ON OPTIMAL p-ADIC UNIFORMIZATION OF UNITARY
SHIMURA CURVES

MICHAEL RAPOPORT AND HAINING WANG

ABSTRACT. We prove variants of Cherednik’s theorem on p-adic uniformization, for two
classes of Shimura curves attached to unitary groups. The first class are PEL-type variants,
defined in [23] and [24], of the PEL-type Shimura curves of [20]. The advantage of these
variants is that we can prove p-adic uniformization in optimal form for these variants, for
any level structure prime to the distinguished p-adic place vg of the totally real field F (in
[20] this optimal form was only proved for level structures which are prime to all p-adic
places). Here optimality refers to the fact that we define p-integral models by extending the
moduli problem over C solved by the Shimura variety, and prove for them integral p-adic
uniformization in terms of the formal Drinfeld upper half plane Q Fug for Fy,. This greater
generality compared to [20] comes at the price of having to replace the reflex field by a bigger
extension.

The second class are Shimura curves attached to unitary groups. Here the construction
of p-integral models relies on the construction of canonical integral models in the sense of
[21]. Again, the reflex field has to be replaced by a bigger extension—but this time due to
our method of proof. We also identify the integral local Shimura curve for an anisotropic
unitary group over Qp.
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2 MICHAEL RAPOPORT AND HAINING WANG

1. INTRODUCTION

The present paper is a sequel to [20]. Both papers establish analogues of Cherednik’s p-adic
uniformization theorem for one-dimensional Shimura varieties which are, loosely speaking, at-
tached to unitary groups.

Recall that Cherednik’s theorem is concerned with the Shimura curve associated to a quaternion
algebra over a totally real field which satisfies specific hypotheses. More precisely, let F' be a
totally real number field. We fix an archimedean place wy of F' and a non-archimedean place
vy of residue characteristic p. Let D be a quaternion algebra over F which is split at wy and
non-split at all other archimedean places w’ # wg, and which is non-split at vg. We denote
by D* the multiplicative group of D, but also the corresponding algebraic group over F' or
(by restriction of scalars) over Q. There is a natural Shimura datum Xpx for D*, and an
associated Shimura variety

(1.0.1) Shi (D%, Xpx) = D*\[Q x D*(Af)/K].

Here Qg = P!(C) \ P}(R) denotes the union of the upper and the lower halfplane, and the
action of D* on Qg is via D* — DJ;  and an identification of D with GLg(R), which acts
naturally on Qg.

The Shimura variety Shk (D>, Xpx) has a canonical model Shi(D*, Xpx)pr over the reflex
field of (D*, Xpx) which can be identified with F' and its complex embedding given by wp.
For Cherednik’s theorem we fix an open compact subgroup K of the form

(1.0.2) K =K"-K,, C D*(AR;)- D*(F,,),

where K, is the unique maximal compact subgroup of D, . Then Cherednik’s theorem asserts
the existence of isomorphisms compatible with changes in K",
(1.0.3)  Shi(D*,Xpx)F Xspec  Spec Fy, =~ DX\ [(Qp,, Xspr,, SpFy) x D*(Af)/K].

v

Here Qp,, = ]P’},UO \P!(F,,) denotes the Drinfeld upper halfplane for the local field F,,, a rigid-

analytic space over F,,,. Also, D denotes the quaternion algebra over F which is non-split at wp,
is split at vg and locally coincides with D at all other places (the castling of D). The action of
D> on Q F,, is via D* — DY and an identification of D with GLy(F,, ), which acts naturally
on 2 F,,- The isomorphism is to be interpreted as follows: the rigid-analytic space on

the RHS is (uniquely) algebraizable by the projective algebraic curve over Fvo on the left-
hand side. Cherednik’s theorem thus asserts that one may pass from the tautological complex
uniformization of the Shimura variety Shx (D>, Xpx) to p-adic uniformization, provided that
the level structure is prime to vg.

We refer to the introduction of [20] for a discussion of the proof of Cherednik’s theorem and its
generalizations. Here we only emphasize that when F = Q, the Shimura curves Shk (D>, Xpx )
are moduli spaces of abelian varieties with additional structure. Using this, Drinfeld [10] gave a
moduli-theoretic proof of Cherednik’s theorem in this special case. Furthermore, he proved an
‘integral version’ of this theorem (which has the original version as a corollary). This integral
version relies on a theorem on formal moduli spaces of p-divisible groups. When F # Q,
Cherednik’s Shimura curves do not represent a moduli problem of abelian varieties. In fact,
Shk (D>, Xpx) is a Shimura variety of abelian type which is not of Hodge type. Furthermore,
this Shimura variety has other bad properties: the weight cocharacter wpx associated to X px
is not defined over Q and the split rank of the connected center Z° over Q and over R differ, i.e.
rankg(Z°) # rankg(Z°). Nonetheless, Boutot and Zink [4] have given a proof of Cherednik’s
theorem by reduction to the case of PEL-Shimura varieties. They also compare the descent data
down to F,, of both sides of (L.0.3). More precisely, [4] relates Cherednik’s Shimura varieties
to Shimura varieties associated to certain fake unitary groups corresponding to central division
algebras over a CM-field extension of F' equipped with an involution of the second kind, for
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which p-adic uniformization is proved by Rapoport and Zink [25]. In [25], these uniformization
theorems appear as a special instance of a general non-archimedean uniformization theorem,
which describes the formal completion of PEL-type Shimura varieties along a fixed isogeny
class. In the case of p-adic uniformization, the whole special fiber forms a single isogeny class.

The paper [20] proves p-adic uniformization for Shimura curves attached to unitary similitude
groups associated to (anti-)hermitian vector spaces V' of dimension 2 over a CM-extension K
of F', the KRZ Shimura curves. Analogously to Cherednik’s assumption on the quaternion
algebra D, it is assumed in [20] that V is split at the archimedean place wg of F' and ramified
at all other archimedean places, and that V is ramified at the p-adic non-archimedean place vy
(in particular, it is assumed that vy does not split in K). Of course, these Shimura curves are
closely related to the Shimura curves considered by Cherednik (we refer to [19] for a general
discussion of the relation between quaternion algebras and two-dimensional hermitian vector
spaces). However, they are different. In particular, they represent a moduli problem of abelian
varieties, their weight cocharacter is defined over Q and rankg(Z°) = rankg(Z°). The downside
of these Shimura varieties compared to those of Cherednik is that the reflex field F' of Cherednik
has to be replaced by a bigger reflex field E. The uniformization theorem of [20] is optimal
when the level structure imposed is prime to p, in the sense that it extends to an integral
uniformization that allows an explicit interpretation of the points in the reduction modulo p.
In particular, the uniformization theorem of [20] is optimal when vy is the only place of F' over
p because then the conditions that the level structure be prime to p coincides with Cherednik’s
condition that the level structure be prime to vg.

The first aim of the present paper is to prove an optimal uniformization theorem when there
are more places over p, i.e., when there are banal p-adic places, in the terminology of [20, §7].
An approximation to such an optimal theorem is proved in [20, §7], but this is not completely
satisfactory (as pointed out in the introduction of [20]). Here we succeed in proving such an
optimal theorem by replacing the Shimura variety of [20] by the variant introduced in [23], [24],
the RSZ Shimura curves. The downside of this variant is that its reflex field is (even) bigger
than F.

The second aim of the present paper is to establish p-adic uniformization theorems for Shimura
curves attached to unitary groups, under the same local assumptions. These Shimura curves
are not of PEL type but, assuming that canonical p-integral models in the sense of [21] exist,
we construct p-integral models over O of these Shimura curves. The optimal version of p-
adic uniformization for them should hold over K. Unfortunately, we cannot prove this optimal
version when F # Q but rather have to make a base change to a finite extension of K. It
seems a worthwhile goal to remove this extension of the reflex field. As a reward, we expect
interesting arithmetic applications (level raising, level lowering, bounding Selmer groups), cf.
[19, Introduction]. We also give an explicit model of the integral local Shimura variety, in the
sense of Scholze-Weinstein [27] (comp. also [22]) attached to an anisotropic unitary group over
a finite extension of Q,, again at least after an extension of the reflex field.

We now summarize the layout of this article. The paper consists of four parts. In the first
part, we state our main results and give some background. More precisely, in we recall the
definition of the Shimura curve in [23], [24] which we will refer to as the RSZ Shimura curve.
We formulate the associated moduli problem and introduce the terminology used throughout
the paper. We also give the precise formulation of our main results. In section 3, we review
the notions of CM-types and CM-triples from earlier papers [19], [20]. In section |4} we review
the main theorem of complex multiplication for CM abelian varieties and its local analogue,
the precise description of the Rapoport-Zink space associated to a torus with its Weil descent
datum. The proofs in the latter theory are based on the contraction functor of [20] (in the case
of rank one, which is more elementary than the case of rank two treated in [20]). The notion
of the special element relative to (@7, E) (Construction is used throughout the paper.
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The second part is devoted to the proof of our first main theorem which concerns the RSZ
Shimura curves. In section [5| we treat the local theory. Here the case of special CM-triples
is handled by citing rather directly from [20]. However, the case of banal CM-triples requires
going back to the proofs in [20]. Indeed, in [20], the descent datum in the banal case is not
explicit. It is here that the advantage of the RSZ Shimura curves over the KRZ Shimura curves
becomes apparent since in the RSZ case we are able to give the descent datum explicitly. In
section [6] we prove the first main theorem, as a rather direct consequence of the local case.

In the third part we go back to [20] and explain that the deficiencies of KRZ Shimura curves go
away when extending slightly the reflex field, replacing it by an extension of degree < 2. After
making this extension, we can make the descent datum completely explicit (but still the level
of the Shimura curve has to be prime to p, like in [20]). This is the subject matter of §ﬂ In
§8l we compare KRZ Shimura curves with RSZ Shimura curves.

The fourth part is devoted to the proof of the second main theorem which concerns the Shimura
curves attached to unitary groups. In we treat the local theory, by reduction to the case of
the Rapoport-Zink space of RSZ CM-triples considered in §5|and the case of the Rapoport-Zink
space of a torus considered in §4 Here we use the theory of integral local Shimura varieties from
[22]). In we treat the global case which works in complete parallel to the local case, except
that we are basing ourselves on the conjectural theory of global canonical integral models of
[21]. In our context, this theory is established when p # 2 and the special place vy is unramified
[7]; the case of a ramified special place seems within reach. Since our approach is axiomatic,
this possible deficiency of the literature plays no role in our exposition.

1.1. Notation. We use the following notation and conventions without comment in this paper.

o If M is a number field, we write Aj; for its adele ring and denote by Ay s its finite part
and by A;?/[, ¢ its prime to S finite part for a finite collection of finite places S of M. Let
p be a prime, and vy be a place of M above p. We use the notation M, = Hv|p M, and

M® = TLujp,vstoy Mo-

o Let F' be a finite extension of Q, and let K/F be an étale algebra of rank 2, with corresponding
involution a — a. Let V be a free K-module, equipped with an alternating Q,-bilinear form
Y:V xV — Qp such that ¢(av,v’) = ¢(v,av’) for ¢« € K and v,v" € V. Let A be a
Ok-lattice in V. Then the dual Og-lattice is AY = {z € V | ¥(z,y) € Z, for all y € A}.
The lattice A is called almost self-dual if A = AV if K/F is a ramified field extension or an
unramified field extension and the anti-hermitian form associated to 1 is split or if K/F is
split; if K/F is an unramified field extension and the anti-hermitian form associated to 1 is
non-split we ask that A is contained in AV with colength one.

e If O is a discrete valuation ring, we write Nilp,, for the category of O-algebras R such that the
image of a uniformizer 7 in R is nilpotent. Similarly, we denote by (Sch/ Spf O) the category
of O-schemes such that 7Og is a locally nilpotent ideal sheaf. Let k& be the residue field of
O. If S is a scheme over O, we denote by S the special fiber of S, i.e., S = S Xgpec o Spec k.

e Let O be a ring, then (LNSch)/O denotes the category of locally noetherian schemes over O.

Part 1. Main results and preliminaries
2. STATEMENT OF THE MAIN RESULTS

2.1. The RSZ Shimura variety. Let us first recall the Shimura curve in [20]. Let K be a
CM-field, with totally real subfield F. We denote the non-trivial F-automorphism of K by
a +— a. Let V be a two-dimensional K-vector space, equipped with an alternating Q-bilinear
form

(2.1.1) :VxV—Q
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such that

(2.1.2) s(azx,y) =¢(z,ay), z,y€V,a€K.

We call ¢ a anti-hermitian alternating form (w.r.t. K/F). There is a unique anti-hermitian
form s on V such that

(2.1.3) Trg g ax(z,y) = s(ar,y), x,y€cV,acK.

Conversely, the anti-hermitian form s determines the alternating bilinear form ¢ with (2.1.2]).
We say that sz arises from ¢ by contraction.

Recall that anti-hermitian spaces V' are determined up to isomorphism by their signature at
the archimedean places of F' and their local invariants inv, (V) € {£1} at the non-archimedean
places v of F. Let wy be an archimedean place such that V,,, has signature (1,1) and such
that V,, is definite for all archimedean places w # wg. Let us be more precise. Let & =
Homg a1 (K, Q). Let r be a generalized CM-type of rank 2, special with respect to wy, i.e., a
function

(2.1.4) r:® — Z>o, YTy,

such that r, + 75 = 2 for all ¢ € ®, and such that for the extensions {yo, o} of wy we have
Too = Tg, = 1 and with r, € {0,2} for ¢ & {@o, @0}, comp. [19]. Then we demand that the
signature of V,, =V ®x , C be equal to (14,2 —17,).

Remark 2.1.1. Note that, because we are in very small rank, the generalized CM-type ® is
of fake Drinfeld type relative to ¢g and relative to @, in the sense of [24, Ex. 2.3, (i)].

We denote the reflex field of by E,.. It is a subfield of Q, the algebraic closure of Q in C. Note
that F' embeds via ¢g (or @g) into F,., and that the archimedean place of F' induced by
(2.1.5) F* E —C

is equal to wg. If F = Q, then E,. = F.

Associated to these data, there is a Shimura pair (G, X). Here G denotes the group of unitary
similitudes of V', with similitude factor in G,,, an algebraic subgroup of GSp(V, %) over Q. The

corresponding Shimura variety Shk (G, X¢) is the one appearing in [20]. We also refer to this
Shimura variety as the KRZ Shimura curve.

Now we are going to define the Shimura variety of [24], the RSZ Shimura curve. We fix a
complex embedding g € {0, Po}. We also fix a classical CM-type, i.e., a half-system of
complex embeddings & C ®. We make the assumption ¢y € ¢*.

An example of ®* is given by
(2.1.6) 2"\ {po} ={pe®|r, =2}
This classical CM-type & = <I>;r0 - is called the CM-type canonically associated to r and @o.

Then r is the strict fake Drinfeld génemlized CM-type associated to (", ¢g), in the terminology
of [24] Ex. 2.3, (ii)].
Let

7% = {z € Resg0(Gn) | Nmg,p(z) € G}
The choice of ®* defines a Shimura datum (Z?, X 40) with reflex field Eg+, where X 4o is the
diagonal homomorphism

hzo: Resc/r(Gpm) — Z9 QR = H<1>+ Resc/r(Gm).-

We therefore obtain a Shimura variety Shk _, (Z9, X 40). This Shimura variety will only play
an auxiliary role, and we will take for Ko the unique maximal compact subgroup K9, of
Z%(Ay),

(2.1.7) K5o = {2 € (Ox ®Z)* | Nmg,p(2) € Z*}.
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The Shimura variety in which we are really interested is associated to the fiber product group
(2.1.8) G =G xg, 729,

where the maps to G, are given by Nmg p, resp. the similitude character of G. The second
part Xz of the Shimura datum is given by the conjugacy class of homomorphisms,

hag,h,q) =~
hé: RGSC/R(Gm) (ho:hze) G]R.

For an open compact subgroup Kz C CNQ’(Af), there is a Shimura variety Shx (é, X&), whose
complex points are given by

Shi, (G, Xg)(C) = G(Q)\[2r x G(Af)/Keg].

Here Qg is acted on by G(R) via the projection to GU(Vy,)aa and a fixed isomorphism
GU(VwO)ad(R) ~ PGLQ(R)

The reflex field E of (é,X@) is the composite £ = E, g+ = E,Eg+, cf. [24, (3.4)]. In the
case when ®* = &, . is the canonical CM-type associated to ¢g,r, it follows from ([2.1.6)
that £ = @o(K)E,, and is either E, or a quadratic extension of E,. The Shimura variety

ShK@(é,Xé) has a canonical model ShKé(é,Xé)E over E.

The torus Z2 embeds naturally as a central subgroup of G, which gives rise to a product
decomposition

(2.1.9) G~UxZ9

where U C G is the kernel of the multiplier map, cf. [24) (3.5)]. Here U is considered as

algebraic group over Q. We will only consider compact open subgroups Kz C G (Ay) which, in
terms of the product decomposition (2.1.9)) are of the form

(2.1.10) Kz =Ky x K,
where Ky C U(Af)

2.2. The RSZ moduli problem over E. The Shimura variety Shx (6’, X&) is of PEL-type.
We will now formulate the corresponding moduli problem. We will first define a moduli problem
for ShKoZQ (Z9, X o), cf. [24, §3]. For economy of exposition, we will actually define this moduli
problem over SpecOpg_, .

We fix an auxiliary non-zero ideal a of Og. Let A§ be the category fibered in groupoids over
(LNSch)/OE(P+ which associates to each Op_, -scheme S the groupoid of triples (Ao, o, Ao),
where

(1) Ap is an abelian scheme over S;
(2) to: Ox — End(Ap) is an action of Ok on Ag;

(3) Ao is a polarization on A .

We impose the conditions that ker \g = Ap[a] and that for the Rosati involution of Ao,

(2.2.1) Rosy, (to(a)) = to(@) forall a€ Ok,
and that Ag is of CM-type &7, i.e.
(2.2.2) char(to(a) | Lie Ag) = [[ . (T —¢(a)) forall ac€ Ok.

pedt
Here the left-hand side in (2.2.2)) denotes the characteristic polynomial of the action of to(a)
on the locally free Og-module Lie Ag; the right-hand side, which is a priori a polynomial
with coefficients in Og_, , is regarded as an element of Og[T] via the structure morphism.
The morphisms (Ao, to, o) — (Ap, th, Ap) in this groupoid are the Og-linear isomorphisms
$o: Ag — A} such that the pullback of A} is Ao.
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This moduli problem is representable by a Deligne-Mumford stack .A§ which is finite and étale

over SpecOp_ , cf. [24, §3.4]. For suitable choice of a, the stack .AJ is non-empty. We fix such

a choice of a in the sequel, which we assume to be prime to the prime number p to be fixed

later, and write Ay for Af.

The moduli stack Ay®o,,_, Cis a disjoint sum of copies of the Shimura variety ShK;Q (Z9, X 40).
P

In order to single out one copy, we fix a locally free Og-module Ay of rank one equipped with
a nondegenerate alternating form ( , )o: Ag X Ag — Z such that {(ax,y)g = (x,ay)o for all
z,y € Ag and a € Ok, such that the dual lattice Ay of Ag inside Ay ®z Q equals a~tAy,
and such that the anti-hermitian form on Ay ®o,  C obtained by contraction from (, )g is of

signature (1,0) for every ¢ € ®*. We denote by Ag\o] the open and closed substack of Ag such
that

ABNC) = {(Ao,10, 20) € Ao(C) | Hi(Ao, Z) ~ Ao}
Here the Ox-module Hy(Ap,Z) is equipped with the natural Z-valued Riemann form induced
by the polarization, and the ~-sign means that Hy(Ag,Z) ®z Z and Ay ®z Z are Ok-linearly
similar up to a factor in Z* and that Hy(Ap, Z) ®z Q and Ay ®z Q are K-linearly similar up to
a (necessarily positive) factor in Q*. Then there is an identification
(223) Ap*(C) = Shicg (2%, X72)(C),
cf. [24 (3.15)].

