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Abstract. We propose a conjectural theory of p-integral models of Shimura varieties with level

structure at p given by a class of normal subgroups of parahoric subgroups with abelian quotient

group. The role of the theory of local models is played in this context by a certain root stack

over the local model for parahoric level. The construction of this root stack is based on the

divisor theorem (a foundational fact about local models) and on the theory of toric varieties

in this context, both of which are of independent interest. We prove our conjecture in the

case of Shimura varieties of PEL type when the parahoric is an Iwahori (under some additional

conditions).
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1. Introduction

1.1. In the theory of Shimura varieties, the construction and investigation of p-adic integral models

plays a prominent role. Here p is a prime number that will be fixed throughout the paper. There

is one class of level structure where we have, at least conjecturally, a systematic picture: when

the p-component of the level subgroup is parahoric. In this case, we expect to have a canonical

integral model [PRg] which is flat over Zp and which should come with a local model diagram that

relates the local structure of the integral model of the Shimura variety with the local structure of

the corresponding local model. This expectation has now been realized for essentially all Shimura

varieties of abelian type, see [KPZ] and the references there for some of the most recent results.

The local model is a projective scheme over the localization at the distinguished place of the ring of

integers of the reflex field. The local model has been investigated thoroughly in the last 30 years by

several authors: See [PRS] and the references there for the earlier history of the subject, and [PZ],

[SW], [HRi], [AGLR], for more recent developments. It is known that it is normal and, provided p
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is odd, Cohen-Macaulay. Furthermore, for Shimura varieties of PEL type (i.e., related to moduli

schemes of abelian varieties with endomorphisms and polarization), there is a moduli-theoretic

description of the corresponding integral models, at least in “unramified” cases.

Beyond the parahoric case, the situation is less clear. Inspired by the dichotomy in the repre-

sentation theory of p-adic Lie groups where representations of depth zero have behavior completely

different from representations of positive depth, one may hope that a class of level structure for

which one may expect a systematic theory of integral models is given by open compact subgroups

that contain the pro-unipotent radical of a parahoric subgroup. The present paper takes a small

step in this direction.

The goal of this paper is to develop a theory of p-integral models of Shimura varieties when the

p-component of the level subgroup is a normal subgroup of a parahoric with “abelian reductive

quotient”. In general, if K = G(Zp) is parahoric over Zp, we set K1 ⊂ K for the kernel of

G(Zp) −→ Ḡ(Fp) −→ (Ḡred)ab(Fp),

where (Ḡred)ab is the maximal torus quotient of the maximal reductive quotient of the reduction

modulo p of G. More generally, we can take as level any subgroup K ′ ⊂ K which contains K1 and

which is the inverse image of Q(Fp) for a subtorus Q of (Ḡred)ab. We set T = (Ḡred)ab/Q. Let

K = KpK ⊂ G(Af ) be an open compact subgroup, where Kp ⊂ G(Apf ) is sufficiently small, and

set K′ = KpK ′. There is a corresponding étale T (Fp)-cover of Shimura varieties

ShK′(G,X) −→ ShK(G,X)

defined over the reflex field E. Let E = Eν be a p-adic completion of E. We denote by SK the

OE-integral model for the parahoric K mentioned above. In other words, let us assume that SK

exists, with its corresponding local model MG,µ and its local model diagram. In the present paper,

we are interested in extending the cover ShK′(G,X)→ ShK(G,X) to a T (Fp)-cover

SK′ −→ SK

where the (étale) local structure is modeled on a kind of local model. In addition, in the case of

Shimura varieties of PEL type, when often SK has a moduli description, we would like our models

SK′ also to have some type of a moduli description. For simplicity, we will mostly discuss the case

K ′ = K1, K′ = K1 = KpK1, here and in the rest of the paper. Before we describe our method, let

us discuss the case of the modular curve.

1.2. In the case of GL2 and the standard parahoric K = Γ0(p), the integral model SK is the

moduli space over Zp of triples (E,α,G), where (E,α) is an elliptic curve with Kp-level structure

and where G ⊂ E is a subgroup scheme of order p. In this case, the local model MG,µ is the

blow-up of P1
Zp in the origin. It represents the functor which associates to a Zp-algebra R the set

of commutative diagrams

R⊕R

(
p 0

0 1

)
// R⊕R

(
1 0

0 p

)
// R⊕R

F0

OO

// F1

OO

// F0,

OO
(1.2.1)

where the vertical arrows are the inclusions of locally direct summands of rank one. The subgroup

K1 is given as

K1 =

{(
1 ∗
0 1

)
mod p

}
⊂ GL2(Zp).
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The integral model SK1
is the moduli space over Zp of tuples (E,α,G, P1, P2), where (E,α,G) is

as before and where P1 is a generator of G and P2 is a generator of E[p]/G. Here the notion of a

generator of a group scheme of order p is not the naive one (for instance 0 can be a generator). It

can be defined in various ways (using Oort–Tate theory, or via the Katz-Mazur notion of full set

of sections or via the Kottwitz-Wake notion of primitive elements). Using Oort–Tate theory, one

can prove that étale-locally around a supersingular point, the map SK1
→ SK is given by

Spec (Zp[u, v]/(up−1vp−1 − p)) −→ Spec (Zp[x, y]/(xy − p)), x 7→ up−1, y 7→ vp−1.

In particular, the scheme SK1 is normal and the covering SK1 → SK is finite and flat. Incidentally,

instead of K1 it is common to consider instead the subgroup K ′ between K1 and K given by

K ′ =

{(
1 ∗
0 ∗

)
mod p

}
⊂ GL2(Zp),

which also falls in our framework. Then SK′ parametrizes triples (E,α,G, P ), where (E,α,G) is

as before and where P is a generator of G. Again, we obtain a normal scheme which is finite flat

over SK and which is locally of the form

Spec (Zp[u, v]/(up−1v − p)) −→ Spec (Zp[x, y]/(xy − p)), x 7→ up−1, y 7→ v.

What is remarkable in both cases is that the covering map is given by monomials in the parameters

in the local ring upstairs. This leads us to the idea, underlying our construction, of modeling the

searched-for cover SK1
→ SK by using the theory of toric schemes to construct appropriate covers

of the local model MG,µ.

1.3. Our construction is based on the following theorem of independent interest, cf. Theorem

2.3.1.

Theorem 1.3.1. Let (G, {µ},G) be a local model triple over Qp. Suppose that the group G splits

over a tamely ramified extension of Qp and that p does not divide the order of the algebraic fun-

damental group π1(Gder). There exists a pair (PG,µ, sG,µ), unique up to unique isomorphism,

consisting of a G-equivariant TG-torsor PG,µ → MG,µ over the local model, and a G-equivariant

trivialization (section) sG,µ of this torsor over the generic fiber MG,µ ⊗OE E, such that the follow-

ing condition holds:

For a character χ : TG,Z̆p → Gm,Z̆p , consider the Gm,OĔ -torsor

Pχ := Gm,OĔ ×χ,TG PG,µ

over MG,µ⊗OE OĔ, obtained by pushing out PG,µ⊗OE OĔ by χ. Denote by Lχ the line bundle over

MG,µ ⊗OE OĔ which corresponds to the Gm,OĔ -torsor Pχ. The section sG,µ induces a section sχ

of the Gm,Ĕ-torsor Pχ ⊗OĔ Ĕ over MG,µ ⊗OE Ĕ and, hence, a (meromorphic) section of the line

bundle Lχ over MG,µ⊗OEOĔ. The condition is that, for all such χ, the divisor of this meromorphic

section of Lχ is equal to

Dχ :=
∑

WKtµ̄′W
K ,µ̄′∈Λµ

e · 〈µ̄′, χ〉 · Zµ̄′ ,

where e is the ramification index of E over Qp.

Here the sum is over the set indexing the irreducible components Zµ̄′ of the geometric special

fiber of the local model MG,µ, and 〈 , 〉 is the pairing defined in (2.1.7); the coefficients e · 〈µ̄′, χ〉
are integers, cf. Remark 2.2.4.
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We note that the Zµ̄′ are only Weil divisors in general and that the fact that the RHS is a

Cartier divisor is far from trivial. Our proof uses the construction of local models in [PZ] and

Zhu’s work on the coherence conjecture [Z1]. We conjecture that the statement of Theorem 1.3.1

holds in general, cf. Conjecture 2.2.3. Note that, under quite general assumptions, the Picard

group of the local model agrees with the Picard group of a corresponding affine partial flag variety,

see [FHLR, Cor. 5.19]. Under this identification, the map

X∗(TG) −→ Pic(MG,µ ⊗OE OĔ), χ 7→ Lχ,

obtained by Theorem 1.3.1 gives the standard construction of the subgroup of classes of line bundles

with zero central charge. Indeed, this subgroup is the image of the map. See, for example, [Z1, p.

28] or the proof of Cor. 5.19 (3) in [FHLR].

Let us illustrate Theorem 1.3.1 in the case G = GL2 for the Iwahori level. In this case TG = G2
m

and the torsor PG,µ is given in terms of the moduli functor (1.2.1) by (F−1
1 ⊗F0,F−1

0 ⊗F1), and

the section sG,µ is given by the arrows in the bottom of (1.2.1) which are isomorphisms in the

generic fiber.

From Theorem 1.3.1 (under the hypotheses made, or by Conjecture 2.2.3 in general), the G-

equivariant TG-torsor PG,µ → MG,µ and the GE = G ⊗Zp E-equivariant trivialization sE of the

general fiber define the TG,E-equivariant morphism over E

δE = pr · s−1
G,µ : P

(−1)
G,µ ⊗OE E −→ TG,E (1.3.1)

which is GE-equivariant for the trivial action on the target. Its fibers are isomorphic to the partial

flag variety F(G, {µ}) = GE/P{µ}. Here P
(−1)
G,µ = PG,µ as a scheme, but with the inverse TG-action,

i.e. composed with t 7→ t−1.

1.4. We next introduce our tori and toric schemes for them. To simplify, we assume in the sequel

that G is an Iwahori group scheme. Only at the end of the introduction do we discuss the case

of an arbitrary parahoric group scheme. We denote by TG the unique lift over Zp of the torus

T = (Ḡred)ab. We now define an affine toric embedding of TG . Let

Sµ = {χ ∈ X∗(TG) | 〈µ̄′, χ〉 ≥ 0,∀ µ̄′ ∈ Λµ}.

In the Iwahori case, Λµ ⊂ X∗(TG)Q; when G splits over Q̆p, it is simply the Weyl orbit of µ, see

§2.2.1. Then Sµ is a saturated semi-group. If Gder is simply connected, Gab is unramified and µ

is non-trivial, or if (G,µ) is of local Hodge type, Sµ generates X∗(TG) as a group, cf. Corollary

3.1.9. From now on we assume this. Hence Sµ defines an affine toric embedding

TG,OE0
↪→ YG,µ

over OE0 . Here E0 denotes the maximal unramified subextension of E. The dual cone of Sµ is

given as

σµ := {
∑

µ′
rµ′ · µ′ | rµ′ ≥ 0} ⊂ X∗(TG)⊗Z R.

The affine toric scheme YG,µ plays a central role in our constructions.

Remark 1.4.1. Let TG,ad be the image of TG in the adjoint group Gad. Then the image σµad

of σµ in (TG,ad)R defines a toric variety for the torus TG,ad, by taking the cones over the images

of the extreme rays of σµ. In contrast to our toric variety YG,µ which is affine, this toric variety

is projective, provided that µ projects non-trivially to all simple factors of Gad ⊗Qp Q̆p. Here we

are using the amusing fact that for any irreducible root system (V,R) and any non-trivial element

µ ∈ V ∗, the convex hull of the orbit of µ under the Weyl group contains the origin in its interior,

cf. Lemma 3.1.11. There are various ways in the literature by which a projective toric variety is
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associated to an adjoint linear algebraic group but we were unable to find this particular one. It

is for instance different from the toric varieties which arise from generic torus orbits in partial flag

varieties, cf. §3.3 and the literature cited there. Considering the fact that already at the birth

of the theory of toric varieties, prominent examples arose from the theory of semisimple algebraic

groups, it may be useful to add these toric varieties to the stock of standard examples of toric

varieties.

It is not difficult to see that the map δE in (1.3.1) extends to a TG-equivariant morphism

δ : P
(−1)
G,µ → YG,µ which is G-equivariant for the trivial action on the target (in the case of GL2, this

amounts to the fact that the arrows in the bottom of (1.2.1) extend over the whole local model).

In stacks language, we obtain, after dividing out by TG , a morphism which we call the divisor map,

∆ = ∆G : [G\MG,µ] −→ [TG\YG,µ]. (1.4.1)

More generally, for a choice of saturated semi-group S ⊂ SG,µ, also generating X∗(TG) and satisfy-

ing suitable additional conditions (cf. §3.1.5), we obtain the toric scheme YS , and the correspond-

ing divisor maps δS and ∆S = ∆G,S : [G\MG,µ] → [TG\YS ]. The point set of source and target of

(1.4.1) are finite posets: indeed, the point set of [G\MG,µ] can be identified with the admissible set

Adm(µ); the point set of [TG\YG,µ] can be identified with the face poset of the cone σµ. We give

a conjectural purely combinatorial description of the induced map between these finite cosets, in

terms of the face map, cf. Conjecture 4.1.7. Results of Q. Yu show that the face map is useful in

the analysis of the fine structure of the admissible set, cf. Remark 4.1.8.

1.5. The next step in our construction involves the Lang map L : T → T and its unique lifting

over Zp,
L : TG −→ TG , x 7→ Fr(x)x−1. (1.5.1)

Combining this with our toric embedding, we obtain a Cartesian diagram

TG,OE
� � //

L

��

ỸS,OE

L

��

TG,OE
� � // YS,OE ,

where ỸS is the normalization of YS in the Lang covering map L : TG → TG . Note that ỸS is a

toric scheme for TG in its own right.

Remark 1.5.1. Note that if TG is a split torus (as for G = GL2), then the Lang map is simply

the map x 7→ xp−1. Note that this exponent is exactly the one appearing in the description of the

cover SK1
→ SK in the case of GL2.

We now define the stack M
√
S
G,µ as the fiber product of the Lang cover and δS ,

M
√
S
G,µ

//

L

��

[TG\ỸS ]

L

��

MG,µ
δS // [TG\YS ].

If S = Sµ, we will denote M
√
S
G,µ by M

√

G,µ.



6 G. PAPPAS AND M. RAPOPORT

Remark 1.5.2. The notation M
√
S
G,µ is supposed to be a reminder of the fact that this stack arises

as a root stack. To illustrate this point, assume that the toric stack [TG\YS ] is [Gm\A1]. Recall that

the S-valued points of [Gm\A1] correspond to a Gm-torsor P over S and an equivariant morphism

P → A1. By the correspondence between Gm-torsors and invertible sheaves, an S-valued point

of [Gm\A1] corresponds therefore to a pair (L, s) consisting of an invertible sheaf L over S and a

global section s of its dual L−1, cf. [O, Ex. 5.13]. The n-root stack over S corresponding to (L, s)
is defined to be the fiber product in the following diagram,

XL,s,n //

��

[Gm\A1]

n

��

S
δL,s
// [Gm\A1],

cf. [Ca, Def. 2.2.1]. In [Ca], this construction is mostly applied to a pair (L, s) of the form

(O(−D),O → O(D)), defined by an effective Cartier divisor on S. Our construction is a gen-

eralization of the Cadman construction (in fact, when TG is split and YS is smooth so that

[TG\YS ] ' [Gm\A1]r, our construction coincides with the r-fold power of Cadman’s construction

for n = p− 1).

