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1. INTRODUCTION

The subject matter of p-adic uniformization of Shimura varieties starts with Chered-
nik’s paper [6] in 1976, although a more thorough historical account would certainly
involve at least the names of Mumford and Tate. Cherednik’s theorem states that the
Shimura curve associated to a quaternion algebra B over a totally real field F' which is
split at precisely one archimedean place v of F' (and ramified at all other archimedean
places), and is ramified at a non-archimedean place w of residue characteristic p admits
p-adic uniformization by the Drinfeld halfplane associated to F,,, provided that the level
structure is prime to p. In adelic terms, this theorem may be formulated more precisely
as follows.

Let C be an open compact subgroup of (B ®p AY)

C=C"-Cy,

where Cy, C (B ®p F,)* is maximal compact and C* C (B ®r A%'")*. Let Sc be
the associated Shimura curve. It has a canonical model over F' and its set of complex
points, for the F-algebra structure on C given by v, has a complex uniformization

Sc(C) = BX\[X x (B@r AF)*/C],
where X = C \ R, which is acted on by (B ®p Fg)* via a fixed isomorphism B ~
GLy(R). B
Cherednik’s theorem states that, after extending scalars from F' to F,, there is an
isomorphism of algebraic curves over F,,,
Sc ®FFw:(BX\[Q%w x(B®FA%°)X/C)])®Fw F,, (1.1)

where B is the quaternion algebra over F, with the same invariants as B, except at v
and w, where they are interchanged. Here Q%w is the rigid-analytic space P}% “PY(F,)
over Fy, (Drinfeld’s halfspace). This isomorphism is to be interpreted as follows.

* of the form

Date: December 30, 2013.
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The rigid-analytic space B>\ [Q% x (B@p AF)*/C)] corresponds to a unique pro-
jective algebraic curve over Spec F,, under the GAGA functor. In the right hand side of
(1.1, we implicitly replace the rigid-analytic space by this projective scheme; extending
scalars, we obtain a projective algebraic curve over F,,. The statement of Cherednik’s
theorem is that there exists an isomorphism between these two algebraic curves over
Fy,.
Drinfeld [§] gave a moduli-theoretic proof of Cherednik’s theorem in the special case
F = Q. Note that it is only in this case that the Shimura curve considered by Chered-
nik represents a moduli problem of abelian varieties. Furthermore, Drinfeld proved an
‘integral version’ of this theorem which has the original version as a corollary. In his
formulation appears the formal scheme QzF over Spec OF, , with "generic fiber“ equal
to Q%w, defined by Mumford, Deligne and Drinfeld. In particular, he interpreted the

formal scheme ﬁ%w, and its higher-dimensional versions ﬁ%w as formal moduli spaces
of special formal Op, -modules, where B,, is the central division algebra over F,, with
invariant 1/n.

This integral uniformization theorem was generalized to higher-dimensional cases
n [28]. In these cases, one uniformizes Shimura varieties associated to certain unitary
groups over a totally real field F' which at the archimedean places have signature (1,n—1)
at one place v, and signature (0,n) at all others, and such that the associated CM-field
K has two distinct places over the p-adic place w of F'. (One has to be much, much more
specific to force p-adic uniformization, cf. loc. cit. pp. 298-315). Using these methods,
Boutot and Zink [3] have given a conceptual proof of Cherednik’s theorem for general
totally real fields, and constructed at the same time integral models for the corresponding
Shimura varieties. Such integral models were also constructed for general Shimura curves
by Carayol [4]. In this context also falls the work of Varshavsky [30, B1], which concerns
the p-adic uniformization of Shimura varieties associated to similar unitary groups, again
where the p-adic place w splits in K (but not the construction of integral models).

In this paper, we give a new (very restricted) class of Shimura varieties which admit
p-adic uniformization. For this class we prove p-adic uniformization for their generic
fibers and, in certain cases, also p-adic uniformization for their integral models. The
relevant reductive groups are defined in terms of two dimensional hermitian spaces
for CM fields and the corresponding Shimura varieties represent a moduli problem of
abelian varieties with additional structure. By extending the moduli problem integrally,
we obtain integral models of these Shimura varieties which allow us to formulate and
prove an ‘integral’ version of our uniformization result. Behind this integral version
of Theorem is our interpretation of the Drinfeld formal halfplane (AZ%, for a p-adic
local field F' and a quadratic extension K of I, as the formal moduli space of polarized
two-dimensional Og-modules of Picard type, established in a previous pape

The simplest example is the following. Let K be an imaginary quadratic field, and let
V be a hermitian vector space of dimension 2 over K of signature (1,1). Let G = GU(V)
be the group of unitary similitudes of V. For C' C G(A*) an open compact subgroup,
there is a Shimura variety She with canonical model over @Q whose complex points are
given by

She(C) ~ G(Q\[X x G(A™)/C],
where again X = C \ R, which is acted on by G(R) via a fixed isomorphism G,q(R) ~
PGLy(R).

Suppose that p is a prime that does not split in K and that p # 2 if p is ramified in
K. Suppose that the local hermitian space V ®q Q, is anisotropic and that C has the
form C = C? - C,, where C,, is the unique maximal compact subgroup of G(Q,). Let V

n [17], we excluded ramification in the case of even residue characteristic, and this restriction will
thus be in force in the present paper.
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be the hermitian space over K which is positive definite, split at p, and locally coincides
with V' at all places # oo, p, and let I = GU(V) be the corresponding group of unitary
similitudes. Then there is an identification of the adjoint group I,q(Q,) with PGL2(Q))
and an action of I(Q) on G(A>)/C.

Theorem 1.1. There is an isomorphism of algebraic curves over the completion of the
mazimal unramified extension Qp of Qp,

She ®g @, = (H(Q\[03, x G(A®)/C)) ®g, @y

Next we give a simplified version of our main theorem about integral uniformizatimﬂ
Let K be a CM quadratic extension of a totally real field F' of degree d over Q, and
let V' be a hermitian vector space of dimension 2 over K with signature (1, 1) at every
archimedean place of F'. Let G be the group of unitary similitudes of V' with multiplier in
Q. For an open compact subgroup C of G(A*), let She be the canonical model of the
corresponding Shimura variety, which, in this case, is a projective variety of dimension
d defined over Q.

Suppose that p is a prime that decomposes completely in F' and such that each prime
divisor p of p in F' is inert or ramified in K. If p = 2, then suppose that no p is ramified
in K. We assume that inv, (V) = —1 for all p|p. Let C? be an open compact subgroup
of G(A>P), and let C = C? - C,, where C), is the unique maximal compact subgroup of
G(Qy).

In section 4, we define a model M,., v (CP) of Sho over Z,) as a moduli space of al-
most principal CM-triples (A, ¢, ) of generalized CM-type (r, h) with level-CP-structure.
Here 7, = 1, for all complex embeddings ¢ of K, and the function h which describes the
kernel of the polarization A also has to satisfy the compatibility condition of Proposition
[42] In particular, we demand that the localization of the kernel of the polarization A
at any p|p satisfies

p- (Ker )\)p = (0),

|(Ker A)p| = {

p?>  when p|p is unramified, (1.2)

1 when p|p is ramified.

In addition, for each place v of F, the invariant inv, (A, ¢, A), defined in section 3, is
required to coincide with the invariant inv, (V) of the hermitian space V- see section
for the precise definitions. We denote by M, v (CP)" the completion of this model
along its special fiber.

Theorem 1.2. There is a G(A®P)-equivariant isomorphism of p-adic formal schemes
Mo v (CP) Xspez, SpfZy ~ IQN[((QF,)? xsprz, SPEZ,) x G(A®)/C] .

Here 1(Q) is the group of Q-rational points of the inner form I of G such that I,4(R)
is compact, Ia(Qp) ~ PGLa(Q,)%, and I(A®P) ~ G(A>P).

The natural descent datum on the LHS induces on the RHS the natural descent da-
tum on the first factor multiplied with the translation action of (1,t) on G(A*®)/C =
G(A>P)/C? x G(Qp)/Cp, where t € G(Qp) is any element with ord,c(t) = 1 for
c: G(Qp) — Q) the scale homomorphism.

In our general integral uniformization result, Theorem several other types of
local conditions are also allowed at the primes dividing p, conditions which we refer to
as uniformizing data of the second and third kind. Both of these are analogous to the
conditions already considered in Chapter 6 of [28]. On the other hand, the uniformizing
data of the first kind, as illustrated in the two examples just given, is new and arises

2Unexplained terms in the statement are defined in the main body of the text.
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from the identification of [I7]. This identification is valid for any p-adic field (with, as
usual, a caveat when p = 2). It is remarkable that, for the p-adic uniformization of
our class of Shimura varieties, only the case where all localizations F}, are equal to Q,
is relevant. This can be traced to the fact that, on the one hand the formal moduli
problem for ﬁ%p imposes that O, acts through the structure morphism on the Lie
algebra of the formal groups appearing, but that, on the other hand, the Lie algebras
of the relevant abelian varieties are very often free Op ® Og-modules, locally on S. In
fact, the latter condition holds if F is unramified over p and S is a flat O, -scheme. In
contrast, in Cherednik’s theorem there are no hypotheses on the local extension F,/Q,.
It seems very likely that our uniformization theorem is valid also for non-trivial local
extensions. This would require a generalization of our interpretation of the Drinfeld
formal halfplane in [I7]. Such a generalization is the subject of ongoing work with Th.
Zink, comp. Remark [5.5

In [28] a general uniformization theorem valid for arbitrary Shimura varieties of PEL-
type is proved. However, in this generality, one only obtains uniformization along the
basic locus in the special fiber. As soon as this basic locus has dimension strictly smaller
than that of the whole special fiber, the uniformizing formal scheme is no longer p-adic;
only when all points of the special fiber are basic can there be p-adic uniformization.
It is then a matter of experience that, in these very rare cases, the uniformizing formal
scheme is always a product of Drinfeld halfspaces. This is predicted in [25], and is also
supported by the classification of Kottwitz of uniform pairs (G, u), cf. [16], §6.

