-hermitian space of dimension 2. Hence we may and

will take (X, tx, Ax) as the framing object for ./\72(1) For a general S and quadruple (Y, Y, ¢, py),
we define the framing map

v
)‘Y’} € Homo, (X, X").

p=py X py: Xg — Xg.
Then tautologically p*(Ax) = Ag, and p is readily seen to be Op-linear. Since it is obvious
that Rosy, (tx(m)) = —ux(m), it follows that Rosy(¢(m)) = —¢(w). In this way we have defined a
morphism

My () ——— N3V

(K Y/a ¢7py) L (Xa L, Aap)

(8.6)

Proposition 8.2. The morphism My () — ./\72(1) is an tsomorphism.

Proof. We first show that both spaces have only one k-valued point. For Mpr(w), this is well-
known and easily checked. For /{72(1), consider the covariant isocrystal N of the framing object
X, which has the structure of an F / Fy-hermitian space of dimension 2 as in By Dieudonné
theory, ./\72(1)(%) identifies with the set of Op-lattices M in N which are self-dual and satisfy
wM C? VM Cc? M, where V denotes the Verschiebung on N. Let ¢ denote the Frobenius
operator on F‘o, let ¢ € O;i be a square root of —1, and let 7 := (xV~!. Then 7 is a o-linear

operator on N with all slopes equal to zero. Let C':= N7. Then the restriction of the hermitian
form to C' makes C' into a 2-dimensional F'/Fy-hermitian space, cf. [23, pp. 117071]E| We claim
that C is non-split. Indeed we can see this in at least two ways. First consider the framing
object Xy of N5 defined in The Op,-linear isogeny

idX g ()
e

G: Xog=EXE X=ExE
is in fact Op-linear (in terms of the Serre construction Xy = Op ®0p, E, ¢ is induced by the

inclusion of E into the first factor in the target) and satisfies ¢} (Ax) = —3Ax,. Hence ¢y gives an

8Note that later on, for technical convenience, we will rescale the polarization Ay, cf. Example
9Note that the quantity 7 in loc. cit. should be a square root of —e~!, rather than a square root of eI,
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identification of F / Fy-hermitian isocrystals between the (rescaled) isocrystal for Xy and N. The
“r-fixed” space in the former isocrystal is non-split by [2I, Lem. 3.3] (as is used in the proofs
of Prop. 3.1 and Lem. 6.1 in loc. cit.), which proves the claim. A second way to see that C is
non-split is by explicit computation: up to isomorphism, the isocrystal with F-action for E is
given by FOQ with Verschiebung

and with 7 acting by

(Of the course the alternating form on this 2-dimensional space is uniquely determined up to
scalar.) From this and one obtains an explicit form for N, and it is easy to then calculate
that C has no nonzero isotropic vectors, which characterizes it as the non-split space of dimension
2.

Now let M C N correspond to a point in /\72(1)(%) By an obvious variant of [25, Prop. 2.17]
(with Fin place of Wy, 7 in place of p, etc.), since N is 2-dimensional over ]:"7 either M = 1M,
or M #7M and M +7M = 7(M + 7M). In the first case M7 is a self-dual Op-lattice in C,
and hence is the unique such lattice since C' is non-split of dimension 2. The other case does not
occur, since otherwise (M + 7M)™ would be a m-modular lattice in C' (via the same proof as
for [10, Lem. 3.2(iii)]), contrary to the fact that C is non-split. This completes the proof that
./\7'2(1)(%) consists of a single point.

To complete the proof of the proposition, it now suffices to show that the morphism is
formally étale. We will do this via the local models for the source and target spaces, which we
now pause to discuss.

The local model for Mr () is the standard Iwahori local model for GL2 and the cocharacter
= (1,0) over Spec Op,, cf. [@] or [I8, Eg. 2.4]. Let us review the definition. Let fi, fo denote
the standard basis for FZ, and define the Op,-lattices

Ao = OF0f1+OF0f27 and A\ := Opow_lf1+OFOf2.

The local model M () associated to these data is the scheme representing the functor that
associates to each Op,-scheme S the set of pairs (Fo, F1), where F; C Ai®0g, Os is an Og-locally
direct summand of rank 1 for each i, and where the natural maps

®: A Qop, Os — A @0y, Os and 1 A ®0,, Os 225 N @0y, Os (8.7)
carry JFg into F; and F; into Fy, respectively.

To define the local model for ./\72(1), we use the notation of §7|in the case n = 2. In particular,
recall the Op-lattice Ag = O% C F?, which is self-dual with respect to the alternating form ( , )
defined in (7.2). The local model ]\72(1) is the scheme representing the functor that associates to
each Op,-scheme S the set of all OF ®0,, Og-submodules ' C Ay ®0,, Og which are Og-locally
direct summands of rank 2, which are Lagrangian for the form (, ) ®o,, Os, and which satisfy
the Kottwitz condition char(r ® 1 | F) = T? — w. (This is Definition [9.6| below in the special
case (r,s) = (1,1) and I = {0}, cf. also Remark [9.13])

We now define an analog of the map for Mt () and J\~f2(1). First make the direct sum
Ao @ A1 into an Op-module by taking S = Spec O, in and letting 7 act as

@/
b7
Of course this is well-defined since the square of this matrix is multiplication by w. We then

identify
A BN = AO (88)
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as Op-modules by identifying the elements fo € Ao and @' f; € A\; with the standard basis
elements e, ea € Ag, respectively. Relative to these identifications, we define

MFo(w) E— N(l)

(.Fo,}-l) — Fo D F1.

(8.9)

It is easy to see that Fy @ F; satisfies all the conditions in the definition of Nél), so that this
morphism is well-defined.

Lemma 8.3. The morphism Mr (o) — ]VQ(I) s an isomorphism.

Proof. This is easily checked locally on standard affine charts. For example, the most interesting
chart on the source consists of all points of the form

Fo=span{fi +zfa}, Fi=span{yw 'fi + f}

such that xy = w, cf. [I8, Eg. 2.4]. The most interesting chart on the target consists of all points
expressible as the column span of

T11 T12
T21 T22

1
1

relative to the Op,-basis e, es, me1, mea for Ag; this is easily seen to be the scheme of such
matrix entries such that x1; = @9 = 0 and z13x2; = w, cf. [I8, Rem. 2.35]. Thus the map
visibly identifies these two charts. One sees similarly (and in fact more easily) that is an
isomorphism on all other standard charts, as desired.

Remark 8.4. The map makes explicit the isomorphism between these local models alluded
to at the end of [18, Rem. 2.35].

Completion of the proof of Proposition[8-2 It remains to show that the map is formally
étale, which follows by combining Lemma with the local model diagrams

trlv (1 triv
Fo (w) N
/ \ and / \
~(1
Mr, (=) (Mry(=)) Spf Oy, /\/(1) Ny Spf Oy

Here ./\/lt“" is a moduli space for tuples (Y,Y”, &, py,v0,71), where the first four entries form
a point on Mpo(w), and where, letting S denote the base scheme and M denote the functor that
assigns to a p-divisible group the Lie algebra of its universal vector extension,

Yo: M(Y) = A ®0p, Os and 712 M(Y') == A\ ®o,, Os

are isomorphisms of Og-modules. We require that vo and ; respect the alternating forms on
both sides, where the forms on the targets are defined by restricting { , ) via (8.8)); and that the

diagram
'YOJN 71 L\A ’YO\LN
¢/

®
Ao ®0p, Os —— M ®op, Os — Ao ®og, Os

commutes, where ¢’ is as in (8.3). Similarly, (J\~/'2(1))“i" is a moduli space for points (X, ¢, A, p) on
N2(1) endowed with an Op ®o,, Os-linear trivialization ~: M(X) = A ®op, Os that respects
the alternating forms on both sides. Furthermore p and v are the natural forgetful maps, and
WYY d, py.v0,m) = (vo(ker[M(Y) — LieY]), v (ker[M (Y') — LieY"])),
V(X, 0, N p) = vy(ker[M(X) — Lie X]).
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It is obvious that the maps and , together with the map
riv A7 (1) triv
Mtro(w) — \)
(}/7 Y/a d)? PY 70, ’71) — (X7 Ly >\u P50 2] ’71)

defined in terms of and the identification (8.8]), give a morphism of local model diagrams.
Since the map on local models is an isomorphism, it follows from [25 Prop. 3.33] that
is formally étale. O

Remark 8.5 (Equivariance). The group Of = Auto,, (E) acts naturally on M, () by com-
posing with the framing py; hence so does its subgroup D! of norm one elements. Similarly,
U(V(Xgl))) acts on ./\72(1); hence so does its subgroup SU(V(X;”)). The isomorphism is
then equivariant for these actions under the natural identification D! = SU(XS)). Note that

this equivariance does not express the actions of the larger groups Of and U(Xgl)) in terms of
the other side of the isomorphism .

9. SOME AUXILIARY SPACES IN THE RAMIFIED CASE

In this section we give two closely related generalizations (different than in [23]) of the space

./\72(1) of the previous section to any even n. However the spaces we define are not regular, and
they will play only an auxiliary role in the ATC we formulate in Let n > 2 be even, still
with F/F, ramified.

The first space we define, which we denote by Py, is a moduli space over Spf O for quadruples
(X, 1, )\, p) as before, with the framing object to be specified below, except in this case we impose
on the polarization A that

ker A C X[u(m)] is of rank ¢" 2.
We further require that the triple (X, ¢, \) satisfies the wedge condition and condition
below, which is the natural analog of condition (7.9). As in 7] let M (X) and M (X") denote the
respective Lie algebras of the universal vector extensions of X and XV. Since ker \ is contained
in X[¢(7)] and of rank ¢"~2, there is a unique (necessarily Op-linear) isogeny A’ such that the

composite

X2 xv A x

is ¢(m), and the induced diagram
M(X) 25 M(XY) 25 M(X)

then extends periodically to a polarized chain of O ®o,,, Os-modules of type A(,,—1y. By [25)
Th. 3.16], étale-locally on S there exists an isomorphism of polarized chains

’ ’

* A AL ~
[ = M(X) =5 M(XY) = -] = A1) ®0g, Os,
which in particular gives an isomorphism of O ®0,, Os-modules
M(X) = A—(m—l) ®0n, Og. (9.1)

Denoting by Fil' € M(X) the covariant Hodge filtration for X, the analog of (7.9) we impose
is that

upon identifying Fil' with a submodule of A_(m-1) ®op, Os via (19.1), the line bundle

/\OS Fil' € "A_(,, 1) @0 Os (9.2)

18 contained in Li@bh),q(s)’ cf. ,
Just as before, condition (|9.2)) is independent of the above choice of chain isomorphism by Lemma
i}

As in the previous two sections, over k there are two supersingular isogeny classes of framing
objects for this moduli problem, distinguished by the splitness of the hermitian space V in (|1.5)).
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To complete the definition of P,,, we will choose a framing object X,, for which V(Xn) is non-split.
First let X; be the framing object X; = X(ll) (cf. (7.10)) endowed with the conjugate Op-action,

(Xl, LX1 s AX1) = (E, LE’ _)\E) .
Then we take X,, to be the product of the framing object X,_; = Xgllll (cf. (7.11))) and X1,
(Xn, Lgn, /\}zn) = (Xn—l X Xl, X, _1 X LXN/\Xn—l X /\X1)' (93)

Since V(X,,_1) is non-split and n is even, it follows from (2.3) that V(X,) is indeed the non-split
space of dimension n. Furthermore, X,, obviously satisfies (6.1) because X,,_; does, and it is
easy to see that X,, satisfies (9.2) because X,,_; satisfies (|7.9).

Remark 9.1. As in Remark the Kottwitz condition is implied on P, by condition
(19.2), cf. [29, Lem. 5.1.2]. Furthermore, it will be shown in forthcoming work of Yu [34] that
(19.2) also implies the wedge condition (and hence is redundant in the definition of
Pr). On the other hand, when n = 2 the Kottwitz condition implies and , since this
is obviously true in the generic fiber of the local model, and the local model defined by the
Kottwitz condition alone is already flat. Hence Py ~ (/\~/2(1))Spf Op- (Strictly speaking, to make
such an identification precise we must specify a quasi-isogeny between the framing objects X,
and X on the two sides; we will do so in Exampleh below.) Note that although ./\72(1) is regular,
the space Ps is not, since the ramified base change OF}, — O does not preserve semi-stable
reduction.

Remark 9.2. Of course one obtains another formal moduli space by taking a framing object
in the supersingular isogeny class for which V is split; this recovers the space (./\~/'2(0))spf 0, when
n = 2. As the case n = 2 shows, and in contrast to the situation in §7 the resulting space
really is different from P,,. However, when n > 4 we will have no occasion to consider this space
further.

It follows from the general theory of RZ spaces [25] that P, is formally locally of finite type
and essentially proper over Spf O;. However, as we have already noted, it is not regular. Having
fixed the polarization type in the moduli problem for P, , the remaining conditions in its defintion
are the “right” ones in the sense that the corresponding local model is flat, which will be shown
by Yu in [34], cf. Remark below.

The second moduli space we define, which we denote by P/, will turn out to be isomorphic
to two copies of P,, and in this sense is another generalization of /\72(1). The advantage of P/, is
that, by definition, it will also admit a natural map to N,,. To state the definition, we first need
to fix an Op-linear isogeny of degree g,

$o: X — Xy, (9.4)
such that ‘Z%()‘}En) = Xx,; here we recall the framing object X,, from When n = 2, we have
Xy =Op ®0, E and Xa=ExE
as Op-modules, and we define ¢g to be the Op-linear isogeny induced by adjunction from the

diagonal map E (i;d’ig)% E x E. It is easy to verify from the explicit expressions (6.3]) and (9.3)

of the polarizations that ¢j(Ag, ) = Ax,. When n > 4, we have
X,=X,=X, o xExE
as Op-modules, and we define

ot < 0

It is again easy to check that ¢f(Ag ) = Ax,,.
We now define P}, to be the moduli space for tuples

(X7L7>\7P7X/’ L/’A/5¢: X — X/)’
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where (X, 1, A, p) is a point on N, (X', ¢/, X, p’) is a point on P, and ¢ is an Op-linear isogeny
of degree ¢q. Here we define p’ to be the composite quasi-isogeny
¢§1 P ¢o,§ S
pll X/§ e X§ — Xn,§ — Xn’g,
where S denotes the base scheme. Note that since ¢5(A\gz ) = Ax,, p"(Ax 3) = Ag, and
P Az 5) = ng it follows from rigidity for quasi-isogenies that ¢*(\) = A. The notion of
isomorphism between tuples as above is the obvious one.
By definition, there are tautological projection maps

P,
/ \ (9.5)
Pn N,.

By Proposition N,, decomposes into a disjoint union N,, = N,F II N, . Pulling back along
, we obtain a decomposition
P = (P I (Py)~. (9.6)

Theorem 9.3. Writing (P,)* for either of the summands in (9.6), the projection P}, — P,
induces an isomorphism
(Pr)~= =5 Py.

Proof. We follow the same strategy as in the proof of Proposition We first show that the
map is a bijection on k-points. Let N denote the covariant isocrystal of the framing object
X, made into an F’/F'O—hermitian space as in Let V denote the Verschiebung on N. By
Dieudonné theory, P, (k) identifies with the set of pairs of O-lattices L C L’ in N such that
wL CVLCLand wl' C VL' C L/, such that]

VL' VL+7L and VL cS'VL +xL,

and such that

Lctr e )y ct Y =a 1L (9.7)
Our problem is to show that, starting from L', we can uniquely recover L. Note that a m-modular
lattice L fits into the diagram if and only if

(L) ctLctr. (9.8)
The hermitian form on N induces a nondegenerate symmetric k-bilinear form on the 2-dimensional
space L' /m(L')V, and the m-modular lattices L satisfying then correspond to the isotropic
lines in the 2-dimensional space L'/mw(L’)Y. This gives at most two possibilities for L; since these
possibilities have odd colength in their sum L', by definition, one of them will correspond to a
point on (P),)*, and the other a point on (P),)~. Thus to complete this part of the proof, we
have to show that any m-modular L satisfying automatically satisfies wl C VL C L and
VL c' VL + nL. Since the Dieudonné module M of X,, satisfies VM c! VM + 7M, it follows
from [21, Lem. 3.3] that the colength of VL in VL + L is odd. The diagram

VL+nL C VL +xL

U <1y

VL ct VL
then shows that this colength is < 2, and hence must be 1. This implies, in turn, that 7 kills
the quotient (VL 4+ wL)/V L, so that wL C VL. The containment VL C L follows similarly
from L C' L +7~'V L, which in turn follows similarly from L c' L' c=! L' + 7=V L', where in
the second containment we use that, since the isocrystal N is supersingular, the lattices L’ and
7~V L' have the same colength in any lattice that contains them both.

