QUASI-CANONICAL AFL AND ARITHMETIC TRANSFER CONJECTURES

AT PARAHORIC LEVELS

CHAO LI, MICHAEL RAPOPORT, AND WEI ZHANG

ABSTRACT. In the first part of the paper, we formulate several arithmetic transfer conjectures,
which are variants of the arithmetic fundamental lemma conjecture in the presence of ramification.
The ramification comes from the choice of non-hyperspecial parahoric level structure. We prove a
graph version of these arithmetic transfer conjectures, by relating it to the quasi-canonical arithmetic
fundamental lemma, which we also establish. We relate some of the arithmetic transfer conjectures
to the arithmetic fundamental lemma conjecture for the whole Hecke algebra in our recent paper
[14]. As a consequence, we prove these conjectures in some simple cases. In the second part of the
paper, we elucidate the structure of an integral model of a certain member of the almost selfdual
Rapoport-Zink tower, thereby proving conjectures in [I1] and [15]. This result allows us verify the

hypotheses of the graph version of the arithmetic transfer conjectures in a particular case.
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1. INTRODUCTION

Inspired by the Jacquet—Rallis approach [9] to the global Gan-Gross—Prasad conjecture, the third
author proposed a relative trace formula approach to the arithmetic Gan—Gross—Prasad conjecture.
In this context, he formulated the arithmetic fundamental lemma (AFL) conjecture [26]. The AFL
conjecturally relates the special value of the derivative of an orbital integral to an arithmetic inter-
section number on a Rapoport-Zink formal moduli space of p-divisible groups (RZ-space) attached
to a unitary group. The AFL formula takes the following form.

Let p be an odd prime number. Let Fj be a finite extension of Q, and let F'/Fy be an unramified
quadratic extension. Let W; be a non-split F'/Fy-hermitian space of dimension n + 1 and let VVlb
be the perp-space of a vector uy € Wi of unit length (the special vector). Let G' = Resp/ g, (GLy X
GL,;1) and Gy, = U(W?) x U(W7). Then the following identity holds for all matching regular
semi-simple elements v € G'(Fp) and g € Gw, (Fp),

1
(A, gA>Nn,n+1 -logq = D) 00rb(v,1).

On the RHS, 00rb(+, 1) is the special value of the derivative of the weighted orbital integral of the
unit element in the spherical Hecke algebra H 1, s of the natural hyperspecial compact subgroup
K” x K" of GLy,(F) x GL,+1(F). We note that, in contrast to [26], the natural transfer factor w(~y)
of [19] has been incorporated in the definition of dOrb(~y,1). On the LHS appears the intersection
number of the diagonal cycle A of the product RZ-space N, 41 = N, X N1 with its translate
under the automorphism of N, 41 induced by g. Here, for any n, N, is the Rapoport-Zink
moduli space of framed basic principally polarized p-divisible groups with action of OF of signature
(1,n —1). Both sides of the identity only depend on the orbits of v, resp. g, under natural group
actions.

The AFL conjecture is now known to hold in general, cf. W. Zhang [28], Mihatsch-Zhang [17],
Z. Zhang [29]. These proofs are global in nature. Local proofs of the AFL are known for n = 1,2
(W. Zhang [26]), and for minuscule elements (Rapoport—Terstiege—Zhang [20], He-Li—Zhu [0]).

It is essential for the AFL conjecture that one is dealing with a situation that is unramified in
every possible sense, i.e., the quadratic extension F'/Fy defining the unitary group is unramified,
and the special vector has unit length, and the function appearing in the derivative of the orbital
integral is the characteristic function of a hyperspecial maximal open compact subgroup. The
AFL has to be modified when these unramifiedness hypotheses are dropped. In the context of the
fundamental lemma (FL) conjecture of Jacquet—Rallis, this question leads naturally to the smooth
transfer (ST) conjecture, proved by the third author in the non-archimedean case [27]. In the
arithmetic context, this question naturally leads to the problem of formulating arithmetic transfer
(AT) conjectures. A number of such AT conjectures are formulated in [19]. These conjectures are
proved in a small number of cases, cf. [1§], [19].

The limiting factor to formulating such conjectures is the geometric side of the conjecture. Indeed,
for formulating an AT conjecture (at least in the naive sense), one has to make sure that the ambient
Rapoport-Zink space is regular, and this strongly limits the possibilities, see [7]. In the present

paper, we impose on the quadratic extension F/Fy to be unramified but allow the polarization in
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the RZ-moduli problem to be non-principal. More precisely, let ./\/}[f] be the formal moduli space
of formal Op,-modules with action of Op of signature (1,n — 1) and a compatible polarization of
type r, i.e., the kernel is killed by w and is of order ¢*". Thus .MLO] = N,. In [19], we considered
on the geometric side the natural closed embedding of J\/}[LO] into ./\/;[leL1 and its graph A in the
product NT[LO] X Nﬂl We then formed the intersection product of A with its translate under the
(regular semi-simple) automorphism g of ./\/}[LO] X /\/;EJI_]H and related it to the derivative of an orbital
integral at a matching element . As highlighted above, the intersection product makes sense,
since N x Nr[i]kl is regular. More generally, in [29], Z. Zhang considers for any r > 0 the natural
embedding of ./\/}Er] into N#q, where ' = r or 7 = r 4+ 1 and forms an intersection on N,[f] X ./\/'#/].
However, this last product is not regular, unless r = 0; therefore, when r > 1, this product is
replaced in loc. cit. by a blow-up. Using this blow-up, an AT identity is formulated and indeed
proved.

In the present paper, we want to replace the pair (r,7') = (0,1) by the pair (1,0), or more
generally by (r,0) for arbitrary r > 0. The product N#} X /\/;[ﬂl is regular so that intersection
products make sense on this space. A problem arises however from the fact that there is no natural
embedding of j\/}[ﬂ into /\/;[ﬂl. Rather, one has to replace this embedding by a diagram linking ./\/}[f]
to N, [(L,

n

(1.0.1) V “

T 0
N Nty

In the generic fiber (i.e., for the corresponding rigid-analytic spaces), the morphism m is part of
the RZ-tower corresponding to suitable open compact subgroups of a unitary group of dimension
n. In other words, J\N/y is an integral model of a certain member of the RZ-tower. When r is
even, the new space AN/,[LT] is simply the RZ-space NT[LT’O} (corresponding to a parahoric subgroup in
a quasisplit unitary group) and the map 7 is then just the obvious transition map. When r is
odd, the new space /Wﬂ (corresponding to a non-parahoric in a non-quasisplit unitary group) is
very mysterious. One of our main results concerns the structure of /\N/}[L”. The following theorem is
a simplified version of Theorem [14.6.2] in the text.

Theorem 1.0.1. (i) The formal scheme /\7,&” is regular of dimension n.

(i) The morphism 1 is finite flat of degree q+ 1, étale away from the closed balloon locus ./\/}[Ll]’.,
and totally ramified along ./\/}[Ll]’.. The closed balloon locus ./\/}[Ll]" is a Cartier divisor which is a
disjoint sum of copies of P!, enumerated by the self-dual lattices in the split F/Fy-hermitian
space of dimension n.

(11i) The morphism o is proper and factors through the Kudla-Rapoport divisor Z(u) of Npi1
corresponding to the special vector u of valuation one. The resulting morphism ./\/’7[11] — Z(u) is a

blow-up in a zero-dimensional reduced subscheme Z(u)*™ and the exceptional divisor N,[Ll]’exc m

/\7&” is a reduced Cartier divisor which maps isomorphically to ./\/}[11]" under 1.
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Here, the blow-up is meant in the generalized sense of EGA, i.e., a blow-up in an ideal sheaf
with support in Z(u),

Let us illustrate this theorem in the case n = 2. In this case, we have

° ./\/g” is isomorphic to the Drinfeld half plane (this is the alternative interpretation of the Drinfeld
halfplane in [12]). The special fiber is a union of P!’s with dual graph a (q+ 1)-valent tree. These
P’s are of two kinds: even and odd; if two such Ps intersect, they are of different parity.

° ./\/'2[1]" consists of all even P'’s. The preimage under 71 of an even P! is nonreduced (a “fat” P!

with multiplicity ¢ 4+ 1). The preimage of an odd P! under m; is a Fermat curve of degree ¢ + 1.

e The special fiber of Z(u) consists of Fermat curves of degree ¢ + 1 intersecting at points in
Z(u)® (the centers of the blow-up morphism 3), and, conversely, all such intersection points
are contained in Z(u)®". Each Fermat curve contains g+ 1 intersection points and ¢+ 1 Fermat

curves pass through each intersection point.

cent

e The preimage of a point of Z(u)®™ under 7y is an exceptional divisor of 2 and can be identified

with the underlying reduced scheme of a fat P! corresponding to a specified even P! in /\/’2[1}.

Figure |1] illustrates the morphisms 71 and 72 in (3.8.2)) (for n = 2 and r = 1) on the special fibers
locally around a blow-up point of Z(u).

“Fat” P!
Fermat curve

st T2

Fermat curve

FIGURE 1. n =2

Theorem was conjectured in the unpublished manuscript [I1] of Kudla and the second
author and was used in the extension by the first and the third author of the Kudla-Rapoport
intersection conjecture to the almost self-dual case in [15].

Returning to the case of general r, we obtain two closed embeddings,

NI c NI X N,
NI NI 5 N

The first is given by (71, m2). The second is the graph of ma. On the RHS of both inclusions, there is

a (compatible) action of Gy, (Fo) = U(W?})(Fy) x U(W1)(Fy). Here the perp-space is taken for the
4



special vector u; € Wi of length w®, where ¢ = ¢(r) € {0,1} is the parity of r. Correspondingly,

there are two intersection numbers arising in this context, given as follows,

(i) (NILGNIT) o= XOET N NI 0 gAT),
n XNn41

) (R, 0RT) o XD N, T 1 g
n X n+1

Here g € Gw, (Fp). The first expression makes sense, since /\/}[f] is regular. The second expression
makes sense if /\N/}[ﬂ is regular. We conjecture (in a more precise way, cf. Conjecture that this
is always the case. This conjecture holds for » = 1 and when r is even.

Here the variant (i) leads to our AT conjecture of type (r,0), by which we indicate the type of
the vertex lattices defining the parahoric level of the relevant RZ spaces. The variant (ii) leads to
the graph version of our AT conjecture. Let us first state our result on the graph version, which is
reasonably complete (Corollary Proposition Theorem . In the statement below,
there appear compact open subgroups Iz[f] C K,[lr] of U(Wg) (the first a non-parahoric for odd r,
the second a maximal parahoric) and K41 of U(Wj) (a hyperspecial maximal parahoric). Here W)
denotes the split hermitian space of dimension n + 1 and Wg the perp-space for the special vector
ug of length w®. Then /\N/;[LT], resp. N,Lﬂ, resp. N, 11 are the members of the RZ tower corresponding
to the open compact subgroups IN(T[LT}
open compact subgroups Kn'" C K] C GL,(F) and K, C GLy1(F).

, Tesp. KT[Z"], resp. Kp+1 . On the GL-side, we have analogous

Theorem 1.0.2. Let ¢ € C°(G') be as follows,

erch (2D — 1) + e (1) + 1)1G/(0p,), whenr is odd

/o 1IN(QT]XK;+1
901" - )
when r is even.

><[{'l )

/
crc 1~
e Kn n+1

Then .. is a transfer of (c2 - 1ep, g +1,0) € CX(Gwy,) x CX(Gwy).

Assume that NI is regular. Then, if v € G'(Fy)ys is matched with g € Gy, (Fo)rs,
(st ov0)

1
N logq = -3 00rb (7, goiﬂ) — Orb ('y, go;vcorr),

where

, cr-(n+1)1g10, ) logq, nis even, and r is odd
Qpr,corr - 0

0, n is odd or r is even.

Here G'(Op,) denotes a certain maximal compact subgroup of G’(Fp). The integers ¢, and ¢, are
related to the normalizations of measures, see (6.1.11]). The proof of Theorem is by reduction
(via the factorization of 7o through the inclusion of the special divisor Z(uq) of N, 41) to the AFL
when r is even, resp. to the quasi-canonical AFL when r is odd, see Theorem The topic of
this latter variant of the AFL is another main theme of the paper, which we discuss next.

Let Z(u) C Np+1 be the Kudla-Rapoport divisor for a special vector of valuation ¢ € {0,1}.
When ¢ = 0, the structure of Z(u) = A ~ N,, is clear: it is a regular formal scheme of dimension n
which is formally smooth over Spf O . When e = 1, the structure of Z(u) is given by the following

theorem (Theorem [14.5.2)).



Theorem 1.0.3. Let u be a special vector of valuation one. The formal scheme Z(u) is reqular of
dimension n, and formally smooth over Spf O outside a zero-dimensional closed subset of Z(u)red,

Note that Z(u) is its own difference divisor, which implies the regularity of Z(u) (regularity
holds for any difference divisor [22], cf. also [30]). When n = 1, the formal scheme Z(u) (in N?) is
the quasi-canonical divisor of conductor one introduced in [10], which is in turn closely related to
the quasi-canonical lifting of level one of Gross.

The quasi-canonical AFL arises from the closed embedding,

Z(u) C Z(u) X Ny
By the regularity of Z(u), there is the well-defined intersection number for g € Gy, (Fp),
(Z(w), 9Z(W)) sy, = X(Z (W) X N1, Z(u) NF gZ(w)).

Note that the AFL gives an analytic expression for this when e = 0. When € = 1, the corresponding
statement is the following theorem (Theorem . Recall the non-parahoric KV of U(WE)(Fy)
corresponding to the member N of the RZ-tower mentioned above. Also, let K41 C U(Wy)(Fp)
be the stabilizer of a selfdual lattice.

Theorem 1.0.4. Let ¢ = (¢* +1)(¢> — 1). Consider the function

P =A@ = Dlgn 0+ ()™ + Dlgio,) € C2(G).

Then ¢ is a transfer of (1 € CX(Gw,) x C(Gw,) and, if v € G'(Fy)s is matched

with g € Gw, (Fp)yrs, then

[(7[11] ><]('rH»l ’ O)

(2(1), 92 (1)) 300y, 108 = —5 D0t (3,6) — Ob (7, 4 orr)
where
%(n + 1)1G’(OFO) -logq, n is even,
0, n s odd.

/
Spl,corr —

We now return to the AT problem, pertaining to the intersection number <./\77W , g]\ﬁﬂ >NM N
n XNn41

above. Here we have only partial results. Quite generally, we have the following conjecture, see

Conjecture [[3.1.1]

Conjecture 1.0.5. (i) There exists a transfer o' € C(G") of (c? - 10, g o
C®(Gwy,) such that, if v € G'(Fy)ys is matched with g € Gy, (Fo)rs, then

0) S CSO(GWO) X

AT Vs 1
e L]

(ii) For any transfer ¢' € CX(G') of (% - Lo, +1,0) € CX(Gw,) x C(Gw,), there exists
Ohomr € C°(G) such that if v € G'(Fy)ys is matched with g € Gw, (Fp)ys, then

~ ~ 1
(NI, g NI logg = =5 90rb (3,¢') — O1b (7, Peon).

6
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Under additional hypotheses, we can give candidates for the function ¢’ in part (i), c¢f. Conjecture
We recall from [14] §3.6] the base change homomorphism between spherical Hecke algebras,

BC: HK,Q ®g 'HK;_H — Hk, 0 HK,\1-
Recall from [14] §4] the atomic Hecke function in Hg,,, defined as the convolution,
P = VOI(Kf[lT])illKnKL’"] * 1K7[LT]K7L.

Conjecture 1.0.6. Assume that r is even. Let ' be any element in Hy: ®q HK%H such that
BC(@/) =¢rQ® 1Kn+l7

(then ¢’ is a transfer of (vol([(,[f’o])*2 1
matched with g € Gy, (Fo)ys, then

Ko 0) € C2(Gg) x C22(Gwn)). Ty € G (R is

Yils Vild 1
(W00, 1osa = =008 1),

When r = 0, Conjecture [1.0.6] recovers the arithmetic fundamental lemma. For arbitrary even r,
we show that Conjecture follows from the AFL in [14] (see Conjecture for certain (non
unit) elements in the spherical Hecke algebra, cf. Corollary . Unfortunately, we know of no
case of even r > 2, where Conjecture [9.2.3|is proved.

When r is odd, we only can give ¢’ in the following special case, cf. Conjecture Define
the analogous atomic Hecke function

[n+1] .
Yo = 1K7[1T'11]Kn+1 * 1Kn+1K7[:L++11] S HKr[ﬁ:il]’

where we note that H ) and H clnt1] are both spherical Hecke algebras(!).
n n+1

Conjecture 1.0.7. Let r be odd and assume r = n. Let ¢ be any element in Hy: ®q HKZH such
that
BC(¢) =1 @ e @0 H
Y )= K ®o K[ ©Q KT[lnjlu.
If v € G'(Fy)ys is matched with g € Gy, (Fp)s, then
(i.550)

1
logq = —= 80rb (. ¢').
Ay, 1087 =—500r (7.¢")

Again, as for even r, Conjecture follows from the AFL in [14] (see Conjecture [9.2.3) for
certain (non unit) elements in the spherical Hecke algebra, cf. Corollary [11.2.3] For n = 1,
Conjecture holds, cf. [14, Thm. 7.5.1]. Hence we obtain the following theorem.

Theorem 1.0.8. Conjecture holds when n =r = 1.
It would be very interesting to construct an explicit candidate for ¢’ in Conjecture at least

in the case r = 1 but when n is arbitrary. We hope to return to this problem in future work.
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There is another kind of AT problem, related to a diagram similar to ([1.0.1)), but relating this
time A, to AL, of. (B10.1),

(1.0.2)
Ny NI

s

The geometry of My, is in a sense the opposite of that of /\7,£f]. When r is even and r < n, then
MVZ] is very singular but contains a closed formal subscheme /K/lvw’Jr which is isomorphic to NAO’T},
hence is regular with semi-stable reduction, cf. There is another closed formal subscheme
./\77[;]’_ about which we know very little (e.g., if it is regular); then /Wm is the union of ./\7?[]’Jr and
//\XE]’*. When r is odd, then //\/lvm ~ N,[LO’PI] ~ J\ﬁfﬁl} is regular with semi-stable reduction.

We consider the intersection number arising in this context, given as follows,

<Mg]7gﬂ7[:]> = X(Nn X Nr[z;]_pﬁ\/l/?[:] mL gﬁ/lv,[f]), gc GW1 (FO)

Nn xNﬂl

This leads to our AT conjecture of type (0,7). We have the following general conjecture (cf.

Conjecture [13.2.1)), analogous to Conjecture m

Conjecture 1.0.9. Let r be such that 0 < r < n+1, with parity e = (r). Let W, be the hermitian
space of dimension n+ 1 with invariant (—1)¢, and denote by W11 the hermitian space of the same

dimension n + 1 and with opposite invariant. As before, the perp-spaces VVEb and st—H are formed

using special vectors of length w®. Also, recall the function @L‘E] € Humw.) from (10.2.3)).

(1) There ezists ¢’ € C°(G') with transfer (1KLO] ® QOLE], 0) € CX(Gw.) x C*(Gw..,) such that, if
v € G'(Fy)ss is matched with g € Gw, (Fy)ys, then

AAlr AAlr 1
<M%],QML]>N£O] l-logq = —500rb (7, ¢')-

xNLﬂ
(ii) For any ¢’ € CX(G') transferring to (1KL0] ® QDLE},O) € CX(Gw.) x C(Gw.,, ), there exists
Olow € C°(G') such that, if v € G'(Fy)ys is matched with g € Gy, (Fo)ys, then

Al AAlr 1
<ML],9ML]>N,@ v log g = =3 90rb (7, ¢) = Orb (7, o).

When r is even, we can give candidates for the function ¢’ in part (i), ¢f Conjecture [10.3.1
Conjecture 1.0.10. Let 0 < r < n+1, withr even. Let ¢’ be any element in Mg ®q 'HK;+1 such
that

BC(¢) =1k, ® ¢r € i, ®q Hipir-
If v € G'(Fy)ys is matched with g € Gy, (Fo)ys, then

o 1
<M£;“1,g/\/tlﬁ> .1qu:_§aorb (v, ¢').

8
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Again, when r = 0, Conjecture recovers the arithmetic fundamental lemma. For arbitrary
even r, we show that Conjecture follows from the AFL in [I4] (see Conjecture for
certain (non unit) elements in the spherical Hecke algebra, cf. Corollary When r is even
and 7 = n + 1, then there is a close relation between Conjectures [1.0.10] and [T.0.7] For even r
with 2 < r < n, there are also variants of Conjecture involving the closed formal subschemes
M¥1’+ and ./(/lj[f]’_ of ./K/lvm If r is odd, we do not have a candidate for the function ¢’, unless r = 1
in which case we recover the AT conjecture made in [19, §10], see

The following table summarizes all the cases of AT conjectures in this paper.

AT Relation to AFL for
Type Ambient space The cycle Conect spherical Hecke
onjecture ,
Conj. [9.2.3
(r,0):  even NI NEL | A = AT Cong. 9.2.1) | g, @1k, (Cor. [9.2.5
(r,0): r odd NI x ./\/;[L(L Vi Conj. [13.1.1 None
(r,0): 7 =n odd NP s NI Nl Conj. [11.2.1] | 15, ® ¢ns1 (Cor. [11.2.3
(0,7"): r" even NI Nr[:ﬁl vig Conj. [10.3.1]| 1k, ® ¢, (Cor. |10.3.4
(0,7"): r" even N x Ngﬁl M+ Conj. [13.2.2 None
(0,7'): 1’ even NI s Al Vit Conj. [13.2.2 None
(0,7): 7 =n+1even | N x NI T Al o A | Conj [11.2.1) | 15, @ @y (Cor. [11.2.3
(0,7"): r" odd N % T[:ﬁl M~ A0 Conj. [13.2.1 None
0,7): ' =1 Nt o M = AP | Thim, [12.0.2 1x, @1k, ,

We note that there are two extreme cases (r = n,0) and (0,7 = n + 1) in the table; they are in
fact equivalent under the duality isomorphisms .

Let us comment on the scope of our AT conjectures. We indeed seem to have exhausted all
possible cases under a couple of natural constraints, as we explain now. The AFL conjecture
concerns the diagram

N

N

0 0
A NI

where J\ﬁ[lo] ~ Z(ugp), for a special vector of unit norm. Our spaces and cycles are variants of this
diagram built on the following two considerations:

1) we would like the ambient space to be a product of RZ spaces of mazimal parahoric levels and
to be regular.

2) the Z-divisor, resp. the Y-divisor Z(u)!"l < Y(u)l"! on J\/;ﬂl should be isomorphic to a lower-

dimensional RZ space of maximal parahoric level. More precisely, we have the following exceptional
9



isomorphisms

Z(u)lr! ~ ./\/}[LT], v(u) =0,

(1.0.4) -
V(u)lr! ~ NFY, v(u) = —1.

These are also called exceptional special divisors. It is conceivable that exceptional special divisors
on /\@[ﬁ are characterized by the property that they are regular formal schemes (besides the case
Z(w)l% with v(u) = 1).