In this paper, we are dealing with p-divisible groups, say over an algebraically closed
field k£ of characteristic p, equipped with some complex multiplication and with a com-
patible polarization, and their associated Dieudonné modules. The (rational) Dieudonné
modules of these p-divisible groups inherit these additional structures. Here we treat
the theory of these Dieudonné modules with additional structure on the most elemen-
tary level, not on the group-theoretical level. This is in contrast to Kottwitz’s approach
where one first fixes a suitable algebraic group G over Q, and then describes these (ra-
tional) Dieudonné modules as elements of G(Wg(k)). We refer to [7], ch. XI, §1 for the
theory of augmented group schemes with values in the tannakian category of isocrystals
over k which links these two approaches. We feel that Kottwitz’s approach (or that of
augmented group schemes) would have been unnatural in our context, although it could
most probably be used as an alternative method to obtain our results. As an example,
one can compare the proof of Lemma [5.4] using our method, and the proof of the same
statement given in Remark using Kottwitz’s method. In particular, as G. Laumon
pointed out to us, it is quite likely that there is a close connection between the local
invariants defined in section [3| and the Kottwitz invariant of [I5].

In section 3 of [3], Boutot and Zink give a new proof of Cherednik’s theorem for an
arbitrary totally real field F' by embedding the Shimura curve attached to the quaternion
algebra B into a Shimura variety for a twisted unitary similitude group G* associated
to B and a CM quadratic extension K of F' (see section [8] for the relation between
quaternion algebras and twisted unitary similitude groups). Their proof is analogous
to Drinfeld’s proof in the case F' = Q, in that the Shimura variety for G*® represents
a moduli problem of abelian varieties. In fact, this moduli problem has an integral
extension, which provides a natural integral model; by (a slight generalization of) the
results of [28], one obtains an integral p-adic uniformization theorem. It is essential in
this construction that the prime p of F' at which uniformization occurs is split in the
extension K/F and ramified in B. In particular, the quaternion algebra S = B®r K
remains a division algebra so that the group G* is a twisted unitary similitude group.
The groups G that we consider in the present paper are analogously determined by an
indefinite division quaternion algebra B and a CM extension K of F. However, the
essential distinction is that, in the case of a uniformizing prime p of the first kind, we
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assume that p is ramified in B but does not split in K. In fact, for simplicity, we have
restricted to the case in which the extension K splits B, so that our group G is the
(untwisted) group of unitary similitudes of a 2-dimensional hermitian space V over K.
By embedding the Shimura curve into the Shimura variety attached to G, it should be
possible to carry over the Boutot-Zink proof of Cherednik’s theorem using our type of
uniformization.

In general, suppose that G is the twisted unitary similitude group attached to an
indefinite division quaternion algebra B and a CM field K over F with associated
Shimura data determined by h as in . For a suitable open compact subgroup C, the
corresponding Shimura variety then represents a moduli problem for abelian varieties
and one expects that it will admit a good integral model and p-adic uniformization,
both integral and rigid analytic, under the conditions described in section 6 of this
paper (with the generalization of the notion of a uniformizing prime of the first kind
explained in Remark . Of course, there are many other Shimura data, for example
those of Cherednik, that induce identical Shimura data on the associated adjoint groups.
The resulting Shimura varieties are by no means identical (recall the difference between
Shimura varieties of Hodge type and Shimura varieties of abelian type); however, it
should be possible to obtain integral models and p-adic uniformization for them by
pullback from those for G. For the methods employed here and in [3], the (twisted)
unitary similitude groups are the fundamental objects.

The Cherednik-Drinfeld uniformization theorem was used in arithmetic applications,
like level-raising, resp. level-lowering of modular forms and also in bounding the size of
Selmer groups, cf. [27], esp. §4, and [26], [20]. It is to be hoped that similar applications
can be found for our uniformization theorem.

We finally summarize the contents of the various sections. In section 2 we introduce
the stack of CM-triples of a fixed generalized CM-type of arbitrary rank. In section 3 we
introduce the local invariants, with values in {£1}, of a CM-triple, one for each place,
when the rank is even. An interesting question that arises in this context is when these
local invariants satisfy the product formula, cf. Question[3:4f We then specialize to rank
2, and show in section 4 that fixing the local invariants gives a decomposition of the
stack of almost principal CM-triples into stacks with good finiteness properties, and with
generic fiber equal to a Shimura variety. In section 5 we consider the local situation, i.e.,
consider p-divisible groups instead of abelian varieties, and exhibit conditions on local
CM-triples that guarantee that they are all isogenous to each other and supersingular.
In section 6, the results of section 5 are then used in order to prove an integral p-adic
uniformization theorem. In section 7 we give a rigid-analytic uniformization theorem,
which allows us to also treat level structures that are no longer maximal at p. The ap-
pendix, section 8, explains the relation between quaternion algebras and twisted unitary
similitude groups.

We thank J. Tilouine for raising the question of the global consequences of our local
theorem in [I7]. This paper arose in trying to answer his query. We also thank the
referee for his remarks.

Notation.

For a number field F, X(F) (resp. X;(F'), resp. Yo (F)) denotes the set of places
(resp. finite places, resp. infinite places). By Q we denote the field of algebraic numbers
in C. For any p-adic field F, we denote by F' the completion of the maximal unramified
extension of F', and by O its ring of integers. For a perfect field k, we write W (k) for

its ring of Witt vectors, and W (k)q for its field of fractions.

2. GENERALIZED CM-TYPES

Let K be a CM-field, with totally real subfield F'.
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Definition 2.1. Let n > 1. A generalized CM-type of rank n for K is a function
r: Homg(K,Q) — Zso, ¢ 14,

such that -
r, +73 =n, Vo€ Homg(K,Q).

We note that the values of r are integers in the interval [0,n]. For m = 1, this
notion reduces to the usual notion of a CM-type for K, i.e., a half-system of complex
embeddings. The notion is equivalent to that of a effective n-orientation of K discussed
n [13], V. A, p. 190.

A generalized CM-type r determines its reflex field, the subfield E = E(r) of Q
characterized by

Gal(Q/E) = {0 € Gal(Q/Q) | roop = 1y, Y}
We will be interested in abelian varieties with action by Ok such that the Og-action
on the Lie algebra is given by a generalized CM-type.

Definition 2.2. Let r be a generalized CM-type of rank n for K with associated reflex
field E. An abelian scheme A over an Og-scheme S is of CM-type r if A is equipped
with an Og-action ¢ such that, for all a € O,

char(T,u(a)Lie A) =i(  [[ (T —¢(a)™), (2.1)

peHom(K,Q)

where i : O — Og is the structure homomorphism (Kottwitz condition).

It will sometimes be convenient to fix a CM-type ® C Homg(K, Q) and to express
the function r as a signature

((rv, 8v))vena () Ty =Tg, Sy =Tg, @ =@y €. (2.2)
Here ¢ = ¢, induces the place v € ¥ (F). In particular, we will sometime refer to
as the signature condition.

Let (A, ) be an abelian scheme of CM-type r over an Og-scheme S. We will consider
polarizations A : A — A such that the corresponding Rosati-involution induces the
complex conjugation on K. Such triples (A, ¢, \) will be called triples of CM-type r, and
K will be clear from the context.

Let M,. be the stack of triples of CM-type . We note that M. is a Deligne-Mumford
stack locally of finite type over Spec Og, where E = E(r) is the reflex field of the gen-
eralized CM-type r. However, it is highly reducible. We will try to separate connected
components by introducing additional invariants. In fact, we will be mostly interested
in triples of the following kind.

Definition 2.3. A triple of CM-type r is almost principal if there exists a (possibly
empty) finite set Ny of prime ideals ¢ of K, all lying above prime ideals of F' which do
not split in K/F, such that, setting n = quNo q, we have

Ker A C Afe(n)].
3. LOCAL INVARIANTS

Let r be a generalized CM-type of rank n for the CM-field K. In this section we
assume that n is even.
We first suppose that S = Speck, where k is any field that is, at the same time, an
Og-algebra. To a triple (A, ¢, \) of CM-type r over S, we will attach a local invariant
inv, (A, ¢, )\)h € F/Nm(K))
for every place v of F. In addition, we let
invy (A, 1, ) = xo(invy (4, 1, \)f) = +1,



NEW CASES OF p-ADIC UNIFORMIZATION 7

where x, is the character of F¢ associated to K,/F,. In particular, if v is non-
archimedean and split in K, then the invariant is trivial.

a) Archimedean places. If v is archimedean, we set
invy(A, 1, \) = invy (A, 1, \)f = (—1)”""”("_1)/2.

Here ¢ is either of the two complex embeddings of K,. Recall that n is even. Note
that the factor (—1)"("~1/2 is included in analogy with the standard definition of the
discriminant of a quadratic or hermitian form. There it is included so that the discrim-
inant depends only on the Witt class of the form, i.e., does not change if a hyperbolic
plane is added.

b) Non-archimedean places not dividing char k. Let v|¢. We fix a trivialization of the
{-power Toots of unity in an algebraic closure k of k, i.e. an isomorphism Z,(1); ~ Z,.

Let V4(A) be the rational ¢-adic Tate module of A. Then V,;(A) is a free K @ Q-
module of rank n. Due to the trivialization of Z,(1)z, the polarisation A determines an
alternating bilinear form

(ox  Ve(A) x Ve(A) — Qo (3.1)
satisfying
<L(a)$7y>A = <l', L(d)y>)\ ’ ac OK (32)
According to the decomposition F' ® Q, = wa F,, , we can write
Vi) =P, , VulA). (3.3)

where V,,(A) is a free K,,-module of rank n. We can write

<7>)\ = Zwlé Ter/Qz<7 >)\.,w N (34)

where (, ) is an alternating F),-bilinear form on V,, (A). Now K, is a field by assump-
tion. Let 6, € K with §, = —J,. Then we can write

<x,y>>\,v = TI'KU/FU (5;1 : (x’y)v) ) (35)

for a unique K, /F,-hermitian form (-, ), on V,(A4).
We then define the local invariant at v as the discriminant of the hermitian form,

inv, (A, e, \) = disc (, ), € F)/Nm(K ). (3.6)

Recall that

disc (, )y = (=1)""V/2 det((xi, x;),) € FX/Nm(K)), (3.7
where {z;} is any K,-basis for V,,(A). This is well-defined, independent of the auxiliary
choices made. Indeed, any two choices of §, differ by an element in F* and a different
choice changes the discriminant by a factor in F,*" C Nm(K ) (recall that n is even).
Similarly, a different trivialization of Z,(1)z leaves the discriminant unchanged. We also
note that inv, (A, ¢, A) is unchanged after any base change k — k.

