TORIC SCHEMES AND INTEGRAL MODELS FOR SHIMURA VARIETIES
WITH TI'y(p)-TYPE LEVEL

GEORGIOS PAPPAS AND MICHAEL RAPOPORT

ABSTRACT. We propose a conjectural theory of p-integral models of Shimura varieties with level
structure at p given by a class of normal subgroups of parahoric subgroups with abelian quotient
group. The role of the theory of local models is played in this context by a certain root stack
over the local model for parahoric level. The construction of this root stack is based on the
divisor theorem (a foundational fact about local models) and on the theory of toric varieties
in this context, both of which are of independent interest. We prove our conjecture in the
case of Shimura varieties of PEL type when the parahoric is an Iwahori (under some additional

conditions).
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1. INTRODUCTION

1.1. Inthe theory of Shimura varieties, the construction and investigation of p-adic integral models
plays a prominent role. Here p is a prime number that will be fixed throughout the paper. There
is one class of level structure where we have, at least conjecturally, a systematic picture: when
the p-component of the level subgroup is parahoric. In this case, we expect to have a canonical
integral model which is flat over Z,, and which should come with a local model diagram that
relates the local structure of the integral model of the Shimura variety with the local structure of
the corresponding local model. This expectation has now been realized for essentially all Shimura
varieties of abelian type, see |[KPZ| and the references there for some of the most recent results.
The local model is a projective scheme over the localization at the distinguished place of the ring of
integers of the reflex field. The local model has been investigated thoroughly in the last 30 years by
several authors: See and the references there for the earlier history of the subject, and [PZ],
[SW], [HR1], [AGLR], for more recent developments. It is known that it is normal and, provided p
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2 G. PAPPAS AND M. RAPOPORT

is odd, Cohen-Macaulay. Furthermore, for Shimura varieties of PEL type (i.e., related to moduli
schemes of abelian varieties with endomorphisms and polarization), there is a moduli-theoretic
description of the corresponding integral models, at least in “unramified” cases.

Beyond the parahoric case, the situation is less clear. Inspired by the dichotomy in the repre-
sentation theory of p-adic Lie groups where representations of depth zero have behavior completely
different from representations of positive depth, one may hope that a class of level structure for
which one may expect a systematic theory of integral models is given by open compact subgroups
that contain the pro-unipotent radical of a parahoric subgroup. The present paper takes a small
step in this direction.

The goal of this paper is to develop a theory of p-integral models of Shimura varieties when the
p-component of the level subgroup is a normal subgroup of a parahoric with “abelian reductive
quotient”. In general, if K = G(Z,) is parahoric over Z,, we set K; C K for the kernel of

g(ZP) — G(Fp) — (gred)ab(Fp)a

where (Qred)ab is the maximal torus quotient of the maximal reductive quotient of the reduction
modulo p of G. More generally, we can take as level any subgroup K’ C K which contains K; and
which is the inverse image of Q(F,) for a subtorus @ of (Gred)ab- We set T = (Gred)an/Q. Let
K = KPK C G(Ay) be an open compact subgroup, where K? C G(AI}) is sufficiently small, and
set K’ = KPK'. There is a corresponding étale T'(IF,)-cover of Shimura varieties

Shi/ (G, X) —» Shi (G, X)

defined over the reflex field E. Let £ = E, be a p-adic completion of E. We denote by Sk the
Og-integral model for the parahoric K mentioned above. In other words, let us assume that Sk
exists, with its corresponding local model Mg ,, and its local model diagram. In the present paper,
we are interested in extending the cover Shk/ (G, X) — Shk (G, X) to a T'(F,)-cover

SK’ — SK

where the (étale) local structure is modeled on a kind of local model. In addition, in the case of
Shimura varieties of PEL type, when often Sk has a moduli description, we would like our models
Sk’ also to have some type of a moduli description. For simplicity, we will mostly discuss the case
K' = K, K' = K; = KPKj, here and in the rest of the paper. Before we describe our method, let
us discuss the case of the modular curve.

1.2. In the case of GLy and the standard parahoric K = T'o(p), the integral model Sk is the
moduli space over Z, of triples (F, «, G), where (E, «) is an elliptic curve with K?-level structure
and where G C FE is a subgroup scheme of order p. In this case, the local model Mg , is the
blow-up of ]P’%p in the origin. It represents the functor which associates to a Z,-algebra R the set
of commutative diagrams

Gy G

R®PR——R®R—— R&R

1] o

Fo F1 Fo,

where the vertical arrows are the inclusions of locally direct summands of rank one. The subgroup

K = {((1) *1‘) mod p} C GLy(Z,).

K, is given as



TORIC SCHEMES AND INTEGRAL MODELS FOR SHIMURA VARIETIES 3

The integral model Sk, is the moduli space over Z, of tuples (E,«, G, P1, P2), where (E, o, G) is
as before and where P; is a generator of G and P, is a generator of E[p]/G. Here the notion of a
generator of a group scheme of order p is not the naive one (for instance 0 can be a generator). It
can be defined in various ways (using Oort—Tate theory, or via the Katz-Mazur notion of full set
of sections or via the Kottwitz-Wake notion of primitive elements). Using Oort—Tate theory, one
can prove that étale-locally around a supersingular point, the map Sk, — Sk is given by

Spec (Zy[u, v]/(uP~ 0P~ = p)) — Spec (Zp[z,y/(xy —p)), = a7y 0P

In particular, the scheme Sk, is normal and the covering Sk, — Sk is finite and flat. Incidentally,
instead of K7 it is common to consider instead the subgroup K’ between K7 and K given by

K — {((1) :) mod p} C GLy(Zy),

which also falls in our framework. Then Sk, parametrizes triples (E, a, G, P), where (F, «, Q) is
as before and where P is a generator of G. Again, we obtain a normal scheme which is finite flat
over Sk and which is locally of the form

Spec (Zp[u, v]/(uP~'v = p)) — Spec (Zy[z,y]/(zy —p)), &= v’y v,

What is remarkable in both cases is that the covering map is given by monomials in the parameters
in the local ring upstairs. This leads us to the idea, underlying our construction, of modeling the
searched-for cover Sk, — Sk by using the theory of toric schemes to construct appropriate covers
of the local model Mg ,,.

1.3.  Our construction is based on the following theorem of independent interest, cf. Theorem

231

Theorem 1.3.1. Let (G,{u},G) be a local model triple over Q,. Suppose that the group G splits
over a tamely ramified extension of Q, and that p does not divide the order of the algebraic fun-
damental group m(Gaer). There exists a pair (Pg,,sg,), unique up to unique isomorphism,
consisting of a G-equivariant Tg-torsor Pg , — Mg, over the local model, and a G-equivariant
trivialization (section) sg,, of this torsor over the generic fiber Mg, ®o, E, such that the follow-
ing condition holds:

For a character x : Tg,Zp — Gm)zp, consider the Gy, o, -torsor

Py :=Gm,0, Xx,1g Popu

over Mg ,, ®o, O, obtained by pushing out Pg , ®o, O by x. Denote by L, the line bundle over
Mg . ®oy Op which corresponds to the Gy, o, -torsor Py. The section sg,, induces a section sy
of the Gmyé—torsor Py ®o, E over Mg ., ®op E and, hence, a (meromorphic) section of the line
bundle L, over Mg ,,®0,O. The condition is that, for all such x, the divisor of this meromorphic
section of L, is equal to
D, = Z e- (i, x) Zw,
WKt WK el

where e is the ramification index of E over Q.

Here the sum is over the set indexing the irreducible components Zz: of the geometric special
fiber of the local model Mg ,,, and ( , ) is the pairing defined in ; the coefficients e - (@', x)
are integers, cf. Remark[2.2)
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We note that the Zz are only Weil divisors in general and that the fact that the RHS is a
Cartier divisor is far from trivial. Our proof uses the construction of local models in [PZ] and
Zhuw’s work on the coherence conjecture [Z1]. We conjecture that the statement of Theorem m
holds in general, cf. Conjecture Note that, under quite general assumptions, the Picard
group of the local model agrees with the Picard group of a corresponding affine partial flag variety,
see [FHLR], Cor. 5.19]. Under this identification, the map

X*(Tg) — PiC(MQ,# ®OE OE)) X ‘Cxa

obtained by Theorem[I.3.1]gives the standard construction of the subgroup of classes of line bundles
with zero central charge. Indeed, this subgroup is the image of the map. See, for example, [Z1] p.
28] or the proof of Cor. 5.19 (3) in [FHLR].

Let us illustrate Theorem in the case G = GLj for the Iwahori level. In this case Ty = G2,
and the torsor Pg , is given in terms of the moduli functor by (Fit @ Fo, Fy ' @ Fi), and
the section sg , is given by the arrows in the bottom of (L.2.1) which are isomorphisms in the
generic fiber.

From Theorem m (under the hypotheses made, or by Conjecture in general), the G-
equivariant Tg-torsor Pg , — Mg , and the Gg = G ®z, F-equivariant trivialization sg of the
general fiber define the T g-equivariant morphism over

0 =pr- sglﬂ : P(gj) ®op £ —Tg.E (1.3.1)
which is G g-equivariant for the trivial action on the target. Its fibers are isomorphic to the partial
flag variety F(G,{p}) = Gg/Py,y. Here Pé{;) = Pg,, as a scheme, but with the inverse Tg-action,
i.e. composed with ¢ — ¢t~

1.4. We next introduce our tori and toric schemes for them. To simplify, we assume in the sequel
that G is an Iwahori group scheme. Only at the end of the introduction do we discuss the case
of an arbitrary parahoric group scheme. We denote by Ty the unique lift over Z, of the torus
T = (Gred)ab- We now define an affine toric embedding of Tg. Let

Su={xe X" (Tg) | (#',x) >0,V € A,}.

In the Iwahori case, A, C X*(Tg)q; when G splits over @p, it is simply the Weyl orbit of u, see
Then S, is a saturated semi-group. If Gge, is simply connected, Gap, is unramified and
is non-trivial, or if (G, p) is of local Hodge type, S, generates X*(Tg) as a group, cf. Corollary
From now on we assume this. Hence S, defines an affine toric embedding

15,05, = Yo,u

over Op,. Here Ey denotes the maximal unramified subextension of E. The dual cone of S, is
given as

0= A3, 1 | T 20} C Xu(Tg) @2 R,

The affine toric scheme Yg , plays a central role in our constructions.

Remark 1.4.1. Let T5 .4 be the image of T in the adjoint group Gaq. Then the image o,
of 0, in (Tg,aa)r defines a toric variety for the torus Tg .4, by taking the cones over the images
of the extreme rays of o,,. In contrast to our toric variety Yg , which is affine, this toric variety
is projective, provided that p projects non-trivially to all simple factors of Gaq ®q, Qp. Here we
are using the amusing fact that for any irreducible root system (V, R) and any non-trivial element
u € V*, the convex hull of the orbit of y under the Weyl group contains the origin in its interior,
cf. Lemma [3.1.11} There are various ways in the literature by which a projective toric variety is
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associated to an adjoint linear algebraic group but we were unable to find this particular one. It
is for instance different from the toric varieties which arise from generic torus orbits in partial flag
varieties, cf. and the literature cited there. Considering the fact that already at the birth
of the theory of toric varieties, prominent examples arose from the theory of semisimple algebraic
groups, it may be useful to add these toric varieties to the stock of standard examples of toric
varieties.

It is not difficult to see that the map Jdg in extends to a Tg-equivariant morphism
0 P(gfu1 ) Yg,,, which is G-equivariant for the trivial action on the target (in the case of GLy, this
amounts to the fact that the arrows in the bottom of extend over the whole local model).
In stacks language, we obtain, after dividing out by Tg, a morphism which we call the divisor map,

A =Ag:[G\Mg,,| — [Tg\Yg |- (1.4.1)

More generally, for a choice of saturated semi-group S C Sg_,,, also generating X*(Tg) and satisfy-
ing suitable additional conditions (cf. , we obtain the toric scheme Yg, and the correspond-
ing divisor maps ds and Ag = Ag g : [G\Mg, ]| — [Tg\Ys]. The point set of source and target of
are finite posets: indeed, the point set of [G\Mg ,] can be identified with the admissible set
Adm(p); the point set of [Tg\Yg,,] can be identified with the face poset of the cone o,. We give
a conjectural purely combinatorial description of the induced map between these finite cosets, in
terms of the face map, cf. Conjecture [£.1.7] Results of Q. Yu show that the face map is useful in
the analysis of the fine structure of the admissible set, cf. Remark [1.1.8]

1.5. The next step in our construction involves the Lang map L : T — T and its unique lifting
over Ziy,

L:Tg —Tg, x> Fr(z)z™'. (1.5.1)

Combining this with our toric embedding, we obtain a Cartesian diagram

T5.0.— Ys,0,

Tg;OE YS,OEa

where Yy is the normalization of Ys in the Lang covering map L: Tg — Tg. Note that Yg is a
toric scheme for T in its own right.

Remark 1.5.1. Note that if Ty is a split torus (as for G = GL3), then the Lang map is simply
the map z — 2P~!. Note that this exponent is exactly the one appearing in the description of the
cover Sk, — Sk in the case of GLa.

We now define the stack Mé/i as the fiber product of the Lang cover and dg,
MY —— [To\Ys]
LJ JL
s
Mg, — [Tg\Ys).

If § = S, we will denote MY by MY .



6 G. PAPPAS AND M. RAPOPORT

Remark 1.5.2. The notation Mgfi is supposed to be a reminder of the fact that this stack arises
as a root stack. To illustrate this point, assume that the toric stack [Tg\Ys] is [G,,\Al]. Recall that
the S-valued points of [G,,\A!] correspond to a G,,-torsor P over S and an equivariant morphism
P — A'. By the correspondence between G,,-torsors and invertible sheaves, an S-valued point
of [Gm\A'] corresponds therefore to a pair (£, s) consisting of an invertible sheaf £ over S and a
global section s of its dual £71, cf. [O, Ex. 5.13]. The n-root stack over S corresponding to (£, s)
is defined to be the fiber product in the following diagram,

X,C,s,n EE— [Gm\Al]

| b

S — 241G, \A,

cf. [Cal Def. 2.2.1]. In [Cal, this construction is mostly applied to a pair (L, s) of the form
(O(=D),0 — O(D)), defined by an effective Cartier divisor on S. Our construction is a gen-
eralization of the Cadman construction (in fact, when Ty is split and Ys is smooth so that
[Tg\Ys] ~ [G,,\A']", our construction coincides with the r-fold power of Cadman’s construction
forn=p-—1).

Let Mg, = [G\Mg,,] and zmgi = [Q\Mﬁ] Then the divisor morphism Ag : Mg, — [Tg\Ys]
gives a fiber product diagram

MY —— [T5\Ys]

l JL (1.5.2)

A
Mg, — [Tg\Ys).

1.6. The following conjecture would give a systematic construction of Og-integral models of K-
level. In its statement, we let the prime to p component K? vary, i.e., we consider Shg, (G,X)g,
resp. Shi(G,X)g (the inverse limit over the prime to p subgroups K?). Let

©: Sk — mg’u
be the stacks version of the local model diagram.

Conjecture 1.6.1. There exists an Og-integral model of the Shimura variety Shi, (G, X) g, i.e.
an Og-scheme Sk, g together with an isomorphism Sk, s ®o, E =~ Shk, (G, X)g, which has the
following properties:

i) There is a morphism
SKl,S — SK
which extends 7 : Shi, (G, X)g — Shk (G, X)g on the generic fibers.

it) The action of Tg(Fp) on Shk, (G, X)g extends to Sk, s and the morphism Sk, s — Sk of (i)
identifies Sk with the scheme quotient Tg(F,)\Sk, 5.

iti) The scheme Sk, s and the Tg(Fy,)-cover Si,,s — Sk are G(A})-equivariant for a G(A%)-
action that extends the natural action on the generic fiber.
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iv) There is a morphism @1 g : Sk, s — mtgfi which fits in a 2-commutative diagram

SKl,S 4) Dﬁf

| ]

7]
SK E— ngt,

and which induces an isomorphism of stacks

[T (F,)\Sry.8] = Sk xomg,, MY
The conjecture implies a local description of Sk, in the following sense. Let x € Sk, with corre-
sponding point y € Mg ,, (only the G-orbit of y is well-determined). Then there is an isomorphism

Sk,.5 Xs Spec (Ofgl;(x) ~ Yy Xyg,5 Spec (OIS\/}[’g)my) (1.6.1)

which respects the Tg(F,)-actions on both sides. This can be made completely explicit For
instance if Tg ~ G, is split (so that the Lang map is simply the dilation by p — 1), then is
the spectrum of the ring

OMQ u,y[ul’ e un}/(uﬁFl — 6 (51)y .. ul T = 6% (s)).

Here s1,. .., S, is a minimal generator set for S and ¢t € Tg(F,) acts by t-u; = x;(t)u;, where x;(t)
is the image of ¢ under

TQ(FP) C TQ(ZZ)) = Z;-

(The inclusion is the Teichmuller lift.)
In the direction of Conjecture [1.6.1] our main result is the following.

Theorem 1.6.2. (¢f. Theorem Let (B,V,(, ),*,h,Op, L) be integral PEL data as in [RZ,
Ch. 6]. Let G = Autp, ()(Z£) be the group scheme of isomorphisms of the polarized self-dual
lattice multichain £ up to common similitude in Zy,. Assume that p # 2, G ®z, Q) splits over
a tamely ramified extension of Qp, and that G is an Iwahori group scheme. Assume furthermore
that condition (S) is satisfied, see . Then Conjecture for the Tg(F,)-cover of the
corresponding PEL type Shimura variety with G(Zy)-level at p is true.

Note that the group G = G ® @, might not be connected. By definition, an Iwahori subgroup
of a non-connected p-adic reductive group is an Iwahori subgroup of its neutral component. Our
assumption “G is Iwahori” in the statement of the theorem more precisely means that we require
that G ® I, is connected and that the neutral component G° is a Iwahori group scheme for the
connected reductive group G°; then also G°(Z,) = G(Z,) is an Iwahori subgroup of G°(Q,). If
G is connected (i.e. for types A or C) this amounts to simply requiring that G is Iwahori in the
standard sense. We will see that our assumption implies that the stabilizer of £ in Autp, (%) is
an Iwahori in GLg (V). Condition (S) is an additional requirement on the periodic polarized lattice
multichain £. It requires that Ty is an induced torus which is, roughly, presented in a specific
manner and it is often satisfied when G,q is absolutely simple.

The Shimura variety Shyk is open and closed in a moduli scheme of abelian varieties with
additional structure and this is how the integral model Sk is defined. The integral model Sk, s is
then constructed by adding moduli data to the abelian scheme representing a point of Sk.
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1.7.  Assuming the truth of Conjecture let us enumerate properties of the integral models

Sk,,s. The local properties are deduced from properties of the stack Mb/i above; these, in turn

depend on properties of the Lang covers L: 175 — Yg. It turns out that the desire to find hypotheses
that simultaneously make both this cover “nice” and the stack Mﬁ “nice” can only be realized

in the Drinfeld case (to be made more precise below).

(1) The cover Sk, s — Sk is finite and surjective. In fact, Sk is the scheme theoretic quotient
of Sk, s by the action of the finite group T'(F,). Hence, assuming the flatness of Sk over
Og, the scheme Sk, s is topologically flat over Og. In particular, Sk, s is a good model for
topological questions, like, e.g., the analysis of the sheaf of nearby cycles.

(2) If S = S, then the scheme Sk, g is regular in codimension one, provided that F is unramified
over Q,, cf. Corollary[5.2.3} By contrast, if S # S, then Sk, s is not regular in codimension
one, at least when Tg is split, cf. Proposition [5.2.7]

(3) Assume the validity of Conjecture that the Lang cover L: }75“ — Y, is flat if and only
if Y, is smooth. This holds when Tg is split, but also in many more PEL cases, see Remark
Then the cover Sk, s, — Sk is flat if and only if Yg, is smooth, cf. Lemma
Assuming G,q to be absolutely simple, this last property holds only if the pair (Gaq®q, Qp, 1)
is isomorphic to (PGL,,, @) (the Drinfeld case), cf. Corollary

(4) We expect that, outside the Drinfeld case, the scheme Sk, s is rarely normal-in fact, some-
times it is not even flat over Z,, comp. Remark Also, computer calculations suggest that
even the flat closure of the generic fiber can be bad (not normal, special fiber not reduced),

comp. Remark

Here the notion of the “Drinfeld case” has to interpreted with caution. Indeed, our theory is
sensitive to changes of p by a central character. For instance the cases (GL,, @) ) and (GL,, @/ _;)
are isomorphic when passing to the adjoint group (and hence share a common local model Mg ,,)
but yield radically different Mﬁ It is this sensitivity to central characters that prevents us so
far from stating a conjecture on Lang covers of affine toric varieties that would have Conjecture
[£2712] as consequence.

We mention here an amusing group-theoretic ingredient in the proof of 3). Let (R,V) be an
irreducible root system with Weyl group W. Then for any proper parabolic subgroup W; of W
there is the inequality

#W/W;) > dimV + 1,

with equality if and only if (V, R) is of type A, and J = {s1,...,8n—1} or J = {sa,...,8,}. This
is the Weyl group analogue of the inequality in [OR] comparing dim G/P and rk G.

At this point, one may ask why we do not define the finite cover Sk, s of Sk by simply taking
the normal closure, which by (4) above would be different from our construction in most cases. The
reason is that there seems no systematic way of analyzing the local structure of the normalization.

1.8. Let us now explain the method of proof of Theorem m First, the Tg(F,)-cover Shk, —
Shi gives rise to a pair (@, a) consisting of a Tg-torsor () over Shk and a section a of the push-out
L.(Q) of @ under the Lang map L : Tg — Tg, cf. Proposition

In light of Theorem m (or its conjectural generalization, freeing it from the hypotheses made
in Theorem , Conjecture is reduced to the following statement. Namely, that there
exists a Tg-torsor P over Sk extending the Tg-torsor ) and an isomorphism of pairs

B+ (La(P),a: Tg[1/p] = L(P)[1/p]) = ¢* (P, 50.4),
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)
diagram morphism ¢ : Sg — Mg, = [G\Mg,,]. Note that this statement is independent of the

where the pair (Péful ,Sg,) comes from Theorem and the pull-back is by the local model
semi-group S.

We are therefore reduced to constructing the Tg-torsor P over Sk with its section after push-
out under the Lang isogeny. Here the main ingredient is the OQort—Tate—Raynaud theory of finite
group schemes and their generators in the sense of [Pa] (and the condition (S) is taylored to
enable us to apply this theory). Indeed, a F,s-Raynaud group scheme G over a flat Z,-scheme S,
corresponding in terms of that theory to the tuple (L;, i, d;)icz/4, defines the ReSW(]de)/ZP (Gm)-
torsor Pg = (L;)icz/a With L,(Pg) = (Ef_1®£;1)iez/d and sections (0;—1 : Og = L; ", ®Li)icz/4-

We note that one may use the Tg-torsor P and its section of its push-out under the Lang
isogeny to formulate a relative moduli problem for Sk, over Sk, cf. Proposition [6.2.8] However,
this moduli problem lacks in general a catchy formulation. In a few cases, one can give a formulation
directly in terms of Raynaud group schemes and their generators. Here are a few instances of such
formulations.

e In the Siegel case (G = GSp,), for S = 5, the integral model Sk, s parametrizes the set
of Oort—Tate generators z; of the group schemes G;,i = 1,...2g, such that the products
2iZ2g+1—; induced by the duality pairings are independent of i. Here the group schemes G;
arise from the universal chain of p-isogenies A; — Ay — ... = Ayy — A; over Sk, and the
pairing is induced by the universal principal polarization over Sk, cf. Corollary

e In the “split unitary case” (p splits), for S the evident free semi-group in S, there is a similar
moduli description in terms of Oort—Tate generators of universal group schemes G; of order

p,of.

o In the case of the fake unitary group leading to p-adic uniformization, for S = S, the integral
model Sk, ¢ parametrizes the pairs (P, u), where u is a p — 1-st root of w, and where P is
a generator of the Raynaud group scheme X|II], where X is the universal p-divisible group
with Op-action over S ®o,. W(kp), cf.

Let us now drop the assumption, made so far in this introduction, that G is an Iwahori group
scheme. The construction of the root stack M‘g/i extends to general parahoric group schemes, and
so does the formulation of Conjecture [[.6.1 However, our method of using Raynaud theory to
prove it does not extend (not even to other PEL cases). In fact, even in the context of Theorem
[[:6:2] when we drop some of our conditions but still insist that the neutral component G° be
Iwahori, Raynaud theory is insufficient. Considering the fact that Raynaud theory can be viewed
as an early attempt at addressing modulo p phenomena in p-adic Hodge theory (and has not been
really integrated in the subsequent advances, like prismatic theory), it seems to us promising to
try to apply these more recent developments to Conjecture [I.6.1}

1.9.  Our theory of integral models of T'y (p)-type seems the first attempt at a systematic theory of
such integral models. However, there are quite a number of papers in the literature that develop
special cases. We mention the following instances.

e The case of modular curves, as also described in this introduction, is treated in [DR73] and
by Katz-Mazur in [KM].

e The Hilbert-Blumenthal case is studied by the first-named author in [Pa] who introduces the
notion of a “generator” for a Raynaud group scheme (see loc. cit. §5), the same as in this
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paper, cf. §7.2.3] The level subgroup considered is

K — {((1) :) mod p} N{g € GLy(Or,) | det(g) € Z3},

where p is a prime of the corresponding totally real field F', comp. Rem. [8:2.3]

e M. Harris and R. Taylor [HT] consider unitary similitude Shimura varieties at a prime which
splits in the quadratic extension. In particular they consider the case of a quadratic extension
of Q of signature (1,n — 1) and the subgroup of a parahoric (which is not an Iwahori)

{2 mir)en (5 )

They use Oort—Tate theory to show that the normalization of Sk in Shg- is a regular scheme
mapping by a finite flat morphism to Sk. A similar construction for the Klingen parahoric
in the Siegel case GSp, is considered by Genestier-Tilouine [GT].

e T. Haines and the second-named author [HR] consider the unitary similitude Shimura variety
of signature (1,n — 1) at a prime which splits in the quadratic extension, and consider the
pro-unipotent radical Ky of an Iwahori K. They give a moduli problem for Sk, in terms of
generators of Oort—Tate group schemes and show that Sk, is a regular scheme finite and flat
over Sk.

e The Siegel case and the unitary similitude Shimura variety of general signature (r,s) at a
prime which splits in the quadratic extension was considered by R. Shadrach [Sha], by T.
Haines—-B. Stroh [HS], and T. Haines—Q. Li-B. Stroh in [HLS]. In all these cases, the authors
give moduli schemes in terms of Oort—Tate generators on the universal isogenies, comp. §8.1]
§8:3.1} These authors take S = S, in the Siegel case, but make a different choice S # S,
in the split unitary case. Essentially the same moduli problems were studied by G. Marazza
[Mar]. He proves that these schemes are rarely normal and in the Siegel case not even flat
over Zj, see Remark 8.1.3]

e The Hilbert-Siegel case for primes unramified in the corresponding totally real field is con-
sidered by S. Liu [Liu]. He uses a different notion of a Raynaud generator to give a moduli
scheme, see Remark See Remark (3) for some comments on [Liul.

1.10. We also develop a local analogue of our theory, concerning coverings of integral local Shimura
varieties. Prominent examples of integral local Shimura varieties are the Lubin-Tate formal moduli
scheme of one-dimensional formal p-divisible groups of height n and the Drinfeld moduli scheme
of special formal Op-modules, where D is the central division algebra with invariant 1/n over Q,.
The latter case leads to the integral local Shimura variety given by the formal model ﬁ&p of the
Drinfeld p-adic halfspace. In this case, such coverings were considered earlier by J. Teitelbaum
[Te], H. Wang [W] and L. Pan [P]. Here the first two papers take an indirect approach through
the consideration of the rigid-analytic generic fiber; the last paper is close in spirit to ours, and
constructs the integral cover by adding a generator of the natural Raynaud group scheme over the
Drinfeld moduli scheme.

1.11. Let us indicate some future directions that seem promising to us. We already mentioned
that we conjecture that Theorem [I.3.1] holds without the hypotheses of tameness. A proof should
involve the recent advances in the theory of local models beyond the tamely ramified case. Also,
the conjectural description of the face map mentioned above should be within reach.
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We also mentioned already the challenge of generalizing Theorem [1.6.2l Here the example at
the end of could be a first test case. As we argue in §6.2.5} the construction of Sk, s rests on
constructing a 2-commutative diagram of stacks

©

Shk, (G, X)g el Sk, [G\Mg ]

ml [??]J{ A{ (1.11.1)

[Tg\r Tg] — [Tg \r. Ys] —— [Tg \ Ys].

As a weakening of the conjecture, one might aim at constructing a similar diagram of v-stacks over
perfectoid spaces. This would give directly a v-sheaf which should be represented by the integral
model Sk, s when this is shown to exist. Such a construction could be simpler than proving the
full Conjecture This v-sheaf version should be enough to capture the information needed for
some applications, e.g. for calculating nearby cycles. Work in progress by the first-named author
gives hope that this can be accomplished by building on the methods of [PRg]. We also mention
in this context that Y. Takaya [Ta] gave a construction of covers of tubular neighborhoods of local
Shimura varieties with “principal subgroup level”.

Here are some other questions.

The local model diagram relates Si to the local model Mg ,,, Which is a closed subscheme of a
Beilinson-Drinfeld affine partial flag variety Grg o = LG/LTG, cf. §2.3.3] Vaguely speaking, our
root stack M‘f is related to a partial compactification of a quotient z:g G/L'G (which is not ind-
projective), dependmg on the toric embedding Tg C Ys. One might wonder whether this partial
compactification arises from taking a quotient by £1G of a “toroidal partial compactification” of
LG, in the spirit of Mumford’s construction of a toroidal partial compactification of a loop group,
cf. [TEL ch. IV, §3, p. 202 et seq.].

Another circle of questions arises when we drop the assumption that the cone o, is totally
convex. This assumption is satisfied when the Shimura datum (G,X) is of Hodge type, but not
always when (G, X) is of abelian type or more general. For instance, does there exist a parallel
theory of coverings Sk, — Sk when G is an adjoint group?

1.12. We now explain the lay-out of the paper.

In §2, we define the pairing which appears in the statement of Theorem and then prove
this theorem. The proof involves the construction of the local models in [PZ] via Beilinson-Drinfeld
affine Grassmannians.

In §3, we define the toric schemes Y5 ,, and Ys which are obtained from cones spanned by Weyl
orbits of coweights. Since these could have independent interest, we give many examples and a
discussion of various properties and relations to other similar constructions in the literature.

In §4, we define the divisor map A and the toric compactification of the Lang cover of the torus
Tg. We discuss the flatness of this cover and its ramification structure along the boundary of the
toric embeddings.

In §5, we define the local model root stacks M\g/i and discuss their algebraic-geometric proper-
ties. In particular, we give criteria for when Mé/i are regular in codimension 1 and for when the
morphism Mﬁ — Mg, is flat.

The main Conjecture [I.6.1] is stated in §6 where we also give its implications for the étale local
structure of the integral models of the covers. In §6.2] we give a more concrete interpretation of
the conjecture in terms of line bundles equipped with suitable sections. This involves the diagram
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(1.11.1) (labeled in the main text) which is key for the proof of Theorem and the
analysis of the examples in

In §7, we discuss the case of Shimura varieties of PEL type, recall the notion of a generator of
an Oort—Tate/ Raynaud group scheme and give the proof of Theorem m

In §8, we give several key examples of PEL type Shimura varieties. We discuss cases where the
integral models can be obtained as moduli schemes for moduli problems involving generators of
Raynaud group schemes and compare with prior results in the literature as in the list above.

Finally, in §9 we discuss the parallel set-up for integral models of local Shimura varieties.

1.13. Acknowledgements. We thank T. Haines and B. Stroh for informing us of their results in
the Siegel case and of their forthcoming joint work with Q. Li. We thank Q. Yu for his interest in
our conjectures concerning the face map. We thank Q. He and R. Zhou for an e-mail concerning
complete self-dual lattice chains for orthogonal groups. We especially thank Q. Li for several
comments and corrections to first versions of the paper and K. Altmann for the many helpful
explanations concerning the theory of toric varieties and for his interest in our questions about the
flatness of the Lang covers.

This work was supported by the Deutsche Forschungsgemeinschaft (DFG, German Research
Foundation) under Germany’s Excellence Strategy — EXC-2047/2 — 390685813. G. P. was also
supported by Simons Foundation grant SFI-MPS-TSM-00013296.

1.14. Notations. Suppose B is an A-algebra. If X is a scheme over Spec (A) we will often write
X ®4 B or simply Xp for the base change X Xgpec (4)Spec (B). Suppose that H is a group scheme
over Spec (A) and Y a scheme over Spec (B). Often, to simplify notation, we will refer to an Hp-
action on Y as simply “an H-action on Y, omitting the base change. Similarly, we will then just
write [H\Y] for the quotient stack [Hg\Y]. We write LY or £~ for the dual of an invertible sheaf
L. If s: O — L is a section which gives an isomorphism, we will sometimes write s71 : O — £7!
for the dual of the inverse £ — O of s.

2. DIVISORS ON LOCAL MODELS

2.1. The pairing.

2.1.1. Tori attached to parahorics. Let G be a parahoric group scheme over Z, for G' = G ®z, Q).
Consider the maximal reductive quotient Greq := (G)rea of the special fiber G = G ®z, F), and its
maximal abelian quotient Gred ab = (Gred)ab Which is a torus over F,,. Recall that, by rigidity of
tori, reduction modulo p gives an equivalence between the categories of tori over Z, and tori over
F, (with maps given by group scheme homomorphisms). We let Ty be the unique (up to unique

isomorphism) torus over Z, which lifts (G)red,an. We have
X* (Tg) = X* (Gred,ab)

as 7 = Gal(Zp /Z,) = Gal(F, /F,)-modules; here we somewhat abuse notation and we write X, (7g)
instead of X, (Tg ®z, Zp).

Suppose that G, G' are two parahoric group schemes for G for which there is a (unique) group
scheme homomorphism G — G’ extending the identity on the generic fiber. Then, we obtain
Gred.ab — ?;ed’ab. Hence, by the above construction, we also have a group scheme homomorphism

Tg — Tgl.