Now we can formulate a moduli problem for the Shimura variety ShKé (é, Xg), ie., a functor
over (LNSch)/E. We introduce the K/F-hermitian space of dimension 2,

(2.2.4) V = Homg (Vo, V),
where Vy = Ag ®7 Q, with its anti-hermitian form obtained by contraction from (, ).
Definition 2.2.1. Let .ZK@E be the category fibered in groupoids over (LNSch)/E which
associates to each E-scheme S the groupoid of tuples (Ag, to, Ao, 4, ¢, A, 77), where
1) (Ao, o, Ao) is an object of .A([)AO] (S);
2) A is an abelian scheme over S;

) t: K — End°(A) is an action of K on A up to isogeny satisfying the Kottwitz condition

.5) char(¢(a) | Lie A) = H (T —p(a)™ forall ackK;
ped
(4) Xis a quasi-polarization on A whose Rosati involution satisfies Rosy (¢(a)) = «(a) for a € K;
(5) 7 is a Kz-orbit (equivalently, a Ky-orbit, where K5 acts through its projection K5 —
Kuy) of isometries of Ak ¢/Ap p-hermitian modules
(2.2.6) n: V(4g, A) =5V @k Ak s
Here we define
(2.2.7) V(Ag, A) := Homy, , (V(Ao), V(4)),
where V(Ag) and V(A) are the product of rational Tate modules of Ay and A. Here V(Ag, A)
is endowed with its natural A g r-valued hermitian form h,
(2.2.8) h(z,y) == Ay "oy’ oXox € Endy,, (\A/(AO)) =Akys, z,y€ V(4y, A),
cf. [24 §3], where yV: V(AV) — V(Ag) denotes the adjoint of y with respect to the Weil

~

pairings on V(A) x V(AV) and V(AO) X V(AB/) Furthermore, for any geometric point § — .S,
the orbit 7 is required to be (S, 5)-stable with respect to the (S, 5)-action on the fiber

V(Ag, A)(5) = Homy, , (V(Ag5), V(As)).
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A morphism (Ag, Lo, Ao, 4,1, A\, ) —> (Af, 16, Ao, A’y ¢/, N, 7') in this groupoid is given by an
isomorphism fig: (Ao, to, No) — (Ap, th, Ay) in AgAO](S) and a K-linear quasi-isogeny ¢: A —
A’ pulling ) back to A and 7’ back to 7.

Proposition 2.2.2. The moduli problem .ZKéE 1s representable by a Deligne-Mumford stack
.ZK@E over Spec E/, and

Ax,5(C) = Shk (G, Xg).
compatible with changing K& of the form (2.1.10). If Ky is small enough, then Ak g is a
scheme.

Proof. The representability statement is standard, and the identification of the C-points is
[24, Theorem 3.7] (the main point being the Hasse principle for hermitian spaces). For the
last statement, we have to show that for a point = = (Ao,to, Ao, A4,¢, A7) of .,ZK@E, the
automorphism group of x is trivial. However, an element of this automorphism group defines
an element in an arithmetic subgroup of a unitary group which is compact at all archimedean
places of F'. It is therefore of finite order. By making Ky small enough, its eigenvalues are
forced to be congruent to 1 modulo some big enough integer, hence are equal to 1. The assertion
follows. |

2.3. The p-integral RSZ moduli problem. Let p be a prime number and fix an embedding
Q — Qp. Let vy be a p-adic place of I’ which is non-split in K and such that V,,, is a non-split
K,/ Fy,-anti-hermitian space, i.e., inv,, (V) = —1. Throughout the paper, we always_assurr_lﬂ
p # 2 if vy is ramified in K. Let v be the place of E induced by the embedding v : Q — Q,.
We assume that the place vp is induced by v under the inclusion F' — E given by ¢q. In the
sequel, we consider F,, and K,, as subfields of Q, (recall that ¢ : K — Q is fixed).
Let us write U(Qp) = [, Uv(Qp), where we denote by U, = Resr,q,(U(Vy)) the cor-
responding unitary group over Q, for V,. We define U (Af) := U™(Q,) x U(A%) where
U (@y) = [Ty, Un(@,). We define G¥0 (A7) = U™ (Af) x Z2(A ;).
In the product decomposition
K@ = KU X K%Q,
we fix K, and vary the open compact subgroup Ky of U(Ay) which we write in the form
Ky = Ky, - K{,
where K7 is an open compact subgroup of U(A’}) and Ky, is an open compact subgroup of
U(Qp). We impose that Ky,, further decomposes as Ku,, = Ku v, - Kif,,, where K{7  is an
open compact subgroup of U (Q;) = [, Uv(Qp). We assume that Ky, is a maximal

open compact and therefore Ky ., = Uy, (Q,), as follows from our assumptions that Uy, (Q,)
is a compact group. To simplify the formulation of the moduli problem, we assume that

Ky, <[] K¢
up vlpotve - UV

where K7, , is the stabilizer of a fixed lattice A, in V,, which is almost selfdual (see the Notation
section at the end of the Introduction for the meaning of this terminology). Let K{? = K%OPK%
and Kg) =K} x K.

Remark 2.3.1. The subgroup Ky ,, is a parahoric in U,,(Q,) when K, /F,, is unramified;
it contains a parahoric with index 2 when K,,/F,, is ramified.

We are now going to describe a model JTK@ of .ZKé E over Spec Op, (,) by formulating a moduli
problem over (LNSch)/Og, ).

n light of the results of Kirch [13], it should be possible to remove this blanket assumption.
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Definition 2.3.2. Let /TKé be the category fibered in groupoids over (LNSch)/Og, () which
associates to each Og (,)-scheme S the groupoid of tuples (Ao, to, Ao, 4, ¢, A, 7P, 77,°), where

(1) (Ao, to,Ao) is an object of A([)AO] (S);

(2) A is an abelian scheme over S;

(3) ¢: Ok (py — Endy(A) = End(A) ® Z(,,) is an action up to prime-to-p isogeny on A
satisfying the Kottwitz condition on Ok (p);

t
4) X € Homy) (A, AY) is a quasi-polarization on A whose Rosati involution satisfies Rosy (¢(a)) =
(a) for a € Ok, (p);

(
L
(5) 7P is a K{j-orbit of isometries of A% /AT -hermitian modules
(2.3.1) WP VP(Ag, A) =5 V @k AR,

where VP(A4y, A) = Homy» (VP(Ap),VP(A)) (as usual, a Galois-invariance property is im-
posed, comp. Definition [2.2.1));

(6) 7,° is a K7 -orbit of isometries of K°/F °-hermitian modules
(2.3.2) oo Vo (Ag, A) 5 V @k K.
Here the notation is as follows. Under the decomposition of p-divisible groups induced by the

action of Op ® Zj = Hv|p OF.», we have

Ao[p™] = Hv‘p Ap[v™], resp. A[p™] = Hv‘pA[voo].
We set
2.3.3 Ag[p™]¥ = Aglv™ . Ap™]re = Alv™].
( ) o[p™] Hv‘pm#vo o[v™], resp [p™] Hv‘p’vivo [v™°]
Furthermore,

Vzo (Ao, A) = HO7mOK;jo (Ao[p™]™, A[p™]™) ®OK;’0 K;;O
is the p-adic étale sheaf of [20, Definition 7.4.1]. More precisely, (2.3.2)) is an equivalence class
of isogenies of (pro-)étale sheaves

mokzo (Ao[p™>]¥°, A[p™]™) — L,

where £ C V @k K° is a variable lattice. We refer to the datum (2.3.2)) as a CL-level structure
on A.

We impose the following further conditions on the above tuples:
(i) The action of Ok, () on Lie A satisfies the Eisenstein condition (EC,.) relative to r, cf. [20,
§2.2];
(ii) For every v | p, the polarization of p-divisible groups induced by A
Ao Av™®] — AV [v™] =2 A[v™]Y
is principal, except when v is unramified and inv(V,) = —1, in which case ker A\, is contained
in A[n°])[my] of rank #(AY /Ay);
(iii) We require that at every geometric point 5 of S the following sign condition holds for every

non-split place v | p,

(2.34) invy (Ao 5, 0,5, X5, As, 15, As) = invv(?),

where the right-hand denotes the Hasse invariant of the hermitian space V at v. Here the left-

hand side is the sign from [23] App. A]. To make the connection with the definition of [23] §3],
we point out that inv, (V) = inv, (V).
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A morphism (Ao, o, Ao, A, 1, A, P, 1,°) — (Ag, Lo, Ao, A1/, N 'm0 in this groupoid s
given by an isomorphism ¢qg: (Ao, to, o) — (A, th, \p) in ABAO](S) and an Ok (p)-linear quasi-
isogeny ¢: A — A’ inducing an isomorphism A[p™] = A'[p™=], pulling X' back to X\, and
pulling 'P back to 0P and pulling 7,/° back to 7,°.

Let (V, ) be the nearby anti-hermitian space relative to wy and vg. This means V is isomorphic

to V at all places except for wg and vg and such that it has signature (2,0) at wo and inv,, (V) =
+1. Let Ju = Resp,gU(V) and let J = G(V, %), the unitary similitude group of (V, ) with
rational similitude factor. Then we define

(2.3.5) J=Jyx2%=Jxg, 7%

Then U(V) is anisotropic at the archimedean place wg and quasi-split at v, and locally coincides
with U(V) at all places # vy, wp of F. Then J is an inner form of G. We write

JU(QP) = Hv\p JU,U(@;D) - Hv|p U(‘Z})(Fv)
We fix an identification of Jy 4,ad(Qp) =~ PGLa(F,,).

Now we can formulate the first main theorem of this paper.

Theorem 2.3.3. Assume that K{; is small enough.

(i) The functor ZK@ is representable by a projective flat O, (,)-scheme ./TKé over Spec Og () -

Its generic fiber is identified with /TK@E, which is the canonical model of the Shimura variety

Shk . (G, Xg).

(ii) Let (/TKE;)A be the formal completion of VZKG along its special fiber, which is a formal

scheme over Spf O, . Then there exists an isomorphism of formal schemes over Spf OE,,f
(Ax )" Xsptos, SPEO ~ JQ\[(Qr, X Spf O, SPF O, ) % G(Af)/Kg] .

The quotient on the right-hand side is defined using the composition of maps

J(@) — Ju(Q) — Ju,u0(Qp) — T ug.0a(Qp)
andfm ident@cation of the adjoint group Ju vy.aa(Qp) with PGLa(F,,) and through an action
of J(Q) on G(Ay)/Kg. For varying Kg’, this isomorphism is compatible with the action of
Gv (Ay) through Hecke correspondences on both sides.

Furthermore, the natural descent datum down to Opg, on the left-hand side is given on the
right-hand side by

(6. 1) = (wo.p, (&), @h),  heG(Ay).
Here wq g, is the natural descent datum down to O, on the first factor and W = to+ g, (w,) is

the special element in the center of G(Qy), which is considered as an element in é(Af) (special
relative to (9T, E,) for the uniformizer w,, as in Construction .

Remark 2.3.4. As in [20, Theorem 7.3.3], one can characterize the relative curve .ZKé over
Og,v) as the unique stable relative curve in the sense of Deligne-Mumford with generic fiber

Ak b

From Theorem we obtain the analogue of Cherednik’s p-adic uniformization theorem in
the generic fiber.

Corollary 2.3.5. There is an Gvo (Ay)-equivariant isomorphism of rigid analytic spaces

(./Z(K57E XSpec E SpeCEV)rig >~ j(@)\[(QFUO XSPFUO Sp Ev'y) X é(Af)/Ka]
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over Sp E, with compatible descent data. Here the left-hand side is equipped with the natural
descent datum down to E, and on the right-hand side the descent datum is given by

(€, h) = (wa,p, (€),@h), heG(Ay),

where w is the special element in the center of é(Qp), which is considered as an element in
G(Ay) (special relative to (DT, E,) for the uniformizer w,,as in Construction .

Remark 2.3.6. We therefore see that “ZK(; has p-adic uniformization at all places v of E over
vo. This is quite remarkable, when compared to the p-adic uniformization theorem for fake
unitary groups of [25]. Indeed, to simplify let us take F' = Q in loc. cit.. Then for n > 3, the
reflex field E is a quadratic extension of Q in which p is split. At one of the two places of E
above p, the Shimura variety has p-adic uniformization; at the other place the Shimura variety
does not have p-adic uniformization (the special fiber contains more than one isogeny class).

As usual, this global uniformization theorem is a consequence of a corresponding local result,
which is the conjunction of Proposition and

2.4. The Shimura variety for the unitary group. Our second main result concerns the
Shimura curve associated to the unitary group U and the Shimura datum Xy given by the
conjugacy class of homomorphisms

(241) hUZ RGSC/R(Gm) — U]R

which we now define. Fix a CM type ®* for K/F with g € ®T. We choose for each p € T a
C-basis of V ®k,, C such that the anti-hermitian form is given by diag(i-1,.,, (=) - 1,_). Then
we can write

U®eC = Hq)+ GL,/C.
Correspondingly hy = (hy)pca+. We set

(2.4.2) ho(z) = {diag(l’ 2/2), =0

1a 907& $o-

The associated reflex field is E(U, Xy) = K (embedded via g in Q). For an open compact
subgroup Ky C U(Ay), there is a Shimura variety Shk (U, Xvu) over K, whose complex points
are given by

Shi, (U, Xu)(C) =~ U@)\[Qr x U(Af)/Ku].
Note that this Shimura variety is of abelian type but not of PEL type.

We continue to assume that the place vy of F' remains prime in K and that the anti-hermitian
space V,, is non-split. Assume that Ky is of the form Ky = KJ) -K%ﬂp -Ku v, where Ky o, =
Uy, (Qp) (recall that, by our assumption, this is a compact group), where Kfﬁp = Hwﬁvo Ky, C
1,20, Un(Qp) is a product of parahoric stabilizers of the fixed almost selfdual lattice A,, and
where K{; C U(Afc) is a sufficiently small open compact subgroup. We consider the canonical
integral model Ak, of this Shimura variety of abelian type over Ok,, , in the sense of [21].

Remark 2.4.1. The canonical integral model is known to exist when vg is unramified and
p # 2, cf. [7]. When vq is ramified or p = 2, we will assume the existence of the canonical
integral model. We refer to Remark for a more thorough discussion.

We introduce the following finite extension of K contained in Q,

(2.4.3) E(po) =) Eg i K,

poEd’t

(intersection of the join with K of the reflex fields of all CM-types ®" T of K containing ¢g).
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Remark 2.4.2. If F = Q, then E(¢g) = K. Indeed, then ®" 7 = ®* is unique and Eg+ K =
K. If F is a quadratic extension, then there is another possibility for "% besides ®*; then
Eg+ K = Eg+ K is a quadratic extension of K and hence F(gg) is a quadratic extension of K.

Here now is the second main result of this paper.

Theorem 2.4.3. Let (Ak, )" be the formal completion of Ak, along its special fiber, which
is a formal scheme over Spf Ok, . Then there exists an isomorphism of formal schemes over
Spf O (y0)

(Axco)" Xspt 0y, SPEOk(0), = Ju(QN[(Qry X010, SPEOk(e0),) ¥ U(As)/Ku].

The quotient on the right hand side is defined using an identification of the adjoint group
JU v,ad(Qp) with PGLy(F,,) and through an action of Ju(Q) on U(Ay)/Ky. For varying K{?,
this isomorphism is compatible with the action of U (Ay) through Hecke correspondences on
both sides.

We note that the extension of scalars from K to E(pg) is a result of our proof, in the optimal
result it should not appear.

Conjecture 2.4.4. The isomorphism in Theorem is the base change by Spf Og(y,), —
Spt Ok, of an isomorphism

(Aky)" =~ JU(Q)\[(QFUO XSpf O, SPf Ok,,) x U(Ay)/Kuy].

We also extend this result to the case when K » 1s not necessarily parahoric by constructing
an integral model Ak ,04,,,, OVer Og(e,), and provmg a corresponding p-adic uniformization
theorem in this context, cf. Theorem

As usual, the global results about integral models of Shimura curves follow from corresponding
local results. We formulate as follows the main local result behind the previous global result,
which we find quite striking.

Theorem 2.4.5. Let F/Q, be a finite extension. Let K/F be a quadratic extension, and let
U’ be an anisotropic K/F-hermitian group of size 2 over F. Fiz an embedding ¢y : K — Q,.
Let U = Respq, (U') and let  be defined as in the global case using a fized local CM type &+
with oo € ®F, with associated reflex field K C @p. Let E(pq) be the extension of K in @p,
defined as in the global case. Also, let Ky = U(Q,) (a quasi-parahoric subgroup). Let b be a
representative of the unique element [b] € B(U,u~1). Let ./\/li;‘fb’KU be the associated integral
local Shimura variety, cf. [22]. Then ME&KU is a formal scheme over Ok and there is an

isomorphism
int

b Ko Xspf o SPEOE (o) ~ QF Xspr0r SPE Op(py)-

As in the global case, we conjecture that this isomorphism comes by base change from an
isomorphism

gl,tb,KU ~ QF XSpf O SpfOK.

Remark 2.4.6. We therefore obtain an explicit identification of the integral local Shimura
variety M;f%K for the case of the unitary group of an anisotropic hermitian space of dimension
two over F' = Qy:

(244) Mmb K= QQP XSprp Spf OK

Previously, there were only two (indecomposable) cases, when an integral local Shimura va-
riety M?ZK was explicitly known: the Lubin-Tate case corresponding to G = GL, and

= (1,0,...,0) and the unique basic element [b] € B(G, u~!) and the maximal compact sub-
group K = GL,,(Z,), and the Drinfeld case corresponding to G = D and u = (1,0,...,0)

TL
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and the unique basic element [b] € B(G, p~1) and the maximal compact subgroup K = Ogl/n.
In these cases, the integral local Shimura varieties are of the form

MR Xspez, SPEL, = SpEZ([Th, ... Ta]] X Z

and
Dr,i s 5 s
M YK Xsprz, SPfZy = (Qf Xsprz, SpfZy) X Z
with explicit Weil descent data down to Z,. Note that in these cases, the integral local Shimura
varieties have infinitely many connected components as formal schemes over Z,,.

Note that, by definition, integral local Shimura varieties are moduli spaces of shtukas, cf.
[27]. However, in order to prove the explicit identifications of the above integral local Shimura
varieties, we have to pass through moduli spaces of p-divisible groups. This is especially true
of the Drinfeld case, in which case we have to appeal to [I0] (see [3], [25] for expositions of
Drinfeld’s paper). It would be interesting to prove the explicit identifications directly from the
definitions. Possibly the papers by S. Bartling [I] and A. Vanhaecke [28] are a step in this
direction.

3. CM-1YPES AND CM-TRIPLES

In this section we recall some notions that we will use throughout the paper.

3.1. Special and banal local CM-types. We fix a prime number p and an algebraic closure
Qp of Qp. Let F' be a finite field extension of Q,, with residue class field kr of cardinality g.
We set d = [F : Qp), f = [kF : Fp] and define e through d = ef.

We let K/F be an étale algebra of degree 2. We denote the non-trivial automorphism of
Gal(K/F) by a — a. In the case where K/F is a ramified extension of local fields (ramified
case) we choose a prime element IT € Ok such that II = —II. Then m = —II? is a prime element
of F. In the case where K/F is an unramified extension of local fields (unramified case) or
where K = F' x F' (split case) we choose a prime element 7 € F' and we set II = 7.

Let m € {1,2}. Let r be a generalized local CM-type of rank m relative to K/F in the sense
of [19, Definition 2.1]. Let ® = Homg,-a15(/,Qp), then r is a function
(3.1.1) r:® — Z>o, YTy,

such that r, +rg =m for all ¢ € ®. Here ¢(a) = p(a) (we recall that a — a is the non-trivial
automorphism of K over F). In this paper, we refer to a generalized local CM-type of rank m
relative to K/F simply as a local CM-type of rank m. The reflex field E, of r is the subfield
of @p fixed by

Gal(Qp/E,) := {7 € Gal(Q,/Qy) | Tre =Ty, Y}
Let Og, be the ring of integers of E,.
When we fix an embedding g : FF — Qp, we denote by g, P9 the two extensions of g to K

by abuse of notations.

Definition 3.1.1. A local CM-type 7 of rank 2 is called special relative to ¢o : F — Q, if
K/F is a field extension and

Ty, =g, = 1, and r, € {0,2},  for all ¢ € @\ {po, Po}-
If r, € {0,2}, for all ¢ € @, then we call r a banal CM-type. A local CM-type of rank 1 will

always be regarded as a banal CM-type. There is a bijection between local CM-types of rank
1 and classical CM-types, via ®*(r) = {p € ® | r, = 1}.
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3.2. The Kottwitz and the Eisenstein conditions. Let S be an O, _-scheme, and £ be a
locally free Og-module, equipped with an action

t: 0 — Endop, £
of OK.

We say that (L, ) satisfies the Kottwitz condition (KC,) relative to r if the identity of polyno-
mials with coefficients in Og holds,

(3.2.1) char(T, 1(a)|£) = i( H (T —¢(a))"*), forallac Ok,

ped
where i : O, — Og is the structure homomorphism. We say (L, ¢) satisfies the rank condition
(RC,) if the condition in [20] (2.2.5)] is satisfied and say (L, ) satisfies the Eisenstein condition
(EC,) if (L, () satisfies (RC,.) and the conditions in [20, (2.2.12)] are fulfilled. Since we will not
use the explicit form of the definition, we refer to [20] for a thorough discussion.

