
QUASI-CANONICAL AFL AND ARITHMETIC TRANSFER CONJECTURES

AT PARAHORIC LEVELS

CHAO LI, MICHAEL RAPOPORT, AND WEI ZHANG

Abstract. In the first part of the paper, we formulate several arithmetic transfer conjectures,

which are variants of the arithmetic fundamental lemma conjecture in the presence of ramification.

The ramification comes from the choice of non-hyperspecial parahoric level structure. We prove a

graph version of these arithmetic transfer conjectures, by relating it to the quasi-canonical arithmetic

fundamental lemma, which we also establish. We relate some of the arithmetic transfer conjectures

to the arithmetic fundamental lemma conjecture for the whole Hecke algebra in our recent paper

[14]. As a consequence, we prove these conjectures in some simple cases. In the second part of the

paper, we elucidate the structure of an integral model of a certain member of the almost selfdual

Rapoport-Zink tower, thereby proving conjectures in [11] and [15]. This result allows us verify the

hypotheses of the graph version of the arithmetic transfer conjectures in a particular case.
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1. Introduction

Inspired by the Jacquet–Rallis approach [9] to the global Gan–Gross–Prasad conjecture, the third

author proposed a relative trace formula approach to the arithmetic Gan–Gross–Prasad conjecture.

In this context, he formulated the arithmetic fundamental lemma (AFL) conjecture [26]. The AFL

conjecturally relates the special value of the derivative of an orbital integral to an arithmetic inter-

section number on a Rapoport–Zink formal moduli space of p-divisible groups (RZ-space) attached

to a unitary group. The AFL formula takes the following form.

Let p be an odd prime number. Let F0 be a finite extension of Qp and let F/F0 be an unramified

quadratic extension. Let W1 be a non-split F/F0-hermitian space of dimension n + 1 and let W ♭
1

be the perp-space of a vector u1 ∈ W1 of unit length (the special vector). Let G′ = ResF/F0
(GLn×

GLn+1) and GW1 = U(W ♭
1) × U(W1). Then the following identity holds for all matching regular

semi-simple elements γ ∈ G′(F0) and g ∈ GW1(F0),

⟨∆, g∆⟩Nn,n+1
· log q = −1

2
∂Orb(γ,1).

On the RHS, ∂Orb(γ,1) is the special value of the derivative of the weighted orbital integral of the

unit element in the spherical Hecke algebra HK′♭×K′ of the natural hyperspecial compact subgroup

K ′♭×K ′ of GLn(F )×GLn+1(F ). We note that, in contrast to [26], the natural transfer factor ω(γ)

of [19] has been incorporated in the definition of ∂Orb(γ,1). On the LHS appears the intersection

number of the diagonal cycle ∆ of the product RZ-space Nn,n+1 = Nn × Nn+1 with its translate

under the automorphism of Nn,n+1 induced by g. Here, for any n, Nn is the Rapoport-Zink

moduli space of framed basic principally polarized p-divisible groups with action of OF of signature

(1, n− 1). Both sides of the identity only depend on the orbits of γ, resp. g, under natural group

actions.

The AFL conjecture is now known to hold in general, cf. W. Zhang [28], Mihatsch–Zhang [17],

Z. Zhang [29]. These proofs are global in nature. Local proofs of the AFL are known for n = 1, 2

(W. Zhang [26]), and for minuscule elements (Rapoport–Terstiege–Zhang [20], He–Li–Zhu [6]).

It is essential for the AFL conjecture that one is dealing with a situation that is unramified in

every possible sense, i.e., the quadratic extension F/F0 defining the unitary group is unramified,

and the special vector has unit length, and the function appearing in the derivative of the orbital

integral is the characteristic function of a hyperspecial maximal open compact subgroup. The

AFL has to be modified when these unramifiedness hypotheses are dropped. In the context of the

fundamental lemma (FL) conjecture of Jacquet–Rallis, this question leads naturally to the smooth

transfer (ST) conjecture, proved by the third author in the non-archimedean case [27]. In the

arithmetic context, this question naturally leads to the problem of formulating arithmetic transfer

(AT) conjectures. A number of such AT conjectures are formulated in [19]. These conjectures are

proved in a small number of cases, cf. [18], [19].

The limiting factor to formulating such conjectures is the geometric side of the conjecture. Indeed,

for formulating an AT conjecture (at least in the naive sense), one has to make sure that the ambient

Rapoport-Zink space is regular, and this strongly limits the possibilities, see [7]. In the present

paper, we impose on the quadratic extension F/F0 to be unramified but allow the polarization in
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the RZ-moduli problem to be non-principal. More precisely, let N [r]
n be the formal moduli space

of formal OF0-modules with action of OF of signature (1, n − 1) and a compatible polarization of

type r, i.e., the kernel is killed by ϖ and is of order q2r. Thus N [0]
n = Nn. In [19], we considered

on the geometric side the natural closed embedding of N [0]
n into N [1]

n+1 and its graph ∆ in the

product N [0]
n × N [1]

n+1. We then formed the intersection product of ∆ with its translate under the

(regular semi-simple) automorphism g of N [0]
n ×N [1]

n+1 and related it to the derivative of an orbital

integral at a matching element γ. As highlighted above, the intersection product makes sense,

since N [0]
n ×N [1]

n+1 is regular. More generally, in [29], Z. Zhang considers for any r ≥ 0 the natural

embedding of N [r]
n into N [r′]

n , where r′ = r or r′ = r + 1 and forms an intersection on N [r]
n ×N [r′]

n .

However, this last product is not regular, unless r = 0; therefore, when r ≥ 1, this product is

replaced in loc. cit. by a blow-up. Using this blow-up, an AT identity is formulated and indeed

proved.

In the present paper, we want to replace the pair (r, r′) = (0, 1) by the pair (1, 0), or more

generally by (r, 0) for arbitrary r > 0. The product N [r]
n × N [0]

n+1 is regular so that intersection

products make sense on this space. A problem arises however from the fact that there is no natural

embedding of N [r]
n into N [0]

n+1. Rather, one has to replace this embedding by a diagram linking N [r]
n

to N [0]
n+1,

(1.0.1)

Ñ [r]
n

π2

""

π1

}}

N [r]
n N [0]

n+1.

In the generic fiber (i.e., for the corresponding rigid-analytic spaces), the morphism π1 is part of

the RZ-tower corresponding to suitable open compact subgroups of a unitary group of dimension

n. In other words, Ñ [r]
n is an integral model of a certain member of the RZ-tower. When r is

even, the new space Ñ [r]
n is simply the RZ-space N [r,0]

n (corresponding to a parahoric subgroup in

a quasisplit unitary group) and the map π1 is then just the obvious transition map. When r is

odd, the new space Ñ [r]
n (corresponding to a non-parahoric in a non-quasisplit unitary group) is

very mysterious. One of our main results concerns the structure of Ñ [1]
n . The following theorem is

a simplified version of Theorem 14.6.2 in the text.

Theorem 1.0.1. (i) The formal scheme Ñ [1]
n is regular of dimension n.

(ii) The morphism π1 is finite flat of degree q + 1, étale away from the closed balloon locus N [1],•
n ,

and totally ramified along N [1],•
n . The closed balloon locus N [1],•

n is a Cartier divisor which is a

disjoint sum of copies of Pn−1, enumerated by the self-dual lattices in the split F/F0-hermitian

space of dimension n.

(iii) The morphism π2 is proper and factors through the Kudla-Rapoport divisor Z(u) of Nn+1

corresponding to the special vector u of valuation one. The resulting morphism Ñ [1]
n → Z(u) is a

blow-up in a zero-dimensional reduced subscheme Z(u)cent and the exceptional divisor N [1],exc
n in

Ñ [1]
n is a reduced Cartier divisor which maps isomorphically to N [1],•

n under π1.
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Here, the blow-up is meant in the generalized sense of EGA, i.e., a blow-up in an ideal sheaf

with support in Z(u)cent.

Let us illustrate this theorem in the case n = 2. In this case, we have

• N [1]
2 is isomorphic to the Drinfeld half plane (this is the alternative interpretation of the Drinfeld

halfplane in [12]). The special fiber is a union of P1’s with dual graph a (q+1)-valent tree. These

P1’s are of two kinds: even and odd; if two such P1’s intersect, they are of different parity.

• N [1],•
2 consists of all even P1’s. The preimage under π1 of an even P1 is nonreduced (a “fat” P1

with multiplicity q + 1). The preimage of an odd P1 under π1 is a Fermat curve of degree q + 1.

• The special fiber of Z(u) consists of Fermat curves of degree q + 1 intersecting at points in

Z(u)cent (the centers of the blow-up morphism π2), and, conversely, all such intersection points

are contained in Z(u)cent. Each Fermat curve contains q+1 intersection points and q+1 Fermat

curves pass through each intersection point.

• The preimage of a point of Z(u)cent under π2 is an exceptional divisor of π2 and can be identified

with the underlying reduced scheme of a fat P1 corresponding to a specified even P1 in N [1]
2 .

Figure 1 illustrates the morphisms π1 and π2 in (3.8.2) (for n = 2 and r = 1) on the special fibers

locally around a blow-up point of Z(u).

π2π1

P1

P1

“Fat” P1

Fermat curve

Fermat curve

Figure 1. n = 2

Theorem 1.0.1 was conjectured in the unpublished manuscript [11] of Kudla and the second

author and was used in the extension by the first and the third author of the Kudla-Rapoport

intersection conjecture to the almost self-dual case in [15].

Returning to the case of general r, we obtain two closed embeddings,

Ñ [r]
n ⊂ N [r]

n ×Nn+1,

Ñ [r]
n ⊂ Ñ [r]

n ×Nn+1.

The first is given by (π1, π2). The second is the graph of π2. On the RHS of both inclusions, there is

a (compatible) action of GW1(F0) = U(W ♭
1)(F0)×U(W1)(F0). Here the perp-space is taken for the
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special vector u1 ∈ W1 of length ϖε, where ε = ε(r) ∈ {0, 1} is the parity of r. Correspondingly,

there are two intersection numbers arising in this context, given as follows,

(i)
〈
Ñ [r]

n , gÑ [r]
n

〉
N [r]

n ×Nn+1

:= χ(N [r]
n ×Nn+1, Ñ [r]

n ∩L gÑ [r]
n ),

(ii)
〈
Ñ [r]

n , gÑ [r]
n

〉
Ñ [r]

n ×Nn+1

:= χ(Ñ [r]
n ×Nn+1, Ñ [r]

n ∩L gÑ [r]
n ).

Here g ∈ GW1(F0). The first expression makes sense, since N [r]
n is regular. The second expression

makes sense if Ñ [r]
n is regular. We conjecture (in a more precise way, cf. Conjecture 3.5.1) that this

is always the case. This conjecture holds for r = 1 and when r is even.

Here the variant (i) leads to our AT conjecture of type (r, 0), by which we indicate the type of

the vertex lattices defining the parahoric level of the relevant RZ spaces. The variant (ii) leads to

the graph version of our AT conjecture. Let us first state our result on the graph version, which is

reasonably complete (Corollary 6.2.3, Proposition 6.3.1, Theorem 8.1.1). In the statement below,

there appear compact open subgroups K̃
[r]
n ⊂ K

[r]
n of U(W ♭

0) (the first a non-parahoric for odd r,

the second a maximal parahoric) and Kn+1 of U(W0) (a hyperspecial maximal parahoric). Here W0

denotes the split hermitian space of dimension n+ 1 and W ♭
0 the perp-space for the special vector

u0 of length ϖε. Then Ñ [r]
n , resp. N [r]

n , resp. Nn+1 are the members of the RZ tower corresponding

to the open compact subgroups K̃
[r]
n , resp. K

[r]
n , resp. Kn+1 . On the GL-side, we have analogous

open compact subgroups K̃
′[r]
n ⊂ K ′

n ⊂ GLn(F ) and K ′
n+1 ⊂ GLn+1(F ).

Theorem 1.0.2. Let φ′
r ∈ C∞

c (G′) be as follows,

φ′
r =

crc
′
r(q

2(n+1) − 1)1
K̃

′[r]
n ×K′

n+1

+ cr((−1)n+1 + 1)1G′(OF0
), when r is odd

crc
′
r1K̃′[r]

n ×K′
n+1

, when r is even.

Then φ′
r is a transfer of (c2r · 1K̃[r]

n ×Kn+1
, 0) ∈ C∞

c (GW0)× C∞
c (GW1).

Assume that Ñ [r]
n is regular. Then, if γ ∈ G′(F0)rs is matched with g ∈ GW1(F0)rs,〈
Ñ [r]

n , gÑ [r]
n

〉
Ñ [r]

n ×Nn+1

· log q = −1

2
∂Orb

(
γ, φ′

r

)
−Orb

(
γ, φ′

r,corr

)
,

where

φ′
r,corr =

cr · (n+ 1)1G′(OF0
) · log q, n is even, and r is odd

0, n is odd or r is even.

Here G′(OF0) denotes a certain maximal compact subgroup of G′(F0). The integers cr and c′r are

related to the normalizations of measures, see (6.1.11). The proof of Theorem 1.0.2 is by reduction

(via the factorization of π2 through the inclusion of the special divisor Z(u1) of Nn+1) to the AFL

when r is even, resp. to the quasi-canonical AFL when r is odd, see Theorem 8.1.1. The topic of

this latter variant of the AFL is another main theme of the paper, which we discuss next.

Let Z(u) ⊂ Nn+1 be the Kudla-Rapoport divisor for a special vector of valuation ε ∈ {0, 1}.
When ε = 0, the structure of Z(u) = ∆ ≃ Nn is clear: it is a regular formal scheme of dimension n

which is formally smooth over Spf OF̆ . When ε = 1, the structure of Z(u) is given by the following

theorem (Theorem 14.5.2).
5



Theorem 1.0.3. Let u be a special vector of valuation one. The formal scheme Z(u) is regular of

dimension n, and formally smooth over Spf OF̆ outside a zero-dimensional closed subset of Z(u)red.

Note that Z(u) is its own difference divisor, which implies the regularity of Z(u) (regularity

holds for any difference divisor [22], cf. also [30]). When n = 1, the formal scheme Z(u) (in N2) is

the quasi-canonical divisor of conductor one introduced in [10], which is in turn closely related to

the quasi-canonical lifting of level one of Gross.

The quasi-canonical AFL arises from the closed embedding,

Z(u) ⊂ Z(u)×Nn+1.

By the regularity of Z(u), there is the well-defined intersection number for g ∈ GW1(F0),

⟨Z(u), gZ(u)⟩Z(u)×Nn+1
:= χ(Z(u)×Nn+1,Z(u) ∩L gZ(u)).

Note that the AFL gives an analytic expression for this when ε = 0. When ε = 1, the corresponding

statement is the following theorem (Theorem 7.2.1). Recall the non-parahoric K̃
[1]
n of U(W ♭

0)(F0)

corresponding to the member Ñ [1]
n of the RZ-tower mentioned above. Also, let Kn+1 ⊂ U(W0)(F0)

be the stabilizer of a selfdual lattice.

Theorem 1.0.4. Let c′1 = (q2 + 1)(q2 − 1). Consider the function

φ′
1 = c′1(q

2(n+1) − 1)1
K̃

′[1]
n ×K′

n+1

+ ((−1)n+1 + 1)1G′(OF0
) ∈ C∞

c (G′).

Then φ′
1 is a transfer of (1

K̃
[1]
n ×Kn+1

, 0) ∈ C∞
c (GW0) × C∞

c (GW1) and, if γ ∈ G′(F0)rs is matched

with g ∈ GW1(F0)rs, then

⟨Z(u), gZ(u)⟩Z(u)×Nn+1
· log q = −1

2
∂Orb

(
γ, φ′

1

)
−Orb

(
γ, φ′

1,corr

)
,

where

φ′
1,corr =

 1
c′1
(n+ 1)1G′(OF0

) · log q, n is even,

0, n is odd.

We now return to the AT problem, pertaining to the intersection number
〈
Ñ [r]

n , gÑ [r]
n

〉
N [r]

n ×Nn+1

above. Here we have only partial results. Quite generally, we have the following conjecture, see

Conjecture 13.1.1.

Conjecture 1.0.5. (i) There exists a transfer φ′ ∈ C∞
c (G′) of (c2r · 1K[r]

n ×Kn+1
, 0) ∈ C∞

c (GW0) ×
C∞
c (GW1) such that, if γ ∈ G′(F0)rs is matched with g ∈ GW1(F0)rs, then〈

Ñ [r]
n , gÑ [r]

n

〉
N [r]

n ×Nn+1

· log q = −1

2
∂Orb

(
γ, φ′).

(ii) For any transfer φ′ ∈ C∞
c (G′) of (c2r · 1

K
[r]
n ×Kn+1

, 0) ∈ C∞
c (GW0) × C∞

c (GW1), there exists

φ′
corr ∈ C∞

c (G′) such that if γ ∈ G′(F0)rs is matched with g ∈ GW1(F0)rs, then〈
Ñ [r]

n , gÑ [r]
n

〉
N [r]

n ×Nn+1

· log q = −1

2
∂Orb

(
γ, φ′)−Orb

(
γ, φ′

corr

)
.
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Under additional hypotheses, we can give candidates for the function φ′ in part (i), cf. Conjecture

9.2.1. We recall from [14, §3.6] the base change homomorphism between spherical Hecke algebras,

BC : HK′
n
⊗Q HK′

n+1
→ HKn ⊗Q HKn+1 .

Recall from [14, §4] the atomic Hecke function in HKn , defined as the convolution,

φr := vol(K [r]
n )−11

KnK
[r]
n

∗ 1
K

[r]
n Kn

.

Conjecture 1.0.6. Assume that r is even. Let φ′ be any element in HK′
n
⊗Q HK′

n+1
such that

BC(φ′) = φr ⊗ 1Kn+1 ,

(then φ′ is a transfer of (vol(K
[r,0]
n )−2 1

K
[r]
n ×Kn+1

, 0) ∈ C∞
c (GW0) × C∞

c (GW1)). If γ ∈ G′(F0)rs is

matched with g ∈ GW1(F0)rs, then〈
Ñ [r]

n , gÑ [r]
n

〉
N [r]

n ×Nn+1

· log q = −1

2
∂Orb

(
γ, φ′).

When r = 0, Conjecture 1.0.6 recovers the arithmetic fundamental lemma. For arbitrary even r,

we show that Conjecture 1.0.6 follows from the AFL in [14] (see Conjecture 9.2.3) for certain (non

unit) elements in the spherical Hecke algebra, cf. Corollary 9.2.5. Unfortunately, we know of no

case of even r ≥ 2, where Conjecture 9.2.3 is proved.

When r is odd, we only can give φ′ in the following special case, cf. Conjecture 11.2.1. Define

the analogous atomic Hecke function

φ
[n+1]
0 := 1

K
[n+1]
n+1 Kn+1

∗ 1
Kn+1K

[n+1]
n+1

∈ H
K

[n+1]
n+1

,

where we note that H
K

[n]
n

and H
K

[n+1]
n+1

are both spherical Hecke algebras(!).

Conjecture 1.0.7. Let r be odd and assume r = n. Let φ′ be any element in HK′
n
⊗Q HK′

n+1
such

that

BC(φ′) = 1
K

[n]
n

⊗ φ
[n+1]
0 ∈ H

K
[n]
n

⊗Q H
K

[n+1]
n+1

.

If γ ∈ G′(F0)rs is matched with g ∈ GW1(F0)rs, then〈
Ñ [r]

n , gÑ [r]
n

〉
N [r]

n ×Nn+1

· log q = −1

2
∂Orb

(
γ, φ′).

Again, as for even r, Conjecture 1.0.7 follows from the AFL in [14] (see Conjecture 9.2.3) for

certain (non unit) elements in the spherical Hecke algebra, cf. Corollary 11.2.3. For n = 1,

Conjecture 9.2.3 holds, cf. [14, Thm. 7.5.1]. Hence we obtain the following theorem.

Theorem 1.0.8. Conjecture 1.0.7 holds when n = r = 1.

It would be very interesting to construct an explicit candidate for φ′ in Conjecture 1.0.5, at least

in the case r = 1 but when n is arbitrary. We hope to return to this problem in future work.
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There is another kind of AT problem, related to a diagram similar to (1.0.1), but relating this

time Nn to N [r]
n+1, cf. (3.10.1),

(1.0.2)

M̃[r]
n

π′
2

""

π′
1

~~

Nn N [r]
n+1.

The geometry of M̃[r]
n is in a sense the opposite of that of Ñ [r]

n . When r is even and r ≤ n, then

M̃[r]
n is very singular but contains a closed formal subscheme M̃[r],+

n which is isomorphic to N [0,r]
n ,

hence is regular with semi-stable reduction, cf. §3.10. There is another closed formal subscheme

M̃[r],−
n about which we know very little (e.g., if it is regular); then M̃[r]

n is the union of M̃[r],+
n and

M̃[r],−
n . When r is odd, then M̃[r]

n ≃ N [0,r−1]
n ≃ Ñ [r−1]

n is regular with semi-stable reduction.

We consider the intersection number arising in this context, given as follows,〈
M̃[r]

n , gM̃[r]
n

〉
Nn×N [r]

n+1

:= χ(Nn ×N [r]
n+1,M̃

[r]
n ∩L gM̃[r]

n ), g ∈ GW1(F0).

This leads to our AT conjecture of type (0, r). We have the following general conjecture (cf.

Conjecture 13.2.1), analogous to Conjecture 1.0.5.

Conjecture 1.0.9. Let r be such that 0 ≤ r ≤ n+1, with parity ε = ε(r). Let Wε be the hermitian

space of dimension n+1 with invariant (−1)ε, and denote by Wε+1 the hermitian space of the same

dimension n+ 1 and with opposite invariant. As before, the perp-spaces W ♭
ε and W ♭

ε+1 are formed

using special vectors of length ϖε. Also, recall the function φ
[ε]
r ∈ HU(Wε) from (10.2.3).

(i) There exists φ′ ∈ C∞
c (G′) with transfer (1

K
[0]
n

⊗ φ
[ε]
r , 0) ∈ C∞

c (GWε)×C∞
c (GWε+1) such that, if

γ ∈ G′(F0)rs is matched with g ∈ GW1(F0)rs, then〈
M̃[r]

n , gM̃[r]
n

〉
N [0]

n ×N [r]
n+1

· log q = −1

2
∂Orb

(
γ, φ′).

(ii) For any φ′ ∈ C∞
c (G′) transferring to (1

K
[0]
n

⊗ φ
[ε]
r , 0) ∈ C∞

c (GWε) × C∞
c (GWε+1), there exists

φ′
corr ∈ C∞

c (G′) such that, if γ ∈ G′(F0)rs is matched with g ∈ GW1(F0)rs, then〈
M̃[r]

n , gM̃[r]
n

〉
N [0]

n ×N [r]
n+1

· log q = −1

2
∂Orb

(
γ, φ′)−Orb

(
γ, φ′

corr

)
.

□

When r is even, we can give candidates for the function φ′ in part (i), cf Conjecture 10.3.1.

Conjecture 1.0.10. Let 0 ≤ r ≤ n+1, with r even. Let φ′ be any element in HK′
n
⊗QHK′

n+1
such

that

BC(φ′) = 1Kn ⊗ φr ∈ HKn ⊗Q HKn+1 .

If γ ∈ G′(F0)rs is matched with g ∈ GW1(F0)rs, then〈
M̃[r]

n , gM̃[r]
n

〉
N [r]

n ×Nn+1

· log q = −1

2
∂Orb

(
γ, φ′).
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Again, when r = 0, Conjecture 1.0.10 recovers the arithmetic fundamental lemma. For arbitrary

even r, we show that Conjecture 1.0.10 follows from the AFL in [14] (see Conjecture 9.2.3) for

certain (non unit) elements in the spherical Hecke algebra, cf. Corollary 10.3.4. When r is even

and r = n + 1, then there is a close relation between Conjectures 1.0.10 and 1.0.7. For even r

with 2 ≤ r ≤ n, there are also variants of Conjecture 1.0.10 involving the closed formal subschemes

M̃[r],+
n and M̃[r],−

n of M̃[r]
n . If r is odd, we do not have a candidate for the function φ′, unless r = 1

in which case we recover the AT conjecture made in [19, §10], see §12.
The following table summarizes all the cases of AT conjectures in this paper.

Type Ambient space The cycle
AT

Conjecture

Relation to AFL for

spherical Hecke

Conj. 9.2.3

(r, 0): r even N [r]
n ×N [0]

n+1 Ñ [r]
n ≃ N [0,r]

n Conj. 9.2.1 φr ⊗ 1Kn+1 (Cor. 9.2.5)

(r, 0): r odd N [r]
n ×N [0]

n+1 Ñ [r]
n Conj. 13.1.1 None

(r, 0): r = n odd N [n]
n ×N [0]

n+1 Ñ [n]
n Conj. 11.2.1 1Kn ⊗ φn+1 (Cor. 11.2.3)

(0, r′): r′ even N [0]
n ×N [r′]

n+1 M̃[r′]
n Conj. 10.3.1 1Kn ⊗ φr′ (Cor. 10.3.4)

(0, r′): r′ even N [0]
n ×N [r′]

n+1 M̃[r′],+
n Conj. 13.2.2 None

(0, r′): r′ even N [0]
n ×N [r′]

n+1 M̃[r′],−
n Conj. 13.2.2 None

(0, r′): r′ = n+ 1 even N [0]
n ×N [n+1]

n+1 M̃[n+1]
n ≃ Ñ [n]

n Conj. 11.2.1 1Kn ⊗ φn+1 (Cor. 11.2.3)

(0, r′): r′ odd N [0]
n ×N [r′]

n+1 M̃[r′]
n ≃ N [0,r′−1]

n Conj. 13.2.1 None

(0, r′): r′ = 1 N [0]
n ×N [1]

n+1 M̃[1]
n ≃ N [0]

n Thm. 12.0.2 1Kn ⊗ 1Kn+1

We note that there are two extreme cases (r = n, 0) and (0, r′ = n+ 1) in the table; they are in

fact equivalent under the duality isomorphisms (3.10.6).

Let us comment on the scope of our AT conjectures. We indeed seem to have exhausted all

possible cases under a couple of natural constraints, as we explain now. The AFL conjecture

concerns the diagram

(1.0.3)

N [0]
n

""}}

N [0]
n N [0]

n+1,

where N [0]
n ≃ Z(u0), for a special vector of unit norm. Our spaces and cycles are variants of this

diagram built on the following two considerations:

1) we would like the ambient space to be a product of RZ spaces of maximal parahoric levels and

to be regular.

2) the Z-divisor, resp. the Y-divisor Z(u)[r] ↪→ Y(u)[r] on N [r]
n+1 should be isomorphic to a lower-

dimensional RZ space of maximal parahoric level. More precisely, we have the following exceptional
9



isomorphisms

(1.0.4)

Z(u)[r] ≃ N [r]
n , v(u) = 0,

Y(u)[r] ≃ N [r−1]
n , v(u) = −1.

These are also called exceptional special divisors. It is conceivable that exceptional special divisors

on N [r]
n are characterized by the property that they are regular formal schemes (besides the case

Z(u)[0] with v(u) = 1).

We are led to the formation of “pull-back” diagrams of exceptional special divisors along the

natural projection maps N [r1,r2]
n+1 → N [ri]

n+1 from RZ spaces of (non-maximal) parahoric levels, where

0 ≤ r1, r2 ≤ n+ 1 and r1 ≡ r2 mod 2:

(1.0.5)

Z̃2
_�

��

//

□

C[r2] = Z(u0)
[r2] or Y(u0)

[r2]

_�

��

Z̃1
� � //

��

□

N [r1,r2]
n+1

��

// N [r2]
n+1

C[r1] = Z(u0)
[r1] or Y(u0)

[r1] �
�

// N [r1]
n+1.

Here C[ri] are as in (1.0.4). By the symmetry interchanging r1 and r2, it suffices to consider one of

the two cartesian squares, say the bottom-left one. We would like to consider the cartesian product

Z̃1 as our cycle and the product C[r1] ×N [r2]
n+1 as the ambient space. The regularity of the product

space happens if and only if (at least) one of the two factors is smooth over Spf OF̆ . We distinguish

two cases.

The case when C[r1] is smooth. Then either C[r1] = Z(u0)
[r1] ≃ N [0]

n with v(u0) = 0 and r1 = 0,

or C[r1] = Y(u0)
[r1] ≃ N [0]

n with v(u0) = −1 and r1 = 1. Summarizing these two possibilities and

renaming r2 as r and recalling the parity ε = ε(r) = r1, the lower left diagram in (3.10.1) becomes

the cartesian diagram (3.10.1) defining the space M̃[r]
n ,

M̃[r]
n
� � //

��
□

N [r,ε]
n+1

��

N [0]
n
� � // N [ε]

n+1.

The case when N [r2]
n+1 is smooth. Then r2 = 0 or r2 = n + 1. There is a duality isomorphism

N [r]
n+1 ≃ N [n+1−r]

n+1 [29, §5.1] which interchanges the two exceptional special divisors in (1.0.4), cf. [29,

Prop. 5.7]. To avoid repetitions, we thus assume r2 = 0. Then r1 is even. We let r = r1 in the case

C[r1] = Z(u0)
[r1] ≃ N [r1]

n (and v(u0) = 0), resp. let r = r1− 1 in the case C[r1] = Y(u0)
[r1] ≃ N [r1−1]

n

(and v(u0) = −1), so that we always have r + ε = r1. Then the lower left diagram in (3.10.1)
10



becomes the cartesian diagram (3.5.4) defining the space Ñ [r]
n ,

Ñ [r]
n
� � //

��
□

N [r+ε,0]
n+1

��

N [r]
n
� � // N [r+ε]

n+1 .