Associating Tg — Tg to G — G’ is functorial, i.e. this association respects compositions.
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2.1.2. Relation to the standard torus. Suppose now that G is the parahoric group scheme associated
to a point = in the extended Bruhat-Tits building B(G,Q,). Let A be a maximal Q,-split torus of
G such that x belongs to the apartment of A. We choose a maximal @p—split torus S of G ®q, @p
which contains A and is defined over Q,; such a torus exists by [BTIIL 5.1.12]. Let T = Zg(S)
be the centralizer of S in G. Then, using Steinberg’s theorem, we see that 7" is a maximal torus
of G which is defined over Q,. By the construction of G in [BTII], the connected ft Neron model
T = N(T) of T is contained in G. More precisely, T — G extends to a closed immersion of group
schemes

T—G.

Since T req is & maximal torus in the connected reductive group Greq, the homomorphism 7 — G
induces a surjective homomorphism of tori 7req — Gred,ab and hence a Z-equivariant

X*(?red) — X*(gred,ab) = X*(Tg) (211)

which is surjective up to torsion. Note that when G = 7 is an Iwahori group scheme, then by
construction,

gred,ab = Ired = 7—red-

Hence, in the Iwahori case, X, (T red) = X« (Tg)-
By [KaPl, Prop. B.7.9, p. 678], there is a natural identification

Xu(T) = Xu(Trea) = X ().
Hence, becomes
X.(T) — X.(Tg). (2.1.2)
In the Iwahori case, is an isomorphism and, in general, it is surjective up to torsion.

2.1.3. Relation to the cocenter of G. Let G and T be as above. Note that the homomorphism
G — Gy, induces T — G, whose kernel is a torus

1—T1=TNGger — T — Gu, — 1.

The homomorphism G — G, also induces a homomorphism of group schemes over Zj,
g — N(Gab)~

Here again, N(Gap) denotes the connected ft Neron model of G,y over Z,. Since, Hl(@p,Tl) =
(0), the map T(Q,) — Gan(Q,) is surjective. Hence, by [BLR} 9.6, Lemma 2], so is T(Z,) —
N(Gab)(zp), cf. [KaPl proof of Cor. 11.7.4]. It follows that T" — G, extends to a fppf surjective
homomorphism

T — N(Gap)

between connected ft Neron models. This induces Tred — N (Gap),oq, and also

gred,ab — N(Gab)mdv (213)
which are surjective homomorphisms of tori. The latter gives
X*(N(Gdb)) — X*(Gred,ab) = X*(Tg) (2.1.4)

and
X*(gred,ab) = X*(Tg) — X*(N(Gab)) = X*(Gab)Iv (2-15)
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where the last identification is by [KaPl Prop. B.7.9, p. 678], as above. We obtain a commutative
diagram

E12)
I X*(Tg)

\ JQ.LS (2.1.6)

X*(Gab)l7

X.(T)

with the diagonal map induced by T — Gap.

2.1.4. The pairing. Again, we let G and T be as above. Here, we will define a natural bilinear and
Gal(F, /F,)-equivariant pairing

which plays a crucial role in our constructions.
Consider the “averaging” homomorphism

X (T) — X.(T) @2 Q,
given by

A A i Iy
7:1)] WGIZ/IA 7
where I = Iy, C Gal(Q,/Q,) is the inertia and I, is the subgroup of I fixing A (cf. the construction
in [Ko, §2.8] applied to I = Ig,). This homomorphism factors through the coinvariants X, (7T'); as
a composition
X (T) — X.(T); S X.(T) @, Q,
where
X (T); % X.(T) ®2Q

is a Gal(F,/F,)-equivariant homomorphism.

Recall the identification X, (7 reqa) = X4 (T')! which we can compose with X, (T); — X, (T) ®@7Q

to obtain X, (T); — Xu(Trea) ®z Q. Combining this with the natural pairing

X*(Tred) X X*(Tred) — Z;

gives a bilinear pairing
(,): Xu(T)g X X*(Tred) — Q. (2.1.8)
This is the desired pairin in the Iwahori case G = Z, when X*(T eq) = X*(T7).
In general, to obtain (2.1.7), we compose (2.1.8) with X*(Tg) — X*(Tred) given by T reqa —

Ered,ab (or given by Tz — Tg).

Remark 2.1.5. Consider the composition

E12)
b6 X(T); > X (D)} X, (To)o.
Then, by the construction of { , ), we have
(A x) = (g (N)s X) 15+ (2.1.9)

where
(s )1g : Xu(Tg)o x X (Tg)o — Q,
is the natural duality pairing for the torus Tg.
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2.2. Divisors on local models and the divisor conjecture.

2.2.1. Local models. Let (G,{u}) be local model data, so that G is a parahoric group scheme for
G and {u} is the G(Q,)-conjugacy class of a minuscule cocharacter s : (Gm)g, — Gg,- As usual,
we denote by E C Q, the reflex field of {u} over Q,. We denote by Og the ring of integers of E
and by kg its residue field. We set k = kg for an algebraic closure of the finite field kx. We also
denote by Ey the maximal unramified extension of @, which is contained in £. We let Mg , be
the corresponding local model, which is a flat projective scheme over O with Go,-action.

Suppose a maximal torus T of G is chosen as in §2.1.2] above, with its connected ft Néron
model 7. We denote by W its (absolute) Weyl group and by W = NT(@p) /T(Z,) its Twahori
Weyl group. Recall from [PRS, §4.3] the definition of the subset Ay, C X.(T); C W of the
Iwahori-Weyl group W: We can suppose that a member p of {u} factors through T g, and consider
the corresponding W-conjugacy class {u}r of geometric cocharacters of T C G. Let A{u} be the
subset of elements of {u}r whose images in X, (T) ®z R are contained in some (absolute) Weyl
chamber corresponding to a Borel subgroup of G containing 7" and defined over @p. Then A{“}
forms a single Wy-conjugacy class, i.e. a Wy-orbit A{u} = Wy - u, since all such Borels are Wj-
conjugate. Here, Wy = Np(Q,)/T(Q,) is the (relative) Weyl group of G over Q,. We write Ay
or occasionally just A, for the image of [\{u} =Wy -pin X, (T); C w.

The {y}-admissible set Adm({u}) of the Iwahori Weyl group W of @ is defined to be the set of
w € W such that w < ty, for some i € A{#} C X«(T);. Here we use the Bruhat order wrt a fixed
alcove a in the apartment A defined by S C T, cf. In all of this, we identify i’ with the
corresponding translation elements ¢z € W. Then Adm({p}) contains the image {11}, in X.(T);
of {u}r, cf. [Hail, equivalence of (4.1) and (4.2)], hence Adm({u}) can also be defined to be the
set of w € W such that w < ty, for some i € {p} .

2.2.2. Statement of the divisor conjecture. Set K = g(Z,,) C G(Qp) and consider the subgroup
WX = Np(Q,) N G(Z,)/T(Z,) of the Iwahori-Weyl group W. Recall that the double cosets
WEt WK € WE\W /WX with i’ € Ay, parametrize the irreducible components of Mg , ®o,, k,
the geometric special fiber of the local model Mg ,,, see [AGLRI, [GL], for the general case, and
[PZ, Thm. 9.3] for the local models we will use below. Hence, for each element i’ € Ay, there is
an irreducible component Z;: of Mg , ®o, k; we may also think of Z;/ as a (fibral, irreducible)

Weil divisor on the scheme Mg , ®o, Op.

Conjecture 2.2.3. There exists a unique, up to unique isomorphism, pair (Pg,,sg,.) of a G-
equivariant Tg-torsor Pg , — Mg, over the local model Mg ,,, and a G-equivariant trivialization
(section) sg,,, of this torsor over the generic fiber Mg , ®o, E, such that the following condition
holds:

For a character x : Tg 5 — (Gm)zp, consider the (G )o,, -torsor

PX = (Gm)OE Xx,Tg Pg,u
over Mg ,, ®o, O, obtained by pushing out Pg , ®o, Op by x. Denote by L, the invertible sheaf
over Mg ,,®0,, O, which corresponds to the (G )o , -torsor Py. The section sg,,, induces a section
sy of the (Gy,) z-torsor Py ®o, E over Mg ;. ®op E and, hence, a (meromorphic) section of the
invertible sheaf L, over Mg, ®o, Op. The condition is that, for all such x, the divisor of this
meromorphic section of L, is equal to

Dy = S e (i) Zus (2.2.1)
WHEt WK /e,y
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where { , ) is the pairing and e is the ramification index of E over Q.

b2

Remark 2.2.4. a) In the above, by saying a “G-equivariant Tg-torsor Pg,, — Mg ,”, we mean
as usual that Pg , supports a G-action which lifts the G-action on Mg, and commutes with the
Tg-action.

b) Since e = [I : I,/], the values (fi’, x) lie in e7'Z, and so e - (ii’, x) are all integers.

c) It is not obvious that the linear combination D, of the Z; in above is a Cartier
divisor on Mg ,, ®o, O} ; this is one consequence of the conjecture.

Remark 2.2.5. The formula bears a resemblance to a classical formula which expresses
the first Chern classes of the line bundles on an (affine or classical) Schubert variety as a linear
combination of the Weil divisors given by its Schubert subvarieties which are “at the boundary”,
see e.g. [Slo, Cor. 3] and the references therein.

A question arising in this context is to give an explicit description for the divisor class group
Cl(Mg.,) of Mg, = Mg, ®0, Oj;. More precisely, let

Clred(MgJi) = ker(Cl(Mg,#) — CI(MQ,/L ®Oé E)

Assume that G,q is simple. Then one may ask whether there is a Gal(E /E)-equivariant isomor-
phism

Cred(Mg ,,) ~ Z29-m /7. (2.2.2)
Here Z is diagonally embedded (this embedding reflects the fact that the special fiber is a principal
divisor), and Ag g, denotes the index set of and can be identified with the set of irreducible
components of Mg , ®o,, k, with its Galois action. Note that this formula depends on G and {u},
in contrast to the formula for the Picard group of Mg, [FHLRL Cor. 5.19], which depends on G
but not on u.

2.3. The divisor conjecture in the tamely ramified case. In this subsection, we will prove
Conjecture [2.2.3] in the tame case:

Theorem 2.3.1. Suppose that the group G splits over a tamely ramified extension of Q, and that
p does not divide the order of the algebraic fundamental group m (Gder’@p). Then Conjecturew
s true.

We will use the fact that, under these two conditions, the local model Mg, is constructed in
[PZ] by using mixed characteristic Beilinson-Drinfeld affine Grassmannians.

2.3.2. Spread-out group schemes. Let (G,{u}) be a local Shimura pair over F = Q,, or Qp with
reflex field E. Set O = Op and denote by k = kg the residue field. Let G be a parahoric group
scheme for GG. Suppose that G splits over a tamely ramified extension of F' so the construction
of [PZ, §4] applies. In particular, this construction produces a smooth and affine group scheme G
over Ofu] such that

e G is reductive over Ofu,u™!],

® G Q0[u),up O =G.
Set

Go = G ®0u),u—s0 O-

This is a smooth and affine group scheme over O, but no longer reductive. Its reduction modulo
p is isomorphic to the special fiber of the parahoric G. There is an exact sequence

I —U—Go — Gored = (G0)red — 1, (2.3.1)
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where G req is smooth, affine and reductive over O and U is smooth unipotent over O. This exact
sequence lifts a similar exact sequence

1—U—G—Greqa — 1

for the special fiber G = G ®0 k of the parahoric G. The maximal abelian quotient (Go yed)an Of
Go.red 18 a torus over O which lifts the torus (Gred)an. Hence, we can identify (Go yed)ap With the
torus Tg of the previous section, i.e.

(gO,red)ab = Tg-
In particular, the construction gives a group scheme homomorphism
70 Go — T (2.3.2)
over O.
2.3.3. The Tg-torsor over the local model. Now recall from [PZ] some aspects of the construction
of the local model Mg, over Og. Consider the Beilinson-Drinfeld affine Grassmannian
Grg o[y — Spec (O[u]).

Let R be an Oluj-algebra with u — r € R. By definition, an R-valued point of Grg oy lifting
the corresponding point of Spec (O[u]) is given by a G-torsor over Spec (R[u]) together with a
trivialization of its restriction to Spec (R[u][(u — r)~1]). We also need

Grg.0 = Grg,0[u @ofulu—sp O-

By definition, Grg o parametrizes isomorphism classes of pairs of a G-torsor over Spec (R[u])
together with a trivialization of its restriction to the open subscheme Spec (R[u][(u — p)~1]) and is
representable by an ind-projective ind-scheme over O, cf. [PZ, Prop. 6.5]. Consider the loop/jet
groups LG and LT G over O given by

LG(R) = G(R[u—pll(u—p)~']), LTG(R) = G(R[u—p]). (2:3.3)

Here R[u — p] denotes the completion of R[u] at the ideal (u — p). By Beauville-Laszlo glueing
Grgo = LG/LTG,

see [PZ], §6.2.4], [Z2] §3.1]. By definition [PZl Def. 7.1], the local model is a closed subscheme

Mg, . = Grg.0o ®o Og.

Recall that Mg , admits an action of G. The main construction here is:

Proposition 2.3.4. a) There exists a G-equivariant Tg-torsor
m™ : Pg, — Mg 4,

i.e, a Tg-torsor such that the natural action of G on Mg, lifts to Pg , and the lifted action
commutes with the action of Tg on Pg .

b) The restriction of the Tg-torsor my over the generic fiber Mg ,®o0, E admits o« Gg = G®o E-
equivartant section

Sg.u Mg ®op B — Pg u ®op E.

In Subsection [2.3.12] we will show that the pair (Pg ,, sg,,,) satisfies the condition in Conjecture
[2:233] This will provide the desired proof of the conjecture in this tamely ramified case, where the
local model is given by the construction of [PZ].
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Proof. Note that, by [SW, Thm. 19.5.1], it is enough to construct the Tg-torsor as a cohomological
fppf sheaf torsor in the sense of loc. cit.. We will need the Beilinson-Drinfeld affine Grassmannian
Grg,0,0,p over O for G and the two points v = 0 and u = p, see [Z2, §3.1]. By definition, this
parametrizes isomorphism classes of pairs of a G-torsor over Spec (R[u]) together with a trivializa-
tion of its restriction to the open subscheme Spec (R[u][u(u — p)~!]). Restricting specializations
along Spec (R[u][(u(u — p))~']) C Spec (R[u][(u — p)~']) gives

Grg,o — Grg,0,0,p- (2.3.4)

Consider the loop/jet groups Lo ,G and ‘Co+, »9 given by
LopG(R) = Q(R[u}(u(ufp)) [(u(u = p)) ™)), ‘C(—{pg(R) =G(R[u] (u(u—p)))? (2.3.5)

over O. Here, Rlu],,_,) denotes the completion of R[u] along the ideal generated by u(u — p).
Note that we have natural R-algebra homomorphisms

Rl yuepy) — R[u], R[u] (y(uepy) — Rlu— 1],
where R]u — p] = ]?[E](u_p).
write as a fpqc quotient over O,

By Beauville-Laszlo glueing, Lo ,G acts on Grg 0,0, Which we can

Grg,O,O,p = ﬁo,pg/ﬁa_,pg’

cf. [Z2, Prop. 3.2.9]. For our purposes, we do not need to know that Grg 0,0, is ind-representable
over O and we can just treat it as an fpqc sheaf. (However, this ind-representability should be
true and can probably be shown following [PZ, §6.2]. See [Z2, Rem. 3.1.4] for the function field
case.) In any case, we can see that both the generic and special fiber of Grg o, over O are
ind-representable:

If p is a unit in R, then

E[Z](u(u—p)) = R[u] x Ru — p].
This gives the factorization of the generic fiber, cf. [Z2] §3.2],
Grg,0,0,p[1/p] = Grg,0,0(1/pP) Xspec (0[1/p)) GTg,0,p[1/P)- (2.3.6)
On the other hand, there is a canonical equivariant isomorphism between special fibers
Grg.0,0p ®o k = Grgo ® k. (2.3.7)

(This isomorphism can also be viewed as part of the “factorization structure” of the affine Beilinson-
Drinfeld Grassmannians, cf. [Z2] §3.2].)
We now continue with the construction. Since Go = G ®o[u],u—0 O, evaluating at u = 0 gives

G(R[u] (yu—py) — Go(R)
which defines a surjective homomorphism
Yo EI »9 — Go.

Similarly, evaluating at u = p gives
Yy qu —G.
Composing g with Gg — Tg gives a homomorphism

T: [,g’ 9 — Tg.
We can now consider the contracted product

Pg = EO,pQ Xﬁctpgﬁ Tg



TORIC SCHEMES AND INTEGRAL MODELS FOR SHIMURA VARIETIES 19

which is a Tg-torsor

To,p - 'Pg — GI’Q’O’OJJ
over Grg 0,0, = Lovpg/,c;;pg, equivariant for the action of Ly ,G. For clarity, we note that we
form the contracted product as the quotient fpqc sheaf of Ly ,G x Tg by the equivalence relation
which identifies (g - h,t) with (g,7(h) - t), when h is a point of ngpg. We now equip Pg with a

(left) action of ﬁofpg given on points by
h(g,t)=(h-g,7(h)""t). (2.3.8)
(We can see that this respects the equivalence relation defining the contracted product.) This

action commutes with the action of T and lifts the natural action of /.Z(J)f »9 on Grg.0,0,p-

Remark 2.3.5. This action differs from an other natural £ar,pg—action on the contracted product
which is obtained by acting only on the left factor. Under (2.3.8)), [ZS" »Y acts trivially on the fiber
of mo,, over the neutral point given by the trivial coset of Ly ,G/ ﬁaipg .

Pulling back 7, along and then base changing to O gives a Tg-torsor
T GréoE — Grg,oE
over Spec (Og). We define the Tg-torsor
™ : Pg — Mg,
as the restriction of m to Mg ;, < Grg 0.
Lemma 2.3.6. The composition
f: Mg’# — GrgyoE — GYQ,OE.,O,p = Grgyoyo,p ®o O
is relatively representable by closed immersions.

Proof. Tt is easy to see that f is a closed immersion on the generic fibers using . Also, f is
a closed immersion on the special fibers since by , the morphism Grg o, — Grg 04,0, is an
isomorphism on special fibers. Since Mg , is proper the result now follows by an argument as in
the end of the proof of [PZl, Prop. 8.1]. O

By Lemma [2.3.6] we can view Mg, as a fpqc subsheaf of Grg,0,,0,- This is preserved by the
L’af pG-action because Mg ,, is flat and this is true on the generic fiber (see also below). For the
same reason, we see that the resulting ﬁg’ pQ action on Mg , factors through the homomorphism
Pp Loﬁpg — G given by u — p and it comes from the usual G-action on Mg ,,. The morphism f
is E('{pg—equivariant with the action on the source as described above. It follows that the action
of c({pg on Pg restricts to an action on Pg , which lifts the natural action on Mg ;, via v,
as above. To show (a) it now remains to prove that the Eapg-action on Pg , factors through ,,.
Then it gives an G-action on Pg , which lifts the G-action on Mg ,; the fact that this commutes
with the Tg-action follows from the above.

We now discuss the generic fibers. This is useful for both completing the proof of (a) and
for proving (b). In what follows, for simplicity, we omit some subscripts and write M instead of
Mg, and also write M[1/p] for the generic fiber M ®0,, E. In general, we write X[1/p| instead of
X ®z, Qp. Recall the factorization

Grg,0,0,p[1/P] = Grg,0,0[1/P] Xspec (0[1/p)) GTG,0,p[1/p]-
The group homomorphism 7 factors

T: Ly ,G — L§G — Go — Tg,
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where L§G(R) = G(R[u]), the first arrow is given by the projection, and £§G — Go is obtained
by evaluation at v = 0. This implies that the Tg-torsor m ,[1/p] is obtained by pulling back the
generic fiber of the Tg-torsor

7o+ LoG X prg , To — LoG/LEG = Grgo,0
by the projection
Grg,0,0,[1/p] — Grg,0,0[1/p]
to the first factor in (2.3.6). On the other hand, under

M — GI"QOE — GTQ,O,O,p ®o Og (2.3.9)

the generic fiber M[1/p] embeds in the base change to E of the second factor in ([2.3.6). However,
the Tg-torsor mys is obtained by restricting mg ,, along (2.3.9)). Hence we obtain an isomomorphism

Pg,#[l/p] =~ TQ,E ><Spec (E) M[l/p]

between Pg ,[1/p] and the trivial Tg-torsor over M[1/p]. Under this, the action of E({pg on
Pg .[1/p] is trivial on the factor Tg g and is the standard action on M[1/p]. In particular, it
factors through the quotient
Ly, 9[1/p] — Gl1/p] =G

obtained by reducing modulo (u—p). Hence, it follows that the Tg[1/p]-torsor mym[1/p] is Gr = G-
equvariant and equivariantly trivial. This gives (b) provided we complete the proof of (a).

For this it remains to show that the Lapg—action on Pg , factors through 1, i.e. through
reducing modulo u — p.

This is clear on the generic fibers by the above discussion. To show it in general, we start by
observing that, since Pg , is of finite type, the action factors through the group scheme of m-jets

£53"G = Resop/((u(u—p)m)/0(G @op Oful/((u(u —p))™)
for some m > 0. Since G is smooth over Olu], cg,g”g is smooth over O. Write

1 — ker,, — Lo

ypg—ﬂjﬁl.

Let H C ker,, be the flat closure of ker,,[1/p] in ng;”g . The fppf quotient 133'7 »'G/H is repre-
sentable ([An]) by a smooth group scheme G’ with G as generic fiber. It acts on Pg ,, since E(T, oG
acts on Pg ,, and H acts trivially, since H[1/p] acts trivially on Pg ,[1/p] and Pg , is flat over Og.
We have a group scheme homomorphism G’ — G extending the identity on the generic fiber G.
Now, by smoothness, LST;”Q(OU) — G(0) is surjective and so G'(O) also surjects onto G(O). But
G'(0), G(O) are both subgroups of G(O[1/p]), so G'(O) = G(O) and, by [BTIIL §1.7], ¢’ = G. The
proof of (a) follows. Part (b) now also follows from the dicusssion about the generic fibers above.

The above completes the proof of the statement but in fact, we can also construct an “explicit”
canonical section sg , in (b), as follows. This section is functorial for change of groups and its
construction is useful in the sequel.

By the construction, an R-valued point of Pg , is the isomorphism class [(€, a, Bo))] of

(E,Q, /80) : 5; o Q l> g\u#;ﬂ BO : Tg l> Tg Xro,go 5|u:07

where £ is a G-torsor over R[u] and the trivialization « is “bounded by p” along u = p. An R-
valued point of M is the isomorphism class [(£, @)] of a pair as above; the Tg-torsor my is obtained
by forgetting .

Assume now p is invertible in R. Then

Spec (R) = Spec (R/uR) — Spec (R[u])
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factors

Spec (R) 4 Spec (R[u][(u — p)~']) € Spec (R[u]).
We can consider the restriction t*a : Gy —> Elu=o which is an isomorphism of Gop-torsors over
Spec (R). This gives a Tg-trivialization 7o(+*a) of the push out Tg X+, g, Elu—o- We can now give
a section s = sg,, of mar[1/p] by setting

s[(&g)] = [(67g’ TO(L*Q))] (2-3~10)

on R-valued points.
We now check that s is G-equivariant. By Beauville-Laszlo glueing we can interpret the R-valued
points of Pg ,[1/p], M[1/p], as isomorphism classes

(& a", Bo)l,  [(E",aM)].
Here, £ is a G-torsor over ﬁm(u(u—p)) = R[u] x RJu — p], and a” is a trivialization over

R((u)) X R((u— p)) which extends to a trivialization over R[u], and By : Tg = Tg Xr,,g, Eju=o is a
trivialization over Spec (R). Given g € G(R) = G(R), we lift it to

—

9 = (90,9p) € G(R[u](yu—p))) = G(R[u]) x G(R[u — p]).
Then
g- (" a" '271750 7((G0)u=0)""), g- (&M ah) = (&a" '271)
(The corresponding isomorphism classes are independent of the choice of lift g of g.) We have
v*(g9) = (9o)ju=o- Hence,
s(g- (€M aM) =s(E%a" g7 = (ENa" g7 h (P (@t - g7) =
)

=(ENa" g LT (g0)7h) =
=g- (" a,10(* )  10((Go)u=o) ") = g~ s(E, ™).
This shows the G-equivariance of sg ;. O

Remark 2.3.7. If R is p-adically complete and separated, sending u to 0 gives an R-algebra map
RJu — p] — R. In that case, the “evaluation at u = 0” we use in the proof above factors

R[u](yy—py — Rlu—p] — R.

In this case, R-valued points of Pg , are given by isomorphism classes of triples (£, a”, fy), with
EN a G-torsor over R[u—p], and & : G = (E™)jusps Bo : Tg — Tg X14,6o Eju=o, trivializations. An
element g € G(R) acts on Pg ,(R) as follows: We lift g to g € G(R[u — p]) and set

g- (5/\7g/\,60) = (5/\7g/\ 'gilaﬂo : TO(Q‘uZO)il)

with isomorphism class independent of the lift. On the other hand, ¢t € Tg(R) acts by changing Sy
to t - Bop. Since we do not need this we omit the details.

2.3.8. Line bundles over the local model. We continue with the above set-up. Suppose that
x:1g — Gm

is a character; by pushing out my along x, we obtain a G,,-torsor, i.e. a line bundle over Mg ,
which corresponds to an invertible sheaf £, so that

Gm Xy,16 Pg . = Isom(ﬁi, Omg,,)-

By the above, the invertible sheaf £, is G-equivariant, i.e. admits a G-action which lifts the G-
action on Mg ,,. The section s = sg ,, above gives a non-zero global section s, of £, [1/p] over the
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generic fiber Mg ,[1/p]. We can think of s, as a meromorphic section of £, over Mg ,, whose divisor
div(s,) is supported on the special fiber. Showing the condition in Conjecture amounts to
proving that the multiplicities of div(s, ) are given by the formula . As we will see later, for
X in a certain “positive cone”, s, is an actual section of £, and so the divisor div(s,) is effective
for such y.

Remark 2.3.9. Recall the isomorphism (2.3.7)) of special fibers
Grg,0,0p @0 k= Grgo @ k.
By (2.3.9) we have
Mg#t ®og krp — Grg70707p ®o kg = GrQ,O R kg
which agrees with the closed immersion
Mg . ®op kg — GI'Q,O R kg
given by the definition of Mg, ,. We also have an identification
Gl"g,o Rk = (LH/L+H)kE,

where LH/L*H is the affine flag variety Gry, for the twisted loop group H = G @0y k((u)) over
k((u)) and parahoric H = G ®oyy) k[u]. Here, H @) k = G ®0 k, see [PZ] Cor. 4.2].
Suppose now x : Tg — G, is a character over O as above. Using the identifications

(H ®k[[u]] k)red = (g ®o k)red - (g0 ®o k)red7
we see that y gives a character X : LYH — G,,, over k. The usual construction
LH XL+H,x k

now defines a LH-equivariant line bundle over Gry;. The restriction of this line bundle to Mg ,®o0,
kg is isomorphic to the line bundle £, ®o, kg obtained from the special fiber of the Tg-torsor
Pg, — Mg,. This follows from the proof of Proposition Indeed, the Tg-torsor my is
given by restricting a similar contracted product. Note however, that the L*H-structure which
is obtained from the natural LH-structure on £, differs from the equivariant structure given by

Proposition see also Remark

2.3.10. An example. Suppose G = GL,, = Autg, (Q}) and G is the Iwahori group scheme given as
the stabilizer of the standard periodic Z,-lattice chain {A., }mez

e C N CAC- ,
with

A= prel s @prei (o) Zp€i+1 D---D Zpen,
for0<i<n-—1,and A; = pFA;, for j =i — nk, where e; is the standard basis of Q-
In this case, the group scheme G over Z,[u] is obtained as the automorphisms of “the corre-

sponding” periodic chain of free Z,[u]-modules {A,};cz

"'CAi—l CAi C-ry
with

A, =uZ,uler & - D ulylule; B Lpluleir1 & - - - © Lyplulen,

for0<i<n-—1,and Aj = ukAi, for j = ¢ — nk. The corresponding global affine Grassmannian
Gg,z, over Z, represents the functor which to a Z,-algebra R associates the set of chains {€;}iez
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of projective finitely generated R[u]-modules of rank n contained in Ay ®z, ) Rlu, u™!, (u—p)~'] =
Rlu,u™, (u—p)~ ™
Céi—l Céi C-e

which are periodic & = uFE,, for all i and k, and with the following properties (see [PZ, §6,

§7.2]):
e For each i, the quotient £,;/E,_; is killed by u and is locally free of rank 1 over R.
e There is some N > 1 such that

i—kn

(u—p)NA; @z, Rlu] C &; C (u—p) VA, @z, Rlul,
for all 7.
For —n+4+1 <1 <0, set
Ei = HOmR(éi/éi,p (AZ/Azfl) ®Zp R) =~ (éi/éifl)\/7

which are locally free R-modules of rank 1. The universal modules Qmiv, —n+1 <14 <0, define
n invertible sheaves over Grg,zp and hence a Tg = G} -torsor given as

=0 =0
[ Bom(gr™v/eiy . Ai/A; )= ] Isom((£i™)",0).
i=—n+1 i=—n+1

By definition, this agrees with the Tg-torsor
T Grézp — Grgz,

which appears in the proof of Prop. 2.3.4

Now fix the coweight p = (l(r),O("’T)) and recall the comparison isomorphism between the
Iwahori GL,, local model from [RZ] or [Go] given by the “classical definition” and the local model
Mg, C Grgz, given by the group-theoretic definition in [PZ]. This comparison is explained, for
example, in [PZ] §7.2.1]. Under this isomorphism, R-points of the classical local model given by R-
submodules F; C A; ®z, It which are locally direct summands of rank r, correspond to (u—p)A; C
&; C A;®z, Rlu], by taking &; to be the inverse image of F; under the map A;®z 1) R[u] — Ai®z, R
given by u — p. For simplicity of notation, set A; p 1= A; ®z, [ R[u]. Set also

Qi = (N ®z, R)/Fi=A\; r/E;.

The standard property of the determinant functor on the derived category of perfect complexes of
R-modules ([KnM, Ch. I, Def. 4, Thm. 2]) applied to the exact sequence of complexes

0—=1[& 1 =& — A1 g2 Arl — Qi — Q] —0
gives a canonical isomorphism between the locally free rank 1 R-modules
det(Q;) ®p det(Q;—1) "
and
(A r/Ai 1 g) ®r (E;/€; )% =Homp(£;/€; 1, (A/A; 1) ®z, R).
So we have
det(Q;) ®p det(Q;—1) "' = Homp(E;/€;_1, (A;/A;_,) ®z, R) = L;. (2.3.11)

The isomorphisms give a straightforward expression for the Tg-torsor Pg ,, over the local
model Mg ,, in this example. In particular, sections of the Tg-torsor Pg ,, correspond via
to nowhere zero sections of the line bundles det(Q""V) @ det(Qy*V)~! i = —n+1,...,0. We can
see that the section sg ,, of the Tg-torsor Pg ,[1/p] over the generic fiber Mg ,[1/p], corresponds to
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the collection of sections of det(Q¥"V)@det(Qu")~! induced by the isomorphisms QY = Quniv
over Mg ,[1/p].

Remark 2.3.11. Versions of the isomorphism (2.3.11)) can be given in many other EL and PEL
cases, and in particular in the case of GSpy,, by comparing with corresponding explicit “classical”
descriptions of the local models Mg ,, see [PZl, §7, §8]. We will revisit this in Section m

2.3.12. Proof of Conjecture[2.2.3 in the tame case; multiplicities. We continue with the notations
of the previous paragraph. Again, we first extend the base to Qp and set O = Zp. For simplicity,
we will often omit the base change to O and write G instead of Go.

We would like to calculate the multiplicity mp , of the divisor div(s,) along the irreducible
component Zz of the geometric special fiber of Mg ,, which corresponds to an extreme element g’
of the {u}-admissible set Adm? (1) ¢ WE\W /WK

diV(SX) = Zmﬁ/7X . Zﬂ/
il

Our goal is to show:

Proposition 2.3.13. Let x : Tg — Gy,,. Let Zy be the component of the geometric special fiber
of Mg, corresponding to the coset of the translation element i/ € Ay, C X (T); € W. The
multiplicity of the divisor div(sy) along Zp: is given by
My x = [E : Qp] : <ﬂ/7X>a
where (i, X) is the value of the pairing (2.1.7).
By the above, this implies Theorem [2.3.] i.e. the divisor conjecture 2:2.3] in the tame case.

Remark 2.3.14. a) Note that for I' =1, [[': T'y] = [E @p], so the values (i, x) of the pairing
lie in [F : Q)" - Z, hence the RHS is indeed an integer.

b) Proposition says that the value (i, x) gives the “absolute” multiplicity of the divisor
div(sy), i.e. the p-adic valuation of a local equation for div(s, ) at the generic point 7z of Z/, i.e.,

div(p™ X)) = div(sy)

in Spec (O, )-
Proof. Recall that we have base changed to O = Zp, so G, G,,, etc., is over O. Recall the choices
of tori S C T = Z¢(S) above. By the tameness assumption, there exists a finite tamely ramified
extension F'/Q, with I' = Gal(F/Q,,) ~ Z/eZ, such that

G~ (RGSF/QP(H ®QT—' F))F, T ~ (Resﬁ/Qp(TH ®@p F))F,
where H is a split Chevalley form of G, and Ty = G}, is a maximal torus of H, for a “twisted”
action of I'. For simplicity, we set ' = Qp.

Under this tameness assumption, the constructions of [PZ] apply to the torus 7' and we have
smooth affine group schemes T, resp. T, over Olu], resp. O, which extend the parahoric group
scheme 7 (i.e. connected ft Neron model), and its special fiber 7 = T ®o k. Note that by the
construction in [PZ], there are natural identifications of Galois groups

I = Gal(F/F) = Gal(O[v]/O[u]) = Gal(F((v — p))/F(u — p))) = Gal(k((v))/k(w)),
where v® = u, and a I'-equivariant identification

Xi(T) = Xi(Trqry) = Xe(Tr(ry)
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where t = u — p. In particular, we can identify the coinvariants
X(T)r = Xo(Tiqup)r-

Here, X.((T)); and X, (T 4))1 are the targets of the Kottwitz homomorphism for the tori obtained
from T by specializing to the two discretely valued fields F' and k((w)), by O[u] — F, v+ p, and
Olu] = k((u)). (On the other hand, the extension F((v — p))/F((u — p)) of discretely valued fields,
is unramified.)

For simplicity, write O for O 7 and, as above, t = u — p. The following is a mixed characteristic
version of [Z1, Prop. 3.4], see also [PZ, §7.1.1]. For A € X.(T), we denote by E) its field of
definition, this is a subfield of F' containing F = Qp.