10Here the condition VL' CS! VI/ + nl/ is manifestly equivalent to the wedge condition in the moduli
problem for P, via the canonical isomorphism Lie X’ = L’ /V L'. For the purposes of the proof, we only need to
know that the moduli problem implies this condition on L’; we leave it as an exercise to show that, for k-points,
condition imposes nothing further.
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To complete the proof of the proposition, since (P/)* is formally locally of finite type over
Spf O, it now suffices to show that (P),)* — P, is formally étale. This follows from Proposition
below in the case I = {m — 1}, via an entirely similar argument involving the local model
diagrams as in the proof of Proposition [8:2] The easy details are left to the reader. ([l

Example 9.4 (n = 2). When n = 2, Proposition [8.2|identifies /\72(1) & Mry(w)- Thus by Remark
Py is isomorphic to the base change (Mr(x))spro,- To specify a particular isomorphism,
it is convenient to first replace the polarization Ax of the framing object X for J\~/2(1) by —2M\x,
and to then modify the isomorphism Mr () = /\/2(1) to send

(Y7 Ylvd)a py) — (Y X Y/7L7 72()‘3] X )‘Y’)ap),

where ¢ and p are as defined in Up to canonical isomorphism, this leaves the moduli problem
for N2(1) unchanged, and the modified morphism remains an isomorphism. Furthermore, using
this rescaled \x, and with respect to the O, -linear decompositions Xy = X = E?, the morphism
11
[1 4]
=

o: X X, (9.9)

is an Op-linear isomorphism such that g ()\322) = Ax. Hence 9y determines an isomorphism

(./\~/'2(1))Spf 05 = Py sending (X, 1, A, p) = (X, 1, \, %0 0 p), and in this way we identify P, with

(Mry(e))spt 0 -
In fact, the entire diagram (9.5)) comes by extension of scalars from the diagram over Spf O ,

My () T Mrpy ()

SN

My () MILM.

Here on the lower right we use the identification (N2)sps O, = M II M, where M denotes the
Lubin-Tate moduli space of formal Op,-modules of dimension 1 and relative height 2 equipped
with a quasi-isogeny of height 0 to E in the special fiber, cf. Example By definition the
morphism ¢ respects the disjoint union decompositions in its source and target. Thus ¢ is given
by two maps Mr () — M, and one easily unwinds the definitions to find that these are the
tautological projections (Y,Y', &,py) — (Y,py) and (V.Y ¢,py) — (Y, pys), where py: is

defined in (8.4).

Remark 9.5. As Example[9.4] shows, the morphism ¢ is finite when n = 2. When n > 4, this is
no longer the case. Indeed, the fiber over a k-point (X, ¢, A, p) is given by the scheme of isotropic
subgroup schemes of order ¢ in X[¢(7)].

The remaining step in the proof of Theorem is to show that the corresponding map on
local models is an isomorphism. In fact we will formulate the result we need for any signature.
For the moment let n be even or odd, fix a partition r + s = n, and set

E:=Fy if r=s, and E=F if r#s.
We set m := |n/2| and again take up the notation of
Definition 9.6. For nonempty I C {0,...,m}, the naive local model M?® is the scheme over
Spec O representing the functor that assigns to each Og-scheme S the set of all families

(Fi CAi ®0g, Os)ict1+nz

such that
(1) for all 4, F; is an Op ®0,, Os-submodule of A; ®o,,, Os which is Zariski-locally on S an
Og-direct summand of rank n;
(2) for all i < j, the natural arrow A; ®op Os = Aj ®0oy, Os carries F; into Fj;

3) for all 7, the isomorphism A; ®¢, Og LEN A ®0.. Og identifies F; = Fi_n;
Fo Fo

~
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(4) for all 4, the perfect Og-bilinear pairing
, )®O
()it (A ®0p, Os) % (A_; ®0,, Os) {0805 .,

identifies F;- with F_; inside A_; ®0,, Og; and

(5) (Kottwitz condition) for all 4, the section 7 ® 1 € Op ®op, Os acts on F; as an Og-linear
endomorphism with characteristic polynomial
char(r® 1| F) = (T —m)" (T +m)° € Og[T].
The local model M}OC is the scheme-theoretic closure of the generic fiber in M?ve, We define
M to be the closed subscheme of M}V defined by the additional condition
(6) (wedge condition) for all 4, the operators
s+1 r+1
/\OS (r®l—1®7|F)=0 and /\OS (r@l+1@7|F)=0;
and
(7) for all i, the line bundle Ay F; C "A; ®o, Os is contained in L’ ),.(S).

We will typically abbreviate the notation for points on MPVe to (F;);cr, since by conditions
and such a tuple determines the full tuple (F;)ictr4nz-

In the generic fiber, the Kottwitz condition implies conditions (6) and (7). Therefore there
are inclusions of closed subschemes

Mp¢ C My C M7,
On the other hand, implies the Kottwitz condition in general by [29, Lem. 5.1.2]. In the
particular situation of Remark|[7.3| (which is for n odd, (r,s) = (n—1,1), and I = {m}), condition

@ also implies the wedge condition, but we do not know if this implication holds in general. In
all cases, the following is conjectured in [29HE|

Conjecture 9.7. For any signature (r,s) and nonempty I C {0,...,m}, the scheme My is flat
over Spec O, or in other words M°¢ = Mj.

Remark 9.8. Condition @ can be regarded as a kind of common refinement of the Kottwitz

condition and the spin condition introduced in [I7]. Let us recall the latter. Let S be an Op-

scheme, and recall the decomposition "V = "V, & "V_; in (7.4]). For each ¢ € +£I + nZ, in
7.6)

analogy with the definitions of "A”* in and L;’(S) in (7.6), define
"(Ai)e="(A) NV, and  Lio(S) :=im["(A;), ®o, Os — "A; ®0, Os]. (9.10)
Then the spin condition on an S-point (F;); of MPVe is that
for alli, the line bundle \¢, . Fi C "A; ®0,. Os is contained in L; (_1y-(S). (9.11)

As in the formulation of conditions @ and , when r = s the spin condition descends from
(M7p*¥e) o, to Mpave. Of course, the spin condition is trivially implied by condition (@

Remark 9.9. In the special case that n is even and I = {m}, the above discussion can be
simplified. For S an Og-scheme, consider the Og-bilinear form

( , )m: (Am ®OF0 Os) X (Am ®0Fo Os)

which is split symmetric. Then, using condition , condition is equivalent to requiring that
Fm is Lagrangian for (, ),,. Thus M?;;i’e naturally embeds into the orthogonal Lagrangian
Grassmannian OGr(n, Ay, ®op, Or). Now, the generic fiber (M?ﬁﬁ’e)E is connected (cf. [I7,
§1.5.3]), and the spin condition is then that F,, lies on the one of the two connected components
of OGr(n, A ®0,, Or) marked by (M{7Y¢)p; cf. Rem. 2.32 and the paragraph following it in

idx (m®1)
s e—

~

(Am ®0p, Os) X (A—in ®0,, Os) Ll o,

HHere conditions @ and make sense as written whenever S is an Op-scheme, and when r = s they
descend to conditions on M}*V¢ over Spec O = Spec OF,.

12Strictly speaking loc. cit. requires I to have the property that if n is even and m — 1 € I, then m € I, but
here we drop this requirement. Note that on the other hand, Proposition [0.12] below allows one to view sets I
not satisfying this property as being redundant in some sense.
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[18]. Thus the spin condition is a purely pointwise condition on Mf%‘i’e, after base change to
Spec Op, it may also be characterized as the condition that the rank of T® 1 — 1 ® 7 on F,;, at
each point has the same parity as the common parity of r and s.

The relevant signature in the context of Theorem is (r,s) = (n — 1,1). In this case, in
the presence of the wedge condition, the spin condition is simply that 7 ® 1 — 1 ® 7 acts on
Fm with rank 1 at each point. Furthermore, the calculations in [I7, §5.3] show that in this
case, Conjecture holds true, and that in fact M%‘;;} is smooth and is characterized just by

conditions 77 the condition /\és (m®1l—-1®w | Fn) =0, and the spin condition.

Remark 9.10. In the special case that n is even, I = {m—1}, and (r,s) = (n—1, 1), Conjecture
will be proved in the forthcoming paper [34] of Yu. Furthermore, she will show that in this
case M‘l{‘;ﬁfl} is characterized just by conditions f and .

We now return to our assumption that n is even. For j € {m — 1,m}, let C{;; be the closed
subscheme of [T;c ;. ., Gr(n, A; ®o,, Og) defined by conditions (I))~(4) in Definition [9.6] and
the spin condition . Then projection onto the jth factor identifies Cy;; with a closed
subscheme in Gr(n, Aj ®o,, Or), and M fj’f‘}i"e is naturally a closed subscheme of Cy;y. Note that
we do not impose the Kottwitz condition on Cy;y, and therefore Cy;, depends on the signature
(r,s) only through the common parity of r and s in the spin condition.

We are going to define a morphism CY,,,_1y — Cyp,y via the following lemma. Quite generally,
let S be an Og-scheme, and for any i, let

Ti: A ®05, Os — Ait1 ®op, Os (9.12)
denote the natural map.

Lemma 9.11. Let F,,—1 C A1 ®0g, Os be an S-point on Cyy,—1y. Then there exists a unique
Og-locally direct summand Fp, C Ap, Q0 Og which contains Tyy—1(Fm-1), is Lagrangian for
the symmetric form (, )m (cf. Remark , and satisfies the spin condition. Furthermore, Fy,
is an S-point on Cypy, and Ty (Fm) C Frmg1-

Proof. By the uniqueness claim, it suffices to prove the lemma in the case that S is the spectrum
of a local ring R. Let k denote the residue field of R, and let us systematically use a bar
to denote base change from R to x. Over &, the map T,,_; has kernel of dimension 1 or 0
(according as wR is contained in the maximal ideal or not). Either way, there exists an (n — 1)-
dimensional subspace in F,,_; mapped isomorphically by T,,_; to its image in A,, @0, K-
Using Nakayama’s lemma, it follows that we may choose a free basis aq,...,a, of F,,_1 such
that the images b1,...,b,_1 of the first n — 1 basis elements under 7,,,_1 form a free basis for a
summand F of A,, ®0g, R.

Now, for any 4, it is obvious from the definition of the pairings in condition in Defintion
that there is an adjunction relation

<u, T,i,l(v)>i = <Ti(u),v>i+1 forall u € A;®op R, vEA_ ;1 ®0, R (9.13)

Applying this when ¢ = m — 1, and using condition and the equality F_(,,_1) = Fi | it
follows that T,—1(Fm—1) is totally isotropic for ( , ),,. Hence

F C Toe1(Frn1) C FL.

The quotient F+/F is then naturally made by (, ),, into a free quadratic R-module of rank
2. Since R is local, 2 € R*, F is totally isotropic, and ( , )., is split, it follows from Roy’s
cancellation theorem [26, Th. 8.1] that F+/F is split. Hence there exist isotropic elements
¢,d € F* such that by,...,b,_1,c, d form a free basis of F*, and

spang{by,...,bn_1,¢} and spang{by,...,b,_1,d}

are the (only) two Lagrangian submodules of A,, ®0y, I containing F. Since the intersection
of these Lagrangians has odd corank in each of them, they are classified by points on different
connected components of OGr(n, Ay, ®o,, Or), cf. [I7, §7.1.4]. Hence exactly one of them, say
the first, satisfies the spin condition, and we define this to be F,,. Note that this already proves
the uniqueness claim for F,, in the statement of the lemma.
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To show that F,,, contains T,,_1(Fm—1), first note that since F,,_1 is spanned by aq, ..., an,
Ty—1(Fm—1) is generated by
b1,...,bp_1,xCc+ yd
for some x,y € R. Let
w:i=by A ANbp—1 A (zc+ yd)
=x-by A Aby_ 1 Ac+y by A Aby_1 Ad €A, ®0, R.

Consider the commutative diagram

n(Am—l)(,l)r Rop R—— "(Am)(,l)r Rop R

Ly—1,—1y)~(R) Ly (—1y(R)
N . N
n A" Tim— n
Am—l Qog R ? Am Q0g Ra

where we recall the modules "(A;)y; and L; +1(R) from (9.10). Then w generates the image
of A" F—1 under the bottom map. Since A" Fp,—1 is contained in L,,_; 1) (R) by the spin
condition, the diagram shows that w € Lm_’(,l)r(R). Now, in the special case i = m, it is easy
to verify from the definitions in [I7, §7] or [29] §2.3] that there is a direct sum decomposition

"Ap = n(Am)l @ n(Am)—la
and hence
"Am ®0p R= L 1(R)® Ly, —1(R).
Since w lies in Ly, (—1y-(R), its component in the summand L, (_1)~+1(R) is zero. Hence y =0
and Tp,—1(Fm-1) C Fn-
To complete the proof, it remains to show that T, (F,,) C Fm+1 and that F,, is 7 ® 1-stable.
The first of these is an easy consequence of the adjunction relations and conditions and

for Fp,—1 and F,,+1. For the second, note that the action of 7 ® 1 on A,, ®op, 1 identifies
with the composite

T
A’I’TL ®OFO R E— A’n’LJrl ®OFU R

~J{7r®1

A—m+1 ®OF0 R

Ty—20--0T 41 Ton—1
A1 ®0F0 R—— A, ®Op0 R.

Thus the containment (7 ® 1)(F,,) C F, follows from the containment T, (F,,) C Fpny1, from
conditions and on Cyp—1y, and from the containment Ty, 1 (Fp—1) C Fpn- O

In the notation of the lemma, we now define
v C{m—l} —_— C{m}
F—1 ——> Fm.
Then v is plainly an isomorphism between generic fibers, and it restricts to an isomorphism

between the generic fibers of the closed subschemes M?;;Lizel} and M?ﬁ;i’e in the source and
target, respectively. Hence, passing to flat closures, v restricts to a map

vi Me 1y — My (9.14)

We now have the following.

Proposition 9.12. Suppose that m — 1 € I and m ¢ I, and fix the signature (r,s).
(i) The natural forgetful morphism

M}OU c{ m) , M}O c

((Fi)ier, Fn) —— (Fi)ier
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is an tsomorphism.
1) The analogous forgetful morphism My s,y — My is an isomorphism when (r,;s) = (n—1,1).
{m}
(iii) If Conjecture[9.7 holds true for signature (r,s) and the set I = {m—1}, then the analogous
orgetful morphism M — M7y is an isomorphism for any I as above.
Jorgetf D 1U{m} P Y

Proof. By Lemma the inverse in all cases is given by (F;)icr — ((Fi)icr, ¥(Fm-1)). Note
that in , flatness of My, 1y ensures that v carries My,,_1} into My,,), and hence that this
inverse carries My into Myy(my. Part then follows from in light of Yu’s forthcoming
result (cf. Remark , but let us also sketch a direct proof of (iif). It similarly suffices to show
that v carries My,,,_1y into My,,;.