Note that inv,(A,¢,A\) = 1 for almost all places. More precisely, suppose that v|¢
where £ is an odd prime that is unramified in K and ¢ does not divide |Ker (A)|. Then
the Tate module T;(A) C V;(A) is a free Og ®z Zy-module of rank n and is self dual
with respect to (, ). Taking §, to be a unit, we obtain a unimodular hermitian lattice

Ty(A), in V,(A), and hence disc( , ), is a unit and hence a norm.
¢) Non-archimedean places dividing p = char k. Let v|p. Let k be an algebraic closure
of k, and let M = M(Aj) be the Dieudonné module of the abelian variety Ay = A®, k.

Then Mg = M ®zQ is a free K ®z W (k)-module of rank n, with the o-linear Frobenius
operator . Under the decomposition F ®qg Q, = Hw‘ v F,,, we obtain a decomposition

M@ = ®w|p MQJU )
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where Mg, is a free F,, Rz, W (k)-module of rank 2n, stable under the Frobenius. In

particular, for our fixed v, Mg, is a free K, ®z, W(k)-module of rank n. As in the
¢-adic case, Mg,y is equipped with a hermitian form

(,)U : MQJJ X M@yv — K, ®Zp W(/_f) ,
which, in this case, satisfies the additional condition
(E%Ey)v :P(%y)g P VfE,yE MQ,U'
Let

n

N@ﬂf = /\ MQ,U .
KU®ZPW(E)

Then Ng,, is a free K, ®z, W (k)-module of rank 1, equipped with a hermitian form
(;)v : N@m X N@ﬂ) — K, ®Zp W(];‘)

satisfying

(Lz, Fy), =p" - (2,9)7 -
Furthermore, Ng,, is an isoclinic rational Dieudonné module of slope 5. Since n is even,
there exists xg € Ng,, with Fxg = p? - x¢, such that zo generates the K, ®z, W (k)-
module Ng ,. From

p" - (20, m0)0 = (p¥ 20, p¥ w0)0 = (Fx0, F0)y = p" - (20, 20)7 ,
it follows that (xg, ), € F;. The local invariant is the residue class
inv, (A, 1, A)* = (=1)"""D72 (2g,20), € F) /Nm(K)).

It is easy to see that this definition is independent of all choices, i.e., of the algebraic
closure k of k, of the scaling ¢, of the hermitian form (,),, and of the choice of the
generator zo of Ng ., above.

Remark 3.1. The invariant at a p-adic place is analogous to Ogus’s crystalline dis-
criminant, cf. [21].

Proposition 3.2. Let (A,i,\) € M,(S), where S is a connected scheme. Then for
every place v of F, the function

s +— invy, (As, Ls, As)
18 constant on S.

Proof. The assertion is trivial for archimedean places and for places split in K. It is
obvious for places over ¢ invertible in Og because then the f-adic Tate module V;(A;)
is the fiber of a lisse ¢-adic sheaf on S. The triple (A, ¢, \) is defined over a scheme of
finite type over Spec Z, hence we may assume that S has this property. In addition, we
may assume that S is reduced. By the previous remarks, we are done if S is of finite
type over Spec Q.

Now suppose that p- Og = 0 and that v|p. Then we may assume that S is a scheme
of finite type over an algebraically closed field k, and then further that S is a smooth
affine curve. But then we may choose a lifting (T, Fry) of (S, Fs) over W (k) and consider
the value H of the crystal of A on the PD-embedding S < 7. Then the Dieudonné
module of the fiber A, at a point s is equal to the fiber at s of H, and the invariant
inv,(As, ts, As) depends on the value at s of a section of a lisse Z,-sheaf on S, defined by
the analogous procedure as above, replacing W (k) by Op. Hence it is locally constant
in this case.

Finally, assume that S is flat and of finite type over Spec Z. By what precedes, we
have to prove that inv, remains unchanged under specialization along a DVR, of unequal
characteristic (0,p) when v|p. Thus let O be a complete DVR with residue field &k of
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characteristic p and fraction field L of characteristic 0. Let (A,7,\) be a CM-triple
of type r over O lifting (A, ¢, \) over k. By p-adic Hodge theory, there is a canonical
isomorphism
Vp(AL) ®q, Berys ~ M(A)q ®W (k)q Berys s (3.8)

compatible with all structures on both sides, in particular, with the Frobenii, with the
K-actions on both sides and with the polarization forms, cf. [10[29]. Here Beys denotes
Fontaine’s period ring, cf. [I1]. Moreover, after extension of scalars under the inclusion
Berys C Bgr, this isomorphism is compatible with the filtrations on both sides.

Decomposing both sides with respect to the actions of F' ® Qp, we obtain, for any
place v|p of F' that does not split in K, corresponding isomorphisms of K,-modules

Vio(Ar) ®q, Berys = M(A)gv @w (k)q Berys »

where V,, (121 ) is the summand of Vp(fl 1) corresponding to v in the product decomposi-
tion F' ®q Qp = lep F,,, and where the other notation is taken from the definition of
the local invariant at v, given in ¢) above.

Let S, = /\?(U M,(AL) . Then we obtain an isomorphism between free K, ®q, Berys-
modules of rank one,

Sy XqQ, Berys ~ No,w OW (k)g Berys - (3.9)

Now we saw in the course of the definition of inv,(A, ¢, A) above, that Ng, = No,»(5),
where Ny, is a multiple of the unit object in the category of filtered Dieudonné modules
(even as a filtered Dieudonné module). Untwisting and taking on both sides of
the subsets in the 0-th filtration part where the Frobenius acts trivially, we obtain an
isomorphism of Galois modules
n
oF
where Ny, is the Galois representation corresponding to N ,, cf. [I1]. By the func-
toriality of this isomorphism, it is compatible with the hermitian forms on these one-
dimensional K,-vector spaces. It therefore follows from the definition of the local in-
variant that

S»U ~ NO,’U(

inv,(4,t,A) = inv, (([l, Z S\)L) . (3.10)
(|

Remark 3.3. The last part of the proof above is analogous to the proof in [I5] that
the Kottwitz invariant is trivial.

Question 3.4. Let k be any field and consider a CM-triple (A4, ¢, A) € M,.(k). When is
the product formula satisfied,

Hian(A, L) =17
Note that one can suppose in this question that k is algebraically closed. This question
looses its sense when the generalized CM-type cannot be read off from (A,¢,\). This
happens for instance when F' = Q and char k = p, where p ramifies in K, cf. [23]. Indeed,
in this case the two Q,-embeddings of K into Q, induce identical homomorphisms from
Ok into k, and hence the generalised CM-type for (A, ¢, \) can be changed arbitrarily,
without violating the Kottwitz condition (2.1).

Proposition 3.5. The product formula is satisfied in the following cases.

(i) If char k = 0.

(ii) If char k = p > 0, and (A, ¢, A) can be lifted as an object of M, to a DVR with residue
field k and fraction field of characteristic zero. More generally, the same is true if there

exists an O -linear isogeny o : A’ — A, such that A’ can be lifted to characteristic
zero in the previous sense, compatible with the isogeny action K — End(A’) ® Q and
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the polarization o*()\) of A', provided that A’ is of generalized CM-type v with r{, =
ry mod 2, V.

Proof. The condition on the generalised CM-type in (ii) makes sense since in character-
istic zero K acts on the Lie algebra, and the CM-type of the Lie algebra can be read off
from this action of K.

Let us first prove (i). We may assume first that k is a field extension of finite type of
@, and then, by the invariance of our definitions under extension of scalars, that k£ = C.
Then the first rational homology group U = H; (A4, Q) is equipped with an action of K
and a symplectic form (, ) which, after extension of scalars to Qg, gives the ¢-adic Tate
module of A. Fix § € K and its associated standard CM-type ® as in the beginning
of the next section. By the same procedure as above, U is equipped with a hermitian
form (, )y, comp. also below. Let inv, (U) be the local invariants of this hermitian
vector space, comp. loc. cit. They satisfy the product formula. By the compatibility
with the ¢-adic Tate modules, it follows for any v € X ¢(F) that inv,(U) = inv, (4, ¢, ).
To complete the proof, we have to see that, for any archimedean place v, we have
inv, (U) = (—=1)7+n(n=D/2 i e that sig(U, (, )v) = ((ry,73))pece. This is proved in
the next section, right after .

Now let us prove (ii). Let (A, 7, A) be a CM-triple of type r over a DVR O with residue
field k and fraction field L of characteristic 0 lifting (A, ¢, \). Then by Proposition
for every place v,

inv, (4,6, \) = inv, (4,5, \)r) . (3.11)

Now the product formula for (fl, Z, S\)L, valid by (i), implies the assertion.
The addendum in (ii) follows easily by observing that the local invariants only depend
on the isogeny class of the CM-triple in the sense made precise in the statement. O

Corollary 3.6. Let k be a field of characteristic p > 2 such that the CM field K
is absolutely unramified at p. Then the product formula is valid for any CM-triple
(4,1, ) € My (k).

Proof. This is a consequence of Gortz’s flatness theorem [12] which implies that any
such CM-triple can be lifted to characteristic zero. O

4. FORMULATION OF THE MODULI PROBLEM

In this section we fix a CM-field K with totally real subfield F' and an element § € K*
with 6 = —4. This element determines a (standard) CM type ® by the condition

® = { ¢ € Homg(K,Q) | Im(¢(d)) >0 }.