Proposition 2.3.15. For each A € X, (T), there is a morphism over Spec (O),
sy : Spec (O, ) — LT,
such that, denoting by n, resp. s, the generic, resp. special point of Spec (O, ),
i) The element sx(n) € LT (Ex\) = T(Ex(u — p))) maps under the Kottwitz homomorphism
T(EA(u—p) — Xu(TE, (u-p))
to the image of A under the identification X.(T) = Xu(T g, (u—p))-
it) The element sx(s) € LT (k) = T (k((t))), maps under the Kottwitz homomorphism
TE®)) — Xa(Try)1s
to the image of A under the natural map X.(T) — Xu(T)1 = Xu(Tyyay))1-
Proof. Recall we consider Ofu] — O[v], u — v¢, with Galois group I' = Z/eZ, so that O/O is the
base change of this cover over u = p, i.e. O = O[v]/(v® — p). Then vmod (u — p) defines w € O
with w® = p. We have models 7" and 7T of the torus over O[u] which specialize to 7 and 7" under
u — p. For example, choose a basis wy,...,w, of the I'-module X*(Ty) = Z" which corresponds
to Ty ~ GJ,,. Then
T = (Resop)/op) (G, @z, O[]))",

where the I'-action extends in the obvious way, and 7 is the neutral component of 7. For an
O-algebra R,

LT(R) = T(R[u - p][(u—p)~']).
This is equal to the I'-fixed points of

T

(Resop)/01uG) (Rl — pl[(w — p)~']) = [ (Rlu - pl[(zw — p)~"] @0y O])*.

j=1
Recall Ty = G},  and T(F) =Ty(F) = (F*)" but with “twisted” I action. Write
O =O]/(v® —p), @ =wvmod (v°—p)

and let ¢ be a primitive e-th root of unity in O. We can choose a generator v of I' such that so
Y(w) =¢-wand y(v) = ¢ -v. For 1 <i <e, we set

zi=-w®1+¢®veOu—7p] ®01u) O[v].
We will consider reduction modulo (u):

(Olu — p] ®ou) Ofv])/(w) = O ®o Ol]/(v) = Olv]/ (v°),
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and
(Ofu—pl[ ] ®opu Ol])/(u) = F ®@0 O[v]/(v°) = Flv]/(v°),

followed by reduction modulo (v).
Note that the image of x; under reduction modulo (v) is the constant

u—p

r;=—weOcCOp/(v®) Cc Fu]/(v)=F&F -v@®---@®F v}

which is a unit in F[v]/(v¢). Hence, z; is a unit,

x; € (Ofu — p][——] @opu) O])*.

u—p
Recall the basis wy,...,w, of X*(Ty) = Z". To distinguish with our other pairing, we use the
notation
(Y Xe(Ta) x X" (Th) =X (T)x X*(T) —Z
for the standard pairing.
As in [Z1l Prop. 3.4], we define

5y € H(O[[u — pl[(u = p) "] @opu O0])*.

by setting
€ .
wj(s,\) = H:cg)\”y Aw]‘>H.
i=1

The action of T on (O[u — p][(v —p) "] ®o1u) Olv])* obtained by acting by Galois automorphisms
on the second factor O[v] is such that y(x;) = z;4+1. This implies that s is fixed for the twisted
I'-action and so

5\ € Ei(O)
In fact, we can see that sy € LT (Op,), where we recall the reflex field Ey C F of A € X.(T).
Note that we can view s, € £T(0) as a morphism over Spec (Olu]),

sy : Spec (Ou — ]| ) —T.

u—p
To show that this factors through the neutral component 7~ C f, we consider the reduction modulo
(u). Now s, induces

sy mod (u) : Spec (O[[u -]l /(u)) = Spec (1*:‘) — i'|u:0.

Pyl

We compose this map with
T a0 = (JT(Resopy/we)/0(Gm @0 O]/ ()N — (Tjuzo)™™ = (] Gm0)"-
j=1 j=1

The composition is
T

Spec (F) — (H Gm,0)' C H Gm,0,
j=1 j=1
with j-component

So this composition
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is also
Spec (F') == G0 BN m.O- (2.3.12)

But this lands in the neutral component (the torus part) of (i‘uzo)red = (H;Zl Gm.0), as desired.
Hence s factors through £7 and we obtain sy € £7(O). It then also follows that

5\ € ,CI(OE/\)

as desired.
Let us now consider the special fiber s)(s) € LT (k); this is given by

sx(s) = sy mod (@) : Spec (k((t))) — T ®Royy klt]
with ¢ = u. Hence, by the above definition,

wi(samod (@) = [[(¢F @ v) M7 )i = y(Tredwnn,
i=1
This and the compatibility of the Kottwitz invariant with norms, gives part (ii).
It remains to show part (i). Since F'(u—p))/Ex(u —p)) is an unramified extension of discretely
valued fields, it is enough to calculate the Kottwitz invariant of sx(n) € T(Ex(u — p))) after this
extension, i.e. consider s5(n) in 7 (F(u — p))). Now

e—1
v8—w’ = (v—w)-H(Civ—w)

Flu—p] @01y Olv] = H F[¢iv — w].

Using this we can see that T(F((u — p))) = Ty (F((v — w@))). We now have
wj(sx(n) = (v — @)D AN, ),

where
e—1

A G) = [[(¢v = @y,

i=1
a unit in Fv — w]. This shows that the Kottwitz invariant of
sx(n) € T(F((u—p) = Tu(F(v - w)
is given by A in X, (7). O
The above now gives a point
[5x] : Spec (Op, ) — Grr.o = LT/LTT,
of the Beilinson-Drinfeld affine Grassmannian for the torus 7.

Remark 2.3.16. (i) We can also interpret the points [s,] following [SW], Prop. 21.3.1], as follows.
Consider the Gal(F'/F)-module X, (T') which defines an étale Spec (F)-scheme X and consider the
normalization X™" of Spec (O) in X. Each A\ € X,(T) defines a point

[A] : Spec (Op, ) — X™.
The points [s,] combine to give a morphism of Spec (O)-schemes
L Kmt — GT’LO

such that [sy] = ¢ - [\], for each A.
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(ii) If X is defined over Qp, the point s) € LT »(Og, ) is simply given by the image of t =u—p €
LG,, 5(0) = (OJu —p](u—p)~')* under LG,, o = LT.

We now continue with the proof of Proposition [2.3.13

Step 1. The torus case. Consider (T,{A}) and a character x : To — G,,. Recall that 7y =
Tu=0 = T ®0[u],u—0 O and that x factors through Tyed = (Lu:())md. The construction in
for G =T, x, and R = Og,, gives a G,,-torsor over Spec (O, ) which is

EX = Gm ' X((5X1)|u:0)'
The calculation in the proof of Proposition [2.3.15] see in particular (2.3.12)), gives
(85 jumo) = (—) TN,

The section of £, over Ej, constructed in §2.3.8] is given by X((ﬁxl)\uzo) € E{. Hence, the
corresponding divisor over Spec (Og, ) is

val, (=) M) o]

with [s] the closed point of Spec (O, ). Since w is a uniformizer of F and F/E) is totally ramified,

this is equal to
1

———— A\, Trr - X)m - [8].
[F 2 E)]
The multiplicity is
1 1
— " <)\,T1"1'* 'X>H = —=
[F: E)] ([ E)]
Since [F : E)\] = |T'x|, we have
1 1
— - Trr- A= —- A= v - A
F:E] T, 27 27

Al yer €T /Tx

. <TI‘1'* . )\,X>H.

It follows that this multiplicity is

[F : F)\] : </\OaX>H = [E/\ : F] ’ <)‘07X>H = [E)\ : Qp} ’ <;\’X>7
where again A € X, (T); denotes the image of A, as claimed. This shows Proposition [2.3.13in the
case of a torus.

Step 2: The general case. We show the general case by reducing it to the case of a torus, which
was handled above. We start with (G, {¢}) and the local model Mg ,,. As usual, it is enough to base
change to O = Zp and consider the situation over this base. In particular, E is a finite extension of
Qp. We choose S C T = Z¢(S) in G as above, such that the parahoric G corresponds to a point

in the apartment of S, as usual. Let A =y’ € Wy - p C X (T); then A € {u} and Ey = E, = E.
By the construction of [PZ], we have T < G, and this gives

76 — go, GI"I,O — Grgﬁo.

By composing with [s,], we obtain a point [t\] : Spec (Og) — Grg,0 ®o Op which factors through
the local model,
[ta] : Spec (Op) — Mg, C Grg,0 ®o0 Op

because its generic fiber does so. Note that Spec (Og) here is naturally identified with the local
model My y for the torus. Let now x : Gy — G, be a character, inducing the pair (L,, s,) over
Mg ,, by the construction in §2.3.8] By the construction of this pair, we see that the restriction
[tA]*(Ly, sy) to My x = Spec (Og) — Grr,0, is isomorphic to the pair obtained, by the same
construction applied to the local model pair (7, {A}) and the composition x|z, : To — Go X G-
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We can now see that the special fiber [ty](s) lands in the G-orbit Z5 of Mg , ®o, k given by
the coset WK . t5 - WK C W of the translation element t5 in the Iwahori-Weyl group W which
corresponds to the image A of A in X, (T);. This follows from Proposition (ii).

Since Mg, is smooth over Op along the stratum Z5 and [s5] is an Og-valued point, the mul-
tiplicity of the divisor div(sy) along Z3, is determined by the restriction [ty]*(Ly, sy) of the pair
(Ly, sy) to Spec (Og); the restricted pair is an invertible sheaf over Spec (Og) with a trivialization
over the generic point Spec (E). However, the restriction [tx]*(Ly,sy) to M7 x = Spec (Og) —
Gr7 0 is isomorphic to the pair obtained, for the local model pair (7,{\}) and the composition
X175 - To = Go X G,,. Hence, the multiplicity is given by the formula we showed above in the
torus case. This gives the desired result and completes the proof of Proposition and hence
also of Theorem 2.3.11 O

]

Remark 2.3.17. a) The proof of Theorem is significantly simpler if G splits over Q,. In-
deed, then T also splits over Qp and the construction of the points s, in Proposition is
straightforward, see Remark (ii).

b) Proposition but also the proof of Conjecture in the tame case (Theorem ,
should generalize to local models for groups which are the Weil restriction of scalars of a tame
group by a wildly ramified extension, by using Levin’s construction [Le| in that case. For the
general case, one can hope to use the constructions of [Lo|, [FHLR], [AGLR] etc., as informed
by Scholze-Weinstein’s theory of v-sheaf local models. For example, the construction of [s,] is
straightforward for v-sheaf local models, see [SW|, Prop. 21.3.1].

3. TORIC SCHEMES

3.1. Toric embeddings of Tj.
3.1.1. Semigroups. Recall Ay,y C X,(T)r. This generates the (rational polyhedral) convex cone

Ol = {me A |y >0} C (X (T)r) ®z R (3.1.1)

(We will sometimes say that o,y is the positive hull of Ay,y.) Here we recall from §2.1.4|that the
ambient vector space can be identified with

X*(T)I X7z R = X*(T)I ®7z R = X*(?red) Kz R.

We also write o, for o,;. On the character group side, this defines a saturated finitely generated

semigroup S, C X*(T red),

Su={x€ X (Trea) | (', x) >0,V € Ay} (3.1.2)

In other words,

Sy =0 N X*(Trea),

v
. 18 the dual cone of o,.

More generally, let G be a parahoric group scheme with corresponding torus 7y over Z,, as in

§2.1.1l Then we define

where o

og.u = vg(o,) C Xu(Tg) @z R,
Sgu={xe€X*(Tg) | (W', x) =0,V € Ay}

Recall here the map ¢g : X.(T)! — X.(Tg) from Remark Then Sg , is a finitely generated,
saturated sub semigroup of X*(Tg).

(3.1.3)
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3.1.2. The toric scheme. Continuing with the set-up above we set

Y/g,u = YSg,u = Spec (ZP[SQ,M])
which comes with an action of Tg and an equivariant morphism

Tg ®z, Zp — Yg,,u (3.1.4)
over Spec (Z,). Here the affine ring of Yg, u is given by the semigroup ring of Sg ,,, and the morphism
(3.1.4) by the inclusion
I'(Yg,u, O) = Zy[Sg,u] C T(Tg ®z, Ly, O) = Ly[ X" (Tg)]-

By the stability of A,y under Gal(@p /Ey), the semigroup Sg , is also stable and so the affine
scheme 1797 » and the morphism ((3.1.4)) descend to define an affine scheme Yy ,, with Tg-action and

equivariant Tg ®z, Op, — Yg,, over Op,. (Recall from §2.2.1| that Ey is the maximal unramified
extension of Q, contained in E.) We have

Yo, = (RGSZPm /O, YSQ,#)G’al((@zﬂn/Eo)7

with m large enough so that the action of Gal(@p/Eo) on Sg , factors through Gal(Q,m /Ejp).
Remark 3.1.3. Note that Sg ,, contains the subgroup of X*(Tg),
X*(Tg)"" = 0g,, N X*(Tg) = {x € X"(Tg) | {(,x) = 0,¥ 1" € Agyn}- (3.1.5)
Here X*(Tg)*° C X*(Tg) is co-torsion free and stable under Gal(Q,/Eo). Hence the quotient is
the character group of a subtorus Tg , C Tg ®z, Og, defined over Og,, i.e.,
X*(Tg ) = X*(Tg)/ X*(Tg)"". (3.1.6)

L

We denote by Sg_,, the image of Sg ,, in X*(Tg,,). We obtain an affine variety ng,M = vgg , over
Zp with an action of Tg , ®0,, Zp and an equivariant map

Tou ®@0p, Ly — Zsg.,.- (3.1.7)
The affine ring of ng,“ is given by the semigroup ring of Sg ,, and the morphism (3.1.7) by the
inclusion

I(Zsg,,: 0) = Lp[Sg,u] C T(Tg,u @0y, Lp, O) = Lp[ X" (Tg,u)]-

By the stability of Ag,; under Gal(Q,/Ep), the semigroup Sg , is also invariant and so the affine
scheme Zusg‘u and the morphism (3.1.7)) descend to Tg, , — Zs, , over Og,.

We can also give the affine Op,-scheme Y5, = Ys; , and the morphism 15,05, = Ysg, by
pushout of Zs; , and Ty, — Zs, , along Tg ,, — Tg,0,, , in particular

TQ,OEO — YSQ,H = TQ,OEO XTQ,M ZSQ,M' (318)

When the inclusion Tg,, C Tg,0,, is proper, the toric variety Ys, , has a toric factor in the sense
of [CLS| §3.3]. Note that there is a natural identification of stacks

15,,\Zsg,]) = [Tg\Ysg ,]-

In the next subsection, we will introduce “non-degeneracy” conditions under which S, generates
the group X*(Tg,,,) and hence the morphisms (3.1.7) and (3.1.8) are open embeddings and define
toric schemes Tg,,, <> Zsg, . resp. Tg.op, < Ysg -
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Remark 3.1.4. Let us consider the extreme case when G = T is a torus. In this case, there is
only one parahoric group scheme, which is an Iwahori group scheme Z. Then {u} consists of a
single element . Let g be the image of p in X, (T); ®z R. If o = 0, then T7 , is trivial and
there are no nontrivial torus embeddings. If 7 is non-trivial (this case falls under the name of
ab-nondegenerate, cf. Definition below), then Tz , is a one-dimensional torus over Og,. Since
the Frobenius element of Gal(Q,/Eo) fixes ji, we see that then T u 1s isomorphic to G, over Og,.
In this case, the morphism 77, ® Op, — Zsg, is the embedding G, 0, < AloEo.

3.1.5. More general semigroups. More generally, let S be a semigroup of X*(Tg) satisfying the
following conditions:

(1) S is saturated.

(2)

(3) S contains X*(Tg)*°.

(4) S is stable under the action of Gal(Q,/Ej).

On the dual side, we can also prescribe S as S = 7V N X*(Tg), where 7 C X, (Tg)r is a choice of a
rational polyhedral cone such that 7 D og ., and satisfying the following conditions, in which we

S is contained in Sg , and generates the same group.

set 0 = o0g !
(1) Let W, resp. W, the maximal sub vector space contained in 7, resp. o. Then the inclusion
W, C W, is an equality.
(2) The inclusion 7+ C ot of subspaces of (X*(Tg)) ®z R is an equality.
(3) 7 is stable under the action of Gal(Q,/Eo).
Note that the cone 7 is uniquely determined by S and vice versa, via 7V = R, S.

We let S be the image of S in X*(Tg ), and define as before the affine variety Zg with an
action of Tg ,,. Under these conditions we obtain a Tg ,-equivariant map over O,

ng,# — Zg. (319)
Via push-out, we obtain as before a Tg-equivariant map

Ys “ — Ys. (3.1.10)

g,

When S =7V N X*(Tg), we will sometimes write Y, instead of Ys.

3.1.6. Nondegeneracy. In this subsection, we consider a pair (G, {u}), where u is not necessarily
minuscule. The pair (G, {u}) is called strictly convex if the convex cone oy, of X, (T); @z R is
strictly convex, i.e. it does not contain an R-line through the origin. Equivalently, the dual cone
of o, in X*(T)! ®; R contains a non-empty open subset.

We also introduce the notion of a pair (G, {u}) to be strictly convex: This means that

0\9/711 ={xe X" (Tg)r | (\,x) >0, VA e A{#}},

contains a non-empty open subset of X*(Ty)r. Equivalently, Sg , generates X*(Tg) as a group,
or Sg ,, generates X*(Tg,,) as a group. Note that (Z, {u}) is strictly convex iff (G, {u}) is strictly
convex.

Recall the homomorphism

(b : X*(T)[ — QG = 7T1(G)[ — 7T1(Gab>[ = X*(Gab)]. (3111)

Under the composed map, all A € Ay,y C X.(T)r have the same image fia, in X.(Gap)s, since
they all have the same image in Qg.
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Definition 3.1.7. The pair (G, {u}) is called ab-nondegenerate if fip is not a torsion element,
i.e., if the image of [iap in X4 (Gap)r ® R is non-zero.

Since the second map above is an isogeny, ab-nondegeneracy is equivalent to the condition that
the image of A,y in 71 (G)r (which consists of a single element) is not a torsion element.

Proposition 3.1.8. If (G, {u}) is ab-nondegenerate, then (G,{u}) is strictly convex. Similarly,
then (G,{n}) is strictly convex, for any parahoric G of G.

Proof. Assume that ., € X, (Gap)r is not torsion, so fiap, is not zero in the vector space X, (Gap)1®z
R. Suppose by contradiction that there is z € oy,; such that —z € oy,; also. We can write
T = ZAE/\“ rx- A, and also —x = Z/\E/\M ry -\, with 7y > 0 and 7} > 0. Apply the homomorphism

¢ : X*(T)I — X*(Gab)l
as above. We obtain
¢(_x) = ( Z T/A) * flab = —(;5(56) = _( Z TA) * [ab-
XEA, AEA,

Hence, >0 \cp, (rA+72) = 0, which gives a contradiction unless z = 0, hence oy} is strictly convex.

Now let us consider G and og,, = g(o,) C X.(Tg) ®z R. Using , the same argument
proves that og , is strictly convex. But this is equivalent to the fact that Sg , generates X*(7Tg,,,)
as a group. ([l

Corollary 3.1.9. Under any one of the following hypotheses (G,{u}) is ab-nondegenerate:
(1) if there exists a character x : G — G, such that x o u is not trivial.
(2) If (G,{p}) is of local Hodge type, i.e. u is minuscule and there exists an embedding

(G.{n}) = (GLn, {na})
with pg(a) = diag(a®,10=D) 1 < d < n.
(3) If 1 is non-trivial minuscule, G splits over an unramified extension, and Gaer is simply-
connected.

Proof. (1) Indeed, then fi,, € X.(Gap)r maps to a non-zero integer under X, (Gap)r = Xi(Gp)r =
X.«(G,,) = Z, hence it is not torsion.

(2) This follows from (1) because the composition with the determinant gives a character x as
in (1).

(3) The hypotheses imply that X, (Gap) = X.(Gap)r is torsion-free. It is enough to check that
tab € Xi(Gap) is not trivial. But if it were, p would factor through Gger = Gse which would
contradict the assumption that p is minuscule. ([

On the other hand, if G is adjoint, then (G,{u}) is not ab-nondegenerate. The following
proposition shows that Proposition is sharp under mild hypotheses.

Proposition 3.1.10. Consider (G,{u}) such that p is non-trivial and such that the torus Gay
splits over an unramified extension. If the cone o,y of Xu«(T); ®z R is strictly conver, then
(G,{p}) is ab-nondegenerate.

Proof. Indeed, assume that fi, is torsion. After extension of scalars to F, we may assume that G
is quasi-split and that a positive multiple of u factors through Gge;. Passing to the adjoint group,
we may assume that G is simple and g is non-trivial. Denote by S a maximal split torus and
by T the centralizer of S, a maximal torus of GG. The set Ay, consists of non-zero elements, all
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conjugate under the relative Weyl group Wy. The assertion follows from the next lemma applied to
the reduced root system associated to the system of relative roots in X,.(S)@R = X, (T);@R. O

Lemma 3.1.11. Let (V, R) be an irreducible root system with Weyl group W, and let p € V* be
non-zero. Then the convex hull of the finite set {u' = wp | w € W} contains an open neighborhood
of the origin.

Proof. Let j/ = wp and choose the positive closed Weyl chamber C such that 4/ € C. Consider
the translate by p’ of the negative of the obtuse Weyl chamber,

C'={zeV'@R|z=) za), z; >0, Vi},

where o ranges over the simple coroots. We claim that this translate contains the origin. Indeed,
this is equivalent to the existence of z; > 0 such that g/ = > xiaiv . This follows from the inclusion
Cc 6\/, cf. [Boul, ch. VI, §1.6, Prop. 18]. In fact, 0 lies in the interior of this translate because
C'\ {0} is contained in the interior of c’, of. [Lim| Lem. 2.18]. The assertion follows because the

convex hull in question is the intersection of the above translates for varying p’ in the W-orbit, cf.
[ABl Lem. 12.14]. O

Remark 3.1.12. Let (G, {u}) be ab-nondegenerate. Then the map (3.1.8)) is an open embedding
and Yg , is a toric embedding of Tg ®z, Og,. Furthermore, for S C Sg ,, as in §3.1.5 Vs is also a
toric embedding of Tg ®z, Og, and the map (3.1.10)) induces the identity on Tg ® Og,.

Proposition 3.1.13. Assume that (G,{u}) is ab-nondegenerate, and let G be a parahoric group
scheme. Then

dimTg, <1+ Zrank@p (Gag ® @p)i,

where the sum is over the simple factors of Gaq ®@p with non-trivial component fiaq,; of ptaqa. Here
ranky means the split rank over Qp.
Furthermore, if G is an Iwahori group scheme, there is equality between the two sides.

Proof. By the functoriality in the parahoric §2.1.1], §2.1.2] we obtain for a suitable Iwahori Z — G
a surjective homomorphism of tori 77, — T ,. Hence we are reduced to the case where G is an
Iwahori group scheme. Then

dim Tg,, = rank X*(T)" — rank (X*(T)")"°,

where (X*(T))"0 = {x € X*(T)" | (/,x) = 0,V € Ay,y}. Consider the following diagram
with exact rows,

0 Co X*(Tdcr)é Dqg 0
0—— (X1’ —— X*(T)h) —— X*(Tru)g —— 0 (3.1.12)
0 Ag X*(Gab)(IQ Bg 0,

where the subscript Q means, as usual, tensoring with Q. Here A = (X*(T)1)*9 N X*(G,p), and
B, C, D are defined as cokernels of the obvious maps between lattices. The hypothesis implies
that rank B = 1. On the other hand, rank D = rank X*(Tye;)! — rank(X*(Thq)?)*°. By Lemma
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3.1.11} we have (X*(Tha;)")"° = (0) when finq; is non-trivial, and (X*(Taa:)))*" = X*(Taa)’
when f1aq,; is trivial. We deduce that

dim T, =rank X*(Taer)" — rank (X (Taa)")"° + 1
=1+ Z rank@p (Gad,i @0 Qp)
i

with the sum over the simple factors as in the statement. ([l

3.1.14. Blanket assumptions. For the rest of the paper, we make the following simplifying assump-

tion on (G, {u}):

(i) The pair (G, {u}) is strictly convex. This is equivalent to the dual cone o , having the full

dimension. As a consequence, our toric schemes contain the torus Tg®z, O, as an open subscheme.
In addition, we often assume:

(ii) The subgroup X*(Tg)*° of X*(Tg) is trivial, i.e., Tg,, = Tg. This is equivalent to the cone

og,, having the full dimension. Then our toric schemes have no torus factor.

We will point out when we assume (ii) or when (ii) fails.

3.2. Examples. Here we give some examples of the toric schemes Yy, for various (G, {u}). In
this list all parahoric subgroups G are Iwahori. In all cases, (G, {u}) is strictly convex and even
ab-nondegenerate. Also, in all cases 15, = Tg.

1) (G,{u}) = (GLp,{w}), where @y = (1,0,...,0). (Here and below, we will denote by
(a1,...,ay,) the coweight G,, — GL,, given by t — diag(¢t®,...,t*).) Take T to be the standard
maximal diagonal torus. Then the Weyl group orbit Ay, = Wy - p C X, (T') is the standard basis
given by e; = (0,...,0,1,0,...,0), with 1 in the i-th place. Then

ogp=A{(a1,...,a,) €R" | a; >0,Yi}, Sg,={(z1,...,2,) €Z" | x; > 0,Vi}.

The toric scheme is Yg , = A7 .

2) (G, {u}) = (GL,,{wy}), where @y = (1,1,0,...,0). Take T to be the standard maximal
diagonal torus. Then Ay,; = Wy - p is the set of all vectors with exactly two coordinates 1 and

the rest 0; there are (g) such vectors. Then

Sgu= 02;/7# NX*(T)={(x1,...,2n) €Z" | z; +x; > 0,Vi # j}.
We can see that the Hilbert basis (i.e. minimal set of semi-group generators) of Sg , is the set of
e; = (0,...,0,1,0,...,0), with 1 in the i-th place, and of f; = (1,...,1,-1,1,...,1) with —1 in
the i-th place. Then Yg , is the spectrum of the quotient of

Zp[el7"'7en7f1a"'7fn]

by the ideal generated by

~

eifi—er--e-ep, 1<i<n,
kg{i,i}
Here the hat means that we omit the term.
3) (G, {p}) = (GLy,{w_1}), where @, _; = (1,1,...,1,0). Note that when n > 2 this is not
the same as example (1) above, even though the corresponding local models are isomorphic. For
n > 2 the corresponding toric variety Yg , is simplicial but not smooth. Indeed, then

Sg7uzag7MﬂX*(T):{(zl,...,xn) el |z +--+x;+--+x, >0,Vi}
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The dual cone has extremal rays given by the n vectors obtained from (1,...,1,2—n) by permuting
its coordinates; these vectors give a basis of X*(T')g, generate X*(T) as a group, and form a subset
of the minimal generating set (Hilbert basis) of Sg ,. However, this is a proper subset since these
n vectors do not generate Sg ,: Indeed, we can easily see for example that (1,0,...,0) € Sg , but
it is not a positive integral linear combination of these n vectors. In particular, Sg,, is not free
and Yg ,, is not smooth. In fact, as we will explain later, when (p,n—1) =1, Y5 , can be identified
with the quotient of A%p by the diagonal action of the group scheme u,_1 and it is the affine cone

of the (n — 1)-th Veronese embedding of Pz;l. (See Example W)

4) (G {p}) = (GLy {w)}), @) = (1), 0("=9)), for 1 < j < n — 1. In all these cases, the
semigroup S = {(z1,...,2,) € Z" | x; = 0} C Sg,, satisfies our assumptions. Then Yy = A7
which supports a birational T-equivariant morphism Yg , — Y5s.

5) (G,{n}) = (GSpyy, {usta}). Here, GSp,, is the symplectic similitude group defined by the
symplectic form (, ) with matrix

0o J
-J 0

where J is the antidiagonal g x g matrix with coefficients equal to 1 and pusiq is the standard
non-trivial minuscule coweight of type w;/. Take T to be the standard maximal diagonal torus, so

T= {diag(rl,...,rg,crgl,...,crl_l)} ={(r1,...,rg,0)} = G&.

In the second more compact presentation of this torus pstq is given by z — (z,z,...,x) and the
Weyl orbit A{u} = Wy - psta consists of the homomorphisms & — (ai,...,a,,2), where a; are
either 1 or z. So there are 29 such p'. Denote by (z1,...,z,,y) coordinates of X*(T)g. Then the
inequalities defining the dual cone O'\g/, , are:

O zi)+y>=0,VUC{L,...,g} (3.2.1)
=
Here U runs over all the subsets (including () of {1,...,g}. The Hilbert basis of Sg, are the
following 2¢g elements of X*(T):

er = (1,0,0,...,0,0),e2 = (0,1,0,...,0,0),...,e4 = (0,0,...,1,0),
fi=(-1,0,0,...,0,1), fo = (O,—1,07...,071),...,fg =(0,0,...,-1,1).
To see these generate Sg, take a := (x1,...,24,y) which satisfies the inequalities above; in
particular y > 0. By subtracting a sum of the f;’s, we can assume that y = 0. Then a =
(x1,...,24,0), with all z; > 0. But these points are sums of points of the form e;. (Note that, in the
above, (A, ..., Ay, B) denotes the character which takes the value []{_, T?QCB on (r1,...,7y,c).
Hence, e1,...,¢€q4, f1,..., fy are all the weights for the action of T' on the standard representation

V of G = GSp(V).) We can now also easily see that this set of generators is minimal. The toric
scheme Yg , is the spectrum of the quotient of

Lpler, ... eq, fi,.., fol
by the ideal generated by
eifi—ejfj, forall 1<4,57<g.
This toric scheme appears again in see also [Mar], [HS], [HLS].

5) (G, {n}) = (GSpy,, {sta}), as in (5) above. We can consider the sub-semigroup S of Sg
which is generated by e1,...,e4, fi. Then S is free and still satisfies our assumptions. We have
Ys = A%:l. This choice of S and the corresponding toric scheme Yy is implicitly used in [Shal
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§4.1, §4.2] and [Mar]. It still fits in our framework (see Sect. [6)). However, from the point of view
of the current paper, this S and the corresponding toric scheme Yg are not the canonical choices;
the canonical choices are Sg ,, and Yg ,, of Ex. (5) above.

6) (G, {n}) = (GSpin(V'), {u1}), where V is a split quadratic space over @, of dimension 2¢g + 1
and p; the standard non-trivial minuscule coweight of type =y, landing in the standard maximal
split torus T, both as described for example in [HP] §4.2.1] (it is important to pin down precisely
the data, as our theory is sensitive to changes of the center). We again take G to be an Iwahori,
given by an alcove in the apartment of 7.

Using the duality GSpingg +1 = GSp,,, we see that the dual (character) cone oy , identifies
with the (cocharacter) cone for (GSpyg, {ista}) as in example (5) above. As in (5), we can see
that the latter cone is the positive hull of the set of (a1,...,a4,1), where a; =0 or 1 (so there are
29 elements) in X.(Tasp,,) ~ 297", Tt follows that o5 , C X*(T)g is the convex hull of the same
subset of X*(T') ~ X, (Tasp,,) ~ Z9+1. Tt is now not hard to check that the elements (a1, ..., a4, 1),
with a; = 0, 1, form a Hilbert basis of the semigroup Sg,, = 05’“ NX*(T) C Z9*1. Hence, the toric
scheme Yg , is isomorphic the spectrum of the quotient of the algebra Z,[{zv}ucqa,... g1, With
generators xy parametrized by the subsets U of {1,...,¢g}, by the ideal of all relations between
the zy’s given by corresponding identities in Z9T! by mapping xy to the element (ay, ... ,ag, 1)
with a; = 1 iff 4 € U. This ideal is generated by the elements

Ty - Ty’ — Tunu’ " TUUU’,

for any pair U, U’ of subsets of {1,...,g}.

7) The genuine Drinfeld case. (G,{u}) = (D*,{wy}), where D is a central division Q,-algebra
of index d. Again G is the unique Iwahori given by the units OF, of the maximal oder Op. Set
q=p®. Then Tg ~ Resz, /2, Gm. We have Ey = Q) and

~ 1
YOBvWY = ReSZq/Zp A,

This is the torus embedding Resz, ;z, Gm < Resz, /7, Al

8) Ramified Weil restriction of scalars. Let F/Q, be a finite totally ramified extension and
consider the pair (G, {u}), where G = Resp/q, H, where H is a split reductive group over F' and
0= (N¢)¢>:F=—>@p’ with pg : (Gm)/@p — H xp Q, a minuscule coweight or trivial, for each field
embedding ¢ : F < Q,. Take T' = Resp,q, Ty with Ty ~ (G}),p a split maximal torus of H
and fix a Borel subgroup Ty C By C H. Then X, (T)r can be identified with Z" = X, (Tx)
using the averaging map and, under this identification, the positive hull of Ay,; C X.(T')s is the
positive hull of the Wy-orbit of the average }_, ,ugom, where ugom € X.(Tyg) = 7" is a dominant
representative of the conjugacy class {pe}. In this, W, identifies with the Weyl group N(Tw)/TH
of H.

We can apply this to the case H = GL,, which is already very interesting: Then we take
T = Resp/q,(Gy,)/r to be the standard diagonal torus of G and py = (1(re) 0(r2)), for some ry,
with 0 < ry < n, for each field embedding ¢ : F' — @p. As above, X, (T'); can be identified with
Z" using the averaging map. Under this identification, Ay,; C X.(T); is given as

Mgy = Sp-orbit of (s1,s2,...,5n), where s; = #{¢ | ry > i}.

We assume that Ay, generates the vector space X.(7T); ® R = R™ and that at least one of the yg
is not trivial. (The second condition guarantees that (G, {u}) is ab-nondegenerate.)
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Now consider the Iwahori G = Resop,,/z, Z, with Z the standard Iwahori for GL,, over Op. The
cone og,, is the positive hull of Ay}, a general “permutohedral cone”. We have

Sgu={(a1,a2,...,an) €Z" | ¥ sy ai =0, Yw € Sy},
i=1
and Yg ,, is the toric affine scheme given by the spectrum of the corresponding semigroup algebra
over Zy. These schemes can quickly become very complicated: For example, the 3-dimensional
permutohedral cone for (s1, s2, s3) = (5,2, 1) gives a semigroup whose Hilbert basis has 30 elements.
According to Macaulay 2, the corresponding toric ideal of relations for the semigroup algebra has
1181 generators.

A similar construction can be performed for more general H, F' and (u4)4 as above.

