ON THE ARITHMETIC TRANSFER CONJECTURE FOR EXOTIC
SMOOTH FORMAL MODULI SPACES

M. RAPOPORT, B. SMITHLING, AND W. ZHANG

ABSTRACT. In the relative trace formula approach to the arithmetic Gan—Gross—Prasad con-
jecture, we formulate a local conjecture (arithmetic transfer) in the case of an exotic smooth
formal moduli space of p-divisible groups, associated to a unitary group relative to a ramified
quadratic extension of a p-adic field. We prove our conjecture in the case of a unitary group
in three variables.
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The theorem of Gross and Zagier [6] relates the Neron—Tate heights of Heegner points on
modular curves to special values of derivatives of certain L-functions. This has been generalized
in various ways to higher-dimensional Shimura varieties. One such generalization, which is still
conjectural, has been proposed by Gan—Gross—Prasad [4] and the third-named author [32] [33].
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This arithmetic Gan—Gross—Prasad conjecture is inspired by the (usual) Gan—Gross—Prasad
conjecture relating period integrals on classical groups to special values of certain L-functions.
In [8] Jacquet and Rallis proposed a relative trace formula approach to this last conjecture in
the case of unitary groups, which led them to formulate two local conjectures in this context: a
fundamental lemma (FL) conjecture, and a smooth transfer (ST) conjecture. Both of their local
conjectures are now proved to a large extent, the first for p > 0 thanks to the work of Yun [30]
(and Gordon [§]), and the second for arbitrary p-adic non-archimedean fields by the third-named
author [35].

In [33] the third-named author proposed a relative trace formula approach to the arithmetic
Gan—Gross—Prasad conjecture. In this context, he formulated the arithmetic fundamental lemma
(AFL) conjecture, cf. [33], 21]. The AFL conjecturally relates the special value of the derivative
an orbital integral to an arithmetic intersection number on a Rapoport—Zink formal moduli space
of p-divisible groups attached to a unitary group. The AFL is proved for low ranks of the unitary
group (n = 2 and 3) in [33], and for arbitrary rank n and minuscule group elements in [2I]. A
simplified proof for n = 3 appears in [I2]. At present, the general case of the AFL seems out
of reach, even though Yun has obtained interesting results concerning the function field analog
[31].

In the present paper, we address an arithmetic transfer (AT) analog of the ST conjecture in
the arithmetic context, in a very specific case; we refer to [I9] for a more general context in
which we expect such arithmetic analogs of ST. The special feature of the case at hand is that,
despite the fact that we take the unitary group to be ramified, the corresponding RZ space is
smooth, cf. [T5]. For this reason we speak of exotic smoothness.

Now that we have explained the title of the paper, let us describe its contents in more detail.

Let p be an odd prime number, and let Fy be a finite extension of Q,. Let F/Fy be a
quadratic field extension. We denote by a — @ the non-trivial automorphism of F/Fy, and by
n = nr/r, the corresponding quadratic character on FJ. Let e := (0,...,0,1) € F{, and let
GL,_1 — GL,, be the natural embedding that identifies GL,,_1 with the subgroup fixing e under
left multiplication, and fixing the transposed vector ‘e under right multiplication. Let

Sp:={s € Resp/p, GL, | s5 =1},

with its action by conjugation of GL,,—;. On the other hand, let W, and W; be the respective
split and non-split F'/ Fy-hermitian spaces of dimension n. For ¢ = 0 and 1, fix a vector u; € W;
of length 1, and denote by W the orthogonal complement of the line spanned by u;. The unitary
group U(W?) acts by conjugation on U(W;).

We now explain the matching relation between regular semi-simple elements of S, (Fy) and
of U(Wp)(Fo) and U(W7)(Fp). Here an element of S, (Fp), resp. of U(W;)(Fp), is called regular
semi-simple (rs) if its orbit under GL,_1, resp. U(W?), is Zariski-closed of maximal dimension.
For each i, choose a basis of W; by first choosing a basis of VVib and then appending u; to it.
This identifies U(W})(Fy) with a subgroup of GL,_;(F) and U(W;)(F,) with a subgroup of
GL,(F). An element v € S,,(Fp)ys is said to match an element g € U(W;)(Fp)ys if both elements
are conjugate under GL,,_1(F') when considered as elements in GL,,(F'). This matching relation
induces a bijection

[U(WO)(FO)rS} nl [U(Wl)(FO)rS] =~ [SH(FO)rSL

cf. [33, §2], where the brackets indicate the sets of orbits under U(W;)(Fp), resp. GL,,_1(Fp).

Dual to the matching of elements is the transfer of functions, which is defined through
weighted, resp. ordinary, orbital integrals. For a function f' € C2°(S,(Fp)), an element v €
Sn(Fo)rs, and a complex parameter s € C, we define the weighted orbital integral

Orb(r, ', 5) 1= /G L ST e e )
n—1 0

as well as its special value

Orb(v, ) := Orb(, f',0).
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Here the Haar measure on GL,,_1(F}) is normalized so that vol(GL,,—1(Op,)) = 1. For a function
fi € C°(U(W;)(Fp)) and an element g € U(W;)(Fp)ys, we define the orbital integral

Orb(g, f;) := / fi(h"'gh) dh.
U(W})(Fo)

Then the function f' € C*(S,(Fp)) is said to transfer to the pair of functions (fo, f1) in
Ce(U(Wo)(Fo)) x €2 (U(Wh)(Fo)) if

w(v) Orb(y, f) = Orb(g, fi)
whenever v € S, (Fp)s matches the element g € U(W;)(Fp)ys. Here

w: Sn(F())rs — C*

is a fixed transfer factor [35, p. 988], and the Haar measures on U(W}?)(F) are fixed. The ST
conjecture asserts that for any f’, a transfer (fo, f1) exists (non-uniquely), and that any pair
(fo, f1) arises as a transfer from some (non-unique) f’. The FL conjecture asserts a specific
transfer relation in a completely unramified situation.

When F/Fy is unramified, if one takes for w: S, (Fp)rs — {£1} the natural transfer factor (see
[21] (1.5)]), and normalizes the Haar measure on U(W()(Fp) by giving a hyperspecial maximal
compact subgroup volume one, then the FL conjecture asserts that 15, o o) transfers to (1k,,0),
where Ky C U(Wy)(Fp) denotes a hyperspecial maximal open subgroup.

By contrast, when F/Fj is ramified, there is no natural choice of a conjugacy class of open
compact subgroups Ky, no natural choice of a transfer factor, and no natural candidate for f’
transferring to (1k,,0).

We next pass to the AFL conjecture, which requires, just as in the FL conjecture, that F'/Fy

is unramified. We take the same transfer factor as in the FL conjecture, and the same fixed
Haar measure on U(W{)(Fp). For f' € C°(S,(Fy)) and v € S, (Fp)ss, set

d
d0rb(y, ) := £L:0 Orb(y, f', s).

Then the AFL conjecture asserts that

w(y) 90rb(7, 15, (05,)) = —Int(g) - logg, (1.1)

whenever v € S, (Fo)rs matches g € U(Wq)(Fp)ys (note that the FL conjecture asserts that
Orb(y, ]'Sn(OFO)) = 0 for such 7). Here ¢ denotes the number of elements in the residue field of
Fo.

The term Int(g) requires explanation. Let N, = Np/p, n denote the formal scheme over
Spf O which represents the following functor on the category of O z-schemes S such that p-Og is
a locally nilpotent ideal sheaf. The functor associates to S the set of isomorphism classes of tuples
(X,t, A, p) where X is a formal p-divisible Op,-module of relative height 2n and dimension n,
where : Op — End(X) is an action of O satisfying the Kottwitz condition of signature (1,n—1)
on Lie(X) (cf. [9 §2]), where X is a principal polarization whose Rosati involution induces the
automorphism a — @ on t(OF), and where p: X xS — X, xspeCEF is a framing of the restriction
of X to the special fiber S of S, compatible with ¢ and A in a certain sense, cf. [21] §2]. Then N,
is formally smooth of relative formal dimension n — 1 over Spf O. The automorphism group
(in a certain sense) of the framing object X, can be identified with U(W7)(Fp); it acts on N, by
changing the framing. Let £ be the canonical lifting of the formal Op-module of relative height
1 and dimension 1 over Spf O, with its canonical Op-action g and its natural polarization Ae.
There is a natural closed embedding of NV,,_; into N,,,

5_/\/’1 anlg >Nn
Y—Y x €.

Here all auxiliary structure (Op-action, polarization, framing) has been suppressed from the
notation, and &£ denotes £, with tg replaced by its conjugate. Let

A C Nn—l ><SpfOﬁ Nn
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denote the graph of §5r. Then Int(g) is defined as the intersection number of A with its translate
under the automorphism 1 x g of Ny,—1 Xspro, N,

Int(g) = x(Oa @" O(1xg)a)-
This concludes the statement of the AFL conjecture.
It should be true in the situation of the AFL that for any f' € C2°(S,(Fp)) with transfer
(1k,,0), there exists a function f! . € C°(S,(Fp)) such that

w(7y) 0rb(y, f') = —Int(g) - log ¢ + w(v) Orb(v, fior)

whenever v € S, (Fp),s matches g € U(W7)(Fp)ys. This would follow along the lines of Lemma
5.17] below from a conjectural density principle on weighted orbital integrals. See Conjecture
5.15| for the statement of the density principle in the setting of this paper.

Now we come to the formulation of our AT conjecture. We assume for this that F'/Fy is
ramified. We then modify the definition of the formal moduli space Np g, = N, by slightly
changing the conditions on the tuples (X, ¢, A, p). Namely, in addition to the Kottwitz condition
of signature (1,n — 1), we impose on ¢ the Pappas wedge condition of signature (1,n — 1), and
the spin condition. The latter condition states that for a uniformizer 7 of F', the endomorphism
t(m) | Lie(X) is nowhere zero on S. Furthermore, we change the condition that A is principal to
the condition

Ker(\) € X[u(r)] with |Ker(\)| = ¢2"/2),
It turns out that A, is again formally smooth of relative formal dimension n — 1 over Spf Op,
and is essentially proper when n is even. We stress that this result is quite surprising in the
presence of ramification.

The morphism dp: N,,_1 — N, can be defined exactly as before when discussing the AFL
setup, provided that n is odd, since then 2[ 27! | = 2|2 ]. We then define Int(g) as before. Our
AT conjecture is as follows.

Conjecture 1.1. Let F/Fy be ramified, and let n > 3 be odd.
(a) There exists a function f' € C(S(Fy)) with transfer (1g,,0) such that

2w(y) O0rb(v, f') = —Int(g) - log q (1.2)
for any v € S(Fy)s matching an element g € U(W71)(Fp)ys-
(b) For any f' € C°(S(Fy)) with transfer (1g,,0), there exists a function fl .. € CX(S(Fy))
such that
2w(7) 00rb (v, f') = —Int(g) - log g + w(7) Orb(7V, feor:)
for any v € S(Fy)rs matching an element g € U(W1)(Fp)rs-

Here Ky denotes the maximal compact subgroup stabilizing a nearly m-modular lattice Ag in
Wo (see below), and w is the transfer factor defined in below. The Haar measure on
U(WZ)(Fp) is defined by vol K2 = 1 for a special maximal compact subgroup K of U(W})(Fp).
We also formulate a “homogeneous” variant of the AT conjecture (Conjecture , which we
show is equivalent to the above conjecture in Note that between the statements of the
AFL conjecture and the AT conjecture , there is a discrepancy of a factor of 2. This
is a genuine difference between the unramified and ramified cases, and we refer to [19] for an
explanation by way of a global comparison between the height pairing and the derivative of a
relative trace formula.

Our main result concerns the first non-trivial case n = 3 of the AT conjecture. More precisely,
we prove the following.

Theorem 1.2. Let Fy = Qp, and let n = 3. Then Conjecture holds true. In addition, for
any g € UW7)(Fo)rs, the intersection of A and (1 x g)A, if non-empty, is an artinian scheme
with two points, and Int(g) = length(A N (1 x g)A).

We also prove a Lie algebra version of the above theorem; see Theorem

Let us comment on the proof of Theorem In those cases in which the AFL conjecture
has been established, the proof proceeds by calculating explicitly both sides of the conjectured
identity and comparing the results. This approach fails for the AT conjecture because the
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left-hand side of the identity is not well-determined by the pair of transfer functions (1x,,0).
Unlike the AFL situation, there is no canonical choice for the function f’; in fact, f/ cannot come
from the Iwahori Hecke algebra, cf. Remark. In particular, we note that the characteristic
function 15(0, ) has vanishing orbital integrals at all regular semi-simple elements in the ramified
setting, i.e. it transfers to (0,0). Instead we prove part (b)) of Conjecture[L.1] (in the case Fy = Q,
and n = 3) by showing that, for any f’ as in the statement, the sum

2w(y) d0rb(y, f') + Int(g) - log ¢ (1.3)

is an orbital integral function, i.e. of the form w(vy)Orb(y, fl.,;) for a suitable function f]
Then part @ of Conjecture follows easily.

To prove that is an orbital integral function, we first remark that may be viewed
as a function on an open subset of the categorical quotient of S, by GL,_1, and then use the
fact [35] that the desired property may be checked locally on the base. To achieve this goal, we
proceed in two steps. First, we determine explicitly Int(g). Second, we develop a germ ezpansion
around each point of the categorical quotient, which is sufficiently explicit that it determines
w(y) O0rb(v, f') up to a local orbital integral function. Putting these two steps together, we
check that is an orbital integral function. The description just given is inaccurate, insofar
as we first perform a reduction to a Lie algebra analog. Here the Cayley transform from [35]
plays a key role. For the first step we use, similarly to [9], the results of Gross and Keating [I]
on quasi-canonical liftings (the reduction to [I] in [9] §8] is transposed here to the ramified case;
in fact, we found a drastic simplification of the proof (due to Zink) in loc. cit., which applies
to both the unramified and the ramified case). For the second step, we base ourselves on the
results on local harmonic analysis in [34], which we complete and make more explicit in various
ways.

Additionally, let us point out two group-theoretic features in the case n = 3 which seem to be
important. The first is the exceptional isomorphism SLy ~ SUs. One geometric manifestation of
this is that there is a natural isomorphism between M and a connected component of A5, where
M is the Lubin-Tate deformation space over Spf O of the formal Op,-module of dimension 1
and height 2; see Proposition [6.3] To state the second feature, we note that the aforementioned
maximal compact subgroups Ky and Kg have symplectic reductions; see Remark When
n = 3, associated to the reduction of K} is a second exceptional isomorphism Sp, ~ SLy, which
plays a role in reducing the conjecture to a Lie algebra version; see the proof of Lemma [11.1

Let us also remark on the restriction to £y = @, in Theorem While we certainly expect
that the overall framework of this paper should be valid for any p-adic field Fp, there are a few
instances, all of which occur when working with N, or related formal schemes, where we need
to appeal to results in the literature which are only established at the level of generality of ¢ = p
or Fy = Qp. Indeed, strictly speaking, this is already the case for the representability result in
[23] which is needed to know that N, is a formal scheme in the first place! In accordance with
our expectations, we will use the general notation ¢ and Fy throughout the paper, but when
working in a context where formal schemes are present, we will always tacitly take ¢ = p and
Fy = Q. By contrast, the parts of this paper lying in the realm of harmonic analysis are valid
without any restriction on Fj.

orr*

Now let us comment on the possibility of extending our main result to odd integers n > 3.
The difficulties seem formidable. First, one would have to deal with degenerate intersections.
Related to this is the fact that the reduction procedure to a Lie algebra analog breaks down. In
fact, we are unable to even formulate a conjectural Lie algebra version of Conjecture since we
are lacking a reasonable definition of an intersection multiplicity in this context; see Conjecture
below, in which we have to assume that the intersection is artinian. The second difficulty
is that our knowledge of local harmonic analysis when n > 3 is not advanced enough; even a
germ expansion principle is missing beyond the case of n = 3 [34]. One possibility for making
further progress would be to consider Conjecture only for elements v and g that satisfy
certain simplifying restrictions, in the spirit of [21I] (which considers only minuscule elements).

On the positive side, there are other instances of AT conjectures. Indeed, in [I9], we formulate
AT conjectures for F/F, ramified (as in the present paper) and n even, and also for F/F,
unramified and any n. The methods developed in the present paper can be applied to some
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low-dimensional cases of them, cf. [I9]. We also refer to loc. cit. for the global motivation behind
all of these conjectures.

We now give an overview of the contents of this paper. The paper consists of four parts.

In Part 1, we give the group-theoretic setup (in its homogeneous, its inhomogeneous, and its
Lie algebra versions); we define the formal moduli spaces of p-divisible groups, and establish
some structural properties for them; and we define the arithmetic intersection numbers that
enter into the formulation of our conjectures and results. In we formulate our main results.

In Part 2, we explicitly calculate the arithmetic intersection numbers in the case n = 3, by
reduction to the Lie algebra and by relating this case to the Gross—Keating formulas.

In Part 3, we tackle the left-hand side of the identities to be proved in Theorem [[.2] This is
done by reducing the problem to one on the reduced subset of the Lie algebra. The rest of part
3 is devoted to explicitly evaluating the germ expansion of the orbital integral of a function f’
with transfer (1k,,0), and then making the comparison with the result of part 2. At the end of
part 3, the proof of Theorem is complete.

In Part 4, we prove the germ expansion of the orbital integral of a general function f’. This
part of the paper can be read independently of the rest and lies squarely in the domain of local
harmonic analysis for the Jacquet—Rallis relative trace formula approach to the Gan—Gross—
Prasad conjecture.
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S. Kudla, P. Scholze, and Z. Yun for helpful discussions.
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gemeinschaft through the grant SFB/TR 45. W.Z. is supported by an NSF grant DMS #1301848
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Notation. We list here some notation that we use throughout the whole paper. We denote by
p an odd prime number.

F/F, is a ramified quadratic extension of finite extensions of Q,. We denote by a — @ the
nontrivial automorphism of F/Fy, and by n = np/p, the corresponding quadratic character on
Fy*. When h is a square matrix with entries in Fy, we sometimes abbreviate 7(det k) to n(h).
Since p # 2, we may and do choose uniformizers 7 of F' and @ of Fy such that 72 = @. We denote
by k an algebraic closure of the common residue field k of F and Fy, and we set q := #k. As
stated above, when working in an algebro-geometric context where formal schemes are present,
we always understand that ¢ = p and Fjy = Q,. We denote the group of norm 1 elements in £'*
by

F':={a€F|aa=1}
We denote by Fy the completion of a maximal unramified extension of Fy, and by F:=F® mnE
the analogous object for F.

A polarization on a p-divisible group X is an anti-symmetric isogeny X — XV, where XV
denotes the dual. We use a superscript o to denote the operation — ®z Q on groups of homo-
morphisms, so that for example

Hom°(X,Y) := Hom(X,Y) ®z Q,

where Y is another p-divisible group. For any quasi-isogeny p: X — Y and polarization A on Y,
we define the pullback polarization

p*(A) :=p"orop.
We denote by E the unique (up to isomorphism) formal Op,-module of relative height 2 and
dimension 1 over Spec k. We set

Op = EndOFO (E) and D:=0p ®0p, Ip.

Thus D is “the” quaternion division algebra over Fy, and Op is its maximal order. Since F/Fy
is ramified, any Fy-embedding of F' into D makes E into a formal Op-module of relative height
1. We fix such an embedding

tg: F'— D
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once and for all, and we always understand E to be a formal Op-module via tg. We denote by &
the corresponding canonical lift of E over Spf O, equipped with its Op-action tg and Op-linear
framing isomorphism pg: & = E. We denote by E the same object as E, except where the
Op-action i is equal to tg precomposed by the nontrivial automorphism of F'/Fy; and ditto for
£ in relation to &£, which is furthermore equipped with the same framing pg = pe on the level
of Op,-modules over Speck. Of course E is a formal Op-module of relative height 1 in its own
right, but note that & is not its canonical lift. In we will specify a principal polarization A\g
on E, and we will denote by Ag the principal polarization on £ lifting Ag. We write Ag := Ag and
Az := Ag for the same polarizations when we regard them as defined on E and &, respectively.
We denote the main involution on D by ¢ — ¢, and the reduced norm by N. We also write
N for the norm map F* — F;; of course, all of this is compatible with any embedding of F
into D. We write vp for the normalized valuation on D, and we use 7 as a uniformizer for D,
via tg. We write v for the normalized (i.e. w-adic) valuation on Fy. For ¢ € D>, we define the
conjugate embedding
‘og: F—— D

at—— cag(a)c (14)

1
We denote by “F' the image of “p.

Given a variety V over Spec Fy, we of course denote by C°(V (Fp)) the set of locally constant,
compactly supported functions on the space V(Fp), endowed with its ww-adic topology; and we
typically abbreviate this set to C2°(V). We choose the Haar measures on Fy and F (F;* and
F*, resp.) such that the volume vol(OF,) = vol(Or) = 1 (vol(Op, ) = vol(Of) = 1, resp.).

We write 1,, for the n x n identity matrix, and A for the affine line. We use a subscript S to
denote base change to S, and when S = Spec A, we often use a subscript A instead.

Part 1. The conjectures

In this first part of the paper we introduce the objects involved in the statements of our AT
conjectures. In §5| we state the conjectures and our main results.

2. GROUP-THEORETIC SETUP AND ORBIT MATCHING

We begin by explaining the general group-theoretic setup in this paper and the attendant
matching relation for regular semi-simple elements. We consider three cases: the homogeneous
group setting, the inhomogeneous group setting, and the Lie algebra setting. In this section
n > 2 is an integer.

2.1. Homogenous setting. We begin with the algebraic group
G = Resp/p, (GLn—1 x GL,,)

over Fy. We consider the following two subgroups of G’. The first subgroup is

Hj :=Resp/p, GLp—1,
which is embedded diagonally, via the inclusion of GL,_; in GL,, sending A — diag(A,1). The
second subgroup is

H) := GL,,_1 x GL,,
with its obvious embedding into G’. Let

Hj ,:= Hj x Hy.

Then H{, acts on G’ by (h1,ho): v > hy 'yhy. We call an element v € G'(Fp) regular semi-
simple if it is regular semi-simple for the action of Hj ,, i.e. its orbit under Hj , is closed, and
its stabilizer is of minimal dimension. In the case at hand, it is equivalent that v have closed
orbit and trivial stabilizer, which follows from [I7, Th. 6.1]. We denote by G'(Fp)s the set of
regular semi-simple elements in G'(Fp).

We next consider F'/Fp-hermitian spaces of dimension n. Up to isomorphism there are two
of them, a split one W, and a non-split one W;. They are distinguished by the rule

n((=1)""=D/2 det W) = (-1)7, (2.1)
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where det W; := det J; for any hermitian matrix J; (relative to the choice of a basis) representing
the hermitian form. Let ¢ € {0,1}. Write

Ui = U(WZ), (22)
and let
u; € W
be a non-isotropic vector, which we call the special vector. We will choose uy and u; such that

their norms are congruent mod NF'*, which can always be done since n > 2. Let Wf denote the
orthogonal complement in W; of the line spanned by u;, and let

H; == UW).
Then H; naturally embeds into U; as the stabilizer of u;. Since we assume that ug and u; have

congruent norms mod NF'*| Wg and Wf are non-isomorphic as hermitian spaces.
To lighten notation, now set W := W;, and define W?, U, H, and u analogously. Let

GwlZHXU,

and consider H as a subgroup of Gy, embedded diagonally. Then H x H acts on Gy via the
rule
(h1,h2): g — hy'gha.

An element g € Gw (Fp) is called regular semi-simple if it is regular semi-simple for the action
of H x H. We denote by Gy (Fp)rs the set of regular semi-simple elements in Gy (Fp).

We now recall the matching relation between regular semi-simple elements, as in [33]. Choose
an F-basis for W° and complete it to a basis for W by adjoining u. This identifies W” with
Fn=! and W with F™ in such a way that v corresponds to the column vector

e:=(0,...,0,1)

in F, and hence determines embeddings of groups U — Resp/p, GL, and Gw — G'. We
call the embeddings obtained in this way special embeddings. An element v € G'(Fp),s and an
element g € Gy (Fp)s are said to match if these two elements, when considered as elements in
G'(Fy), are conjugate under Hj 5(Fp). The matching relation is independent of the choice of
special embedding and induces a bijection [33] §2]E|

[GWO (FO)rs] il [GI/V] (FO)I'S} = [G/(FO)rs} .
Here on the left-hand side, the square brackets denote the sets of orbits under the respective

actions of Hy(Fp) x Ho(Fp) and Hy(Fy) x Hy(Fp), whereas the brackets on the right-hand side
denote the set of orbits under Hj 5(Fp).

2.2. Inhomogeneous setting. Now we pass to the inhomogeneous version of the previous
subsection. Consider the following identifications of algebraic varieties over Fy. First,

H\G' = Resp/p, GLn, 7= (11,72) — 71 e

Second, let
S:=5,:={g€Resp/p, GL, | gg =1, }
and
H :=GL,_;.
Then

ResF/FO(GLn)/GLn =S, y— 7

and the above two identifications induce an identification on Fy-rational points
G/(FQ)/H{Q(F()) ~ S(FQ)/H/(F()) (23)

Here the action of H' on S is through conjugation. In other words, the map

_ - -1
G'(Fo) — S(Fo), 7= (m,72) — s(7) = (77 2) (7 '2)
induces the bijection (2.3)).

n loc. cit. only the inhomogeneous version, which will be taken up in the next subsection, is considered.
However, the inhomogeneous version easily implies the homogeneous version.
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On the unitary group side, let ¢ € {0, 1} and use the notation W, U, H, etc. as in the previous
subsection. Then we similarly have an identification of Fy-points of algebraic varieties over Fy,

Gw (Fo)/(H(Fo) x H(Fy)) ~U(Fy)/H(Fy), (g1,92) — 91 92

Here the action of H(Fy) on U(Fp) is by conjugation.

The definitions from the homogeneous setting readily transfer to the inhomogeneous setting.
Thus an element v € S(Fp) is called regular semi-simple if it is regular semi-simple for the
action of GL,_; on GL,. As in the homogeneous setting, it is again equivalent that v have
closed orbit and trivial stabilizer, cf. [I'l, Th. 6.1]. We denote by S(Fp)rs or Sy, (Fp)rs the set
of regular semi-simple elements in S(Fp). An element g € U(Fp) is regular semi-simple if it is
regular semi-simple for the action of H on U; equivalently, when g is considered as an element
in GL,(F) upon choosing a special embedding for U as in the previous subsection, it is regular
semi-simple for the action of GL,,—1 on GL,,. We denote by U(Fp),s the set of regular semi-simple
elements in U(Fp).

An element v € S(Fp)rs matches an element g € U(Fp),s if these two elements are conjugate
under GL,,_1(F) when considered as elements of GL,,(F'), upon choosing a special embedding for
U. The matching relation is again independent of the choice of special embedding, and induces
a bijection [33], §2]

[UO(FO)rs} il [U1<F0)rs} = [S(Fo)rs]7

where on the left-hand side are the respective sets of orbits under Hy(Fy) and Hi(Fp), and on
the right-hand side the set of orbits under GL,,_1(Fp). In particular, there is a disjoint union
decomposition

S(Fo)rs = Prs,0 I Srs,la (24)

where S,s; denotes the set of elements in S(Fp).s that match with elements in U;(Fp),s.

2.3. Lie algebra setting. We also consider a Lie algebra version of the inhomogeneous setup.
We introduce the Lie algebra version of 5,

5:=6, :={y € Resp/p, My | y+7=0}. (2.5)

Then H' = GL,—; acts on s, and we call an element of s§(Fy) regular semi-simple if its H'-orbit
is closed and of maximal dimension. It is again equivalent that the element have closed orbit
and trivial stabilizer. We denote by s(Fy)rs = 6, (Fp)rs the set of regular semi-simple elements
in S(Fo).

For i € {0,1}, let

u; := Lie U;.

An element of u;(Fp) is called reqular semi-simple if its orbit under H; is closed and of maximal
dimension. We denote by u;(Fp),s the set of regular semi-simple elements in w;(Fp).

As in E the choice of a basis for Wf, extended by wu; to a basis for W;, determines an
embedding u; < Resp,p, M,,, which we again call a special embedding. An element y € 5(Fp)rs
matches an element x € u;(Fp)ys if these two elements are conjugate under GL,,_1(F) when
considered as elements of M,,(F). The matching relation is independent of the special embedding

and induces a bijection [8], §5]

[uO(FO)FS] I [ul(FO)rs] = [5(F0>rs]7

where on the left-hand side are the respective sets of orbits under Hy(Fp) and H;(Fp), and
on the right-hand side the set of orbits under GL,_1(Fp). As before, we get a disjoint union
decomposition

5(F0)rs = 55,0 H5rs,1a

where s, ; denotes the set of elements in §(Fp).s that match with elements in u;(Fp)ys.
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2.4. Linear algebra characterizations. We now recall the linear algebra characterizations of

regular semi-simple elements and of their matching, in the inhomogeneous group setting and the

Lie algebra setting. First we introduce the discriminant A, which is a morphism of varieties
A ReSF/Fo Mn E— ResF/FO A

o (2.6)
r———— det(fex’e)o<; j<n—1

over Fy. We remark that beginning in §8 we will actually work with a rescaled version of A,
cf. .

An element v € S(Fp) is regular semi-simple if and only if, considering v as an element of
GL, (F), the sets of vectors {v'e ?:_01 and {’ev’ ?:_01 are both linearly independent [I7), Th. 6.1}
Equivalently, A(y) # 0. Hence the regular semi-simple locus inside S is the complement of the
locus A =0, i.e. the Zariski-open subscheme

Sis = Sn,rs = {’YGS | A(’)/) 750}

Thus we may write S(Fp)ys and Sys(Fp) interchangeably.

To z € M, (F) we associate the following numerical invariants: the n coefficients of the
characteristic polynomial char, (T') € F[T], and the n— 1 elements ‘ex’e € F fori =1,...,n—1.
Then two elements of S(Fp),s are conjugate under GL,,_1(Fp) if and only if they have the same
numerical invariants when considered as elements of M,,(F), cf. [33].

For i € {0,1} and U = U;, an element g € U(F}) is regular semi-simple if and only if, when
considered as an element of GL,,(F') via any special embedding, g satisfies the conditions above,
i.e. the sets of vectors {ge}7—; and {’eg’}’— are both linearly independent. Equivalently,
A(g) # 0, so that the regular semi-simple set is the Zariski open complement to the locus
A(g) = 0, and we write U(Fp),s and Us(Fp) interchangeably. Two elements g € U(Fp),s and
v € S(Fp),s are matched if and only if their numerical invariants, when both are considered as
elements of M,,(F), coincide.

The theory in the Lie algebra setting is entirely analogous. An element y € s(Fp) is regular
semi-simple if and only if, considering y as an element of M,, (F), the sets of vectors {y‘e ?;01 and
{teyi}f:ol are both linearly independent [I7, Th. 6.1]. Equivalently, A(y) # 0, i.e. the regular
semi-simple set is the Zariski open complement to the locus A(y) = 0, and we write s(Fp),s and
5y5(Fp) interchangeably. Furthermore, two elements of s(Fp),s are conjugate under GL,,_1(Fp)
if and only if they have the same numerical invariants when considered as elements of M, (F),
cf. [17].

For i € {0,1} and u = u;, an element x € u(Fy) is regular semi-simple if and only if, when
considered as an element of M,,(F') via any special embedding, x satisfies the conditions above,
i.e. the sets of vectors {z’e ?;01 and {’ex! :.:01 are both linearly independent. Equivalently,
A(x) # 0, and we again write u(Fp)ys and us(Fp) interchangeably. Two elements 2 € u(Fp)ys
and y € s5(Fp),s are matched if and only if their numerical invariants, when both are considered
as elements of M,,(F'), coincide [8] [33].

From now on in the paper, we make the blanket assumption that

the special vectors ug € Wy and uqy € Wy have norm 1. (2.7)

Under this assumption, we have the following simple formula to distinguish between W, and W3
in terms of the discriminant.

Lemma 2.1. Fori € {0,1} and any x € u;(Fp)ys,
(A(z)) = (-1)".
Proof. Let u =wu; and W = W,. Let h denote the hermitian form on W. By ,
fex'™e = h(u, " u).
Since z is in the Lie algebra u; we have h(zxv,w) = —h(v, zw) for all v,w € W. Hence

h(u, 2 u) = (=1)*h(ztu, 27u).

’In [I7], the Lie algebra version is considered, but it is easy to deduce the group version from this.
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Hence

A(z) = det ((=1)"h(z'u, 27 u)o<i jen—1) = (=1)"""D/2 det h(z'u, 27 u)o<; j<n—1-

Since x is regular semi-simple, the vectors u, zu, ..., z" 'u form a basis of W. Hence the lemma

follows from ({2.1). O

2.5. Invariants in the Lie algebra setting. Consider the 2n — 1 maps of varieties over Fj
Resp/p, My, —> Resp/p, A
defined on points by sending = to the quantities
trA'z, 1<i<n, and ‘exle, 1<j<n-—1. (2.8)

When restricted to the subscheme s = s, C Resp/p, My, each of these maps factors through
either A C Resp/p, A or 51 C Resp/p, A according as 4, resp. j, is even or odd. Here we have
allowed the case n = 1 in the definition of s,, i.e. 51 denotes the scheme of points y in
Resp/r, A such that j = —y. Upon choosing special embeddings ug, u; < Resg/p, M, the same
statement is true of each of the maps in when restricted to 1y and u;. Thus we obtain a
map from each of s, 1y, and u; into the common (2n — 1)-fold product of the corresponding A’s
and s1’s; and in the case of uy and uy, this map is independent of the choice of special embedding.
These maps into the product of A’s and s;’s are invariant for the respective actions of H', Hy,
and H; on s, ug, and uy, and it is shown in [35, Lem. 3.1] that they identify the target with the
categorical quotients s/H’, uy/Hy, and u;/H;. In other words, the ring of global invariants on
each of s, 1y, and u; is a polynomial ring over Fy generated by the 2n — 1 functions .

There is another set of polynomial generators, also given in loc. cit., which will be a little
more convenient for us to work with. Write a point = in Resp,p, My, in the form

A b
x = [c d] , (2.9)
where the block decomposition is with respect to the special vector e. Then the functions
trAfA, 1<i<n-—1, cA’b, 0<j<n-2, and d (2.10)

realize the categorical quotients s/H’, ug/Hy, and u;/H; as above (again after choosing any
special embeddings up,u; < Resp, g, M, for the latter two). Explicitly, for b any of these three
quotients, the invariants (2.10) induce an isomorphism of schemes over Fj

n—1 n—1
alternating alternating
factors factors

b%slex---xAxglx...XSI (211)

x+—— (tr A,tr A2A, ..., cb,cAb, ... d).