Let r be a generalized CM-type of rank 2 with reflex field E = E(r). We also fix a
function h on the set of prime ideals of F',

h:Xp(F)—{0,1,2}, pw hp, (4.1)

with finite support contained in the set of prime ideals that are non-split in K/F. We
also sometimes write hq for hyp, where q denotes the prime ideal of K over p, and we
let

n=n(h) = H q.
q
hq#0
Definition 4.1. Given data (K/F,r,h), let M, j, be the DM-stack over (Sch/Og) with
M, 1, (S) = category of triples (A,¢,\) of CM-type r over S,

satisfying the following condition,
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The triple (A, 1, \) of CM-type r is almost principal with Ker A C A[c(n)] and
Ker Al =] N(q)". 4.2
Ker A = [T N (4.
Here N(q) = Ok /ql-

This DM stack is not connected. We further decompose it as follows. Let (V, (, )V)
be a hermitian vector space of dimension 2 over K such that V ®g , C has signature
(ry,ry), for every ¢ € ®. Note that this is consistent with . We introduce the DM
stack M, j, v of triples (4,¢, ) € M,.j, such that

inv,(A,¢,A) =inv,(V), Vve X(F). (4.3)

By Proposition @ this is an open and closed substack of M, ;. Note that the stack
M, v may be non-flat at certain places v of E. Let v lie above a prime number p.
Then non-flatness can occur if p ramifies in K, or if p is divided by prime ideals of F' in
the support of h.

Let G be the group of unitary similitudes of V' with similitude factor in Q, i.e., the
linear algebraic group over QQ, with values in a Q-algebra R given by

G(R) = {g € GLrer(V ®q R) | (gv,gw) = c(g) - (v,w), c(g) € R*}.
In particular, if we let
Po={pe®|ry,=al},
thenl
G(R) ~ ( I[[ v,y x [ cuE )
PED, PEDL,UD 0

where the subscript 0 denotes the subgroup for which all the scale factors coincide. For
S = Resc/rGm, let

h:S — G, h:zr— (h,(2))pca, (4.4)
where
(Z _> for ¢ € ®q,
z
h,(z) =
Ap( ) 2'12 fOI‘(,DG(pg7
z-1s for p € Py.

Note that coh(z) = |z|2. Also note that the image of the scale map is

R* if &5 U P is empty, and
c(GR)) = {

R%, otherwise.
We let G(R)* be the subgroup of G(R) for which the scale is positive.

Proposition 4.2. Assume that all finite places v of F' with v|2 are unramified in K/F.

(i) The set M., v(C) of complex points of the moduli space M, v is non-empty if and
only if the following compatibility conditions between the function h and the invariants
of V' are satisfied.

(1) If hp, =0 and v is inert in K/F, then inv, (V) = 1.

(2) If hp, =2, then inv, (V) = 1.

(3) If hp, =1, then v is inert in K/F and inv, (V) = —1.

3 We take the hermitian form on C2 to be diag(1, —1) for the ®; factors and £1o for the other
factors.
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(i) In this case My p v ®0, C is the Shimura variety Sho (G, X) associated to the pair
(G,X), where X is the G(R)-conjugacy class of homomorphisms h : S — Ggr given by
, and where the compact open subgroup C of G(A>) is the stabilizer of an O -lattice

in V satisfying conditions @ and mn Lemma below.

Proof. Let (A, ¢, \) be a CM-triple of type r over C. Then U = H;(A,Q) is a 2-
dimensional K-vector space, and the Riemann form determined by A is an alternating,
Q@-bilinear form (, ) : U xU — Q such that (c(a)z,y) = (x,1(a)y), for all a € K. There
is then a unique K-valued hermitian form ( , )y on U such that

(z,y) = tr k(0 (z,9)v), (4.5)

where § = —0 € K* is the element fixed at the beginning of this section. For each place
v of F', the hermitian space (U, (, )v) has invariant

ian(Uv ( ) )U) = Xv(f det((uivuj)U)) S {i1}7

where {u,us} is a K-basis for U and x,(z) = (62, z), is the quadratic character associ-
ated to K, /F,. Here (a,b), is the quadratic Hilbert symbol for F,,. By the compatibility
of the Qg-bilinear extension of the Riemann form and the form arising from the
WEeil pairing and by , we have

inv, (U, (, )u) =inv, (A4, ¢, A) =inv,(V, (, )v), (4.6)
for all finite places v. On the other hand, under the isomorphism
Lie(A) < UgqR = [[ Uer.R, (4.7)
vEX & (F)

the complex structure on Lie(A) induces a complex structure J on U ®g R which
preserves each of the factors on the right. On the v-th factor on the right side of (4.7]),
there is a complex structure

Js = 1(0) ® Ngyp(6)y 2.
Recall that Ng,p(0) is totally positive. The signature condition (2.2) implies that, for
p€®, Js =J when r, =2, Js = —J when r, = 0, and Js has eigenvalues +i on
(U ®Fy R, J) when r, = 1. From this it follows that the signature

Slg(Uv ( ) )U) = ((Ttpvrtﬁ))tpéi’
coincides with that of V. Together with (4.6)), this implies that there is an isometry

n: U 5 V of hermitian spaces over K. Via 1 and (4.7), the action of C* on Lie (A)
yields a homomorphism h4 : S — Gg. It is conjugate by G(R)™ to the homomorphism

h defined by (4.4).
Next, we must take into account the almost principal condition (i) in Definition

which amounts to the following. For convenience, we write (, )y of the hermitian form
on V.

Lemma 4.3. (i) Let L = H,(A,Z) C U with dual lattice LV with respect to ( , ). Let
M =n(L), resp. MY =n(L"), be the image of L, resp. LY, under n. Then M and MY
are Ok -lattices in V' satisfying the conditions
Mc MY cntM, (4.8)

and

2 v = T N (19
Furthermore,

MY ={zeV| 6z, M)y COg'},

with Ok the different of K/Q.
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The subgroup
G(A®)" ={geGA®) | c(g) €2 }
of G(A™>) acts on the set of such lattices.

(i) Assume that all finite places v of F with v|2 are unramified in K/F. Then, for any
finite place v of F, a lattice in V, satisfying the local analogues of @ and (@ 18
unique up to isometry. In particular, the isometry group U(V)(F,) acts transitively on
the set of such lattices.

Proof. For a finite place v € X;(F) of F, choose 6, € K such that §, = —¢, and
0,0k, = Ok . Note that, for almost all places, we can take 6, = §. Then the lattice
M, in V,, has dual lattice

(MV)’U = { zeV | 5’05_1(x7M’U)V C OK,'U };

with respect to the hermitian form h, := §,671( , ). Note that the 2-dimensional
hermitian spaces (V,, hy) and (V,,, (, )v) are related to each other by scaling and hence
are isometric. Now apply the local theory of hermitian lattices.

If hp, = 0, then n, = Ok, so that M) = M, and M, is unimodular with respect
to hy. If v is split in K/F, there is a unique 2-dimensional hermitian space V,,, and a
self dual lattice M, in it is unique up to isometry. If v is inert in K/F, then the space
(Vu, hy) is split and the lattice M, is unique up to isometry, [I4], Theorem 7.1. If v is
ramified in K/F (and hence non-dyadic by our assumption), the isometry class of M,
is determined by det(M,,) € F,*/Nm(K ‘), [14], Proposition 8.1 (a). But since the class
of V, is already fixed, it follows that there is a unique isometry class of self-dual M,,’s
in V,.

Next suppose that hp, = 2, so that M) = 7TI_<11}MU and M, is mg, -modular. Note
that, by our assumption about the support of the function h, the case where v is split
in K/F is excluded. If v is inert in K/F, then the lattice M, is unique up to isometry,
[14], Theorem 7.1, and the space V,, is split. If v is ramified in K/F, then the existence
of a 7, -modular lattice implies that V;, is split and, again, the lattice M, is unique up
to isometry, [14], Proposition 8.1 (b).

Finally, suppose that hp, = 1. In particular, M, is not modular and has a Jordan
decomposition of type (1) ® (7x, ). If v is inert in K/F, it follows that V,, is anisotropic
and that M, is unique up to isometry, [14], Theorem 7.1. On the other hand, if v is
ramified in K/F, and hence non-dyadic, there are no mx, -modular lattices of rank 1,
[14], Proposition 8.1. so that the condition hp, = 1 cannot occur for ramified places
. (]

The previous lemma and its proof imply that the conditions (1)—(3) in Proposition
4.2 (i), are equivalent to the existence of an Ok-lattice M in V satisfying and
(4.9). We fix such a lattice and let C' C G(A™) be its stabilizer. Note that, by the
lemma, ¢(C) = ¢(G(A*)Y) and the set of all lattices in V satisfying and
can be identified with G(A>)?/C. Let X* be the G(R)" conjugacy class of h. The
pair (ha, M) € X+ x G(A*)?/C depends on the choice of isometry 1. Removing this
dependence, we have a map

M, v(C) — UV Q)\XT x G(A®)Y/C = G(Q)\X x G(A™)/C. (4.10)

Here note that ¢(G(A%)%) = Z* and that ¢(G(Q) N G(A®)%) = 1 if ¢(G(R)) = R’ and
+1if ¢(G(R)) = R*. It is easily checked that (4.10) is surjective and induces a bijection
on the set of isomorphism classes on the left hand side. O

Remark 4.4. M, v ®o, E is the canonical model in the sense of Deligne of the
Shimura variety She (G, X), but we will not stop to show this here.
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Remark 4.5. We will also use the following variant of M, y. We fix a prime number
p and an Og-lattice M in V satisfying and , and let C%, C G(A>?) be the
stabilizer of M ® ZP in G(A®P). Let CP C G(A°P) be an open compact subgroup
which is a subgroup of finite index in Cﬁ\’/[. Let OE(p) be the localization of O at p.
The variant M, v (C?) is the stack over (Sch/Og,, ) which, in addition to (A, \)
satisfying conditions and , fixes a level structure mod CP, i.e. an isomorphism
compatible with ¢ and with the alternating forms on both sides up to a unit in zp ,

TP(A) ~ M ® ZP mod C” |
in the sense of Kottwitz [I5]. Here on the RHS, we use the alternating form

(,y)v = trg00  (z,9)v). (4.11)

Note that, due to the existence of the level structure, we only have to require the
condition (4.3)) for the places v over p — for all other places it is automatic. If C? = C¥,
then by Lemma Mo v(CP) = My pv @0g OF,,, -

5. UNIFORMIZING PRIMES

In this section we consider the local situation. We fix a prime number p and an
algebraic closure @p of Qp. Let F be a finite extension of Q, with |F : Q,| = d, and let
K/F be an étale algebra of rank 2. We begin with the obvious local analogues of the
definitions of section 2.