9) Ramified unitary similitudes. (G,{u}) = (GU,,{irs}). Let us explain the data involved
in the definition of this pair. We take p > 2, F/Q, a ramified quadratic extension, and V' an
n-dimensional F-vector space equipped with a F//Qp-hermitian form h:V x V — F. We assume
n > 3 and that h is split, i.e. there is an F-basis of V such that h(e;,e,y1-;) = ;. For a
Qp-algebra R set Vg = V ®q, R and denote by hg : Vg x Vg — F ®q, R the base change of h.
Then GU,(R) = GU(V, h)(R) is the group of g € Autpg, r(Vr) for which there exists c(g) € R*
such that

hr(gv, gw) = c(g) - hr(v,w), Vv,w € V.
Denote by a — @ the conjugation of F' over @, which gives an involution on the F-rational points
GU,,(F). There is an isomorphism

¥ : GU,(F) = GL,(F) x F*,

which carries this involution to (4,¢) — (¢- (A*)~1,¢) where A* denotes the hermitian adjoint of
A. For a pair (r,s) of non-negative integers with n = r + s, we take the coweight y, s defined by

pr,s(@) = ¥~ ((diag(a', 1), a)).
Take T to be the maximal torus of GU,, which corresponds via v to the standard maximal torus
diag xG,, C GL,, x G,,,. We can see that the Galois involution on X,(T') = Z"™ x Z is given by
T(x1, 0, Y) = (Y — Tpy Y — Tp—1,y -, Y — T2, Y — T1,Y)-
a) Suppose n = 2m + 1 is odd. Then
X (DY ={(21,. .., Ty T 1, 2Tl — Ty e e oy 2Tyt — X1, 2Ty 1)} C Z™ X 7

and the projection to the first m + 1 coordinates (z1, ..., Zm, Tmy1) gives X*(T)I = ozt
b) Suppose n = 2m is even. Then

X ()Y ={(x1, s Ty Y — Tony -y —1,4)} CZ" X 7
and we can project to (z1,...,Tm,y) to obtain X, (T) = zZm+1,
In either case, we consider the composition
a: X.(T) — X.(T)y = 2" 27 Q,
where the first arrow is given by the averaging map A\ — A°.
Now take pp = p1.n—1 = (1,0,...,0,1) € X, (T). Then 7po = (1,1,...,1,0,1) and so

ue = “J;”‘ — (1,1/2,...,1/2,0,1) € X.(T)}

Under the isomorphism X*(T)é = Qm*! this maps to (1,1/2,...,1/2) if n = 2m + 1 is odd, and
to (1,1/2,...,1/2,1) if n = 2m is even.
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We now consider the action of the Weyl group Wy. Recall that the reduced root system %
on X,(T); ® Q is of type By, (if n is even) or Cy, (if n is odd), see [PR] for more details. In
both cases, the Weyl group Wy is isomorphic to Sy, x (Z/2Z)™. We let S,, x (Z/2Z)™ act on
X.(T)=72" x7Z = {(x1,...,2n,y)} by fixing y and permuting the indices 1,...,n, so that the
partition of {1,...,n} into subsets {i,n+1—4} is preserved (so also fixing the “middle” m+1, if n
is odd). We let Wy act on X, (T)! as follows. If n is odd, the first factor in the semi-direct product
Sm X (Z/2Z)™ acts on (21, ..., Tm,Tm+1) by permuting the first m entries. The element (—1); in
the second factor maps (21, ..., Tm, Tm,1) to the vector with ith entry equal to 22,11 —; and all
other entries unchanged. If n is even, then S, acts on (x1,...,Zm,ZTm,1) by permuting the first
m entries, whereas the factor (—1); maps (21,...,Zm, Tm+1) to the vector with ith entry equal to
Zm41 — 2; and all other entries unchanged. Then the natural map X, (T) — X.(T); ® Q respects
these actions.

The orbit of u = (1,0,...,0,1) by the Wy-action on Z™ x Z as above, consists of the 2m
elements (0,...,0,1,0,...0,1), where the first 1 is in any of the 2m possible spots (after excluding
the middle spot in the odd case n = 2m + 1). These elements map under a to

(1/2,...,1/2,1,1/2,...,1/2,1/2), and (1/2,...,1/2,0,1/2,...,1/2,1/2),
in X,.(T)§ = Q™ if n = 2m + 1, and to
(1/2,...,1/2,1,1/2,...,1/2,1), and (1/2,...,1/2,0,1/2,...,1/2,1),

in X, (T)(LI2 = Qm*! if n = 2m, with the 1 or the 0 taking any of the first m possible spots. The
resulting 2m elements in X, (7))L span the extremal rays of the cone og . (Here G is a standard
Iwahori of G).

Some more explicit examples: For n =4, (r,s) = (1, 3), by the above, the extremal rays of og ,
are spanned by (1,1/2,1), (1/2,1,1), (1/2,0,1), (0,1/2,1). The corresponding primitive elements
in X,(Tg) = X.(T)! ~ Z3 on these rays are (2,1,2), (1,2,2), (1,0,2), (0,1,2). For n = 3,
(r,s) = (1,2), the extremal rays are spanned by (1,1/2), (0,1/2); the corresponding primitive
elements of X,(T')! ~ Z? on these rays are (2,1), (0,1). In this last case, the toric scheme Yg , is
isomorphic to the spectrum of Z[x1, xa, 23]/ (23 — z213).

3.3. Further properties; relation to other constructions. In this section we give some further
properties and constructions relating to the toric schemes Yg ,,.

3.3.1. Central isogenies. Let (G,{u}) — (G',{i'}) be a central isogeny, i.e., f : G — G is
surjective, the kernel is a finite central subgroup C of G and {u'} = {f - p}. Assume that C splits
over Q,, i.e., the action of Gal(Q,/Q,) on C(Q,) is unramified and that the order of C(Q,) is
prime to p. Let G, resp. G’, be parahorics that correspond to each other under the isogeny. Then
C(Q,) € G(Q,) and even C(Q,) = C(Q,) C G(Z,) since C(Q,) fixes the point, in the Bruhat-Tits
building corresponding to G and the Kottwitz map G(Q,) — 71 (G); evaluated on C(Q,) is trivial.
Furthermore the closure Cg of C in G has special fiber Cg étale of multiplicative type. We obtain
an exact sequence of groups of multiplicative type over Z,

1—Cg —Tg —Tg — 1.

Assume (G, {u}), and hence also (G, {i'}), satisfies both our blanket assumptions (i) and
(ii). Under the identification X, (Tg)r = X.(Tg/)r, the two cones og , and ogs , coincide, hence
Sgrw = Sg., N X*(T¢,), where X*(T5,) C X*(Tg) is an inclusion with finite index. We obtain a
finite morphism Yg , — Ygr v equivariant wrt the isogeny Ty — Tg/. In fact, Yy v is the quotient
of Y5, by the action of Cg.
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Example 3.3.2. Consider the central isogeny
f:GL, — GL, A~ A" A

Assume p is coprime to n — 1. This gives an isogeny f : T — T of the standard maximal torus
with the corresponding X, (T") — X, (T') given by

(1., ) — (in—zl,...,in—xn)
i i

so that @y = (1,0,...,0) maps to @, _; = (0,1,...,1,1). The kernel of f is the group scheme
of roots of unity p,—1. The isogeny gives a toric morphism Ygv — Yoy, and induces Ygv =
Yoy /pn—1. Since Yov = A%p (cf. Example 1 in ib we get

wa71 = A%p/un—la

the quotient for the diagonal scaling action. This is consistent with Example 3 in reconfirming
that Y,v is not smooth. The affine coordinate ring of this quotient is the invariants

(Zp[fbl, - 71'“])/‘”71 — @ Zp[.’L‘l, ey xn]dcg:i(nfl)-
i>0
This is the “(n — 1)-th Veronese algebra” and Y5v = A7 /-1 is the (n — 1)-st Veronese cone,

i.e. the affine cone corresponding to the line bundle Opn-1(n — 1) over ]P’;p_l.

3.3.3. The projective toric scheme Xg . The triple (G,{u},G) defines (Gad, {ftaa}, Gad). Let us
assume that p.q is non-trivial in all simple factors of Gaq ®q, Qp, cf. Proposition We
consider the polytope P, , = PEa , Which is the convex hull of the image of the Weyl orbit Ay, in
X.(Tg,,)r. By Lemma the polytope P,,, contains the origin in its interior. Let ¥ = X |
be the associated fan. The extreme rays of ¥ are in bijection with the extreme rays of og ,, when
0g,, is strictly convex. Let Xg , = X5 be the corresponding toric scheme (over Z,) for the torus
TG, a.1aa- Since |X| = X,.(Tg,, )r, we see that X¢ ,, is a projective toric scheme. It depends only on
(Gads {#tad}> Gaa). In the rest of this paragraph, we try to relate the schemes Y5 , and Xg ,.

To simplify our discussion, we will suppose, in addition to both the blanket assumptions (i) and
(ii), that G is Iwahori and that (G, {u}) is ab-nondegenerate. Consider the exact sequence

1—7—G— Gaq — 1.

By Proposition [3.1.13] it follows that dim Z = 1. Let us also assume that the neutral component
Z° is isomorphic to G,, and that the finite abelian group scheme m(Z) is unramified and has rank
prime to p. This exact sequence induces an exact sequence

V' — 27z, —Tg — Tg,y — 1 (3.3.1)

where we denote by Z7z, the smooth model of Z over Z, obtained as the Zariski closure of Z in Tg;
then ng = Gy, over Z, and my(Zz,) = m0(Z)z, is the unique finite étale abelian group scheme
over Z, with mo(Z) as generic fiber.

The first observation is that Xg , is the quotient of Yg , by the action of Zz, in the following
sense: We normalize the isomorphism Z%p = Gy, such that the corresponding element z € X, (7g)
lies in 0. Then the action of Z7 = Gp, on the affine ring A = Ag, of Yg , defines a grading
A=8,,>0Am. Let )?g,“ = Proj(A). Then Xg , is the quotient of )N(g# under the action of the
finite abelian group scheme mo(Z )z, -

Next, we give a condition which implies that Yy , is the affine cone of a line bundle over Xg 1
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Proposition 3.3.4. Under the above assumptions, the G,-action on Yg , \ {0} is free if and only
if (z,xp) = 1 for all generators x, of the extremal rays p of o). Then Yg , \ {0} — )A(:gw is
a Gp,-torsor and Yg ,, is the affine cone for the line bundle over )N(g,u which corresponds to this
G, -torsor.

Proof. Recall that each extremal ray p of the dual cone a)f corresponds to a (1-codimensional)

facet F' = F(p) of the cone o,. In turn, by the face-orbit correspondence, this corresponds to a
1-dimensional torus orbit O(F) in Yg ,. If y € Y5 , \ {0} is a fixed point of ty € 2(G,,), then the
whole Tg-orbit of y is fixed by tg which, by considering closures, implies that ¢y fixes all points of
some orbit O(F'). But the subgroup of z(G,,) C Tg which fixes all the points of O(F') has order
(2,Xp). The claim in the first part of the statement follows.

We now show the second part of the statement. Note that the Hilbert homogeneous basis of A is
given by the indecomposable elements in Sg ,,. Among them are the generators x, of the extremal
rays p of the dual cone al, but there may be more. Let A’ be the Z,-subalgebra of A which is
generated by the degree 1 part A;. By our assumption (z, x,) = 1, A; contains the ray generator
Xp, for each extremal ray p of a)f. It is easy to see that S, is the saturation of its semigroup S}/L
which is generated in X*(Ty) by the ray generators x,. Since A is normal, this implies that A is
the normalization of A" and we have 5(:(__’;7“ = Proj(A) = Proj(A’), since A and A’ coincide in high
degree. Since A’ is generated by Aj, the tautological twisting sheaf O );g‘ﬂ(l) is a line bundle and
the canonical homomorphism

A — B = P TR, 05, (1))

m>0
identifies A’ with the normalization A of A’. Hence

A= Pr(Xe,.0x5, (D)

m>0

(Stacks 27.8-27.10). The rest of the statement now follows. O

Remark 3.3.5. The condition in Proposition [3.:3:4] is often not satisfied. Then the action of Z on
Yg.,. \ {0} is not free. Consider the case (G = GL4, = wy,G =T) of Ex. 2, Then Z = G,,
and the extremal ray generators are the elements e; and f; there; the e;” s have degree 1 but the
fi’s have degree 2. In this situation, there are stabilizer groups of order 2: The closed subscheme
W of Yg»ﬂ defined by the ideal (61, €2, €3, €4, flfg, flfg, f1f47 fgfg, f2f4, f3f4) has dimension 1, SO
it is not the closed orbit. We can see that us C Z = G, acts trivially on W.

Example 3.3.6. In the situation of Example [3.3.2} the projective toric scheme Xg , associated
to (G, {p},G) = (GL,, {w,/_1},Z) is IP’ZL;l and Yg , is the (n — 1)-st Veronese cone.

3.3.7. Constructions starting with a weight; duality. The following “dual” construction of toric
varieties/schemes is perhaps more common and variations have appeared in many contexts, comp.,
e.g., the references in [MoR]. The resulting toric embeddings are sometimes called “Weyl orbit
toric varieties”.

Let H be a reductive group over Q, which is quasi-split and splits over F' = Qp. Choose a
maximal torus S and a Borel subgroup B in Hp over F'; we can assume that both S and B are
defined over Q,. Suppose that A € X*(S) is a dominant weight # 0 and consider the Weyl orbit
{A\} =Wy - A C X*(S). The rational polyhedral convex cone

W ={a € X.(Or | (w-\a)>0,Ywe Wy}
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determines an affine Sp,-toric scheme Vp, ) over Op, as follows: the cone 7" is the dual of the
positive hull 7, = Cone(Wy - A) C X*(S)g, and we set

Vi, := Spec (Op[mx N X*(9)]).

There is also a projective variant. Assume for simplicity that H is absolutely almost simple.
Consider the “Weyl polytope” WP defined as the convex hull of the Weyl orbit {\} = Wy - A in
X*(S)r and let Q = X*(Saa) C X*(Sqer) be the root lattice. We can define a projective toric
scheme embedding Uy » for the torus Sadq,0,, as follows: the corresponding fan in X, (S,q)r is the
projection from X, (S)r to X.(Saqa)r of the normal (dual) fan of the polytope WP . Here we refer
to J[CLS, Ch. 1, §2.3] for the definition of the normal fan of a lattice polytope in X*(S)r (the
normal fan is called the dual fan in [MoR]).

By Dabrowski [Dal, Thm. 3.2]E| the toric scheme Up » is isomorphic to the Zariski closure of a
generic S-orbit in H/P) (see also [MoR] Prop. 3] for this description of the toric variety defined
by a generic orbit closure).

Let us now consider the dual reductive group G = H" with corresponding dual maximal torus
T =S5V C HY = G. We have identifications X*(S) = X.(T), x — x'. Using the dual pu := \Y,
which is now a coweight of G, we construct the pair (G,{u}) = (HY,{\V}). Take G to be an
Iwahori of G defined by an alcove in the apartment of 7. Then, under the above identification
X.(T) = X*(5), the cone ag , is equal to 7y, and its dual o , is equal to 7y = Cone(Wy - A), as
above. It follows that the T -toric scheme Yg , ®0, OF is isomorphic to the dual (in the sense of
toric varieties, as in [BL, Def. 3.9.1] for example) of the So, = T _-toric scheme Vi x = Vav v
given as above. Note that these considerations generalize some of the arguments in Ex. 6,

Remark 3.3.8. One might ask for a more direct connection between the toric schemes Yg , which
are defined from the Weyl orbit of a coweight and the toric schemes Vi which are defined from
the Weyl orbit of a weight.

Let us start with (G, {p}), with & a non-trivial coweight, such that G is quasi-split and splits
over F = Q,. Let T be a maximal torus defined over Q, and take G to be an Iwahori of G defined
by an alcove in the apartment of 7. Now take H = GG and S = T in the above. We ask if there is a
weight A € X*(S5) = X*(T) such that Yy , ®o, Op ~ Vi, as Tp,.-toric schemes. This happens if
7\ = 0, in X*(T)gr. Now recall that the extremal rays of o, correspond to facets of the cone o,,.
Hence, a necessary and sufficient condition for the existence of A € X*(S) with 7\ = o/ is that
the facets of o, consist of one Weyl orbit. We can list the cases when this happens by applying
work of Maxwell [Max]: For simplicity, assume that, in addition, G is absolutely almost simple.
Let A be the set of simple roots regarded as vertices of the Dynkin diagram of G. Consider

() == {s € A ] s(p) = pj.
Then by [Max], see also [Rel, Cor. 1.3]:
The set of Weyl orbits of the facets of o, is in bijection with the set of subsets J C A of size
|J| = |A| =1 which satisfy the following condition: No connected component of J is contained
in J(w).
It is not hard to see that if the Dynkin diagram has branches (D, E types) then, for each u,
there exists more than one such subset J, hence also more than one Weyl orbit of facets. For the
unbranched diagrams (A4, B, C, F, G types) there is a unique J if and only if J(u) is obtained
by just omitting one of the extreme points of the Dynkin diagram. Then the unique J is given by

1[DaJ assumes the base is an algebraically closed field but the proof applies in our situation too. Here the qualifier
“generic” is meant in the sense of [Dal Def. 1.1], which implies that the Zariski closure is normal.
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omitting the opposite extreme point. Let us now restrict consideration to minuscule u. Then, by
the above, there is a single orbit of facets of o,, in exactly the following cases:

e A type: {iaq} is the Drinfeld {w)} (or anti-Drinfeld {w,/_,}) class (Ex. 1, resp. Ex. 3,
)

e B type: {piaqa} is the unique minuscule class (Ex. 6, ,

e C type: {ftaq} is the unique minuscule class (Ex. 5, §3.2).

4. THE DIVISOR MAP AND LANG COVERS
4.1. The divisor map.

4.1.1. Definitions. Assume now that the divisor conjecture, i.e. Conjecture 2:2.3] holds. Then

there is a G-equivariant Tg-torsor Pg , — Mg , and a Gg = G ®z, E-equivariant trivialization
S TQ,E X Spec (E) (MQ,;L Qo E) = Pg,,u Rog E

over the generic fiber, satisfying the conditions of Conjecture [2.2.3] The trivialization s gives, by

using the projection, a Tg g-equivariant morphism over E

dp=pr-s Py ) @0, E— Top (4.1.1)
with fibers isomorphic to the partial flag variety F (G, {u}) = Gg/Py,;. Here P(g_;) =Pg,asa
scheme, but with the inverse Tg-action, i.e. composed with ¢ — t~!. Since s is Gg-equivariant,

0p is Gg-equivariant for the trivial action on the target.

Proposition 4.1.2. Under the above assumptions (in particular assuming Conjecture , there
is a unique extension of the morphism dg to a Tg o, -equivariant morphism

-1
d: P(g’ﬂ) — Yg ®0E0 Og.
Furthermore, § is Go,, -equivariant for the trivial action on the target.

Note that ¢ amounts to a morphism Mg, — [Tg\Yg, ] which is G-equivariant for the trivial
action on the target. We postpone the proof to give:

Definition 4.1.3. Assume the divisor conjecture for (G, {u}). Then the divisor map for the pair
(G, {u}) is the morphism of stacks

Ag : [G\Mg ] — [Tg\Yg,,]
obtained from the G- and Tg-equivariant morphism ¢ above. More generally, for a choice of semi-
group S as in §3.1.5] defining the toric scheme Yy, we define the divisor map
Ag.s : [G\Mg ] — [Tg\Ys]
to be the composition of Ag above with [Tg\Yg ] = [Tg\Ys].
We now give the proof of Proposition [£.1.2]

Proof. The uniqueness statement follows using that Mg ,, and hence Pg , is flat over Og. A similar
argument proves that the G-equivariance of any extension ¢ of 0 follows from the G g-equivariance
of 6. To extend dg to 6, it is enough to base change to O and check that, if x € S, then the

element 05,(x) € F(f’(gj:)[l/p], Op, ,L[l/p}) actually lies in I‘(f’(gj:), Op, “). Since Pg , — Mg, is
(=1

smooth and Mg, normal and flat over O, Py ,* = Pg,, is also normal and flat over O, and it is

enough to verify that 0% (x) is regular at the generic points of the special fiber of ng u- The result
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then follows from the multiplicity formula in Conjecture and the positivity appearing
in the definition of Sg ,: Indeed, on sufficiently small open charts Spec (R) of Mg, ,®0, O covering
the generic points of its special fiber, we have P(gj:) = Tg x Spec (R) = Spec (R[X*(Tg)]) and g
gives

f : Spec (R[1/p]) — Spec (@p[wft7 W),
For x = wi' ---wir € Sg u, we have f*(x) € R since Dy is an effective divisor on Mg, , ®0, O}
by and by the definition of Sg ,. So this gives

f : Spec (R) — Spec (ZP[SQ7M]) = }ufgw

which, together with Ty — Yg ., defines the extension ¢ : Tg x Spec (R) — ?g,u over Spec (R). In
particular, d3(x) is regular over Spec (R). |

4.1.4. Combinatorics of the divisor map. Let us assume that og , is a strictly convex cone. Con-
sider the partially ordered set of faces .#(og ) of the cone g, C X.(Tg)r with 7/ < 7 if 7’ is a
face of 7. This is in bijection 7+ O(7) with the set of Tg-orbits in Y5, and 7/ < 7 if and only if
O(t) € O(r'), [CLS, Thm. 3.2.6]. Note that .#(0g,,) has a unique maximal element, namely og_,
and a unique minimal element, namely {0}.

Also, let Adm9 ({u}) € WI\W /W9 be the {u}-admissible set which parametrizes the Gy-orbits
Sw in Mg, ®o, k, cf. [PRS| §4.4]. This also has a partial order induced by the Bruhat order on
W with w' < w iff Sy C Sy, cf. [PRS, Prop. 4.18]. Note that Adm?({s}) contains a smallest
element 7 which corresponds to the unique closed Gy-orbit on Mg , ®0, k. The maximal elements
are exactly given by the elements of the image of Ay, in Adm? ({u}).

The map of stacks Ag gives a map of posets,

|Ag] : Adm ({u}) — F(06.,)- (4.1.2)

Recall that the set
{9g(1') € X(Tg)r | 1 € Ay}
generates the cone og ,. Let
P8 ==Rsg - dg (i)
be the ray generated by ¢¢g(ii'). Then the set of extremal rays of og , is exactly the image in
X.(Tg)r of the set of rays {pp = Rso -’ | i’ € Ag,3}, and they form one orbit under the relative
Weyl group Wy over Q.

Proposition 4.1.5. a) The map |Ag| : Adm9 ({u}) — F(0g,.) reverses the orders on source and
target.
b) Let fi' € A,y Then |Ag|(t7) = pf,.
¢) |Ag|(7) = 0g pu-

Note that (c) means that the unique closed Gi-orbit in Mg ,, ®0, k maps to the unique closed
orbit in Yg#.

Proof. a) Let S}, C Pg,, be the inverse image of the stratum S,, C Mg, , ®0,, k under the Tg-torsor
m:Pg, — Mg,,. Then 6(S,) is a single torus orbit which, by definition, is O(|Ag|(w)). Suppose
w’ < w. This implies S,y C Sy, 50 SL, = 771(Sy) C 771(S,) = SL. Now

O(1Ag|(w')) = 6(Sk,) € 3(ST) € 5(5%,) = O(Ag(w)).
Hence, |Ag|(w) < |Ag|(w').
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b) Set 7 = |Ag|(t"'), a face of g ,,. Consider u € Sg ;.\ {0}, which defines a regular function
on f’g#. By the definition of § and the divisor formula (2.2.1f), v vanishes on ¢ (Stlﬁ,) if and only

if (@’,u) > 0. Since 5(5,}@,) = O(7w), this implies that O(1pr) C V(u) if and only if (@', u) =
(¢pg(i'),u)g > 0. Here the RHS is the paring X,(7g .)r X X*(Tg,,)r — R. But the ideal

corresponding to the closure O(7) of any orbit O(7) corresponding to a face 7 of g, is given by
I(O(7)) = (Sgu \ 7") = (u € Sg,. | (w,u)g > 0,Yx €7°),
where 7° is the relative interior of 7, cf. [CLS| (3.2.7)]. Applying this to 7z and pg,, this implies

Ta = pg,
c) Follows from a) and b). O

4.1.6. The face map. We have the following conjectural description of the map |Ag|, which is
completely in combinatorial terms. We define as follows a map of posets called the face map,

gl : AdmE ({u}) — F(0g.5). (4.13)
To w € Adm({u}), we associate the set A(w) C Ay, given as
Aw) = {i' € Ay | w <7},

We can interpret A(w) as a subset of the set of extreme rays of o,, and its image Ag(w) in
Adm?({i1}) as a subset of the set of extreme rays of 0g,u- By Proposition m the relation
w < t* implies that the extremal ray pg, is a face of |Ag(w)|. Hence Ag(w) is a subset of the set
of extreme rays of |Ag(w)|. The face |Ag|'(w) € F#(0g,,,) is the smallest face of o¢ , containing
the rays for elements of A(w).

Conjecture 4.1.7. The map |Ag| coincides with the map |Ag|t.

There is the following variant of the face map. Let (G,{u},G) be a triple as usual, and let
(Gads {itaa}, Gaa) be the corresponding adjoint triple. We do not assume that {u} is minuscule
but we assume that fi,q is non-trivial in all simple factors of Gaq ®q, Qp. Recall from the
polytope Pga , Which is the convex hull of the image of Ay, in X.(Tg,,)r. Then Pga , contains the
origin in its interior. An obvious variant of the definition of the face map defines the polytope face
map

Vg : Adm®({u}) — F(PY). (4.1.4)
Now let (G,{u},G) as in in particular, og , is a strictly convex cone. Then there are
bijections between the following three sets: (a) the set of vertices of Pga . (b) the set of extreme
rays of the fan Zgad of € (c) the set of extreme rays of og ,. Under the resulting identification
ﬂ(PHgad) = F(og,) \ {0}, the face map |Ag|' coincides with the composition of Vg and the

inclusion .# (P9 ) — F(0g ).

Had

Remark 4.1.8. The map can be useful in analyzing the set Adm9({u}) which has a
notoriously difficult structure. In response to some of our conjectures, Q. Yu indicated to us that
he can prove the following properties of Vg (for details comp. [Yul).

(i) Vg is surjective but not injective (the source has potentially many more elements than the
target).

(ii) There is a criterion for when two elements w,w’ € Adm?({u}) have the same image under V.

(iii) The fibers of Vg give a disjoint decomposition of AdmY({u}) into some pieces which are
“primitive” and some pieces which can be identified with admissible subsets of smaller groups.
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4.2. Lang covers.

4.2.1. Lang torsor for unramified tori. Let T be a torus over Z,. We set T = T ®z, Fp for its
reduction modulo p and denote by Frob : T — T the Frobenius which is an isogeny of T. We also
consider the Lang isogeny

T—T, v Frob(x)z .
Recall that reduction modulo p gives an isomorphism
HOIIISpeC (Zp)(T7 T) l) HOHISPeC (]Fp)(T, T)

which takes isogenies to isogenies and preserves degrees (see, for example, [Co], App. B.3, in
particular, Thm. B.3.2.) Hence there is a unique isogeny Fr : T — T lifting the Frobenius Frob
and, similarly, there is

L:T—T, L(z)=Fr(z)z?, (4.2.1)

the unique isogeny lifting the Lang isogeny over F,,. We also call this isogeny the Lang isogeny of T'.
The degree of L is prime to p and, in fact, the kernel of L is T'(FF,), the constant group scheme given

by the finite abelian group T'(F,). Hence, we have a sequence of group scheme homomorphisms
over Zi,

1—TF,) —T 2T —1,

which is exact for the étale topology. The Lang isogeny is functorial, in the sense that if T — T”
is a homomorphism of tori over Z,, then the diagram

T—T

is commutative.

Remark 4.2.2. Under the anti-equivalence T' — X*(T) of the category of unramified tori over
Q, and the category of unramified Galois representations of Gal(Q,/Q,) on finitely generated free
Z-modules, the Lang isogeny L corresponds to L* : X*(T) — X*(T) given by x — po(x) — X,
where o lifts the Frobenius.

4.2.3. Lang covers of toric embeddings. We continue with the same set-up as above. In particular,
T is a torus over Z,. Let Fy be a finite unramified extension of Q, and let T g Y =Yr be
an affine torus embedding over Op, defined by a rational polyhedral cone 7 C X, (T)r which is
Gal((@p /Ep)-stable. Let S =7V N X*(T) the corresponding semigroup so that Ys = Y.

Let 175 be the integral closure of Ys in the Lang morphism cover L ®z, Og, : TOE0 — TOE0~
We have a Cartesian diagram

TOEO s }75

Ll JL (4.2.2)

TOEOC—) Ys.

The morphism L : 375 — Yy is a finite T'(F,)-cover: The group T'(F,) acts on lN/S preserving L and
the morphism L identifies Yg with the scheme-theoretic quotient T'(IF,)\Ys. The top horizontal
arrow is also an affine toric embedding, see Proposition [£.2.4] below.
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Proposition 4.2.4. The normalization Ys can be identified with Y« (sysar, where L*(S)%" C
X*(Tg) is the saturation of image of S under the group homomorphism L* : X*(T) — X*(T),
X — po(x) — x. Alternatively, if 7 C X.(Tg)r is the rational polyhedral cone which gives S =
VN X.(T) and Yg = Y, then Ys can be identified with the toric scheme YL*_1(T) given by the
inverse image cone L;(1) C Xu(T)r, where Ly : Xo(T)r — Xu(T)r is given by p — po(p) — p.
The Lang cover L : )75 — Ys can be identified with the morphism of toric schemes

YL:l(T) — Y,
induced by L. : X.(T) — X.(T).

Proof. The morphism YL;I(T) — Y, can be identified with the toric morphism between the two
affine toric schemes for the (same) cone 7 C X, (T)gr and the two lattices L.(X,.(T)) and X.(T),
which is obtained by the finite index inclusion L.(X.(T)) C X.(T) in X.(T)g, see [CLS, Prop.
1.3.18]. This morphism is finite and, since YL:1(T) is normal, it agrees with the normalization ?s
of Y, =Yg in thecover L: T — T. O

Remark 4.2.5. Note that if the torus is split, i.e., T'~ GJ,, over Z,, then L : G],, — Gy, is given by
L(zy,...,2y) = (271, ... 2P~1) and both L, : X, (T) — X*(T) and L* : X*(T) — X*(Tg), are
given as dilation by a factor of p—1. Then, for every choice of semigroup S, we have L*(S) = (p—1)S
and so L*(S)* = §. Alternatively, L;1(r) = 7. In this case, Ys = Y and the Lang cover

*

L :Ys — Yg is given by the ring homomorphism on semigroup algebras which sends z to zP~!,
forall x € S.

4.2.6. Ramification along the boundary. Recall that the boundary
[YT ®OE0 ZP \ TZP] = Up D(p)

of the toric embedding is a union of divisors D(p), which are parametrized by the extremal rays
p =Ry - A (1-dimensional faces) of the cone 7 C X, (T)g, cf. [CLS, Thm. 3.2.6]. Let us denote
by A\, € pN X,(T) the minimal generator of the ray p which belongs to X, (T), in particular
p=Rso- /\p~

A similar description of the boundary holds for the toric embedding YL*—I(T). The Lang map
given by L, : X.(T)g — X.(T)r maps each extremal ray p of L;!(7) to some extremal ray
p=Ly(p) of 7. If A\ € pN X, (T) is the minimal generator of the ray p, we can write

L*()‘f)) =€5/p- )‘pa (423)
where e5/, is a positive integer.

Lemma 4.2.7. The integer e;/,in (.2.3) is equal to the ramification degree of the extension of
durs O};S)D@/Oysyp(p) which is obtained by localizing the Lang cover L : (YS)ZP — (Ys), at the
generic points of the boundary divisors D(p) and D(p).

Proof. Tt follows from the construction of the Lang cover and the proof of [CLS| Prop. 4.1.1]. O
4.2.8. An ezample. Suppose T'= Resz,_/z, Gy, with ¢ = p?. Then

X.(T) = Z[Z/dZ) = &=} 2o
is a permutation Gal(Z,a/Z,) = {1,0,...,0% *}-module. We have

T®ZPZq:Gmx~~xGm:G‘fn
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and L : T ®z, Zq — T ®z, Zq is given by

L(ag,ay,...,aq-1) = L((a:)iezsaz) = ((a?_1a; ")icz/az)-

p?—1

P = a;4q, for all 4, which gives af) = 1. Hence,

Then, L(ag,a1,...,a4—1) = 1 amounts to a}
ker(L) ~Fr, = T(Fp).

We now consider the standard toric embedding T' = Resz, /z, G,y C Y = Resg, sz, Al. The
corresponding cone in X, (T)g = R%is 7 = {(a;) € R? | a; > 0,Vi} with extremal rays generated
by the standard basis. Since L, : R? — R? is given by (a;) — (pa;_1 — a;), the inverse image is

L;I(T) = {(az) S Rd | pa;—1 > al,Vz}

The minimal generators of the extremal rays of L (7) are the vectors with coordinates 1, p, ...,p%!,

cyclically permuted. For example, for d = 3, we have (1,p,p?), (p?,1,p), (p,p?, 1). Applying L, to
any such vector gives p? —1 times a standard basis vector. Hence, by Lemma the ramification
degree of the cover L : Y — Y along every boundary component is p% — 1, i.e. the cover is totally
ramified along the boundary.

In this case, we can also show directly that the base change of the cover L : Y > Y to Zq is
given by the spectrum of the R = Z[zo, x1, .. ., £4—1]-algebra

R= R[(ui)f;(ﬂ/((uf - xi+lui+1)i€Z/dZa (uouy - 'udq)p_l — L Td—1)-

d

2 , we have

Indeed, over the open subscheme of Adq = Spec (R) given by the torus T'®z, Zq = G
T; = ufﬁlui_l, for all 4, and so this agrees with the Lang map. The morphism Spec (E) — A%q is
finite. We can also see that the fiber of the morphism over each point = of A%q is the spectrum
of a k(z)-algebra which has rank p? — 1 as a k(z)-vector space. Hence, Spec (R) — A%q is finite
flat and it follows that R is Cohen-Macaulay. Over the open subscheme U (i) = U, D(z;) C A%q,
only x; is not a unit. We can see, by an explicit calculation, that
Spec (E) Xad, U(i) ~ Spec (O i) [W—ﬂ/(uifl — i )),

with v a unit in Oy ;). (This also verifies the statement about total ramification along the boundary
deduced above and is an analogue of Abhyankar’s lemma in our context. Note that the complement
of Ufz_olU (i) in A%q has codimension 2). Using this, we see that R is regular in codimension 1 and
by Serre’s criterion norglal. Hence, R is indeed the integral closure as the definition requires and
the base change of L : Y — Y to Z, is given by

R= Zq[(xi)?:_ol} — R= R[(Uz)f:_(}]/((uf - $i+1ui+1)ieZ/dZ, (uouy - - - Ud—l)p71 — XLy - Ti—1)
as we wanted to show. Note that, in this example, L : Y — Y is flat.