Therefore the list of our cases of AT conjectures is exhaustive, if we only consider pull-backs of

KR divisors, further subject to the natural conditions 1) and 2) above. Moreover, from the above

interpretation using the pull-backs of Z- or Y-divisors, our cycles M̃[r]
n and Ñ [r]

n may be viewed as

special cases of (yet to be defined) KR divisors on a RZ space N [r1,r2]
n+1 of non-maximal parahoric

level. Finally, we observe that the image of the composition M̃[r]
n → N [r,ε]

n+1 → N [r]
n+1 is a KR

divisor which admits a decomposition as a sum of two (Cartier) divisors. This decomposition leads

naturally to closed formal subschemes M̃[r],±
n and to refinements of AT conjectures, explaining all

cases in the table.

Note that there are more AT conjectures if we allow ourselves to take a certain class of resolutions

of singularities, for example those formulated (and proved!) by Z. Zhang [29].

Let us outline the layout of the paper. The paper consists of two parts. In the first part, we

discuss the quasi-canonical arithmetic fundamental lemma, the graph version of the AT conjecture

of type (r, 0) and the AT conjectures, and the evidence for them. In the second part, we discuss

the geometry of Ñ [1]
n and the structure of the special divisor Z(u) for a vector u of length ϖ. The

two parts are independent of each other (of course, there are results in the case r = 1 in the first

part which apply only due to the results in the second part).

In more detail, the lay-out of part 1 of the paper is as follows. In §3, the relevant RZ spaces are

introduced and the intersection numbers appearing on the geometric side are defined. In §4, the
analytic side is detailed (transfer, matching, etc.). In §5 we recall the FL and the AFL. In §6, we
construct functions which have the correct transfer for the graph version of the arithmetic transfer

conjectures. Using these functions, we formulate and prove in §7 the quasi-canonical FL and AFL.

In §8, we deduce the graph version of the AT conjecture. The sections 9–13 are devoted to the AT

conjecture. In §9 we construct a function with the correct transfer and formulate the AT conjecture

when r is an even integer. In §11 we do the same for the case when r is odd and equals n. In §13,
we formulate an AT conjecture in a vague form, for arbitrary r.

Part 2 of the paper starts with §14, in which the space Ñ [1]
n is introduced, and in which our

results concerning its geometric structure are formulated. The last two sections are devoted to the

proofs of these results.

We thank Zhiyu Zhang for his comments on an earlier version of the paper. We thank SLMath

for its hospitality to all three of us during the Spring 2023 semester on “Algebraic cycles, L-values,

and Euler systems” when part of this work was done. WZ thanks the department of Mathematics

at Harvard University for their hospitality where part of the paper was written during his visit

in Spring 2024. CL was supported by the NSF grant DMS #2101157. MR was supported by

the Simons foundation. WZ was supported by the NSF grant DMS #1901642 and the Simons

Foundation.
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2. Notations

Let p > 2 be a prime. Let F0 be a finite extension of Qp, with ring of integers OF0 , residue

field k = Fq of size q, and uniformizer ϖ. Let F be the unramified quadratic extension of F0,

with ring of integers OF and residue field kF . Let val : F → Z ∪ {∞} be the valuation on F . Let

| · |F : F → R≥0 (resp. | · | : F0 → R≥0) be the normalized absolute value on F (resp. F0). Let

η = ηF/F0
: F×

0 → {±1} be the quadratic character associated to F/F0. Let σ be the nontrivial

Galois automorphism of F/F0. Let F̆ be the completion of the maximal unramified extension of

F , and OF̆ its ring of integers,and k̄ its residue field. Fix δ ∈ O×
F such that σ(δ) = −δ.

LetW be a (non-degenerate) F/F0-hermitian space with hermitian form ( , ). We write val(x) :=

val((x, x)) for any x ∈ W . Recall that a (non-degenerate) F/F0-hermitian space is determined up to

isomorphism by its dimension n and its discriminant disc(W ) = (−1)(
n
2) det(W ) ∈ F×

0 /NmF/F0
F×

([8, Theorem 3.1]). We say W is split if disc(W ) = 1 ∈ F×
0 /NmF/F0

F×, and nonsplit otherwise.

Let L ⊆ W be an OF -lattice of rank n. We denote by L∨ its dual lattice under ( , ). We say that

L is integral if L ⊆ L∨. If L is integral, define its fundamental invariants to be the unique sequence

of integers (a1, . . . , an) such that 0 ≤ a1 ≤ · · · ≤ an, and L∨/L ≃ ⊕n
i=1OF /ϖ

ai as OF -modules;

define its valuation to be val(L) :=
∑n

i=1 ai; and define its type, denoted by t(L), to be the number

of nonzero terms in its fundamental invariants (a1, . . . , an).

We say L is minuscule or a vertex lattice if it is integral and L∨ ⊆ ϖ−1L. Note that L is

a vertex lattice of type t if and only if it has fundamental invariants (0(n−t), 1(t)), if and only if

L ⊆t L∨ ⊆ ϖ−1L, where ⊆t indicates that the OF -colength is equal to t. The set of vertex lattices

of type t (resp. of type ≥ t, resp. all vertex lattices) in W is denoted by Vertt(W ) (resp. Vert≥t(W ),

resp. Vert(W )). We say L is self-dual if L = L∨, or equivalently L is a vertex lattice of type 0.

We say L is almost self-dual if L is a vertex lattice of type 1. Since F/F0 is unramified, if W is

split then val(L) is even, any vertex lattice has even type and W contains a self-dual lattice; if W

is nonsplit then val(L) is odd, any vertex lattice has odd type and W contains an almost self-dual

lattice.

Let X be a formal scheme. For closed formal subschemes Z1, · · · ,Zm of X, denote by ∪m
i=1Zi the

formal scheme-theoretic union, i.e., the closed formal subscheme with ideal sheaf ∩m
i=1IZi , where

IZi is the ideal sheaf of Zi. A closed formal subscheme on X is called a Cartier divisor if it is

defined by an invertible ideal sheaf.

When X is noetherian and Y is a closed formal subscheme, denote by KY
0 (X) the Grothendieck

group (modulo quasi-isomorphisms) of finite complexes of coherent locally free OX -modules, acyclic

outside Y (i.e., the homology sheaves are formally supported on Y ). As defined in [28, (B.1), (B.2)],

denote by FiKY
0 (X) the (descending) codimension filtration on KY

0 (X), and denote by GriKY
0 (X)

its i-th graded piece. As in [28, App. B], the definition of KY
0 (X), FiKY

0 (X) and GriKY
0 (X)

can be extended to locally noetherian formal schemes X by writing X as an increasing union of

open noetherian formal subschemes. Similarly, we let K ′
0(X) denote the Grothendieck group of

coherent sheaves of OX -modules. Now let X be regular. Then there is a natural isomorphism

KY
0 (X) ≃ K ′

0(Y ). For closed formal subschemes Z1, · · · ,Zm of X, denote by Z1 ∩L
X · · · ∩L

X Zm (or

12



simply Z1∩L· · ·∩LZm if the ambient space is clear) the derived tensor productOZ1⊗L
OX

· · ·⊗L
OX

OZm ,

viewed as an element in KZ1∩···∩Zm
0 (X).

For F a finite complex of coherent OX -modules, we define its Euler–Poincaré characteristic

χ(X,F) :=
∑
i,j

(−1)i+j lengthOF̆
H i(X,Hj(F))

if the lengths are all finite. Assume that X is regular with pure dimension n. If Fi ∈ FriKZi
0 (X)

with
∑

i ri ≥ n, then by [28, (B.3)] we know that χ(X,
⊗L

i Fi) depends only on the image of Fi in

Grri KZi
0 (X).

For two formal schemes X,Y over Spf OF̆ , write X × Y := X ×Spf OF̆
Y for short.

For an algebraic variety Y over a finite extension F of Qp, we write C∞
c (Y ) for C∞

c (Y (F )).

Part 1. AT conjectures and the quasi-canonical AFL

3. The geometric side

In this section, we introduce the relevant RZ spaces and then define the intersection numbers

appearing on the geometric side of the arithmetic transfer conjectures.

3.1. Rapoport–Zink spaces Nn of self-dual level. Let S be a Spf OF̆ -scheme. Consider a triple

(X, ι, λ) where

(i) X is a formal ϖ-divisible OF0-module over S of relative height 2n and dimension n,

(ii) ι : OF → End(X) is an action of OF extending the OF0-action and satisfying the Kottwitz

condition of signature (1, n − 1): for all a ∈ OF , the characteristic polynomial of ι(a) on LieX is

equal to (T − a)(T − σ(a))n−1 ∈ OS [T ],

(iii) λ : X → X∨ is a principal polarization onX whose Rosati involution induces the automorphism

σ on OF via ι.

Up to OF -linear quasi-isogeny compatible with polarizations, there is a unique such triple

(X, ιX, λX) over S = Spec k̄, where X is isoclinic. Let Nn = NF/F0,n be the (relative) unitary

Rapoport–Zink space of self-dual level, which is a formal scheme over Spf OF̆ representing the

functor sending each S to the set of isomorphism classes of tuples (X, ι, λ, ρ), where the framing

ρ : X ×S S̄ → X×Spec k̄ S̄ is an OF -linear quasi-isogeny of height 0 such that ρ∗((λX)S̄) = λS̄ . Here

S̄ := Sk̄ is the special fiber.

The Rapoport–Zink space Nn is formally locally of finite type and formally smooth of relative

dimension n− 1 over Spf OF̆ ([21], [16, Prop. 1.3]).

3.2. The hermitian space Vn. Let E be the formal OF0-module of relative height 2 and dimension

1 over Spec k̄. Then D := End◦OF0
(E) := EndOF0

(E) ⊗ Q is the quaternion division algebra over

F0. We fix an F0-embedding ιE : F → D, which makes E into a formal OF -module of relative

height 1. We fix an OF0-linear principal polarization λE : E ∼−→ E∨. Then (E, ιE, λE) is a hermitian

OF -module of signature (1, 0). We have N1 ≃ Spf OF̆ and there is a unique lifting (the canonical

lifting) E of the formal OF -module E over Spf OF̆ , equipped with its OF -action ιE , its framing
13



ρE : Ek̄
∼−→ E, and its principal polarization λE lifting ρ∗E(λE). Define E to be the same OF0-module

as E but with OF -action given by ιE := ιE ◦ σ, and λE := λE, and similarly define Ē and λĒ .

Denote by Vn = Hom◦
OF

(E,X) be the space of special quasi-homomorphisms. Then Vn carries a

F/F0-hermitian form: for x, y ∈ Vn, the pairing (x, y) ∈ F is given by

(E x−→ X λX−→ X∨ y∨−→ E∨ λ−1
E−−→ E) ∈ End◦OF

(E) = ιE(F ) ≃ F.

The hermitian space Vn is the unique (up to isomorphism) non-degenerate non-split F/F0-hermitian

space of dimension n. The unitary group U(Vn)(F0) acts on the framing hermitian OF -module

(X, ιX, λX) (via the identification in [10, Lem. 3.9]) and hence acts on the Rapoport–Zink space Nn

via g(X, ι, λ, ρ) = (X, ι, λ, g ◦ ρ) for g ∈ U(V)(F0).

For any 0 ̸= x ⊆ Vn, define the Kudla–Rapoport divisor or special divisor Z(x) ⊆ Nn to be the

closed formal subscheme which represents the functor sending each S to the set of isomorphism

classes of tuples (X, ι, λ, ρ) such that the quasi-homomorphism

ρ−1 ◦ x ◦ ρĒ : ĒS ×S S̄
ρĒ−→ Ē×Spec k̄ S̄

x−→ X×Spec k̄ S̄
ρ−1

−−→ X ×S S̄

extends to a homomorphism ĒS → X ([10, Def. 3.2]). Then Z(x) only depends on the OF -lattice

⟨x⟩ spanned by x, and it is a Cartier divisor on Nn and is flat over Spf OF̆ ([10, Prop. 3.5]). In the

body of the paper, the index n of the RZ-space is in fact often replaced by n+ 1.

3.3. Rapoport–Zink spaces N [r]
n of maximal parahoric level. Let r be an integer such that

0 ≤ r ≤ n. Let S be a Spf OF̆ -scheme. Consider a triple (Y, ι, λ) analogous to §3.1 but the

principal polarization λ is replaced by a polarization λ : Y → Y ∨ such that kerλ ⊆ Y [ϖ] and

has order q2r. Up to OF -linear quasi-isogeny compatible with polarizations, there is a unique

such triple (Y, ιY, λY) over S = Spec k̄ such that Y is isoclinic. Let N [r]
n be the (relative) unitary

Rapoport–Zink space of maximal parahoric level, which is a formal scheme over Spf OF̆ representing

the functor sending each S to the set of isomorphism classes of tuples (Y, ι, λ, ρ), where the framing

ρ : Y ×S S̄ → Y×Spec k̄ S̄ is an OF -linear quasi-isogeny of height 0 such that ρ∗((λY)S̄) = λS̄ .

The Rapoport–Zink space N [r]
n is formally locally of finite type, regular, of relative dimension

n − 1 and of semistable reduction over Spf OF̆ ([21], [4], [2, Thm. 1.2]). By definition N [0]
n ≃ Nn

for r = 0.

Analogous to §3.2, denote byWn = W[r]
n = Hom◦

OF
(E,Y) the space of special quasi-homomorphisms.

Then Wn carries a F/F0-hermitian form: for x, y ∈ Wn, the pairing (x, y) ∈ F is given by

(E x−→ Y λY−→ Y∨ y∨−→ E∨ λ−1
E−−→ E) ∈ End◦OF

(E) = ιE(F ) ≃ F.

The hermitian space W[r]
n is the unique (up to isomorphism) non-degenerate split (resp. nonsplit)

F/F0-hermitian space of dimension n if r is odd (resp. r is even). Analogous to §3.2, the unitary

group U(Wn)(F0) acts on the framing hermitian OF -module (Y, ιY, λY) and hence acts on the

Rapoport–Zink space N [r]
n via g(Y, ι, λ, ρ) = (Y, ι, λ, g ◦ ρ) for g ∈ U(W)(F0). Note that N [0]

n = Nn

and W[0]
n = Vn.
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3.4. Rapoport–Zink spaces N [r,s]
n of parahoric level. Let 0 ≤ s ≤ r ≤ n be integers of the

same parity. Let Y[r] (resp. Y[s]) be the framing p-divisible groups of N [r]
n (resp. N [s]

n ). Fix an

OF -linear isogeny α : Y[r] → Y[s] compatible with polarizations such that kerα ⊆ Y[r][ϖ] and has

degree qr−s.

Consider the functor sending a Spf OF̆ -scheme S to the set of isomorphism classes of tuples

(Y [r], ι[r], λ[r], ρ[r], Y [s], ι[s], λ[s], ρ[s]), where

• (Y [r], ι[r], λ[r], ρ[r]) ∈ N [r]
n (S),

• (Y [s], ι[s], λ[s], ρ[s]) ∈ N [s]
n (S),

such that (ρ[s])−1 ◦ α ◦ ρ[r] : Y [r] ×S S̄ → Y [s] ×S S̄ lifts to an isogeny α̃ : Y [r] → Y [s]. Note that if

α̃ exists then it is unique and kerα ⊆ Y [r][ϖ] and has degree qr−s. This functor is represented by

a formal scheme N [r,s]
n known as the (relative) unitary Rapoport–Zink space of parahoric level. The

Rapoport–Zink space N [r,s]
n is formally locally of finite type, regular, of relative dimension n − 1

and of semistable reduction over Spf OF̆ ([21], [4]). By definition there are natural projections

(3.4.1) N [r,s]
n

""||

N [r]
n N [s]

n .

3.5. The space Ñ [r]
n . Let 0 ≤ r ≤ n. Set

(3.5.1) ε =

0, r is even,

1, r is odd.

Let Y (resp. X) be the framing p-divisible group of N [r]
n (resp. Nn+1). Then we may choose

(Y×E, ιY× ιE, λY×ϖελE) (resp. (X, ιX, λX)) as a framing object of N [r+ε]
n+1 (resp. Nn+1). We have

a natural closed immersion

(3.5.2) N [r]
n ↪→ N [r+ε]

n+1 , (Y, ι, λ, ρ) 7−→ (Y × ĒS , ι× ιĒS , λ×ϖελĒS , ρ× ρĒS ).

Consider N [r+ε,0]
n+1 by fixing an OF -linear isogeny

(3.5.3) α : Y× E −→ X,

such that kerα ⊂ (Y× E)[ϖ] and α∗(λX) = λY ×ϖελE. We define the formal scheme Ñ [r]
n by the

cartesian diagram

(3.5.4)

Ñ [r]
n
� � //

��
□

N [r+ε,0]
n+1

��

N [r]
n
� � // N [r+ε]

n+1 .

By construction, Ñ [r]
n is the closed formal subscheme of N [r]

n ×Nn+1 parameterizing tuples

(Y, ιY , λY , ρY , X, ιX , λX , ρX)
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such that ρ−1
X ◦ α ◦ (ρY × ρĒS ) lifts to an isogeny α̃ : Y × E → X. Then α̃ is uniquely determined,

has degree qr+ε and kerα ⊂ (Y × E)[ϖ]. We denote by π1, π2 the two natural projections,

(3.5.5)

Ñ [r]
n

π2

""

π1

}}

N [r]
n Nn+1.

Both projection maps π1, π2 are proper.

The structure of Ñ [r]
n is quite mysterious in general. The following conjecture concerns the local

structure.

Conjecture 3.5.1. The formal scheme Ñ [r]
n is regular, with special fiber a tame divisor with normal

crossings, i.e. for every x ∈ Ñ [r]
n (k̄), there exists a regular system of parameters X1, . . . , Xn for the

complete local ring ÔÑ [r]
n ,x

such that ϖ =
∏

Xm1
1 · . . . ·Xmn

n , where the mi are prime to p.

Proposition 3.5.2. Conjecture 3.5.1 holds when r is even.

Proof. In this case ε = 0 and we have Ñ [r]
n ≃ N [r,0]

n is regular and has semistable reduction. □

Conjecture 3.5.1 seems more difficult when r is odd. We will study the special case r = 1 in more

detail and prove in Theorem 14.6.2 a more precise result regarding the structure of Ñ [1]
n . This was

conjectured by Kudla and Rapoport, cf. [11], see also [15, Conj. 10.4.1]. In particular, when r = 1

we will prove Conjecture 3.5.1 in Theorem 16.6.1.

3.6. Arithmetic intersection number for AT of type (r, 0). The morphisms π1 and π2 in

(3.5.5) combine to give a closed embedding,

Ñ [r]
n ↪→ N [r]

n ×Nn+1.

Since N [r]
n is regular and Nn+1 is formally smooth over Spf OF̆ , we know that N [r]

n ×Nn+1 is regular.

Hence it makes sense to define arithmetic intersection numbers of closed formal subschemes on the

ambient space N [r]
n ×Nn+1,

(3.6.1)
〈
Ñ [r]

n , gÑ [r]
n

〉
N [r]

n ×Nn+1

:= χ(N [r]
n ×Nn+1, Ñ [r]

n ∩L gÑ [r]
n ),

where g ∈ U(W[r]
n )(F0) × U(Vn+1)(F0). The arithmetic intersection number is finite as long as

Ñ [r]
n ∩ gÑ [r]

n is a proper scheme over Spf OF̆ , which is the case if g is regular semisimple by the

standard argument, cf. [16, proof of Lem. 6.1]. We will formulate arithmetic transfer conjectures

(Conjectures 9.2.1, 11.2.1 and 13.1.1) relating (3.6.1) to the derivative of certain orbital integrals.

3.7. Arithmetic intersection number for the graph variant of AT of type (r, 0). We also

consider a variant of the arithmetic intersection number (3.6.1) by replacing the factor N [r]
n in the

regular ambient space N [r]
n ×Nn+1 by the related space Ñ [r]

n . We have the natural closed immersion

Ñ [r]
n ↪→ Ñ [r]

n ×Nn+1,

given by the graph of π2.
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Let g ∈ U(W[r]
n )(F0)×U(Vn+1)(F0). The variant of (3.6.1) we consider is

(3.7.1)
〈
Ñ [r]

n , gÑ [r]
n

〉
Ñ [r]

n ×Nn+1

:= χ(Ñ [r]
n ×Nn+1, Ñ [r]

n ∩L gÑ [r]
n ).

Note that the diagonal action of the group U(W[r]
n )(F0) on N [r]

n × Nn+1 stabilizes Ñ [r]
n and hence

U(W[r]
n )(F0) acts on Ñ [r]

n . Thus the group U(W[r]
n )(F0)×U(Vn+1)(F0) naturally acts on the product

Ñ [r]
n ×Nn+1.

Assuming that Ñ [r]
n is regular (comp. Conjecture 3.5.1), and since Nn+1 is formally smooth over

Spf OF̆ , the ambient space Ñ [r]
n × Nn+1 is regular. Hence under this assumption the arithmetic

intersection number above makes sense, and is finite when the formal scheme-theoretic intersection

Ñ [r]
n ∩gÑ [r]

n is a proper scheme over Spf OF̆ . We will give a formula, relating (3.7.1) to the derivative

of orbital integrals, cf. Theorem 8.1.1.

3.8. Relation of Ñ [r]
n with the special divisor Z(u). Let u ∈ Vn+1 = Hom◦

OF
(E,X) be the

restriction of α in (3.5.3) to the second factor E. Let Z(u) ⊆ Nn+1 be the special divisor associated

to u. By construction, the projection π2 : Ñ [r]
n → Nn+1 factors through Z(u). Thus we have a (not

necessarily cartesian) commutative diagram

(3.8.1)

Ñ [r]
n
� � //

π2

��

N [r+ε,0]
n+1

��

Z(u) �
�

// Nn+1.

Combining (3.5.4) and (3.8.1) we obtain a commutative diagram,

(3.8.2)

Ñ [r]
n

□

� � //

π1
||

π2
##

N [r+ε,0]
n+1

{{
##

N [r]
n
� � // N [r+ε]

n+1 Z(u) �
�

// Nn+1.

3.9. Arithmetic intersection number for the quasi-canonical AFL. Consider the natural

closed immersion

Z(u) ↪→ Z(u)×Nn+1

given by the graph of the inclusion of the special divisor Z(u) in Nn+1 Note that (u, u) = ϖε and

hence Z(u) is the quasi-canonical divisor of level zero (when ε = 0), resp. one (when ε = 1). Since

(u, u) has valuation ε ∈ {0, 1}, we know by [22] that Z(u) is regular (note that Z(u) is its own

difference divisor). Since Nn+1 is formally smooth over Spf OF̆ , the ambient space Z(u) × Nn+1

is regular. Let Wn be the orthogonal complement of u ∈ Vn+1. Then the action of the group

U(Wn)(F0) ⊂ U(Vn+1)(F0) on Nn+1 leaves Z(u) invariant. Hence U(Wn)(F0)×U(Vn+1)(F0) acts

on the product Z(u) × Nn+1. Therefore we may consider the intersection number of the quasi-

canonical divisor Z(u) with its translate under g ∈ U(Wn)(F0)×U(Vn+1)(F0),

(3.9.1) ⟨Z(u), gZ(u)⟩Z(u)×Nn+1
:= χ(Z(u)×Nn+1,Z(u) ∩L gZ(u)).

17



When ε = 0, (3.9.1) is, under the identification of Z(u) with Nn, the intersection number

occurring in the AFL. When ε = 1, we consider (3.9.1) as the intersection number occurring

in the quasi-canonical AFL. This number is finite when the formal scheme-theoretic intersection

Z(u) ∩ gZ(u) is a proper scheme over Spf OF̆ . We will give a formula, relating (3.9.1) to the

derivative of orbital integrals, cf. Theorem 7.2.1. When ε = 0, this formula reduces to the AFL.

3.10. The space M̃[r]
n . Let 0 ≤ r ≤ n + 1. Let ε ∈ {0, 1} be of the same parity as r so that the

space N [r,ε]
n+1 is defined. We have a natural embedding (cf. (3.5.2))

N [0]
n −→ N [ε]

n+1, (Y, ι, λ, ρ) 7−→ (Y × ĒS , ι× ιĒS , λ×ϖελĒS , ρ× ρĒS ).

Using this embedding, similar to (3.5.4) but using the other projection N [r,ε]
n+1 → N [ε]

n+1, we form

another Cartesian product, denoted by M̃[r]
n ,

(3.10.1)

M̃[r]
n
� � //

��
□

N [r,ε]
n+1

��

N [0]
n
� � // N [ε]

n+1.

Now, instead of (3.5.5) we can consider

(3.10.2)

M̃[r]
n

π′
2

""

π′
1

}}

N [0]
n N [r]

n+1,

where the first map π′
1 is the left vertical map in (3.10.1) and the second map π′

2 is the composition

M̃[r]
n ↪→ N [r,ε]

n+1 → N [r]
n+1. Explicitly, fix an OF -linear isogeny

(3.10.3) α : Y′ −→ X× E,

such that kerα ⊂ Y′[ϖ] and α∗(λX × ϖελE) = λY′ . Then the space M̃[r]
n is the closed formal

sublocus of N [0]
n ×N [r]

n+1 parametrizing tuples

(X, ιX , λX , ρX , Y ′, ιY ′ , λY ′ , ρY ′)

such that (ρX × ρĒS )
−1 ◦ α ◦ ρY ′ lifts to an isogeny α̃ : Y ′ → X × Ē .

Let us discuss the geometry of M̃[r]
n . We distinguish the case where r is even from the case where

r is odd.

Let r be even. If r ≤ n, there is a closed embedding N [0,r]
n ↪→ M̃[r]

n , sending (Y → X) to

(X,Y × Ē) (we are dropping all auxiliary structure from the notation). Let u ∈ Hom◦
OF

(Y′,E) be
the projection of α in (3.10.3) to the second factor. By taking duals and using the polarization, we

may identify Hom◦
OF

(Y′,E) with Vn+1. In this way, we obtain the special vector u of length one in

Vn+1. Recall the Z-divisor and the Y-divisor Z(u)[r] ↪→ Y(u)[r] onN [r]
n+1, comp. [29, §5.2]. They are

both relative Cartier divisors. Furthermore, Z(u)[r] is a regular Cartier divisor isomorphic to N [r]
n ,

cf. [29, Prop. 5.19]). If r = 0, then Z(u)[r] = Y(u)[r]. If r ≥ 2, then Y(u)[r] is a reducible Cartier

divisor, as follows from the non-emptiness of the difference divisor D(u) = Y(u)[r] \Y(u/ϖ)[r] (this
18



can be seen for n = 2 from the theory of quasi-canonical divisors [10], and for n ≥ 3 from the non-

emptiness of the underlying reduced scheme, as can be checked using the Bruhat–Tits stratification

in [3] and [29]). We obtain a cartesian diagram

(3.10.4)

N [0,r]
n
� � //

��
□

M̃[r]
n

��

Z(u)[r] �
�

// Y(u)[r].

Here the right downward arrow associates to (Y ′ → X × Ē) the second projection (Y ′ → Ē) (this
is the analogue of π2 in (3.8.1) for M̃[r]

n instead of Ñ [r]
n ). The left downward arrow associates to

(Y → X) the map (Ē → Y × Ē). It follows that M̃[r]
n is formally reducible when r ≥ 2, hence M̃[r]

n

is not regular for r ≥ 2, i.e., there is no analogue of Proposition 3.5.2 for M̃[r]
n .

Write Y(u)[r] as the sum of effective Cartier divisors

Y(u)[r] = Y(u)[r],+ + Y(u)[r],−,

where Y(u)[r],+ = Z(u)[r]. Correspondingly, we obtain by pullback of Y(u)[r],+ = Z(u)[r], resp. of

Y(u)[r],− under the map M̃[r]
n → Z(u)[r] the closed formal subschemes M̃[r],+ = N [0,r]

n , resp. M̃[r],−.

Then M̃[r],+ is regular and its generic fiber is the member of the RZ-tower of N [0]
n corresponding

to the parahoric subgroup K
[r],+
n of §10.1. It is conceivable that M̃[r],− is also regular and that its

generic fiber is the member of the RZ-tower of N [0]
n corresponding to the parahoric subgroup K

[r],−
n

of §10.1.
Now let r be even and r = n+ 1. Then we have a natural isomorphism M̃[n+1]

n
∼−→ Ñ [n]

n making

the following diagram commutative,

(3.10.5)

M̃[n+1]
n

≃
//

π′
1×π′

2
��

Ñ [n]
n

π1×π2
��

N [0]
n ×N [n+1]

n+1
≃
// N [n]

n ×N [0]
n+1.

Here the isomorphisms in the bottom line

(3.10.6) N [n]
n ≃ N [0]

n , resp. N [n+1]
n+1 ≃ N [0]

n+1

are the rescaling isomorphisms which send e.g. (X, ι, λ) ∈ N [n]
n to (X, ι, λ0) ∈ N [0]

n , where λ = ϖλ0.

The isomorphism M̃[n+1]
n

∼−→ Ñ [n]
n sends (Y ′ → X × Ē) ∈ M̃[n+1]

n to (Y × Ē → X ′), where X ′ is the

dual of the rescaled module of Y ′, and Y is the dual of the rescaled module X.