A generalized CM-type r of rank n relative to K/F is a function

r: Homg, (K, Qp) — Zxo, P Ty,

such that r, + 75 = n for all . Here ¢(a) = ¢(a) where a — @ is the non-trivial
automorphism of K over F. The corresponding reflex field E' = E(r) is the subfield of
Q, fixed by

Gal(Q,/E) := {r € Gal(Q,/Q,) | Trp =Ty, Vol

Let Og be the ring of integers of F and let mg be a uniformizer of E.

Definition 5.1. A triple of CM-type r over an Og-scheme S is a triple (X, ¢, A), where
X is a p-divisible group over S of height 2nd and dimension nd, ¢ : O — End(X) is an
action of the ring of integers of K on X satisfying the Kottwitz condition relative to r,
and A : X — XV is a quasi-polarization with Rosati involution inducing the non-trivial
automorphism on K/F.

Definition 5.2. Such a triple is called almost principal if either K = F @ F and ) is
principal, or K is a field and Ker A is contained in X[c(7)], where m = mx denotes a
uniformizer of K.

In particular, when K is a field, Ker A is a module over Ok /mOk. We write the height
of Ker X in the form fh, where f = [K*: Q,] is the degree of the maximal unramified
subfield Kt of K,sothat 0 < h<n. If K =F @ F, then h = 0.

Now let n be even.

Suppose that k is an algebraically closed field of characteristic p that is an Og-algebra.
Then, for a CM-triple (X, ¢, A) of type r over k, the construction of ¢) of section 3, applied
to the Dieudonné module of (X, ¢, \), yields an invariant

inv, (X, 1, \)" € F*/Nm(K>),

and a sign
£ = inv, (X, 1, \) = x(inv, (X, 1, \)F) = +1,
where x is the quadratic character attached to K/F.
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For the rest of this section, we assume that n = 2. For our description of p-adic
uniformization, it will be important to know when an almost principal CM-triple (X, ¢, \)
over k with given invariants h and ¢ is unique up to isogeny.

Definition 5.3. (i) We call (K/F,r, h, ) uniformizing data of the first kind, if F' = Qp,
K is afield, r, =15 =1,

b 0, if K/F is ramified
1, it K/F is unramified,

and € = —1.

(ii) We call (K/F,r, h,e) uniformizing data of the second kind, if K/F is an unramified
field extension and r is of the following form: there exists a half-system ! of elements
of Homg, (K", Q,) such that

o, if g|K! € @t
72, if Kt ¢ o
Note that [K?: F'] =2. If h=0, then ¢ = 1; if h =1, then ¢ = —1.

(iii) We call (K/F,r, h,¢e) uniformizing data of the third kind, if K = F ® F so ¢ = 1,
h =0, and

0, if ¢ factors through the first summand of K = F @ F
T =
? 2, if ¢ factors through the second summand of K = F & F.

Proposition 5.4. Fiz uniformizing data (K/F,r, h,€) of the first, second, or third kind.
Let (X, 1, A) and (X', 1/, N') be two almost principal CM-triples of type (K/F,r, h,e) over
k. Then both X and X' are isoclinic p-divisible groups and there exists an Oy -linear
isogeny o : X — X' such that a*(\') = c X with c € Z; .

Proof. Tt suffices to prove that X and X’ are isoclinic and to show the existence of the
isogeny o with a*(\) = ¢\ with ¢ € Q' That ¢ € Z then follows from the fact that
both CM-triples are almost principal with identical h.

We consider the three cases separately.

Suppose that (X, ¢, A) is of the first kind. Let M = M (X) be its covariant Dieudonné
module. Then M is a free W (k)-module of rank 4. Consider the slope decomposition
of the corresponding rational Dieudonné module NV = Mg. Each summand IV, is stable
under the action of K on N, hence has even dimension; we have A > 0 if Ny # (0);
furthermore, due to the polarization, my = mj_, for the multiplicities of the corre-
sponding slope subspaces Ny, resp. Ni_y; finally, writing dim Ny = md), where d) is
the dimension of the simple isocrystal of slope A, we have 4 = )", mydy. It follows that
either N = N% and my = 2, or N = Ny & Ny, where both summands Ny and Ny have
dimension 2 and mg = my = 2. The first case means that X is isoclinic, the second that
X is ordinary.

We need to exclude the ordinary case. Write W(k)g = Q ® W (k). The isocrystal
comes with its natural polarization pairing

()0 N x N — W(k)g,
for which Ny and N; are isotropic, and which corresponds to a non-degenerate pairing
[, ]o: No x Ny — W(k)g.
We choose bases eg, e; for Ny, and fy, f1 for N7 such that
Vei=e;, Fe;=pe;; Vfi=pfi, Ffi = fifori=0,1;
[eo, folo = [e1, fi]o = 1, [eo, filo = [e1, folo = 0.
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In this case, End (N) = M3(Q,) x M2(Q,). For (bg,b1) € M2(Q,) x M2(Q,), we have

((bo, b1)x,y)o = (x, (*b1, bo)y)o ,V,y € N.

We may furthermore suppose that the action of K on N is given as follows. Let K =
Q,(VA). Putting § = VA, the action of K on Ny @ N, is given as

e (8 00 %)) o

The given polarization on X induces the pairing (, ) : N x N — W (k)g. Comparing
the involutions on K induced by the Rosati involutions of the two polarizations, we see
that (z,y) = (Bx,y)o, where § € End(N) anticommutes with K. Hence  is of the form

8 = (B, ) with
w= (% L)om=(3 ). (53)

Let us now calculate the local invariant according to the recipe of section The
hermitian form associated to the alternating form (, ) is given as

(,9) = 5((02,9) +8(w,0)) = 5((80,5)o + 8Bz, 1)) (5.4

Taking e, fo as K ®z, W(k)-basis of N, we obtain g = ey A fo as free generator of
A’ N, with Fao = pzo. Hence inv(X, 1, \)f = —(z0,z0) € Q, /Nm(K*). Now

_ o (leoen) (eor fo)\ _ 0 (o fo)
) Y (U0 )

It follows that — (o, %) € Nmg /g, (K*). This contradicts the imposed sign ¢ = —1 in
the definition of uniformizing data of the first kind.

Applying the same reasoning to (X’,:/,\'), we obtain an isogeny o : X — X’
compatible with the actions of K. However, A = o*(X)8 with 8 € End(N) invariant
under the Rosati involution of A. By precomposing a with v € Endg (N), we change
B into Byvy*. We consider the solutions of the equation c¢8yy* = 1, with ¢ € Q; and
v € Endg (N), as a torsor under the Q,-group of automorphisms of N which commute
with F and preserve the polarization form up to a constant. Since this group has trivial
first cohomology set, we may solve this equation, and may change « so that o*(\) = cA.
This finishes the case of uniformizing data of the first kind.

If (K/F,r, h) is a uniformizing data of the third kind, the assertion is proved in [28],
Lemma 6.41. If (K/F,r,h) is a uniformizing data of the second kind, then again the
assertion is proved in [28], Lemma 6.41, provided that h = 0. In this case, the sign
factor € equals 1, since we are then calculating the discriminant of a hermitian vector
space relative to an unramified quadratic extension which admits a self-dual lattice.
An inspection of the proof of loc. cit. shows that the proof also applies to the case
when (K/F,r, h) is a uniformizing data of the second kind and h = 1, in which case
e=—1. U

Remark 5.5. As mentioned at the end of the introduction, it seems plausible that the
notion of uniformizing data of the first kind can be generalized to include cases where F'
is a non-trivial extension of Q,. More precisely, fix an embedding ¢q : F — Q,. Then
the conditions on (K/F,r, h,c) become: K should be a field extension of F', r, should
be equal to 1 if p|F = ¢g, and should be equal to 0 or 2 otherwise. Finally, as before,
h should be 0 or 1 depending on whether K/F is ramified or unramified, and e should
be —1.
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6. INTEGRAL UNIFORMIZATION

In this section, we obtain integral p-adic uniformization under a whole set of assump-
tions that we now explain. We fix an embedding v : Q — @Q,. This embedding also
determines a p-adic place v of the reflex field E. We decompose Hom(K,Q) into a
disjoint sum according to the prime ideals p of F' over p,

Hom(K,Q)p = {¢ € Hom(K,Q) | v 0 ¢|p induces p}.

Then Hom(K, Q)p = Homg, (K ®F Fp, Q). Let rp, = r[Hom(K, Q)p and e = invp (V).

We make the assumption that (Kp/Fp,7p, hp,ep) are uniformizing data of type 1,2,
or 3, for all p|p. We note that E, is the composite of the local reflex fields E(rp) (with
p running over the prime ideals of F over p). Let x, be the residue field of Op,, and
denote by &, its algebraic closure.

The proof of the integral uniformization theorem will be analogous to the proof of
Theorem 6.30 in [28]. We will proceed according to the following steps. First we will
show that all p-divisible groups (X, ¢, \) which arise from points (4, ¢, A) of My, v (%)
are isogenous to each other, and are moreover basic in the sense of [16]. Then we prove
that, in fact, all points (A,¢, A) are isogenous to each other. This already yields an
abstract integral p-adic uniformization theorem, as in [2§]. In a third step, we make
this abstract uniformization theorem explicit, by making use of the alternative moduli
description of the Drinfeld halfplane in [I7].

Let (Ao, t0,Ao) € My v(E,). Let N be the isocrystal of Ag, with its action by
K ® Q,, induced by ¢9, and its anti-symmetric polarization form induced by .

Lemma 6.1. There is an isomorphism of K ® W (R, )-modules
N~V W(R,),
which respects the anti-symmetric bilinear forms on both sides.