Remark 4.2.9. a) Suppose T is split as in Remark Then for all choices of S, e5/, =p —1,
since Ly : X,(T) — X,.(T) is dilation by p — 1. Hence, if T is a split torus and p > 2, then all
Lang covers Ys — Yg of T-embeddings are ramified over each component of the boundary.

b) Suppose T' = Reso,./z, (Gm)op, [F : Q] = d = 2, and the torus embedding Y = Y, is given
by the cone in X, (T)gr = R? with extremal rays (—1,p) and (p,—1). The Lang torsor L : T — T
induces L, : X.(T) = X, (T) with L.(1,0) = (—1,p), L.(0,1) = (p,—1). Propositionimplies
that the normalization ¥ = Yy -1(,) is given by the first quadrant cone with extremal rays (1,0)
and (0,1). Hence, Y = ResoF/ZpAbF. The cover L : Y — Y is étale over the complement of the
origin and the ramification degrees along the two divisors at the boundary are both 1.
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4.2.10. Lang covers of toric embeddings for (G,{p}). Recall we assume (G, {u}) is a local model
pair which is strictly convex. Let S C X*(Tg) be a semigroup as in §3.1.5] This produces the affine
toric embedding 7g,0,, <+ Ys and we can apply the above constructions for T = Tg to obtain the

Lang cover L : }73 — Ys by normalization:
Tg70E0 O Ys

Ll L (4.2.4)
Tg70E0 s Ys.

Remark 4.2.11. For this remark, we suppose 1g,, — Tg ®z, OF, is a proper embedding, so
assumption (ii) does not hold. We suppose however that Tg, — Ty is defined over Zp;
this is the case when Fy = Q,. The same normalization construction can be applied to the Lang
morphism of the torus Tg , and the toric embedding Tg,,, ®z, Or, — Zs, see This produces
a Tg,, (Fp)-cover L : ZS — Zs. Using the functoriality of the Lang morphism for Tg , — Tg we
can induce and obtain

Tg X1y, Zs — Ys =Tg x1,, Zs; (t,2) = (L(t), L(2)).
This agrees with the Tg(F,)-cover L : Ys — Yg as given directly above.

The Lang covering Yg — Yg is an isomorphism if Tg (F,) is trivial (the case of pointless groups).
This is the case if and only if p = 2 and Tg is split [M()Jﬂ

Conjecture 4.2.12. Assume that Tg(F,) is non-trivial. Then the Lang cover Ys — Yg is flat if
and only if Ys is smooth.

Here one direction is clear: Indeed, the scheme Yy is Cohen-Macaulay, as is any toric variety.
Hence Yg — Yg is flat by the “miracle flatness” theorem.
The following proposition shows that Conjecture holds when Tg is split.

Proposition 4.2.13. Assume that the torus Tg is split, as in Remark[{.2.3. If p = 2, the Lang
cover is an isomorphism. Now let p > 2. Then the Lang cover L : Yg — Yg is flat if and only if
Ys is smooth.

Proof. The assertion regarding the case p = 2 is obvious. Now let p > 2 and assume L : Ys — Y
is flat. Using the construction in Remark we see that the Lang cover L : Zg — Zg, for the
torus 1g,,, is flat. Recall Zg = Zg and Zs = Zg; these toric schemes have no toric factor. Let
T1,...,Ts be the minimal set of generators of S (the “Hilbert basis”). Recall that since S generates
the group X*(Tg,,.), we have s > r with equality if and only if S is free. The ideal (z1,...,z5)
cuts out the unique closed Ty ,-orbit in Zg and xi,...,xs form a system of parameters there,
cf. [CLS| Lemma 1.3.10]. By the above description of the cover, the fiber of L : (Zg)r — (Zs)k
over the closed orbit is the spectrum of the k-algebra k[S]/(z™",...,22~1). Assuming flatness of
L:(Zs)k = (Zs)k, the elements z¥ ™", ... #2~! are “independent” in k[S] by [Stal Lem. 51.17.4],
in the sense defined there. It then follows by [Stal Lem. 51.17.5] that k[S]/(z2~" ..., 22~1) has
rank (p—1)*® over k. By flatness, this is equal to (p—1)", which is the degree of the cover generically.

2Here is a sketch of the argument. Assume that Tg(Fp) = {1}. Then by looking at X.(Tg) we conclude that
det(po — 1) = 1. Let o have order n. Then the LHS is a product of factors of the form p{ — 1, where ¢ is an n-th
root of unity. But |p — 1| > p — 1, with equality iff p = 2 and ¢ = 1, which implies the claim.
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Since p > 2, we deduce r = s. Since S is free, Zg and then Yg = Tg X1Tg,u Zs are both smooth.
The converse is easy, as explained above. O

Remark 4.2.14. We mention here some work of K. Altmann in progress [Al] which gives further
evidence for Conjecture [.2.12] It is based on a combinatorial flatness criterion for the map
Y — Y between affine toric varieties of the same torus T’ which prolongs the map T' — T given by
x — 7(x)"2x~1. Here 7 is a finite order automorphism of T and n is a positive integer. Using this
criterion, he has confirmed Conjecture [£.:2.12)in the following cases in which it is always assumed
that G splits over Qp and G is Iwahori:

(1) When G is a non-split form of GSp obtained from a quaternionic hermitian form. Then the
Lang cover is never flat and the conjecture holds in this case.

(2) In the Hilbert-Siegel case, see Then flatness occurs only when g =d = 1.

(3) When G is of the form GL,(D*), where D is a division algebra over Q,,.

(4) When G is of the form GU(V), for some K/Q,-hermitian vector space V.

(5) When G is of the form GSpin(V) for an orthogonal Q,-vector space of odd dimension 2m+1 >

5 with Witt index m — 1 and p the standard Hodge type coweight. Then the Lang cover is
never flat.

Let us mention here that Altmann found examples of covers Y 5Y coming from 7 and n as above,
where flatness occurs even when Y is not smooth, but his examples do not conform to our group
theoretic situation.

5. THE ROOT STACK LOCAL MODEL

5.1. Definitions. We assume the pair (G, {u}) is strictly convex (§3.1.14] assumption (i)).

Furthermore, we choose S C Sg,, to satisfy the conditions listed in §3.1.5] Under these as-
sumptions, the toric schemes Y ,, and Yy have (relative) dimension over Op, equal to the rank of
Tg.

Definition 5.1.1. We define the stack M\g/i as the fiber product of the Lang cover and 4,

MYS —— [Tg\Ys]

LJ J{L (5.1.1)

Mg, — [Tg\Ys].
If S = Sg, ., we will denote Mé/ﬁ by Mg‘fu
The motivation for calling Mé/i the root stack local model is given in Remark in the
Introduction.
Proposition 5.1.2. The stack M\g/i is a (separated, finite type) Deligne-Mumford stack over Of.

Proof. Let f : U — Mg, be an open neighborhood such that the pull back f*Pg , of the Tg-torsor
Pg, — Mg, is trivial. A section of f*Pg , gives a morphism U — Yg which we compose with

the natural projection Ys — [Tg\Ys]. By (5.1.1))
U XMQ,# Mé/’i ~ U X[Tg\Ys] [Tg\ffs] ~U XYS (Ys X[Tg\Ys] [Tg\?s}).
On the other hand, we have
YS X[TQ\YS] [Tg\}’;s] ~ [@\i}s]
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Hence the diagram

U xng, MYS —— [Tg(F,)\Ys]

™

Uv— Yy

is cartesian. Since Tg(F,) = Tg(F,) is a finite constant group acting on Ys, [Tg (Fp)\?s] is Deligne-

Mumford and then the assertion follows, cf. [Ca, Thm. 2.3.3]. |

Since by Proposition the morphism ¢ : Mg, — [Tg\Ys] is G-equivariant for the trivial
action on the target, the smooth group scheme G acts on M\g/i — Mg . It makes sense to consider

the quotient stack which we call the root stack local model associated to (G, S),

zmg(ft = [Q\Mg‘ﬁ].

5.2. Properties. Here we discuss some (local) properties of the stacks M&fi and the stack covers
VS
MQ# — Mg“u.

5.2.1. The (R1) property for Mé/i Throughout this paragraph, we assume both §3.1.14| (i) and
(ii), i.e. (G,{p}) is strictly convex and Tg,, = Tg.
Note that it makes sense to ask if the Deligne-Mumford stack Mb/i is (R1), i.e. regular in
codimension 1. Recall from §2.1.5|the definition of the homomorphism
bg: X.(T)1 — X.(T)! — X.(To)o.
By the definition of the cone og ,, C X.(Tg)r, the rays

P i=Reg - dg(it')
for i" € Ay, give the extremal rays of 0g .. Let e = ep/q, be the absolute ramification degree of
the reflex field E. Observe that, for all i’ € Ay}, the multiple e- ¢g(f') lies in the lattice X, (7).

Proposition 5.2.2. Suppose that, for all i’ € Ay,y, the element e - ¢g(fi') is not divisible in the
lattice X (Tg). Then the stack Mgf“ is (R1).

We postpone the proof to discuss the Iwahori case. Suppose that G = 7 is Iwahori. Then

X,.(T)! = X, (Tr) and
e-pr(i) =Normy o (W)= > -4 €X(T).
’YEG&I(E/QP)

In this case, the condition in Proposition is that, for all @’ € Ay, NormE/@p (1) is not
divisible in the lattice X, (T)!, or equivalently in the lattice X, (7).

If i/ is defined over Q,, i.e. e =1, and pu/ 4 # 1, then this holds since Normy ¢ (1) = and
' € X,.(T) is minuscule. Indeed, unless p}; = 1, a minuscule coweight p’ is not divisible. We
obtain:

Corollary 5.2.3. Suppose that E is unramified over Q, and let G = Z be Iwahori. Then the stack
MY, is (R1).

Proof. The argument above gives this when piaq # 1. If paq = 1, then our blanket assumptions
§3.1.14] (i) and (ii) imply that G is a torus, and then by Remark G = G,,, in which case the
result is easy. ]
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The condition in Proposition [5.2.2] can easily fail if G is not Iwahori, even if G is split. It can
also fail in the Iwahori case when the reflex field is ramified, i.e. when e > 1. This is displayed by
the following two examples.

Example 5.2.4. Consider G = GL,, n > 2, u = (107,0*=")) with » > 1. Take G to be the
parahoric (not Iwahori) group scheme defined by the stabilizer of a lattice chain
pAo CcAC Ao

in Q with Ag/Ay ~ Z/pZ. In this case T'= G}, — Tg = G,, x G, is given by

(a1y...,ap) — (a1,a2 - ay).
The map Ay, — X, (Tg) = Z* obtained by ¢g : X.(T) — X, (Tg) has image the two element set
given by (1,7 — 1) and (0, r); the second element is divisible in X, (7Tg).
Example 5.2.5. Consider G = Resp/q,GLy, where F /Q, is a cyclic totally ramified extension
with Galois group I' = Gal(F/Q,) = {1,7,7%,7*} of order 4. Fix ¢ : F — Q, and let ¢; = ¢ -+
be corresponding embeddings ¢; : F — Q,. Take p = (g, )i=1,2.3.4 to be given by (1,0~ 1),

(1,0*=1), (0,0*=1), (0,0*~D), and G = T Twahori. Then the reflex field of x is E = F and so
e = 4. As above, we have

- br() = Normp s () =2+
where v = (vy,)i=123.4 is the T-invariant coweight given by (1,0"=1) (1,0"=1) (1,0"~1),
(1,0»=1). Hence, in this case, e - ¢g(jz) is divisible.

We also have a partial converse to Proposition

Proposition 5.2.6. Suppose that p > 2, that the torus Tg is split and that there is fi' € Ay, such
that egq, - ¢g (') is divisible in the lattice X.(Tg). Then the stack beu is not (R1).

Also, when the semi-group S is strictly smaller than the maximal choice Sg ,,, the (R1) property
fails quite easily.

Proposition 5.2.7. Suppose that p > 2, that the torus Tg is split and that S # Sg,,. Then the
stack Mgfi is not (R1).

We will now give the proofs of Propositions [5.2.2] [5.2.6] and [5.2.7 We start with the set-up
which is the same for all these proofs.
Let R be the local ring of Mg , ®0, O} at the generic point 5 of the irreducible component of

its special fiber which corresponds to the coset of i € Ay,y C W; this is a dvr with uniformizer
wg. Choose a trivialization of the pull-back of the Tg-torsor Pg,, — Mg , over R, which gives
d : Spec (R) — Ys. The stask Mgi is (R1) along the inverse image of 7 along Mé/i — Mg, if and
only if the semi-local ring R defined by the fiber product

Spec (R) — Yg

LJ{ JL (5.2.1)

Spec (R) AN Ys

is (R1).
Suppose first that the image §(n) lands on a codimension 1 orbit O(p) of the toric scheme Yg
which corresponds to a ray p in the cocharacter cone:
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Note that Y is smooth along O(p) and so the divisor O(p) is principal when restricted to some
open neighborhood of §(n) in Ys. Using Tg-equivariance and Lemma we see that there is
an étale neighborhood Spec (O) — Yg of §(n) such that the restriction of the cover Ys — Yg is
isomorphic to

|_| Spec (O[T]/(T¢?/?) — ) — Spec (O),
p—rp
where t € O cuts out the inverse image of O(p) in Spec (O). (Note that (e(p/p),p) = 1.) By base
changing the diagram along Spec (O) — Yg, we now see that R is étale locally isomorphic
to
|_| Spec (R'[U]/(U?/P) — §*(t)) — Spec (R'),
p=rp
where Spec (R') — Spec (R) is an étale neighbourhood of 7. We can assume that R’ is the strict
henselization of the dvr R.

Recall that the multiplicity of the zero of the function on Yg given by x € S C X*(Tg) along
O(p) is given as the value of the pairing (\,, x)g, where A\, € X, (Tg) is a minimal generator of
the ray p.

Proof of Proposition : In this we suppose that S = Sg , and Y =Yg, and let the n € Mg,
be the generic point of the irreducible component of the geometric special fiber which corresponds
to the double coset of i’ in the {u}-admissible set. Then, by Proposition the image §(n)
indeed lands on the codimension 1 orbit O(p?,) of the toric scheme Y which corresponds to the
ray pg, =Rso - ¢g('). The divisor formula with the above now implies that the valuation
of 6*(¢) in the dvr R’ is the ratio

Hence, 6*(n) = wg(ﬂ/) ~u, u € (R")*. Since we take R’ to be the strict henselization of R we
conclude that the ring R is isomorphic to a finite direct sum of copies of

R[U))(UF) — )y, (5.2.2)

In this, e(ii') := e(p/pp) is prime to p and is independent of the choice of p above pg. (Note
that the unit « above has an e(f')-th root in R’; this is used to absorb its appearance by a simple
substitution.)

Observe now that, since R’ is a dvr with uniformizer wg, the ring (5.2.2) is (R1), equivalently a
dvr, in exactly two cases: When n(ii’) = 1 which amounts to e - ¢g(’) being a minimal generator
of the ray pz/, or when e(fi’) = 1 which amounts to the Lang cover L : Y — Y being unramified
over O(pg/). Since e - ¢g(ji') is a minimal generator of the ray pg, C X.(Tg)r if and only if it is
indivisible in the lattice X.(Tg), the proof is complete. O

Proof of Proposition : Note that, when Ty is split and p > 2, the Lang cover ?gﬂ — Yg.u
ramifies everywhere along the boundary of the torus embedding, cf. Remark (a). Hence,
for all @/, e(@’) > 1. As in the proof above, if e - ¢g(@’) is divisible in the lattice X,.(Tg), then
n(@’) > 1. Hence, by the above, if there is i’ € Ay,y, with e - ¢g (i) divisible, then R and hence
MQ\CL is not (R1). This concludes the proof. O

Remark 5.2.8. We see that the condition that Tg is split in Proposition [5.2.6] can be relaxed to
the following condition: The Lang cover Yg, — Yg , ramifies everywhere along the boundary of
the torus embedding. Note that if Ty is split, this condition is satisfied, cf. Remark (a).
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Proof of Proposition : Since S # Sg, .., the cone 7 which corresponds to S is strictly larger
than the cone og ,. This implies that there exists /i’ such that the extremal ray pg, of Sg . fails
to be extremal in 7 and, instead, now lies in a higher dimensional face.

Let 1 be the generic point of the irreducible component of the geometric special fiber of Mg,
corresponding to the coset of i’ and let R be the local ring of Mg, ®0, Oy at 0, as before. The

ring R of is isomorphic to
RIS]/(s"" = 6"(8))ses = (Z,[S(1), S@)/(s(V)P ! = 5(2)s1) 52168 @, 1250 B (5:2:3)

with S(1) = S(2) = S two copies of the semigroup S and s(1), s(2) labelled to distinguish the
“same” element s in the two copies. (Here we are using that Tg is split, so Ys = Ys and the Lang
cover L : Yg — Yy is obtained by taking p — 1-th roots, cf. Remark )

Since § : Spec (R) — Ys is the composition Spec (R) — Y5, — Yg, there are distinct extremal
rays r1,...,7q, a > 2, of 7 which form a face 7/ and such that 6(n) € O(7') € N, 0(r;). Now
there are 2 elements s, s’ € S, which vanish on O(7) and hence on 6(n), and whose images in the
cotangent space of Yg at §(n) are linearly independent. Hence, §*(s), 6*(s’) both belong to the
maximal ideal of R. We can now see, using that s(1) ® 1 and s'(1) ® 1 give two linearly
independent elements in the cotangent space of R at each point above §(n), provided that p > 2.
Therefore this space has dimension at least 2. This implies that R is not (R1) and the proof is
complete. O

Example 5.2.9. We take G = GL,, n > 2, u = (1(",0=")) with » > 1 and the parahoric G as
in Example and continue with the same notations. We have
ogu ={(2,y) € X*(Tg)r =R* | yr > 0,2 +y(r — 1) > 0},
Sg.u is free, generated by (1,0) and (—(r —1),1), and the toric scheme Yy , is A%p with the toric
embedding G2, C A? given by Zy[u,v] = Zy[t1,ta/t, '] C Z,[tE', t5']. By [HPR] Prop. 12.1], an
affine chart for the local model Mg , which covers all strata can be chosen to be
Spec (Zp[xv Y, tl? s 7td71}/(‘ry - p))7

where d is the relative dimension of Mg ,. Furthermore, we can arrange so that the components
2 =0 and y = 0 of the special fiber correspond to the cosets of (1,7 — 1) and (0,7) respectively,
and the divisor morphism is defined and is equal to

Spec (Zy[x,y, 21, ..., 2a-1]/(xy — p)) — AF = Spec (Zy[t1, t2/t7 1)),
given by
ty o, o/t eyl

Over the generic point of the divisor of Mg ,, given by y = 0, the stacky cover be# is étale locally
isomorphic to

[IF;\ Spec (Zp|w,w', 21, .. ., zd_l]/(pr —p")]
with F; acting on w by Teichmuller multiplication. For p > 2 and r > 1, this is not (R1).

5.2.10. Flatness of the cover Mﬁ — Mg, Since the Lang cover L : Ys — Yg is finite, the

pullback map MQ‘F‘Z — Mg, in 1] is also finite. For the next lemma, we only assume that
(G, {p}) is strictly convex.

Lemma 5.2.11. The stacky cover Mg‘;/lgt — Mg, is flat if and only if the Lang cover L : Ys— Yg
is flat.
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Proof. The one direction is easy. To show the other implication, assume that MQ‘F‘Z — Mg, is flat.

Since L : Yg — Yy is finite, Tg-equivariant and Yg integral, to show that L is flat is enough to
check that the rank of the fiber of the Oy,-coherent sheaf L*Of’s over a point in the unique closed
Tg-orbit O(T) is equal to the generic rank, i.e. equal to #1g(F,). Here 7 is the cone corresponding
to S and we have og , C 7 C X, (Tg)r. By Propositionwe see that the unique closed Gi-orbit
of Mg, maps to O(7). Let s be a k-valued point of Mg , in this closed orbit. We have a fiber
product

Spec (A) — Yy

Ll JL (5.2.4)
4(s)

Spec (k) —— Y.

Since Mgf‘z — Mg, is flat, ranky(A) = #1g(Fp). Hence, the fiber of L,Og_ at §(s) has rank
#T5(F,) and hence, by the above, L : Ys — Ys is flat. a

Flatness of the Lang cover Yg — Yg holds if S is free. By Proposition assuming that Tg
is split, the converse also holds.

Remark 5.2.12. If Ey = Q,, there always exists S such that S is free. Indeed, 027/7 ., contains a
basis of X*(Tg) and we may take for S the semi-group generated by it. However, if S # Sg ., the

root stack M‘g/i is not (R1), at least if Ty is split and p > 2.

We now assume that G is Iwahori and that, in addition, Ty, = Tg, i.e (ii) is satisfied.
Preliminary to the question whether Sg , is free, we first address the question when og , is sim-
plicial, i.e., the number of its extremal rays is equal to the dimension of the space X.(Tg)r. We
identify X, (Tg) with X.(T);. The number of extremal rays of og,, is equal to the cardinality
of the image of Ay, in X.(Tha)s, i.e., the number of elements of W/Wj_,, where W = W, is
the relative Weyl group over Qp, and where W, is the stabilizer of the image of some element
ue A{#} in X*(Tad)l.

We make the assumption that G.q ®q, @p is simple. We also assume that (G,{u}) is ab-
nondegenerate. Then dim(X,.(T);)r = rank@p(Gad ®q, Qp) + 1, cf. Proposition We are
thus led to the following estimate. It is the analogue for Weyl groups of the relation between the
dimension of a partial flag variety G/P and the rank of a simple adjoint group G, cf. [OR] Prop.
1.4].

Proposition 5.2.13. Let (V, R) be an irreducible root system, with Weyl group W. Let W; C W
be a proper parabolic subgroup. Then there is the inequality

#(W/W,) > dimV + 1,
with equality if and only if (V, R) is of type A, and J = {s1,82,...,8n—1} or J = {s2,83,...,8n}.

Proof. Tt obviously suffices to prove the statement for a maximal parabolic subgroup W;. These
are the Weyl groups obtained by removing one vertex from the Coxeter graph, in the table of
[Boul, ch. VI, §4, 1] (we do not need the information of the Dynkin diagram, the Coxeter graph is
enough).

e Type A, ,n > 1: If the node v; is removed, the quotient by the corresponding parabolic subgroup
is Sp+1/5i X Sp+1—; and has order ("jl), which has order > n+ 1, with equality iff i = 1 or i = n.
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e Type By,n > 2: If the node v,, is removed, the quotient by the corresponding parabolic subgroup
is (Z/2Z)"™ % S, /Sy and has order 2" > n + 1. If the node v,_; is removed, the quotient by the
corresponding parabolic subgroup is (Z/2Z)" x S, /Sn_1 X So and has order 2" ~'n > n+1. If the
node v, _; is removed with 2 <7 < n — 1, the quotient by the corresponding parabolic subgroup is
(Z)2Z)" % Sp/Sn—i X (Z/2Z)" x S; and has order 2"~*(") > n + 1.

e Type C,,n > 3: This is dual to type B,,.

o Type D, ,n > 4: If the node v, or v,_; is removed, the quotient by the corresponding parabolic
subgroup is (Z/2Z)"~! x S, /S,, and has order 2"~! > n + 1. If the node v,_» is removed, the
quotient by the corresponding parabolic subgroup is (Z/2Z)"~* x S,,/Sp_2 X Sa x Sy and has
order 2" 3n(n — 1) > n + 1. If the node v,_; is removed with 2 < i < n — 1, the quotient by
the corresponding parabolic subgroup is (Z/2Z)""! x S,,/Sn_; x (Z/2Z)""! x S; and has order
27 (M) >+ 1.

e Type Eg: The orders of the quotients are 33, 23 - 33, 24 .32 . 5, all larger than 7.

e Type E7: The orders of the quotients are

8.7, 22.3%.7, 26.3%2.7 25.32.5.7, 26.3% 925.32.7 2.32.7
all larger than 8.
e Type Eg: The orders of the quotients are
24.3.5, 20.3.5.7, 26.3%.5.7, 28.3%3.5.7, 2°.3%.5.7, 27.3%.5 29.3%.5, 2%.3%.5,
all larger than 9.
e Type Fy: The orders of the quotients are 23 - 3, 2° - 3, both larger than 5.

e Type Go: The orders of the quotients are all 2 - 3, larger than 3.
|

Remark 5.2.14. There is a direct relation between the previous result and [ORL Prop. 1.4].
Indeed, let G be the simple adjoint group G with root system R and fix a Borel subgroup B
corresponding to a Weyl chamber C in V. Choose p € C such that the stabilizer of y in W is W,
and let V), be the irreducible representation with highest weight p. Let P = P; be the standard
parabolic corresponding to J: this is also the stabilizer of the line of V,, given by the highest weight
space. We obtain a closed embedding G/P C P(V,,). We therefore obtain the estimate

dimG/P < dimV, — 1.

By [OR] Prop. 1.4] we have the inequality r(G) < dim G/P, where 7(G) = dimV denotes the
rank of G, with equality iff G is of type A, and J = {s1,82,...,8,-1} or J = {s2,83,...,8n}-

Assume now that g is minuscule (in our application, this is satisfied if G splits over Qp).
Then the set of weights of V,, forms one orbit under W and can be identified with W/W, and
dimV, = #(W/W;). Putting these inequalities together, we obtain

#W/W;) > dimV + 1,

with equality iff G is of type A, and J = {s1,82,...,8p—1} or J = {$2,83,...,8n}-
Conversely, the assertion of [OR] Prop. 1.4] follows from Proposition |5.2.13| for such parabolics
P (these are called minuscule parabolics, cf. [BPL §3]).

We deduce the following statement.

Corollary 5.2.15. Let (G,G, ), where G is Twahori, such that G.q is absolutely simple. We also
assume that (G,{n}) is ab-nondegenerate and that Ty, = Tg.
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(i) If the cone og ., is simplicial, then the pair (Gaq ®q, Qp, ) is isomorphic to either (PGL,, @)
or (PUs, u21), where PUs is the adjoint unitary group for a ramified quadratic extension K of
Qp—and conversely.

(ii) If Sg,. is free, then the pair (Gaq ®q, Qp, ) is isomorphic to (PGL,,w)) (the Drinfeld case).

Proof. The first statement follows from determining all cases when the echellonage root system is
of type A and satisfies the criterion in Proposition [5.2.13
For the second statement, the case (PUs, u2 1) needs to be excluded. Assume (G, pt) satisfies
our assumptions and (Gaq ® Qp,pad) ~ (PUs, u2.1). Note that X, (Twq)! ~ Z~, where we denote
by Z* the Wy-module with underlying group Z where the generator of the Weyl group Wy ~ 7Z/27
acts as multiplication by +1.
We write G as the almost direct product of G4.,; and the central torus Z° = Z(G)° so that there
is an exact sequence
1—H—2%Gaer — G — 1
where H < Z9% Gger — Gaer identifies H with a subgroup scheme of the center of Gger. Restricting
to maximal tori gives
1—H — 7% Ther — T —> 1.
Our conditions (ab non-degeneracy and Ty, = Tg) together with Proposition imply that
X, (Tg) = X.(T)! is free of rank 2 so it is isomorphic to Z? (as a group).
There are two cases:
a) Gger = PUs, then G = Z° x PUj3 is a direct product. Consider the maximal torus T =
70 x Thq. Then X,(Z%)! ~ Z* since Wy acts trivially on the center. Hence,

XY ~7t x 7.

b) Gger = SUs. The center of SUs is a twisted form fiz of the group scheme pz: We have
fis @ K =~ pz @y K and the action of (1) = Gal(K/Qp) on X*(iis) = Z/3Z is given by
7(a) = —a. In this case, H is subgroup scheme of fiz3 and hence either H = (1) or H = ji3. We
have

0 — X.(Z2° x X, (Ther) — Xo(T) — X*(H)* — 0.
Note that X*(H)* has order 1 or 3 and so it is cohomologically trivial for the action of Gal(K/ Qp)
and hence of I. By the above, X*(H)% = (X*(H)*)! = (0). Taking invariants gives
0 — X.(Z29 x X, (Ther)! — X.(T) — (X*(H)*)! = 0.
Hence, X, (T)! ~ X,(Z%)! x X,(Tyer)! as Weyl modules. A similar argument as above starting
with
1—)/13—>Tder—>Tad—)1

gives X, (Tyer)! =~ X.(Taa)! =~ Z~. Hence, we obtain again

X, (T ~zt xz~.

We now consider the image p® of p in X, (T)({} under the averaging map
X.(T) — X, (T)y = (Z"0Z7)®2Q, A A

A primitive element of X, (T)! ~ Z* x Z~ which is in the ray spanned by u° is of the form (a,b)
with ab # 0. Here, a # 0 because (G, p) is ab non-degenerate, and b # 0 because [ing is not trivial.
The generator of Wy takes (a,b) to (a,—b). It follows that the cone og, C X.(T)% ~ R x R has
extremal rays with primitive elements (a,b) and (a,—b) in X.(Tg) = X.(T)! ~ Z* x Z~. The
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corresponding semigroup Sg ,, is not free since, for example, the determinant of the corresponding
matrix is always divisible by 2. O

Remark 5.2.16. The converse to Corollary (ii) does not hold, as is shown by Example
3) in Indeed, the pairs (GL,,{p1}) and (GL,, {n—1}) become isomorphic after passing to
adjoint groups, comp. also Example m For the first pair, the semi-group Sg , is free but for
the second it is not. It is conceivable that given G, there is at most one conjugacy class {u} with
(Gad, {ptaa}) ~ (PGLy,, p1) such that Sg , is free.

From Lemma [5.2.11] and Corollary [5.2.15] we deduce the following statement.

Corollary 5.2.17. Let (G,G, ), where G is Twahori, such that G.q is absolutely simple. We also
assume that (G,{p}) is ab-nondegenerate and that T, = Tg. If Tg(F,) is trivial (i.e., p = 2
and Tg is split), then the map Mg\f# — Mg, is an isomorphism. If Tg(Fy) is non-trivial, then
the map M‘g/; — Mg, is flat only if (Gaq ®q, @p,,u) is isomorphic to (PGL,,wy) (the Drinfeld
case), provided that Conjecture on the flatness of Lang coverings of tori is satisfied for Tg.
In particular, this holds if Tg is split.

Indeed, the case when Tg is split follows from Proposition (]

6. SHIMURA VARIETIES

6.1. The conjecture. In this section, we formulate the main conjecture of the paper and describe
some consequences.

6.1.1. Toric abelian covers of Shimura varieties. We start by fixing the notation. Let (G,X) =
(G, {h}) be a Shimura datum in the sense of Deligne, with associated conjugacy class of cocharac-
ters u(z) = he(z,1) and with reflex field E C C.

Let p be a rational prime. We fix an embedding v of E in an algebraic closure Q,. We set
G = Gq,, and denote by {u} the conjugacy class of cocharacters over Qp, and by F = E, its
local reflex field. We choose a parahoric subgroup Ky of G(Q,) with corresponding group scheme
G over Z,. We also choose a (sufficiently small) compact open subgroup K? C G(A’}) and set
Ko =Ko - K C G(Ay). Next we consider the kernel K of the natural homomorphism

G(Zp) — g(Fp) — ?red7ab (Fp)

and, as in set Tg for the torus over Z, which lifts the torus @red’ab over [F,. In particular,
Tg(F,) = gred,ab(lﬁ‘p). We also set K1 = K - KP C G(Ay).

We now consider the Shimura varieties Shg, (G, X) and Shgk, (G, X) which are defined over the
reflex field E. We can also consider Shg, (G, X) and Shg, (G, X) obtained by taking inverse limits
over the prime to p level subgroups K?. The natural morphisms give unramified Ty (F,)-covers

TKp : ShK1 (G,X) — ShKO (G,X), T ShK1 (G,X) — ShKU (G,X)
defined over E. We denote by Shg, (G,X)g and Shg, (G, X)g the base changes under E — E.

6.1.2. Integral models. We have the corresponding local model pair (G,{u}) with local model
Mg, .. We assume that there is an integral model Sk, := Sk, (G, X) of Shk, (G, X)g over Og with
G(A%)-action and a smooth morphism

@ : SKO — mg“u = [g\Mg#J. (6.1.1)

Such an integral model is known to exist when p > 2 and (G, X) is of abelian type, under some mild
additional technical restrictions, cf. [KP], [KPZ]. (When these additional hypotheses are violated,
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a slightly weaker result is known. Since this is not pertinent to the discussion in this paper, we
just refer the reader to [KPZ, §7] for details.) The morphism ¢ is a stacky formulation of the local
model diagram, and it induces an isomorphism for each € Sk, (k) of strictly henselian local rings

sh ~ sh
Mg o(e) = OSiyar (6.1.2)

Let us assume, in addition, that (G, {u}) is strictly convex, see We also assume the
validity of the divisor conjecture (Conjecture . (For example, both these assumptions are
satisfied when (G, {u1}) is of Hodge type, and G splits over a tamely ramified extension of Q,, and
p does not divide the order of |m1(Gaer(Q,))], by the combination of Proposition Corollary

and Theorem [2.3.1])
Choose a semigroup S C Sg,,, as in §3.1.5] This determines the toric scheme Ys and the Lang

cover L : )75 — Ys. Definition m gives the divisor morphism Ag : Mg, — [Tg\Ys]. We also
have the stack zmg\ﬁ, which fits in a fiber product diagram

MYS —— [T5\Vs]

l J/L (6.1.3)

A
Mg, — [T5\Ys)-
6.1.3. The statement of the conjecture.

Conjecture 6.1.4. There exists an Og-integral model of the Shimura variety Shi, (G,X)g, i.e.
an Og-scheme Sk, g together with an isomorphism S, s ®o, E ~ Shk, (G, X)g, which has the
following properties:

i) There is a morphism
8}{175 — SKO
which extends 7 : Shi, (G, X)g — Shk, (G, X)g on the generic fibers.

ii) The action of Tg(F,) on Shk, (G,X)g extends to Sk, s and the morphism Sk, s — Sk, of
(i) identifies Sk, with the scheme quotient Tg(F,)\Sk, s

iti) The scheme Sk, s and the Tg(Fy)-cover Sk, s — Sk, are G(A})-equivariant for a G(AY)-
action that extends the natural action on the generic fiber.

iv) There is a morphism @1 g : Sk, s — smf which fits in a 2-commutative diagram

Sk,.s AN sz
J J (6.1.4)
Sicy ——— Mg,
and which induces an isomorphism of stacks
[T (Fp)\Sky.8] = Sky Xamg,,,

mys.