Now let r be odd. When r = 1 (hence ε = 1) then, trivially, N [r,ε]
n+1 ≃ N [1]

n+1 and M̃[r]
n ≃ N [0]

n . In

general

(3.10.7) M̃[r]
n ≃ N [0,r−1]

n ,

such that π′
1 : M̃

[r]
n → N [0]

n coincides with the natural projection N [0,r−1]
n → N [0]

n . The isomorphism

is given by sending (Y ′ → X × Ē) ∈ M̃[r]
n to the element (Y → X) ∈ N [0,r−1]

n , where Y ∈ N [r−1]
n is

the dual of (Y ′)∨/ im(Ē∨ → (Y ′)∨), and where the isogeny Y → X is the dual of the composition
19



X∨ → (Y ′)∨ → Y ∨. Note that, by Proposition 3.5.2, the isomorphism (3.10.7) may also be written

as M̃[r]
n ≃ Ñ [r−1]

n , in analogy with the isomorphism M̃[n+1]
n

∼−→ Ñ [n]
n for n odd, occurring in (3.10.5).

However, for r even with r ≤ n, there is no identification of M̃[r]
n with an Ñn-space. Maybe there

is a better chance with the space M̃[r],− introduced above.

In conclusion, when r is odd, then M̃[r]
n is regular with semi-stable reduction and the generic

fiber of M̃[r]
n is a member of the RZ-tower associated to N [0]

n (in fact corresponding to the parahoric

subgroup K
[r]
n , cf. §10.1).

3.11. Arithmetic intersection number for AT of type (0, r). The arithmetic intersection

number in this context is defined as

(3.11.1)
〈
M̃[r]

n , gM̃[r]
n

〉
N [0]

n ×N [r]
n+1

:= χ(N [0]
n ×N [r]

n+1,M̃
[r]
n ∩L gM̃[r]

n ), g ∈ GWϵ(r)+1
(F0)rs.

Here we take the convention that Wϵ(r)+1 = W0 when ϵ(r) = 1. Note that, by (3.10.5), the

intersection number (3.11.1), for r = n+ 1 even, coincides with the intersection number (3.6.1) for

r = n. In the special case r = 1 (hence ε = 1), we have N [r,ε]
n+1 ≃ N [1]

n+1 and M̃[r]
n ≃ N [0]

n ; in this

case, M̃[r]
n is the graph of the closed embedding N [0]

n ↪→ N [1]
n+1, and this intersection number has

been considered in [19], where an AT statement is proved. See §12 for more details.

In the case when r is even and r ≤ n, there are the following variants of (3.11.1),

(3.11.2)

〈
M̃[r],+

n , gM̃[r],+
n

〉
N [0]

n ×N [r]
n+1

:= χ(N [0]
n ×N [r]

n+1,M̃
[r],+
n ∩L gM̃[r],+

n ),〈
M̃[r],−

n , gM̃[r],−
n

〉
N [0]

n ×N [r]
n+1

:= χ(N [0]
n ×N [r],−

n+1 ,M̃[r],−
n ∩L gM̃[r],−

n ),〈
M̃[r],+

n , gM̃[r],−
n

〉
N [0]

n ×N [r]
n+1

:= χ(N [0]
n ×N [r]

n+1,M̃
[r],+
n ∩L gM̃[r],−

n ),

where g ∈ GW1(F0)rs.

4. The analytic side

4.1. Groups. We recall the group-theoretic setup of [18, §2] in both homogeneous and inhomoge-

neous settings. Let n ≥ 1. In the homogeneous setting, set

(4.1.1) G′ := ResF/F0
(GLn ×GLn+1),

a reductive algebraic group over F0. Let W be a F/F0-hermitian space of dimension n + 1. Fix

u ∈ W a non-isotropic vector (the special vector), and let W ♭ = ⟨u⟩⊥. Set

(4.1.2) GW = U(W ♭)×U(W ),

a reductive algebraic group over F0. We have the notion of a regular semi-simple element, for

γ ∈ G′(F0) and for g ∈ GW (F0) and the notion of matching γ ↔ g, cf. [18, §2]. The notions of

regular semi-simple elements are with respect to the actions of reductive algebraic groups over F0,

namely H ′
1,2 = H ′

1 ×H ′
2 := ResF/F0

(GLn)× (GLn ×GLn+1) on G′, resp. HW := U(W ♭)× U(W ♭)

on GW . It is important to note that the first action is arranged after the choice of the special

vector u ∈ W . The sets of regular semi-simple elements are denoted by G′(F0)rs and GW (F0)rs

respectively. Let W0, W1 be the two isomorphism classes of F/F0-hermitian spaces of dimension
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n+ 1. Note that, unlike the convention in [18], for the moment we do not assume W0 to be split.

Take the special vectors u0 ∈ W0 and u1 ∈ W1 to have the same norm (not necessarily a unit).

Then we have a bijection of regular semisimple orbits,

(4.1.3)
[
GW0(F0)rs

]⊔ [
GW1(F0)rs

] ∼
//
[
G′(F0)rs

]
.

Remark 4.1.1. In our previous work, the norm of the special vector is assumed to be one. In that

case we characterize the bijection of orbits in terms of invariant theory. If the norm of the special

vector is not equal to one, we need to scale the Hermitian form so that the norm of the special

vector becomes one and then we can apply the invariant-theoretical characterization of the orbit

comparison.

In the inhomogeneous setting, recall the symmetric space

(4.1.4) Sn+1 = {γ ∈ ResF/F0
GLn+1 | γγ = 1n+1}.

There is the map

(4.1.5) r : ResF/F0
GLn+1 −→ Sn+1, γ 7−→ γγ−1,

which induces an isomorphism (ResF/F0
GLn+1)/GLn+1 ≃ Sn+1. We have the notion of a regular

semi-simple element, for γ ∈ Sn+1(F0) and for g ∈ U(W )(F0) and the notion of matching γ ↔ g.

Here W is any hermitian space of dimension n+1 and the notions of regular semi-simple elements

are with respect to the conjugation actions of H ′ := GLn on S, resp., of H := U(W ♭) on U(W ).

The sets of regular semi-simple elements are denoted by Sn+1(F0)rs and U(W )(F0)rs respectively.

The inhomogeneous version of the bijection (4.1.3) is

(4.1.6)
[
U(W0)(F0)rs

]⊔ [
U(W1)(F0)rs

] ∼
//
[
Sn+1(F0)rs

]
.

We use the same notation for the map r : GLn+1(F ) → Sn+1(F0) introduced in (4.1.5) and the

map

(4.1.7) r : G′(F0) −→ Sn+1(F0),

obtained by precomposing r with G′(F0) → GLn+1(F ) given by (γ1, γ2) 7→ γ−1
1 γ2. Then G′(F0)rs =

r−1(Sn+1(F0)rs), and γ ∈ G′(F0)rs matches g = (g1, g2) ∈ GWi(F0)rs if and only if r(γ) ∈ Sn+1(F0)rs

matches g−1
1 g2 ∈ U(Wi)(F0)rs.

We will also need the semi-Lie version of this set-up in the inhomogeneous version. Set

(4.1.8) W ′ = W ′
n+1 = Fn+1

0 × (Fn+1
0 )∗.

There is the notion of a regular semi-simple element, for (γ, v) ∈ (Sn+1 ×W ′)(F0) and for (g, u) ∈
(U(W )×W )(F0), cf. [28, §2]. These notions are with respect to group actions of GLn, resp. U(W ♭).

Again, there is a notion of matching between elements of (Sn+1×W ′)(F0)rs and (U(W )×W )(F0)rs.
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4.2. Orbital integrals. We recall the orbital integrals in both homogeneous and inhomogeneous

settings, following [18, §5]. Now we assume that F/F0 is an unramified extension of non-archimedean

local fields. We then have a unique extension of η to an unramified quadratic character η̃ : F× →
{±1}. We also define the twist

η̃s(z) = η̃(z)|z|s/2F , z ∈ F×,

for a complex parameter s ∈ C.
We first introduce a transfer factor on G′ and Sn+1 respectively. For γ ∈ Sn+1(F0)rs, we define

(4.2.1) ∆+(γ) = det((γien+1)
n
i=0),

where

(4.2.2) en+1 =
t(0, · · · , 0, 1) ∈ M(n+1)×1(F0).

For s ∈ C, we define the transfer factor on the symmetric space Sn+1 as1

(4.2.3) ωS,s(γ) = η̃−s(∆
+(γ)), γ ∈ Sn+1(F0)rs.

It satisfies

ωS,s(h
−1γh) = ηs(h)ωS,s(γ), h ∈ GLn(F0).

Here we write ηs(h) for ηs(deth).

In the homogeneous case, we define for γ = (γn, γn+1) ∈ G′(F0)rs and s ∈ C, the transfer factor

on the group G′ as

(4.2.4) ωG′,s(γ) = η̃n(γ−1
n γn+1)|γn|−s

F ωS,2s(r(γ)).

Then it is easy to verify

ωG′,s(h
−1
1 γh2) = |deth1|sF η(h2)ωG′,s(γ), (h1, h2) ∈ (H ′

1 ×H ′
2)(F0).

Here we denote

η(h2) := η(deth′2)
n−1η(deth′′2)

n for h2 = (h′2, h
′′
2) ∈ H ′

2(F0) = GLn(F0)×GLn+1(F0).

Next we introduce some weighted orbital integrals. In the homogeneous setting, for an element

γ ∈ G′(F0)rs, for a function φ′ ∈ C∞
0 (G′) and for a complex parameter s ∈ C, we define2

(4.2.5) Orb(γ, φ′, s) := ωG′,s(γ)

∫
H′

1,2(F0)
φ′(h−1

1 γh2)|deth1|sF η(h2) dh1 dh2,

where we use fixed Haar measures on H ′
1(F0) and H ′

2(F0) and the product Haar measure on

H ′
1,2(F0) = H ′

1(F0)×H ′
2(F0). We further define the value and derivative at s = 0,

(4.2.6) Orb(γ, φ′) := Orb(γ, φ′, 0) and ∂Orb(γ, φ′) :=
d

ds

∣∣∣
s=0

Orb(γ, φ′, s).

1Here our transfer factor, when specialized to s = 0, coincides with [19, §2.4] and [28, §2.3] where η̃(det(γ)) = 1

by our choice of η̃.
2Note that, contrary to e.g. [19] and [28], we incorporate the transfer factor in the definition of the weighted

orbital integral.
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The integral defining Orb(γ, φ′, s) is absolutely convergent, and Orb(γ, φ′) and ∂Orb(γ, φ′) depend

only on the orbit of γ.

Now we turn to the inhomogeneous setting. For γ ∈ Sn+1(F0)rs, for a function ϕ′ ∈ C∞
c (Sn+1),

and for a complex parameter s ∈ C, we introduce the weighted orbital integral

Orb(γ, ϕ′, s) := ωS,s(γ)

∫
H′(F0)

ϕ′(h−1γh)|deth|sη(h) dh,(4.2.7)

as well as the value and derivative at s = 0,

(4.2.8) Orb(γ, ϕ′) := Orb(γ, ϕ′, 0) and ∂Orb(γ, ϕ′) :=
d

ds

∣∣∣
s=0

Orb(γ, ϕ′, s).

As in the homogeneous setting, the integral defining Orb(γ, ϕ′, s) is absolutely convergent, and

Orb(γ, ϕ′) and ∂Orb(γ, ϕ′) depend only on the orbit of γ.

Now let us define orbital integrals on the unitary side. In the homogeneous setting, for W the

(n + 1)-dimensional hermitian space as above, for an element g ∈ GW (F0)rs, and for a function

f ∈ C∞
c (GW ), we define the orbital integral

(4.2.9) Orb(g, f) :=

∫
HW (F0)

f(h−1
1 gh2) dh1 dh2.

Here the Haar measure on HW (F0) = H(F0)×H(F0) is the product of two identical Haar measures

on H(F0).

In the inhomogeneous setting, let G = U(W ). We define for g ∈ G(F0)rs and f ∈ C∞
c (G),

(4.2.10) Orb(g, f) :=

∫
H(F0)

f(h−1gh) dh,

where we use the same fixed Haar measure on H(F0).

We also have use for the semi-Lie versions of these orbital integrals. For (γ,w′) ∈ (Sn+1 ×
W ′)(F0)rs and Φ′ ∈ C∞

c (Sn+1 ×W ′) and s ∈ C, we set

(4.2.11) Orb((γ,w′),Φ′, s) := ωS×W ′,s(γ,w
′)

∫
GLn(F0)

Φ′(h · (γ,w′))|det(h)|sη(h) dh,

and obtain Orb((γ,w′),Φ′) and ∂Orb((γ,w′),Φ′) as before. Here the transfer factor ωS×W ′,s(γ,w
′)

is defined similarly to (4.2.3),

(4.2.12) ωS×W ′,s((γ,w
′), s) = η̃−s(∆

+(γ,w′)), (γ,w′) ∈ (Sn+1 ×W ′)(F0)rs,

where ∆+(γ,w′) is defined similarly to (4.2.1): for w′ = (e, e∗) ∈ W ′,

(4.2.13) ∆+(γ,w′) = det((γie)ni=0).

The value of ωS×W ′,s at s = 0 recovers [28, eq. (2.17)]. On the unitary side, we have

(4.2.14) Orb((g, v),Φ) =

∫
H(F0)

Φ(h · (g, v)) dh, , Φ ∈ C∞
c (U(W )×W ).

Having fixed the transfer factors, we have the notion of transfer between functions φ′ ∈ C∞
c (G′)

and pairs of functions (f0, f1) ∈ C∞
c (GW0) × C∞

c (GW1) ([19, Def. 2.2]), and between functions

ϕ′ ∈ C∞
c (Sn+1) and pairs of functions (f0, f1) ∈ C∞

c (U(W0)) × C∞
c (U(W1)) ([19, Def. 2.4]) and
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between functions Φ′ ∈ C∞
c (Sn+1 × W ′) and pairs of functions (Φ0,Φ1) ∈ C∞

c (U(W0) × W0) ×
C∞
c (U(W1)×W1).

Definition 4.2.1. We say two functions φ′
1, φ

′
2 ∈ C∞

c (G′) (resp. ϕ′
1, ϕ

′
2 ∈ C∞

c (Sn+1)) are equivalent,

denoted by φ′
1 ∼ φ′

2 (resp. ϕ′
1 ∼ ϕ′

2), if

Orb(γ, φ′
1) = Orb(γ, φ′

2), (resp. Orb(γ, ϕ′
1) = Orb(γ, ϕ′

2))

for all γ ∈ G′(F0)rs (resp. γ ∈ Sn+1(F0)rs).

Let us relate functions on G′(F0) and on Sn+1(F0). For φ
′ ∈ C∞

c (G′), define the function φ′♮ on

Sn+1(F0) by

(4.2.15) φ′♮(r(γ)) := η̃n(γ)

∫
GLn(F )×GLn+1(F0)

φ′(h−1, h−1γh2)η
n(h2) dhdh2, γ ∈ GLn+1(F ).

It is easy to see that the right hand side depends only on r(γ) rather than on γ, hence indeed

defines a function in C∞
c (Sn+1). We also define a family version: for s ∈ C,

(4.2.16) φ′♮
s (r(γ)) := η̃n(γ)

∫
GLn(F )×GLn+1(F0)

φ′(h−1, h−1γh2)| deth|sF ηn(h2) dhdh2.

Then

φ′♮
s (γ)|s=0 = φ′♮(γ), γ ∈ Sn+1(F0).

Lemma 4.2.2. Let φ′ ∈ C∞
c (G′) and γ ∈ G′(F0)rs. Then

Orb(γ, φ′, s) = Orb(r(γ), φ′♮
s , 2s).

Proof. By definition (4.2.5), for γ = (γ1, γ2) ∈ G′(F0)rs, we have

Orb
(
(γ1, γ2), φ

′, s
)
= ωG′,s(γ)

∫
H′

1,2(F0)
φ′(h−1γ1h1, h

−1γ2h2)|deth|sF η(h1)ηn−1(h1h2) dhdh1 dh2,

where h ∈ H ′
1(F0) = GLn−1(F ) and (h1, h2) ∈ H ′

2(F0) = GLn−1(F0) × GLn(F0). Replacing h by

γ1h1h, we have

Orb
(
(γ1, γ2), φ

′, s
)
= ωG′,s(γ)|γ1|sF

∫
H′

1,2(F0)
φ′(h−1, h−1h−1

1 (γ−1
1 γ2)h2

)
|dethh1|sF η(h1)ηn−1(h1h2) dhdh1 dh2.

Comparing with the definition (4.2.16) of φ′♮, we have

Orb
(
(γ1, γ2), φ

′, s
)
= ωG′,s(γ)|γ1|sF η̃−(n−1)(γ−1

1 γ2)

∫
GLn−1(F)

φ′♮
s (h

−1
1 r(γ)h1)|deth1|sF η(h1) dh1.

By the definition of the transfer factor on G′ (4.2.4) and |deth1|F = |deth1|2F0
, the last equation is

equal to

ωS,2s(r(γ))

∫
GLn−1(F)

φ′♮
s (h

−1
1 r(γ)h1)|deth1|2sη(h1) dh1,

which is equal to Orb(r(γ), φ′♮
s , 2s) by (4.2.7). □

Remark 4.2.3. This lemma is a more general version of [14, Lem. 3.7.2] (note that in loc. cit the

orbital integral is not normalized by the transfer factor).
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Corollary 4.2.4. We have

Orb(γ, φ′) = Orb(r(γ), φ′♮), ∂Orb(γ, φ′) = 2 ∂Orb(r(γ), φ′♮), γ ∈ G′(F0)rs.

□

On the unitary side, for f ∈ C∞
c (GW ), we define a function f ♮ ∈ C∞

c (U(W )),

f ♮(g) =

∫
U(W ♭)

f(h, hg) dh, g ∈ U(W )(F0).(4.2.17)

Then it is easy to see that

Orb((g1, g2), f) = Orb(g−1
1 g2, f

♮), (g1, g2) ∈ U(W ♭)(F0)×U(W )(F0).

From Corollary 4.2.4 we therefore deduce the following statement.

Corollary 4.2.5. The function φ′ ∈ C∞
c (G′) is a transfer of (f0, f1) ∈ C∞

c (GW0) × C∞
c (GW1) if

and only if φ′♮ ∈ C∞
c (Sn+1) is a transfer of (f ♮

0, f
♮
1) ∈ C∞

c (U(W0))× C∞
c (U(W1)). □

5. FL and AFL

From now on and for the rest of the paper, we let W0, resp. W1, be the split, resp. non-split,

hermitian space of dimension n+ 1. In this section, we recall the FL and the AFL. We do this to

facilitate the comparison with the quasi-canonical FL/AFL proved below.

5.1. The FL. To state the FL, resp. the AFL, we assume that the special vectors u0 ∈ W0, resp.

u1 ∈ W1, have unit length. Let K0 ⊂ U(W0)(F0) be the hyperspecial maximal compact subgroup

which is the stabilizer of a selfdual lattice Λ0 containing u0 and, similarly, let K♭
0 ⊂ U(W ♭

0)(F0)

be the hyperspecial maximal compact subgroup which is the stabilizer of the selfdual lattice Λ♭
0 =

Λ0 ∩W ♭
0 , i.e., K

♭
0 = K0 ∩ U(W ♭

0)(F0). Throughout the paper, the Haar measures on GLn(F0) and

GLn+1(F0) are normalized such that GLn(OF0) and GLn+1(OF0) have measure one. For the FL, we

furthermore choose the Haar measures on GLn(F ) and on U(W0) such that GLn(OF ) and K♭
0 have

volume one (this is independent of the choice of Λ0). The Fundamental Lemma of Jacquet-Rallis

is the following theorem.

Theorem 5.1.1. Let p > 2.

(a) (Inhomogeneous group version) The characteristic function 1Sn+1(OF0
) ∈ C∞

c (Sn) transfers to

the pair of functions (1K0 , 0) ∈ C∞
c (U(W0))× C∞

c (U(W1)).

(b) (Homogeneous group version) The characteristic function 1GLn(OF )×GLn+1(OF ) ∈ C∞
c (G′) trans-

fers to the pair of functions (1K♭
0×K0

, 0) ∈ C∞
c (GW0)× C∞

c (GW1).

(c) (Semi-Lie algebra version) The characteristic function 1(Sn+1×W ′
n+1)(OF0

) ∈ C∞
c (Sn+1 ×W ′

n+1)

transfers to the pair of functions (1K0×Λ0 , 0) ∈ C∞
c (U(W0)×W0)× C∞

c (U(W1)×W1).

The equal characteristic analog of the Jacquet–Rallis FL conjecture was proved by Z. Yun for

p > n, cf. [25]; J. Gordon deduced the p-adic case for p large, but unspecified, cf. [25, App.].

The general statement above has two proofs: a purely local proof is given by Beuzart-Plessis [1],

another one essentially of a global nature is given by the third author [28] when p > n and in
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general by Z. Zhang [29]. There is also a Lie algebra version of FL, which is also known for any

residue characteristic.

5.2. The AFL. Next we recall the AFL. We identify W1 with Vn+1 defined in §3.2 and choose the

special vector u1 ∈ W1 to be u ∈ Vn+1 defined in §3.8, assumed to have length 1. Then we may

identify the hermitian space W ♭
1 with Vn. Recall that Z(u) ⊆ Nn+1 is the special divisor on Nn+1

associated to u. It may be identified with the inclusion of RZ-spaces Nn ⊆ Nn+1, cf. [11, §5]. Then
GW1(F0) acts on Z(u)×Nn+1 via this identification and hence the arithmetic intersection number

⟨Z(u), gZ(u)⟩Z(u)×Nn+1
defined in §3.9 makes sense for g ∈ GW1(F0).

Theorem 5.2.1. Let p > 2.

(a) (Inhomogeneous group version) Suppose that γ ∈ Sn+1(F0)rs matches an element g ∈ U(W1)(F0)rs.

Then 〈
Z(u), (1× g)Z(u)

〉
Z(u)×Nn+1

· log q = − ∂Orb
(
γ,1Sn+1(OF0

)

)
.

(b) (Homogeneous group version) Suppose that γ ∈ G′(F0)rs matches an element g ∈ GW1(F0)rs.

Then 〈
Z(u), gZ(u)

〉
Z(u)×Nn+1

· log q = −1

2
∂Orb

(
γ,1G′(OF0

)

)
.

(c) (Semi-Lie algebra version) Suppose that (γ, u′) ∈ (Sn+1 × W ′
n+1)(F0)rs matches an element

(g, u) ∈ (U(W1)×W1)(F0)rs, where u = u1 ∈ W1 is the fixed special vector. Then〈
Z(u), (1× g)Z(u)

〉
Nn+1×Nn+1

· log q = − ∂Orb
(
(γ, u′),1(Sn+1×W ′

n+1)(OF0
)

)
.

Here
〈
Z(u), (1× g)Z(u)

〉
Nn+1×Nn+1

= χ(Nn+1 ×Nn+1,Z(u) ∩L (1× g)Z(u)).

This is proved by the third author [28] when F0 = Qp and p > n, for a general F0 with residue

cardinality q > n by Mihatsch and the third author in [17], and finally in full generality by Z. Zhang

[29]. All of these works are essentially of global nature, relying on the modularity of generating

series of special divisors.

6. Transfer theorems

In this section, we will formulate and prove some transfer theorems which arise in connection

with the quasi-canonical fundamental lemma and some variants of it. We continue to denote by

W0 (resp. W1) a split (resp. non-split) Hermitian space of dimension n+ 1.

6.1. Open compact subgroups. Let n ≥ 1 and 0 ≤ r ≤ n. We first define open compact

subgroups, on the unitary group side and on the general linear group side, in a generality that is

greater than is required for the quasi-canonical FL, but will be needed later.

Recall the parity ε = ε(r) ∈ {0, 1} of r, defined in (3.5.1). Fix a special vector u0 of norm ϖε

in W0. We also fix a lattice Λ0 ∈ Vert0(W0) with u0 ∈ Λ0. Let Λ♭
0 be the lattice W ♭

0 ∩ Λ0. It is a

vertex lattice of type ε ∈ {0, 1} (this can be seen using [15, Lem. 7.2.2]), i.e., selfdual when ε = 0,

resp. almost selfdual when ε = 1. We also fix a lattice Λ♭ ∈ Vertr(W ♭
0) such that Λ♭ ⊂ Λ♭

0 or,

equivalently,

(6.1.1) Λ♭ k ⟨u0⟩ ⊆ Λ0.
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The following lemma shows the independence of our results of the choices made.

Lemma 6.1.1. The group U(W ♭
0) acts transitively on the set of (Λ♭,Λ0) satisfying (6.1.1).

Proof. We can assume Λ♭ is the standard vertex lattice of type r (they are all conjugate under

U(W ♭
0)). Consider the Fq2/Fq-hermitian space W = (Λ♭ k ⟨u0⟩)∨/(Λ♭ k ⟨u0⟩) of dimension r + ε.

Then the set of self-dual Λ0 containing Λ♭ k ⟨u0⟩ corresponds to the set of lagrangian subspaces of

W . Hence we need to see that the subgroup in the finite unitary group U(W ) fixing the elements of

the subspace ⟨u0⟩∨/⟨u0⟩ ⊂ W acts transitively on the set of all lagrangian subspaces of W . There

are two cases. Either the subspace is zero, in which case the subgroup is the whole unitary group

U(W ). Then it is well known by Witt’s theorem that U(W ) acts transitively on the set of all

lagrangian subspaces of W . In the alternative case the subspace is a non-isotropic line in W . In

this case this again follows from Witt’s theorem which implies that U(W ) acts transitively on the

set of vectors (w1, . . . , w r+ε
2
, u) of W such that w1, . . . , w r+ε

2
are a basis of a lagrangian subspace

and u is a non-isotropic vector of given length. □

Define open compact subgroups

(6.1.2) Kn+1 = K
[0]
n+1 := U(Λ0) ⊆ U(W0)(F0), K [r]

n := U(Λ♭) ⊆ U(W ♭
0)(F0).

We define a finite index subgroup of K
[r]
n by

(6.1.3) K̃ [r]
n := K [r]

n ∩U(Λ0) = K [r]
n ∩Kn+1.

Note that when r is odd, K̃
[r]
n is not a parahoric subgroup when n > 1.

Remark 6.1.2. (i) When r = 0, then K
[0]
n = K̃

[0]
n is a hyperspecial subgroup.

(ii) When r is even, then Λ0 = Λ♭
0 k ⟨u0⟩. Then K̃

[r]
n = U(Λ♭) ∩ U(Λ♭

0) = K
[r,0]
n is a parahoric

subgroup, the joint stabilizer of a vertex lattice of type 0 and a vertex lattice of type r contained

in it.

(iii) When r = 1, we have K̃
[1]
n = ker(K

[1]
n → F1

q2), where the homomorphism is given by

K [1]
n −→ U((Λ♭

0)
∨/Λ♭

0) = ker(Nm: F×
q2

−→ F×
q ) =: F1

q2 .

In particular, K̃
[1]
n is a normal subgroup of K

[1]
n (but K̃

[r]
n is not a normal subgroup of K

[r]
n for

general r). To see one inclusion, note that an element in the kernel of this homomorphism induces

the identity automorphism on the two-dimensional Fq2/Fq-hermitian space (Λ♭)∨/Λ♭)k ⟨u0⟩∨/⟨u0⟩.
It therefore fixes the line in this space defined by Λ0 and hence lies in K̃

[1]
n . Conversely, an element

of K̃
[1]
n respects the decomposition into the two hermitian subspaces and induces the identity on

the second summand. Since it also fixes an isotropic line in (Λ♭)∨/Λ♭) k ⟨u0⟩∨/⟨u0⟩, it induces the
identity automorphism, and thus lies in the kernel.

Remark 6.1.3. Recall that the members of the RZ-tower of rigid-analytic spaces corresponding to

the local Shimura datum (U(W ♭
0), (1, 0, . . . , 0), bbasic) are parametrized by open compact subgroups

K ⊂ U(W ♭
0)(F0). For instance, the generic fiber of N [r]

n corresponds to K
[r]
n . The generic fiber of

Ñ [r]
n corresponds to K̃

[r]
n .
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The case n = 2 and r = 1 is of special interest. Then K
[1]
2 = U(Λ♭

0). It is equipped with a

homomorphism

(6.1.4) K
[1]
2 −→ (F1

q2)
2,

given by letting K
[1]
2 act on the two one-dimensional hermitian spaces (Λ♭

0)
∨/Λ♭

0 and ϖ−1Λ♭
0/(Λ

♭
0)

∨.

This homomorphism is surjective, and the kernel is the pro-unipotent radical of K
[1]
2 . The map

induced in the generic fiber of Ñ [1]
2 → N [1]

2 corresponds to the Galois cover given by the kernel of

the first component of (6.1.4). Note that there is an involution θ on N [1]
2 , given by sending a point

(X, ι, λ, ρ) to (X∨, ῑ∨, λ∨, (ρ∨)−1). Here ῑ∨ : OF → End(X∨) sends a to ι∨(ā), and the polarization

λ∨ is the unique map λ∨ : X∨ → X such that λ∨ ◦ λ = ϖ · id. Then θ induces an involution in

the generic fiber of N [1]
2 such that the induced action on K

[1]
2 interchanges the two components of

(6.1.4).