Proof. We have an orthogonal decomposition with respect to the anti-symmetric form

EL11),
VeQ,= @p‘pvp. (6.1)
There is a similar decomposition of IV, orthogonal for the polarization form. Now Np
contains a parahoric lattice of type hyp, i.e., a lattice A such that A C AV C wglA where
the dimension of AV /A over the residue field is equal to hp; this lattice is isomorphic to
the extension of scalars of the parahoric lattice of type hy in Vj,, cf [28], Theorem 3.16,
comp. [28], 6.12 (we use the fact that W (%, ) has no non-trivial étale coverings). Hence
we get a fortiori the isomorphism of K ® W (R, )-modules, as claimed.
Another way of obtaining this isomorphism is to note that for a complete discretely
valued field with algebraically closed residue field, and a quadratic algebra over it, there
is, up to isomorphism, exactly one hermitian space of given dimension. O

Using the isomorphism of Lemma[6.1] we can write the Frobenius operator on the left
hand side as b ® o, for a uniquely defined element b € G(W (R, )q). We have ¢(b) = p,
where ¢ : G — G, denotes the multiplier morphism. Recall Kottwitz’s set B(G) of
o-conjugacy classes of elements in G(Wg(R,)), cf. [16].

Lemma 6.2. The element [b] € B(G) is basic, and independent of (Ao, to, No)-
Proof. Corresponding to (6.1]) there is an embedding of algebraic groups over Q,,
Go, — Hp G, (6.2)

where the product runs over all primes of F' over p, and where G;) denotes the group
of unitary similitudes of the hermitian space V, (with similitude factor in @Q,). Since
the center of G is equal to the intersection of the center of [[, G, with G, an element
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in B(G) is basic if its image under the map B(G) — B([], G},) is Furthermore using
the long exact cohomology sequence associated to the mJectlon , this last map is
injective, since the map [[, GL(Q,) — ([, Q;)/Q; is Surjectlve Hence Proposition
implies that [b] is basic and independent of (Ag, tg, Ag)- O

Remark 6.3. In the discussion above, we have adopted the point of view of Kottwitz,
that is, we view N with its additional structure as given by an element in G(W(nu)@)
where G is a suitable reductive algebraic group over Qp. In fact, we have taken G to be
the localization at p of our group G over Q. We follow here the method of Kottwitz for
convenience only and to make our exposition more efficient, because we then can quote
[28] . However, it should be pointed out that this point of view is not very natural in
the framework of the present paper, and could be avoided. This can be done without
any additional work if there is only one prime p over p.

A more sophisticated alternative proof of Lemma uses the finite subset B(G, u)
of B(G), for the conjugacy class of cocharacters p assoc1ated to the conjugacy class
of . Then [b] € B(G,p), by Mazur’s inequality, cf. [24]. Using the bijections

B(G, p) ~ (Gad,,uad) [, BU(GY)ad, tp aa)s cf- [16], 6.5., we obtain a bijection

H B(Gp, i),

where i, denotes the minuscule coweight of G, obtained from p via . However,
Proposition implies that, for every p, the image of [b] in B(GY,, ip,) is the unique
basic element in this set, which implies the assertion of Lemma

Let p be of the first type. Then (GY,)aq is isomorphic to (D*).q, where D* denotes
the algebraic group over (@p associated to the quaternion division algebra over Q,.
Furthermore, the coweight /rp ad Of (G’ )ad is given by the unique nontrivial minuscule
coweight. It then follows that B (G’ , up) consists only of the unique basic element in
this set, cf. [I6], §6. This gives a proof of Lemma in the style of Kottwitz’s view
on isocrystals with additional structure and avoids the use of Proposition [5.4] cf. the
remarks at the end of the Introduction. The primes of the second and the thlrd type
can also be viewed from this perspective, since for them :u;),ad is central.

At this point we want to apply [28], Theorem 6.30. In the notation of that theorem,
we want to show that Z = Z’. Let I be the linear algebraic group over Q of loc. cit.,
ie.

I(@) = {Oé € EndK(Ao)O’X | Oé*(/\o) =M, C € @X}
By loc. cit., I is an inner form of G.

Lemma 6.4. The Hasse principle for I is satisfied.

Proof. This follows from [I5], §7. Indeed, we are here in the case A, for n = 2, and it is
proved in loc. cit that the Hasse principle is satisfied in the case A, for any even n. [

We may now apply [28], Theorem 6.30, and obtain an isomorphism
0 : I(Q)\M x G(A®P)/CP ~ M,.p, v(CP)" | (6.3)

with notation as follows. On the RHS appears the formal completion of M, j, v (CP)
along its special fiber M, j, v (C?) ®0p,,, Hv- On the LHS, M denotes the formal moduli

space M over O 5, with its Weil descent datum to Op, associated in [28] to the data
(F®Qp, K®Q,V®Q,,b,r L), attached to the situation at hand.
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Let us describe more concretely the formal scheme M, with its Weil descent datum.
We enumerate the prime ideals of F' over p as follows:

Pi,---,Pr are uniformizing primes of the first kind
Prils--«sPrts are uniformizing primes of the second kind
Pristly---,Prys+t are uniformizing primes of the third kind .

The data b, 4 decompose naturally under the embedding as a product b = [[, b;
and g = [], pi; here p1; corresponds to the local generalized CM-type 7p,.

Let E; denote the local Shimura field associated to rp,. Let /\;ll be the formal scheme
over Spf O whose values in a scheme S € NilpOE_ are given by the set of isomorphism

classes of quadruples (X, ¢, A, 0), where X is a p—dilvisible group over S with an action ¢
of Ok, of CM-type rp, and a polarization A with associated Rosati involution inducing
the non-trivial automorphism of K, over Fp,, and where

QZXXSS—>XXSpeCRpi S

is a Ok, -linear quasi-isogeny such that A and ¢*(Ax) differ locally on S by a scalar in
Q, - Here S denotes the special fiber of S. It is also assumed that the kernel of X is
trivial if p; is split, and is of height fq,hq, and contained in X[c(q;)] if p; has a unique
prime ideal q; over it. The height of g is a locally constant function on S of the form

S fQi ’ él(s) )
where ¢; : S — Z, cf. [28], Lemma 3.53.
Then it is easily seen that M is the formal subscheme of

(M1 Xspro,, SPEOp ) Xsptoy, - Xsptog, (Mrise XSptOp ., Spt Oy )

where the functions ¢; agree.

We now describe the formal schemes M, in more detail. For ¢ with r+1 <7 < r+s+t,
this has been done in [28§], 6.46 and 6.48. We record this result as follows.

Fori = r+1, ...,r+s, the formal scheme M, is the constant étale scheme Gp,(Qp)/Cp,
for a certain maximal compact subgroup Cp,. In these cases E; = Q, and the Weil
descent datum on M; ~ Gy, (Qp)/Cp, is given by multiplication by a central element
ti € Gp,(Qp) (equal to (1,p) in the notation cf. [28], Lemma 6.47). We note that in
loc. cit. only the case h = 0 is considered; however, the result is also valid in the case
h =1, with the same proof.

Fori=r+s+1,...,r+s+t, the formal scheme M, is again the constant étale
scheme G, (Q,)/Cp, for a certain maximal compact subgroup Cp,. In these cases, E;
is the unramified extension of degree u of Q,, where u is an even divisor of 2 - fp,.
The Weil descent datum on M; ~ G, (Qp)/Cp, is given by multiplication by a central
element t; € G, (Qp) (equal to p*/? in the notation of [28], 6.48.)

Now let us consider the uniformizing primes of the first kind, so 1 < ¢ < r. Then
G;)i is the group of unitary similitudes for the hermitian vector space V},, of dimension
2 over the quadratic extension Ky, of Qp, and E; = Q,. The height of the quasi-isogeny

o in the quadruple (X, ¢, A, ) defines the function
Ci: /\;li — 7.
It is easily seen that Im(¢;) = 2Z.

Let Mg be the Drinfeld moduli scheme. We recall its definition. Let B be the
quaternion division algebra over @, and denote by Op its maximal order. Then Mg
is the formal scheme My over Spf Z,, with its Weil descent datum to SpfZ, (cf. [28§],
Theorem 3.72), where the value of M on a scheme S € Nilp 7, is the set of isomorphism
classes of triples (X, tp, 0), where (X, tp5) is a special formal Opg-module on S and where
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0: X xg8 =X X SptF, S is a Op-linear quasi-isogeny. Here (X,:5) is a fixed framing
object over F,. Again the height of ¢ defines a function
Gy My — 7,

with Im(¢éy) = 2Z. For k € Z, let

Mk =&Y 2k), i=0,1,...,r. (6.4)
Then M,[0] =~ Q?@p, where Q?@p = ﬁ(z@p Xsptz, Spf Z,, (Drinfeld’s isomorphism). Fur-
thermore

Mo = Mo[0] X Z,
via the isomorphisms M[0] — Mo[k] for any k, given by
(X,tp,0) — (X,tp oint(I1) =%, .5(I1)* o o)

in the notation of loc. cit. Under the isomorphism /\>lo ~ Qép X Z, the Weil descent
datum on the LHS is given on the RHS by the composite of the natural descent datum
on Qép and translation by 1, cf. [28], Theorem 3.72.

For 1 <i¢ <r, we embed Ky, into B. More precisely,

a) when Kp, /Q, is unramified, we write O, = Z,[6], where 6% € Z and we choose
the uniformizer II of Op such that II normalizes K, and satisfies I12 = p.

b) when K, /Q, is ramified, we assume p # 2. Then we choose for II a uniformizer
of Ok, such that 1% € Zy,.

In [I7] we define for any ¢ with 1 <4 < r an isomorphism
Mo[0] — M;[0]. (6.5)

More precisely, we associate to the framing object (X,ux) of My a framing object
(X, ¢, Ax) of M;, where ¢ is the restriction from Op to OKPi of vx, and where \x is a
carefully chosen quasi-polarization of X. Similarly, we associate to any point (X, ¢z, 0)
of Mo [0] the point (X, 1, Ax, o) of M;[0], where ¢t = tp|Or,, and where \x is a carefully
chosen quasi-polarization of X.

Lemma 6.5. The isomorphism (6.5) extends to an isomorphism compatible with the
Weil descent data,

My — M. (6.6)
Proof. Let k € 2Z and let (X,up o int(II™%), uix(I1)¥ o ) be a point of M[k], where
(X,iB,0) € Mo[0]. If Kp, /Q, is ramified, we map this point to (X, tx, Ax, tx(I1)*0p) €
M;[k]. This makes sense since in this case

Lx(H)*(Ax) = —p- )\X .
If Kp,/Q, is unramified, we map this point to (X, tx, Ax, tx(I16)* o o) € M;[k]. This
makes sense since in this case
Lx(Hd)*()\x) = Nm ((5) P )\X .