3. THE MODULI SPACE

In this section we introduce the moduli space of p-divisible groups N,, over Spf Op. It is an
analog of spaces appearing in [9], 21], 27 28] [33] in the unramified setting, but in the ramified
setting a subtler definition is required to obtain a formally smooth space. In accordance with
our convention in the Introduction, throughout this section we take Fy = Q,. Let n > 1 be an
integer.

3.1. Unitary p-divisible groups. Let S be a scheme over Spf O 3. A unitary p-divisible group
of signature (1,n — 1) in the setting of this paper is a triple
(X, 1x,Ax)
consisting of a p-divisible group X over S, a homomorphism
tx: Op — Endg(X),

and a polarization
Ax: X — XV,

subject to the following constraints:
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o (Kottwitz condition) for the action of Or on Lie X induced by tx, there is an equality of
polynomials

char(vx () | Lie X) = (T — 7)(T + )"~ ' € Og[T);
o (wedge condition) /\?ﬁs (ex(m) + 7| Lie X) = 0;
e (spin condition) if n > 1, then for every point s € S, the operator ¢tx (m) | Lie X is nonzero;
e the Rosati involution on Endg(X) attached to Ax induces the nontrivial Galois automorphism
on Op; and
e if n is even, then Ker Ax = X[vx(m)]; and if n is odd, then Ker Ax C X[tx ()] of height n — 1.

Let us make a few remarks on the definition. First note that our formulation of the Kottwitz
condition implies that

char(vx(a) | LieX)= (T —a)(T'+a@)" "' € Og[T] forall a€ Op,

and that ranke, (Lie X) = n. Since X is isogenous to its dual, it follows that X has height 2n.
We also note that the Rosati condition on Ay is equivalent to requiring that Ax is Op-linear,
where O acts on the dual XV via the rule

txv(a) = tx(a). (3.1)

The wedge condition is due to Pappas [13]. There is another part to the wedge condition in
loc. cit., which for signature (1,n — 1) is

/\Z)s (ex(m) — 7 | Lie X) = 0.

Since Lie X has rank n, this condition holds automatically by the Kottwitz condition. Similarly,
the wedge condition as we have formulated it above is implied by the Kottwitz condition when
n < 2.

The spin condition is based on the spin condition introduced in [I5]; see Remark below
for further discussion. Note that the spin condition is a condition only on the underlying point
set of S. Since S lies over Spf Oz, we have 7-£(s) = 0 for every point s € S. Thus in the presence
of the wedge condition, the spin condition is equivalent to the condition that ¢tx (7) | Lie X has
rank 1 for every s € S.

3.2. Serre tensor construction. Before continuing, we pause to briefly review the Serre tensor
construction, which will also play a central role in

Quite generally, let S be any base scheme, A a commutative ring, M a finite projective A-
module, and X a contravariant functor on the category of S-schemes, valued in A-modules. For
T a scheme over S, define

(M@aX)(T):=M®4 X(T).

When X is a scheme, so is M ® 4 X, and moreover many properties of X are inherited by M ® 4 X .
See [3, §7]. It follows easily from loc. cit. that M ® 4 X is a p-divisible group when X is, which
will be the case of interest to us. In this case, one furthermore has canonical isomorphisms

(M Ra X)v >~ AV XA XV,
where MV := Homy (M, A) is the dual A-module; and
Lie(M ®4 X) 2 M ®4 Lie X.
3.3. Framing objects. In this subsection we consider unitary p-divisible groups of signature

(1,n — 1) over Spec k. The first point of business is that, up to isogeny, there is only one whose
underlying p-divisible group is supersingular, in the following sense.

Proposition 3.1. Let (X,tx,Ax) and (Y, iy, Ay) be supersingular unitary p-divisible groups of
signature (1,n — 1) over Speck. Then there exists an Op-linear quasi-isogeny

p: X —Y
such that p*(\y) is an Fy -multiple of Ax in Homg, (X, XVY).
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Proof. Let M denote the covariant Dieudonné module of X, endowed with its Frobenius operator
F and Verschiebung V. The polarization on X translates to an alternating form (, ) on M
satisfying

(Fx,y) = (z,Vy)? forall =z,ye M,

where o denotes the Frobenius operator on W (k) = Op,- The Op-action on X translates to an
Op-action on M commuting with F and V and satisfying

<a1:7 y> = <ZIJ, ay>

for all z,y.

Let N := M ®o,, Fy denote the rational Dieudonné module of X. Then (, ) extends to a
nondegenerate alternating form on N. We must show that the rational Dieudonné module of
Y is isomorphic to N as a polarized isocrystal (with the polarization taken up to scalar in Fy°)
with F-action.

Let ¢ € O;ﬂ satisfy ¢2my = —p. Since N is supersingular, all slopes of the o-linear operator

T:=¢rV"": N—N (3.2)

are 0. Hence
C:=N"7!
is an Fy-subspace of N such that
C®pr, FO = N;

and in this way ide ® o identifies with 7. Furthermore C is F-stable, the restriction of ( , ) to
C takes values in Fp, and the form

h(z,y) := (mz,y) + (z,y)7, z,y € C,

makes C into a nondegenerate F'/Fy-hermitian space of dimension n, cf. [20, pp. 117071]E|
Clearly, to classify N up to isomorphism as a polarized isocrystal with F-action is to classify
C up to similarity as a hermitian space. When n is odd, all nondegenerate n-dimensional F'/Fy-
hermitian spaces are similar, which proves the lemma. When n is even, the two isomorphism
types of nondegenerate n-dimensional hermitian spaces remain non-similar. By Dieudonné the-
ory, the Lie algebra of X identifies with M/V.M = M/m7='M, and the spin condition is that
dimg (7 M +77 M) /77 M = 1. The condition Ker Ax = X[vx ()] translates to MV = 7~ ' M
inside N, where the dual lattice MV is the set of z € N such that (z, M) C O £y OF equivalently
such that h(x, M) C Op. The lemma is now a consequence of the general result in Lemma
below. ]

We will need to prepare a li:ctle before coming to Lemma [3.3] Suppose that n is even, and let
N be “the” n-dimensional F'/Fy-hermitian space. Let M be a m-modular O j-lattice in N, which
is to say that the dual lattice of M with respect to the hermitian form is 7 =M. Let U := U(N)
denote the (quasi-split) unitary group of N over Spec Fy. Let K denote the stabilizer in U(Fo)
of M. Then K is a special maximal parahoric subgroup of U (FO), and all special maximal
parahoric subgroups of U(Ep) are conjugate to K; see e.g. case (b) in [14] §4.a]. We also need
the Kottwitz homomorphism on U (F’O), which is a homomorphism

ki U(Fy) — {£1} (3.3)

admitting the following simple description. For any g € U(I:"O)7 the determinant detg(g) is a
norm 1 element in F', and x(g) takes the value 1 according as detr(g) = 1 mod 7; this follows
from e.g. [14] §§3.b.1, 4.a], or see [I5] §1.2.3(b)] for the closely related case of quasi-split GU,,.

Lemma 3.2. For n even and any g € U(Fy), k(g) equals 1 or —1 according as the O jz-length
of (M + gM)/M is even or odd.

3Note that the quantity 7 in loc. cit. should be a square root of —e~!, rather than a square root of e~ 1.
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Proof. We use the Cartan decomposition. We can choose a split F-basis €1,...,en for N (mean-
ing that e; and e; pair to ¢; ,4+1—; under the hermitian form) such that

M = Opel + -+ Open/g + Opﬂen/2+1 + -+ Opwen.
Let T be the maximal torus in U whose Fo-points are
T(FO) = {diag(al, .. ,an/z,ag}w . ,6;1) ‘ ai, ... 0y € Fx }
Since K is a special maximal parahoric subgroup, by the Cartan decomposition g = kytko for
some ki,ke € K and t € T'(Fp). Then (M + gM)/M = (M + k1tM)/M, which, multiplying by
ki, is isomorphic to (M + tM)/M. Since ky and ks of course have trivial Kottwitz invariant,

we have therefore reduced the lemma to the case g = ¢, where it is obvious. (It may be helpful
to note that an element of the form a/a@, a € F'*, is congruent to (—1)°"~ % mod =.) O

Lemma 3.3. Letn be even, let C be an F'/Fy-hermitian space of dimension n, let N := C®p, Fg,
and let T :=idc®o. Let M be an O p-lattice in N which is m-modular with respect to the induced

F | Ey-hermitian form. Then the Op-length of (M 4+ 77 *M)/7=*M is even or odd according as
C' is a split or non-split hermitian space.

Proof. The length in question is the same as the length of the module (M + 7M)/M, which we
will work with instead. Let U denote the unitary group of C' over Spec Fy. (In terms of the
notation in the previous lemma, in this way we view the unitary group of N as defined over Fj.)

If C is split, then it contains a m-modular Op-lattice A. Let L := Opx-A C N. Then M = gL

for some g € U(Fp). Hence 7M = o(g)L, and
(M +7M)/M = (M +0o(g)g” "' M) /M.

Since o(g) and g have the same Kottwitz invariant, we conclude from Lemma that the
O -length of the displayed module is even.

If C is non-split, then it can be expressed as an orthogonal direct sum of a non-split 2-
dimensional space C; and a split (n — 2)-dimensional space Co. There exists a basis ey, es of Cy
such that the associated matrix of the hermitian form is of the form

|-

for some b € O;io ~NOj. Let 8 € OFO be a square root of b. Then the vectors

fi=er+B tes, fori= %(61 - 57162)

form a split basis of Ny := C ®p, FO. Hence Ly := Opfi1 + Opmfo is a m-modular lattice in
Nj. Since Cy is split, Ny 1= Cs ®F, F‘O contains a m-modular lattice Lo which is stable under
ide, ® 0. Then the lattice L := L1 @ Ly in N is m-modular, and by inspection, L and 7L differ

by the transformation gy € U (ﬁ’o) which interchanges f; and fo and is the identity on No. Then
det(go) = —1, and hence x(go) = —1. Now we argue as in the case that C is split. Writing
M = gL for an appropriate g € U(Fp), we have

(M +7M)/M = (gL +o(g)7L) /gL = (L + g 'o(9)goL) /L.
By Lemma the length of the module on the right is odd. O

In the rest of this subsection we are going to fix particular framing objects (X,,tx,, Ax,, ),
n > 1, over Speck for use in the rest of the paper. When n = 1, we define

(Xl, LXI) = (E, L]E),

where as in the Introduction, E is the unique (up to isomorphism) connected p-divisible group
of dimension 1 and height 2 over Speck, and ¢ is an embedding

LR : OF — OD = EndoF0 (E),
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which makes E into a formal 7-divisible module of relative height 1. (]?Eecall that in this section

Fy = Qp.) The Dieudonné module M of E can be identified with W (k)% = O% endowed with
0

the Frobenius operator given in matrix form by

0 @ o

1 0|7
where o denotes the usual Frobenius homomorphism on the Witt vectors. To give a polarization
on E is to give an alternating bilinear pairing on M with associated matrix of the form

0 ¢
-5 0
for 0 € Op, satistying o(d) = —d. We define the (principal) polarization Ax, = Ag by fixing any

such ¢ € O; once and for all. Note that any other principal polarization of E differs from Ag
0

by an O, -multiple. The Fy-algebra D = EndOOF0 (E) is the quaternion division algebra over Fy,
and Op = Endo,, (E) is its maximal order. The Rosati involution attached to Ag is the main
involution on D, and therefore it induces the nontrivial Galois automorphism on Op.

When n = 2, we define

X :=Op ®OF0 E

via the Serre tensor construction, with vx, given by the tautological Op-action on the left tensor
factor. Then canonically

Lle(OF ®OF0 E) ~ Op ®OF0 LieE

as (OF ®op, k)-modules. It is clear from this that (Xs,ux,) satisfies the Kottwitz and spin
conditions. To define the polarization Ax,, first note that canonically

Xy = OY ®0o,, EY

as Op-modules (where Op acts on Xy as prescribed by (3.1))); here O, is the O, -linear dual of
Opr, made into an Op-module by the rule

(z-f)ly) = f@y) for z,y€Op, f[eOp.
Define the (injective but not surjective) Op-linear map
v: Op —>07}’;, T — [y — %trp/pn(fy)]. (3.4)
Then we define Ax, to be the map
Or ®OF0 E & Oi%/v@ol,o EY (OF ®OF0 X)v.

Note that Ax, is anti-symmetric because ¢ is symmetric and Ag is anti—symmetricﬂ and one
readily verifies that Ker Ax, = Xa[tx, (7)].

The triple (Xz, tx,, Ax,) can be expressed in more concrete terms after choosing an Op,-basis
for Op. Indeed the choice of basis 1, 7 induces an isomorphism of Op,-modules

Or ®0,, E~E x E. (3.5)
The action of 7 on the left-hand side of this isomorphism translates to the action of the matrix
i 7]
1 0
on the right-hand side. Using the dual basis to identify O}, ®0p, BY =~ (EV)2, the polarization

Ax, is given by the matrix
AE 0
[ 0 } . (3.6)

—w)\E

4There is a mistake in [@ (6.2)]: the §~! in loc. cit. should be eliminated to obtain an anti-symmetric
homomorphism into the dual, rather than a symmetric one.
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Remark 3.4. A framing object in our setting in the case n = 2 is also described in [T}, §5 d)],
but contrary to the claim made there, it does not give rise to a formally smooth moduli space.
Indeed this object manifestly does not satisfy the spin condition; or one can check directly
that the hermitian space corresponding to it (defined as in below) is split. The object in
loc. cit. should be replaced with X5 as we have just defined it.

Now we define framing objects for n > 2. As in the Introduction, we denote by E the same
Of,-module as E, but with Op-action (g equal to (g precomposed by the nontrivial Galois
automorphism. Then Ag is still Op-linear with respect to ¢z, and we denote it by Ag. If n is
even, then we define

—n—2

X, = Xo x "7,
L n—2

LX,, ‘= X, X LE s

and, in matrix form,

e, = A,y X diag({_ )‘E(L)E o AELg(W)} [_ Aﬁ?ﬁ(ﬂ) AELg(“)D.

(n—2)/2 times
Then indeed Ker Ax, = X,,[ex,, (7)]. If n is odd, then we define
(Xn, LX,, s )‘Xn) = (Xn—l X E, LX X Ug» )\Xn—l X )‘E) (37)

Then indeed Ker Ax, C X,,[ix, (7)] of height n — 1. For either parity of n, if n > 1, then it is
clear that tx, (7) acts on LieX,, with rank 1. Hence (X,, tx,,Ax, ) is a unitary p-divisible group
of signature (1,n — 1) for all n.

n—1

3.4. Automorphisms of framing objects. For n > 1, let g — ¢ denote the Rosati involution
on Endg, (X,,) induced by Ax,. Define

U(Xy) == U(Xp,x,, Mx,) = { g € End}_(X,) | g¢" =idx, }. (3.8)

Thus U(X,,) is the group of Op-linear self-quasi-isogenies of X,, which preserve Ax, on the nose.
Next define the space of special quasi-homomorphisms

V,, := Homp , (E, X, ); (3.9

cf. e.g. [0, Def. 3.1]. Then V,, is an n-dimensional F-vector space. It carries a natural F'/Fy-
hermitian form h: for x,y € V,,, the composite

—1
ZL’V —

_ A _
E- %X, x2S E ZELE

lies in Endy, (), and hence identifies with an element h(z,y) € F via the isomorphism
g F— Endp, (E).
Lemma 3.5. The hermitian space (V,,, h) is non-split for all n.

Proof. When n = 1, we have V; = Homg, (E,E) and the lemma is clear. When n = 2, using
the Op,-linear isomorphism Xz ~ E x E in (3.5)), V2 identifies with

] v [y 3] = [ e} = {57 e}

For b € D, one computes from the explicit form of the polarization that [b‘@b(”)} pairs with
itself under h to —2wNb. Thus Vs has no nonzero isotropic vectors, which characterizes it as
the non-split hermitian space of dimension 2.

To complete the proof for higher n, note that the definition of V,, as a hermitian space makes
sense for any polarized formal Op-module in place of X,,. Doing this for the pair (E, Ag), we
obtain a 1-dimensional space Vi which is obviously split; and doing this for

(® [agen 57))
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we obtain a 2-dimensional space Vo which is obviously split. When n is even, we conclude that
Vo 2 Vy e V22

is non-split, because it is the orthogonal direct sum of a non-split space and an even-dimensional
split space. When n is odd, we conclude that

Vn = anl @ Vl

is non-split, because it is the orthogonal direct sum of an even-dimensional non-split space with
a split space. 0

The group U(X,,) acts naturally from the left on V,,, and in this way identifies with U(h).
Thus in terms of the notation (2.2]), we may, and will, choose an isomorphism

for all n.

3.5. The moduli space. We now define the moduli space NV,,. For S a scheme over Spf O, let
S := Spec Og/7Og.
The S-points on N,, are isomorphism classes of quadruples
(X, ex5 Axs px),
where (X, tx,Ax) is a unitary p-divisible group of signature (1,n — 1), and where
px: X xgS —X, XspecE§

is an Op-linear quasi-isogeny of height 0 such that p% (Ax, XSpeck S) is locally an O;O—multiple
of Ax xg S in Homg, (X, Xg), i.e., locally on S,

Px (A, Xgpeer S) = c(Ax) - (Ax x5 5), c(Ax) € Op. (3.11)

Here an isomorphism between quadruples (X,:x,\x,px) — (Y, iy, Ay, py) is an Op-linear
isomorphism of p-divisible groups a: X =+ Y over S such that py o (a xg S) = px and such
that a*(Ay) is locally an O, -multiple of Ax.

Each g in the group U(X,,) is a quasi-isogeny of height 0, and therefore U(X,,) acts
naturally on N, on the left via the rule g - (X, tx, A\x, px) = (X, tx,A\x, 9px)-

Remark 3.6. We have formulated the moduli problem defining A, in a way that conforms with
other instances of RZ spaces in the literature, by taking the polarization Ax up to scalar in OI?O.
But the definition can be reformulated without reference to scalar factors: consider the moduli

problem of quadruples (X, tx,Ax,px) as above, except where p% (Ax,, XSpeck S) is required to
equal Ax xs S on the nose, and where isomorphisms « as above satisfy a*(Ay) = Ax on the

nose. It is easy to see that the functor this defines is isomorphic to A, ; and in some situations
this version of the moduli problem is a little more convenient to work with.

Example 3.7 (n = 1). Let us make the definition of A, explicit in the case n = 1. The framing
object E = X is a formal w-divisible Op-module of height 1 via ¢g. It is easy to see that any
framing map p of height 0 into E as above must be an isomorphism, and it follows that A7 is
the universal deformation space of E over Spf O, which is just Spf O itself. We write £ for
the universal p-divisible group over N7, endowed with its Op-action g, principal polarization
Mg, and framing pg: & = E. Of course, the triple (&, g, pe) is nothing but the canonical lift
of (E,g) in the sense of Lubin—Tate theory, as in the Introduction.
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3.6. Formal smoothness and essential properness. In this subsection we prove the follow-
ing basic result on the geometry of N,,.

Proposition 3.8. The formal scheme N, is formally locally of finite type and formally smooth
over Spf O of relative formal dimension n—1 at every point. If n is even, then N, is essentially
proper over Spf Op.

Here essentially proper means that every irreducible component of (N, )req is proper over
Spec k. The proof of the proposition is via the local model, whose definition we now recall in the
situation at hand. Let

m:=|n/2].
Let ey, ..., e, denote the standard basis in F™. Let ¢ be the (split) F//Fy-hermitian form on F"
specified by
o(ae;, bej) =abd; ni1—; (Kronecker delta).
Let (, ) be the alternating Fyp-bilinear form F" x F" — F, defined by

(2,9) = 5ty (70, 9).

Then
(rx,yy = —(x,my) forall =z, ye€ F". (3.12)
For i = bn + ¢ with 0 < ¢ < n, define the Og-lattice

A; = Zw_b_lOFej + Z W_bOFGj C F™.
j=1 j=c+1
For each i, the form ( , ) induces a perfect Op,-bilinear pairing
A x Ay — Op,.
In this way, for fixed nonempty I C {0,...,m}, the set
Ap:={A;|ie+I+nZ}

forms a polarized chain of Op-lattices over Op, in the sense of [23, Def. 3.14]. The following
definition of the naive local model is an alternative formulation of [23] Def. 3.27] in our situation,
in the case I = {m}.

Definition 3.9. The naive local model M™V® is the scheme over Spec Op representing the
functor that sends each Op-scheme S to the set of all families

(Fi CAi ®0g, O8)ictm+nz
such that
(1) for all 4, F; is an Op ®0g, Os-submodule of A; ®0p, Os which is Zariski-locally on S an
Og-direct summand of rank n;
(2) for all i < j, the natural arrow A; ®0p, Os = A, ®0r, Og carries F; into Fj;

3) for all 7, the isomorphism A; ®o . Og KEN Ay ®0.. Og identifies F; = Fi_n;
Fy Fo

~

(4) for all 4, the perfect Og-bilinear pairing

(Ai ®0g, Os) x (A—; @0, Os)
identifies F;- with F_; inside A_; ®0g, Os; and

?

(,)®0s Og

5) (Kottwitz condition) for all i, the section # ® 1 € O ®p,. Og acts on F; as an Og-linear
( Fo
endomorphism with characteristic polynomial

char(r @ 1| F;) = (T — m)" (T + ) € Os[T].
The local model M'°° is the subscheme of M™V® defined by the additional conditions
(6) (wedge condition) for all 4,
2
/\ (rel-1@7n|F) =0
Os

and
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() ifn>1, then t®1 | F; Qog k(s) is nonvanishing for all s € S and all 4.

Plainly M™Ve is representable by a closed subscheme of a product of Grassmannians. Fur-
thermore the inclusion M °¢ € MV is an isomorphism on generic fibers, which both identify
naturally with P " [I5, §1.5.3].

Proposition 3.10. M!° is smooth over Spec O of relative dimension n — 1 at every point,
and a closed subscheme of M™*"V® when n is even.

Proof. This is essentially a matter of collecting results in the literature. Let M” denote the
closed subscheme of M"*V¢ defined by the wedge condition. Then M'°¢ is an open subscheme
of M. As is explained in [I5], §3.3], the geometric special fiber Mgai"e of the naive local model
embeds into an affine flag variety for GU,, where it and M£ decompose (topologically) into
unions of Schubert cells. In the present setting, the Schubert cells C,. that occur in MEnalve are
described in §2.4 of loc. cit. They are indexed by the rank r of 7 ® 1 acting on F,, at each
point. On the level of topological spaces, it follows from the definitions that ZMEA = CoUC and
M%OC = C;. Now, Arzdorf [2, Prop. 3.2] and [I5, §5.3] show respectively for odd and even n that
M" contains an open subscheme isomorphic to Ag;l, and it is immediate from these references
that this open subscheme is contained in M 1°° Since M'°¢ has generic fiber P}_l, and since C
is an orbit for a group action, it follows that A'°¢ is everywhere smooth of relative dimension
n — 1.
Furthermore, when n is even, one readily verifies that the perfect pairing

idxm

A % A 225 A A 2D O

is split symmetric. Hence by conditions and above, M™V® embeds into the orthogonal
Grassmannian OGr of totally isotropic n-planes in 2n-space; cf. [16, Rem. 2.32]. The scheme
OGr has 2 connected components, and it is easy to see that these separate Cj, which consists
of a single point in the special fiber, from the rest of M”. Hence M"°¢ = M”" < Cy is closed in
M”", and hence in M™?ive, O

Remark 3.11. When n is even, and in the presence of the other conditions in the definition
of M, condition @ is equivalent to the spin condition formulated in [I5] §7.2]. For a general
signature and parahoric level structure, the spin condition in loc. cit. is not a purely topological
condition, but in this special case it is; see again Rem. 2.32 and the paragraph following it in
[16].

When n is odd, and again in the presence of the other conditions, condition @ implies the
spin condition in [I5]. Indeed, the spin condition is a closed condition on M™*V¢ which is satisfied
on the generic fiber, and hence on the flat closure of the generic fiber, and we have just seen that
M'"¢ is smooth, and hence flat, with the same generic fiber. However, and the spin condition
are not equivalent, since imposing the spin condition on M” does not eliminate the point Cp.

The above relationships are the origin of the term “spin condition” in the definition of unitary
p-divisible group in §3.1} But, for the reason just explained, note that this is a slight abuse of
language when n is odd.

Remark 3.12. More is true when n is odd. Indeed, in this case let N denote the scheme-
theoretic closure of the generic fiber of M™Vve in M ®ve Then N contains M°° as an open
subscheme, and is itself smooth over Spec Or by Richarz [2] Prop. 4.16]. The main result of
[24] establishes a moduli description for N, by introducing a condition which is weaker than
(7) above but stronger than the spin condition in [15]. However, this condition is much more
complicated to state than , and for the purposes of this paper it suffices to work just with
instead.

E’Stlrictly speaking, these references work with signature (n — 1, 1), whereas we are working with the opposite
signature (1, —1). But these situations are isomorphic: explicitly, the isomorphism F™ ~ F™ given by applying
the nontrivial Galois automorphism on each factor induces an isomorphism of lattice chains A; — Ay, which
in turn induces an isomorphism between the corresponding local models. Also, when n is odd, we note that the
scheme denoted M'°° in [2] does not coincide with M'°¢ as we have defined it.
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The link between Propositions and is via the local model diagram [23]. Let NDaive
denote the moduli functor over SpfOp defined in the same way as N, except without the
wedge and spin conditions. By [23, Th. 3.25], AV/B2ive is representable by a formal scheme which
is formally locally of finite type over Spf O . We will see in the course of proving Proposition
B8 below that the inclusion

Nn C N:LlalVe
is a closed immersion when n is even, and an immersion in general.
Let N22¥¢ denote the functor that associates to each scheme S over Spf O the set of iso-
morphism classes of quintuples
(Xa LXv)\vaXa’y)v
where (X, 1x, Ax, px) € Nj*ve(S), and 7 is an isomorphism of polarized chains of Op ®0,, Os-
modules
[ 2 M (X) 20 M(X) 2 ] T Ay @0y, Os
when n is even, and

Ax)w .
[ — M(X) %M(XV) 255 ]2 Ay ®0y, Os
when n is odd, in the terminology of [23]. Let us explain the notation. We have denoted by M
the functor that assigns to a p-divisible group the Lie algebra of its universal vector extension.
Our requirements for ¢tx and Ay imply that there is a unique (necessarily Op-linear) isogeny
p: XV — X such that the composite

X 2, xv M x

is ¢x (m); thus p is an isomorphism or of height 1 according as n is even or odd. Upon applying
M, this diagram extends periodically to the chains appearing above (and it explains the source
of the chain’s polarization when n is even).

The functor ./\7,’;3‘1"e is representable by a formal scheme over Spf O, and it sits in a diagram

X/naive
n

/ \,/
naive naive
NE MRS

Here ¢ is the natural map that forgets -y; it is a torsor under the automorphism scheme of A,
as a polarized Op-lattice chain over Op,, which is smooth. The arrow on the right sends an
S-point (X, tx, Ax, px,7) to the family (F; C A; ®0p, Og)ic+m+nz, where for each i, F; is the
image under v in A; ®o,, Og of the Fil' term in the covariant Hodge filtration for the p-divisible

group. With this in hand, we now arrive at the proof of Proposition [3.8]
Proof of Proposition[3.8 The key point is that by [23, Prop. 3.33], after passing to an étale
naive

cover U — NPV the map ¢ admits a section s such that the composite U — Mo P in the
diagram

% N:;aive
U \ % \
N Eaive Mggg‘gﬁ

is formally étale. We claim that the respective inverse images of A, and Mé%cf 0 in U coincide.
In fact, we will show that the respective wedge conditions on the one hand, and the spin condition
and condition @ on the other hand, separately pull back to equivalent conditions on U.

First consider the wedge conditions. Let (F; C A; ®0p, O pynaive ); denote the universal object
over M"*Ve. For fixed ¢, consider the tautological exact sequence

0 — fz — A’L ®OFO OMnaive — (A’L ®OFO OMuaive)/.Fi — O. (3.13)
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It is easy to see that on the explicit affine charts on M™¥V¢ calculated in [15, §5.1-5.3],
2 2
(r@l-10@n|F)=0 < /\O (T@1+1® 7| (A ®0p, Oppuave)/F;) = 0.

Mnaive Mnaive

Since these charts meet every Schubert cell in the special fiber (after embedding the geomet-
ric special fiber into an affine flag variety, as discussed in the proof of Proposition , the
equivalence in the display holds on all of M nai"eﬁ Now consider the Ojnaive-linear dual of

B.13),

O — ((A’L ®OFD OMnaive)/.Fi)v — (ArL ®OF0 OMnaive)v — ‘F’L\/ — O.

The isomorphism A_; ®0,, Oppaive —> (Ai @0y, Oppmaive)" induced by (, ) identifies F_; with
((Ai®0 g, Onpnaive )/ Fi)¥ by condition (), and it identifies the operator 7@ 1 on A ;@0 Opnaive
with —7®1 on (A;®0,, Opgmaive)¥ by (3.12). It follows from these observations and from condition
that the wedge condition on M™V¢ holds for all i as soon as it holds for a single 4, and that
it and the wedge condition on N#V¢ pull back to equivalent conditions on U.

Now consider condition @ on M™ave  This condition is automatically satisfied in the generic
fiber, so let S be the spectrum of a field £ which is an extension of k. Let (F; C A; ®0p, K); be
an S-point on M™@Ve, Then

(T®1|F)=0 <= F=(@al) (A®o,r) < (1®1| (&0, k)/Fi)=0.

Using conditions and , it follows as above that holds for all 7 as soon as it holds for a
single i, and that it and the spin condition on N2*V® pull back to equivalent conditions on .
Thus we have shown that N, and Mg 0, have common inverse image in /. We conclude
that NV, C NP8¥¢ is an immersion in general and closed immersion when n is even, since the
same is true of M'°¢ C M™V¢, Thus N,, inherits the property of being formally locally of finite
type from A/Baive. By Proposition it also follows that A, is formally smooth over Spf O of
relative formal dimension n — 1. Finally, by Prop. 2.32 and the proof of Th. 3.25 in [23], A/Paive
is essentially proper over Spf O. Thus the same is true of AV, when n is even. O

Remark 3.13. In analogy with Remark [3.12] when n is odd, one can replace the spin condition
in the definition of AV,, with a weaker condition, based on the one introduced in [24], to obtain an
essentially proper, formally smooth formal scheme containing N, as an open formal subscheme.
Although this formal scheme is in some sense a “better” object, its definition is much more
complicated to state, and for the purposes of this paper it suffices to work with N, as we have
defined it.

4. INTERSECTION NUMBERS

In this section we define the intersection numbers that appear in our AT conjectures. Let
n > 3 be an odd integer.

4.1. The morphisms Jy and Aps. We begin by introducing some closed embeddings of moduli
spaces. As in the Introduction, over O we have the canonical lift £ of E equipped with its action
te: Op — End(€), its principal polarization Ag, and its framing isomorphism pg: & = E; see
also Example We further have the quadruple (€, iz, Az, pg), where £ is the same underlying
p-divisible group, where the Op-action iz is obtained by precomposing 1g with the nontrivial
Galois automorphism on Op, and where Az = A¢ and pg = ps¢.

Using (&, lg, Az, pg), we define a morphism of formal moduli schemes

S NS —s Npaive (4.1)

as follows. Let S be a scheme over Spf Oy, and let (Y, iy, Ay, py) € NP2¥e(S), cf. §
Then locally on S there exists cy € O, such that pj(Ax, , Xgpeck S) = cy - (\y x5 9),

6Strictly speaking, when n is odd, [I5] computes an affine chart for a different maximal parahoric level structure
than the one we are using. But the calculations in [I5] are easily adapted to our case. See also Arzdorf [2].
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cf. (3.11). Recall that for odd n we have the framing object X, = X,,_; X Speck E and its
polarization Ax, = Ax X Ag. We define

6N: (K Ly,>\y,py) — (Y X E, Ly X lg, )\y X C;lkg, Py X pg)
This is a well-defined functor. Indeed, (py x pg)*(Ax, , X Az) = ey (Ay x ¢! Ag). Furthermore,
if (Y, vy, Ay, py) is isomorphic to (Y, ty+, Ay+, py-), then there exists an Op-linear isomorphism
a:Y' =5 Y compatible with pys and py, and such that, locally on the base, YA\y: = a*(\y)

for some v € O;O. But then ¢y’ = ey, from which one verifies that o x idg: Y’ x ESY xE
defines an isomorphism from da (Y”, 1y, Ayr, py+) to on (Y, ey, Ay, py).

Remark 4.1. If one uses the alternative formulation of the moduli problem defining N,, given
in Remark where cy is required to equal 1, then the well-definedness of 5 is essentially
obvious.

Lemma 4.2. The map dn induces a closed immersion of formal schemes
5/\[: Nn_1 — Nn
Proof. 1f (Y, 1, A, p) is a point on N,,_1, then (¢ x 1z)(m) | Lie(Y x ) is pointwise nonvanishing

because ¢(7) | LieY is, and dn (Y, ¢, A, p) satisfies the wedge condition because (Y, ¢, A, p) does
and because (1g(m) + 7 | Lie&) = 0. O

Using dar, we obtain a closed immersion of formal schemes,

Apn: Ny Ni—1 Xspto, Na.

Let us conclude this subsection by explaining the equivariance properties of the maps dy and
Aps. Since n is odd, the non-split hermitian space V,, = Homg, _(E,X,,) in (3.9) has a canonical
special vector u of norm 1, namely

u = (0,idg) € Hom,  (E, X,,) = Homp,  (E, X, x E). (4.2)

The stabilizer of v in U(X,) = U(V,) identifies with U(X,,—1). In this way we obtain an
identification of

(idw,, 1 0N7)
- 5

Hi(Fy) C Uy(Fy) with U(X,_1) € U(X,), (4.3)

as in (3.10). Via these identifications, H; (Fp) acts on N,,_1, U1 (Fp) acts on N,,, and the product
Gw, (Fo) = Hy(Fo) xUi(Fp) acts on Ny 1 Xspr 0, Np. The maps 6 and Ay are then equivariant
for the action of Hi(Fp), i.e.