We are led to the formation of “pull-back” diagrams of exceptional special divisors along the
natural projection maps /\/ [Tl’w] — /\/;[ﬁl from RZ spaces of (non-maximal) parahoric levels, where
0<7ri,ro<n-+1andr; =ry mod 2:

52 - C[TQ] — Z(uo)[TZ] or y(uo)[TQ]

o

(1.0.5) 2 N P N2
j .
Clrl = Z(ug)lr) or Y(ug)r)—— AT

Here CI"! are as in . By the symmetry interchanging r; and rs, it suffices to consider one of
the two cartesian squares, say the bottom-left one. We would like to consider the cartesian product
2, as our cycle and the product Cltl x /\/ [r2 +1 as the ambient space. The regularity of the product
space happens if and only if (at least) one of the two factors is smooth over Spf O . We distinguish

two cases.
The case when CI" is smooth. Then either CI" = Z(ug)™ ~ N with v(ug) =0 and r; = 0,
or Ml = Y(up)ln! ~ N with v(ug) = —1 and r; = 1. Summarlzlng these two possibilities and

renaming rg as r and recalling the parity ¢ = e(r) = r;, the lower left diagram in (3.10.1)) becomes
the cartesian diagram ({3.10.1] m ) defining the space M[ "]

M N
| =]
NP N

The case when ./\/ [rz 1s smooth. Then ro = 0 or 9 = n + 1. There is a duality isomorphism

Nn 41 ./\/'anl1 "l [29, §5.1] which interchanges the two exceptional special divisors in (|1.0.4]), cf. [29]

Prop. 5.7]. To av01d repetitions, we thus assume ro = 0. Then r; is even. We let » = r; in the case

clnl = Z(ug)n ~ NI (and v(ug) = 0), resp. let r = 71 — 1 in the case C[') = Y(ug)l) ~ N

(and v(ug) = —1), so that we always have r + & = ry. Then the lower left diagram in (3.10.1]
10



becomes the cartesian diagram (3.5.4)) defining the space J\~/}[f],

Al r+¢,0
NT[L]C 3N[J:r1 |

n

| o |

N N

n

Therefore the list of our cases of AT conjectures is exhaustive, if we only consider pull-backs of
KR divisors, further subject to the natural conditions 1) and 2) above. Moreover, from the above

interpretation using the pull-backs of Z- or Y-divisors, our cycles ./WLT] and ./wlr] may be viewed as

special cases of (yet to be defined) KR divisors on a RZ space /\/;Lﬁ’lm] of non-maximal parahoric
level. Finally, we observe that the image of the composition ./K/lv,[:} — ./\/,[LT:E — Nr[ﬂl is a KR
divisor which admits a decomposition as a sum of two (Cartier) divisors. This decomposition leads
naturally to closed formal subschemes /Wm’i and to refinements of AT conjectures, explaining all
cases in the table.

Note that there are more AT conjectures if we allow ourselves to take a certain class of resolutions
of singularities, for example those formulated (and proved!) by Z. Zhang [29].

Let us outline the layout of the paper. The paper consists of two parts. In the first part, we
discuss the quasi-canonical arithmetic fundamental lemma, the graph version of the AT conjecture
of type (r,0) and the AT conjectures, and the evidence for them. In the second part, we discuss
the geometry of /\7#] and the structure of the special divisor Z(u) for a vector u of length w. The
two parts are independent of each other (of course, there are results in the case r = 1 in the first
part which apply only due to the results in the second part).

In more detail, the lay-out of part 1 of the paper is as follows. In the relevant RZ spaces are
introduced and the intersection numbers appearing on the geometric side are defined. In the
analytic side is detailed (transfer, matching, etc.). In §5| we recall the FL and the AFL. In we
construct functions which have the correct transfer for the graph version of the arithmetic transfer
conjectures. Using these functions, we formulate and prove in §7] the quasi-canonical FL and AFL.
In we deduce the graph version of the AT conjecture. The sections are devoted to the AT
conjecture. In §9|we construct a function with the correct transfer and formulate the AT conjecture
when r is an even integer. In we do the same for the case when r is odd and equals n. In
we formulate an AT conjecture in a vague form, for arbitrary r.

Part 2 of the paper starts with in which the space /\7#] is introduced, and in which our
results concerning its geometric structure are formulated. The last two sections are devoted to the
proofs of these results.

We thank Zhiyu Zhang for his comments on an earlier version of the paper. We thank SLMath
for its hospitality to all three of us during the Spring 2023 semester on “Algebraic cycles, L-values,
and Fuler systems” when part of this work was done. WZ thanks the department of Mathematics
at Harvard University for their hospitality where part of the paper was written during his visit
in Spring 2024. CL was supported by the NSF grant DMS #2101157. MR was supported by
the Simons foundation. WZ was supported by the NSF grant DMS #1901642 and the Simons

Foundation.
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2. NOTATIONS

Let p > 2 be a prime. Let Fj be a finite extension of @, with ring of integers Op,, residue
field £ = [, of size ¢, and uniformizer w. Let F' be the unramified quadratic extension of Fp,
with ring of integers Op and residue field kp. Let val : F' — Z U {oo} be the valuation on F. Let
| |7 : F — Rxq (resp. |-|: Fy — R>p) be the normalized absolute value on F' (resp. Fp). Let
n = np/k ¢ Foo — {1} be the quadratic character associated to F/Fy. Let ¢ be the nontrivial
Galois automorphism of F/Fy. Let F' be the completion of the maximal unramified extension of
F, and Oy its ring of integers,and k its residue field. Fix § € O such that o(§) = —d.

Let W be a (non-degenerate) F'/ Fy-hermitian space with hermitian form (', ). We write val(z) :=
val((z,z)) for any z € W. Recall that a (non-degenerate) F'/Fy-hermitian space is determined up to
isomorphism by its dimension n and its discriminant disc(W) = (—1)(3) det(W) € Fy /Nmp/p, F*
([8, Theorem 3.1]). We say W is split if disc(W) = 1 € F;/Nmp, g F*, and nonsplit otherwise.

Let L C W be an Op-lattice of rank n. We denote by LV its dual lattice under (, ). We say that
L is integral if L C LV. If L is integral, define its fundamental invariants to be the unique sequence
of integers (a1, ...,a,) such that 0 < a; < --- < a,, and LV/L ~ & ,Op/w% as Op-modules;
define its valuation to be val(L) :== "7 | a;; and define its type, denoted by ¢(L), to be the number
of nonzero terms in its fundamental invariants (aq,...,a,).

We say L is minuscule or a vertex lattice if it is integral and LY C w'L. Note that L is
a vertex lattice of type t if and only if it has fundamental invariants (0*~%, 1®), if and only if
L C' LV C w 'L, where C! indicates that the Op-colength is equal to t. The set of vertex lattices
of type t (resp. of type > t, resp. all vertex lattices) in W is denoted by Vert!(W) (resp. Vert=*(WW),
resp. Vert(W)). We say L is self-dual if L = LV, or equivalently L is a vertex lattice of type 0.
We say L is almost self-dual if L is a vertex lattice of type 1. Since F'/F, is unramified, if W is
split then val(L) is even, any vertex lattice has even type and W contains a self-dual lattice; if W
is nonsplit then val(L) is odd, any vertex lattice has odd type and W contains an almost self-dual
lattice.

Let X be a formal scheme. For closed formal subschemes Z1,--- , Z,, of X, denote by U™, Z; the
formal scheme-theoretic union, i.e., the closed formal subscheme with ideal sheaf N ,Zz,, where
Iz, is the ideal sheaf of Z;. A closed formal subscheme on X is called a Cartier divisor if it is
defined by an invertible ideal sheaf.

When X is noetherian and Y is a closed formal subscheme, denote by K} (X) the Grothendieck
group (modulo quasi-isomorphisms) of finite complexes of coherent locally free O x-modules, acyclic
outside Y (i.e., the homology sheaves are formally supported on Y'). As defined in [28, (B.1), (B.2)],
denote by F/K}" (X) the (descending) codimension filtration on K} (X), and denote by Gr’ K} (X)
its i-th graded piece. As in [28, App. B], the definition of K} (X), F'K} (X) and Gr® K} (X)
can be extended to locally noetherian formal schemes X by writing X as an increasing union of
open noetherian formal subschemes. Similarly, we let K{(X) denote the Grothendieck group of
coherent sheaves of Ox-modules. Now let X be regular. Then there is a natural isomorphism
KY(X) ~ K}{(Y). For closed formal subschemes 21, - - - , Z,, of X, denote by 2, N% ---n% Z,, (or
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simply 2,0 --NLZ,, if the ambient space is clear) the derived tensor product Oz, ®H@X - ‘®H@X Oz,
viewed as an element in K311 (X).

For F a finite complex of coherent O x-modules, we define its Euler—Poincaré characteristic

X(X,F) = Z(—l)iﬂ lengthy H' (X, H;(F))
i
if the lengths are all finite. Assume that X is regular with pure dimension n. If F; € F" K(;Z (X)
with ), r; > n, then by [28, (B.3)] we know that x(X, ®EJ]-}) depends only on the image of F; in
G’ KZ1(X).
For two formal schemes X, Y over Spf Oy, write X x Y := X xgpf 05 Y for short.
For an algebraic variety Y over a finite extension F' of Q,, we write C°(Y') for C2°(Y (F)).

Part 1. AT conjectures and the quasi-canonical AFL
3. THE GEOMETRIC SIDE

In this section, we introduce the relevant RZ spaces and then define the intersection numbers
appearing on the geometric side of the arithmetic transfer conjectures.

3.1. Rapoport—Zink spaces \,, of self-dual level. Let S be a Spf O z-scheme. Consider a triple
(X, 1, A\) where

(i) X is a formal w-divisible Op,-module over S of relative height 2n and dimension n,

(ii) ¢ : Op — End(X) is an action of O extending the Op,-action and satisfying the Kottwitz
condition of signature (1,n — 1): for all @ € Op, the characteristic polynomial of +(a) on Lie X is
equal to (T — a)(T — o(a))"! € Og[T],

(iii) A : X — XV is a principal polarization on X whose Rosati involution induces the automorphism
o on O via t.

Up to Op-linear quasi-isogeny compatible with polarizations, there is a unique such triple
(X,1x,Ax) over S = Speck, where X is isoclinic. Let A = NF/pyn be the (relative) unitary
Rapoport-Zink space of self-dual level, which is a formal scheme over Spf O representing the
functor sending each S to the set of isomorphism classes of tuples (X,¢, A, p), where the framing
p:X xg8 = X Xgp.; S is an Op-linear quasi-isogeny of height 0 such that p*((Ax)z) = Ag. Here
S := S}, is the special fiber.

The Rapoport-Zink space N, is formally locally of finite type and formally smooth of relative
dimension n — 1 over Spf O ([21], [16, Prop. 1.3]).

3.2. The hermitian space V,,. Let E be the formal O -module of relative height 2 and dimension
1 over Speck. Then D = Endg)Fo (E) := Endo, (E) ® Q is the quaternion division algebra over
Fy. We fix an Fy-embedding g : F — D, which makes E into a formal Op-module of relative
height 1. We fix an Op,-linear principal polarization A\g : E = EV. Then (E, (g, Ag) is a hermitian
Op-module of signature (1,0). We have N} ~ Spf O and there is a unique lifting (the canonical

lifting) &€ of the formal Op-module E over Spf O, equipped with its Op-action tg, its framing
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pe : & = E, and its principal polarization A¢ lifting pf(Ag). Define E to be the same Op,-module
as E but with Op-action given by i = tg 0 0, and Az := Ag, and similarly define € and Ag.

Denote by V,, = HomcéF (E, X) be the space of special quasi-homomorphisms. Then V,, carries a
F/Fy-hermitian form: for x,y € V,,, the pairing (x,y) € F is given by

- T Ax Vi yv =V )\]El — o =
(E=X=X"—=E —E)e€End,(E)=g(F)=F

The hermitian space V,, is the unique (up to isomorphism) non-degenerate non-split F'/ Fy-hermitian
space of dimension n. The unitary group U(V,,)(Fp) acts on the framing hermitian Op-module
(X, tx, Ax) (via the identification in [I0, Lem. 3.9]) and hence acts on the Rapoport—Zink space N,
via g(X, 1, A, p) = (X, 1, A, g o p) for g € U(V)(EFp).

For any 0 # z C V,,, define the Kudla—Rapoport divisor or special divisor Z(x) C N, to be the
closed formal subscheme which represents the functor sending each S to the set of isomorphism
classes of tuples (X, ¢, A, p) such that the quasi-homomorphism

—1 & o P& o T *p_l O
poxops € XS E Xgpee; S 2 X Xgpeep S —> X X5 S

extends to a homomorphism £ — X ([10, Def. 3.2]). Then Z(x) only depends on the Op-lattice
(z) spanned by x, and it is a Cartier divisor on A, and is flat over Spf O ([10, Prop. 3.5]). In the
body of the paper, the index n of the RZ-space is in fact often replaced by n + 1.

3.3. Rapoport—Zink spaces /\/}[ﬂ of maximal parahoric level. Let r be an integer such that
0 <r <n. Let S bea SpfOp-scheme. Consider a triple (Y,:,\) analogous to but the
principal polarization A is replaced by a polarization A : Y — YV such that ker A\ C Y[w] and
has order ¢?". Up to Op-linear quasi-isogeny compatible with polarizations, there is a unique
such triple (Y, vy, Ay) over S = Speck such that Y is isoclinic. Let N be the (relative) wunitary
Rapoport-Zink space of maximal parahoric level, which is a formal scheme over Spf O representing
the functor sending each S to the set of isomorphism classes of tuples (Y, ¢, A, p), where the framing
p:Y x58 =Y Xgpe.f S is an Op-linear quasi-isogeny of height 0 such that p*((Ay)z) = A3

The Rapoport—Zink space Nr[ﬂ is formally locally of finite type, regular, of relative dimension
n — 1 and of semistable reduction over Spf O ([21], [4], [2, Thm. 1.2]). By definition NP~ N,
for r = 0.

Analogous to denote by W,, = Wg - Homy, . (E,Y) the space of special quasi-homomorphisms.
Then W,, carries a F'/Fp-hermitian form: for z,y € W,,, the pairing (z,y) € F' is given by

_ Vo oy A _
ELY2L Y L E 25 E) € Endy, (E) = z(F) ~ F.

The hermitian space Wq[f] is the unique (up to isomorphism) non-degenerate split (resp. nonsplit)
F/Fy-hermitian space of dimension n if r is odd (resp. r is even). Analogous to the unitary
group U(W,)(Fp) acts on the framing hermitian Op-module (Y,ty, A\y) and hence acts on the
Rapoport—Zink space NJﬂ via g(Y, 1, A, p) = (Y, 1, A\, g o p) for g € U(W)(Fp). Note that ./\/'7[10] =N,

and W% = v, .
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3.4. Rapoport—Zink spaces /\/}[f’s] of parahoric level. Let 0 < s < r < n be integers of the
same parity. Let Y[ (resp. Y[S]) be the framing p-divisible groups of le] (resp. Nl{ﬂ). Fix an
Op-linear isogeny o : YI'! — Yl compatible with polarizations such that ker v € Y["![ww] and has
degree "~ °.

Consider the functor sending a Spf Op-scheme S to the set of isomorphism classes of tuples
(VI XEL plr] yls) lsloNbs) plsl)) where
o (YU NI )y € _/\/'[T}( S),
o (Yl sl A1 plshy e A (),
such that (pl))= oo pll : Y x g § — Yo x g § lifts to an isogeny & : Yl — Ys|. Note that if
@ exists then it is unique and kera C YI"! [cw] and has degree ¢"~*. This functor is represented by
a formal scheme N7[LT’S] known as the (relative) unitary Rapoport-Zink space of parahoric level. The
Rapoport—Zink space J\@L’”’S] is formally locally of finite type, regular, of relative dimension n — 1
and of semistable reduction over Spf O ([21], [4]). By definition there are natural projections

N NI

3.5. The space /\N/}[ﬂ. Let 0 <r <n. Set

(3.4.1)

0, 7 is even,

1, risodd.

(3.5.1) £ =

Let Y (resp. X) be the framing p-divisible group of qu (resp. Np+1). Then we may choose
(Y X E, vy X 17, A\y X @°Ag) (resp. (X,ux, Ax)) as a framing object of /\/'[fl6 (resp. Nyy1). We have

n
a natural closed immersion

(3.5.2) NI ML (70,0, p) s (VX Egyt X 1, A X @ Azys p X pay)-
Consider N, T+E by fixing an Op-linear isogeny
(3.5.3) a: Y xE—X,

such that kera C (Y x E)[w] and o (Ax) = Ay x @°Agz. We define the formal scheme N by the

cartesian diagram
N[r (GIN N[T‘Jrs ,0]
(3.5.4) J . l
T[Lr [SIN N[T—i_e].
By construction, NI s the closed formal subscheme of AV x N, 11 parameterizing tuples

(}/’ Lya)‘Y7PY7X7 ['XvAvaX)
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such that p)_(1 oao (py X pg,) lifts to an isogeny a: Y x £ — X. Then & is uniquely determined,
has degree ¢" ¢ and kera C (Y x &)[w]. We denote by 71, o the two natural projections,

e
(3.5.5) 7 X
X,

NT[LT] n+1-

Both projection maps my, o are proper.
The structure of N,LT] is quite mysterious in general. The following conjecture concerns the local

structure.

Conjecture 3.5.1. The formal scheme /\N/}[f] 1s reqular, with special fiber o tame divisor with normal
crossings, i.e. for every x € N,LT](];:), there exists a regular system of parameters Xy, ..., X, for the

complete local Ting (’jﬁm N such that w =[] X" ... X' where the m; are prime to p.

Proposition 3.5.2. Conjecture holds when r is even.
Proof. In this case ¢ = 0 and we have 1\731} o~ N,[f’o] is regular and has semistable reduction. O

Conjecture seems more difficult when r is odd. We will study the special case r = 1 in more
detail and prove in Theorem [14.6.2| a more precise result regarding the structure of NJ}]. This was
conjectured by Kudla and Rapoport, cf. [11], see also [15, Conj. 10.4.1]. In particular, when r = 1

we will prove Conjecture in Theorem

3.6. Arithmetic intersection number for AT of type (r,0). The morphisms 7; and w2 in
(3.5.5) combine to give a closed embedding,

NI NI SNG4

Since /\/}LLT] is regular and A, ;1 is formally smooth over Spf O, we know that ./\/}[LT] X Np41 is regular.
Hence it makes sense to define arithmetic intersection numbers of closed formal subschemes on the
ambient space NI Not1,

301 (R0 = OV N B 0 0,

N X N

where g € U( m)(Fo) X U(Vy,41)(Fp). The arithmetic intersection number is finite as long as
J\/;[f} N g/\f,ﬁ’"] is a proper scheme over Spf O, which is the case if g is regular semisimple by the
standard argument, cf. [16, proof of Lem. 6.1]. We will formulate arithmetic transfer conjectures
(Conjectures [9.2.1} [11.2.1f and [13.1.1)) relating (3.6.1)) to the derivative of certain orbital integrals.

3.7. Arithmetic intersection number for the graph variant of AT of type (r,0). We also
consider a variant of the arithmetic intersection number 1) by replacing the factor N,[Lr] in the
regular ambient space N,&T] x Np+1 by the related space .MW. We have the natural closed immersion

NI = NI S N,

given by the graph of ms.
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Let g € U( ,[f])(Fo) X U(Vp41)(Fo). The variant of 1} we consider is

(3.7.1) <N’n L gNTT! > anH = YN x Ny, NI AR g AT,
Note that the diagonal action of the group U(WW)(FO) on MY x N,41 stabilizes N} and hence
(W[r])(Fo) acts on N Thus the group U(WW)(FO) X U(Vy,41)(Fo) naturally acts on the product
Nn X Nn+1
Assuming that /\7#} is regular (comp. Conjecture , and since N, 11 is formally smooth over
Spf O, the ambient space /\N/T[LT] X N1 is regular. Hence under this assumption the arithmetic
intersection number above makes sense, and is finite when the formal scheme-theoretic intersection
/\N/;LT] N g./(/}[f] is a proper scheme over Spf O .. We will give a formula, relating to the derivative
of orbital integrals, cf. Theorem [8.1.1

3.8. Relation of N}/ with the special divisor Z(u). Let u € V1 = Homg, (E,X) be the
restriction of « in ([3.5.3) to the second factor E. Let Z(u) C N,+1 be the special divisor associated
to u. By construction, the projection my : J\/}[f] — Np41 factors through Z(u). Thus we have a (not

necessarily cartesian) commutative diagram

N[r] C N r+s ,0]

(3.8.1) n{ J

Z(U)C—> Nn+1-

Combining (3.5.4) and (3.8.1)) we obtain a commutative diagram,

N[r c N[TJrs ,0]

S N

N[T](—>N[T’+€] C—>Nn+1

3.9. Arithmetic intersection number for the quasi-canonical AFL. Consider the natural

closed immersion
Z(u) = Z(u) X Npy1

given by the graph of the inclusion of the special divisor Z(u) in N, 11 Note that (u,u) = @w® and
hence Z(u) is the quasi-canonical divisor of level zero (when € = 0), resp. one (when ¢ = 1). Since
(u,u) has valuation £ € {0,1}, we know by [22] that Z(u) is regular (note that Z(u) is its own
difference divisor). Since N, 11 is formally smooth over Spf Oy, the ambient space Z(u) x Npy1
is regular. Let W,, be the orthogonal complement of v € V, ;1. Then the action of the group
U(Wp,,)(Fo) C U(Vypy1)(Fo) on Nyt leaves Z(u) invariant. Hence U(W,,)(Fp) x U(Vy41)(Fo) acts
on the product Z(u) X Np11. Therefore we may consider the intersection number of the quasi-
canonical divisor Z(u) with its translate under g € U(W,,)(Fp) x U(V,11)(Fo),

(3.9.1) (Z(u), 9Z(W) 2y xney = X(Z (1) X N, Z(u) 0 g2 ().
17



When ¢ = 0, is, under the identification of Z(u) with N, the intersection number
occurring in the AFL. When ¢ = 1, we consider as the intersection number occurring
in the quasi-canonical AFL. This number is finite when the formal scheme-theoretic intersection
Z(u) N gZ(u) is a proper scheme over Spf Op. We will give a formula, relating to the
derivative of orbital integrals, cf. Theorem When € = 0, this formula reduces to the AFL.

3.10. The space M[ |, Let 0 <r <mn+1. Let ¢ € {0,1} be of the same parity as r so that the
space Nre +1 is defined. We have a natural embedding (cf. -

./\/',LO ./\/;[il, (Y, 1, M\, p) — (Y x Eg,1 % Lggs A X T gy, p X pgs).
Using this embedding, similar to ) but using the other projection N\ " [re +1 — /\/,[il, we form

another Cartesian product, denoted by ./\/l[r]

My — N
(3.10.1) l O J
NP N
Now, instead of (3.5.5)) we can consider
i
(3.10.2) n &
A ML

Where the ﬁrst map 7} is the left vertical map in (3.10.1)) and the second map 7 is the composition
<y Ne +1 — ./\/;[:11 Explicitly, fix an Op-linear isogeny

(3.10.3) a:Y — X xE,

such that kera C Y'[w] and o*(Ax x @w®Ag) = Ay». Then the space MU is the closed formal
sublocus of MY x N,[ZL parametrizing tuples

(X, x5 A%, px, Y oy, Ay, py)
such that (px X pg, )~ o avo py lifts to an isogeny @ : Y’ — X x & .

Let us discuss the geometry of /\/l[ I We distinguish the case where r is even from the case where
r is odd.

Let r be even. If r < n, there is a closed embedding MEO’] — MZ], sending (Y — X) to
(X,Y x &) (we are dropping all auxiliary structure from the notation). Let u € Homg, (Y ,E) be
the projection of a in to the second factor. By taking duals and using the polarization, we
may identify Homg, (Y',E) with V1. In this way, we obtain the special vector u of length one in
Vys1. Recall the Z-divisor and the Y-divisor Z(u)l") < Y (u)l"! on ./\/;[ZT_]H, comp. [29] §5.2]. They are
both relative Cartier divisors. Furthermore, Z(u)I") is a regular Cartier divisor isomorphic to N}W,
cf. [29, Prop. 5.19]). If 7 = 0, then Z(u)l') = Y(u)l'l. If » > 2, then Y(u)l'] is a reducible Cartier

divisor, as follows from the non-emptiness of the difference divisor D(u) = V() \ Y(u/w) (this
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can be seen for n = 2 from the theory of quasi-canonical divisors [10], and for n > 3 from the non-
emptiness of the underlying reduced scheme, as can be checked using the Bruhat-Tits stratification
in [3] and [29]). We obtain a cartesian diagram

T

(3.10.4) l O J

Z(u)l—s y(u)lrl.