Now we define open compact subgroups on the general linear group side. We fix an orthogonal

basis {e1, · · · , en} of W ♭
0 and extend it by u0 (of length ϖε) to an orthogonal basis of W0; from

now on we will use this basis to identify GLn,F ≃ GLF (W
♭
0) and GLn+1,F ≃ GLF (W0). We may

assume that

(ei, ei) =

1, 1 ≤ i ≤ n− 1,

−ϖε, i = n.

We may take Λ♭
0 to be the standard lattice with respect to the basis e1, . . . , en. We define

(6.1.5) K ′
n = GLOF

(Λ♭
0) = StabGLn(F )(Λ

♭
0).

We also introduce K
′[r]
n , the joint stabilizer of Λ♭ and its dual lattice (Λ♭)∨,

(6.1.6) K ′[r]
n = StabGLn(F )(Λ

♭) ∩ StabGLn(F )((Λ
♭)∨).

Then K
′[r]
n is a parahoric subgroup and K ′

n is a maximal parahoric subgroup.

Recall the self-dual lattice Λ0 chosen earlier at (6.1.1); it is related to Λ♭
0 through the following

sequence of inclusions,

(6.1.7)

Λ♭
0 ⊕ ⟨u0⟩ ⊂1 Λ0 ⊂1 (Λ♭

0)
∨ ⊕ ⟨u0⟩∨, r odd

Λ♭
0 ⊕ ⟨u0⟩ = Λ0 = (Λ♭

0)
∨ ⊕ ⟨u0⟩∨, r even.

We define

(6.1.8) K ′
n+1 := GLOF

(Λ0), K ′†
n+1 = GLOF

(Λ♭
0 ⊕ ⟨u0⟩).

When r is even, then K ′
n+1 = K ′†

n+1. Also, we have an inclusion K ′
n ⊂ K ′†

n+1 (but K ′
n ̸⊂ K ′

n+1 if r

is odd). In the sequel, we consider the integral form of G′ defined by the lattice (Λ♭
0)⊕ (Λ♭

0 ⊕ ⟨u0⟩)
of W ♭

0 ⊕W0, i.e., G
′(OF0) = K ′

n ×K ′†
n+1.

We also define the finite index subgroup K̃
′[r]
n of K

′[r]
n by

(6.1.9) K̃ ′[r]
n := K ′[r]

n ∩K ′
n+1 = StabGLn(F )(Λ

♭) ∩ StabGLn(F )((Λ
♭)∨) ∩ StabGLn+1(F )(Λ0).

More explicitly, the lattice Λ0 defines a lagrangian subspace inside the Fq2/Fq-hermitian space

((Λ♭)∨ k ⟨u0⟩∨)/(Λ♭ k ⟨u0⟩) of even dimension r + ε. Then K
′[r]
n acts on this hermitian space and
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K̃
′[r]
n is the stabilizer of this lagrangian subspace. In analogy to the unitary side (i.e., to K̃

[r]
n ), we

expect that K̃
′[r]
n is not a parahoric subgroup when r is odd.

When defining orbital integrals, we need to choose Haar measures. For GLn(F0) and GLn+1(F0)

we normalize the Haar measures by giving a maximal compact subgroup volume one. For GLn(F )

and U(W ♭
0)(F0), we postulate

(6.1.10) vol(K ′
n) = 1, vol(K̃ [ε]

n ) = 1.

In other words, on the GL-side, we normalize the Haar measures by giving the maximal compact

subgroups volume one. On the U-side, when ε = 0, we normalize the Haar measures by giving the

hyperspecial maximal compact subgroups volume one, whereas when ε = 1, we normalize the Haar

measures by giving the compact subgroup K̃
[1]
n volume one. We denote

(6.1.11)
cr := vol(K̃ [r]

n )−1 = [K̃ [ε]
n : K̃ [r]

n ],

c′r := vol(K̃ ′[r]
n )−1 = [K ′

n : K̃ ′[r]
n ].

For r = 1, we have c1 = 1 and c′1 = the index in GL2(Fq2) of the mirabolic subgroup (the

subgroup of lower triangular matrices with 1 in the right lower corner). Hence c′1 = (q2+1)(q2−1).

6.2. The case when r is odd. Consider the following element in GLn+1(F0)

u =

[
1n ϖ−1 en

0 1

]
,(6.2.1)

where en = t(0, · · · , 0, 1) ∈ Mn×1(F0). It acts on C∞
c (Sn+1) by

(u ∗ ϕ′)(γ) = ϕ′(u−1γu).

Set h0 =

[
ϖ · 1n

0 1

]
and u′ = h0u. Then we have by (6.1.7) and the definitions (6.1.8) of K ′

n+1

and K ′†
n+1,

(6.2.2) K ′†
n+1 = u′−1

K ′
n+1u

′.

Define the function

ϕ′
s = (q2(n+1) − 1)u ∗ 1Sn+1(OF0

) + ((−1)n+1q−(n+1)s + 1)1Sn+1(OF0
) ∈ C∞

c (Sn+1)(6.2.3)

and

ϕ′ = ϕ′
|s=0.(6.2.4)

Theorem 6.2.1. Let r be odd.

(i)(Inhomogeneous version) The function ϕ′ is a transfer of (1Kn+1 , 0).

(ii)(Homogeneous version) Let φ′ ∈ C∞
c (G′) be any function such that φ′♮ = c−1

r ϕ′ ∈ C∞
c (Sn+1).

Then φ′ is a transfer of (1
K̃

[r]
n ×Kn+1

, 0).

Before giving the proof, we exhibit some functions as in the statement of Theorem 6.2.1.
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Lemma 6.2.2. Let r be odd.

(i) Let φ′ = 1
K′

n×K′†
n+1

= 1G′(OF0
) ∈ C∞

c (G′). Then

φ′♮ = 1Sn+1(OF0
).

(ii) Let φ′ = 1
K̃

′[r]
n ×K′

n+1

∈ C∞
c (G′). Then

φ′♮ = c′−1
r (−1)nu′ ∗ 1Sn+1(OF0

).

Proof. (i) Recall from (4.2.15) the definition of φ′♮ and note that K ′
n ⊂ K ′†

n+1. The integral over

GLn(F ) gives the function vol(K ′
n)1K′†

n+1
= 1

K′†
n+1

on GLn+1(F ). Then the integral over GLn+1(F0)

gives the function 1Sn+1(OF0
).

(ii) Similarly to (i), by K̃
′[r]
n ⊂ K ′

n+1, the integral over GLn(F ) gives the function vol(K̃
′[r]
n )1K′

n+1

on GLn+1(F ). To compute the second integral, we note that K ′
n+1 = u′K ′†

n+1u
′−1 by (6.2.2).

Now note that u′ ∈ GLn+1(F0). By (4.2.15), we may replace the function 1K′
n+1

on GLn+1(F ) by

η̃n(u′)1
u′K′†

n+1
= (−1)n

2
1
u′K′†

n+1
= (−1)n1

u′K′†
n+1

and the assertion follows from the proof of part

(i). □

Applying Theorem 6.2.1, we obtain the following corollary.

Corollary 6.2.3. Let r be odd. The following transfer statements hold.

(i) (Inhomogeneous version) The function

(6.2.5) ϕ′
r = (q2(n+1) − 1)u ∗ 1Sn+1(OF0

) + ((−1)n+1 + 1)1Sn+1(OF0
) ∈ C∞

c (Sn+1)

of (6.2.4) is a transfer of (1Kn+1 , 0).

(ii) (Homogeneous version) The function

(6.2.6) φ′
r = cr

(
c′r(q

2(n+1) − 1)1
K̃

′[r]
n ×K′

n+1

+ ((−1)n+1 + 1)1G′(OF0
)

)
∈ C∞

c (G′)

is a transfer of (c2r 1K̃[r]
n ×Kn+1

, 0).

Proof. Part (i) is repeating part (i) of Theorem 6.2.1. To show part (ii), we first claim that

u ∗ 1Sn+1(OF0
) and (−1)nu′ ∗ 1Sn+1(OF0

) have the same orbital integrals. In fact, by (4.2.7) we have

Orb(γ,u′ ∗ 1Sn+1(OF0
), s) = ωS,s(γ)

∫
H′(F0)

u ∗ 1Sn+1(OF0
)(h

−1
0 h−1γhh0)|deth|sη(h) dh.

Since h0 ∈ GLn(F0), we may substitute h by hh−1
0 :

Orb(γ,u′ ∗ 1Sn+1(OF0
), s) = (−1)nqnsOrb(γ,u ∗ 1Sn+1(OF0

), s).(6.2.7)

Setting s = 0 proves the claim. Now part (ii) follows from Lemma 6.2.2 and part (i).

□

Remark 6.2.4. (i) In particular, when n is even, we see that the more natural looking function

1
K̃

′[r]
n ×K′

n+1

is up to a scalar a transfer of (1
K̃

[r]
n ×Kn+1

, 0). But when n is odd, this natural looking

function does not seem to give the desired transfer.
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(ii) The statement of Corollary 6.2.3 is the analogue of the FL which states in its homoge-

neous version that, when u has unit length, the function 1K′
n×K′

n+1
∈ C∞

c (G′) is a transfer of

(1Kn×Kn+1 , 0) ∈ C∞
c (GW0) × C∞

c (GW1). Its inhomogeneous version states that 1Sn+1(OF0
) is a

transfer of (1Kn+1 , 0) ∈ C∞
c (U(W0))× C∞

c (U(W1)).

(iii) Let r = 1. Then c1 = 1, and the expression (6.2.6) of φ′
1 simplifies slightly. Also the function

ϕ′
1 of (6.2.5) transfers to (1Kn+1 , 0). The case r = 1 of Corollary 6.2.3 is referred to in the sequel

as the quasi-canonical FL. We restate it in Theorem 7.1.1.

Proof. (of Theorem 6.2.1) Part (ii) follows from part (i): we convert the homogeneous version

for f = 1
K̃

[r]
n ×Kn+1

∈ C∞
c (U(W ♭

0) × U(W0)) into the inhomogeneous version, cf. (4.2.17). Since

K̃
[r]
n ⊂ Kn+1, it is easy to see that the resulting function is

f ♮ = vol(K̃ [r]
n )1Kn+1 ∈ C∞

c (U(W0)).

Therefore part (ii) follows from part (i) by Corollary 4.2.5 (cf. the end of §4.2).
We now prove part (i). We claim that we have an interpretation as lattice counting,

Orb(g,1Kn+1) = #{Λ ∈ Vert0(W0) | u0 ∈ Λ, gΛ = Λ}.(6.2.8)

Here u0 ∈ W0 is the special vector with valuation one. To show the claim, we note that the lattice

Λ♭
0 := Λ0 ∩W ♭

0 is a vertex lattice of type 1 and U(W ♭
0)(F0) ∩Kn+1 = K̃

[1]
n . By definition we have

Orb(g,1Kn+1) =

∫
U(W ♭

0 )
1Kn+1(h

−1gh) dh

= vol(K̃ [1]
n )

∑
U(W ♭

0 )/K̃
[1]
n

1Kn+1(h
−1gh).

The condition h−1gh ∈ Kn+1 is equivalent to

ghΛ0 = hΛ0.

Let Ξ denote the set of lattices Λ of the form hΛ0 for h ∈ U(W ♭
0)(F0) such that gΛ = Λ, and let

Ξ′ denote the set of lattices Λ ∈ Vert0(W0) such that u0 ∈ Λ, gΛ = Λ. Then clearly Ξ ⊂ Ξ′. We

now show the reverse inclusion. For Λ ∈ Ξ′, we may write Λ = h′Λ0 for some h′ ∈ U(W0)(F0).

Since u0 ∈ Λ we have h′−1u0 ∈ Λ0. Note that u0 and h′−1u0 are both in Λ0 and both of length

ϖ. It follows that there exists k ∈ Kn+1 such that h′−1u0 = k−1u0 (here we are using the fact

that the compact open subgroup Kn+1 = U(Λ0) acts transitively on the set of length-ϖ vectors in

Λ0). Therefore h := h′k−1 ∈ U(W ♭
0) and Λ = h′Λ0 = h′k−1kΛ0 = hΛ0 ∈ Ξ. We have thus proved

Ξ = Ξ′. The claim now follows from
∑

U(W ♭
0 )/K̃

[1]
n

1Kn+1(h
−1gh) = #Ξ = #Ξ′, and vol(K̃

[1]
n ) = 1

by our normalization of measures.

Now we may relate (6.2.8) to the orbital integral in the semi-Lie algebra version, cf. (4.2.14),

Orb(g,1Kn+1) = Orb((g, u0),1Kn+1×Λ0), g ∈ U(W0)(F0)rs.

Here on the right hand side the measure on U(W0)(F0) is chosen such that vol(Kn+1) = 1. Here

we are implicitly using the relation between transfer factors, comp. (6.2.12) below.

As in (4.1.8), let W ′ = Fn+1
0 × (Fn+1

0 )∗, and let Λ′ be the standard lattice in W ′(F0). Also

let K ′ = Sn+1(OF0). Then by the semi-Lie version of the Jacquet–Rallis FL, see Theorem 5.1.1
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part c, 1K′×Λ′ is a transfer of (1Kn+1×Λ0 , 0). Therefore we know that for regular semisimple

(γ,w) ∈ (Sn+1 ×W ′)(F0)rs matching (g, u) ∈ (U(W )×W )(F0)rs,

(6.2.9) Orb((γ,w),1K′×Λ′) =

Orb((g, u),1Kn+1×Λ0), W = W0 split,

0, W = W1 non-split.

It suffices to relate the left hand side of (6.2.9) to the orbital integral (relative to GLn(F0)) of

the function ϕ′ defined by (6.2.4). We may assume that (g, u0) matches (γ,w0) where w0 is the

special vector

(6.2.10) w0 = (ϖen+1,
ten+1) ∈ W ′.

Then the assertion follows from the following lemma. □

Lemma 6.2.5. For all regular semisimple γ ∈ Sn+1(F0),

(6.2.11) Orb((γ,w0),1K′×Λ′ , s) = Orb(γ, ϕ′
s, s).

Here the RHS is defined by the formula (4.2.7), in which the function ϕ′ has to be replaced by ϕ′
s.

Proof. We first note that the transfer factors match

(6.2.12) ωS×W ′,s(γ,w0) = ωS,s(γ)

(cf. (4.2.3) and (4.2.12)). Next we compare the integrals in (4.2.7) and (4.2.11).

By the Iwasawa decomposition, we may write

GLn+1(F0) ≃ Z ×GLn(F0)×N(F0)×GLn+1(OF0),

where Z ≃ F×
0 is the center, N (resp. GLn) is the unipotent radical (resp. the Levi) of the mirabolic

subgroup. The Haar measure on GLn+1(F0) can be taken as the product measure of the Haar

measures on the factors, normalized such that the natural maximal compact open subgroups all

have volume one. Write an element in GLn+1(F0) as a product zhuk according to the decomposition.

Note that 1K′×Λ′ is invariant under GLn+1(OF0) and hence the integral over GLn+1(OF0) can be

dropped. Then the integral in Orb((γ,w0),1K′×Λ′ , s) (cf. (4.2.11)) decomposes into∫
F×
0 ×GLn(F0)×N

1K′(u−1h−1γhu)1Λ′(z−1h−1ϖen+1,
ten+1hu)η(h)η(z)

n+1|z|(n+1)s|det(h)|sdz du dh.

Note that h ∈ GLn(F0) acts trivially on the special vector w0 = (ϖen+1,
ten+1), and

ten+1u = ten.

Hence the condition (u−1h−1z−1ϖen+1,
ten+1zhu) ∈ Λ′ is equivalent to (u−1z−1ϖen+1,

ten+1z) ∈
Λ′. There are two cases.

(i) val(z) = 0. Then the integrality of u−1z−1ϖen+1 is equivalent to that of ϖu. The contribution

to the orbital integral is the same as∫
GLn(F0)×N(ϖ−1OF0

)
1K′(u−1h−1γhu)η(h)|det(h)|s dh du.(6.2.13)

Note that the integrand is GLn(OF )-invariant. Therefore we have for any k ∈ GLn(OF ),∫
GLn(F0)

1K′(ku−1k−1h−1γhkuk−1)η(h)| det(h)|s dh =

∫
GLn(F0)

1K′(u−1h−1γhu)η(h)| det(h)|s dh.
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Note that we may identify N with Fn
0 and GLn(OF0) acts on it in the standard way. The above

invariance shows that the inner integral on h ∈ GLn(F0) in (6.2.13), viewed as a function in

u ∈ N(F0), depends only on the GLn(OF0)-orbit of u. There are precisely two GLn(OF0)-orbits in

N(ϖ−1OF0), represented by 1 and the special element u defined in (6.2.1). It is now easy to see

that the integral (6.2.13) is equal to

∫
GLn(F0)

1K′(h−1γh)η(h)|det(h)|s dh+ (q2(n+1) − 1)

∫
GLn(F0)

1K′(u−1h−1γhu)η(h)| det(h)|s dh.

(6.2.14)

(ii) val(z) = 1. Then val(z−1ϖ) = 0. Hence by the integrality of u−1z−1ϖen+1, we have u ∈
GLn+1(OF0) ∩ N . By the invariance of 1K′ under GLn+1(OF0), this contribution to the orbital

integral is the same as

(−1)n+1q−(n+1)s

∫
GLn(F0)

1K′(h−1γh)η(h)| det(h)|s dh,(6.2.15)

where the first factor is due to η(z)n+1|z|(n+1)s = (−1)n+1q−(n+1)s.

Combining (6.2.14) and (6.2.15), and using the equality (6.2.12) we obtain the required identity

(6.2.11). The proof is complete. □

6.3. The case when r is even. In the previous subsection, we considered the case when r is

odd. We state here the results in the case of even r, which is simpler. Now ε = 0 and ⟨u0⟩ is a

direct summand: Λ♭
0 k ⟨u0⟩ = Λ0, where Λ♭

0 is a self-dual lattice in W ♭
0 . In particular, we have

K̃
[r]
n := K

[r]
n ∩U(Λ0) = K

[r]
n ∩U(Λ♭

0) = K
[0,r]
n , cf. (6.1.3).

On the general linear group side, the two compact opens in (6.1.8) coincide and in (6.1.9) we

have K̃
′[r]
n = K

′[r]
n .

Proposition 6.3.1. Let r be even. The following transfer statements hold.

(i) (Inhomogeneous version) The function ϕ′
r = 1Sn+1(OF0

) ∈ C∞
c (Sn+1) is a transfer of (1Kn+1 , 0).

(ii) (Homogeneous version) The function φ′
r =

c′r
cr
1
K̃

′[r]
n ×K′

n+1

∈ C∞
c (G′) is a transfer of (1

K̃
[r]
n ×Kn+1

, 0).

Proof. The proof of part (i) is similar to that of Theorem 6.2.1 and we omit it. For part (ii), we

have an analog of Lemma 6.2.2:

(1
K̃

′[r]
n ×K′

n+1

)♮ = vol(K̃ ′[r]
n )1Sn+1(OF0

)

and

(1
K̃

[r]
n ×Kn+1

)♮ = vol(K̃ [r]
n )1Kn+1 .

Then the assertion follows from part (i). □

7. The quasi-canonical FL and AFL

To state the quasi-canonical FL, resp. the quasi-canonical AFL, we assume that the special

vectors u0 ∈ W0, resp. u1 ∈ W1, have length ϖ. The Haar measures on GLn(F ), on GLn(F0),

on GLn+1(F0), and on U(W ♭
0)(F0) are chosen as in (6.1.10) for r = 1. Note that now we have

vol(K̃
[1]
n ) = 1.
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7.1. The quasi-canonical FL. The following theorem is just a restatement of Corollary 6.2.3 in

the case r = 1.

Theorem 7.1.1. (Quasi-canonical FL) Let p > 2.

(i) (Inhomogeneous version) The function

ϕ′ = (q2(n+1) − 1)u ∗ 1Sn+1(OF0
) + ((−1)n+1 + 1)1Sn+1(OF0

) ∈ C∞
c (Sn+1)

is a transfer of (1Kn+1 , 0) ∈ C∞
c (U(W0))× C∞

c (U(W1)).

(ii) (Homogeneous version) Recall that c1 = 1, c′1 = (q2 + 1)(q2 − 1). The function

φ′ = c′1(q
2(n+1) − 1)1

K̃
′[1]
n ×K′

n+1

+ ((−1)n+1 + 1)1G′(OF0
) ∈ C∞

c (G′)

is a transfer of (1
K̃

[1]
n ×Kn+1

, 0) ∈ C∞
c (GW0)× C∞

c (GW1). □

7.2. The quasi-canonical AFL. We next turn to the quasi-canonical AFL. We take up the setup

in §4, with n ≥ 1. We identify W1 with Vn+1 defined in §3.2 in such a way that the special vector

u1 ∈ W1 equals u ∈ Vn+1 defined in §3.8 (assumed to have length ϖ). Then we may identify the

hermitian spaceW ♭
1 withW[1]

n . Recall that Z(u) ⊆ Nn+1 is the special divisor on Nn+1 associated to

u. Then GW1(F0) acts on Z(u)×Nn+1 via this identification and hence the arithmetic intersection

number ⟨Z(u), gZ(u)⟩Z(u)×Nn+1
defined in §3.9 makes sense for g ∈ GW1(F0).

Theorem 7.2.1. (Quasi-canonical AFL)

(i) (Inhomogeneous version) Let ϕ′ ∈ C∞
c (Sn+1) be as in (i) of Theorem 7.1.1. If γ ∈ Sn+1(F0)rs

is matched with g ∈ U(W1)(F0)rs, then

⟨Z(u), (1, g)Z(u)⟩Z(u)×Nn+1
· log q = − ∂Orb

(
γ, ϕ′)−Orb

(
γ, ϕ′

corr

)
,

where

ϕ′
corr =

(n+ 1)1Sn+1(OF0
) · log q, n is even,

0, n is odd.

(ii) (Homogeneous version) Let φ′ ∈ C∞
c (G′) as in (ii) of Theorem 7.1.1. If γ ∈ G′(F0)rs is matched

with g ∈ GW1(F0)rs, then

⟨Z(u), gZ(u)⟩Z(u)×Nn+1
· log q = −1

2
∂Orb

(
γ, φ′)−Orb

(
γ, φ′

corr

)
,

where

φ′
corr =

 1
c′1
(n+ 1)1G′(OF0

) · log q, n is even,

0, n is odd.

The argument in [18, Conj. 5.3, resp. Conj. 5.6, resp. Conj. 5.10] of the implication of a) =⇒ b)

in loc. cit. implies the following corollary.
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Corollary 7.2.2. Assume the density conjecture [18, Conj. 5.16].

(i) (Inhomogeneous version) Let ϕ′ ∈ C∞
c (Sn+1) be any transfer of (1Kn+1 , 0) ∈ C∞

c (U(W0)) ×
C∞
c (U(W1)). Then there exists a function ϕ′

corr ∈ C∞
c (G′) such that, if γ ∈ Sn+1(F0)rs is matched

with g ∈ U(W1)(F0)rs, then

⟨Z(u), (1× g)Z(u)⟩Z(u)×Nn+1
= − ∂Orb

(
γ, ϕ′)−Orb

(
γ, ϕ′

corr

)
.

(ii) (Homogeneous version) Let φ′ ∈ C∞
c (G′) be any transfer of (1

K̃
[r]
n ×Kn+1

, 0) ∈ C∞
c (GW0) ×

C∞
c (GW1). Then there exists a function φ′

corr ∈ C∞
c (G′) such that, if γ ∈ G′(F0)rs is matched with

g ∈ GW1(F0)rs, then

⟨Z(u), gZ(u)⟩Z(u)×Nn+1
= −1

2
∂Orb

(
γ, φ′)−Orb

(
γ, φ′

corr

)
.

□

Proof. (of Theorem 7.2.1) Let us first prove the inhomogeneous version. We have a cartesian

diagram

Z(u) �
�

//

��

□

Z(u)×Nn+1

ι×id

��

Nn+1
� � // Nn+1 ×Nn+1.

By the projection formula for the morphism Z(u) × Nn+1 ↪→ Nn+1 × Nn+1, we can relate the

intersection numbers,

⟨Z(u), (1× g)Z(u)⟩Z(u)×Nn+1
=

〈
∆Nn+1 , (1× g)Z(u)

〉
Nn+1×Nn+1

.

By the semi-Lie algebra version of AFL, Theorem 5.2.1 part c, we have〈
∆Nn+1 , (1× g)Z(u)

〉
Nn+1×Nn+1

log q = − ∂Orb((γ,w0),1K′×Λ′).

Now we apply Lemma 6.2.5 and take the first derivative. By Leibniz’s rule, we have

d

ds

∣∣∣
s=0

Orb(γ, ϕ′
s, s) =

d

ds

∣∣∣
s=0

Orb(γ, ϕ′
s=0, s) + (−1)n+1Orb(γ,1Sn+1(OF0

))
d

ds

∣∣∣
s=0

q−(n+1)s.

Recall that, when we make the bijection of the orbits in (4.1.3), we need to rescale the Her-

mitian form, cf. Remark 4.1.1. Here, after we scale the Hermitian space W0 by a factor ϖ, the

new Hermitian space has Hasse invariant (−1)n+1. Now we distinguish two cases according to

the parity of n. If n is odd, then for any γ ∈ G′(F0)rs matched with g ∈ GW1(F0)rs, we have

Orb(γ,1Sn+1(OF0
)) = 0 (by the “easy” part of the Jacquet–Rallis fundamental lemma), hence the

second summand vanishes. If n is even, then the second summand does not identically vanish. We

have

(−1)n+1Orb(γ,1Sn+1(OF0
))

d

ds

∣∣∣
s=0

q−(n+1)s = (n+ 1) log qOrb(γ,1Sn+1(OF0
)).

This proves the inhomogeneous version.

The homogeneous version follows. Indeed, we obtain by Lemma 6.2.2 that

φ′♮ − ϕ′ = (q2(n+1) − 1)((−1)nu′ ∗ 1Sn+1(OF0
) − u ∗ 1Sn+1(OF0

))
35



and (φ′
corr)

♮ = ϕ′
corr. Note that by (6.2.7) we have for γ matching g ∈ GW1(F0)rs,

∂Orb(γ,u′ ∗ 1Sn+1(OF0
)) = (−1)n ∂Orb(γ,u ∗ 1Sn+1(OF0

)).(7.2.1)

Therefore, we get from Corollary 4.2.4

Orb(γ, φ′
corr) = Orb(r(γ), ϕ′

corr), ∂Orb(γ, φ′) = 2 ∂Orb(r(γ), ϕ′), γ ∈ G′(F0)rs.

On the other hand, we have, for (g1, g2) ∈ (U(W ♭
1)×U(W1))(F0),

⟨Z(u), (g1, g2)Z(u)⟩Z(u)×Nn+1
=

〈
Z(u), (1, g−1

1 g2)Z(u)
〉
Z(u)×Nn+1

.

The result follows because, if γ ∈ G′(F0)rs matches (g1, g2) ∈ (U(W ♭
1)× U(W1))(F0)rs, then r(γ) ∈

Sn+1(F0)rs matches g−1
1 g2 ∈ U(W1)(F0)rs, comp. §4.1. □

8. The graph version of the AT conjecture of type (r, 0)

Let n ≥ 1 and let 0 ≤ r ≤ n. Assuming that Ñ [r]
n is regular, we may consider the intersection

number
〈
Ñ [r]

n , gÑ [r]
n

〉
Ñ [r]

n ×Nn+1

of §3.7. Recall that Conjecture 3.5.1 implies the required regularity;

it holds if r = 1 (Theorem 14.6.2) or r is even (Proposition 3.5.2).

The Haar measures on GLn(F ) and on U(W ♭
0)(F0) are chosen as in (6.1.10) for the given r.

8.1. Reduction to the (quasi-canonical) AFL.

Theorem 8.1.1. Assume that Ñ [r]
n is regular.

(i) (Inhomogeneous version) When r is odd, let ϕ′
r ∈ C∞

c (Sn+1) as in (6.2.5). When r is even, let

ϕ′
r = 1Sn+1(OF0

) ∈ C∞
c (Sn+1). If γ ∈ Sn+1(F0)rs is matched with g ∈ U(W1)(F0)rs, then〈

Ñ [r]
n , (1, g)Ñ [r]

n

〉
Ñ [r]

n ×Nn+1

log q = − ∂Orb
(
γ, crϕ

′
r

)
−Orb

(
γ, crϕ

′
r,corr

)
where

ϕ′
r,corr =

(n+ 1)1Sn+1(OF0
) · log q, n is even, and r is odd,

0, n is odd, or r is even.

(ii) (Homogeneous version) When r is odd, let φ′
r ∈ C∞

c (G′) as in (6.2.6). When r is even, let

φ′
r = crc

′
r1K̃′[r]

n ×K′
n+1

∈ C∞
c (G′) (then φ′

r is a transfer of (c2r · 1K̃[r]
n ×Kn+1

, 0)). If γ ∈ G′(F0)rs is

matched with g ∈ GW1(F0)rs, then〈
Ñ [r]

n , gÑ [r]
n

〉
Ñ [r]

n ×Nn+1

· log q = −1

2
∂Orb

(
γ, φ′

r

)
−Orb

(
γ, φ′

r,corr

)
where

φ′
r,corr =

cr · (n+ 1)1G′(OF0
) · log q, n is even, and r is odd,

0, n is odd, or r is even.