As in Lemma consider the automorphism scheme Aut(A(,,—1,m,)) of the polarized Op-
lattice chain Ay, 1 m) over Spec Op,. Then Aut(A(;,—1,m})o acts on My, 13 and M,,;, and
v is equivariant for these actions. The k-point F := (7 ® 1)(A,,_1 R0, k) C Ayt R0, k on
M{p,—1y (which is the unique k-point on which 7 ® 1 acts as zero) is in the closure of every
orbit for Aut(Af;,—1,m})7 on the geometric special fiber, and therefore we reduce to considering
points Fp,—1 on My, 1y in an affine chart around F. For j € {m — 1,m}, we take the ordered
Op,-basis for A,

-1 -1
T €ly..., T €5,€j41,-+-,En,€1,...,€5,TM€jL],...,TEp. (915)

With respect to this basis in the case j = m — 1, we look at the affine chart on My,, 1y of points
Fm_1 of the form

Fm—1 = colspan H(} . X = (245), (9.16)
n
where the blocks are of size n x n. (Thus F is the k-point X = 0.) Write X in the block form
A * B
X = Rl Tmm R2 s
C * D

where A has size (m — 1) x (m — 1), B has size (m — 1) x m, C has size m x (m — 1), D has size
m X m, Ry has size 1 x (m — 1), Ry has size 1 x m, and the blocks marked * are columns of the
appropriate sizes. We claim that, with respect to the basis (9.15)) for A,,, we have

A Rad B
0 2 0
1
v(Fm—1) = colspan ¢ —Ryd b , (9.17)
lm—l
Ry Ry
i L |
where, defining

Hi = -
1
to be the unit antidiagonal matrix of size i X i, we set
R :=H,, 'R, and R3:=H,'R,.
Indeed, in terms of our bases, the map A,,_1 — A,, is given by the 2n x 2n matrix

lmfl
U .= 1n71 )

177L

where the w@ is the (m,n + m)-entry, and the off-diagonal 1 is the (n 4+ m,m)-entry. The first
m—1 and last m columns in (9.17)) are the image under multiplication by U of the corresponding



REGULAR FORMAL MODULI SPACES AND ARITHMETIC TRANSFER CONJECTURES 39

columns in ((9.16); since these columns evidently span a direct summand of rank n — 1, the proof
of Lemma, ows that v(Fy,—1) is the unique Lagrangian subspace containing these columns
and satisfying the spin condition. To show that the right-hand side of satisfies these
properties, first recall the symmetric form ( , ),, from Remark With respect to the basis
for A,,, the matrix of (, ), is

H,,
—H, . (9.18)
H,,

It follows that the mth column in the matrix in (9.17) pairs to zero under ( , ),, with every
column in this matrix. Hence the right-hand side i is Lagrangian (recall from the proof
of Lemma that the other n — 1 columns in 7 being in the image of the point F,,_1 on
My, 1y, automatically span a totally isotropic subspace). Thus to prove the equality asserted
in , it remains to show that the right-hand side satisfies the spin condition. By Remark
both this and the fact that the right-hand side is a point on M{,,, follow from the single
claim that every column of the matrix in becomes a multiple of the mth one after applying
the operator 7 ® 1 — 1 ® w (note that the mth column obviously continues to span a rank one
summand after applying this operator).
With respect to our basis for A,,, the operator 7 ® 1 — 1 ® 7 is given by the matrix

-1, wl,
1, —ml, |’
Writing the product of this with the matrix in (9.17) in block form [}Z/} (n x n blocks), we have
A=l Ry B
P - il and Y = —7Z.
C ad | D —ml
_Rld "

Our problem is thus to show that every column in Z is a multiple of its mth one. In the case of
the jth column for j # m,m + 1, this means that we have to show that

Tij = Tm41,jTmi i<m, i# 7,
Zjj — T = Tm+1,jTm,jv if j <m,
_7TfL'mj = $m+1’jxm’m+1, (919)
Tjj — T = —Tm41,Tm,jv, ifj>m+1,
Tij = —Tm+41,7Tm, iV, 1 >m-4+1, 1 75 j,
where for any ¢ we set
iVi=n4+1—1.

Similarly, in the case of the (m + 1)th column in Z, we have to show that

Tim+1 = (merl,erl - 77—)5Um,iv i< m,
T Tm,m+1 = (xm—i-l,m-i-l - 71-)mmfm—i-la (920)
Tim4+1 = _(xm-i-l,m-&-l - W)xm,ivv t>m+ 1.

We are going to deduce all of these relations from the fact that the columns in (9.17)) are pairwise
orthogonal under (, ),, and from condition in the definition of My, 1.
Let us first make explicit the orthogonality relations we need. For ¢ and j distinct from m
and m + 1, pairing the ith and jth columns in (9.17) with respect to (9.18]), we obtain
0 = Zpm41,iTmj + Tjvi + Tivi + ToniTom41,55 i,j<m
0= Tjvi — Tm+1,iTm,j — TiV,j — TmiTm+1,j, 1<m, m+1<yj (921)

0=2vi = Tmt1,i%mj — TmiTm+1,j + Tivj, m+1<4i,j.
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Similarly, for j # m, m + 1, pairing the jth column with the (m + 1)th column, we obtain

0=Tmi1,jTmm+1 + TjV mt1 + TmjTmt1,m+1, j<m, (0.22)
0= —Zymi1,jTmm+1 = TmjTm+1,m+1 + T3V mt1,  J>m+1;
and pairing the (m + 1)th column with itself (and using that 2 is a unit), we obtain
0= Tomt1,m+1Tm,m+1- (9.23)

Now we turn to condition in the definition of My, ;. We continue to use the notation
of We closely follow the analysis in [29]. Similarly to §4 in loc. cit., we introduce the basis
elements in V,
el —me;, @m L

5 )
Then ¢1,. .., gy, is a basis for V., and g, 11, ..., gon is a basis for V_,. For S = {i; < --- <i,} C
{1,...,2n} of cardinality n, we define

gi::ei®1+7rei®7r_l, Gn+i 1= 1=1,...,n.

gs =g, N---Ngi, €"V.
Furthermore, we say that S has type (r,s) if SN{1,...,n} has r elements and SN{n+1,...,2n}
has s elements. As S varies through the sets of type (n — 1,1), the elements gg form a basis of
ny =11 and the elements gg — sgn(og)gge span "V ' cf. [29, Lem. 4.2]. Here we set
S*:={2n+1—ilicS} and S*:={1,...,2n} 5",
and og is the permutation on {1,...,2n} sending the elements 1,...,n onto S in increasing
order, and n + 1,...,2n onto the complement of S in increasing order. By [29, Lem. 2.8],
sgn(og) = (—1)797/2 where ¥ denotes the sum of the elements in S. If S is of type (n—1, 1),

then S ={1,...,7,...,n,n+ i} for unique integers 1 < i,j < n, where the hat means that the
entry is omitted; and, since n is even,

R o n it
sgn(os) = (=1)" = TR = ()T

Now let T'={i; < -+ <in} C {l,...,2n} be of cardinality n. Regarding the (images of the)
basis elements (9.15) in the case j = m — 1 as an ordered Op-basis for A,,_1 RO, Op, define
er := (i1th basis element) A - - - A (inth basis element) € "A,,,_; C "V.
For 1 <i< j<nwithi,j¢ {m,m+ 1}, consider the set
Ty = {m,m—i—1,n+17...,n/—|—\i,...7n/—i—\j,...,2n}.
In taking the wedge product of the columns of the matrix in (9.16) and expressing this as a
linear combination of ep’s for varying T', the coefficient ag, of er, is £(TmiTm+1,j — Tm+1,iTmj)-
On the other hand, for S of type (n — 1,1), when gg is written as a linear combination of ey’s,
the only er’s that occur are for T' containing at most one pair of the form k,n + k. Since Ty
contains two such pairs (for £ = m and m + 1), condition @ on F,,—1 implies that az, must be
zero. We conclude that
TiTmt1,j = Tmt1,iTm; forall 4,5 ¢ {m,m+ 1}. (9.24)
Now let us now show that the first relation in (9.19) holds in the case that j < m. Consider
the set
S:={1,...,7,...,n,n+i}.
Then N
St={1,....iv,...,n,n+5V}.
We recall the notion of “worst term” from [29, Def. 4.8], which we take with respect to the
ep-basis for V. We denote the worst term of a vector v by WT(v). Using that
GiNGnri= (T te; @) A (e; ®1) (9.25)
for any ¢, we have

L —

WT(gs) = (1 ® 1) A+ A (6 B 1) A+ A (em1 ®1)
A(Tem @T YA A(me, @m ) A (=1 te; @)
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and

WT(ggr)=(e1 @) A~ A(em_1®1)

A(Tem @T YA A (e @T A A (e, @ T 1) A (e5v @ 1).
Let - .
To:={i,n+1,....n+j,....2n} and T§:={j".,n+1,....,n+i,...,2n}.
Then the er,-term and the er;-term in the wedge of the columns of are, respectively,
(1@ VA AT e @aij) A Alem_1 @) A (Tem @) A= A (Te, @ 1)
and
(1 @A A(em-1 @ L) A(Tem @ L) A---A(ejv @ajviv) A--- A (Te, @ 1).

The sum of these terms is
(—1)" T aym™ WT(gs) + (—1)" " 2y 7™ WT(gse)
= (=177 [, WT(gs) — (=1)"  ajviv WT(gg1 )]
= (=17l [ﬂfij WT(gs) — (—z;viv) sgn(os) WT(QSL)}

Since S is the only set of type (n — 1,1) for which gg, when expressed in terms of the ep-basis,
involves er,, and ditto for S+ and er;, we conclude from condition on F,,_1 that

xij = 71‘jviv.
Combining this with (9.24) and the second orthogonality relation in (9.21) (where j is replaced
by 7V), and using that 2 is a unit, we obtain the first relation in (9.19)). The case that j > m is

handled in a similar way, as is the last relation in (9.19)).
We next show that the third relation in (9.19)) holds. We first need to obtain an analog of
(19.24) in the case that ¢ = m 4 1. Assume that j < m, and consider the sets

Ty == {m,n—|—1,...,...,n+j,...,2n},
T} = {m,m+1,n+1,...,n/—|—\j,...,n+/m\+1,...,2n}.

When we express the wedge product of the columns in (9.16) as a linear combination of er’s,
the er,-term is

(=1 ap em,, (9.26)
and the egy-term is

()™ det | Fma o Tt

Err.
Tm+1,j Tm+1,m+1 0

On the other hand, the only set S of type (n—1,1) for which ez, and ez; occur when we express
gs as a linear combinator of ep’s is
S={1,...,7,...,m,n+m}.
Using in the case ¢ = m, the worst term of gg is its er,-term,
WT(gs) = (1 @ ) A=A (e 1) A+ A(em1 ©1)
ATem @T YA Ame, @T A (e ®1) (9.27)
= fwf(mﬂ)e;po.

The eg;-term in gg is

e @A Al LA A(emot @ 1) A (e @ 1Y)
Ami1 @A (Temie @7 DA Alme, @ A (e @ 1)

= (71)m71'7m6T6 .
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Condition on F,,_1 then implies that

det xmj xm,m+l

= TTmj-
Tm+1,5 LTm+1,m+1

If 5 > m + 1, then one similarly finds that the same relation holds. We conclude that

TrmjTm+1,m+1 — Lm+1,jTm,m+1 = TTmj, J £ m,m+ 1. (9.28)

To apply this to the third relation in (9.19)), suppose that j < m. Combining (9.28) and
(19.22) (and again using that 2 is a unit), it suffices to show that

W‘ij = TV m+1-

We again consider the set S = {1 ,m,n+m}, and also its perp
= {1,...,m+1,...,n,n+jv}.
Let
Ty ={jV.,n+1,....n+m+1,...,2n}.

The ery-term that occurs in the wedge product of the columns of (9.16) is

(—1)ml‘jv,m+1eTé/. (929)
On the other hand, S* is the only set of type (n — 1,1) for which gg. involves ery, and the
ery-term in gs — sgn(os)gsL = gs — (=1)7t™mgg. is then

(=) ey @ 1) A Aem_1 ®1)
A(Tem @T YA (Tempa @ A A(men @7 1) A (ejv @ 1)

=(-1 J+m "ery.
Since F,,—1 satisfies condition , it follows from this, , , and (9.29)) that 7z,,; =
Zjv m+1, as desired. A similar argument shows that the thlI‘d relatlon in | | holds when

j>m+ 1.

We next show that the second and fourth relations in (9.19) hold. Assume j < m. By the
second orthogonality relation in (9.21)) (with j in place of ¢ and 7V in place of j) and by (9.24))
(with 7V in place of 7), both of the desired relations follow (again using that 2 is a unit) from
showing that

Tjj —T =T — Tjvjv.
For any 1 < ¢ < n, define

S ={1,...,%5...,n,n+i}.
Then Si* = S;v and sgn(os) = 1. By a similar calculation to the one in [29, Lem. 4.11], for
1 <m,
9s, —sgn(0s)gst = gs, — 9,
= (=1)'gt A AGi A AGiv A A gy

Ae; @ 1) Aepw @1) — (17 te; @ 1) A (Tew ®1)].
It follows that S, and S,,+1 are the only sets S of type (n—1,1) for which gg —sgn(og) involves
€{n+1,...,.2n}; and that for

T; = {j,n+1,...,71/—|—\j,...,2n} and Tjv := {jv,n—l—l,...,n/—i—\jv,...,Qn},

the sets S}, Sm, Sm+1,S;v are the only sets S of type (n — 1,1) for which gg — sgn(os)gs:
involves er, (and ditto for €T,y ). Furthermore, essentially the same argument as in the proof of
[29, Prop. 4.12] (especially the last two paragraphs) shows that for a; € F,

Zai(ggi —9gs,) € "N, <= ordg(a;) > m for all i, and ord,(a,,) > m + 1.

Now note that the worst term in gs, — gs,, ., i its ef, 41 .. 2n)-term,

WT(gs,, — gsya) = (=)™ a0 e 1 o, (9.30)
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and that the er;- and er,,-terms in gs,, — gs,,,, are, respectively,

(D)™ e @) A AT ey @A Alem—1 @ 1) A (Tem @ 1) A+ A (Te, @ 1) (9.31)
in place of e; ®1

and

(=)™ (e @A Alem1 @) A (Tem @ L) A---Alejv @L)A---A(Te, @1). (9.32)

in place of 7rejv®1
Similarly, the er;- and er,,-terms in gg, — gs ., are, respectively,

()" ™e@ ) A A(r ey @A A(eme1 @ L) A (T @ 1) A--+ A (e, @ 1) (9.33)
in place of e;®1

and

(D) (e @ DA Alem1 @A (Tenm @) A A(ejv @V A+ A(me, @1).  (9.34)

in place of me;v ®1

Note that the coefficients in and are 7 times the coefficient in , and that
there is a relative sign of —1 between the coefficients in and . When we express the
wedge product of the columns of as a linear combination of ep’s, since the coefficient of
€{n+1,...,.2n} is evidently 1, and since F,, 1 satisfies condition @, it follows that

zjj=m+c and z;v;v=m-—c

for some scalar c¢. Hence x;; — ™ = m — x;v;v, as desired.

To complete the proof, it remains to show that the relations hold. This is now very
easy: the first and third relations are obvious from the third relation in and from
(both with ¢V in place of j), and the second relation is obvious from the orthogonality relation
(19.23)). O

Remark 9.13 (n = 2). Proposition is a generalization of (part of) [I8, Rem. 2.35], which
contains the case n = 2.