Here the right downward arrow associates to (Y’ — X x &) the second projection (Y’ — &) (this
is the analogue of my in (3.8.1)) for ML:] instead of ./\/}[f]). The left downward arrow associates to

(Y — X) the map (£ — Y x &). It follows that M s formally reducible when r > 2, hence MY
ol

is not regular for r > 2, i.e., there is no analogue of Proposition for My".
Write )(u)") as the sum of effective Cartier divisors

y(u)[r] — y(u)[rlﬁr + y(u)[TL—’

where Y (u)l"h+ = Z(u)l". Correspondingly, we obtain by pullback of Y (u)lr+ = Z(u)l"], resp. of
Y(u)I'h~ under the map M Z(u)l" the closed formal subschemes MU+ = ngo’r], resp. M.
Then M+ is regular and its generic fiber is the member of the RZ-tower of /\@LLO} corresponding
to the parahoric subgroup K of It is conceivable that M~ is also regular and that its
generic fiber is the member of the RZ-tower of N7[10] corresponding to the parahoric subgroup KLT]’_
of

Now let r be even and » = n + 1. Then we have a natural isomorphism /\71,[? H /\N/}[Ln] making
the following diagram commutative,

N7[;1+ 1] =~ /\~/7[ln]

(3105) TrﬂXTrél Jrﬂ'l X
NPT At = afrd e A

Here the isomorphisms in the bottom line
(3.10.6) NI~ MO resp. NT[LT;I] :N,[L(i]rl
are the rescaling isomorphisms which send e.g. (X, ¢, \) € N,&n} to (X, ¢, \o) € NJLO}, where A = wg.
The isomorphism ML?H] = /\77[1”] sends (Y — X x &) € MZLH] to (Y x & — X'), where X' is the
dual of the rescaled module of Y/, and Y is the dual of the rescaled module X.

Now let 7 be odd. When r =1 (hence ¢ = 1) then, trivially, ./\/'[Tl} o~ [{]H and M~ A Iy

n n
general

such that 7/ : /\7%’ N ./\/}EO] coincides with the natural projection ./\/}Eo’r_l] — ./\/}[ZO]. The isomorphism

is given by sending (Y — X x £) € M to the element (Y — X) € N where Y € A7 is

the dual of (Y’)V/im(EY — (Y')Y), and where the isogeny Y — X is the dual of the composition
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XY — (Y)Y = YV. Note that, by Proposition [3.5.2] the isomorphism may also be written
as /’\X I~ N r=1] , in analogy with the isomorphism /\7 1] ~, Ny ") for n odd, occurring in .
However, for r even with r < n, there is no identification of /\/l[ "] with an /\N/'n-space. Maybe there
is a better chance with the space MU= introduced above.
In conclusion, when r is odd, then /\72"] is regular with semi-stable reduction and the generic
fiber of ﬂ/ﬂf l'is a member of the RZ-tower associated to NJZO] (in fact corresponding to the parahoric

subgroup K,[Lr], cf. :)

3.11. Arithmetic intersection number for AT of type (0,r). The arithmetic intersection

number in this context is defined as

(B111) (MMl = X < NI M O g MUY, g € Gy (R

NPT

nt1
Here we take the convention that We,)41 = Wo when e(r) = 1. Note that, by , the
intersection number , for r = n+ 1 even, coincides with the intersection number (3.6.1)) for
r = n. In the special case r = 1 (hence £ = 1), we have /\/'[Tfl] o~ NJLIJ]FI and MY ~ N[O], in thls
case, M[ " is the graph of the closed embedding ./\/;[10 Nr[LlJ]rl, and this intersection number has
been considered in [19], where an AT statement is proved. See §12| for more details.

In the case when 7 is even and r < n, there are the following Variants of ,

</’\‘/l“7[;~]7+’g/’\‘/l“7[:],+>/\/[0] N[T] = (N[O] XN’[T T]+ﬂ ng ),
e XNGL

(3112) (M= gMi) = XNV N MER At g MU,

NN

(MBI g M) = XN x ML MBI Ak g M),

NNt
where g € Gw, (Fp)qs-

4. THE ANALYTIC SIDE

4.1. Groups. We recall the group-theoretic setup of [I8 §2] in both homogeneous and inhomoge-
neous settings. Let n > 1. In the homogeneous setting, set

(411) G, = ReSF/FO(GLn X GLn+1),

a reductive algebraic group over Fy. Let W be a F/Fp-hermitian space of dimension n + 1. Fix
u € W a non-isotropic vector (the special vector), and let W° = (u)*. Set

(4.1.2) Gw = UW®) x U(W),

a reductive algebraic group over Fy. We have the notion of a regular semi-simple element, for
v € G'(Fp) and for g € Gw (Fp) and the notion of matching v + g, cf. [I8, §2]. The notions of
regular semi-simple elements are with respect to the actions of reductive algebraic groups over Fp,
namely Hj, = H{ x Hy := Resp/p,(GLy) X (GLy x GLy11) on G, resp. Hyy := U(W?) x UW?)
on Gw. It is important to note that the first action is arranged after the choice of the special
vector u € W. The sets of regular semi-simple elements are denoted by G'(Fp)s and Gy (Fo)qrs

respectively. Let Wy, W7 be the two isomorphism classes of F'/Fy-hermitian spaces of dimension
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n + 1. Note that, unlike the convention in [I8], for the moment we do not assume Wy to be split.
Take the special vectors ug € Wy and u; € Wi to have the same norm (not necessarily a unit).

Then we have a bijection of regular semisimple orbits,

(4.1.3) [Gwo (Fo)s] L [Gw, (Fo)es] —— [G(Fo)ss) -

Remark 4.1.1. In our previous work, the norm of the special vector is assumed to be one. In that
case we characterize the bijection of orbits in terms of invariant theory. If the norm of the special
vector is not equal to one, we need to scale the Hermitian form so that the norm of the special
vector becomes one and then we can apply the invariant-theoretical characterization of the orbit

comparison.

In the inhomogeneous setting, recall the symmetric space

(4.1.4) Sn+1 = {7 € Resp/p, GLyt1 | v = L1}

There is the map

(4.1.5) v:Resp/p GLpt1 — Spy1, v+ 7L,

which induces an isomorphism (Resp;p, GLy11)/GLpt1 =~ Spy1. We have the notion of a regular
semi-simple element, for v € Sy41(Fp) and for g € U(W)(Fp) and the notion of matching v > g.
Here W is any hermitian space of dimension n + 1 and the notions of regular semi-simple elements
are with respect to the conjugation actions of H' := GL, on S, resp., of H := U(W") on U(W).
The sets of regular semi-simple elements are denoted by S, 11(Fp)rs and U(W)(Fp),s respectively.
The inhomogeneous version of the bijection is

(4.1.6) [U(Wo)(Fo)rs) LI [UW) (Fo)es] —— [Snt1(Fo)ss] -

We use the same notation for the map t : GLyp41(F) — Sp+1(Fp) introduced in (4.1.5) and the
map

(4.1.7) t: G'(Fy) — Sny1(Fo),

obtained by precomposing v with G'(Fy) — GL,+1(F) given by (v1,72) — 7{172. Then G'(Fy)s =
vt 1(Spi1(Fo)is), and v € G'(Fy) s matches g = (g1, 92) € Gw, (Fo)ys if and only if v(v) € Spy1(Fo)us
matches g7 'go € UW;)(Fo)rs-

We will also need the semi-Lie version of this set-up in the inhomogeneous version. Set

(4.1.8) W' =W/, =Fy < (FphH*

There is the notion of a regular semi-simple element, for (v,v) € (Sp4+1 X W’)(Fp) and for (g,u) €
(U(W)x W) (Fp), cf. [28, §2]. These notions are with respect to group actions of GL,,, resp. U(W?).

Again, there is a notion of matching between elements of (S, 11 X W')(Fp)ys and (U(W) x W)(Fp)ys-
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4.2. Orbital integrals. We recall the orbital integrals in both homogeneous and inhomogeneous
settings, following [18], §5]. Now we assume that F'/Fp is an unramified extension of non-archimedean
local fields. We then have a unique extension of 7 to an unramified quadratic character 77 : F* —
{£1}. We also define the twist
~ 2

M(2) = A", 2 € FX,
for a complex parameter s € C.

We first introduce a transfer factor on G’ and S, 11 respectively. For v € Sy, 11(Fp)rs, we define

(4.2.1) A*(y) = det((y'ens1)i0),
where
(422) €nt+1 = t(ov"' 5051) S M(n+1)><1(F0)'

For s € C, we define the transfer factor on the symmetric space S,11 a5E|

(4‘2'3) WS,S(’Y) = ﬁ—s(AJr(’Y))a v E Sn-l—l(FO)rs-
It satisfies
WS,s(h_l’Yh) = ﬁs(h)ws,sW% h € GLn(FO)'
Here we write ns(h) for ns(det h).
In the homogeneous case, we define for v = (5, Yn+1) € G'(Foy)s and s € C, the transfer factor
on the group G’ as
(4.2.4) war,s(7) = T (1 1) Il 7° ws 25 (2(7)).-
Then it is easy to verify
wer s (hy 'yha) = |det halpn(ha) wars(7),  (h1,he) € (HY x Hy)(Fp).
Here we denote
n(ho) := n(det hh)"n(det hy)™ for hy = (hhy, hf) € Hy(Fy) = GLy(Fy) x GLyy1(Fp).

Next we introduce some weighted orbital integrals. In the homogeneous setting, for an element
v € G'(Fp)ss, for a function ¢’ € C§°(G’) and for a complex parameter s € C, we deﬁneﬂ

(4.2.5) Orb(v,¢',5) := war,s(7) / ¢ (hi 'vha)|det hn|3n(he) dhy dh,
H{(Fo)

where we use fixed Haar measures on Hj(Fy) and Hj(Fp) and the product Haar measure on
Hi ,(Fo) = H{(Fp) x Hy(Fp). We further define the value and derivative at s = 0,

d
(4.2.6) Orb(y,¢') := Orb(y,¢’,0) and 9Orb(y,¢’) := 1 OOrb(’y,cpl,s).
S=
IHere our transfer factor, when specialized to s = 0, coincides with [I9, §2.4] and [28, §2.3] where 7j(det(v)) = 1
by our choice of 7.
2Note that, contrary to e.g. [19] and [28], we incorporate the transfer factor in the definition of the weighted

orbital integral.
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The integral defining Orb(7y, ¢’, s) is absolutely convergent, and Orb(vy, ¢') and dOrb(v, ¢’) depend
only on the orbit of ~.

Now we turn to the inhomogeneous setting. For v € S,,11(Fp)ss, for a function ¢’ € C°(Sy41),
and for a complex parameter s € C, we introduce the weighted orbital integral

(4.2.7) Orb(y,¢'s8) imwsa(y) [ /(o) ldet hfn(h) i,
H'(Fo)
as well as the value and derivative at s = 0,
d
(4.2.8) Orb(v, ') := Orb(v,¢',0) and 9Orb(y,¢') := Ts o Orb(y, ¢, s).

As in the homogeneous setting, the integral defining Orb(~, ¢, s) is absolutely convergent, and
Orb(y, ¢') and dOrb(v, ¢') depend only on the orbit of .

Now let us define orbital integrals on the unitary side. In the homogeneous setting, for W the
(n + 1)-dimensional hermitian space as above, for an element g € Gy (Fp)s, and for a function
f € C(Gw), we define the orbital integral

(4.2.9) Orb(g, f) = / f(hytghs) dhy dha.
Hw (Fo)
Here the Haar measure on Hyy (Fy) = H (Fy) x H(Fp) is the product of two identical Haar measures
on H(Fo)
In the inhomogeneous setting, let G = U(W'). We define for g € G(Fp).s and f € C°(G),
(4.2.10) Orb(g, f) := / f(h™tgh) dh,
H(Fo)
where we use the same fixed Haar measure on H (Fp).

We also have use for the semi-Lie versions of these orbital integrals. For (y,w’) € (Sp+1 X
W) (Fo)s and @ € C°(Sp 41 x W) and s € C, we set

(4.2.11) Orb((vy,w'), @', s) := w5xw/,s(%w’)/G ( )‘D'(h-(% w'))| det(h)|*n(h) dh,
Ln(Fo

and obtain Orb((y, w'), ®’) and 0Orb((y,w’), ®’) as before. Here the transfer factor wsxw s(7y, w’)
is defined similarly to (4.2.3)),

(4.2.12) wgxw,s((v,w'), 8) = s (AT (y,w")), (v, ) € (Spt1 x W) (Fo)ss,
where AT (v, w’) is defined similarly to (4.2.1): for w’ = (e, e*) € W/,
(12.13) A* (7, /) = det((vie)y).

The value of wgxw s at s = 0 recovers [28, eq. (2.17)]. On the unitary side, we have
(4.2.14) Orb((g, v), ) :/ B(h-(g,0)) dh,, e CXUW) x W).
H(Fo)

Having fixed the transfer factors, we have the notion of transfer between functions ¢’ € C°(G’)
and pairs of functions (fo, f1) € C®(Gw,) x CX(Gw,) ([19, Def. 2.2]), and between functions

¢ € C(Sp4+1) and pairs of functions (fo, f1) € C(U(Wy)) x C°(U(Wh)) ([19, Def. 2.4]) and
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between functions ® € C°(S,4+1 x W) and pairs of functions (®o, ®1) € C°(U(Wp) x W) x
C(U(Wy) x Wh).

Definition 4.2.1. We say two functions ¢!, ¢4 € C°(G') (resp. ¢}, ¢y € C(Sn41)) are equivalent,
denoted by ¢} ~ ¢} (resp. ¢} ~ ¢h), if

Orb(v,¢7) = Orb(v,¢5),  (resp. Orb(y,¢}) = Orb(v, ¢5))
for all v € G'(Fp)ys (resp. v € Spy1(Fo)rs)-

Let us relate functions on G'(Fy) and on S,,11(Fp). For ¢/ € C°(G"), define the function ¢ on
Sn+1(Fo) by
(1215)  ¢iel) =) [ & (L ko) (ho) dhdhz, 7 € GLaya (F).
QL (F)XGLus1(Fo)
It is easy to see that the right hand side depends only on t(7) rather than on ~, hence indeed
defines a function in C2°(Sy+1). We also define a family version: for s € C,

(4.2.16) Pie() =" ¢/ (b1 h™ yha)| det h[§n" (ha) dh dhy.

") /

GLn (F)XGLy 11 (Fo)
Then
() |s=0 = ¢*(7), ¥ € Snt1(Fo).

Lemma 4.2.2. Let ¢’ € CX(G') and v € G'(Fy)s. Then
Orb(y,¢',s) = Orb(t(’y)7gp,h 2s).

s

Proof. By definition (4.2.5)), for v = (y1,72) € G'(Fo).s, we have

Orb((’yl, v2), ¢, s) = wa s(7) / (o) @/(h_lﬂhla h_172h2)|det h|}n(h1)77”_1(h1h2) dh dhy dha,
HLQ Fy

where h € H|(Fy) = GL,—1(F) and (h1,h2) € H,)(Fy) = GL,—1(Fp) x GL,(Fp). Replacing h by
~v1h1h, we have

Orb((71,72), ¢, 8) = wer (V)% /H/ (F)@l(hfl,hilhf1(7f172)h2)|det hha|5m (k)" (hihe) dh dhy dhs.
1,270

Comparing with the definition ({#.2.16)) of ¢, we have
Orb((71,72), ' ) ZWG',S(V)I%I%ﬁ("”(%‘Wz)/GL - 2 (hy te(y)ha)[det b [Fp(hy) dh.
n—1{17)
By the definition of the transfer factor on G’ (4.2.4) and |det hy|p = |det h1|%0, the last equation is

equal to

wsas((7)) / S(hy () ) det [Py ) i,
GLy1 (R

which is equal to Orb(x(v), ¢, 2s) by (£.2.7). O

Remark 4.2.3. This lemma is a more general version of [I4, Lem. 3.7.2] (note that in loc. cit the

orbital integral is not normalized by the transfer factor).
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Corollary 4.2.4. We have
Orb(y,¢') = Orb(x(7),¢"),  90rb(y,¢) =200tb(x(7),¢"), 7 € G'(Fo)ss-

On the unitary side, for f € C2°(Gyw ), we define a function f% € C°(U(W)),
(42.17) Filo) = [ Fuhg)dh, g€ UOV)(F).
U(W?)

Then it is easy to see that

Orb((g1,92). f) = Orb(gy g2, %), (91.92) € UW’)(Fo) x U(W)(Fp)-
From Corollary we therefore deduce the following statement.

Corollary 4.2.5. The function ¢’ € C°(G') is a transfer of (fo, f1) € C°(Gw,) x C(Gw,) if
and only if ¢'" € C®(Sp41) is a transfer of (fg, flh) € C(U(Wp)) x C(U(W)). O

5 FL anNnD AFL

From now on and for the rest of the paper, we let Wy, resp. Wi, be the split, resp. non-split,
hermitian space of dimension n + 1. In this section, we recall the FL and the AFL. We do this to
facilitate the comparison with the quasi-canonical FL/AFL proved below.

5.1. The FL. To state the FL, resp. the AFL, we assume that the special vectors ug € Wy, resp.
uy € Wy, have unit length. Let Ky C U(Wp)(Fp) be the hyperspecial maximal compact subgroup
which is the stabilizer of a selfdual lattice A containing ug and, similarly, let K§ C U(W3)(Fp)
be the hyperspecial maximal compact subgroup which is the stabilizer of the selfdual lattice A% =
Ao MW, ice., K} = Ko N U(WS)(Fy). Throughout the paper, the Haar measures on GL,(Fp) and
GL,,+1(Fp) are normalized such that GL,,(OFp,) and GL,+1(OF,) have measure one. For the FL, we
furthermore choose the Haar measures on GL,(F) and on U(Wp) such that GL,(Or) and K have
volume one (this is independent of the choice of Ag). The Fundamental Lemma of Jacquet-Rallis
is the following theorem.

Theorem 5.1.1. Let p > 2.

(a) (Inhomogeneous group version) The characteristic function Ls,11(08,) € C2°(Sy) transfers to
the pair of functions (1x,,0) € C2(U(Wy)) x C(U(W)).

(b) (Homogeneous group version) The characteristic function 11, (0,)xGLy11(0r) € Co(G') trans-
fers to the pair of functions (lKngO, 0) € C(Gw,) x C2(Gwy).

(c¢) (Semi-Lie algebra version) The characteristic function L(s,11xW!, )(OR,) € C(Sp1 X W) 1)

transfers to the pair of functions (1i,xA,,0) € C(U(Wy) x Wy) x CX(U(Wy) x Wy).

The equal characteristic analog of the Jacquet—Rallis FL. conjecture was proved by Z. Yun for
p > n, cf. [25]; J. Gordon deduced the p-adic case for p large, but unspecified, cf. [25, App.].
The general statement above has two proofs: a purely local proof is given by Beuzart-Plessis [I],

another one essentially of a global nature is given by the third author [28] when p > n and in
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general by Z. Zhang [29]. There is also a Lie algebra version of FL, which is also known for any
residue characteristic.

5.2. The AFL. Next we recall the AFL. We identify W; with V,,.1 defined in and choose the
special vector u; € Wi to be u € V41 defined in §3.8, assumed to have length 1. Then we may
identify the hermitian space Wlb with V,,. Recall that Z(u) C N1 is the special divisor on N, 11
associated to u. It may be identified with the inclusion of RZ-spaces N,, C Ny 11, cf. [11], §5]. Then
Gw, (Fp) acts on Z(u) X N4 via this identification and hence the arithmetic intersection number

(Z(u),92(w)) z(w)xn,,, defined in makes sense for g € Gy, (Fp).

Theorem 5.2.1. Let p > 2.

(a) (Inhomogeneous group version) Suppose thaty € Sy11(Fp)rs matches an element g € U(W1)(Fp)ys.
Then

<Z(u), (1 x g)Z(u)>Z(u)XN”+1 logg = faorb(’y,lan(OFo)).

(b) (Homogeneous group version) Suppose that v € G'(Fy)s matches an element g € Gy, (Fp)ys.
Then

1
<Z(u), gz(u)>Z(U)></\/'n+1 +logg = 2 80rb('y, 1G/(OF0))'

(c) (Semi-Lie algebra version) Suppose that (vy,u') € (Spy1 x W), 1)(Fo)s matches an element
(g,u) € (UW7) x W1)(Fo)rs, where u=uy € W1 is the fized special vector. Then

(Z(w), 1% 9)2(u) . n,, loga=—00rb((v,u), L5, xw7,,)(0n,))-
Here (Z(u), (1} 9)Z(w)) e vy = XNag1 X Nog1, Z(u) N (1 x g) Z(w)).

This is proved by the third author [28] when Fy = Q, and p > n, for a general F{ with residue
cardinality ¢ > n by Mihatsch and the third author in [I7], and finally in full generality by Z. Zhang
[29]. All of these works are essentially of global nature, relying on the modularity of generating
series of special divisors.

6. TRANSFER THEOREMS

In this section, we will formulate and prove some transfer theorems which arise in connection
with the quasi-canonical fundamental lemma and some variants of it. We continue to denote by
Wy (resp. Wi) a split (resp. non-split) Hermitian space of dimension n + 1.

6.1. Open compact subgroups. Let n > 1 and 0 < r» < n. We first define open compact
subgroups, on the unitary group side and on the general linear group side, in a generality that is
greater than is required for the quasi-canonical FL, but will be needed later.

Recall the parity € = e(r) € {0,1} of r, defined in (3.5.1)). Fix a special vector uy of norm w®
in Wy. We also fix a lattice Ag € Vert®(Wy) with ug € Ag. Let A% be the lattice Wg NAg. Itisa
vertex lattice of type € € {0,1} (this can be seen using [15, Lem. 7.2.2]), i.e., selfdual when £ = 0,
resp. almost selfdual when ¢ = 1. We also fix a lattice A> € Vert”(W}) such that A* C A} or,
equivalently,

(6.1.1) A & (ug) C Ao.
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The following lemma shows the independence of our results of the choices made.
Lemma 6.1.1. The group U(W) acts transitively on the set of (A*, Ao) satisfying (6.1.1)).

Proof. We can assume A’ is the standard vertex lattice of type r (they are all conjugate under
U(WZ)). Consider the F 2 /Fq-hermitian space W = (A° @ (up))Y /(A° © (ug)) of dimension r + ¢.
Then the set of self-dual A containing A® & (ug) corresponds to the set of lagrangian subspaces of
W. Hence we need to see that the subgroup in the finite unitary group U(W) fixing the elements of
the subspace ()Y /(tig) C W acts transitively on the set of all lagrangian subspaces of W. There
are two cases. Either the subspace is zero, in which case the subgroup is the whole unitary group
U(W). Then it is well known by Witt’s theorem that U(W) acts transitively on the set of all
lagrangian subspaces of WW. In the alternative case the subspace is a non-isotropic line in W. In
this case this again follows from Witt’s theorem which implies that U(W) acts transitively on the
set of vectors (wq,... ,w%s,u) of W such that wy, ... ,Wrie are a basis of a lagrangian subspace

and u is a non-isotropic vector of given length. O
Define open compact subgroups

(6.1.2) Ko =KV = U(Ag) CUWG)(Fo), K= U(A") € UWE)(Fy).