Let MG,µ = [G\MG,µ] and M
√
S

G,µ = [G\M
√
S
G,µ]. Then the divisor morphism ∆S : MG,µ → [TG\YS ]

gives a fiber product diagram

M
√
S
G,µ

//

��

[TG\ỸS ]

L

��

MG,µ
∆S // [TG\YS ].

(1.5.2)

1.6. The following conjecture would give a systematic construction of OE-integral models of K1-

level. In its statement, we let the prime to p component Kp vary, i.e., we consider ShK1
(G,X)E ,

resp. ShK(G,X)E (the inverse limit over the prime to p subgroups Kp). Let

ϕ : SK −→MG,µ

be the stacks version of the local model diagram.

Conjecture 1.6.1. There exists an OE-integral model of the Shimura variety ShK1
(G,X)E, i.e.

an OE-scheme SK1,S together with an isomorphism SK1,S ⊗OE E ' ShK1
(G,X)E, which has the

following properties:

i) There is a morphism

SK1,S −→ SK

which extends π : ShK1
(G,X)E → ShK(G,X)E on the generic fibers.

ii) The action of TG(Fp) on ShK1(G,X)E extends to SK1,S and the morphism SK1,S → SK of (i)

identifies SK with the scheme quotient TG(Fp)\SK1,S.

iii) The scheme SK1,S and the TG(Fp)-cover SK1,S → SK are G(Apf )-equivariant for a G(Apf )-

action that extends the natural action on the generic fiber.
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iv) There is a morphism ϕ1,S : SK1,S →M
√
S
G,µ which fits in a 2-commutative diagram

SK1,S

ϕ1,S
//

��

M
√
S
G,µ

��

SK
ϕ
// MG,µ,

and which induces an isomorphism of stacks

[TG(Fp)\SK1,S ]
∼−→ SK ×MG,µ M

√
S
G,µ.

The conjecture implies a local description of SK1
in the following sense. Let x ∈ SK, with corre-

sponding point y ∈ MG,µ (only the G-orbit of y is well-determined). Then there is an isomorphism

SK1,S ×SK Spec (Osh
SK ,x) ' ỸS ×YS ,δ Spec (Osh

MG,µ,y) (1.6.1)

which respects the TG(Fp)-actions on both sides. This can be made completely explicit. For

instance if TG ' Grm is split (so that the Lang map is simply the dilation by p− 1), then (1.6.1) is

the spectrum of the ring

Osh
MG,µ,y[u1, . . . , un]/(up−1

1 − δ∗(s1), . . . , up−1
n − δ∗(sn)).

Here s1, . . . , sn is a minimal generator set for S and t ∈ TG(Fp) acts by t ·ui = χi(t)ui, where χi(t)

is the image of t under

TG(Fp) ⊂ TG(Zp)
si−→ Z∗p.

(The inclusion is the Teichmuller lift.)

In the direction of Conjecture 1.6.1, our main result is the following.

Theorem 1.6.2. (cf. Theorem 7.1.7) Let (B,V, ( , ), ∗, h,OB,L) be integral PEL data as in [RZ,

Ch. 6]. Let G = AutOB ,( )(L ) be the group scheme of isomorphisms of the polarized self-dual

lattice multichain L up to common similitude in Z∗p. Assume that p 6= 2, G ⊗Zp Qp splits over

a tamely ramified extension of Qp, and that G is an Iwahori group scheme. Assume furthermore

that condition (S) is satisfied, see §7.1.3. Then Conjecture 1.6.1 for the TG(Fp)-cover of the

corresponding PEL type Shimura variety with G(Zp)-level at p is true.

Note that the group G = G ⊗ Qp might not be connected. By definition, an Iwahori subgroup

of a non-connected p-adic reductive group is an Iwahori subgroup of its neutral component. Our

assumption “G is Iwahori” in the statement of the theorem more precisely means that we require

that G ⊗ Fp is connected and that the neutral component G◦ is a Iwahori group scheme for the

connected reductive group G◦; then also G◦(Zp) = G(Zp) is an Iwahori subgroup of G◦(Qp). If

G is connected (i.e. for types A or C) this amounts to simply requiring that G is Iwahori in the

standard sense. We will see that our assumption implies that the stabilizer of L in AutOB (L ) is

an Iwahori in GLB(V). Condition (S) is an additional requirement on the periodic polarized lattice

multichain L. It requires that TG is an induced torus which is, roughly, presented in a specific

manner and it is often satisfied when Gad is absolutely simple.

The Shimura variety ShK is open and closed in a moduli scheme of abelian varieties with

additional structure and this is how the integral model SK is defined. The integral model SK1,S is

then constructed by adding moduli data to the abelian scheme representing a point of SK.
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1.7. Assuming the truth of Conjecture 1.6.1, let us enumerate properties of the integral models

SK1,S . The local properties are deduced from properties of the stack M
√
S
G,µ above; these, in turn

depend on properties of the Lang covers L : ỸS → YS . It turns out that the desire to find hypotheses

that simultaneously make both this cover “nice” and the stack M
√
S
G,µ “nice” can only be realized

in the Drinfeld case (to be made more precise below).

(1) The cover SK1,S → SK is finite and surjective. In fact, SK is the scheme theoretic quotient

of SK1,S by the action of the finite group T (Fp). Hence, assuming the flatness of SK over

OE , the scheme SK1,S is topologically flat over OE . In particular, SK1,S is a good model for

topological questions, like, e.g., the analysis of the sheaf of nearby cycles.

(2) If S = Sµ, then the scheme SK1,S is regular in codimension one, provided that E is unramified

over Qp, cf. Corollary 5.2.3. By contrast, if S 6= Sµ, then SK1,S is not regular in codimension

one, at least when TG is split, cf. Proposition 5.2.7.

(3) Assume the validity of Conjecture 4.2.12 that the Lang cover L : ỸSµ → YSµ is flat if and only

if YSµ is smooth. This holds when TG is split, but also in many more PEL cases, see Remark

4.2.14. Then the cover SK1,Sµ → SK is flat if and only if YSµ is smooth, cf. Lemma 5.2.11.

Assuming Gad to be absolutely simple, this last property holds only if the pair (Gad⊗Qp Q̆p, µ)

is isomorphic to (PGLn, $
∨
1 ) (the Drinfeld case), cf. Corollary 5.2.15.

(4) We expect that, outside the Drinfeld case, the scheme SK1,S is rarely normal–in fact, some-

times it is not even flat over Zp, comp. Remark 8.2.1. Also, computer calculations suggest that

even the flat closure of the generic fiber can be bad (not normal, special fiber not reduced),

comp. Remark 8.1.3.

Here the notion of the “Drinfeld case” has to interpreted with caution. Indeed, our theory is

sensitive to changes of µ by a central character. For instance the cases (GLn, $
∨
1 ) and (GLn, $

∨
n−1)

are isomorphic when passing to the adjoint group (and hence share a common local model MG,µ)

but yield radically different M
√
S
G,µ. It is this sensitivity to central characters that prevents us so

far from stating a conjecture on Lang covers of affine toric varieties that would have Conjecture

4.2.12 as consequence.

We mention here an amusing group-theoretic ingredient in the proof of 3). Let (R, V ) be an

irreducible root system with Weyl group W . Then for any proper parabolic subgroup WJ of W

there is the inequality

#(W/WJ) ≥ dimV + 1,

with equality if and only if (V,R) is of type An and J = {s1, . . . , sn−1} or J = {s2, . . . , sn}. This

is the Weyl group analogue of the inequality in [OR] comparing dimG/P and rkG.

At this point, one may ask why we do not define the finite cover SK1,S of SK by simply taking

the normal closure, which by (4) above would be different from our construction in most cases. The

reason is that there seems no systematic way of analyzing the local structure of the normalization.

1.8. Let us now explain the method of proof of Theorem 1.6.2. First, the TG(Fp)-cover ShK1
→

ShK gives rise to a pair (Q, a) consisting of a TG-torsor Q over ShK and a section a of the push-out

L∗(Q) of Q under the Lang map L : TG → TG , cf. Proposition 6.2.1.

In light of Theorem 1.3.1 (or its conjectural generalization, freeing it from the hypotheses made

in Theorem 1.3.1), Conjecture 1.6.1 is reduced to the following statement. Namely, that there

exists a TG-torsor P over SK extending the TG-torsor Q and an isomorphism of pairs

β :
(
L∗(P ), a : TG [1/p]

∼−→ L∗(P )[1/p]
) ∼−→ ϕ∗

(
P

(−1)
G,µ , sG,µ

)
,
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where the pair (P
(−1)
G,µ , sG,µ) comes from Theorem 2.2.3 and the pull-back is by the local model

diagram morphism ϕ : SK → MG,µ = [G\MG,µ]. Note that this statement is independent of the

semi-group S.

We are therefore reduced to constructing the TG-torsor P over SK with its section after push-

out under the Lang isogeny. Here the main ingredient is the Oort–Tate–Raynaud theory of finite

group schemes and their generators in the sense of [Pa] (and the condition (S) is taylored to

enable us to apply this theory). Indeed, a Fpd -Raynaud group scheme G over a flat Zp-scheme S,

corresponding in terms of that theory to the tuple (Li, γi, δi)i∈Z/d, defines the ResW (F
pd

)/Zp(Gm)-

torsor PG = (Li)i∈Z/d with L∗(PG) = (Lpi−1⊗L
−1
i )i∈Z/d and sections (δi−1 : OS → L−pi−1⊗Li)i∈Z/d.

We note that one may use the TG-torsor P and its section of its push-out under the Lang

isogeny to formulate a relative moduli problem for SK1
over SK , cf. Proposition 6.2.8. However,

this moduli problem lacks in general a catchy formulation. In a few cases, one can give a formulation

directly in terms of Raynaud group schemes and their generators. Here are a few instances of such

formulations.

• In the Siegel case (G = GSpg), for S = Sµ, the integral model SK1,S parametrizes the set

of Oort–Tate generators zi of the group schemes Gi, i = 1, . . . 2g, such that the products

ziz2g+1−i induced by the duality pairings are independent of i. Here the group schemes Gi
arise from the universal chain of p-isogenies A1 → A2 → . . . → A2g → A1 over SK , and the

pairing is induced by the universal principal polarization over SK , cf. Corollary 8.1.2.

• In the “split unitary case” (p splits), for S the evident free semi-group in Sµ, there is a similar

moduli description in terms of Oort–Tate generators of universal group schemes Gi of order

p, cf. §8.3.1.

• In the case of the fake unitary group leading to p-adic uniformization, for S = Sµ, the integral

model SK1,S parametrizes the pairs (P, u), where u is a p − 1-st root of wp and where P is

a generator of the Raynaud group scheme X[Π], where X is the universal p-divisible group

with OD-action over SK ⊗OK W (κD), cf. §8.4

Let us now drop the assumption, made so far in this introduction, that G is an Iwahori group

scheme. The construction of the root stack M
√
S
G,µ extends to general parahoric group schemes, and

so does the formulation of Conjecture 1.6.1. However, our method of using Raynaud theory to

prove it does not extend (not even to other PEL cases). In fact, even in the context of Theorem

1.6.2, when we drop some of our conditions but still insist that the neutral component G◦ be

Iwahori, Raynaud theory is insufficient. Considering the fact that Raynaud theory can be viewed

as an early attempt at addressing modulo p phenomena in p-adic Hodge theory (and has not been

really integrated in the subsequent advances, like prismatic theory), it seems to us promising to

try to apply these more recent developments to Conjecture 1.6.1.

1.9. Our theory of integral models of Γ1(p)-type seems the first attempt at a systematic theory of

such integral models. However, there are quite a number of papers in the literature that develop

special cases. We mention the following instances.

• The case of modular curves, as also described in this introduction, is treated in [DR73] and

by Katz-Mazur in [KM].

• The Hilbert-Blumenthal case is studied by the first-named author in [Pa] who introduces the

notion of a “generator” for a Raynaud group scheme (see loc. cit. §5), the same as in this
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paper, cf. §7.2.3. The level subgroup considered is

K ′ =

{(
1 ∗
0 ∗

)
mod p

}
∩ {g ∈ GL2(OFp

) | det(g) ∈ Z∗p},

where p is a prime of the corresponding totally real field F , comp. Rem. 8.2.3.

• M. Harris and R. Taylor [HT] consider unitary similitude Shimura varieties at a prime which

splits in the quadratic extension. In particular they consider the case of a quadratic extension

of Q of signature (1, n− 1) and the subgroup of a parahoric (which is not an Iwahori)

K ′ =

{(
11 ∗
0 ∗n−1

)
mod p

}
⊂ K =

{(
∗1 ∗
0 ∗n−1

)
mod p

}
.

They use Oort–Tate theory to show that the normalization of SK in ShK′ is a regular scheme

mapping by a finite flat morphism to SK . A similar construction for the Klingen parahoric

in the Siegel case GSp4 is considered by Genestier-Tilouine [GT].

• T. Haines and the second-named author [HR] consider the unitary similitude Shimura variety

of signature (1, n − 1) at a prime which splits in the quadratic extension, and consider the

pro-unipotent radical K1 of an Iwahori K. They give a moduli problem for SK1 in terms of

generators of Oort–Tate group schemes and show that SK1
is a regular scheme finite and flat

over SK .

• The Siegel case and the unitary similitude Shimura variety of general signature (r, s) at a

prime which splits in the quadratic extension was considered by R. Shadrach [Sha], by T.

Haines–B. Stroh [HS], and T. Haines–Q. Li-B. Stroh in [HLS]. In all these cases, the authors

give moduli schemes in terms of Oort–Tate generators on the universal isogenies, comp. §8.1,

§8.3.1. These authors take S = Sµ in the Siegel case, but make a different choice S 6= Sµ
in the split unitary case. Essentially the same moduli problems were studied by G. Marazza

[Mar]. He proves that these schemes are rarely normal and in the Siegel case not even flat

over Zp, see Remark 8.1.3.

• The Hilbert-Siegel case for primes unramified in the corresponding totally real field is con-

sidered by S. Liu [Liu]. He uses a different notion of a Raynaud generator to give a moduli

scheme, see Remark 7.2.4. See Remark 8.2.1 (3) for some comments on [Liu].

1.10. We also develop a local analogue of our theory, concerning coverings of integral local Shimura

varieties. Prominent examples of integral local Shimura varieties are the Lubin-Tate formal moduli

scheme of one-dimensional formal p-divisible groups of height n and the Drinfeld moduli scheme

of special formal OD-modules, where D is the central division algebra with invariant 1/n over Qp.
The latter case leads to the integral local Shimura variety given by the formal model Ω̂nQp of the

Drinfeld p-adic halfspace. In this case, such coverings were considered earlier by J. Teitelbaum

[Te], H. Wang [W] and L. Pan [P]. Here the first two papers take an indirect approach through

the consideration of the rigid-analytic generic fiber; the last paper is close in spirit to ours, and

constructs the integral cover by adding a generator of the natural Raynaud group scheme over the

Drinfeld moduli scheme.