3.3. Local CM-pairs and CM-triples. Let r be a local CM-type of rank m € {1,2}, with
reflex field E,. Let S be an Op,-scheme such that p is locally nilpotent i.e. a scheme over
Spf Og,.. A local CM-pair of type r with respect to K/F over S is a pair (X,¢) where X is a
p-divisible group over S of height 2md and dimension md and ¢ is an Z,-algebra homomorphism

1:0Og — End X

such that the rank condition (RC,) is satisfied for the induced action of Ok on Lie X. In the
split case O = O X O we require moreover that in the induced decomposition X = X; x X5
each factor is a p-divisible group of height md. We say the pair (X,¢) satisfies the Kottwitz
condition (KC,) resp. the Eisenstein condition (EC,) if the induced action of Ok on Lie X
satisfies the Kottwitz condition (KC,) resp. the Eisenstein condition (EC,.).

To each local CM-pair (X,:) we define the conjugate dual (XV,."). Here XV is the dual
p-divisible group of X but we change the action dual to ¢ by the conjugation of K/F, i.e.,
(a) = 1V(a). We will denote the conjugate dual simply by X”. The conjugate dual of a
CM-pair (X,t) of type r is again a local CM-pair of type r. If (X, ) satisfies the Kottwitz
condition (KC,.), resp., the Eisenstein conditions (EC,.), then so does its conjugate dual. These
assertions follow from [20, Lemma 2.3.2].

The notion of a local CM-triple of type r with respect to K/F over S was introduced in [19].
This is a triple (X, ¢, \), where (X,¢) is a local CM-pair of type 7 over S and A : X — X
is an anti-symmetric isogeny (also called a polarization) such that the corresponding Rosati
involution induces the non-trivial automorphism on K/F. In this paper, we will refer to a local
CM-triple of type r with respect to K/F as a local CM-triple of type (K/F,r). We say the
local CM-triple (X, ¢, \) satisfies the Kottwitz condition (KC,) resp. the Eisenstein condition
(RC,.), if the local CM-pair (X,:) satisfies the Kottwitz condition (KC,.) resp. the Eisenstein
condition (RC,).

Definition 3.3.1. We say that the local CM-triple (X,¢, \) is principally polarized if the
homomorphism A: X — X is an isomorphism. We say that (X,:,\) is almost principally
polarized if K/F is unramified and the kernel of Ax is contained in X [n] and has order ¢>.

3.4. Global and semi-local CM-triples. Let K/F now be a CM-field. Let m € {1,2}. Let
r be a generalized CM-type of rank m, i.e., a function
(34.1) r:®— Zso, YTy,

such that r, +r5; = m for all ¢ € ®. As in the local case, we will simply refer to a generalized
CM-type of rank of m as a CM-type of rank m.

The corresponding reflex field E, is the subfield of Q fixed by
Gal(Q/E,) == {7 € Gal(Q/Q) | 7y = 1y, Yo}
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Let Og, be the ring of integers of E,.

Definition 3.4.1. Let w be an archimedian place of F'. We say that a CM-type of rank 2 is
special with respect to w if for the extensions {¢g, o} of w we have r,, = rg, = 1 and such

that r, € {0,2} for ¢ ¢ {¢o, Po}.

As in the local case, we can speak of banal CM-types. We always regard a CM-type of rank 1
as a banal CM-type. There is a bijection between CM-types of rank 1 and classical CM-types,
via @t (r) ={p e ®|r, =1}.

Let p be a prime and let v | p be the p-adic places of F. We fix an embedding v : Q — Qp.
Then we obtain a decomposition

o = Hom@_Alg(K, Q |_| HOHIQP Alg ’Uv @p |_| D,

We denote by r, the restriction of r to @, Wthh is a local CM-type of rank m for ®,. If r is
a CM type of rank 1 which gives rise to a classical CM type ®* = ®*(r), then r, defines a
classical local CM type

(3.4.2) of =df(r,) C P,

such that &+ = |_|v|p ®F. Let v also denote the place of E,. over p induced by the embedding
v. For each v, the reflex field of r, is a subfield E,(v) of E, ,.

There is the obvious notion of a semi-local CM-triple (X,t,\) of type r with respect to K ®

Qp/F ® Q,. Let S be an Og, ,-scheme such that p is locally nilpotent i.e. a scheme over
Spf Og,.,. Let (X,¢) be a p-divisible group over S with an action

t:0g ®Z, — End X.
The decomposition

OF ® Zp - Hv|P OF“

induces the decomposition X =[], X, of the p-divisible group X. Let A be a polarization of

vlp
X which induces the conjugation on K/F. Then the decomposition extends to
3.4.3 X, 1, A) = Xy loy Av).
(34.3) () =L, ( )

We call (X,¢,A) a semi-local CM-triple of type r with respect to K @ Q,/F ® Q, if each
(Xy, Ly, Ay) is a local CM-triple of type r, with respect to K,/F,. In the following, we will
refer to a semi-local CM-triple (X, ¢, A) of type r with respect to K ® Q,/F ® Q, simply as
a CM-triple of type (K ® Q,/F ® Qp,r) over S. A CM-triple of type (K ® Q,/F ® Q,,7) is
said to satisfy the conditions (KR,) and (EC,) if each local CM-triple (X, ty, A,) satisfies the
conditions (KR,,) and (EC,,).

4. FORMAL MODULI SPACE OF TORIC CM-TRIPLES

4.1. Complex multiplication. Let K/F be a CM-field. Let ®* C ® = Homg.a1z(K, C) be a
classical CM-type. We denote the reflex field of ® by E. We define an algebraic torus T over
Q, with Q-valued points given by

T(Q)={ae€ K* |aa € Q*}.
We recall the reciprocity law. We define the homomorphism
p:C* = (K@gC)* = H

The element u(z), for z € C, has component z for ¢ € ®* and has component 1 for ¢ ¢ ®T.
We find pfi(2) =1® z € (K ®g C)*. We obtain a homomorphism of algebraic tori

<p€<1>

o Gm,(C — T¢.
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This homomorphism is defined over FE, and hence we obtain
JU Gm,E — TE.

From this we define the reflex norm map by
Nmg
(4.1.1) tot+ g Resg/o(Gm,p) LN Resg/o(TE) s

We consider over the algebraic closure £ = Q the set of tuples (A, ¢, A\, &), where (A,1) is
an abelian variety over E of CM-type ®*, endowed with a Q-homogeneous polarization A
such that its Rosati involution induces on K the conjugation over F' and an isomorphism
K : V(A) — Vo ® Ay of K ® Ay-modules. We call a second tuple (A’,:/, N, x’) equivalent to

(A, 1, \ k) if there is a quasi-isogeny

(4.1.2) a: (AN = (A 0,N)

such that the pull-back of X is A and the pull-back of k' is k. In this case, we also say that
(A, 1, \, k) is quasi-isogenous to (A',J; N, K').

Let Ag+ be the set of tuples (A, 1, A\, k) up to equivalence. Let o € Gal(E/E). Taking the
inverse image of (A, ¢, A\, k) by ¢ := Speco : Spec E — Spec E gives a left action (A, ¢, \, k) —
o(A,t,\ k) of Gal(E/E) on Ag+.

We formulate the main theorem of complex multiplication of Shimura and Taniyama [9, The-
orem 4.19].

Theorem 4.1.1. The Galois group Gal(E/E) acts on Ag+ via its mazimal abelian quotient
Gal(E®*/E). Lete € (E® A)* and let rec(e) € Gal(E*?/E) be the automorphism given by the
reciprocity law of class field theory. The following tuples are equivalent:

rec(e) (Av Ly 5\a H) = (Av Ly 5\a t<I>+,E(€f)/€)7
where ey is the finite part of the idele e.

Let (EX)" C (E® Ayf)™ be the closure of E*. We deduce a homomorphism

(4.1.3) Gal(E/E) — (E® Ap)* /(EX)" F T(Ap)/T(Q),

where the first arrow is deduced from class field reciprocity normalized such that the arithmetic
Frobenius is sent to a uniformizer and the second arrow exists because T(Q) = T(Q)". To see
this last fact, we note that the group of units in T(Q) is finite. Indeed, the units are elements
of K* with all absolute values equal to 1 at all places including the infinite ones. Therefore
T(Q) = T(Q)" by Chevalley’s theorem. Theorem says that the action of Gal(E/E) on
Agp+ is via . In the rest of this section, we discuss a local analog of this theorem.

4.2. Formal moduli space for toric CM-triples. We fix a prime number p and an algebraic
closure Q, of Q,. Let F be a finite field extension of Q,, with residue class field kp. Let
d = [F : Qp] = ef where e is the ramification index and f is the inertia degree of F//Q,. We
let K/F be an étale algebra of degree 2. We denote the non-trivial element in Gal(K/F') by
arra.

Let ® = Homg,-a1g(K, Qp). Let ®F be a classical local CM-type with respect to K/F, with
corresponding local CM-type rg of rank 1. The reflex field of ¢ will be denoted by Eg = E(rp)
which is also the reflex field E<1>0+ of the local CM-type <I>3' . Let kg, be the residue field of Ej.

We define T to be the algebraic group torus over Q, with T(Q,) = {a € K* : aa € Q' }. Then
the maximal open compact subgroup of T(Q,) is T(Zy,) = {a € O : aa € Z) }.

Construction 4.2.1. Let F be a finite extension of Ey and ®J be a classical local CM-type
with respect to K/F. We define the local reflex norm

(421) th,-Of—)E : RQSE/QmeyE — T
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with respect to the data (<I>sr, E) similarly as in the global case. More precisely, we consider
the homomorphism

. X x ~ x
p:EX = (K®E) —>H@E
given by sending a € E* to a for ¢ € <I>3' and to 1 for ¢ ¢ ®J. This defines a morphism of tori
o Gm,E — TE.
The map tg+ 5 is the composite
0>

NmE/@p

toi g ResE/QmeyE LN ResE/QpTE — T.

Let @ be a uniformizer of E. We define the element
(4.2.2) Wet g = tot p(@) € T(Qy).

We refer to wes p as the special element in T(Q,) relative to (P, E) for the uniformizer @

of Op or simply as the special element in T(Q,) if the data (®7, F) and w are clear from the
context.

If E = Ey and rq is the local CM-type of rank 1 associated to a classical local CM-type ®¢,
then we write Wert g simply as wy, .
Remark 4.2.2. Note that the composite of

Yot p E*X — T(Q,) C K*
with the norm map Nmg,r is given by Nmpg,q,. In particular, we see that Nmp,p (wq,arﬂ)
agrees with p/# up to unit in Zyp. Here fr denotes the inertia index of .
Let E'/FE be a finite extension with ring of integers O and inertia degree fg:. Let Wet g be
the special element relative to (®{, E) for a uniformizer «’ of E’. Then Nmg, g (w¢J7E,) = ple
up to a unit in Z, and hence NmK/F(w@(T,E,) agrees with NmK/F(w¢J7E)fE//fE up to a unit

in Z,. It follows that Wet g differs from (w@g 2)f2'/7E by an element in T(Z,).

Definition 4.2.3. We define for each i € Z the functor My (i) on Nilpy . Fix a local CM-
0

triple (Xo, tx,, Ax,) of type (K/F,rg) over ip,, satisfying the condition (KC,,). For a scheme
S over Spf O , a point of Mo (7)(S) is given by the following data:

(1) A local CM-triple (X, to, Ag) of type (K/F,rg) over S satisfying the condition (KC,,);
(2) An Og-linear quasi-isogeny
Po - Xo = Xo Xg S’ — X0 XSpeck S
such that, locally on S, there exists u € Z such that p§(Ax,) = up’ - Ao on Xo.

Two tuples (Xo, tg, Ao, po) and (X}, ¢, Ay, py) define the same point in Mg(4) if and only if
there is an isomorphism ag : (Xo,t9) — (X{, () such that pj o ag = pg. Then af(A)) = urg
for some u € Z,.

The formal scheme representing this functor is also denoted by Mq(i). We define the formal
scheme M over Spf O by

(4.2.3) Mg = |_|iGZ Mo (7).
Then M, parametrizes tuples (Xo, to, Ao, po) such that pg(Ax,) = vAo with v € Q). Let
(4.2.4) J1(Qp) = {ao € Aut (Xo) | a5 (Ax,) = po(0)Axo, Holao) € Q)

Then Jr(Q,) acts naturally on Mg by (Xo, to, Ao, po) — (Xo, to, Ao, @0 © po)-
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We have the polarized contraction functor CE(‘)’I in [20, Theorem 4.5.11], trivially modified to the
case when rq is of rank 1. Tt associates to a local CM triple (X, to, Ag) of type (K/F,rg) over
a scheme S € NilpOEO a triple (C, ¢, ¢) where C is a p-adic étale sheaf in Z,-modules over S
with rankz, C' = 2d (where we recall d = [F': Q,]) with an Og-action ¢ : Ox — Endz, (C), and
where ¢ : C'x C' — Op is an Op-bilinear pairing on C such that ¢(c(a)c1, c2) = é(c1, 1(@)ce) for
c1,c2 € Cand a € Og. Let (Cx,, Lo, o) be the image of (Xo, 1x,, Ax,) under this functor. Here
on is regarded as the constant sheaf on S associated to an Og-module Cx, ~ Ok described
similarly as in |20, Remark 4.5.12] and [20} (7.4.14)] (trivially modified to the case when rq is
a local CM-type of rank 1).

Definition 4.2.4. We consider the following functor Gy(¢) on the category of schemes S over
Spf Op, . A point of Go(i)(S5) is given by the following data:

(1) A locally constant p-adic étale sheaf C' on S which is Z,-flat with rankz, C' = 2d and with
an action
t: Ok — Endgz, C;
(2) A perfect alternating Op-bilinear pairing
(;5 :C x C — Op,
such that ¢(c(a)c1, c2) = éd(c1, t(a)ce) for ¢1,¢0 € C and a € Ok;
(3) A quasi-isogeny of Og-module sheaves on S
p:(Cyt) — (Cx,, to)-

Another set of data (C”, 1/, ¢/, p') defines the same point iff there is an isomorphism « : C = C’
such that p’ o @ = p. Then « respects ¢ and ¢’ up to a factor in Oj.

The existence of the quasi-isogeny implies that C' is locally constant for the Zariski topology.
Therefore locally on S the sheaf C' is the constant sheaf associated to an Og-submodule C' C
Cx, ®z, Qp and p is given by the last inclusion.

The polarized contraction functor €2 in [20, Theorem 4.5.11] defines a isomorphism of functors
(4.2.5) Mo (i) = Go(i).

To describe the functor Gy(i), we may restrict to the case where the sheaf C' is given by an
Ogk-submodule of Cx, ®z, Q,. Then C defines a point of Go(7)(S) iff (1/p")¢x, is a perfect
alternating pairing on C'. We define an algebraic group over Z, whose Z,-rational points are
given by

T(Zy) = {9 € GLo, (Cx,) | ¢x,(gc1, gc2) = u - ¢x, (c1, ¢2) for some u € OF}.

Since all such C are isomorphic to Ok, cf. [20] 7.4.14], there is an isomorphism

1
(426) g: (CX07¢X0) — (Cv EQSXO)‘
This means that gCx, = C' and
(4.2.7) ox,(gcr, ge2) = p' - dx,(c1,c2),  c1,02 € Cxy @z, Qp.
We define

T'(i) = {g € GLk(Cx, ®z, Qp) | ¢x,(gc1,gc2) = p'u- ¢x,(c1,¢2), u€ OF}.
This construction gives us a functor isomorphism
Go(i) — T'(i)/T'(Zp),
where the right hand side is considered as the restriction of the constant sheaf to Nilpoéo.
Hence we obtain an isomorphism
(4.2.8) Mo (i) = T'(i)/T'(Zp)-
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Let T'(Q,) C GLk(Cx, ®z, Q,) be the union of T'(i). Using the functor €P°!, we may write

(4.2.9) T'(Q,) = {a € Autr Xo | a*(\x,) = p(a))x, for some p(a) € p?OF}.

Therefore T'(Q),) acts via p on the formal scheme M. The isomorphism of functors on Nilpo,
0

obtained from (4.2.5) and (4.2.8) is then a T’(Q))-equivariant isomorphism,
(4.2.10) Mo == T(Qy) /T (Zy).

Now we define

(4.2.11) T(i) = {g € GLk(Cx, ®z, Qp) | dx,(gc1,9¢2) = P'f - ¢x,(c1, ¢2), for some f € Z)}.

Using an identification Cx, ~ Ok, we have

T(Q) =[] _, T()

i€Z
and, similarly,
T(Zy) = {9 € GLo, (Cx,) | ¢x,(gc1,9¢2) = f - ¢x,(c1, c2) for some f € Z}.
From this description, it is clear that Jp(Q,) = T(Q)).

Using (4.2.6) and (4.2.7), it is easy to see that T’(i)/T'(Z,) is in bijection with T(i)/T(Z,).
Thus we have by (4.2.8

(4.2.12) Mo(i) = T(i)/T(Zy),
and hence an isomorphism
(4.2.13) Mo — T(Qp)/T(Zy)

which is equivariant for the action of J1(Q,) = T(Q,) on both sides.

Next we discuss the Weil descent datum on My from Oy down to Op,. Let 7, € Gal(Ey/Eo)
be the Frobenius. It is enough to restrict the functor M to affine schemes S = Spec R over
Spt Op, . We write € : O — R for the given algebra structure. We write Ry, | for the ring
R with the new algebra structure ¢ o 7g,. By base change to Kg,, we obtain

€:Rp, — R = R®OE0 REqy-

Let (Xo, t0, Ao, po) be a point of Mq(R) where pg is a quasi-isogeny
Po : XO,R — 5. Xp = XO,R'

Since the notion of a CM-triple depends only on the induced Og-algebra structure on R, we
may regard (Xo, to, Ao, po) as a CM-triple on R[TEO]. We set

X0,75,

F3
(4.2.14) po : Xo 2 Xo g —— 75+ X0, 5-

The assignment
(Xo, to; Ao, po) = (Xo, to, Ao, o)
defines a morphism
(4.2.15) wrty : Mo(D)(R) = Moi + fi50)(Riry))-
Here we note that the inverse image of the polarization (7g,)«Ax, on (7x,)«Xo by the Frobenius
isogeny
Fy gyt Xo — (T8,)+Xo

is given by pfFo Ax,- Then (4.2.15)) defines the Weil descent datum

W, t Mo — ./\/léTEO).



20 MICHAEL RAPOPORT AND HAINING WANG

Proposition 4.2.5. There is an isomorphism of formal schemes over Spf O ,

Mo — T(Qp)/T(Zy)
which is equivariant for the action of Jp(Qp) = T(Q,) on both sides.

The above Weil descent datum on Mg corresponds on the right-hand side to the Weil descent
datum given by multiplication by the special element w,, in T(Q,) relative to (®7, Ey) for a
uniformizer w.

Proof. The isomorphism
Mo — T(Qy)/T(Z,)

is already proved in (4.2.13)). Recall from the beginning of the meaning of IT and 7. We
define the element w; € T'(Q,) by the following recipe:

(1) If K/F is ramified, we define wj, as the multiplication
/=0 : Cx, ®z, Qp — Cx, @2z, Qp;
(3) If K/F is unramified, we define w; as the multiplication
Tl /2 Oy, @z, Q) — Cx, ®2z, Qp,

where we note that efg, is even by the same computation as in [20, Lemma 6.4.4].
(4) If K = F x F is split, we have the decomposition

Cx, ®z, Qp = Cx,,1 ®z, Qp & Cx, 2 ®z, Qp-
We consider the numbers a; and ay defined by dim Xy ; = a; and dim X 2 = as and set

B

Eo
a1, g, = @1 f s resp. a2 g, = a2 f .

Then we have a1 g, + a2,5, = ¢fg,. We define w;, to be the multiplication by 70 on
Cx,,1 ®z, Qp and the multiplication by 720 on Cx, 2 ®z, Q,.

Then by the same calculation on Dieudonné modules as in [20, Propositions 6.3.2, 6.4.3, 6.5.1]
adapted to the case of rank 1 local CM-types, the natural descent datum on the left-hand side
of
Mo — T/(Qp)/T/(Zp)

corresponds on the right-hand side to the Weil descent datum given by multiplication by w;..
Indeed, for example, suppose K/F is ramified. Let 7 be the Frobenius automorphism of &g,
over IF),, then there is an identification Cx, = Cr,x,. We apply the functor Qﬁf}fl to the Frobenius
isogeny Fx, : Xo — 7.Xo. Consider the Dieudonné module Px, of Xy, we have Cx, = {c €
Px, | Ve =1I¢c}. The map

Py, — W(EE,) ®rw(rg,) Pxo» cr—1®c

defines the identification Cx, = C- x,. The Frobenius Fx, induces on the Dieudonné modules

vt _
Py, — W(EE,) ®rw(rg,) Do T+— 10 Va.
For ¢ € Cx, we obtain Vic=1@Ve = 1@II%. Therefore FX,TEO : Xo — (78, )« X corresponds
to multiplication by I1°/%o on Cf,. The other cases follow similarly.
Since the element wy, has norm Nmy g (wy,) = p/Fou for some unit u € Z, and w}, has norm

Nmg,p(w;,) = 7P when we view them as elements in K, they differ by a unit in Or.
Therefore, in the bijection

T(Qp)/T(Zp) = T'(Qp)/T'(Zy),

the class of w,, is sent to the class of w; and hence the descent datum is given as in the
statement of the proposition. a
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Remark 4.2.6. Let E be a finite extension of Ey and O be its ring of integers. Let fr be the
inertia degree of E and w be a uniformizer of O, then it is clear from the proof of the above
proposition and Remark that we have an isomorphism Mg o, — T(Qp)/T(Zp) and the
Weil descent datum on the left hand side relative to O /Op is given on the right-hand side by
multiplication by the special element Wet p € T(Q,) for the uniformizer w.