We define a finite index subgroup of K,[f] by

(6.1.3) KM= KT nuAg) = KN N K,y

Note that when r is odd, I?,[@T} is not a parahoric subgroup when n > 1.

Remark 6.1.2. (i) When r = 0, then KV[LO] = f(,[Lm is a hyperspecial subgroup.

(ii) When r is even, then Ag = A% @ (up). Then K = UA") N U(AY) = KM% is a parahoric

subgroup, the joint stabilizer of a vertex lattice of type 0 and a vertex lattice of type r contained
in it.
(iii) When r = 1, we have INQ[}] = ker(K,[ll] — F;Q), where the homomorphism is given by

KT — U((A))"/A%) = ker(Nm: B — F) = Fla

In particular, I?,[@” is a normal subgroup of K,[ll} (but I?r[f} is not a normal subgroup of K,[f ] for
general ). To see one inclusion, note that an element in the kernel of this homomorphism induces
the identity automorphism on the two-dimensional F 2 /F,-hermitian space (A”)Y /A*)& (uo)" / (uo).
It therefore fixes the line in this space defined by Ay and hence lies in INQL,,I]. Conversely, an element
of IN(,[LH respects the decomposition into the two hermitian subspaces and induces the identity on
the second summand. Since it also fixes an isotropic line in (A?)Y/A”) @ (ug)¥ /(up), it induces the

identity automorphism, and thus lies in the kernel.

Remark 6.1.3. Recall that the members of the RZ-tower of rigid-analytic spaces corresponding to
the local Shimura datum (U(Wg ), (1,0,...,0), bpasic) are parametrized by open compact subgroups

K C U(W})(Fp). For instance, the generic fiber of NI corresponds to K. The generic fiber of

NI corresponds to Ko,
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The case n = 2 and r = 1 is of special interest. Then K%H = U(A%). It is equipped with a
homomorphism

(6.1.4) K — (FL)?,

given by letting K. 2[1] act on the two one-dimensional hermitian spaces (A%)Y /A2 and =A% /(A}).

This homomorphism is surjective, and the kernel is the pro-unipotent radical of KQU]. The map
induced in the generic fiber of /\72[1} — Nz[l] corresponds to the Galois cover given by the kernel of
the first component of . Note that there is an involution 6 on /\/'2[”, given by sending a point
(X, 0, M, p) to (XV, 2V, 0V, (p¥)~Y). Here 1¥: O — End(X") sends a to ¥ (a), and the polarization
AV is the unique map AY : XV — X such that AV o A\ = @ -id. Then 6 induces an involution in
the generic fiber of /\/2[1] such that the induced action on Kg] interchanges the two components of
(6.1.4).

Now we define open compact subgroups on the general linear group side. We fix an orthogonal
basis {e1,--- ,en} of W) and extend it by ug (of length @®) to an orthogonal basis of Wp; from
now on we will use this basis to identify GL, r ~ GLz(W}) and GL, 117 ~ GLp(Wp). We may
assume that
1 1<i<n-—1,

(ei,e) =14 ,
—w®, 1=n.

We may take A% to be the standard lattice with respect to the basis eq, ..., e,. We define
(6.1.5) K], = GLo, (A) = Stabgr, (7 (A})-

We also introduce K;m, the joint stabilizer of A* and its dual lattice (A”)Y,

(6.1.6) K" = Stabgy,, () (A”) N Stabar,, (7 ((A)Y).

Then K,/l[r] is a parahoric subgroup and K/, is a maximal parahoric subgroup.
Recall the self-dual lattice Ag chosen earlier at (6.1.1); it is related to A% through the following

sequence of inclusions,

Al & (ug) Ao ! (AR)Y @ (ug)Y, 7 odd

(6.1.7)
A(bJ @ (ug) = Ao = (A%)v & (ug)V, r even.
We define
(6.1.8) K}y = GLog(Ao), K\ = GLou (A @ (uo)).

When 7 is even, then K, | = K;JH. Also, we have an inclusion K|, C K;TH (but K], ¢ K}, if r
is odd). In the sequel, we consider the integral form of G’ defined by the lattice (A2) @ (A2 @ (uo))
of Wg @ Wy, i.e., G'(Or,) = K, x K1, .

We also define the finite index subgroup I?}'l[r] of K;L[r] by

(6.1.9) K= K0 Ky = Stabgr, (1) (A”) N Stabay, () ((A°)Y) N Stabgy, ,, (7 (A0)-

More explicitly, the lattice Ag defines a lagrangian subspace inside the 2 /F,-hermitian space

(M) @ (up)V)/(A® & (up)) of even dimension 7 + . Then K" acts on this hermitian space and
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f{{l’"] is the stabilizer of this lagrangian subspace. In analogy to the unitary side (i.e., to INQ[ZA]), we
expect that IN(;LM is not a parahoric subgroup when r is odd.

When defining orbital integrals, we need to choose Haar measures. For GL,,(Fj) and GLj,4+1(Fp)
we normalize the Haar measures by giving a maximal compact subgroup volume one. For GL,,(F')
and U(W})(Fp), we postulate

(6.1.10) vol(K!) =1, vol(Kleh) =1.

In other words, on the GL-side, we normalize the Haar measures by giving the maximal compact
subgroups volume one. On the U-side, when € = 0, we normalize the Haar measures by giving the
hyperspecial maximal compact subgroups volume one, whereas when € = 1, we normalize the Haar
measures by giving the compact subgroup K,[ll] volume one. We denote

Cp = Vol(f(,[ﬂ)_l = [Iaf} : f(k"]],
(6111) / 1o r]y—1 1. gt
¢ = vol(K,")™" =K, : K]/"].
For r = 1, we have ¢; = 1 and ¢| = the index in GLy(F,2) of the mirabolic subgroup (the

subgroup of lower triangular matrices with 1 in the right lower corner). Hence ¢j = (¢*>+1)(¢*> —1).

6.2. The case when r is odd. Consider the following element in GLj41(Fp)

1 —1
(6.2.1) u=| " %
0o 1

where e, = 1(0,---,0,1) € Myx1(Fp). It acts on C>°(S,+1) by

(ux¢')(7) = ¢'(u""yu).

w1,

Set ho = [ 0 1] and u’ = hou. Then we have by (6.1.7) and the definitions (6.1.8) of K],
and Kgﬂ,
(6.2.2) Kl = 'K

Define the function

(6.2.3) ¢ = (" = Dux g, 0p) + (1) g 4 1)1

n+1(0F,)

€ CZ(Sn+1)

and

(6.2.4) ¢' = Pls—o-

Theorem 6.2.1. Let r be odd.

(i)(Inhomogeneous version) The function ¢’ is a transfer of (1k,,.,,0).

(ii)(Homogeneous version) Let ¢’ € C°(G') be any function such that ¢'* = c;71¢/ € C°(Spy1).
Then ¢' is a transfer of (1

n XKn+17O>.

Before giving the proof, we exhibit some functions as in the statement of Theorem [6.2.1
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Lemma 6.2.2. Let r be odd.

(i) Let @' = 1K41><Kf+1 = 1¢/(0p,) € C°(G'). Then

(plh e ]'Sn+1(OFO) .

(i) Let o' =1 i € CX(G"). Then

!
><Kn+1

Splu = c;fl(—l)"u/ * 1Sn+1(OFO)'

Proof. (i) Recall from ) the definition of % and note that K/ C Kn +1- The integral over
GL, (F) gives the functlon Vol( K =1, onGL,41(F). Then the integral over GLy1(Fp)
n+1

gives the function 1g +1(0my)-

(i) Similarly to (i), by Kl ¢ K] .1, the integral over GL,(F) gives the function vol(IN(/M)lK/

on GL,;1(F). To compute the second integral, we note that K] , = " +1u’ ! by -

Now note that u’ € GL,1(Fp). By (4.2.15 m, we may replace the function 1K/ ., on GLp+1(F) by
2

(a1, KA, = (™1, ki, = (=1)"1, K and the assertion follows from the proof of part
(i). O

t
Kn+1

Applying Theorem [6.2.T] we obtain the following corollary.

Corollary 6.2.3. Let r be odd. The following transfer statements hold.

(i) (Inhomogeneous version) The function
(6.2.5) ¢;~ = (q2(n+1) —1ux 1Sn+1(OF0) + ((_1)n+1 + 1)1Sn+1(OF0) € C°(Sn+1)
of (6.2.4)) is a transfer of (1k,_,,0).

(i) (Homogeneous version) The function

(6.2.6) ) = cr (D — 1)1 o+ (=)™ + Dlgro,,)) € C2(G)

/[T] Kl

is a transfer of (c2 1o, g . ,0).

Proof. Part (i) is repeating part (i) of Theorem To show part (ii), we first claim that
uxlg, (0p) and (—1)"u’ * 15, ,1(0r,) have the same orbital integrals. In fact, by (4.2.7)) we have

OI"b(’)/7 u/ * 1Sn+1(OFO)’ S) = CL)S75(")/) /H/(F ) u * 1Sn+1(OF0)(ho_lh_l'}’hh())‘det h’sn(h) dh.
0

Since hg € GL,,(Fy), we may substitute h by hhgy':

(6.2.7) Orb(y,u’ * 15, ,1(0m,): s) = (=1)"¢"™ Orb(vy,u x 15, ,1(0m,): s).
Setting s = 0 proves the claim. Now part (ii) follows from Lemma and part (i).

]
Remark 6.2.4. (i) In particular, when n is even, we see that the more natural looking function

1]?;L[T]><K;L+1 I?LT]XK,H_l’
function does not seem to give the desired transfer.
30

is up to a scalar a transfer of (1 0). But when n is odd, this natural looking



(ii) The statement of Corollary is the analogue of the FL which states in its homoge-
neous version that, when u has unit length, the function 1/, K., € C* (@) is a transfer of
1k, xKni1:0) € CF(Gw,) x C°(Gw,). Its inhomogeneous version states that s, 1(0r,) is a
transfer of (1x,.,,0) € C(U(Wp)) x C(U(Wr)).

(iii) Let 7 = 1. Then ¢; = 1, and the expression of ¢} simplifies slightly. Also the function
¢y of transfers to (1x,,,,0). The case r = 1 of Corollary is referred to in the sequel

as the quasi-canonical FL. We restate it in Theorem [7.1.1

Proof. (of Theorem [6.2.1)) Part (ii) follows from part (i): we convert the homogeneous version

for f = 1I~<LT]xKn+1 € C®(U(WE) x U(Wp)) into the inhomogeneous version, cf. ([#.2.17). Since

I?T[Lﬂ C K41, it is easy to see that the resulting function is
= vol(K[1k, ., € C2(U(Wy)),

Therefore part (ii) follows from part (i) by Corollary (cf. the end of §4.2)).
We now prove part (i). We claim that we have an interpretation as lattice counting,

(6.2.8) Orb(g,1k,.,) = #{A € Vert®(Wy) | up € A, gA = A}.

n+1

Here ug € Wy is the special vector with valuation one. To show the claim, we note that the lattice
A2 = Ag N W] is a vertex lattice of type 1 and U(WQ)(Fy) N Kpy1 = K. By definition we have

Orb(g,1k,,,) = / 1k,,,(h" gh)dh
uw)

= vol(KM) Z 1, (R gh).
uwg)/KL

The condition h~'gh € K, 11 is equivalent to
ghAo = hAo.

Let = denote the set of lattices A of the form hAg for h € U(WS)(Fp) such that gA = A, and let
Z’ denote the set of lattices A € Vert?(Wp) such that ug € A,gA = A. Then clearly = C Z'. We
now show the reverse inclusion. For A € =/, we may write A = h'Aq for some h' € U(Wy)(Fp).
Since up € A we have h'"lug € Ag. Note that ug and h'~lug are both in Ay and both of length
w. It follows that there exists k¥ € K11 such that h’ “Luy = klug (here we are using the fact
that the compact open subgroup K, +1 = U(Ag) acts transitively on the set of length-ww vectors in
Ag). Therefore h:= W'k™' € UWY) and A = W'Ag = W'k~ 'kAg = hAg € Z. We have thus proved

==z Wik, (h"lgh) = #2 = #&/, and vol(K[)) = 1

= = Z/. The claim now follows from ZU(W,,)/[? 1
0 n

by our normalization of measures.

Now we may relate (6.2.8)) to the orbital integral in the semi-Lie algebra version, cf. (4.2.14)),

Orb(g,1k,.,) = Orb((g,u0), 1k, 1xAo)s 9 € UWo)(Fd)rs.

Here on the right hand side the measure on U(W;)(Fp) is chosen such that vol(K,4+1) = 1. Here
we are implicitly using the relation between transfer factors, comp. ((6.2.12)) below.
As in (L), let W' = FJ x (F™)*, and let A’ be the standard lattice in W’(Fp). Also

let K" = S;,11(0Op,). Then by the semi-Lie version of the Jacquet—Rallis FL, see Theorem
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part 1grxar is a transfer of (1g, . xa,0). Therefore we know that for regular semisimple
(s w) € (Sny1 x W)(Fo)ws matching (g,u) € (UW) x W)(Fo)ss,
Orb((g,u), 1Kn+1 XA0)7 W = WO Spht?

(6.2.9) Orb((y,w), Lgrxar) = -
0, W = Wi non-split.

It suffices to relate the left hand side of (6.2.9) to the orbital integral (relative to GLy(Fp)) of
the function ¢ defined by (6.2.4). We may assume that (g, uo) matches (v,wp) where wq is the
special vector

(6.2.10) wo = (@ ens1, ‘ens1) € W'
Then the assertion follows from the following lemma. U

Lemma 6.2.5. For all reqular semisimple v € Sp+1(Fp),
(6.2.11) Orb((v,wo), 1xrxar, s) = Orb(vy, ¢, s).
Here the RHS is defined by the formula (4.2.7), in which the function ¢ has to be replaced by ¢.

Proof. We first note that the transfer factors match

(6.2.12) wsxw s(7, wo) = ws,s(7)
(cf. (4.2.3) and (4.2.12))). Next we compare the integrals in (4.2.7)) and (4.2.11)).

By the Iwasawa decomposition, we may write
GLn+1(F0) ~ 7/ X GLn(F[)) X N(Fo) X GLn+1(OF0),

where Z ~ F* is the center, N (resp. GLj,) is the unipotent radical (resp. the Levi) of the mirabolic
subgroup. The Haar measure on GL,41(Fp) can be taken as the product measure of the Haar
measures on the factors, normalized such that the natural maximal compact open subgroups all
have volume one. Write an element in GL,,1(Fp) as a product zhuk according to the decomposition.
Note that 1x/yas is invariant under GL,,11(OfF,) and hence the integral over GL,4+1(Op,) can be
dropped. Then the integral in Orb((y,wg), 1xrxas,s) (cf. ) decomposes into

/ Lo (w ' A yhu) 1 (27 Y et teng1hu)n(R)n(2)" 2| 15| det () |°dz du dh.
Fy xGLn (Fo)xN

Note that h € GL, (Fp) acts trivially on the special vector wg = (@ ent1, ‘ent1), and te,p1u = tey,.
Hence the condition (u"th™ 27 w e, 1, tepr12hu) € A is equivalent to (u=tz " we, 1, tent12) €
A’. There are two cases.

(i) val(z) = 0. Then the integrality of u='2"'we, 1 is equivalent to that of wwu. The contribution

to the orbital integral is the same as

(6.2.13) 1 (u™ h = yhu)n(h)| det(h)|* dh du.

/(}Ln(Fg)xN(wloFO)

Note that the integrand is GL,,(Op)-invariant. Therefore we have for any k € GL,(OF),

/ 1 (ku™ k= A yhkuk ™ )n(h)| det(h)|* dh = / 1 (u™ h ™ yhu)n(h)| det(h)|® dh.
GLy (Fo)

GLy (Fo)
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Note that we may identify N with F§' and GL,(Op,) acts on it in the standard way. The above
invariance shows that the inner integral on h € GL,(Fp) in , viewed as a function in
u € N(Fp), depends only on the GL,,(Op,)-orbit of u. There are precisely two GL,,(OFp,)-orbits in
N(w™1Op,), represented by 1 and the special element u defined in . It is now easy to see

that the integral (6.2.13)) is equal to
(6.2.14)

/ 1 (h ™ yh)n(R)| det(R)|* dh + (gD — 1)/ 1 (u='h = yhu)n(h)| det(h)|® dh.
GLx (Fo) GLn (Fp)

“lweny1, we have u €

(ii) val(z) = 1. Then val(2~'w) = 0. Hence by the integrality of u~'z
GL,+1(Op,) N N. By the invariance of 1x+ under GL,11(Op,), this contribution to the orbital

integral is the same as
(6.2.15) (—1)ntlg=(n+bs / Lo (h™'yh)n(h)| det(h)[* dh,
GLy (Fo)

where the first factor is due to n(z)"+1z|("+Ds = (—1)n+1g=(n+1)s,

Combining ((6.2.14)) and (6.2.15]), and using the equality (6.2.12)) we obtain the required identity
(6.2.11)). The proof is complete. O

6.3. The case when r is even. In the previous subsection, we considered the case when r is
odd. We state here the results in the case of even r, which is simpler. Now ¢ = 0 and (ug) is a
direct summand: A% @ (ug) = Ao, where A is a self-dual lattice in W3. In particular, we have
K= KT nug) = K nuag) = K97 et (6.1.3).

On the general linear group side, the two compact opens in (6.1.8) coincide and in (6.1.9) we
have I?}/l[r] = K;LM.
Proposition 6.3.1. Let r be even. The following transfer statements hold.
(i) (Inhomogeneous version) The function ¢, = 1g (Ory) € Ce°(Sny1) is a transfer of (1k,_,,0).

€ CX°(G') is a transfer of (1
1

n+1

(11) (Homogeneous version) The function ] = i—il /1] 0).

n XK:.H, I}'[:l]XKnﬁ»l’

Proof. The proof of part (i) is similar to that of Theorem and we omit it. For part (ii), we
have an analog of Lemma

" = vol(K!I™14

(1I~(L[T]XK;L+1> n+1(0F,)
and
(1@;} xKnH)t] = VOI(IN(nT])lKnH.
Then the assertion follows from part (i). O

7. THE QUASI-CANONICAL FL AND AFL

To state the quasi-canonical FL, resp. the quasi-canonical AFL, we assume that the special
vectors ug € Wy, resp. u; € Wiy, have length w. The Haar measures on GL,(F'), on GL,(Fp),
on GLy41(Fp), and on U(W{)(Fp) are chosen as in for r = 1. Note that now we have
vol(KM)y = 1.
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7.1. The quasi-canonical FL. The following theorem is just a restatement of Corollary in
the case r = 1.

Theorem 7.1.1. (Quasi-canonical FL) Let p > 2.

(i) (Inhomogeneous version) The function

QS/ — (qQ(n-i-l) —1)ux lan(OFO) + ((—1)n+1 + 1)15n+1(0F0) S Cgo(sn+1)
is a transfer of (1k,,,0) € CZ(U(Wy)) x CZ(U(Wr)).
(i) (Homogeneous version) Recall that c; = 1,¢) = (¢*> + 1)(¢*> — 1). The function

o =A@ =D

0) S CgO(GWO) X CCOO(GWI) O

(1) 4+ Dlgo,,) € C2(E)

is a transfer of (1 KM XK1

7.2. The quasi-canonical AFL. We next turn to the quasi-canonical AFL. We take up the setup
in with n > 1. We identify W with V1 defined in in such a way that the special vector
up € Wp equals u € V41 defined in (assumed to have length w). Then we may identify the
hermitian space Wlb with WL} }. Recall that Z(u) C N1 is the special divisor on N, 11 associated to
u. Then Gy, (Fp) acts on Z(u) x M,41 via this identification and hence the arithmetic intersection
number (Z(u), 9Z(u)) z(u)x;,,, defined in makes sense for g € Gy, (Fp).

Theorem 7.2.1. (Quasi-canonical AFL)

(1) (Inhomogeneous version) Let ¢’ € C°(Sp+1) be as in (i) of Theorem (7.1.1 If v € Sp+1(Fp)rs
is matched with g € U(W7)(Fp)ys, then

<Z(u)’ (17 g)Z(u)>Z(u)><Nn+1 ) logq = —00rb (’7’ d)/) — Orb (’77 ¢/corr)7
where

(n+ 1)15n+1(0F0) -loggq, mis even,

Do =
o 0, n is odd.

(i1) (Homogeneous version) Let ¢’ € C°(G') as in (ii) of Theorem|7.1.1. If v € G'(Fp)ys is matched
with g € Gw, (Fo)ys, then

1
(Z(uw), 9Z(W) zuyxnr,,, 108 q = —3 d0rb (v, ¢") — Orb (7, Yhow ),

where

, Ci,(n + 1)1G/(OF0) -logq, nis even,
Peorr = ! .
0, n s odd.

The argument in [I8, Conj. 5.3, resp. Conj. 5.6, resp. Conj. 5.10] of the implication of a) = b)

in loc. cit. implies the following corollary.
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Corollary 7.2.2. Assume the density conjecture [18, Conj. 5.16].

(i) (Inhomogeneous version) Let ¢' € C°(Sn41) be any transfer of (1k, . ,,0) € CX(U(Wy)) x
C>(U(Wh)). Then there exists a function ¢l € C°(G') such that, if v € Spy1(Fo)s is matched
with g € U(W1)(Fp)ys, then

<Z(u)7 (1 X g)Z(u)>Z(u) X Np41 = —9d0rb (77 ¢I) — Orb (77 ¢,corr)'

(ii) (Homogeneous version) Let ¢' € C°(G') be any transfer of (1 . +1,0) € CX(Gw,) X

C®(Gw,). Then there exists a function ¢, € C°(G') such that, if v € G'(Fy)ys is matched with
g € Gw, (Fp)ys, then
1
<Z(u)7 gZ(“)>Z(u)><Nn+1 = _5 90rb (77 90/) — Orb (77 Solcorr) .
]

Proof. (of Theorem [7.2.1)) Let us first prove the inhomogeneous version. We have a cartesian
diagram

Z(u)—— Z(u) X Npt1

l 0 de

Nat1——— Npy1 X Noqa.

By the projection formula for the morphism Z(u) x Nyy1 < Npg1 X Npt1, we can relate the

intersection numbers,

<Z(u)7 (1 X g)Z(u)>Z(u)XNn+1 = <ANn+17 (1 X g)Z(u>>Nn+l><Nn+l °
By the semi-Lie algebra version of AFL, Theorem part [d, we have

<AN"+1a (1x g)Z(u)>Nn+1an+1 log g = — 00rb((y,wp), Lgrxar)-

Now we apply Lemma [6.2.5| and take the first derivative. By Leibniz’s rule, we have

i / _ i / _1\n+l i —(n+1)s
ds ‘s:O OI‘b(’y, d)s’ 8) - ds ls—0 OI‘b(’y, ¢)S:07 S) + ( 1) Orb(’% IS"JFl(OFO))dS s:Oq .