1.11. Let us indicate some future directions that seem promising to us. We already mentioned

that we conjecture that Theorem 1.3.1 holds without the hypotheses of tameness. A proof should

involve the recent advances in the theory of local models beyond the tamely ramified case. Also,

the conjectural description of the face map (1.4.1) mentioned above should be within reach.
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We also mentioned already the challenge of generalizing Theorem 1.6.2. Here the example at

the end of §9.2 could be a first test case. As we argue in §6.2.5, the construction of SK1,S rests on

constructing a 2-commutative diagram of stacks

ShK0
(G, X)E

incl //

[π]

��

SK0

ϕ
//

[̃π]

��

[G\MG,µ]

∆S

��

[TG \L TG ] // [TG \L YS ] // [TG \YS ].

(1.11.1)

As a weakening of the conjecture, one might aim at constructing a similar diagram of v-stacks over

perfectoid spaces. This would give directly a v-sheaf which should be represented by the integral

model SK1,S when this is shown to exist. Such a construction could be simpler than proving the

full Conjecture 1.6.1. This v-sheaf version should be enough to capture the information needed for

some applications, e.g. for calculating nearby cycles. Work in progress by the first-named author

gives hope that this can be accomplished by building on the methods of [PRg]. We also mention

in this context that Y. Takaya [Ta] gave a construction of covers of tubular neighborhoods of local

Shimura varieties with “principal subgroup level”.

Here are some other questions.

The local model diagram relates SK to the local model MG,µ, which is a closed subscheme of a

Beilinson-Drinfeld affine partial flag variety GrG,O = LG/L+G, cf. §2.3.3. Vaguely speaking, our

root stack M
√
S
G,µ is related to a partial compactification of a quotient LG/L1G (which is not ind-

projective), depending on the toric embedding TG ⊂ YS . One might wonder whether this partial

compactification arises from taking a quotient by L1G of a “toroidal partial compactification” of

LG, in the spirit of Mumford’s construction of a toroidal partial compactification of a loop group,

cf. [TEI, ch. IV, §3, p. 202 et seq.].

Another circle of questions arises when we drop the assumption that the cone σµ is totally

convex. This assumption is satisfied when the Shimura datum (G,X) is of Hodge type, but not

always when (G,X) is of abelian type or more general. For instance, does there exist a parallel

theory of coverings SK1
→ SK when G is an adjoint group?

1.12. We now explain the lay-out of the paper.

In §2, we define the pairing which appears in the statement of Theorem 1.3.1. and then prove

this theorem. The proof involves the construction of the local models in [PZ] via Beilinson-Drinfeld

affine Grassmannians.

In §3, we define the toric schemes YG,µ and YS which are obtained from cones spanned by Weyl

orbits of coweights. Since these could have independent interest, we give many examples and a

discussion of various properties and relations to other similar constructions in the literature.

In §4, we define the divisor map ∆ and the toric compactification of the Lang cover of the torus

TG . We discuss the flatness of this cover and its ramification structure along the boundary of the

toric embeddings.

In §5, we define the local model root stacks M
√
S
G,µ and discuss their algebraic-geometric proper-

ties. In particular, we give criteria for when M
√
S
G,µ are regular in codimension 1 and for when the

morphism M
√
S
G,µ → MG,µ is flat.

The main Conjecture 1.6.1 is stated in §6 where we also give its implications for the étale local

structure of the integral models of the covers. In §6.2 we give a more concrete interpretation of

the conjecture in terms of line bundles equipped with suitable sections. This involves the diagram
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(1.11.1) (labeled (6.2.8) in the main text) which is key for the proof of Theorem 1.6.2 and the

analysis of the examples in §8.

In §7, we discuss the case of Shimura varieties of PEL type, recall the notion of a generator of

an Oort–Tate/ Raynaud group scheme and give the proof of Theorem 1.6.2.

In §8, we give several key examples of PEL type Shimura varieties. We discuss cases where the

integral models can be obtained as moduli schemes for moduli problems involving generators of

Raynaud group schemes and compare with prior results in the literature as in the list above.

Finally, in §9 we discuss the parallel set-up for integral models of local Shimura varieties.
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1.14. Notations. Suppose B is an A-algebra. If X is a scheme over Spec (A) we will often write

X⊗AB or simply XB for the base change X×Spec (A) Spec (B). Suppose that H is a group scheme

over Spec (A) and Y a scheme over Spec (B). Often, to simplify notation, we will refer to an HB-

action on Y as simply “an H-action on Y ”, omitting the base change. Similarly, we will then just

write [H\Y ] for the quotient stack [HB\Y ]. We write L∨ or L−1 for the dual of an invertible sheaf

L. If s : O → L is a section which gives an isomorphism, we will sometimes write s−1 : O → L−1

for the dual of the inverse L → O of s.

2. Divisors on local models

2.1. The pairing.

2.1.1. Tori attached to parahorics. Let G be a parahoric group scheme over Zp for G = G ⊗Zp Qp.
Consider the maximal reductive quotient Gred := (G)red of the special fiber G = G ⊗Zp Fp and its

maximal abelian quotient Gred,ab = (Gred)ab which is a torus over Fp. Recall that, by rigidity of

tori, reduction modulo p gives an equivalence between the categories of tori over Zp and tori over

Fp (with maps given by group scheme homomorphisms). We let TG be the unique (up to unique

isomorphism) torus over Zp which lifts (G)red,ab. We have

X∗(TG) = X∗(Gred,ab)

as Ẑ = Gal(Z̆p/Zp) = Gal(Fp/Fp)-modules; here we somewhat abuse notation and we write X∗(TG)

instead of X∗(TG ⊗Zp Z̆p).
Suppose that G, G′ are two parahoric group schemes for G for which there is a (unique) group

scheme homomorphism G → G′ extending the identity on the generic fiber. Then, we obtain

Gred,ab → G
′
red,ab. Hence, by the above construction, we also have a group scheme homomorphism

TG −→ TG′ .

Associating TG → TG′ to G → G′ is functorial, i.e. this association respects compositions.
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2.1.2. Relation to the standard torus. Suppose now that G is the parahoric group scheme associated

to a point x in the extended Bruhat-Tits building B(G,Qp). Let A be a maximal Qp-split torus of

G such that x belongs to the apartment of A. We choose a maximal Q̆p-split torus S of G⊗Qp Q̆p
which contains A and is defined over Qp; such a torus exists by [BTII, 5.1.12]. Let T = ZG(S)

be the centralizer of S in G. Then, using Steinberg’s theorem, we see that T is a maximal torus

of G which is defined over Qp. By the construction of G in [BTII], the connected ft Neron model

T = N (T ) of T is contained in G. More precisely, T ↪→ G extends to a closed immersion of group

schemes

T ↪→ G.

Since T red is a maximal torus in the connected reductive group Gred, the homomorphism T → G
induces a surjective homomorphism of tori T red → Gred,ab and hence a Ẑ-equivariant

X∗(T red) −→ X∗(Gred,ab) = X∗(TG) (2.1.1)

which is surjective up to torsion. Note that when G = I is an Iwahori group scheme, then by

construction,

Gred,ab = Ired = T red.

Hence, in the Iwahori case, X∗(T red) = X∗(TG).

By [KaP, Prop. B.7.9, p. 678], there is a natural identification

X∗(T ) = X∗(T red) = X∗(T )I .

Hence, (2.1.1) becomes

X∗(T )I −→ X∗(TG). (2.1.2)

In the Iwahori case, (2.1.2) is an isomorphism and, in general, it is surjective up to torsion.

2.1.3. Relation to the cocenter of G. Let G and T be as above. Note that the homomorphism

G→ Gab induces T → Gab whose kernel is a torus

1 −→ T1 = T ∩Gder −→ T −→ Gab −→ 1.

The homomorphism G→ Gab also induces a homomorphism of group schemes over Zp,

G −→ N (Gab).

Here again, N (Gab) denotes the connected ft Neron model of Gab over Zp. Since, H1(Q̆p, T1) =

(0), the map T (Q̆p) → Gab(Q̆p) is surjective. Hence, by [BLR, 9.6, Lemma 2], so is T (Z̆p) →
N (Gab)(Z̆p), cf. [KaP, proof of Cor. 11.7.4]. It follows that T → Gab extends to a fppf surjective

homomorphism

T −→ N (Gab)

between connected ft Neron models. This induces T red → N (Gab)red, and also

Gred,ab −→ N (Gab)red, (2.1.3)

which are surjective homomorphisms of tori. The latter gives

X∗(N (Gab)) ↪→ X∗(Gred,ab) = X∗(TG) (2.1.4)

and

X∗(Gred,ab) = X∗(TG) −→ X∗(N (Gab)) = X∗(Gab)I , (2.1.5)
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where the last identification is by [KaP, Prop. B.7.9, p. 678], as above. We obtain a commutative

diagram

X∗(T )I
(2.1.2)

//

%%

X∗(TG)

(2.1.5)

��

X∗(Gab)I ,

(2.1.6)

with the diagonal map induced by T → Gab.

2.1.4. The pairing. Again, we let G and T be as above. Here, we will define a natural bilinear and

Gal(F̄p/Fp)-equivariant pairing

〈 , 〉 : X∗(T )I ×X∗(TG) −→ Q (2.1.7)

which plays a crucial role in our constructions.

Consider the “averaging” homomorphism

X∗(T ) −→ X∗(T )I ⊗Z Q,

given by

λ 7→ λ� :=
1

[I : Iλ]

∑
γ̄∈I/Iλ

γ̄ · λ,

where I = IQp ⊂ Gal(Q̄p/Qp) is the inertia and Iλ is the subgroup of I fixing λ (cf. the construction

in [Ko, §2.8] applied to I = IQp). This homomorphism factors through the coinvariants X∗(T )I as

a composition

X∗(T ) −→ X∗(T )I
�−→ X∗(T )I ⊗Z Q,

where

X∗(T )I
�−→ X∗(T )I ⊗Z Q

is a Gal(F̄p/Fp)-equivariant homomorphism.

Recall the identification X∗(T red) = X∗(T )I which we can compose withX∗(T )I → X∗(T )I⊗ZQ
to obtain X∗(T )I → X∗(T red)⊗Z Q. Combining this with the natural pairing

X∗(T red)×X∗(T red) −→ Z,

gives a bilinear pairing

〈 , 〉 : X∗(T )I ×X∗(T red) −→ Q. (2.1.8)

This is the desired pairing (2.1.7) in the Iwahori case G = I, when X∗(T red) = X∗(TI).

In general, to obtain (2.1.7), we compose (2.1.8) with X∗(TG) → X∗(T red) given by T red →
Gred,ab (or given by TI → TG).

Remark 2.1.5. Consider the composition

φG : X∗(T )I
�−→ X∗(T )IQ

(2.1.2)Q−−−−−→ X∗(TG)Q.

Then, by the construction of 〈 , 〉, we have

〈λ, χ〉 = 〈φG(λ), χ〉TG , (2.1.9)

where

〈 , 〉TG : X∗(TG)Q ×X∗(TG)Q −→ Q,
is the natural duality pairing for the torus TG .
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2.2. Divisors on local models and the divisor conjecture.

2.2.1. Local models. Let (G, {µ}) be local model data, so that G is a parahoric group scheme for

G and {µ} is the G(Q̄p)-conjugacy class of a minuscule cocharacter µ : (Gm)Q̄p → GQ̄p . As usual,

we denote by E ⊂ Q̄p the reflex field of {µ} over Qp. We denote by OE the ring of integers of E

and by kE its residue field. We set k = kE for an algebraic closure of the finite field kE . We also

denote by E0 the maximal unramified extension of Qp which is contained in E. We let MG,µ be

the corresponding local model, which is a flat projective scheme over OE with GOE -action.

Suppose a maximal torus T of G is chosen as in §2.1.2 above, with its connected ft Néron

model T . We denote by W its (absolute) Weyl group and by W̃ = NT (Q̆p)/T (Z̆p) its Iwahori

Weyl group. Recall from [PRS, §4.3] the definition of the subset Λ{µ} ⊂ X∗(T )I ⊂ W̃ of the

Iwahori-Weyl group W̃ : We can suppose that a member µ of {µ} factors through TQ̄p and consider

the corresponding W -conjugacy class {µ}T of geometric cocharacters of T ⊂ G. Let Λ̃{µ} be the

subset of elements of {µ}T whose images in X∗(T ) ⊗Z R are contained in some (absolute) Weyl

chamber corresponding to a Borel subgroup of G containing T and defined over Q̆p. Then Λ̃{µ}
forms a single W0-conjugacy class, i.e. a W0-orbit Λ̃{µ} = W0 · µ, since all such Borels are W0-

conjugate. Here, W0 = NT (Q̆p)/T (Q̆p) is the (relative) Weyl group of G over Q̆p. We write Λ{µ}

or occasionally just Λµ for the image of Λ̃{µ} = W0 · µ in X∗(T )I ⊂ W̃ .

The {µ}-admissible set Adm({µ}) of the Iwahori Weyl group W̃ of G is defined to be the set of

w ∈ W̃ such that w ≤ tµ̄′ , for some µ̄′ ∈ Λ{µ} ⊂ X∗(T )I . Here we use the Bruhat order wrt a fixed

alcove a in the apartment A defined by S ⊂ T , cf. §2.1.2. In all of this, we identify µ̄′ with the

corresponding translation elements tµ̄′ ∈ W̃ . Then Adm({µ}) contains the image {µ}T in X∗(T )I
of {µ}T , cf. [Hai, equivalence of (4.1) and (4.2)], hence Adm({µ}) can also be defined to be the

set of w ∈ W̃ such that w ≤ tµ̄′ , for some µ̄′ ∈ {µ}T .

2.2.2. Statement of the divisor conjecture. Set K = G(Z̆p) ⊂ G(Q̆p) and consider the subgroup

WK = NT (Q̆p) ∩ G(Z̆p)/T (Z̆p) of the Iwahori-Weyl group W̃ . Recall that the double cosets

WKtµ̄′W
K ∈WK\W̃/WK with µ̄′ ∈ Λ{µ} parametrize the irreducible components of MG,µ⊗OE k,

the geometric special fiber of the local model MG,µ, see [AGLR], [GL], for the general case, and

[PZ, Thm. 9.3] for the local models we will use below. Hence, for each element µ̄′ ∈ Λ{µ} there is

an irreducible component Zµ̄′ of MG,µ ⊗OE k; we may also think of Zµ̄′ as a (fibral, irreducible)

Weil divisor on the scheme MG,µ ⊗OE OĔ .

Conjecture 2.2.3. There exists a unique, up to unique isomorphism, pair (PG,µ, sG,µ) of a G-

equivariant TG-torsor PG,µ → MG,µ over the local model MG,µ, and a G-equivariant trivialization

(section) sG,µ of this torsor over the generic fiber MG,µ ⊗OE E, such that the following condition

holds:

For a character χ : TG,Z̆p → (Gm)Z̆p , consider the (Gm)OĔ -torsor

Pχ := (Gm)OĔ ×χ,TG PG,µ

over MG,µ⊗OE OĔ, obtained by pushing out PG,µ⊗OE OĔ by χ. Denote by Lχ the invertible sheaf

over MG,µ⊗OE OĔ which corresponds to the (Gm)OĔ -torsor Pχ. The section sG,µ induces a section

sχ of the (Gm)Ĕ-torsor Pχ ⊗OĔ Ĕ over MG,µ ⊗OE Ĕ and, hence, a (meromorphic) section of the

invertible sheaf Lχ over MG,µ ⊗OE OĔ. The condition is that, for all such χ, the divisor of this

meromorphic section of Lχ is equal to

Dχ :=
∑

WKtµ̄′W
K ,µ′∈Λ{µ}

e · 〈µ̄′, χ〉 · Zµ̄′ , (2.2.1)
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where 〈 , 〉 is the pairing (2.1.7) and e is the ramification index of E over Qp.