Again, as was the case for the quasi-canonical AFL, we obtain the following corollary. Recall

that the choice of Haar measures depends on r, which is why we indicate r in the statement of the

corollary.
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Corollary 8.1.2. Assume the density conjecture [18, Conj. 5.16], and assume that Ñ [r]
n is regular.

(i) (Inhomogeneous version) Let ϕ′
r ∈ C∞

c (Sn+1) be any transfer of (1Kn+1 , 0). Then there exists a

function ϕ′
r,corr ∈ C∞

c (G′) such that, if γ ∈ Sn+1(F0)rs is matched with g ∈ U(W1)(F0)rs, then〈
Ñ [r]

n , (1, g)Ñ [r]
n

〉
Ñ [r]

n ×Nn+1

· log q = − ∂Orb
(
γ, crϕ

′
r

)
−Orb

(
γ, ϕ′

r,corr

)
.

(ii) (Homogeneous version) Let φ′
r ∈ C∞

c (G′) be any transfer of (c2r · 1K̃[r]
n ×Kn+1

, 0). Then there

exists a function φ′
r,corr ∈ C∞

c (G′) such that, if γ ∈ G′(F0)rs is matched with g ∈ GW1(F0)rs, then〈
Ñ [r]

n , gÑ [r]
n

〉
Ñ [r]

n ×Nn+1

· log q = −1

2
∂Orb

(
γ, φ′

r

)
−Orb

(
γ, φ′

r,corr

)
.

□

Proof. (of Theorem 8.1.1) We first note that part (ii) follows from part (i). In fact we have

we have φ′♮
r = crϕ

′
r, as follows from Lemma 6.2.2 when r is odd, and from the similar identity

(1
K̃

′[r]
n ×K′

n+1

)♮ = vol(K̃
′[r]
n )1Sn+1(OF0

) =
1
c′r
1Sn+1(OF0

), when r is even.

We now show part (i). Recall that the group GW1(F0) naturally acts on Ñ [r]
n × Nn+1 and

Z(u) × Nn+1, where Z(u) denotes the special divisor for the vector u of length ϖε. We have a

cartesian diagram

(8.1.1)

Ñ [r]
n
� � //

π2

��

□

Ñ [r]
n ×Nn+1

π2×id

��

Z(u) �
�

// Z(u)×Nn+1.

The morphism π2 × id : Ñ [r]
n ×Nn+1 → Z(u)×Nn+1 is GW1(F0)-equivariant.

In view of the AFL (for r even, see Theorem 5.2.1), resp. the quasi-canonical AFL (for r odd,

see Theorem 7.2.1), it suffices to prove the identity〈
Ñ [r]

n , gÑ [r]
n

〉
Ñ [r]

n ×Nn+1

= cr ⟨Z(u), gZ(u)⟩Z(u)×Nn+1
, g ∈ GW1(F0)rs.

This identity follows from the projection formula for the proper morphism π2× id : Ñ [r]
n ×Nn+1 →

Z(u)×Nn+1 and the following Lemma. □

Lemma 8.1.3. Let g ∈ GW1(F0).

(i) The identity (π2 × id)∗(gZ(u)) = gÑ [r]
n holds in K ′

0(Ñ
[r]
n ×Nn+1).

(ii) The identity (π2 × id)∗(gÑ [r]
n ) = crgZ(u) holds in GrnK

gZ(u)
0 (Z(u)×Nn+1).

Proof. By the GW1(F0)-equivariance of π2 × id, it suffices to consider the case g = 1.

(i) Let z̃ be a point of Ñ [r]
n and let z = π2(z̃) be the image point in Z(u). Let R = OZ(u)×Nn+1,z

and S = OÑ [r]
n ×Nn+1,z̃

. Since Z(u) and Z(u)×Nn+1 are both regular, we know that Z(u) is locally

defined by a regular sequence f1, . . . , fn in R. Thus the R-module OZ(u),z has a free resolution given

by the Koszul complex K(f1, . . . , fn). Let f̃1, . . . , f̃n be the image of f1, . . . , fn under the morphism

R → S induced by π2 × id. Since the diagram (8.1.1) is cartesian, and both Ñ [r]
n and Ñ [r]

n ×Nn+1
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are regular by our assumption on Ñ [r]
n so that Ñ [r]

n ↪→ Ñ [r]
n ×Nn+1 is a regular immersion of pure

codimension n, we know that Ñ [r]
n is locally defined by the regular sequence f̃1, . . . , f̃n in S. Thus

the S-module OÑ [r]
n ,z̃

has a free resolution given by the Koszul complex K(f̃1, . . . , f̃n). We have an

isomorphism of S-modules

K(f1, . . . fn)⊗R S ≃ K(f̃1, . . . f̃n),

which gives the desired identity (π2 × id)∗(Z(u)) = Ñ [r]
n at z̃ by the definition of (π2 × id)∗.

(ii) The formal scheme Z(u) is regular of dimension n and the morphism Ñ [r]
n → Z(u) is finite in

its generic fiber. Let mr be its degree. Then the coherent sheaf π2,∗(OÑ [r]
n
) coincides with a free

OZ(u)-sheaf of rank mr up to coherent sheaves with support of dimension strictly smaller than n.

It follows that the difference mrZ(u)− (π2× id)∗(Ñ [r]
n ) of elements of FilnK

Z(u)
0 (Z(u)×Nn+1) has

zero image in GrnK
Z(u)
0 (Z(u)×Nn+1). The result follows because mr = [K̃

[ε]
n : K̃

[r]
n ] = cr.

□

9. AT conjecture of type (r, 0): the case r even

In the next sections, we will be concerned with the AT conjectures, i.e., the arithmetic intersection

number of §3.6, resp. of §3.11. In this section we consider the AT conjecture of type (r, 0) in the

case when r is even. We will reduce the problem to the FL and AFL for certain (non-unit) elements

in the spherical Hecke algebra.

9.1. An explicit transfer: an application of FL for the whole Hecke algebra. Since r is

even, i.e., ε = 0, we have a direct sum decomposition Λ0 = Λ♭
0 k ⟨u0⟩ where Λ♭

0 ∈ Vert0(W ♭
0), which

necessarily satisfies Λ♭ ⊂ Λ♭
0, cf. (6.1.1). Recall from (6.1.8) and (6.1.5)

K ′
n = K ′

n+1 ∩GLn(F ) = GLOF
(Λ♭

0).(9.1.1)

We also define Kn+1 = U(Λ0) and

Kn := Kn+1 ∩U(W ♭
0)(F0) = U(Λ♭

0),(9.1.2)

(in terms of (6.1.2), we have Kn = K
[0]
n ). We continue with the choice of the Haar measures such

that

vol(Kn) = 1, vol(K ′
n) = 1,

(this normalization is consistent with (6.1.10) since K
[0]
n = K̃

[0]
n , cf. Remark 6.1.2 (i)). Recall from

[14, §4] the atomic Hecke function in the spherical Hecke algebra HKn , defined as the convolution,

(9.1.3) φr :=
1

vol(K
[r]
n )

1
KnK

[r]
n

∗ 1
K

[r]
n Kn

.

We also recall from [14, §3.6] the base change homomorphisms between spherical Hecke algebras,

BCn : HK′
n
→ HKn , BCn+1 : HK′

n+1
→ HKn+1 ,

and

BC = BCn ⊗ BCn+1 : HK′
n
⊗Q HK′

n+1
→ HKn ⊗Q HKn+1 .

Note that all of them are surjective. Recall from Remark 6.1.2, (ii) that K̃
[r]
n = Kn ∩K

[r]
n = K

[r,0]
n .
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Proposition 9.1.1. Recall that r is even. Let φ′ be any element in HK′
n
⊗Q HK′

n+1
such that

BC(φ′) = φr ⊗ 1Kn+1 ∈ HKn ⊗Q HKn+1 .

Then the function φ′ is a transfer of (c2r 1K[r]
n ×Kn+1

, 0) ∈ C∞
c (GW0)× C∞

c (GW1).

Proof. Taking into account that cr = vol(K̃
[r]
n )−1 = vol(K

[r,0]
n )−1, this follows from Lemma 9.1.2

below and the Jacquet–Rallis fundamental lemma for the full Hecke algebra due to Leslie [13], cf.

[14, Thm. 3.7.1]. □

Lemma 9.1.2. For every g ∈ GW0(F0)rs,

Orb(g,
1

vol(K
[r,0]
n )2

1
K

[r]
n ×Kn+1

) = Orb(g, φr ⊗ 1Kn+1).

Proof. We recall the definition (4.2.9) of the orbital integral,

Orb(g, f) =

∫
H(F0)×H(F0)

f(h−1
1 gh2) dh1 dh2.

It follows that, for any ϕ1, ϕ2 ∈ C∞
c (H),

Orb(g, ϕ1 ∗ f ∗ ϕ2) = c(ϕ1)c(ϕ2)Orb(g, f),

where

c(ϕ) :=

∫
H(F0)

ϕ(h) dh.

Here the convolution is defined in the usual way induced by the two actions of H(F0) on G(F0):

for any ϕ ∈ C∞
c (H) and f ∈ C∞

c (G),

(ϕ ∗ f)(g) :=
∫
H(F0)

ϕ(h)f(h−1g) dh,

and

(f ∗ ϕ)(g) :=
∫
H(F0)

ϕ(h)f(gh) dh.

In particular, we have

(9.1.4) Orb(g, f) = Orb(g,1∆(Kn) ∗ f ∗ 1∆(Kn)),

where we have used the fact that vol(Kn) = 1. Here ∆(Kn) is the image of Kn under the inclusion

U(W ♭
0) ≃ H ⊂ G = U(W ♭

0)×U(W0).

We apply the consideration to f = 1
K

[r]
n ×Kn+1

. Using (9.1.2), we see thatKn+1 is bi-Kn-invariant.

It follows from a substitution in the integral defining the convolution that we have

1∆(Kn) ∗ 1K[r]
n ×Kn+1

∗ 1∆(Kn) = (1Kn ∗ 1
K

[r]
n

∗ 1Kn)⊗ 1Kn+1 .(9.1.5)

Here the convolution is the usual one defined for any two functions in C∞
c (U(W ♭

0)). To compute

the triple convolution on the RHS, we note

1Kn ∗ 1
K

[r]
n

= vol(K [r,0]
n )1

KnK
[r]
n
, 1

K
[r]
n

∗ 1Kn = vol(K [r,0]
n )1

K
[r]
n Kn

.

In fact, the first convolution is left-Kn-invariant and right-K
[r]
n -invariant and has support inKnK

[r]
n .

Therefore it suffices to compare the values of both sides at g = 1: the left hand side gives the volume
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of Kn ∩K
[r]
n = K

[r,0]
n , which verifies the first identity. The argument works for the second identity

as well. Therefore, we have

1Kn ∗ 1
K

[r]
n

∗ 1Kn = vol(K [r]
n )−11Kn ∗ 1

K
[r]
n

∗ 1
K

[r]
n

∗ 1Kn

= vol(K [r,0]
n )2 vol(K [r]

n )−11
KnK

[r]
n

∗ 1
K

[r]
n Kn

= vol(K [r,0]
n )2φr,

where the last equality follows from the definition of φr, see (9.1.3). The lemma follows.

□

We present an alternative proof by the “lattice counting interpretation” of orbital integrals, for

the reason that the latter gives the heuristics on how to formulate the arithmetic transfer conjectures

and will appear repeated in later sections. Following the notation of [14, §4.1], we have a diagram

(analogous to the one for the RZ spaces in the next section), which is an analog of (3.4.1),

(9.1.6)

N[r,0]
n

""}}

N[r]
n N[0]

n+1.

Here N[0]
n+1, resp. N

[r]
n , denotes the set of vertex lattices of type 0 in W0, resp. of type r in W ♭

0 , and

N[r,0]
n consists of pairs (Λ♭,Λ♭

0) ∈ N[r]
n × N[0]

n such that Λ♭ ⊂ Λ♭
0, and the two maps record Λ♭ and

Λ♭
0 ⊕ ⟨u0⟩ respectively. Combining the two maps above, we obtain an injective map,

N[r,0]
n −→ N[r]

n × N[0]
n+1.

We also have the Hecke correspondence T≤r which consists of the triples (Λ♭,Λ♭
0,Λ

′♭
0 ) ∈ N[r]

n ×
N[0]
n × N[0]

n such that Λ♭ ⊂ Λ♭
0 ∩ Λ′♭

0 . In other words, T≤r is the composition of the obvious corre-

spondence with its transpose (comp. [14, (4.1.5)]),

(9.1.7)

T≤r

""||

N[0,r]
n

!!}}

N[r,0]
n

""}}

N[0]
n N[r]

n N[0]
n .

We form the cartesian product N[r]
n (g),

(9.1.8)

N[r]
n (g)

��

// T≤r ×∆N[0]
n+1

��

N[0]
n × N[0]

n

(id,g)
// (N[0]

n × N[0]
n+1)× (N[0]

n × N[0]
n+1).
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The lower horizontal map in (9.1.8) maps (Λ♭
0,Λ

♭′
0 ) to

(
(Λ♭

0,Λ
♭
0⊕⟨u0⟩), g(Λ♭′

0 ,Λ
♭′
0 ⊕⟨u0⟩)

)
. The right

vertical map maps
(
(Λ♭,Λ♭

0,Λ
♭′
0 ),Λ0

)
to

(
(Λ♭

0,Λ0), (Λ
♭′
0 ,Λ0)

)
.

Lemma 9.1.3. Let g ∈ GW0(F0) be regular semisimple.

(i) We have

(9.1.9) Orb(g, vol(K [r,0]
n )−2 1

K
[r]
n ×Kn+1

) = #(N[r,0]
n ∩ gN[r,0]

n ) = #N[r]
n (g),

where the second term is the cardinality of the intersection of two subsets of N[r]
n × N[0]

n+1.

(ii) We have

(9.1.10) Orb(g, φr ⊗ 1Kn+1) = #N[r]
n (g).

Proof. It obviously suffices to consider elements g of the form g = (1, g♯), with g♯ ∈ UW0(F0).

In part (i), the first identity is an easy exercise, by unfolding the orbital integral. Unpacking

the definitions, the intersection N[r,0]
n ∩ gN[r,0]

n is in bijection with the set of triples (Λ♭,Λ♭
0,Λ

♭′
0 ) ∈

N[r]
n × N[0]

n × N[0]
n such that Λ♭ ⊂ Λ♭

0 ∩ Λ♭′
0 and g♯(Λ♭′

0 ⊕ ⟨u0⟩) = Λ♭
0 ⊕ ⟨u0⟩. On the other hand, this

last set of triples is easily seen to be in bijection with the cartesian product N[r]
n (g) in (9.1.8), and

this proves part (i).

For part (ii), we note that for any spherical Hecke function of the form φ = φr⊗φr′ on GW0(F0),

we have

Orb((1, g♯), φ) =
∑

h1,h2∈U(W ♭
0 )/Kn

φ(h−1
1 (1, g♯)h2).

We may naturally identify U(W ♭
0)/Kn with the set Vert0(W ♭

0). Then the index set in the above

sum is in bijection with the set of pairs (Λ♭
0,Λ

′♭
0 ) ∈ Vert0(W ♭

0) × Vert0(W ♭
0) such that the relative

position of Λ♭
0 and Λ

′♭
0 (resp., of Λ♭

0 ⊕ ⟨u0⟩ and g♯(Λ
′♭
0 ⊕ ⟨u0⟩)) is stipulated by φr (resp. by φr′).

Taking now φr′ = 1Kn+1 , it is easy to see that the set of such pairs is bijective to the image of the

left vertical map in (9.1.8). Moreover, the weight factor φ(h−1
1 (1, g♯)h2) is exactly the size of the

fiber of this map. This concludes the proof of part (ii).

□

Remark 9.1.4. The natural-looking candidate 1
K

′[r]
n ×K′

n+1

appears to fail to be a transfer (up to a

constant multiple) of 1
K

[r]
n ×Kn+1

. We can show this at least when n = r = 2 and the method below

should work in general. Indeed, by the method of the proof of the lemma, we have the identity for

G′,

Orb(γ,1
K

′[r]
n ×K′

n+1

) = vol(K ′[r,0]
n )Orb(γ,1

K′
nK

′[r]
n ×K′

n+1

),

where K
′[r,0]
n = K ′

n ∩K
′[r]
n . (Note that we only use the action of H ′

1 from the left.) Note that the

function 1
K′

nK
′[r]
n ×K′

n+1

is not in the spherical Hecke algebra but that the image rη
n−1

(1
K′

nK
′[r]
n

) lies

in HSn (in [14, §3.7], the definition of the map rη
n−1

makes sense for any function in C∞
c (U(W ♭

0));

in particular we can apply it to the function 1
K′

nK
′[r]
n

). Hence, using the isomorphism BCη
Sn

in the
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commutative diagram from [14],

(9.1.11)

HK′
n

rη
n−1

∗
//

BCn ##

HK′
Sn

BCη
Sn

��

HK

it suffices to compare BCη
Sn
(rη

n−1
(1

K′
nK

′[r]
n

)) and φr (up to a constant multiple). One can show

that the function 1
K′

nK
′[r]
n

is equivalent to the spherical function 1
K′

nϖ
(1r/2,0n−r/2)K′

n
(i.e., has the

same regular semi-simple orbital integrals, cf. Definition 4.2.1). The question is now to compare

BC(1
K′

nϖ
(1r/2,0n−r/2)K′

n
) with φr (up to a constant multiple). Let us consider the special case

n = r = 2. Using notation and results from [14, §7], the Satake transform of 1K′
2ϖ

(1,0)K′
2
is

q(X +X−1), and the Satake transform of φ2 is

(q + 1) + ϕ1 = (q + 1) + (q(X + 1 +X−1)− 1) = q(X + 2 +X−1).

They do not match!

9.2. The AT conjecture. We continue to assume that r is even. We identify W1 with Vn+1

defined in §3.2 and choose the special vector in W1 to be u ∈ Vn+1 defined in §3.8. Then we

may identify the hermitian space U(W1), resp. U(W ♭
1), with U(Vn+1), resp. U(W[r]

n ). Then

GW1(F0) acts on N [r]
n ×Nn+1 via this identification and hence the arithmetic intersection number

⟨Ñ [r]
n , gÑ [r]

n ⟩N [r]
n ×Nn+1

defined in §3.6 makes sense for g ∈ GW1(F0).

Conjecture 9.2.1. Recall that r is even. Let φ′ be any element in HK′
n
⊗Q HK′

n+1
such that

BC(φ′) = φr ⊗ 1Kn+1 ∈ HKn ⊗Q HKn+1 .

(Then φ′ is a transfer of (c2r 1K[r]
n ×Kn+1

, 0) ∈ C∞
c (GW0)× C∞

c (GW1).)

(i) If γ ∈ G′(F0)rs is matched with g ∈ GW1(F0)rs, then〈
Ñ [r]

n , gÑ [r]
n

〉
N [r]

n ×Nn+1

· log q = −1

2
∂Orb

(
γ, φ′).

(ii) For any φ̃′ ∼ φ′ (i.e., φ̃′ and φ′ have identical regular semi-simple orbital integrals, cf. Defini-

tion 4.2.1), there exists φ′
corr ∈ C∞

c (G′) such that if γ ∈ G′(F0)rs is matched with g ∈ GW1(F0)rs,

then 〈
Ñ [r]

n , gÑ [r]
n

〉
N [r]

n ×Nn+1

· log q = −1

2
∂Orb

(
γ, φ̃′)−Orb

(
γ, φ′

corr

)
.

□

Remark 9.2.2. (i) When r = 0, Conjecture 9.2.1 (i) recovers the (homogeneous version of) arith-

metic fundamental lemma. It seems hard to formulate an inhomogeneous version of Conjecture

9.2.1 beyond the case r = 0.

(ii) Part (ii) of Conjecture 9.2.1 follows from part (i) and the density conjecture [18, Conj. 5.16].

It turns out that Conjecture 9.2.1 is a consequence of the AFL conjecture for the Hecke corre-

spondence formulated in [14]. We recall the statement of the latter.
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Conjecture 9.2.3. (AFL for the spherical Hecke algebra, homogeneous version [14, Conj. 6.1.4].)

Let φ′ ∈ HK′
n
⊗Q HK′

n+1
, and let φ = BC(φ′) ∈ HKn ⊗Q HKn+1. Then〈

Tφ(∆N [0]
n
), g∆N [0]

n

〉
N [0]

n ×N [0]
n+1

· log q = −1

2
∂Orb

(
γ, φ′),

whenever γ ∈ G′(F0)rs is matched with g ∈ GW1(F0)rs. □

Here Tφ is the Hecke operator on K-theory defined in [14, §5]. The full definition of Tφ is

delicate; for our purpose, the case of φr ⊗ 1Kn+1 is sufficient. We recall from [14, §5.5] that the

Hecke correspondence on Nn associated to φr is defined as

T ≤r
n = N [0,r]

n ◦ N [r,0]
n .

More precisely we have the following diagram (analogous to (9.1.7)) (in which the cartesian square

has to be interpreted in the framework of derived algebraic geometry),

(9.2.1)

T ≤r
n

""||

N [0,r]
n

""||

N [r,0]
n

""||

N [0]
n N [r]

n N [0]
n .

By abuse of notation, we also denote by T ≤r
n the Hecke correspondence T ≤r

n ×∆N [0]
n+1

on N [0]
n ×

N [0]
n+1. Then Tφr⊗1Kn+1

is the Hecke operator induced by the Hecke correspondence T ≤r
n in K-

theory, cf. [14, §9].

Lemma 9.2.4. For every g ∈ GW1(F0)rs,〈
Ñ [r]

n , gÑ [r]
n

〉
N [r]

n ×N [0]
n+1

=
〈
Tφr⊗1Kn+1

(∆N [0]
n
), g∆N [0]

n

〉
N [0]

n ×N [0]
n+1

.

Proof. This is modeled on the “alternative proof” of Lemma 9.1.2, but we replace the sets N[r]
n ,N[0]

n ,

etc. by the respective RZ spaces. Recall that Ñ [r]
n = N [r,0]

n , comp. the proof of Proposition 3.5.2.

Consider the following correspondence

(9.2.2)

N [r,0]
n ×∆N [0]

n+1

π̃2

''

π̃1

ww

N [0]
n ×N [0]

n+1 N [r]
n ×N [0]

n+1.

Then for N [0]
n viewed as a class ∆N [0]

n
in KN [0]

n
0 (N [0]

n ×N [0]
n+1), we have

(9.2.3) (π̃2)∗π̃
∗
1(∆N [0]

n
) = N [r,0]

n ,
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as classes in GrnKN [r,0]
n

0 (N [r]
n ×N [0]

n+1). It therefore follows from the projection formula that〈
Ñ [r]

n , gÑ [r]
n

〉
N [r]

n ×N [0]
n+1

=
〈
Ñ [r]

n , (π̃2)∗π̃
∗
1(g∆N [0]

n
)
〉
N [r]

n ×N [0]
n+1

=
〈
(π̃1)∗π̃

∗
2(Ñ [r]

n ), g∆N [0]
n

〉
N [0]

n ×N [0]
n+1

,

where we note that the action of g commutes with the action of the correspondences. Using (9.2.3)

again, we obtain

(π̃1)∗π̃
∗
2(Ñ [r]

n ) = (π̃1)∗π̃
∗
2((π̃2)∗π̃

∗
1(∆N [0]

n
)) = (T ≤r

n )∗(∆N [0]
n
)

by the definition of the Hecke correspondence T ≤r
n . Therefore we arrive at the desired assertion〈

Ñ [r]
n , gÑ [r]

n

〉
N [r]

n ×N [0]
n+1

=
〈
Tφr⊗1Kn+1

(∆N [0]
n
), g∆N [0]

n

〉
N [0]

n ×N [0]
n+1

.

□

Corollary 9.2.5. Recall that r is even. Conjecture 9.2.3 (for φ = φr ⊗ 1Kn+1) implies Conjecture

9.2.1 (i).

Unfortunately, we do not know of any instance in which Conjecture 9.2.3 is known, if n ≥ 2.

10. AT conjecture of type (0, r): the case r even

We continue to denote by W0 (resp. W1) a split (resp. non-split) Hermitian space of dimension

n+ 1.

10.1. Open compact subgroups. Let 0 ≤ r ≤ n + 1. In this subsection r can be even or odd.

We first define open compact subgroups on the unitary group side.

Recall the parity ε = ε(r) ∈ {0, 1} of r, defined in (3.5.1). Fix a special vector u0 of norm ϖε in

Wε. Then W ♭ := ⟨u0⟩⊥ is a split hermitian space. We fix a self-dual lattice Λ♭
0 ∈ Vert0(W ♭). Let

Λ be a lattice of type r in Wε. We impose the following condition

(10.1.1) Λ♭
0 k ⟨u0⟩ ⊇ Λ.

We let Λ+ be such a lattice satisfying the additional condition

(10.1.2) u0 ∈ Λ,

(if it exists) and let Λ− be such a lattice (if it exists) satisfying

(10.1.3) u0 /∈ Λ.

We denote by Kn = K
[0]
n ⊂ U(W ♭)(F0) the stabilizer of the self-dual lattice Λ♭

0, resp. K
[ε]
n+1 ⊂

U(Wε)(F0) the stabilizer of the vertex lattice Λ♭
0 k ⟨u0⟩ of type ε, resp. K

[r],+
n+1 ⊂ U(Wε)(F0) and

K
[r],−
n+1 ⊂ U(Wε)(F0) the stabilizers of the type r vertex lattices Λ+ and Λ−, respectively.

Lemma 10.1.1. Consider the action of the group U(W ♭) on the set of pairs (Λ♭
0,Λ) satisfying

(10.1.1).

(i) When r is odd or r = 0, there is exactly one orbit with the representative given by (Λ♭
0,Λ

+).
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(ii) When r is even and r = n + 1, there is exactly one orbit with the representative given by

(Λ♭
0,Λ

−).

(iii) When r is even and 1 ≤ r ≤ n, there are exactly two orbits with representatives given by

(Λ♭
0,Λ

+) and (Λ♭
0,Λ

−).

Proof. The proof is similar to that of Lemma 6.1.1. We can assume Λ♭
0 is the standard vertex lattice

of type 0. LetW = ϖ−1(Λ♭
0k⟨u0⟩)/(Λ♭

0k⟨u0⟩)∨ be the Fq2/Fq-hermitian space of dimension n+1−ε

with the induced (non-degenerate) hermitian form. Then the set of type r lattices Λ contained in

Λ♭
0 k ⟨u0⟩ corresponds to the set of isotropic subspaces of W of dimension (r − ε)/2 (sending Λ to

Λ∨/(Λ♭
0 k ⟨u0⟩)∨). We need to consider the action of Kn on the set of such Λ. We have a subspace

ϖ−1⟨u0⟩/⟨u0⟩∨ ⊂ W generated by the class u0 of ϖ−1u0 in W . Note that this subspace is zero in

the first two cases and non-degenerate in the third case. We let W
♭
be the orthogonal complement

of ⟨u0⟩. Then the reduction of Kn is the subgroup U(W
♭
) of the finite unitary group U(W ). We are

reduced to considering the action of U(W
♭
) on the set of isotropic subspaces N of W of dimension

(r − ε)/2.

If ε = 1, then W
♭
= W

♭
and Witt’s theorem implies that U(W ) acts transitively. Now assume

ε = 0 so that ⟨u0⟩ is an anisotropic line. Then Witt’s theorem implies that there are at most

two orbits, depending on whether ⟨u0⟩ ⊥ N or not. Only one orbit exists when r = 0 (then we

necessarily have ⟨u0⟩ ⊥ N ) or when r = n + 1 ≡ 0 mod 2 (then ⟨u0⟩ ⊥ N cannot happen since

N is maximal isotropic in an even dimensional hermitian space W while ⟨u0⟩ is anisotropic). In

the remaining cases, both can happen and we obtain exactly two orbits. Now the desired assertion

follows. □

Remark 10.1.2. A more direct argument for part (i) in the case r odd is that we have then

Λ0 ⊃ ϖ(Λ♭
0 k ⟨u0⟩)∨ ∋ u0 and hence ⟨u0⟩ is an orthogonal direct summand of Λ0.

Corollary 10.1.3. (i) When r is odd or r = 0, then

K
[ε]
n+1K

[r],+
n+1 = KnK

[r],+
n+1 , K

[r],+
n+1 K

[ε]
n+1 = K

[r],+
n+1 Kn.

(ii) When r is even and r = n+ 1, then

K
[0]
n+1K

[r],−
n+1 = KnK

[r],−
n+1 , K

[r],−
n+1 K

[0]
n+1 = K

[r],−
n+1 Kn.

(iii) Let r be even and 1 ≤ r ≤ n. In this case, both Λ+ and Λ− exist. There is an element

h ∈ K
[0]
n+1 such that

(10.1.4) K
[r],−
n+1 = hK

[r],+
n+1 h

−1.

There are disjoint sum decompositions,

K
[0]
n+1K

[r],+
n+1 = KnK

[r],+
n+1 ⊔KnhK

[r],+
n+1

K
[0]
n+1K

[r],−
n+1 = KnK

[r],−
n+1 ⊔Knh

−1K
[r],−
n+1 .