Recall that, when we make the bijection of the orbits in , we need to rescale the Her-
mitian form, cf. Remark Here, after we scale the Hermitian space Wy by a factor w, the
new Hermitian space has Hasse invariant (—1)"*!. Now we distinguish two cases according to
the parity of n. If n is odd, then for any v € G'(Fp);s matched with ¢ € Gy, (Fp)rs, we have
Orb(v,1g, +1(0Fo)) = 0 (by the “easy” part of the Jacquet—Rallis fundamental lemma), hence the

S

second summand vanishes. If n is even, then the second summand does not identically vanish. We

have
d

(1" 0rb(1, s, 0 gy

q—(n+1)s = (n+ 1)log qOrb(y, ]'SnJrl(OFO))'

This proves the inhomogeneous version.
The homogeneous version follows. Indeed, we obtain by Lemma [6.2.2] that

Sp,h - ¢, = (q2(n+1) - 1)((_1)”11/ * 1Sn+1(OFO) — Uk 1Sn+1(OF0))
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and (¢lory)? = @lo- Note that by (6.2.7) we have for v matching g € Gy, (Fp)ss,
(7.2.1) A0rb(y,u’ * 15n+1(0F0)) = (—=1)" 90rb(y, u * 1Sn+1(OF0))'
Therefore, we get from Corollary
Orb(7, Peorr) = Orb(v(7), Grors),  0Orb(7y,¢') = 2001b(x(7), ¢'), 7 € G'(Fo)ss.
On the other hand, we have, for (g1, g2) € (U(W}) x U(Wy))(Fo),
(Z(u), (91,92)Z2(W) z(uyxni s = (Z(u), (1?91_192)2(u)>z(u)><'/\/’n+1 :

The result follows because, if v € G'(Fy)rs matches (g1, g2) € (U(W?) x U(W1))(Fo)rs, then t(y) €
Sp+1(Fp)rs matches 91_192 € UW1)(Fp)ys, comp. O
8. THE GRAPH VERSION OF THE AT CONJECTURE OF TYPE (r,0)

Let n > 1 and let 0 < r < n. Assuming that ./\~/}[f] is regular, we may consider the intersection
number </\~/§W, g/\~f7[ﬂ> _

AL

n XNn 1

it holds if » =1 (Theorem [14.6.2) or r is even (Proposition [3.5.2)).
The Haar measures on GL,(F) and on U(W})(Fp) are chosen as in (6.1.10) for the given r.

of §3.7] Recall that Conjecture|3.5.1|implies the required regularity;

8.1. Reduction to the (quasi-canonical) AFL.

Theorem 8.1.1. Assume that /\N/;[LT] s reqular.

(i) (Inhomogeneous version) When r is odd, let ¢, € C°(Sp+1) as in (6.2.5). When r is even, let
ol = 1Sn+1(OFO) € CX(Sp+1)- If v € Spt1(Fo)rs is matched with g € U(W7)(Fp)ys, then
AT Vi _ / /
<./\/’7[l ]7 (1,g)/\/’7£ }>/\77[f] e logg = — 00rb (7, crgbr) — Orb (7, cch,,vcorr)
where

o _ (n+1) 1s,.1(0r,) -logq, mnis even, and r is odd,
e 0, n is odd, or r is even.
1) (Homogeneous version) When r is odd, let o, € C°(G’) as in (6.2.6). When r is even, let
T &
o = CTCLIE;L[T]XK;H € CX(G") (then ¢.. is a transfer of (c2 - IELT]XK”H,O)). If v € G'(Fy)s 18
matched with g € Gy, (Fo)ys, then
- 1
<N,[f],g/\f7[f]> logq = —3 00rb ('y, gogn) — Orb (’y, Lp;,corr)

J\N/:’[:‘] XNn+l
where

- (n+1) L6/(0gy) - logq, n is even, and r is odd,

/
80 =
e 0, n is odd, or r is even.
Again, as was the case for the quasi-canonical AFL, we obtain the following corollary. Recall
that the choice of Haar measures depends on r, which is why we indicate r in the statement of the

corollary.
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Corollary 8.1.2. Assume the density conjecture [18, Conj. 5.16], and assume that j\~/#} is reqular.

(i) (Inhomogeneous version) Let ¢, € C°(Sy41) be any transfer of (1k,,.,,0). Then there exists a
function ¢, € CX(G") such that, if v € Sp+1(Fo)rs is matched with g € UW7)(Fp)s, then

<J\7£ﬂ, (1, g)/\~f7[ﬂ> b -log g = — d0rb (v, ¢r¢.) — Orb (7, ¢y corr) -

n XNn+

(i) (Homogeneous version) Let ! € C°(G') be any transfer of (2 - 1l~(£f]xKn+1’0)' Then there

exists a function @}, .o, € C°(G') such that, if v € G'(Fo)ys is matched with g € Gy, (Fo)s, then
o)

1
K, 1081=—5001b (7.9) = Orb (7, 0] con)-

0

Proof. (of Theorem [8.1.1) We first note that part (ii) follows from part (i). In fact we have
we have gpiuh = ¢, ¢)., as follows from Lemma when r is odd, and from the similar identity

1 b= vol(kgr])15n+1(oFo) = élSnH(OFO)? when r is even.

IN(;L[T]XK;H»I)
We now show part (i). Recall that the group Gw,(Fp) naturally acts on ./\N/}[Lr] X Npt1 and
Z(u) X Npt1, where Z(u) denotes the special divisor for the vector u of length w®. We have a

cartesian diagram

(8.1.1) J’” . JW“

Z(u)—— Z(u) X Mpt1.

The morphism o X id : /\7#} X Npt1 = Z(u) X Npy1 is Gy, (Fp)-equivariant.
In view of the AFL (for r even, see Theorem [5.2.1]), resp. the quasi-canonical AFL (for r odd,
see Theorem , it suffices to prove the identity

</\77gr}, gl >A7m o = O (Z0)0Z0) 20y 9 € O (Fo)yy

This identity follows from the projection formula for the proper morphism s x id : /\N/# X Npy1 —
Z(u) X Np41 and the following Lemma. O

Lemma 8.1.3. Let g € Gw, (Fyp).
(i) The identity (mo x id)*(gZ(u)) = gNI holds in Ké(]\ﬁﬂ X Np1)-
(ii) The identity (g X id)*(g/\N/,Lr]) = ¢,gZ(u) holds in Gr" ng(u) (Z(u) X Nps1)-

Proof. By the Gy, (Fp)-equivariance of my X id, it suffices to consider the case g = 1.

(i) Let Z be a point of NI and let 2 = m2(Z) be the image point in Z(u). Let R = Oz(y)xNjys,2
and S = (9/\77[:] W Nowir,
defined by a regular sequence fi, ..., f, in R. Thus the R-module Oz(,) . has a free resolution given

by the Koszul complex K(fi,..., fn). Let fi,..., fn be the image of fi,..., f, under the morphism

R — S induced by w2 x id. Since the diagram l) is cartesian, and both /T/}[LT} and /T/T[,,T} X Np41
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are regular by our assumption on /\77[;] so that /\N/;Lﬂ — j\~/}[ﬁ X Np41 is a regular immersion of pure

codimension n, we know that /\7#] is locally defined by the regular sequence fl, ceey fn in S. Thus
the S-module O U has a free resolution given by the Koszul complex K ( fi,..., fn) We have an

isomorphism of S-modules
K(fi,-- fo) ®r S = K(f1,... fa),
which gives the desired identity (w2 x id)*(Z(u)) = NI at 2 by the definition of (mo x id)*.
(ii) The formal scheme Z(u) is regular of dimension n and the morphism NIz (u) is finite in

its generic fiber. Let m, be its degree. Then the coherent sheaf mg (O coincides with a free

i)
O z(u)-sheaf of rank m; up to coherent sheaves with support of dimension strictly smaller than n.
It follows that the difference m, Z(u) — (mg X id)*(J\ny]) of elements of Fil”Kég(u)(Z(u) X Np41) has
zero image in Gr" K(;Z(u) (Z(u) X Npt1). The result follows because m, = [f(?[f] : f(}{”]] =cr

0

9. AT CONJECTURE OF TYPE (7,0): THE CASE 7 EVEN

In the next sections, we will be concerned with the AT conjectures, i.e., the arithmetic intersection
number of resp. of In this section we consider the AT conjecture of type (r,0) in the
case when r is even. We will reduce the problem to the FL and AFL for certain (non-unit) elements
in the spherical Hecke algebra.

9.1. An explicit transfer: an application of FL for the whole Hecke algebra. Since 7 is
even, i.e., ¢ = 0, we have a direct sum decomposition Ag = A% @ (up) where A% € VertO(Wg ), which
necessarily satisfies A” C A2, cf. (6.1.1). Recall from (6.1.8)) and (6.1.5)

(9.1.1) K!, = K}, NGL,(F) = GLo,(A}).

We also define K,,+1 = U(Ag) and

(9.1.2) K, = K1 NUWE)(Fo) = U(AY),

(in terms of (6.1.2)), we have K,, = K,[LO}). We continue with the choice of the Haar measures such
that

vol(K,) =1, vol(K})=1,
(this normalization is consistent with (6.1.10)) since K= fd?], cf. Remark (i)). Recall from
[14, §4] the atomic Hecke function in the spherical Hecke algebra Hp,, , defined as the convolution,

1
(9.1.3) Pr = mlf(nm[ﬂ * 1K£;"1Kn'
n

We also recall from [14] §3.6] the base change homomorphisms between spherical Hecke algebras,
BCn :'HK% _>HK77,7 BCn+1 :/HK;LJrl _>HKn+17

and
BC =BC,,  BCy 41 :IHKL Q@ 'HK;H_I — Hg, ®Q HKn+1'

Note that all of them are surjective. Recall from Remark (ii) that KM = k,nkl = g9,
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Proposition 9.1.1. Recall that r is even. Let ¢ be any element in Hi: @ ’HK;1+1 such that
BC(¢) = ¢r ® 1k, € i, ® Hicpys-

Then the function ¢' is a transfer of (c21 0) € C(Gwy,) x C2(Gwy).

K’LT] ><I<n+1 ’

Proof. Taking into account that ¢, = Vol(l?,[f ])_1 = VOI(KT[[ ’0])_1, this follows from Lemma
below and the Jacquet—Rallis fundamental lemma for the full Hecke algebra due to Leslie [13], cf.
[14, Thm. 3.7.1]. O

Lemma 9.1.2. For every g € Gw, (Fo)rs,

1
WIKLT]XKn+1) - OI‘b(g, or® ]'KnJrl)'
n

Proof. We recall the definition (4.2.9)) of the orbital integral,

Orb(g, f) = / f(higha) dhy dhs.
H(F())XH(FQ)

It follows that, for any ¢1,¢2 € C°(H),
Orb(g, d1 * f * ¢2) = c(¢1)c(¢2) Orb(y, f),

Orb(g,

where
«(¢) == / o(h) dh.
H(F())

Here the convolution is defined in the usual way induced by the two actions of H(Fp) on G(Fp):
for any ¢ € C°(H) and f € C°(G),
@@= [ ohinig)dn
H(Fp)
and

(f * d)(g) = / o(h) f (gh) dh.

H(Fy)
In particular, we have

(9.1.4) Orb(g, f) = Orb(g, 1a(k,) * f * 1a(k,));

where we have used the fact that vol(K,) = 1. Here A(K,) is the image of K,, under the inclusion
U(W) ~ H C G =U(W) x U(Wp).
We apply the consideration to f =11y, o Using (9.1.2), we see that K, is bi-K,,-invariant.

It follows from a substitution in the integral defining the convolution that we have

i

(9.1.5) 1Ak, * 1KT[LT]><Kn+1 * La(K,) = (1k, * ]_K'r] 1k, ) ® 1k, -

Here the convolution is the usual one defined for any two functions in C2°(U(W})). To compute

the triple convolution on the RHS, we note

L vol (K01 R vol (K1

Kn Ky K,

]

In fact, the first convolution is left- K, -invariant and right—K}[Z" linvariant and has support in KnK,[f .

Therefore it suffices to compare the values of both sides at g = 1: the left hand side gives the volume
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of K, N Kq[f] = K,[LT’O], which verifies the first identity. The argument works for the second identity
as well. Therefore, we have

L, *1pin * 1, = vol(KIM ™1 « 1wt * 1 * 1x,

= vol (K" vol (K1) =11 %1

K.k " Tk K,

= Vol(K,[LT’O] )ZQDT,

where the last equality follows from the definition of ¢,, see (9.1.3). The lemma follows.
0

We present an alternative proof by the “lattice counting interpretation” of orbital integrals, for
the reason that the latter gives the heuristics on how to formulate the arithmetic transfer conjectures
and will appear repeated in later sections. Following the notation of [14, §4.1], we have a diagram
(analogous to the one for the RZ spaces in the next section), which is an analog of ,

NL?O]
(9.1.6) / \
N N,
Here Ngﬂ, resp. Nq[f], denotes the set of vertex lattices of type 0 in Wy, resp. of type r in Wg, and

NL’[’O] consists of pairs (Ab,A%) € NL:] X NL?} such that A> ¢ A?, and the two maps record A’ and
AI(’) @ (ugp) respectively. Combining the two maps above, we obtain an injective map,

T r 0
NP0 s NI NI

We also have the Hecke correspondence T<, which consists of the triples (A° AbmA{)b) € N,[:] X

N,[? I % N,[? | such that A’ ¢ Al(’) N Af)b. In other words, T<, is the composition of the obvious corre-

spondence with its transpose (comp. [14, (4.1.5)]),

N

(9.1.7) N NEOl

N} N N,

We form the cartesian product Ng] (9),

NI (g) T, x A
(9.1.8) J l

N o N 009



The lower horizontal map in (9.1.8) maps (A2, AY) to ((A%, A} @ (uo)), g(AY, A} @ (ug))). The right
vertical map maps ((A’, A}, AY), Ag) to ((A), Ao), (A, Ag)).

Lemma 9.1.3. Let g € Gw,(Fy) be regular semisimple.
(i) We have

(9.1.9) Orb(g, vol(K[") 721 1y ) = #(NIM A gNIROly = 4N (),

n ><I<n-‘,—1

where the second term is the cardinality of the intersection of two subsets of N[ﬂ x N

n+1-°
(i) We have
(9.1.10) Orb(g, or ® 1x,.,) = #NI(g).

Proof. Tt obviously suffices to consider elements g of the form g = (1, ¢*), with g* € Uy, (Fp).

In part (i), the first identity is an easy exercise, by unfolding the orbital integral. Unpacking
the definitions, the intersection NQ’O} N gNg’O] is in bijection with the set of triples (Ab,A%, A%’) €
NI NI % NI such that A” ¢ A} N AY and gf(AY @ (ug)) = A2 @ (ug). On the other hand, this
last set of triples is easily seen to be in bijection with the cartesian product Ng ] (g) in , and
this proves part (i).

For part (ii), we note that for any spherical Hecke function of the form ¢ = ¢, ® ¢,» on Gw, (Fo),

we have

Orb((1, ¢%), ¢) = > et (1,9%hs).
h1,ha€UWE)/Kn

We may naturally identify U(W{)/K, with the set Vert’(W3). Then the index set in the above
sum is in bijection with the set of pairs (A}, A?) € Vert?(Wg) x Vert’(W}) such that the relative
position of A% and Ay (resp., of A% @ (ug) and g*(A @ (ug))) is stipulated by @, (resp. by @n).
Taking now ¢,» = 1k, ,,, it is easy to see that the set of such pairs is bijective to the image of the
left vertical map in (9.1.8). Moreover, the weight factor o(hy (1, g*)he) is exactly the size of the
fiber of this map. This concludes the proof of part (ii).

([l

Remark 9.1.4. The natural-looking candidate 1 K appears to fail to be a transfer (up to a

/[r] ’
n XK7L+1

constant multiple) of 1 I - We can show this at least when n = r = 2 and the method below

x Ky,
should work in general. Indee(;lr, by the method of the proof of the lemma, we have the identity for

G/

Orb(vy, Lyl o ) = vol(K!I"%) Orb(~, 1,

!
n+1 ;LKn[T]XK;H-l)’

where K" = K/ N K. (Note that we only use the action of Hj from the left.) Note that the

function 1 is not in the spherical Hecke algebra but that the image Tt (1 lies

1 K1 k)
in Hg, (in [14, §3.7], the definition of the map "~ makes sense for any function in C(U(WY));
in particular we can apply it to the function 1 K1 g/ ). Hence, using the isomorphism Ban in the

K, Kk
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commutative diagram from [14],

7] -1

HK/ *) HK/

(9.1.11) \ J{BC"

it suffices to compare BC (r ”nil(lK/K[ 1)) and ¢, (up to a constant multiple). One can show
that the function 1. K/ is equlvalent to the spherical function 1 w17/2,077/2) s (i.e., has the
same regular semi- s1mple orbital integrals, cf. Definition . The question is now to compare
BC(lK;Lw<1""/2,0”*’”/2>K;L) with ¢, (up to a constant multiple). Let us consider the special case
n = r = 2. Using notation and results from [I4, §7], the Satake transform of 1x w0 K is
q(X + X~ 1), and the Satake transform of s is

(+D)+d1=(@q+D)+@X+1+XH-1D=gX+2+X1.

They do not match!

9.2. The AT conjecture. We continue to assume that r is even. We identify W; with V,
defined in §3.2| and choose the special vector in W; to be v € V11 defined in §3.8 Then we
may identify the hermitian space U(Wj), resp. U(W?}), with U(V,41), resp. U( ,[f]) Then
GW1 (Fo) acts on /\/',Lr] X Np41 via this identification and hence the arithmetic intersection number
<N LGN > AN defined in makes sense for g € Gy, (Fp).

Conjecture 9.2.1. Recall that r is even. Let ¢’ be any element in Hy: ®q HKLH such that

BC(SOI) = 907‘ ® 1Kn+1 e HKn ®Q 7-[I(n+l'

Tk, ) € C(Gwy) X C(Gwr)-)
(1) If v € G'(Fp)ys is matched wzth g€ GW1(F0)r57 then

(i)

(Then ' is a transfer of (c2 1,

1
Jog g = —=0rb (v, ¢').
Niw,,, 1089 = —5 001 (v, ¢)

(i1) For any @' ~ ¢’ (i.e., @' and ¢’ have identical reqular semi-simple orbital integrals, cf. Defini-
tion[4.2.1)), there exists ¢l € C°(G') such that if v € G'(Fy)us is matched with g € Gw, (Fp)rs,
then

()

1 -
A Ay logq = —5 dOrb (v, @) — Orb (7, Phgrr) -

0

Remark 9.2.2. (i) When r = 0, Conjecture (i) recovers the (homogeneous version of) arith-
metic fundamental lemma. It seems hard to formulate an inhomogeneous version of Conjecture

beyond the case r = 0.
(ii) Part (ii) of Conjecture follows from part (i) and the density conjecture [I8, Conj. 5.16].

It turns out that Conjecture [9.2.1]is a consequence of the AFL conjecture for the Hecke corre-

spondence formulated in [I4]. We recall the statement of the latter.
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Conjecture 9.2.3. (AFL for the spherical Hecke algebra, homogeneous version [14, Conj. 6.1.4].)
Let ¢’ € Hi;, @ Hi, |, and let o = BC(¢) € Hi,, @ HK,,1,- Then

1
<T<P(AN7[LO] )7 gAN,[f’] >/\/',[10] : 10g q= _5 00rb (’73 (;0,)’

XNT[L(:]—I
whenever v € G'(Fy)ys is matched with g € Gy, (Fo)rs- d

Here T, is the Hecke operator on K-theory defined in [I4, §5]. The full definition of T, is
delicate; for our purpose, the case of ¢, ® 1k, , is sufficient. We recall from [14, §5.5] that the
Hecke correspondence on N, associated to ¢, is defined as

7;;7" _ NT[LO,T] ON#”,O].

More precisely we have the following diagram (analogous to (9.1.7))) (in which the cartesian square
has to be interpreted in the framework of derived algebraic geometry),

SN

(9.2.1) AL Nl

e N

By abuse of notation, we also denote by 7,=" the Hecke correspondence 7,=" x A

Aol on N %

n+1
N [(L. Then Ty, g1 Kt is the Hecke operator induced by the Hecke correspondence 7,=" in K-

n

theory, cf. [14] §9].

Lemma 9.2.4. For every g € Gw, (Fo)rs,

<NW,9N[ }> = <T¢r®1xn+1 (ANLOJ)’QAN£°]>

NI NI

Proof. This is modeled on the “alternative proof” of Lemma but we replace the sets N,[f ] , NL? },
etc. by the respective RZ spaces. Recall that J\NfT[LT] = J\/}[LT’O], comp. the proof of Proposition
Consider the following correspondence

NI A

(9.2.2) / \

/\/'[Ox/\/' ,L’”]x/\/n+1

| in K(/)\/’[L (/\/[O] x N ), we have

Then for N\ viewed as a class A ni1)s

AL

(9.2.3) (7)1 (A ) = N,
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[r,0]
as classes in Gr” K(j)v W (./\/}[ZT] X ./\/;E?]H). It therefore follows from the projection formula that
(N, g NI = (NI, (F2) 71 (92 o))
= () AN, 98,0 )

where we note that the action of g commutes with the action of the correspondences. Using ((9.2.3])

again, we obtain

NI NI

)

NN

(@) (N) = (1)o7 (7)o (A o) = (T )4(A o)
by the definition of the Hecke correspondence 7,=". Therefore we arrive at the desired assertion

AT A7m> =<1r A A > -
(08 g, = (Torst (i) 920 o,

0

Corollary 9.2.5. Recall that r is even. Conjecture (for ¢ = ¢, ® 1, ) implies Conjecture
(i).

Unfortunately, we do not know of any instance in which Conjecture [9.2.3]is known, if n > 2.

10. AT CONJECTURE OF TYPE (0,7): THE CASE 7 EVEN

We continue to denote by Wy (resp. W) a split (resp. non-split) Hermitian space of dimension
n+ 1.

10.1. Open compact subgroups. Let 0 < r < n + 1. In this subsection r can be even or odd.
We first define open compact subgroups on the unitary group side.

Recall the parity ¢ = e(r) € {0, 1} of r, defined in . Fix a special vector ug of norm @® in
W.. Then W’ := (ug)" is a split hermitian space. We fix a self-dual lattice Al(’) € Vert®(W?). Let
A be a lattice of type r in W.. We impose the following condition

(10.1.1) A2 & (up) D A.

We let AT be such a lattice satisfying the additional condition

(10.1.2) ug € A,

(if it exists) and let A~ be such a lattice (if it exists) satisfying

(10.1.3) uo ¢ A.

We denote by K, = K ¢ U(W”)(Fp) the stabilizer of the self-dual lattice A}, resp. K [i]rl C

n

U(W.)(Fpy) the stabilizer of the vertex lattice A} @ (ug) of type &, resp. K,[i’f— C U(W,)(Fp) and
KLT_}J C U(W.)(Fp) the stabilizers of the type r vertex lattices AT and A~ respectively.

Lemma 10.1.1. Consider the action of the group U(W?®) on the set of pairs (A%,A) satisfying
(T0.1.1)).

(i) When r is odd or r = 0, there is exactly one orbit with the representative given by (A}, AT).
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(ii) When r is even and r = n + 1, there is exactly one orbit with the representative given by
(Af, A).
(iii) When r is even and 1 < r < n, there are exactly two orbits with representatives given by

(A}, A%) and (A}, A7),

Proof. The proof is similar to that of Lemma We can assume A% is the standard vertex lattice
of type 0. Let W = w1 (A (ug)) /(A28 (ug))" be the FF,2 /F4-hermitian space of dimension n+1—¢
with the induced (non-degenerate) hermitian form. Then the set of type r lattices A contained in
AI(’) @ (ug) corresponds to the set of isotropic subspaces of W of dimension (r — ¢)/2 (sending A to
AV /(A @ (ug))Y). We need to consider the action of K, on the set of such A. We have a subspace
@Y up) /()Y C W generated by the class Ty of @ lug in W. Note that this subspace is zero in
the first two cases and non-degenerate in the third case. We let Wb be the orthogonal complement
of (wp). Then the reduction of K, is the subgroup U(Wb) of the finite unitary group U(W). We are
reduced to considering the action of U(Wb) on the set of isotropic subspaces N of W of dimension
(r—e)/2.