Part 2. The RSZ unitary Shimura curves
5. FORMAL MODULI SPACE OF RSZ CM-TRIPLES

Let F be a finite field extension of Q,, with residue class field kp. We set d = [F : Qy],
f = [kr : Fp] and define e through d = ef. We let K/F be an étale algebra of degree 2.

Let r be a local CM-type of rank 2 relative to K/F whose reflex field is denoted by E,. Let
fbar be a classical local CM-type relative to K/F whose reflex field is denoted by Ey and let rqg
be the local CM-type of rank 1 associated to <I>3r . Let EF = EyFE, be the composite field of Ey
and E,.. We denote by Op the valuation ring of I/ and by fg the inertia degree of E over Q,.
Let kK = kg be residue class field of . We fix a uniformizer wg of E.

We define T to be the torus over Q, with T(Q,) = {a € K*:aa € Q)}. Let V be a free
K-module of rank 2 equipped with an alternating Q-bilinear form

(5.0.1) c:VxV—Q
such that
(5.0.2) s(az,y) =<(z,ay), z,yeV,ackK.

There is a unique anti-hermitian form s on V such that
(5.0.3) Trg /g, ax(z,y) = <s(ar,y), x,y€V,a€ K.

Conversely, the anti-hermitian form s determines the alternating bilinear form ¢ with (5.0.2)).
We say that s arises from ¢ by contraction. Let A be an almost selfdual Og-lattice in V/
(see the Notation section for this term). Let U(V') be the unitary group over F' for the anti-
hermitian space (V, s) and set U = Resg/q, (U(V)). We define the algebraic group G over Qp
by G = U x T. Let G = GU(V,<) be the unitary similitude group of V with similitude factor in
Gyn. Then G is also isomorphic to the fiber product group G xg,, T, similarly as in the global
case, cf. .

Let (X,t,\) be a local CM triple of type r, cf. We say that (X, ¢, \) is (V,¢)-principally
polarized if (X,¢, \) is principally polarized unless K/F is unramified and inv(V) = —1, in
which case it is almost principally polarized, cf. Definition [3.3.1]

5.1. Formal moduli space of RSZ CM-triples: the special case. In this subsection, we
will study a formal moduli space of CM-triples associated to the group G and describe it in
terms of the Drinfeld upper-half plane with its descent datum. We assume that K/F is a field
extension.

We fix an embedding ¢ : K — @p. We suppose in this subsection that the local CM-type r is
special relative to g p, cf. Definition @ We also let 7y be a local CM-type of rank 1 whose
associated local CM-type is denoted by ®7. We assume that ¢g € @ .

In this subsection, we will assume that V' is anisotropic, i.e., inv(V)) = —1. Therefore K, :=
U(Qp) is a maximal quasi-parahoric. Let T(Zy,) = {a € Ok : aa € Z);} be the maximal open
compact subgroup of T(Q,) which we will also denote by K%. Let K% = K7 x Ky, it is a

maximal open compact subgroup of é(Qp)‘ Note that we have

(5.1.1) G(Qy) /K =~ U(Qy)/KY x T(Q,)/K5 = T(Q,)/K5.
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We fix a local CM-triple (Xo, tx,, Ax,) of type (K/F,rg) over i satisfying the condition (KC,,)
and a local CM triple (X tx, Ax) of type (K/F,r) over & which satisfies the conditions (KC,) and
(EC,) and is (V,¢)-principally polarized. We also assume that inv" (X, tx, Ax) = —1 = inv(V).

Definition 5.1.1. We define for each i € Z the functor MK% (i) on Nilpy . For a scheme S
over Spf O, a point of MK% (7)(S) consists of the following data:

(1) A local CM-triple (Xo, to, Ao) of type (K/F,rg) satisfying the condition (KC,,);
(2) An Og-linear quasi-isogeny
po: Xo = Xo x5 8 — Xo Xgpeci S

such that locally on S, there exists u € Z, such that pf(Ax,) = up® Ao;
(3) A local CM-triple (X, ¢, Ax) of type (K/F,r) over S which satisfies the conditions (KC,)

and (EC,.) and is (V,¢)-principally polarized;
(4) An Og-linear quasi-isogeny

p:)_(::XXSS—>X><SpeC,—€S'
such that p*(Ax) = up’Ax, locally on S, with the same u € Z} as in datum (2).

We denote these data by a tuple (Xo, to, Ao, po, X, t, Ax, p). Two tuples (Xo, to, Ao, Po, X, t, Ax, p)
and (X, th, Ags 6, X', V', Axr, p') define the same point of MVK% (7) iff there exist isomorphisms
of Ox-modules ag : (Xo,t0) — (X(,10) and a : (X,1) = (X’,¢/) such that pf) o g 5 = po and
ploag=p.

Remark 5.1.2. We could replace the condition in (2) by p§(Ax,) = p'Ao and the condition
in (4) by p*(Ax) = p’Ax without changing the formal moduli space MK% (7). We could also
replace the condition in (2) by the condition that p§(Ax,) differs from p*Ag on Xy by a unit

u in Op and the condition in (4) by the condition that p*(\x) differs from p’Ag on X by the
same unit. This follows from the same reasoning as in [20, Remark 7.2.3].

The formal scheme over Spf O ;; representing this functor is also denoted by MvKoé (7). We define
the formal scheme

(5.1.2) Mics, = L., M, ().

G

Then MK% parametrizes tuples (Xo, to, Ao, Po, X, L, A, p) such that pg respects the polarization
Ao on Xg and Ax, on X; g up to a factor in Qg and p respects the polarization A g on X and
Ax on Xg up to the same factor in Q.
We define

J1(Qp) = {ao € Auti (Xo) | a5Ax, = po(0)Ax,, Holao) € Q1
(5.1.3) J(Qp) = {o € Autx (X) | & Ax = p(e)Ax, pla) € Q) L

J(Qp) = J(Qp) X x J(Qp).

Note that MK% affords an action of the group J (Qp) via the framing data p and pg in (4) and
(2) by
a = (ao, a) : (Xo, 0, Ao, po, X, 1, Ax, p) = (Xo, Lo, Aos o © po, X, 1, Ax, a0 p).

Note that by [20, Lemma 5.2.2, Lemma 5.3.2], J(Q,) is the group of Q,-points of a unitary
similitude group J with rational similitude factor of a anti-hermitian space whose invariant is
+1, cf. [20] (7.2.6)]. Also, J1(Q,) is isomorphic to T(Q,), see (4.2.11)). Therefore J = J xg,, T

is an inner form of G such that J,q is isomorphic to Resp)q, (PGLa).
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Next, we consider the Weil descent datum on MvKg . It is enough to restrict the functor MVK%
to affine schemes S = Spec R over SpfOp. We write € : Oy — R for the given algebra
structure. Let 7z be the Frobenius automorphism of & over x. We write R, for the ring R
with the new algebra structure € o 7g. By base change to %, we obtain £ : K — R := R®o,, k.

Let (Xo, to, Ao, po, X, ¢, Ax, p) be a point of MVK% (R) where pg and p are quasi-isogenies
po:Xogp—EXo=Xyp, resp. p:Xp—aX=Xz.

We set

Fx,rg

F
~ PO X0,TE ~ 14
po:Xor—Xog — TE:Xo g, Tesp. p: Xz = Xg—— TR Xp.

The assignment
(514) (X07 Lo AOv P05, Xa Ly )‘X) p) — (X07 Lo, AO? ﬁoa X7 Ly )\Xa ﬁ)
defines a map

(5.1.5) W e :MK% (i)(R) — MK% (i + f5)(Rirp))-

Here we note that the inverse image of the polarization (7g)«Ax on (7g).X by the Frobenius
isogeny
Fx 1 X — (10).X
is p’# Ax and similarly for Xy and Ax, -
From we obtain the Weil descent datum

(5.1.6) Wit | Mis, — Mgg)7
G

where the upper index (7xz) denotes the base change via Spec7g : Spf Op — Spf O ;.

We recall from [20] the definition of the formal moduli space M, of local CM-triples associated
to the group G, cf. [20, Definition 2.6.1]. We denote by Og, the valuation ring of E, and by
fE, the inertia degree of E, over Q,. Let s, be residue class field of E,.

Definition 5.1.3. We define for each i € Z the functor M, (i) on Nilpoél. For a scheme S
over Spf Op, , a point of M.,.(i)(S) consists of the following data:

(1) A local CM-triple (X, ¢, Ax) of type (K/F,r) over S which satisfies the conditions (KC,)
and (EC,.) and is (V,)-principally polarized;

(2) An Og-linear quasi-isogeny
p:X::XxS§—>XXSpeC,gT§
such that, locally on S, there exists u € Z, with p*(Ax) = up'Ag.

We denote these data by a tuple (X, ¢, Ax, p). Two tuples (X, ¢, Ax,p) and (X', ¢/, Ax/, p') define
the same point of M,.(i) iff there exists an isomorphism of Og-modules o : (X, 1) = (X', )
such that p’ o ag = p. Note that the requirement on p in (2) above implies that

2height(p) = height(p’ | X) = 4di.

The formal scheme over Spf O representing this functor is also denoted by M.,.(i). We define
the formal scheme M, over Spf O by

(5.1.7) M, = M,.(3).

€L
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Then M, parametrizes tuples (X, ¢, Ax, p) such that p respects the polarization Ag on X and
Ax on X up to a factor in Q. We define a map

(5.1.8) v, M, = Z

sending the tuple (X, ¢, Ax, p) to (2d)~theight(p) and hence v,(M,.(i)) = i. The group J(Q,)
acts naturally on M, via the framing p by (X,¢,Ax,p) — (X, ¢, Ax, a0 p).

Next, we consider the Weil descent datum on M,. It is enough to restrict the functor M,
to an affine scheme S = Spec R over Spf Oy . We write ¢ : Oy — R for the given algebra
structure. Let 75, be the Frobenius automorphism of %, over .. We write R|,, j for the ring
R with the new algebra structure € o 7g,_. By base change to k,, we obtain

£:k, — R:=R®o, k.
Let (X, 1, \x,p) be a point of M,.(R) and we set
B o Fx,rp
p:XR —>XR —>TET*XR-

The assignment

(5.1.9) (X, 1, 2x,p) — (X, 4, A\x, p)
defines a map
(5.1.10) wm, : Mp(i)(R) = Mp(i+ f5,)(R}7, ))-

Here we note that the inverse image of the polarization (7g, )« Ax on (7g,).X by the Frobenius
isogeny
FXJ'ET X — (TET)*X

is p/#r Ax. Then (5.1.10) defines the Weil descent datum
wam, P My — M7(~TE’").

We fix an isomorphism J4q(Q,) ~ PGL2(F). Then J(Q,) acts on Qr Xsptop SpfOp  via

this isomorphism. We extend this to an action of J(Q,) on (Qr Xsptop Spf Op, ) X Z by the
translation by val(u(a)) for a € J(Q,) on the second factor.

Proposition 5.1.4. There exists an isomorphism of formal schemes over Spf OE“T
MT = (QF XSpfOp SpfOE,.) X 7

which is equivariant for the action of J(Qp) and such that the Weil descent datum way, on the
left hand side induces on the right hand side the Weil descent datum

(&,49) — (wa,B,(£),i + fE,).

Here wq g, denotes the action of g, on the formal scheme QF Xspf Op SPE OE“T through the
second factor.

Proof. This is proved in [20, Corollary 6.1.3] in the case when K/F is ramified and in [20]
Corollary 6.2.5] when K/F is unramified. O

Recall the space My(i) in Definition and the space My in (4.2.3). We have a morphism
of formal moduli spaces over Spf O,
(5.1.11) i ./T/l/Ko& — ./\/lnoé X Mo,oé,
given by sending (X07 Lo, A07 £0; Xa 2 )\X7 p) to (X7 Ly >\X7 p) X (X07 Lo, >\07 pO) Here
M0, = My Xspro, SPEOg, Moo, = Mo Xspro, SO,
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with their induced Weil descent data waq, g and waq,, g down to Op. Also, there is an action

of J(Q,) on the right-hand side via the map J(Q,) — J(Q,) % Jr(Qp).
Lemma 5.1.5. The morphism ¥ induces a closed immersion of formal schemes over Spf O,
Y MKCL — M’I‘,OE X Mo)oé.
G

In fact
9 /\/lK(o§ (i) — M0, (i) x Moo, (i), Vi€ Z.

Furthermore, ¥ is equivariant for the action of J(Qp) and is compatible with the natural Weil
descent data down to Of on both sides.

Proof. By Remark the space MVK% (7) can be identified with the fiber product
MT,OE (Z) X MO,OE (Z)
Hence 1 is a closed embedding of formal schemes. The equivariance claim is obvious.

Let Spec R be a scheme over Spf Op. We need to verify the commutativity of the following
diagram,

ﬂK% (1)(R) ? M0, (i) x Moo, (i)(R)
(5.1.12) MK l‘-‘-’Mr,E Xwrg, B

M (i + f5)(Rirp) —= Myo,(i+ f) x Moo, (i + f5)(Rirg)-

But this is clear by construction. O

We consider the local reflex norm ([4.2.1)) with respect to the datum (@, E):

(5.1.13) Yot gt Resg/q,Gm,e — T.
Let
(5.1.14) W =gt p(wr) € T(Qp),

be the special element in T(Q,) relative to (®7, E) for the uniformizer g as in Construction

121

Proposition 5.1.6. There is an isomorphism
My = (Qr xsprop SpfOj) x G(Q,) /K

compatible with natural actions of j(Qp) on both sides. Here j((@p) acts on (QF XSpf O
Spf Op) x G(Qp)/KZ via the composition
J(Qp) — J(Qp) — Jaa(Qp) ~ PGLy(F)

on the first factor and via J(Q,) — Jr(Q,) ~ T(Q,) by multiplication on the second factor
(which we identify with T(Q,)/K%, ¢f. (5.1.1)) ).

The Weil descent datum Wil OT the left-hand side corresponds on the right-hand side to the
G

Weil descent datum given by
(€,9) — (wa.(€),@g), g€ G(Qy),

where W is the special element relative to (®f, E) for our fived uniformizer wg, viewed as an
element in the center of G(Qp).
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Proof. We first construct an isomorphism
Mz = (Qp Xsprox SPEOg) x G(Q,) /K.
We consider the composite map M, — (QF Xspt 0 SPf O ) X Z — 7Z, where the last map is

the projection to the second factor. By the construction of 7Proposition this map maps
M.,.(7) to i. Therefore we have isomorphisms

MVK% — M,.0, xz Moo,
5 (QF Xsptor SPEOp X Z) xz Moo,
5 (Qp xsprop SPEO) x Moo,
- (QF XSpfOp SPfOE“) x T(Qy)/Kt
= (QF Xspf 0 SPFOj) X é(@p)/K%~

The equivariance claim is obvious. Let Spec R be a scheme over Spf O;. From Lemma
and Proposition we obtain the commutativity of the following diagram
(5.1.15)

M (i)(R) ~ (Qr xsprop Spf O x {i}) xz Mo,0, (i) (R)
A?K% J/WQ,E XWMq,E

./T/I/K% (Z + fE)(R[TE]) —— (QF XSpf Op Spf OE X {Z + fE}) X7 MO,OE (Z + fE)(R[TE]).

For any j € Z, the right vertical map is given under the natural isomorphism
(2F xspror SPF O x {4}) xz Moo, (4) =~ (QF Xspror SPfO) x Moo, (4)

simply by wo g X wa,,g. Finally, by Proposition the descent datum way,, g corresponds
to multiplication by the special element w under the isomorphism Mg o, ~ T(Q,)/K7%. This
finishes the proof. O

5.2. Formal moduli space of RSZ CM-triples: the banal case. Let r be a local CM-type
of rank 2. We now assume that 7 is banal, i.e., r, € {0, 2} for all p € ®. Let g still be a local
CM-type of rank 1 with associated local CM-type <I>ar .

Let K5 still be the maximal open compact subgroup of T(Q,,) but now let Ky be an arbitrary
open compact subgroup of U(Q,). Let K5 = Ky x K%, it is an open compact subgroup of
é((@p). The open compact subgroup Kz defines an open compact subgroup K¢ of G(Q,) as
the image of K5 under the map G(Q,) = G(Q,).

We fix a local CM-triple (Xo, tx,, Ax,) of type (K/F,rq) over & satisfying the condition (KC,,)
and a local CM-triple (X, tx, Ax) of type (K/F,r) over £ which satisfies the conditions (KC,) and
(EC,) and is (V,¢)-principally polarized. We make the assumption inv" (X, tx, Ax) = inv(V).
Definition 5.2.1. We define for each i € Z a functor /\A/l/Ké (i) on Nilpy, . For a scheme S over
Spf Oy, a point of MKé (7)(S) consists of the following data:
(1) A local CM-triple (Xo, to, Ao) of type (K/F,rq) satisfying the condition (KC,,);
(2) An Og-linear quasi-isogeny
po: Xo = Xo x5 8 — Xo Xgpeci S
such that, locally on S, there exists u € Z with pj(Ax,) = up’Ao;

(3) A local CM-triple (X, ¢, Ax) of type (K/F,r) over S which satisfies the conditions (KC,)
and (EC,) and is (V,¢)-principally polarized;
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(4) An Og-linear quasi-isogeny
p:X:ZXXsS—)XXSpecgg
such that p*(Ax) = up’Ax, locally on S, with the same u € Z} as in datum (2);
(5) A class 77 of isomorphisms of étale sheaves
n: (MOK (Xo, X)a 6) ;> (Aa §) mod Ky

which respect the bilinear forms on both sides. Here (Hom,, (Xo,X) is the p-adic étale
sheaf of [20, Definition 7.4.1], and the bilinear form ¢ : Hom,, (Xo, X) x Hom,, (X0, X) —
Zy, is defined as in [20], Proposition 7.4.7].

We denote these data by a tuple (Xo, to, Ao, 0, X, L, Ax, p,77). We will call datum (5) a strict
CL-level structure on (Xo,to, Ao, po, X, ¢, Ax,p). Two tuples (Xo,to, Ao, po, X, ¢, Ax,p) and
(X0, ths Aos PO X', Axr, 0, 77 define the same point of MKé (7) if there exist isomorphisms of
Ok-modules g : (Xo,t0) — (X{,1p) and o : (X,¢) = (X', /) such that pf o ag g = po and
p' o ag = p, and which pulls back 7’ to 7.

The formal scheme over Spf O representing this functor is also denoted by MK (7). We note
that Remark [5.1.2] applies to thls formal moduli space. We define the formal scheme

(5.2.1) My, = |_|iEZ Mk (1)

Then MvKé parametrizes tuples (Xo, to, Ao, po, X, ¢, Ax, p,7) such that py respects the polar-
ization A on Xy and \x, on Xo,5 up to a factor in Q7 and p respects the polarization Ag on
X and Mx on Xg up to the same factor in Q, -

The framing objects define as in ) the groups JT(QP) and J(Qp) and J((@p) Note, as
in the special case, that ./\/lKﬂ affords an action of J (Qp) However, in the present banal

case J(Q,) is isomorphic to the unitary similitude group G(Q,), cf. [20, (7.2.8)]. Also, as
before, Jr(Qp) is isomorphic to T(Q,), see (4.2.11). Therefore, in the banal case, we have an

isomorphism (N}’(Qp) ~ J (Qp). For varying K, the group (N}'(Qp) acts on the tower of formal

schemes Mk . in the usual way.

Let S = Spec R be an affine scheme over Spf Oj. The same formula as in (5.1.9) defines the
map

(5.2.2) Y, : Mk (i) (R) = Mk (i + f£)(Riry)

and hence defines the Weil descent datum

(5.2.3) vaKé My, — Mgg)

on ./,\/vié .
We recall the definition of the formal moduli space M, k, of local CM triples of type (K/F,r)
when r is banal, cf. [20, Definition 7.4.3].