Remark 2.2.4. a) In the above, by saying a “G-equivariant TG-torsor PG,µ → MG,µ”, we mean

as usual that PG,µ supports a G-action which lifts the G-action on MG,µ and commutes with the

TG-action.

b) Since e = [I : Iµ′ ], the values 〈µ̄′, χ〉 lie in e−1Z, and so e · 〈µ̄′, χ〉 are all integers.

c) It is not obvious that the linear combination Dχ of the Zµ̄′ in (2.2.1) above is a Cartier

divisor on MG,µ ⊗OE OĔ ; this is one consequence of the conjecture.

Remark 2.2.5. The formula (2.2.1) bears a resemblance to a classical formula which expresses

the first Chern classes of the line bundles on an (affine or classical) Schubert variety as a linear

combination of the Weil divisors given by its Schubert subvarieties which are “at the boundary”,

see e.g. [Slo, Cor. 3] and the references therein.

A question arising in this context is to give an explicit description for the divisor class group

Cl(M̆G,µ) of M̆G,µ = MG,µ ⊗OE OĔ . More precisely, let

Clred(M̆G,µ) = ker(Cl(M̆G,µ) −→ Cl(M̆G,µ ⊗OĔ Ĕ).

Assume that Gad is simple. Then one may ask whether there is a Gal(Ĕ/E)-equivariant isomor-

phism

Clred(M̆G,µ) ' ZΛG,{µ}/Z. (2.2.2)

Here Z is diagonally embedded (this embedding reflects the fact that the special fiber is a principal

divisor), and ΛG,{µ} denotes the index set of (2.2.1) and can be identified with the set of irreducible

components of MG,µ ⊗OE k, with its Galois action. Note that this formula depends on G and {µ},
in contrast to the formula for the Picard group of MG,µ [FHLR, Cor. 5.19], which depends on G
but not on µ.

2.3. The divisor conjecture in the tamely ramified case. In this subsection, we will prove

Conjecture 2.2.3 in the tame case:

Theorem 2.3.1. Suppose that the group G splits over a tamely ramified extension of Qp and that

p does not divide the order of the algebraic fundamental group π1(Gder,Q̄p). Then Conjecture 2.2.3

is true.

We will use the fact that, under these two conditions, the local model MG,µ is constructed in

[PZ] by using mixed characteristic Beilinson-Drinfeld affine Grassmannians.

2.3.2. Spread-out group schemes. Let (G, {µ}) be a local Shimura pair over F = Qp or Q̆p with

reflex field E. Set O = OF and denote by k = kF the residue field. Let G be a parahoric group

scheme for G. Suppose that G splits over a tamely ramified extension of F so the construction

of [PZ, §4] applies. In particular, this construction produces a smooth and affine group scheme G
over O[u] such that

• G is reductive over O[u, u−1],

• G ⊗O[u],u7→p O ' G.

Set

G0 = G ⊗O[u],u 7→0 O.

This is a smooth and affine group scheme over O, but no longer reductive. Its reduction modulo

p is isomorphic to the special fiber of the parahoric G. There is an exact sequence

1 −→ U −→ G0 −→ G0,red = (G0)red −→ 1, (2.3.1)



TORIC SCHEMES AND INTEGRAL MODELS FOR SHIMURA VARIETIES 17

where G0,red is smooth, affine and reductive over O and U is smooth unipotent over O. This exact

sequence lifts a similar exact sequence

1 −→ U −→ Ḡ −→ Ḡred −→ 1

for the special fiber Ḡ = G ⊗O k of the parahoric G. The maximal abelian quotient (G0,red)ab of

G0,red is a torus over O which lifts the torus (Ḡred)ab. Hence, we can identify (G0,red)ab with the

torus TG of the previous section, i.e.

(G0,red)ab = TG .

In particular, the construction gives a group scheme homomorphism

τ0 : G0 −→ TG (2.3.2)

over O.

2.3.3. The TG-torsor over the local model. Now recall from [PZ] some aspects of the construction

of the local model MG,µ over OE . Consider the Beilinson-Drinfeld affine Grassmannian

GrG,O[u] −→ Spec (O[u]).

Let R be an O[u]-algebra with u 7→ r ∈ R. By definition, an R-valued point of GrG,O[u] lifting

the corresponding point of Spec (O[u]) is given by a G-torsor over Spec (R[u]) together with a

trivialization of its restriction to Spec (R[u][(u− r)−1]). We also need

GrG,O = GrG,O[u] ⊗O[u],u7→p O.

By definition, GrG,O parametrizes isomorphism classes of pairs of a G-torsor over Spec (R[u])

together with a trivialization of its restriction to the open subscheme Spec (R[u][(u− p)−1]) and is

representable by an ind-projective ind-scheme over O, cf. [PZ, Prop. 6.5]. Consider the loop/jet

groups LG and L+G over O given by

LG(R) = G(R[[u− p]][(u− p)−1]), L+G(R) = G(R[[u− p]]). (2.3.3)

Here R[[u− p]] denotes the completion of R[u] at the ideal (u− p). By Beauville-Laszlo glueing

GrG,O = LG/L+G,

see [PZ, §6.2.4], [Z2, §3.1]. By definition [PZ, Def. 7.1], the local model is a closed subscheme

MG,µ ↪→ GrG,O ⊗O OE .

Recall that MG,µ admits an action of G. The main construction here is:

Proposition 2.3.4. a) There exists a G-equivariant TG-torsor

πM : PG,µ −→ MG,µ,

i.e, a TG-torsor such that the natural action of G on MG,µ lifts to PG,µ and the lifted action

commutes with the action of TG on PG,µ.

b) The restriction of the TG-torsor πM over the generic fiber MG,µ⊗OEE admits a GE = G⊗OE-

equivariant section

sG,µ : MG,µ ⊗OE E −→ PG,µ ⊗OE E.

In Subsection 2.3.12, we will show that the pair (PG,µ, sG,µ) satisfies the condition in Conjecture

2.2.3. This will provide the desired proof of the conjecture in this tamely ramified case, where the

local model is given by the construction of [PZ].
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Proof. Note that, by [SW, Thm. 19.5.1], it is enough to construct the TG-torsor as a cohomological

fppf sheaf torsor in the sense of loc. cit.. We will need the Beilinson-Drinfeld affine Grassmannian

GrG,O,0,p over O for G and the two points u = 0 and u = p, see [Z2, §3.1]. By definition, this

parametrizes isomorphism classes of pairs of a G-torsor over Spec (R[u]) together with a trivializa-

tion of its restriction to the open subscheme Spec (R[u][u(u − p)−1]). Restricting specializations

along Spec (R[u][(u(u− p))−1]) ⊂ Spec (R[u][(u− p)−1]) gives

GrG,O −→ GrG,O,0,p. (2.3.4)

Consider the loop/jet groups L0,pG and L+
0,pG given by

L0,pG(R) = G(R̂[u](u(u−p))[(u(u− p))−1]), L+
0,pG(R) = G(R̂[u](u(u−p))), (2.3.5)

over O. Here, R̂[u](u(u−p)) denotes the completion of R[u] along the ideal generated by u(u − p).
Note that we have natural R-algebra homomorphisms

R̂[u](u(u−p)) −→ R[[u]], R̂[u](u(u−p)) −→ R[[u− p]],

where R[[u − p]] = R̂[u](u−p). By Beauville-Laszlo glueing, L0,pG acts on GrG,O,0,p which we can

write as a fpqc quotient over O,

GrG,O,0,p = L0,pG/L+
0,pG,

cf. [Z2, Prop. 3.2.9]. For our purposes, we do not need to know that GrG,O,0,p is ind-representable

over O and we can just treat it as an fpqc sheaf. (However, this ind-representability should be

true and can probably be shown following [PZ, §6.2]. See [Z2, Rem. 3.1.4] for the function field

case.) In any case, we can see that both the generic and special fiber of GrG,O,0,p over O are

ind-representable:

If p is a unit in R, then

R̂[u](u(u−p)) = R[[u]]×R[[u− p]].
This gives the factorization of the generic fiber, cf. [Z2, §3.2],

GrG,O,0,p[1/p] = GrG,O,0[1/p]×Spec (O[1/p]) GrG,O,p[1/p]. (2.3.6)

On the other hand, there is a canonical equivariant isomorphism between special fibers

GrG,O,0,p ⊗O k = GrG,O ⊗ k. (2.3.7)

(This isomorphism can also be viewed as part of the “factorization structure” of the affine Beilinson-

Drinfeld Grassmannians, cf. [Z2, §3.2].)

We now continue with the construction. Since G0 = G ⊗O[u],u 7→0 O, evaluating at u = 0 gives

G(R̂[u](u(u−p))) −→ G0(R)

which defines a surjective homomorphism

ψ0 : L+
0,pG −→ G0.

Similarly, evaluating at u = p gives

ψp : L+
0,pG −→ G.

Composing ψ0 with G0 → TG gives a homomorphism

τ : L+
0,pG −→ TG .

We can now consider the contracted product

PG := L0,pG ×L+
0,pG,τ

TG
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which is a TG-torsor

π0,p : PG −→ GrG,O,0,p

over GrG,O,0,p = L0,pG/L+
0,pG, equivariant for the action of L0,pG. For clarity, we note that we

form the contracted product as the quotient fpqc sheaf of L0,pG × TG by the equivalence relation

which identifies (g · h, t) with (g, τ(h) · t), when h is a point of L+
0,pG. We now equip PG with a

(left) action of L+
0,pG given on points by

h · (g, t) = (h · g, τ(h)−1t). (2.3.8)

(We can see that this respects the equivalence relation defining the contracted product.) This

action commutes with the action of TG and lifts the natural action of L+
0,pG on GrG,O,0,p.

Remark 2.3.5. This action differs from an other natural L+
0,pG-action on the contracted product

which is obtained by acting only on the left factor. Under (2.3.8), L+
0,pG acts trivially on the fiber

of π0,p over the neutral point given by the trivial coset of L0,pG/L+
0,pG.

Pulling back π0,p along (2.3.4) and then base changing to OE gives a TG-torsor

π : Gr1
G,OE −→ GrG,OE

over Spec (OE). We define the TG-torsor

πM : PG,µ −→ MG,µ

as the restriction of π to MG,µ ↪→ GrG,OE .

Lemma 2.3.6. The composition

f : MG,µ −→ GrG,OE −→ GrG,OE ,0,p = GrG,O,0,p ⊗O OE
is relatively representable by closed immersions.

Proof. It is easy to see that f is a closed immersion on the generic fibers using (2.3.6). Also, f is

a closed immersion on the special fibers since by (2.3.7), the morphism GrG,OE → GrG,OE ,0,p is an

isomorphism on special fibers. Since MG,µ is proper the result now follows by an argument as in

the end of the proof of [PZ, Prop. 8.1]. �

By Lemma 2.3.6 we can view MG,µ as a fpqc subsheaf of GrG,OE ,0,p. This is preserved by the

L+
0,pG-action because MG,µ is flat and this is true on the generic fiber (see also below). For the

same reason, we see that the resulting L+
0,pG action on MG,µ factors through the homomorphism

ψp : L+
0,pG → G given by u 7→ p and it comes from the usual G-action on MG,µ. The morphism f

is L+
0,pG-equivariant with the action on the source as described above. It follows that the action

(2.3.8) of L+
0,pG on PG restricts to an action on PG,µ which lifts the natural action on MG,µ via ψp

as above. To show (a) it now remains to prove that the L+
0,pG-action on PG,µ factors through ψp.

Then it gives an G-action on PG,µ which lifts the G-action on MG,µ; the fact that this commutes

with the TG-action follows from the above.

We now discuss the generic fibers. This is useful for both completing the proof of (a) and

for proving (b). In what follows, for simplicity, we omit some subscripts and write M instead of

MG,µ and also write M[1/p] for the generic fiber M⊗OE E. In general, we write X[1/p] instead of

X ⊗Zp Qp. Recall the factorization (2.3.6)

GrG,O,0,p[1/p] = GrG,O,0[1/p]×Spec (O[1/p]) GrG,O,p[1/p].

The group homomorphism τ factors

τ : L+
0,pG −→ L

+
0 G −→ G0 −→ TG ,
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where L+
0 G(R) = G(R[[u]]), the first arrow is given by the projection, and L+

0 G → G0 is obtained

by evaluation at u = 0. This implies that the TG-torsor π0,p[1/p] is obtained by pulling back the

generic fiber of the TG-torsor

π0 : L0G ×L+
0 G,τ

TG −→ L0G/L+
0 G = GrG,O,0

by the projection

GrG,O,0,p[1/p] −→ GrG,O,0[1/p]

to the first factor in (2.3.6). On the other hand, under

M ↪→ GrG,OE −→ GrG,O,0,p ⊗O OE (2.3.9)

the generic fiber M[1/p] embeds in the base change to E of the second factor in (2.3.6). However,

the TG-torsor πM is obtained by restricting π0,p along (2.3.9). Hence we obtain an isomomorphism

PG,µ[1/p] ' TG,E ×Spec (E) M[1/p]

between PG,µ[1/p] and the trivial TG-torsor over M[1/p]. Under this, the action of L+
0,pG on

PG,µ[1/p] is trivial on the factor TG,E and is the standard action on M[1/p]. In particular, it

factors through the quotient

L+
0,pG[1/p] −→ G[1/p] = G

obtained by reducing modulo (u−p). Hence, it follows that the TG [1/p]-torsor πM[1/p] is GE = GE-

equvariant and equivariantly trivial. This gives (b) provided we complete the proof of (a).

For this it remains to show that the L+
0,pG-action on PG,µ factors through ψp, i.e. through

reducing modulo u− p.
This is clear on the generic fibers by the above discussion. To show it in general, we start by

observing that, since PG,µ is of finite type, the action factors through the group scheme of m-jets

L+,m
0,p G := ResO[u]/((u(u−p))m)/O(G ⊗O[u] O[u]/((u(u− p))m)

for some m� 0. Since G is smooth over O[u], L+,m
0,p G is smooth over O. Write

1 −→ kerm −→ L+,m
0,p G −→ G −→ 1.

Let H ⊂ kerm be the flat closure of kerm[1/p] in L+,m
0,p G. The fppf quotient L+,m

0,p G/H is repre-

sentable ([An]) by a smooth group scheme G′ with G as generic fiber. It acts on PG,µ since L+,m
0,p G

acts on PG,µ and H acts trivially, since H[1/p] acts trivially on PG,µ[1/p] and PG,µ is flat over OE .

We have a group scheme homomorphism G′ → G extending the identity on the generic fiber G.

Now, by smoothness, L+,m
0,p G(Ŏ) → G(Ŏ) is surjective and so G′(Ŏ) also surjects onto G(Ŏ). But

G′(Ŏ), G(Ŏ) are both subgroups of G(Ŏ[1/p]), so G′(Ŏ) = G(Ŏ) and, by [BTII, §1.7], G′ = G. The

proof of (a) follows. Part (b) now also follows from the dicusssion about the generic fibers above.