There are also similar decompositions forK
[r],+
n+1 K

[0]
n+1 andK

[r],−
n+1 K

[0]
n+1, etc., by taking the inverses

of the two sides of the equations.
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Proof. We only prove part (iii), as the others can be proved similarly. Following the notation in

the proof of Lemma 10.1.1, we have bijections

K
[ε]
n+1K

[r],+
n+1 /K

[r],+
n+1 ≃ K

[ε]
n+1/(K

[ε]
n+1 ∩K

[r],+
n+1 ) ≃ U(W )/P

where P is the parabolic stabilizing the isotropic subspace corresponding to Λ+. The action of Kn

on K
[ε]
n+1K

[r],+
n+1 /K

[r],+
n+1 corresponds to the action of U(W

♭
) on U(W )/P , where, we recall, W

♭
is the

orthogonal complement of the anisotropic line generated by u0 ∈ W . By Lemma 10.1.1, there are

exactly two U(W
♭
) orbits, corresponding to the two isotropic subspaces corresponding to Λ+ and

Λ− respectively. The base point in U(W )/P corresponds to Λ+. Pick any representative of the

other orbit, say h ∈ U(W ), and lift it to h ∈ K
[ε]
n+1. Then h satisfies (10.1.4) and the decomposition

K
[ε]
n+1K

[r],+
n+1 = KnK

[r],+
n+1 ⊔KnhK

[r],+
n+1 holds. This proves the existence of h and the first equation in

(iii). The second equation is proved in a similar way. □

Remark 10.1.4. Note that, for any two h, h′ satisfying (10.1.4), we have h′h−1 ∈ K
[r],+
n+1 so that

the truth of the assertion in (iii) is independent of the choice of h (a maximal parahoric is its own

normalizer). The existence of h implies

K
[0]
n+1K

[r],+
n+1 K

[0]
n+1 = K

[0]
n+1K

[r],−
n+1 K

[0]
n+1.

10.2. Orbital integrals. Let us consider the analogous diagram to (3.10.1)

(10.2.1)

M̃[r]
n
� � //

��
□

N[r,ε]
n+1

��

N[0]
n
� � // N[ε]

n+1.

Explicitly the set M̃[r]
n consists of (Λ♭,Λ) ∈ Vert0(W ♭

0)×Vertr(Wε) such that Λ♭ k ⟨u0⟩ ⊇ Λ holds.

According to whether u0 ∈ Λ or not, the set M̃[r]
n is partitioned into a disjoint union of two subsets

M̃[r],+
n and M̃[r],−

n . Note that M̃[r],−
n is empty if r is odd or r = 0, and that M̃[r],+

n is empty if r is

even and r = n + 1, cf. Lemma 10.1.1. Then M̃[r],+
n (if non-empty) is naturally bijective to N[r,0].

We have

(10.2.2) M̃[r]
n = M̃[r],+

n ⊔ M̃[r],−
n

// N[0]
n × N[r]

n+1.

Define the analogous function of φr in (9.1.3),

(10.2.3) φ[ε]
r :=

1

vol(K
[r]
n+1)

1
K

[ε]
n+1K

[r]
n+1

∗ 1
K

[r]
n+1K

[ε]
n+1

∈ HU(Wε).

Here we normalize the Haar measure so that vol(K
[ε]
n+1) = 1.

We have an analog of Lemma 9.1.3, interpreting the orbital integral as a suitable lattice counting.
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Lemma 10.2.1. For any regular semi-simple g ∈ (U(W ♭)×U(Wε))(F0), we have

Orb(g,1Kn ⊗ φ[ε]
r ) = #(M̃[r]

n ∩ gM̃[r]
n )

Orb(g,1
Kn×K

[r],+
n+1

) = vol(Kn ∩K
[r],+
n+1 )

2#(M̃[r],+
n ∩ gM̃[r],+

n ),

Orb(g,1
Kn×K

[r],−
n+1

) = vol(Kn ∩K
[r],−
n+1 )

2#(M̃[r],−
n ∩ gM̃[r],−

n ),

Orb(g,1Kn×hK+
n+1

) = vol(Kn ∩K
[r],+
n+1 ) vol(Kn ∩K

[r],−
n+1 )#(M̃[r],+

n ∩ gM̃[r],−
n ).

Here the intersection is taken inside N[0]
n × N[r]

n+1 and in the last three identities r is even with

2 ≤ r ≤ n.

Proof. The proof is similar to that of Lemma 9.1.3, and we omit the details. For the first equality,

we will see an analog in the context of RZ spaces in the proof of Lemma 10.3.3 below. □

Remark 10.2.2. We do not know the explicit transfer of the functions appearing on the LHS

above and therefore the analogue of Proposition 9.1.1 is still missing.

10.3. The AT conjecture. We assume that r is even, and hence ε = 0. We now consider the

intersection number defined by (3.11.1)

(10.3.1)
〈
M̃[r]

n , gM̃[r]
n

〉
N [0]

n ×N [r]
n+1

:= χ(N [0]
n ×N [r]

n+1,M̃
[r]
n ∩L gM̃[r]

n ), g ∈ GW1(F0)rs.

Conjecture 10.3.1. Recall that r is even. Let φ′ be any element in HK′
n
⊗Q HK′

n+1
such that

BC(φ′) = 1Kn ⊗ φr ∈ HKn ⊗Q HKn+1 .

If γ ∈ G′(F0)rs is matched with g ∈ GW1(F0)rs, then〈
M̃[r]

n , gM̃[r]
n

〉
N [0]

n ×N [r]
n+1

· log q = −1

2
∂Orb

(
γ, φ′).

□

Remark 10.3.2. In contrast to Conjecture 9.2.1, we could formulate an inhomogeneous version of

Conjecture 10.3.1.

Similar to the AT conjecture of type (r, 0) with even r, Conjecture 10.3.1 is a consequence of the

AFL conjecture 9.2.3. We have the following analog of Lemma 9.2.4.

Lemma 10.3.3. For every g ∈ GW1(F0)rs, we have〈
M̃[r]

n , gM̃[r]
n

〉
N [0]

n ×N [r]
n+1

=
〈
T1Kn⊗φr(∆N [0]

n
), g∆N [0]

n

〉
N [0]

n ×N [0]
n+1

.

Proof. The proof is similar to that of Lemma 9.2.4 and we only indicate the differences. Consider

the correspondence analogous to (9.2.2),

(10.3.2)

∆N [0]
n

×N [0,r]
n+1

π̃2

''

π̃1

ww

N [0]
n ×N [0]

n+1 N [0]
n ×N [r]

n+1.
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Then, unpacking the definition of M̃[r]
n , we have

(10.3.3) (π̃2)∗π̃
∗
1(∆N [0]

n
) = M̃[r]

n ,

as classes in GrnKM̃[r]
n

0 (N [0]
n × N [r]

n+1). The rest of the proof is similar to that of Lemma 9.2.4,

applying the projection formula.

□

Corollary 10.3.4. Recall that r is even. Conjecture 9.2.3 (for φ = 1Kn ⊗ φr) implies Conjecture

10.3.1.

Remark 10.3.5. There is no analogous relation to Conjecture 9.2.3 for the variants for M̃[r],+
n ,M̃[r],−

n

and the mixed case, cf. §13.2, Conjecture 13.2.2.

11. AT conjectures of type (n, 0) and (0, n+ 1) with n odd.

In this section we consider the AT conjecture of type (r, 0) when r = n is odd. For this, we use an

idea similar to the one in the last section: reduce the problem to the FL and AFL for certain (non-

unit) elements in the spherical Hecke algebra. We then use the exceptional isomorphism (3.10.5)

to deduce the AT conjecture of type (0, n+ 1), where n is odd.

11.1. An explicit transfer: an application of the FL for the whole Hecke algebra. We first

return to the situation in §6.1. We pick a basis e1, e2, · · · , en of the n-dimensional Hermitian space

W ♭
0 such that (ei, ei) = ϖ for all i, and add the special vector u0 with (u0, u0) = ϖ. Then, because

n = r is odd, W0 = W ♭
0 ⊕ ⟨u0⟩F is a split Hermitian space. Set Λ♭ = ⟨e1, . . . , en⟩ ∈ Vertn(W ♭

0) and

Λ = Λ♭ ⊕ ⟨u0⟩ ∈ Vertn+1(W0). Then Λ is selfdual up to a scalar. Let Λ0 ∈ Vert0(W0) be such that

Λ0 ⊃ Λ. Let Kn+1 = K
[0]
n+1 = U(Λ0) and K

[n+1]
n+1 = U(Λ) be the stabilizer of Λ0 and Λ respectively.

Both are hyperspecial compact open subgroups of U(W0). Let K
[r]
n = U(Λ♭).

Let W ′
0 be the same space as W0 but with a rescaling of the hermitian form by a factor ϖ−1.

Then there exists an isometry between W0 and W ′
0 that induces a bijection between the vertex

lattices of type (n + 1) in W0 and the vertex lattices of type 0 in W ′
0. This isometry also induces

an isomorphism between the unitary groups and hence also isomorphisms of the Hecke algebras

H
K

[n]
n

and H
K

[n+1]
n+1

with the spherical Hecke algebras, so that the base change homomorphisms

BC : HK′
n
→ H

K
[n]
n

and BC : HK′
n+1

→ H
K

[n+1]
n+1

make sense.

We continue with the Haar measures fixed in (6.1.10), so that

vol(K [n]
n ) = 1, vol(K ′

n) = 1,

(note that vol(K
[n]
n ) = vol(K

[0]
n ) = vol(K̃

[0]
n )). We also define the atomic function analogous to

(9.1.3) but for the current hyperspecial compact open K
[n+1]
n+1 ,

(11.1.1) φ
[n+1]
0 := 1

K
[n+1]
n+1 Kn+1

∗ 1
Kn+1K

[n+1]
n+1

∈ H
K

[n+1]
n+1

.

Note that vol(K
[n+1]
n+1 ) = vol(Kn+1) which is taken to be one to normalize our choice of measure.

Here we use the notation φ
[n+1]
0 to be consistent with φ

[ε]
r in (10.2.3). In particular, the function

φr in (9.1.3) could be renamed as φ
[0]
r .
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We have the following result similar to Proposition 9.1.1.

Proposition 11.1.1. Let r = n be odd. Let φ′ be any element in HK′
n
⊗Q HK′

n+1
such that

BC(φ′) = 1
K

[n]
n

⊗ φ
[n+1]
0 ∈ H

K
[n]
n

⊗Q H
K

[n+1]
n+1

.

Then φ′ is a transfer of (c2n 1K[n]
n ×Kn+1

, 0) ∈ C∞
c (GW0)× C∞

c (GW1).

Proof. This follows from Lemma 11.1.2 below and the Jacquet–Rallis fundamental lemma for the

full Hecke algebra due to Leslie [13], cf. [14, Thm. 3.7.1]. Note that, even though the theorem of

Leslie [13] was formulated for the hyperspecial compact open associated to the self-dual lattices, it

can be easily translated into the version for the hyperspecial compact open in the current set-up. □

Lemma 11.1.2. Assume that n = r is odd. Then we have for g ∈ GW0(F0)rs,

Orb(g,1
K

[n]
n ×Kn+1

) = vol(K [n]
n ∩Kn+1)

2 Orb(g,1
K

[n]
n

⊗ φ
[n+1]
0 ),

Orb(g,1
K

[0]
n ×K

[n+1]
n+1

) = vol(K [0]
n ∩K

[n+1]
n+1 )2 Orb(g,1

K
[n]
n

⊗ φ
[n+1]
0 ).

Proof. Let us prove the first identity and the second identity is proved the same way.

The proof is similar to that of Lemma 9.1.2. We only indicate the changes needed. As in (9.1.4),

using vol(K
[n]
n ) = 1, we have

(11.1.2) Orb(g, f) = Orb(g,1
∆(K

[n]
n )

∗ f ∗ 1
∆(K

[n]
n )

).

Similar to (9.1.5), we obtain

1
∆(K

[n]
n )

∗ 1
K

[n]
n ×Kn+1

∗ 1
∆(K

[n]
n )

= 1
K

[n]
n

⊗ (1
K

[n]
n

∗ 1Kn+1 ∗ 1K[n]
n
).

Now it suffices to note that, by Lemma 11.1.3 below,

1
K

[n]
n

∗ 1Kn+1 = vol(K [n]
n ∩Kn+1)1K[n+1]

n+1 Kn+1
, 1Kn+1 ∗ 1K[n]

n
= vol(K [n]

n ∩Kn+1)1Kn+1K
[n+1]
n+1

.

□

The following lemma, used in the previous proof, essentially follows from Corollary 10.1.3.

Lemma 11.1.3. We have an equality of subsets of U(W0)(F0),

K [n]
n K

[0]
n+1 = K

[n+1]
n+1 K

[0]
n+1, K

[0]
n+1K

[n]
n = K

[0]
n+1K

[n+1]
n+1 .

Proof. By rescaling the hermitian form on both hermitian spaces W0,W
♭
0 by a factor ϖ−1, the two

equations become those in Case (ii) of Corollary 10.1.3, noting that there the group K
[r],−
n+1 is equal

to K
[n+1]
n+1 when r = n+ 1.

Remark 11.1.4. Similar to Lemma 9.1.2, we have an alternative proof of Lemma 11.1.2 using the

lattice counting interpretation of orbital integrals in Lemma 10.2.1. Now, we have M̃[r]
n = M̃[r],−

n ≃
N[n,0]. Hence the right hand sides of the first and the third equations in Lemma 10.2.1 are equal

(up to the desired constants). It follows that their left hand sides are also equal, as desired.

□
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11.2. AT conjecture of type (r, 0) with r = n odd. The following conjecture is analogous to

Conjecture 9.2.1.

Conjecture 11.2.1. Let n = r be odd. Let φ′ be any element in HK′
n
⊗Q HK′

n+1
such that

BC(φ′) = 1
K

[n]
n

⊗ φ
[n+1]
0 ∈ H

K
[n]
n

⊗Q H
K

[n+1]
n+1

.

If γ ∈ G′(F0)rs is matched with g ∈ GW1(F0)rs, then〈
Ñ [r]

n , gÑ [r]
n

〉
N [r]

n ×Nn+1

· log q = −1

2
∂Orb

(
γ, φ′).

□

Similarly to the even r case, Conjecture 11.2.1 is a consequence of Conjecture 9.2.3 (AFL for the

full Hecke algebra). This is based on the following analog of Lemma 9.2.4.

Let T ≤(n+1)
n+1 be the Hecke correspondence associated to the spherical Hecke function 1

K
[n]
n

⊗

φ
[r+1]
0 ∈ H

K
[n]
n

⊗ H
K

[n+1]
n+1

, and let T
1
K

[n]
n

⊗φ
[n+1]
0

be the corresponding Hecke operator in K-theory,

cf. [14, §9].

Lemma 11.2.2. Let n = r be odd. For every g ∈ GW1(F0)rs,〈
Ñ [r]

n , gÑ [r]
n

〉
N [r]

n ×Nn+1

=

〈
T
1
K

[n]
n

⊗φ
[n+1]
0

(∆N [n]
n

), g∆N [n]
n

〉
N [n]

n ×N [n+1]
n+1

.

The proof is analogous to that of Lemma 9.2.4, and we leave the details to the reader.

Corollary 11.2.3. Conjecture 9.2.3 (for φ = 1Kn ⊗ φn+1) implies Conjecture 11.2.1.

Proof. Let us rescale the hermitian spaces W0 and W ♭
0 by the factor ϖ−1 to have the natural

isomorphism H
K

[n]
n

⊗ H
K

[n+1]
n+1

≃ H
K

[0]
n

⊗ H
K

[0]
n+1

. Under this isomorphism, the function φ
[n+1]
0 ∈

H
K

[n+1]
n+1

(resp. 1
K

[n]
n

∈ H
K

[n]
n
) corresponds to the function φn+1 ∈ HKn+1 (resp. 1Kn ∈ HKn). Then

the isomorphism N [n]
n ×N [n+1]

n+1 ≃ N [0]
n ×N [0]

n+1 also induces an isomorphism of correspondences so

that we have an equality of intersection numbers〈
T
1
K

[n]
n

⊗φ
[n+1]
0

(∆N [n]
n

), g∆N [n]
n

〉
N [n]

n ×N [n+1]
n+1

=

〈
T1

K
[0]
n

⊗φn+1(∆N [0]
n
), g∆N [0]

n

〉
N [0]

n ×N [0]
n+1

.

The corollary nows follows from Lemma 11.2.2.

Alternatively, this corollary also follows from Lemma 11.3.1 below together with Corollary 10.3.4.

□

Since Conjecture 9.2.3 is known in the case n = 1 [14, Thm. 7.5.1], we deduce the following

statement.

Theorem 11.2.4. The AT conjecture of type (1, 0) holds for n = 1, i.e., Conjecture 11.2.1 holds

when n = r = 1. □
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Remark 11.2.5. We point out that in the special case n = r = 1 the natural looking function

1
K

′[1]
1 ×K′

2

is not a transfer of 1
K

[1]
1

⊗φ
[2]
0 (up to a constant multiple). Using the rescaling isomorphism

in the proof of Corollary (11.2.3), we need to consider 1K1 ⊗ φ2. But we have

φ2 = (q + 1)1K2 + 1K2ϖ(1,−1)K2
,

cf. [14, (7.1.5)]. The function 1
K

′[1]
1 ×K′

2

can be shown to be equivalent to (up to a constant multiple)

1GL1(OF ) ⊗ (1K′
2ϖ

(1,0)K′
2
− 1K′

2
) ∈ HK′

1
⊗Q HK′

2
.

In particular, using the explicit calculation in [14, §7], we see that it does not transfer to 1K1 ⊗ φ2

on the unitary side.

11.3. AT conjecture of type (0, r + 1) with r = n odd. The following lemma shows the

equivalence of the AT conjectures of type (n, 0) and (0, n+ 1) with n odd.

Lemma 11.3.1. Let n be odd. For every g ∈ GW1(F0)rs, we have〈
Ñ [n]

n , gÑ [n]
n

〉
N [n]

n ×N [0]
n+1

=
〈
M̃[n+1]

n , gM̃[n+1]
n

〉
N [0]

n ×N [n+1]
n+1

.

Proof. The rescaling isomorphism N [n]
n ×N [0]

n+1 ≃ N [0]
n ×N [n+1]

n+1 is GW1(F0)-equivariant, and induces

an isomorphism Ñ [n]
n ≃ M̃[n+1]

n , cf. (3.10.5). □

We therefore may formulate the following conjecture.

Conjecture 11.3.2. Let n be odd. Let φ′ be any element in HK′
n
⊗Q HK′

n+1
such that

BC(φ′) = 1
K

[n]
n

⊗ φ
[n+1]
0 ∈ H

K
[n]
n

⊗Q H
K

[n+1]
n+1

.

If γ ∈ G′(F0)rs is matched with g ∈ GW1(F0)rs, then〈
M̃[n+1]

n , gM̃[n+1]
n

〉
Nn×N [n+1]

n+1

· log q = −1

2
∂Orb

(
γ, φ′).

□

We again have the following corollary, whose proof is similar to that of Corollary 11.2.3 and will

be omitted.

Corollary 11.3.3. Let n be odd. Conjecture 9.2.3 (for φ = 1Kn⊗φn+1) implies Conjecture 11.3.2.

Again, as in Theorem 11.2.4, we deduce the AT conjecture of type (0, 2) for n = 1.

12. AT conjecture of type (0, 1)

In this section we consider the AT conjecture of type (0, r) when r = 1. In fact, this case

was considered in [19, §10, §14], where we reduced the AT conjecture to the (now known) AFL

conjecture (for the unit element), at least in the artinian case. It was then revisited independently

by Zhiyu Zhang [29], who gave a direct proof (as a special case of a more general result).

We are now in the set-up of §10.1, specialized to the case r = 1. We have a special vector u0 of

norm ϖ in W1, and W ♭ = ⟨u0⟩⊥ is split. (Note that in [19], the special vector is denoted by u1.)
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We have Λ♭
0 ∈ Vert0(W ♭) and Λ = Λ♭

0 k ⟨u0⟩ ∈ Vert1(W1), with corresponding parahoric subgroups

Kn and K
[1]
n+1. Let K

′
n ⊂ GL(W ♭) be the stabilizer of Λ♭

0 and let K ′
n+1(ϖ) ⊂ GL(W1) be the joint

stabilizer of Λ and Λ∨ (the latter group was denoted by K0(ϖ) in [19, §10]). Let KS(ϖ) ⊂ Sn+1(F0)

denote the intersection K ′
n+1(ϖ) ∩ Sn+1(OF0).

The following explicit transfer theorem was [19, Conj. 10.3], and is now a theorem.

Theorem 12.0.1. (i) (Homogeneous version) The function (−1)n−1 qn−1
q−1 1K′

n×K′
n+1

∈ C∞
c (G′) trans-

fers to the pair of functions (0,1
Kn×K

[1]
n+1

) ∈ C∞
c (GW0)× C∞

c (GW1).

(ii) (Inhomogeneous version) The function (−1)n−11KS(ϖ) ∈ C∞
c (S) transfers to the pair of func-

tions (0,1
K

[1]
n+1

) ∈ C∞
c (U(W0))× C∞

c (U(W1)).

Proof. Recall that q is odd. In [19, Thm. 14.1], the above statement was reduced to the FL for

the Lie algebra, at least when q ≥ n. The FL for Lie algebra is now known for any (odd) residue

characteristic, see §5.1. Therefore the theorem follows, at least when q ≥ n.

On the other hand, Zhiyu Zhang [29, Thm. 4.1] also provided a direct proof of the explicit

transfer for any maximal parahoric subgroup, which implies the claim for all odd q. Note that

there is a sign difference between [19] and [29]. □

The following AT theorem was [19, Conj. 10.4], and is now also a theorem. For the sake of

brevity we only consider the inhomogeneous version.

Theorem 12.0.2. Suppose that γ ∈ Sn+1(F0)rs matches an element g ∈ U(W0)(F0)rs. Then〈
Nn, (1× g)Nn

〉
Nn×N [1]

n+1

· log q = − ∂Orb
(
γ, (−1)n−11KS(ϖ)

)
.

Proof. In [19, Thm. 14.9, and Thm. 14.10], the above statement was reduced to the AFL conjecture

(for the unit element), at least when q ≥ n and when the intersection is artinian. The AFL is now

known by [28] (for q ≥ n) and [29] (for all odd q). Therefore the theorem follows, at least when

q ≥ n and the intersection is artinian.

On the other hand, Zhiyu Zhang [29, Thm. 1.3] also provided a direct proof of the arithmetic

transfer conjecture for any maximal parahoric subgroup (comp. Introduction), which implies our

assertion for all odd q. □

Remark 12.0.3. The reduction argument in [19, Thm. 14.9, and Thm. 14.10] was done only when

the intersection is artinian. However, the same idea should apply in general, so that Theorem 12.0.2

can be reduced to the AFL (for the unit element), at least when q ≥ n. We leave this enhancement

of [19] to interested readers.

13. AT conjectures: the remaining cases

In the last sections we have stated several cases of AT conjectures in which we have an explicit test

function (at least with the help of the base change homomorphism). In the remaining cases, we do

not have an explicit test function. Instead, similar to [18, Conj. 5.3], we can only formulate an AT

conjecture where we postulate the existence of a test function with an explicit transfer. Assuming

the density conjecture [18, Conj. 5.16], this conjecture implies that then any test function with
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the given transfer yields an AT identity, but with a correction function, analogous to part (ii) in

Conjecture 9.2.1.

13.1. Type (r, 0) and r odd. Let r be an odd integer such that 0 ≤ r ≤ n, not necessarily equal

to n (the latter case is considered in §11).
Recall from (3.6.1) that we have defined the arithmetic intersection number

〈
Ñ [r]

n , gÑ [r]
n

〉
N [r]

n ×Nn+1

.

Conjecture 13.1.1. Let r be odd such that 0 ≤ r ≤ n.

(i) There exists φ′ ∈ C∞
c (G′) with transfer (c2r · 1K[r]

n ×Kn+1
, 0) ∈ C∞

c (GW0) × C∞
c (GW1) such that,

if γ ∈ G′(F0)rs is matched with g ∈ GW1(F0)rs, then〈
Ñ [r]

n , gÑ [r]
n

〉
N [r]

n ×Nn+1

· log q = −1

2
∂Orb

(
γ, φ′).

(ii) For any φ′ ∈ C∞
c (G′) transferring to (c2r · 1K[r]

n ×Kn+1
, 0) ∈ C∞

c (GW0)× C∞
c (GW1), there exists

φ′
corr ∈ C∞

c (G′) such that, if γ ∈ G′(F0)rs is matched with g ∈ GW1(F0)rs, then〈
Ñ [r]

n , gÑ [r]
n

〉
N [r]

n ×Nn+1

· log q = −1

2
∂Orb

(
γ, φ′)−Orb

(
γ, φ′

corr

)
.

□

Note that by the density conjecture [18, Conj. 5.16], part (ii) follows from part (i). Something

analogous holds for all further conjectures in this section; in the interest of brevity, we have omitted

these variants of these conjectures in the statements below.

Let us comment on Conjecture 13.1.1. The case r = n = 1 has been treated in the last section

(Theorem 11.2.4). In the next simplest case when r = 1, n = 2, we can show that the natural

candidate 1
K

′[1]
2 ×K′

3

is a transfer of (1
K

[1]
2 ×K3

, 0) (up to a constant multiple). However, even in this

case we did not prove the AT conjecture above. In fact, beyond the case (r = 1, n = 2), we know

nothing about the AT conjecture at the moment. We will pursue this direction in a future paper.

13.2. Type (0, r). The heuristics for the explicit transfer in this case comes from Lemma 10.2.1.

We keep the notation K
[r]
n+1 and K

[r],+
n+1 and K

[r],−
n+1 and hK

[r],+
n+1 of that lemma.

Conjecture 13.2.1. Let r be such that 0 ≤ r ≤ n + 1, with parity ε = ε(r). Recall from §10.1
the hermitian space Wε; we denote by Wε+1 the hermitian space of the same dimension n+ 1 and

with opposite invariant. As before, the perp-spaces W ♭
ε and W ♭

ε+1 are formed using special vectors

of length ϖε. Also, recall the function φ
[ε]
r ∈ HU(Wε) from (10.2.3).

There exists φ′ ∈ C∞
c (G′) with transfer (1

K
[0]
n

⊗ φ
[ε]
r , 0) ∈ C∞

c (GWε) × C∞
c (GWε+1) such that, if

γ ∈ G′(F0)rs is matched with g ∈ GWε+1(F0)rs, then〈
M̃[r]

n , gM̃[r]
n

〉
N [0]

n ×N [r]
n+1

· log q = −1

2
∂Orb

(
γ, φ′).

□

Note that in the case r even we have the more precise Conjecture 10.3.1, in that we can give φ′

explictly. However, when r is even and 2 ≤ r ≤ n, there is the following refinement of Conjecture

10.3.1, in which we cannot give the test function explicitly.
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We recall from §3.10 that, when r is even and 2 ≤ r ≤ n, the space M̃[r]
n has two closed formal

schemes, M̃[r],+
n = N [0,r]

n and M̃[r],−
n (see (3.10.4) and the paragraph after it). As the notation

suggests, the generic fiber of M̃[r],+
n is the member of the RZ tower associated with the compact

open subgroupK
[r],+
n+1 = U(Λ+). To be parallel to the formulation of Conjecture 13.1.1, we introduce

the volume constants analogous to (6.1.11),

(13.2.1) c±r := vol(Kn ∩K
[r],±
n+1 )

−1 = [Kn : Kn ∩K
[r],±
n+1 ].

We then have the following AT conjectures for the plus space and the minus space and the mixed

case respectively. We know nothing about them at this moment.

Conjecture 13.2.2. Let r be even such that 2 ≤ r ≤ n.

(i) There exists φ′ ∈ C∞
c (G′) with transfer ((c+r )

2 1
K

[0]
n ×K

[r],+
n+1

, 0) ∈ C∞
c (GW0) × C∞

c (GW1) such

that, if γ ∈ G′(F0)rs is matched with g ∈ GW1(F0)rs, then〈
M̃[r],+

n , gM̃[r],+
n

〉
N [0]

n ×N [r]
n+1

· log q = −1

2
∂Orb

(
γ, φ′).

(ii) There exists φ′ ∈ C∞
c (G′) with transfer ((c−r )

2 1
K

[0]
n ×K

[r],−
n+1

, 0) ∈ C∞
c (GW0) × C∞

c (GW1) such

that, if γ ∈ G′(F0)rs is matched with g ∈ GW1(F0)rs, then〈
M̃[r],−

n , gM̃[r],−
n

〉
N [0]

n ×N [r]
n+1

· log q = −1

2
∂Orb

(
γ, φ′).

(iii) There exists φ′ ∈ C∞
c (G′) with transfer (c+r c

−
r 1

K
[0]
n ×hK

[r],+
n+1

, 0) ∈ C∞
c (GW0) × C∞

c (GW1) such

that, if γ ∈ G′(F0)rs is matched with g ∈ GW1(F0)rs, then〈
M̃[r],+

n , gM̃[r],−
n

〉
N [0]

n ×N [r]
n+1

· log q = −1

2
∂Orb

(
γ, φ′).

□

Part 2. The geometry of Ñ [1]
n

In this part we specialize the situation of §3 to r = 1. Write V = Vn+1 and W = W[1]
n for short.