If e =1, then W =W’ and Witt’s theorem implies that U(W) acts transitively. Now assume
e = 0 so that (@p) is an anisotropic line. Then Witt’s theorem implies that there are at most
two orbits, depending on whether (7p) L N or not. Only one orbit exists when r = 0 (then we
necessarily have (ug) L N ) or when r =n+1 =0 mod 2 (then (up) L N cannot happen since
N is maximal isotropic in an even dimensional hermitian space W while () is anisotropic). In
the remaining cases, both can happen and we obtain exactly two orbits. Now the desired assertion
follows. U

Remark 10.1.2. A more direct argument for part (i) in the case r odd is that we have then
Ao D w(A) D (up)) 3 ug and hence (ug) is an orthogonal direct summand of Ag.

Corollary 10.1.3. (i) When r is odd or r =0, then

r|,+ r|,+ r),+ r|,+
KLE—]HKLJ,-l = KnK?L—]&-l ) K}h}q K?E—l = KLJ]A Ky.

(ii) When 1 is even and r = n + 1, then

10

n+1K?[’L71,1_ = K, Kb, KYTKDL = KLTJ]FIKn

n+1> n+1 n+1

(iii) Let v be even and 1 < r < n. In this case, both AT and A~ exist. There is an element

h e KLOL such that

(10.1.4) Kb = hI R

There are disjoint sum decompositions,

0 r),+ rl,+ r],+
KV K = Kl O K

KKy = KKl U K™ KT

There are also similar decompositions for K, LTJ]FIFK 7[104]r1 and K. LT_]F;K LOJ]A, etc., by taking the inverses
of the two sides of the equations.
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Proof. We only prove part (iii), as the others can be proved similarly. Following the notation in
the proof of Lemma [10.1.1] we have bijections
T+ r S N
KWK K = KL (L n KL = u(m) /P

where P is the parabolic stabilizing the isotropic subspace corresponding to A*. The action of K,
on KT[ﬂ_lK ).+ h/ Knﬁ]rf corresponds to the action of U(Wb) on U(W)/P, where, we recall, W' is the
orthogonal complement of the anisotropic line generated by %y € W. By Lemma [10.1.1} there are
exactly two U(Wb) orbits, corresponding to the two isotropic subspaces corresponding to AT and
A~ respectively. The base point in U(W)/P corresponds to A*. Pick any representative of the
other orbit, say h € U(W), and lift it to h € Kﬁ_l. Then h satisfies (10.1.4]) and the decomposition

KEAKT[:L = K,K, Il 1+ UK, hKT[Zif holds. This proves the existence of h and the first equation in
(iii). The second equation is proved in a similar way. O

Remark 10.1.4. Note that, for any two h, b’ satisfying (10.1.4), we have ’'h~! € KT[Z"Hr so that
the truth of the assertion in (iii) is independent of the choice of h (a maximal parahoric is its own
normalizer). The existence of h implies

0 T 0 0 T 0
KO KRS, - KRR,

10.2. Orbital integrals. Let us consider the analogous diagram to (3.10.1))

M[T’] C ; N[T el

n+1

(10.2.1) l 0 J

0
N N

Explicitly the set MU consists of (A°, A) € Vert®(W3) x Vert” (W) such that A> @ (ug) D A holds.
According to whether ug € A or not, the set M[ﬁ is partitioned into a disjoint union of two subsets
M,@’JF and 1\711?{]7‘. Note that 1\711?{]7‘ is empty if r is odd or » = 0, and that I\\71[7[f]’+ is empty if r is
even and r = n + 1, cf. Lemma Then MU (if non-empty) is naturally bijective to N0,
We have

(10.2.2) ME! = M oM —— NP NP

Define the analogous function of ¢, in (9.1.3)),

1
Lot gl * gl gl € Humw.)-

(102.3) = — L
VO](KnT‘—f—l) n+1 " n+1

Here we normalize the Haar measure so that VOI(KEL) =1.

We have an analog of Lemma[0.1.3] interpreting the orbital integral as a suitable lattice counting.
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Lemma 10.2.1. For any reqular semi-simple g € (U(W?) x U(W.))(Fy), we have
Orb(g, 1, ® ¢)) = #(M}}) N gM})

Orb(g, 1y yini) = vol (Ko NI VP # (M 0 gME),
Orb(g, 1y, jelrl.—) = Vol(Kn 1 KUT)24(ME 0 gMEL-),
Orb(g, 1y prcr, ) = VOl(EKn 1 KIHy vol(K, n KT #(MEM 0 gMlho).

[r]

nl and in the last three identities r is even with

Here the intersection is taken inside N[O] x N
2<r<n.

Proof. The proof is similar to that of Lemma[0.1.3] and we omit the details. For the first equality,
we will see an analog in the context of RZ spaces in the proof of Lemma [10.3.3| below. O

Remark 10.2.2. We do not know the explicit transfer of the functions appearing on the LHS
above and therefore the analogue of Proposition [9.1.1] is still missing.

10.3. The AT conjecture. We assume that r is even, and hence ¢ = 0. We now consider the
intersection number defined by (3.11.1])

(10.3.1) <Mv£ﬁ,g/\7£{]> XNV s AR AR MY, g € Gy (Fo)as.

NN, T

Conjecture 10.3.1. Recall that r is even. Let @' be any element in Hy: ®q HK;%H such that
BC(¢) =1k, ® ¢ € Hi,, ®0 Hic, 1 -

If v € G'(Fy)ys is matched with g € Gy, (Fo)ys, then

— — 1
[7] [r] ) - __ !
<,/\/ln , gM}Y >N7[f’] Al log q 5 00rb ('y, © )

O

Remark 10.3.2. In contrast to Conjecture [9.2.1 we could formulate an inhomogeneous version of
Conjecture [10.3:7]

Similar to the AT conjecture of type (r,0) with even r, Conjecture [10.3.1{is a consequence of the
AFL conjecture We have the following analog of Lemma [9.2.4

Lemma 10.3.3. For every g € Gw, (Fo)s, we have
<M[nr]79/\/l7[ﬂ >N[0] = <T1Kn®@r(ANy[l0])7gANT[LO]>
n n+1

Proof. The proof is similar to that of Lemma and we only indicate the differences. Consider
the correspondence analogous to (9.2.2)),

N

[0,r]
n+1

(10.3.2) / \

/\/'[0] X N no] X N,[L]rl

47

() X



Then, unpacking the definition of Mq[f ], we have
(10.3.3) (Fa)oT1 (A ) = MU,

gl
as classes in Gr" Ky''» (./\/}[LO N

n

+1) The rest of the proof is similar to that of Lemma (9.2.4]

applying the projection formula.
O

Corollary 10.3.4. Recall that r is even. Conjecture m (for ¢ =1k, ® . ) implies Conjecture
1031

Remark 10.3.5. There is no analogous relation to Conjecturefor the variants for M[T] +, [J b=
and the mixed case, cf. §13.2] Conjecture [13.2.2

11. AT CONJECTURES OF TYPE (n,0) AND (0,n + 1) WITH n ODD.

In this section we consider the AT conjecture of type (r,0) when r = n is odd. For this, we use an
idea similar to the one in the last section: reduce the problem to the FL and AFL for certain (non-
unit) elements in the spherical Hecke algebra. We then use the exceptional isomorphism
to deduce the AT conjecture of type (0,n + 1), where n is odd.

11.1. An explicit transfer: an application of the FL for the whole Hecke algebra. We first
return to the situation in We pick a basis eq, eq, - - - , e, of the n-dimensional Hermitian space
Wg such that (e;, e;) = w for all 4, and add the special vector ug with (ug, ug) = w. Then, because
n =7 is odd, Wy = W @& (uo) r is a split Hermitian space. Set A> = (ey,...,e,) € Vert™(W}) and
A = A° @ (up) € Vert" 1 (Wp). Then A is selfdual up to a scalar. Let Ag € Vert®(Wp) be such that
Ao D A. Let Ky y1 = KLO_]H = U(Ao) and KJZ:EH = U(A) be the stabilizer of Ay and A respectively.
Both are hyperspecial compact open subgroups of U(Wj). Let KT[I] = U(A%).

Let W{ be the same space as Wy but with a rescaling of the hermitian form by a factor 1.
Then there exists an isometry between Wy and W that induces a bijection between the vertex
lattices of type (n + 1) in Wy and the vertex lattices of type 0 in Wy. This isometry also induces
an isomorphism between the unitary groups and hence also isomorphisms of the Hecke algebras

H K and H Kl with the spherical Hecke algebras, so that the base change homomorphisms
BC:Hg: — ’HK[n] and BC: HK/ L H m+1] make sense.

n +1

We continue with the Haar measures fixed in (6.1.10]), so that
vol(KI") =1, vol(K!) =1

(note that VOI(KT[Ln]) = Vol(KLO]) = Vol(I?LO])). We also define the atomic function analogous to
(9.1.3)) but for the current hyperspecial compact open Kgfl },

+1
(11.1.1) o™= 1,

*1 €
n+1 1 Knt1 K[n+1 HK [n41] -

n+1 n+1

Note that VO](KT[;IEI]) = vol(K4+1) which is taken to be one to normalize our choice of measure.

Here we use the notation go[ "+ t6 be consistent with go[e] in (10.2.3]). In particular, the function
pr in could be renamed as cp[ I,
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We have the following result similar to Proposition [9.1.T

Proposition 11.1.1. Let r = n be odd. Let ¢’ be any element in Hi: ®q ’HK;LH such that

1@ @b € Hygm ®g Hpgmrn-

n+1

0) € G (Gwy) % C§°(GW1)-

Then ¢’ is a transfer of (c; 1 XKy

Proof. This follows from Lemma [IT.1.2] below and the Jacquet—Rallis fundamental lemma for the
full Hecke algebra due to Leslie [13], cf. [I4, Thm. 3.7.1]. Note that, even though the theorem of
Leslie [13] was formulated for the hyperspecial compact open associated to the self-dual lattices, it

can be easily translated into the version for the hyperspecial compact open in the current set-up. [

Lemma 11.1.2. Assume that n =r is odd. Then we have for g € Gy, (Fp):s,

[n+1])

Orb(g ) = vol(K" N K, 11)? Orb(g,1 1 ® ¢

’ 1KL"] XK1 K

n+1 n
Orb(g, IKLO]XKLnﬂI]) = vol(Kl%' n K7[~b++1 ]) Orb(g,1 K ® go[ +1])

Proof. Let us prove the first identity and the second identity is proved the same way.
The proof is similar to that of Lemma“ We only indicate the changes needed. As in ,
using vol(K M) = 1, we have

(11.1.2) Orb(g, f) = Orb(g, 1A(K7[Ln]) * f 1A(K,[f‘]))'
Similar to (9.1.5)), we obtain
LAty * Liclrcsenon * Talely = Lacd ® (Lpefod * Lk % Lyl

Now it suffices to note that, by Lemma [11.1.3| below,

]_K[n] * 1, = vol(K} K" N Kp1)1 Kl o 1, ., * 1K7[L”] = vol(K K" Kp1)1 K K51

The following lemma, used in the previous proof, essentially follows from Corollary [10.1.3

Lemma 11.1.3. We have an equality of subsets of U(Wy)(Fp),

0 n 0 n+1
K9 gl = g g

n 0 n+1 0
K[ K0 — gt gl n+1 841

n+1 = n+1 n+1>

Proof. By rescaling the hermitian form on both hermitian spaces Wy, Wg by a factor @w ™!, the two
equations become those in Case (ii) of Corollary [10.1.3} noting that there the group K Ir _]H_ is equal

to Kr[ffll} when r =n + 1.

Remark 11.1.4. Similar to Lemma/(9.1.2] we have an alternative proof of Lemma [11.1.2| using the
lattice counting interpretation of orbital integrals in Lemma Now, we have M[J] = 1\71[7[: b
N9, Hence the right hand sides of the first and the third equations in Lemma are equal
(up to the desired constants). It follows that their left hand sides are also equal, as desired.
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11.2. AT conjecture of type (r,0) with » = n odd. The following conjecture is analogous to

Conjecture [9.21]

Conjecture 11.2.1. Let n =r be odd. Let ¢' be any element in Hi: @ HKZH such that
n+1
If v € G'(Fy)s is matched with g € G, (FO)rs; then

</\77[f],g/\77[f]> logq = —% d0rb (7, ¢').

-/\/'T[LT] XNnJrl
([l

Similarly to the even r case, Conjecture[11.2.1|is a consequence of Conjecture (AFL for the
full Hecke algebra). This is based on the following analog of Lemma

Let T n+1 be the Hecke correspondence associated to the spherical Hecke function 1 el ®

SO([)rJrﬂ eH Kl ® 7—[ n+1], and let ']T @l be the corresponding Hecke operator in K-theory,
0

n+ 1 K’Ln

of. [14] §9].

Lemma 11.2.2. Let n =r be odd. For every g € Gy, (Fp)rs,

VI o NI —
<N” 9N >le] XNot1 <T1K[n1®s@["“](ANr[l"])’gANT[L”]>

The proof is analogous to that of Lemma and we leave the details to the reader.

N

Corollary 11.2.3. Conjecture (for ¢ = 1k, ® ppt1) implies Conjecture|11.2.1,.

Proof. Let us rescale the hermitian spaces Wy and W(')’ by the factor @' to have the natural

isomorphism H K] ® Hpmin ~ H Kl ® H,o0) - Under this isomorphism, the function <p[ ntl] ¢
n+ n 1
Hpnn) (resp. 1, In] € HK[n]) corresponds to the function ¢, 11 € Hr,,, (vesp. 1k, € Hr,). Then
n+1

the isomorphism ./\/}[L " /\/ﬁ:l] ~ N /\/7£ J]rl also induces an isomorphism of correspondences so

that we have an equality of intersection numbers

T 1] (At )s GA > = <T1 Deni1 (B ylo), 9O i >
1 1,190 n LO] Pn+1 /\/
< KR N AT K N

The corollary nows follows from Lemma [11.2.2]
Alternatively, this corollary also follows from Lemma [11.3.1|below together with Corollary|10.3.4
O

Since Conjecture is known in the case n = 1 [14, Thm. 7.5.1], we deduce the following
statement.

Theorem 11.2.4. The AT conjecture of type (1,0) holds for n =1, i.e., Conjecture [11.2.1| holds

whenn =r =1. O
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Remark 11.2.5. We point out that in the special case n = r = 1 the natural looking function

1
K" x K},
in the proof of Corollary ([11.2.3)), we need to consider 1x, ® 2. But we have

is not a transfer of 1 I ®cp([)2] (up to a constant multiple). Using the rescaling isomorphism

w2 = (¢ 4+ Dlg, + g, 01,

cf. [14, (7.1.5)]. The function 1 can be shown to be equivalent to (up to a constant multiple)

KMk
Lo, 0r) ® (Mgym0 kg — 1ky) € Hiy ©g Higy-

In particular, using the explicit calculation in [I4], §7], we see that it does not transfer to 15, ® @9

on the unitary side.

11.3. AT conjecture of type (0,7 + 1) with » = n odd. The following lemma shows the
equivalence of the AT conjectures of type (n,0) and (0,n + 1) with n odd.

Lemma 11.3.1. Let n be odd. For every g € Gw, (Fo)s, we have

(N, Ty = (M, gl

NN NI s

Proof. The rescaling isomorphism A" x/\/;[ﬂl ~ N x/\c[lnﬁl]

an isomorphism N ~ M"Y cf. (310.5). 0

is G, (Fp)-equivariant, and induces

We therefore may formulate the following conjecture.

Conjecture 11.3.2. Let n be odd. Let ' be any element in Hg: g HKLH such that

1
BC((,O/) = ].K’Ln] ® <,0£)nJr ] € HK n QQ HK[nJ,»l].

[
n n+1

If v € G'(Fy)ys is matched with g € Gy, (Fo)ys, then

<ML +1179ML * >Nn i+l logq = 9 90rb (% S0/)'

n+1

O

We again have the following corollary, whose proof is similar to that of Corollary [11.2.3] and will
be omitted.

Corollary 11.3.3. Letn be odd. Conjecture[9.2.3 (for o = 1k, @ pn11) implies Conjecture[11.3.5

Again, as in Theorem [11.2.4] we deduce the AT conjecture of type (0,2) for n = 1.

12. AT CONJECTURE OF TYPE (0,1)

In this section we consider the AT conjecture of type (0,7) when r = 1. In fact, this case
was considered in [19, §10, §14], where we reduced the AT conjecture to the (now known) AFL
conjecture (for the unit element), at least in the artinian case. It was then revisited independently
by Zhiyu Zhang [29], who gave a direct proof (as a special case of a more general result).

We are now in the set-up of specialized to the case r = 1. We have a special vector ug of

norm w in Wy, and W” = (ug)* is split. (Note that in [19], the special vector is denoted by wu;.)
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We have A € Vert?(W?) and A = A} @ (ug) € Vert! (W), with corresponding parahoric subgroups
K, and KT[}L. Let K/, C GL(W") be the stabilizer of A} and let K/, () C GL(W) be the joint
stabilizer of A and AV (the latter group was denoted by Ko(ww) in [19, §10]). Let Kg(w) C Sp+1(Fo)
denote the intersection K (@) N Snt1(OR,).

The following explicit transfer theorem was [19, Conj. 10.3], and is now a theorem.

Theorem 12.0.1. (i) (Homogeneous version) The function (—1)"*1‘1;7—_111&1”%“ € C°(G') trans-

fers to the pair of functions (0,1 ) € CX(Gw,) X C2(Gwy).

KnoxKM)
(it) (Inhomogeneous version) The function (—1)" "1y (o) € C(S) transfers to the pair of func-
tions (0, 1K7[11J]r1) € C(U(Wp)) x C(U(W)).
Proof. Recall that ¢ is odd. In [19) Thm. 14.1], the above statement was reduced to the FL for
the Lie algebra, at least when ¢ > n. The FL for Lie algebra is now known for any (odd) residue
characteristic, see Therefore the theorem follows, at least when ¢ > n.

On the other hand, Zhiyu Zhang [29, Thm. 4.1] also provided a direct proof of the explicit
transfer for any maximal parahoric subgroup, which implies the claim for all odd ¢q. Note that

there is a sign difference between [19] and [29]. O

The following AT theorem was [19, Conj. 10.4], and is now also a theorem. For the sake of

brevity we only consider the inhomogeneous version.
Theorem 12.0.2. Suppose that v € Syp+1(Fp)rs matches an element g € U(Wy)(Fp)rs- Then
-1
(N (X 9WNn) v ent, 1084 = = B0rb(7, (=1)" L gey(w)-

Proof. In [19, Thm. 14.9, and Thm. 14.10], the above statement was reduced to the AFL conjecture
(for the unit element), at least when ¢ > n and when the intersection is artinian. The AFL is now
known by [28] (for ¢ > n) and [29] (for all odd g). Therefore the theorem follows, at least when
q > n and the intersection is artinian.

On the other hand, Zhiyu Zhang [29, Thm. 1.3] also provided a direct proof of the arithmetic
transfer conjecture for any maximal parahoric subgroup (comp. Introduction), which implies our
assertion for all odd gq. O

Remark 12.0.3. The reduction argument in [19, Thm. 14.9, and Thm. 14.10] was done only when
the intersection is artinian. However, the same idea should apply in general, so that Theorem [12.0.2
can be reduced to the AFL (for the unit element), at least when ¢ > n. We leave this enhancement

of [19] to interested readers.

13. AT CONJECTURES: THE REMAINING CASES

In the last sections we have stated several cases of AT conjectures in which we have an explicit test
function (at least with the help of the base change homomorphism). In the remaining cases, we do
not have an explicit test function. Instead, similar to [I8, Conj. 5.3|, we can only formulate an AT
conjecture where we postulate the existence of a test function with an explicit transfer. Assuming

the density conjecture [I8, Conj. 5.16], this conjecture implies that then any test function with
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the given transfer yields an AT identity, but with a correction function, analogous to part (ii) in

Conjecture 0.2.1]

13.1. Type (r,0) and r odd. Let r be an odd integer such that 0 < r < n, not necessarily equal
to n (the latter case is considered in §11)).

Recall from (3.6.1)) that we have defined the arithmetic intersection number <J\~f7£r} , g/\Nfg} >NM N
n XNn+1

Conjecture 13.1.1. Let r be odd such that 0 < r <n.
(i) There ezists ¢’ € C°(G') with transfer (c2 - lKLT]XKnH,
if v € G'(Fy)ys is matched with g € Gw, (Fy)ys, then

Yals ATl 1
<N£ L gN| ]>NW logg = —5 901b (v,¢').

n XNn+1

0) € C(Gw,) x C(Gw,) such that,

(i3) For any ¢’ € C(G") transferring to (c2 - | +1’0) € CX(Gw,) x C(Gw,), there exists
Olow € C°(G') such that, if v € G'(Fy)rs is matched with g € Gy, (Fo)ys, then
R 1
I [7“1> logq = —= AOrb (v,¢) — Orb (7, 0l..).
<Nn ’ Nn N’r[:‘] W N ogq 9 r (77 @ ) r (7? (pcorr)
U

Note that by the density conjecture [I8, Conj. 5.16], part (ii) follows from part (i). Something
analogous holds for all further conjectures in this section; in the interest of brevity, we have omitted
these variants of these conjectures in the statements below.

Let us comment on Conjecture [I3.1.1] The case r = n = 1 has been treated in the last section
(Theorem . In the next simplest case when » = 1,n = 2, we can show that the natural
candidate 1 et

is a transfer of (1 0) (up to a constant multiple). However, even in this

x K} KM x Ky
case we did not prove the AT conjecture above. In fact, beyond the case (r = 1,n = 2), we know

nothing about the AT conjecture at the moment. We will pursue this direction in a future paper.

13.2. Type (0,r). The heuristics for the explicit transfer in this case comes from Lemma [10.2.1

We keep the notation K}il and KT[Z"LT and K,[;l; and hKT[LTJ]r’Ir of that lemma.

Conjecture 13.2.1. Let r be such that 0 < r < n+ 1, with parity ¢ = £(r). Recall from §10.1
the hermitian space We; we denote by W.11 the hermitian space of the same dimension n+ 1 and

with opposite invariant. As before, the perp-spaces Wi.’ and stﬂ are formed using special vectors
of length w®. Also, recall the function go,[f} € Huyw.) from .

There exists ¢' € C°(G') with transfer (1K7[LO] ® QOLE},O) € C(Gw.) x CX(Gw.,,) such that, if
v € G'(Fy)rs is matched with g € Gw,._, (Fo)rs, then

— N 1
[r] [r] . - _- !
</\/ln ,gMy >NT[LO]X/\/,[[L log q 5 00rb (’y, © )
O

Note that in the case r even we have the more precise Conjecture [10.3.1} in that we can give ¢’
explictly. However, when r is even and 2 < r < n, there is the following refinement of Conjecture

10.3.1] in which we cannot give the test function explicitly.
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We recall from % that, when r is even and 2 < r < n, the space MH] has two closed formal
schemes, /\/17[3:]’+ = NT[LO’T] and M%ﬂ]’* (see (3.10.4) and the paragraph after it). As the notation
suggests, the generic fiber of ML:]’JF is the member of the RZ tower associated with the compact

open subgroup K [TJ}F’T = U(A™). To be parallel to the formulation of Conjecture[13.1.1} we introduce

n

the volume constants analogous to (6.1.11]),

(1321) C;t = VOl(Kn N ngi‘:)—l _ [Kn K, N K,,[:_},_’it]

We then have the following AT conjectures for the plus space and the minus space and the mixed
case respectively. We know nothing about them at this moment.

Conjecture 13.2.2. Let r be even such that 2 <r < n.

(i) There exists ' € CX(G") with transfer ((c;)? 1,000 ot
n n+1

that, if v € G'(Fy)ys is matched with g € Gy, (Fo)ys, then

0) € CX(Gw,) x CX(Gw,) such

~ ~ 1
<M¥]’+,9M¥}’+> ‘logg = —5 90rb (v, ¢').