5N(h : (Yv ly, )\Y7PY)) =h- 6N((Y7 ly, )\Y7PY))>
AN(h : (Y7 ly, )\Y7PY)) =h- AN((Y> LY>AYapY))7

where H;(Fp) acts via its diagonal embedding into Gy, (Fp) on the right-hand side of the second
equation.

(4.4)

4.2. Homogeneous setting. We now use Ajs to define intersection numbers. We start with
the homogeneous case. Define the closed formal subscheme of N,,_; X Spf O N,

A= Ay (NMy-1). (4.5)
Of course this is not to be confused with the discriminant (2.6]); throughout the paper context
should suffice to make the meaning of A clear. For g € Gw, (Fp), we define the translate
Ay = gA. (4.6)
We then define the intersection number of A and Ay by the Euler-Poincaré characteristic of the
derived tensor product (cf. [9]),

Int(g) := (A, Ay) := x(0a @ O4,). (4.7)

Note that, since M, 1 Xspso,, Nn is a regular formal scheme by Proposition this derived
tensor product is represented by a finite complex of locally free coherent modules. Furthermore,
the intersection A N A, can be identified with

ANA, = AFHA,),
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where A and A, are closed formal subschemes of NV, _1 Xgp¢ 0, N, Tt follows that AN A, may
be identified with a closed formal subscheme of V,,_;. Since n — 1 is an even integer, the formal
scheme N,,_; is essentially proper over Spf O » by Proposition It follows that Int(g) is finite,
provided that the underlying reduced scheme of the intersection A N Ay is of finite type over
Spec O, and that the ideal of definition of this formal scheme is nilpotent. Indeed, under these
conditions, A N A, will be a scheme X proper over Spec O with support in the special fiber,
and the cohomology groups of any perfect complex of Ox-modules are finite length O z-modules,
and there are only finitely many of them. For situations where we can make sure this happens,
see Remark [4.H below.

Remark 4.3. We note that Int(g) only depends on the double coset of g modulo H; (Fp) (with
respect to the diagonal embedding H;(Fy) C Gw, (Fp)). Indeed, the equivariance property (4.4))
implies that
hA = A forall h e Hy(Fp).
Hence
Aghg = gth = gA = Ag7
and
<A7Ah19h2> = <A7Ah19> = <A7h1Ag> = <h;1A7A9> = <A’Ag>'

4.3. Inhomogeneous setting. For the inhomogeneous case, we recycle notation by introduc-
ing, for g € Uy (Fyp), the closed formal subscheme of N, _1 Xgps 0 Na,

Ay = (1xg)A, (4.8)

and setting
Int(g) == (A, Ay) = x(Oa ©" Oa,). (4.9)
The same remarks as in the homogeneous case above apply to this definition.

Remark 4.4. It follows from Remarkthat in the inhomogeneous setting, Int(g) only depends
on the orbit of g under the conjugation action of Hj(Fp).

Remark 4.5. Identify U, (Fp) with U(X,,), and Gw, (Fp) with U(X,,—1) x U(X,,), according to
(4.3). We claim that for any g € Uy ,s(Fo) in the inhomogeneous case, or any g € Gy, .s(Fp) in
the homogeneous case, the quantity Int(g) is finite. More precisely, we claim that in either case,
the intersection of A and A, inside N,,_1 X0, N, is a scheme over Spf Oy (i.e., any ideal of
definition of this formal scheme is nilpotent) which is proper over Spec O .

Indeed, for simplicity, let us consider the inhomogeneous case. Then the proof of [33, Lem. 2.8]
goes through, although we are lacking at the moment a suitable reference for the global facts
used in loc. cit. The argument is based on the relation with KR divisors [9]. Namely, let
Z(u) be the special cycle defined by the special vector u = uy. Then there is the identification
Z(u) = 0n(Ny—1). Via the second projection there is an identification ANA, C NJ. Therefore
we obtain an inclusion

ANA, CZu)NZ(gu)n---NZ(g" ).

But since g is regular semi-simple, the vectors u, gu, ..., ¢g" ‘v in V,, are linearly independent,
cf. In other words, the fundamental matrix of the special divisors Z(u), ..., Z(g" u) is
non-singular. Now we approximate the vectors u, gu,...,¢" 'u by “global vectors” v, ..., vn,

and we imitate in the present ramified case the global argument of [33, Lem. 2.8], which shows
that there is a chain of inclusions of schemes

Z(u) N Z(zu)N---N 2" ) € Z(v) N Z(ve) N---N Z(v,) C Sh™.

Here Sh® denotes the supersingular locus of the integral model of the global Shimura variety,
and we are implicitly using nonarchimedean uniformization to make these identifications. (In
the unramified situation the Z(v;) are relative divisors on Sh, whereas in our ramified situation
we can only assert that the underlying point set has codimension one.)

On the other hand, in the case n = 3, we will show directly in Theorem below that
AN A, is an artinian scheme whenever g € Uy ,5(Fp). The proof of this does not use a global
argument.
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4.4. Lie algebra setting. It would be interesting to transpose the above to the Lie algebra
case. To this end, first note that the closed formal subscheme (4.8]) can be identified with the
closed sublocus of points ((Y; vy, Ay, py), (X, tx,Ax, px)) € Nu1 Xspto, N where

the quasi-endomorphism g: X,, — X,, lifts to a homomorphism Y x & — X . (4.10)

Here we recall from that X,, = X,,_1 x E by definition, and by “lifts” we mean with respect
to the framings py of Y, resp. pg of &, resp. px of X.

Note that condition still makes sense when g is replaced by any quasi-endomorphism
X,,. Hence we may replace the formal subspace Ay = (1 x g) - Ax/(NM,—1) in the inhomogeneous
version above by the analogous subspace A, for any x in the Lie algebra uy of U;. Unfortunately,
we do not know how to give a reasonable definition of Int(x) = (A, A,) in general, cf. our remarks
in the Introduction. Here by “reasonable” we mean that at least, as in Remark Int(x) only
depends on the conjugation orbit of  under H; (Fp), and that if AN A, is an artinian scheme,
then Int(z) coincides with the length of ANA,. One problem, pointed out to us by A. Mihatsch,
is that it may happen that the formal dimension of A, is smaller than n.

Remark 4.6. For any quasi-endomorphism z of X,, and any hy, hy € Hy(Fp), it is elementary
to verify that

(hg X ]’Ll)AI = Ahlmhgl'

Taking hy = hy =: h, and taking H;(Fp) to act diagonally on N,y Xspro, Nn as before, we
conclude that the formal subspaces AN A, and AN App-1 = ANAA, = (AN A,) are
isomorphic.

Remark 4.7. Similar to Remark the intersection AN A, is a scheme proper over Spec O,
provided that = € u; ,s(Fp). Indeed, the same proof works, once the following two observations
are taken into account. First,

ANA, CANAL, i>1.

Indeed, abusing notation in the obvious way, the left-hand side is the locus of points (Y, X) in
N1 Xspt o N, where Y x £ ~ X and where z lifts to an endomorphism of X. It is clear that
then also 2% lifts as an endomorphism of X, for any i > 1. Second, for any y € Endo, (X,,),

Ay C Z(yu).

Indeed, the restriction of y : ¥ x £ — X to the second factor coincides with the homomorphism
yu : &€ — X, hence the locus where y extends to a homomorphism is contained in the locus
Z(yu) where the homomorphism yu extends. We conclude that

ANA, CZu)NZ(xu)n---N 2" u),
and the proof proceeds from here as in the group case.
We also conjecture the following partial converse to Remarks [£.5] and [4.7]

Conjecture 4.8. Let g € Gw,(Fp) be semi-simple (i.e., its orbit under Hy x Hy is Zariski-
closed). If the intersection of A and Ay inside N,y X0, N, is a nonempty scheme proper over
Spec Oz, then g is reqular semi-simple. The inhomogeneous version for g € U1(Fy) and the Lie
algebra version for x € uy(Fy) instead of g also hold true.

5. CONJECTURES AND MAIN RESULTS

In this section, we formulate the general conjecture that is addressed in this paper. Following
the case distinctions we have made earlier, we will formulate three variants: a homogeneous
version, an inhomogeneous version, and a Lie algebra version. We continue to denote by F/Fy
a ramified quadratic extension (and assume p # 2). Throughout this section, n > 3 is an odd
integer.
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5.1. Homogeneous setting. For v € G'(Fp),s, for a function f' € C°(G’), and for a complex
parameter s € C, we introduce the weighted orbital integral

Orb(y, f',s) := / f'(hy ' yhy)|det by [*n(ha) dhy dh. (5.1)
Hj 5(Fo)

Here n = np/p, is the quadratic character corresponding to F'/Fp, and we are using a product
Haar measure on Hj ,(Fy) = Hi(Fy) x Hy(Fp). Also, for

hQ = (h/Q,h/QI) S Hé(Fo) = GLnfl(Fo) X GLn(Fo),

we write n(hg) for n(deth}). Note that deth; is an element of F, and we are taking the
normalized absolute value on F in (5.1). We also introduce

Orb(y, ') == Orb(r, £/,0) and 0Owb(r, f'):= | _ Orb(r, ',5).

The integral in (5.1)) is absolutely convergent, and
Orb(hl_l’)/h27 f/) = T}(hg) OI‘b(")/, f/) for (h,l, hg) € Hi,Q(FO) = H{(Fo) X Hé(Fo)

Now let ¢ € {0,1}, and set W := W, and H := H;. For g € Gw (Fp)s and for a function
f € C°(Gw), we introduce the orbital integral

Orb(g. 1) = | Fh gha) dhy dhs.
H(Fo)xH(Fo)
Here on H(Fy) x H(Fp) we take a product measure of identical Haar measures on H(Fp).
Dual to the matching of regular semi-simple elements discussed in §2is the transfer relation
of functions on G'(Fy), Gw, (Fp), and Gw, (Fo). To define this, recall that a transfer factor is a
function Q: G'(Fy)s — C* such that

Q(hy 'yho) = n(ho)Qy) for all  (hy, ko) € Hi 5(Fo) = H{(Fy) x Hy(Fy).
Transfer factors always exist, and we will specify our particular choice below.

Definition 5.1. A function ' € C°(G’) and a pair of functions (fo, f1) € C°(Gw, ) xC°(Gw,)
are transfers of each other, or are associated (for the fixed choices of Haar measures and a fixed
choice of transfer factor and a fixed choice of special vectors u; in W;), if for each ¢ € {0,1} and
each g € Gw, (Fp)rs,

Orb(g, fi) = Q(y) Orb(v, f')

whenever v € G'(Fp),s matches g.

In the specific case at hand, we will take the transfer factor {2 = w to be given by the following
formula. Let 77 be an extension of 7 from Fy* to F* (not necessarily of order 2). Then we takeﬂ

w(y) = 7j(det(7)~""V/2 det('€)i=0,....n-1), (5.2)

where for v = (y1,72) € G'(Fo)s we set 7 = s(y) = (7{172)(7f172)_1 € S, (Fp), and where we
recall the column vector e = (0,...,0,1) € F. We point out that

det(F) " V/2 det(F'e)iz0,1,....n-1

is an eigenvector under the Galois involution, i.e., it is in either Fy or 7Fjp.

Let us fix the rest of the choices that go into the statement of our AT conjecture. We normalize
the Haar measure in by assigning the subgroup H{(Op,) = GL,,—1(OF) measure 1, and by
taking the product Haar measure on H5(Fy) = GL,—1(Fp) x GL,(Fp) such that GL,,_1(Op,)
and GL,,(Op,) have measure 1. On the unitary side, recall from that we assume that the
special vectors ug € Wy and w3 € Wi have norm 1. Since n is odd, it follows that the perp
spaces Wg and Wf are the respective split and non-split hermitian spaces of dimension n — 1.
Since W} is furthermore even dimensional, it contains a 7-modular lattice [7, Prop. 8.1(b)], that
is, an Op-lattice A} such that (A})Y = 7~ 'A%, where (A})Y C W{ denotes the set of elements
that pair with A2 to values in O under the hermitian form. We fix such a A2 and denote by K}

"Note that in this paper our choice of various transfer factors is slightly different from that in [35].
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its stabilizer in Hy(Fy). We normalize the Haar measure on Hy(Fp) such that K} gets measure
1. The normalization of the Haar measure on Hy(Fp) will not be important for us. We set

AO = A% D OFU()7 (53)

which is a nearly w-modular lattice in Wy, i.e. Ag C Ay C 7 1Ag with 77 1Ag/AY of length 1.
We denote by Ky the stabilizer of Ag in Uy(Fp).

Remark 5.2. The maximal compact open subgroup Kg C Hy(Fyp) is a special maximal parahoric
subgroup in the sense of Bruhat—Tits theory. The maximal compact open subgroup Ko C Up(Fp)
is the full stabilizer in Uy(Fp) of a special vertex in the (extended) building, and contains the
associated maximal parahoric subgroup with index 2. See [I4, §4.a]. These subgroups have
symplectic reduction in the sense that the quotients (A2)Y /A% and AY /Ao have dimension n — 1
over the residue field k, and the hermitian form on the ambient space induces a non-degenerate
alternating bilinear pairing on both.

We now state the homogeneous version of the arithmetic transfer conjecture in the case at
hand. For g € Gw, (Fo), recall the intersection number Int(g) from (4.7)).

Conjecture 5.3 (Homogeneous AT conjecture).
(a) There exists a function [ € C°(G") which transfers to (1, k., 0) € C(Gwy ) x O (Gwyy ),
and which satisfies the following identity for any v € G'(Fy)rs matched with an element g €
Gw, (Fo)rs:

w(7) d0rb(y, f') = ~Int(g) - logq.
(b) For any f" € C°(G') which transfers to (1, i, 0) € C°(Gwy) X C°(Gwy, ), there eists a
function fl... € C(G') such that for any v € G'(Fy)rs matched with an element g € Gy, (Fo)rs,

w(’Y) aorb(’y’ f/) = —Il’lt(g) : IOg q+ w(’Y) Orb(’% f(lzorr)‘

Remarks 5.4. (i) Both sides of these identities depend only on the respective orbits of v and
g: for the right-hand side this follows from Remark and for the left-hand side, this follows
from Orb(y, f') = 0 for any v € G'(Fp),s matched with an element g € Gw, (Fo)rs, which holds
because f’ transfers to 0 on Gy, (Fp).

(ii) Part (a)) of Conjecture follows from part (b]); see Proposition below. The converse

@ = (b)) would follow from a conjectural density principle (Conjecture [5.15)); see Lemma
below.

(iii) The function f’ in Conjecture @ cannot be taken to lie in the Iwahori Hecke algebra of
G'(Fy) = GL,—1(F) x GL,(F) due to the presence of the ramified quadratic character n. It is
tempting to guess that such an f’ could be taken in the pro-unipotent Hecke algebra of G'(Fp),
i.e., to be bi-invariant under the pro-unipotent radical of an Iwahori subgroup. But even in the
case n = 3 we do not know how to prove this.

5.2. Inhomogeneous setting. Now we give the inhomogeneous version of the conjecture. Re-
call the scheme S = S,, = {g € Resp/p, GLy, | gg = 1,}. Fory € S(Fy).s, a function f' € C(9),
and a complex parameter s € C, we introduce the weighted orbital integral

O, f'ss) i= [ f(htmldethln(h) dh. (5.4)
H'(Fo)
as well as the special values
Orb(y, ') == Orb(r, £/,0) and 0Orb(y, f'):= | _ Orb(r, ,5).

Here we write n(h) for n(det h), as in the Introduction. Note that deth € Fp, and in (5.4]) we
are taking its absolute value for the normalized absolute value on Fj. As in the homogeneous
setting, the integral defining Orb(vy, f’, s) is absolutely convergent, and

Orb(h=t~h, ') = n(h) Orb(y, f') for all h € H'(Fy) = GL,_1(Fp).
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For i € {0,1}, set U := U; and H := H,;. For g € U(Fp)s and a function f € C2(U), we
similarly introduce the orbital integral

Orb(g, f) = /H o TR an

A transfer factor on S(Fp),s is a function Q: S(Fp)s — C* such that Q(h=1yh) = n(h)Q(y)
for all v € S(Fp)s and h € H'(Fp). Quite analogously to the homogeneous setting, in the case
at hand we take the transfer factor 2 = w given by

w(v) = 7j(det(y) """/ det(v'e)i0,....n—1)- (5.5)

By definition, this is compatible with the transfer factor on G'(Fp) in the sense that, for
v € G'(Fy),

w(7) = w(s(7)). (5.6)

We take the other normalizations (the length of the special vectors, the Haar measures on

H'(Fy) and H(Fp)) and the notation Ky as in the homogeneous setting. The transfer relation
for functions is the following.

Definition 5.5. A function " € C°(S) and a pair of functions (fy, f1) € C°(Uy) x C°(Uy)
are transfers of each other, or are associated, if for each i € {0,1} and each g € U;(Fp)ys,

Orb(g, fi) = w(y) Orb(y, ')
whenever v € S(Fp),s matches g.

The inhomogeneous version of the conjecture takes the following form.

Conjecture 5.6 (Inhomogeneous AT conjecture).

(a) There exists a function f' € C(S) which transfers to (1k,,0) € C°(Uy) x C*(Uy), and
which satisfies the following identity for any v € S(Fy)rs matched with an element g € Uy (Fp)ys:
2w(7) 90rb(y, f') = —Int(g) - logq.

(b) For any f' € C°(S) which transfers to (1k,,0) € C(Up) x C°(Un), there exists a function
Lo € C(8S) such that for any v € S(Fy)ys matched with an element g € Uy (Fp)ys,

2(")(7) 60rb(77 f,) = 71Ht(g) ’ IOg q-+ w(’Y) Orb(’)/, féorr)'

Note that there is a factor of 2 in Conjecture |5.6] which is not present in Conjecture this
is due to the fact that the restriction to Fy of the normalized absolute value of F' is the square
of the normalized absolute value of Fy, cf. Lemma|5.7] and its proof below.

In the rest of this subsection, we show that Conjectures and are equivalent.

Lemma 5.7. Let f' € C°(G'), and define the function f"on S(Fp) by, for g € GL,(F),

g™ = f'(hy, highs) dhy dhs. (5.7)

/G.L,,,_l(F)xGLn(FO)
(i) f" € C2(S), and every element in C°(S) arises in this way.
(ii) For all v € G'(Fo)qs,
Orb(y, ') = Orb(s(v), f').- (5.8)

If moreover f' transfers to (fo,0) for some fo € CX(Gw,), then for any v matching an element
m GW1 (FO)r57 _

d0rb(v, ') = 200rb(s(v), ). (5.9)
Proof. Part (i) is clear; we show part ({i). Note that for (y1,72) € G'(Fy) = GLy,—1(F) X GL,(F),

Orb((%’ 72)3 f/7 S) = h’l|_s OI‘b((l, 7;172)7 f/a S)'

It is then clear that the left-hand sides of both (5.8]) and (5.9) are invariant if we replace (7y1,72)

by (1,1 172) under the assumption of the lemma. Hence it suffices to consider elements of the
form (1,7v) € G'(Fp). By definition,

Orb((1,7), f',s) :/ f/(hy Yy, byt yhy)|det hy|*n(hb) dhy dhly dhY,
H1Y2(F0)
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where hy € H{(Fy) = GL,_1(F) and (hf, hY) € Hi(Fy) = GL,—1(Fo) x GL,(Fp). Replacing hq
by hbhi, we have

Orb((1,7),f'vs) = [ (0 B )b et ) (1) i i .
Hj 5(Fo)
This is equal to the sum of
J o 7O T ) A e ) i (5.10)
2 0
and
/ o 8T )19 et — D)t 0 s s (5.11)
1,20
Comparing with the definition (5.4), we see that the term (5.10)) is equal to
[ )y ) ek 3 v, = Orb(7 ' 29).
GL-,Lfl(Fo)

The term ([5.11)) has an obvious zero at s = 0 for all regular semi-simple elements (1,7). This
establishes (5.8). To prove (5.9), we note that, when (1,7) matches an element in Gy, (Fp)ss,
the term (5.11) has vanishing order at least two at s = 0. Indeed since |det hi|* — 1 has a zero
at s = 0, the first derivative evaluated at s = 0 is equal to

/H, ) F(ht hy N (hy) vkl ) n(Ry) dhy dhly dhYy = Orb((1,7), f',0) =0,
1,2(L'0

since f’ is assumed to transfer to some (fy,0). This completes the proof. ]

Lemma 5.8. Conjectures (@ and@ are equivalent. Similarly for Conjectures (@ and

Eam.
Proof. We have
Int(hlghg) = Int(g) for all ¢ € Gw, (F’())7 hi,he € Hl(F()).

Therefore it suffices to consider elements of the form (1,g) for g € Uy(Fp). By (5.6), we have

w(y) = w(s(y)) for v € G'(Fy). The equivalence between Conjectures [5.3|(a)) and [5.6{fd) is
now clear by Lemma [5.7] Indeed, if f’ € C2°(G’) satisfies the conclusion of Conjecture [5.3{(a)),

then the function f’ € C°(S) will satisfy the conclusion of Conjecture . Conversely, if
f" € C2°(S) satisfies the conclusion of Conjecture [5.6fa]), then we may choose f' € C°(G') such
that f/ = f”, and f’ will then satisfy the conclusion of Conjecture . One may similarly
show the equivalence between Conjectures and [5.6{(b), by taking the f{,,, in Conjecture
to be ffé:;r (cf. (5.7)) for the fl.. in Conjecture. O

5.3. Lie algebra setting. We would like to formulate a Lie algebra version of Conjecture [5.6]
At least the analytic side of the conjecture makes sense. Recall the Lie algebra version of the
symmetric space S = .5,

s={yecResp/p, My |y+7=0}.
For a regular semi-simple element y € s(Fp)ys, a function ¢’ € C°(s), and a complex parameter
s, we define the weighted orbital integral

Orb(y. o cs) = [ /(™ yh)ldethln(h) .
H'(Fo)
as well as the special values

d
Orb(y, ¢') := Orb(y, ¢',0) and 9Orb(y,¢’) := 75 lo Orb(y, ¢/, 5).
As in (5.4), here we are using the normalized absolute value on Fy. As before, the integral
defining Orb(y, ¢’, s) is absolutely convergent, and

Orb(h~tyh,¢') = n(h) Orb(y,¢') for all h € H'(Fy) = GL,_1(Fp).
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For i € {0,1}, set u:=u; and H := H;. For x € u(Fp),s and a function ¢ € C°(u), we similarly
introduce the orbital integral

Orb(x, @) := /H(F ) ¢(h~txh) dh.

A transfer factor on s(Fp)s is a function Q: s5(Fp),s — C* such that Q(h=*yh) = n(h)Q(y)
for all y € s(Fp),s and h € H'(Fp). We take the transfer factor Q = w on s(Fp),s given by
w(y) == ﬁ(det(yie)i:O,l,...,n—l); (5.12)

cf. 35 (3.7)]. Again we normalize the Haar measure on the symmetric space side such that
H'(Op,) = GL,,—1(Op,) has measure 1. On the unitary side, we denote by £ the stabilizer in
ug(Fp) of the nearly m-modular lattice Ag C Wy defined in . Again we normalize the Haar
measure on Hy(Fy) such that the stabilizer K3 of A% has measure 1. The transfer relation for
functions extends readily to the Lie algebra setting as follows.

Definition 5.9. A function ¢’ € C2°(s) and a pair of functions (¢, ¢1) € C°(ug) x C(uy)
are transfers of each other, or are associated, if for each i € {0,1} and each = € u;(Fp),s,

Orb(z, ¢;) = w(y) Orb(y, ¢')
whenever y € s(Fp),s matches x.

Now we state the Lie algebra version of the conjecture.

Conjecture 5.10 (Lie algebra AT conjecture).

(a) There exists a function ¢ € C°(s) which transfers to (1y,,0) € C(ug) x C°(u1), and
which satisfies the following identity for any y € s(Fy)rs matched with an element x € uy (Fp)ys
for which the intersection AN A, is an artinian scheme:

2w(y) d0rb(y, ¢') = —L-Int(z) - log q.
Here we set
£-Int(z) := length(A N A,).
(b) For any ¢' € C°(s) which transfers to (1g,,0) € C°(ug) X C°(u1), there exists a function

/

forr € C2°(s5) such that for any y € s(Fy)ys matched with an element x € uy (Fy),s for which the
intersection A N A, is an artinian scheme,

2w(y) O0rb(y, ¢') = —L-Int(x) - log g + w(y) Orb(y, Pro.r)-

Remark 5.11. It is not currently clear to us how to formulate a conjecture without the hy-
pothesis that A N A, is artinian; see our comments right before Remark [.7]

5.4. Relation between parts (a) and (b) of the conjectures. In this subsection we explain

how parts (a) and (b) in each of Conjectures and are related.
The group H'(Fy) = GLy,—1(Fp) acts on S(Fp) and hence on the space C$°(S). For a function
f' € C(S) and an element h € H'(Fy), we denote by "f’ € C2°(S) the function defined by

"f'y e /(R R).
We also denote by ""h=1f" ¢ C>°(S) the function
MIRLET s m(R) £ (B k) = £ (7).

We use analogous notation in the Lie algebra setting, with s in place of S.
Lemma 5.12. (i) For any ' € C(S), v € S(Fo)s, and h € H'(Fp),

Orb(, "(h)h_lf’) =0 and 9Orb(y, "(h)h_lf’) = log|det h| Orb(y, f').
(ii) For any ¢’ € C°(s), v € S(Fo)ys, and h € H'(Fy),

Orb (v, "™™"=1¢/) =0 and  9Orb(y, "™"~1¢') = log|det h| Orb(y, ¢').
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Proof. We prove ; the proof of is analogous. The integral Orb(v, f’, s) transforms under
the action of H'(Fp) on f’ by the character 7 o det, where
ne(a) == n(a)lal*, aeFy,
i.e.
Orb(v,"f',s) = ns(det ) Orb(v, ', ).
It follows that
Orb(, (=1 g1 s) = (|det h|* — 1) Orb(y, f', s).
The proves the first desired identity, and the second follows by differentiating. O

Lemma 5.13. (i) For any f' € C°(S), there exists f'* € C2°(S) such that

Orb(y, f') = 00rb(v, f*)  for all ~ € S(Fp)us.
Furthermore, we may choose f"* such that it transfers to (0,0) € C°(Up) x C°(Uy).
(ii) For any ¢' € C°(s), there exists ¢'* € C2°(s) such that

Orb(y, ¢") = 80rb(y, d)’ﬂ) for all y € s5(Fp)ys.
Furthermore, we may choose ¢'* such that it transfers to (0,0) € C(ug) x C(uy).

Proof. Again we just prove . Choose any h € H'(F,) with det h a non-unit, and set
o n(h)hflf/
© log|det h|
Then f’* has all desired properties by Lemma O

Proposition 5.14. Part (b) implies part (a) in each of Conjectures[5.3, and|5.10,

Proof. By the proof of the ST conjecture in [35, Th. 2.6] (resp. its Lie algebra analog in §4.5
of loc. cit.), there exists some function f” € C2°(S) transferring to (1k,,0) (resp. ¢" € C°(s)
transferring to (1g,,0)). Of course f” and ¢” needn’t satisfy the conclusion of part (a) in
Conjectures and respectively, but assuming part (b) in these conjectures, we may use
Lemma modify them into functions that do. The implication (]ED == @ for Conjecture
5.3l then follows from Lemma 5.8 O

For the converse direction from (a) to (b), we need the following.

Conjecture 5.15 (Density principle). The orbital integrals Orb(y, -) for all reqular semi-simple
v span a weakly dense subspace in the space of (H'(Fy),n)-invariant distributions on S(Fy). The
same holds for s(Fp).

Remarks 5.16. (i) An equivalent statement to the above density principle for S(Fp) is as fol-
lows: if a function f’ € C2°(S) has vanishing orbital integrals Orb(v, f') = 0 for all regular
semi-simple v € S(Fp), then it lies in the subspace of C2°(S) spanned by functions of the form
nh=1 ¢ for ' € C(S) and h € H'(Fp). (Of course the orbital integrals of """=1 " vanish
by Lemma [5.12] )

(ii) It is easy to see that the density principles for S(Fp) and s(Fp) are equivalent.

(iii) The density principle holds for s(Fy) when n = 3 by [34, Th. 1.1]; cf. Theorem [11.11| below.
It is still open for n > 4.

Lemma 5.17. Assume that Conjecture holds. Then part (a) implies part (b) in each of
Congectures[5.3, and[5.10,

Proof. We show the implication @ == (]ED in Conjecture The analogous implication for
Conjecture [5.10] can be proved in a similar way, and that for Conjecture follows by Lemma
Suppose that fj € C°(S) satisfies the conclusion of (a)), and let f/ € C2°(S) be any
function transferring to (1x,,0). Then the function f’ — f{j has vanishing orbital integrals at all
v € S(Fpy)rs. By Conjecture we may assume that f/ — f{) is a sum of functions of the form
nWh=1 £ for " € C°(S) and h € H'(Fy). By Lemma (applied to f), it follows that
the function OOrb(y, f' — f}) is of the form Orb(, fl.,,) for some f. .. € C2°(S), and hence (b
holds. This completes the proof. O



ON THE ARITHMETIC TRANSFER CONJECTURE FOR EXOTIC SMOOTH MODULI SPACES 31

5.5. Uniqueness of the function in part (a) of the conjectures. In this subsection we
explain the extent to which the function f’ in Conjecture @ is unique, assuming the density
principle (Conjecture[5.15). An analogous statement holds for Conjecture[5.3|fa)). The statement
does not carry over to Conjecture as we have formulated it, owing to the additional
hypothesis (artinian intersection) that we impose, cf. Remark

Let € := n(det W¢) € {#1}. Then —e = n(det W?). Here we assume as usual that the norm
of the special vector u; € W; is 1. Otherwise we may modify the definition of € accordingly.

We consider the action of the transpose on S(Fp) and on C°(S). For f/ € C°(S), we define
the function f’* by f*(y) := f'(y) for v € S(Fp). Clearly, each f’ can be written in a unique
way as

f=f
where f! = +ef),. Now recall the decomposition S(Fp)rs = Srs,0 LI Sps1 from .
Lemma 5.18. For any ' € C°(S5),
Orb(y, fL) =0 forall v€Ss1 and Orb(y, fL)=0 forall € Sspo.

Proof. This is a consequence of how Orb transforms with respect to the transpose operation. For
v € S(Fp)qs, since 'y and v have the same invariants, there exists a unique element h., € H'(Fy)

such that
by = hi'yh,. (5.13)
Moreover, the element h. is symmetric, i.e. h, = 1th,y; and if v € Sis;, then h, defines a

hermitian space isometric to W7, i.e. n(h.) = n(det W) (cf. the proof of [33, Lem. 2.3]). Writing

7

ns(h) :=ns(det h) for h € H'(Fy), it follows from (5.13) and suitable substitutions that

Oy f5) = [ F(h B () di
H'(Fyp)
= [ e ()
H'(Fo)

= / f'(h= "y h)ns (R~ hy) dh
H'(Fo)

= 1s(h3 ') Orb(y, f',s).
In particular,
Orb(v, f"*) = n(h,) Orb(v, f).
The lemma follows from this. O

Lemma 5.19. Assume that Conjecture holds. Let f' € C°(S) be a function satisfying
the conclusion of Conjecture (@ Then f' is unique up to adding a linear combination of
functions of the form
(i) n(hl)hrl(n(hz)hrlg);
(ii) "Mh=1(© + €O); and

(iit) Yo, "M such that SN log|det hy| f] = 0,

where h,h; € H'(Fy) and 6,0, f/ € C(S). Conversely, adding any function of the form (i),
, or to f' gives a mew function satisfying the conclusion of Conjecture (@

Proof. First consider the following two properties of a function f” € C2°(S):

(1) Orb(y, f) =0 for all v € S(Fp),s; and

(2) O0rb(y, f”) =0 for all v € Sy 1.

If f" is of type (i), (), or above, then f” satisfies and by Lemma [5.12ff), with an
assist from Lemma for property (2) when f” is of type (i). For such f”, the function f’+ f”
therefore satisfies the conclusion of Conjecture whenever f’ does.

Now suppose that both f{ and f4 satisfy the conclusion of Conjecture , and set

=g
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Then f” satisfies and (2). By (1)), it follows from Conjecture that

"= Z ”(h")hi_lf{’ for some f!' € C°(S), h; € H'(Fp).
i=1
If log|det h;|] = 0 for all ¢, then f” is of type above, and we're done. If not, then say
log|det h1| # 0. By Lemma [5.12|(i)),

90rb(v, f) = Orb(v,0) for ©:=) log|det hi|f"
=1

By (2), we have Orb(v,©) = 0 for all 7 € S5 1. This and Lemma[5.18/imply that Orb(y,0_) =0
for all v € S(Fp)rs- So by another application of Conjecture [5.15, we may write

k
o_ = Zn(h]’)hrlej for some 6; € C°(S), h} e H'(Fp).
=1

It follows that "(hM—1@ = n(hM=1(@ 4+ ©_) is a sum of functions type ({) and (fi). Since

n(h1)h1—-1Q B m (n(hi)hilf(/ log|dethz‘n(h1)h11f(,>

~ log|det hy] _Z; © log|det Ay :

is a function of type (iiil), we conclude that f” is of the asserted form. (I

5.6. Statement of the main results. Now we state our main results. In the remainder of
the paper, we will be concerned with the case n = 3, with (apart from only occasional
remarks about the case of general n. In this case, the following result gives a combined version
of Remark Remark d Conjecture Recall from the notation A = Apr(N2),
and from (4.6) (or from (4.10) in the Lie algebra case) the notation A,. Note that, by the
identification (3.10), we may view Uy (Fy) and uy(Fp) as subsets of Endp, (X,,). Also, recall
from the Introduction that, since the statements below involve the geometry of formal schemes,
we are taking Fy = Q, throughout.

Theorem 5.20. Let n = 3. Then for any x € uy(Fy), the intersection AN A, is non-empty if
and only if x € Endo, (X3), and the following three properties are equivalent.

(i) 2 € Endo, (X3) Nug (Fo)ys-

(i) The intersection of A and A, is a non-empty scheme proper over Spec O .

(iil) The intersection of A and A, is non-empty artinian.

The analog where x € uy(Fy) is replaced by g € U1(Fy) also holds true.

We complete the proof of Theorem [5.20]in modulo some explicit calculations which we
carry out in §9

We also prove the AT conjectures formulated above in the case n = 3, namely the following
theorems.