14. The space Ñ [1]
n

14.1. k̄-points of N [1]
n . Let (Y, ι, λ, ρ) ∈ N [1]

n (k̄). Let D(Y ) be the (relative) Dieudonné crystal

of Y . The (relative) Dieudonné module D(Y )(OF̆ ) is a free OF̆ -module of rank 2n, equipped with

the action of the σ-linear Frobenius F and the σ−1-linear Verschiebung V. The almost principal

polarization λ induces a non-perfect alternating OF̆ -bilinear form on the Dieudonné module

⟨ , ⟩ : D(Y )(OF̆ )× D(Y )(OF̆ ) → OF̆ .

It satisfies ⟨Fx, y⟩ = ⟨x,Vy⟩σ for any x, y ∈ D(Y )(OF̆ ). The OF -action ι induces a Z/2Z-grading

D(Y )(OF̆ ) = D(Y )(OF̆ )0 ⊕ D(Y )(OF̆ )1,

where D(Y )(OF̆ )i is a free OF̆ -module of rank n. Then F (resp. V) is of degree 1 with respect

this Z/2Z-grading. The compatibility of ι with the polarization λ gives an OF -action on D(Y )(OF̆ )

commuting with F,V such that ⟨ι(a)x, y⟩ = ⟨x, ι(σ(a))y⟩ for any x, y ∈ D(Y )(OF̆ ) and a ∈ OF .
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Let τ = V−1F, a σ2-linear operator on the F̆ -isocrystal D(Y )(OF̆ )⊗ F̆ which is of degree 0 with

respect to the Z/2Z-grading. The space of τ -invariants C(Y ) := (D(Y )(OF̆ )0⊗ F̆ )τ=1 is a F -vector

space of dimension n. Define a pairing on the F̆ -isocrystal

( , ) : D(Y )(OF̆ )⊗ F̆ × D(Y )(OF̆ )⊗ F̆ → F̆ , (x, y) := (ϖδ)−1⟨x,Fy⟩.

It satisfies

(14.1.1) (x, y) = (y, τ−1(x))σ

and so ( , ) restricts to an F/F0-hermitian form on C(Y ). Via the quasi-isogeny ρ we may identify

C(Y ) with the hermitian space C(Y), which we further identify with the hermitian space W, cf.

[10, Lem. 3.9].

For any OF̆ -lattice A ⊆ WF̆ ≃ C(Y )F̆ of rank n, define the dual lattice

A∨ := {x ∈ WF̆ : (x,A) ⊆ OF̆ }.

Then by (14.3.1) we have

(A∨)∨ = τ(A).

Definition 14.1.1. A pair (A,B) of OF̆ -lattices A,B ⊆ WF̆ of rank n is special if

B∨ ⊆1 A ⊆1 B, B∨ ⊆1 A∨ ⊆1 B.

By [3, Prop. 2.4, h = 1]3, the pair (A,B) of OF̆ -lattices of WF̆ given by

A := D(Y )(OF̆ )0, B := (V(D(Y )(OF̆ )1))
∨ ∼= D(Y ∨)(OF̆ )0

is special, and the association (Y, ι, λ, ρ) 7→ (A,B) gives a bijection

N [1]
n (k̄) ≃ {(A,B) special : A,B ⊆ WF̆ }.

14.2. Bruhat-Tits stratification of N [1]
n . By [3, Thm. 1.1], we have a Bruhat-Tits stratification

with closed strata

N [1],red
n =

⋃
Λ∈Vert(W)

V(Λ).

• For Λ ∈ Vert0(W), by [3, Rem. 2.15] we have

V(Λ)(k̄) = {(A,B) special : A = ΛOF̆
} = {(A,B) special : A = A∨}.

In this case V(Λ) ≃ Pn−1 = P(Λk̄) = P(ϖ−1A/A), where (A,B) corresponds to the line given by

the image of B in ϖ−1A/A. Moreover V(Λ)’s for Λ ∈ Vert0(W) are all disjoint.

• For Λ ∈ Vertt(W) (2 ≤ t ≤ n, necessarily even), by [3, Def. 2.9 (2)] we have

V(Λ)(k̄) = {(A,B) special : Λ ⊆ B∨},

3Note that the dual lattice in [3] is taken with respect to the form { , } = ϖδ( , ) and thus ϖA∨ (resp. ϖB∨) in

[3] is our A∨ (resp. B∨).
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and by [3, Prop. 3.9 (1)], V(Λ) is a closed generalized Deligne–Lusztig variety for the finite even

unitary group U(Λ∨/Λ) (for the hermitian form induced by ( , )), which has dimension t/2. It has

an open Deligne–Lusztig subvariety V(Λ)◦ ⊆ V(Λ) with

V(Λ)◦(k̄) = {(A,B) special : Λ ⊆ B∨,A ̸= A∨}.

In particular, for (A,B) ∈ V(Λ)◦(k̄), we have B∨ = A ∩ A∨ and thus B is uniquely determined by

A. For Λ ∈ Vert2(W), we have V(Λ) ≃ P1.

• For Λ0 ∈ Vert0(W) and Λt ∈ Vertt(W) with t ≥ 2, by [3, Prop. 2.18] we have V(Λ0)∩V(Λt) ̸= ∅
if and only if Λt ⊆ Λ0. In this case [3, Rem. 2.19] we have an isomorphism

V(Λ0) ∩ V(Λt) ≃ P(Λ∨
t /Λ0) ≃ Pt/2−1,

which at the level of k̄-points is given by

(14.2.1) V(Λ0)(k̄) ∩ V(Λt)(k̄) = {(A,B) special : A = Λ0,OF̆
, A ⊆1 B ⊆ Λ∨

t,OF̆
} = P(Λ∨

t /Λ0)(k̄).

In particular, when t = 2, we have

V(Λ0)(k̄) ∩ V(Λ2)(k̄) = {(A,B) = (Λ0,OF̆
,Λ∨

2,OF̆
)}

consisting of a single k̄-point.

• For Λ ∈ Vertt(W) with t ≥ 2, by (14.2.1) we have

V(Λ)◦ = V(Λ) \
⋃

Λ′∈Vert0(W)

(V(Λ′) ∩ V(Λ)).

 

Figure 2. N [1]
4
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Definition 14.2.1. For Λ ∈ Vert0(W), define

FΛ := {ℓ ∈ P(Λk̄) : ℓ ⊆ ℓ⊥} ⊆ V(Λ),

a Fermat hypersurface of degree q + 1. By (14.2.1) we know that for Λ ∈ Vert0(W),⋃
Λ′∈Vert≥2(W)

(V(Λ) ∩ V(Λ′)) ⊂ FΛ.

The following terminology is due to Kudla [11].

Definition 14.2.2. The closed balloon locus of N [1]
n is the reduced closed subscheme of N [1]

n ⊗ k̄

given by

N [1],•
n :=

⊔
Λ∈Vert0(W)

V(Λ) ≃
⊔

Λ∈Vert0(W)

Pn−1.

Define the link stratum to be

N [1],†
n =

⊔
Λ∈Vert0(W)

FΛ,

a (n− 2)-dimensional reduced closed subscheme of N [1],•
n . Define the open balloon stratum to be

N [1],◦
n := N [1],•

n \ N [1],†
n ,

a reduced locally closed subscheme of N [1]
n . Define the non-special locus to be

N [1],ns
n := N [1]

n \ N [1],•
n ,

an open formal subscheme of N [1]
n . Note that

N [1],◦
n =

⊔
Λ∈Vert0(W)

(V(Λ) \ FΛ), (N [1],ns
n )red =

⋃
Λ∈Vert≥2(W)

V(Λ)◦.

Remark 14.2.3. We emphasize that the loci N [1],•
n , N [1],†

n and N [1],◦
n are schemes contained in the

underlying reduced scheme of N [1]
n . In [29, §5.3], Z. Zhang represents the special fiber N [1]

n ⊗OF̆
k̄ as

the union of two formal Cartier divisors N [1],•
n and N [1],◦

n of N [1]
n and introduces their intersection

N [1],†
n . The dictionary between his definitions and ours is as follows: his balloon stratum N [1],◦

n is

a scheme and equals our N [1],•
n ; his ground stratum N [1],•

n is not a scheme but has as underlying

reduced scheme the union of
⋃

Λ∈Vert≥2(W) V(Λ)◦ and
⊔

Λ∈Vert0(W) FΛ; his link stratum N [1],†
n is a

scheme and coincides with our N [1],†
n .

Proposition 14.2.4 (Singularities of N [1]
n ). The complete local ring of N [1]

n at z ∈ N [1]
n (k̄) is

isomorphic to OF̆ [[X1, . . . , Xn]]/(X1X2 − ϖ) if z ∈ N [1],†
n (k̄), resp. to OF̆ [[X1, . . . , Xn−1]] if z ̸∈

N [1],†
n (k̄).

Proof. Let Mloc be the standard Drinfeld local model over SpecOF̆ for the periodic lattice chain

associated to two adjacent lattices: for an OF̆ -scheme S, Mloc(S) is the set of isomorphism classes
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of commutative diagrams of locally free OS-modules

Λ0,S
ϕ0
// Λ1,S

ϕ1
// Λ0,S

F0

OO

// F1

OO

// F0

OO
,

where

(i) Λ0 = ⟨e1, . . . , en⟩, Λ1 = ⟨ϖ−1e1, e2, . . . en⟩ are free OF̆ -modules of rank n,

(ii) ϕ0 = id, ϕ1 = ϖ,

(iii) Fi are locally free OS-submodules of rank n−1 which Zariski-locally on S are direct summands

of Λi,S .

For z′ ∈ Mloc(k̄), the complete local ring Ôz′ is isomorphic to OF̆ [[X1, . . . , Xn]]/(X1X2 − ϖ) if

e1 ∈ F0 and Λ1,k̄/F1 is generated by ϖ−1e1, and is isomorphic to OF̆ [[X1, . . . , Xn−1]] otherwise ([?,

§4.4.5] with κ = 1, r = n− 1). The local model of N [1]
n over OF̆ is isomorphic to Mloc ([19, §5]).

Let z ∈ N [1]
n (k̄). The corresponding k̄-point z′ ∈ Mloc(k̄) with isomorphic complete local ring

Ôz ≃ Ôz′ is given by the diagram

D(Xz)(k̄)0 = A/ϖA
ϕ0

// D(X∨
z )(k̄)0 = B/ϖB

ϕ1
// A/ϖA

V(D(Xz)(k̄)1) = τ−1(B∨)/ϖA

OO

// V(D(X∨
z )(k̄)1) = τ−1(A∨)/ϖB

OO

// τ−1(B∨)/ϖA.

OO

At a singular point z (equivalently at a singular point z′), the condition that Λ1,k̄/F1 is generated

by ϖ−1e1 becomes the condition that B/τ−1(A∨) is generated by ϖ−1e1, and the condition e1 ∈
F0 becomes the condition that τ−1(B∨)/ϖA contains e1. Since B/A is generated by ϖ−1e1, we

know that τ−1(A∨) = A, and hence τ(A) = A = ΛOF̆
for some Λ ∈ Vert0(W). Moreover, as

e1 ∈ τ−1(B∨)/ϖA, the k̄-line ⟨e1⟩ = ϖB/ϖA ⊆ Λk̄ satisfies ⟨e1⟩ ⊆ ⟨e1⟩⊥, and hence corresponds to

a point on the Fermat hypersurface FΛ. Hence Ôz ≃ OF̆ [[X1, . . . , Xm]]/(X1X2 −ϖ) exactly when

z ∈ N [1],†
n (k̄). □

14.3. k̄-points of Nn+1. Let (X, ι, λ, ρ) ∈ Nn+1(k̄). The (relative) Dieudonné module D(X)(OF̆ )

is a free OF̆ -module of rank 2(n+1), equipped with the action of the σ-linear Frobenius F and the

σ−1-linear Verschiebung V. The principal polarization λ induces a perfect alternating OF̆ -bilinear

form on the Dieudonné module

⟨ , ⟩ : D(X)(OF̆ )× D(X)(OF̆ ) → OF̆ .

It satisfies ⟨Fx, y⟩ = ⟨x,Vy⟩σ for any x, y ∈ D(X)(OF̆ ). The OF -action ι induces a Z/2Z-grading

D(X)(OF̆ ) = D(X)(OF̆ )0 ⊕ D(X)(OF̆ )1,

where D(X)(OF̆ )i is a free OF̆ -module of rank n. Then F (resp. V) is of degree 1 with respect this

Z/2Z-grading. The compatibility of ι with the polarization λ gives an OF -action on D(X)(OF̆ )

commuting with F,V such that ⟨ι(a)x, y⟩ = ⟨x, ι(σ(a))y⟩ for any x, y ∈ D(X)(OF̆ ) and a ∈ OF .
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Let τ = V−1F, a σ2-linear operator on the F̆ -isocrystal D(X)(OF̆ )⊗ F̆ which is of degree 0 with

respect to the Z/2Z-grading. The space of τ -invariants C(X) := (D(X)(OF̆ )0⊗ F̆ )τ=1 is a F -vector

space of dimension n. Define a pairing on the F̆ -isocrystal

( , ) : D(X)(OF̆ )⊗ F̆ × D(X)(OF̆ )⊗ F̆ → F̆ , (x, y) := (ϖδ)−1⟨x,Fy⟩.

It satisfies

(14.3.1) (x, y) = (y, τ−1(x))σ

and so ( , ) restricts to an F/F0-hermitian form on C(X). Via the quasi-isogeny ρ we may identify

C(X) with the hermitian space C(X), which we further identify with the hermitian space V, cf.
[10, Lemma 3.9].

For any OF̆ -lattice A ⊆ WF̆ ≃ C(X)F̆ of rank n, define the dual lattice

A∨ := {x ∈ WF̆ : (x,A) ⊆ OF̆ }.

Then by (14.3.1) we have

(A∨)∨ = τ(A).

Definition 14.3.1. An OF̆ -lattice A ⊆ VF̆ of rank n+ 1 is special if

ϖA ⊆n A∨ ⊆1 A.

For (X, ι, λ, ρ) ∈ Nn+1(k̄), by [23, Prop. 1.10] the OF̆ -lattice

A := D(X)(OF̆ )0 ⊆ VF̆

is special, and the association (X, ι, λ, ρ) 7→ A gives a bijection

(14.3.2) Nn+1(k̄) ≃ {special lattices A ⊆ VF̆ }.

14.4. Bruhat–Tits stratification of Nn+1. By [24, Thm. B], we have a Bruhat–Tits stratification

of N red with closed strata

N red =
⋃

Λ∈Vert(V)

V(Λ).

Each closed Bruhat–Tits stratum V(Λ) is a generalized Deligne–Lusztig variety associated to the

finite odd unitary group U(Λ∨/Λ), which has dimension (t(Λ)− 1)/2. It has k̄-points

V(Λ)(k̄) = {A special : Λ ⊆ A∨}.

In particular, for Λ ∈ Vert1(V), we have A ∈ V(Λ)(k̄) if and only if A∨ = ΛOF̆
.

Definition 14.4.1. Define the superspecial locus N ss
n+1 of Nn+1 to be

N ss
n+1 :=

⊔
Λ∈Vert1(V)

V(Λ),

a closed reduced subscheme of dimension zero of Nn+1.
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14.5. The special divisor Z(u) on Nn+1. Let Z(u) ⊆ Nn+1 be the special divisor considered in

§3.8. The bijection (14.3.2) restricts to a bijection (see [10, Prop. 3.1])

Z(u)(k̄) ≃ {special lattices A ⊆ VF̆ : u ∈ A∨}.

Under the identification W = ⟨u⟩⊥, each vertex lattice Λ ∈ Vertt(W) gives rise to a vertex lattice

Λ(u) := Λ k ⟨u⟩ ∈ Vertt+1(V).

Definition 14.5.1. Define the center point locus of Z(u) to be

Z(u)cent :=
⊔

Λ⊆Vert0(W)

V(Λ(u)),

a 0-dimensional closed reduced subscheme of Z(u). In particular, Z(u)cent ⊆ Z(u) ∩ N ss
n+1. Note

that z ∈ Z(u)cent if and only if A∨ = Λ(u)OF̆
, for some Λ ∈ Vert0(W).

Define the non-special locus

Z(u)ns := Z(u) \ Z(u)cent,

an open formal subscheme of Z(u).

The proof of the following theorem is given in §15.2.

Theorem 14.5.2. The formal scheme Z(u) is regular of dimension n, and formally smooth over

Spf OF̆ outside a zero-dimensional closed subset of Z(u)red.

14.6. Geometry of Ñ [1]
n . We first introduce the following loci in Ñ [1]

n .

Definition 14.6.1. Define the exceptional locus Ñ [1],exc
n := π−1

2 (Z(u)cent), a closed formal sub-

scheme of Ñ [1]
n . Define the non-special locus Ñ [1],ns

n := Ñ [1]
n \ Ñ [1],exc

n , an open formal subscheme of

Ñ [1]
n .

Recall the projection morphisms π1, π2 from (3.8.2). The following Theorem was conjectured in

[11]. The proof will occupy us in the next sections. The end of the proof is in §16.5.

Theorem 14.6.2 (Geometry of Ñ [1]
n ).

(i) The formal scheme Ñ [1]
n is regular of dimension n.

(ii) The morphism π1 is finite flat of degree q+1, étale away from N [1],•
n , and totally ramified along

N [1],•
n .

(iii) The morphism π2 is proper. Its restriction to Ñ [1],ns
n induces an isomorphism Ñ [1],ns

n ≃ Z(u)ns.

(iv) The closed formal subscheme Ñ [1],exc
n of Ñ [1]

n is a reduced Cartier divisor and isomorphic to

N [1],•
n under π1. In particular, for Λ ∈ Vert0(W), PΛ := π−1

2 (V(Λ(u))) is isomorphic to V(Λ) ≃
Pn−1 under π1 and we have a decomposition

Ñ [1],exc
n =

⊔
Λ∈Vert0(W)

PΛ.
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(v) For Λ1, · · · ,Λn ∈ Vert0(W), we have

χ
(
Ñ [1]

n ,PΛ1 ∩L · · · ∩L PΛn

)
=

(−1)n−1, Λ1 = · · · = Λn,

0, otherwise.
(14.6.1)

Example 14.6.3. When n = 2, we have

• N [1]
n is isomorphic to the Drinfeld half plane, whose special fiber is a union of P1’s with dual

graph a (q + 1)-valent tree. The P1’s are either of the form V(Λ0) for a Λ0 ∈ Vert0(W) or of the

form V(Λ2) for a Λ2 ∈ Vert2(W).

• N [1],•
n consists of the V(Λ0) for a Λ0 ∈ Vert0(W), with nonreduced preimage π−1

1 (V(Λ0)) (a “fat”

P1 with multiplicity q+1). The preimage π−1
1 (V(Λ2)) of V(Λ2) is a Fermat curve of degree q+1.

• The special fiber of Z(u) consists of Fermat curves of degree q + 1 intersecting at points in

Z(u)cent. Each Fermat curve contains q + 1 intersection points and q + 1 Fermat curves pass

through each intersection point.

• The preimage of z = V(Λ0(u)) ∈ Z(u)cent under π2 is an exceptional divisor π−1
1 (V(Λ0))

red ≃ P1.

Figure 1 in the Introduction illustrates the morphisms π1 and π2 in (3.8.2) (for n = 2 and r = 1)

on the special fibers locally around a superspecial point of Z(u).

14.7. The morphisms π1, π2 on k̄-points. As a first step towards proving Theorem 14.6.2, we

study the properties of π1 and π2 at the level of k̄-points.

Lemma 14.7.1. The following assertions hold.

(i) π2 induces a bijection π−1
1 (N [1],ns

n )(k̄) ≃ Z(u)ns(k̄).

(ii) π2 maps π−1
1 (N [1],•

n )(k̄) onto Z(u)cent(k̄) with fibers isomorphic to Pn−1(k̄).

(iii) π1 induces a bijection Ñ [1],exc
n (k̄) ≃ N [1],•

n (k̄).

(iv) π1 maps Ñ [1],ns
n (k̄) onto N [1],ns

n (k̄) with fibers of size q + 1.

Proof. Let z = ((A,B), A) ∈ (N [1]
n ×Nn+1)(k̄). Then z ∈ Ñ [1]

n (k̄) if and only if

A(u) ⊆1 A, B∨(u) ⊆1 A∨.

In this case, we have A = A ∩ WF̆ and B∨ = A∨ ∩ WF̆ . For z ∈ Ñ [1]
n (k̄), by definition we have

z ∈ π−1
1 (N [1],ns

n ) if and only if A ̸= A∨.

On the other hand, we have

Z(u)(k̄) = {A special : u ∈ A∨},

and in this case by definition A ∈ Z(u)ns(k̄) if and only if A∨ ∩ WF̆ does not contain any Λ0 ∈
Vert0(W), if and only if A ∩WF̆ is not τ -invariant.

(i) Let z = ((A,B), A) ∈ π−1
1 (N [1],ns

n )(k̄). Then A ∩ WF̆ = A satisfies A ̸= A∨, hence A ∩ WF̆ is

not τ -invariant and thus π2(z) ∈ Z(u)ns(k̄). Conversely, let A ∈ Z(u)ns(k̄). Then A ∩WF̆ is not

τ -invariant. Let A = A ∩ WF̆ . Then A ̸= A∨ and hence determines a unique z = ((A,B), A) ∈
π−1
1 (N [1],ns

n )(k̄) such that π2(z) = A.
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(ii) If z ∈ π−1
1 (N [1],•

n )(k̄), then A = A∨ = ΛOF̆
for some Λ ∈ Vert0(W). Hence A(u) = ΛOF̆

(u) ⊆1 A

and A∨ ⊆1 A implies that A∨ = ΛOF̆
(u) and thus π2(z) = A ∈ V(Λ(u))(k̄) ⊆ Z(u)cent(k̄).

Conversely, for a fixed A ∈ V(Λ(u))(k̄), we have π2(z) = A if and only if A∨ = ΛOF̆
(u), if and only

if A = ΛOF̆
, and thus π−1

2 (A)(k̄) ≃ {B : A ⊆1 B} = P(Λk̄)(k̄).

(iii) This follows from the description of the fibers of π2 in (ii).

(iv) Let (A,B) ∈ N [1],ns
n (k̄). Then A ̸= A∨ and B∨ = A ∩ A∨. We have π1(z) = (A,B) if and only if

B∨(u) ⊆ A∨. Since

B∨(u) ⊆1 A∨ ⊆1 A ⊆1 B(ϖ−1u), B∨(u) ⊆1 A(u) ⊆1 A ⊆1 B(ϖ−1u),

we know that the choices of A such that z = ((A,B), A) ∈ Ñ [1]
n are in bijection with isotropic

lines ℓ := A∨/B∨(u) in the 3-dimensional space B(ϖ−1u)/B∨(u) such that ℓ is orthogonal to the

anisotropic line ℓ′ := A(u)/B∨(u). Hence the number of choices of A is equal to the number of

isotropic lines ℓ in the 2-dimensional space (ℓ′)⊥, which is equal to q + 1. □

15. Deformation theory

In this section we collect necessary deformation theoretic facts needed for the study of Ñ [1]
n . Let

R be a local noetherian OF̆ -algebra on which ϖ is nilpotent. Let I ⊆ R be an ideal such that

I2 = 0. Let S = R/I. Then R is a thickening of S, equipped with the trivial nilpotent divided

power structure on I.

15.1. The spaces Nn+1 and Z(u). Let (X, ι, λ, ρ) ∈ Nn+1(S). Then D(X)(S) is a free S-module

of rank 2(n + 1). We have the Hodge filtration Fil1D(X)(S) ⊆ D(X)(S), a free S-module of rank

n + 1 with free factor module. The polarization λ induces an S-alternating pairing on D(X)(S)

such that Fil1D(X)(S) is totally isotropic.

Denote by {ιiF : OF → OF̆ , i ∈ Z/2Z} the two conjugate embeddings that are the identity on

OF0 . Define D(X)(S)i ⊆ D(X)(S) to be the maximal S-submodule on which ι(OF ) acts via the

the map OF
ιiF−→ OF̆ → S, a free S-module of rank n+ 1. We have a Hodge exact sequence of free

S-modules

0 → Fil1D(X)(S)i → D(X)(S)i → LieX(S)i → 0.

By the signature condition we know that Fil1D(X)(S)i has rank n for i = 0 and rank 1 for i = 1.

The principal polarization λ induces a perfect S-bilinear pairing

⟨ , ⟩i : D(X)(S)i × D(X)(S)i+1 → S,

which induces a perfect pairing

Fil1D(X)(S)i × LieX(S)i+1 → S.

In particular, Fil1D(X)(S)0 determines Fil1D(X)(S)1 and vice versa.

Note that D(X)(R) is a free R-module of rank 2(n + 1) and D(X)(S) = D(X)(R) ⊗R S. By

Grothendieck–Messing theory, a lifting of (X, ι, λ, ρ) ∈ Nn+1(S) to Nn+1(R) corresponds to a free

R-module

Fil1D(X)(R)0 ⊆ D(X)(R)0
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lifting Fil1D(X)(S)0.

For (X, ι, λ, ρ) ∈ Z(u)(S), the special homomorphism u ∈ HomOF
(E , X) induces a homomor-

phism of free R-modules

u∗ : D(E)(R)0 → D(X)(R)0,

which preserves the Hodge filtration when base changing to S,

u∗(Fil
1D(E)(S)0) ⊆ Fil1D(X)(S)0,

where the source and target have dimensions 1 and n respectively. The lifting (X, ι, λ, ρ) ∈ Nn+1(R)

lies in Z(u)(R) if and only if u∗ preserves the Hodge filtration:

u∗(Fil
1D(E)(R)0) ⊆ Fil1D(X)(R)0.

Lemma 15.1.1. Let z ∈ Z(u)(k̄). Then

dimk̄ TzZ(u)k̄ =

n− 1, z ∈ Z(u)ns(k̄),

n, z ∈ Z(u)cent(k̄).

In particular, Z(u)ns is formally smooth over Spf OF̆ .

Proof. Let z ∈ Z(u)(k̄). Let Ôz be the complete local ring of Z(u) at z. Let A ⊆ VF̆ be the special

lattice associated to z. Recall that the reduction Ak̄ = A/ϖA is equipped with the Hodge filtration

Fil1Ak̄ ⊆ Ak̄, a hyperplane given by the image of A∨. By Grothendieck–Messing theory, for any

local Artinian OF̆ -algebra R such that the kernel R → k̄ is equipped with a nilpotent divided power

structure, the set HomOF̆
(Ôz, R) is in bijection with R-hyperplanes HR ⊆ AR lifting Fil1Ak̄ such

that u ∈ HR. Let m be the maximal ideal of R.

Since z ∈ Z(u)(k̄), we know that u ∈ A∨. Since A∨ ⊆ A and val(u) = 1, we know that

ϖ−1u ̸∈ A∨. We distinguish two cases.

(i) If ϖ−1u ∈ A, then we know that the line A/A∨ is generated by the image of ϖ−1u, and hence

A = Λ0 k ⟨ϖ−1u⟩, A∨ = Λ0 k ⟨u⟩,

for Λ0 ⊆ VF̆ a self-dual lattice of rank n. By

A∨ = Λ0 k ⟨u⟩ ⊆1 τ(A) = τ(Λ0) k ⟨ϖ−1u⟩,

we obtain that Λ0 = τ(Λ0), so A = τ(A), and hence z ∈ Z(u)ss. In this case, we may extend ϖ−1u

to an OF̆ -basis {e0 = ϖ−1u, e1, . . . en} of A. The hyperplane Fil1Ak̄ is given by the equation

e∗0 = 0.

Then a hyperplane HR ⊆ AR lifting Fil1Ak̄ is given by an equation of the form

(15.1.1) e∗0 +X1e
∗
1 · · ·+Xne

∗
n = 0, X1, . . . , Xn ∈ m.

Since e∗0(u) = e∗0(ϖe0) = ϖ, e∗i (u) = 0 (i ≥ 1), the condition u ∈ HR becomes

ϖ = 0,

and it follows that

HomOF̆
(Ôz, R) = HomOF̆

(k̄[[X1, . . . , Xn]], R).
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(This is not enough information to determine Ôz since the kernel R → k is required to have a

nilpotent divided power structure). In particular, taking R = k[ε]/ε2 we obtain the tangent space

of the special fiber has dimension

dimTzZ(u)k̄ = n.

(ii) If ϖ−1u ̸∈ A, then z ̸∈ Z(u)cent. We may extend u to an OF̆ -basis {e0 = u, e1, . . . , en} of A.

After changing basis we may assume that the hyperplane Fil1Ak̄ is given by

e∗n = 0.

Then a hyperplane HR ⊆ AR lifting Fil1Ak̄ is given by an equation of the form

(15.1.2) X0e
∗
0 +X1e

∗
1 · · ·+Xn−1e

∗
n−1 + e∗n = 0, X0, . . . , Xn−1 ∈ m.

But now e∗0(u) = 1, so the condition u ∈ HR becomes

X0 = 0,

and it follows that

HomOF̆
(Ôz, R) = {(X1, . . . , Xn−1), Xi ∈ m} = HomOF̆

(OF̆ [[X1, . . . , Xn−1]], R).

In particular, taking R = k[ε]/ε2 we obtain

dimTzZ(u)k̄ = n− 1,

and hence the special fiber Z(u)k̄ is formally smooth at z and so Ôz ≃ OF̆ [[X1, . . . , Xn−1]]. □

15.2. Proof of Theorem 14.5.2. The regularity of Z(u) follows from [22], since Z(u) is its own

difference divisor. The second assertion follows from Lemma 15.1.1 and the fact that Z(u)cent is

zero-dimensional, cf. Definition 14.5.1.