Remark 9.14. In the case that (r,s) = (n — 1,1), we remark that if one weakens the moduli
problem defining Mj,,_1y by substituting the spin condition for condition , then the
resulting scheme can fail to be carried by v into M{,,;, and hence can fail to be flat. To give a
simple example, take R := Op/wOF, and let Fp,—1 := (7 @ 1)(App—1 ®0p, R)CApma ®og, 1.
Then 7 ® 1 acts as 0 on F,,,_1. If the characteristic of k£ divides n — 2, then F,,_1 satisfies the
Kottwitz condition, and it is easy to see that F,,—1 furthermore gives a point in M?;Liicl}(R)
satisfying the wedge and spin conditions. However, the corresponding point v(Fy,—1) € Cpmy (R)
is given by

V(Fm—1) =spang{e1 ® 1,...,m-1 @ 1, €mt1 @ L, €111 ®1,... 7, @1},

which does not satisfy the wedge condition. This shows that for even n = 2m and signature
(r,s) = (n —1,1), the statement of [I7, Conj. 7.3] can fail for I = {m — 1}. Now, strictly
speaking, such an I is not allowed in this conjecture (cf. §§1.4, 7.2.1 in loc. cit.), so this does not
give an honest counterexample. It would be interesting to see if this example sheds any light on
the validity of this conjecture for those I which are allowed. (It is known that this conjecture
can fail for odd n and signature (n — 1, 1), cf. [29].)

Part 3. The conjectures

In this part of the paper, we formulate various arithmetic transfer conjectures arising from
morphisms between the spaces we have defined previously. Except where noted to the contrary,
we denote by S = S,, the scheme over Spec Fy defined in (2.6)).
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10. ARITHMETIC TRANSFER CONJECTURE, F/Fo UNRAMIFIED, ALMOST SELF-DUAL TYPE

In this section F'/Fy is unramified and n > 2, as in We take the special vectors u; € W;
(cf. §2.1) to satisfy (u;,u;) = w. Recall the p-divisible group £ from the Introduction, with its
Op-action iz, principal polarization Az, and framing isomorphism pz. Let

&= g, tgr =g, Mg i=wlAg, and pg = pge EIE - EI,

where E is defined in (p-2). Then pg is Op-linear, and p% (Az') = (Ag’)z. We define a closed
embedding of formal schemes

g./\/: anl Nn
(X, 0, A, p) — (X x & ux Lz, A X Agr, p X pgr).

Here the last entry is a framing to the constant object in the special fiber defined by Xn =
—
X1 x E, cf. (5.3)). We therefore obtain as in the case of the AFL a closed embedding

(idw,, 1 ,0n7)
—r Ty

K.’\/: anl

whose image we denote by

-A7n71,n = anl XSpfOﬁ ﬁnv
A = ZN(Nn—l)-

Note that the canonical vector

u:=(0,idg) € V(X,,) = V(X,_1) ® V(E)
has norm w. Since V(X,,_1) is non-split, it follows from (2.3) that V(X,) is split. Thus we may
identify the triple (V(X,,),u, V(X,_1)) with (Wy,uo, Wg). In this way Ho(Fp) acts on N, 1,
Gw, acts on N,,, and Ay is equivariant for the embedding Ho(Fp) < Gw, (Fo).
Remark 10.1. We note that the image of SN is contained in the smooth locus of /\an Indeed,
via the usual local model diagram argument, it suffices to prove the analogous claim for the
corresponding map on local models. Identifying the local model for N,, with the standard local
model for GL,, as in the proof of Theorem points (F C (A; @0y, Os)')i=0,1 Which lie in the
image of this map have the property that the induced map (Ao®o,, Os)'/Fy — (M@0, Os)' [ Fi

is an isomorphism. Such points are contained in the smooth locus, which is easy to deduce from
the explicit description in [4, §4.4.5] (in the case k =1 and r =n — 1).

Remark 10.2. As in the case of the formal scheme N, in Remark one can define a special
cycle Z(u) in N, as the locus where the quasi-homomorphism u: E — X,, lifts to a homomor-
phism from € to the universal object over N,,. When n = 2, it is known that Z (u) is a relative
divisor and that - induces an isomorphism Aj ~ Z(u), cf. [27, Th. 3.14]. In this case

(1x g)A = Z(gu), g€ U(V(Xa)).

Hence for n = 2, the intersection number Int(g) appearing in Conjecture below is a special
case of the intersection number of two unitary special divisors, in the terminology of Sankaran.

Now fix a self-dual lattice
A} CWY;
this exists (and is unique up to Hy(Fy)-conjugacy) since W7 is split by (2.3). Let
A = Aii @ Opuy C Wh.
Then A; is an almost self-dual Op-lattice, i.e. A C' AY C w!A;. Let
K3 C Hi(Fy)
denote the stabilizer of A}, and let
K; C G1(Fy) and ¥ C g1(Fp)

denote the respective stabilizers of A;. Then K? and K, are both maximal parahoric subgroups.
We normalize the Haar measure on H;(Fp) (and hence the product measure on Hyy, (Fy) =
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H,(Fy) x H,(Fy)) by assigning K° volume 1. We normalize the Haar measures on H}(Fp) and
H)(Fy) as in and we take the transfer factors wg: on G'(Fp)rs, ws on S(Fp).s, and ws on
9(Fo)rs as in (3.1)

Before stating the ATC in the present situtation, we first formulate a fundamental lemma
conjecture; this will, in turn, motivate an AFL conjecture as part of the ATC. On the general
linear group side, let

Ky(w) := {g € GL,(OF) ‘ g= [: 2] mod w}
(diagonal blocks of respective sizes (n — 1) x (n — 1) and 1 x 1), and define
K':= S(0Op,) N Ko(w) C S(Fp). (10.1)

We also make the Lie algebra versions of these definitions,

t(w) := {y €gl,(Or) |y = [: 2] mod w} (10.2)
(same block sizes as before) and
¥ :=5(0p,) Nt (w). (10.3)
Conjecture 10.3 (Fundamental lemma).
n—1¢"—1

(a) (Homogeneous version) The function (—1) - 1GL, 1 (0r)xKo(w) € C(G") transfers to
the pair of functions (0, 1K'{xK1> € C*(Gw,) x C(Gwy).

(b) (Inhomogeneous version) The function (—1)" 11, € C(S) transfers to the pair of func-
tions (0,1k,) € C°(Gyp) x CX(Gy).

(c) (Lie algebra version) The function (—1)""11y € C°(s) transfers to the pair of functions
(0,1¢,) € C2°(go) x C°(g1)-

We will show in Theorem below that part of this conjecture is equivalent to the Lie
algebra FL. Conjecture , and that parts @ and (]ED follow from these when ¢ > n.

We now come to the ATC, as well as an AFL conjecture for the functions appearing on the
general linear group side of Conjecture In analogy with , for g € Gw, (Fp)rs we set

Int(g) := <ﬁ7g£>j\7 ,

n—1,n

and for g € Go(Fp)ys we set

Int(g) := (A, (1 x g)A>A~[n71,".
In the Lie algebra setting, for any quasi-endomorphism z of Xm and in particular for = €
go(Fo) = LieU(V(X,))(Fo) = {z € End},(X,) | 2 + Rosy, (x) = 0}, we define (abusing

notation in the obvious way, as in (4.5))
A, = {(v,X) e Noim | a: X,, — X,, lifts to a homomorphism Y x & — X }.

As in the case of (4.5), when g € Go(Fy) we have ﬁg = (1 x g)A. When AN A, is an artinian
scheme, we define

£-Int(x) := length (5 N ﬁw)
Conjecture 10.4 (Arithmetic transfer conjecture and arithmetic fundamental lemma, almost
self-dual case).
(a) (Homogeneous version) Let ' € C2°(G') be a function transferring to the pair (0,1, k) €
C*(Gw,) X C(Gw,). Then there exists a function fl .. € C°(G') such that, for any v €
G'(Fo)rs matching an element g € Gw, (Fo)rs,

we () 00rb(y, f') = —Int(g) - log g + w(7) Orb(y, flom)-
Furthermore, for all such matching v and g, there is an AFL identity

n— qn -1
war (7) 3Orb<%(—1) ! - -1GLM(OF>XK0<W>> = —Int(g) - logg.

1
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(b) (Inhomogeneous version) Let f' € C°(S) be a function transferring to the pair (0,1k,) €
C(Go) x C°(G1). Then there exists a function fl .. € C(S) such that, for any v € S(Fp)rs
matching an element g € Go(Fp)ys,

ws(y) 00rb(y, f') = —Int(g) - log g + w(7) Orb(7, féom)-
Furthermore, for all such matching v and g, there is an AFL identity

ws () O0rb(y, (—1)" '1x/) = —Int(g) - logg.
(c) (Lie algebra version) Let ¢/ € C°(s) be a function transferring to the pair (0,1¢,) € C°(go) X
C(g1). Then there exists a function ¢, € C(S) such that, for any y € s(Fy)ws matching an
element x € go(Fp)rs for which the intersection A N A, is an artinian scheme,

Ws (y) 8orb(ya ¢I) = —€-Int(x) : log q-+ w(y) OI‘b(y, ¢Icorr)'

Furthermore, for all such matching y and x, there is an AFL identity
ws(y) O0rb(y, (—1)"'1p) = —¢-Int(z) - logq.

In §14.2] we will show that Conjecture reduces to the AFL in the self-dual case (i.e.
Conjecture [4.1)) in the case of a nondegenerate intersection. In particular, this will show that
the conjecture holds when n =2 or n = 3.

11. ARITHMETIC TRANSFER CONJECTURE, F/F RAMIFIED, n. ODD

In this section F/Fy is ramified, n > 3 is odd, and we take the special vectors u; € W; to
have norm 1. This case is the subject of [21], to which we refer the reader for more details. We
continue to use the p-divisible group £ and its attendant structure from the Introduction. Recall
from §7|that we take N, = ./\/}(Ll), i.e. we require that the hermitian space V(X,,) attached to the
framing object X,, = Xg) is non-split. As in the case of the AFL, taking the product with &
defines a closed embedding of formal schemes

(SNZ anl Nn
(X, 0, p) —— (X X E,0 X 13, A X Ag, p X pg).

Here the last entry is a framing to the constant object over the special fiber defined by X,, =
Xn—1 x E. We obtain as before a closed embedding

idn,, 1 ,0N8)

(i
A/\/: Nn—l

whose image we again denote by

Nn—l,n = Nn—l XSpfOp N’ru

A= AN(Nn—l)
Let
which is a vector of norm 1. Since V(X,,) is non-split, we may therefore identify the triple
(V(Xp),u, V(X,_1)) with (Wy,uy, W?). In this way A, is equivariant for the embedding
H,(Fy) = Gw, (Fo) as before.

Now recall that in the ramified case, an F'/Fy-hermitian space contains a m-modular lattice A
(i.e. AV = 771A) if and only if the space is split of even dimension (and all m-modular lattices
are then conjugate under the unitary group). By this is the case for Wg, and therefore we
may fix a m-modular lattice

Ay W
Let
Ao =A% ® Opug C Wy,
Then Ag is almost m-modular, i.e. Ag C Ay C! 771Aq. Let
K3 € Hy(Fy)
denote the stabilizer of A}, and let
Ky C Go(Fo) and € C g()(Fo)
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denote the respective stabilizers of Ag. Then Kg is a special maximal parahoric subgroup, and
K, contains a special maximal parahoric subgroup with index 2, cf. [16] §4.a]. We normalize the
Haar measure on Hy(Fp) (and hence the product measure on Hyy, (Fo) = Ho(Fo) x Ho(Fp)) by
assigning K volume 1. We normalize the Haar measures on H'(Fy), H}(Fy), and H4(Fp) as in
83l We finally define the intersection number Int(g) for g € Gw, (Fo)ws or g € G1(Fp)rs, and the
formal locus A, and the quantity ¢-Int(x) for x € g1 (Fp).s, as in

Conjecture 11.1 (Arithmetic transfer conjecture).

(a) (Homogeneous version) Let f' € C°(G') be a function transferring to the pair (ks ke, 0) €
CX(Gw,) x CX(Gw,). Then there exists a function fl .. € CX(G’) such that, for any v €
G'(Fp)ys matching an element g € Gy, (Fo)rs,

wa’ (7) aorb(’% f/) == Int(g) ' IOg q+ w(r}/) Orb(’% féorr)'

Furthermore, there exist such functions f' for which f! .. = 0.

(b) (Inhomogeneous version) Let f' € C°(S) be a function transferring to the pair (1g,,0) €
C(Go) x C°(G1). Then there exists a function fl .. € C(S) such that, for any v € S(Fp)rs
matching an element g € G1(Fp)ys,

2ws () 90rb(y, f') = —Int(g) - log q + w(y) Orb(7, fon)-
Furthermore, there exist such functions f' for which f! .. = 0.
(c) (Lie algebra version) Let ¢' € C2°(s) be a function transferring to the pair (1g,,0) € C2°(go) X
C2°(g1). Then there exists a function ¢.... € C(s) such that, for any y € s(Fp)rs matching an

corr
element x € g1(Fp)rs for which the intersection A N A, is an artinian scheme,

2w, (y) 001b(y, ¢') = —L-Int(z) - log ¢ + w(y) Orb(y, dL..)-

Furthermore, there exist such functions ¢’ for which ¢L,,,. = 0.

orr

A proof of this conjecture in the case n = 3 is contained in [21].

12. ARITHMETIC TRANSFER CONJECTURE, F'/Fy RAMIFIED, n EVEN

In this section F'/Fj is ramified, n > 2 is even, and we take the special vectors u; € W; to
have norm —1. We are going to formulate an AT conjecture analogous to the ones we have
already encountered, but the setup in the even ramified case is more complicated. Indeed, in
this case “taking the product with £” defines a map on A,,_; with values in the space P,, defined
in §0] Since P, is not regular, we cannot emulate the formulation of the previous AFL and AT
conjectures in the most literal-minded fashion, with P, in the place of N,,. Instead, we will use
the results of §9] to compose the morphism N,,_; — P, with a morphism (in fact, two of them)
from P, to N,.

To make this precise, recall from Example the universal object (£,tg,—Ag, pg) over Nj.
Taking the product with the conjugate of this object defines a closed embedding

o N P, (12.1)
(X, 0, M\ p) — (X X &L X 1z, A X (=Ag), p X pg),

where the last entry is a framing to the constant object over the special fiber defined by Xn =
X1 x Xy, cf. . It is easy to verify directly from the wedge condition and condition
on N,,_; that g_/\/’ produces points satisfying the wedge condition and condition on P,, so
that 0, is well-defined. (Well-definedness also follows from flatness of the local model for A;,_1.)
Now recall from §9| the space P!, its tautological projections P! — P,, and P!, £ N,,, and its
decomposition P}, = (P),)" II (P},)~. By Theorem the projection to P, sends each of these
summands isomorphically to P, and we denote by 1% the inverse isomorphism P, = (P’)*.
We then define the composite morphism

< +
Fh Ny 25 P, 2 (PL)E 25 N,

Proposition 12.1. The morphism 5/%[ s a closed embedding.
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Proof. Since N,_1 is essentially proper over Spf O, it suffices to show that 5f/ is universally
injective and formally unramified. For the first claim, for notational simplicity we just show that
5/{[[ is an injection on k-points; the argument for points in an arbitrary algebraically closed field
is the same. Let N,,, ﬁn, N, _1, and N; denote the (covariant, as always) rational Dieudonné
modules of X,,, Xn, X,_1, and X;, respectively. We endow all of these with an F / Fo-hermitian
structure as before. In particular, Ny is a 1-dimensional F-vector space, and we choose a basis
vector e such that Oze C Nj is the (self-dual) Dieudonné lattice of X;i. Identify N,, with
N, = N,_; ®X; via the isogeny ¢ in (9-4). Let (Y,1, A, p) € N,,—1(k) with Dieudonné module
L C N,,_1. Our problem is to show that if M is a m-modular Dieudonné lattice in N,, with
nLY @ 0 pe c'MclLe Oje, then we can recover L uniquely from M. Since the image of
M in (L& Ope)/(nLY @710 ze) is an isotropic line and e has non-zero norm modulo 7, we have
e ¢ M. Hence M + Ope = L ® Ope, from which we can indeed recover L.