Theorem 5.21 (Group version). Let n = 3. Then for any g € Uy(Fo)s, the intersection of A
and Ay is an artinian scheme with two points unless it is empty, and there are no higher Tor
terms in the expression (4.9) for Int(g). Furthermore, statements @ and (@ of Conjecture
hold true.

By Lemma this theorem also implies the homogeneous group version, i.e. where g €
Gw, (Fo)ss, cf. Conjecture [5.3]

Theorem 5.22 (Lie algebra version). Let n = 3. Then for any x € ui(Fy),s, the intersection of
A and A, is an artinian scheme with two points, unless it is empty. Furthermore, statements

(@ and @ of Conjecture hold true.

The proofs of Theorems [5.21] and will occupy essentially the entire rest of the paper.
We prove these theorems by a combination of methods from geometry and from local harmonic
analysis, which in rough outline goes as follows. In §6 and §7] we relate the moduli space N> to
the formal deformation space of formal Op,-modules, and the special divisors on N3 (the analog
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of KR-divisors in the present setting of a ramified quadratic extension) to quasi-canonical divisors
on this formal deformation space. In using the Cayley transform, we reduce the computation
of Int(g) to the calculation of ¢-Int(z) in the Lie algebra, and even in the reduced subset of the
Lie algebra. The calculation of ¢-Int(x) for a reduced element z in the Lie algebra is then carried
out in This uses the calculation of intersection numbers of special cycles, and is based on the
Gross-Keating formulas for the intersection numbers of quasi-canonical divisors. At this point
the inputs to the proof from geometry are in place. The local harmonic analysis set-up used
in our proof is explained in §10] Using this, we show in Proposition that Theorem [5.21
follows from Theorem [5.22] We show in Proposition [I2.4] that, in turn, Theorem [5.22] follows
from Theorem [12.1] which is its analog for the reduced sets in the Lie algebra setting (cf.
§10.3} and §11.2)). We then obtain Theorem from a comparison of the result of the geometry
side with the germ expansion of the orbital integral side. This part of the proof, carried out in
and is explained in §I3] The general germ expansion is established in Part [4] and has
its own introduction in §I6]

Part 2. Geometric side

In this part of the paper we address the geometric aspects of Theorems and including
the geometric side of the identities to be proved in these theorems. Along the way we also prove
Theorem [5.20] Throughout this part we take n = 3.

6. THE SERRE MAP

The main aim of this section is to describe the moduli space N5 in terms of the Serre tensor
construction (see §3.2)), and to use it to analyze special cycles.

6.1. The Serre map. The first basic fact we need about N3 is the following.
Lemma 6.1. N> (E) consists of two points.

Proof. Let N denote the rational covariant Dieudonné module of the framing object X5, and
recycle the notation ( , ), h, 7, and C from the proof of Proposition Since X, satisfies the
spin condition, the hermitian space C' is non-split by Lemma By Dieudonné theory, N3 (k)
identifies with the set of O p-lattices L in N such that

wL c? nrL C? L, (6.1)

where the superscripts indicate the k-dimension of the corresponding quotients, and such that
LV = n='L, where L denotes the dual lattice in N with respect to (, ), or equivalently with
respect to h; cf. [22) Eg. 4.14], or [20, Prop. 2.2] for the variant where the polarization in the
moduli problem is principal. Note that, since C' is non-split, the p-divisible group corresponding
to any such L automatically satisfies the spin condition by Lemma [3.3] Given such L, we have

Lc'L+7Lctn L (6.2)

By an obvious variant of [23] Prop. 2.17] (with F in place of W, m in place of p, etc.), the lattice
L+ 7L in the 2-dimensional F-vector space N is T-stable. This lattice is also self-dual, since the
dual lattice
(L+7L)Y =LVNn(rL)Y =LVNn7(LY) =7"YLN7L)

contains L+7L by (6.1)), and both L+7L and (L+7L)" are contained in 7~ * L with codimension
1 by (and the dual of the diagram (6.2])). Now, since C is non-split and 2-dimensional, C'
contains a unique self-dual Op-lattice A. Hence L + 7L = O - A inside N. The hermitian form
h induces a symmetric form on V := A®o,. k, and the image of L in V' is an isotropic line. Since
V' is 2-dimensional, there are exactly two isotropic lines in V', and these correspond to the two
possibilities for L. (I

Remark 6.2. We record for later use that, in the notation of the proof, 7 interchanges the two
lattices in N corresponding to the two points in N3 (k).
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Since N; is formally locally of finite type over Spf Oz, we conclude that it consists of two
connected components

N27+ and NQV_,
each reduced to a point topologically. These components are distinguished as the respective loci
in N3 where the framing map p is and is not an isomorphism. They are interchanged under the
group action of U(Xy) ~ Uy (Fp) by elements of nontrivial Kottwitz invariant, cf. (3.3). Thus to
understand the structure of N3, it remains to understand either one of these components. We
will do this in the rest of this subsection via the Serre map.

Forgetting the Op-action, consider E as a connected p-divisible Op,-module of dimension 1
and height 2 over Speck. Let /\/loﬁ0 denote its formal deformation space over Spf O e T hus
for each scheme S over Spf Oy , MOFU (S) is the set of isomorphism classes of pairs (Yp, ),
where Y is a p-divisible Op,-module over S and 8: Y 5 = Ez is an Op,-linear isomorphism.
An isomorphism between such pairs is an isomorphism between p-divisible Op,-modules over S
which is compatible with the isomorphisms to Ez in the obvious sense. By Lubin-Tate theory,
Mo, = Spf Op, [[t]]. Set

M= Moﬁo XSPfOFO Spf 015

Proposition 6.3. The Serre construction Yy — O ®o,, Yo induces an isomorphism of formal
schemes over Spf O,

M 5 Ny

Proof. Given (Yp, 8: Yys = Eg) € M(S), we first have to explain how to define the rest of
the quadruple (Or ®oy, Yo,t, A, p) € N 4+ (S). For simplicity, we use the version of the moduli
problem for N3 described in Remark Of course, the notation signifies that for ¢ we take the
tautological Op-action on Op ®0g, Yy. There is a canonical isomorphism

Lie(OF ®oy, Yo) = OF ®oy, LieYy

as Op ®0oy, Os-modules, from which it follows that (OF ®op, Yo, ¢) satisfies the Kottwitz and
spin conditions. We define the framing map p to be the isomorphism

p: OF ®OF0 YO,§ % OF ®OF0 E§ = X2’§.

It remains to define the polarization A. Since M is a formal scheme over Spf O with a single
k-point, it suffices to assume that S is the spectrum of an Artin local ring with residue field .
Let Ay be any principal polarization of Yj; this exists, for example, because E is isomorphic to
the p-divisible group of an elliptic curve, and hence so is Yy by the Serre-Tate theorem. Over
S = Spec k, the principal polarizations Ao, and B*(Ag) of Yoz differ by an O;O—multiple by our
remarks in Rescaling \g as needed, we may assume that )‘O,E = 8*(Ag). Then we define A
to be the polarization

A —_—
A OF ®op, Yo 222% OF. @0y, Yo' = (OF @0y, Yo)"
where p: Op — Oi}é is the symmetric Op-linear map defined in (3.4). Just as when we defined
Xy, one readily verifies that Ker A = (Or ®0y, Yo)[¢(7)]. Furthermore

Ar =90 @ X5 =9 B (M) =p (¢ ® Ag) = p"(Ax,)-

Hence (OF ®0y, Yo,t, A, p) gives a point in N 1(S), and its isomorphism class is clearly well-
defined in terms of the isomorphism class of (Yo, 3). This defines the map M — N .

Now we show that the map is an isomorphism. Since M and A3 4 both have a single k-point
and are formally smooth over Spf O of relative formal dimension 1 (using Proposition in
the case of N3 1), it suffices to show that the induced map on tangent spaces is nonzero. For
this we might as well prove the a priori stronger fact that M(S) — N> 4 (S) is an injection for
any Spf O -scheme S. Let (Yo, 3) and (Yy, 8’) be S-points on M, and let (Or ®0y, Yo,t, A, p)
and (Or ®oy, Yg,t', ', p’) be the corresponding quadruples as defined above. With respect to
the OF,-linear decompositions

Or ®op, Yo=10Y0+710Yy, Or®o, Yy =10Y;+70Y;, and X;=1®E+7QE,
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the framings p and p’ take the form
p = diag(B,8) and p' = diag(s’,s’).

Thus by ridigity (p’)~* o p lifts to an isomorphism O ®0p, Yo = Op ®op, Yo if and only if
(8)~! o B lifts to an isomorphism Yy — Y, which completes the proof. (]

Remark 6.4. Lemma and Proposition make precise and supply details for the Claim for
the formal scheme denoted M; in [22] Eg. 4.14]. Note however that loc. cit. uses the framing
object described in [T} §5 d)]; this framing object should be replaced with our Xs, as discussed
in Remark

6.2. Special divisors. Recall the embedding tg: O — End(E) = Op and the corresponding
canonical lift £ of E over Op, with its action tg: Op — End(€) and principal polarization
Ag. Let )y denote the universal p-divisible group over M, and let ¢ € Endo, (E) = Endo,, (E).
Associated to ¢ is the closed sublocus 7z (c) of M where ¢ lifts to a homomorphism )y — €. Note
that the divisors Tr(c) are different from the divisors considered by Gross-Keating, i.e. the locus
where ¢ deforms to an endomorphism of )y, or in other words a divisor of the form Spf W{[t]]/J
in [I8] top of p. 147].

Now let ) denote the universal p-divisible group over N, and let b € Homg,.(Xg,E). Asso-
ciated to b is the closed sublocus Z(b) of N3 ; where the Op-linear homomorphism b: Xy — E
lifts to a homomorphism ) — £ (the analog in our present ramified setting of a KR divisor in
the unramified setting [9]@ By identifying, via Proposition the restriction of Y to Ny 4+
with OF ®o o Yo, adjunction implies the following lemma.

Lemma 6.5. If ¢ corresponds to b under the adjunction isomorphism
Homo,, (E,E) =~ Homo,, (OF Q0Op, E,E) = Homo,. (XQ,E)7
then the Serre isomorphism M = N 4 identifies
Tr(c) =2 Z(b). O
From now on, we often drop the field F' from the notation Tg(c).
Proposition 6.6. If b and ¢ are nonzero, then both Z(b) and T (c) are relative divisors.

Proof. Of course it suffices to prove this for 7(c). Consider S := M Xxgpr0, M, with its
universal object Yy x V). Recall from [29] Prop. 5.1] that the locus inside S where c lifts to a
homomorphism Yy — Y is a relative divisor Z in S. Another divisor D inside S is given by the
locus where V) = €. Now D ~ M is an irreducible divisor that is not contained in Z (otherwise
¢ would lift to a homomorphism )y — € over all of M, which is absurd). Hence T(c) = ZND
is a divisor on M. It is a relative divisor because ¢ does not lift to a homomorphism Yy — &
over the whole special fiber M = M XSpf 0, Spec k. O

Remark 6.7. There are also quasi-canonical variants of this construction. Let 7 > 1. Let
Oj = OFJ' = Op, + 7TjOF

be the order of conductor j in Op. Let W; be the ring of integers of the ring class field extension
of F corresponding to O;, and let W; := Spec Wj. Let &; be the quasi-canonical lifting of level
J over W; [29, Def. 3.1]. In particular, Wy = O and & = €. Put

Mj =M XSpecOF Wj and N27+7j = N27+ XSpecOF Wj.

Let Ej denote the same object as £;, but where the Oj-action is precomposed by the nontrivial
Galois automorphism. Inside M, we have the locus 7T ;(c) where the endomorphism ¢ € Op
lifts to a homomorphism Yy — £;; and inside N3 y j, we have the locus Z;(b) where the O p-linear
homomorphism b: Xy — E lifts to an Oj-linear homomorphism Y — &;. If ¢ corresponds to b

8Note also that the claim concerning OIYﬂ at the end of [22] Eg. 4.14] is obviously incorrect.
9Note however that in loc. cit. deformations of homomorphisms E — Xs are considered.
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~

under the adjunction isomorphism Homo,, (E,E) = Homo, (Or ®o,, E,E) = Homo, (X2, E),
then
Tr,j(c) = Z;(b)

under the Serre isomorphism.

7. SPECIAL DIVISORS AS SUMS OF QUASI-CANONICAL DIVISORS

In this section we express the special divisor 7 (¢) defined in as a sum of quasi-canonical
divisors, where ¢ € Op is nonzero. We identify F’ with its image in D via ¢g, but we also consider
the conjugate embedding ¢ := “y: F < D and its image “F. Corresponding to ¢, we have the
quasi-canonical divisor Wep ; on M and the quasi-canonical lift £, ; of level j over Wep ;, as
well as the canonical lift £, over Spf O.

Proposition 7.1. There is an equality of divisors on M,

T(C) = Z WZF’J'.

0<j<vp(c)

Proof. Note that in the definition of 7(c), it is harmless to replace E with E and € with &, since
in both cases the underlying Op,-modules are the same. Set v := vp(c), and write ¢ = 77¢y
with ¢ € OLX-,. Let j < . The element 77 J¢y € Op conjugates ¢ into v, and therefore lifts
to a homomorphism & — £. Over the locus Wep ;, the endomorphism t(m7) of E lifts to a

—1
homomorphism ;: &, ; — &,. Since ¢ = ‘o g, we thus obtain a diagram

—1_j —j
cg meg I

E 2 E E

)

where the vertical lines indicate reduction to k, and where the bottom row evidently composes to
c. This shows that the divisor Wep ; is a component of 7 (c). We therefore obtain an inequality
of divisors on M,

5
ZWEF,j S T(C)
§=0

The equality will follow by comparing the intersections of both sides with the special fiber M.

For the left-hand side, we note that (Wep ;- M) = [W; : O] = ¢/. For the right-hand side, we
apply the following lemma. O

Lemma 7.2. The intersection multiplicity of the cycle T (c) with the special fiber M is
M) = j.
(Tte)- M) Zos;‘s@(d !

Proof. We use the Kummer congruence, cf. [I8, Th. 4.1]. Identify M with Spf k[[t]], and the
product of M with itself with Spf k[[t,#']]. Let (Jo,)}) be the universal p-divisible group over
Spf k[[t,t]]. Let I be the ideal in k[[t,#']] describing the closed sublocus where c¢: E — E lifts to
a homomorphism ¢: Yy — ). By loc. cit., the uniformizers ¢ and ¢' may be chosen such that I
is generated by the element

gi= (= ()T) (1= () ) - (1 1),
where as in the previous proof v = vp(c). On the other hand, the locus where )’ = £ is defined
by ¢ = 0. Hence the intersection multiplicity in question is equal to the length of the Artin ring

Rl E1/(E g) = RN/ (1),
The claim follows. )

Remarks 7.3. (i) Note that our convention that ¢ = p when working with formal schemes is
in force in Lemma Strictly speaking, we need it to appeal to the Kummer congruence.



ON THE ARITHMETIC TRANSFER CONJECTURE FOR EXOTIC SMOOTH MODULI SPACES 37

(ii) The analog of Lemma in the case when F/F, is unramified is [9, Prop. 8.2}@ The
proof of this analog in loc. cit., due to Th. Zink, uses displays and is difficult. The proof of
Lemma [7.2] given here transposes in the obvious way to the unramified case, which gives a
drastic simplification of loc. cit.

Conversely, one can reduce Lemma to the unramified case in [9] as follows. Let F’ denote
the unramified quadratic extension of Fy. We first point out that the Serre isomorphism in
Proposition also holds in the unramified setting (with /\/lop0 isomorphic to the entire space
./\/'F//Fmg), as does the compatibility of special divisors in Proposition Now let £’/ Spf Oﬁo
denote the canonical lifting of E for F'/F; (relative to any embedding of F’ in D). Of course

& Xspfo, Speck ~ & XSpf O Speck
as formal Op,-modules over Speck. Hence, identifying the special fibers of M and MOFO, we
get an identification of the corresponding divisors
Tr(c) Xspto, Speck = Tp(c) XSpfOy, Spec k.
Therefore Lemma, follows from Proposition 8.2 of [9).

8. REDUCTION TO THE LIE ALGEBRA

In this section we lay the framework to reduce the geometric calculations in Theorem (the
group setting) to those in Theorem (the Lie algebra setting). Modulo these calculations,
which will be carried out in the next section, we also prove Theorem [5.20

8.1. Coordinates on U; and u;. We begin by presenting the unitary group Ui (Fp) ~ U(X3)
and its Lie algebra uy (Fp) in terms of explicit coordinates. First recall the embedding

lg - OF — EndoFO (E) = OD.

Except where stated to the contrary, from now on we will tacitly regard Op as a subring of Op
via i, and likewise for /' C D, and drop iz from the notation. Write

D=D,®D_ (8.1)

for the decomposition of D into its respective +1 and —1 eigenspaces under the conjugation

action of m. Then F' = D,. For any a € D, we denote by o and «_ its respective components

with respect to this decomposition. Note that Noo = Ny +Na_. We also write D=V for the set

of traceless elements in D, and we analogously define O%=0, F¥"=0 = [y and O%=° = Op, .
Recall from §3.3] that we have defined the framing object

X3 =X, x E = (OF ®OF0 E) x E. (82)
Identifying O ®0,, E~E x E as in (3.5, we obtain
EndoFO (X3) ~ M3(0D) (83)
In terms of this identification, the Op-action tx, sends
0 @ O
m— |1 0 0
0 0 =

Hence we identify

a Pw br
EndoF(X3): b« b a,B,b,c € Op, d € Op
c we d

We emphasize that here and below the symbol 7 always means ¢z(7), in accordance with our
convention. -
With regard to the decomposition X3 ~ E x E x E, the polarization Ax, is given by

Ax, = diag(Ag, —wAE, Ag);

10Note that the quantity v in loc. cit. should be replaced by half of its value.
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see (3.6). Since the Rosati involution on D induced by Ag = Ag is the main involution a — @,
the Rosati involution z +— zf = )\SE; ox” o Ax, on Endg,  (X3) is given by the formula

a Pw b i a —Bw c
B a b| =|-8 @ cent
c m d —b —bw d

Attached to X3 is the identification of unitary groups from (3.10)),
Ur(Fo) ~U(X3) = { g € Endp . (X3) | 99" = 1}

a fw br (8.4)
C 8« b a,B8,b,ce D, deF ;.
c mc d

Thus we get an identification of Lie algebras,
u(Fy) ~ {z € End}, (X3) |z +2f =0}
a Pw br
= B a b||laeD" " BeF, beD, deF""). (8.5)
™ bw d
Intersecting with Ende, (X3) gives a natural compact open subgroup in each,
Ky := Uy (Fy) NEndo, (X3) = { g € Endo, (X3) | g9t =1}
and
=1y (Fo) N Endo,. (Xg)
{z € Endo,(X3) |z +2f =0}
a fPw br
= B a b||lacOp™, BEOR, beOp, dc OF=" 3. (8.6)
™ bw d
Note that K; is the stabilizer in U; (Fp) of the standard basepoint in N3, i.e. the point
(X3, x5, Axs, 1dx,) € N3 (k).

Furthermore we set

Kl,rs = K1 n Ul,rs(FO) and El,rs = El n ul,rS(Fo).

8.2. Invariants on u; and reduced elements. We now make explicit the invariants on uy
discussed in §2.5in terms of the coordinates just introduced. Let

a PBw br]

T = ﬁ7 70[ b [SRIT (Fo)

b bw d ]

be expressed in the form (8.5). Write

A= {g &E} , b= {b;r , c = [7?5 Bw] ,

A b
1)
Note that this block decomposition for z is not the same as the earlier one in (2.9)), since here

we allow matrix entries in D. With respect to the identifications (8.2)) and (8.3)), we have
A" € Endp, (X3), b’ €Homp (E,X3) =V, and ¢ € Homp, (Xs,E). (8.7)

so that

Using these identifications, one sees that the quantities

Mz) :=detp(A | V), wu(z):=w b, wx):=w 'dAb, trp(d|Vy), d (8.8)
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are the five polynomial generators of the invariant ring listed in ([2.10]), except for the factor !

in front of the second and third invariants, which we have inserted to give a more convenient
normalization; see e.g. Lemma below.
To make the first and fourth invariants in (8.8)) explicit, note that the map

Vz—{{bﬂ ‘bGD}—>D, [bﬂ — b,
is an F-linear isomorphism, where F' acts naturally on the right on source and target. In this
way A’ acting on Vs identifies with the F-linear map
br— ab+ bpr
on D. Hence
trp(A"| Vo) =267 and  A(z) = detp (A’ | V) = Na + f2w.

Definition 8.1. An element z € uy(Fp) written as above is called reduced if its invariants
trp(A’ | V3) and d are 0, that is, if 8 = d = 0. We denote by uj yeqa(Fp) the subspace of reduced
elements in uy (Fp).

Of course, the invariants trp(A’ | V3) and d as written here arise from regular functions on
uy, and their vanishing therefore defines u; ;oq as a closed subscheme of u;; hence the notation.
We also set

U1 red,rs += W1, red N Ul rs, E1,red = é1 N ul,red(FO)7 and El,red,rs = El,l‘ed N El,rs~

There is a natural map uq (Fy) — U1 red (Fo), which we denote by z + ¥yeq, defined by

a Pw br a 0 br
8« bl— |0 «a b
7 bw d 7b bw 0

Taking this map together with the last two invariants in (8.8) gives a product decomposition

U1 (Fo) —— U1 red (Fo) X 51(Fp) x 81(Fp)
(8.9)
T (Ccreda 2ﬂ7ra d)

In §8.4] we are going to explain how to reduce the calculation of intersection numbers not just
to the Lie algebra setting, but to reduced elements in uy (Fy). The first basic fact in this direction
is the following.

Lemma 8.2. An element x € uy(Fy) is reqular semi-simple if and only if Treq 18.

Proof. By the linear algebra characterization of regular semi-simple elements in §2.4] relative to
the canonical special vector u € V3 in , it suffices to show that the three vectors u, zu, z%u
are linearly independent over F' if and only if the vectors u, T equ, xfedu are, and analogously for
bu, tuz, tur? and ‘u, ‘umyeq, 'ur?,y. For clarity we denote the F-action on V3 as a right action.
Expressing = in terms of the coordinates , the first of these equivalences follows from the
easily verified relations
TU = TreqU + ud
and

22U = TTrequ + zud = xfedu + ZredUBT + Trequd 4+ ud? = xfedu + Tpequ(Bm 4+ d) + ud?.

The second, “transposed” equivalence is proved in a similar way. Il

We conclude this subsection by giving a simple characterization of regular semi-simplicity for
reduced elements. Let

r=|0 a b|cu, ), acD"™ beD. (8.10)
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The first three invariants in take the values on z,
AM(z) = Na = Ny + Na— = Nao/| + No'_,
u(z) = @ (wbbr 4 bwb) = 2Nb, (8.11)
w(z) = w ™ (rbabr + bwab) = Nb- (7 'a/7 + ) = 2Nb - o, .
Here in the expressions involving o', we have assumed that b # 0 and set
o =btab;
recall that the subscripts + and — denote the components of an element with respect to the

decomposition (8.1)). Of course, if b = 0, then u(z) = w(x) = 0.
Now recall from that x is regular semi-simple if and only if A(z) # 0, where

A(LL‘) = —W_Q det(tel‘i—i_je)()gi’jgg. (812)

Note that here we have rescaled the discriminant defined in (2.6)), which will give us a more
convenient normalization later on. From now on we will always understand A in the sense of

B.12).

Lemma 8.3. A reduced element x € uy yeqa(Fp) in the form (8.10)) is reqular semi-simple if and
only if b#0 and o’ # 0.

Proof. We calculate the discriminant as

1 0 wU
Alz)=—w 2det | 0  wu ww
wu ww —Awu + wiu? (8.13)
= \u? 4+ w?
= 4(Nb)?Na/_.

O

8.3. The Cayley transform. Our main tool in passing from the group setting to the Lie
algebra setting will be the Cayley transform x — (1+z)(1 —2)~! from uy (Fp) to Uy (Fp). More
precisely, let

u§(Fp) == {# € u1(Fp) | 1 — x is invertible }. (8.14)
Then the Cayley transform is defined on u$(Fp). In fact, we will need the variant

Ce: UT(F()) — Ul(F())

defined by
1+
1—2a’
where £ € Uy (Fp) is a fixed element of the form diag(415,£1), expressed in the presentation
of Uy (Fp). We remark that in we will give a slightly more general definition of the
Cayley transform for u;, and also define it for s and .

T ¢ (8.15)

Lemma 8.4 (Cayley transform for ¢;). There is an inclusion &, C u$(Fy), and hence the
restriction of the Cayley map c¢ to €1 is well-defined, where § = diag(+1s,+1). Furthermore,
this restriction factors through K1,

Ce: El — K1,
and the images c¢(€1), as § varies over these four elements, cover Kj.

Proof. Let
a Pw br
r= |8 a b|ect,
b bw d
expressed in the form . Then z mod 7 is an upper triangular block matrix of the form
a 0 0
B «a b| modm. (8.16)

0 0 d
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Since a € O%=0 and d € O%=°, we have 1 —a, 1 —d € O}. It follows that 1 —z is invertible and
that its inverse has entries in Op. Hence = € uf(Fy) and ¢¢(z) € Endo,. (X3) N U1 (Fp) = K.

To show that the images cover K7, it suffices to show that for every g € K, there exists
¢ = diag(+13,£1) such that cgl(g) is well-defined and has integral entries. Here
- 1-¢g
1 e

c§ (g) - 1 +§_1g'

From the equation gg' = 1 it follows that g mod 7 is also of the form (8.16). Since 1 4 a and

1 —a sum to 2 € OF, at least one of them is in O} too, and likewise for 1+ d. Thus the desired
¢ exists. 0

(8.17)

Remark 8.5. Even though c¢(81) C K7, there are elements « € u$(Fp) \ £ with cc(z) € K.
In the case of ¢ := Cidy, , We also have the following.

Lemma 8.6. Let © € t1. Then there is an equality of subalgebras of Endo,, (X3),
Orlz] = OF[c(x)].

Proof. Let y := 1 — x. Then y is an automorphism of X3 by Lemma It follows from the
Cayley-Hamilton theorem that y~! is expressible as a polynomial with coefficients in O in y,
and hence in x. Hence ¢(z) = (1 + z)(1 — 2)~! is a polynomial in z. Conversely, the same
argument, using the inverse formula , shows that x is a polynomial in ¢(z). (|

Lemma 8.7. Let x € ¢ and £ = diag(+1s,+1). Then x is reqular semi-simple if and only if
ce(z) is.
Proof. Use the linear algebra characterization of regular semi-simple elements, as in the proof of

Lemma twice: first to deduce the lemma in the case £ = idx, from Lemma and then to
see that ¢(x) is regular semi-simple if and only if ¢¢(x) = £c¢(z) is (which is a simple exercise). O

8.4. Relation to intersection numbers. We now apply the material in the previous sub-
sections to intersection numbers. In this subsection A = Axr(N2) C N2 Xspro, N3 (not to be
confused with the discriminant!). We begin with a basic lemma on the geometry of intersections.
For any quasi-endomorphism = € Endg,, (X3), recall the subspace A, of Ny xgpr0, N3 defined

by the condition ((4.10]).

Lemma 8.8. For z € Endp,_(X3), the following are equivalent.
(i) ANA, is nonempty.

(il) (AN A, )rea consists of two points.

(iii) « € Endp, (X3).

Proof. By Lemma, N> (k) consists of two points, the standard basepoint
Z4 = (Xg, LXq» )‘Xz 5 idxz)

and another point z_. Thus A,.q consists of the two points (z4,dn(24)) and (z—,0a(2-)) in
Ny x Ns. According to the definitions, dn(z4) = (X3, tx,, Axs, idx, ). Thus what we have to
show is that z either does or does not give an (honest) endomorphism of the framed p-divisible
groups corresponding to dar(z4) and dar(z—) simultaneously. For this we translate the problem
to Dieudonné modules. Let Ny, No, and N3 denote the respective rational covariant Dieudonné
modules of E, Xy, and X3. We must show that the lattices in N3 corresponding to da(z4 ) and
dpr(z—) either are or are not simultaneously carried into themselves under the endomorphism of
N3 corresponding to x. For i = 1,2, 3, let 7; be the T-operator on N; defined in . Then

NgZNQEBNl and T3:TQ@T1.

Since N; is 1-dimensional over F , the Dieudonné lattice in IN; corresponding to E is 7;-stable.
By Remark To interchanges the lattices in Na corresponding to z; and z_. Therefore 73
interchanges the lattices in N3 corresponding to dar(z4) and dar(z—). Since the endomorphism
of N3 induced by x commutes with 73, the lemma follows. O
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Thus nonzero intersection numbers can only occur for g € K; in the group setting, and for
x € £ in the Lie algebra setting.

Lemma 8.9. Forz € ¥ and £ = diag(+1q, £1), there are equalities of closed formal subschemes
Osz XSpf O N3,
ANA,=ANA =ANA(z)-

Proof. Let (Y,t, A, p) be a point on Na. Tt has to be shown that the endomorphism z of X3 lifts
to an endomorphism of Y x £ (via the framing p x pz) if and only if the endomorphism z,eq lifts
if and only if the endomorphism c¢(x) lifts. Writing « in terms of the usual coordinates ,
the first two of these conditions are equivalent because the endomorphism

w(m) =[5 7] @eon)

Lred

of X, and the endomorphism d € O of E automatically lift. Furthermore, since ¢ obviously lifts,
the equivalence of the first and third conditions is an immediate consequence of Lemma [8:6] [

Combined with Lemma the following proves Theorem

Proposition 8.10. The following three properties of x € ui(Fy) are equivalent.

(i) x € #1 1.

(i) AN A, is a nonempty scheme, proper over Spec O .

(iil) AN A, is artinian with two points.

The analog where x € uy(Fy) is replaced by g € U1 (Fo) and €1 s is replaced by K s is also true.
Furthermore, in the group case, under these conditions, there are no higher Tor terms in the

expression (4.9) defining Int(g).

Proof. Lemma immediately gives the equivalence of and in both the Lie algebra and
group cases; and in the proof of the rest of the proposition, it also allows us to assume that
x € £ in the Lie algebra case (resp. ¢ € K; in the group case) and that the intersection in
question is nonempty. By Lemmas and the equivalence of and in both
the Lie algebra and group cases follows from their equivalence in the case that z is a reduced
element in the Lie algebra. When = € £ ;oq is regular semi-simple, we will show in @ that
ANA, is an artinian scheme by explicitly computing its (finite) length. Thus (i) implies .

To complete the proof of the equivalence of the three properties, we will show that if 2 € £ yeq
is not regular semi-simple, then the intersection A N A, is not a scheme. Write = in the form
(8:10), with o € O%=° and b € Op. Then x is not regular semi-simple (if and) only if the
elements ab and b are linearly dependent over F' (which as before we take to act on D on the
right).

First suppose that b # 0. Then b~'ab € F inside D. Or in other words, « is in the
image of the conjugate embedding ¢ := Y, in the notation of . Since F'/Fy is ramified, ¢
makes E into a formal Op-module of height 1, and we denote by &, the corresponding canonical
lift of E over Spf Op. Via the Serre construction, Or ®o,, &, gives a Spf Og-point on No.
Since a lifts to an endomorphism of &,, diag(a, «) lifts to an endomorphism of Or ®o,, &..
Since b € Op conjugates g into ¢, it lifts to a homomorphism & — &,. Hence [b7] lifts to a
homomorphism € — Op ®oy, €. Similarly, since b = b~'Nb conjugates ¢ into tg, [7b b
lifts to a homomorphism Op ®0p, E, — &. This shows that z lifts to an endomorphism of
(OF ®0p, £,) x €. Thus we've constructed a Spf O p-point on AN A, which shows that ANA,
cannot be a scheme.

The case that b = 0 is even simpler: let & be any formal Op -module over Spf O which
lifts E and for which the endomorphism « lifts. Then as before x lifts to an endomorphism of
(Or ®0p, €0) x &, so that we again obtain a Spf O z-point on AN A,.

Now let us prove the final assertion, i.e. that for g € Uy ,s(Fp) we have

Int(g) = length(A NA). (8.18)

We follow [25, Lem. 4.1] and [I0, Prop. 11.6]. Let R be the local ring at a point z € AN A,
of N2 x N3. Then A is defined in z by the ideal generated by a regular sequence fi, fa of R.
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Hence the Koszul complex K(f1, f2) is a free resolution of the R-module Oa , and the complex
K(f1, f2) ®r Oa,, « represents (Oa QL Oa,)z- But

K(f1,f2) ®r Oa, = K(T17?2),

where f; denotes the image of f; in Oa,, and where on the right-hand side appears the Koszul
complex as Oa, ,-module. Since A and A, intersect properly, f;, fo forms a regular sequence in
O, .« which generates the ideal of ANA,, we see that K(?l,?Q) is a free resolution of Oana, z-
Hence (Oa ®" Oa, ), is represented by Oana, .- The asserted equality follows. O

Corollary 8.11. For x € ;s and { = diag(£1s, £1),
(-Int(z) = £-Int(2req) = length(A N A, (4)) = Int(ce(2)).

Proof. Lemma [8.9] gives the first two equalities, and the vanishing of higher Tor terms asserted
in Proposition [8.10| gives the last one. [l

9. EXPLICIT CALCULATIONS FOR THE LIE ALGEBRA

By the results of the previous section, the calculation of intersection numbers in the situations
of interest to us reduces to the calculation of /-Int(z) for a reduced, regular semi-simple element
z € £1. In this section we effect this calculation.

9.1. Keating invariants. To begin, we briefly recall the theorem of Keating [26 Th. 2.1] in the
case that F'/Fy is ramified. Fix any Fp-embedding of F' into D, and let ¢ € Op. Let dist;(¢))
be the “distance” of ¥ to the order O; of conductor j in F, i.e.

dist,; (¢) := max{ vp(z + 1) | x € O; }.
Equivalently, dist;(¢) is the positive integer ¢ such that
P € (0 +7'0p) ~ (0; + 7' 0p).

(Recall that we use the uniformizer = of F' as the uniformizer of Op.) We may also describe the
distance as the minimum

dist; (1) = min{€(v_), £; (1)}, (9.1)
where 1 and ¢ _ are the components of ¢ with respect to the decomposition (8.1)), and

vp(Im(¢y)), wp(Im(hy)) < 25;

((p-) =vp(p—) and £;(¢py) = {+oo vp (Im(¢4)) > 2j.