It follows from the definitions that this defines an isomorphism compatible with the
descent data on My and M;. O

Corollary 6.6. Leti with 1 <i <r. Assume p # 2 if p; is ramified in K. There is an
isomorphism

M’i ~ Q?@p X Z,
such that the Weil descent datum on the LHS corresponds to the composite of the natural
descent datum on Q?@p and translation by 1. [l
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We leave it to the reader to check that (again for ¢ with 1 <4 < r) the group J;(Q,) of
Ok, -linear self-isogenies of X which preserve Ax up to a scalar in Q, can be identified
Wlth the group of unitary similitudes of the split hermitian space of dimension 2 over
Kp,, and that the action of an element g € J;(Q,) on the LHS of Corollary [6.6 . given
by (X, ¢, A, p) — (X,¢,\, g op), is given on the RHS by

(gaa , translation by 1ordc(g)),

where gaq is considered as an element in PGL3(Q,), via a chosen isomorphism (J;)ad(Q,) =
PGL,(Q,).

We refer to [28], 6.46, resp. 6.48 for a description of the analogous groups J;(Q,) for
twithr+1<i<r+sresp. r+s+1<i<r+s+t Let J(Qp) be the group of
automorphisms of the isocrystal N which are K-linear and preserve the anti-symmetric
form up to a scalar in Q,,.

As in [28], Proposition 6.49, one checks the following proposition.

Proposition 6.7. J(Q,) is the inverse image of the diagonal under the map
r+s+t r+s+t

IIe: H Ji(Qp) — H Q-

Similarly, G(Qy) is the inverse image of the diagonal under

r+s+t r+s+t

Hci: H Gy, (Qy) — H Q, .
i=1 i=1

For 1 <i <, let Cp, be the unique mawimal compact subgroup of Gy, (Qp), and, for
r+1<i<r+s+t, let Cp, be the marimal compact subgroup of G;i (Qp) introduced
above. The actions of J;(Qp) on G}, (Qp)/Cp, combine to give an action of J(Qy) on
G(Q,)/Cp, where C, = G(Qp) N[ Cp,- In case p =2, assume that p; is unramified in
K, for1 <i<r.

There is a J(Qp)-equivariant isomorphism of formal schemes

= (Hgép) x G(Qp)/Cyp
i=1
The action of J(Qp) on the first r factors is via the projections J(Qp) — J;(Q,) —
PGL2(Q,), and on the last factor is as described above.

The localization E, of the reflex field E is the composite of the fields E;, for i =
r+1,...,7+ s+t described above. The Weil descent datum on M relative to E,,/El,
induces on the RHS the natural descent datum on the first v factors multiplied with
the action of an element g € G(Q,) on the last factor, where g maps to the element
(t1, - trysye) € [1Gp, (Qp), where tyy1, ... trysys are the central elements described
above, and where fori =1, ...,r the element t; is any element with ord¢;(t;) = 1. O

Using this proposition, we obtain as in [28] the following theorem. When p = 2, we
make the usual assumption on prime ideals p|p of the first kind.

Theorem 6.8. Let C = C? - C,, where C, is defined in Proposition . There s a
G (AP)-equivariant isomorphism of formal schemes over OEU = Zp,

\(J]98,) x G(A>)/C] = Myp v (CP)" Xspton, SpfOg,
i=1
The group I is the inner form of G, unique up to isomorphism, such that I,q(R) is

compact, and I(Q,) is the group J(Q,) defined above and such that I(A>P) ~ G(A>P).
The natural descent datum on the RHS induces on the LHS the composite of the natural
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descent datum on the first r factors multiplied with the action of the element g € G(Q,) C
G(A™>) in Proposition[6.7 on the last factor. O

Corollary 6.9. Under the conditions of the previous theorem, M, v (C?) ®oy,,, O,
is flat over Spec Og, .

Proof. Indeed, flatness holds for the LHS in the last theorem. (|
As a special case of the previous theorem, we formulate the following corollary.

Corollary 6.10. Let K/F be a CM-extension of the totally real field F' of degree d over
Q. Let p be a prime number that decomposes completely in F and such that each prime
divisor p of p is inert or ramified in K. We also assume that if p = 2, then no such p is
ramified. Let V' be a hermitian vector space of dimension 2 over K with signature (1,1)
at every archimedean place of K. We also assume that invp (V) = —1, for all p|p.

Let G be the group of unitary similitudes of V' with multiplier in Q. Let CP be an open
compact subgroup of G(A>P), and let C = CP - C)p, where C)p is the unique mazimal
compact subgroup of G(Qp). Let She be the corresponding Shimura variety, which is
defined over Q.

Let M,.p,,v(CP) be the model of She over Zp) which parametrizes almost principal
CM-triples (A, i, \) of type (r,h) with level-CP-structure, where r, = 1, for all ¢, and
with inv,(A,t, A) = inv,(V), for allv. We assume for any prime divisor p of p that
hp = 0, resp. hp = 1, when p is ramified, resp. inert. We also assume the following
compatibility condition between h and the invariants of V, cf. Proposition [{.3:

o If hy, =0 and v is inert in K/F, then inv, (V) = 1.
o If hp, =2, then inv,(V) = 1.
o If hy, =1, then v is inert in K/F and inv,(V) = —1.
Then there is a G(A°P)-equivariant isomorphism of p-adic formal schemes

IHQ\[((Q3,) xspiz, SPEZy) x G(A®)/C] ~ My pyv (CP) xspiz, SPEZ, .

Here I(Q) is the group of Q-rational points of the inner form I of G such that I,q(R)
is compact, and I,q(Qp) ~ PGL3(Q,)?, and I(A%P) ~ G(A>P).

The natural descent datum on the RHS induces on the LHS the natural descent datum
on the first factor multiplied with the translation action of (1,t) on G(A*P)/CP x
G(Q,)/Cp, where t € G(Qp) is any element with ord c(t) = 1. O

We end this section by showing an integral version of Theorem [I.1]in the introduction.
It shows that in the special case F' = Q, the theory of local invariants of CM-triples of
section [Blis not needed. We use the notation introduced before the statement of Theorem
We consider the DM-stack M}, (C?) over Spec Z,) which parametrizes quadruples
A, 1, A\, nP), where (A, ¢, ) is an almost principal CM-triple of type (r, h) where r, =
1 for all p, and where h satisfies the usual compatibility condition of Proposition 4.2
and such that h, = 1, resp. h, = 0, according as p is unramified or ramified in the
quadratic extension K of Q. Finally, n? is a level-CP-structure. The next theorem
implies Theorem We make the usual assumption when p = 2.

Theorem 6.11. There are canonical isomorphisms between schemes over Spec Q,
Mp(C?) @z, Q =~ She,
and between schemes over Spec Zp,
M (CP) @z, Ly ~ (GQNQR, x G(A®)/C]) ®z, Ly.

Proof. All we have to prove is that M (C?) = M, , v(CP), ie., that inv,(4,:,A) =
inv, (V), Vo. This is obvious if (A,¢,\) is over a field of characteristic zero, because
inv, (A4, ¢, A) = inv, (V) for all places v # p of Q by the existence of the level structure
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7P, and by the product formula for inv,(A4,:,A) and for inv,(V), cf. Proposition
(1). Now let (A, ¢, \) be over a field of characteristic p. But the moduli space M,(CP)
is flat over Spec Z,), as follows from the theory of local models. Indeed, the ramified
case is covered by the theorem of Pappas, [22], Thm. 4.5., b), cf. also [23], Remark 2.35.
The unramified case is covered by the theorem of Gortz, cf. [9], Thm. 4.25, cf. also
[23], Thm. 2.16. Hence we may apply Proposition (ii) to deduce that the product
formula for inv, (A4, ¢, A) is also valid in this case, and hence the same argument implies
the claim. ]

Remark 6.12. It is the flatness issue that prevents us from allowing primes p such that
Kp/Fp is ramified in the definition of uniformizing primes of the second kind. Indeed,
the naive local models are known to be non-flat in this situation, cf. [23]. By imposing
more conditions on (A4, ¢, A), it should be possible to formulate a moduli problem that
is flat; this would yield more general situations in which integral uniformization holds.

7. RIGID-ANALYTIC UNIFORMIZATION

In this section, we will consider rigid-analytic uniformization. This is weaker than
integral uniformization, but more general in two ways. First, since flatness of integral
models is no issue, we are able to also allow degenerate CM-types at ramified primes
above p, comp. Remark [6.12] Secondly, we can allow for level of the form C' = CPC,,
where C), is allowed to be strictly smaller than a maximal compact subgroup of G(Q,).
The latter variant is inspired by the corresponding rigid-analytic uniformization theorem
of Drinfeld, cf. [2] §].

We first formulate a rigid-analytic version of Theorem We now allow also primes
of the fourth kind, extending the list from Definition

Definition 7.1. Let K/F be a ramified quadratic extension of p-adic fields. We call
(K/F,r, h,¢e) uniformizing data of the fourth kind, if r, € {0,2} for all ¢ € Hom(K,Q)),
and h =0 and ¢ = +£1.

In the notation of section [6] we continue the enumeration of the prime ideals of F
over p by also allowing prime ideals pyi¢ys+1,- .-, Pryst+i+rn Of the fourth kind. Then
the rigid-analytic space M8 associated to M is the subspace of

(M7*® Xsp B, Sp Ey) Xspi, - Xspk, (M2t XSp Ertstttu SpEy)
where the functions ¢; agree. Now since the CM-type for primes of the fourth kind is
degenerate, all points of the rigid spaces ./\jlgig map to the same point under the period
map, for i =r+s+t+1,...,r+s+t+u, cf. [28]. Therefore, these points all lie in one
single isogeny class, and are classified by their p-adic Tate module. The set of these Tate
modules is a homogeneous space under G/p (Qp). In fact, denoting by Cp, the stabiliser

i

of a self-dual lattice in Vp,, we can identify M}'® with the discrete space G, (Qp)/Cp,-

Furthermore, J;(Q,) = G, (Qp). Let ®; be the subset of Homg, (Kp,,Q,) where the
value of r; is equal to zero. The reflex field F; is characterized by

Gal(Q,/E;) = {0 € Gal(Qy/Qy) | o(®i) = @i}
The Weil descent datum is given by translation by an element in the center of G}, (Q,) on
G, (Qp)/Cp,. This central element can be deduced from the reciprocity map attached
to G;i and r;.
We may now formulate the following analogue of Theorem The assumptions are

the same, except that we now also accept uniformizing primes of the fourth kind. The
proof is completely analogous.