Definition 5.2.2. We define for each i € Z a functor M; k(i) on Nilpy . For a scheme S

over Spf Op, , a point of M, k. (i)(S) consists of the following data:

(1) A local CM-triple (X, ¢, Ax) of type (K/F,r) over S which satisfies the conditions (KC,)
and (EC,) and is (V,¢)-principally polarized;

(2) An Ok-linear quasi-isogeny

p:)_(::XXSS—>XXSpeC,gS
such that, locally on S, there exists u € Z, with pj(Ax) = up g;



28 MICHAEL RAPOPORT AND HAINING WANG

(3) A class 77x of isomorphisms of étale sheaves
Nx : (MOK (XOaX% QX) L> (Aag) mod KG

which respect the bilinear forms on both sides up to a unit in Z,. Here §§0 is the lift of
Xo over Op as in [20, (7.4.14)] (where it is denoted by Xo) and (Hom, (Xo, X) is the
p-adic étale sheaf of |20, Definition 7.4.1] and we define the alternating form ex as in [20]
Proposition 7.4.7].

We denote these data by a tuple (X, ¢, Ax, p,7x). The datum (3) is called a (relazed) CL-level
structure on (X, ¢, A, p). Here we sometimes use the qualifier “relaxed” to distinguish from a
strict CL-level structure. Two tuples (X, ¢, Ax, p,71x) and (X', ¢/, Ax/, p/, 7, ) define the same
point of M, k(i) iff there exists an isomorphism of Ox-modules o : (X,¢) = (X’,//) such
that p’ o g = p and such that the pullback of 7%, under « is equal to 7x. Note that the
requirement on p in (2) above implies that

2height(p) = height(p’ | X) = 4di.

The formal scheme over Spf Oy, representing this functor is also denoted by M.,.(i). We define
the formal scheme M, Kk over Spf Op by

(524) MT,KG - |—|i€Z MT,KG (l)

Then M,k parametrizes tuples (X, ¢, Ax, p,7x) such that p respects the polarization Ag on
X and Ax on X up to a factor in Q,;, and a CL level structure on X. We define a map

(5.2.5) 0 Myk, = Z

sending the tuple (X, ¢, Ax, p,7x) to (2d)~*height(p) and hence v, (M, k(i) = i.

The group J(Q,) acts naturally on M, k., via the framing p by (X, ¢, Ax, p,71x) — (X, ¢, Ax, a0
p,7x ). For varying K¢, the group G(Q,) acts on the tower of formal schemes M,

The same formula as defines a Weil descent datum wuy, down to Op,.. We denote by

M, k.0, the formal scheme M, kx, Xspf 0, SPf O, with its Weil descent datum w,, g down
to OE

Proposition 5.2.3. There exists an isomorphism of formal schemes over O

Mr,Kg,OE ;> G(Qp)/KG

which is equivariant with respect to the action of J(Q,) on both sides. For varying K¢, the
isomorphism is equivariant for the natural Hecke actions of G(Qp) on both sides.

This isomorphism is compatible with the Weil descent datum waq, . p down to O on the left
hand side and the Weil descent datum on the right hand side given by multiplication by the
special element w relative to (@g,E) for our fized uniformizer wg, viewed as an element in
the center of G(Qp).

This statement is to be compared with [20, Corollaries 6.3.4, 6.4.5, 6.5.3]. In loc. cit., the Weil
descent data of M, down to Op, is not explicit. The key point here is that we can make
explicit the Weil descent datum down to Og. To prove Proposition we need to go back
to [20, §6].

Let S be a scheme over Spf Op . Given a point (X, ¢, Ax,p,7x) € M;k,(S5), we consider

the tuple (C,t, ®, p,7x) obtained by applying to it the polarized contraction functor €P°! [20),
Theorem 4.5.11]. Let (Cx, tx, #x) be the image of (X, tx, Ax) under €P°!. Here Cy is a constant
p-adic étale sheaf on Spec W (&) associated to a module Cx of Z,-rank 4d equipped with an
action tx : Ox — Endz, (Cx), and ¢x : Cx x Cx — Op is an Op-linear alternating form such
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that ¢x(t(a)er, ca) = P(eq, t(@)es) for ¢, ca € Cx and a € O and such that ¢x is perfect unless
K/F is unramified and inv(V) = —1 in which case ord,(det(¢x)) = 2.

For i € Z, we consider the functor G, k, (¢) on the category of schemes S over Spf O 5, - A point

of G, k(%) is given by the following data:
ocally constant p-adic etale shea on S which 1s Z,-tflat with rankz = and wit
1) A locall dic étale sheaf C S which is Z,-fl ith kz, C = 4d and with

an action
t: Ok — Endgz, C;
(2) An alternating Op-bilinear pairing
o C xC — Op,
such that ¢(c(a)cy, c2) = ¢(c1, L(a)es) for ¢1,c2 € C and a € Ok and such that ¢ is perfect
unless K/F is unramified and inv(V) = —1 in which case ord,(det(¢)) = 2;
(3) A quasi-isogeny of Og-module sheaves on S
p:(C1) — (Cx,tx)
such that p respects the bilinear form p’¢ on C and the bilinear form ¢x on Cx up to unit
in Zy;
(4) A class fjc of isomorphisms of p-adic étale sheaves on S
Ne - (C,f) L> (A,§) mod KG

which respect the bilinear forms on both sides up to a unit in Z,. Here we define the
alternating form § : € x C — Z, by § := TrF/Qpﬁ_qu where 9 is the different of the
extension F/Q,.

We denote these data by a tuple (C,¢, ¢, p, i) and refer to the datum (4) as a (relaxed) CL-
level structure on (C, ¢, ¢, p). Another set of data (C',¢,¢', p’, 7)) defines the same point iff
there is an isomorphism « : (C,1) = (C’, /') such that p’ o a = p and such that the pullback of
e under « is equal to fjc. Then a respects ¢ and ¢ up to a factor in Zyy . We set

(5.2.6) Grko = | [ Grxe (i)

Proof of Proposition[5.2.3. The polarized contraction functor €P°! of [20, Theorem 4.5.11] gives
an isomorphism of functors between M, k., and G, k., (here we have used [20], Proposition 7.4.7]
for the equivalence of CL-level structures on both sides). On the other hand, the proof of [20)
(7.4.11)] shows that there is a natural isomorphism of formal schemes over Spf O

Grxe ~ G(Q)/Ke.
Combining the two isomorphisms, we obtain an isomorphism of formal schemes over Spf O
MT‘,KG e gr,KG = G(Qp)/KGy

which is equivariant for the action of J(Q,) ~ G(Q,). For varying K¢, this isomorphism is by
construction equivariant for the natural Hecke actions of G(Q,) on both sides.

Next we explain the compatibility of Weil descent data down to Op. Let S = Spec R be an

affine scheme over Spf O and (X, ¢, Ax, p,7x) be a point on M, k. 0, (7)(R) for some integer
i. Let the quasi-isogeny
F T
(5.2.7) Xp 2 Xp =5 75, X5
correspond via the contraction functor €P° to the quasi-isogeny
4 Fy,rp
C — Cx —/—= 1. Cx ~ Cx

for a tuple (C,¢,¢,p: C — Cx,fjc) in G,.(R). We want to make the map p — Fx ,,, o p explicit.
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We recall the following notation from the beginning of In the case where K/F' is a ramified
extension of local fields (ramified case) we choose a prime element I € O such that IT = —II.
Then 7 = —I12 is a prime element of F. In the case where K/F is an unramified extension of
local fields (unramified case) or where K = F' x F' (split case) we choose a prime element 7 € F
and we set II = 7.

F.r
The map sending the quasi-isogeny C' — Cx to the composite C LN Cx RSl Cx corre-
sponds to the map on G, k.0, given

(1) when K/F is ramified, by

Grko.0, ()R 25 Grx0, (i + efn)(R),

cf. [20, Lemma 6.3.3];
(2) when K/F is unramified, by

xelE/?

Gr K05 () (R) = Grke,0, (i + efp)(R),
cf. [20, Lemma 6.4.4];
(3) when K/F is split, by

_ (n"L.E g92,E)

GrKe,0, (1) (1) GrKe,0, (i +efB)(R),
cf. 20, Lemma 6.5.2]. Here 2a; = dimX; and fa; g = fga; for ¢ € {1,2}.

Here these maps over the arrows are the natural translation maps on the moduli space G, 0,
given by multiplication by the corresponding element of K. More precisely, in loc. cit., the
Weil descent datum down to Op, is given. We use that the elements for the Weil descent
datum down to Of are obtained from these elements by raising them to the fg/fg -th power
(for the split case, use the identity fa; g, = fg,a;, cf. [20, below (6.5.1)]). We denote these
elements by @w'. By [20, Remark 7.2.6], we can modify the element @’ by a unit in Og without
affecting the conclusion. Therefore, we can replace the element @’ by the element w appearing
in the statement of the proposition. Indeed, v’ has norm Nmg g (w') = 72 and @ has norm
Nmg/p(w) = up!® for some unit u € Z, . The proposition follows. |

We have a morphism of formal moduli spaces over Spf O,
(5.2.8) 9 : MKC:, — M’I‘,KQ,OE X M070E,

sending (Xo, to, Ao, po, X, L, Ax, p,7) to (X, 1, x,p,7x) X (Xo, 0, Mo, po). Here we define the
relaxed CL-level structure 7x as follows. Given (X, tg, Ao, po), We can associate to it a unique
class of isomorphisms of p-adic étale sheaves 7 : CXO = Cx, mod K% which respect the
natural bilinear forms on both sides up to a unit in Z, (one should regard this as a CL-level
structure on (Xo, t0, Ao, po)). To see this, recall from [20, (7.4.14)] that C; = Og. Consider
the moduli problem of Mg o, in % The proof of Proposition@ shows that there is a unique
g9 € T(Qp)/K% such that there is an isomorphism (gCx , (p*)~ &x,) = (Cx,, €x,) which respects
the bilinear forms up to a unit in Z,, where ¢ is determined by §§~§0 (ge1, gea) = piéx, (c1, ca) for
c1, ¢z in O . Since multiplication by g gives an isomorphism (Cg , &z, ) ~ (9Cx,, (pi)*lggo), the
composition of the above two isomorphisms give us the desired isomorphism 7 : CXO = Cx,
mod K% which respects the natural bilinear forms on both sides up to a unit v in Z,. We note
that this unit is the same as the one appearing in datum (2) of Definition

Given an isomorphism of p-adic étale sheaves

1 : (Homg, (Xo, X),¢) - (A9
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which strictly respects the bilinear forms on both sides, we choose an isomorphism 7 : C~ =
Cx, in the above class to obtain an isomorphism

nx : (Homep, (Ko, X),ex) — (A,¢)

where ex is defined similarly as e. Here we use the fully faithfulness of the polarized contraction
functor. This isomorphism respects the bilinear forms on both sides up to a unit in Z, and its
class under the action of K¢ gives the desired relaxed CL-level structure on (X, ¢, Ax, p). One
easily checks that choosing a different 1y gives an isomorphism 7x in the same Kg-orbit as the
original one. This defines .

Conversely, if we are given an isomorphism
X : (HomoK(Xo,X),ex) — (A,s)

which respects the bilinear forms on both sides up a unit in Z, and an isomorphism 7 : CXO =
Cx, which respects the bilinear forms on both sides up to the same unit in Z,, then we can re-
verse the above procedure to obtain a strict CL-level structure on (Xg, to, Ao, po, X, ¢, Ax, 0, 7).
Indeed, (Hom, . (Xo, X), ex) can be identified with (Cx,&x) therefore we obtain an isomor-
phism nx : (Cx,&x) =~ (A,<) which respects the bilinear forms on both sides up to a unit
U1 € Zp. This unit is the same unit as the one in datum (2) of Definition Now using the
isomorphism 7g : CXO = Cx,, we can still identify Hom,,  (Xo, X) with Cx but the bilinear
form e is identified with {x up to the inverse of the unit uy that comes from comparing the bi-
linear forms under 7y : CXO ~ C'x,. We note that again us is the same unit as the one appearing
in datum (2) of Deﬁnition Therefore under the isomorphism (Hom, (X, X),¢) =~ (A, <)
the two bilinear forms differ by u; 'u;. In order to obtain a strict CL-level structure, we need
to have u; = wus. In this case, we will say nx and 7y are compatible. Suppose now that
(Xo, to, Ao, po, X, 0, Ax, p,7) lies on MK (7) for some i. Then nx and ny are compatible by
definition of the moduli problem, see datum (2) and (4) of Definition

The above discussion and Remark show that is a closed immersion of formal
schemes, equivariant with respect to the action of Ji (Qp), and that this closed immersion is
compatible with the natural Weil descent data down to Og on both sides. In fact, it shows
that induces an isomorphism

0 Mx (1) = Mrke,0, (1) x Moo, (i), i€LZ,
since the image of ¥ consists of those tuples (X, ¢, Ax, p, x) % (Xo, to, Ao, po) such that nx and
1o are compatible which is automatically true by the above discussion.
We equip the right-hand side of ([5.2.§ - ) with the natural descent datum given by wa, g X wWam,,E
and with an action of J(Qp) via the map J(Qp) — J(Qp) x Jr(Qp).

Proposition 5.2.4. There is an isomorphism of O p-formal schemes
My, = G(Q,)/Kg,

which is compatible with natural actions of j(@,,) on both sides. For varying Kz, the isomor-
phism is equivariant for the natural Hecke actions of G(Qp) on both sides.

The Weil descent datum w  on the left-hand side corresponds on the right-hand side to the

Mac,
Weil descent datum down to OE giwen by multiplication by the special element w relative to
(®F, E) for our fized uniformizer wg, viewed as an element in the center of G(Qp).

Proof. We have
M (i) = My g0, (i) x Moo, (i), i€

lel
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By Proposition and Remark we therefore obtain the desired isomorphism.
My, = [[Mrke.0, () x Moo, (i)

— G(Qy)/Kg XQx zx T(Qp)/Ky

— G(Q,)/Kg.
For varying K #, the isomorphism is equivariant for the natural Hecke actions of G (Qp) on both
sides by construction and Proposition |5.2.3

Let Spec R be a scheme over Spf O . From the compatibility of Weil descent data of the closed
immersion ¢, we obtain the commutativity of the following diagram

My, (i)(R) 2 M;x6,0, (1) X Moo, (i)(R)
M (i + [5)(Rirg)) — Myke.0,(i + f2) x Moo, (i + f2)(Riry)-
Thus we have the commutativity of the following diagram

MVK@ (R) —— G(Q,)/Ke XQx T(Qp) /K7

(5.2.9) N lM“% JwMT,EwaO,E
Mx (Rirg) —— G(Qp)/Kg Xz T(Qp)/K%.

But by Proposition (via Remark [4.2.2]) and Proposition [5.2.3] wa4,.. 5 X Wat,, 5 18 given by
multiplication by (w,w) on G(Qp)/Kea Xgx T(Qp)/K7. Under the isomorphism G(Qp)/Kg =
G(Q,)/Ka X Qx T(Q,)/K%, this is given simply by multiplication by w. O

6. p-ADIC UNIFORMIZATION OF RSZ SHIMURA CURVES

In this section, we prove Theorem [2:3.3] We fix the notation as in that theorem: we therefore
have the CM-extension K/F, the fixed embedding ¢y : K — Q, the CM-type r of rank 2
special relative to the restriction wg of g to F, with its reflex field F,.; we also have a CM-type
ro of rank 1 with its associated classical CM-type ®f for which ¢y € <I>6r and the composite
E = Eq>0+Er = FEyE,. We further have the prime number p, a fixed embedding v : Q — Q,,
the induced place v of E and the induced place vg of F' via the embedding ¢, : ¥ — E. We
denote by k, := kg, the residue field of E, whose cardinality is pfEe | where fE, is the inertia
index. We fix a uniformizer w, := wg, of the ring of integers Of, of E,.

We also have the K/F-anti-hermitian vector space (V, 5) of signature r; it is assumed that vg
does not split in K and that V,,, is non-split. We will refer to vy as the special prime, the other
p-adic places v of F' will be called the banal primes. Finally, we fix an almost selfdual lattice
A, CV, =V ®p F, for each p-adic place v of F' in the sense of the Notation section at the end
of the Introduction.

We will only consider compact open subgroups Kz C é(A ¢) which, in terms of the product
decomposition (2.1.9)), are of the form

(601) K@ = KU X K%Q,
where Ky C U(Ay) is a open compact subgroup of the form
Ky =Kuy, K,
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where K, is an open compact subgroup of U(AI;) and Ky, is an open compact subgroup of
U(Qp). Then we assume that Ky , further decomposes as Ky, = Ky v, 'K%‘]’p, where K%‘)p is
an open compact subgroup of U (Q,) =[], £v0 U, (Qp). We assume that Ky ,, is a maximal
open compact and therefore Ky ,, = Uy, (Q,), as follows from our assumption that U,,(Q,) is
a compact group. Let K{f = K7y - KY; and K”é0 =K{? x K}, and Kgip =K, x K%,

Let (X,¢,A\) be a semi-local CM-triple, cf. We say (X, ¢,A) = [[,,(Xo, Lo, Av) is (Vi 6)-
principally polarized if each local CM-triple (X, ty, Ay) is (Vy, ¢p)-principally polarized. Some-
times, we also simply say that X is a (V,¢)-principal polarization.

6.1. Semi-local formal moduli space of RSZ CM-triples. We will need a semi-local
version of the notion of a special element from Construction

Construction 6.1.1. Let ®* be a classical CM-type. Let E C Q be a finite extension of Eg+
and v : Q — Q, be a fixed embedding. Then ®* defines a homomorphism u : G, g — Zg
and hence by base change

o Gm,EV — Zgy
We obtain the semi-local reflex norm map which is the composition

) Nm Eu/@p

t<1>+,El, : ReSEV/Qp (Gm,Eu) L) ReSEV/Qp (Z%V ZQ

Then the special element relative to (&7, E,) for the uniformizer w, is given by

(6.1.1) W = te+ g, (w,) € ZUQ,).

Its image in Z%(Q,)/Z%(Z,) is independent of w,.

Using the embedding v : Q — Q,, we have the decomposition ®* = [1,, @3, cf. (3.4.2). The
local reflex field E(v) for @ is contained in FE,. Under the map

(6.1.2) Y@) — 1, (22@)/25(2Z),

the image of W coincides with (w,), where w, is the special element in Z3(Q,) relative to
(®}r, E,) for the uniformizer w,.

Consider the integral Shimura variety ./TKé in Definition and consider it as a scheme over
Og,. We fix a point

(613) (AO;LO7)‘O;A7L7)‘7ﬁp7ﬁ;)O) € "Z(K@(RV)'

We denote by Xg, resp. X, the p-divisible group of Ay, resp. A. These are equipped with
an action tx,, resp. tx, of Ox ® Z, induced by ¢g, resp. ¢. They are also equipped with a
polarization Ax,, resp. Ax induced by Ao and A. Here, because the ideal a from is prime
to p, the polarization Ax, is principal and Ax is a (V,¢)-principal polarization.

In analogy with , we set
JZQ (Qp) = {a € Aur‘;(@@ (X()) : a*()‘Xo) = MO(Q)AXO7 MO(Q) € Q;}v
JU(Qp) = {Ot c AutK@Q (X Oé*(/\x) = Ax};
J(Qp) = {a € Autygg, (X) 1 @™ (Ax) = p(a)Ax, pla) € Q) ks
( p) = J(Qp) XQx Jr(Qp) = Ju(Qp) X Jr(Qp).

Then JU(QP) = Hvlp JU,U(QP), where JU,U(Qp) = {Oév S Aut%v (XU) : a:()\xv) = )\Xu}.

(6.1.4)

vx_/
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For v # vg, Ju(Q,) is isomorphic to U(V,)(F,) and Ju ., (Q,) is isomorphic to U(V,,)(Fu,)s
cf. 20, (7.2.6), (7.2.8)]. We define

J{]IO (Qp) = HW&U ol
(6.1.5) 0P
U (Q,) = H

Then we have an isomorphism J*(Q,) ~ G*(Q,). For each v | p, we set
(6~1-6) év(@p) = Uv(Qp) X Zg((@p)7 K(;,v =Ky, X Z?(Zp)-

Definition 6.1.2. We define for each i € Z a functor MK@_p (i) on Nilpy . Let S be a scheme

Juw(@p), Q) = TP (Qp) X Jze(Qy),
U,(Q),  G™(Qp) =U™(Q,) x Z%Q,).

v#vo,v|p

over Spf Op, . A point of ./WK(; p(z)(S) is given by the following data:

(1) A CM-triple (Xo, to, Ao) of type (K ® Q,/F @ Q,, o) satisfying the condition (KC,,);
(2) An Ok ® Zp-linear quasi-isogeny
po : Xo :=Xo x5 S — Xo Xspeck S
such that locally on S, there exists u € Z such that pfj ,,(Ax,,) = up’ Ao, for each v | p;
(3) A CM-triple (X,¢,A) of type (K ® Q,/F ® Qp,7) over S which satisfies the conditions
(KC,) and (EC,) and is (V,¢)-principally polarized.
(4) An Ok ® Zy-linear quasi-isogeny
p:X::XxSSHXXSpngS'
such that, locally on S, p}(Ax,) = up’Ag, for each v | p, with the same u € Z) as in datum
(2);

(5) A class 7,° of isomorphisms of étale sheaves
np° HomOK;O (X5, X)) =5 A®o,y Ogro mod K7,

which respect the bilinear forms on Hom,, (X, X,) and A ®o, Ok, for each p-adic
place v # vp.