Here Im(y4) = (Y4 — ¥, )/2 € F"=C is the imaginary part; note that vp(Im(v4.)) is always
odd. We adopt the usual convention that vp(0) = +oo.

Proposition 9.1 (Keating). Assume that F/Fy is ramified. For j > 0, let £ = dist;(¢)) be
defined as above. Then the length n;(vy) of the locus inside the quasi-canonical divisor Wr;
where ¥ lifts to an endomorphism of the corresponding quasi-canonical lifting is given by

/2
QZqi — qe/2, 0 <25 is even;

i=0

(-2 gDz _q
=0
j—1
2> g+ (-2+1)¢,  £>2
i=0

We refer to the third alternative in the statement as the stable range for j relative to £, and
the first two alternatives as the unstable range for j relative to £.
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9.2. Calculation of ¢(-Int(z) for z € £ ;eq. Now let us return to our convention that F is
embedded in D via ¢, as in Let = € £ 1cq be regular semi-simple. By definition,

C-Int(x) = length(locus in No where x lifts to an endomorphism of Y x E), (9.2)

where ) denotes the universal p-divisible group over Na. We are going to obtain an explicit
expression for this length by pulling the calculation back to M via the Serre map (as in Propo-
sition and using Keating’s theorem. Of course, to do so we have to account for the fact
that A5 has two connected components, only one of which is identified with M under the Serre
map. As in the proof of Lemma let 2. denote the two points in N (k), with z, the standard
basepoint. Write ¢-Int4 (x) for the length of the locus occurring in supported at z4, so that
Int(z) = C-Inty (z) + ¢-Int_ (). If g € H1(Fp) = U(Xs) interchanges z4 and z_, then via the
inclusion Hy(Fy) C Uy (Fo),

¢-Int(z) = £-Int () + -Int 4 (gzg ™). (9.3)
We first consider the term ¢-Int, (z) in (9.3). Write
a 0 br
r=|0 «a b, ozeOtDrzo, be Op,

7b wb 0
in the coordinates (8.6). Recall from that the matrix entries are with respect to the Op,-
linear decomposition of the framing object

Xz =XgxE=(Or ®0,, E)xE=(19E+7®E)xE~ExXExE.

By Lemma since z is regular semi-simple, we have b # 0 and o’ # 0, where o = b~ 'ab
and the minus denotes the component of o’ with respect to the decomposition of D. Now,
inside M is the special divisor T (b) where b lifts to a homomorphism Y, — £, where we recall
that )y denotes the universal formal Op, -module over M, cf. Since Ag lifts to the principal
polarizations Ay, of Vy and Az of £, and since the Rosati involution on D is the main involution,
this is the same as the locus where b lifts to a homomorphism €& — Y. Over the connected
component Ny y C Na, the Serre map identifies ) with Op ®0p, Yo =1® Yo + 7@ . Since
7 € Op of course lifts to an endomorphism of £, we conclude that 7 (b) identifies with the locus
in N34 where [%] lifts to a homomorphism £ — Y and [rb wb] lifts to a homomorphism
Y — &; and we further conclude that the locus in 7(b) where « lifts to an endomorphism of Y,
identifies with the locus in N5 ;. where z lifts to an endomorphism of Y x €. By Proposition
we can write the divisor 7(b) as a sum of quasi-canonical divisors

TO) = > Wiy
0<j<vp (b)

where we recall that *F denotes the image of F in D under the conjugate embedding bLE. We
obtain from Proposition [9.1
Clnty(z) = > ny(a),
0<j<vp(b)

where the length n;(a’) depends, via Keating’s formula, on the distance of &’ to the original
order in F' (not to the conjugate order!).

Now consider the term (-Int, (gzg~") in (9.3). In terms of the coordinates for Uy (Fy),
let us explicitly take

0 T 0
g:= |7t 0 0,
0 0 1
which indeed has nontrivial Kottwitz invariant. Then
momr ™! 0 b T 0 b
grgt = 0 ntar a7lor| = | 0 T Th |,
wbr ™! mwbm 0 b w ™ 0

where the superscript m denotes conjugation of the base by 7, which we have used is also the
same as conjugation by 77!, since 7 is traceless. Thus to compute ¢-Int, (grg~!), we can
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run through exactly the same analysis as above, with ™b in place of b and "« in place of a.
Since the elements ™o~ '"a™ = ™(a’) and o’ have the same distance to O;, we conclude that
Int, (gzg~?t) = (-Int, (x). Hence

-Int(x) = 26-Int, ().

We now explicitly calculate this length via Keating’s formula. Since tr(«) = 0, we also have
tr(a/) = tr(a/y) = 0. Therefore the formula (9.1]) for the distance gives

dist;(a’) = min{f)D(aL)’vD(alJr)}, 'UD(Oé:Jr) < 2]:;
vD(a?), /UD(aJr) Z 2]

To lighten notation, set
b= UD(O/—)7 by = 'UD(OK{,_), and m = ’UD(b).

Note that £ = vp (e, ) is odd, since o/, € F is purely imaginary. Also note that these quantities
depend only on the invariants u(z), w(x), and A(x) (which are given explicitly in (8.11f) and
(8.13)), via

vp(u) =2m, wvp(w)=2m+Ly, and vp(A)=4m+2(_. (9.4)
We will make use of the following ancillary calculation at several points below: for any r > 0,
since

ijqj _ rqr-i-l B qr+1 —q - ,r,qr+2 _ (7,, + 1)q7"+1 +q
j=0 1

q-— (¢—1)2 (¢—1) ’
we have
T ] _1
Z<2q . +(€2]+1)q5>
=N 17
qT+11_1 _ (T + 1) qr+1 -1 rqr+2 _ (T + 1)qr+1 +gq
o=t (- +1) —2 :
q—1 q-—1 (¢—1) (9.5)
7qr+12+(€_+1)(q71)72(rq77"71) 4+ 142(r+1)  2¢+2
(¢—1)? q-1 (¢—1)
_qr+12(q4’1)+(£7_27"_1)(61_1)_57"‘27”"'1_ 4q
(¢—1) q—1 (¢—1)*
Finally we set
t:= q_l.

For the main calculation we now distinguish cases.
Case I: /_ < /.. Then for any j,
dist;(a) = £_.
We divide this case further into three subcases.
(1) £— > 2m. Then all j with 0 < j < m are in the stable range for dist;(a’). Hence

¢-Inty (z) = i(ﬂj —1, (0_ —2j+ 1)qj>.

AN

Taking r = m in (9.5), replacing ¢ with t~!, and multiplying by 2, we obtain
2(1 4t _—2m—-1)(1—t 2(0_ 42 1t 8t
tnt(e) — 2 2LFD (=2 =) =) 20+ 2m A1 |
(1—1)2 1—t (1—1)2

(2) - < 2m and £_ odd. In this case, there are some j in the stable range and some in the
unstable range. We get

(e--1)/2 . m {_+1)/2
¢ -1 ) . q -1
j=0 =(_11)/2

(9.6)
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Multiplying by 2 and using (9.5 with r = (/_ — 1)/2, we get

20¢+1) 20 4q (- +1 2(ql-+1/2 — 1)
(-Int(z) = 2¢-+1/2 -2 -2 +2(m— +1
@ (@-102 g1 (g 12 2 i
(€ —1)/2 (2m —0_ +3) — (2m—(_ — 1)t _2(—+2m+ 1)t St

(1—1)2 1—t (1-1t)2

=2t

(3) - < 2m and ¢_ even. Again, there are stable and unstable j. Similarly to the previous
subcase, we get

0_/2—1

q‘]_l . m qé—/2+1_1
CInt(z) =2 > (2 + (41— 2j)qﬂ> +2 ) (2 _ qe-/z)
=0 q_l .y q—l
Jj=t_/2
2+ 1)+qg—1 20 —1 4q /_ qz—/2(q—|—1)—2
=2¢"-/? -2 —2 +2(m—— 41— =
(q—1) qg—1 (g—1) 2 q—1
_ ot/ (m—L_/24 1)1 -t*) +t(t+3) 2((-+2m+ 1)t 8t
B (1—1)2 1—t (1—1)2"

Case II: /_ > /. In this case we have for the distance

2
dist; (/) = {? Z - 2;_’

We consider the following two subcases.
(1) £+ > 2m. Then for all j with 0 < j < m, we have dist;(a’) = {_ > 2m. Hence all j lie in

the stable range, and we get the same answer as in Case I,

204 —2m—1)(1—t) 20 +2m+ 1)t 8
¢-Int(x) = 2t L - T2 B =E

(2) £+ < 2m. In this subcase, the relevant j can be in the stable range as well as in the unstable
range. Note that ¢ is odd. Hence we get, similarly to Case I,

-1/2, m 0 1)/2
CInt(z) =2 Y (2q] _11 + (- +1— 2j)qj) +2 Y gtz -1
=0 17 =gy 471
— 9qltetD/2 20+ + (- —Ly)(g—1)
(¢—1)2
I T +2(m b+l 1) 2(q /2 — 1)
q—1 (¢—1)° 2 q—1
gyt 2 +2m 31— + 4t 20 +2mA )t 8t
(1—1t)? 1—t¢ (1—1t)?

Part 3. Analytic side

In this part of the paper we turn to the analytic side of the identities to be proved in Theorems
and and, modulo the material in Part [4] on germ expansions of orbital integrals, we
complete the proofs of these theorems.

10. INPUTS FROM LOCAL HARMONIC ANALYSIS

In this section we formulate some basic facts about harmonic analysis on the spaces in play
in the Lie algebra and group settings. FExcept where noted to the contrary, we allow n to be
arbitrary.
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10.1. Lie algebra setting. Let
Tg:5 —> D (10.1)
be the categorical quotient of s by H’ as discussed in say by taking either set of invariants

(2.8) or (2.10). Thus b is an affine space over Fy of dimension 2n — 1 (given explicitly in (2.11))
in the case of the invariants (2.10)). Let b,s be the image of 5,5 in b. Then

bs={2€b|Ax)#0},
where A denotes the discriminant (8.12)). Since this is a global function on s which is H’-
invariant, it descends to a global function on b.
For ¢' € CS°(s), we note that the function y — w(y) Orb(y, ¢’) descends to a function ¢ on
bs(Fp). Let C2(bys) denote the space of locally constant functions on byg(Fy) whose support

has compact closure in b(Fp) (functions with relatively compact support). By [35, Lem. 3.12] the
function ¢ lies in C22(b,s). By a slight variant of [35, Prop. 3.8], we have the following.

Theorem 10.1. Let ¢ be a function in Cgy (bys). The following properties are equivalent.
(i) There exists a function ¢’ € C°(s) such that

@(7s(y)) = w(y) Orb(y,¢") for all y € sis(Fy).

(ii) For every xo € b(Fy), there erists an open neighborhood V., of o and a function ¢, €
C(s) such that

o(ms(y)) = wly) Orb(y, ¢l,,)  for all y € 77" (Vay N bis(Fo)) = 75" (Viry ) N 815 (Fo)-
(]

A function ¢ € C22(b,s) satisfying property (i) is called an orbital integral function; a function
© on bys(Fp) satisfying property (ii]) is called a local orbital integral function [35l Def. 3.7]. More
precisely, if ¢ satisfies property locally around zg, then ¢ will be called an orbital integral
function locally around xg.

We note that the map 7 in induces a surjection on Fy-rational points, and we have a
decomposition

brs(FO) = brs,O I b1rs,1 (102)
into a disjoint union of two open (for the p-adic topology) subsets. Here b, ; is the image under
ms of the set s,5,; of elements in s,5(Fp) which match with elements in u; ,(Fp).

This decomposition can also be explained by a similar picture on the unitary side. Taking
the same invariants as used in realizing the quotient map , by we obtain for ¢ € {0,1}
a categorical quotient map

Ty, Uy — b,
Then b,g; is the image under m,, of u;,s(Fp). To be quite clear, the maps m,, and m,, do not
induce surjections on Fy-rational points, cf. the remark after Lem. 3.1 in [35].

Proposition 10.2. Let n = 3. Fori € {0,1}, an element x € b,s(Fy) lies in by ; if and only if
n(=Az)) = (=1)".

Proof. This follows from Lemma [2.1} noting that we rescaled A(z) by the factor —w =2 in (8.12).
(One can also use (8.13)) for ¢ = 1, taking note that n(—Na’ ) = —1, and the explicit coordinates
given in (11.5)) below for ¢ = 0.) O

Of course, Lemma works perfectly well to distinguish between the two summands in
for any n; we have stated the proposition for n = 3 only because we are now working with the
rescaled version of A.

We conclude the subsection by noting the following.

Lemma 10.3. Let ¢’ € C°(s) be a function with transfer (¢,0) € C(up) x C°(uq). Then the
function

/ .
Y — {W(y) 80rb(y, ¢ )7 Yy € 51‘3,17
Oa Yy S 5rs,O

descends to a function on bys(Fy) which lies in C2(bys).
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Proof. By Remark (or rather, its Lie algebra analog), the function descends to a function
@ on by (Fpy). The map 7s: s(Fy) — b(Fp) is continuous and hence sends the support of ¢’ (a
compact set) to a compact set in b(Fp). The support of ¢ lies in the image of the support of ¢’
under 75 and is therefore relatively compact. The local constancy of ¢ follows from the same
argument as in [35 Lem. 3.12] (which is about the case y — w(y) Orb(y, ¢')). O

10.2. Group setting. We now translate the contents of §10.1] to the group setting. Let B
denote the categorical quotient of S by H’, and B; the categorical quotient of U; by H; for i = 0
and 1. These are affine varieties with rings of global functions given by the ring of invariants.
We denote by
ng: S — B and wy,: U; — DBy,

the corresponding quotient morphisms, and by Bis, resp. By, s, the images of Sy, resp. U, ;s,
under these morphisms. All of these are open subschemes defined by the non-vanishing of the
discriminant function (which by equivariance drops to the categorical quotients). On the level of
Fo-rational points, we write Bys(Fy) and B(Fp)s, resp. By, »s(Fo) and By, (Fo)rs, interchange-
ably.

We are going to see that, in analogy with the Lie algebra case, the quotients B, By,, and
By, can all be naturally identified. To facilitate the precise statement and proof of this result,
we introduce the Cayley transform on each of our Lie algebra spaces (cf. for the case of u;
when n = 3). Le@

s°:={ycs|det(l-y)#0} and uf:={xzcu |det(l—2)#0}, i=0o0rl. (10.3)
Then under the respective quotient maps s, my,, and m,,, these open subschemes descend to
a common open subscheme b° of b. Next recall from the Introduction the norm 1 subgroup
Fl ={¢ e F|N¢ =1}, and define

Sti= {diag(é1 - 1n-1,&2) | &1,& € F' '} C S(Fo).
Then S! canonically identifies with a subgroup in both Uy(Fy) and Uy (Fp) (upon choosing any
special embeddings of Uy and U; as in §2.1]).
For £ € S, we define the Cayley transform for 1y and u; via the same formula as in (8.15)),
e up —— Uy, t=0or 1L
1+2 (10.4)
1—2

¢

Then ¢, is H;-equivariant, and, abusing notation, we continue to denote by c¢ the induced map
on the quotients
Cflbo—>BU,i, :1=0or 1.

Remark 10.4. This definition of ¢ on uj generalizes the definition in §8.3| when n = 3 and
¢ = diag(412,+1). But note that for more general £ there is a small subtlety between the matrix
notation we are currently using and the coordinates in the element diag(¢1,&;,&2) € St is
expressed as

a pw 0
B a 0| €Ul(Fy)
0 0 &

in the coordinates (8.4)), where & = o + 7 with «, 8 € Fp.

To define the Cayley transform on s°, note that the formula in ((10.4]) only gives a map into
S when ¢ is of the form & - 1,,. To define ¢¢ for an arbitrary ¢ = diag(&; - 1,—1,&2) € S, first
choose v1,v9 € F* such that 71 /11 = & and Uy /ve = &5, and set

v:=diag(vy - 1n—1,2).

HHere by det we of course mean the usual n X n determinant Resp,p, Mn — Resp,p, A, relative to any
choice of basis for the hermitian space W; in the case of u;. This definition of uf is consistent with the notation
for ug(Fo), but note that the matrix representations used in involve entries in D, and therefore care
must be taken to correctly interpret their determinant. An analogous remark applies in the definition of Uy ¢
below.
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Then we define
: §8°—— S,
_ 14y (10.5)
ve—= v
L—y
As before, ¢¢ is H'-equivariant. Note that this definition depends on the choice of v and vs,
but the induced map on the quotients (which we again abusively denote by c¢)

Y

Ce: b° — B
depends only on £&. When £ is a scalar matrix, by convention we always take vy = vo; then the
Cayley transform into S is given by the usual formula y +— &(1 4+ y)(1 —y) L.

Lemma 10.5 (|35, Lem. 3.4]). For & € S, define the open subschemes Sg C S and U7, C U;
by

S¢ = {veS‘det(f—l—’y);ﬁO} and Uj¢:= {geU; | det(6+g)#0}, i=0orl.
(i) The Cayley transform c¢ induces an H'-equivariant isomorphism

5° — S¢.

Furthermore, let 1,62, ...,&nq1 be n + 1 distinct elements of F*. Then, as j varies, the open
subschemes S¢ ., cover S.
(ii) Analogous statement for uy and Uy (and Hy-equivariance) in place of s and S.
(iii) Analogous statement for uy and Uy (and Hi-equivariance) in place of s and S. O

The following generalizes Lemma

Lemma 10.6. For any £ € St, an element y in any of s°(Fy), us(Fy), or ug(Fy) is reqular
semi-simple if and only if ce(y) is.

Proof. We show that the sets of vectors {y‘e ;:01 and {’ey’ ?;01 are linearly independent if
and only if {c¢(y)’e}?=; and {fece(y)'}, are; see Set ¢ := ¢1,. First note that the
same argument as in the proof of Lemma shows that there is an equality of F-algebras
Fly] = F[e(y)], which proves the desired equivalence when £ = 1,,.

For an arbitrary ¢ = diag(¢;-1,,—1, &), we next claim that {c¢(y)?e}]—, is linearly independent
if and only if {c(y)e}!— is. To show this we make a little calculation which will also be useful
later. Let ¢ := diag(1,—1,£2/£1). By an easy induction argument, for any A € M,,(F), there is

an equality of matrices
1 *
e CAe ... (A" le]=[e Ae ... A"l
1

for some upper triangular unipotent matrix on the right. Hence for the Cayley transform on ug
and ug,

det [e ce(y)e ... (cg(y))n_le} = det [e Ec(y)e ... (fc(y))n_le}
=& et e Gelye ... (Cey)" ] (106)
= 5?(n—1)/2 det [e c(y)e ... c(y)"e].

For the Cayley transform on s°, taking v = diag(v1 - 1,,—1,2) as in the definition of ¢¢, we have
_ n—1 _ _ n—1 _
vt {e (e ... (ce(y)) e} = [VQ e Clywyte ..o (Eey)" v 1€i| :
Hence, calculating as in (10.6)),
n—1
det [e (e ... (ce(y)) e}
=det(v) vy " 5?(7171)/2 det[e c(y)e ... c(y)" e (10.7)
= (ul/ug)"_lﬁ?(nfl)ﬂ det[e c(y)e ... c(y)"e].



50 M. RAPOPORT, B. SMITHLING, AND W. ZHANG

The equalities (10.6)) and (10.7) prove the claim in all cases. A similar calculation shows that
iyn—1

{tece(y)'}i=y is linearly independent if and only if {*ec(y)?}7=;" is, which completes the proof. [J
For £ € S, let B¢ denote the image of S¢ in B, and let By, . denote the image of U7, in
Byy,. Then the Cayley transforms drop to isomorphisms
b° — B{ and b° = Bp, ., i=0or1
Thus we obtain isomorphisms

@e: BE — Bf ¢, i=0or 1l (10.8)

Lemma 10.7. Let i = 0 or i = 1. There is a unique isomorphism B = By, which induces
for each € € St the isomorphism (10.8). This isomorphism induces an identification of open
subschemes Bpg — By, rs-

Proof. What has to be seen is that for any &, € S*, the isomorphisms ¢, and ¢, coincide on the
intersection Bg N B;. Now, after base extension from Fy to F', there are standard isomorphisms
of algebraic varieties

S@F0 F= Ul ®F0 F= GLn’F and s ®Fo F= u; ®FO F= Mnyp.
The latter identification is compatible with the quotient maps 7 and 7, to b® g, F, and it also
identifies §° @p, F = uf @p, F. Similarly, H Qp, F = H; ®p, F = GL,,_1 p. Since formation
of the categorical quotient commutes with flat base change, the first isomorphism in the display
induces an isomorphism of algebraic varieties over F,
B QR F= BUi KR, F.

Under the above identifications, the Cayley transforms c¢; on s° ®p, F' and on uj ®p, F' need
not coincide (indeed the Cayley transform for s is not even well-defined in terms of £), but one
readily checks that they are GL,,_1(F')-conjugate. In other words, under these identifications,
the base change to I’ of the isomorphism ¢¢ becomes simply the identity morphism. Now the
assertion is obvious. O

Via the lemma, we regard B as the common categorical quotient of S by H', of Uy by Hy,
and of U; by Hy. Analogously to , we obtain a disjoint union decomposition
Bys(Fy) = Brs,o 11 Bis 1, (10.9)
where By ; is the image under 7y, of U; ,s(Fo). Equivalently, B, is the image under mg of the
set Sys,; of elements in Sys(Fp) which match with elements in U; s(Fp). We have
Sis =75 (Brs)s Sis0 =g (Brso), and Si1=mg" (Bs).
Of course, setting
brs == b NB°, by o :=0b°(Fp) Nbrso, and by :=b"(Fp) N by,
the decomposition

b2, (Fo) = b2, o T 6°

rs,0 rs,1

is compatible with the decomposition under the Cayley transform c¢ for any & € S*.

For f' € C2°(S), we note that the function v — w(y) Orb(y, f') descends to a function ¢ on
B,s(Fp). Just as in the Lie algebra case, ¢ is locally constant with relatively compact support
on Bys(Fp). We denote the space of such functions by C2(B,s). By Prop. 3.8 and the remarks
before Lem. 3.6 in [35], we have the following.

Theorem 10.8. Let ¢ be a function in C32(Bys). The following properties are equivalent.
(i) There exists a function f' € C°(S) such that

@(ms(7)) = w(y) Orb(y, f')  for all ~ € Si(Fp).

(ii) For every o € B(Fy), there exists an open neighborhood Vy, of xo and a function f, €
C(S) such that

o(ms(7)) = w(y) Orb(v, fi,)  for all ~ € mg' (Voo N Bus(Fo)) = 75" (Vay) N Ses(Fo).
O



ON THE ARITHMETIC TRANSFER CONJECTURE FOR EXOTIC SMOOTH MODULI SPACES 51

As in the Lie algebra setting, we call a function ¢ € C2(Bis) satisfying a local orbital
integral function, and if ¢ satisfies locally around xg, then we call ¢ an orbital integral
function locally around xg.

Similarly to Lemma [I0.3] we have the following.

Lemma 10.9. Let f' € C°(S) be a function with transfer (f,0) € C(Up) x C2(Ur). Then
the function
/ .
g w(,)/) aOI'b(’)Q f )7 v e Srs717
0, g Srs,O
descends to a function on Bys(Fy) which lies in Cg5 (Bys). O

Proof. The same argument as in the proof Lemma shows that the function descends to a
function with relatively compact support. The local constancy of the descended function reduces
to Lemma by a partition of unity argument (cf. the proof of [35, Lem. 3.6]). O

10.3. Reduced Lie algebra setting. In this subsection, we formulate a variant of the Lie
algebra version which eliminates “trivial” factors from s.
For y a point on s, write y in the block form

A b
Yy = |:C d:| € ResF/FO Mn7

as in . In analogy with Definition let s,0q denote the closed subscheme of reduced points
in s, defined by

Sped :={y€s|trAd=0and d=0}.
Then $,0q is an H’-invariant subscheme of s. Define b,.q to be the product of the middle 2n — 3

factors in the target in (2.11)),

n—2 n—1
alternating alternating
factors factors

breg i = A X851 X - XA X85 X,

Then the composite map

’
T

Tred : Sred C 5 : bred
y—— (trA2A,...,tr A" 1A, cb,...,cA"2b)

is a categorical quotient for s,eq by H'. In terms of this notation, we also realize the quotient
map (|10.1)) for s by taking b = byeq X 51 X 51 and
Tg: § —— breg X 51 X 571
y— (mi(y), tr A, d)

(of course this is nothing but a reordering of the factors in (2.11))).
There is a natural H'-equivariant map $ — Sped, ¥ = Yred, sending

A b - A-Z4.1, 1 b
c d c 0]

This induces an evident H'-equivariant product decomposition § & §,.q X $1 X 1, where the map
onto the last two factors is given by taking tr A and d. We obtain a commutative diagram

5 —% 5164 X 51 X 51
ﬂ{ lmedxidxid (10.10)

b——"0,0q X 51 X 57.

We also denote by x +— x..q the natural projection b — boq, and we regard b..q as a closed
subscheme of b via the 0 section.
The following extends both the statement and proof of Lemma to the case of s.

Lemma 10.10. An element y € s(Fy) is reqular semi-simple if and only if Yrea 1s.
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Proof. By an easy induction argument, there is an equality of matrices
1 *
le yreae ... ylilel=[e ye ... y"le] (10.11)
1

for some upper triangular unipotent matrix on the right. Similarly, the matrices

t t

e e
teyrcd tey
and
tey;;al teynfl
differ by left multiplication by a lower triangular unipotent matrix. The conclusion now follows
from the linear algebra characterization of regular semi-simple elements in O

All concepts introduced in §10.1]in the Lie algebra context have obvious analogs in the “re-
duced” setting. The analog of Theorem for the reduced set is the following. The proof is
essentially the same. Set

Sred,rs -= Sred M Sps and hred,rs = bred N brs-

Theorem 10.11. Let ¢ be a function in C(brears).- The following properties are equiva-
lent.

(i) There exists a function ¢’ € C°(Syeq) such that
<;0(71-red(y)) = (U(y) OI‘b(y, d)/) fOT‘ all Yy e 51fed,1rs(F‘O)-

(ii) For every xg € byeda(Fo), there exists an open neighborhood Vi, of xg and a function ¢;0 S
C2°(Syea) such that

@(Wred(y)) =w(y) Orb(y, ¢l,,) forall ye 77;33 (VgaO N bred,rs(Fo)) = W;(li(Vm) N Sred,rs(Fo)-
[l

11. REDUCTION TO THE LIE ALGEBRA

The main aim of this section is to show that Theorem (the main group theorem) follows
from Theorem (the main Lie algebra theorem). Except where noted to the contrary, from
now on we specialize to the case n = 3.

11.1. Renormalized invariants on s3. We first fix a slight renormalization of the categorical
quotient map 75 in §10.3| when n = 3, in analogy with the renormalization of the invariants on

uy given in (8.8)). As in §10.3] we take

b=AXAXs; xs1 x8 and beg=A XA x5

over Fy. Then we realize the quotient maps 7; and 7yeq as

Ts: § b d Tred: Sred — > Dred
y—— (M), u(y), w(y), tr A, d) " y —— (Ay), u(y), w(y)),

where we write the point y in the usual block form

A b
Y= L d} € Resp/r, M3,

and where
My) :=detA, wu(y):=w 'cb, and w(y):=w ‘cAb. (11.1)
Of course, the invariants used in this definition of 7, regarded as defined on Resp,p, M3 in

the obvious way, give exactly the invariants (8.8]) on uy, relative to any special embedding of uy
in the sense of From now on we realize the quotient map m,, — b via these invariants.
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11.2. Coordinates on U, and uy. In parallel with we now describe the unitary group Uy
and its Lie algebra ug in terms of explicit coordinates. Define the F'/Fy-hermitian matrices
Jp 0

Jg;:{o 7T}61\42(1?) and JO::[O X

0 } € M3(F).

Then JB and Jy determine split F'/Fp-hermitian spaces of dimensions 2 and 3, respectively. We
take

Ho=U(J}) and Uy =U(Jy).
Explicitly,

Uo(Fo) = {g € Ms(F) | gg" =1},

where the adjoint g = J; 1G], is given in coordinates by

ar az by t ay —as —7T7162
a3 ag4 by| = —@ 6} w‘jél . (112)
C1 Co d —7Tb2 7Tb1 d

Of course, Hj is described similarly in terms of Jg, and it embeds in Uy, via the rule h —
diag(h,1), as the stabilizer of the special vector e = (0,0,1). We also note that under these
coordinates, the tautological embedding of SLy into Resp, g, M identifies

SLy 5 SU(JD). (11.3)
The Lie algebra ug is given in these coordinates by
up(Fo) = { @ € M3(F) | x4zt =0}

ap az b
= ag —ax ba| | a1,b1,b2 € F, ag,a3 € Fy, d e Ftr=0
7Tb2 —7Tb1 d

Recall that our formulation of the AT conjecture in §5] involved the choice of a m-modular
lattice A} C W§ = F2. We now take for A} the standard lattice O2 C F2, which is indeed
m-modular for Jg. As in , we then take Ag = O% C F3, and K, and £ are the respective
subgroups of Uy (Fp) and ug(Fp) stabilizing Ag:

Ky = Uo(F()) ﬂMg,(OF) = {g S Mg(OF) | ggJf = 1}

and
o = uo(Fo) N M3(Op)
ap as b1
= 70,3 —Fl bo al,bl,bQEOF, CLQ,CL;),EOFO, dEO}:,{:O
b27l' —b17T d
We also set

EO,rs =€ N uO,rs(FO)-
Given a point = in ugy, write x in the block form
i A b
e dl”
We realize the categorical quotient of uy by Hy by taking the same invariants as in the previous
subsection,
Tuy: Wp ——b=A XA X5 X851 X571
z—— (A(z),u(z), w(z),tr A,d),
where A, u, and w are as defined in (11.1)).

As in the cases of u; and s, we say that = is reduced if tr A = d = 0. We write ug roq for the
closed subscheme of reduced points in ug. In terms of explicit coordinates,

(11.4)

a1 ag bl
uO,red(FO) = 7(13 —ax b ay,a9,a3 € Fy, by,bo € F 3. (11.5)
bgﬂ' 71)17‘(’ 0
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As in previous cases, there is a natural map up — Uy red, & — Tred, sSending

A b L A—%(tI'A)'lg b
c d c 0|’

and this gives rise to an Hy-equivariant product decomposition

Uy —— Ug,red X 81 X 61 (11.6)
T (Tyea, tr A, d). '

Just as in Lemmafor u; and Lemma[10.10|for s, an element x € ug(Fp) is regular semi-simple
if and only if xyeq is. We set

Up,red,rs += Uo,red N Uo,rs, EO,red = EO N UQ,red (FO)7 and EO,red,rs = EO,red N EO,1rs-

11.3. Integral Cayley transform on ug. In this subsection we prove an analog for ug of
Lemma which pertained to the Cayley transform on u;. Let ¢ € S1. Recall from (10.3)) the
open subscheme ug C ug, which is the locus where the Cayley transform ¢, is defined, and recall
from Lemma its image US,E C Up. Define the sets of Fy-rational points
ug® = {z e uj(Fy) |det(l —z) € OF } and UgS := {g € Us¢(Fo) | det(¢ +g) € OF }.

It is trivial to verify that c¢ carries ug® isomorphically onto 0.¢» and we then have the following.
Lemma 11.1 (Cayley transform for £). For any £ € S!, the restriction of the Cayley map to
€ Nug® induces an isomorphism

ce: tpNul® —— KoN 0¢

1
bl 13 + x.

1—2

Furthermore, the sets Ky N 6’2, as & varies over the four elements diag(+1s,+1), cover K.

Proof. Clearly c¢ (8 Nug®) C Ko N UG, and it is also clear from the inverse formula

_ &gt

S Elg

that cgl(Ko N 6’%) C oNug®. This proves the first assertion. It remains to show that if g € Ky,

then det(§ + g) € O for some & = diag(£1,,+1). In terms of the coordinates in the previous
subsection, write g in the block form
A Db
9= e d|-

Since g € Ko = Up(Fp) N GL3(OFr), we may reduce the entries of g mod 7. Since gf = g~! also
has integral entries, (11.2)) shows that that g is of the form

_|Ar by
gk = 0 +11>
where the subscript k everywhere denotes reduction mod m. Since K has symplectic reduction

in the sense of Remark Ayj € Spy(k) = SLa(k). Hence Ag + 1o or Ag — 1o is invertible, since
otherwise Ay has eigenvalues 1 and —1, contradicting Ay € SLa(k). The lemma follows. O

e ' (9)

Remark 11.2. Note that £, is not contained in u$°, nor even in ug(Fp), i.e. ¢¢ is not defined
on all of £y. This differs from the situation for €. Indeed, defining u°® C uy(Fp) in the obvious
way (bym det(1 — z) € O), the proof of Lemma shows that £ C us°.