Remark 6.1.5. Note that, since the Ty (F,)-action on the generic fiber Sk, s 5 = Shk, (G, X)g
is free with quotient Sk, r = Sh (G,X) g, there is an isomorphism [Tg(F,)\Sk,.s,5] ~ Sk,.E-

This is consistent with Conjecture [6.1.4] since, by construction, the stacky cover E)ﬁ_c‘lru — Mg, is
an isomorphism over the generic fibers.
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Remark 6.1.6. A similar conjecture can be formulated for the covers
Shi (G, X) — Shg, (G, X)

for intermediate p-level subgroups K1 C K C Ky, where K is the inverse image of Q(F,) under
the map Ko = G(Z;) — Gred,ab(F,), for some subtorus @ C Gyed,ab- In this case, we can use toric
schemes and Lang covers for the quotient torus T' = Tg/Q, where @ C Tg is the subtorus over
Z,, which lifts @ C Gred.an- These depend on the choice of a semigroup S C X*(Tg/Q) satisfying
conditions like in There are corresponding root stack local models leading to a formulation
of Conjecture [6.1.4] for such K. In general, this does not seem to follow from Conjecture [6.1.4]
for K7. In any case, we have decided to restrict to the case of K; to simplify the discussion and
notation.

Remark 6.1.7. 1) Note that there is some freedom in selecting the semi-group S and, hence, the
toric scheme Yg. When we use the maximal choice S = Sg, = X*(Tg) N U\g/w which gives the

toric scheme Yg ,, we omit V'S or S and just write Sk, , and ¢y, and iméfu The choice S = Sg .
can be thought of as the canonical one.

2) The crucial condition in the conjecture is (iv): This allows us to identify the ramification
structure of the cover Sk, s —+ Sk, with that of the “root stack” cover Mg‘ﬁz — Mg . This

identification follows from (iv) in view of 7 and the definition of imﬁ — Mg, as the G-
quotient of M\F — Mg . In fact, condition (1v ) and 2|) imply that, étale locally on the base,

[Tg(F,)\Sk,,s] = Sk, is isomorphic to M\F — Mg . In the next paragraph, we expand on this
to give an explicit description of the étale local structure of Sk, 5.

3) We warn the reader that, in many cases, M\/§ and hence by the above Sk, g, are not well-

behaved schemes. For example, sometimes M\f is not even flat over O, see Remark Then
Sk, ,s as in the Conjecture will also not be ﬁat over Og. In general, our treatment of the étale
local properties of Mg’ L, in 5| becomes relevant and predicts corresponding properties of Sk, g.

4) The existence of the smooth morphism implies that the integral model Sk, is flat
over Og. Since the morphism Sk, s — Sk, is finite surjective by ii), the integral model Sk, g will
be topologically flat over Og. Therefore, even though, as remarked in 3), the model Sk, s can
have bad commutative algebra properties, it is well-suited for topological questions, such as the
determination of sheaves of vanishing cycles.

6.1.8. A local model for Sk, s. Here, continuing with Remark (2), we give an explicit de-
scription of the strict henselizations of Sk, ¢ which follows from Conjecture

Let x € Sk, (k) and set y = ¢(x) € Mg ,(k) for a corresponding point on the local model (only
the Gi-orbit of y is well-defined). Pick an affine chart U = Spec(A) C Mg, containing y such
that the restriction (Pg )z of the Tg-torsor Pg , — Mg , to U is trivial. We now argue as in
the proof of Proposition Choosing a section of (Pg ) gives § : U = Spec (A) — Ys and
we obtain elements 6*(s) € A, for each s in the semigroup S. Assuming the conjecture, by
and the argument in the proof of Proposition [5.1.2] we see that there is an isomorphism

SK,,5 XS, Spec (O‘Ss‘};{[)w) Ys Xy .5 Spec ((’)Mg ) (6.1.5)

which respects the Tg(F,)-actions on both sides.

The right hand side of can be written more explicitly as follows: Suppose that the semi-
group S C Sg,, is associated to the cone 7 D og , of X,(Tg)r. We consider the (saturated)
semigroup S of X*(Tg) which is associated to the cone L7(r) C X,(Tg)g; then the injective
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homomorphism L* : X*(Tg) — X*(TIg) given by the Lang isogeny restricts to a semigroup ho-
momorphism L* : § — S. (We have S = L*(5)*®" in the notations of Proposition and so
Ys=Yz.)

For simplicity of notation, set R = Oi}[‘g_wy. Then the RHS of 1} is isomorphic to the

spectrum of

R[S)/(L*(s) = 67(s))ses:-

Here, the quotient is by the ideal of R[S] generated by L*(s) —d*(s), where s runs over all elements
of the semigroup S. If {s1,...,s,} is a minimal generating set of the semigroup .S, then the ring
above is also

R[S|/(L*(s1) — 0% (81)y .-, L*(sn) — 8%(sn)). (6.1.6)
Hence, gives a Tg(IF,)-equivariant isomorphism
SK.1,5 XSk, Spec (O%};{OI) ~ Spec (R[S]/(L*(s1) — 6*(s1), .., L*(5n) — 6*(sn))). (6.1.7)

On the RHS, the action of Ty (F),) is given by ¢-§ = §(t)§, where 5(¢) € ZI*) is the image of t € T (F),)
under
Tg(F,) = ker(L)(Z,) C Tg(Zy) = Ly
(For t € ker(L), s € S, we have L*(s(t)s) = L*(s(t))L*(s) = L*(s), where we also view L* as
pull-back of regular functions by L : Tg — Tg. Hence, this action is well-defined.)
Note that if the torus is split this looks a bit simpler. Indeed, suppose Ty ~ G7,. Then S=9 ,
Ys =Yg and L* : X*(Tg) — X*(Tg) is dilation by p — 1. Therefore the ring above is

R[S]/ (271 = 6%(s1),..., 8271 — 6%(s0)).
On this, t € Tg(F)) acts by t - s = s(t)s, where s(¢) is the image of ¢ under
TQ(FP) - TG(ZP) = Z;kr
(The inclusion is the Teichmuller lift.)

6.2. A general construction. Here we give a blueprint for constructing the schemes Sk, s as in
the conjecture.
Consider the exact sequence

1 — Tg(F,) — Tg = Tg — 1 (6.2.1)
of group schemes over Z,. This induces the exact sequence of Galois modules
0 — X*(Tg) L5 X*(Tg) — X*(Tg(F,)) — 0, (6.2.2)
and the Cartesian diagram of classifying stacks

BTg (Fp) —_— BTg

J Ll (6.2.3)
{1} — BTy.
We now have:

Proposition 6.2.1. The Picard category of Tg(F,)-torsors over a Z,-scheme U is equivalent to
the Picard category of pairs

(Qa a: Tg = L*(Q))
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consisting of a Tg-torsor Q over U, together with a section a of its push-out by L : Tg — Tg,

L (Q)=Tg xr,15 Q

The equivalence is given by pushing out o Tg(Fy)-torsor by Tg(F,) — Tg.

Proof. Follows from the Cartesian diagram (6.2.3)). O

We now apply this to the Tg(IF,)-torsor given by the unramified cover
I ShK1 (G, X)E — ShKO (G, X)E

of Shimura varieties. We will denote by (Q, a,) the pair over Shk, (G, X)g which is obtained from
the Tg(F,)-torsor m by the above equivalence. We assume Conjecture holds, in particular we
have (Pg ,, sg,.). (This is very often the case by Theorem [2.3.1})

Conjecture 6.2.2. There exists a Tg-torsor P over Sk, together with an isomorphism of Tg-
torsors over Sk, [1/p] = Shk, (G, X) g,

a: P[1/p] = Qn,
and an isomorphism of pairs
B+ (L(P). Lula™) 0 ax : To[1/p] 5 L(P)[1/p]) = 0" (PS.Y.56.).

where the pair (Pg ., 5g,,.) is as in C’onjecturem and the pull-back is by the local model diagram
morphism ¢ : Sk, = Mg . = [G\Mg ).

We stress that the pairs involved in 8 are pairs consisting of a Tg-torsor over Sk, and a section
of its restriction to the generic fiber Sk, [1/p] = Shk,(G,X)g.

Remark 6.2.3. Note that the triple (P, «, ) as in the Conjecture is unique up to (unique)
isomorphism, if it exists: Indeed, suppose that (P’,a/,3’) is another such triple. Then, we can
consider the Tg-torsor R := P’ - P~1. Our data gives a trivialization of the push-out L,(R) and
of the generic fiber R[1/p] which are compatible. Hence, R is obtained from a Tg(FF,)-torsor over
Sk, and our data produce a trivialization of this Tg(FF,)-torsor over the generic fiber Sk, [1/p]. By
normality, the trivialization extends to a trivialization over Sg,. In particular, R := P'- P71 is a
trivial Tg-torsor and the rest follows.

Remark 6.2.4. Suppose that Ty is split over Z,. A choice of an isomorphism Ty ~ GJ, gives
a basis ;, i = 1,...,7, of X*(T). Then giving the Tg-torsor P over a Z,-scheme U amounts to
giving the collection of r line bundles M; = M,,, which correspond to the G,,-torsors (n;).P. If
X=>,¢cn €X*(T), we set

M, = ® M,

There are natural isomorphisms My, ~ M, ® M,, and x — M, is the tensor functor which
corresponds to the Tg-torsor P by the Tannakian equivalence.

In general, we can first base change to O = W(F,), ¢ = p?, which splits Tg and then choose
Tg ®z, O ~ an,o to obtain line bundles M; and M, over Up = U ®z, O. Let us denote by F
the fraction field of O = W(F,). Denote by M;, i =1,...,r, the line bundles over Shk,(G,X)gr
with isomorphisms

a; - OShKO,F — ML"(m)
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which are obtained from the Tg-torsor Q, ® g EF. Then, assuming Conjecture we have line
bundles M;, i =1,...,r, over Sk, 0 together with isomorphisms

M;[1/p] = M;,
(ML*(m)a OShKO,F l) ML*(ni)[l/p]) l> (p* (,C;il, 87;_1 : OMg,u,o [l/p] l) ﬁ;l[l/pD
Here, the pair (£,),, s,,) over the base change Mg ,, 0 := Mg, ®0, OO is as in §2.3.8] In fact, the
data M; with isomorphisms ((6.2.4)) uniquely determine the base change of (P, a, 8) in Conjecture
to O; to determine (P, «, 3), one needs to also consider suitable finite étale descent data for

the extension O/Z,.
If O =17Z,,ie. Tg splits over Zj, then L.(n;) = 77?71. In this case, the data in Conjecture

(6.2.4)

actually amounts to line bundles M;, i =1,...,r, over Sk, together with isomorphisms
M;[1/p] = M;,
®(p—1) ~ o ®(0-1) ~ el -1 ~ 1 (6.2.5)
(M; » Osh, — M, [1/p]) — @" (L, 85 Ovg.0 — Ly [1/D)).

We will use these, more explicit, interpretations of Conjecture for the PEL examples.

6.2.5. Conjecture implies Conjecture [6.1.J} Assuming Conjecture holds, we will now
construct Sk, ¢ which satisfies Conjecture In particular, this shows that the one conjecture
implies the other.

Proposition gives an isomorphism of stacks over Spec (Z,),

[Tg \1 Tg] = [Tg(Fp)\*| = BIg(F,).

Here the first quotient is for the (left) action of Tg on itself via the Lang isogeny, i.e. ¢-t' = L(¢)t'.
It agrees with the quotient stack [Tg \p, 75| of conjugation by the Frobenius lift ¢ - ¢ = Fr(¢)t't 1.
The étale Tg(F,)-cover
T ShKl(G,X)E — ShKO(G7X)E
gives
[7T] : ShKO (G, X)E — [Tg \L Tg] S BTQ(FP). (6.2.6)

Recall now that we choose a semigroup S C Sg ,, as in §3.1.5|which determines the Tg-toric scheme
Ygs. The toric embedding Tg < Ygs defines a morphism

BTg(Fp) = [Tg \£ Tg] — [Tg \L Ys]-.

(This can be viewed as a “partial compactification” of the classifying stack of Tg(F,)-torsors.) On
the other hand, the effectivity implied by Conjecture [2.2.3| gives that for all x € S the trivialization

St OMg,.011/P] = Ly[1/p]
extends to
Sy 1 OMg o — Ly,
which is a G-equivariant global section of £, over Mg , 0. In view of the isomorphisms in

above, this implies that the trivialization given by m

OShKO,F l> M;»«l(x) l> ME»}(X) [1/p]

extends to

. —1
ay : Osyey 0 — ML,
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i.e., to a global (regular) section a, of MEE(X) over Sk,,0. Since Yg o = Spec (O[S]), this together
with descent along OOg/Op, implies that the Tg-torsor P — Sk, , assumed to exist by Conjecture
supports a morphism f occurring in the diagram

J I AN VS
!
Srk

which is Tg-equivariant via the Lang map, i.e. f(t-p) = L(t)f(p). The above diagram corresponds
to a 1-morphism

[7] : Sk, — [T6 \L Ys]- (6.2.7)
We are going to use the morphism [Tg\1 Ys] — [Tg\Ys] induced by the identity on Y and
L: Tg — Tg. Composing [,7\1'-] with [Tg \L Ys] — [Tg\Ys} gives the HlOI‘phiSIn SKO — [Tg \Ys]
defined by the pair (L.(P), f) of the Tg-torsor L.(P) = Tg X1, P and the Tg-equivariant
morphism [’ : L,(P) — Yg given by f/(¢t,p) = t - f(p). The existence of the isomorphism S in
Conjecture [6.2.2) implies that this morphism is 2-isomorphic to the composition

Sio 24 Mg, = [G\Mg,.] 25 [T\ Ys).

This, together with the existence of the isomorphism « in Conjecture [6.2.2] implies that we have
a 2-commutative diagram

ShKo (G7 X)E tnel SKO z [g\Mg#l]

[W]J ﬁl ASJ( (6.2.8)

(Tg\rTg] — [Tg \r Ys] — [Tg \ Ys].

Here the two top horizontal morphisms are the inclusion of the generic fiber and the morphism
obtained from the local model diagram. The two bottom horizontal morphisms are induced by the
toric embedding Tg < Ys as above and by the Lang map L : Tz — Tg with the identity Y5 — Y.
It is instructive to note here that the morphism [Tg \ 1, Ys] — [Tg \ Ys] is an étale gerbe banded by
Tg(F,) = ker(L).

We now use the normalization L : }75 — Yg of the Lang isogeny L : Tg — Tg. This gives
a morphism [Tg \ Ys] — [Tg \1z Ys]. The action of T(F,) on Yg gives an action on [Tg \ Ys] and
this morphism is Tg(F,)-equivariant with the trivial action on the target. The morphism L :

[Tg\ Ys] — [Tg \ Ys] of (5.1.1)) factors as
[T\ Ys] — [Tg\L Ys] — [T\ Ys]. (6.2.9)
Lemma 6.2.6. The morphism [Tg \ Ys] — [Tg \1 Ys] is relatively representable and finite.

Proof. To ease notation, set T = Tg. Suppose Z — [T\, Ys] is given by a T-torsor W — Z with
a L-T-equivariant morphism f : W — Yg and consider the fiber product

Z X[T\L Ys] [T\YS]'
A Z'-valued point of Z X7\, vy [T\ffs} corresponds to a T-equivariant morphism

f/:WXZZ/—>}7S
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such that the following diagram is commutative,

/

WXZZ,L)?S

J J (6.2.10)
f

w—' s

To prove relative representability we can reduce to the case that Z is a local O-scheme. Then
the T-torsor W — Z is trivial, i.e., W =T x Z, and f is determined by g = fj1xz : Z — Y5
which, in turn, is determined by the monoid homomorphism ¢g* : S — Oz(Z). The T-equivariant
morphisms f’ with the above property, are determined by ¢’ : Z/ — Ys such that

’

A L} }75
J l (6.2.11)
g
Z ——Ys.
commutes. Hence, the fiber product is represented by Z x4 v, }75 which is finite over Z. O

Definition 6.2.7. We define Sk, s by the fiber product diagram

Ski.s — [T6\Ys]

l l (6.2.12)

SKO E— [Tg \L Ys].
The morphism Sk, s — Sk, supports an Tg(F,)-action, trivial on the target.
Proposition 6.2.8. The Sk,-scheme Sk, s satisfies the conditions of Conjecture|6.1.4}
Proof. By Lemma Sk,.s is a scheme. Recall that L : [Tg \ Ys] — [Tg \ Ys] factors

[Tg\Ys] — [Tg \r Ys] — [Tg \ Ys),

as in (6.2.9). By composing the right vertical morphism in (6.2.12) with [Tg\r Ys] — [Tg\ Ys]
above, we obtain a commutative (not fiber product) diagram

Sy, — [Tg\Ys]
J l (6.2.13)
Siy — [Tg\Ys].
Using (6.2.8) we see that, up to 2-morphisms, this factors
©1, ~
Skys — mgfi — [Tg \ Ys]
J J JL (6.2.14)
® As
Sro — Mg, — [Tg\ Ys,

where the right square is (6.1.3). The gives the diagram in (iv) of Conjecture and the rest of
the statements in Conjecture [6.1.4] follow. O
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Remark 6.2.9. a) The crucial point in the construction is the existence of the morphism

(7] : Sky — [Tg \L Ys]
fitting in the diagram .

b) Assume that L : Y’ — Yg is a finite T (F,)-cover which extends the Lang map L : Tg — Tg.
Assume further given m 0 Sk, — [Tg\rY'] which extends [r]. We can then define a finite
Tg(Fp)-cover Sk, s,y — Sk, as the fiber product Sk, X7\, vs] [T \ Y'], and obtain in this way
an integral model of Shk, (G, X)g.

Such Y’ can be obtained from a Galois stable non-saturated semigroup L*(S) C S’ € X*(Tg)
which generates X*(Tg); then Y is not normal. We will encounter this variation of our construction

in §8 see Remark (1).

We can give a direct functor description of the base change Sk, o to O, in line with the inter-

pretation of Conjecture via (6.2.4) and (6.2.5) as in the previous paragraph. This will be

very useful later and especially when we discuss examples in

Recall that S C X*(Tg) gives Ys 0 = Spec (O[S]) and we also have the semigroup S C X*(Tg)
defining the normalization 57570 = Spec (O[g}) of the Lang cover. We have L* : S < S giving the
cover }7370 — Ys,0. We assume Conjecture and use the notations of Remark

Proposition 6.2.10. The Sk, -scheme Sk, s,0 of Deﬁnition represents the following functor
on (Sch/Sk,.0). Let f : U — Sk,.0 be an U-valued point of Sk,.0. Then Sk, s,0(U) is the set
(23(U))4eg of sections
z%(U) e T(U, M)

such that

i) zr+(x) = [*(ay), forall x € S,

i) zyy = 23 @ 230, for all X, X' € Sc X*(Tg), via the identification given by the tensor functor

P My, e XH(Tg).

The group Tg(Fp) acts on (25(U))gc5 by

g9-2x(U) =X(9) - 2(U)
where X(g) € O* is defined by evaluating X : Tg(Z,) — O* at g € Tg(F,) C Tg(Zy).

Proof. Follows as in the proof of Lemma by remarking that O-scheme morphisms V' — 175,
resp. V — Yg, are determined by semigroup homomorphisms S — Oy (V), resp. S — Oy (V). O

Remark 6.2.11. We can view the above as giving an alternative construction of Sk, s (always
assuming Conjecture : It is clear that the functor U +— (23(U));cg of the statement is
represented by a finite scheme over Sk, o which supports a Tg(F,)-action. The line bundles M.,
for ¢ € X*(T), and sections a, of MZ,}(X), for x € S, are equipped with finite étale descent data
for the extension O/Z, and so the same is true for the functor U ~ (23(U));c5. Hence, the
scheme above is the base change Sk, 5,0 of a uniquely determined finite scheme Sk, s — Sk,
with Tg(F)p)-action.

7. PEL TYPE SHIMURA VARIETIES

Here we discuss PEL type Shimura varieties, and give our main result for these, under some
additional conditions that we introduce. The proof uses Oort—Tate/Raynaud theory of finite group
schemes.
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7.1. PEL data and moduli.

7.1.1. PEL data. In this section we will follow the set-up of [RZ, Ch. 6]. Let B be a semi-simple
algebra over Q and let * be a positive involution on B. Let V be a finite-dimensional Q-vector
space with a nondegenerate alternating bilinear form (, ) with values in Q. We assume that V is
equipped with a B-module structure such that

(bv,w) = (v,b*w), v,w eV, beB.
Let G C GLg(V) be the closed algebraic subgroup over Q such that

G(Q) = {g € GLe(V) | (90, gw) = c(g)(v,w), c(g) € Q*}. (7.1.1)

Note that the group G is not always connected. We will denote by G° its neutral component.
Let S = Resc/rGy, and let h : S — Gg C Gg be a homomorphism that defines on Vg a Hodge
structure of type {(1,0),(0,1)} such that (v,h(v/—1)w) is a symmetric positive-definite bilinear
form on Vg, cf. loc. cit.. We have a corresponding Hodge decomposition

V®C:VO@V17

where S acts on Vy via the character Z and on V; via the character z. Let p be the corresponding
cocharacter p of G defined over C, i.e., u(z) = h(z,1) under the identification S¢c = G,, x G, via
2+ (2,2). Welet E C Q be the corresponding reflex field. This is a subfield of the reflex field E° of
the Shimura daturrﬂ (G°, X), i.e. E C E°. We now fix a prime number p and choose an embedding
Q — Q,. The corresponding v-adic completion of E will be denoted E. Let K? C G(A%) be an
open compact subgroup.

We consider an order Op of B such that O ® Z,, is a maximal order of B ® Q,. We assume
that O ® Z,, is invariant under the involution. Let us write

B@Qp:Bl X -+ X B,
a product of simple Q,-algebras such that

Op®Z,=0p, x---x0Op

m?

a product of maximal orders. Also write
VoQ,=Vie- -V,

for the corresponding decomposition of V ® Q, into (left) B;-modules.

We also fix a selfdual periodic multichain .Z of Op ® Z,-lattices in V ® Q,, with respect to the
alternating form ( , ) and %, see [RZ, Def. 3.13]. By the definition of “multichain” in [RZ Def.
3.4], there are periodic Op,-lattice chains .Z; in V; such that the lattices A in . are exactly all
the direct sums

A=MAM& - B A,

with A; ranging over all the lattices in the chain .Z;. Here, we also assume in addition that .2 is
self-dual for %, i.e. that if A € .Z, then A* € Z, see loc. cit.

3The group G is connected outside of type D and E # E° is possible only for non-split groups of type D.
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7.1.2. PEL moduli problems. We recall from loc. cit. the definition of a moduli problem Ag» over
(Sch/ Spec (Og)). Tt associates to a Og-scheme S the following set of data up to isomorphism:

1. An Z-set of abelian varieties A = {Ax}.
2. A Q-homogeneous principal polarization X of the Z-set A.
3. A KP-level structure

7: Hi(A,A%) = V®q A} mod K?,
which respects the bilinear forms on both sides up to a constant in (A?)X.

We require an identity of characteristic polynomialﬂ
det(T -1 -0 Lie(Ap)) =det(T-I—-b|Vy), beOp, A e Z.

For the definitions of the terms employed here we refer to [RZ), §6.3-6.8]. We only mention that A
is a functor from the category .Z to the category of abelian schemes over S up to isogeny of order
prime to p, with Og-action, and that a polarization A is a Og-linear homomorphism from A to the
dual Z-set A (for which Ay = (Ap-)").

The functor Ag» is representable by a quasi-projective scheme over Og, provided that K? is
sufficiently small. Tt follows from [RZ, §3.26], that there is a “local model diagram morphism”

@naive . AKP — [g\M[éiiLve]
which is smooth. Here, Mgi‘)’e is the “naive” local model of loc. cit., which is not always flat over
Og.
We would like to compare our set-up so far to the set-up and notation of §6.1.2f There we

discuss Shimura varieties for data (G, X), with parahoric level Ky = G(Z,). We also have the
“canonical” integral model Sk, local model Mg ,,, and local model diagram morphism

¢ : Sk, — [G\Mg,,.].
This comparison is, in general, somewhat complicated. More specifically, the complications come

from the following sources, see the discussion in [PZ, §8.2]:

1) The group G of ([7.1.1)) is not always connected and so (G, X) as in (7.1.1]) does not fit directly
within the usual formalism of Shimura pairs.

2) Due to the possible failure of the Hasse principle, the generic fiber Ag»[1/p] is, in general,
just a union of Shimura varieties for groups related to G.

3) Even if G = G®Q, is connected, the stabilizer group scheme G = Autp, ( (), see below,
is sometimes not connected. Then, the level G(Z,) is not a parahoric subgroup but just
“quasi-parahoric.”

When both the generic and special fibers of the group scheme G over Z, are connected this
comparison is more straightforward.

7.1.3. The main theorem. We now set V = V® Q,, B = B® Q, and Op = Og ® Z,. We
also consider G = Auto, ( (), the group scheme of automorphisms of the polarized self-dual
multichain % up to common similitude which lies in Z;. By IRZ, Thm. 3.16, App. to Ch. 3] this
is a smooth group scheme over Z, with generic fiber G = G ® Q,, at least when p # 2. Most of
our results are under the following assumption:

(IW) The special fiber G @ F,, is connected and G° is an Iwahori group scheme for G°.

4Here we deviate from the normalization in [RZ] and adopt the normalization of [SW], footnotes p. 200, p. 230].
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Remark 7.1.4. When the generic fiber G = G ® Q, is connected, then the condition that the
special fiber G ® F, is also connected implies that G° = G. So, if G is connected, condition
(IW) just amounts to requiring that G is Iwahori. However, it is possible that the special fiber
of G = Autp, (,)(Z) is connected while the generic fiber G is not. For example, this happens
when .Z is obtained from a complete periodic self-dual lattice chain in an even dimensional split
orthogonal space, i.e. with a Witt basis, over Q,, p # 2, see [Sm| Lem. 4.3.2].

We can also consider . simply as a periodic multichain of Op-lattices in V' by forgetting the
additional structures. Let Auto, (-£) be the group scheme of Op-linear automorphisms of .Z over
Z,, as defined in [RZ, Ch. 3]. By [RZ, Thm. 3.11] this is a smooth group scheme over Z, and,
hence, it is a Bruhat-Tits parahoric group scheme for GLg (V). By definition, there is a closed
immersion of group schemes

G < GLo, (2). (7.1.2)

For each j = 1,...,m, we write B; = M,,(D;) and O, = M,,(Op,), where D; is a central
division algebra over the local field F; and where Op, is a maximal order. We also fix a prime
element II; of Op, and denote by kp, = Op,/Il;0p, the residue field. By reindexing the lattice
chains .%; = {A,;}icz, we can assume that IT;A;; = Aj iy, for some r; > 1. In fact, we can
arrange so that for each j € {1,...,m} there is j* € {1,...,m} and a; which is 0 or 1 so that

Ay =Ajeita,,  Vi€L (7.1.3)

Note that j — j* is the involution which is induced by the action of * on the center of the algebra
B=B®Q,. Set
Qi = Nji/Njia

which is a (left) M,,, (kp,)-module. Using Morita equivalence, we can write
Qji = Mn; (kp;) @pp, Wi

where W; ; is a kp,-vector space of rank 1 ;.
As in [RZ, App. to Ch. 3], (7.1.2) is given by a closed immersion

m Tj

G = GLo, () = [[ 11 Autw, (0p,)(Aj—i+1)- (7.1.4)

j=1i=1
In we will show:

Proposition 7.1.5. Suppose (IW), i.e. G @ F, is connected and G° is an Iwahori group scheme
for G°. Then Auto, (£) is an Twahori group scheme for GLg(V).

Note that the conclusion that Auto, (-Z) is an Iwahori group scheme for GLp(V) is equivalent
to requiring that, for each 1 < j < m, the Op,-lattice chain .Z; in Vj; is complete, i.e., that for
each j=1,...,m,i€Z, Aj;/A;; 1 is a simple M, (kp,)-module.

Remark 7.1.6. Conversely, if Autp, (:¢) is Iwahori, the neutral component G° of G is an Iwahori
group scheme of G°. Indeed, it is enough to show that the maximal reductive quotient (G°®z,Fp)red
of its reduction G° ®z, F), is a torus. But, by the proof of Proposition (G° @z, Fp)rea is a
subgroup scheme of the maximal reductive quotient of the reduction Auto, () ®z, F, and this
is a torus. On the other hand, the property that Autp, (%) is Iwahori does not imply that
G ® F,, is connected. An example is given by the group G of unitary similitudes of a F/Fo-
hermitian vector space V of odd dimension (with similitude factor in Q*), where Fy ® Q, = QZ
with d > 2 and F, = Fy ® K, where K/Q, is a ramified quadratic extension. There exists



TORIC SCHEMES AND INTEGRAL MODELS FOR SHIMURA VARIETIES 69

a complete selfdual periodic lattice multichain £ such that the successive quotients are all one-
dimensional. Let U = Resp, g, (U(V)). Then 71 (U)r = (Z/2Z)%, and the Kottwitz invariant
induces a surjective map G(Z,) N U(Q,) — 71 (U)r, comp. [PRiwl p. 132]. But then the image in
71(G)r of G under the Kottwitz invariant is also non-trivial, i.e., G ® F,, is disconnected.

Also, asking that the neutral component G° of G is Iwahori for G° is not enough to guarantee that
Autp, (Z) is Iwahori. For example, in some unitary and orthogonal groups there are Iwahori group
schemes which are given using complete periodic lattice chains, where the successive quotients have
dimension larger than 1. In the unitary case, Autp, (-Z) Iwahori excludes only the case when the
quadratic extension is ramified, and the hermitian space has even dimension n = 2m and is non-
split (in this case, there is no m-modular lattice, i.e., no vertex lattice of type m), cf. [Jac]. In
the orthogonal case, things are less neat. When the quadratic space V is split (i.e., there exists
a Witt basis), then Autp, (¢) is Iwahori; but when there is a non-trivial anisotropic part, the
condition Autp, (%) Iwahori can fail. For instance, if V' is anisotropic of dimension 2, then V is
of the form (E,q), where E/F' is a quadratic field extension and ¢ = d Nmp,p, for some d € F*,
cf. [HZ, §2.2.2]. If E/F is unramified, then V contains only one vertex lattice which is either of
type 0 or of type 2, hence Autp,(Z) is not Iwahori. If E/F is ramified, then again V' contains
only one vertex lattice which is now of type 1, hence Autp, (-¢) is Iwahori. See also the proof of

Proposition [7.1.5]

We now assume that Autp,(Z) is an Iwahori group scheme for GLp(V). We write I =
U {1,...,r;} for the indexing set of the direct product (7.1.4), with Z;":l r; elements. For
s € I we denote by j(s) € {1,...,m} its projection and write D, = Dj(,). Set ds = [kp, : Fp].
The composition of maps in ([7.1.4]) induces a map on maximal torus quotients and hence gives a
surjection of Gal(F,/F,)-modules

P X*Resk,,, /5, Gm) = P Z[Gal(kp, /Fp)] — X*(Tge), (7.1.5)

sel sel

where we recall that Z[Gal(kp, /Fp)] = Z[Gal(Fpa. /Fp)].
Assuming Autp, (:¢) is Iwahori, consider the following additional splitness hypothesis:

(S) There is a subset J C I such that the composition

@ z(Gal(kp, /F,)] ¢ P ZiGal(kp, /F,)] T2 x*(T50)

seJ s€l
either gives an isomorphism
X*(Tge) = P Z[Gal(kp, /Fp)], (7.1.6)
sedJ
or a Galois equivariant direct summand of Z - ¢ in X*(Tgo) such that
X*(Tge) = Z- c® @ Z[Gal(kp, /Fp)]. (7.1.7)
s€J

In the above, we denote by ¢ € X*(Tgo) the character obtained from the restriction G° — G,,, of
the similitude ¢ : G ® Q, — G,,,. Note that (S) implies that Tgo is an induced torus.
When (S) is satisfied, it is useful to also consider the torus direct summand

Tgo := [[ Reswp,)/z, Gm C Tge (7.1.8)
seJ

of Tgo over Z, which corresponds to @, ; Z[Gal(kp, /F,)]. Of course, in the first case (7.1.6), we
have T§o = Tgo.
Our main result in this section is the following:
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Theorem 7.1.7. Assume that (B,V,(, ),*,h) are PEL data as in §7.1.1, Choose an odd prime
p, an order Op C B, and a periodic self-dual Op @ Zy-lattice multichain £ in VR Qy, as in 47.1.1]
above. Assume the following hold.

1) the special fiber G @ ), of the group scheme G = Autp, (\(£) is connected and the neutral
component G° is an Iwahori group scheme for G°,

2) the generic fiber G = G ®z, Q, splits over a tamely ramified extension of Q,,

3) condition (S) is satisfied.

Then Conjectures and for the Tgo (Fp)-covers of the corresponding PEL type Shimura
varieties for the Shimura data (G°, X) with G°(Z,) = G(Zyp)-level at p are true.

We will give the proof in A main tool in the proof is Oort—Tate/Raynaud theory for group
schemes which we review in

7.1.8. The proof of Proposition[7.1.5, We continue with the above notations and start with some
preliminaries: Taking (, )-duals gives an involution

GLOB("S’ﬂ) HGLOB(D%)v gHgva

and by definition
G={9€GLo,(Z) | 9" -g=clg), clg) € Z;}.
This gives an exact sequence
0—G — GG, —1

of group schemes over Z,. Here,
G1 = (GLo, (£))=! (7.1.9)

where 7(g) = (¢¥)~!. This realizes G; as the fixed point group scheme for the {1, 7}-group action
on GLo, (.2).

Remark 7.1.9. Since p is assumed odd, the 7-action above is tame. This observation provides
an alternative approach to [RZ, App. 3]. More precisely, by |[RZ, Prop. A.4], the group scheme
GLo, (&) is smooth. Therefore, the presentation (7.1.9), combined with Edixhoven’s lemma
[Ed], yields the smoothness of G;. Similarly, by [RZ, Prop. A.4], the scheme of trivializations
Isomy , ({Ma}, {A}) is a torsor under GLo, (%). It follows that the fixed point scheme Triv :=
Isomg , ({Ma}, {A})™=" of trivializations of a polarized multichain of Og-modules { My} is smooth
and with free Gy-action, i.e., Triv is a “pseudo-torsor” for G;. The main theorem |[RZ, Thm. 3.16],
which gives a normal form for {My}, is equivalent to the claim that Triv is actually a Gi-torsor.
This is now easier to prove. Indeed, we only have to check that all fibers of Triv are non-empty,

and since when p is invertible this is easy, we even may assume that the base is an Fp—scheme.
This problem has still to be handled as in [RZ, A.6], but the cases that have to be checked are
now simpler: for example, the quaternion algebras that appear in loc. cit. are now split and so are
various symmetric/hermitian forms.