The above completes the proof of the statement but in fact, we can also construct an “explicit”

canonical section sG,µ in (b), as follows. This section is functorial for change of groups and its

construction is useful in the sequel.

By the construction, an R-valued point of PG,µ is the isomorphism class [(E , α, β0))] of

(E , α, β0) : E , α : G ∼−→ E|u6=p, β0 : TG
∼−→ TG ×τ0,G0 E|u=0,

where E is a G-torsor over R[u] and the trivialization α is “bounded by µ” along u = p. An R-

valued point of M is the isomorphism class [(E , α)] of a pair as above; the TG-torsor πM is obtained

by forgetting β0.

Assume now p is invertible in R. Then

Spec (R) = Spec (R/uR) ↪→ Spec (R[u])
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factors

Spec (R)
ι−→ Spec (R[u][(u− p)−1]) ⊂ Spec (R[u]).

We can consider the restriction ι∗α : G0
∼−→ E|u=0 which is an isomorphism of G0-torsors over

Spec (R). This gives a TG-trivialization τ0(ι∗α) of the push out TG ×τ0,G0
E|u=0. We can now give

a section s = sG,µ of πM [1/p] by setting

s[(E , α)] := [(E , α, τ0(ι∗α))] (2.3.10)

on R-valued points.

We now check that s is G-equivariant. By Beauville-Laszlo glueing we can interpret the R-valued

points of PG,µ[1/p], M[1/p], as isomorphism classes

[(E∧, α∧, β0)] , [(E∧, α∧)].

Here, E∧ is a G-torsor over R̂[u](u(u−p)) = R[[u]] × R[[u − p]], and α∧ is a trivialization over

R((u))×R((u− p)) which extends to a trivialization over R[[u]], and β0 : TG
∼−→ TG ×τ0,G0

E|u=0 is a

trivialization over Spec (R). Given g ∈ G(R) = G(R), we lift it to

g = (ĝ0, ĝp) ∈ G(R̂[u](u(u−p))) = G(R[[u]])× G(R[[u− p]]).

Then

g · (E∧, α∧ · g−1, β0 · τ((ĝ0)u=0)−1), g · (E∧, α∧) = (E , α∧ · g−1).

(The corresponding isomorphism classes are independent of the choice of lift g of g.) We have

ι∗(g) = (ĝ0)|u=0. Hence,

s(g · (E∧, α∧)) = s(E∧, α∧ · g−1) = (E∧, α∧ · g−1, τ(ι∗(α∧ · g−1))) =

= (E∧, α∧ · g−1, τ(ι∗(α∧) · (ĝ0)−1)) =

= g · (E∧, α, τ0(ι∗α) · τ0((ĝ0)u=0)−1) = g · s(E∧, α∧).

This shows the G-equivariance of sG,µ. �

Remark 2.3.7. If R is p-adically complete and separated, sending u to 0 gives an R-algebra map

R[[u− p]]→ R. In that case, the “evaluation at u = 0” we use in the proof above factors

R̂[u](u(u−p)) −→ R[[u− p]] −→ R.

In this case, R-valued points of PG,µ are given by isomorphism classes of triples (E∧, α∧, β0), with

E∧ a G-torsor over R[[u− p]], and α : G ∼−→ (E∧)|u6=p, β0 : TG
∼−→ TG ×τ0,G0 E|u=0, trivializations. An

element g ∈ G(R) acts on PG,µ(R) as follows: We lift g to g ∈ G(R[[u− p]]) and set

g · (E∧, α∧, β0) = (E∧, α∧ · g−1, β0 · τ0(g|u=0
)−1)

with isomorphism class independent of the lift. On the other hand, t ∈ TG(R) acts by changing β0

to t · β0. Since we do not need this we omit the details.

2.3.8. Line bundles over the local model. We continue with the above set-up. Suppose that

χ : TG −→ Gm
is a character; by pushing out πM along χ, we obtain a Gm-torsor, i.e. a line bundle over MG,µ
which corresponds to an invertible sheaf Lχ so that

Gm ×χ,TG PG,µ = Isom(L∨χ ,OMG,µ).

By the above, the invertible sheaf Lχ is G-equivariant, i.e. admits a G-action which lifts the G-

action on MG,µ. The section s = sG,µ above gives a non-zero global section sχ of Lχ[1/p] over the
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generic fiber MG,µ[1/p]. We can think of sχ as a meromorphic section of Lχ over MG,µ whose divisor

div(sχ) is supported on the special fiber. Showing the condition in Conjecture 2.2.3 amounts to

proving that the multiplicities of div(sχ) are given by the formula (2.2.1). As we will see later, for

χ in a certain “positive cone”, sχ is an actual section of Lχ and so the divisor div(sχ) is effective

for such χ.

Remark 2.3.9. Recall the isomorphism (2.3.7) of special fibers

GrG,O,0,p ⊗O k = GrG,O ⊗ k.

By (2.3.9) we have

MG,µ ⊗OE kE −→ GrG,O,0,p ⊗O kE = GrG,O ⊗ kE
which agrees with the closed immersion

MG,µ ⊗OE kE −→ GrG,O ⊗ kE

given by the definition of MG,µ. We also have an identification

GrG,O ⊗ kE = (LH/L+H)kE ,

where LH/L+H is the affine flag variety GrH for the twisted loop group H = G⊗O[u] k((u)) over

k((u)) and parahoric H = G ⊗O[u] k[[u]]. Here, H⊗k[[u]] k = G ⊗O k, see [PZ, Cor. 4.2].

Suppose now χ : TG → Gm is a character over O as above. Using the identifications

(H⊗k[[u]] k)red = (G ⊗O k)red = (G0 ⊗O k)red,

we see that χ gives a character χ : L+H → Gm over k. The usual construction

LH ×L+H,χ k

now defines a LH-equivariant line bundle over GrH. The restriction of this line bundle to MG,µ⊗OE
kE is isomorphic to the line bundle Lχ ⊗OE kE obtained from the special fiber of the TG-torsor

PG,µ → MG,µ. This follows from the proof of Proposition 2.3.4. Indeed, the TG-torsor πM is

given by restricting a similar contracted product. Note however, that the L+H-structure which

is obtained from the natural LH-structure on Lχ differs from the equivariant structure given by

Proposition 2.3.4, see also Remark 2.3.5.

2.3.10. An example. Suppose G = GLn = AutQp(Qnp ) and G is the Iwahori group scheme given as

the stabilizer of the standard periodic Zp-lattice chain {Λm}m∈Z

· · · ⊂ Λi−1 ⊂ Λi ⊂ · · · ,

with

Λ−i = pZpe1 ⊕ · · · ⊕ pZpei ⊕ Zpei+1 ⊕ · · · ⊕ Zpen,

for 0 ≤ i ≤ n− 1, and Λj = pkΛi, for j = i− nk, where ei is the standard basis of Qnp .

In this case, the group scheme G over Zp[u] is obtained as the automorphisms of “the corre-

sponding” periodic chain of free Zp[u]-modules {Λi}i∈Z

· · · ⊂ Λi−1 ⊂ Λi ⊂ · · · ,

with

Λ−i = uZp[u]e1 ⊕ · · · ⊕ uZp[u]ei ⊕ Zp[u]ei+1 ⊕ · · · ⊕ Zp[u]en,

for 0 ≤ i ≤ n− 1, and Λj = ukΛi, for j = i− nk. The corresponding global affine Grassmannian

GG,Zp over Zp represents the functor which to a Zp-algebra R associates the set of chains {E i}i∈Z
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of projective finitely generated R[u]-modules of rank n contained in Λ0⊗Zp[u]R[u, u−1, (u−p)−1] =

R[u, u−1, (u− p)−1]n:

· · · ⊂ E i−1 ⊂ E i ⊂ · · · ,
which are periodic E i−kn = ukE i, for all i and k, and with the following properties (see [PZ, §6,

§7.2]):

• For each i, the quotient E i/E i−1 is killed by u and is locally free of rank 1 over R.

• There is some N ≥ 1 such that

(u− p)NΛi ⊗Zp[u] R[u] ⊂ E i ⊂ (u− p)−NΛi ⊗Zp[u] R[u],

for all i.

For −n+ 1 ≤ i ≤ 0, set

Li := HomR(E i/E i−1, (Λi/Λi−1)⊗Zp R) ' (E i/E i−1)∨,

which are locally free R-modules of rank 1. The universal modules Luniv
i , −n + 1 ≤ i ≤ 0, define

n invertible sheaves over GrG,Zp and hence a TG = Gnm-torsor given as

i=0∏
i=−n+1

Isom(Euniv
i /Euniv

i−1 ,Λi/Λi−1) =

i=0∏
i=−n+1

Isom((Luniv
i )∨,O).

By definition, this agrees with the TG-torsor

π : Gr1
G,Zp −→ GrG,Zp

which appears in the proof of Prop. 2.3.4.

Now fix the coweight µ = (1(r), 0(n−r)) and recall the comparison isomorphism between the

Iwahori GLn local model from [RZ] or [Go] given by the “classical definition” and the local model

MG,µ ⊂ GrG,Zp given by the group-theoretic definition in [PZ]. This comparison is explained, for

example, in [PZ, §7.2.1]. Under this isomorphism, R-points of the classical local model given by R-

submodules Fi ⊂ Λi⊗ZpR which are locally direct summands of rank r, correspond to (u−p)Λi ⊂
E i ⊂ Λi⊗ZpR[u], by taking E i to be the inverse image of Fi under the map Λi⊗Zp[u]R[u]→ Λi⊗ZpR

given by u 7→ p. For simplicity of notation, set Λi,R := Λi ⊗Zp[u] R[u]. Set also

Qi := (Λi ⊗Zp R)/Fi = Λi,R/E i.

The standard property of the determinant functor on the derived category of perfect complexes of

R-modules ([KnM, Ch. I, Def. 4, Thm. 2]) applied to the exact sequence of complexes

0 −→ [E i−1 → E i] −→ [Λi−1,R → Λi,R] −→ [Qi−1 −→ Qi] −→ 0

gives a canonical isomorphism between the locally free rank 1 R-modules

det(Qi)⊗R det(Qi−1)−1

and

(Λi,R/Λi−1,R)⊗R (E i/E i−1)⊗−1 = HomR(E i/E i−1, (Λi/Λi−1)⊗Zp R).

So we have

det(Qi)⊗R det(Qi−1)−1 ∼−→ HomR(E i/E i−1, (Λi/Λi−1)⊗Zp R) = Li. (2.3.11)

The isomorphisms (2.3.11) give a straightforward expression for the TG-torsor PG,µ over the local

model MG,µ, in this example. In particular, sections of the TG-torsor PG,µ correspond via (2.3.11)

to nowhere zero sections of the line bundles det(Quniv
i )⊗ det(Quniv

i−1 )−1, i = −n+ 1, . . . , 0. We can

see that the section sG,µ of the TG-torsor PG,µ[1/p] over the generic fiber MG,µ[1/p], corresponds to
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the collection of sections of det(Quniv
i )⊗det(Quniv

i−1 )−1 induced by the isomorphisms Quniv
i−1

∼−→ Quniv
i

over MG,µ[1/p].

Remark 2.3.11. Versions of the isomorphism (2.3.11) can be given in many other EL and PEL

cases, and in particular in the case of GSp2g, by comparing with corresponding explicit “classical”

descriptions of the local models MG,µ, see [PZ, §7, §8]. We will revisit this in Section 7.

2.3.12. Proof of Conjecture 2.2.3 in the tame case; multiplicities. We continue with the notations

of the previous paragraph. Again, we first extend the base to Q̆p and set O = Z̆p. For simplicity,

we will often omit the base change to O and write G instead of GO.

We would like to calculate the multiplicity mµ̄′,χ of the divisor div(sχ) along the irreducible

component Zµ̄′ of the geometric special fiber of MG,µ which corresponds to an extreme element µ̄′

of the {µ}-admissible set AdmG(µ) ⊂WK\W̃/WK :

div(sχ) =
∑
µ̄′

mµ̄′,χ · Zµ̄′ .

Our goal is to show:

Proposition 2.3.13. Let χ : TG → Gm. Let Zµ̄′ be the component of the geometric special fiber

of MG,µ corresponding to the coset of the translation element µ̄′ ∈ Λ{µ} ⊂ X∗(T )I ⊂ W̃ . The

multiplicity of the divisor div(sχ) along Zµ̄′ is given by

mµ′,χ = [Ĕ : Q̆p] · 〈µ̄′, χ〉,

where 〈µ̄′, χ〉 is the value of the pairing (2.1.7).

By the above, this implies Theorem 2.3.1, i.e. the divisor conjecture 2.2.3 in the tame case.

Remark 2.3.14. a) Note that for Γ = I, [Γ : Γµ′ ] = [Ĕ : Q̆p], so the values 〈µ̄′, χ〉 of the pairing

(2.1.7) lie in [Ĕ : Q̆p]−1 · Z, hence the RHS is indeed an integer.

b) Proposition 2.3.13 says that the value 〈µ̄′, χ̄〉 gives the “absolute” multiplicity of the divisor

div(sχ), i.e. the p-adic valuation of a local equation for div(sχ) at the generic point ηµ̄′ of Zµ̄′ , i.e.,

div(p〈µ̄
′,χ̄〉) = div(sχ)

in Spec (OM,ηµ̄′ ).

Proof. Recall that we have base changed to O = Z̆p, so G, Gm, etc., is over O. Recall the choices

of tori S ⊂ T = ZG(S) above. By the tameness assumption, there exists a finite tamely ramified

extension F̃ /Q̆p with Γ = Gal(F̃ /Q̆p) ' Z/eZ, such that

G ' (ResF̃ /Q̆p(H ⊗Q̆p F̃ ))Γ, T ' (ResF̃ /Q̆p(TH ⊗Q̆p F̃ ))Γ,

where H is a split Chevalley form of G, and TH = Grm is a maximal torus of H, for a “twisted”

action of Γ. For simplicity, we set F = Q̆p.
Under this tameness assumption, the constructions of [PZ] apply to the torus T and we have

smooth affine group schemes T , resp. T0, over O[u], resp. O, which extend the parahoric group

scheme T (i.e. connected ft Neron model), and its special fiber T̄ = T ⊗O k. Note that by the

construction in [PZ], there are natural identifications of Galois groups

Γ = Gal(F̃ /F ) = Gal(O[v]/O[u]) = Gal(F ((v − p))/F ((u− p))) = Gal(k((v))/k((u))),

where ve = u, and a Γ-equivariant identification

X∗(T ) = X∗(T F ((t))) = X∗(T k((t)))
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where t = u− p. In particular, we can identify the coinvariants

X∗(T )I = X∗(T k((t)))I .

Here, X∗(T )I and X∗(T k((t)))I are the targets of the Kottwitz homomorphism for the tori obtained

from T by specializing to the two discretely valued fields F and k((u)), by O[u]→ F , u 7→ p, and

O[u]→ k((u)). (On the other hand, the extension F ((v − p))/F ((u− p)) of discretely valued fields,

is unramified.)

For simplicity, write Õ for OF̃ and, as above, t = u− p. The following is a mixed characteristic

version of [Z1, Prop. 3.4], see also [PZ, §7.1.1]. For λ ∈ X∗(T ), we denote by Eλ its field of

definition, this is a subfield of F̃ containing F = Q̆p.