12Meaning the determinant of the F-linear endomorphism 1 — z acting on the hermitian space W7; as before,
care is required when working with the coordinates for u; in



ON THE ARITHMETIC TRANSFER CONJECTURE FOR EXOTIC SMOOTH MODULI SPACES 55

11.4. Integral points on b. We now collect some facts related to integral points on the quotient
space b = A x A x 51 x §; x s1. Note that this space is naturally defined over Op,, and
6(Op,) = OF, x O, x O%=% x O%=0 x O%=Y,
We claim that
b(OF,) = Ty, (to) Uy, (81). (11.7)
Indeed, the reverse inclusion is obvious from the explicit form of the invariants (11.4) and (8.8))

on uy and uy, respectively. For the forward inclusion, we give the following more precise lemma.
Recall the decomposition bys(Fp) = by I byg 1 from (10.2)), and for ¢ € {0,1} set

b(OFo)rs,i = b(OFO) N brs,i7 bred,rs,i = bred(F‘O) N brs,i7 b(OFo)red,rs,i = b(OFO) N bred,rs,i~
Lemma 11.3. (i) Fori € {0,1},
b(OFo)rs,i = Ty, (Ei,r5)~
(ii) Let x € b(Op,) \ bys(Fy). Then
(a) = € my, (80).
(b) 2 € my, (&) unless Treq = (A, u, w) with —\ € FJ°%,
Furthermore, if © € b(Fy) lies in the closure of bys1, then = is not exceptional in the sense of
B
Proof. The statements are immediately reduced to the corresponding ones for the reduced sets.
To prove ({if), first let © = (A, u, w) € B(OF, )red,rs,1. We will show the existence of an element
in # yed,rs in terms of the explicit coordinates (8.10) whose image is z. We use the formulas
(8.11) for the invariants. By Lemma u # 0 since € bys;. Choose any b € D such that
Nb = u/2. Then b € Op, since p # 2. Let o/, := w/u. We claim that o/, is integral. Indeed, if

instead |w/u| > 1, then |w?| > |Au?|, since A is integral. Then by and the fact that w is
traceless,

n(=A) = n(-(w? +w?)) = n(-w?) =1,
a contradiction to Proposition Finally choose o/ € D of norm A/u?. Then the same
argument shows that o’ is integral, and (8.13)) shows that this suffices to solve our problem. A
similar analysis, using the coordinates in , shows that b(Og, )red,rs,0 = Tuo (£0 red,rs)-

To prove , part @ follows from the explicit construction of elements in below.
Part (]ED is straightforward, again using the explicit coordinates and the formulas for the
invariants (8.11)). For example, the condition —\ ¢ F? holds on all of my, (11 yeq (Fo)) by virtue
of the facts A = Na and o € D"=0,

Finally, suppose = (A, u, w) € byeq(Fp) lies in the closure of byeq rs,1, with A # 0. Then for
' = (N, u',w') € bred rs,1 sufficiently close to z, A and X" will lie in the same class in F* /FOX’Z.
So -\ ¢ FOX’2 by the fact just cited. O

Remark 11.4. Although s is also naturally defined over Op,, the map s(Op,) — b(OF,) is not
a surjection, in contrast to the map s(Fp) — b(Fp) on Fy-rational points.

For the next statement, note that the function z — det(1 — z) descends from each of s, ug,
and u; to a common function on b, and define

6°° := { & € b°(Fp) | det(1 —x) € OF }.
Lemma 11.5. Let z € b(Op,), and suppose that = lies in the closure of bys1. Then x € b°°.
Proof. By Lemma x € my, (¢1). The conclusion then follows from Remark O

Now recall our general discussion of the Cayley transform from §10.2] and that we regard B
as the common categorical quotient of S, Uy, and U; via Lemma [10.7]

Lemma 11.6. There is an inclusion of subsets of B(Fp),

U, (Kl) N Brs(FO) - 7TU0(K0).
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Proof. Suppose that z¢ € 7y, (K1) is not regular semi-simple. By Lemma we may choose
¢ = diag(+1g,+1) such that z := cgl(xh) is defined and contained in my, (¢1) C b(Op,). Then

z € Ty, (k) by Lemma [11.3(ii), and = € b°° by Lemma Hence 2% = ¢¢(z) € Ko by Lemma
Ir1 O

11.5. Intersection numbers as a function on the quotient. In this subsection we consider
intersection numbers as a function on the categorical quotient in both the group and Lie algebra
settings. Recall the decomposition Bys(Fp) = Biso I Bys1 from . For any odd n, by
Remark the function g — Int(g) on Uy (Fp)s descends to a function on By ;. We extend it
by zero to Bys,, and still denote by Int the resulting function on B,g(Fp). By Remark the
same applies to the function x +— ¢-Int(x) on u; ¢, which we consider as a function on b,s(Fp).
Note that, by Remark and Remark respectively, or by Lemma and Proposition [8.10)
when n = 3, these are finite-valued functions.

Proposition 11.7. Let n = 3. The function Int belongs to C2(Bys); similarly, the function
¢-Int belongs to C2(bys).

Proof. To prove that the closure of the support of Int is compact, it suffices to prove that the
closure inside U; (Fp) of the support of the function g +— Int(g) on Uy (Fp),s is compact. But by
Lemma this support is contained in the compact subgroup K7, and hence the assertion is
clear. A similar argument applies to ¢-Int.

Now we prove that the function /-Int on by is locally constant. By Corollary this
assertion follows from the corresponding statement for the function ¢-Int on breq rs,1. But this
follows in turn from the expressions for this function in @ in terms of the quantities ¢_, ¢, m
or, equivalently by , in terms of the functions u,w, A on beq(Fp), all of which are locally
constant on byed rs(Fo)-

The fact that Int is locally constant on Bys; now follows from Lemma Corollary
and the fact that the Cayley transform c¢, for any £ € S 1 is a local homeomorphism (on its
domain of definition). O

Remark 11.8. We conjecture that the preceding assertion regarding the function Int on Bs(Fp)
continues to hold for arbitrary odd n.

11.6. The reduction step. In this subsection we complete the proof that Theorem [5.21] follows
from Theorem [5.22] We begin by noting the following compatibility between transfer factors
under the Cayley transform for s, which holds for all odd n. Set s, := 5.5 N 5°.

Lemma 11.9 (|35 Lem. 3.5]E[). Let n be odd. Then for any y € s2(Fy) and & € S*,

w(cely)) = 72"V 2)w(y).

Proof. Let v := ¢¢(y) € Sis(Fo). Write & = diag(&; - 1,1, &2), and choose v = diag(vy - 1,—1,12)
with v~ = ¢ as in the definition (10.5) of ¢¢. By the definition (5.5) of w on Sys(Fp),

w(v) = 7(det(y)"""D/2 det(v'€)i=,...n—1)
_ ﬁ(det(ﬁcln (y)y—l)—(n—l)/2(yl/Vz)n—lg?(nfl)/Z det(cln (y)ie)i:07...,n—1) (by )
= ﬁ((fl/fz)(nfl)/z(Vl/Vz)nfl)w(Cln(y))-

Since £1v2 = vy and &S = Uovp are both norms, we conclude that w(y) = w(er, (y)).
Therefore we reduce to the case £ = 1. Then

T=00+y)(1-y) ' =-1+T,

13The proof of loc. cit. contains some miscalculations and should be corrected accordingly. This does not
affect the results in loc. cit.
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where we set T := 2(1 — y)~!. We compute
det(y'e)icon, o = det(—1+ 1Y)y,

= det(T"€)i=0,1,...n-1
= on(n—1)/2 det(1 — y)l_" det((l — y)ie)izn—l,n—Z,...,O
= on{n—1)/2 det(1 — y)l_" det(yie)i:(),lw,n,l.

Note that 1 —y =1+ 7, since y € 5(Fp). Hence det(1 + y)det(1 —y) € NF*, and

77(det(1 + y) det(1 —y)) = 1.
Recalling the definition ([5.12)) of w on s,5(Fy), we conclude that
() = (det (1 + )L~ ) )T 20D 2 det(1 ) det(y )i, o)

n—1

= 77(2" /) (det(1+ )7 det(1 — 1) w(y)
= 77(2" D2 w(y). O

Now we return to n = 3. The main part in the reduction step is given by the following
lemma. Recall from Lemma that if a function ¢’ € C$°(s) has vanishing orbital integrals
Orb(y,¢’) = 0 for all y € sy41, then the function y — w(y) d0rb(y, ¢') on s.51 descends to
a function on b, which, when extended by zero to by, lies in C2(by); and recall from
Lemma that if f/ € C2°(S) is such that Orb(y, f/) = 0 for all v € Si5 1, then the function
v = w(y) O0rb(y, ') on Sy 1 analogously descends to an element of C5F(Bys).

Lemma 11.10. Let f' € C°(S) transfer to (1k,,0) € C°(Uy) x C°(Uy), and let ¢/ € C(s)
transfer to (1g,,0) € C°(up) x C°(uy). Fiz & € S'. Let xg € b°(Fy) be an element with the
property that if zo ¢ b(Op,), then ce(xo) ¢ Ty, (Ko). Then the difference function

oo J(ee()) 90mb(cc(y), f) — wly) D0rb(y, ¢'), @ = ms(y) € bl
0, x € brs,O

is locally around xo an orbital integral functionE

Proof. Let f := 1k, and ¢ := 1¢,. We may assume that xg lies in the closure of b, ;. Choose
an open and compact (hence closed) neighborhood V;, of xy contained in b°(Fp). Consider the
functions

Oup = ¢ Loraqy, ) €CZ(8) and gy =0 1y, ) € O (wo),

and similarly
oo = I Ligrteevayy € C(8) and fag = - Lisae v, € O (Uo)-

Then ¢, (y) = ¢'(y) for all y € 7,1 (Va,), so that Orb(y, ¢}, ,s) = Orb(y,¢’,s) for all such y;
and similarly for f; and f’. The assertion of the theorem is therefore reduced to the same
assertion for f, and ¢/, .

We claim that, after possibly shrinking V,,,, we have with respect to the Cayley transform
ce: ug — U,

ban = E(f2o) (11.8)

(where the right-hand side is extended by 0 from uf(Fp) to ug(Fp)). Indeed, first suppose that
xo € b(Op,) is integral. We have

Supp ¢z, = to N 77;(,1(‘/370) and  supp fgz, = Ko N 77501 (c§(Vm0)).

Since xg lies in the closure of b, 1, we have o € b°° by Lemma Shrinking V,, if necessary,
we may therefore assume that V,, C b(Opg,) Nb°°. Then by Lemmal(11.1} ¢, carries the left-hand

set in the display isomorphically onto the right-hand set, which proves ([L1.8).
If x is not integral, then by hypothesis ¢¢(zo) ¢ my,(Ko). Hence, after possibly shrinking
Vo, both functions ¢,, and f;, vanish identically, so that again identity (11.8]) is satisfied.

14Note that this function is not defined on all of brs(Fo), but this raises no issue since the conclusion concerns
only the local behavior of the function near the point zg € b°(Fp).
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By (11.8), for all y € s3,(Fy) matched with an element z € u§(Fp) , we have
w(y) Orb(y, ¢f,) = Orb(w, ¢s,) = Orb(ce(2), fay) = w(ce(y)) Orb(ce(y), fr,)-

By Lemma we have w(ce(y)) = ¢ - w(y) for the constant ¢ := 7(2"("~1/2). Hence the

difference function c- c¢z(f;,) — ¢}, (viewed as an element in C2°(s)) has identically vanishing

orbital integrals on s, 0. The same trivially holds on s, 1, since ¢/ transfers to (¢,,0) and f;_
transfers to (f.,,0). Now the assertion follows from Corollary [11.12| below. O

The proof of Corollary [[1.12] is based on the following theorem, which is the n = 3 case of
Conjecture (see also Remarks[5.16). Recall from §5.4]that for ¢' € C°(s) and h € H'(F,) =
GL,,—1(Fp), we define

"¢/ (y) = ¢/(h"'yh) and TG (y) = (k)¢ (W7 yh) — & (y).
Theorem 11.11 (Density principle). Let n = 3. Let ¢/ € C°(s) be such that Orb(y,¢') = 0
for all y € s,s(Fy). Then ¢ is in the kernel of the natural projection C°(s) — C°(s)f y, i-e.
@' is a linear combination of functions of the form "MP=1¢" for ¢" € C>°(s) and h € H'(Fp).
Proof. By [34], Th. 1.1], the set of orbital integrals of regular semi-simple elements spans a weakly
dense subspace of the space all (H'(Fy),n)-invariant distributions on 5(FO)IE| Therefore if a test
function ¢’ € C°(s) is such that Orb(y, ¢') = 0 for all y € s,5(Fp), then ¢’ is annihilated by all

(H'(Fy),n)-invariant distributions on s(Fp). This implies that ¢’ lies in the kernel of the natural
projection C2°(s) — C2°(s) g/ - O

Corollary 11.12. Let ¢/ € C°(s) be such that Orb(y,¢') = 0 for all y € s,5(Fy). Then there
exists a function ¢ € C°(s) such that

w(y) d0rb(y, ¢") = w(y) Orb(y, qu’b) for all y € s,5(Fp).
In other words, y — w(y) 90rb(y, ¢') is an orbital integral function on s.s(Fyp).

Proof. By the density principle, we may assume that ¢’ is of the form 7""=1¢" for some
¢" € C°(s) and h € H'(Fy). By Lemma [5.12](i),

d0rb (y, "Mh=14") = log|det h| Orb(~, ¢").
Setting ¢ := log|det h| - ¢ completes the proof. O

Remark 11.13. Note that this corollary is essentially a converse to Lemma [5.13|[i). Indeed,

in Corollary [11.12 above, we are given ¢, and are writing dOrb(y, ¢') as an orbital integral; in
Lemma [5.13|(ii]), we are given ¢, and are writing Orb(y, ¢’) as a derivative of an orbital integral.

Proposition 11.14. Theorem implies Theorem [5.21]

Proof. What we need to show is that Conjecture [5.10| implies Conjecture [5.6{(b) when n = 3;
Proposition [5.14] Lemma [8.8] and Proposition [8.10] then take care of the rest. Suppose that
f1 e C(S) transfers to (1k,,0), and let ¢' € C°(s) be a function satisfying the conclusion of

Conjecture [5.10|(a)).

As in §11.5] we consider Int as a function in C3Y(B,s) which vanishes identically on B, ¢, and
(-Int as a function in C°(b,s) which vanishes identically on b,g. As in Lemmas and
respectively, we consider the function v — w(y) dO0rb(v, f) as an element in CZ2(B,s) which
vanishes identically on By, and the function y — w(y) 0rb(y, ¢) as an element in CF(bys)
which vanishes identically on b, ¢. Our task is to prove that the sum

Int(g) - log ¢ + 2w(v) O0rb(y, f'), (11.9)

regarded in this way as a function on B.s(Fp), is an orbital integral function locally around mg
for all asg € B(Fy). It x(h) is either in B,g 1 or outside the closure of B 1, then (11.9) is constant
(identically 0 in the latter case) in a neighborhood of x%, and the conclusion follows. So let

us assume for the rest of the proof that x(h) lies in the closure of B,s 1 but is not itself regular
semi-simple.

51y [34] this is proved for s,eq, but it is trivial to extend the result to s.
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By Lemma [10.5|f), we may choose ¢ € S! such that the inverse Cayley transform is defined
at a:g. Set xg = cgl(a:(h)) € b°(Fp). If x% € my,(Kp), then by Lemma |11.1{ and (11.7)), we may

furthermore choose ¢ = diag(£12,+1) such that 2y € b(Og,) N b°(Fy). Note that this in fact

gives us g € b(Ofp,) < x(h) € 7y, (Kp), since if xg € b(Op,), then xy € my,(Ey) N b°° by
ﬂ

Lemmas [11.3(f) and and hence ;v(h) € my, (Ko) by Lemma
We claim that for all 2 € b2,(Fp) contained in a sufficiently small neighborhood of zg,
C-Int(z) = Int(ce (). (11.10)
Of course this holds trivially for « € by 0. If zg € b(OF, ), then any x € by which is sufficiently
near o will be contained in b(Op, )rs,1, which equals 7y, (¢1 ;) by Lemma [11.3{[). Hence (11.10))
holds for such x by Corollary If 2o ¢ b(Og, ), then 2 ¢ my, (Ko) by our choice of £. Since

x% is not regular semi-simple, x ¢ 7y, (K1) by Lemma Hence by Lemma both sides of

(11.10) vanish for = € b, sufficiently near xy. This proves the claim.
We conclude that for all x € bs(Fp) near xg,

Int(ce(z)) - log g + 2w(ce(x)) DOrb(ce (), f')
= (-Int(z) - log ¢ + 2w(x) dOrb(z, ¢') + Q(w(c,g(;c)) d0rb(c¢(x), f') — w(a) dOrb(z, qb’)).

By Theorem and the choice of ¢’, the first two terms on the right-hand side cancel. By
Lemma [11.10} the remaining expression on the right is an orbital integral function on b,s(Fp)
locally around xy. The proposition follows. ([l

12. REDUCTION TO THE REDUCED SET

We continue to take n = 3. In this section we enact a further reduction step: we reduce the
main Lie algebra result Theorem [5.22to an analog for the reduced sets $yed (F0), U0 red (Fo), and
U1 red (Fo). Recall from (10.10]), (11.6)), and that we have product decompositionﬂ

§ = 80q X 61 X 51, Uy ZUgred X 51 X 651, and Uy = Ujeq X 51 X 51, (12.1)

all of which are compatible with the categorical quotient maps to b = byq X 51 X §1. The
matching relation for regular semi-simple elements in obviously respects reducedness on
both sides. Since each of the above reduced sets is stable under the group action on the ambient
space, the formulas for orbital integrals in §5.3] make sense in the obvious way for reduced
regular semi-simple elements and functions on the reduced set (and of course we keep the same
normalizations). The transfer relation for functions then extends in the obvious way to the
reduced setting: a function ¢/ 4 € C°(sred) and a pair (¢ red; P1,red) € C2° (1o red) X C° (U1 red)
are transfers of each other if for each ¢ € {0,1} and each € U; yed rs(F0),

Orb(2, ¢j rea) = w(y) Orb(y, ¢leq)

whenever y € Syed  s(Fo) matches x. Here the transfer factor w is the obvious one, namely
the restriction of (5.12) to Sredrs(Fo). We are going to reduce Theorem to the following

statement.

Theorem 12.1. Let n = 3. Then for any function ¢, 4 € C°(syea) which transfers to the pair
(Leg ,eqs 0) € CF(Upred) X C(U1red), there exists a function ¢, € C°(Sred) such that for

red,corr
any y € Sred,rs(Fo) matched with an element © € Uy yed rs(F0),

2‘*}(9) aorb(y’ gb:"ed) = _e'lnt(m) : 1qu + W(y) Orb(y7 (b;ed,corr)'

We will obtain Theorem [12.1]as a consequence of Theorems and below. To see that
Theorem implies Theorem [5.22] let us first note the following straightforward lemma.

Lemma 12.2. If ¢/ 4 € C°(sreq) transfers to (1y,,.,,0), then the function

Prod @ Lo, (Ory)x51(05y) € O (8) = C(Sred X 51 X 51)

transfers to (1g,,0) € C®(up) x C(uq). O

168trictly speaking, only gives the product decomposition for u; on the level of Fp-rational points, but
this obviously extends to an isomorphism of schemes.
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We also record the following fact about the transfer factor w, which holds for any odd n. It
is an immediate consequence of the equation ((10.11]).

Lemma 12.3. Let n be odd. Then for any y € s.s(Fo),
w(y) = w(Yrea)- O
Now we return to the case n = 3.
Proposition 12.4. Theorem implies Theorem [5.23,

Proof. The setup is parallel to the proof of Proposition [11.14f on account of Proposition [5.14]
Lemma[8.8] and Proposition what we need to show is that Theorem implies Conjecture

5.10(b) when n = 3. Suppose that ¢’ € C2°(s) transfers to (1¢,,0). Then ¢4 := ¢'|s, . ()
transfers to (1e,,.4,0). Let ¢l g corr € C°(Srea) be a function which satisfies the conclusion of

Theorem for ¢! 4. Set
(b” = (bi‘ed ® 15% (Ory) and ¢lc/orr = ¢;ed,corr ® 15%(01:0)'
We claim that for any y € s(Fp),s matched with an element x € uy (Fp)ys,
2w(y) 901b(y, ¢") = —L-Int(x) - log g + w(y) Orb(y, ¢7oy)- (12.2)

Before proving the claim, let us explain how it implies the proposition. By Lemma Q"
transfers to (1g,,0). Hence ¢’ — ¢ has vanishing orbital integrals at all regular semi-simple
elements. Hence the conclusion of Conjecture for ¢’ follows from the claim and from
Corollary

Now we prove the claim. Since the matching elements y and z have the same invariants,
their last two components with respect to the respective product decompositions in are
the same. If either of these two common components does not lie in §1(OF,), then ¢ and ¢ ..
vanish identically on the H'(Fp)-orbit of y, and = ¢ €. Hence, using Lemma for the ¢-Int
term, every term in vanishes, and the claim holds trivially.

Now suppose that the last two components of y and = do lie in $1(Op,). Then

aorb(yﬂ ¢H) = aOI‘b(erd, Q%cd) a‘nd Ol‘b(y, QS::IOYY) = Orb(erdV d);cd,corr)‘
Furthermore, in this case = € € if and only if z,eq € ¢. Hence by Lemma [8:8 and Corollary

B.11

C-Int(z) = -Int(Treq)-
Since Yrea and @yeq match, and since w(y) = w(yrea) by Lemma [12.3] we conclude that (12.2)

holds because gb;ed’corr satisfies the conclusion of Theorem [12.1] for the function ¢, . This
completes the proof. O

Remark 12.5. We have formulated the notion of transfer above with respect to the particular
transfer factor w, but this notion of course make sense relative to any transfer factor, as in
Definition in the homogeneous group setting. In particular, for ¢ € C*, note that a function

ted € C2°(8rea) tramsfers to (1g,,.,,0) with respect to w if and only if the function ¢~ !¢ 4
transfers to (1e,,.,,0) With respect to the transfer factor cw. It is easy to see from this that the

truth of Theorem [12.1]is unaffected when we replace w by a nonzero constant multiple.

13. APPLICATION OF THE GERM EXPANSION PRINCIPLE

In the rest of Part [3| of the paper, we suppress the subscript in the notation ¢/, and simply
call this function ¢’. Also, from now on we systematically abuse notation and suppress the
expression (Fp) when referring to sets of Fy-rational points, so that b means b(Fp), u; means
ui(Fo), etc.

In Part @we prove a germ expansion of orbital integrals around each element g € byed \ bred,rs-
The rough form of this germ expansion is as in Theorem [I6.1] Taking the derivative at s = 0 of
both sides, we obtain a sum decomposition as in ,

w(o(z)) 80rb(o (), ¢’) = w(o(x)) O0rby (0(x),¢') + w(o(x)) O0rby (o (z), ¢').
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Here o(z) is some explicit element in syeq above € byeq rs. We have
00rby (o(x),¢') = Y 9Tu(z) Orb(n,¢',0), (13.1)
nE‘n’r_ei(wo)/H’
where

Ol (x) :==

The explicit forms of the germ functions I',, ), and the definitions of the orbital integrals
Orb(n, ¢', s) associated to elements which are not regular semi-simple, are given in Part

Now we assume that ¢’ transfers to (¢g, $1) where ¢; € C2°(uj rea). Throughout the rest of
Part |3, we will assume that ¢; = 0. We will be concerned with the function on byeq rs,

. {aorb(a(x),¢’), T € Bred,rs,1;

07 HAIS bred,rs,O-

d—‘ Ty(z,s).
(z,

By Theorem the term w(o(x)) d0rba(o(x), ¢') is an orbital integral function. We will cal-
culate dOrby (0(z),¢'). To use the formula (13.1)), we need to calculate 0T, (z) and Orb(n, ¢', 0)
for all n € m,_}(20)/H'. Their values are summarized by the following table. Let us explain
some of the notation we use.

(1) Here F' = Fy[X]/(X2% + o) is a quadratic Fy-algebra for xg = (Ao, ug, wo) € bred-

(2) ( ) for x € bred rs-

(3) The & values are omitted since the corresponding values of Orb(n, ¢’) vanish in our case.
(4)

4) The & values are not needed in our case since we will only need those xo = (Ao, ug, wp) €
bred \ Dred rs which are also in the closure of byeq s (cf. Lemma [11.3]).

Orbit Reference
Element . . Reference for
20 € bt ~_b representative for orbit Value of dT',, (z) Orb(n, ¢/, 0)
0 red red,rs n € S..q OVET T | representative T
n(u), p € Fy (17.1]) Theorem |17.1 Lemma [14.2
0
0 10,4 [{7.2) Lemma [T4.]
no._ log A/
(X0, 0,0) for Ao # 0 Y+ 0
18.2 Lemma [14.7|(a
and F' 52 F, Fy x Fy ) 120} log|A/A 176
(X0,0,0) for A\g #0 Yo (18.1) C )
’ orollary [18.4
and F' ~ Fy x Iy ys (18.2) Y L
Y+ (133) 2
(Xo,0,0) for Ag # 0 Y+— Lemma |14.7
and F/ ~ F Y (53) & @
Yt n(—=1)log[A/ o]
(Mo, up, wo) for Y+ 0
P 18.5 Lemma [14.8
ug # 0 y_ ‘ ) log|A/(ugw)} -

14. THE GERM EXPANSION OF A FUNCTION WITH SPECIAL TRANSFER
Throughout this section, we fix a function ¢" € C2°(syeq) With transfer (1g, .,,0). We set
¢ = 1E0,red € Cgo(qued)'

In this section, we will calculate 9Orby(o(z),#’). Note that, by Remark [16.4] the result is
independent of the choice of the non-unique matching function ¢'.

14.1. Nilpotent orbital integrals. In this section, we determine the nilpotent integrals of ¢'.
The nilpotent orbits are listed in §I7]1. We start with the two regular nilpotent orbits. We
denote ((s) = (r,(s) = (1 — ¢ %)~ L.
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Lemma 14.1. We have
Orb(no,—,¢') = —¢~'¢(1) and Orb(ng+,¢') = —n(=1)g~ (D).
Proof. Since ¢’ transfers to (¢, 0), this follows from Theorem and ((19.3). O

Next we calculate the nilpotent orbital integrals Orb(n(u), ¢') where n(u) € syeq is the family
of nilpotent elements parametrized by p € Fp, given by (17.1]). When we consider Orb(n(u), ¢’)
as a function on Fp, we denote it by Orbg,

Orbg (p) :== Orb(n(p), ¢').

Lemma 14.2.
lul <1

)

n(p)log |l
[l

Proof. We first calculate the orbital integrals of ¢ over the family of nilpotent elements in g

given by (19.1). As in [34] §2.1], we use the Iwasawa decomposition Hy(Fy) = KAN for K the

special parahoric subgroup (hence K contains SLy(OFp,) and all diagonal elements diag(a,a ')
for a € OF, and vol(K) = 1). Write

Orb(n(), ¢') = "1

=q
logq o ul > 1

h=rk|” 1Y Y dn=c)dkdzar (14.1)
C ]

By (19.2)) we then have

0 upmzz =z

Orb(n(u),¢)z§(1) o | 7™ |0 0 0| | dz

F 0 7wz O
0 —pzz =z
=¢)xlzt | éx [0 0 0] |dz
0 —mz O

F
=q¢(1)-vol{z € F | |2| <1and |uzz| <1}.
Note now that F/Fp is ramified. We obtain

Orb(n(p), ¢) = q¢(1) - {1’”#', :Z i 1,

Recall from the proof of [34, Prop. 4.3] the functions

@, |lz| > 1;
¢0 = ]'OF()’ ¢1(Z’) = ‘LE|
0, x| <1,
L s n@logle] ) g,
go() = q |7 ¢3(z) := 2|
0, || <1, 0, 2] < 1.

Then we have the following table for their extended Fourier transforms, cf. loc. cit.,

o 0, o] <15 ~ o fah <
Po(v) = ’7(|;|”) o] > 1. 2= o] > 1.

O7 |’U| S 17 _g((ll;v |U| S 1;
P2(v) = Y _nloglo] _n(v) oy @)= gy g

logq¢(l) v 0] ¢(1) |vf” ol > 1.

In terms of the four fundamental functions ¢;, we may rewrite the nilpotent orbital integral as

Orby = ¢¢(1) - (¢0 + ¢2)-
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Note that —g((ll)) = ((1)qg~!log q. Hence, by Theorem we obtain for the orbital integral of
¢,

= q771(—1) P3.
0g4q

This completes the proof. O

Orb¢/

14.2. Germ expansion of 9Orb;(o(x), ¢') around zo = 0. We now calculate the germ expan-
sion of 0rby (o(x),¢’) around zy = 0. In the sequel, we denote by v the normalized valuation
for Fy.

We are using the section o of 75,

sreare i @ neighborhood of 2o = 0 introduced in (17.3).
Theorem 14.3. For z = (A, u,w) € byed,s,1 near zero,
90rby (0(z),¢") = ®(z) — ¢~ '¢(1)log |A(z)],
where the function ®(x) is as follows. Sett = g~ below.
Case I: |A] > |w|?
(1) If v(A) > 4v(u), then

2(1+1t) + (v(A/u*) = 1)(1 - 1) )
1-_1)72 OB

O(x) = —t~*W

(2) If v(A) < 4v(u) and v(A) is odd, then

2u(0) —u(A) 1 (4v(u) — v(A) +3) — (4v(u) — v(A) — 1)t
t 1=1)? -loggq.

O(x) =—

(3) If v(A) < 4v(u) and v(A) is even, then

) (20(u) — YR 1) (1 12) + (3 + 1)

O(z) =— e -logq.

Case II: |A| < |w|?
(1) If v(w/m) > 2v(u), then

(w21 +8) + (v(A/u) =1)(1 —1t)

O(x)=—t" e -logg.

(2) If v(w/m) < 2v(u), then

(uw)—v(w/m) 4t + (’U(A) + 47}(“‘) — 4v(w/7r) + 1) (1 - t)

O(z) = —t° e -logg.

The proof of this theorem will occupy the entire subsection. The term 9Orby(o(z),¢’) is
a sum of two parts, one from the two regular nilpotent orbits ng+ and the other from the
one-dimensional nilpotent family n(u).

We first determine the contribution of the two regular nilpotents. We use Lemmal[I4.1] Noting
that n(A/w) = —1 when = € byeqrs,1 (cf. Proposition7 and taking into account the values of
OT'(no+) (see table above), the total contribution of the two regular nilpotents to 9Orby (o(x), ¢')
is equal to

—1(A/w)log |A] Orb(no,—, ¢') = n(A/w)q~'¢(1) log |A] = —¢~'¢(1) log |A].
We now calculate the contribution from the one-dimensional family n(u), which we denote by

B(a) = [ 9T (@) Orb(n(. /. 0) .

It is easier to use an equivalent formula, namely ((17.5) :

(D(x):—r](—l)|u|1/F orb(n(u*2(t+t*1A/w+2w/w)),¢’)n(t)1og\t|@

i (14.2)

Set
w =w/u?, N =XNu A =Au=N+u"?
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Note that n(—A) = —1 (cf. Proposition [10.2)). Denote
m(t) =nO™", te R

By the formula for Orby in Lemma [14.2] and substituting ¢ — tu?, the integral (14.2) is equal
to

®(x) = —¢ '(log q) ' |u[ " - E(a), (14.3)
where
E(z) = / log [t + A /(wt) + 2w’ /7| (t* + A Jw + 2w't /) log |t]| dt, (14.4)
F
where the integrand is subject to the condition
[t + A'/(wt) + 2w’ /7| > 1.

A simple observation is that the contribution of ¢ with |¢t| = |A’/(wt)| is always zero, since
we may pair ¢t with A’/(wt) to see that the sum is canceled (use n(—w) = 1, n(—A’) = —1 by
Proposition [10.2]). Hence the integral in (14.4) is equal to

E(x) = /1og [t + A/ (wt) + 2w’ /x| m (12 + A Jw + 2w't/7)(21og |t]| — log |A' /w|) dt, (14.5)
where the integrand is subject to the conditions
[t| > |A"/wt], |t+ A'/wt+ 2w /7| > 1.

We distinguish two cases.
Case I: |A’| > |w'|?. Then the last integral (14.5)) is equal to

E(x) = /10g|t+ A/ (wt)|m (t)(2log|t] — log |A'/a|) dt

— [ togltlm(e)(21og ] ~ log| &'/ .
where the integrand is subject to the conditions
t| > |A'Jwt| and |t + A'/wt + 2w /7| = |t] > 1.

The integral is equal to

(@) = / log [¢] m1 (£2)(2log |¢] — log | A’ /]) dt.
[t|>max{1,|A’/w|1/2}

[1]

Making the substitution ¢ — ¢t~ we obtain

(@) = / log ¢](21og [t] + log | A’ /w]) dt.
t|<min{1,|A’ /w|~1/2}

(1]

Set n := 14 max{0, [-v(A’/w)/2]} > 0. Then the integral is equal to

E(z) =¢(1)? (Z(—Qi —v(A/w)) (—i)q—i> - (log q). (14.6)

i>n

For later use we tabulate the following elementary formulas:

Z fiil nt”fl — (TL — ].)tn
) =
Q-2 7

t(n(n — 1)t" —2(n? — 1)t" + n(n+ 1)t" 1)

S i+ 1)t = e ;

Z 2y (n —1)%t"+2 — (2n2 — 2n — 1)t" T + p2n
it = .
(1-1)°

i>n

i>n

We now see that the integral (14.6) is given as follows.
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(1) fv(A’) >0, then n =1 and

=) = O~ (et o)) - Qo = "CAFOLUEIDAZD)
(2) fv(A) <0is 0:id, then —v(A’) = 2n — 3 and

E(x) =¢(1)~! (Z(% — 2+ 2)2’#) - (logq)® = %n(_g — f;j ). (log q)*.

i=n

(3) If v(A’) <0 is even, then —v(A’) =2n — 2 and

— RSy » t"(n 4 3t + 12 — nt?)
=(a) = ¢ (3021 - 2o+ vyt ) - og)? = TUEEELZI (g2
Case II: |A/| < |w'|2. In this case =\ /w'? € 1+ 7Op (note that —A’ = —w'? — X is not a

norm). Since w’ € wFy, it follows that —\' /@ is a square and hence the following equation has
two roots

42w /n+ AN jw=0, t=—w'/r+\/-N/weF,.
We label ¢y as the unique root such that
lto| = |w' /x| = [N [w]|'/2, (14.7)
and label ¢; the other root. Then [tg| > |¢1] and the integral is equal to
E(z) = /log‘(t — to)(t — 1) /t| m (¢ — to)(t — 1)) (21og [t| — log |A" /z]) dt,
where the integrand is subject to
t] > |AJwt], |t —to)(t —t1)/t] > 1.
When |t| > |A’/wt|, we always have |t| > |t1|. Hence the integral is reduced to
E(z) = /log|t—to\m((t—to)t)(zlog|t| —log|A'/w])dt, (14.8)
subject to
[t| > |A"/wt], |t —to] > 1. (14.9)

We break the integral up as a sum of three pieces according to whether |¢| is less than, greater
than, or equal to |w'/7|.

Lemma 14.4. When |t| < |w'/x|, the contribution to (14.8) is zero.

Proof. Now we have |t — to| = |to| and hence the contribution is zero unless |w’/7| > 1, which
we assume now. Then the contribution to ((14.8) is

tog u' /| | i (tot) (21log ] — log |A' /] dt =0,
|w’ /7| >|t|>| A’ /wt|

since 7 is ramified! O
Lemma 14.5. When |t| > |w'/x|, the contribution to (14.8) is
/ (2log ] + log |A' /) log |¢] dt. (14.10)
[t|<min{1,|w’/7|~1}

Proof. When |t| > |w' /7|, we have
/ log |t| (21og |t| — log |A /wo|) || =2 dt.
[t|>max{1,|w’/m|}
Substituting ¢ — 1/¢, this becomes
log [t| (21og [t] + log | A’ /w|) dt.