To show that 5ff is formally unramified, it suffices to show that the corresponding map on
local models is a closed embedding; the conclusion then follows from the usual local model
diagram argument. We use (essentially) the notation of for lattices and related objects in F™,
and we use a b to denote the analogous objects in F*~!. In particular, we denote by e'i, ceey 6';171
the standard basis in F"~!, endowed with the standard split hermitian form . Consider a
one-dimensional hermitian space F'e with basis vector e of norm —1, and let A := Ope C Fe
denote the self-dual lattice. We take the vectors

b
e —+e .
En_e; emi1 i= 7”2 : 61‘3262_1, m+2<i<n

eizzez, 1<i<m—-1; e,:=e

as a basis for F"~1 @ Fe. With respect to this basis, the orthogonal sum of the hermitian forms
on F"~! and Fe is the standard one . We define the lattices A; C F"~! @ Fe with respect
toey,...,e, asin @ In particular, we have A,,_1 = AEn_l ®© A. Let My,,_1y and M,,, denote
the schemes over Spec Of defined in Definition in the case of signature (r,s) = (n — 1, 1)@
and analogously let M Em_l } denote the scheme defined with respect to the basis €},...,e? | in

the case of signature (r,s) = (n —2,1) and I = {|251]} = {m — 1}. Then Mfm—l]ﬂ Mim—1y,
and My, are the local models for Nn_1, Pn, and N,,, respectively. The map between local

models corresponding to cﬁf is the composite

b v
My, 1y — M1y —— My (12.2)
]:'mfl | — ‘mel ©® f

where, for S a base scheme, F is the rank one submodule (e@7m+me®1) C A®o, Os, and v is the
morphism (here we use that My, 1y is flat, cf. Remark[0.10). Since the local models are
proper, to show that is a closed embedding, we need only show that it is a monomorphism.
Let F,,—1 be an S-point on Mgmq}' Note that the inclusions A?nfl C A1 C Ay, present
A?,_, as a direct summand of A,,. Therefore, in the notation of (9.12)), T;,—1(A5,_; ®op, Os) is
a direct summand of A,, ®0, Os, and T—1(Fm—1) is a locally direct summand of rank n — 1.
The proof of Lemma then shows that v(Fy,—1 @ F) is the unique Lagrangian submodule in
Ay @0y, Os for the form (, )y (cf. Remark which contains T}, 1 (Fy,—1) and satisfies the
spin condition. Now, one sees readily that (, ),, restricts to a nondegenerate split symmetric
form on Ty, _1(A°,_, ®0p, Os), and hence Ty, —1(Fn—1) is Lagrangian in Tt (A, ®0p, Os)-
Hence
U Fme1 ® F) N Ty (A, ®0g, Os) = Tmn—1(Fm-1),

which shows that we can recover F,,_1 from its image in M,,;. |

As usual, we take the graph morphism of 5?{, to obtain a closed embedding

(ida, _ »03%)
_

+
ANI./\/-nfl anl,n:anl xSpfOﬁ Nn

3When (r,s) = (1,1), these schemes are defined over Spec Op,, and here we implicitly replace them with
their base change to Spec Op.
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Let A denote the (disjoint) union of the images of these embeddings,
A= AN 1) DA (Nno).
Of course, A can also be described as the image of the closed embedding
Apt Ny x {1} = (Ny % {(41)) T (Npy x (1)) 28188 pe
Identifying V(X,,) and V(X,,) = V(X,,_1 x X;) via the isogeny ¢o in (9-4), let
u = (0,idg) € V(X,) ~ V(X,) = V(X,_1) @ V(X,). (12.3)

Then u has norm —1, and therefore we may identify (V(X,),u, V(X,,_1)) with (Wy,uy, W?). In
this way A is equivariant for the embedding H;(Fp) < Gw, (Fy), where Hy(Fp) acts via the
Kottwitz map on {£1} and diagonally on the product V,,_1 x {£1}. (Note that the embeddings
AY; and Ay, are not separately Hi(Fp)-equivariant.)

Example 12.2 (n = 2). Let us make the the above discussion “concrete” when n = 2. Recall
that i = Spf O is the universal deformation space for E as a formal O p-module, with universal
object (&,te, pe), cf. Example that A5 identifies with two copies of the Lubin-Tate space
Mspto,, cf. Example and that P identifies with (Mrp,(w))spt 0., cf. Remark In terms

of these identifications, we claim that dar: N7 — Ps is the morphism
Spf O ——— (Mry(w))spt o,
(87L55105) L (5’5’ Lg(ﬂ-)apf})'

Indeed, SN sends (&, g, pg) to the point (€ x &, g X 1z, —(Ae X Ag), pe X pg) on Pa; and the
asserted value in (Mr,(w))spro,. identifies with the point (€ x &, ¢, —2(Ae X Ag), 10 0 (pe X pe))
on Po, where ¢ is defined by

ve(m )]

() = [Lg(ﬂ)
where 1) is the isomorphism X —» X, in , and where pg X pg is a framing to X. It is obvious
from the definition of vy that the isomorphism in the special fiber given by the framings lifts
to an isomorphism between these two quadruples, which proves the claim. Combining this with
Example it follows that both morphisms 5f/ identify with the embedding of N7 in Mgps o
sending (&, tg, pg) — (&, pe). Furthermore, the composition

6i
N 1 l) MSpf O — M
identifies with the canonical divisor in M associated to the embedding tg: F' < D in the sense

of [7] and [33, Def. 1.2]. Finally, note that A% = 63 under the identification N; 2 = Nb.

Now fix an almost m-modular lattice
Ay W
recall that when F/Fy is ramified, such lattices exist in any odd-dimensional hermitian space
and are all conjugate under the corresponding unitary group. Then
A% := A% & Opug (12.4)

is a vertex lattice of type n — 2 in Wy, i.e. A(h) cn2 (A(h))v c? w_lAg. Since Wy is split, it
follows that there are two m-modular lattices Aar, Ay contained in Ag (corresponding to the two
isotropic lines in Ag/ﬂ'(/\g)v). Let
K} C Ho(Fy)
denote the stabilizer of A}, and let
KF C Go(Fy) and € C go(Fp)
denote the respective stabilizers of Aoi. Then K(b) is a maximal compact subgroup containing
a special maximal parahoric subgroup with index 2, and KOjE are special maximal parahoric

subgroups, cf. [16 §4.a]. Note that the two lattices A(jf are Kg—conjugate under the embedding
Kg C Go(Fp), since, for example, Kg contains elements of nontrivial Kottwitz invariant.
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Remark 12.3. The fact that we take K7 to be the stabilizer of an almost 7-modular lattice
in W(')’ reflects that we have almost m-modular polarizations in the moduli problem for N,,_1;
and similarly, that KOi are stabilizers of m-modular lattices reflects that the polarizations in
the moduli problem for N, are m-modular. The fact that Kj ¢ KOi under the embedding
Ho(Fo) C Go(Fp) can then be regarded as a group-theoretic reflection of why dp cannot be
defined as simply in the even ramified case as in the cases we have encountered previously.

We normalize the Haar measure on Hy(Fp) (and hence the product measure on Hyy, (Fp) =
Hy(Fy) x Ho(Fy)) by assigning K volume 1. As before we normalize the Haar measures on
H'(Fy), H{(Fp), and H,(Fp) as in §3| For g € Gw, (Fo)ws or ¢ € G1(Fo)rs, we define the
intersection number Int(g) with respect to the above cycle A as in §4l For = € g1(Fp),s, we
define (abusing notation in the usual obvious way)

Zariski-locally on the base, z: X,, — X, }

Ay = { (Y, X) € Nu1n lifts to a homomorphism (5}(5/) = Xor (V) = X

As in the case of the AFL, this definition makes sense for any quasi-endomorphism z of X,,, and
for g € G1(Fo) we have Ay = (1 x g)A. As usual, when AN A, is an artinian scheme, we define

¢-Int(x) := length(A N A,).

Conjecture 12.4 (Arithmetic transfer conjecture).
(a) (Homogeneous version) Let f' € C°(G’) be a function transferring to the pair of functions
(lKnggr + lKngO—,O) € C*(Gw,) x C(Gw,). Then there exists fl.., € CX(G') such that,
for any v € G'(Fy)s matching an element g € Gy, (Fp)ys,

war(7) 90rb(v, f') = —Int(g) - log ¢ + w () Orb(7, flow)-
=0.
(b) (Inhomogeneous version) Let ' € C°(S) be a function transferring to the pair of functions
(1K5K3r + 1K5K;’0) € C(Gyp) x C°(G1). Then there exists fl,,, € C2(S) such that, for any
v € S(Fy)rs matching an element g € G1(Fp)ys,

2ws(7) 90rb(y, f') = —Int(g) - log g + w(y) Orb(7, fom)-
=0.
(c) (Lie algebra version) Let ¢/ € C°(s) be a function transferring to the pair of functions
(180++1Eg ,0) € C°(go)xC(g1). Then there exists ¢l € C(s) such that, for anyy € s(Fp)ys

corr

Furthermore, there exist such functions f' for which f._..

Furthermore, there exist such functions f' for which fI_..

matching an element x € g1(Fy)ys for which the intersection AN A, is an artinian scheme,

2w5 (y) 30rb(y, QS/) = _Z_Int(x) ' lOg q + (JJ(y) Orb(y7 ¢/corr)'
=0.

Furthermore, there exist such functions ¢' for which ¢, .,

Remark 12.5. Note that in the inhomogeneous version, we have

g Tl = i i i
Moreover, we may replace the test function 1 ot +1 05 p~ by 21 gp gt 01 2+ 15 -, since they

all have the same orbital integrals (the two groups Ki are conjugate under H(Fp)). Similarly,
in the Lie algebra version, we may replace the test function 130+ + 125 by 2 - 130+ or 2- 135.

The proof of Conjecture in the case n = 2 is contained in

13. ARITHMETIC TRANSFER THEOREMS FOR /\/2(0) AND NQ(U

In this final section of Part (3] we state AT theorems attached to the spaces J\72(0) and /%(1)
defined in §8| over Spf O 7, To formulate the statements, we will define an embedding of N}
into each of them, and then proceed in a way similar to before, albeit with a few differences. In
particular, we will only obtain statements in the inhomogeneous group and Lie algebra cases;
and in order to intersect cycles in a regular space, it is crucial that we work over Oy instead of
Oj. Let F/Fy be ramified.
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13.1. The case of ./\72(0). Identify F' with its image in D via g, and fix { € O} such that
¢m = —m¢. Then the elements 7 and ¢ generate Op over O, since p # 2. Furthermore, we have

e:=(* € Of ~NF*.
We take the special vectors u; € W; to have norm —e. Let
(Xl 5 ngo) s )\Xgo)) = (]E, 5op) _E)\E)’

which is the conjugate of the framing object Xgo) for Nl(o), cf. (7.10) and (7.12)). Taking the

product with the conjugate of the corresponding universal object over N 1(0) then defines a closed
embedding

PV M N5 )spr o
(E,1e,—Ae, ps) —— (5 x &, g X iz, —(Ae X eXg), pe X pg)
Here the last entry ps X pg is a framing to the constant object over the special fiber defined by
Xgo) = X7 X XEO) = (E x E, tp x i, — (AR X E)\E)). (13.1)

Note that since V(X;) = V(Xgl)) is non-split, V(ggo)) is indeed split by (2.3). We compose with
the projection to the regular space J\f20 to obtain

~ O -
Aﬁ\(}) : Nl L) (NQ(O))spfoF — NQ(O).
By inspection 553) is again a closed embedding, and we denote its image by
A c N
The canonical vector B ©
wi=(0,idg) € V(X)) = V(X)) @ V(X))

has norm —e¢, and therefore we may identify the triple (V(Xéo)), u, V(Xy)) with (W, ug, W3). In
this way Af\(}) is equivariant for the embedding Hy(Fp) — Go(Fp).

To express the above discussion in terms of the natural identifications we have previously noted

for the spaces in play, recall from Example [7.2) that N7 = Spf O is the universal deformation
space for E as a formal Op-module, with universal object (&, g, pe). Further recall from (8.2))

that /\72(0) identifies with the Drinfeld space (Q%O)Spfoﬁo. In fact, we will now use a slightly

different description for the moduli problem for (Q%O)Spf Op, than the one in [I0], by changing
the framing object. Let

XDr =K x E,
endowed with its natural Op-action tx,,, on the right-hand side, and extend this to an Op-action
by defining
€
1xp, () = L } : (13.2)
Then tx,, (()ixp, (7) = —txp, (M)txp, (), as required, and we take Xp, as the framing object for
the Drinfeld moduli problem. Now let
)\XDr = _()\E X 8/\@).
It is easy to verify that

ROS)\XDr (LXDr (W)) = —IXp, (W) and ROS)\XDr (LXDr (C)) = Xp, (C)

Hence by [10, Th. 1.2], for any object (X, ¢, p) of the Drinfeld moduli problem, there is a unique
principal polarization A on X lifting A\x, , and (X, ¢, p) — (X, t|og, A, p) defines an isomorphism

(Q%—\O)Spf O, = /\72(0). In terms of this identification, the map AE\(}) is therefore given by
Spf O g ——— (O3, )spr o,

(57L£7P5)}—>(g Xgabapg X P§)7
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where ¢ restricts to the natural Op-action on € x &, and +(¢) is defined as in (13.2)).

Remark 13.1. Again, as in the case of Remark one can introduce the special cycle Z(u) in
NZ(O). However, according to Sankaran [28], Z(u) is not a divisor, but has embedded components.
The divisor Aﬁ\(}) (N7) is the purification of Z(u).

Now consider the one-dimensional space Wf , and let
A, cwy
be the unique self-dual Op-lattice. Let
Ay =A% @ Opuy C W,
which is again self-dual. Let
K, C G1(Fp) and El C g1(Fo)

denote the respective stabilizers of A;. Then K 1 contains the connected stabilizer of Ay (which is
the unique parahoric subgrouﬂ with index 2. We normalize the Haar measure on H; (Fp) = F*
by assigning it volume 1. As usual we normalize the Haar measure on H'(Fp) as in For

g € Go(Fy)ss, we define the intersection number Int(g) with respect to the cycle A©) ¢ /\72(0) in
analogy with before,

Int(g) := <E(O),gﬁ(0)>ﬁéo>.
Since A® N gﬁ(o) is an artinian scheme, this intersection number is simply given by the length
Int(g) = length(ﬁ(o) N gﬁ(o)),

cf. [2I], Prop. 8.10]. For x € go(Fo)rs, we define (abusing notation as usual)
AL .= {xe ./\72(0) ’ x: Xéo) — X(QO) lifts to a homomorphism & x & — X }.
Then A N ESP) is an artinian scheme, and we define
(-Int(z) := length(A® N AL®).

Theorem 13.2 (Arithmetic transfer theorem).

(a) (Inhomogeneous version) Let f' € C2°(S) be a function transferring to the pair (0,13 ) €
C(Gyp) x C°(G1). Then there exists a function fl ., € C(S) such that, for any v € S(Fp)ys
matching an element g € Go(Fp)ys,

2ws(7) d0rb(y, f') = —Int(g) - log g + w(v) Orb (v, fiom)-
=0.

(b) (Lie algebra version) Let ¢’ € C°(s) be a function transferring to the pair (0, 15) € CZ°(go) %
C2°(g1). Then there exists a function ¢, € C(s) such that, for any y € s(Fy),s matching an
element x € go(Fo)rs,

2w5 (y) aorb(yv ¢/) = 7€_Int(x) ' IOg q + w(y) Orb(y, (rbizorr)'

Furthermore, there exist such functions f' for which f._..

=0.