15.3. The space N [1]
n . Let (Y, ι, λ, ρ) ∈ N [1]

n (S). Then D(Y )(S) is a free S-module of rank 2n.

We have a Hodge filtration Fil1D(Y )(S) ⊆ D(Y )(S), a free S-module of rank n. The polarization

λ induces an S-alternating pairing on D(Y )(S) such that Fil1D(Y )(S) is totally isotropic.

We have the Hodge exact sequence of free S-modules

0 → Fil1D(Y )(S)i → D(Y )(S)i → LieY (S)i → 0.

By the signature condition we know that Fil1D(Y )(S)i has rank n − 1 for i = 0 and rank 1 for

i = 1. The polarization λ induces an S-bilinear pairing

⟨ , ⟩i : D(Y )(S)i × D(Y )(S)i+1 → S.

When ϖ = 0 in S, let D(Y )(S)⊥i ⊆ D(Y )(S)i+1 be the orthogonal complement under ⟨ , ⟩, which
has rank 1 by the almost principal assumption on λ. Let z = (Y, ι, λ, ρY ) ∈ N [1]

n (S), then

(i) z ∈ N [1],◦
n (S) if and only if D(Y )(S)⊥0 = Fil1D(Y )(S)1 and D(Y )(S)⊥1 ̸⊆ Fil1D(Y )(S)0,

(ii) z ∈ N [1],ns
n (S)if and only if D(Y )(S)⊥0 ̸= Fil1D(Y )(S)1 and D(Y )(S)⊥1 ⊆ Fil1D(Y )(S)0,

(iii) z ∈ N [1],†
n (S) if and only if D(Y )(S)⊥0 = Fil1D(Y )(S)1 and D(Y )(S)⊥1 ⊆ Fil1D(Y )(S)0.
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Note that D(Y )(R) is a freeR-module of rank 2n and D(Y )(S) = D(Y )(R)⊗RS. By Grothendieck–

Messing theory, a lifting of (Y, ι, λ, ρY ) ∈ N [1]
n (S) to N [1]

n (R) corresponds to free R-modules

Fil1D(Y )(R)i ⊆ D(Y )(R)i

lifting Fil1D(Y )(S)i i ∈ Z/2Z, such that Fil1D(Y )(R)0 and Fil1D(Y )(R)1 are orthogonal under

⟨ , ⟩0.

15.4. The space Ñ [1]
n . Let (X, ιX , λX , ρX , Y, ιY , λY , ρY ) ∈ Ñ [1]

n (S). The isogeny α̃ : Y × E → X

induces a homomorphism of free R-modules of rank n+ 1

α∗ : D(Y )(R)i ⊕ D(E)(R)i → D(X)(R)i,

whose cokernel is a free R/ϖR-module of rank 1. The condition α∗λX = λY ×ϖλE translates to

the compatibility of ⟨ , ⟩i on D(Y × E)(R) and ⟨ , ⟩i on D(X)(R) under α∗,

(15.4.1) ⟨ , ⟩D(Y )(R)i ⊕ϖ⟨ , ⟩D(E)(R)i
= ⟨α∗( ), α∗( )⟩D(X)(R)i .

The homomorphism α∗ preserves Hodge filtrations when base changing to S:

α∗(Fil
1D(Y )(S)i × Fil1D(E)(S)i) ⊆ Fil1D(X)(S)i,

where both the source and target have rank n when i = 0 and rank 1 when i = 1.

By Grothendieck–Messing theory, a lifting of (X, ιX , λX , ρX , Y, ιY , λY , ρY ) ∈ Ñ [1]
n (S) to Ñ [1]

n (R)

corresponds to liftings Fil1D(X)(R)0, Fil
1D(Y )(R)i such that

(i) Fil1D(Y )(R)0 and Fil1D(Y )(R)1 are orthogonal under ⟨ , ⟩0.
(ii) α∗ preserves Hodge filtrations:

α∗(Fil
1D(Y )(R)i × Fil1D(E)(R)i) ⊆ Fil1D(X)(R)i.

Here Fil1D(X)(R)1 is determined by Fil1D(X)(R)0 (see §15.1).

16. Proof of Theorem 14.6.2 and Conjecture 3.5.1

16.1. The exceptional divisor Ñ [1],exc
n of π2.

Proposition 16.1.1. Ñ [1],exc
n is a Cartier divisor in Ñ [1]

n .

Proof. We write T := Ñ [1],exc
n for brevity. Let z ∈ T (k̄). Let Oz be the local ring of Ñ [1]

n at z with

maximal ideal m. Let J ⊆ Oz be the ideal defining T at z. Let R = Oz/mJ and I = J/mJ . Then

R is a local noetherian OF̆ -algebra on which ϖ is nilpotent and I2 = 0. By Nakayama’s lemma,

to show that J is principal it suffices to show that I is principal. It remains to show the following

more general assertion: for any local noetherian OF̆ -algebra R on which ϖ is nilpotent, a nonzero

ideal I ⊆ R such that I2 = 0 and S = R/I, the condition that a lifting of z̃ ∈ Ñ [1]
n (R) of z ∈ T (S)

lies in T (R) is given by the vanishing of one nonzero element in I.

Let z = (X, ιX , λX , ρX , Y, ιY , λY , ρY ) ∈ T (S). Write zi = πi(z). By the definition of T , we

know that z2 = (X, ιX , λX , ρX) ∈ Z(u)cent(S). Hence ϖ = 0 in S and X = Xk̄ ×k̄ S for a unique

Λ ∈ Vert0(W) and the unique point (Xk̄, ιXk̄
, λXk̄

, ρXk̄
) ∈ V(Λ(u))(k̄). Therefore

D(X)(R) = D(Xk̄)(OF̆ )⊗OF̆
R, D(X)(S) = D(Xk̄)(OF̆ )⊗OF̆

S = D(Xk̄)(k̄)⊗k̄ S
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and

Fil1D(X)(S)0 = Fil1D(X)(k̄)0 ⊗k̄ S.

A lifting of z ∈ T (S) to z̃ ∈ Ñ [1]
n (R) corresponds to liftings Fil1D(X)(R)0, resp. Fil1D(Y )(R)i,

of Fil1D(X)(S)0, resp. Fil1D(Y )(S)i, as in §15.4. Note that z̃ ∈ T (R) if and only if ϖ = 0 in R

and

Fil1D(X)(R)0 = Fil1D(X)(k̄)0 ⊗k̄ R.

We would like to show that the condition that z̃ ∈ T (R) is given by the vanishing of one nonzero

element in I.

Let {e1, . . . , en} be an OF -basis of Λ and let e0 = ϖ−1u. Then by the first case of the proof of

Lemma 15.1.1, we have

D(Xk̄)(OF̆ )0 = ⟨e0, . . . , en⟩OF̆
, Fil1D(Xk̄)(k̄)0 = ⟨e1, . . . , en⟩k̄.

Hence

D(X)(R)0 = ⟨e0, . . . , en⟩R, Fil1D(X)(S)0 = ⟨e1, . . . , en⟩S .
A lifting of z2 = (X, ιX , λX , ρX) ∈ Z(u)cent(S) to z̃2 ∈ Z(u)(R) then corresponds to an R-

hyperplane Fil1D(X)(R)0 in ⟨e0, . . . , en⟩R given by an equation

e∗0 + λ1e
∗
1 + · · ·+ λne

∗
n = 0, λi ∈ I, i = 1, . . . , n

such that u ∈ Fil1D(X)(R)0, i.e., λi ∈ I for i = 1, . . . , n and ϖ = 0 in R.

Since z1 = (Y, ιY , λY , ρY ) ̸∈ N [1],ns
n (S), we know that Fil1D(Y )(S)1 = D(Y )(S)⊥0 is determined

by D(Y )(S)0. Since the cokernel of

α∗ : D(Y )(R)0 × D(E)(R)0 → D(X)(R)0

is a free R/ϖR-module of rank 1, we know that α∗ induces an isomorphism

D(Y )(R)0 ∼= ⟨e1, . . . , en⟩R.

After changing the basis {e1, . . . , en} we may assume that

D(Y )(R)1 ∼= ⟨f1, . . . , fn⟩R

with ⟨e1, f1⟩0 = ϖ and ⟨ei, fj⟩0 = δij for (i, j) ̸= (1, 1). Then D(Y )(S)⊥1 = ⟨e1⟩S , and Fil1D(Y )(S)1 =

D(Y )(S)⊥0 = ⟨f1⟩S .
(i) First consider the case that z1 = (Y, ιY , λY , ρY ) ∈ N [1],◦

n (S) lies in the balloon stratum, cf.

Definition 14.2.2. Then D(Y )(S)⊥1 = ⟨e1⟩S ̸⊆ Fil1D(Y )(S)0. We may assume that the S-hyperplane

Fil1D(Y )(S)0 in D(Y )(S)0 = ⟨e1, . . . , en⟩S is given by the equation

e∗1 + a2e
∗
2 + · · ·+ ane

∗
n = 0, ai ∈ S.

A lifting of z1 = (Y, ιY , λY , ρY ) ∈ N [1]
n (S) to z̃1 ∈ N [1]

n (R) then corresponds to an R-hyperplane

Fil1D(Y )(R)0 in D(Y )(R)0 = ⟨e1, . . . , en⟩R given by an equation

(16.1.1) e∗1 + µ2e2 + · · ·+ µn−1e
∗
n−1 + µne

∗
n = 0, µi ∈ ai + I,

and an R-line Fil1D(Y )(R)1 in D(Y )(R)1 generated by

f1 + ν2f2 + · · ·+ νnfn, νi ∈ I, i = 2, . . . , n
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such that Fil1D(Y )(R)0 and Fil1D(Y )(R)1 are orthogonal under ⟨ , ⟩0. The orthogonality condition

is equivalent to the R-hyperplane (16.1.1) being contained in the R-subspace defined by

ϖe∗1 + ν2e
∗
2 + · · ·+ νn−1e

∗
n−1 + νne

∗
n = 0.

Hence

ν2 = ϖµ2, · · · , νn−1 = ϖµn−1, νn = ϖµn,

and the liftings z̃1 ∈ N [1]
n (R) are parametrized by µ2, . . . , µn ∈ I.

For z̃1 ∈ N [1]
n (R) lifting z1 and z̃2 ∈ Z(u)(R) lifting z2, we have z̃ = (z̃1, z̃2) ∈ Ñ [1]

n (R) if and

only if α∗ preserves the Hodge filtrations, namely α∗(Fil
1D(Y )(R)i) is contained in Fil1D(X)(R)i

for i ∈ Z/2Z. For i = 0, the preservation of the Hodge filtrations means that

λ1e
∗
1 + · · ·+ λne

∗
n = λ1(e

∗
1 + µ2e

∗
2 + · · ·+ µn−1e

∗
n−1 + µne

∗
n).

It follows that

λ2 = λ1µ2, . . . , λn−1 = λ1µn−1, λn = λ1µn.

For i = 1, the preservation of the Hodge filtrations means that the R-line ϖf1 + ν2f2 + · · ·+ νnfn

is contained in the R-line f0 + λ1f1 + · · ·+ λnfn. Hence ϖ = 0 in R and

ν2 = · · · = νn = 0.

Therefore the liftings of z ∈ T (S) to z̃ ∈ Ñ [1]
n (R) are parametrized by µ1, . . . , µn−1, λ1 ∈ I.

Now for z̃ = (z̃1, z̃2) ∈ Ñ [1]
n (R) lifting z ∈ T (S), we have z̃ ∈ T (R) if and only if Fil1D(X)(R)0

is given by the equation e∗0 = 0, which is cut out by one equation λ1 = 0, as desired.

(ii) Next consider the case that z1 ∈ N [1],†
n (S) lies in the link stratum, cf. Definition 14.2.2.

Then D(Y )(S)⊥1 = ⟨e1⟩S ⊆ Fil1D(Y )(S)0. Without loss of generality we may assume that the S-

hyperplane Fil1D(Y )(S)0 in D(Y )(S)0 = ⟨e1, . . . , en⟩S is given by the equation e∗n = 0. A lifting of

z1 = (Y, ιY , λY , ρY ) ∈ N [1]
n (S) to z̃1 ∈ N [1]

n (R) then corresponds to an R-hyperplane Fil1D(Y )(R)0

in D(Y )(R)0 = ⟨e1, . . . , en⟩R given by an equation

(16.1.2) µ1e
∗
1 + · · ·+ µn−1e

∗
n−1 + e∗n = 0, µi ∈ I, i = 1, . . . , n− 1

and an R-line Fil1D(Y )(R)1 in D(Y )(R)1 generated by

f1 + ν2f2 + · · ·+ νnfn, νi ∈ I, i = 2, . . . , n

such that Fil1D(Y )(R)0 and Fil1D(Y )(R)1 and orthogonal under ⟨ , ⟩0. The orthogonality condition

is equivalent to the R-hyperplanes (16.1.2) being contained in the R-subspace

ϖe∗1 + ν2e
∗
2 + · · ·+ νn−1e

∗
n−1 + νne

∗
n = 0,

which is equivalent to

νn(µ1e
∗
1 + · · ·+ µn−1e

∗
n−1 + e∗n) = ϖe∗1 + ν2e

∗
2 + · · ·+ νne

∗
n,

i.e.,

ϖ = νnµ1, ν2 = νnµ2, . . . , νn−1 = νnµn−1.

Since I2 = 0 we know that ϖ = 0 in R and

ν2 = · · · = νn−1 = 0.
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Hence the liftings z̃1 ∈ N [1]
n (R) are parametrized by µ1, . . . , µn−1, νn ∈ I.

For z̃1 ∈ N [1]
n (R) lifting z1, and z̃2 ∈ Z(u)(R) lifting z2, we have z̃ = (z̃1, z̃2) ∈ Ñ [1]

n (R) if and

only if α∗ preserves the Hodge filtrations. For i = 0, the preservation of the Hodge filtrations means

that

λ1e
∗
1 + · · ·+ λne

∗
n = λn(µ1e

∗
1 + · · ·+ µn−1e

∗
n−1 + e∗n).

It follows that

λ1 = λnµ1, . . . , λn−1 = λnµn−1.

For i = 1, the preservation of the Hodge filtrations means that the R-line ϖf1 + ν2f2 + · · ·+ νnfn

is contained in the R-line f0 + λ1f1 + · · ·+ λnfn. Hence ϖ = 0 in R and

ν2 = · · · = νn = 0.

Therefore the liftings of z ∈ Z(u)(S) to z̃ ∈ Ñ [1]
n (R) are parametrized by µ1, . . . , µn−1, λn ∈ I.

Now for z̃ = (z̃1, z̃2) ∈ Ñ [1]
n (R) lifting z ∈ Z(u)(S), we have z̃ ∈ T (R) if and only if Fil1D(X)(R)0

is given by the equation e∗0 = 0, which is cut out by one equation λn = 0, as desired. □

Corollary 16.1.2. Let z ∈ Ñ [1],exc
n (k̄). Then

dimk̄ Tz Ñ [1],exc
n = n− 1.

Proof. By the proof of Proposition 16.1.1 applied to R = k̄[ε]/ε2, I = (ε) and S = k̄, we know that

the liftings of z ∈ T (k̄) to T (k̄[ε]/ε2) are parametrized by n − 1 free variables in I = (ε). Hence

dimk̄ Tz(T ) = n− 1. □

Definition 16.1.3. For Λ ∈ Vert0(Wn), write PΛ := π−1
2 (V(Λ(u))), a closed k̄-subscheme of Ñ [1]

n .

Proposition 16.1.4. For Λ ∈ Vert0(Wn), the morphism π1 induces an isomorphism PΛ
∼−→ V(Λ) ≃

Pn−1. In particular, there is a decomposition

(16.1.3) Ñ [1],exc
n =

⊔
Λ∈Vert0(Wn)

PΛ ≃
⊔

Λ∈Vert0(Wn)

Pn−1.

Proof. By Lemma 14.7.1 (iii), we know that π1 restricts to a morphism of k̄-schemes PΛ → V(Λ)
which induces a bijection on k̄-points. By working systematically with a Cohen ring instead of

the Witt ring, we obtain that PΛ → V(Λ) induces a bijection on k′-points for any field extension

k′/k̄. Thus PΛ → V(Λ) is birational and universally bijective. Since π1 is finite (Proposition 16.3.1

below), we know that PΛ → V(Λ) is proper and therefore a universal homeomorphism. Hence PΛ

is irreducible of dimension n − 1. It follows from Corollary 16.1.2 that PΛ is smooth and hence

reduced. Now the morphism PΛ → V(Λ) is a birational, bijective and proper morphism with an

integral source and a normal target, hence it is an isomorphism by the Zariski main theorem. □

Corollary 16.1.5. Ñ [1],exc
n = π−1

1 (N [1],•
n )red.

Proof. By Proposition 16.1.4, we know that Ñ [1],exc
n is a reduced closed subscheme of Ñ [1]

n . The

result then follows as it has the same set of k̄-points as the reduced closed subscheme π−1
1 (N [1],•

n )red,

by Lemma 14.7.1 (iii). □
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16.2. The morphism π2 and the regularity of Ñ [1]
n .

Proposition 16.2.1. The restriction of π2 to Ñ [1],ns
n induces an isomorphism Ñ [1],ns

n ≃ Z(u)ns.

Proof. By Lemma 14.7.1 (i, ii), we know that π2 induces a bijection Ñ [1],ns
n (k̄) ≃ Z(u)ns(k̄). Since

Ñ [1]
n is formally locally of finite type, it remains to show that the restriction of π2 to Ñ [1],ns

n is

formally étale. Let R be a local noetherian OF̆ -algebra on which ϖ is nilpotent. Let I ⊆ R be

an ideal such that I2 = 0. Let S = R/I. Let z = (X, ιX , λX , ρX , Y, ιY , λY , ρY ) ∈ Ñ [1],ns
n (S) and

z2 := π2(z) = (X, ιX , λX , ρX) ∈ Z(u)ns(S). To show the formal étaleness, we need to show that

for any lift z̃2 ∈ Z(u)ns(R) of z2, there exists a unique lift z̃ ∈ Ñ [1],ns
n (R) of z such that π2(z̃) = z̃2.

Without loss of generality we may assume that R has residue field k̄.

By the second case of the proof of Lemma 15.1.1, there exists a k̄-basis {ē0, ē1, , . . . , ēn} of

D(Xk̄)(k̄)0 such that

Fil1D(Xk̄)(k̄)0 = ⟨ē0, ē1, . . . , ēn−1⟩k̄, u∗(D(E)(k̄)0) = ⟨ē0⟩k̄.

Since

α∗ : D(Y )(R)0 ⊕ D(E)(R)0 → D(X)(R)0

has cokernel a free R/ϖR-module of rank 1, we may lift {ē0, . . . , ēn} to an R-basis {e0, e1, . . . , en}
of D(X)(R)0 and find an R-basis {f1, . . . , fn} of D(Y )(R)0 such that

α∗(fi) = ei, i = 1, . . . , n− 1, α∗(fn) = ϖen, α∗(D(E)(R)0) = ⟨e0⟩R.

Assume that the S-hyperplane Fil1D(Y )(S)0 ⊆ D(Y )(S)0 is defined by an equation

λ1f
∗
1 + · · ·+ λn−1f

∗
n−1 + λnf

∗
n = 0, λi ∈ S.

Since z ∈ Ñ [1],ns
n (S), we know by Lemma 14.7.1 (iv) that π1(z) ∈ N [1],ns

n (S) and hence

D(Yk̄)(k̄)
⊥
1 = ⟨fn⟩k̄ ⊆ Fil1D(Yk̄)(k̄)0.

In particular, we know that λn ̸∈ S× and thus there exists some 1 ≤ i ≤ n− 1 such that λi ∈ S×.

Without loss of generality we may assume that λ1 = 1. The fact that α∗ preserves the Hodge

filtrations over S implies that the S-hyperplane Fil1D(X)(S)0 ⊆ D(Y )(S)0 is defined by an equation

e∗1 + λ2e
∗
2 + · · ·+ λn−1e

∗
n−1 + λ′

ne
∗
n = 0, λ′

n ∈ S,ϖλ′
n = λn.

The lift z̃2 of z2 corresponds a hyperplane Fil1D(X)(R)0 ⊂ D(X)(R)0 lifting Fil1D(X)(S)0,

defined by an equation

e∗1 + µ2e
∗
2 + · · ·+ µne

∗
n = 0, µi ∈ λi + I, i = 2, . . . , n− 1, µn ∈ λ′

n + I.

A lift z̃ of z such that π2(z̃) = z̃2 corresponds to an R-hyperplane Fil1D(Y )(R)0 ⊆ D(Y )(R)0 lifting

Fil1D(Y )(S)0 defined by an equation

f∗
1 + ν2f

∗
2 + · · ·+ νnf

∗
n = 0, νi ∈ λi + I, i = 2, . . . , n

and an R-line Fil1D(Y )(R)1 ⊆ D(Y )(R)1 lifting Fil1D(Y )(R) such that α∗ preserves the Hodge

filtrations over R. For i = 0, the preservation of the Hodge filtrations means that

νi = µi, i = 2, . . . , n− 1, νn = ϖµn.
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Hence such a lift Fil1D(Y )(R)0 exists and is uniquely determined by Fil1D(X)(R)0. A similar

argument shows that Fil1D(Y )(R)1 also exists and is uniquely determined by Fil1D(X)(R)1. Thus

such a lift z̃ exists and is uniquely determined by z̃2. □

Corollary 16.2.2. The formal scheme Ñ [1]
n is regular of dimension n.

Proof. By (16.1.3), we know that Ñ [1],exc
n is regular. It follows from Proposition 16.1.1 that Ñ [1]

n

admits a regular Cartier divisor Ñ [1],exc
n , hence Ñ [1]

n is regular at all points z ∈ Ñ [1],exc
n (k̄). By

Proposition 16.2.1 and the fact that Z(u) is regular, we know that Ñ [1]
n is also regular at all points

z ∈ Ñ [1],ns
n (k̄). Therefore Ñ [1]

n is regular at all points z ∈ Ñ [1]
n (k̄). □

16.3. The morphism π1.

Proposition 16.3.1. The morphism π1 : Ñ [1]
n → N [1]

n is finite flat of degree q + 1, étale along

N [1],ns
n , and totally ramified along N [1],•

n .

Proof. Let S be a noetherian OF̆ -algebra on which ϖ is nilpotent. Note that any S-point z =

(X, ιX , λX , ρX , Y, ιY , λY , ρY ) ∈ Ñ [1]
n (S) is determined by z1 = (Y, ιY , λY , ρY ) ∈ N [1]

n (S) together

with ker(α̃ : Y ×ES → X) ⊆ (Y ×ES)[ϖ]. Moreover, the condition for a subscheme of the projective

S-scheme (Y ×ES)[ϖ] to appear as ker(α̃ : Y ×ES → X) for some z ∈ π−1
1 (z1) is a closed condition.

Hence by the theory of Hilbert schemes [5, Thm. 3.1], the morphism π1 is relatively representable

by a projective scheme (hence proper). Since π1 is quasi-finite by Lemma 14.7.1 (iii)(iv), we know

that π1 is finite.

Since Ñ [1]
n is regular (hence Cohen–Macaulay) by Corollary 16.2.2 and N [1]

n is regular by Propo-

sition 14.2.4, we know that π1 is flat by the miracle flatness theorem.

The generic degree of π1 is equal to the number of type 0 lattices containing a fixed type 2 lattice

in an F/F0-hermitian space of dimension n + 1, which is q + 1. Hence π1 is finite flat of degree

q + 1. Comparing the degree q + 1 with the size of fibers at k̄-points in Lemma 14.7.1 (iii)(iv) it

follows that π1 is étale along N [1],ns
n and totally ramified along N [1],•

n . □

16.4. The self-intersection number of the exceptional divisor. Recall from Definition 16.1.3

the closed subscheme PΛ of Ñ [1]
n .

Proposition 16.4.1. For Λ ∈ Vert0(Wn), the normal bundle NPΛ/Ñ
[1]
n

is isomorphic to OPΛ
(−1).

In particular, the n-fold self-intersection of PΛ in Ñ [1]
n is equal to

χ(Ñ [1]
n ,PΛ ∩L · · · ∩L PΛ) = (−1)n−1.

Proof. By Proposition 16.1.1, we know that the normal bundle NPΛ/Ñ
[1]
n

is a line bundle on PΛ ≃
Pn−1, and hence NPΛ/Ñ

[1]
n

≃ OPΛ
(m) for a unique integer m. Let Λ♭ ⊆ Λ be a type 0 lattice of

rank n− 2. Then we have a closed immersion δ : N3 → Nn+1 ([15, §2.11]) which identifies N3 with

the Kudla–Rapoport cycle Z(Λ♭) ⊆ Nn+1. Let Z♭(u) = Z(u) ∩ Z(Λ♭) ⊆ N3 be a valuation one

Kudla–Rapoport divisor on N3 and π♭
2 : Ñ [1]

2 → Z♭(u) the natural projection. Then δ induces a
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cartesian diagram

Ñ [1]
2

□

π♭
2
//

δ̃
��

Z♭(u)

δ

��

Ñ [1]
n

π2
// Z(u)

Let Λ2 be the orthogonal complement of Λ♭ in Λ and W2 := Λ2,F . Then Λ2 ∈ Vert0(W2) and δ̃

identifies PΛ2 ⊆ Ñ [1]
2 with a projective line in PΛ. Hence

NPΛ2
/Ñ 1

2
= δ̃∗(NPΛ/Ñ

[1]
n
) ≃ δ̃∗(OPΛ

(m)) = OPΛ2
(m).

Thus to show that m = −1 we are reduced to the case n = 2.

Now assume that n = 2. Since π1 is finite flat of degree q + 1 and totally ramified along V(Λ)
(Proposition 16.3.1), by the projection formula we have

(q + 1) · χ(Ñ [1]
n ,PΛ ∩L PΛ) = χ(N [1]

n ,V(Λ) ∩L V(Λ)).

Since N [1]
n is a regular formal surface, whose special fiber is a strict normal crossing divisor with

exactly q + 1 irreducible curves intersecting V(Λ), we know that

χ(N [1]
n ,V(Λ) ∩L V(Λ)) = −(q + 1).

Hence χ(Ñ [1]
n ,PΛ ∩L PΛ) = −1, which is equivalent to m = −1 when n = 2, as desired. □

16.5. Proof of Theorem 14.6.2. Item (i) is proved in Corollary 16.2.2. Item (ii) is proved in

Proposition 16.3.1. Item (iii) is proved in Proposition 16.2.1. Item (iv) is proved in Proposition

16.1.1 and Proposition 16.1.4. Item (v) is proved in Proposition 16.4.1.

16.6. Singularities of Ñ [1]
n and proof of Conjecture 3.5.1. By Corollary 16.1.5, we have

Ñ [1],ns
n (k̄) = π−1

1 (N [1],ns
n )(k̄). Also let Ñ [1],†

n = π−1
1 (N [1],†

n ) and Ñ [1],◦
n = π−1

1 (N [1],◦
n ) be the inverse

images of the link stratum, resp. the balloon stratum, cf. Definition 14.2.2.

Theorem 16.6.1. Let Ôz̃ be the complete local ring of Ñ [1]
n at z̃ ∈ Ñ [1]

n (k̄). Then

Ôz̃ ≃


OF̆ [[T1, . . . , Tn−1]], z̃ ∈ Ñ [1],ns

n (k̄),

OF̆ [[T1, . . . , Tn]]/(T
q+1
1 −ϖ), z̃ ∈ Ñ [1],◦

n (k̄),

OF̆ [[T1, . . . , Tn]]/(T
q+1
1 T2 −ϖ), z̃ ∈ Ñ [1],†

n (k̄).

In particular, Conjecture 3.5.1 holds when r = 1.

Proof. Let z = π1(z̃) ∈ N [1]
n (k̄). Let Ôz be the complete local ring of N [1]

n at z. Then π1 induces

a morphism Ôz → Ôz̃. When z ∈ N [1],ns
n (k̄), the morphism Ôz → Ôz̃ is an isomorphism by

Proposition 16.3.1. Hence when z ∈ N [1],ns
n (k̄), we have Ôz̃ ≃ OF̆ [[T1, . . . , Tn−1]] by Proposition

14.2.4.

When z ∈ N [1],•
n (k̄), by Proposition 14.2.4 we have Ôz ≃ OF̆ [[X1, . . . , Xn]]/(X1−ϖ) (resp. Ôz ≃

OF̆ [[X1, . . . , Xn]]/(X1X2 − ϖ) when z ∈ N [1],◦
n (k̄) (resp. when z ∈ N [1],†

n (k̄)). Here we choose

X1 = 0 to be a local equation defining the Cartier divisor N [1],•
n ⊆ N [1]

n at z and X2, . . . , Xn to be

a regular system of parameters for N [1],•
n at z. Let Ti ∈ Ôz̃ be the image of Xi under Ôz → Ôz̃ for
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i ≥ 2. Let T1 ∈ Ôz̃ such that the local equation T1 = 0 defines the Cartier divisor π−1
2 (Z(u)ss) at z̃

(cf. Proposition 16.1.1). Then by Proposition 16.3.1 and Corollary 16.1.5, we know that T2, . . . , Tn

form a regular system of parameters for π−1
2 (Z(u)ss) at z̃ and the ideal (T q+1

1 ) ⊆ Ôz̃ equals the

image of (X1). The result then follows. □
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