/Itl>maX{1,|w’/7T|}
This completes the proof. O
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Lemma 14.6. When |t| = |0’ /7|, the contribution to (14.8) is
(log |w'/[) (log | A" /w"|) [’ /7|~ ¢,
when |w'/w| > 1, and zero otherwise.

Proof. The constraint |t| > |A’/wt| in (14.9) is now superfluous. Under the assumption [t| =
|w’ /7| = |to]| (cf. (14.7))), we divide the integral (14.8]) into two cases: |t —to| < |to| and |t —tg| =
ltol.

First we show that when |t — t9| < |to|, the contribution to (14.8)) is zero. Let x =t — t¢ and
we see that the integral (14.8) becomes

[ 10zl m(ato) (21og o] ~ log |/ da
where z satisfies conditions coming from (|14.9)
|| <ltol, |a|>1.

This integral is equal to

m (to)(21og |to| — log |A’/w|)/ log |z| m (z) dz.
1<|z|<|to|

Since 7 is ramified, we have
/ log || m (z) dz = 0.
1<|z|<[to]

It remains to consider the contribution when |t — to| = |to]. We hence have |t — to] = |to| =

[t| = |w'/7| (cf. (14.7)). The integral (14.8) becomes

log |w' /7| (2log |w’ /7| — log |A' /@) /m((t — to)t) dt,

subject to
t—tol = It = ltol, It —tol = Ito] > 1.
The integral is zero unless |tg| = |w’/m| > 1, in which case we have
/ (¢ — to)t) dt = \w//w\_Q/ 0L — to/t) dt = —q~M|u! fx| 1.
[t—to|=[t|=|w’ /=] [t—to|=[t|=|w’/m]
This completes the proof. O

Set n := 1+ max{0, —v(w’/7)}. From the last three lemmas, we find that the integral (14.8]
is given as follows.

(1) If v(w' /) > 0, then n = 1 and the integral (14.8)) is equal to

=(a) = ¢ (Y (-2~ o= (i)t ) - oga)®
= OO

(2) If v(w'/7) < 0, then n = —v(w’/m) + 1. The integral (14.10) is equal to (logq)? times the
factor

4(1)—1‘ (2i +v(A /w))it!

t"(—dn — 2n% — 2t — dt — 4nt + 2dnt + 4n*t — 2t + dt* + Ant? — dnt? — 2n?t?)
(1) ’
where d = v(A’/w). The contribution from the last lemma is

(log|w' /x[)(log |A' /w™)|w' /| ~1q™" = —(n — 1)(d + 2n — 2)t" - (log ¢)*.
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It follows that the sum ((14.8)) is given by

=) i +(14f t)22)(1 ) (og q)2

Note that d +4n — 2 = v(A) + 4v(u) — 4v(w/7) + 1. Hence, by (14.3), (14.4) and Case I (1),
(2), (3), Case II (1), (2), we complete the proof of Theorem [14.3]

14.3. zo-nilpotent integrals for xy # 0. In this subsection, we consider z¢ € breq \ bred rs
with z¢ # 0, and calculate the orbital integrals of the zg-nilpotent elements in s,¢q, i.e., of the
elements in $,.q4 mapping to x¢ under 7, cf. These elements are listed in §18]1.

Lemma 14.7. Let o = (X,0,0) € brea, Ao € Fy. Assume that —\o ¢ FOX’Q. Set F' =
Fo[X]/(X? + Xo).
(a) In case (0i) (i.e., F' £ F),

v(Xg)

1 =27 +q 2 (L+q7"), 2|v(No),
Orb(y+, @) = n(=Ao) Orb(y—,¢') = 5¢(1) - L vag
2¢" (¢ 2 —1), 2t v(Xo),
when Ag € Op,, and Orb(yy, ¢') = Orb(y_, ¢’) = 0 when \g ¢ Op,.
(b) In case (0ii) (i.e., F' ~F),
Orb(y—4,¢') = n(~1) Orb(y,—,¢") = 0.
Furthermore,
i 207 40" (L4 g7h), 2] 0(h)
- 2 ) 0/,
Orb(y"r-i-a ¢/) = 77(71) Orb(y——a ¢,) = in(ia)ék(l) : 1, vOQ+1
2¢ (¢ 2 -1, 21 v(Xo),

when Ao € OF,, and Orb(y44,¢’) = Orb(y__,¢’) = 0 when Ay ¢ Op,.

Proof. Note that ¢’ matches the pair (¢9 = ¢, ¢1 = 0). By Theorem we have case by case
the following.

(a) In case (0i), we have

Orb(y4,¢") = n(—Xo) Orb(y_,¢") = % Orb(yo, do),

where 7 is any representative of the unique semi-simple orbit in ug ycq above zg € byed.
(b) In case (0ii), since Orb(y+, ¢1) = 0, we have

Orb(y+,¢') =n(—1) Orb(y—_,¢') = in(—a) (Orb(y+, éo) + Orb(y—, ¢o))
and
Orb(y_4,¢') = (1) Orb(y; &) = ;(~a)(Orb(ys 6o) — Orbly_, o)),
where y+ € ug req are representatives of the two semi-simple orbits in ug rcq above zg € byeg.
Therefore it suffices to show the following in both cases: let yo € teq be any semi-simple

element with invariants xo. Then we have
v(Xo)
=27 +q 2 (L+q7"), 2[v(Mo),
Orb(yoa ¢) = C(l) : 1, vO+1

2¢7(¢ 2 —1), 210(o),
when A\g € Op,, and Orb(yo,») = 0 when Ao ¢ Op,. In particular, the independence on the
choice of yg implies that Orb(y;, ¢9) = Orb(y—_, ¢o) in case (0ii).

We may assume that yq is of the form

0 *)\0/6 0
Yo = |€ 0 o, e =1
0 0 0
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We use the Iwasawa decomposition ([14.1) as in the proof of Lemma Note that ¢ is K-
invariant. Then we have by definition

et 2Z(=Xo/e—e€t?) 0
Orb(yo, ¢) = ¢(1) o |e/2z —et 0| | dzdt,
ZEFtER, 0 0 0

where the integrand is constrained by
It <1, |(22)7Y <1, |22(=Xo — €% < 1.

Therefore we see that |A\g| < 1 or the integral vanishes. Note that —X¢ is not a square by
assumption. The integral is then equal to

/ dzdt+/ dzdt. (14.11)
[£2]< X0l 1< |22 < 2 ol <l£2<1,1<27] <]t =2

The first integral is equal to

v(Xg)+1

g (ol =g,

and the second one is equal to
/ (172 — gt
[Aol<[t2|<1

= / dt — gt / dt.
[Aol<[t=2[<1 [Aol<[t2]<1
We distinguish two cases.

(i) v(Xo) is even. Then the integral (14.11]) is equal to
» - v(Ag)—2 -~ B _v(A) B v(Ap) _
¢ (@™ =g (0 T —a ) —a lmg ) =20 g 2 (1+g7),
(ii) v(Ag) is odd. Then the integral (14.11)) is equal to
v(Ag)—1 _ _
g ) —a M (lq

Noting the factor (1), this completes the proof. O

_v(xo)
2

_v(Ag)+1
2

_v(Ag)+1 v _ _ v(Ag)+1
(@™ =)+ (( ) =2¢""(¢ = -1)

q q

Lemma 14.8. Let xg = (Ao, U0, Wo) € bred \ bred,rs Wwith ug # 0. Then
27 (gt = 1), |Ao| < Juol?,
2q71(qv()\%)+1

when Ao, ug € Op,,wo € O, and Orb(y4,¢") = Orb(y_, ¢’) = 0 otherwise.

Orb(yy,¢") = Orb(y_,¢') = %C(l) : { 1) Aol > |uol?
— , 0 Up|

Proof. By Theorem [19.5] (item (c), i.e., case (1)), we have

Orb(ys, ) = Orbly_, ) = 5 Orb{yo, o)

where g, is any representative of the unique semi-simple orbit in ug ;eq above zg. It remains to
show that

2¢71 (g = 1), Aol < fuol?,
2¢7'(q =1), ol > fuol?,

when Ag,up € Op,, wo € Op, and Orb(yp, ¢) = 0 otherwise.
First we assume Ag # 0. We use the representative with invariants (Ag, ug, wp) (cf. (19.6]) and
(119.7))

v(Ag)+1
2

Orb(yo, ¢) = ¢(1) - {

0 =X mab
Yo = 1 0 b 5
. 0
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where o? = —)\g/w,a € F;, and —2bbar = ug. Again by the Iwasawa decomposition we arrive
at
t 22(=Xo —t?) bz(ra+t)

Orb(yo, ¢) = ¢(1) ol 1/22 —t b/z dz dt.
JeF.teFy . . 0

It is easy to see that Orb(y, ¢) = 0 unless Ao, up, wp € Op which we assume from now on. The
integrand is constrained by

[t <1, [(22)71 <1, [22(=A -] <1,
and
|bz(ra+ )| <1, |b/z] < 1.
Note that —\g = o?w is not a square in Fy. We distinguish two subcases:

e Case |a| > |ug|, (i-e., [Xo| > |uol?). Then we have |b| < 1. The conditions |bz(ra +t)| < 1
and |b/z| < 1 are redundant by |b] < 1, |22(Ag — t?)] < 1, |(22)7}| < 1. In this case we may
simply apply the previous lemma, noting that v(Xg) is odd.

e Case |a| < |ug|, (i.e., |Ao| < |up|?). Then we have |b| > 1. In this case the constraints are
reduced to
|bzt| <1, |z| >1b], |bzmal <1.

Let vp denote the normalized valuation on F. We calculate the orbital integral according to
vr(z), which varies from vp(b) to —vp(bra):

Orb -1 dt ) dz. 14.12
iy, #) = )/IbSIZISUbMI </t|Fs1/|bz t) : (1412)

The double integral in (14.12)) is equal to
(1 . qfl)(qvp(b)qfvp(b) + q'uF(b)fl(qva(b)Jrl + qva(b)+2) N qf'up(a)/271q'uF(b)+1+vp(a)).

We hence arrive at
v (a) vp(a)
Orb(yo, ) = C(L =g (L1 gt g+ o4 g DT 4 grr 52

vp )+ 41

q

=m0 - H T
=2¢(1)g " (g"™) T —1).

Here we used that vp(ug) = vp(a) + 2vp(b) and ve(ug) = 2v(ug).

The case A\g = 0 is similar to the case |\g| < |ug|? above, and we omit the details. This completes
the proof. O

14.4. Germ expansion of 9Orb; (a(x), gf)/) around z(y # 0. The following theorem together
with the values in Lemma and Lemma|14.8|give the germ expansion around nonzero elements
20 € bred \ bred,rs- We use the classification of such elements in §18]1.

Theorem 14.9. Let xg = (Ao, U, Wo) € bred \ bredrs be a nonzero element. Assume that, if
ug = wo = 0 then —X\g ¢ FOX’2, and set F' = Fy[X]/(X? + Xo). Let x = (A, u,w) € brears1 be in
a small neighborhood of xg.

(a) In case (0i) (i.e., ug =wo =0 and F' £ F),

901by (0(2), ¢') = n(—) Orb(y_, &') log |A(@)] + Cr:
(b) In case (0ii) (i.e., ug=wo=0 and F' ~ F),

d0rby (o(z),¢") = n(—1) Orb(y__, ¢') log|A(z)| + Cs;
(¢) In case (1) (i.e., ug #0),

d0rby (o(z),¢") = Orb(y_, ¢') log |A(z)/u(z)?| + Cs;

where Cq,Cq,C3 are constants (depending on xo only, independent of the choice of ¢'). Here

o(x) is the section defined by (17.3)) in cases (0i) and (1), and by (18.6) in case (0ii).



70 M. RAPOPORT, B. SMITHLING, AND W. ZHANG

Proof. We simply denote A for A(z). Note that n(—A) = —1 for & € breqrs.1 (cf. Proposition
[10.2). We apply Theorem and use the notation in its statement. Case (0i) follows from the
fact |A| is a constant when z is near zg. In case (0ii), by Lemma we have Orb(y_,¢') =
Orb(y4—,¢') = 0. This case then follows easily by n(z122) = n(A) and since |z122/A] is a
constant when x is near . Case (1) follows from the fact that |u(x)| is a constant when z is
near Io. O

15. COMPARISON

15.1. Statement of the theorem. We denote by ¢ the function on byeq rs,

(P(-T) = {2w(y) aorb(y7 (b/) + g-Il’lt((E) : log q, Yy S Sred Wﬁ(y) =z c bred,rs,la
0, x e bred,rs,0~
We define ;1 to be the analogous function where we replace dOrb by 0Orby, and define @5 to
be
_ {2w<y> 0ba(y, &), Y € Sucd, Ta(y) = 7 € bucara 1,
p2(x) =
0, T e bred,rs,O'
Hence we have
» =1+ pa.

By Theorem 2 is an orbital integral function. Therefore, to show Theorem it suffices
to show that ¢ is an orbital integral function. Indeed, we will show the following stronger result.

Theorem 15.1. For every xo € byeq, there exists an open neighborhood Vy, of xo such that
@1‘Vmoﬂbred,rs,1 is a constant function.

The only non-trivial case is when xg lies in the closure of bredrs,1, but not in breq,rs,1 itself.
So, let us assume this. The proof of Theorem will occupy the rest of this section. We first
treat the case o = 0 and then move on to the case where xy # 0, in the order appearing in the
table in

Before proceeding, we recall from that

vp(u) =2m, wvp(w)=2m+Ly, vp(A)=4m+20_,
and
v(A) =min{fy,0(_}
The last identity follows because in the expression A = No/, +No’_, when the valuations of both
summands are identical, there can be no cancellation.

15.2. The case zy = 0. Theorem calculates w(y) d0rb(y, ¢') for y = o(z) the explicit
section introduced in . Recall that in Theorem the valuation is taken to be the
normalized valuation for Fjy and therefore vp() = 2v().

We compare the formulas in Theorem and the formulas for Int(x) in §9| We see that
the case distinctions in both formulas are identical; we furthermore see case-by-case that, when
2 € bred,rs,1 s close to 0,

=8t 1
p1(x) = W -loggq
is constant. Here t = ¢~ ! for the rest of this section. Hence Theorem follows in this case.

15.3. The case xg # 0. The theorem holds trivially if xg is not integral, so we assume from
now on that zq is integral. We first consider the case xg = (Ao, 0,0), A\g # 0, and derive from
a convenient expression for the quantity ¢-Int(x) in a small neighborhood of zg.

Lemma 15.2. Let g = (A, 0,0), Ag # 0. For x € byed rs,1 i a small neighborhood of xg,

—v(Xo)/2 _
U(A/)\)t (14+1t)—2t

+C1(v(N)), 2| v(No),

f-Int() = *(U(io)_;i)/? _
oam 2 L o), 24000)

where Cy(n) and Cay(n) are explicit polynomials in n.
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Proof. For & € byed rs,1 Dear xg, we may assume that |A\| = |Ao| is fixed, while vp(u) = 2m and
vp(w) = 2m+ ¢4 are very large. Hence we may assume that m is larger than at least one of £
or £_. To make the comparison, we will rewrite ¢-Int(x) from Case I (2),(3) and Case II (2)
in 9

o If u()o) is even (and so is v(\)), then the minimum among ¢, ¢_ must be £_ since ¢4 is odd.
Hence we may assume ¢_ = ¢_y = v()\g), and we are in case Case I (3). Hence the intersection
number is given by

ot jp(m =024+ 1) (1 =)+ t(t+3) | —2(0— +2m+ 1)t —8t
(-Int(z) = 2t~/ EE + 11 (112
R4t -2t
N 1—t
o e (24 1) =2 +t(t+3) 20— + 1)t —8t
ot (1—1? T Yo
B t=v0)/2(1 4 ¢) — 2t
= v(A/N) o + C1(v(M)),

where Ci(n) is an explicit function of n defined by the last equality.

o If v(A\g) is odd (and so is v(\)), we are in Case I (2) or Case II (2), depending on whether
¢_ < £ or not (equivalently, depending on whether |A| > |w|? or not). In other words, this
gives a partition of the intersection of a neighborhood of xy with the regular semi-simple set as
a disjoint union of two sets.

In Case I (2) ({— <{;,¢_ <2m and {_ odd), we have
vp(A) =20_, wvp(A/N) = 4m,

and we may assume that {_ = £_g = v(\g). Then we have
g-]:nt(l') _ 2t7(Z,71)/2 (2m — f, + 3) — (2m — gi — 1)t + —2(2m + E, + ].)t _St
(1—1¢)2 1—¢ (1—1¢)2
_ 4mt(t*<’f—+1)/2 —1) L g1/ (- +3)+ (- + 1)t 20— + 1)t —8t
1—-t (1—1)2 1—t (1—1)2
2t(t—(o)+1)/2 _q
— oo/ 6 ),

where C3(n) is an explicit function of n defined by the last equality.
In Case II (2) (¢— > {4, {4 < 2m), we have

up(\) =204, vp(AJN) =4m +20_ — 2.

Hence
e (0o =20, F2m 4 3)(1— )+ 4t —2(0_ +2m+ 1)t —8t
Tnt(a) = 2~ -1/2( +
Cnt(z) = 21 0L * 1—1 =D
tt—r+1)/2 _ 1
—oem+ 0 — 1)1t — )
4o (12 (ly+3)A—t)+4t 2004 + 1)t —8t
T=DE 1=t (-2
t(t—E++0/2 _q
Logp(t-1)/2 (—ly +£3)+ (U + 1)t 204 + 1)t —8t
e 1=t -2
ot(t—wo)+1)/2 _ 1
—o(a/n ) 4 Gy (0(00)),

1-t¢

where C3(n) is the same function of n as in the last case (this is crucial). O
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We return to the proof of Theorem for zo = (Xo,0,0), Ao # 0. Note that —Xo ¢ Fy?
since z is in the image of 1 red, cf. Lemma[IT.3] Hence we can apply Theorem We have
the two subcases (a) and (b) of that theorem.

(a) Case (0i): F' # F. By Theorem and Lemma we have the values of the orbital
integrals 90rby (o(z), ¢’). By comparison with Lemma we find that

@1(3:) = (Cl + Cz (U()‘OD) '1Og q, S bred,rs,la

is a constant, where C} is the constant in Theorem [14.9} and C;(n) is the polynomial of n for ¢
with the same parity as v(Ag).

(b) Case (0ii): F’' ~ F (so that v(Xg) is odd by F' = Fy[v/—Xo] ~ Fo[v/w]). Similarly we find
by Theorem and Lemma and by comparing with Lemma that

301(‘%) = <CQ + Cl (U()‘O))> : IOg q, x¢€ bred,rs,la

is a constant, where C5 is the constant in Theorem and C1(n) is the polynomial of n in
Lemma [[5.2]
Hence Theorem is proved for xy = (A, 0, 0).

We now consider the case g = (Ao, uo,wp), up # 0. Again, we first derive a convenient
expression for the quantity ¢-Int(z) in a small neighborhood of xg.

Lemma 15.3. Let zg = (Ao, ug, wo), where ug # 0. Then for © € brears1 in a small neighbor-
hood of x,

t(t—v(wo)=1 1)
(1—1)
t(t—(v(Ao)-ﬁ-l)/? -1)
(1-1)

20(A/u?) + C1 (v(ug)), I < Jul?,
L-Int(x) =

20(A/u?) + Ca(v(ho), v(uo)), |Al > [ul?,

where Cy,Cs are explicit polynomials.

Proof. First we assume that A\g # 0. Then for  near xq, we have |A| = |Ao|, |u| = |uol, |w| = |wol,
and /_ is very large.

e In Case IT (1)( £_ > (,, {4 > 2m, i.e., |\ < |ul?) we have

21 +1¢ - —2m—-1)1—1t —2(0_+2 1)t —8t
() — g m 2D =2m =) | 2 +2m Dt
(1—1)2 1—¢ (1—1¢)2
tt—m= 1) 204+t + (—2m—-1)(1—t) —(2m+ 1)t —4t
=20 —————= 4 2(t7™
T ( 1—0)7? =1 =2
t(t—mo—l —1)
=2_———+C .
=) + C1(mo)
e In Case II (2) (/_ > {1, £y < 2m, i.e., |A| > |u|?) we have
(e =20 4 2m 4 3) (L —t) + 4t —2(0_ +2m+ 1)t —8t
C-Int(x) = 2t~ ¢+ /2 a
nt () 1—0? * 1—¢ TENE
1 t
=20 (¢~ (Bro—D)/2 ——— )+ Ot
< (1 —t) 1_¢ + 2( +07m0)
(¢t~ Erot)/2 _ 1)
= 2 _ .
1 (1 — t) + 02(€+07m0)
Now we assume that A\g = 0. Then, since 0 # 2 ¢ bredrs, it follows that z¢ has the form
2o = (0,ug,0), ug # 0. Then for x near xy we have |u| = |ug| and £, ,¢_ are very large. Then
the asymptotic behavior of ¢-Int(z) follows from Case I (1) and Case II (1) in §9.2
tt=mot —1
-Int(x) = 2€_g + Ci(my). O

(1-1)
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Now we can finish the proof of Theorem for z¢p = (Ao, ug, wo) with ug # 0. We are in case
(c) of Theorem Noting that v(A/u?) = ¢_, by comparing Lemma with Theorem [14.9)
14.8

and Lemma|14.8] we find that ¢q(z) is a constant (explicitly depending on x¢) when = € byed rs,1
is near xg.

In view of the table in (and the explanation), we have considered all xg € byeq \ bred s it
the closure of byeq,rs,1. This completes the proof of Theorem [15.1]
Part 4. Germ expansion

In this part of the paper, F/Fy is any quadratic extension of non-archimedean local fields
of characteristic not equal to 2 (not necessarily ramified nor of odd residue characteristic). We
write F' = Fy[n] for 7 = /&, w € F;*.

16. STATEMENT OF THE GERM EXPANSION
Recall from we have
Tred: Sred — breqa = A X A X 57

y—— (), u(y), w(y))

[A b
y_CO’

AMy) =det A, u(y)=w 'cb, and w(y)=w 'cAb.

where we write y in the block form

and

We also have
Aly) = Ay)uly)® +w(y)®.

Let y be any element in .4 (not necessarily semi-simple nor regular). We say that y is
relevant if its stabilizer Hz; is contained in SLs. For a relevant element y, the determinant det
is well-defined on H;\H’, and so is |det|* for s € C. Let ¢ € C°(Srea), and let y € 509 be
relevant. We consider the integral

Orb(y, ¢/, 5) = r(HY) / ¢ (h~Lyh)n(det h)|det h|* dh, (16.1)
H{\H'

where 7(H,) = vol(H,) if H, is compact and 7(H,) = 1 otherwise. In all cases except the one

in Lemma the integral (16.1)) is absolutely convergent when Re(s) > 0 and extends to a

meromorphic function of s € C. Even in the exceptional case, Lemma defines Orb(y, ¢, s)
as a meromorphic function. When the integral has no pole at s = 0, we use the notation

Orb(y, ¢) := Orb(y, ¢',0).
For zg € byeq, the elements of §,..q in w;l(xo) will be called xg-nilpotent. When xy = 0, we

use the term nilpotent instead of O-nilpotent.

Theorem 16.1. Let ¢’ € C°(syed) and zo € byeq. There exist an open neighborhood Vy, of xo,
a section 0: Bred s —> Sred defined on Vi, N bredrs, and (explicit) continuous functions I'y(x, s)
on Vyo N bredrs such that, as meromorphic functions in the complex variable s € C,

Orb(o(z),d',s) = Z (2, s) Orb(n, ¢, 5),
neng ! (zo)/H'

where the sum runs over an explicit set of representatives of relevant H'-orbits of xq-nilpotent
elements, and where the sum should be replaced by an integral with respect to a suitable measure
when there is a continuous family of orbits n(u), p € Fy (which only occurs when xo = 0).

Proof. When z¢ € byedrs, by (17.4) below it is easy to see that we have
OI‘b(O'(I), d),v S) = OI‘b(O'(l’()), QS/? S)a

when z is near xg, which proves Theorem in this case. When g € byed \ bred,rs, Theorem
[16.1] will follow from the explicit germ expansion given by Theorem [I7.1] for the case zy = 0,
and by Theorem for x¢ # 0. O
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We also need a converse to the theorem above, specialized to s = 0, proved in Let Cy1(Fp)
be the space defined in §19.3]

Theorem 16.2. Let ¢ € CoP(bredrs). Then ¢ is an orbital integral function if and only if, for
every o € bred, there ezists an open neighborhood V,, of xo, such that

p(z) = w(o(x)) Z L(z,0)0z,(n)  forall € Vi, N Dbred s, (16.2)

neﬁ;é(zo)/H’

where @g,(n) € C; when xg = 0, the sum is to be interpreted as an integral for the one-
dimensional family of nilpotent orbits n(u), p € Fy, and the function p— g, (n(w)) is required
to define an element in C1(Fp); when o = (Ao, 0,0) with Fo[\/—Xo] = F, this is understood as a
function of the form ¢glog |A(x)| + ¢1 for constants ¢g and ¢y (cf. (18.15)).

Corollary 16.3. Let ¢ € C59(bred,rs) be such that the restriction of ¢ to Vi, N bredrs,0 15 zero.
Assume that, for every xo € byeq, there exists an open neighborhood Vi, of xo, such that the
restriction of ¢ to Vi M bred rs1 @8 constant . Then ¢ is an orbital integral function.

Proof. Tt suffices to verify that such ¢ is of the form (16.2)) in Theorem for every g € byeq.
We first consider zo = 0. In this case the nilpotent orbits in (16.2) are as in Theorem [17.1}
By Theorem the function I'n,  (2,0)|v, nbreqreo = —Lno, (2, 0)|Vo nbrea s 18 @ (nonzero)
constant and I'n, , (z,0)[v, Abyea.. 15 @ (nonzero) constant. Therefore, by suitably choosing
O (no,—) and @, (no,+), we see that ¢ is of the form

1—‘no,Jr (.’1?, 0)@@) (nO,Jr) + Fno,f (37, 0)90930 (no,*)'

Setting ., (n) to be zero for n in the one-dimensional family of nilpotents, we see that ¢ is of

the form (16.2)) for zg = 0 € byeq.
For zo # 0, the proof is similar using Theorem [I8.2] O

We will be interested in the first derivative of the orbital integral  Orb(o(z),¢’) at s = 0 in
a neighborhood of zy. We have a decomposition according to the Leibniz rule

d0rb(o(x),¢') = 00rby (0(z),¢') + O0rba (0(z),¢'), (16.3)

where we define the two terms as
d

dOrby (0(2),¢') = > <ds

néﬂ;é(zo)/H/

T (z, s)) Orb(n, ¢',0)

s=0

and

dO0rbs (0 (z),¢') == Z Ty (x,0) (;

i Sls
nem 4 (xo)/H’

» Orb(n, ¢, 5))

Remark 16.4. We point out that the first term 9Orb;(o(z),¢’) depends only on the quanti-
ties Orb(n, ¢’) = Orb(n,¢’,0) (and the intrinsically defined functions I'y,(z, s)). In particular,
the values of Orb(o(z),¢’), for regular semi-simple = already determine dOrb; (o (x),¢'). This
observation does not hold for dOrba (o (x), ¢').

The explicit germ expansion also shows the following result, proved in below.

Theorem 16.5. Fiz i € {0,1}. Let ¢' € C°(8rea) match (¢,0) where ¢ € C°(W;rea). Then
the function

@(x) — {((;)(O’(I)) 801“]32 (U(m),¢/), S bred,rs,lfi;
’ T € bred,rs,i

is an orbital integral function.

17. GERM EXPANSION AROUND zy =0

In this section, we give the explicit germ expansion around zg € beq when zg = 0.
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17.1. Statement of the theorem. The nilpotent orbits in s,.q are classified in [34] §2.1]. We
list here only the relevant orbits.

e a continuous family with representatives

— ox

0 1
n(p) ==mn |0 0], nek (17.1)
0 0

with stabilizer IV, the upper-triangular unipotent matrices, and

e two regular (i.e., with trivial stabilizer) nilpotents with representatives

0 10
nNo4+ =T 0 0 1 ,  To,— =tn0’+. (172)
0 00

The nilpotent orbital integrals for the continuous family n(u) and for the regular nilpotent orbits
ng + are defined by and are both holomorphic at s = 0, cf. [34, Lem. 2.1]. Note that we
choose a Haar measure on N(Fp) by transporting the one on Fj.

We define a section

0: bred — Sred

by
0 —M/7% 1
o(x)=m|1 0 0, ==\ uw)€ breq. (17.3)
u  w/m 0

Theorem 17.1. For zg = 0 and z = (A, u,w) € brears near o, there is a germ expansion of
Orb(cr(:c),d)’,s) as

/ Loy (@, 5) Orb(n(p), @', s) dp+ n(A/w)|A/w@|* Orb(no,—, ¢', 5) + n(—1) Orb(ng +, ¢ 5),

0

where
0, if (WP —2w/m)? — 40w ¢ Fy%,
Loy (@,8) = 3 n(=v) (Iv[~* +n(A/w)|A/w|~*v*)

if (WP —2w/m)? — 40w € Fy2

|(u2u—2w/ﬂ')2—4A/w|l/2 ’
Here v denotes one of the two roots of
A
u2uzy+ﬂ+2w/7r
v

( Truy(x,s) is independent of the choice of v).
Corollary 17.2. If © € byeq rs,1, then
Fn(u)(x, 0)=0.

Proof. When x € byed,rs,1 We have n(A/w) = —1, cf. Proposition The result follows from
the formula above. O

The proof of this theorem will occupy the rest of this section. We will rely on [34, §3]. At
this point we warn the reader that we will use slightly different notation from [34]. Let sleq be
the subspace 7 s;6q Of gls = M3 g,. We fix an isomorphism as representations of H' = GLa,

Sred >5[red
[ — Y



76 M. RAPOPORT, B. SMITHLING, AND W. ZHANG

17.2. Proof of Theorem The proof of Theorem is essentially the same as that of
Theorem 2.7 in [34] except for some notational changes. We often write h-x = h~'zh, for h € H’
and x € s;0q. To be consistent with [34], for © € b,s we rewrite (16.1)) as

Orb(z, ¢, s) = / ¢ (hah™ )n(det h)|det h|~* dh.
H'/H],
We use the Iwasawa decomposition H'(Fy) = KAN for K = SLy(Op,),
b 1t dadbdt
e I
We may write Orb(o(z), ¢/, s) as (cf. [34, (31)]|ZI)
t a(=\w—t%) b

Pk | 7| 1/a —t 0f | n(a)la™"v?~
b lu  (w/m—ut)ab™t 0

. dadbdt
0]

(17.4)
a,b,teFy

Here we used the K-invariant function
o () = / o (kak—")dk.
K

Without loss of generality, we may assume that ¢’, and hence ¢’ is invariant under translation
by Sred(OF,) := 7gls(OF,) Ns.

Now all the equations from (3.1) to (3.20) in [34] hold for the orbital integral Orb(o(z), ¢', s)
(instead of simply its value at s = 0). By this we mean to interpret them as the integral against
n(a)|a*1b2\5%. Indeed, all of these equations are derived from partitioning the domain of
integration into various pieces, and the fact that the function ¢ is invariant under translation
by Sred(OF,) with compact support. It is never used in [34] §3] that s = 0.

Lemma 17.3. The term (3.4) in [34] is equal to
/F L) (@, 8) Orb(n(p), ¢, s) dp.
o
Proof. After a suitable substitution, we may write [34, (3.4)] as
0 hw/m N gy g,

n(=1)ful™! Pk |7 [0 0 0| | n(abt)|a= " vt|~*
0 a 0

dadbdt
Il

This is equal to

S /F Onb (o (UL LN ot Yo o

ut [t

We rewrite this as

dt

n(—1)|u|1/ orb(n(u*Q(t+t*1A/w+2w/w)),¢',s)n(t)|t|fsf. (17.5)
Fo It]

This is the form of the germ expansion we will use to do calculations later on. The rest is the
same as the proof of [34, Lem. 3.1]. O

Lemmas 3.2 and 3.3 of [34] remain unchanged. We recall them and indicate the necessary
changes in the proof.

Lemma 17.4. The sum of (3.3) and (3.5) in [34] is zero. The sum of (3.6) and (3.15) in [34]

18 zero.

ITWe note the following notational changes: 1) a sign difference in A; 2) a, b in [34] become u, w/; and 3) the
measure dz dy du becomes da dbdt.
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Proof. The proof in [34] can actually be simplified. In both sums, it suffices to show that

/ ly>tdy + / 2y = 0, (17.6)
ly|<1 ly[>1

where we understand both integrals as meromorphic functions of s € C obtained by analytic
continuation as follows. The first integral converges when Re(s) > 0,

_ 1 dy
/ |y|28 1dy = 1— g5 / IE
lyl<1 a* Jiy=1 1yl

and the second one converges when Re(s) < 0,

_ q° dy
/ iy = 1= / yl”
ly|>1 q° Jy|=1 |y

These equalities give the claimed analytic continuation. The sum of the two terms is then
obviously zero. O

Lemma 17.5. The sum of the following terms in [34] is zero: (3.2), (3.8), (3.10), (3.16),
(3.17), (3.20).

Proof. The same proof as that of Lem. 3.3 in [34] still works, noting that the only ingredient is
the identity (L7.6]) above (for instance, in loc. cit. one only uses (L7.6]), when splitting the term
(II) into (3.12) plus the term following it). O

Lemma 17.6. The sum of (3.12) and (3.19) in [34)] is zero.