We now consider the special fibers. Taking 7-fixed points in the exact sequence
1—U—GLo,(Z)QF, — (GL04(Z) ® Fp)rea — 1
remains exact, since the kernel U is unipotent and p # 2. This gives

(G1 ®Fp)rea = ((GLo, (£) @ Fp)rea) ™™
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We have

m

m 0 0
(GLo, (& e = | | H Autn, (kp) (@) = H [T Aute,, (W50,  (7.1.10)
Jolim ot

j=li=—r;+1
and the fixed point scheme ((GLo, (£ )®]Fp)red)721 decomposes as a product over the set of orbits
of the involution j — j* on [1,m] := {1,...,m}.
A) First consider an orbit {j,j*}, j* # j, consisting of two elements. This contributes to the
fixed point scheme the factor

0
[T Auta, ) (@50) = Autiy, (W), (7.1.11)

i=—r;+1

B) Next consider an orbit {j}, j* = j consisting of one element: This contributes to the fixed
point scheme a factor according to the following recipe in which to simplify notation, we omit the
subscript j:

1) Suppose a = a; = 0.

la) Case r = 21/ + 1 is odd. By using periodicity and Morita equivalence, the form ( , ), gives
perfect pairings

W_ o xW_p — Fp,
and
W() X W—r+1 — Fp, ey W—r’+1 X W—r’—l — Fp.

These induce the involution 7 on . In particular, the first pairing induces an involution 7
on Auty, (W_,,). The factor contributing to the fixed point scheme is

Auty,, (W_,)7 H Auty,,, (W, (7.1.12)
i=—r/+1

1b) r = 2r' is even. We have perfect pairings
Wox W_pp1 —Fp, ..., Wy x Wy — F)p

inducing the involution. The factor contrubuting to the fixed point scheme is

0
I Autr, (W). (7.1.13)

i=—r'

2)a=a; =1

2a) r = 21" + 1 is odd. We have perfect pairings
W1 X W1 — Fp,

and
Wox W_ryo — Ty, ..., Wiy X W — ).

The first pairing induces an involution 7 on Auty, (W7). The factor contributing to the fixed point
scheme is

Auty,, (Wy)7 H Auty,, (W, (7.1.14)
i=—r'+1

2b) r = 2’ is even. We have perfect pairings

W1 X W1 — Fp, W_Tu,_l X W_T/+1 — Fp,
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and

Wo X Weria —Fpy oo Werin X Wep — B,
The first two pairings induce involutions 7 on Auty, (W7), resp. Auty,(W_, 4+1). The factor
contributing to the fixed point scheme is

0
Auty, (Wl)?zl x Autg, (W_T/_H)?:l X H Auty, (W;). (7.1.15)
i=—r'42

We now proceed with the actual proof. We have the exact sequence
1 — (gl & IFp)red — (g ®]Fp>red L> Gm ®]Fp — 17

where (G ® Fp)rea is the quotient of G ® F,, by its maximal normal unipotent subgroup scheme.
Under our assumption, (G ® Fp)req is a torus and so (G1 @ Fp)req is a diagonalizable group scheme.
We now apply the description of (G1 ® Fp)rea as a product of factors (7.1.11)) — (7.1.15)) as above.
We conclude that for all j with j* # j, and all ¢, W} ; is 1-dimensional over kp, and hence Q;; is
a simple M, (kp, )-module. Indeed, by periodicity, it is enough to check the indices 7 in the range
[—’I"j + 1, 0}

The same is true for all j with j* = j, with ¢ in the appropriate range according to our cases
(1a), (1b), (2a), (2b). (For example, for all ¢ in case (1b), etc.) We now consider the only remaining

factors for “exceptional indices” i. These are of the form

Auty,, (W;)=" = GLy,, (kp,)"="

for j = j*, with 7 = 7;,; a non-trivial involution of Endy,, (W;.i) =~ My, ,(kp,). By our assumption,
these are also diagonalizable group schemes. To simplify notation, we fix a pair j, ¢, and omit it
from the notation.

e If 1) is an involution of the second type, then GL;(kp)"=1 is the unitary group U(l) over the
fixed field (kp)"=! and we consider its Weil restriction of scalars to Fp; this is commutative
only if [ = 1.

e If 5 is an involution of the first type, then GL;(kp)"=! is commutative only if [ = 1, or if | = 2
and 7; is an orthogonal involution. When [ = 2, GL;(kp)"=! = O2(W, q) for some quadratic
form g. The case [ = 2 will be ruled out below.

We first consider the case that, in addition, the invariants Fy = F*=! of the involution * on the

center F' of B form a field. Then m =1 and j = 1 is the unique index which will be omitted from
the notation. Suppose we are in case (la). Then, from the above, we have

0
(gl ® IFp)red ~ ( H Resk:D/]Fp Gm) X 02(W—T"7 q—T’)a
i=—r/+1

0
(G ®@Fp)rea ~ ( H Resyp, /r, Gm) x GO3(W_p, q—),
i=—r/+1

where GO3(W_,,q_,/) signifies the subgroup of elements in GO3(W_,/,¢_,s) with similitude in
. However, the groups GOz(W_,s,q—,v) and GO3(W_,/,q_,) are not connected. A similar
argument works in the other cases (2a), (2b) for which we have such indexes to consider.

This rules out I;; = 2 when Fj is a field. If Fj is not a field, and there are more than one j with
j* = j with exceptional indices 4 such that [;; = 2, there are more orthogonal factors of the same
form and (G ® Fp)req and hence G ® F), is still not connected. This contradicts our assumption.
Hence l;; = 2 is ruled out again. It follows that /;; = 1 in all cases. This concludes the proof of

Proposition [7.1.5] O
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7.1.10. More on condition (S). Suppose now that G ® F, is connected and G° is Iwahori. Then by

Proposition we know that Auto, (:¢) is Iwahori and it makes sense to consider assumption

(S). In the context of the notation and set-up in the proof of Proposition we can see that the

following assumption implies (S).

(S’) There is at most one index j with 7* = j. In addition, this j is not in case (2b), so it has
only at most one exceptional index i. In addition, when this exceptional index i occurs, for
this j and i we have knDjJ’_Fl =T,.

To explain this, let us assume (S’). In the proof of Proposition we have determined (G; ®
F,)rea. Using this, we can now determine (G ® Fp)rea = Tgo @ Fp. Under our assumptions, this is
as follows:

A) If there is no j = j*, we have

Tge @F, = (G @ Fp)rea = ( H Resip, /i, Gi) X Gim.
{4,553 #3
B) If there exists a (unique) jo = j&, we have:

e In case (la) or (2a) with kp, = F,,

Tgo @Fp = (G@F)ea=( [] Resiy x, Gii) X Gt X G,
{4.5*}=#3
e In case (la) or (2a) with [kp, : Fp] =2,
Tge @Fp = (G @ Fp)rea = ( H Resy,, /r, Gi) x Resi,, /r, GT x Resyp,, /v, Gm-
{g.9%}i=#i
e In case (1b),

Tge @F, = (GOFp)ea=( [] Resy,, /v, Gii) X (Resyy, /v, Git) X G,
{3:9%}5*#3
(In all of this, 7 is the number of non-exceptional factors.)
In these presentations, the similitude

C: (Q X ]Fp)rcd — G,

is the projection to the last factor G,, when there is no j = j* or in case (1b) or in cases (la),
(2a) when kp, = F, (in these cases, the alternative holds). In cases (la) or (2a) with
[kp, : Fp] = 2, the similitude is the projection to the last factor followed by the norm (in these
cases, the alternative holds). In all cases, (S) is satisfied.

Remark 7.1.11. Condition (S’), and also (S), can fail in cases (1a) and (2a), when the fields kp,
are “large”.

7.2. Oort—Tate/Raynaud theory. Let F,, ¢ = p?, be a finite field and set O = W(F,). In
this paragraph, we review some constructions related to Raynaud’s description of certain rank 1
F,-vector space schemes (“Raynaud group schemes”) over O-schemes.

7.2.1. Recollections of Raynaud theory. Let S be an O-scheme and let 7 : G — S be a commutative
finite flat finite presentation group scheme which is killed by p and is, in addition, a F,-vector
space scheme in the sense of [Ra, Def. 1.2.1]. (For d = 1 this is no extra structure.) Consider the
Teichmuller character

X0 : Fg — 0", xo(a) := [d]
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and its powers x; = ng’ for i € Z/dZ. Then x; are fundamental characters of I, see [Ral,
Def. 1.1]. For simplicity, we write Og instead of 7.O¢ for the “Hopf algebra” of G — S; this
is a coherent locally free sheaf of Og-algebras over S. Since G is an F,-vector space scheme, for
each a € F, there is an endomorphism [a]§, : Og — O¢ which preserves the augmentation ideal
Ig = ker(e* : Og — Og), with € : S — G denoting the identity section. We now decompose into
isotypical components:

To = @ Z,.

XE([F;)*
Here, for each open U C S, I'(U,Z,) is the set of sections s of Z, with [a]f, - s = x(a)s, for all
a€F;.

We say that G is a Raynaud Fy-vector space scheme if all Z, are invertible Og-modules, i.e.
they have rank 1. Then, G has rank p? over S. (Note that if d = 1 and G has rank p then all Z,,
are invertible. Then G is an Oort-Tate group scheme over S.)

Assume G is a Raynaud IF -vector space scheme over S. We have Og-module homomorphisms

.. TP
di t L0 — Ly, s,

CiZI

®p
Xi+1 ’ IXi

given by multiplication, resp. comultiplication in Og. By [Ral, 1.4], d; - ¢; = w - idg

o Cidi =
Xit1?
w - idzep. Here, w = w, is a uniformizer of O which is independent of G and .

Xi

Theorem 7.2.2. ([Ral Thm. 1.4.1]). The construction
G = (Zy,scisdi)icz/az
gives an isomorphism between the stack of Raynaud F,-vector space schemes over O and the stack
over O whose S-points are given by systems
(Lis%iy0i)icz azs

where the L;, are invertible Og-modules, and where ~; : Li11 — ﬁ;@p and 6; : £z®p — L;11, are
Og-module homomorphisms such that 6; - v; = w-idg,,, for alli € Z/dZ.

i+1

Note that we can also describe the stack of systems as above as the quotient stack
[GZ,\ Spec (O[z4, yiliez az/ (@Y — w)icz/az)]
with A = (Xi)iez/az in G? acting by
A= AT w, Ay = AP Ay

In the course of the proof of the above theorem, Raynaud gives the Hopf algebra of the group scheme
which corresponds to (L;,7i, )iz az s a quotient of the symmetric algebra Symm,  (®;ez/4z.L:)
by the ideal generated by

(6; —id)L2P, i€ Z/dZ.

7.2.3. Generators of Raynaud group schemes. Suppose S is an O-scheme and G is a Raynaud
[F,-vector space scheme over S.

By [Pal §5], an F,-generator of G over S is an S-valued point P € G(S) with the property
that the multiples [a]g(P) € G(S), a € Fy, form a full set of sections of G — S in the sense of
Katz-Mazur, [KM].
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By [Pal Prop. 5.1.5], the functor of F,-generators of G is represented by a closed subscheme
G* — G which is finite locally free of rank p? — 1 over S. The subscheme G* has a simple
description in terms of the system (L;,7;,0:)icz/az: Note that by tensoring we have

®icz/dzdi : ® L — ® Lif1.
i€Z/dZ. i€2/dZ

This corresponds to a Og-homomorphism

0o = ®iczjazdi s ( Q) L)®P™H — Os.
i€Z/d

By loc. cit. G* C G is cut out by the locally principal ideal in Og which is generated by

(6 —id)(( Q) £)=P~Y).
i€/ dZ.
Suppose S = Spec (R) and that all £; are free. By picking a basis u; of £; we obtain v;, ; € R,
with ~; - 6; = w. Then
Oc = Rluiliczyan/ (4 — ditiv1)icz/az)s
Og+ = Rluiliczjaz/ (W — iwis1)iezjaz, (ur -+ ug)? ™" = 61+ 8a).

Remark 7.2.4. 1) The above notion of an F,-generator of the Raynaud group scheme G over
S agrees with the notion of a primitive element of G over S as defined by Kottwitz-Wake, see
[KoWl §1.5]. Their notion of primitive element applies to all finite locally free commutative group
schemes.

2) This notion of an F,-generator differs from the corresponding notion of a “Raynaud generator”
in [Liu, Def. 3.4]. Liu’s generators are not given by points of the group scheme G and their
definition depends on a choice. Consider R = Zy2[y0,71,00,01]/ (7000 — wp, 7101 — wp) and the
“universal” Raynaud [Fp2-vector space scheme

G = Spec (Rug, u1]/(uf — dour, u) — d1up))

over S = Spec (R). Then the S-scheme of Raynaud generators of G/S, as defined in [Liul Def.
3.4], is
Spec (R[z]/(z?" ! — 6,67)).

This is not R1 over the generic point of the divisor d; = 79 = 0 and is not a subscheme of G.

7.2.5. The étale case. Suppose that the Raynaud F -vector space scheme G — S is étale. This is
equivalent to &; : E;@p — L; 11 being isomorphisms for all i € Z/dZ. In this case, G* — S is also
étale. In fact, then the closed subscheme G* is also open in G and is given as the complement of
the zero section. It follows that G* — S is a F;-torsor with a € F;; acting by [a]c.
Set T'= Resp,z, Gm so that T(F,) = [F7 and we have an exact sequence of group schemes over
Spec (Zy),
1 —F —THT -1

In this case, we can apply the construction of Proposition to the Fy-torsor G* — S. Recall
that S is an O-scheme. We choose the isomorphism Tp = G, so that the character n; : To — G,
given by the i-th projection restricts on the subgroup F; = T'(F,) C T'(O) to x; : F; — O* above.
Then the Frobenius generator of the Galois group Gal(F,/F,) acts on X*(T) = Z% by sending
n; to mi—1 and L*(n;) = pni—1 — n;. The T-torsor @ over S is given by (£;);. The push out
T-torsor L,(Q) over S is given by L.(Q) = (L2, ® L;1); and the trivialization of L,(Q) is given
by (0i_1: 05 = LZP @ L;);.
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7.2.6. The corresponding Reso,z, Gy, -torsor. Suppose now that G — S is a (not necessarily étale)
Raynaud F,-vector space scheme over the O-scheme S. We still have a T-torsor over S given by
(L;)i, with the notation of the previous paragraph. The push out T-torsor L.(Q) over S is given
by (£2P, ® L£;1);; the duals of these are equipped with sections §; 1 : Og — LZ P ® L;. The
sections give a trivialization of the T-torsor L,.(Q) over the generic fiber S[1/p], where the group
scheme is étale.

7.3. The conjectures in Iwahori PEL cases. We return to the assumptions and notations of
7.1 We assume that (IW) is satisfied so we are in the Iwahori case. Later we will also assume (S)
and eventually prove Theorem[7.1.7} Our goal is the construction of line bundles and trivializations
as in , under these assumptions.

7.3.1. Some preliminaries. Let us denote by F' = F} X --- X F},, the center of the simple algebra B
and by Fy the part of F' fixed by the involution *x. We will assume that Fp is a field; the general
case can be reduced to this case. We can then break up into considering various cases as in [RZ),
p. 135].

(I) F = Fy x Fy and * induces on F the transposition. Then there is a central division algebra
D over Fy, with
B = By X By = My xn(D) X My (DPP).
As in loc. cit., we can write V=W @ W ~ W & WV, with W = Homg, (W, Q,), and we have
G~ AutMan(D) (W) X Gm
We can further write W = D" ® p U for some D-module U; then by Morita equivalence
G ~ GLp(U) x Gyp.

In this case, we see as in loc. cit. that the self-dual lattice multichain . is determined by a
periodic Op-lattice chain {I';}iez in U, i.e., A; = O} ®¢,, I';. Then the multichain .Z is given by
A; @AY, with AY = Homg, (A, Zy).

We have G = G°. Condition (IW) is equivalent to {I'; };cz being a complete chain and therefore
to G being an Iwahori group scheme of G. Assuming (IW) we can see that and so (S) holds:
Indeed, ¢ is given by projection to the G,, factor above and we have

dimp (U)
X*(To) = ( €D ZGallkn/F,)) & Z-c,
i=1
where the summands Z[Gal(kp/F,)] are given by the characters of the automorphisms of the
quotients T';/T;_1, 4 =1,...,dimp(U). Note that by IW), I';/T;_1 ~ kp, for all 4.

(II-IV) In the rest of the cases, (II), (IIT), (IV) of [RZ, p. 135], the center F is a field and
B = Bj is central simple over F. We also write D = Dy, d = [kp : Fp], and, in general, we omit
the subscript j = 1. Then £ = {A;};cz is a periodic self-dual chain of M, «,(Op)-lattices. By
Morita, we can write V.= D" @ p W and A; = O}, ®o,, I';, with 4 := {I';},ez a periodic chain of
Op-lattices in W.

If (7.1.6) holds, i.e.

X*(Tge) ~ P Z[Gal(kp /F,)],
ieJ

then a basis of X*(Tgo) is given by n;, with ¢ € J C {1,...,r} and a € Z/dZ. In the other case
(7.1.7)), we have a basis given by 1; , with ¢ € J and a € Z/dZ, and by ¢, the similitude character.
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7.3.2. The proof of Theorem [7.1.7}

Proof. We assume that the special fiber of G over Z,, is connected and that G° is Iwahori for G° so
that G(Z,) = G°(Z,,) is an Iwahori subgroup of G°(Q,). We also assume (S) and that the generic
fiber G° = G° ®z, Q,, splits over a tamely ramified extension of @, so we can apply Theorem [2.3.1}
This tameness is also a blanket assumption in [PZ].

We will continue with the above notations. We first assume that the invariants Fy = F*=! of
the involution of the center of B is a field, see §7.3.1]

In all cases, both (I) and (II-IV), we have M,, x,,(Op)-lattice chains {A;};ez and corresponding
Op-lattice chains {T'; };cz such that A; = O} ®¢o,, T.

Recall O = W(kp). For an S-valued point of Ak» o, set A; = Ax, for the corresponding abelian
scheme. We then have isogenies of abelian schemes

OHH(’L')—>AZ‘,1 ¢—1>Al—>0

Here H (7) is a finite flat group scheme with M,, «,, (Op)-action which is killed by IT € Op. Therefore,
it has M,,«,,(kp)-action and it decomposes

H(i) = en H(i) % - X ennH (i) = G(i)".

Here, ej; is the standard idempotent of the matrices and G(4) has kp-action. Similarly we can set
B; = e114;[p*] which is a p-divisible group with Op-action. So, for each S-valued point of Ag» o,
there is a ¢-system of p-divisible groups B; = Br,, with Op-action and Op-linear isogenies

0 — G(i) — Bi_1 2 B; — 0. (7.3.1)

Since Auto, (-£) is Iwahori, the kp-vector spaces W, are 1-dimensional, and so the kernel G(i) of
1; is a kp-vector space scheme. In fact, when S factors through the flat closure Af}?ﬁyo of Ak 0,
then G(i) is a Raynaud kp-vector space scheme. Indeed, it is enough to verify the condition about

the rank of the isotypic components for the universal G(7)"™" over the flat O-scheme A{;?pt’o. This

can be checked on the generic fiber Af}ﬁf’o[l/p] = Ag» o[1/p] where it is automatic, see [Ral Prop.
1.2.2]. We let

([’(i)m 'Ya(i>7 6a(i))a€Z/dZ
be the system which corresponds by Theorem to the universal Raynaud kp-vector space
scheme G"™ (i) over A3} . We now take

Mi,a = ,C(Z')a.
We obtain the Tj-torsor given by M = @; 4 M; 4. Here we recall the notation T; from (7.1.8).
Then M; o = M,, , (see the last line of §7.3.1| for the definition of ;). Then
My = LD ® L(i)a-
There is a T{(IF,)-torsor
' A'[(p71)o[1/p] — Agr.0[1/p] (7.3.2)
which classifies choices of Raynaud generators for all G(i)"", i € .J, over the generic fiber.

By §7.2.5] we see that the construction of Proposition applied to this torsor gives the line
bundles M; o[1/p] with the trivializations

Oager o[L/0] = ML, S[1/p]

which are given by
8()ae1 : LOEP, — L(i)a,

a—1

cf. §7.2.61 We will now produce the second isomorphism as in (6.2.4]).
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For an S-valued point of A??ﬁ’o, given by the abelian schemes A;/S with additional structures,

we consider
wa, /s = e*Qki/s
the corresponding Hodge bundle and
Lie(A;/S) = in/S
its dual. These are modules (right and left, respectively) over
O ® O = 0p ®z, O = Myx,n(0p) @z, O

Hence, wy,/se11 is a right Op ®z, O-module. Using O C Op and O ®z, O = ©4ez/az0 we
decompose

wa,/s€11 = @ Qz’,a/s

a€Z/dZ

into isotypic components €; ,/g := (wa,/s€11)a- These are locally free over S of the same rank.
Denote by Q; , the corresponding locally free coherent sheaves over A{}?If’o and let Q}fa be their
duals. We have

Q:l/,a/S = (611 Lle(Az/S))a

Pulling back by the isogeny ¢; : A;—1 — A; gives ¢] : wa,/s — wa,_,/s- This respects the

Op ® O-module structure. Hence, the universal isogeny gives

(b;,k : Qi,a — Qifl,au
Proposition 7.3.3. For each i, a, there is an isomorphism

Ml = L@ET ® L(i)a = det(Qi1,0) ® det(€; 0)® 7!

of invertible sheaves over AR o, which takes the section §(i)a—1 to the section given by det(¢;).

Proof. By |Liu, Lem. 4.1], there is the following expression for the isotypical components of the
co-Lie complex of G(i)"™ (this holds for any Raynaud group scheme)

(Cagoymin)a = [L@DZF) " L(i)a).

a—1
Recall that ¢ (;yuiv is computed in the proof of [Liu, Lem. 4.1] by constructing a specific regular
(i.e. complete intersection) embedding ¢ : G = G(i)"™" — X over S = A??,f,o. This gives a
complex
[e*T/T? LN e*L*Qk/S]
and an exact sequence
e*T/T? LN e*L*Qk/s — e*Qé/s — 0.

In our situation, the exactness extends on the left, i.e. the first arrow § is injective. Indeed,
both e*Z/Z? and e*/*Q /s are locally free over S and 4 is an isomorphism over the generic fiber
S[1/p] since G[1/p] — S[1/p] is finite étale. Since S = ARl , is flat over Z, the injectivity of &
follows. Hence, {g;yuniv is given by the sheaf wg := e*Qé /s placed in degree 0. By taking isotypic

components, we obtain the following isomorphism of objects in DI=1%(Og):
. da—1 . ~
[ﬁ(l)?fl — ﬁ(l)a] — (WG(i)univ)a.

On the other hand, we have the exact sequence

*

0— wAzmiv/S — wA:lE]]?//S — wH(i)univ —0
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obtained from the isogeny ¢; : A"V — AWV, The exactness of this sequence is clear everywhere
except on the left where it follows by an argument as above using the flatness of S = A{}?ﬁyo. By

applying idempotents and then taking isotypic components this gives the exact sequence
#7
0— Qi,a — Qifl)a — (WG(i)univ)a — 0.

This yields another isomorphism of objects in DI=10(Og):

2 ~
[Qi,a — Qi—l,a] — (wG(i)univ)a.
Composing gives
LS, 25 L)) S Qe 25 Q.

Taking the determinant ([KnM], see also [Liu, 5A]) yields the isomorphism of pairs consisting of a
line bundle and a global section

(L@HETF @ L(1)a,0(i)am1) — (det(—1,0) ® det(£2;,4)® 7", det(¢])).
This completes the proof. O

Remark 7.3.4. The above generalizes [Liu, Cor. 5.5]. Note that the isomorphism in the statement
of Proposition is uniquely determined.

We can now consider the Shimura variety Shi, (G°®, X)go. This is an open and closed subscheme
of Axr ®o, E° (for the compatible choice of K? and the prime v of E below our implicit choice
of prime of E°). Note that, by our assumptions, G° is an Iwahori group scheme for G°. There is
a G°-equivariant morphism

Mge ;. — ME° ®0,, Ope,
see [PZ, p. 215-217]. By construction, the canonical integral model Sk, k» in the sense of [PRg]
is the normalization of the closure of Shx,(G°,X) in A% @5, Ogo and there is a commutative
diagram

Skoir —— [G°\Mg_]

J | J (7.3.3)

Ay —— [G\ME)],

where the left vertical morphism factors through A2, Under our assumptions, ¢ is smooth. The

T¢(IF,)-torsor

7 ShK/1 (Go, X)Eo — ShKO (GO7 X)Eo
is obtained by base changing the T§(F,)-torsor A, 1 o[1/p] — Ake 0[1/p] of (7.3.2) above to
that open and closed subscheme. Here we recall T¢(FF,) from (7.1.8) and write K} = K K? where
K| D K is the kernel

K| :=ker(Ko = G(Z,) — Té(]Fp)).

We obtain universal isogenies, group schemes G(i)"™" and data (L£(i)q,7a(i),04(7))eez/az over
Sk,.0 by pulling back along Sk, 0 — A2, (We do not change notation.) After pulling back the
isomorphism of Proposition we obtain an isomorphism of line bundles over Sk, o

Mt =L@ ® L(1)a = det(Qi-1,0) ® det(,a) 7", (7.3.4)

which takes the section §(i),—1 to the section given by det(¢).
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Recall the smooth morphism ¢ : Sg,,0 — [G\Mg,,| and the invertible sheaf £, , over the base
change of the local model Mg ,, ®o, OrO. Recall also that our goal is to produce isomorphisms
over Sk,.0

(ML*(m.,a)7 OShKo,F = ML*(m,a)[l/p]) = @ (L"v;l(L?S;la : OMg,u,o[l/p] = £7711a [1/27])7
as required in (6.2.4). In view of Proposition it will be enough to show
Proposition 7.3.5. There is an isomorphism
det(Qi_La) ® det(Q@a)@_l = w*ﬁm,a (735)

of invertible sheaves over Sk, 0, which maps the section det(¢;) to the section s,, , of Ly, ,[1/p]
given in §2.3.8
Proof. We start by discussing the “naive” local models Mgaﬁ‘(’)eB (D) for the group Autp(V) and
an Iwahori (i.e. complete) lattice chain £ = {A;}icz of Op = M, %, (Op)-modules. By [RZ, Def.
3.27], this is the scheme whose S-valued points parametrizes compatible periodic sequences (F;);cz
of My, xn(Op) ® Og-submodules
Fi-1 C Ai—1®gz, Os

3 \

Fi C  A;®g, Os,
such that the F; are locally direct summands of A; ®z, Os as Og-modules, have fixed rank and
fixed My, »n(Op) ®z, Os-representation type, depending on the choice of p. Set

Q; = (Ai ®z, Os)/Fi
for the quotient locally free Og-modules. In this case, the naive local model is the canonical local
model, i.e.,
ML (2).n = MaLo, (2).00

by [PZ, §7.2, §8.2]; this uses a straightforward extension of the result of Gortz [Gol.

The definition of the local model diagram morphism @"#V¢ gives (essentially tautologically)
canonical M,,,,(Op) ® Og-isomorphisms

Lie(A;/S) = WXi/s ~ (") (Q).

These take ¢; . : Lie(A;—_1/S) — Lie(A4;/S) to the pull-back by Ve of Q; 1 — Q; in the above
diagram.

We can also consider the Op ®z, Os-modules e11Q;, and, if S is an O-scheme, their isotypic
components Q; , := (€11Q;)aq, for each a € Z/dZ. By taking idempotents and decomposing into
isotypic components the above isomorphisms give

Q/, = (e11 Lie(4;/9))a = (¢"*)* Q.-
By the above, we obtain canonical isomorphisms
det(€),) ® det() 1 )% 7" ~ (") * (det(Qi.q) ® det(Qi—1,4) ).
Note that there is a canonical isomorphism

det(-1,0) ® det(,0)® ™" = det(Q),) ® det(), )97,

1—1,a
taking det(¢}) to det(¢; ). Here, det(¢; ) is induced by ¢; . : Lie(4,-1/S5) — Lie(A;/S) after
taking isotypic components and applying the determinant. By composing, we obtain

~

det(Qi_La) ® det(Qi,a)®71 — (sﬁnaive)*(det(giﬂ) ® det(Qi_La)il).
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This takes det(¢}) to the pull-back by (¢"#V¢)* of the section of det(Q; ) ®@det(Q;—1,,) " induced
by Qi—1,6 = Qia-
Using the commutativity of (|7.3.3|) we see that it is enough to show that there is an isomorphism

Ly, ~det(Q;q) ®det(Qi—1,4) "

which takes the section sy, , of L,, [1/p] in §2.3.8| to the section of det(Q;q) ® det(Q;—1,4)~*
induced by Q;_1,4 — Qi . Given the comparison between the naive local model Mg“ﬁ‘(’; (@) and
5 (),

the local model of [PZ] discussed above, this follows by a straightforward extension of the argument

in Example 2.3.10] O

The composition of (7.3.4)) and (7.3.5) gives the second isomorphism in (6.2.4)).
This completes the construction in case (7.1.6).

In the case , we also have to make a construction for the similitude character ¢: For this
we set M. = Ogs,, to be the trivial line bundle with section Os,, — MELTP) Osy, glven
by multiplication by w, = p-u, u € Z;. In this case, L. = O, and since (1, ¢) = 1, we have
Sc =p-v, v € Z,. The isomorphism Og, = M?(lfp) ~ "L, = Os,, is given by multiplication
by v/u.

We have now provided data as in over the unramified Galois extension O/Z, which
splits the torus Tg. The data that we have constructed support descent data for the finite
unramified Galois extension OOpg/Op since the isogenies and group schemes are all defined over
Og. This shows Conjecture Hence, by Proposition Conjecture follows with the
integral model Sk, s as defined in Definition This concludes the proof of Theorem in
the case that Fj is a field. The case of a general Fjy can now be reduced to this case by taking
products. O

8. SOME EXAMPLES

Here we describe more explicitly some cases of Theorem and a few variations. We relate
the integral models Sk, s to moduli schemes which parametrize Raynaud generators of the kernels
of the universal isogenies.

8.1. The Siegel case. Here we discuss the basic example of the Siegel Shimura variety with level
the pro-unipotent radical of an Iwahori subgroup. This was considered in unpublished notes of
Haines-Stroh, see also [HLS| and [Sha].

We take B =Q, V=0Q2% = @fil(@ﬁi with alternating form ( , ) determined by (e;, e2g41—j) =
d;j, * = id. Then G = GSp,,(Q). Let h be the standard Deligne cocharacter corresponding to the
(upper and lower) Siegel domain S;t. We take Z to be the standard self-dual complete periodic
Zy-lattice chainin V =V ® Q,

CA_gC--CA L CACAC-CAjC---
determined by
Ao =(e1,...,ea9), A_;=(pe1,...,pei,€ix1,...,€24), 1<i<g,
A =AY, = (617...,629_1‘,])71625]_;’_1_1',...,pilegg), 1<i<yg.

Then (IW) and (S) are satisfied: Condition (IW) is obvious and Ky = G(Z,) is the “standard”
Iwahori subgroup. For condition (S), recall that we have

Tg = {diag(ry, ... ,Tg,crgl, et Y 2 G = {(r, . g, 0) )
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with projection to the last coordinate ¢ giving the similitude character. Hence, is satisfied
with J = {—g+1,...,0} C {—g+1,...,g}, i.e. from the direct summands given by the 2g graded
pieces Auty, (Ai/Ai—1) = Gy, —g + 1 < i < g, we pick the first half, see also Note that
here Tg = GY;"! is split, so O = Z, and the Lang isogeny is given by raising all coordinates to the
(p — 1)-st power.

Now we continue with notations of (5). The semigroup S = Sg,, C X*(Tg) = Z9" is
generated by e; =n; and f; = c—n;, 1 <14 < g, with relations e; + f; = e; + f;, for all 7, j, where
¢ = ng+1 € X*(Tg) is the similitude character. This presentation of the semi-group allows us to
give a more compact explanation and description of the functor describing Sk, by Proposition
6.2.10] as follows.

As above, we let G(i)"™" be the kernel of A" — AWV for —g+1 < i < 0. For simplicity,
we will sometimes omit the superscript. This is an Oort—Tate group scheme over the Iwahori
level integral model Sk, = Ak,. We obtain data (£(4), (), (7)), where £(7) is a line bundle and
(1) : L(i) — L(i)®P and 6(i) : L(i)®P — L(i); we consider 6(i) as section of £(i)®(1~P), We set

Me, =M, = L(>i—g), ac, =0(i — g) 7t for1<i<y,
M = Osy, s e = wp.
Then we also have

M;,

i

= ey, = wpd(i —g), for 1 <i < g.

i

= Mc—m = M,;il, af,
Proposition 8.1.1. The Sk,-scheme Sk, of Definition parametrizes 2g + 1-tuples

/ /
(21,2, 2, Zgy -+, 1),

with z; € T(Sky, M), 2 € T(Skys Me,), for 1 < i < g, and z = z. € T(Sk,, Osy,), which
satisfy

2 =a.,, 2'=w,, z£®(p71) = wpa;l, 2z, = 2.

Proof. We start by applying Proposition [6.2.10] which gives an explicit description of the functor
of Sk,. Set ze, = 2, 2y, = 2., z. = z. Given the equations z;z] = z = z,z;, the presentation of
the semigroup S = Sg,,, given above shows that we can define z, € F(SKO,M;l), for all x € 5,
extending these values on the generators. This implies that a 2g + 1-tuple as above determines
and is determined by a unique point of Sk, . O

The above proposition shows that Sk, agrees with the integral model considered in Haines-Li-
Stroh [HLS]. It also implies that, in this case, Sk, has a rather simple moduli interpretation:

Corollary 8.1.2. The Sk, -scheme Sk, parametrizes Oort—Tate generators of the 2g group schemes
G(i) = ker(A;—1 = A;), for —g+1 < i < g, which are “compatible with duality” (see below).