We denote these data by a tuple (Xo, to, Ao, po, X, t, Ax, p). Two tuples (Xo, to, Ao, Po, X, L, Ax, p)
and (Xg, tg, A\, po, X's ', Axv, p') define the same point of Mx . ) (7) iff there exist isomorphisms
ap ¢ (Xo,00) = (X§, 1) and a : (X, 1) = (X',1/) of Ox-modules such that pfy o o 5 = po and
p' o ag = p and such that (o, ag) pulls back 7, to 7,°.

Remark 6.1.3. We could replace the condition in (2) by p§(Ax,) = pi)\go and the condition
in (4) by p*(A\x) = p'Ag without changing the formal moduli space. Similarly, if p’ is replaced
by up® with u € OF in both equations, the formal moduli space will not change. This follows
from the same reasoning as in [20, Remark 7.2.3].

The formal scheme over Spf O representing this functor is also denoted by MK@ p(z) We
define the formal scheme

(6.1.7) Mx,, = || _, Mx, (@)

Thus MVK@,;, parametrizes (X, to, Mo, Po, X, t, Ax, p) such that py respects the polarization Ag
on X and Ay, on Xo up to a factor in Q) and such that p respects the polarization Ax
on X and Ax on X up to the same factor in Q;. Note that MVK@,, affords an action of
j(Qp) = J(Qy) X Z9(Q,). We refer to /T/l/Ké,p as the semi-local formal moduli space of RSZ
CM-triples. Following the same procedure as in , we define a Weil descent datum

T i
(6.1.8) e, Mg, = M,
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where the upper index (7g,) denotes the base change via Spec g, : Spf O 5, ——SptOp .

We fix an isomorphism Ju uv,,ad(Qp) with PGL2(Q,). Via this identification, we then obtain an
action of J(Q,) = Ju(Qp) x ZQ,) on O, via J(Qp) — Ju(Qp) — Ju,ue.ad(Qp). Note
that G(Q,)/Kg,, = U™ (Q,) /Ky x ZQ(@p)/KOz@,p since Uy, (Qp) = Ky - Then we obtain
an action of J(Qp) on G(Qp)/Kg , via the factor J*(Qp) =~ G (Qp).

Proposition 6.1.4. There exists an isomorphism of formal schemes over OE“V

My = (Qr,, Xspron,, SpfOg ) x G(Q)/Keg,

which is equivariant with respect to the action of J(Qp) on both sides. For varying Kg)p, this
isomorphism is compatible with Hecke action of Gvo (Qp) on both sides.

The Weil descent datum w iz down to Og, on the left-hand side corresponds on the right-

G,p
hand side to the Weil descent datum given by
(&,9) — (wa,r,(€),@g), g€ GQ).

Here w is the special element relative to (®, E,) for the uniformizer w,, as in Construction

considered as an element in the center of G(Q,).

Proof. Let (Xo, to, Ao, po, X, t, Ax, p) be a tuple parametrized by MvKé L Then the decompo-
sition
Xo=]], X X=II X

v|p
extends to the tuple

(XOa Lo, )\07 P05, X; Ly )\X7 P) = Hv‘p(XO,vy Lo, )\0,1}7 L0,v5 Xm Ly, )\prv» ﬁv)
This in turn gives rise to a map

(6.1.9) My, — ] Mk,

vlp G,v X spf Oé(w Spf OEV'

Here E(v) is the completion of the maximal unramified extension of the composite E(v) of the
local reflex fields for r, and rg, (recall that v defines the decomposition ® = | |, ®, and the

restrictions r, and rq, of r and 7). Then E‘(v) C E,. Furthermore, My is given by the
,v0

formal scheme /\/lKoé defined in (5.1.2)); for v # vy, MK@,U is given by the formal scheme Mk

defined in Definition (5.2.1)).

The map is an isomorphism. Indeed, comparing the moduli descriptions, we see that
the RHS is characterized by the fact that the compatibility scalars in 2) and 4) are the same
for any v | p, whereas the LHS is characterized by the fact that the compatibility scalars in 2)
and 4) are the same for all v | p. But appealing, as in Remark [5.1.2) to [20, Remark 7.2.3], we
see that in passing to isomorphism classes, the difference between these conditions is irrelevant.
The Hecke equivariance of is obvious. Now the claimed isomorphism over O = follows
from Proposition [5.1.6| and Proposition [5.2.4

The Weil descent datum on MK@ v from O #(v0) down to Og(.,) is given under the isomorphism
with (QFO XSpf O, SPf Ok (vg)) X G (Qp)/Kg,, of Proposition by
(57 g) — (UJQ,E(UO)(§>7 wvog)7 g€ GUO (Qp)/Ké;UO’

where w,, is the special element relative to (@& vos E(v0)) for the uniformizer wg(,,), as in
Construction A similar formula follows from Proposition for v # vg. The result
follows now from the compatibility (6.1.2) of @w with localization and Remark on the

behavior of special elements under passage to bigger fields (applied to E, D E(v)).
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6.2. p-adic uniformization. Recall from (6.1.3]) the base point (Ao, to, Ao, A, ¢, A, 7P, 1,°) €
"ZKE; (). We define the algebraic groups over Q

J22(Q) = {a € Aut (Ap) : a*(Xo) = po() Ao, pol(a) € Q*};
Ju(Q) = {a € Auti (A) : (X)) = A}
J(Q) = {o € Auti (A) : a™(A) = p()A, pla) € Q*}
J(Q) = J(Q) xgx J72(Q) = Ju(Qy) x J52(Q).
The Dieudonné modules of Ay and A are isoclinic (for Ag this is obvious, for A, this follows
from~[2(), Proposition 7.1.11]). This implies that the Q,-valued points Jz2(Q)), Ju(Qp), J(Qp)
and J(Q,) coincide with the groups (6.1.4), cf. [25, Cor. 6.29].

Now we can prove the main p-adic uniformization theorem for the RSZ Shimura curve intro-
duced in Theorem 2.33

(6.2.1)

Theorem 6.2.1. Let (./LTKé)A be the formal completion of .,ZKé along its special fiber, which
is a formal scheme over Spf Og,. Then there exists an isomorphism of formal schemes over
Spf Oy, ,

(Ak,)" Xsprop, Spf O ~ J(Q\[(Qr

vQ

XSPfOFUO SpfOE'l,) X é(Af)/Ké]
The quotient on the right-hand-side is defined via the composition

J(@Q) — Ju(Q) — Ju,u0(Qp) — T ug.0a(Qp)
using an identification of the adjoint group Ju vg,ad(Qp) with PGLa(Fy,) and through an action
of J(Q) on G(Ay)/Kg. For varying Kg’, the isomorphism is equivariant for the action of the
group GV (Ay) which acts on both sides by Hecke correspondences.

Furthermore, the natural descent datum down to Opg, on the left-hand side is given on the
right-hand side by

(6, h) - (WwQ,EV (5)7175}7‘)’ h e é(Af)a

where W € G(Q,) is the special element relative to (@4, E,) for the uniformizer w,, as in
Construction considered as an element in the center of G(Ay).

Proof. We define as follows the uniformization morphism
(6.2.2) 0 M, x G(AD)/KE — (Ak )" Xsprog, SPfOp, .

Let S = Spec R, and let (Xo, ¢, Ao, po, X, ¢, A, p,7,°) be a point of MVK@.I’(Z‘) over R and let
g € (NJ(A’}) The quasi-isogeny p over R = R ®op, kv extends uniquely to a quasi-isogeny of
abelian varieties
p:A— A X Spec &y Spec R.

Because O acts on X = X ®@r R, we obtain a map Oxg — End(4) ® Z(p)- Moreover, the
polarization XA : A — A" induces on A a quasi-polarization R A — AV, On the p-divisible
groups, /\/A is given by p’A and therefore \ 5 := p_i)\fi satisfies the condition (ii) in the Definition
of the functor ,ZKé. Similarly, we obtain (Ag, ¢ A, M,) and the quasi-isogeny

po : Ao — Ao Xspecr, Spec R.

The quasi-isogenies pp and p induce an isomorphism V? (Ag, A) = Y (Ap, A) given by z
VP(p)~t oz o VP(py). Hence f7” induces an isomorphism

P \A/p(f_lo,/i) — V@AZI){J mod K7}.
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The same construction furnishes the isomorphism
0y {\7;0([10,[1) — VoK K> mod K7,
We associate to the tuple (Xo, ¢, Ao, po, X, ¢, A, p, 7, 9) from the left-hand side of (6.2.2)) the
point
(6.2.3) (Aostigs Ady Asta, Aa, P9, ) € AVK~(R)-

The semi- local CM-triples (XO7 o, Ao) and (X, ¢, A) over R define by the Serre-Tate theorem a
lifting of (|6 to a pomt of AK (R). The map is functorial in R and defines the uniformization

morphism @ in .
Recall J(Q) from We define an action of J(Q) on the left hand side of (6-2:2). Let
a = (ag, ) € J(Q), then we define w(a) € G(Ap) by the equation
(6.2.4) n” o VP(a ) o VP(ag) = w(@) o n”.
This defines a homomorphism B N
w:J(Q) — G(A?).

We already noted that J (Qp) coincides with , and hence acts on ./T/l/Ké,p by

a = (ag, @) : (Xo, Lo, Ao, po, X, L, Ax, p, 1) — (Xo, Lo, Aoy g © po, X, L, Ax, a0 p, 7).
Let ((Xo, to, Ao, po, X, t, Ax, p,7),g) be a point of ./\/lK~ oy X é(A’}) over S and let

(Ao, 040 Adps As e A 977 75) € Ak (R)
be its image under ©. For & = (v, ) € j((@p), the quasi-isogenies ag o pg and « o p extend to
quasi-isogenies of abelian varieties
Ag 25 Ag g % Agp and A2 AR -5 Ap
The image of ((Xo, to, Ao, @ © po, X, ¢, Ax, @0 p,7),g) under the map © is given by
(Ao tags Aays Atz A g, w(@ HgiP i) € Ak (R).
Hence, if we define the action of J(Q) on the source of © by

((XO’ Lo, )\0,007X7 2 A)(“7/)7 ﬁ)?g) — ((X07 Lo, A070‘0 o pO:Xa Ly AX7O‘ o p, f]),w(&)g),

then © is equivariant. The uniformization theorem for PEL-type Shimura varieties [25], Theorem
6.2.3] shows now that © induces an isomorphism

j(@)\[/WKé,p X G(A?)/K%] — (vZK@)A Xspt O, SPEOp

Note here we are using the fact that "ZKG (R,) has only one isogeny class, as follows from [20,
Proposition 7.11]. By Proposition we can rewrite the left hand side of this isomorphism
as

JQN[(Qr,, Xspronr,, SPLOp, ) x G(Qy)/Kg, x G(A})/KL]
=J(Q\[(Qr,, Xsptor,, SPEOg ) x G(Af)/Keg].

The Hecke equivariance statement follows from that of [25] Theorem 6.2.3] and Proposition
0.1.4!

Finally we prove that the natural Weil descent data on the two sides of (6.2.2)) are compatible.
This will conclude the proof. The Weil descent datum w M is obtained by changing pg to

G,p
po and p to p where

exFxy,rp el

Po:Xo e Xy B e (tr,) X0, resp. p:X e X 5 e (1p)).X
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This gives a pOil’lt (Xo, Lo, )\07 ﬁ(lv X7 Ly )‘7 :57 ﬁ;o) € MK@ - The POth (X(lu Lo, )\07 Po, Xv Ly >\a P ﬁ}n)o)
defines a quasi-isogeny of abelian varieties
po: Ay — e Ag, Tesp. p:A— e A,

as explained in the definition of ©. The point (X, to, Ao, po, X, ¢, A, p, ﬁ;o) defines in the same
way the quasi-isogeny of abelian varieties over R, i,

exFag,rp exFa g

(6.2.5) Ag 2 e, Ay 5 (e1p)) Ao,  resp. ALs e A5 (erg,). Al

Here Ao and A with their additional structure are regarded as points of (Ax ) (Rj7p,7)- This

makes sense because to be a point of (.,ZK 5)/\(R) depends only on the k,-algebra structure on
R. In other words

(A )(R) = (Ak ) (Rpr, ))-
But (6.2.5) is exactly how the Weil descent datum on the right hand side of (6.2.2)) is defined. O

Corollary 6.2.2. Assume that Ky is sufficiently small, then the functor JZKé is representable

by a projective flat Og, (,y-scheme .ZKé which is a stable relative curve.

Proof. This follows from the same argument as in the proof of [20, Theorem 7.3.3]. |
Corollary 6.2.3. There exists an isomorphism of formal schemes over Spf O, ,

(./ZKE;)A XSPfOE,, SpfO“V ~ JU(Q)\[(QFUO XSPfOFuo SpfOE‘,,) X U(Af)/KU} X ZQ(@)\Z@(Af)/KOZQ

The quotient in the first factor on the right-hand-side is defined using an identification of the
adjoint group Ju vg,ad(Qp) with PGLo(F,,) and through an action of Juy(Q) on U(Ay)/Ky. For
varying KUE;O’ the isomorphism is equivariant for the action of the group Gvo (Ay) which acts on
both sides by Hecke correspondences.

Furthermore, the natural descent datum down to Og, on the left-hand side is given on the
right-hand side by

(fa h7Z) - (wa,E,, (6)7hv {52)7 h € U(Af)v Z € ZQ(Af)

where w € Z%(Q,) is the special element relative to (®], E,) for the uniformizer w,, as in

Construction [6. 1.1

Eroof. This follows from the previous theorem by using the decomposition J = Ju x Z9 and
G=Ux2Z% |

Part 3. KRZ Shimura curves revisited
7. p-ADIC UNIFORMIZATION OF KRZ SHIMURA CURVES REVISITED

Let K/F be a CM field. Let r be a CM-type of rank 2 special relative to the archimedean place
wq of F' whose extension to K corresponds to two embeddings g and @g of K in C. The reflex
field of r will be denoted by E,.

Let p be a prime number and v : Q — @, be an embedding. The p-adic place which is induced
on any subfield of Q will always be denoted by v. We fix a uniformizer @y = wEg,, of E.,
and denote by k., := kg, , the residual class field of E,.,, and by fg, , the inertia index. We
denote by vy the p-adic place of F' induced by

F2 B 5 Q,
which we will refer to as the special prime; the other p-adic places v of F' will be called the
banal primes. It is assumed that vy does not split in K.
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7.1. The KRZ Shimura curve. Let (V,<) be the two-dimensional K-vector space considered
in and let G be the unitary similitude group of (V,¢) with rational similitude factor.
For each place v | p in F, let G, be the group of unitary similitudes of (V,,,¢,) with similitude
factor in Q. Then G(Q,) is the subgroup of [],, G+(Q,) where the similitudes of all factors
are identical. For each place v | p in F, we fix a lattice A, C V,, which is almost self-dual with
respect to ¢, (see the Notation section at the end of the Introduction for the meaning of this
terminology).

We fix an open compact subgroup K¢ of G(Ay) of the form
Kg = K% ‘Kap
where K7, C G(A?) and K¢, C G(Q,). We impose the following assumptions on K¢ ,, cf.
[20) (7.1.8)]:
Kep=G(Qy)N (Hv‘pKGw),

where K¢, = {9 € G,(Q,) : gA, = A} is an open compact subgroup of G, (Q,).

Definition 7.1.1. We define the category A, k. fibered in groupoids on (LNSch)/Og, ()
which associates to each Op, (,y-scheme S the groupoid of tuples (4, ¢, A, 7P) consisting of the
following data:

(1) An abelian scheme A over S, up to isogeny of degree prime to p, with an algebra homo-
morphism
L OK,(p) — End(p) (A)
such that Lie A ®o,, ., O, , satisfies the condition (KC,);

(2) A Q-homogeneous polarization A of A such that the Rosati involution induces the conju-
gation of K/F

(3) A class of Ok-linear isomorphisms
7’ : VP(A) = V @ A% mod K%,

which respect the forms on both sides up to a constant in A’;(l)X (and satisfies the usual
Galois invariance property, comp. Definition [2.3.2]).

We impose the following conditions.

(i) The action of O (,y on Lie A satisfies the Eisenstein condition (EC,.)

(ii) There exists a polarization A € A such that, for the p-primary part of ker(\) we have
ker(A), = [, |, ker(A)v, where ker(), is trivial unless v is unramified in K and inv(V,) =
—1, in which case m|, ., = 0 and ker(A), has rank #(AY/Ay,), comp. Definition m
(i);

(iii) There is an identity of invariants,

invy(4,:,A) =inv(V,), for all vlp,

cf. [20, Definition 7.1.2].

An isomorphism of such data (A,:,\,7?) — (A’,//, X, 7’?) is given by a Og-linear quasi-
isogeny ¢: A — A’ of degree prime to p compatible with the Q-homogeneous polarizations
and the level structures.

By [20, Proposition 7.1.5], the functor A, k. is representable by a Deligne-Mumford stack
which we denote by the same symbol A, k. It is representable by a projective scheme over
Spec Og, () if K7, is small enough.
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7.2. Semi-local formal moduli space of KRZ CM-triples. We fix a point (A, ¢, X\, 7?) of
A,k (Rr). We denote by X the p-divisible group of A. The action ¢ induces an action tx
of Og ® Zp, on X and X induces a polarization Ax on X. This construction gives a CM-triple
(X, tx, Ax) of type (K ®Q,/F ®Q,,r) over &,,. We introduce a semi-local version of the space
M, in Definition and
Definition 7.2.1. We define for each i € Z the functor M,(i) on the category Nilp, . Let
S be a scheme over Spf O . A point of M,.(i)(S) is given by the following data: Y
(1) A CM-triple (X,¢,A) of type (K ® Q,/F ® Qp,7) over S which satisfies the conditions
(KC,) and (EC,) and is (V,¢)-principally polarized;
(2) An Ok ® Z,-linear quasi-isogeny
p:X =X xgS5 —X X Spec Fr, S
such that, locally on S, p respects the polarization p’\ on X and Ax up to a factor in
(OF ® Zp) .

The formal scheme over Spf O representing this functor is also denoted by M.,.(7). We define
the formal scheme

(7.2.1) M, = ien M.,.().

We define the algebraic group J over Q, such that

(7.2.2) J(@) = {o € Autiegg, (X) | a*(h) = p(e)ds, ple) € Q).

This group acts naturally on M, via the framing datum p.

We consider the decomposition (X, ux, Ax) = [[,,(Xo, tx,, Ax,) and we set
(7.2.3) Jv(@p) ={a, € AUt;(U (Xy) | (M) = plaw) Ao, play) € Q;}
Following [20], §7.2], we recall an explicit description of these groups. For this, it is convenient
to replace the bilinear form ¢, by the F-bilinear form
ot Vo xVy = Fy,

which is defined by

T(ady(x1,22)) = s(ax1, x2), a € Fy,
for T(a) = Trg, /g, ¥~ 1a, where as usual ¥ € Op is the different of F//Q,.
Then J, is explicitly given as follows:

(1) For the special prime vy, we obtain from the local CM triple (X,,,tx
dimensional K, -vector space V,,, with an anti-hermitian alternating form

v ? )‘Xuo ) a two-
g_vo : ‘/vg X ‘/1)0 — E}o-

This comes from the construction in [I8] §3, p. 1209] when K/F is unramified, resp. the
construction in [I8, §4, p. 1215] in the ramified case (in loc. cit, the hermitian space is
denoted by C and its anti-hermitian form is denoted by h). In either case inv(V,,) = 1.
The contraction functor [20) §5.2, §5.3] furnishes an isomorphism between J,,,(Q,) and

G (Vg Su0)(Qp) = {g € Autse, (Vi) | Suo (92, 9Y) = 1o (9)S00 (25 9), 110y (9) € Q) },
of. [20, (7.2.6)].
(2) For a banal prime v, we consider the image (Cx, , ¢x,) by the polarized contraction functor
Qﬁf:}k of (Xy,tx,,Ax,) [20, Theorem 4.5.11]. There is an isomorphism (Cx,, ¢x,) = (Ay, $)
and we obtain an isomorphism between .J,(Q,) and

G(Vy, &)(Qy) == {g € Autg, (Vo) | (g2, 9y) = 110(9)S0 (2, 9), 1u(g) € Qp
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of. [20, (7.2.8)].