Proposition 2.3.15. For each λ ∈ X∗(T ), there is a morphism over Spec (O),

sλ : Spec (OEλ) −→ LT ,

such that, denoting by η, resp. s, the generic, resp. special point of Spec (OEλ),

i) The element sλ(η) ∈ LT (Eλ) = T (Eλ((u− p))) maps under the Kottwitz homomorphism

T (Eλ((u− p))) −→ X∗(T Eλ((u−p)))

to the image of λ under the identification X∗(T ) = X∗(T Eλ((u−p))).

ii) The element sλ(s) ∈ LT (k) = T (k((t))), maps under the Kottwitz homomorphism

T (k((t))) −→ X∗(T k((t)))I ,

to the image of λ under the natural map X∗(T )→ X∗(T )I = X∗(T k((t)))I .

Proof. Recall we consider O[u]→ O[v], u 7→ ve, with Galois group Γ = Z/eZ, so that Õ/O is the

base change of this cover over u = p, i.e. Õ = O[v]/(ve − p). Then vmod (u − p) defines $ ∈ Õ
with $e = p. We have models T̃ and T of the torus over O[u] which specialize to T̃ and T under

u 7→ p. For example, choose a basis ω1, . . . , ωr of the Γ-module X∗(TH) = Zr which corresponds

to TH ' Grm. Then

T̃ = (ResO[v]/O[u](Grm ⊗Zp O[v]))Γ,

where the Γ-action extends in the obvious way, and T is the neutral component of T̃ . For an

O-algebra R,

LT̃ (R) = T̃ (R[[u− p]][(u− p)−1]).

This is equal to the Γ-fixed points of

(ResO[v]/O[u]Grm)(R[[u− p]][(u− p)−1]) =

r∏
j=1

(R[[u− p]][(u− p)−1]⊗O[u] O[v])×.

Recall TH = Grm,F and T (F̃ ) = TH(F̃ ) = (F̃×)r but with “twisted” Γ action. Write

Õ = O[v]/(ve − p), $ = vmod (ve − p)

and let ζ be a primitive e-th root of unity in O. We can choose a generator γ of Γ such that so

γ($) = ζ ·$ and γ(v) = ζ · v. For 1 ≤ i ≤ e, we set

xi := −$ ⊗ 1 + ζi ⊗ v ∈ Õ[[u− p]]⊗O[u] O[v].

We will consider reduction modulo (u):

(Õ[[u− p]]⊗O[u] O[v])/(u) = Õ ⊗O O[v]/(ve) = Õ[v]/(ve),
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and

(Õ[[u− p]][ 1

u− p
]⊗O[u] O[v])/(u) = F̃ ⊗O O[v]/(ve) = F̃ [v]/(ve),

followed by reduction modulo (v).

Note that the image of xi under reduction modulo (v) is the constant

xi ≡ −$ ∈ Õ ⊂ Õ[v]/(ve) ⊂ F̃ [v]/(ve) = F̃ ⊕ F̃ · v ⊕ · · · ⊕ F̃ · ve−1

which is a unit in F̃ [v]/(ve). Hence, xi is a unit,

xi ∈ (Õ[[u− p]][ 1

u− p
]⊗O[u] O[v])×.

Recall the basis ω1, . . . , ωr of X∗(TH) = Zr. To distinguish with our other pairing, we use the

notation

〈 , 〉H : X∗(TH)×X∗(TH) = X∗(T )×X∗(T ) −→ Z
for the standard pairing.

As in [Z1, Prop. 3.4], we define

sλ ∈
r∏
j=1

(Õ[[u− p]][(u− p)−1]⊗O[u] O[v])×.

by setting

ωj(sλ) :=

e∏
i=1

x
〈λ,γi·ωj〉H
i .

The action of Γ on (Õ[[u− p]][(u− p)−1]⊗O[u] O[v])× obtained by acting by Galois automorphisms

on the second factor O[v] is such that γ(xi) = xi+1. This implies that sλ is fixed for the twisted

Γ-action and so

sλ ∈ LT̃ (Õ).

In fact, we can see that sλ ∈ LT̃ (OEλ), where we recall the reflex field Eλ ⊂ F̃ of λ ∈ X∗(T ).

Note that we can view sλ ∈ LT̃ (Õ) as a morphism over Spec (O[u]),

sλ : Spec (Õ[[u− p]][ 1

u− p
]) −→ T̃ .

To show that this factors through the neutral component T ⊂ T̃ , we consider the reduction modulo

(u). Now sλ induces

sλ mod (u) : Spec (Õ[[u− p]][ 1

u− p
]/(u)) = Spec (F̃ ) −→ T̃ |u=0.

We compose this map with

T̃ |u=0 = (

r∏
j=1

(ResO[v]/(ve)/O(Gm ⊗O O[v]/(ve))))Γ −→ (T̃ |u=0)red = (

r∏
j=1

Gm,O)Γ.

The composition is

Spec (F̃ ) −→ (

r∏
j=1

Gm,O)Γ ⊂
r∏
j=1

Gm,O,

with j-component

(−$)〈λ,TrΓωj〉H .

So this composition

Spec (F̃ ) −→ (T̃ |u=0)red = (

r∏
j=1

Gm,O)Γ ⊂ Grm,O,
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is also

Spec (F̃ )
−$−−→ Gm,O

TrΓ·λ−−−→ Grm,O. (2.3.12)

But this lands in the neutral component (the torus part) of (T̃ |u=0)red = (
∏r
j=1 Gm,O)Γ, as desired.

Hence sλ factors through LT and we obtain sλ ∈ LT (Õ). It then also follows that

sλ ∈ LT (OEλ)

as desired.

Let us now consider the special fiber sλ(s) ∈ LT (k); this is given by

sλ(s) = sλ mod ($) : Spec (k((t))) −→ T ⊗O[t] k[t]

with t = u. Hence, by the above definition,

ωj(sλ mod ($)) =

e∏
i=1

(ζi ⊗ v)〈λ,γ
i·ωj〉H = ±v〈TrΓ·λ,ωj〉H .

This and the compatibility of the Kottwitz invariant with norms, gives part (ii).

It remains to show part (i). Since F̃ ((u− p))/Eλ((u− p)) is an unramified extension of discretely

valued fields, it is enough to calculate the Kottwitz invariant of sλ(η) ∈ T (Eλ((u − p))) after this

extension, i.e. consider sλ(η) in T (F̃ ((u− p))). Now

ve −$e = (v −$) ·
e−1∏
i=1

(ζiv −$)

F̃ [[u− p]]⊗O[u] O[v] =

e∏
i=1

F̃ [[ζiv −$]].

Using this we can see that T (F̃ ((u− p))) = TH(F̃ ((v −$))). We now have

ωj(sλ(η)) = (v −$)〈λ,ωj〉H ·A(λ, j),

where

A(λ, j) =

e−1∏
i=1

(ζiv −$)〈λ,γ
iωj〉H ,

a unit in F̃ [[v −$]]. This shows that the Kottwitz invariant of

sλ(η) ∈ T (F̃ ((u− p))) = TH(F̃ ((v −$)))

is given by λ in X∗(T ). �

The above now gives a point

[sλ] : Spec (OEλ) −→ GrT ,O = LT /L+T ,

of the Beilinson-Drinfeld affine Grassmannian for the torus T .

Remark 2.3.16. (i) We can also interpret the points [sλ] following [SW, Prop. 21.3.1], as follows.

Consider the Gal(F̄ /F )-module X∗(T ) which defines an étale Spec (F )-scheme X and consider the

normalization X int of Spec (O) in X. Each λ ∈ X∗(T ) defines a point

[λ] : Spec (OEλ) −→ X int.

The points [sλ] combine to give a morphism of Spec (O)-schemes

ι : X int −→ GrT ,O

such that [sλ] = ι · [λ], for each λ.
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(ii) If λ is defined over Q̆p, the point sλ ∈ LT O(OEλ) is simply given by the image of t = u−p ∈
LGm,O(O) = (O[[u− p]](u− p)−1)∗ under LGm,O → LT .

We now continue with the proof of Proposition 2.3.13:

Step 1. The torus case. Consider (T , {λ}) and a character χ : T0 → Gm. Recall that T0 =

T u=0 := T ⊗O[u],u 7→0 O and that χ factors through T red
0 = (T |u=0)red. The construction in §2.3.8,

for G = T , χ, and R = OEλ , gives a Gm-torsor over Spec (OEλ) which is

Lχ = Gm · χ((s−1
λ )|u=0).

The calculation in the proof of Proposition 2.3.15, see in particular (2.3.12), gives

χ((s−1
λ )|u=0) = (−$)〈λ,TrΓ·χ〉H .

The section of Lχ over Eλ, constructed in §2.3.8, is given by χ((s−1
λ )|u=0) ∈ E×λ . Hence, the

corresponding divisor over Spec (OEλ) is

valEλ((−$)〈λ,TrΓ·χ〉H ) · [s],

with [s] the closed point of Spec (OEλ). Since $ is a uniformizer of F̃ and F̃ /Eλ is totally ramified,

this is equal to
1

[F̃ : Eλ]
· 〈λ,TrΓ · χ〉H · [s].

The multiplicity is
1

[F̃ : Eλ]
· 〈λ,TrΓ · χ〉H =

1

[F̃ : Eλ]
· 〈TrΓ · λ, χ〉H .

Since [F̃ : Eλ] = |Γλ|, we have

1

[F̃ : Eλ]
· TrΓ · λ =

1

|Γλ|
·
∑
γ∈Γ

γ · λ =
∑

γ̄∈Γ/Γλ

γ̄ · λ.

It follows that this multiplicity is

[Γ : Γλ] · 〈λ�, χ〉H = [Eλ : F ] · 〈λ�, χ〉H = [Eλ : Q̆p] · 〈λ̄, χ〉,

where again λ̄ ∈ X∗(T )I denotes the image of λ, as claimed. This shows Proposition 2.3.13 in the

case of a torus.

Step 2: The general case. We show the general case by reducing it to the case of a torus, which

was handled above. We start with (G, {µ}) and the local model MG,µ. As usual, it is enough to base

change to O = Z̆p and consider the situation over this base. In particular, E is a finite extension of

Q̆p. We choose S ⊂ T = ZG(S) in GF as above, such that the parahoric G corresponds to a point

in the apartment of S, as usual. Let λ = µ′ ∈ W0 · µ ⊂ X∗(T ); then λ ∈ {µ} and Eλ = Eµ = E.

By the construction of [PZ], we have T ↪→ G, and this gives

T0 ↪→ G0, GrT ,O −→ GrG,O.

By composing with [sλ], we obtain a point [tλ] : Spec (OE)→ GrG,O ⊗O OE which factors through

the local model,

[tλ] : Spec (OE) −→ MG,µ ⊂ GrG,O ⊗O OE
because its generic fiber does so. Note that Spec (OE) here is naturally identified with the local

model MT ,λ for the torus. Let now χ : G0 → Gm be a character, inducing the pair (Lχ, sχ) over

MG,µ by the construction in §2.3.8. By the construction of this pair, we see that the restriction

[tλ]∗(Lχ, sχ) to MT ,λ = Spec (OE) ↪→ GrT ,O, is isomorphic to the pair obtained, by the same

construction applied to the local model pair (T , {λ}) and the composition χ|T0
: T0 → G0

χ−→ Gm.
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We can now see that the special fiber [tλ](s) lands in the G-orbit Zλ̄ of MG,µ ⊗OE k given by

the coset WK · tλ̄ ·WK ⊂ W̃ of the translation element tλ̄ in the Iwahori-Weyl group W̃ which

corresponds to the image λ̄ of λ in X∗(T )I . This follows from Proposition 2.3.15 (ii).

Since MG,µ is smooth over OE along the stratum Zλ̄ and [sλ] is an OE-valued point, the mul-

tiplicity of the divisor div(sχ) along Zλ̄, is determined by the restriction [tλ]∗(Lχ, sχ) of the pair

(Lχ, sχ) to Spec (OE); the restricted pair is an invertible sheaf over Spec (OE) with a trivialization

over the generic point Spec (E). However, the restriction [tλ]∗(Lχ, sχ) to MT ,λ = Spec (OE) ↪→
GrT ,O is isomorphic to the pair obtained, for the local model pair (T , {λ}) and the composition

χ|T0
: T0 → G0

χ−→ Gm. Hence, the multiplicity is given by the formula we showed above in the

torus case. This gives the desired result and completes the proof of Proposition 2.3.13 and hence

also of Theorem 2.3.1. �

Remark 2.3.17. a) The proof of Theorem 2.3.1 is significantly simpler if G splits over Q̆p. In-

deed, then T also splits over Q̆p and the construction of the points sλ in Proposition 2.3.15 is

straightforward, see Remark 2.3.16 (ii).

b) Proposition 2.3.4 but also the proof of Conjecture 2.2.3 in the tame case (Theorem 2.3.1),

should generalize to local models for groups which are the Weil restriction of scalars of a tame

group by a wildly ramified extension, by using Levin’s construction [Le] in that case. For the

general case, one can hope to use the constructions of [Lo], [FHLR], [AGLR] etc., as informed

by Scholze-Weinstein’s theory of v-sheaf local models. For example, the construction of [sλ] is

straightforward for v-sheaf local models, see [SW, Prop. 21.3.1].

3. Toric schemes

3.1. Toric embeddings of TG.

3.1.1. Semigroups. Recall Λ{µ} ⊂ X∗(T )I . This generates the (rational polyhedral) convex cone

σ{µ} := {
∑

λ∈Λ{µ}
rλ · λ | rλ ≥ 0} ⊂ (X∗(T )I)⊗Z R. (3.1.1)

(We will sometimes say that σ{µ} is the positive hull of Λ{µ}.) Here we recall from §2.1.4 that the

ambient vector space can be identified with

X∗(T )I ⊗Z R = X∗(T )I ⊗Z R = X∗(T red)⊗Z R.

We also write σµ for σ{µ}. On the character group side, this defines a saturated finitely generated

semigroup Sµ ⊂ X∗(T red),

Sµ = {χ ∈ X∗(T red) | 〈µ′, χ〉 ≥ 0,∀µ′ ∈ Λ{µ}}. (3.1.2)

In other words,

Sµ = σ∨µ ∩X∗(T red),

where σ∨µ is the dual cone of σµ.

More generally, let G be a parahoric group scheme with corresponding torus TG over Zp, as in

§2.1.1. Then we define

σG,µ = ϕG(σµ) ⊂ X∗(TG)⊗Z R,
SG,µ = {χ ∈ X∗(TG) | 〈µ′, χ〉 ≥ 0,∀µ′ ∈ Λ{µ}}.

(3.1.3)

Recall here the map ϕG : X∗(T )I → X∗(TG) from Remark 2.1.5. Then SG,µ is a finitely generated,

saturated sub semigroup of X∗(TG).
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3.1.2. The toric scheme. Continuing with the set-up above we set

Y̆G,µ := Y̆SG,µ = Spec (Z̆p[SG,µ])

which comes with an action of TG and an equivariant morphism

TG ⊗Zp Z̆p −→ Y̆G,µ (3.1.4)

over Spec (Z̆p). Here the affine ring of Y̆G,µ is given by the semigroup ring of SG,µ, and the morphism

(3.1.4) by the inclusion

Γ(Y̆G,µ,O) = Z̆p[SG,µ] ⊂ Γ(TG ⊗Zp Z̆p,O) = Z̆p[X∗(TG)].