NPT
(i) There exists ¢' € C°(G') with transfer ((c; )? 1KL°]XKL”+’{’O) € C®(Gw,) x CX(Gw,) such
that, if v € G'(Fy)rs is matched with g € Gw, (Fp)ys, then

<Mv¥]’*,g/i/(vw’*> logq = —%BOrb (fy, <p').

NN
(iii) There exists ¢ € C(G') with transfer (cfey 1 0, in+,0) € CZ(Gwy) x CF(Gwy,) such
n n+1

that, if v € G'(Fy)rs is matched with g € Gw, (Fp)ys, then

</\7¥]’+,g/\7¥}’_> ‘logq = —% d0rb (v,¢').

NN

Part 2. The geometry of 1\77[11]

In this part we specialize the situation of §3/to r = 1. Write V=V, 11 and W = WE I for short.

14. THE SPACE J\N/}[Ll]

14.1. k-points of N1, Let (V,1,),p) € N(k). Let D(Y) be the (relative) Dieudonné crystal
of Y. The (relative) Dieudonné module D(Y')(Oy) is a free O p-module of rank 2n, equipped with
the action of the o-linear Frobenius F and the o~ !-linear Verschiebung V. The almost principal

polarization A induces a non-perfect alternating O jz-bilinear form on the Dieudonné module
(, ) DY)(0p) x DY)(Op) = Op.
It satisfies (Fx,y) = (z, Vy)? for any z,y € D(Y)(Op). The Op-action ¢ induces a Z/2Z-grading
D(Y)(Oz) = D(Y)(O)o & DY) (O)1,
where D(Y)(Oy); is a free Op-module of rank n. Then F (resp. V) is of degree 1 with respect

this Z/2Z-grading. The compatibility of ¢ with the polarization A gives an Op-action on D(Y)(O )

commuting with F,V such that (c(a)z,y) = (z,(0(a))y) for any z,y € D(Y)(O) and a € Op.
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Let 7 = V7IF, a o2linear operator on the F-isocrystal D(Y)(O ) ® F which is of degree 0 with
Y

respect to the Z/2Z-grading. The space of 7-invariants C(Y') := (D(Y)(Oz)o ® F)™=1is a F-vector

space of dimension n. Define a pairing on the F—isocrystal

(,):DY)Op) @ FxDY)Op) @ F - F, (z,y) = (wb) " (z,Fy).
It satisfies
(14.1.1) (z,y) = (y, 7' (2))"

and so (, ) restricts to an F'/Fp-hermitian form on C(Y"). Via the quasi-isogeny p we may identify
C(Y) with the hermitian space C(Y), which we further identify with the hermitian space W, cf.
[0, Lem. 3.9].

For any O p-lattice A C Wz ~ C(Y) of rank n, define the dual lattice

Vi={z e Wy (z,A) COx}.

Then by (|14.3.1) we have
(AY)Y =1(A).

Definition 14.1.1. A pair (A, B) of Op-lattices A,B C W of rank n is special if
BYC!AC!B, BYC!AYC!B.
By [3, Prop. 2.4, h = 1]EL the pair (A, B) of Op-lattices of W given by
D(Y)(Op)o, B = (V(DY)(Op)1))" =D ")(Ox)o
is special, and the association (Y, ¢, A, p) — (A, B) gives a bijection
NIU(k) =~ {(A,B) special : A,B C W }.

n

14.2. Bruhat-Tits stratification of A/}'. By [3, Thm. 1.1], we have a Bruhat-Tits stratification
with closed strata

Nt =) v,

AeVert(W)

e For A € Vert’(W), by [3, Rem. 2.15] we have
V(A)(k) = {(A,B) special : A = Ao, } = {(A,B) special : A = AV}

In this case V(A) ~ P"~! = P(A;) = P(w 'A/A), where (A, B) corresponds to the line given by
the image of B in @ 'A/A. Moreover V(A)’s for A € Vert®(W) are all disjoint.

e For A € Vert! (W) (2 <t < n, necessarily even), by [3, Def. 2.9 (2)] we have

V(A) (k) = {(A,B) special : A C BV},

3Note that the dual lattice in [3] is taken with respect to the form { , } = @d(, ) and thus @A" (resp. @B") in
[3] is our AY (resp. BY).
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and by [3, Prop. 3.9 (1)], V(A) is a closed generalized Deligne-Lusztig variety for the finite even
unitary group U(AY/A) (for the hermitian form induced by (, )), which has dimension ¢/2. It has
an open Deligne-Lusztig subvariety V(A)° C V(A) with

V(A)°(k) = {(A,B) special : A C BY, A # AV}

In particular, for (A,B) € V(A)°(k), we have BY = AN AY and thus B is uniquely determined by
A. For A € Vert?(W), we have V(A) ~ P!,

e For Ag € Vert?(W) and Ay € Vert!(W) with ¢ > 2, by [3, Prop. 2.18] we have V(Ag) N V(Ay) # @
if and only if Ay C Ag. In this case [3, Rem. 2.19] we have an isomorphism

V(o) N V(A¢) = P(AY /o) = P/,
which at the level of k-points is given by
(14.2.1)  V(Ao)(k) N V(A¢) (k) = {(A,B) special : A = Ao,0ps A clBC AZOF} =P(A; /Ao) (k).
In particular, when ¢ = 2, we have
V(Ao)(k) N V(A2)(k) = {(A,B) = (o0, As o)}

consisting of a single k-point.

e For A € Vert! (W) with ¢t > 2, by (14.2.1)) we have

VAP =Y\ | v@i)nva)).
A e€Vert? (W)

FIGURE 2. N[
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Definition 14.2.1. For A € Vert®(W), define
Fr:={leP(A;): L C ) CV(A),
a Fermat hypersurface of degree ¢ + 1. By (14.2.1)) we know that for A € Vert?(W),

U  ov@nv@)) c k.
A €Vert=2(W)

The following terminology is due to Kudla [11].

Definition 14.2.2. The closed balloon locus of ./\/}[11} is the reduced closed subscheme of ME” ®k
given by
Nibe = |_| V(A) ~ |_| Pl
A€ Vert? (W) A€ Vert® (W)
Define the link stratum to be
NI =] Fa,

AeVert? (W)

a (n — 2)-dimensional reduced closed subscheme of N Define the open balloon stratum to be
Nlbo . alle Arlil,

a reduced locally closed subscheme of /\/}[11]. Define the non-special locus to be
A A\ O

an open formal subscheme of N,E”. Note that

N =[] VWNEY), W= | v

AEVert? (W) AeVertZ2(W)

Remark 14.2.3. We emphasize that the loci Ny[}]’., J\/}EIH and ./\/}[11]’O are schemes contained in the
underlying reduced scheme of /\/}[Ll]. In [29, §5.3], Z. Zhang represents the special fiber ./\/}[Ll] R0, k as

the union of two formal Cartier divisors ./\/}[11]" and ./\/}[Ll]’O of Ny[Ll] and introduces their intersection
/\/}[LI]’T. The dictionary between his definitions and ours is as follows: his balloon stratum J\/}[Ll]’O is
a scheme and equals our N,[ll}”; his ground stratum ML”" is not a scheme but has as underlying

o

reduced scheme the union of | AeVert=2(W) V(A)° and | | Aeverto(w) Fa; his link stratum N,&lm is a

scheme and coincides with our J\/’,EIH.

Proposition 14.2.4 (Singularities of ./\/}[Ll]). The complete local ring of N at 2 € NT[LI](I?:) is
isomorphic to Op[[X1,..., Xu]]/(X1 X2 — @) if z € NT[ZI]’T(E), resp. to Op[[X1,..., Xn1]] if 2 ¢
NI (R).

Proof. Let M!'°¢ be the standard Drinfeld local model over Spec O » for the periodic lattice chain

associated to two adjacent lattices: for an O z-scheme S, M°¢(S) is the set of isomorphism classes
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of commutative diagrams of locally free Og-modules

b0 ¢1
Aos — A1s —— Ao 5,

1

Fo F1 Fo

where

(i) Ao = (e1,...,en), Ay = (@ 'e1, e, ... €) are free O p-modules of rank n,

(ii) ¢o = id, ¢1 = @,

(iii) F; are locally free Og-submodules of rank n —1 which Zariski-locally on S are direct summands

of Ai,S-

For 2/ € M"(k), the complete local ring O,/ is isomorphic to Op[X1,..., Xu]]/(X1 X2 — w) if

e1 € Fo and A, ;/F is generated by w ™!

§4.4.5) with kK = 1, r = n — 1). The local model of N over Op is isomorphic to M!°° ([19] §5]).
Let z € N,[Ll](l;:). The corresponding k-point 2/ € M!°¢(k) with isomorphic complete local ring

e1, and is isomorphic to O z[[X1, ..., X, _1]] otherwise ([?,

O, ~ O, is given by the diagram

%o v

D(X,)(k)o = A/wA D(XY)(k)o = B/wB —— 5 AJwA

w j w

V(D(X,)(k)) =71(BY)/wA —— V(D(XY)(k)1) = 771 (AY)/wB —— 771(BY)/wA.

At a singular point z (equivalently at a singular point z’), the condition that Ay g /JF1 is generated

le1, and the condition e; €

Fo becomes the condition that 7=!(BY)/wA contains e;. Since B/A is generated by @ le;, we
know that 771(AY) = A, and hence 7(A) = A = Ao, for some A € Vert?(W). Moreover, as
e1 € 771(BY)/wA, the k-line {e1) = wB/wA C Ay, satisfies (e;) C {e1)*, and hence corresponds to
a point on the Fermat hypersurface F). Hence O, ~ Opl[X1,..., Xn]]/(X1X2 — @) exactly when

2 e N (k). 0

by w~le; becomes the condition that B/771(AVY) is generated by w™

14.3. k-points of NV,;1. Let (X, ¢, A, p) € Nyp1(k). The (relative) Dieudonné module D(X)(O )
is a free O p-module of rank 2(n + 1), equipped with the action of the o-linear Frobenius F and the
o~ Llinear Verschiebung V. The principal polarization A induces a perfect alternating O jp-bilinear
form on the Dieudonné module

() :DX)(Op) x DX)(Op) = Op.
It satisfies (Fx,y) = (x, Vy)? for any z,y € D(X)(Op). The Op-action ¢ induces a Z/2Z-grading
D(X)(Op) =D(X)(Op)o & D(X)(Op)1,

where D(X)(Oy); is a free O z-module of rank n. Then F (resp. V) is of degree 1 with respect this

7/2Z-grading. The compatibility of + with the polarization A gives an Op-action on D(X)(O)

commuting with F,V such that (c(a)z,y) = (z,(c(a))y) for any z,y € D(X)(O;) and a € Op.
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Let 7 = V7IF, a o2-linear operator on the F-isocrystal D(X)(O 7)® F which is of degree 0 with
(

respect to the Z/2Z-grading. The space of T-invariants C(X) := (D(X)(Op)o ® F)™=" is a F-vector

space of dimension n. Define a pairing on the F—1socrystal

(,):DX)(0) ® FxDX)Op) ® F - F,  (2,y) = (0)" (2, Fy).
It satisfies
(14.3.1) (2,9) = (.7~ (@)

and so (, ) restricts to an F'/Fy-hermitian form on C(X). Via the quasi-isogeny p we may identify
C(X) with the hermitian space C(X), which we further identify with the hermitian space V, cf.
[10, Lemma 3.9].

For any O p-lattice A € W ~ C(X) of rank n, define the dual lattice

Vi={z e Wg: (2,4) COp}.

Then by ((14.3.1)) we have
(AY)" =7(4A).

Definition 14.3.1. An Op-lattice A C V. of rank n + 1 is special if
wAC" AV Ct A,
For (X,¢,\, p) € Nys1(k), by [23, Prop. 1.10] the O z-lattice
A=D(X)(0p)0 €V
is special, and the association (X,¢, A, p) — A gives a bijection

(14.3.2) Npt1(k) ~ {special lattices A C V 5}

14.4. Bruhat—Tits stratification of N, ;. By [24, Thm. B], we have a Bruhat-Tits stratification
of N4 with closed strata

Ned= ) v,

A€eVert(V)

Each closed Bruhat—Tits stratum V(A) is a generalized Deligne-Lusztig variety associated to the
finite odd unitary group U(AY/A), which has dimension (t(A) — 1)/2. It has k-points

V(A)(k) = {A special : A C AY}.
In particular, for A € Vert!(V), we have A € V(A)(k) if and only if A = Ao,

Definition 14.4.1. Define the superspecial locus N5 | of Nyi1 to be
sa= o L v,
A€Vert! (V)

a closed reduced subscheme of dimension zero of N, 1.
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14.5. The special divisor Z(u) on N,11. Let Z(u) C N1 be the special divisor considered in
§3.8] The bijection ((14.3.2]) restricts to a bijection (see [10, Prop. 3.1])

Z(u)(k) ~ {special lattices A C Vz:ue AV}
Under the identification W = (u)*, each vertex lattice A € Vert!(W) gives rise to a vertex lattice
Au) := A @ (u) € Vert'™ (V).
Definition 14.5.1. Define the center point locus of Z(u) to be
Zwet= || VA@w),

ACVert? (W)

a O-dimensional closed reduced subscheme of Z(u). In particular, Z(u)*™ C Z(u) N N3 . Note

that z € Z(u)®™ if and only if A = A(u)o,,, for some A € Vert’(W).

Define the non-special locus
Z(u)™ = Z(u) \ Z(u)*™,
an open formal subscheme of Z(u).

The proof of the following theorem is given in §15.2]

Theorem 14.5.2. The formal scheme Z(u) is reqular of dimension n, and formally smooth over

Spf O outside a zero-dimensional closed subset of Z(u)red,

14.6. Geometry of ./\N/;LH. We first introduce the following loci in /\N/}[LI].

Definition 14.6.1. Define the exceptional locus Ny ™ = Ty 1(Z(u)*™), a closed formal sub-

scheme of ./\77[11}. Define the non-special locus ./\~fT[L1]’]ﬂs = ./\~/7[L1] \./\~/¢[L1]’exc, an open formal subscheme of
A7l

Recall the projection morphisms 71, e from (3.8.2)). The following Theorem was conjectured in
[11]. The proof will occupy us in the next sections. The end of the proof is in §16.5|

Theorem 14.6.2 (Geometry of /\N/}El]).
(i) The formal scheme j\N/}[LI] is regular of dimension n.
(i) The morphism w1 is finite flat of degree q+ 1, étale away from ./\/}[11]”, and totally ramified along
N,
(i4i) The morphism s is proper. Its restriction to ~7[L1]’ns induces an isomorphism ./\~/}[ZH’nS ~ Z(u)".
(iv) The closed formal subscheme /Tfr[bl]’exc of J\~/}[LH is a reduced Cartier divisor and isomorphic to
NI under 7. In particular, for A € Vert® (W), Py := 7, ' (V(A(u))) is isomorphic to V(A) =~
P! under m and we have a decomposition

j’\7‘7[11],exc _ |_| Py.

AEVert® (W)
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(v) For Ay,--- , A, € Vert’ (W), we have

(14.6.1) XNV Py, by ) =
0, otherwise.

Example 14.6.3. When n = 2, we have

° J\/}[ll] is isomorphic to the Drinfeld half plane, whose special fiber is a union of P!’s with dual
graph a (¢ + 1)-valent tree. The P'’s are either of the form V(Ag) for a Ag € Vert®(W) or of the
form V(As) for a Ay € Vert?(W).

o N consists of the V(Ag) for a Ag € Vert®(W), with nonreduced preimage 71 (V(Ag)) (a “fat”
P! with multiplicity ¢+ 1). The preimage ;' (V(Ag)) of V(A3) is a Fermat curve of degree ¢ + 1.

e The special fiber of Z(u) consists of Fermat curves of degree g + 1 intersecting at points in
Z(u)®". Each Fermat curve contains ¢ + 1 intersection points and ¢ + 1 Fermat curves pass
through each intersection point.

e The preimage of z = V(Ag(u)) € Z(u)°™ under 7y is an exceptional divisor 7, ' (V(Ag))rd ~ PL.

Figure |1} in the Introduction illustrates the morphisms 7 and my in (3.8.2) (for n = 2 and r = 1)
on the special fibers locally around a superspecial point of Z(u).

14.7. The morphisms 7, ™ on k-points. As a first step towards proving Theorem [14.6.2] we
study the properties of 71 and 7y at the level of k-points.

Lemma 14.7.1. The following assertions hold.

(i) mo induces a bijection Wfl(ngl]’nS)(k) ~ Z(u)"(k).

(ii) T2 maps ﬁfl(ngl}’.)(lz:) onto Z(u)*™ (k) with fibers isomorphic to PP~1(k).
(iii) w1 induces a bijection /\7#]’8’“3(1%) o~ NY[LI]"(I?:).

(iv) T maps N£1]7HS(E) onto /\/}[Ll]’ns(l;:) with fibers of size ¢ + 1.

Proof. Let z = ((A,B), A) € (MY x Nji1)(k). Then z € N (%) if and only if
A(u) ct 4, BY(u) Ct AY.

In this case, we have A = ANWp and BY = AY "Wy, For z € N (%), by definition we have
z € 7r1_1(./\f7[11}’ns) if and only if A # AV.
On the other hand, we have

Z(u)(k) = {A special : u € AV},

and in this case by definition A € Z(u)™(k) if and only if AY N'Wy does not contain any Ag €
Vert(W), if and only if AW is not 7-invariant.

(i) Let 2 = ((A,B),A) € wfl(Nr[Ll]’nS)(l%). Then ANWp = A satisfies A # AV, hence AN W is
not T-invariant and thus mo(2) € Z(u)™ (k). Conversely, let A € Z(u)"(k). Then AN W is not
T-invariant. Let A = AN Wj;. Then A # AY and hence determines a unique z = ((A,B), A) €

ar NS () such that mo(z) = A.
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(i) If z € 7 " (W) (R), then A = A = Ao, for some A € Vert?(W). Hence A(u) = Ao, (u) C' A
and AY C' A implies that AY = Ao, (u) and thus ma(z) = A € V(A(u))(k) € Z(u)*™ (k).

Conversely, for a fixed A € V(A(u))(k), we have ma(2) = A if and only if A = Ao (u), if and only
if A= Ao, and thus Ty L(A)(k) ~ {B: A C!' B} = P(A)(k).

(iii) This follows from the description of the fibers of 75 in (ii).

(iv) Let (A, B) € NV (k). Then A # AV and BY = AN AY. We have m;(2) = (A, B) if and only if
BY(u) C AY. Since

BV(u) c' AV ' A B(wtu), BY(u) C!' A(u) €t A C! B(w u),

we know that the choices of A such that z = ((A,B),A) € N are in bijection with isotropic
lines ¢ := AY/BY(u) in the 3-dimensional space B(w~1u)/BY (u) such that £ is orthogonal to the
anisotropic line ¢ := A(u)/BY(u). Hence the number of choices of A is equal to the number of
isotropic lines £ in the 2-dimensional space (#')*, which is equal to ¢ + 1. ]

15. DEFORMATION THEORY

In this section we collect necessary deformation theoretic facts needed for the study of J\N/T[LI]. Let
R be a local noetherian O j-algebra on which @ is nilpotent. Let I C R be an ideal such that
I? =0. Let S = R/I. Then R is a thickening of S, equipped with the trivial nilpotent divided
power structure on 1.

15.1. The spaces N1 and Z(u). Let (X, ¢, A\, p) € Np11(S). Then D(X)(S) is a free S-module
of rank 2(n + 1). We have the Hodge filtration Fil'D(X)(S) € D(X)(S), a free S-module of rank
n + 1 with free factor module. The polarization A induces an S-alternating pairing on D(X)(S)
such that Fil'D(X)(S) is totally isotropic.

Denote by {t% : Op — Op,i € ZJ2Z} the two conjugate embeddings that are the identity on
Op,. Define D(X)(S); € D(X)(S) to be the maximal S-submodule on which ¢(OF) acts via the

the map Op 0 7 — S, a free S-module of rank n + 1. We have a Hodge exact sequence of free
S-modules

0 — Fil'D(X)(S); — D(X)(S); — Lie X(S); — 0.
By the signature condition we know that Fil'D(X)(S); has rank n for i = 0 and rank 1 for i = 1.
The principal polarization A induces a perfect S-bilinear pairing

() )i : DX)(S)i x D(X)(S)ir1 = S,
which induces a perfect pairing
Fil'D(X)(S); x Lie X(S)iy1 — S.

In particular, Fil'D(X)(S)y determines Fil'D(X)(S); and vice versa.

Note that D(X)(R) is a free R-module of rank 2(n 4+ 1) and D(X)(S) = D(X)(R) ®r S. By
Grothendieck—Messing theory, a lifting of (X, ¢, A, p) € Np4+1(S) to Nyy1(R) corresponds to a free
R-module

Fil'D(X)(R)o € D(X)(R)o
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lifting Fil'D(X)(S)o.
For (X,1,\, p) € Z(u)(9), the special homomorphism u € Homp, (€, X) induces a homomor-
phism of free R-modules
uy : D(E)(R)og — D(X)(R)o,
which preserves the Hodge filtration when base changing to S,
ux(Fil'D(E)(S)o) C Fil'D(X)(S)o,

where the source and target have dimensions 1 and n respectively. The lifting (X, ¢, \, p) € Np+1(R)
lies in Z(u)(R) if and only if u, preserves the Hodge filtration:

u. (Fil'D(E)(R)o) C Fil'D(X)(R)o.
Lemma 15.1.1. Let z € Z(u)(k). Then

n—1, z¢€ Zu)™k),

n, z € Z(u)*"(k).

In particular, Z(u)" is formally smooth over Spf Op.

Proof. Let z € Z(u)(k). Let O, be the complete local ring of Z(u) at z. Let A C V j» be the special
lattice associated to z. Recall that the reduction A = A/wA is equipped with the Hodge filtration
FillA,-g C Ay, a hyperplane given by the image of AV. By Grothendieck—Messing theory, for any
local Artinian O z-algebra R such that the kernel R — k is equipped with a nilpotent divided power
structure, the set Homo (Oz, R) is in bijection with R-hyperplanes Hgr C Ag lifting Fil' A such
that ©w € Hgr. Let m be the maximal ideal of R.

Since z € Z(u)(k), we know that u € AY. Since AY C A and val(u) = 1, we know that
wtu ¢ AY. We distinguish two cases.

(i) If w—lu € A, then we know that the line A/A"Y is generated by the image of w~!u, and hence
A=A (w ), A=A (u),
for Ag C V a self-dual lattice of rank n. By
AV =A@ (u) C 7(A) = 7(Ag) & (L),

we obtain that Ag = 7(Ag), so A = 7(A), and hence z € Z(u)*. In this case, we may extend ww u
to an O p-basis {eg = w ey, ...e,} of A. The hyperplane Fil' Az is given by the equation

ey = 0.
Then a hyperplane Hr C Ag lifting FillAl,-€ is given by an equation of the form
(15.1.1) ey + Xiel -+ Xpep, =0, Xp,...,X, em.
Since ejj(u) = ej(weg) = w, €f(u) =0 (i > 1), the condition v € Hr becomes
w =0,

and it follows that

HOmOﬁ (OZ, R) = HOH]OF‘ (];[[Xla cee 7Xn]]7 R)
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(This is not enough information to determine O, since the kernel R — k is required to have a
nilpotent divided power structure). In particular, taking R = k[e]/e? we obtain the tangent space
of the special fiber has dimension

dim T, Z(u); = n.