Theorem 7.2. Let C = C?-C), where C, = G(Q,) N H:if+t+u Cp,, and define J(Qp)
and its action on G(Q,)/Cp in analogy with Proposition . In case p = 2, assume that
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p is unramified in Ky, for 1 <i <r. There is a G(A*P)-equivariant isomorphism of
rigid-analytic spaces over El,,

N[(J] 93, xspa, SPEL) x G(A™)/C] ~ M, pv(CP)"8 xsp, SPE,.
i=1
The group I is the inner form of G, unique up to isomorphism, such that I,q(R) is
compact, and I(Qp) is the group J(Qp) defined above and such that I(A>P) ~ G(A>P).
The natural descent datum on the RHS induces on the LHS the composite of the natural
descent datum on the first v factors multiplied with the action of an element g € G(Q,,) C
G(A®), described in Proposition and above, on the last factor. [l

As a special case, we formulate a corollary in the style of Theorem [T}

Corollary 7.3. Let p decompose completely in the totally real field F of degree d over
Q, and let K/F be a CM quadratic extension such that each prime divisor p of p in F is
inert or ramified in K. We also assume that if p = 2, then no p is ramified. Let V be a
hermitian vector space of dimension 2 over K with signature (1, 1) at every archimedean
place of F. We also assume that invp (V') = —1 for all p|p. Let G be the group of unitary
similitudes of V' with multiplier in Q. Let CP be an open compact subgroup of G(A®P),
and let C = C? - Cp, where Cp, is the unique mazimal compact subgroup of G(Qyp). Let
She be the canonical model of the corresponding Shimura variety, a projective variety of
dimension d defined over Q.
There is a G(A*P)-equivariant isomorphism of projective schemes over Qp,

She ®g Qp ~ (H(Q\[(9F,)? x G(A®)/C]) ©q, Qp
Here I(Q) is the group of Q-rational points of the inner form I of G such that I,q(R)
is compact, Ina(Qp) ~ PGL2(Q,)%, and I(A%P) ~ G(A>P).

We next allow deeper level structures at p.

We first point out a further variant of the moduli space introduced in Remark
Namely, denoting by Cj the stabilizer of the fixed lattice M in V, we may introduce,
for any open compact subgroup C of G(A>) which is contained with finite index in Cjy,
the stack M, j, v(C) over Spec E which, in addition to (A, A\) satisfying conditions
and , fixes a level structure mod C, i.e., an isomorphism compatible with ¢
and A R R

T(A)~M®ZmodC,
in the sense of Kottwitz [15]. Note that, due to the existence of the level structure,
the condition is automatic. If C' = CpC’O where C’O denotes the maximal compact
subgroup of G(Qp) occurring in the previous theorem then by Lemmau 4.3, M, pv(C) =
M v (CP) ®OE(p) L.

Recall the formal moduli space M over Spf O i, of the beginning of this section; in
particular, we allow umformlzmg primes of the fourth kind. We denote by (X, t, ) the
universal object over M. Let M be the rigid-analytic space over SpE associated to
the formal scheme M. For any open compact subgroup C), contained in the maximal
compact subgroup C’O, we may consider the rigid-analytic space Mcp which trivializes

the local system T},(X) on M"&,

T,(X) M ®Z,modC, .
Here M is again a fixed lattice in V, as in Remark[4.5] and the isomorphism is, of course,
supposed to be Ok gg,-linear and to preserve the symplectic forms up to a scalar in Z;; .

The rigid space I\V/JICp comes with a Weil descent datum to Sp F,,.
Comparing now the p-primary level structures of an abelian variety and of its asso-
ciated p-divisible group, we obtain the following rigid-analytic uniformization theorem.



NEW CASES OF p-ADIC UNIFORMIZATION 25

Theorem 7.4. Let C be of the form C?C,, where C,, C Cp. Then there exists a G(A™)-
equivariant isomorphism of rigid-analytic spaces over Sp Eu, compatible with the Weil
descent data on both sides,
I(Q)\Mg, x G(A®P)/C? =~ M, 1, v (C)"8 xgp, Sp B, .
O

Again, as for the integral version of the uniformization theorem, one can make this
statement more explicit. For this, we suppose that C), is of the form

r+s+t+u

Cp,=G@Q)n [ G, (7.1)
i=1
where Cp, are open compact subgroups in G, (Q,) contained in Cj . (Note that further
above, C’gi was denoted by Cp,.) We consider the corresponding finite etale coverings
Mcpi of ./\>l§ig, fori=1,...,r+s+t+u, ie., those trivializing mod Cp, the p-adic Tate
modules of the universal objects over M?g. Fori=r+1,...,r+s+t+u, I\U/chpi is
the constant etale scheme G}, (Q,)/Cp,, with the Weil descent datum described in the
previous section. It is equipped with the obvious morphism to Q) /¢;(Cp,).
Now for ¢ with 1 < 4 < r, and with the usual assumption when p = 2, we have an
isomorphism
M~ (03 xsprz, SPELy) x Z= (03 xsprz, SpfZy) x G, (Q,)/CY,
as in Corollary which induces isomorphisms of rigid-analytic spaces
ME ~ (9 Xspg, SPQp) X Z ~ (QF, Xspg, SPQp) X Gy, (Q,)/CY, . (7.2)
The covering space M. o, Of /\jl;ig maps to the discrete space Q /¢i(Cp,;), covering the
second projection of M:® to Z ~ Q) /ci(Cp,) in (7.2)), comp. also [5].
We now obtain the following description of the covering space Mcp, which makes
Theorem [7.4] more explicit.

Theorem 7.5. The covering space Mcp can be identified with the inverse image of
QX /e(Cp) € TIETT T QX /ei(Cp,) under the morphism of rigid-analytic spaces

T . r4+s+t4+u r4+s+tt+u
[TMc,, x ] Go(@)/Co,— ] Q/ci(Cy,).
=1 1=r+1 =1

8. APPENDIX: TWISTED UNITARY SIMILITUDE GROUPS

In this section we recall the construction of twisted unitary similitude groups from
Boutot—ZinkEl, [3]. Throughout this section, K is a CM field with maximal totally real
subfield F.

Let S be a quaternion algebra over K with a positive involution *. Let W = S|
viewed as an S bi-module, and let ¥ : W x W — Q be a non-degenerate alternating
form such that ¥ (swy,w2) = Y(wy,s*wz). We let G* be the reductive group over Q
such thadﬂ for any Q-algebra R,

G*(R) ={ g € GLsgr(W ®q R) | ¥(gw1, gw2) = 7(g) (w1, w2),7(9) € R* }. (8.1)
Define another involution x of S by ¥ (wys,ws) = ¥ (wy, wys*). Then

G*(R)~{ge (5" aqR)" [gg" =7(9) € R }. (8.2)

4n [3] the case of division algebras of arbitrary rank d? over K is considered.
5We are following [3], but our G* is slightly smaller due to our condition on the scale factor v(g).
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For a number field L, let Ty, = Ry, /g(Gy,), and for a quaternion algebra B over F,
let GB = Rp,(B*). Both are algebraic groups over Q.

Lemma 8.1. Suppose that S, * and i are given. There is a unique quaternion algebra
B over F such that there is an exact sequence

1—>TF—>(TK><GB>0—>G.—>1,
where, for a Q-algebra R,
(TK X GB)O(R) = { (a,b) €Tk X GB(R) | NmK/F(a) : l/(b) € R* }

Here the homomorphism from Tr to (Tx x GP)g is the anti-diagonal embedding t
(t,t=1), and v denotes the reduced norm Nmp/p. O

Conversely, suppose that a quaternion algebra B over F' and a positive involution *
of S = K ®p B are given. Denoting by b +— b* the main involution on B, define an
involution of the second kind on S by (a ® b)T = @ ® b, and write s* = Ad(«)(s') for
a € S with af = a. Note that B is precisely the subalgebra of S fixed by f o ¢. Choose
an element § € K* with 6 = —d, and define

P(wy, wa) = trg/g(wid o™ wy), (8.3)

where trg,9 = trg,q o trg, for trg the reduced trace on S. The form ¢ is then a
non-degenerate alternating form on W = S with ¢ (swy,ws) = ¥ (w1, s*ws). Moreover,
Y(wys,we) = Y(wy,was’), and the associated group G* is then described in terms of
GP and Tk, as in the lemma. Thus, we can start with data B and * on K @ B, instead
of S, %, and 1. Note that there is also a form h: W x W — K defined by

h(wi,ws) = trg(wia™ w}).
This is a hermitian form on W viewed as a left K-vector space, with

d)(’wl,wg) = tr K/Q(;il h(wl,wg).

In particular, up to our additional restriction on scale factors, G*® is the subgroup of
similitudes of this hermitian space that commute with the (left multiplication) action of
S.

As a special case, suppose that S = My(K), with positive involution * given by
s* = !5. Let B be a quaternion algebra over F that is split by K, and fix an isomorphism
S = My(K) ~ K ®p B. For the idempotent

e:(l O)ES, et+e =1,

there is a decomposition
V=eS5, V'i=e-8S, S=vVaoV

as left K-modules and right S-modules. This decomposition is orthogonal with respect
to 1 defined by ({8.3]), and hence also with respect to the hermitian form h. Let hy be
the restriction of h to V. Let
1
()

Since e - p = p- €', left multiplication by p interchanges V and V' and, since p* = p and
p? =1, defines an isometry of these spaces. The group G* preserves the decomposition
W =V 4+ V' and, since left multiplication by p commutes with the action of G*, the
restriction to V' defines an isomorphism

G* = RpoGU(V)o,
where GU(V)g denotes the subgroup where the scale factor lies in Q*.
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