Furthermore, there exist such functions ¢’ for which ¢,

We will prove Theorem [13.2] in

orr

4 After extension of scalars, this becomes an Iwahori subgroup.
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13.2. The case of /\72(1). Now we take the special vectors u; € W; to have norm —1. To obtain
an analogous embedding of N7 into NQ(U, we simply use the morphism d defined in (12.1)),
followed by the natural projection to Nz(l),

~ S' ~ ~
Aﬁ\lf)i Nl *N—> PQ ~ (Nél))spfoﬁ —)Ng(l),
where the isomorphism in the middle is the one in Example Recall from Example that
in concrete terms we have N 2 Spf O and /\/2(1) &~ Mry(w), and that Aj(\lf) then identifies with
SpfOp ———— Mry(w)
(57 Lg, PE) — (€a€7 LE(T‘-)7pS)-

Now recall the framing object X for /\72(1), which is isomorphic to the framing object for P,
XV =X =X x Xy = (EXE, g x 15, —(A& X Ag)),
via . This gives us a canonical vector
u = (0,idg) € V(X) = V(X§) = V(X)) @ V(X)) (13.3)
of norm —1, and therefore we may identify the triple (V(Xél)), u, V(X1)) with (Wy,uq, W?). In
this way 85\1[) is equivariant for the embedding H; (Fp) — G1(Fp).

Remark 13.3. Again, as in the AFL case, one can introduce the special cycle Z(u) in j\NfQ(O),
cf. Remark It seems likely that Z(u) is not a divisor, but has embedded components [11],

comp. Remark The divisor ﬁj(\(}) (N7) is the purification of Z(u).
Now consider the one-dimensional space Wg , and let
Ay c WS
be the unique self-dual lattice. Let
Ao := A2 ® Opug C Wo,
which is again self-dual. Let
I~{0 C Go(Fp) and Eo C go(Fp)

denote the respective stabilizers of Ag. Then K, contains an Iwahori subgroup with index 2,
cf. [16, §4.a]. We normalize the Haar measure on Hy(Fp) = F' by assigning it volume 1. The
other normalizations and transfer factors for .S and s are all as in the previous subsection. Finally,
as in the previous subsection, we define Int(g) and ¢-Int(z) for g € G1(Ep)rs, resp. € g1 (Fo)rs
(again, both are given by a length).

Theorem 13.4 (Arithmetic transfer theorem).
(a) (Inhomogeneous version) Let f' € CZ°(S) be a function transferring to the pair (17 ,0) €

C(Go) x C°(G1). Then there exists a function fl .. € C(S) such that, for any v € S(Fp)ys
matching an element g € G1(Fp)ys,

2wg (7) 601‘]3(’}/7 fl> = Int(g) . lOg q+ W(’Y) Orb(’% féorr)'

Furthermore, there exist such functions f' for which f! .. = 0.
(b) (Lie algebra version) Let ¢’ € C2°(s) be a function transferring to the pair (13, ,0) € CZ°(go) %
Cg°(g1). Then there exists a function ¢, € C°(s) such that, for any y € s(Fy)ws matching an
element x € g1(Fo)rs,

2(*)5 (y) aorb(yv ¢l) = _K'Int(x) ' log q+ W(y) Orb(yv QS::orr)‘

Furthermore, there exist such functions ¢' for which ¢, .. = 0.

We will prove Theorem [13.4]in §16.2]

orr
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Part 4. Results

In this part of the paper we prove results on the conjectures formulated in Part 3| (except
Conjecture which is proved for n = 3 in [21I]). We continue to take S = S,, as in (2.6).

14. ON THE ATC FOR F/F; UNRAMIFIED, ALMOST SELF-DUAL TYPE

We resume the setup of with F/Fy unramified and n > 2. Recall that we have an
orthogonal decomposition

W; = Wib © Fui,  (us,u;) =w, 1€{0,1},

where W is the split hermitian space of dimension n, and W is the non-split hermitian space
of dimension n; and, by (2.3), Wg is the non-split space of dimension n — 1, and W{’ is the split
space of dimension n — 1.

14.1. On the FL Conjecture In this subsection we prove the following theorem.

Theorem 14.1. (i) The Lie algebra FL Conjectures (@ and @ are equivalent to each
other.

(ii) The homogeneous and inhomogeneous FL Conjectures (@ and @ are equivalent to
each other.

(iii) Assume q > n. Then Conjecture @ implies Congecture @@

In order to make the relation between the conjectures in part , we first introduce some
auxiliary spaces. Let

Wi:Wib@Faia (171',171') = 1) 1€ {071}7
where WO is a split hermitian space and Wl is non-split. Thus WZ and W; are isometric, but we
are choosing different special vectors in these spaces. Let

éi = U(Wz), ﬁl = U(Wlb), and Ei := Lie é
Recall from §10| the self-dual lattice A5 C W}, the almost self-dual lattice Ay = A} @ Fu; € Wi,
and the Lie algebra stabilizer ¢; C g1(Fp) of A;. We similarly fix an almost self-dual lattice
Ay C W§; we set Ag := AL @ Opug (a vertex lattice of type 2 in Wy); and we denote by
£y C go(Fp) the stabilizer of Ag. We choose an identification VVib = WLZ., and we take
/~\E =A_,.

We set A; := KE @ Opu;, and we denote by E C 9i(Fp) the stabilizer of A,
We next choose an Op-basis of A” (and hence of A} ) and extend it by adding u; (resp. u;_;)

to obtain an F-basis of W; (resp. Wl,i). In this way, all the groups under consideration identify
with subgroups of GL,(F), and all the Lie algebras identify with Fy-subspaces of M, (F). We
define a GL,,_1 (F')-equivariant map

6: M, (F)— M, (F)

A b A @b

c d c d |’
where as usual the diagonal blocks are of sizes (n — 1) x (n — 1) and 1 x 1, respectively. Finally,
we recall the compact open subgroup ¥ C s(Op,) defined in ([10.3)).
Lemma 14.2. (i) The restriction of 0 to s(Fy) gives a GL,,_1(Fp)-equivariant bijection

0: S(Fo) ; S(Fo)
such that
0(¢') = s(Op,).

In addition, 6 further restricts to a bijection 5(Fp)ws — 5(Fo)rs, and

we(y) = (=1)" L, (H(y)) and Orb(y, 1y, s) = Orb(ﬁ(y), 15(OF0)7S)7 y € §(Fp)rs-
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(it) Fori € {0,1}, the restriction of 0 to g;(Fo) gives an H;(Fo) = Hy_;(Fo)-equivariant bijection
0: gi(Fo) — 81-i(Fo)
such that
0(8;) = ;.
In addition, 6 further restricts to a bijection g;(Fo)rs — g1—i(F0)rs, and

Orb(z, 1¢,) = Orb(A(z), laii), x € gi(Fo)ys-

Here the final asserted equality of unitary orbital integrals when ¢ = 0 is with respect to any
fixed Haar measure on Hy(Fy) = Hi(Fp); the particular choice will not be important for us.

Proof. We just prove the claim for the transfer factor; all of the other assertions are straightfor-
ward. Let y = [45] € 5(Fp)e. By @), waly) = (—1)(@e40 Dosinms) = (—1)det(ADosicnos),
The claim now follows since applying @ to y replaces b by @ !b. O

Proof of Theorem @/ Noting that the lattice /~\0 - WO defined above is self-dual, Conjecture
3.1{lc) asserts that 150,,) € C2°(s) transfers to (13,,0) € C°(go) x C°(g1). The equivalence
of this with Conjecture [10.3|[d) now follows immediately from Lemma [14.2] d

The key tool in proving part of Theorem will be the Cayley transform. For any
¢ € F' and y € M,,(F) with det(1 — y) # 0, the Cayley map c¢ is defined by

1+y
cel) = €152 € M (F).
-y
Its inverse is given by the formula
-1 v—§
=
) v7+E
Note that both of these maps are equivariant for the conjugation action by GL,, (F'). We introduce
the following terminology.
Definition 14.3. (i) An element v € S(F)) is integral if its characteristic polynomial has coef-
ficients in Op. We make the same definition for y € s(Fy), for g € G;(Fp), and for = € g;(Fp).

(ii) An element y € s(Fp) is strongly integral if it is integral and det(1l — y) € OF. We make
the same definition for « € g;(Fp). We denote the subsets of strongly integral elements by
s(F0)° C s(Fp) and g;(Fo)° C gi(Fo).

(iii) Let £ € F'. An element v € S(Fp) is &-strongly integral if it is integral and det(y+¢) € OF.
We make the same definition for ¢ € G,;(Fy). We denote the subsets of &-strongly integral
elements by S(Fp)g C S(Fp) and G;(Fp)g C Gi(Fp).

Also recall the compact open subsets K’ C S(Fy) and K; C G1(Fp) from and define
¢ = EIQE(F())O, Kéo = K/QS(Fo)g, c1> = Elﬁgl(Fo)o, Kif = KlﬁGl(Fo)g.

Lemma 14.4. Let £ € F*.
(i) The Cayley transform c¢ induces bijections

E(F())O ; S(Fo)g, go(Fo)o ; Go(FQ)g, and gl(Fo)o ; Gl(FO)Z

which are equivariant for the respective actions of H'(Fy), Ho(Fy), and Hy(Fy). These bijections
respect the reqular semi-simple sets on both sides, and they have the property that regular semi-
simple elements y € s(Fy)° and x € g;(Fo)° match if and only if cc(y) € S(Fo)g and cg(x) €
Gi(Fp)g match.

(i) Similarly, ¢ induces bijections

¥° 5 K and ] — K7,
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Proof. The only claim that possibly requires proof is that the bijections in respect the sets
of regular semi-simple elements on both sides. This follows by using that the Cayley—Hamilton
theorem gives an equality of F-algebras F[y] = F [c§( )], and that an arbitrary y € M, (F) is
regular semi-simple if and only if the sets {yie and {teyi}? _0 are linearly independent; cf.
the proofs of [2I] Lems. 8.7, 10.6]. O

Lemma 14.5. Let £ € F'. Then for any reqular semi-simple y € 5(Fp)°,
Ws (y) = Wwsg (Cg (y)) and OI‘b(y, ]-E’a 5) = OI'b(CE (y)a ]-K’a S)'
Similarly, for any regular semi-simple x € g1(Fp)°,
Orb(z, 1¢,) = Orb(c¢(x), 1k, ).

Proof. Since we take y and x to be strongly integral, the equalities for the orbital integrals follow
from equivariance of the Cayley maps and from Lemma m (especially part ) The equality
for the transfer factor is proved as for [2I, Lem. 11.9]. (Note that loc. cit. considers the case
that F'/Fy is ramified and n is odd; when F/Fp is unramified, the proof simplifies and is valid
for any n.) O

Now we are ready to prove part (fii) of the theorem.

Proof of Theorem (1 . We show that part () of Conjecture implies part (]ED that
é u

this also implies will follow from Theorem iif). We must show that for all matching
v € S(Fy)rs and g € G;(Fp)rs,

ws(7) Orb(y, (—1)" '1k/) = {0, g € Go(Fo)rs;

Orb(g, 1K1)7 g€ Gl(F0>rs-

First assume that « is not integral. Then Orb(y,1g/) = 0, and we have to show that
Orb(g,1k,) = 0if g € G1(Fp). But since v and g have identical characteristic polynomials, g is
also not integral, and hence Orb(g, 1k, ) vanishes.

Now assume that « is integral. Since we assume that ¢ > n, there exist at least n+1 elements
£0,61,...,& € F! with pairwise distinct residues mod @ (since the kernel of the norm map
IE‘qX2 — F; has g + 1 elements). Hence there exists some § = §; such that det(y +¢) € Op, ie.
v is &-strongly integral. Since v and g have the same characteristic polynomial, g is -strongly
integral too. Let y := cgl(v) € 5(Fp)° and = := cgl( ) € gi(Fp)°. Then y and x are matching
regular semi-simple elements, and by Lemma and Conjecture |10 ,

ws () Orb(v, (1) '1x+) = ws(y) Orb(y, (*1)%11&’)

_ )0 g € Go(Fo)ss;
Orb(m, 131) = Orb(g7 ]-Kl)a g S GI(FO)r57

as desired. 0

Remark 14.6. The idea to reduce the group statement to the Lie algebra statement via the
Cayley transform also appears in [21] Lem. 8.4, Lem. 11.1, Prop. 11.14], and in fact our situation
is simpler than in loc. cit. If we assume that ¢ > n + 2, then we may show the converse to (i),
i.e. the group version also implies the Lie algebra version, cf. [I4, Prop. 2.4].

It remains to prove Theorem , which we will do by relating functions and orbital
integrals on G'(Fp) and S(Fp) as in [39, §2.1] and [21} §5.2]. We recall the map 7(g) = gg*
from , and we continue to normalize the Haar measures as in Also recall that since we are
in the unramified case, 7 is the natural extension 7j(x) = (—1)"(*) of 5 to F*. For g € GL,,(F),

we write 77(g) := 77(det g).
Lemma 14.7. Let f' € C°(G'), and define the function f"on S(Fo) by, for g € GL,(F),

f(r(g) = F/(h7Y, b gha)ii(ghs)™ " dhy dhs.

/GLnl(F) X GLy (Fo)

(i) f € C(S), and every element in C°(S) arises in this way.
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(ii) We have
¢ -1 =
q _ 1 : ]-GL”_l(Op)XKO(w) = ]-K"

(#1) For all v = (y1,72) € G'(Fo)ss,

Orb(r(y7 '92), f) = (71 *72)"~ Orb(y, f').

(iv) Suppose that f' transfers to (0, f1) for some f1 € C(Gw,), and that the support of f’
is contained in {(y1,72) € G'(Fy) | |det~y1| = 1}. Then for any v matching an element in

GWU (FO)rs;

AOrb (r(y; 92), f/) = (71 '92)" " Orb(y, f').

Proof. Part is clear, and parts and are proved as in [2I, Lem. 5.7HE| We prove .
For g € GL,,(F), we have

iGLn,l(op)xm(w) (7’(9))

- [ Lot (0o (01 L BT L gha)if(gha)™ " dhy dhs
GLnfl(F)XGLn(Fo)

- / Lrco(w) (h1 " gh2)i(gh2)" " dhy dhy
GLy_1(Op)XGLy (Fo)

= [ ke lohitghe) " dna (141)
GLn(FO)
where the last equality holds because GL,,—1(Op) C Ko(w). We claim that

Before establishing this claim, let us show that it implies the conclusion of (fi). If r(g) ¢ K’,
then 1gr, ,(0p)xKo(=)(7(g9)) = 0 because, by 1) the integrand in {j is identically zero.

If r(g) € K’', then by (14.2) we may assume that ¢ € Ko(w). Since 77 is identically one on
Ky(w), we conclude from ((14.1]) that

Ic;Ln,l(oF)xKo(w) (r(g)) = vol(GLy, (Fy) N Ko(w))
1 1

[GL4(Or,) : CLou(Or,) N Ko(w)] L=

—1

where in the last equality we use that the index in question equals #]P’z_l (k) (note that GL,,(Or,)
acts transitively on the lines in k", and GL,,(Op,) N Ko(w) is the stabilizer of a line). This proves
().

It remains to establish the equivalence . The reverse implication is trivial. To prove the
forward implication, let A := O% and A’ := O;ffl ® w 1Op. Then Ky(w) is the stabilizer in
GL, (F) of the lattice chain A C A’. Since 7(g) € K', we have g 'A = g7'A and g~ 'A’ = g !A".
Hence these are Galois-stable lattices in F”, so that they come from an Op,-lattice chain in Fp.
Hence there exists h € GL,,(Fp) such that h- (A C A’) =g~ (A C A’). Hence gh € Ko(w), as
desired. O

Proof of Theorem[14.1)fi}). By Lemma [14.7][i) (i) and the definition of the transfer factors in
2.4

q" —1 - _
war (’Y) Orb (77 q—1 . ]-GLn,l(OF)XKo(w)> = Wws (T(’yl 1'72)) OI‘b(?”(’yl 172)7 ]-K')

for all v = (vy1,72) € G'(Fo)rs. On the other hand, it is easy to verify that
Orb(g, 1 i¢,) = Orb(gy g2, 1k,)

L5Note that in loc. cit. n is odd, which in the case of our 7 implies that ﬁ('yflfyg)"_l = 1; however the proof
for arbitrary n is analogous. Furthermore, there is a factor of 2 in the formula for the derivatives in loc. cit.
This discrepancy is due to the fact that in the ramified case, the normalized absolute value on F' restricts to the
square of the normalized absolute on Fp; whereas in the present unramified case, the normalized absolute value
on F restricts to the normalized absolute value on Fj.
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for all g = (g1,92) € Gw, (Fp)rs. Since the maps

G/(FO)rs 4>S(F0)rs GWi(FO)rs 4>Gi(FO)rs
1 and o (14.3)
(v1,72) ——71(v1 72) (91, 92) ——— 91 92
are compatible with the matching relation, the theorem follows. O

Let us finally note that, in analogy with [37, Lem. 2.5] in the self-dual case, the transfer
relations asserted in the FL Conjecture [10.3| are easy to verify in the case that the unitary
matching elements are attached to the split hermitian space. For any y € M,,(F), define

*y = diag(l,...,1,w Yy diag(l,...,1, ).