By the stability of Λ{µ} under Gal(Q̆p/E0), the semigroup SG,µ is also stable and so the affine

scheme Y̆G,µ and the morphism (3.1.4) descend to define an affine scheme YG,µ with TG-action and

equivariant TG ⊗Zp OE0
→ YG,µ over OE0

. (Recall from §2.2.1 that E0 is the maximal unramified

extension of Qp contained in E.) We have

YG,µ = (ResZpm/OE0
Y̆SG,µ)Gal(Qpm/E0),

with m large enough so that the action of Gal(Q̆p/E0) on SG,µ factors through Gal(Qpm/E0).

Remark 3.1.3. Note that SG,µ contains the subgroup of X∗(TG),

X∗(TG)µ,0 = σ⊥G,µ ∩X∗(TG) = {χ ∈ X∗(TG) | 〈µ′, χ〉 = 0,∀µ′ ∈ Λ{µ}}. (3.1.5)

Here X∗(TG)µ,0 ⊂ X∗(TG) is co-torsion free and stable under Gal(Q̆p/E0). Hence the quotient is

the character group of a subtorus TG,µ ⊂ TG ⊗Zp OE0 defined over OE0 , i.e.,

X∗(TG,µ) = X∗(TG)/X∗(TG)µ,0. (3.1.6)

We denote by SG,µ the image of SG,µ in X∗(TG,µ). We obtain an affine variety Z̆SG,µ = Z̆SG,µ over

Z̆p with an action of TG,µ ⊗OE0
Z̆p and an equivariant map

TG,µ ⊗OE0
Z̆p −→ Z̆SG,µ . (3.1.7)

The affine ring of Z̆SG,µ is given by the semigroup ring of SG,µ, and the morphism (3.1.7) by the

inclusion

Γ(Z̆SG,µ ,O) = Z̆p[SG,µ] ⊂ Γ(TG,µ ⊗OE0
Z̆p,O) = Z̆p[X∗(TG,µ)].

By the stability of Λ{µ} under Gal(Q̄p/E0), the semigroup SG,µ is also invariant and so the affine

scheme Z̆SG,µ and the morphism (3.1.7) descend to TG,µ → ZSG,µ over OE0 .

We can also give the affine OE0
-scheme YG,µ = YSG,µ and the morphism TG,OE0

→ YSG,µ by

pushout of ZSG,µ and TG,µ → ZSG,µ along TG,µ ↪→ TG,OE0
, in particular

TG,OE0
−→ YSG,µ = TG,OE0

×TG,µ ZSG,µ . (3.1.8)

When the inclusion TG,µ ⊂ TG,OE0
is proper, the toric variety YSG,µ has a toric factor in the sense

of [CLS, §3.3]. Note that there is a natural identification of stacks

[TG,µ\ZSG,µ ] = [TG\YSG,µ ].

In the next subsection, we will introduce “non-degeneracy” conditions under which Sµ generates

the group X∗(TG,µ) and hence the morphisms (3.1.7) and (3.1.8) are open embeddings and define

toric schemes TG,µ ↪→ ZSG,µ , resp. TG,OE0
↪→ YSG,µ .
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Remark 3.1.4. Let us consider the extreme case when G = T is a torus. In this case, there is

only one parahoric group scheme, which is an Iwahori group scheme I. Then {µ} consists of a

single element µ. Let µ̄ be the image of µ in X∗(T )I ⊗Z R. If µ̄ = 0, then TI,µ is trivial and

there are no nontrivial torus embeddings. If µ̄ is non-trivial (this case falls under the name of

ab-nondegenerate, cf. Definition 3.1.7 below), then TI,µ is a one-dimensional torus over OE0
. Since

the Frobenius element of Gal(Q̆p/E0) fixes µ̄, we see that then TI,µ is isomorphic to Gm over OE0
.

In this case, the morphism TI,µ ⊗OE0 → ZSµ is the embedding Gm,OE0
↪→ A1

OE0
.

3.1.5. More general semigroups. More generally, let S be a semigroup of X∗(TG) satisfying the

following conditions:

(1) S is saturated.

(2) S is contained in SG,µ and generates the same group.

(3) S contains X∗(TG)µ,0.

(4) S is stable under the action of Gal(Q̄p/E0).

On the dual side, we can also prescribe S as S = τ∨ ∩X∗(TG), where τ ⊂ X∗(TG)R is a choice of a

rational polyhedral cone such that τ ⊃ σG,µ, and satisfying the following conditions, in which we

set σ = σG,µ:

(1) Let Wτ , resp. Wσ the maximal sub vector space contained in τ , resp. σ. Then the inclusion

Wσ ⊂Wτ is an equality.

(2) The inclusion τ⊥ ⊂ σ⊥ of subspaces of (X∗(TG))⊗Z R is an equality.

(3) τ is stable under the action of Gal(Q̆p/E0).

Note that the cone τ is uniquely determined by S and vice versa, via τ∨ = R+S.

We let S be the image of S in X∗(TG,µ), and define as before the affine variety ZS with an

action of TG,µ. Under these conditions we obtain a TG,µ-equivariant map over OE0

ZSG,µ −→ ZS . (3.1.9)

Via push-out, we obtain as before a TG-equivariant map

YSG,µ −→ YS . (3.1.10)

When S = τ∨ ∩X∗(TG), we will sometimes write Yτ instead of YS .

3.1.6. Nondegeneracy. In this subsection, we consider a pair (G, {µ}), where µ is not necessarily

minuscule. The pair (G, {µ}) is called strictly convex if the convex cone σ{µ} of X∗(T )I ⊗Z R is

strictly convex, i.e. it does not contain an R-line through the origin. Equivalently, the dual cone

of σµ in X∗(T )I ⊗Z R contains a non-empty open subset.

We also introduce the notion of a pair (G, {µ}) to be strictly convex: This means that

σ∨G,µ := {χ ∈ X∗(TG)R | 〈λ, χ〉 ≥ 0, ∀λ ∈ Λ{µ}},

contains a non-empty open subset of X∗(TG)R. Equivalently, SG,µ generates X∗(TG) as a group,

or SG,µ generates X∗(TG,µ) as a group. Note that (I, {µ}) is strictly convex iff (G, {µ}) is strictly

convex.

Recall the homomorphism

φ : X∗(T )I −→ ΩG = π1(G)I −→ π1(Gab)I = X∗(Gab)I . (3.1.11)

Under the composed map, all λ ∈ Λ{µ} ⊂ X∗(T )I have the same image µ̄ab in X∗(Gab)I , since

they all have the same image in ΩG.
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Definition 3.1.7. The pair (G, {µ}) is called ab-nondegenerate if µ̄ab is not a torsion element,

i.e., if the image of µ̄ab in X∗(Gab)I ⊗ R is non-zero.

Since the second map above is an isogeny, ab-nondegeneracy is equivalent to the condition that

the image of Λ{µ} in π1(G)I (which consists of a single element) is not a torsion element.

Proposition 3.1.8. If (G, {µ}) is ab-nondegenerate, then (G, {µ}) is strictly convex. Similarly,

then (G, {µ}) is strictly convex, for any parahoric G of G.

Proof. Assume that µ̄ab ∈ X∗(Gab)I is not torsion, so µ̄ab is not zero in the vector spaceX∗(Gab)I⊗Z
R. Suppose by contradiction that there is x ∈ σ{µ} such that −x ∈ σ{µ} also. We can write

x =
∑
λ∈Λµ

rλ ·λ, and also −x =
∑
λ∈Λµ

r′λ ·λ, with rλ ≥ 0 and r′λ ≥ 0. Apply the homomorphism

φ : X∗(T )I −→ X∗(Gab)I

as above. We obtain

φ(−x) = (
∑
λ∈Λµ

r′λ) · µ̄ab = −φ(x) = −(
∑
λ∈Λµ

rλ) · µ̄ab.

Hence,
∑
λ∈Λµ

(r′λ+rλ) = 0, which gives a contradiction unless x = 0, hence σ{µ} is strictly convex.

Now let us consider G and σG,µ = ϕG(σµ) ⊂ X∗(TG) ⊗Z R. Using (2.1.6), the same argument

proves that σG,µ is strictly convex. But this is equivalent to the fact that SG,µ generates X∗(TG,µ)

as a group. �

Corollary 3.1.9. Under any one of the following hypotheses (G, {µ}) is ab-nondegenerate:

(1) if there exists a character χ : G→ Gm such that χ ◦ µ is not trivial.

(2) If (G, {µ}) is of local Hodge type, i.e. µ is minuscule and there exists an embedding

(G, {µ}) ↪→ (GLn, {µd})

with µd(a) = diag(a(d), 1(n−d)), 1 ≤ d < n.

(3) If µ is non-trivial minuscule, Gab splits over an unramified extension, and Gder is simply-

connected.

Proof. (1) Indeed, then µ̄ab ∈ X∗(Gab)I maps to a non-zero integer under X∗(Gab)I → X∗(Gm)I =

X∗(Gm) = Z, hence it is not torsion.

(2) This follows from (1) because the composition with the determinant gives a character χ as

in (1).

(3) The hypotheses imply that X∗(Gab) = X∗(Gab)I is torsion-free. It is enough to check that

µab ∈ X∗(Gab) is not trivial. But if it were, µ would factor through Gder = Gsc which would

contradict the assumption that µ is minuscule. �

On the other hand, if G is adjoint, then (G, {µ}) is not ab-nondegenerate. The following

proposition shows that Proposition 3.1.8 is sharp under mild hypotheses.

Proposition 3.1.10. Consider (G, {µ}) such that µ is non-trivial and such that the torus Gab

splits over an unramified extension. If the cone σ{µ} of X∗(T )I ⊗Z R is strictly convex, then

(G, {µ}) is ab-nondegenerate.

Proof. Indeed, assume that µ̄ab is torsion. After extension of scalars to F̆ , we may assume that G

is quasi-split and that a positive multiple of µ factors through Gder. Passing to the adjoint group,

we may assume that G is simple and µ is non-trivial. Denote by S a maximal split torus and

by T the centralizer of S, a maximal torus of G. The set Λ{µ} consists of non-zero elements, all
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conjugate under the relative Weyl group W0. The assertion follows from the next lemma applied to

the reduced root system associated to the system of relative roots in X∗(S)⊗R = X∗(T )I⊗R. �

Lemma 3.1.11. Let (V,R) be an irreducible root system with Weyl group W , and let µ ∈ V ∗ be

non-zero. Then the convex hull of the finite set {µ′ = wµ | w ∈W} contains an open neighborhood

of the origin.

Proof. Let µ′ = wµ and choose the positive closed Weyl chamber C such that µ′ ∈ C. Consider

the translate by µ′ of the negative of the obtuse Weyl chamber,

C
∨

= {x ∈ V ∗ ⊗ R | x =
∑

xiα
∨
i , xi ≥ 0, ∀ i},

where α∨i ranges over the simple coroots. We claim that this translate contains the origin. Indeed,

this is equivalent to the existence of xi ≥ 0 such that µ′ =
∑
xiα
∨
i . This follows from the inclusion

C ⊂ C
∨

, cf. [Bou, ch. VI, §1.6, Prop. 18]. In fact, 0 lies in the interior of this translate because

C \ {0} is contained in the interior of C
∨

, cf. [Lim, Lem. 2.18]. The assertion follows because the

convex hull in question is the intersection of the above translates for varying µ′ in the W -orbit, cf.

[AB, Lem. 12.14]. �

Remark 3.1.12. Let (G, {µ}) be ab-nondegenerate. Then the map (3.1.8) is an open embedding

and YG,µ is a toric embedding of TG ⊗Zp OE0
. Furthermore, for S ⊂ SG,µ as in §3.1.5, YS is also a

toric embedding of TG ⊗Zp OE0 and the map (3.1.10) induces the identity on TG ⊗OE0 .

Proposition 3.1.13. Assume that (G, {µ}) is ab-nondegenerate, and let G be a parahoric group

scheme. Then

dimTG,µ ≤ 1 +
∑
i

rankQ̆p(Gad ⊗ Q̆p)i,

where the sum is over the simple factors of Gad⊗ Q̆p with non-trivial component µad,i of µad. Here

rankQ̆p means the split rank over Q̆p.

Furthermore, if G is an Iwahori group scheme, there is equality between the two sides.

Proof. By the functoriality in the parahoric §2.1.1, §2.1.2, we obtain for a suitable Iwahori I → G
a surjective homomorphism of tori TI,µ → TG,µ. Hence we are reduced to the case where G is an

Iwahori group scheme. Then

dimTG,µ = rankX∗(T )I − rank (X∗(T )I)µ,0,

where (X∗(T )I)µ,0 = {χ ∈ X∗(T )I | 〈µ′, χ〉 = 0,∀µ′ ∈ Λ{µ}}. Consider the following diagram

with exact rows,

0 // CQ // X∗(Tder)
I
Q

// DQ // 0

0 // (X∗(T )I)µ,0Q
//

OO

X∗(T )IQ
//

OO

X∗(TI,µ)Q //

OO

0

0 // AQ //

OO

X∗(Gab)IQ
//

OO

BQ //

OO

0,

(3.1.12)

where the subscript Q means, as usual, tensoring with Q. Here A = (X∗(T )I)µ,0 ∩X∗(Gab), and

B, C, D are defined as cokernels of the obvious maps between lattices. The hypothesis implies

that rankB = 1. On the other hand, rankD = rankX∗(Tder)
I − rank(X∗(Tad)I)µ,0. By Lemma
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3.1.11, we have (X∗(Tad,i)
I)µ,0 = (0) when µad,i is non-trivial, and (X∗(Tad,i)

I)µ,0 = X∗(Tad,i)
I

when µad,i is trivial. We deduce that

dimTI,µ = rankX∗(Tder)
I − rank (X∗(Tad)I)µ,0 + 1

= 1 +
∑
i

rankQ̆p(Gad,i ⊗Q Q̆p)

with the sum over the simple factors as in the statement. �

3.1.14. Blanket assumptions. For the rest of the paper, we make the following simplifying assump-

tion on (G, {µ}):
(i) The pair (G, {µ}) is strictly convex. This is equivalent to the dual cone σ∨G,µ having the full

dimension. As a consequence, our toric schemes contain the torus TG⊗ZpOE0
as an open subscheme.

In addition, we often assume:

(ii) The subgroup X∗(TG)µ,0 of X∗(TG) is trivial, i.e., TG,µ = TG . This is equivalent to the cone

σG,µ having the full dimension. Then our toric schemes have no torus factor.

We will point out when we assume (ii) or when (ii) fails.

3.2. Examples. Here we give some examples of the toric schemes YG,µ for various (G, {µ}). In

this list all parahoric subgroups G are Iwahori. In all cases, (G, {µ}) is strictly convex and even

ab-nondegenerate. Also, in all cases TG,µ = TG .