(i) If w'u € A, then z € Z(u)*. We may extend u to an Op-basis {eg = u,e1,...,€e,} of A.
After changing basis we may assume that the hyperplane FillA,-C is given by

=0.
Then a hyperplane Hr C Ag lifting FﬂlA,jC is given by an equation of the form
(15.1.2) Xoey+ Xiel -+ Xp_1ey_; +er =0, Xo,...,Xp—1 €m.
But now efj(u) = 1, so the condition u € Hr becomes

Xo =0,
and it follows that

Homo, (0:, R) = {(X1,...,Xn-1), X; € m} = Homo, (Op[[X1,..., Xp_1]], R).
In particular, taking R = k[¢]/e? we obtain
dimT,Z(u); =n—1,

and hence the special fiber Z(u) is formally smooth at z and so O, ~ Op[[X1,. .., Xn]]. O

15.2. Proof of Theorem [14.5.2, The regularity of Z(u) follows from [22], since Z(u) is its own
difference divisor. The second assertion follows from Lemma [15.1.1| and the fact that Z(u)®" is
zero-dimensional, cf. Definition [14.5.1

15.3. The space N\, Let (Y, A, p) € NI(S). Then D(Y)(S) is a free S-module of rank 2n.
We have a Hodge filtration Fil'D(Y)(S) € D(Y)(S), a free S-module of rank n. The polarization
A induces an S-alternating pairing on D(Y")(S) such that Fil'D(Y)(S) is totally isotropic.

We have the Hodge exact sequence of free S-modules
0 — Fil'D(Y)(S); — D(Y)(S); — LieY(S); — 0.
By the signature condition we know that Fil'D(Y)(S); has rank n — 1 for i = 0 and rank 1 for
i = 1. The polarization A induces an S-bilinear pairing
()i : D)) x DY)(S)ig1 — 5.

When @ = 0 in S, let D(Y)(S); € D(Y)(S)i+1 be the orthogonal complement under ( , ), which
has rank 1 by the almost principal assumption on . Let z = (Y, ¢, A, py) € ./\/,[Ll](S ), then
(i) =z € M (S) if and only if D(Y)(S)E = Fil'D(Y)(S); and D(Y)(S)E € Fil'D(Y)(S)o,
(i) = € M™5(8)if and only if D(Y)(S)¢ # Fil'D(Y)(S)1 and D(Y)(S): C Fil'D(Y)(S)o,

(iii) 2 € M1 (S) if and only if D(Y)(S)E = Fil'D(Y)(S); and D(Y)(S)E C Fil'D(Y)(S)o.
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Note that D(Y)(R) is a free R-module of rank 2n and D(Y')(S) = D(Y)(R)®RrS. By Grothendieck—
Messing theory, a lifting of (Y, ¢, \, py) € ./\/}[ZH(S ) to ./\/}[LH(R) corresponds to free R-modules
Fil'D(Y)(R); € D(Y)(R);
lifting Fil'D(Y)(S); i € Z/2Z, such that Fil'D(Y)(R)o and Fil'D(Y)(R); are orthogonal under
< ) >0-

15.4. The space N Let (X, ix, x,px, Y, ty, Ay, py) € /\7,[11}(5). The isogeny a : Y x & — X
induces a homomorphism of free R-modules of rank n + 1

ax : D(Y)(R); © D(E)(R)i — D(X)(R)i,

whose cokernel is a free R/wR-module of rank 1. The condition a*Ax = Ay X wg translates to

the compatibility of { , ); on D(Y x £)(R) and ( , }; on D(X)(R) under a,

(15.4.1) (5 Iy @@, In@)yry; = (@), ax( )px)(Rr),-
The homomorphism «, preserves Hodge filtrations when base changing to S:
. (FII'D(Y)(S); x Fil'D(E)(S);) € Fil'D(X)(S);,
where both the source and target have rank n when ¢ = 0 and rank 1 when ¢ = 1.
By Grothendieck—Messing theory, a lifting of (X, tx, Ax, px, Y, ty, Ay, py) € 1\77%1](5’) to ./(/}[Ll] (R)
corresponds to liftings Fil'D(X)(R)o, Fil'D(Y)(R); such that
(i) Fil'D(Y)(R)o and Fil'D(Y)(R); are orthogonal under ( , )o.

(ii) av preserves Hodge filtrations:
. (Fil'D(Y)(R); x Fil'D(E)(R);) C Fil'D(X)(R);.
Here Fil'D(X)(R); is determined by Fil'D(X)(R)o (see §15.1)).

16. PROOF OF THEOREM [14.6.2] AND CONJECTURE [3.5.1]
16.1. The exceptional divisor K/}[ll]’exc of .
Proposition 16.1.1. /\N/T[Ll]’eXC is a Cartier divisor in /\N/T[Ll].

Proof. We write T := NHhexe gop brevity. Let z € T (k). Let O, be the local ring of NV at 2 with
maximal ideal m. Let J C O, be the ideal defining 7 at z. Let R = O,/mJ and I = J/mJ. Then
R is a local noetherian O z-algebra on which @ is nilpotent and I 2 = 0. By Nakayama’s lemma,
to show that J is principal it suffices to show that I is principal. It remains to show the following
more general assertion: for any local noetherian O ;-algebra R on which @ is nilpotent, a nonzero
ideal I C R such that I? = 0 and S = R/I, the condition that a lifting of Z € J\N/,LH(R) of z€ T(5)
lies in 7 (R) is given by the vanishing of one nonzero element in 1.

Let z = (X,tx,Ax, px, Y, iy, Ay, py) € T(S). Write z; = m;(2). By the definition of T, we
know that 2o = (X, tx, Ax, px) € Z(u)®*(S). Hence w =0 in S and X = X x; S for a unique
A € Vert?(W) and the unique point (X, tx;, Ax;, px;) € V(A(u))(k). Therefore

D(X)(R) = D(X)(0p) ®o, R, D(X)(S) = D(Xp)(0p) ®o, S =D(Xp)(k) @ S
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and
Fil'D(X)(S) = Fil'D(X)(k)o ®;, S.

A lifting of z € T(S) to 2 € N(R) corresponds to liftings Fil'D(X)(R)o, resp. Fil'D(Y)(R);,
of Fil'D(X)(S)o, resp. Fil'D(Y)(S);, as in Note that Z € T(R) if and only if w = 0 in R
and

Fil'D(X)(R)o = Fil'D(X)(k)o ®;, R.
We would like to show that the condition that Z € 7T (R) is given by the vanishing of one nonzero
element in I.

Let {e1,...,en} be an Op-basis of A and let ey = @ 'u. Then by the first case of the proof of

Lemma [I5.1.1], we have
D(Xz)(Op)o = (€0, .- en)o,, Fil'D(Xp)(k)o = (e1,.. ., en)z-
Hence
D(X)(R)o = (e, ---,en)r, Fil'D(X)(S)o = (e1,...,en)s-
A lifting of 20 = (X,tx,Ax,px) € Z(u)®™(S) to Zo € Z(u)(R) then corresponds to an R-
hyperplane Fil'D(X)(R)o in {eq, ..., e,)r given by an equation

eg+ e+ + e, =0, Nel,i=1,....n

such that u € Fil'D(X)(R), i.e., s € I fori=1,...,n and @ =0 in R.
Since z1 = (Y, 1y, Ay, py) € J\/}[Ll]’ns(S), we know that Fil'D(Y)(S); = D(Y)(S)g is determined
by D(Y')(S)o. Since the cokernel of

ax :D(Y)(R)o x D(E)(R)o — D(X)(R)o

is a free R/wR-module of rank 1, we know that c. induces an isomorphism

]D)(Y)(R)o = <€1, ceey €n>R-
After changing the basis {ej,...,e,} we may assume that

DY)(R)1 = (f1,--- fu)r
with (e, f1)o = @ and {e;, f;)o = d;; for (i,7) # (1,1). Then D(Y)(S)1 = (e1)s, and Fil'D(Y)(9); =
D(Y)(S)y = (f1)s-
(i) First consider the case that z; = (Y, iy, Ay, py) € NE}’O(S) lies in the balloon stratum, cf.

Definition [14.2.2l Then D(Y)(S){ = (e1)s € Fil'D(Y)(S)o. We may assume that the S-hyperplane
Fil'D(Y)(S)o in D(Y)(S)o = (e1,...,en)s is given by the equation

el +ages+---+ane, =0, a; €58.

A lifting of 21 = (Y, 1y, Ay, py) € Ny[Ll](S) to Z1 € NT[LI](R) then corresponds to an R-hyperplane
Fil'D(Y)(R)o in D(Y)(R)o = {e1,...,en)r given by an equation

(16.1.1) el + poea + -+ 1€y + pner, =0, € a; + I,
and an R-line Fil'D(Y)(R); in D(Y)(R); generated by

fitwvfot+-Fuvpfn, viel,i=2,...,n
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such that Fil'D(Y)(R)o and Fil'D(Y)(R); are orthogonal under ( , )o. The orthogonality condition
is equivalent to the R-hyperplane (16.1.1)) being contained in the R-subspace defined by

wel + vpe5 + -+ vp_1€e5_1 + ey, = 0.
Hence

Vo =wWH2, "+ yVn—1 = WHn—1,Vn = Wln,
and the liftings z| € ./\/}[Ll](R) are parametrized by pa, ..., pu, € 1.

For z; € /\f#](R) lifting z; and 22 € Z(u)(R) lifting 29, we have Z = (Z1, 22) € /\N/T[L”(R) if and
only if . preserves the Hodge filtrations, namely o (Fil'D(Y)(R);) is contained in Fil'D(X)(R);
for i € Z/27Z. For i = 0, the preservation of the Hodge filtrations means that

el + -+ Apey = Ai(e] + poes 4+ -+ pin—1€_1 + pney).
It follows that
Ao = A2,y Ap1 = Alfin—1, Ap = A1fln.
For ¢ = 1, the preservation of the Hodge filtrations means that the R-line wfi + vofo + -+ + vnfn
is contained in the R-line fo + A1 f1 + -+ A\ fn. Hence w =0 in R and
Vo= =1, =0.
Therefore the liftings of z € T(S) to z € J\~f7[L1](R) are parametrized by p1,..., fun_1, 1 € I.

Now for 7 = (31, %) € N(R) lifting 2 € T(S), we have 7 € T(R) if and only if Fil'D(X)(R)o
is given by the equation ef) = 0, which is cut out by one equation A\; = 0, as desired.

(ii) Next consider the case that z; € /\/;LH’T(S) lies in the link stratum, cf. Definition [14.2.2
Then D(Y)(S){ = (e1)s € Fil'D(Y)(S). Without loss of generality we may assume that the S-
hyperplane Fil'D(Y)(S)o in D(Y)(S)g = {e1,...,en)s is given by the equation e = 0. A lifting of
21= (Y, oy, Ay, py) € J\ﬂ[}](S) to 1 € ./\/}[LH(R) then corresponds to an R-hyperplane Fil'D(Y)(R)o
in D(Y)(R)o = (e1,...,en)r given by an equation
(16.1.2) piey 4+ pp_rey g +e, =0, peli=1...,n—1
and an R-line Fil'D(Y)(R); in D(Y)(R); generated by

fl—l—ljgfg—l-"-—l-l/nfn, v,el,i=2,....n

such that Fil'D(Y)(R)o and Fil'D(Y")(R); and orthogonal under (, )g. The orthogonality condition
is equivalent to the R-hyperplanes (16.1.2) being contained in the R-subspace

we] +vaey+ -+ vp_ier | + e, =0,
which is equivalent to
Un(p1€] + -+ + fin—1€),_1 +€}) = we] + vaes + -+ + ey,
ie.,
W = VpU1,V2 = Un2,...,Vn—-1 = Unlin—1-

Since I?2 = 0 we know that = 0 in R and

UQZ"':Vn_lzo.
67



Hence the liftings z; € /\/}[LH (R) are parametrized by 1, .., fin—1,Vn € I.

For 7 € NV (R) lifting 21, and Z3 € Z(u)(R) lifting 22, we have Z = (21, 22) € /\7%”(]%) if and
only if v, preserves the Hodge filtrations. For ¢ = 0, the preservation of the Hodge filtrations means
that

Ate] + -+ Aney = An(pr€] + -+ + pin—1€y, 1 + €p).
It follows that
AL = A1y ooy A1 = Apfbn—1-
For i = 1, the preservation of the Hodge filtrations means that the R-line wfi + vofo + -+ + vnfn
is contained in the R-line fo+ A1 f1 + -+ Apfn- Hence w =0 in R and

vo="--=vy=0.
Therefore the liftings of z € Z(u)(S) to Z € N (R) are parametrized by p1, ..., fin—1,\n € I.

Now for Z = (Z1, 22) € 1\77[11](]%) lifting z € Z(u)(S), we have Z € T(R) if and only if Fil'D(X)(R)g
is given by the equation ej = 0, which is cut out by one equation A, = 0, as desired. O

Corollary 16.1.2. Let z € JT/,E”’GXC(E). Then
dimyg, T, Nhexe = — 1.

Proof. By the proof of Proposition [16.1.1] applied to R = k[e]/2, I = (¢) and S = k, we know that
the liftings of z € T (k) to T (k[e]/e?) are parametrized by n — 1 free variables in I = (¢). Hence
dim;, T.(T) = n — 1. O

Definition 16.1.3. For A € Vert®(W,,), write Py := 7, (V(A(u))), a closed k-subscheme of N

Proposition 16.1.4. For A € Vert®(W,,), the morphism m induces an isomorphism Py — V(A) ~
P11, In particular, there is a decomposition

(16.1.3) Nibee— | ] Py~ || Pl

A€Vert®(W,,) A€Vert®(W,,)

Proof. By Lemma , we know that 71 restricts to a morphism of k-schemes Py — V(A)
which induces a bijection on k-points. By working systematically with a Cohen ring instead of
the Witt ring, we obtain that Py — V(A) induces a bijection on k’-points for any field extension
k'/k. Thus Py — V(A) is birational and universally bijective. Since 71 is finite (Proposition
below), we know that Py — V(A) is proper and therefore a universal homeomorphism. Hence Py
is irreducible of dimension n — 1. It follows from Corollary that P, is smooth and hence
reduced. Now the morphism Py, — V(A) is a birational, bijective and proper morphism with an
integral source and a normal target, hence it is an isomorphism by the Zariski main theorem. [J

Corollary 16.1.5. Njthexe Wfl(Nr[Ll]’.)red~

Proof. By Proposition |16.1.4] we know that /\77&”"3’“3 is a reduced closed subscheme of /\N/B}. The

result then follows as it has the same set of k-points as the reduced closed subscheme 7, ! (N7[Ll]’°)red,

by Lemma (14.7.1 . ([l
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16.2. The morphism 7y and the regularity of /\7,[3}.
Proposition 16.2.1. The restriction of w2 to /\7[”’“ induces an isomorphism /\77[3}’“5 ~ Z(u)™

Proof. By Lemma m ‘7 ' we know that 79 induces a bijection N (k) ~ Z(u)"(k). Since
/\@L” is formally locally of finite type, it remains to show that the restriction of my to N s 5
formally étale. Let R be a local noetherian O j-algebra on which w is nilpotent. Let I C R be
an ideal such that I2 = 0. Let S = R/I. Let z = (X, 1x,  \x, px, Y, ty, Ay, py) € /%[LI]’HS(S) and
z9 = ma(2) = (X, 1x,Ax,px) € Z(u)™(S). To show the formal étaleness, we need to show that
for any lift 2o € Z(u)"(R) of 22, there exists a unique lift 2z € /Tfr[bl]’nS(R) of z such that m(2) = 2.
Without loss of generality we may assume that R has residue field k.

By the second case of the proof of Lemma there exists a k-basis {€g,€1,,...,&,} of
D(X%)(k)o such that

FillD(Xp) (B)o = (@0, €1, en-1) w(DE)(B)o) = (€0l
Since
a1 D(Y)(R)o @ D(E)(R)o — D(X)(R)o
has cokernel a free R/wR-module of rank 1, we may lift {eo,...,é,} to an R-basis {eg,e1,...,¢e,}
of D(X)(R)p and find an R-basis {fi,..., fn} of D(Y)(R)o such that

ax(fi)=ei, i=1,....n—1, a.(fn) =wen, a(D(E)(R)o) = (eo)r-
Assume that the S-hyperplane Fil'D(Y)(S)o € D(Y)(S)g is defined by an equation
AT+ AfnHAfn =0, A €S
Since z € K/JLI]’HS(S), we know by Lemma m that m(z) € ./\/}[LH’HS(S) and hence
DY) (k)1 = (fu)z C Fil'D(Yg)(K)o-

In particular, we know that A\, € S* and thus there exists some 1 < i <n — 1 such that \; € S*.
Without loss of generality we may assume that \; = 1. The fact that a, preserves the Hodge
filtrations over S implies that the S-hyperplane Fil'D(X)(S)o € D(Y)(S) is defined by an equation

el + A€y + -+ Aporel_ AN el =0, N, €S, w\, =\,

The lift Zy of zp corresponds a hyperplane Fil'D(X)(R)g € D(X)(R)o lifting Fil'D(X)(S)o,
defined by an equation

€T+H2€§+'”+Mne;:07 M’ie)‘i+l7i:2""7nila :U'ne)‘/n+l

A lift # of 2 such that my(2) = Z» corresponds to an R-hyperplane Fil'D(Y)(R)o € D(Y)(R)o lifting
Fil'D(Y)(S)o defined by an equation

ff+y2f;++ynf;::07 Vie)\i+lai:27"'7n

and an R-line Fil'D(Y)(R); € D(Y)(R); lifting Fil'D(Y)(R) such that o, preserves the Hodge
filtrations over R. For i = 0, the preservation of the Hodge filtrations means that

Vi =it =2,...,n—1, vy = 0Up.
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Hence such a lift Fil'D(Y)(R) exists and is uniquely determined by Fil'D(X)(R)o. A similar
argument shows that Fil'D(Y)(R); also exists and is uniquely determined by Fil'D(X)(R);. Thus
such a lift Z exists and is uniquely determined by 2. O

Corollary 16.2.2. The formal scheme /\7,&” s reqular of dimension n.

Proof. By ((16.1.3)), we know that ./\N/}[Ll]’exc is regular. It follows from Proposition [16.1.1] that J\N/}[Ll]
admits a regular Cartier divisor /\N/;[ﬂ’exc, hence /\7,&11 is regular at all points z € J\N/}[ll]’exc(l;:). By

Proposition [16.2.1] and the fact that Z(u) is regular, we know that '/\77[11} is also regular at all points
z € N,Q”’“S(l%). Therefore N}V is regular at all points z € /\/}[Ll}(l%). O

16.3. The morphism ;.

Proposition 16.3.1. The morphism my : /Wll] — ./\/'7[11} is finite flat of degree q + 1, étale along
/\/}[Ll]’ns, and totally ramified along N,

Proof. Let S be a noetherian O j-algebra on which @ is nilpotent. Note that any S-point z =
(X, tx, A\x, px, Y 0y, Ay, py) € JT@L”(S) is determined by z1 = (Y, vy, Ay, py) € ./\/}[ZH(S) together
with ker(& : Y xEg — X) C (Y xEg)[w]. Moreover, the condition for a subscheme of the projective
S-scheme (Y x Eg)[w] to appear as ker(& : Y x Eg — X) for some z € 7, (21) is a closed condition.
Hence by the theory of Hilbert schemes [5, Thm. 3.1], the morphism 7 is relatively representable
by a projective scheme (hence proper). Since 7 is quasi-finite by Lemma , we know
that m is finite.

Since /\~/}[Ll] is regular (hence Cohen—Macaulay) by Corollary and J\/}[Ll] is regular by Propo-
sition [14.2.4] we know that 7y is flat by the miracle flatness theorem.

The generic degree of 7 is equal to the number of type 0 lattices containing a fixed type 2 lattice
in an F'/Fy-hermitian space of dimension n + 1, which is ¢ + 1. Hence 7 is finite flat of degree
q + 1. Comparing the degree g + 1 with the size of fibers at k-points in Lemma it
follows that 7 is étale along NS and totally ramified along N, O

16.4. The self-intersection number of the exceptional divisor. Recall from Definition [16.1.3
the closed subscheme Py of J\/}[Ll].

Proposition 16.4.1. For A € Vert®(W,,), the normal bundle NIP’A/K/“] is isomorphic to Op, (—1).

In particular, the n-fold self-intersection of Pp in ./\7,?] s equal to
X(/\Z[LH,PA Atk Py) = (—1)”71.

Proof. By Proposition [16.1.1] we know that the normal bundle N

P /N
P"~! and hence NIPA//V“] ~ Op, (m) for a unique integer m. Let A’ C A be a type 0 lattice of
rank n — 2. Then we have a closed immersion 6 : N3 — N, 41 ([I5, §2.11]) which identifies N5 with
the Kudla-Rapoport cycle Z(A”) C Nypy1. Let 2°(u) = Z(u) N Z(A’) C N3 be a valuation one

Kudla—Rapoport divisor on N3 and 7r5 : /%[1} — Zb(u) the natural projection. Then ¢ induces a
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cartesian diagram

./\/'H Zb( )
JS O la
N T z(w)
Let Ay be the orthogonal complement of A” in A and Wy := Ao . Then Ay € VertO(Wg) and &
identifies Py, C /\72[1] with a projective line in Py. Hence
NIP’AQ/Nl 5*( Pa /N ) = S*<OPA<m)) = O]P’A2 (m).
Thus to show that m = —1 we are reduced to the case n = 2.

Now assume that n = 2. Since m; is finite flat of degree ¢ + 1 and totally ramified along V(A)
(Proposition [16.3.1)), by the projection formula we have

(q+1) XN Py nEPy) = WL V(A) AEV(A)).

Since /\/}[Ll] is a regular formal surface, whose special fiber is a strict normal crossing divisor with
exactly g + 1 irreducible curves intersecting V(A), we know that

XN V() AP V(M) = (g +1).
Hence X(./\~/',[11},IPA Nk Py) = —1, which is equivalent to m = —1 when n = 2, as desired. [l

16.5. Proof of Theorem (14.6.2, Item is proved in Corollary [16.2.2] Item is proved in
Proposition |16.3.1} Item is proved in Proposition [16.2.1] Ttem is proved in Proposition
16.1.1| and Proposition [16.1.4] Item is proved in Proposition

16.6. Singularities of N ! and proof of ConJecture By Corollary m we have
NP () = 1_1(/\/7[L1] ")(k). Also let N = Ty LY and an] = 1_1(./\/}[11] ) be the inverse

images of the link stratum, resp. the balloon stratum, cf. Definition [14.2.2
Theorem 16.6.1. Let O; be the complete local ring of N atz e /\7“](1%). Then
O[T, ..., Tuill, 2 e NS (k).
0: = d Opl[Th, ..., T/ (T ), ze N°(k
OxlTy, ..., TI/(TITy — @), ze Nibi(k

),
)-
In particular, Conjecture[3.5.1] holds when r = 1.
Proof. Let z = m1(2) € Ni(k). Let O, be the complete local ring of N} at z. Then 7 induces
a morphism 0. — Os. When 2z € N%l]’ns(l;:), the morphism 0. — Os is an isomorphism by
Proposition [16.3.1 Hence when z € NJL”’HS(]%), we have Oz ~ Ou[[T4,...,T,_1]] by Proposition
1424

When » € N (k), by Proposition [14.2.4{ we have O, ~ O plIX1, o Xall/ (X1 —@) (vesp. 0, ~
Opl[X1,..., X))/ (X1 X2 — w) when z € N (%) (resp. when 2 € NI (E)). Here we choose

X1 =0 to be a local equation defining the Cartier divisor ./\/'7[1 - Ny[Ll] at z and Xo,..., X, to be

a regular system of parameters for /\/}[11]" at z. Let T} € O: be the image of X; under 0. — O3 for
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i > 2. Let Ty € O; such that the local equation Ty = 0 defines the Cartier divisor 75 *(Z(u)®) at 2

(cf. Proposition |16.1.1)). Then by Proposition [16.3.1jand Corollary [16.1.5) we know that T5,...,T),

form a regular system of parameters for 7, ' (Z(u)*) at Z and the ideal (Tf“) C O: equals the
image of (X7). The result then follows. O
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