Proof. Note that by definition, z; € I‘(SKO,M;_l) with 22P~Y = e, is an Oort—Tate generator

K3
of G(i — g), for all 1 < i < g, see Similarly 2/ € T'(Sk,, M,,) with z/#~1) — wpa; ! is
an Qort—Tate generator of the Cartier dual of G(i — g), for all 1 <4 < g. The polarization gives
isomorphisms between G(1—4) and the Cartier dual G(¢)" of G(i), for each —g+1 <14 < g. Hence,
we can consider z; as an Oort—Tate generator of G(1 — (i —g)) = G(g+1—1i), for 1 < i < g.
“Compatibility with duality” means that the equations z;z, = zjz;- as sections of Og are satisfied
for all 1 <,7 < g. In terms of Oort—Tate generators, this means that the image of (z;, z/) under
the canonical map
G(i—g) xG(i—g)" — Og

is independent of . O
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Remark 8.1.3. The morphism Sk, — Sk, is finite but not flat if g > 1. This follows from
Corollary[5.2.17 In addition, the scheme Sk, is not flat over Z, and hence not normal. This failure
of flatness of Sk, over Z, was first observed by computer calculations of the first named author
and then shown by Marazza [Mar] in general. In addition, the following conjectural statements
are supported by computer calculations (assume g > 1): The special fiber of Sk, — Spec(Z,)
has embedded primes of codimension 1. The special fiber of the flat closure Sﬂabt of Sk, also has
embedded primes of codimension 1. In particular, Sﬁit is also not normal. Of course, all these

statements are obtained by examining the corresponding root stacks M{‘Z for S = Sg ;.. Indeed,

M‘F give local models for Sk, ¢ by (6 .

8.2. The Hilbert-Siegel case. Next we turn to a “Hilbert-Siegel” case. Let F be a totally real
field of degree d with integers O and let V = @filFei be a 2g-dimensional F-vector space with
the alternating F-bilinear form determined by (e;, eag41-;) = ;5. Let G’ = Resp /oGSp(V, k) and
let G the subgroup of G’ given by elements with similitude in Q*. We take X to be the product
of d copies of the (upper and lower) Siegel domain S;t on which G(R) acts. Then (G, X) is the
Hilbert-Siegel Shimura datum with reflex field E = Q.

Let p be a rational prime which is inert in F (remains prime), and write F' = F,, for the
completion. We let Ky be the standard Iwahori subgroup of G(Q,) stabilizing the Op-lattice
chain {A;};cz given as in and K its pro-unipotent radical. In this case, we have

Tg = (RGSO/Zme>g X Gm,

where O = Op = W(F,4). Choose F < Q, so we can identify the set {¢} of Q,-embeddings
¢ : F — Q, with Gal(F/Q,) ~ Gal(F,/F,) ~ Z/dZ. Then

g
X*(Tg)=( P 2)? oz =D ZGal(F,u/F,) S Z -,
a€Z/dZ i=1

which has natural basis 7; 4, for 1 <i < g, a € Z/dZ, and ¢ corresponding to the generator of the
last factor coming from the similitude.

We can again see that (IW) and (S) are satisfied. In fact, here holds.

We now discuss the corresponding toric schemes: A calculation based on Case (5) shows
that for S = Sg ,,, the base change Ys ®z, O is the spectrum of the quotient of the polynomial
algebra in 2¢gd variables

R =0leja, fiahi<i<gaezsaz
by the ideal generated by
ei,afi,a - ej,afj,a; ei,afi,a - ei,a’fi,a’a v iaja v a, a/'

Here the generators e; o in S C X*(Tg) correspond to the characters 7; , and the generators f; ,
to 1) , == C—Nia-

Hence, Y5 @z, O is isomorphic to the base change to O of the toric scheme for GSpy4, and the
Iwahori subgroup, described in §3.2) Case 5).

The definition of the scheme S K1,5,0 involves the semlgroup ScX *(Tg) giving the normaliza-
tion Lo : Ys ®z, 0 — Ys®z, O via Ys ®z, O = Spec (O[S]) In general it seems difficult to obtain

a simple presentation for S. We can check that the semigroup S giving Y ®z, O = Spec (O[S])

contains e; , and f;, = c- e,
cone L*(og ,) C X*(Tg)r. (However, computer calculations indicate that 7; 4, 7;, and L*(S),

for all 7 and a. Indeed, the characters n; , and 77Z . belong to the

ZG.’

are not enough to generate §, unless d = 1.) Hence, an U-valued point of Sk, 5.0 over Sk,.o
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. . . . o /
gives, in particular, sections z; q = Ze, ,, 2,

= 2y, ., 2 = Z, of the pull-backs of M;_la, M;ila,
—1 ’
L* (e,

as 0(i)q—1 of the construction in the proof. We also have a; , := ay, , = wa;;. Condition (i) in
Proposition [6.2.10] for x = 7;,, and x = ), 7i,a gives, respectively,

p _ -1 _
Ay =0iaziar (] 22" = ][ i

a€Z/dZ a€Z/dZ

M= Osk,: by U = Sk,,0. Note that we have global sections a; o := ae,, of M ) given

Similarly, the condition (i) for x = n; , and x = >__ n; , gives

P 7 / ! \p—1 _ ’
Zia—1 = 4% a> ( H Zi,a) = II Qi q

a€Z/dZ a€Z/dZ

We also have
zi_,azll-_’a =z 2Pl= Wy,
for all 4, a.

These conditions imply that z; := (2i,4)acz/az gives a generator of the Raynaud group scheme
G(i — g) and that 2] := (2] ,)aez/qz gives a generator of the Raynaud group scheme G(g + 1 — i),
for all 1 <i < g. The equations z; 2} , = 2j,a2j, and 242 , = zi,a'%{ ,» again reflect the duality
relations.

Remark 8.2.1. 1) In this case, we can also consider the Sk, o-scheme Sy , parametrizing
generators z; of all the Raynaud group schemes G(i), for —g + 1 < i < g, which are compatible
with duality in the above sense. This descends to S over Z, and our discussion shows that there
is a natural morphism
SKl — 8}{1

over Sk,. This is an isomorphism when d = 1. When d > 1, our calculations suggest that it is
not an isomorphism, although the morphism induces an isomorphism over the generic fibers for
all d > 1. The scheme Sy can also be viewed as obtained by the variant of our construction
mentioned in Remark which uses, instead of S , the non-saturated sub-semigroup S of §
which is generated by L*(S) together with ; , and 777/2,(1' Such a variant involves using non-normal
torus embeddings and falls outside our basic framework.

2) The morphisms }N/g — Yy and Sk, s — Sk, are finite. They are never flat in the Hilbert-Siegel
case, unless g = d = 1. This follows from work of Altmann [Al], see Remark Calculations
show that the same failure of flatness appears to hold for Sy, — Sk, as given in (1) above. In the
Siegel case d = 1, Sk, = Sk, and this non-flatness follows from Corollary

3) Contrary to what is stated in [Liu, Rem. 3.10], the morphism Y7 — Y; is not flat (notations
of loc. cit.) unless ¢ = 1. This already happens for F = Q, i.e. for the Siegel moduli stack, see
Remark In fact, computer calculations show that the integral model Y7 of [Liul is also not
flat over O. (For d = 1 this non-flatness was also shown by Marazza [Mar].) So Liu’s notion of
“Raynaud generator” seems to give no improvement on flatness.

8.2.2. A larger level subgroup. We continue to assume that p is inert in the totally real field F of
degree d. Instead of the pro-unipotent K of the standard Iwahori Ky = G(Z,), let us consider the
slightly larger subgroup K of K given by the inverse image of the subgroup

{1, LA ) | AeFS)

of Tg(F,) under Ko = G(Zp) = (G @ Fp)red,ab = Tg(Fp). The quotient Ky/K is isomorphic to

g, Fra =T (Fp), where T' = Resoz, Gf,, while K/K; ~ F}. Note that 7' can be identified with

the direct factor torus T} of (7.1.8).
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Now we can consider a mild variant of our constructions in which Ty is replaced by the quotient
torus T', as also explained in Remark[6.1.6} The image of the Weyl orbit of the Shimura cocharacter
wunder X, (Tg) — X.(T) = EB?LZ is the set of the 299 cocharacters = — (ai,...,aq,), where
each a; is 0 or 1. The toric scheme Yg is Resp /Z, A% and we have

Ys ® O = Spec (Oleiali1<i<g.acz/dz)-

An argument as in Example shows that the normalization of the Lang cover }75 ® O is given
by the spectrum of
Oleias tial /(] 4y = €iatiisa)ia ([ ] wia)” ™" =[] €:0)2)-
a a

In this case, L : Ys — Ys is flat by miracle flatness. The construction in the proof of Theorem
again applies to give a corresponding integral model Sk over Sk, which satisfies Conjecture
for the quotient 7'. Here, Sk o is the moduli scheme classifying generators of the kernels of
the universal Og-linear isogenies 4,1 — A;, for —g +1 < i < 0, over Sk,,0; these kernels are
Raynaud group schemes. In this case, Sy — Sk, is finite and flat. Hence, Sk is flat over Z,.

Remark 8.2.3. a) When g = 1 (the Hilbert-Blumenthal case), the above moduli scheme and
corresponding integral model Sk was constructed in [Pa].

b) When d = 1 (the Siegel case) and g > 1, the above moduli scheme and corresponding
integral model Sk was constructed and discussed in [Shal, §4.1]. Shadrach proceeds to construct a
resolution of Sk when g = 2.

8.3. Unitary groups: The unramified (quasi-split) case. Take B = K C C, an imaginary
quadratic number field, V = @} K ¢;, * = complex conjugation. Fix an element o € K such that
a = —a. Let ¢ : VxV — K be a non-degenerate hermitian form and take (v, w) = Trg g (at (v, w))
for the corresponding perfect alternating Q-bilinear form. Assume that the C-hermitian form
1 @k C has signature (r,s) with 1 < r,s < n and fix a basis of V ®k C for which the matrix of
¥ @k C is diag(1(), (=1)®)). Then G is a unitary similitude group:

G(R) ={g € GL(V®q R) | ¥(gv, gw) = c(g)¥(v,w),c(g) € R*},
with Gg ~ GU(r, s), and we take the corresponding cocharacter h : S — GU(r, s) as in given
by h(v/—-1) = diag(\/—l(T), —\/—1(5)).

Now suppose p is an odd prime which is unramified in K and assume « is a unit at p.

8.3.1. Split primes. Assume that p splits in K so that K&gQ, = Q,xQ,, V =V@eQ, = WaW".
Then we are in case (I) of and G = G®RqQ, = GL(W) x G,,. Choosing a complete periodic
Zy-lattice chain in W determines an Iwahori subgroup of G(Q,,). Since (IW) and (S) are satisfied
Theorem [7.1.7] applies. The relevant Shimura varieties have level the pro-unipotent radical of an
Iwahori of G(Qp), i-e. the level subgroup K1 x {a € Z; [ a =1 mod p} C G(Q,) where K is the
pro-unipotent radical of an Iwahori of GL,,(Q,). We obtain integral models related to toric stacks
for GL,, x G,,.

Note that in this situation X*(Tg)*° # 0 and so the toric schemes have a toric factor. Although
the corresponding local models are the same, the toric schemes for GL, x G,, are different from
the corresponding toric schemes for GL,; they are obtained by inducing the ones for GL,. (For
these, see Examples (1)-(4)). The toric schemes for GL,, directly relate to Shimura varieties
with level subgroup K = K x Zy, where K is the pro-unipotent radical of an Iwahori of GL,,(Q,).
This follows by a straightforward extension of Theorem to this situation. (Instead of taking
Tg ~ G}, x Gy, we consider the factor torus 7' = T, = G;,.) It is instructive to explain the case
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r = 1. Then there is only one choice for the semigroup .S and the corresponding T-toric scheme is
Y = A} = Spec(Zylts, ..., ty]). Here we have the well-known semi-stable local model for GLy,, for
Iwahori level and coweight = (11, 0("~1). So Mg ,, is the “Deligne scheme” of linked projective
spaces P(A) for a complete Z,-lattice chain {A} in Qp. We can pick an open

U=1Zplz1,...,2,)/(x1- 2 —p) C Mg,

and choose the coordinates such that the restriction to U of the divisor morphism is defined by
the ring homomorphism

Lpltr, ..., tn] — Zp[xe, ..., xq)/(x1 - xn —Dp); i — 2.

The corresponding chart U x vY of the stacky local model M‘g/ " for Sk s is given, as a Mg ,-scheme,
as
Spec (Zy[ut, . .. un /("™ —p)), i i=1,. 0. (8.3.1)
When r > 1 there is a choice for S. The integral models Sk s of these Shimura varieties, when
we choose the free semigroup S (as in Example Case 4), have been studied in [HR], [HLS]
and by Shadrach [Sha] and Marazza [Mar]. For this level K and semigroup S, the integral model
Sk,s can be given as a moduli scheme parametrizing generators of the kernels of the universal
isogenies; these are Oort-Tate group schemes. Apparently, the models for the choice S = Sg
that we regard as canonical here have not been considered before.

8.3.2. Inert primes. Assume that p remains prime in K and set K = K®qg Q,. Suppose that there
is a K-basis of V' such that 9 (e;, enq1—j) = 6;5, i.e. the hermitian form ¢ is split at p. Consider
the complete standard periodic O = Ok-lattice chain £ = {A;}icz in V =V ®g Q, determined
by
A_; = (pe1,...,pei, €11, €n),

for 0 <4 < n, and p*A; = A;_j,. This chain is also self-dual for 1 and the form (, ). Condition
(IW) is obviously satisfied and the group scheme G = Auto, (%) has connected fibers. Set
k=0/(p) ~F,2. We split into two cases:

(A) n=2m+ 1 is odd. Then we have

Tg = {(a,...,am,b,bba},... bba;") | aj,be O} ~ HResO/Zp G x Respz, Gm.
i=1
In this case,
Tg & Fp — Autk(AO/A,l) X e X Autk(A,nJrl/A,n)

and projecting to the first m + 1 factors gives an isomorphism
g ® I, = Autk(Ao/A_l) X oee X Autk(A_m/A_m_l).
So (7.1.6) and hence (S) is satisfied.

(B) n. = 2m is even. Then we have

Tg = {(ar,...,am,ca,}t,...,ca;") | a; € O, c€ Ly} ~ HRGSO/Z,, Gy X Gy
i=1
Again
Tg ®Fp — Autk(AO/A,l) X - X Autk(A,n+1/A,n).

Now projecting to the first m factors and taking the similitude ¢ gives an isomorphism

Tg ®]Fp :—> Autk(Ao/A_l) X oo X Autk(A_m+1/A_m) X Gm



TORIC SCHEMES AND INTEGRAL MODELS FOR SHIMURA VARIETIES 87

So ([7.1.7) and hence (S) is satisfied.

8.3.3. The case n = 3. For a concrete example, choose n = 3 and (r,s) = (1,2) in the above.
Write X, (Tg) = Z[7] ® Z[7], with 7 the Galois involution. It is convenient to use the isomorphism
L X (Tg) =Z[r) x Z|7) = Z3 x Z

given by t(a; + a7, by + ba7) = (a1,b1,b1 + by — ag, by + ba).
The Weyl orbit of p in X, (Tg) = Z3 x Z is (1,0, Oil)’ (0,1,0,1), (0,0,1,1), spanning the cone
o = 0g,,. We now discuss the toric schemes Yg and Yg for S = Sg ,,. We have
t titals

Ys = Spec (Olty1, ta, t3, ——
S p ([17 2y 3’t1t2t3’ £

) DG3 x Gy,

with (¢1, %o, t3,t) the coordigates on G3, x G,,. Since Yg is regular, the Lang cover L : Ys — Yg is
flat but the normalization Yg is complicated:
The Weyl orbit of  in the coordinates X, (Tg) = Z?>x7Z? = Z*is (1,1,0,1), (0,1,0,1), (0,0,0, 1).

Now L, : X.(Tg) = Z* — X.(Tg) = Z* is given by multiplication by the matrix

-1 p 0 0

p —1 0 0

A =

0 0 -1 »p

0 0 p —1
The cone (L,) (o) is spanned by A~!-(1,0,0,1), A=*.(0,1,0,1)!, A=1-(0,0,1,1)*. So, the
spanning rays of (L.) (o) are the rows of

p+1 p 0O
p+1 1 0
p 1 p
1 p 1

We have S = ((Ly)1(¢))¥ N Z* but an explicit presentation of S depends on p and is hard to
pin down. Nevertheless, we can easily see that the unit vectors e; = (1,0,0,0), e = (0,1,0,0),
e3 = (0,0,1,0), e4 = (0,0,0,1) in X*(Tg) = Z* belong to the dual cone ((L,)~!(c))" and so they
belong to S. These 4 elements provide the coordinates of the Raynaud generators of the kernels of
the two universal isogenies corresponding to A_o — A_; and A_; — Ay. However, the semigroup
S requires more generators than L*(S)U{eq, ea, €3, e4}. So, again, we do not have a straightforward
moduli scheme description in terms of generators of kernels of the universal isogenies.

8.4. “Fake” unitary groups and the Drinfeld case. Let B be a central division algebra of
degree d? over an imaginary quadratic field K and # a positive involution (of the second kind) on
B. We fix embeddings K € Q ¢ C. We also fix a left B-module V of rank 1 and an alternating
non-degenerate Q-bilinear form (, ) on V, as in We choose an isomorphism of C-algebras
B®xC ~ Mgy q(C) such that the involution is written as X +X. We may write Vo xC = Cl®@cW,
where the action of B ®g C is via the first factor. We assume that the form (, ) is given by

(Zl ® X1,725® XQ) = trc/R(t21Z2 h(Wl, Wg)), 1,49 € (Cd, X1, Xo e W.
Here, h is an anti-hermitian form on W which is given, after choosing an isomorphism W ~ C¢,
by
h(Wy, Wy) =" Wi HWs,
with

H = diag(v—1", —v=1""").
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This defines the reductive group G over Q with Deligne cocharacter h : Resc g G, — Gr, see [RZ,
§6.37]. In loc. cit., G is called a “fake unitary similitude group”. The real group Gg is a group of
unitary similitudes,

Gr=GU(1,d—1) = {A € Myxq(C) | tAHA = c(A)H, c¢(A) € R*}.

We are now in the situation of The reflex field of the Shimura datum (G, X) is E = K
ifd>2and E=Qifd=2.

As in [RZ, §6.38-6.40], we also choose an odd prime p which splits pOg = p1p2 in K and we fix
an embedding Q C @p‘ This last choice also picks a prime of K over p and we can assume this is
p1. We assume that

B®gQ, = (BokK,;,) x (B®k Kp,) =D x DPP,

where D is a division algebra over K,, = Q, with Hasse invariant 1/d (then D°PP has Hasse
invariant (d — 1)/d). Then
G=G®qeQ,~D"xQ.

Next, we choose an order Op which is stable under the involution % and which is maximal at p. This
situation at p falls under case (I) above with .# the (unique) periodic self-dual Og®Z, = Opx O3>
lattice multichain determined by the Op-lattice chain given by {II?‘Op}icz. The corresponding
stabilizer group G(Z,) = Auto, (,)(-£)(Zy) corresponds to the unique Iwahori subgroup Koy =~
Op X Zy of D*.

Let us assume d > 3 so that E = K. We are interested in integral models of the Shimura variety
for (G, X) over the prime p; of the reflex field E = K. This is a situation in which, for the unique
choice of maximal compact level subgroup at p given by Ko = G(Z,) ~ O}, X Z,,, we have p-adic
uniformization of the corresponding rigid analytic variety by the integral model Drinfeld’s p-adic
symmetric domain for the field Q,, 0 = ﬁ(‘ép. In this case, K1 ~ O}, ; ¥ {a €Z,|a=1 mod p},
where Op, ; is the subgroup of elements in Op with norm 1.

The residue field kp = Op/IIOp has degree d over F,, and we set O = W (kp) as before. We

can easily see
Tg = (Reso)z, Gim) X Gy, TG = Resoz, Gm,

and that conditions (IW) and (S) are satisfied. The Weyl orbit Ay, in X,(Tg) ~ Z% x Z is given
by the d vectors (1,0,...,0,1), (0,1,...,0,1),...,(0,0,...,1,1) and we can see that

t tl"'td])_

Y ®z, O =Yg, ®z, O = Spec (Olt1, ... tag, —,

P P t- -ty t
A small variation of the argument in % shows that the normalization Y’ ®z, O of the Lang
cover is the spectrum of the quotient of

t tpeety u up--ug

, }

tl...td’ t ,ulud u

O[(ta)acz/dz> (Ua)acz)az,

by the ideal generated by
Ug — ta+1ua+1, a € Z/dZ,

(ul"'ud)pil_tl"‘tdv

(ul...ud)p—l tl"'td u p—1 t
u t RRERETE tyotg

Similarly, we see that L : Y ®z, O =Y @z, O is flat.
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In this case, the local model Mg , has semi-stable reduction: Indeed, the base change Mg ;,®z, O
agrees with the base change to O of the semi-stable local model for GLg4, Iwahori level and coweight

p= (11 00d-1) as in §8.3.1/above. We can pick an open
U=Olxy,...,2q]/(x1-- 24— p) C Mg, ®z, O
over which the Tg-torsor Pg , is trivial, and choose the coordinates so that the restriction to U of
the divisor morphism is given by U — Y ®z, O defined by the homomorphism
+ ty -ty

Oltr, ... tg, ———,
gt dt1-~-td t

| — Olxy,...,xq]/(x1- - xqg —D); ti+> i, t+—>p.

Hence, the chart U xy Y of the root stack Mé/ , ®z, O is given by the spectrum of

p—1
_ u
Olz1,.. . g, un, - - ua, ul /(U] = Tat1Uati)aezyaz, (U1 - - ua)? 1P7(I“...ud> —1).

This decomposes as the direct product

-1

H O[‘Th sy Ldy Uy - - 7ud]/((u3 - xa+1ua+1)a€Z/dZ7 (ul to ud)p _p)

XEF;
where the factors correspond to A € I} for which
U
— =1,
ul DY ud [ ]
with [A] the Teichmuller lift.
Using specialization of the cover of along the divisor x;---x4 = p, we see that the
kp x Fj-cover
U Xy Y —U
obtained by pulling back the Lang cover L : Y — Y is finite and flat. Hence, U xy Y is Cohen-
Macaulay and then, by Serre’s criterion, normal. It follows that Mé/ u > Mg, is finite and flat
and M‘g/ 1S normal.
Theorem applies to this case and provides an integral model Sk, with Sk, — Sk, which
extends the tame Galois cover

Shk, (G, X) — Shg, (G, X)
with covering group kp, x F ~ F;d x Fy. N
We can see from the proof and the above description of Y and Y that Sk, o can be also given
directly as the moduli scheme over Sk, o which parametrizes:
1) A generator for the Raynaud group scheme A"MV[II], where A" is the universal p-divisible
group with Op-action over Sk, o.
2) A p— 1-st root of w,.
By the above, Sk, is normal and Sk, — Sk, is finite and flat.
Remark 8.4.1. The fact that A™V[II] is a Raynaud group scheme is established here as a con-

sequence of the condition (IW) using the flatness of Sk, over Ok, comp. §7.3.2l A direct proof is
in [Vanl, Prop. 1.2].

Remark 8.4.2. A small variation of the above, cf. Remark gives information for the cover
Shk (G, X) — Shk, (G, X) where K = K - K? with level subgroup K at p given by O7, | x Zy. Then
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Sk,0 is the moduli scheme which just parametrizes the datum (1) above, i.e. a generator for the
Raynaud group scheme A"MV[II]. A corresponding local model is given by

Olz1,... g, un, - - ual /(U — Tat1tiat1)aezy/az, (ua -+ ua)’~t = p).

9. LOCAL SHIMURA VARIETIES

In this section, we discuss an analogue of the global set-up for integral local Shimura varieties
[SW], comp. also [PRI].

9.1. The conjecture. Consider and fix a local Shimura datum (G, {u},b) over Q, as in [SW],
[PR]]. Let G be a quasi-parahoric group scheme for G in the sense of Scholze-Weinstein, cf. [PRI,
§2.2]. Let E = E(G, {p}) be the reflex field, a finite extension of Q, contained in a fixed algebraic
closure Q, of Q,, and denote by Op its ring of integers.

For any compact open subgroup K C G(Q,), Scholze-Weinstein [SW), §24.1.3] define a v-sheaf
Shtx (G, 1, b) over Spd (E) and prove that this is a diamond which is representable by a uniquely
determined smooth rigid analytic space over E. We denote this rigid-analytic space by the same
symbol. It comes with a Weil descent datum down to E, cf. [PRgl §3.1, §3.2]. By definition,
Shty := Shtx (G, p, b) is the local Shimura variety for (G,{u},b) and level K.

In [SW] Def. 25.1.1] a v-sheaf /\/llé“#b over Spd (O}) is defined. When G is parahoric (and not
only quasi-parahoric), its generic fiber is Shtg(z,)(G, i, b). Scholze conjectures that this v-sheaf
is representable by a formal scheme over Spf (O) which is normal and flat locally of finite type.
We will assume this conjecture and denote by the same symbol ./\/lignfﬂﬁb this formal scheme (it is
uniquely determined). The conjecture is known, e.g., if p # 2 and (G, b, u) is of abelian type, cf.
[PRI, Thm. 2.5.4]. In particular, if (G,b, 1, G) comes from (local) EL data (B,V,{u},b,Op, L)
or PEL data (B,V,(, ),*,{u},b,0p,L) in the sense of [RZ], then the formal scheme Mig“fu’b is
given by the corresponding Rapoport-Zink formal scheme (in its non-naive version, obtained by
flat closure from its naive version). When G is parahoric, the rigid generic fiber of Mig“f“’b is
Shtg(Zp) (G7 My b)

It is also conjectured in general that there is a local model diagram. In order to simplify the
notation, we denote by the same symbol Mg , the p-adic completion I\A/[g, u of the local model, and
by [G\Mg,,,| the p-adic completion [5\1\7[4;#] of the stack quotient. Then the local model map is a
formally smooth map of formal algebraic stacks,

MBS, =5 [G\Mg . (9.1.1)

The existence of the local model map is known at least in the (P)EL-case, cf. [RZ]. Let us assume
its existence and, in addition, that (G, {u}) is strictly convex, see We also assume the
validity of the divisor conjecture (Conjecture [2.2.3)).

Now all the ingredients used in the global case are in place in the local case, and we can formulate
the local analogue of Conjecture m We assume that G is a parahoric, and set Ko = G(Z,). Let
K, be the kernel of the composition of homomorphisms

g(Zp) — g(Fp) — gred,ab (Fp)
and, as in 31 set Tg for the torus over Z, which lifts the torus Gred,ab over IF,,.

Conjecture 9.1.1. Choose a semigroup S C Sg,, C X*(Tg) as in §3.1.5 There exists a formal
scheme ./\/li;;ths over Spf (Op) with rigid analytic generic fiber the local Shimura variety Shtg, =
Sht g, (G, pt,b) which has the following properties:
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i) There is a morphism
which extends 7 : Shtyx, — Shtg, in the generic fiber.

i) The action of Tg(F,) on Shtr, extends to M3 g and the morphism Mg o — MR of (i)
identifies M with the formal scheme quotient Tg(F,)\ME" 5.

iii) There is a morphism ¢1,s : ./\/l‘}%tls — [Q\M‘g/i] which fits into a 2-commutative diagram

in $1,8
M ¢ 5 [G\MYS)

]

in ¥
M, — [G\Mg ],
and which induces an isomorphism of formal stacks
(To (B, \MR 5] = MR [0\, [\,
Remark 9.1.2. (i) As in the global case, there is a variant of this conjecture for covers
VI ShtK — ShtKO

for intermediate subgroups K; C K C Ky, where K is the inverse image of Q(F,) under the map
Ko=6(Z,) — ?red’ab(ﬂ*’p), for some subtorus Q C ?red,ab, cf. Remark
(ii) The Weil descent datum on ME® should lift to a Weil descent datum on M .

(iii) The theory of non-archimedean uniformization (Rapoport-Zink uniformization) should give a
compatibility between the global Conjecture [6.1.4] and the local Conjecture [9.1.1

9.2. Examples. There is a local analogue of Theorem in the (P)EL case. Rather than
formulating this precisely, we end by discussing three examples. In these examples, the parahoric
is an Iwahori and the reflex field is Q,. It turns out that in all these examples, except the last
one, M}'}tl s, can be obtained from M}‘;f) by adding a moduli datum explicitly in terms of Oort—
Tate-Raynaud theory. These three examples are essentially the only ones of (P)EL type when the
formal scheme M", , (with its Weil descent datum) are explicitly known.

9.2.1. The Lubin-Tate case. This is the EL case for G = GL,,, and {u} = (1,0,...,0), and where
b is a representative of the unique basic element of B(G, 1) and G is the standard Iwahori. It
is the RZ space of complete periodic chains of isogenies of degree p of formal p-divisible groups of
height n and dimension 1 over schemes S over Spf (Zp),

Xo— X1 — - — X1 — Xo,

together with a framing (quasi-isogeny) p: Xo — X ®gpec (F,) S. Here X denotes a one-dimensional
isoclinic formal group of height n over Fp. Such a framing object X is unique up to quasi-isogeny.
In this case, ./\/lig“,tu,b is isomorphic to

Spf (Zp[[tr, - - ta]l/ (trt2 - tn — P)) X Z, (9.2.1)

with its descent datum down to Spf (Z,) given by the product of the natural descent datum on
the first factor and the translation by 1 on the second factor, cf. [RZ, 3.78], [Fal, 1.1.4].



92 G. PAPPAS AND M. RAPOPORT

In this case Yg , is smooth. The covering ‘;}‘i s, represents the functor over }‘;g, where a
Oort—Tate generator of the group scheme G; = ker(X; — X;11) is added to the moduli data, for
i=0,...,n—1, comp. E The moduli scheme i;(“i’su is isomorphic to

Spf (Zy[[us, - - .y un]]/ (W2 by - uP ™ — p)) x Z, (9.2.2)

and the map Mi}r}isﬂ - M‘};z is given by t; — uf*’ comp. (8.3.1). Hence Mi}(‘isu is regular and
the map MR ¢ — M is finite flat.

9.2.2. The Drinfeld case. This is the EL case for G = D* (the multiplicative group of the central
division algebra D over Q, with invariant 1/n), where {u} = (1,0,...,0), and where b is a
representative of the unique element of B(G,u~!) (which is basic), and G is the unique Iwahori
(then G(Z,) = O3). It is the RZ space of special formal Op-modules (X,¢: Op — End(X)) over
schemes S over Spf (Zp)7 together with a framing p: X — X ®gpc. (7)) S. Here X denotes a special
formal Op-module over F,,. Such a framing object X is unique up to quasi-isogeny.

In this case, iél,tu,b is isomorphic to

(8, *spt z,) SPf (Zp)) x Z, (9.2.3)
with its descent datum down to Spf (Z,) given by the product of the natural descent datum on
the first factor and the translation by 1 on the second factor. Here ﬁ&p denotes formal Drinfeld
space of dimension n relative to the local field Q,, cf. [RZ, Thm. 3.72].

Again Yg ,, is smooth. The covering ‘;;ﬁ s, represents the functor over ‘}QE, where a generator
of the Raynaud group scheme G = ker(¢:(II) : X — X) is added to the moduli data, comp. the
passage before Remark The moduli scheme M}‘}tl s, is normal and the map M}?tl s, ‘;(‘E
is finite flat. A local description is given in Remark

Remark 9.2.3. By the compatibility of the local model with unramified base change, the lo-
cal models in the Lubin-Tate case and in the Drinfeld case are isomorphic after base change to

Spec (Zp) Hence the formal schemes Mig“’tu’b are étale-locally isomorphic. This ceases to be true

for the coverings (in the Lubin-Tate case, M}rétl s, s regular, which is not true in the Drinfeld

case), comp. Remark

9.2.4. The case of a non-split binary group of unitary similitudes. Let p # 2 and let F//Q,, be a
quadratic extension. Let V' be a F//Qp-hermitian space of dimension 2 which is anisotropic. Let
G = GU(V). Then G ®q, F' ~ GLy r X Gy, r and we take {u} = (1,0;1). Also, we let b be a
representative of the unique element of B(G, u~1) (which is basic), and let G be the unique Iwahori.

If F/Q, is unramified, we have G(Z,) = ¢ '(Z}), where ¢: G(Q,) — Qj is the multiplier
map; it is the unique maximal compact subgroup of G(Q,). If F/Q, is ramified, the inclusion
G(Z,) C c’l(Z;) has index 2. More precisely, in both cases there exists a unique quasi-parahoric
G such that G(Z,) = ¢ H(Z3); then G = G when F/Q, is unramified and G C G has index 2 when
F/Q, is ramified. In fact G = Auto, (y(£), where L is the unique periodic selfdual lattice chain
in V. Let us distinguish the case when F/Q,, is unramified from the case when F/Q, is ramified.

Case: F/Q, unramified. Then Mg‘tﬂb is the RZ space of triples (X, ¢, \), where X is a p-divisible
group of dimension 2 and height 4, and ¢ : Op — End(X) satisfies the Kottwitz condition

det(T - I —(a) | Lie X) =T? — Trg)q, (a) - T+ Nmp/qg, (a), a € Op, (9.2.4)
and \: X — XV is a polarization compatible with ¢ such that ker(\) is a F,2-Raynaud group

scheme contained in X[p]. Here we have identified Op ® F,, with F,2. In addition, a framing
p: X =X ®OSpec (Fy) S is given. Such a framing object X is unique up to quasi-isogeny.
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In this case, iéljhb is isomorphic to
(93, *spt (z,) SPf (Zp)) X Z (9.2.5)
with its descent datum down to Spf (Z,) given by the product of the natural descent datum on
the first factor and the translation by 1 on the second factor, cf. [KRf, Thm. 1.2] (for the descent,

use that the framing object is a Drinfeld s.f. Op-module).
In this case Tg = G2

m

and Yg , is smooth. The covering M‘;étl s, represents the functor over
i;}g, where a Raynaud generator of ker(\) is added to the moduli data. The moduli scheme

M g is normal and the map M g — MR is finite flat.

Case: F/Q, ramified. In this case Mg‘tﬂ , 18 the RZ space of triples (X, ¢, \), where X is a p-
divisible group of dimension 2 and height 4, and ¢ : O r — End(X) satisfies the Kottwitz condition
, and A\: X — XV is a principal polarization compatible with .. In addition, a framing
p: X - X Rspec (F,) S is given. Here the potential framing object is not unique; we choose X such
that inv(X) = —1, cf. [KRf, §5, case c)].

In this case, ./\/lié1t p 18 isomorphic to
s

(R, xspt (z,) SPE (Zy)) x Z (9.2.6)

with its descent datum down to Spf (Z,) given by the product of the natural descent datum on
the first factor and the translation by 1 on the second factor, cf. [KRf, Thm. 1.2].

Passing from G to G is problematic and we have no explicit description of igrit%b. In this case,
the condition (IW) is violated. We cannot prove Conjecture in this case.
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