Lemma 14.8. (i) Suppose that f' € C®(G') satisfies f'(v1,72) = f' (A7, *75 ). Then for all
v € G'(Fo)rs matching an element g € Gy, (Fp)rs,

Orb(y, f') = 0.

In particular, Orb(vy, 1gr, _, (0p)xKo(w)) = 0 for such .
(i1) Suppose that f' € C°(S) satisfies f'(y) = f'(*v). Then for all v € S(Fo)ws matching an
element g € Go(Fo)rs,

Orb(y, f') = 0.
In particular, Orb(vy,1x/) =0 for such ~.
(7ii) Suppose that ¢ € C°(s) satisfies ¢'(y) = ¢'(*y). Then for all y € s(Fy)rs matching an
element x € go(Fo)rs,

Orb(y,¢’) = 0.

In particular, Orb(v, 1) = 0 for such y.

Proof. The proofs of (i) and are virtually identical to that of [37, Lem. 2.5]. Part (i) then
follows from by the easily verified fact that if f’ satisfies the hypothesis in 7 then f’ satisfies
the hypothesis in ; by the fact that the maps in (14.3) respect the matching relation; and by

Lemma |14.7|iii]). O
14.2. On the AT and AFL Conjecture In this subsection we prove results related to
Conjecture We retain the notation of the previous subsection.

Theorem 14.9. The AFL identity in Conjecture (@) holds true for an element x € go(Fo)rs
if and only if Conjecture [4.1)(d) holds true for 6(z) € g1(Fo)rs-

Proof. Forgetting the polarizations, the framing objects X,, of N,, and Xn of /\~fn are identical,
as are the objects £ and &' used to define the respective embeddings da: M1 — N, and
on: N1 — N,. Hence for any z € Endp,, (X,) = Endp,. (X,,), we have an equality of closed
formal subschemes of NV,,_1,

ANA, =ANA,.
Now let = € go(Fp). We claim that
ANA, :AﬂAg(w).

Indeed, with respect to the product decomposition §~§n =X, = X,_1 x E, write

A b
S
where A € Endp_ (X,-1), b € Homp (E,X,,—1), ¢ € Homp,(X,—1,E), and d € Endp,, (E).
Since z + Rosy, () =0, we have b = —w'c, where fc := Ay’  oc¥ o \g. Hence

o(z) = [f ‘ﬂ .

Given a point Y on N, _;, we see by inspection that z lifts to an endomorphism of Y x &€ if and
only if 6(z) does, which proves the claim.
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Of course, it follows from the claim that AN &r is artinian if and only if A N Ay, is, and
when they are,

¢-Int(z) = (-Int (6(x)).
On the orbital integral side, it follows from Lemma |[14.2({i) that

Ws(y) 80rb(y, (71)n7113’) = Ws (e(y)) aorb(g(y)v 15(OFO))7 JAS 5(F‘O>rs
This completes the proof. O

Theorem 14.10. Assume q > n. Then the AFL identities in Conjecture [10.4)(d)(#) hold true
for all g € Gw, (Fo)rs, resp. g € Go(Fo)rs, for which the intersection is non-degenerate, provided
that the AFL identity in Conjecture[10.4)[d) holds true.

Prooi First note that homogeneous AFL identity reduces to the inhomogeneous one via Lemma

(i) . Lemma [14.8(i), and the easy fact that Int(g) = Int(g; *g2) for any g = (g1,92) €
Gw, (Fo)rs- Thus we show that the inhomogeneous identity holds. The proof again uses Cayley

maps (cf. also the proof of [I4] Lem. 2.2]). Let g € Go(Fp)rs be such that the intersection is
non-degenerate. Let v € S(Fp),s be a matching element. We need to show that

ws(7y) aOrb(’y, (-1)" 1) = —Int(g) - logg. (14.4)
As in the proof of Theorem , we cons1der cases based on the integrality of . If 7 is
not integral, then the left-hand 51de of is obviously zero. But then g is also not integral,
and we claim this forces the intersection A N (1 x g)ﬁ to be empty, so that the right-hand side
of is also zero. Indeed, if instead this intersection were nonempty, then it would contain
a k-point, and ¢ would stabilize the corresponding Dieudonné module. Hence the characteristic
polynomial of g would lie in O[T, contrary to the non-integrality of g.
Now assume that « is integral. Since ¢ > n, 7 is é-strongly integral for some & € F!, and
hence so is the matching element g. Let y := cgl(y) € s5(Fp)° and z := cgl(g) € go(F0)°. Then
y and = also match. By Lemma

ws(y) 00rb(y, 1¢) = ws () 90rb(y, 1x).

To complete the proof, since we assume the AFL identity in Conjecture [10.4(|c), it suffices to
show that A N A, is artinian if and only if AN (1 x g)A = AN Ag is, and when they are, that

£-Int(z) = Int(g). (14.5)

Both of these statements follow from the equality of subschemes of ﬁ, for any strongly integral
z and g = c¢(z),

ANA,=ANA,. (14.6)
Indeed, this implies (14.5)) because, when AN Ag is artinian, its length is equal to Int(g), cf.
[21, Prop. 8.10]. Now, the two sides (14.6) are the loci of points Y in N,,_; where, respectively,
r: X, = X, and ¢g: X,, = X,, lift to a homomorphism ¥ x € — Y x £. But by the Cayley—

Hamilton theorem, for strongly integral  we have Op[z] = Op[ce(z)] as Op-subalgebras of
Endp, (X,). Hence z lifts if and only if g does. This establishes (14.6) and completes the
proof. O

Corollary 14.11. Conjecture holds when n =2 or 3.

Proof. Let us first consider the AFL identities in Conjecture In these cases the intersection
is automatically non-degenerate. Furthermore, ¢ > 3 > n. Thus by the two preceding theorems,
these identities follow from the Lie algebra AFL Conjecture for n = 2 and 3. This is
proved in [I4]. (When ¢ > 5, the Lie algebra AFL for n = 3 can also be deduced from the group
version proved in [37]; see [14, Lem. 2.2].)

Now we consider the rest of Conjecture m By the same proof as for [2I, Lem. 5.17],
this follows from the density principle for our weighted orbital integrals, i.e. the analog in the
unramified case of [2I, Conj. 5.15]. This conjectural density principle is known to hold for n = 2
or 3, cf. [38, Th. 1.1] and [2I, Rem. 5.16]. O
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Remark 14.12. The AFL in the self-dual case (Conjecture is known for arbitrary n and
Fy = Q,, provided that g is minuscule in the sense of [24], and p > n/2 + 1. If p > n + 2, then
we may deduce from this the AFL identity in Conjecture in the almost self-dual case for
certain g, by applying [I4, Th. 2.5] and then passing through the Lie algebras as above.

15. ON THE ATC FOR F/Fy RAMIFIED, n = 2
In this section we prove Conjecture when n = 2.

15.1. The groups. On the symmetric space S(Fy) = Sa(Fp), we write an element as

Y= {‘C‘ Z} € S(Fy).

Then ~ is regular semi-simple if and only if bc # 0, in which case we may write v as

v =1(a,b) := {(1 - CLNCL)/E _al;)/b}

(15.1)
_ !t . “ bl € S(Fo)es a€F~F', be F*
| —b/b| |-(1-Na)/b @ 0Jrs: ST :
We define the set of semi-simple but irregular elements
Ag = { {a d} € S(FR) |a,de F }
Similarly, in the “Lie algebra” s(Fy) = s2(Fy) we write an element as
y=19y(a,b,c,d) = {Ccl Z] €s(Fy), a,bc,de k. (15.2)

The set of semi-simple but irregular elements is

i {0 ] cotr

On the unitary side, we first look at objects attached to the split hermitian space. Recall
from that we have

a,dEwFo}.

Wo = W3 @ Fug, (ug,up) = —1.

By the space W is also split, and we choose a basis vector u” € W{ with (u°,u’) = 1.
This choice determines a special embedding Go(Fy) = U(Wy)(Fp) < GL2(F) as in which
realizes G as the unitary group associated to the diagonal hermitian matrix diag(1l, —1). In this
way, the set of irregular elements in Go(Fp) is

Ag, = { {a d} € My(F)

a,de F! } (15.3)

These elements are all semi-simple since the group Hy = U(W}) is anisotropic. Similarly, we
embed the Lie algebra go(Fp) < Ma(F), and we denote its set of irregular semi-simple elements
by

ag, ::{ {“ d} € My(F) a,dEﬂFo}.

Now recall the lattice Ag = A} @ Opug from (12:4)), which is self-dual since n = 2. The two
m-modular lattices lying between WAE) and Ag are given by
A(T = WAE) + Op (’U,o :I:ub).

They are both stable under elements of K(b) = F! with reduction 1 mod 7, and they are permuted
by elements with reduction —1 mod 7. Now let Ay be either of them, and let Ky C Go(Fp) and
€y C go(Fp) be the respective stabilizers of Ag. A subtle point is that

Ag, N Ko = { [“ d} € Go(Fp)

azlmodw}
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is a subgroup of Ag, of index 2. However, we do have
Ag, N KKy = Ag,. (15.4)

In the Lie algebra go(Fp), we have

Qgq Ne¢y = { |:a d:| S go(Fo) a,d S 7TOFO } (155)

We now look at the non-quasi-split unitary group G;. Recall from (12.3)) that the hermitian
space

Wi = V(Xs) 2 V(Xs)= Hom, (E,X; x K1) = V(X1) @ V(Xy)

has a special vector u = (0,idg) with norm —1. Note that the rightmost space in the display is
canonically D = D~ @ F (as an Fy-vector space) with hermitian norm given by (v,v) = —Nw
for v € D, and the special vector u corresponds to 1 € D. We identify

Endp, (Xp) = Endp, (B?) = My(D),

and the Op-action is given by 7 — diag(m, —m) € Ma(D). Then the Op-linear quasi-endomorphism
algebra is

End}, (Xz) = { [‘; Z} e My(D)

The Rosati involution is given by

a,de F, b,ce D™ }
ROSAXz (z) =2 = 'z,
where z — T is the entry-wise main involution on My (D). We then have the unitary group
Gi(Fy) = {x € End} (Xo) | afz =1},
and its Lie algebra
gl(FO) = {$ S EndOOF (Xg) | ZZ?Jr +x = 0}
They may be explicitly presented as

oanr={[" ][t oo

acF, beD, Na—l—Nb:l,aeFl} (15.6)
and
a b
wim = {5 7] v

If we fix a basis element ¢ € D™, then we may also express these presentations in terms of special
embeddings into Mz (F),

a,d € nky, be D™ } (15.7)

-1
[1 OJ {Z Z] € G1(Fp) C Ma(D) identifies with [a?)( bia} € My (F),
and
a b Fo) C Mo(D) identifies with | % " | € My(F
b degl( 0) C Ma(D) identifies wi W —d € Mao(F).

Similarly to before, the irregular semi-simple elements in G;(Fp) are given by the diagonal

elements
Ag, = { {“ d} € My(D) | a,d € F* } = { [“ d} € My(F) | a,d € F! }
and the irregular semi-simple elements in g1 (Fp) are given by
ag, = { {“ d} € Ma(D) | a,d € 7TF0} = { {“ _d} € My(F) a,dewFo}.
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15.2. Orbit matching. Let us now indicate how regular semi-simple orbits match in terms of
the presentations just given. Recall from [20, Prop. 6.2] that in the case n = 2, two regular semi-
simple elements in My(F) (cf. are GLj (F)-conjugate if and only if their diagonal entries
are the same and the products of their off-diagonal entries are the same. In the group setting, it
is easy to verify from this that elements v € S(Fp).s and g € G;(Fp),s match if and only if, after
regarding g as an element of GLy(F') via a special embedding, dety = det g and the upper-left
entries of these matrices are equal. Let Sys,; denote the subset of S(Fp).s of elements matching
with elements in G;(Fp)s. It is easy to see that

V(avb) € Srs,i — U(Na - 1) = (_1)i' (158)
Furthermore, in terms of the presentation (|15.6)),
a b

sab) €Sy matctes 9= |1 8 V) e it

if and only if @ = a’ and —b/b = dety(a,b) = det g = @.
In the Lie algebra setting, we analogously denote by s,4; the subset of s(Fp),s of elements
matching with elements in g;(Fp)s. It is easy to see that

y(a,b,c,d) € 5,5 <= be# 0 and n(be) = (—1)".
In terms of the presentation (15.7]),

/ /
y(a,b,c,d) € 8,51  matches x = {Z, Z,] € g1(F0)rs

if and only if a = d’, d = —d’, and bc = —N¥'.

15.3. Harmonic analysis. The harmonic analysis on S(Fp) is done in Mihatsch’s article [13].
We briefly recall the results in loc. cit.
The orbital integral for v = v(a,b) € S(Fp),s and a function f/ € C°(S) is given by

Orb(y. f',5) = /F ) (o Nays ] @it o

The transfer factor takes the form

ws(v) =7(b) =)™, (15.9)
cf. Similarly, the orbital integral for f; € C°(G;), i € {0, 1}, is given by

Orb(g, f;) = /H‘(F ) fi(h"tgh) dh.

This is well-defined for all g, since H;(Fy) = F! is compact. Recall that the Haar measure on
Hy(Fp) is chosen to give K = Hy(Fp) volume one. We similarly assign H;(Fp) volume one. We
also recall the orbital integrals for functions on the Lie algebras from

Theorem 15.1. (i) Let f' € C(S) transfer to (fo, f1) € CX(Go) x CX(G1), and let yo =
diag(aog,do) € Ag. If fi =0 for some i € {0,1}, then there is the following germ expansion for
v =(a,b) € S, in a neighborhood of o,

1
wS(P)/) BOrb(fy, fl) = 5 Orb(diag(a()a dO)v fl*i) 10g|1 - Na| + Ca

where C is a constant depending on o, f', and i, but not on .

(ii) Let f' € CX(s) transfer to (fo, f1) € C(go) x C°(g1), and let yo = diag(ag,dy) € as.
If f; = 0 for some i € {0,1}, then there is the following germ expansion for y = y(a,b,c,d) €
5(Fo)s,i in a neighborhood of yo,

1
ws(y) dOrb(y, f') = 3 Orb(diag(ao, do), f1—i) log|bc| + C,

where C' is again a constant which does not depend on y.
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Proof. By [13, Th. 3.5, Cor. 3.8] and ([15.9)), there is a germ expansion for regular semi-simple
v = ~(a,b) in a neighborhood of vy,

ws(7) Orb(y, [, 8) = ¢+ (70, 8)b* + d— (70, 8)71(—b*)n(Na — 1)|(1 — Na)/b| ",

where ¢4 (79, $) are Laurent polynomials in ¢° depending on vy and f’. Here | | denotes the
natural extension of the normalized absolute value on Fj to F'. For all v sufficiently near 7y, the
factor 77(—b?) = 7j(—b/b) is constant-valued. Hence, after possibly shrinking the neighborhood
around 7y and replacing ¢_ by a constant multiple of itself, we obtain

ws(7) Orb(y, f', 8) = ¢+ (70, 8)[bI* + & (70, 5)n(Na — 1)|(1 — Na) /5| " (15.10)
Evaluation at s = 0 yields
ws(7) Orb(v, f') = ¢+(70) + ¢—(70)n(Na — 1), (15.11)

where ¢+ (70) = ¢+(70,0).