Proof. We work with the corresponding function ¢’ on sl,q. The integral (3.12) is equal to

0 0 0
¢ |h|1 0 0|h"|n(deth)deth|=*dh
u w 0

Hl
0 0 0
= ¢ | h|1 0 0|~ | n(deth)|deth| *dh.
1% 0 w O
After a substitution, the integral (3.19) is equal to
0 —(w/u)? 0
- ¢ | |0 0 0| A~ | n(det h)|det h|~* dh
o u 0 0
[0 0 0
= & | h|(w/w)? 0 0| h~" | n(deth)deth|~*dh
I | 0 u 0
0 0 0
= & | h|1 0 0~ n(deth)deth|=*dh,
' 0 w O

where the first and the last equality follow, respectively, from the substitutions

0 -1 w/u 0
h»—>h[1 O] and hHh[O u/w} O
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To complete the proof, it suffices to treat the remaining terms: (3.7) and (3.9) in [34]. The
term (3.7) in [34] yields, after a suitable substitution,

t  —at® b

da db dt
G (7 [La  —t 0] | n(@)ae?— =
0 0 0 o
00 1
= ¢ [h-m|1 0 0 A=t | n(deth)|det h|~*dh
. 00 0
H

=n(=1) Orb(ng 1, ¢', 5).
The term (3.9) in [34] yields, after suitable substitutions,

0 (=Mw—(w/ur)?)a 0 d
1,2, dadbdt
G (7| 0 0 0| | maya=te—> 5
b~lu (w/m — at)ab™! 0 1o
0 —Nw-— (w/ur)? 0
= & | h-7|0 0 0| =1 | n(det h)|det h|~* dh
H' u 0 0

=n(A/@)|A/m|7* Orb(ng -, ¢', 5).
This completes the proof of Theorem [I7.1}

18. GERM EXPANSION AROUND z¢ # 0

In this section we consider the germ expansion near a non-zero element xg € breq \ bred,rs-

18.1. Orbits in Syeq \ Sredrs- We need to classify the orbits in the fiber of zy = (Ao, uo, wo) €
bred N bred,1rs~ Let
A b
Yo = |:C O] € Sred

be a semi-simple element in the fiber of zy. It follows that the dimension r of the subspace
spanned by b, Ab is then either zero or one.

Case r = 0. Then b = 0 and g = (\g,0,0) where Ao # 0. We introduce the semi-simple
quadratic Fy-algebra,

F' = F[X]/(X% 4+ \o).
In the fiber of zy = (Ag,0,0), there is one semi-simple orbit, and there are two or four
non-semi-simple orbits, depending on whether I is isomorphic to I or not.

Subcase 0i: F' # F. In the fiber of such xg, there is one semi-simple orbit with representative

0 —/\0/w 0
yo=m |1 0 0f. (18.1)
0 0 0
There are two non-semi-simple orbits with representatives
0 —Ao/w 1 0 —Ao/w 0
yr=m |1 0 o, y_=m|1 0 0f, (18.2)
0 0 0 1 0 0

with trivial stabilizer.
Subcase 0i: F' ~ F. In this case there is one semi-simple orbit with representative
a 0 0

=70 —a 0|, ao®=-X\/w,
0 0 O
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and there are four non-semi-simple with representatives

a 0 1 a 0 1
Yyr+ =710 —a 1|, yy_=7(0 —a 0], (18.3)
0 0 0 0 1 0
and
Yoo =ity Yok =Yt (18.4)

with trivial stabilizer.

Case r = 1. Then b # 0 and Ab is a multiple of b, i.e., b is an eigenvector of A, and
2o = (Ao, ug, wo) with ug # 0. We may choose a semi-simple representative as

a 0 1
Yo=7[0 —a 0|, acFy, u#0, o®=-\/w.
() 0 0

The stabilizer of yq is GL; sitting inside GLs in the upper left corner. However, the character
1 o det is nontrivial on the stabilizer and hence it is not a relevant orbit. The non-semi-simple
representatives are

a 0 1 o 1 1
yp=m|1l —-a 0|, y_=7|0 —-a 0f, (18.5)
u 0 0 u 0 0

and they have trivial stabilizer.

18.2. Orbital integrals. We first define the orbital integrals of the xy-nilpotent elements. All
of them are defined by (16.1)) with one exceptional case:

Lemma 18.1. Let g = (Ao, 0,0) with A9 # 0. Assume that F' ~ F, i.e., Case 0ii. Lety = yy4
be a non-semi-simple element on S,.q mapping to xg. Then for ¢' € C°(syeq), the integral

Orb(y, ¢, s1, s2) :/ Py (F ﬂ {“ b} y) n(ab)|a|**|b|** d*a d*bdt
WBDEF teFy

a

is absolutely convergent when Re(s1) > 0,Re(s2) > 0. It has a meromorphic continuation to
(s1,82) € C?; its restriction to the diagonal s; = sy is meromorphic and is holomorphic at
(s1,82) = (0,0).

Proof. The proof is analogous to that of [34], Lem. 2.1] by the method of Tate’s thesis. We omit
the details. O

In this case we define the orbital integral Orb(y, ¢’, s) to be the value at s; = s = s. By
Lemma [I87T] this is a meromorphic function of s.

Theorem 18.2. Fiz zo = (Ao, %0, Wo) € bred \ bredrs with xg # 0. For & € brears in a small
neighborhood of g, the orbital integral Orb(c(x), @', s) is equal
(a) in case (07) to
Orb(y+,¢',s) + n(ATTA)ATTA[7* Orb(y—, ¢, 5),
where o(x) is the section defined in (17.3));
(b) in case (0ii) to
Orb(erJra ¢/7 S) + 77(21)|21 |—s Orb(y*Jm (b/a S)
+n(22)]22]* Orb(y4—, @', 8) + n(2122)|2122|7* Orb(y__, ¢, 5),

where the section o: byed rs — Sred,rs 0 @ neighborhood of xq is defined by

a 0 1
olzy=7|0 —-a 1|, (18.6)
Z1 Z92 0

with entries defined by the following identities,

A= —ad?w, u=z4+2, w= alz1 —z2)m, A= M + w? = 40wz 29
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(c) in case (1) to
OI‘b(y+, ¢/a 5) + U(A/w)‘ui2A/w|is Orb(y—a ¢,7 S)
where o(x) is the section defined in (17.3)).

Moreover, all the orbital integrals above are holomorphic at s = 0 except in case (0i) when
F' = Fy x Fy, in which case Orb(ys, ¢, s) and Orb(y_, ¢', s) both have a simple pole at s = 0.

18.3. Proof of Theorem Let xg = (Mo, uo, wo) # 0 € breq. We distinguish three cases,
labeled by (0i), (0i4) and (1), according to the case distinction in subsection Fix a real
number R such that the support of ¢’ is contained in the set

{y=7"(yij) € srea | lyij| < R} (18.7)

Case (07) (i.e., 7 =0, Ao # 0 and F’ # F): Then z¢ = (Ao, 0,0) with Ao # 0. We use (17.4) to

express the integral Orb(o(z), ¢',s) for x = (A, u,v) € byeq in a small neighborhood of (A, 0,0).

We therefore assume that || = |Ag| # 0 and hence the integrands have the following constraints,
tl <R, la] < R/|Aol.

We split the integral over b as a sum of two pieces, according as |b] > 1 or |b| < 1. The
contribution for |b] > 1 is equal, when (u,w) is small enough, to

t a(-MNw—1t2) b

o | = |1/a —t of | n@ats?-*
0 0 0

da db dt
0]

[b|>1,a,teFy
This can be written as

/ -+ |det h|*dh f/ .+|det h* dh,
a,beEFtEF |b|<1,a€F teF

where both integrals converge absolutely when Re(s) > 0. The first term extends to a meromor-
phic function

t a(=Nw—1t?)

b
da dbdt
Orb(ys, o' 5) = dc|wfa =t o] Ju@pa e R
a,b,teFy 0 0 0
while the second term is
t  a(=Nw—-1t?) 0
da dbdt
O | [1/a —t 0| | n(a)la="0?~* =
0 0 0 1o
|b]<1,a,t€ Fy
b t  a(-Nw—1t?) 0 (18.8)
= (/ |b|25|b) O |7 |1/a —t 0| | n(a)|al® dadt
jpl<1 . 0 0 0
= ((—25)Q(s),

where we denote by Q(s) the second integral in the next-to-last equation. From F’ # F it
follows that —\g/w (hence —\/w) is not a square. The norms [t|, |a| and |a|~! are all bounded
independent of s and hence Q(s) is an entire function. Again by Fy[v/—Ao] % F, the quadratic
character 7 is nontrivial on the stabilizer of the semi-simple representative y. It follows easily
that Q(0) = 0, and hence the second term is holomorphic at s = 0 and hence so is
Orb(y—i-a d)lv S)

Now we consider the contribution from the piece |b] < 1,

t a(=\w—t?) 0

O 7| 1/a —t 0| | n(a)|det h|~*
b lu  (w/m—ut)ab™t 0

dadbdt
6]

|b|<1,a,t€ Fo
This can be written as

/ ~-~|deth|_sdh—/ . |det h|~* dh,
a,beFteF [b|>1,a€FteF



ON THE ARITHMETIC TRANSFER CONJECTURE FOR EXOTIC SMOOTH MODULI SPACES 81

where both integrals converge absolutely when Re(s) < 0. The second term is equal to

t  a(-MNw—1t?) 0
_ _s dadbdt
¢IK ™ 1/0’ —t 0 W(a)‘a 162| |b|
[b|>1,a,teFy 0 0 0

- /| . o) o)

=q72¢(25)Q(s).

Now note that ¢(—2s) + ¢~ 2°¢(2s) = 0. We see that this last term cancels (18.8). The first term
can be rewritten as

0 —Aw 0 0 —Aw 0
Orb | |1 0 0|,¢,s|= ¢ [rt m|1 0 0| h| n(deth)|det h|* dh.
u w/m 0 I u w/m 0
Since u and w cannot be simultaneously zero, we may make a change of variables h +— hgh,
where
1 . | u —w/mw
h(] = mhl with hl = Lmr/)\ u :| .
The integral becomes
0 —Aw 0
n(ho)|det hol® ¢ [ht w1 0 0| h | n(h)|det h|® dh
1 0 0

H
= n(ho)|det ho|* Orb(y_, ¢', s).
Now note that det hy = A" w? + u? = A=A, and det hy = det(h;)~!. In summary we have
Orb(y, ¢',s) = Orb(y,, ¢, s) + n(A"TA)ATLA|~* Orb(y_, ¢/, s), (18.9)
which proves Theorem [I8:2]in this case.

Case (0i3) (i.e., =0 and F’ = F): In this case we may assume that

—)\()/w = a% 75 0.

We use the section o(z) defined by (18.6). When z = (A, u,w) is in a small neighborhood of
(Mo, 0,0), we may assume |a| = |ag|. We use a variant of the Iwasawa decomposition

1 ¢||a dadbdt

h=k dg = dk ———.

{ 1} { b} T allo

Consider
A b a 0
/ ] / . = -
exto) = [t myaran, y= |2 Pl a0 O]

which may be viewed as a function of (b, ¢) on M o(Fp) x M2 1(Fp). For a # 0, we see that the
integral is absolutely convergent. Then we have

« 0 a
. dadb
Orbly. ;) = [ den | 7| 0 —a b | nab)lab ™ T

zia”t 207l 0

Before we proceed, we consider a toy model: let F* act on Fy x Fy by a - (z,y) = (a~ 'z, ay)

and let n be a quadratic character (possibly trivial).

Lemma 18.3. Let ¢ € C°(Fy x Fy), and define for x € Fy*,

Bo.s) = [ olo/aapn(@lal "o
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which is absolutely convergent when Re(s) > 0. For x in a small neighborhood of 0 (depending
on ¢),

Ba.0) = [ o0.an@la Catn@lel’ [ o01/a.0n(@el .

The identity is understood after an analytic continuation of each term on the right-hand side as
a meromorphic function of s € C (without pole at s = 0, if n is non-trivial).

Proof. The proof is again analogous to that of [34] Lem. 2.1]. We omit the details. O

Using this lemma, we obtain that Orb(o(z),¢’, s) is, in a neighborhood of xg, the value of

the following sum when s; = s3 = s,
Orb(y4+4, 8", 51, 52) +1(21)]21]" Orb(y—, &', 51, 52)
+1(22)[22]° Orb(y4—, &', 51, 82) +1(2122)|2122|° Orb(y——, &', 51, 52).
Theorem in case (0i¢) now follows easily from this equality.
Case (1) (i-e., 7 = 1): In this case up # 0. We now use the expression (17.4). We first observe
that the integrand is constrained by
tI<R, [ul/R<[b|<R,

where R is as in . We only consider the case A\g = 0 (hence wy = 0). Otherwise, the proof
of the previous cases still applies.

We break the integral over a up into two pieces: |a| is large or small. Choose a constant C.
Note that we will consider A, w close to zero, and |u| = |ug| # 0. When |a| < C, so that |a\| < 1
and |aw|R < 1, we have

(18.10)

t —at®> b
g [ 7| L/a —t 0| | n(a)la='v?|~
b=ty —utab™! 0

da db dt
0]

(18.11)
la|<C,b,teFy

Now consider |a| > C. Substitute ¢t — ¢t + w/u, and note that we may assume |w/u| < 1:

t  a(-MNw-—(t—w/mu)?) b

. dadbdt
G |7 | La —t 0| | n(@la™¥~ =
-1 -1
la|>C,b,te Fy b~ u —utab 0
The condition |—utab™!| < R implies that
R? (at)? R

at| < — and |at?| = < —.

< gy et 1= < e
Furthermore, for C sufficiently large, we have |at?| < %2‘ < 1. Hence the last integral becomes

0 a(=Mw - (w/mw)?) b
G\ 0 o[ | @t RS sa2)
la|>C,b,teFy _bilu —utab™! 0 |b]

A similar argument as in case (0i) shows that the sum of (18.11) and (18.12)) can be written as

0 0 1] 0 —Nw-—(w/7u)? 1
Ob|x|1 0 0|,¢,s] +Ob|x |0 0 0,¢,s]. (18.13)
u 0 0f U 0 0
Note that A = Au? + w?. It follows that the second summand in (I8.13)) is equal to
0 1 1
n(A/@)|A/wu?|"*Orh | 7|0 0 0],¢,s
v 0 0

In summary we have proved that in the case r = 1, when z = (A, u,w) is close to (Ag, ug, wp),
the integral Orb(o(z), ¢, s) is equal to

Orb(ys, @', ) + n(A/@)[u~2A /|~ Orb(y_, @, s). (18.14)
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The equations (|18.9)), (18.10)), and (|18.14]) together complete the proof of Theorem in this

case.

18.4. The exceptional case. Theorem [I8.2] gives the germ expansion for Orb(c(z),¢’,s) at
s = 0, except in case (0i) when F’ ~ Fy& Fyp, in which case both Orb(y,, ¢, s) and Orb(y_, ¢', s)
have a pole at s = 0.

Corollary 18.4. Fiz xg = (A, 0,0) € bred \brea rs with Ao # 0. Assume that F' ~ Fy x Fy.

(a) The sum Orb(yy,d’,s) + Orb(y—, ¢, s) is holomorphic at s = 0. Denote by Orb(yy,¢’) its
value at s = 0.

(b) For @ € byea,rs in a small neighborhood of g, the orbital integral Orb(o(z),¢',0) (for o(x)

defined by ) is equal to

log | \71A]
b Y — —="———0Orb ! 18.1
Or (yia¢) 210gq Or (y07¢)7 ( 8 5)
and
0 on/w 0
Oy, )= [ S g dh, =r |10 0|,
PGLs (Fy) 0 0 0

where the measure on PGLa(Fy) is the quotient measure on GLa(Fy) divided by that of Fy* with
vol(Op, ) =1

Proof. We first claim that the meromorphic functions Orb(yy, ¢, s), resp. Orb(y—,¢’, s), have

a simple pole at s = 0 with residue

1
2logq’

+ Orb(yOa ¢/)

We now prove the corollary assuming the claim. The claim immediately implies part (a). To
show (b), we note that the assumption F’ ~ Fj x Fy is equivalent to —\g € FOX’Q. In this case, for
all © € byeq s near xg, we always have € byeqrs,0 (cf. Lemma , and hence n(—A(z)) =1
(cf. Proposition [10.2). Hence n(A(z)/A(z)) = n(—A(z))/n(—Xo) = 1. By Theorem we
have for regular semi-simple x near x,

Orb(o(z),¢',s) = (Orb(y, ¢, s) + Orb(y_, ¢', s)) + (IA"tA[7% — 1) Orb(y_, ¢, ),
where both terms in the right-hand side are holomorphic at s = 0 by the claim. Hence
Orb(o(z),¢',0) = (Orb(ys, ¢, 5) + Orb(y—, ¢',5))[,_o + (IAT"A[7* = 1) Orb(y—, ¢', 5)| _,-

The first term is now Orb(y+,¢’) by (a). The second term is given by —log|A\~*A| times the
residue of Orb(y_, ¢', s) at s = 0. By the claim we complete the proof of (b).
We now prove the claim. We only treat Orb(y.,¢’,s), since the other case is similar. By

[T7-4), Orb(y, ¢, s) is equal to

t  a(=Xo/w—1t%) b
da dbdt
dc | ™ |1/a ~t 0| | n(@la=t62~ =
0 0 0 1o
a,b,teF,
We may view this as an integral of the form
/ —2s db
beFy |b|
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where ®,(b) extends to an entire function in s € C. We may find the value

t  a(=Xo/w—1t%) b
Dy (0) = O [ m]1/a —t 0| | n(a)dadt
a,teFy 0 0 0
0 *)\0/@ 0
=(1—q¢H! ¢ | rtn |1 0 0| h | n(deth)dh
h€PGL2(Fo) 0 0 0

= (1—q )" Orb(yo, ¢),

where the extra factor is due to the different choice of measures.
By Tate’s thesis, the integral (18.16) has a simple pole at s = 0 with residue given by ®4(0)

times the residue of )

db . _ 1—q~
b 7% — =) ¢ (1—q ') = :
[ Y =

i>0

This last term has residue —(1 — ¢~!)/2log¢. This shows that the function Orb(y,,¢’, s) has a
simple pole at s = 0 with residue

— Orb(yo, ¢I)210gq'

This completes the proof of the claim. O

19. GERM EXPANSION FOR l;¢q, AND MATCHING

In this section we present the germ expansion for the orbital integrals on g for u = u(W),
where W is either Wy or W7, i.e., u = ug or u = uy.
We consider the invariants (cf. and §11.2))

Ty Ured — bred = A X A X 57

given by the formulas (11.1)) (in the case of s,eq, but the cases of U req and i eq are the same,
comp. ‘) for Uy red and " for uO,rcd)7
[A b

d] — (A, u, w).

19.1. Germ expansion around zy = 0. The germ expansion around zy = 0 for i, is stated
in [34] Th. 2.8]. Since we will not use it directly, let us not repeat it here. We only recall the
classification of the nilpotent orbits and their orbital integrals, which are used in our calculations
in Part [3]

The nilpotent orbits for ug eq are classified in [34] §2.1]. For our purposes we only need {0}
and the continuous family

0 pm 1
n(ﬂ) =7 ({0 0 0] € UQ,red; B € Fy. (191)
0O = O

The stabilizer of n(B) is the standard unipotent subgroup N sitting inside SLo = SU(J})
(cf. (11.3)). We define the corresponding nilpotent orbital integrals by

Orb(n(3),6) = [ o(h n(s)h) dh. (19.2)
H/N
and
Orb(0,¢) = ep/r,q ' (r, (1)$(0), (19.3)

where ep/p, is the ramification index of F//Fy. It is easy to see that both expressions converge
absolutely. It is important to note here that the measure on H = U(W?) is chosen such that
vol(K) =1 for the special parahoric subgroup K (the hyperspecial one when F/Fy is unramified).
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We also define the orbital integral for any = € 1 cq With compact stabilizer or any x € ug yeq
by

Orb(z, ¢) = /H é(h~'zh) dh,

whenever the integral is absolutely convergent (this will always be true in the cases of interest
to us).

19.2. Germ expansion around z( # 0. Let 29 € byeq \ byed,rs. We first classify the H-orbits
(semi-simple or not) in ueq in the fiber 7 1(x). Unlike the case of s.eq, two issues will affect
the semi-simple orbits on u: stability, and whether H = U (Wb) is quasi-split or non-split.

Similar to the case s..q, we distinguish two cases according to the rank r of the space spanned
by b, Ab.
e r = 0. Then x is of the form zo = (A\,0,0) with Ao € F;*. A semi-simple element in uyeq
mapping to x¢ must be of the form

A 0
Yo = {O 0} .

We need the following lemma concerning the stability issue.
Lemma 19.1. Let \g € Fy ~ {0}. Then the set
XV,\0 = {Z S 5u(Wb) | detz = A\g }

forms one orbit under U(W°)(Fy), unless F' = Fo[X]/(X? + Xo) is isomorphic to F, in which
case Xy, decomposes into two such orbits.

Proof. Obviously, Xy, is one geometric orbit (i.e., after passing to the algebraic closure F, all
elements of X, are conjugate). Let zop € X),, and let T = T, be the stabilizer subgroup of
zg. Then T is a maximal torus in U (W") By general principles, the number of orbits under
U(W?)(Fy) in a geometric orbit is in one-to-one correspondence with

ker[H'(Fy,T) — H*(Fo, U(W"))]. (19.4)

Let F! be the algebraic subtorus of F* := Resg/r, (Gy) defined by Nmp g, = 1. Then Flis
the maximal torus quotient of U(W?), and is identified with
ker[H'(Fy,T) — H'(Fy, F1)]. (19.5)

Now, for T there are the following possibilities, up to isomorphism.
(1) T = F*, mapping via a — a/a to F'.
(2) T = F' x F', mapping via multiplication to F*.
(3) T = K*', mapping via Nmg,p to F'. Here K = F'.F is a bi-quadratic extension of Fy, and
K is the algebraic subtorus of K* := Resk/r, (Gy), defined by Nmg/pr = 1.
Furthermore, case (1) corresponds to the case when F' ~ Fy & Fy, case (2) to the case when
F’' ~ F, and case (3) to the remaining possibilities.

Let T" = ker(T — F'). In case (1), T’ = G,, and is trivial. In case (2), T = F',
and is identified with H'(Fy, F') = Fy/Nmp/p, (F*) = Z/2; in case (3), the map
HY(F,,T) — H(F,, F") is identified with

Nm ’y
F™ [ Nmpg e (K*) ——% Fy*/ Nmp, g, (F),
which is injective, and hence ([19.5)) is trivial. The lemma is proved. O

Subcase 0i. When F’ is not isomorphic to F', then by Lemma there is a unique semi-
simple orbit with invariants zo = (X\,0,0), Ao € Fy* and we fix a choice of representative
Yo € Upeq. A non-semi-simple orbit exists only when W? is split, and the quadratic algebra
F' = Fy[X]/(X?% + Xo) is split as Fy x Fy. We exclude in the sequel the case when F' is
isomorphic to Fy x Fy. The reason is that the closure of byeq,rs,;1 in breq does not contain such
element and therefore we will not need this case in Part [3l

Subcase 0ii. When F’ is isomorphic to F', by Lemma there are two semi-simple orbits
mapping to xg = (Ao, 0,0), and we fix the representatives y,y— € Ueq. We will label the two
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orbits y+ as follows. Consider a regular semi-simple element y in i,q near y4+. Choose a basis
such that y may be written in the form

A x| . | %
y[* O] with dzagonalAﬂ'{ _OJ,CMEFO.

Then we choose y4, resp. y_, such that all regular semi-simple elements near y; have the
following property: z; := %(u + ) is a norm, resp. a non-norm. Here we are using the
coordinates z1, ze from Theorem b). An easy calculation shows that this is possible and we
will choose a small open neighborhood V,, + of zo such that, for all (A, u,w) € V3 + Nbred rs, We
have n(z1) = £1. Moreover, there are no non-semi-simple orbits in the fiber of such zy € byeq.

e r =1, then b # 0 and Ab is a multiple of b. It is not hard to show that there is a unique
orbit (which therefore has to be semi-simple) mapping to zg. For our calculation in Part |3} we
given an explicit representative when W? is split. If Ao # 0 we choose

0 =X b
vo=1[1 0 baf, (19.6)
0

where by = Taby with o = —\g/w (o € F;*) and (b1by — bab1)/m = ug. If A9 = 0, we choose
any

0 0 b
yo=10 0 1|, TIm(b)#D0. (19.7)
. 0

In either case, the stabilizer is an anisotropic torus.

Having classified the orbits in 771 (), it is easy to prove the following explicit germ expansion.

Theorem 19.2. Let 29 = (Ao, ug, wp) # (0,0,0) € byeq, and let ¢ € C°(ueq). For x in a small
neighborhood of xo € my(Ured), let o(x) be any element in Ureqg Mapping to & € byeq.

(a) If F' = Fy[X]/(X? + \o) # F,Fy x Fy, then the orbital integral Orb(c(z), ) is equal to
Orb(yo, @), where yo € Weq is any representative of the unique orbit w *(zo).

(b) If F" = Fo[v/=Xo] = F, then the orbital integral Orb(o(z), ¢) is equal to

OI‘b(y+, ¢) ]-Vmo,rs,+ + OI‘b(y_, QS) ]-Vmo,rs,— .

Proof. This is proved using the same argument as (and is easier than) the case zg = 0in [34]. O

19.3. Matching orbital integrals around zy = 0. Asin [34] §4], we let C;(Fp) be the space of
locally constant functions f on F such that, when |z| is large enough, f(z) is a linear combination
of the following functions,

n(@)z[~ () logle||z ™t
Let Co(Fp) be the space similarly defined by requiring that, when |z| is large enough, f(z) is a

linear combination of

|7t (@)l

Let C(Fp) = C1(Fp) U Ca(Fp). For f € C(Fp), we define the extended Fourier transform by [34
84.1]:
~ dx
f)= [ flo+z)n(z) —,
Fo ||
which is understood in the sense of analytic continuation (cf. loc. cit.). We have

Fw) =~7(1,m)f(v),
where the square of the gamma factor is equal to
<L(0,n)>2 _ (4g )
y(Lm)? = \L(Ln) 4
n(—1)g 1, 7 ramified.

7 unramified;
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Definition 19.3. Let (¢o, ¢1) with ¢; € C°(Upeq,s), and let ¢’ € C°(syeq). Then (o, ¢1) and
¢’ are local transfers around xg € byeq if there exists a small neighborhood V;, of g in byeq such
that

w(y’) Orb(y’, ¢) = Orb(y, ¢:)
for any y’ € Seq With invariants x € Vi ¢, and any y € uyeq,; matching y'.

We will use this definition with the following transfer factor (we are allowed to do so by
Remark [T2.5] since this transfer factor differs from our original transfer factor by a constant
multiple):

w(y') = n(det(g}""e)izo’lqu,l), =9/, Y € Sred- (19.8)
This transfer factor is chosen such that w(o(z)) = 1 for the section o(z) defined by (17.3)), which
we use frequently.

For ¢ € C°(Upeq), resp. ¢ € C°(Srea), we define

Orby(B) := Orb(n(B),¢), resp. Orbg (u) := Orb(n(w),¢’), B,ue Fy.
Then the functions Orby, resp. Orby lie in C(Fp) (cf. loc. cit.). Then the matching conditions

around zero are essentially given by the extended Fourier transform between nilpotent orbital
integrals. Indeed, set (cf. loc. cit.)

1+q¢ ', F/F, unramified;

- L)~ =
KF/Fy, = €F/F, (1,7) {27 F/Fy ramified.

Theorem 19.4. The functions (¢o, 1), p; € C°(Urea ;) and ¢’ € C(srea) are local transfers
around zero if and only if

Orbg, = 2n(—1)|w|_1n;}FUOrb¢/,
and
— Orb(0, ¢p9) = n(—1) Orb(ng 4, ¢") + Orb(ng,—, ¢');
Orb(oa ¢1) = 77(_1) Orb(n0,+7 ¢/) - Orb(no,—a ¢/)
Proof. The statement is easily reduced to the corresponding one for 7s,eq = Sleq and muyeq
which are given by [34, Prop. 4.4, 4.7], by comparing the germ expansions on teq and seq (and
note n(A(z)/w) = (—=1)% if € byed s, cf. Proposition|10.2). Here we note that there is an error

in the germ expansion [34, Th. 2.8(1)(i)]: 7 should be 7=" (7 being w in the current notation).
This leads to the correction factor |c|~! in the statement above. O

19.4. Matching orbital integrals around z( # 0.

Theorem 19.5. Let g = (Ao, ug,wy) € brea, where xg # 0. The functions (do, P1), ¢i €
C(Uyeq i), and ¢’ € C(8req) are local transfers around o if and only if the following identities
hold:

(a) In case (07), and when F' # Fy x Fy,
OI‘b(yo, ¢0) = Orb(y-‘ra d)/) + 77(7)\) Orb(y—v ¢/)7
Orb(yOa ¢)1) = Orb(y-l-a ¢/) - 77(*)‘) Orb(y—a ¢/)

Here yo € U;rea 5 any representative of the unique orbit in leil(xo), and Y+ € Syeq are the
representatives given by (18.2) of the two non-semi-simple orbits in w; *(x).

(b) In case (0ii),

n(—a) Orb(y, ¢o) = Orb(y44,¢") + Orb(y_, ¢') + n(=1) Orb(y+—,¢') + n(—1) Orb(y__, ¢'),
n(—a) Orb(y—, ¢o) = Orb(y++, ¢") — Orb(y—_,¢") — n(—1) Orb(y+—, ¢") +n(—1) Orb(y__, ¢"),
and

77(*04) Orb(y+7 ¢1) - Orb(y"r-i-a ¢,) + Orb(y—+7 ¢/) - 17(71) Orb(y-‘r—’ ¢,) - 77(71) Orb(y——a d)/)a
(=) Orb(y—, ¢1) = Orb(y4+4,¢") — Orb(y—1,¢") +n(~1) Orb(y4—, ¢') — n(—1) Orb(y__,¢’).

Here y4,y— € u;1cq are any representatives of the two semi-simple orbits in w;il(xo) labeled in

and Y4+ € Sreq are the representatives given by (18.3) and (18.4)) of the four non-semi-

simple orbits in w1 (xg).
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(¢c) In case (1),
Orb(y07 ¢0) = Orb(me ¢/) + Orb(yfa (b/)’
Orb(yo, ¢1) = Orb(y+, ¢') — Orb(y—, ¢')

Here yo € U;rea 5 any representative of the unique orbit in ﬂ'ljil(xo), and Y+ € Syeq are the
representatives given by (18.5) of the two non-semi-simple orbits in w; ! (x).

Proof. This follows by comparing Theorem m (specialized to s = 0) and Theorem Note
that & € byed rs,0 if and only if n(A/w) = n(—A) = 1 (cf. Proposition [10.2). In case (0ii), we
note the following facts about the section o defined by (18.6):

o A = —4a%wz 2z and hence n(A) = n(2122).

o The choice of y4 is such that n(z1) =1 for € V vs 4.
e The transfer factor ((19.8) is given by w(o(z)) = n(—a). O

20. PROOFS OF THEOREMS [16.2] AND [16.5]

20.1. Proof of Theorem To show the “only if” part, by Theorem and it
suffices to show that the function Orby lies in C1(Fp). This is proved in [34, Lem. 2.3].

To show the “if” part, by [35, Prop. 3.8], it suffices to show that ¢ is a local orbital integral
function around every g € byeq, comp. Theorem [I0.11} This amounts to showing the following
two lemmas.

Lemma 20.1. For each zo, and each discrete ng € 7~ 1(xg) with nonzero germ function value
Ty, (2,0), there exists a function ¢’ € C°(speq) such that

Orb(n, ¢') = {1’ "= no;

0, n is not in the same orbit as ng.

Proof. Though not stated explicitly in [34], this can be proved in the same way as [34, Lem. 2.1,
2.3]. 0

Lemma 20.2. Every function in C1(Fy) arises as Orbg for some ¢', and such ¢' can be chosen
so that Orb(n, ¢') = 0 for the two regular nilpotents n = ng .

Proof. This is proved in the same way as [34, Lem. 2.3]. O

20.2. Proof of Theorem We need to verify the hypotheses of Theorem [16.2

The case xg = 0. First assume that ¢ = 0. Then for the one-dimensional family n(u), by
Corollary the germ function I',,(,)(2,0) vanishes identically. By Theorem [17.1} we have for
2 € bred,rs around zg = 0,

@(x) = 00rb(ng,+, ¢,0) Ty, , (x,0) + 0O0rb(ng,—, ¢,0) 'y, _(2,0).

Clearly 00rb(no+, ¢,0) are constants. Therefore the function satisfies the hypotheses of Theorem
[16.2] concerning the summands for these two elements. This proves the case i = 0.

Now assume that ¢ = 1. To show that the function in Theorem [I6.5] satisfies the hypotheses
of Theorem [16.2] around zy = 0, it suffices to show that the function

no,+

d
00rby () = +=| _ Orb(n().¢s), pe B,

lies in Cq (Fp).
Since we are assuming that ¢’ transfers to the zero function on ugyeq, by Theorem we
have Orbyg = 0 identically as a function on Fp. The claim follows from the next lemma.

Lemma 20.3. If Orby = 0, then 00rby € Cq(Fyp).
Proof. We have

0 pab b
Orb(n(u), ¢',s) = S [ 710 0 0l | n(ab)|a=tb|* da db.
0 a O
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When || is small, this function at s = 0 is locally constant in u € Fp, hence has the desired
property. We now assume that |u| > 0. The same idea as in the proof of Theorem shows
that this integral is a sum of two terms,

[0 pab 0
S [ 710 0 0l | n(ab)|a™'b|* da db,
_() a O_
and
[0 pab b]
S [ 710 0 0l | n(ab)|a= b|* da db.
0 0 0]
These may be rewritten as
0 b 0
s o, dadb
()~ P [ 70 0 0f | n(b)|a=?b] -
0 a 0 al
and
0 a b
da db
n(wlul | g (70 0 o | n@la e S,
00 0 o]

respectively. For simplicity we write the sum as

Nl = (I~ As) + |ul*B(s)),
where A(s) and B(s) both have a simple pole at s = 0 with opposite residues. Write the Laurent
expansion as
Ay
s
where A_; + B_; = 0. Then the constant term of the Laurent expansion of |u|~*A(s) + |u|*B(s)
is given by

B_
A(s) = + Ag + Ays+--- and B(s):?lJrBOJrBlSJr...,

(Ao + Bo) + log [p|(—A-1 + B_1).
Since Orbg = 0 by assumption, we have Ag + By = 0 and A_; = B_; = 0. This implies that
the degree one term in the Laurent expansion of |u| *A(s) + |u|*B(s) is given by

(A1 + B1)s +log |u|(—Ao + Bo)s.
We conclude that when |pu] > 0
90rby (1) = n()|ul = (A1 + Bi) + log|u|(— Ao + Bo)),
and hence 0Orby belongs to Ci(Fp), as desired. O

The case xo # 0. This follows easily from the explicit germ expansion Theorem and
[19.5] with a similar argument as in the case zo = 0. We omit the details.

With this Theorem is proved.
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