These isomorphisms are induced by isomorphisms of algebraic groups over Q. To use a uniform
notation, we set (V,,,$,) = (V4,, &) for v # vo and set G, = G(V,,,3,) for all v | p, in particular,

G, = G, for v # vy. We thus have fixed an isomorphism J, = G, for all v | p.

We define
V = VU?
p @v|p

fp:Vpr/p—>F®Qp

be the orthogonal sum of the forms ¢,.

which is an K ® Q,-module. Let

We define the algebraic group G over Q, by
G(Qp) = G(V, &) = {g € Autkag, (Vo) | G(92, 9y) = n(9)%(@,y), n(g) € Q}-

The previous discussions imply that we have G ~ .J as algebraic groups over Qp, and

G(@) < T, Gu(@,)

is the subgroup of elements whose components have the same similitude factor.
In order to discuss the Weil descent datum, we define the group G’ (Qp) by
G'(Qp) = {9 € Autreq,(Vy) | (97, 9y) = 1(9)S(x,y), 1lg) € p*(Or @ Z,)*}.

Note that this is a misuse of notation since G’(Q,) is not the set of Q,-points of an algebraic
group. Then

@) I, 6@,
where we define G (Q,) by
G (Qp) = {g € Autg, (Vo) | S (92, 9y) = po(9)50 (2, y), for p,(g) € P*OF, }.
Note that G'(Q,) D G(Q,).

7.3. The KRZ descent datum revisited. Let 75, , € Gal(E,,/E,,) be the Frobenius
automorphism. The relative Frobenius morphism

FXvTET»,U X = (TET‘,IJ)*X
defines a Weil descent datum on the functors,
wpm, M (1)(S) — M,.(i + fET,V)(S[TEm,])-

The goal of this section is to give a more explicit description of the descent datum of [20]
Corollary 7.2.7].

We define the group G'(Q,) as the union of the following sets G’ (i) for i € Z,
G"(z) ={(c,gv) € piO[év0 X H G (Qp) | polgw) € piO;v for all v}.
The similitude map iy, : G (Qp) — pZO}X?v0 induces homomorphisms

G'(@Q) = G'(Q,) and G(Q,) = G'(Q)
We define G'(Z,) € G'(Q,) to be the subgroup of elements (c,g,) such that ¢ € O;vg and
gvAv = Av~

For the next definition, we recall from the definition of II,, (when K, /F, is ramified) and
of , (when K, /F, is unramified or split).

v|p,v#£vo

Definition 7.3.1. We consider the following element w;. = (wy. ,,,w;.,,) € G'(Q,) where
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(1) ), =pleer.

rovo
(2) If K, /F, is ramified, w;. ,, is the multiplication
e v, W
(3) If K, /F, is unramified, we define wy. ,, as the multiplication

v ru2 [/ [/
me)fE’/ Vy — V.

(4) If K, = F, x F, is split, we have the decomposition V, = Vvyl @ ‘_/v,g. We consider the
numbers a; , and as, defined by dimX, ; = 2a;, and dimX,, 2 = 2a2,. We set

IE., IE.,
, .

resp. a2,E,, = 02,v

a1,E,, = Al

Jo " e
Then we have a1,g, , +a2,5,, = € fE,,. We define w;, to be the multiplication by Ty
on V, 1 and the multiplication by m,> " on V, ;.

!
0

For a banal prime v, the element w’., is clearly an element of the center of G7(Q,) which is

considered as a subgroup of K*. The similitudes of these elements are given by

IEBr,
ﬂv(w;,v) = Wju e

Therefore p,(w;.,) = plErv, for some u, € Op .
Let v # vo. We consider the local CM type & = &F = {p € ®, | r, =2}. Let
tq):r B, : ReSEr,V/Qme — Zg

be the local reflex norm with respect to the data (®;, E,.,). We introduce the special element
with respect to (®;F, E,.,)) for the uniformizer w,, in Z2(Q,) C K},

Wy 1= Topt g V(wm,),

cf. Construction Note that Z3(Q,) is contained in the center of G, (Q,).

Lemma 7.3.2. Let v # vg, then the element w,., agrees with w;. , up to a unit in Ok, .

Proof. We first remark that both w,, and w! , are elements of the center of G’ (Q,) which

v
is a subgroup of K, therefore the statement of the lemma makes sense. But we have that
oWy ) = pErou, for some u, € O, - On the other hand,

(7.3.1) po(wry) = Nmpg,_ g, (@) = plErvy, we Z;.

The lemma follows. O

We introduce the group
G(Qy) ={(c.9.) € @y x ]|
There are natural homomorphisms

G(Qp) — G(Qp) and  G(Qp) — G(Qp)

For the second map, we used that in the definition of G(Qp) we can replace G, by G,. In
particular the groups G(Q,) and J(Q,) act on G(Q,). We denote by G(Z,) C G(Q,) the
subgroup of all (c, g,) such that ¢ € Z; and g,A, = A,.

Construction 7.3.3. We have w;. , = pPro (cf. Definition ) and, by (7.3.1)), wy(wy) =
plErvy for u e Z, independent of v # vy. Hence we can define the element

(732) Wy = (uw;woaw?',v) c é(@p):

G’U | ,uu(gv) = Yo 7& U0}~

v|p, v#£vo

which we refer to as the special element of é((@p) for the uniformizer w, , of E, ,.



OPTIMAL p-ADIC UNIFORMIZATION OF UNITARY SHIMURA CURVES 43

By [20, Corollaries 6.3.4, 6.4.5, 6.5.3], the inclusion G(Q,) € G'(Q,) induces a bijection

(7.3.3) G(Qp)/G(Zy) = G'(Q) /G (Zy).
By Lemma the class of the special element w, maps under the bijection ([7.3.3]) to the

class of w!..
Proposition 7.3.4. There exists an isomorphism

My =5 Qr,, Xsptor, SPEOg, ) x G(Qy)/G(Zy)
which is equivariant with respect to the natural action of G(QP) on both sides.

The Weil descent datum waq, on the left-hand side corresponds on the right hand side to
(& 9) — (wa,p,, (&), wg), g€ Q)

where w, is the special element in G(Qp) for the uniformizer w, , .

Proof. By 20l Proposition 7.2.5], there is an isomorphism
(7.3.4) M, =5 (Qp,, Xsprop,, SPEOy ) x G'(Q,)/G(Z,)

which is equivariant with respect to the action of G (Qp) on both sides. By loc. cit., the Weil
descent datum way, relative to O, , on the left-hand side corresponds on the right-hand side
to

(579) — (WQ,Er,u(f)’w;g)’ g€ GI(QP)

We may multiply each wj.,, by a unit in KX in the v-component of wy., cf. Definition 7.3.1} By
[20, Remark 7.2.6], this does not change the assertion on the descent datum on both sides of
(7.3.4). By Lemma we may replace w]. by w, and the proposition follows. O

Now we can modify the main p-adic uniformization theorem [20, Theorem 7.3.3] in the following
way. Recall (A,¢, A\, 7P) € A,k (Fr). We define

(7.3.5) J(Q) = {a € Auty (A) [ a"(A) = (@), p(e) € Q*}.

Then J(Q) is the set of Q-rational points of an algebraic group J over Q such that J(R) is
compact modulo center and the Q,-points can be identified with J(Q,) from , cf. 20|
proof of Proposition 7.1.11]. Moreover J(Q) acts on G(Ay) as in [20} (7.3.6)] which defines an
isomorphism J(A}) ~ G(A%).

Theorem 7.3.5. There is an isomorphism of formal schemes over Spt Op |

~

Ar ke Xsptop,, SPEOp | =~ JQ\[(©r,, Xspt O,y SPf O ) x G(Qp)/G(Zy) x G(AR) /K.

For varying KY,, the isomorphism is compatible with the action of G(AIJZ) through Hecke corre-
spondences on both sides.

This isomorphism is compatible with the Weil descent data if we equip the right-hand side with
the Weil descent datum

(& h,9) — (wa.k,, (), weh,g) heG(Q,), geG(AR)
where w, is the special element ((7.3.2)) in G(Qp), for the uniformizer wy .

Proof. By [20, Theorem 7.3.3], we have the isomorphism
(7.3.6) Avico % SpEOp, = JQ\[(@r,, Xspron, SPLOp, ) % G/(Q))/C(Z,) x G(AT) /KL,
whose descent datum is given by

(57 h, g) — (wQ7E7“U (E)v w;"h7 g)'
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We can modify the v-component wy. ,, of w;. by a unit in O, for each banal prime v, cf. [20,

Remark 7.2.6]; and we can modify wy. , by a unit in Z,. By Proposition we can therefore
rewrite the descent datum as

(67 h, g) — (WQ7ET‘U (f)a wyh, g)'

Now we have an isomorphism

G(Q)/G(Zy) = G'(Q,) /G (Zy)

and the class of w, in G(Q,)/G(%Z,) is sent to the class of w’. in G'(Q,)/G'(Z,). The assertion
follows. 0

Using the isomorphism G(Q,)/G(Z,) ~ G(Q,)/G(Z,) as explained in [20, (7.3.10)], we have
the following isomorphisms

T@\[(Qr, Xsptor,, SPF O, ) x G(Qy)/G(Zy) x G(AF) /K]
~J(Q\(@Qr, Xspron,, SPfOp, ) x G(Qy)/G(Zy) x G(AF)/KE]
~J(@\(Qr,, Xspror,, SPEOs ) x G(As)/Kg].

In the resulting isomorphism
(737) -’ZEKG XSPfOET,I/ Spf OE'r',u ~ J(Q)\[(QFUO XSPfOFvO Spf OEr,u) X G(Af)/Kg]

the element w, induces a non-explicit automorphism of G(Q,)/G(Z,) (its vo-component is
not well-determined) and thus the descent datum of the isomorphism is non-explicit in this
formulation.

Choose an extension g : K — Q of ¢o : F — Q. We define a classical CM-type by
(7.3.8) ot =0 ={ptU{pe®|r, =2}

T T e,

Let Eg+ be the reflex field of ®*. We define E = Eg+¢o(K) = E,o(K).

We next explain that if we extend the isomorphism in to Spf Oy , then the descent
datum down to Og, becomes explicit. For this, we recall the semi-local special element w =
to+ g, () € Z%(Q,), relative to (®F, E,) for the uniformizer w, of E,, cf. Construction
For the next statement, we note that Z%(Q,) lies in the center of G(Q,).

Theorem 7.3.6. There is an isomorphism of formal schemes over Spf O ,

~

Ar i Xspios,, SPE O, = J(@QN[(Qr,, Xspror,, SPfOp,) x G(Qy)/Ka,p x G(AT) /KE]
= JQ\[(Qr,, Xspror,, SPEO ) x G(As)/Ke].

vQ
For varying K¢,, this isomorphism is equivariant for the action of G(A’;) through Hecke corre-
spondences on both sides.

This isomorphism is compatible with the Weil descent data down to Og, if we equip the right-
hand side with the Weil descent datum

(& . g) — (wo,p, (), 0h,g), heG(Q), g€ GA]).
Proof. We extend the isomorphism of Theorem @ to Spf Op, and obtain

Ak % Spf O, = J@\[(Qr,, Xspron,, SPEOg,) x G(Q,)/G(Z,) x G(A}) /KE].
This isomorphism is compatible with the Weil descent data if we equip the right-hand side with
the Weil descent datum
e,/ fEr
(&R, 9) — (wa,p, (£), wr h, g)
where w, is the special element given by (7.3.2)). Note that, regarding G(QP) as a subset
of Hvlp G‘v((@p)7 the vg-component of w, is given by up/®rv, where u € Z, is given by
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Nmg, /5, (W) = p/Erou, for any banal v. By Remark w, differs from wﬁi”/fEr’” by
a unit, for any banal v. Also Nmpg, /0, (Wy,) = pf®, up to a unit in Zy . 1t follows that the
above Weil descent is given by

(57 h7 g) — (WQ,EV (6)7 whv g>7
as claimed.
O

Remark 7.3.7. The above theorem is compatible with Theorem in the case of the CM-
type @+ = ‘b;ﬁw used above. More precisely, there is a commutative diagram compatible with
all the Weil descent data down to Og,,

(Ak )" Xsprog, SPEO, —— JQ\[(Qr,, xspror,, SPfOy ) x G(As)/Kg]

o |

-Ar,KG XSPfOEr,,, SpfOEV _~ J(Q)\[(QFUO XSPfOFUO SpfOEV) X G(Af)/Kc;].

Here the left-vertical map is the natural map "ZKE; — A, k. induced by (Ao, to, Ao, 4,1, A\, ) —

(A, ¢, A\, 77P) and the right vertical map is induced by the natural map from G to G, resp., from
J to J.

8. KRZ SHIMURA CURVES VS RSZ SHIMURA CURVES

Now we compare the Shimura curves in [20] that are associated to the group G of unitary
similitudes with the Shimura curves associated to G. Recall the exact sequence of algebraic
groups over Q,

1 —U—G5G, —1.
To make the connection between the moduli stacks .ZKé and Ak, we make the assumption
(8.0.1) Ky =KeNU(Ay), uKg)=7Z.
Then K¢ and Ky determine each other uniquely. Indeed, K¢ is the maximal open compact

subgroup of G(Ay) whose intersection with U(Ay) is equal to Ky.

We now pass to deeper level structures at places over p. For each place v | p of F, we consider
first the open compact subgroup K¢, C G,,(Q,) which is defined as the quasi-parahoric given
by Stabg, (Ay). We will assume that there exist places v which are banal since our deeper level
structures exist only in this case.

For the special prime vy we set K¢, , = Kg,v,. For each banal v, we choose an open subgroup
of K’é’v C Kg,,. We set

Gp=19="(9) € G(Q) | 9o € KG ,,, Vv | p}.
This says that u,(g,) is independent of v. We also introduce
(8.0.2) K5 ={(9) € Hvlpﬂ)#]o K&, | to(go) = ¢ € Z)), independent of v}.
This is a subgroup of

G (Qp) ={(9v) € H Gu(Qp) | tu(gv) = ¢ € Q,, independent of v}.

v|p,v#vo
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8.1. At the level of moduli problems over E,. Let r be a special CM type of rank 2 with
reflex field E, and let ®* be a classical CM type with reflex field Eg+. Let Egﬁ be the maximal

abelian extension of Fg+, and let Ef = E,.E%E’,, an abelian extension of £ = E,.Eg+.
Let Ky = K, - Ki;. Consider the following moduli problem A, x; on (LNSch/E,). It
associates to an E,-scheme S the set of isomorphism classes of tuples (4, ¢, A, 77) where all data

are the same as in Definition except that (3) is replaced by
(3") A K§-class 7] of K-linear similitudes

n: V(A) =5V @k Ag s

Here the rational Tate module is equipped with its natural anti-hermitian form arising by
contraction from its polarization form.

When KV, is sufficiently small, this moduli problem is represented by a projective scheme
Ak;, r which is the canonical model of the Shimura variety Shk; (G, Xg) over E. Let A([)AO]
be the coarse moduli space associated to the Deligne-Mumford stack Ag\o]. Therefore A%AO]

parametrizes the isomorphism classes of objects of A([)AO].

Proposition 8.1.1. There is an isomorphism

AKé’E X Spec B SPeC Ef ~ H Ak, B, XspecE, Spec Et.
Aol
Ay 21(Q)

In other words, over E*, the scheme JZK@,E becomes a disjoint sum of copies of Aky, E, -

Proof. Let (Ao, to, Ao) € AEAO](OEu). We fix an isomorphism '/T\(A(),Eu) — A¢ ®o, Ok. Since

all elements of A[OAO] are isogenous, all rational Tate modules of elements of AEAO] are identified
with Vo ® k Ak ¢. Therefore we obtain a morphism

(8.1.1) AK@,E XSpec E Spec Eu — -AKZ;,ET XSpec E,. Spec Eu.

It sends a tuple (Ao, Lo, Ao, 4, t, A, 7P) to (A, ¢, \, 7'P), where 7P : \A/'p(A) = V®KAI;{7JC is induced
from

0P VP(Ag, A) = Homp (VP (Ap), VP(A)) =5 V @k AL, = Homg (Vo, V) ®x Al .,

after identifying the source of the map with \71’(A) and the target with V ® i A% s- Indeed, by
hypothesis , the K7;"-class of 1P is well-determined by the K%—class of nP. Furthermore,
by the theory of complex multiplication, the Galois action of Gal(Q/Eg+) on A([)AO] (Q) factors
through its maximal abelian quotient, hence the action of Gal(Q/E*) on V? (Ag g:) is trivial.
Hence the Galois invariance of 7P follows from the Galois invariance of 7¥. Finally, the sign
condition (iii) from Definition for (A, ¢, A, 7’P) follows from the identities

inVZ (Ao’g7 LO,E) Ao)g, Ag, ls, Ag) = inV?; (Ag, Lz, )\g), invv(f/) = il’lVU (V)
Indeed, for instance, the last identity follows from the identity

NVoa V)=V A A2(V).

Since this construction is clearly functorial, we obtain the morphism (8.1.1). Letting (Ao, to, Ao)
vary through ABAO] (Q), we obtain the desired decomposition in the proposition. |
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8.2. At the level of moduli problems over O . Recall from [20, Definition 7.4.5] the
scheme Af(é over SpecOp, . To define it, we first define a functor ./Zl\’f(é on the category of

schemes S over Spf Op, . A point of Az Z;(S ) consists of the following data:

(1) A point (A, ¢, \,7P) of Ak, (S);
(2) A class i, of isomorphisms of p-adic étale sheaves

ny0 s Homg, (X3, A[p™]"°) — A™ = H A, mod Kg%,

v#vo,v|p
which respect forms on both sides up to a constant in Z, cf. [20, just before Proposition
7.4.10].

The morphism ﬁ’f(*c — JZKG forgetting the datum (2) (or its alternative version) is a finite

étale covering of formal schemes. Since we assume that K{, is small enough, Ak, is a proper
scheme over Spec O , - By the algebraization theorem, there is a unique finite étale morphism
of schemes over Spec Oy

(8.2.1) Af(*c — Ak Xspec Oz, Spec OEr,u’
. . * . A*
such that the p-adic completion of Aj. is Ak. .
Proposition 8.2.1. There is an isomorphism
Ak XSpecoy SpecOp = H Ak, Xspecoy, , SpecOp -
Aol
0 (Rv)

In other words, over Oy , the scheme ZK@ becomes a disjoint sum of copies of A 5

Proof. Note that the index sets in Propositions and can be identified, as follows from
the fact that .ABAO] is finite and étale over Spec Of,_, . Since both sides are proper over the base,

we may pass to the formal completions on both sides. Note that X{° can be identified with
Ag[p™]°, cf. (2.3.3). Hence n,° defines a CL-level structure, and this extends the isomorphism

of Proposition to Op . O

Part 4. Shimura curves for the unitary group
9. THE INTEGRAL LSV FOR THE UNITARY GROUP

Let F//Q, be a finite extension. Let K/F be a quadratic extension, and let U’ be a K /F-unitary
group of size 2 over F' which is anisotropic. Let U = Resp/q, (U’). We also fix an embedding

(pOSK*)@p.

9.1. Formulation of the result. Let ® be a local CM-type for K/F containing ¢o. We
define a conjugacy class of cocharacters p : G, g, — Ug, from ®T, as follows. Namely, we
characterize p by the composite

(9.1.1) G, = Ug, ~ [] GLlag,-
pedt

We demand that {x} has component (1,0) at ¢ and (0, 0) at all other components (as conjugacy
classes of cocharacters of GL3). The reflex field E(u) of p is the subfield of Q, fixed by

Gal(Qp/E(p)) := {7 € Gal(Qy/Qy) | 70 = po}-
It follows that E(u) is equal to ¢o(K) = K.

Let b € U(Q,) represent the unique element of B(U, "), which is basic. Let K¢ = U(Q,)
which is a maximal quasi-parahoric subgroup of U(Q,). When K/F is unramified, then K¢ is
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a parahoric; if K/F is ramified, then K{; contains a parahoric with index 2. By [22] we can

associate to the local Shimura datum (U, b, u, KY;), the integral local Shimura variety MLH,%K%'

This is a formal scheme over Spf OE(M) with natural descent datum to Spf Og,) = Spf Ok.

We introduce the following finite extension of K contained in Q,,

(9.1.2) E(po) =) Ey+ K,

PoEDT
(intersection of the join with K of the reflex fields of all CM-types ®" %+ of K containing ¢q).
We remark that when F' = Qp, then E(¢po) agrees with K.

The following is the main result of this section. The proof will be given in the next subsection.