Similarly (and more simply), on the unitary side, the function g — Orb(g, f;) is locally
constant (and compactly supported) on G;(Fp). In particular, for go := diag(ap,do) € Ag,,
there is a neighborhood of g in G;(Fy) on which for all elements g,

Orb(g, fi) = Orb(go, fi)-
Since f' transfers to (fo, f1), we obtain from this, 7 and that
Orb(diag(ao, do), fo) = ¢+ (70) + ¢ (70),
Orb(diag(ao, do) f1) = ¢+(70) — ¢—(70)-
Now assume that ¢ = 1 in the statement of the theorem. Then by ,

¢+(’YO) = (b* (’70) = % Orb(diag(a()a dO)a fO) (1513)
When v € S1, i.e. n(Na — 1) = —1, we may rewrite as
ws(7) Orb(y, f',5) = [bl* (64 (70, 5) — ¢ (70,5)) + [bl°6— (70, 8) (1 — [1 — Na|~*).

Taking the derivative, we obtain

ws(7) 00rb(y, f') = C + ¢—(70) log|1 — Nal,

where C' := %|S:0(¢)+('yo,s) — ¢_(7Y0,5)) is a constant. The desired result now follows from
(15.13)). The case i = 0 is analogous.

(ii) The proof is analogous to . Note that Th. 3.5 and Cor. 3.8 in [I3] are only stated in the
group setting. In the Lie algebra setting, one analogously proves that for all regular semi-simple

y =y(a,b,¢,d) in a neighborhood of yy,
Orb(y, f',s) = ¢+ (yo, )T |B* + & (yo, 5)n(c) " e| ™
for some Laurent polynomials ¢4 (yo,s) in ¢° depending on yo and f’. Also note that the Lie

algebra transfer factor is given by ws(y) = 7(—b) = 77(b). With these remarks the proof of
carries over in a straightforward way. U

(15.12)

For the specific test function fo = 1y, € CZ°(Go), the irregular orbital integrals are as
follows.

Lemma 15.2. The irreqular orbital integrals of 1 K2k, 0T€ given by
Orb(diaug(a,d)7 1K3K0) =1, a,deF'.
The irreqular orbital integrals of 1¢, are given by

1, a,d€n0p,

0, otherwise.

Orb(diag(a, d), 1¢,) = {

Proof. This is immediate from the fact that the conjugation action of Hy(Fy) on diagonal ma-
trices is trivial, from the normalization vol Hy(Fp) = 1, and from (|15.4) and ([15.5). O
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15.4. Intersection numbers. We now record the values of the intersection numbers appearing
in parts (]ED and of Conjecture Recall that v denotes the normalized valuation on Fj.

Z 2} € G1(Fy).s, expressed in the presentation ((15.6]).

Proposition 15.3. Let g = F OJ {

Then
Int(g) = 20(Nb) + 2.

b} € g1(Fo)rs expressed in the presentation (15.7),

.y a
Similarly, for x = [b d

20(Nb) +2, a,denOp, andbe OpND~;

0, otherwise.

£-Int(x) = {

Proof. We first consider the group version. Note that under the parametrization , a+bis
a norm one element in D, and hence a € Op and b € Op N D~ are both integral.

The coordinates express g naturally as a quasi-endomorphism of Xg; the quasi-endo-
morphism of X, attached to g is the conjugate ¢, Lg¢o, where ¢g: Xo — X, is the isogeny .
With respect to the Op,-linear decompositions Xo = Op ®op, E = (19E)® (r®E) and XQ =E?,
the element ¢o € Homy,  (Xo, X,) C End%F0 (E?) = My(D) identifies with the matrix

b5

Hence the conjugate ¢ Lg¢o identifies with the matrix

A R R o R

Now recall from Example that NV} o = Ny = N7 TIN;, where each of the summands N
identifies with Mspfo,., and the cycle A identifies with the canonical divisor attached to the
embedding tg: ' — D in each copy of Mspro,.. More precisely, under these identifications, the
universal object over A N N5 is §1(€) = (OF ®op, €,0F ® pg), and the universal object over
ANNG is 0y (€) = (OF ®0p, €, ko © (OF ® pg)); here we have suppressed auxiliary structure in
the obvious way, and

Ko 1= [W_l ”} € Autd,, (X2) C Ma(D)

is a self-quasi-isogeny of Xy which lies in the unitary group G;(Fp) and has Kottwitz invariant
—1 (so that the action of ko on N interchanges the components J\/'Qi)

Now we compute Int(g). First note that, as in [2I, Prop. 8.10], there are no higher Tor terms
in the calculation. Thus Int(g) is simply the length of AN (1 x g)A, which in turn is twice the
length of AN(1x g)ANN;. This last intersection is the locus in Spf O where ¢0_19¢0 lifts to a
homomorphism 6,1(€) — §}-(E) or 83:(E) — 63(E), or equivalently, where ¢y ' ggo or ¢y ggorio
lifts to a homomorphism §3;(€) — §%-(€). In other words, this is the locus where all the entries
of the right-hand side of , or all the entries of

_ 1 1I-a)a—b) 7w(l+a)a—0D)
%lg%ﬁo_QLrl(lJra)(ab) (1-a)(a—b) |

lift to endomorphisms of the canonical lifting £. In the group setting, only one of these matrices
will have all entries integral to begin with; this is governed by the Kottwitz invariant of g, that
is, by the residue class of the norm one element @ mod m. Indeed, suppose that « = 1 mod 7.
Then 1+ o € Of since p # 2. Since N(a — b) = Na + Nb = 1, we conclude that the lower left
entry in is non-integral. Continuing to assume a = 1, we evidently have that 7 | 1 — ¢,
and therefore the locus where the entries of lift is the locus where a + b lifts. By Gross’s
formula [30, Th. 2.1], the length of this locus is ¢ 4+ 1, where ¢ is the nonnegative integer such
that a +b € (O + w'Op) ~ (Op + 7**10p); comp. also [21, Prop. 9.1]. Since a € O and
b€ Op N D™, the asserted formula for Int(g) follows.

(15.15)
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If @ = —1 mod 7, then one similarly finds that the lower left entry of is non-integral,
and that the locus where the entries of lift is the locus where a — b lifts, which has the
same length as before. This completes the proof in the group case.

The Lie algebra case is quite similar, and we only briefly outline the differences. The matrices

(15.14)) and (|15.15)) are replaced by

lla+d+2b 7(a—d)

1 Ll a—d m(a+d— 2b)
2 |ma—d) a+d+2b] M

2 |7 Y a+d— 2b) a—d ’

respectively, and ¢-Int(z) is twice the length of the locus where all the entries of at least one
of these matrices lift to endomorphisms of €. If any one of a, b, or d is non-integral, then it is
easy to see (again using that p # 2) that both of these matrices have a non-integral entry, and
hence ¢-Int(x) = 0. If all of them are integral, then the locus where the entries in the second
matrix lift is contained in the locus where the entries in the first matrix lift, and the length of
this latter locus is again given by Gross’s formula as v(Nb) + 1. O

15.5. Proof of Conjecture for n = 2. The homogeneous group version @ reduces to the
inhomogeneous version (B) as in [2I, Lem. 5.8] (see also Lemma for the unramified analog
of [21} Lem. 5.7] when n is even). Thus we show that (b)) holds. To prove the first assertion in
@7 fix vo = diag(ag,dp) € As = Ag,. It suffices to show that the sum

2ws (y) O0rb (v, f') + Int(g) log g (15.16)

is constant when v € Sy 1 is in a neighborhood of vy (and g € G1(Fp),s is any match of ). It
then follows from, for example, [I3] Cor. 3.8] that (15.16)) is an orbital integral function, which
is what we have to show.

We have for f = 1K5K0+ + 1K5Kg and g € Go(Fp),
Orb(g, fo) = 2Orb(g, lKBKcT) = 20rb(g, 1K8Ko_)'
We may therefore replace fo by 2-1 K2 Ko cf. Remark By Theorem (in the case i = 1)
and Lemma there exists a neighborhood of vy on which for all v = 7y(a,b) € Sis1,
2wg () 0rb(v, f') = 2log|1 — Na| + C = —2v(1 — Na)logq + C

for some constant C. Proposition[15.3|then yields immediately that the sum is a constant
for all such ~, as desired. The second assertion in (]E[), namely that there exists an f’ transferring
to (1K5Kgr T gk 0) for which f.,,, = 0, now follows by the same argument as in [2I], Prop.
5.14].

The Lie algebra version for n = 2 follows similarly, by the corresponding statements in
Theorem Lemma[15.2] and Proposition [15.3 O

16. PROOFS OF THEOREMS [13.2] AND [13.4]

16.1. Proof of Theorem We resume the setup of §13.1] Let us recall the groups and
their Lie algebras. The quasi-split unitary group Gy is associated to the framing object Xgo) of

N of. ([31). We identify
o (0 o
Endg, (X§”) = Endp, (E2) = Ma(D),

and the Op-action is given by = — diag(m, —m) € My (D). Then the Op-linear quasi-endomorphism
algebra is

Buds, (7) = { |2 ] € Ma(D)

The Rosati involution is given by

-1
1 1
. t—
ROS)\XEO) (x) =2 = [ g] T [ J ,

where x + T is the entry-wise main involution on My(D). Recall that ¢ € OF, is a non-norm.
We then have the unitary group

Go(Fy) = {z € Endd, (X)) | 2tz =1},

a,d € F, bjce D™ }
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and its Lie algebra
go(Fo) = {z € Endg, (X)) |2t +2=0}.
They may be explicitly presented as

aarr={[" 3, 2 oo

e b a

ac€F beD , Na+e 'Nb=1, aeF1}7

and
a b
wir) = { |, 7] €
The matching of orbits is analogous to §15.2; in terms of the parametrization ((15.1)) for
elements in S(Fp),s, we have

a,d € mky, bED}.

~(a,b) € S matches g = 1 @ v € Go(Fp)

) rs,0 a E—lb/ a/ 0\£'0)rs

if and only if @ = a’ and —b/b = dety(a,b) = detg = @. In the Lie algebras, in terms of the
parametrization (15.2)) for elements in s(Fp), we have

/

li
y(a,b,c,d) € 8,590 matches x = [5alb/ d/} € go(Fo)rs

if and only if @ = @/, d = —d’, and bc = —~'NV'.
The unitary group G is associated to to the non-split hermitian space
Wi = Wlb @ Fuy, (ur,u;) = —c.

By the space Wlb is split, and we choose a basis vector u” € Wlb with (ub,u") = 1. In this
way we view GG and its Lie algebra g; as attached to the diagonal hermitian form diag(1, —¢).
The irregular elements in the Fy-points of each then consist of the diagonal matrices contained
in each. Now recgll from the self-dual lattice A; C W; and its respective stabilizers
K, C Gl(Fo) and ¢; C gl(Fo).

Lemma 16.1. The irreqular orbital integrals of 1 &, ore given by
Orb(diag(a,d), lfﬁ) =1, a,deF.

The irregular orbital integrals of 13, are given by

1, a,d€ n0pg,
0, otherwise.

Orb(diag(a, d), 1;1) = {
Proof. This is the same as the proof of Lemma noting that I?l contains the irregular
group elements, and that the intersection of £; with the irregular Lie algebra elements is the set
{diag(a,d) | a,d € 7Op, }. O

a

Proposition 16.2. Let g = {1 a] [5_11)

Z] be an element in Go(Fy)ys. Then

Tnt(g) v(Nb)+1, a€Op andbe OpND~;
1 =
g 0, otherwise.

Similarly, for an element x = [galb Z} in go(Fp)rs,

(-Int(x) = v(Nb)+1, a,de€wOp, andbe OpND~;
B 0, otherwise.

Proof. The method of proof is the same as that of Proposition [15.3] except this time the details
are much simpler. In the group case, Int(g) is the length of the locus in Spf Oz where [ae‘il b aba]
lifts from an endomorphism of E x E to an endomorphism of £ x €, or in other words, where each
of the entries lifts to an endomorphism of £. If a or b is non-integral, then this locus is empty

and we obtain Int(g) = 0. If @ and b are integral, then a,a, e~ € Op lift without constraint,
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and the length in question is again given by Gross’s formula as v(Nb) + 1. The Lie algebra case
is analogous. We remind the reader that the factor of 2 in Proposition is due to the fact
that there are two copies of M involved there. O

Now we complete the proof of the theorem.

Proof of Theorem[13.2. We first prove the group version @; the argument is formally the same
as the proof of Conjecture for n = 2 in To prove the first assertion in @, fix
~vo = diag(ap,do) € Ag, which we also regard as an irregular element in G1(Fp). It again suffices
to show that the sum

2ws (v) O0rb (v, f') + Int(g) log g (16.1)
is constant when v € Sy ¢ is in a neighborhood of vy (and g € Go(Fp),s is any match of v). By
Theorem (in the case ¢ = 0) and Lemma there exists such a neighborhood on which
for all v = ~vy(a,b) € Sis,0,

2ws () 0rb(v, f') = log|l — Na| + C = —v(1 — Na)logq + C

for some constant C'. Proposition then yields that (16.1]) is constant for such ~, as desired.
The second assertion in (fa) again follows by the argument in [2I, Prop. 5.14].
The Lie algebra version (]E[) follows similarly, by the corresponding statements in Theorem

Lemma and Proposition [16.2 O
[15.1} p

16.2. Proof of Theorem Now we resume the setup of This case is very similar
to the m-modular case in The groups are the same as in In particular, the irregular
elements in Go(Fp) are the subset Ag, (15.3). Recall that the compact open subgroups I~(0 C
Go(Fop) and EO C go(Fo) are the respective stabilizers of the self-dual lattice Ag C Wy. By the
same argument as in the proofs of Lemmas and we obtain the following.

Lemma 16.3. The irreqular orbital integrals of 1 &, are given by
Orb(diag(a, d), 11?0) =1, a,deFL
The irreqgular orbital integrals of 13, are given by

1, a,d € n0p,,

0, otherwise.

Orb(diag(a, d), 1;0) = {

a

Proposition 16.4. Let g = [1 OJ {b

Then

Z} € G1(Fo)s, expressed in the presentation (15.6]).

Int(g) = v(Nb) + 1.

Similarly, for x = [Z Z} € g1(Fp)rs expressed in the presentation (15.7),

(-Int(x) = v(Nb)+1, a,d€mOp, andb€ OpND~;
B 0, otherwise.

Proof. The proof is virtually identical to that of Proposition Note that in the group case,
as in Proposition [15.3] the entries a and b are automatically integral. O

Now we complete the proof of the theorem.

Proof of Theorem[13.]] The proof is essentially the same as the proofs of Conjecture [12.4{(b))
when n = 2 and Theorem We first prove the group version @ For the first assertion, fix

vo = diag(ag,dy) € Ag, which we also regard as an irregular element in Go(Fp). As before, it
suffices to show that the sum

2ws(v) O0rb (v, f') + Int(g) log q (16.2)

is constant when v € Sy 1 is in a neighborhood of vy (and g matches ). By Theoremm (in the
case i = 1) and Lemma there exists such a neighborhood on which for all v = v(a, b) € Sys 1,

2ws () 0tb (7, f') = log|l — Na| + C = —v(1 — Na)logq + C
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for some constant C'. Proposition then yields that (16.2)) is constant for such «, as desired.
The second assertion in @ again follows by the argument in [21] Prop. 5.14].
The Lie algebra version (]EI) follows similarly, by the corresponding statements in Theorem

[15.1] Lemma [16.3] and Proposition [16.4] O
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