Theorem 9.1.1. Let Miﬁ%’K% be the integral local Shimura variety associated to the datum
(U, b, 1, KY)) defined above. Then the Weil descent datum on M‘;tbK% is effective and defines
a formal scheme MK%,K%,OK over Spf Ok . There is an isomorphism of formal schemes over
Spf OE(@O),

M ke 0 XSpt0x SPEOR(pg) = QU Xspt o SPE Op(py)-
Remark 9.1.2. We recall from lines below Theorem that we conjecture that this
isomorphism is induced by an isomorphism of formal schemes over Spf Ox. When F = Q,,
then E(pg) = K, and the above isomorphism is simply
El,tb,K%,OK ~ QF XspfoF SpfOK.

In this case, the expectation is true.

9.2. Proof of Theorem [9.1.1} To prove the main theorem stated in the last subsection, we
introduce two more integral local Shimura varieties.

Let ®F be a local CM-type with ¢g € ®;. We define the torus T over Q, with
T(Q,) ={te K*: Nmg,/p(t) € Q;}

We consider the cocharacter pg : G, g, = Tg, obtained from the local CM-type @4 . Namely,
1o is defined so that the composite

@ @) c I, @)

is given by the diagonal embedding. Let Ey = E«Iﬁ be the reflex field of ®;. Let by € T(Qp)
represent the unique element [by] of B(T, pg ). Let K3 be the maximal compact open subgroup
of T(Q,). By [22] we can associate to the local Shimura datum (T, by, 10, K%) the integral local
Shimura variety Mi}fg,me%. This is a formal scheme over Spf O with natural descent datum
down to Spf Og,.

Let G = U x T. We obtain the cocharacter

=X fig: Gm”@p — é@p.
Also, let K% = K x K7.. Then b= (bby) € G(Q,) = U(Q,) x T(Q,) is a representative of
the unique basic element in B(G,z~1). By [22], we can associate to the local Shimura datum
(G, b, 1, K‘é) the integral local Shimura variety Mg% Koo & formal scheme over Spf Oy with
natural descent datum to Spf Op. Here E = EyK is ghe reflex field for this local Shimura
datum.

The integral local Shimura varieties Mint KS and M;%K are of PEL-type and therefore

10,bo

o

they are isomorphic to the corresponding RZ spaces, cf. [27, lecture 25]El Let us explain this

2Note that in loc. cit., the Weil descent datum is ignored.
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for M%’“’%’K%. We fix (V<) as in (5.0.1]) such that U’ = U(V). Let r = re; be the generalized

CM-type of rank 2, special wrt o5, defined by

re =2, ¢ €27\ {po}-

Then Mg% ., is isomorphic to MK% introduced in Definition |5.1.1 for the given ®; and r.
Similarly, Mi;?ot,bo,K% is isomorphic to Mks as in Definition|4.2.3] Note that £ = EgK = E, K,

where E, is the reflex field of the local CM-type r.

Proof of Theorem[9.1.1] The functoriality of integral local Shimura varieties [22, §2.4] furnishes
the following product decomposition

(9.2.1) M e = Milhicg,0, X50t05 Mg, k5,0,

with compatible Weil descent datum down to Og on both sides. Here, to simplify the notation,
we have indicated the base changes by the index Op (from O to O for the first factor, resp.
from Oy, to Oy for the second factor).

We have an explicit expression for the LHS of (9.2.1). Indeed, we have Mt o~ MK%.

fibK
Hence by Proposition [5.1.6] we have
(9.2.2) /M;%K%:(prsmop&ﬁOE)xﬂXQﬁ/K%,

o
G

where we used that é((@p) =U(Qp) x T(Q,) and K2 = U(Q,) x K%
We also have an explicit expression for the second factor on the RHS of (9.2.1). Indeed,
mMint bo, K5 = Mg so that, by Proposition , we have

Ho,
(9.2.3) i?;,bo,K% ~ T(Qp) /K-

Note that we have a commutative diagram of formal schemes over Spf O,

int ~ A
=~ e
M e My

(9.2.4) l l

int ~
M vo k.0, — Mks.0,-

Here the vertical map on the left is the projection morphism from (9.2.1f). The vertical map on
the right comes from the moduli description of MK%, cf. (5.1.11). Comparing the individual

factors of (9.2.1) with (9.2.2)) and using the fact that

(9.2.5) Mif;,bo,x%,oé ~ Mks o0, =~ T(Q,) /K7,

it follows from considering the vertical fibers of the commutative diagram (9.2.4) that we have
an isomorphism

(9.2.6) E%,K%,OE >~ QF XSpf Op Spf OE‘

By the equivariance of the vertical projections for the action of T(Q,) and the transitivity of
the action on the target, this isomorphism is independent of the fiber.

Moreover, this isomorphism is compatible with Weil descent data down to O on both sides. To
see this, we use the compatibility of the Weil descent data on the two sides of the isomorphism
(19.2.1))

int int ~OA o
jb K05 X8pf 0 Myt v, ks 0, — QF Xsprog SPFOp x T(Qy) /K.
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It follows that we have a commutative diagram

b, 05 <50t 05 Miiya, 5.0, (@ Xsprop SpEO) x T(Qy) /K5

8 -
in in (r8) ~ A o\ (TE)
(M ke .0, Xsptop Moy e 0.) — ((QF Xsptop Spf O) x T(Qp)/KT) ™,

where « is given by (&,&) — (wu g(&1),wr, E2(§2)), with wy g and wr g the natural Weil
descent data for le,tb,K%,O;; and Mi;?;,bg,x%,oé down to O, fmd where oy is given by (&,t) —
(wo,E(£), wt), with wo g the natural Weil descent datum for Qp Xgpro, Spf O and with w as
in the statement of Proposition Now the Weil descent datum wr g is given in terms of
the identification (9.2.3)) by t + w,,,7#/fEot, where wy, is the special element from Proposition
But @ and w,,’#/fe0 differ by a unit (both have K/F-norm pfZ, up to a unit), hence
have the same residue class modulo T(Z,,). Since the isomorphism (9.2.6) is independent of the
fiber, it follows that (9.2.6) is compatible with the Weil descent data, as claimed.

It follows that the descent datum on ME%,K%,OE down to Op is effective, defining the descended

formal scheme Mif,tb,K%,OE over Spf Og, and that the isomorphism (9.2.6) is induced by an
isomorphism of formal schemes over Spf Og

(927) Mif,tb,K%,OE >~ QF XSpfOp Spf OE

Now we let CID(J{ vary. We claim that we can descend the isomorphism to the smaller field
E(g). To prove this, it suffices to consider two such local CM-types, say ®§ and ®§’. Then
we obtain two local reflex fields F = EgK and E' = E[JK. Let L be the composite of E and
E'’. To establish our claim, it suffices to show that the isomorphisms from

Mi?,tb,K%,OE = QF XSpf Op Spf OE, resp. MEI,%,K%,OE/ =~ QF XSpf Op Spf OE/,
give rise via base-change to O, to the same isomorphism
ME%7K%7OL =~ QF XSpf Op SpfOL.
By our construction, this boils down to showing that the Weil descent datum on both sides of
M;{%)K%,OE ~ (U xsptor SPEOg) Xspro,, (T(Qp)/KT)o,,
(9.2.8) resp.
M;{%,K%’OE, ~ (Qp Xspror SPEOg) Xspt oy, (T(Qp)/KT)o,,
induce the same Weil descent datum on both sides of

(929) MEI%KON O+ = (QF ><SPfOF Spfof,) XSpfOi (T(Qp)/K%)Ot
L e 7

a,

On the left-hand side, this is clear. By Proposition the Weil descent datum down to Og
in the first line on the right-hand side of (9.2.8)) is given by

(&, 9) — (wo,e(§), weg), g€ T(Qy).
Here we recall wg = o, (@) is the special element relative to (®, E) for a uniformizer

wg of £ as in Construction A similar formula applies to the second line of (9.2.8))

and makes explicit the Weil descent datum down to Opgs, where we use the special element

Wgr = to+ p(we) relative to (®F', E') for a uniformizer wps of E. Note that the Weil
0

descent datum depends only on the image of w, in T(Q,)/K% for * € {E, E'}, which means
we can always modify the element w, by a unit in Og.

Let fr be the inertia degree of L. Then the descent datum induced on the RHS of (9.2.9) by
the first line of (9.2.8) is given by (&, g) — (WQ7L(£),{E£~L/ng), where fg denotes the inertia
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degree of E. Similarly, the descent datum induced on the RHS of by the second line
of is given by (&, g) — (wgﬁL(g),{DlJ;L,/fE'g), where fg/ denotes the inertia degree of E’.
It suffices to show that 117? e and @JJ;L, e Qiffer by a unit. This follows from the identities
Nmy,p(wg) = p/® and Nmg/p(Wg) = p’® (up to units) which imply

fL/fE) _ ~fL/fr
E

Nmg,p(w =pft = Nmg,p(wg; )

(up to units).
int
ks,

finite extension Op(,,) of Ok, which then induces a usual descent datum on M, K2 .05 ()

b, K, o
the finite extension Og,,) of Ok . This descent datum is in fact effective. Indeed, this follows
from the fact that the canonical bundle on the special fiber of Mt .

1,0, K3,0E (0)
the restriction to any finite type closed subscheme is ample). This latter fact is well-known for
Qr and follows from the fact that the quotient of Qg by a sufficiently small discrete cocompact
subgroup of PGLy(F) is a stable curve over O in the sense of Deligne-Mumford, comp. the
argument in the proof of [20, Theorem 7.3.3]. We obtain the formal scheme 12%7K%7OK with

the property in the statement of Theorem [9.1.1] O

At this point, we have proved the /effectivity of the Weil descent datum on K, down to the

for

is “ample” (i.e.,

10. p-ADIC UNIFORMIZATION OF SHIMURA CURVES FOR THE UNITARY GROUP

Now we consider the global case. Let K/F be a CM-field, with a fixed embedding g: K — Q.
We denote by wg the archimedean place of F' induced from the embedding F — Q. Let p be
a prime number and fix an embedding Q — @p. We denote by vg the p-adic place induced by
F— Qp. We assume that vy does not split in K. We will identify F' and K with their images

via ¢ in Q. .

Let U’ be a K/F-unitary group of size 2 and set U = Resp,g(U’). We assume that U], is
anisotropic. Consider the Shimura datum Xy given by the conjugacy class of homomorphisms
(1001) hUt RGSC/R(Gm) — U]R

that we define now. Fix a CM type ®* for K/F with ¢y € ®*. We choose for each p € & a
C-basis of V ®k , C such that the anti-hermitian form is given by diag(i- 1,.,, (=) - 1,,). Then
we can write

UwgQ=]],. GL/Q.
Correspondingly hy = (hy) et We set

(10.0.2) ho(z) = {diag(l, z[Z), ¢ =10

L ¢ # o
Then the reflex field E(U, Xy) of (U, Xy) is given by the fixed field of

Gal(Q/E(U, Xv)) = {7 € Gal(Q/Q) | 70 = ¢o}-
Therefore E(U, Xy) = ¢o(K) = K.

For an open compact subgroup Ky C U(Ay), there is a Shimura variety Shik,, (U, Xu) over
Spec K, whose complex points are given by

Shi, (U, Xu)(C) ~ U(@Q)\[Q2r x U(Af)/Kuy].

Note this Shimura variety is of abelian type but not of Hodge type. We denote by Shk, (U, Xu)x
the base change over K, , and analogously for any extension of K,,.

v

The goal of this section is to establish p-adic uniformization for this Shimura curve over an
extension of K.
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10.1. Construction of integral models. We take the open compact subgroup Ky of U(Ay)
of the form Ky = Ky ,-K{}, where K}, C U(N;) is sufficiently small. Let us write U, = URgQ,
and Up(Qp) =[], ), Us(Qp), where we denote by U, = Resp, /g, (U,) the corresponding unitary
group over Q,. Then we further impose that

(10.1.1) Kup =Ku, - Ky,

where Ku,o, = Uy, (Qp), and where K77, C [],,, Us(Qp) is arbitrary. Note that this class
of open compact subgroups is stable under conjugation by U(Q,). Note that Ky ,, is a quasi-
parahoric subgroup of Uy, (Q,) (recall that U, (Qy) is compact by assumption).

We first consider the case where
(10.1.2) Ky, =Ky, - [] K.

v#£vo
Here for v # vy we impose that Ky, , is a maximal parahoric subgroup of U,(Q,) which is
contained in the stabilizer of an almost selfdual lattice A, in V,,, cf. the Notation section in
the Introduction. Then Ky, , is a quasi-parahoric subgroup of U(Qyp). It is even a parahoric
subgroup if vg is unramified in K since then Ky; , is a parahoric.

We will assume the existence of the canonical integral model Axg of Shke (U, Xy) over Ok, .
This is a normal scheme proper and flat over Spec O K,, which admits a unique characterization,
cf. [2I, Conjecture 4.2.2]. When Ky, is a parahoric and p # 2, the canonical integral model
exists, cf. [7]. When K{ , 1s a quasi-parahoric or p = 2, the existence of the canonical integral
model seems still unknown. Compare also with Remark [10.1.2] below.

Proposition 10.1.1. There exists a unique extension Ak, of Shk, (U, Xv)k,, as a normal

flat Ok, -scheme, for every Ky of the form (10.1.1)), compatible with the transition morphisms
for varying Ky, such that the following two conditions are satisfied.

(1) For Ky = Ky, as in (10.1.2)), the model coincides with the canonical integral model.
(2) The transition morphisms Ak, — Ak, for Ky C Ky are finite étale.

Proof. The uniqueness is easy: for Ky C Kgj, we see that Ak, is the normalization of
Axe in Shk, (U, Xu)k,,. This defines Ak, for all sufficiently small Ky. If K, ¢ Ky
is a normal subgroup, then the action of Ky/K{; on Shk; (U, Xvu)k,, extends to Ak, and
Ak, = Ak, /(Ku/KY). This extends the definition of Ak, to all Ky. The same argument
also handles the existence. It remains to show that the transition morphisms are finite étale.
For this, we introduce two more Shimura varieties which are of PEL type.

Recall the CM-type ®* we used to define the Shimura datum (U, Xy). In analogy to the
local case (where we constructed the pair (T, ug)), we obtain a Shimura datum (Z9, X 40). Let
G = Ux Z%. We obtain the Shimura datum (é, X&), where hz = hy x hzo. The reflex field for
(é, Xg) is equal to E = Eg+ K. For the corresponding Shimura varieties we have the following
isomorphism over Spec F,

(1013) ShKé (é, X@) ~ ShKU (U,XU)E XSpec E ShKoz@ (ZQ, XzQ)E,
where we define
(10.1.4) K@ =Ky x K%Q.

We can identify the Shimura variety Shi (é,Xé) with the PEL type Shimura variety of
Definition m To this end, let (V,¢) as in such that U’ is equal the isometry group
U(V,s). Let r be the CM-type of rank 2, special with respect to ¢, such that its canonical
CM-type is given by ®*. Recall that this means r,, =73, =1 and r, = 2 for p € &\ {po}.
Then E = E, K. We obtain an isomorphism between Shx (é, X&) with the Shimura variety

.ZKé, g of Definition m
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The decomposition ((10.1.3)) extends to canonical integral models over Og,,

T A
(10.1.5) ‘AK%7OEV = AK%,OEV XSpecOp, .A([),(O)]Ey,

where K‘é = Ky x K%;. Here we denoted by an index the base changes Ox — Op,, resp.
Og,, — Og,, on the first, resp. second, factor on the RHS.

Remark 10.1.2. Let us clarify. We are assuming the existence of the canonical integral model
for Shk,, (U, Xu) over OKUO~ Since we are assuming that for v # vy, the open compact K%,v is
a parahoric stabilizer of A, it follows that Ky, , is a parahoric iff KY; ,, is a parahoric, which is
true iff vg is unramified in K. The existence of the canonical integral model for Shk (U, Xv)
over Ok, is known when K{; , is a parahoric and p # 2, cf. [7]. Thus our result is conditional
iff vg is ramified in K or p = 2.

On the other hand, the existence of the canonical integral models of the PEL-type Shimura
varieties Shx (G, X &) over Og, and of Shxe | (22, X z0) over Op, ., follows from [8, Theorem
4.2.3] (there is no assumption on the quasi-parahoric K, in loc. cit., nor is it assumed that p #
2). Furthermore, the canonical integral model of Shk . (G, X &) is equal to the p-integral model

.ZK% o of Definition [2.3.2] and, similarly, the canonical integral model of ShK;@ (29, X 40) is

OR,

equal to the p-integral model AEA(%]E of : Indeed, this follows from the construction in [8]
Theorem 4.2.3].

Now let Ky be arbitrary, and let Kz as in (10.1.4). We define integral models .%TKC:, of
ShKé(é,X &), together with their transition maps through normalization, just like for Ak,
starting with JZK%. Then these p-integral models coincide with those of Definition (use

the normality of those models). By the regularity of Ag_\(o)]E, we obtain a product decomposition

T A
(10.1.6) ‘AK@OEL, = -AKU,OE,, XSpecOp, Ag7(())]EV,
for any K5 = Ku x K%,. It follows from [20, §7.4] that the transition maps for /TK@ are finite
étale.

Let K{; € Ky. By the universal property of the normalization, we obtain a commutative
diagram of Og, -schemes, in which the vertical maps are the transition morphisms, and the
horizontal maps are the projection morphisms from the decomposition ((10.1.6)),

Ak’ 05, — Ax},.0p,

(10.1.7) l J

Ak .05, — Aky,05,

By the above, this diagram is cartesian. Since the left vertical map is finite étale, so is the right
vertical map. 0

10.2. p-adic uniformization of canonical integral models. In this section, we prove a
uniformization theorem, in the following form. Analogously to the local case, we introduce the
finite extension of K contained in Q,

(10.2.1) E(po) =) Egr+ K.

poED’t

Theorem 10.2.1. Let (AKU)A be the formal completion of Ak, along its special fiber, which
is a formal scheme over Spf Ok, . Then there exists an isomorphism of formal schemes over

Spt OE (o)., »
(AKU)A XSPfOKvO SpfOE(LPo)u ~ JU(Q)\[(QFUO XSPfOFUO SpfOE(tpo)u) X U(Af)/KU]
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Here Jy is an inner form of U which is compact at all archimedean places and is quasi-split
at vy and is locally isomorphic to U at all other places of F (note that by the Hasse principle
for adjoint groups, Jy is uniquely determined by these conditions). The action on the RHS is
through an action on QFUO via an identification of Ju vyad(Qp) with PGLa(F,,) and an action
on U(Af)/Ky.

Proof. We proceed in analogy to the proof of Theorem In the last subsection, we used
the fixed CM-type ®* which was used to define the Shimura datum for U. Now we vary this
CM-type. Let ®f be any CM-type with ¢y € ®;. As before, we define the torus Z@ with

Z%(Q) = {t € K* : Nmg,r(t) € Q*}

and use @7 to define a Shimura datum (Z9, Xz). Let Ey = E%Jr be the reflex field of ®.
Let K%, be the maximal compact open subgroup of Z%(Q). We obtain the Shimura variety
ShK}@ (Z%, X 40), with integral model .ABAO] over Ogp,.

Let G = U x Z?, with its Shimura datum X& = Xu x Xz. The corresponding reflex field is
E = EpK. As in the last subsection, we can identify the Shimura variety Shk (é, X&) with
-AVK% JE-

The identification (now for ®F instead of ®*) yields isomorphisms compatible with
changes in Ky

e A
(10.2.2) Ak 5,05, = AKy,05, XSpecOp, A([),gEu~

We have an explicit expression for the completion of the LHS along its special fiber. Indeed,
by Theorem [6.2.1] we have

(“ZKé)A XSpf Op,, SpfOVV ~ j(@)\[(ﬁpvg XspfonU SpfOEV) X é(Af)/Ké]

By Corollary [6.2.3} we obtain an isomorphism of formal schemes over Oy , with Weil descent
data down to Opg,,

(10.2.3)

(Axc,)" Xspt o, SPE O, = Ju(Q\[(Qr,, Xspton,, SPEO,) x Ulhy)/Ku] x ZUQNZUAy) /K.

We now want to compare the product decompositions of (10.2.2) and (10.2.3). We have an
isomorphism

(10.2.4) Agd, = Z%QN\Z(Af) /K,

and the second projections in ((10.2.2)) and ((10.2.3|) are compatible with this identification. It
follows from considering the fibers that we have an isomorphism

(10.2.5) (AKUvoE,,)/\ XSpf O, SpfOEV ~ JU(Q)\[(QFUO XspfonO SpfOE,,) X U(Af)/KU],

which, by the transitivity of the action of Z%(Ay) on both sides of (10.2.4)), is independent of the
fiber. It remains to compare the Weil descent data down to O, on both sides. The argument
is identical to the corresponding point in the Weil descent datum on the right hand side of
(110.2.3)) is given by multiplication by the special element w on the second factor as in Corollary
then one uses the transitive action of Z¢(Ay) and the fact that the isomorphism
is independent of the fibers.

Finally, we vary the CM-types. We have to compare the descent data for two CM-types ®
and @g ' containing ¢p. Again, the argument is identical to that in so we omit it. O
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