1) (G, {µ}) = (GLn, {$∨1 }), where $∨1 = (1, 0, . . . , 0). (Here and below, we will denote by

(a1, . . . , an) the coweight Gm → GLn given by t 7→ diag(ta1 , . . . , tan).) Take T to be the standard

maximal diagonal torus. Then the Weyl group orbit Λ{µ} = W0 · µ ⊂ X∗(T ) is the standard basis

given by ei = (0, . . . , 0, 1, 0, . . . , 0), with 1 in the i-th place. Then

σG,µ = {(a1, . . . , an) ∈ Rn | ai ≥ 0,∀ i}, SG,µ = {(x1, . . . , xn) ∈ Zn | xi ≥ 0,∀ i}.

The toric scheme is YG,µ = AnZp .

2) (G, {µ}) = (GLn, {$∨2 }), where $∨2 = (1, 1, 0, . . . , 0). Take T to be the standard maximal

diagonal torus. Then Λ{µ} = W0 · µ is the set of all vectors with exactly two coordinates 1 and

the rest 0; there are
(
n
2

)
such vectors. Then

SG,µ = σ∨G,µ ∩X∗(T ) = {(x1, . . . , xn) ∈ Zn | xi + xj ≥ 0,∀ i 6= j}.

We can see that the Hilbert basis (i.e. minimal set of semi-group generators) of SG,µ is the set of

ei = (0, . . . , 0, 1, 0, . . . , 0), with 1 in the i-th place, and of fi = (1, . . . , 1,−1, 1, . . . , 1) with −1 in

the i-th place. Then YG,µ is the spectrum of the quotient of

Zp[e1, . . . , en, f1, . . . , fn]

by the ideal generated by

eifi − e1 · · · êi · · · en, 1 ≤ i ≤ n,

fifj −
∏

k 6∈{i,j}

e2
k, 1 ≤ i, j ≤ n, i 6= j.

Here the hat means that we omit the term.

3) (G, {µ}) = (GLn, {$∨n−1}), where $∨n−1 = (1, 1, . . . , 1, 0). Note that when n > 2 this is not

the same as example (1) above, even though the corresponding local models are isomorphic. For

n > 2 the corresponding toric variety YG,µ is simplicial but not smooth. Indeed, then

SG,µ = σ∨G,µ ∩X∗(T ) = {(x1, . . . , xn) ∈ Zn |x1 + · · ·+ x̂i + · · ·+ xn ≥ 0,∀ i}.
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The dual cone has extremal rays given by the n vectors obtained from (1, . . . , 1, 2−n) by permuting

its coordinates; these vectors give a basis of X∗(T )R, generate X∗(T ) as a group, and form a subset

of the minimal generating set (Hilbert basis) of SG,µ. However, this is a proper subset since these

n vectors do not generate SG,µ: Indeed, we can easily see for example that (1, 0, . . . , 0) ∈ SG,µ but

it is not a positive integral linear combination of these n vectors. In particular, SG,µ is not free

and YG,µ is not smooth. In fact, as we will explain later, when (p, n−1) = 1, YG,µ can be identified

with the quotient of AnZp by the diagonal action of the group scheme µn−1 and it is the affine cone

of the (n− 1)-th Veronese embedding of Pn−1
Zp . (See Example 3.3.2.)

4) (G, {µ}) = (GLn, {$∨j }), $∨j = (1(j), 0(n−j)), for 1 ≤ j ≤ n − 1. In all these cases, the

semigroup S = {(x1, . . . , xn) ∈ Zn | xi ≥ 0} ⊂ SG,µ satisfies our assumptions. Then YS = AnZp
which supports a birational T -equivariant morphism YG,µ → YS .

5) (G, {µ}) = (GSp2g, {µstd}). Here, GSp2g is the symplectic similitude group defined by the

symplectic form ( , ) with matrix (
0 J

−J 0

)
where J is the antidiagonal g × g matrix with coefficients equal to 1 and µstd is the standard

non-trivial minuscule coweight of type $∨g . Take T to be the standard maximal diagonal torus, so

T = {diag(r1, . . . , rg, cr
−1
g , . . . , cr−1

1 )} = {(r1, . . . , rg, c)} = Gg+1
m .

In the second more compact presentation of this torus µstd is given by x 7→ (x, x, . . . , x) and the

Weyl orbit Λ{µ} = W0 · µstd consists of the homomorphisms x 7→ (a1, . . . , ag, x), where ai are

either 1 or x. So there are 2g such µ′. Denote by (x1, . . . , xg, y) coordinates of X∗(T )R. Then the

inequalities defining the dual cone σ∨G,µ are:

(
∑
i∈U

xi) + y ≥ 0, ∀ U ⊂ {1, . . . , g}. (3.2.1)

Here U runs over all the subsets (including ∅) of {1, . . . , g}. The Hilbert basis of SG,µ are the

following 2g elements of X∗(T ):

e1 = (1, 0, 0, . . . , 0, 0), e2 = (0, 1, 0, . . . , 0, 0), . . . , eg = (0, 0, . . . , 1, 0),

f1 = (−1, 0, 0, . . . , 0, 1), f2 = (0,−1, 0, . . . , 0, 1), . . . , fg = (0, 0, . . . ,−1, 1).

To see these generate SG,µ take a := (x1, . . . , xg, y) which satisfies the inequalities above; in

particular y ≥ 0. By subtracting a sum of the fi’s, we can assume that y = 0. Then a =

(x1, . . . , xg, 0), with all xi ≥ 0. But these points are sums of points of the form ei. (Note that, in the

above, (A1, . . . , Ag, B) denotes the character which takes the value
∏g
i=1 r

Ag
i cB on (r1, . . . , rg, c).

Hence, e1, . . . , eg, f1, . . . , fg are all the weights for the action of T on the standard representation

V of G = GSp(V ).) We can now also easily see that this set of generators is minimal. The toric

scheme YG,µ is the spectrum of the quotient of

Zp[e1, . . . , eg, f1, . . . , fg]

by the ideal generated by

eifi − ejfj , for all 1 ≤ i, j ≤ g.
This toric scheme appears again in §8.1, see also [Mar], [HS], [HLS].

5′) (G, {µ}) = (GSp2g, {µstd}), as in (5) above. We can consider the sub-semigroup S of SG,µ
which is generated by e1, . . . , eg, f1. Then S is free and still satisfies our assumptions. We have

YS = Ag+1
Zp . This choice of S and the corresponding toric scheme YS is implicitly used in [Sha,
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§4.1, §4.2] and [Mar]. It still fits in our framework (see Sect. 6). However, from the point of view

of the current paper, this S and the corresponding toric scheme YS are not the canonical choices;

the canonical choices are SG,µ and YG,µ of Ex. (5) above.

6) (G, {µ}) = (GSpin(V ), {µ1}), where V is a split quadratic space over Qp of dimension 2g+ 1

and µ1 the standard non-trivial minuscule coweight of type $∨1 , landing in the standard maximal

split torus T , both as described for example in [HP, §4.2.1] (it is important to pin down precisely

the data, as our theory is sensitive to changes of the center). We again take G to be an Iwahori,

given by an alcove in the apartment of T .

Using the duality GSpin∨2g+1 ' GSp2g, we see that the dual (character) cone σ∨G,µ1
identifies

with the (cocharacter) cone for (GSp2g, {µstd}) as in example (5) above. As in (5), we can see

that the latter cone is the positive hull of the set of (a1, . . . , ag, 1), where ai = 0 or 1 (so there are

2g elements) in X∗(TGSp2g
) ' Zg+1. It follows that σ∨G,µ ⊂ X∗(T )R is the convex hull of the same

subset ofX∗(T ) ' X∗(TGSp2g
) ' Zg+1. It is now not hard to check that the elements (a1, . . . , ag, 1),

with ai = 0, 1, form a Hilbert basis of the semigroup SG,µ = σ∨G,µ∩X∗(T ) ⊂ Zg+1. Hence, the toric

scheme YG,µ is isomorphic the spectrum of the quotient of the algebra Zp[{xU}U⊂{1,...,g}], with

generators xU parametrized by the subsets U of {1, . . . , g}, by the ideal of all relations between

the xU ’s given by corresponding identities in Zg+1 by mapping xU to the element (a1, . . . , ag, 1)

with ai = 1 iff i ∈ U . This ideal is generated by the elements

xU · xU ′ − xU∩U ′ · xU∪U ′ ,

for any pair U , U ′ of subsets of {1, . . . , g}.
7) The genuine Drinfeld case. (G, {µ}) = (D∗, {$∨1 }), where D is a central division Qp-algebra

of index d. Again G is the unique Iwahori given by the units O∗D of the maximal oder OD. Set

q = pd. Then TG ' ResZq/Zp Gm. We have E0 = Qp and

YO∗D,$∨1 ' ResZq/Zp A
1.

This is the torus embedding ResZq/Zp Gm ↪→ ResZq/Zp A1.

8) Ramified Weil restriction of scalars. Let F/Qp be a finite totally ramified extension and

consider the pair (G, {µ}), where G = ResF/QpH, where H is a split reductive group over F and

µ = (µφ)φ:F↪→Qp , with µφ : (Gm)/Qp → H ×F Qp a minuscule coweight or trivial, for each field

embedding φ : F ↪→ Qp. Take T = ResF/Qp TH with TH ' (Gnm)/F a split maximal torus of H

and fix a Borel subgroup TH ⊂ BH ⊂ H. Then X∗(T )I can be identified with Zn = X∗(TH)

using the averaging map and, under this identification, the positive hull of Λ{µ} ⊂ X∗(T )I is the

positive hull of the W0-orbit of the average
∑
φ µ

dom
φ , where µdom

φ ∈ X∗(TH) = Zn is a dominant

representative of the conjugacy class {µφ}. In this, W0 identifies with the Weyl group N(TH)/TH
of H.

We can apply this to the case H = GLn, which is already very interesting: Then we take

T = ResF/Qp(Gnm)/F to be the standard diagonal torus of G and µφ = (1(rφ), 0(rφ)), for some rφ,

with 0 ≤ rφ ≤ n, for each field embedding φ : F ↪→ Qp. As above, X∗(T )I can be identified with

Zn using the averaging map. Under this identification, Λ{µ} ⊂ X∗(T )I is given as

Λ{µ}=Sn-orbit of (s1, s2, . . . , sn), where si = #{φ | rφ ≥ i}.

We assume that Λ{µ} generates the vector space X∗(T )I ⊗R = Rn and that at least one of the µφ
is not trivial. (The second condition guarantees that (G, {µ}) is ab-nondegenerate.)
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Now consider the Iwahori G = ResOF /Zp I, with I the standard Iwahori for GLn over OF . The

cone σG,µ is the positive hull of Λ{µ}, a general “permutohedral cone”. We have

SG,µ = {(a1, a2, . . . , an) ∈ Zn |
n∑
i=1

sw(i) · ai ≥ 0, ∀w ∈ Sn},

and YG,µ is the toric affine scheme given by the spectrum of the corresponding semigroup algebra

over Zp. These schemes can quickly become very complicated: For example, the 3-dimensional

permutohedral cone for (s1, s2, s3) = (5, 2, 1) gives a semigroup whose Hilbert basis has 30 elements.

According to Macaulay 2, the corresponding toric ideal of relations for the semigroup algebra has

1181 generators.

A similar construction can be performed for more general H, F and (µφ)φ as above.

9) Ramified unitary similitudes. (G, {µ}) = (GUn, {µr,s}). Let us explain the data involved

in the definition of this pair. We take p > 2, F/Qp a ramified quadratic extension, and V an

n-dimensional F -vector space equipped with a F/Qp-hermitian form h : V × V → F . We assume

n ≥ 3 and that h is split, i.e. there is an F -basis of V such that h(ei, en+1−j) = δij . For a

Qp-algebra R set VR = V ⊗Qp R and denote by hR : VR × VR → F ⊗Qp R the base change of h.

Then GUn(R) = GU(V, h)(R) is the group of g ∈ AutF⊗QpR
(VR) for which there exists c(g) ∈ R∗

such that

hR(gv, gw) = c(g) · hR(v, w), ∀ v, w ∈ VR.
Denote by a 7→ a the conjugation of F over Qp which gives an involution on the F -rational points

GUn(F ). There is an isomorphism

ψ : GUn(F )
∼−→ GLn(F )× F ∗,

which carries this involution to (A, c) 7→ (c · (A∗)−1, c) where A∗ denotes the hermitian adjoint of

A. For a pair (r, s) of non-negative integers with n = r + s, we take the coweight µr,s defined by

µr,s(a) = ψ−1((diag(a(r), 1(s)), a)).

Take T to be the maximal torus of GUn which corresponds via ψ to the standard maximal torus

diag×Gm ⊂ GLn ×Gm. We can see that the Galois involution on X∗(T ) = Zn × Z is given by

τ(x1, . . . , xn, y) = (y − xn, y − xn−1, . . . , y − x2, y − x1, y).

a) Suppose n = 2m+ 1 is odd. Then

X∗(T )I = {(x1, . . . , xm, xm+1, 2xm+1 − xm, . . . , 2xm+1 − x1, 2xm+1)} ⊂ Zn × Z

and the projection to the first m+ 1 coordinates (x1, . . . , xm, xm+1) gives X∗(T )I
∼−→ Zm+1.

b) Suppose n = 2m is even. Then

X∗(T )I = {(x1, . . . , xm, y − xm, . . . , y − x1, y)} ⊂ Zn × Z

and we can project to (x1, . . . , xm, y) to obtain X∗(T )I
∼−→ Zm+1.

In either case, we consider the composition

a : X∗(T ) −→ X∗(T )IQ
∼−→ Zm+1 ⊗Z Q,

where the first arrow is given by the averaging map λ 7→ λ�.

Now take µ = µ1,n−1 = (1, 0, . . . , 0, 1) ∈ X∗(T ). Then τµ = (1, 1, . . . , 1, 0, 1) and so

µ� =
µ+ τµ

2
= (1, 1/2, . . . , 1/2, 0, 1) ∈ X∗(T )IQ

Under the isomorphism X∗(T )IQ
∼−→ Qm+1 this maps to (1, 1/2, . . . , 1/2) if n = 2m+ 1 is odd, and

to (1, 1/2, . . . , 1/2, 1) if n = 2m is even.
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We now consider the action of the Weyl group W0. Recall that the reduced root system Σ

on X∗(T )I ⊗ Q is of type Bm (if n is even) or Cm (if n is odd), see [PR] for more details. In

both cases, the Weyl group W0 is isomorphic to Sm o (Z/2Z)m. We let Sm o (Z/2Z)m act on

X∗(T ) = Zn × Z = {(x1, . . . , xn, y)} by fixing y and permuting the indices 1, . . . , n, so that the

partition of {1, . . . , n} into subsets {i, n+1− i} is preserved (so also fixing the “middle” m+1, if n

is odd). We let W0 act on X∗(T )I as follows. If n is odd, the first factor in the semi-direct product

Sm o (Z/2Z)m acts on (x1, . . . , xm, xm+1) by permuting the first m entries. The element (−1)i in

the second factor maps (x1, . . . , xm, xm+1) to the vector with ith entry equal to 2xm+1−xi and all

other entries unchanged. If n is even, then Sm acts on (x1, . . . , xm, xm+1) by permuting the first

m entries, whereas the factor (−1)i maps (x1, . . . , xm, xm+1) to the vector with ith entry equal to

xm+1 − xi and all other entries unchanged. Then the natural map X∗(T )→ X∗(T )I ⊗Q respects

these actions.

The orbit of µ = (1, 0, . . . , 0, 1) by the W0-action on Zn × Z as above, consists of the 2m

elements (0, . . . , 0, 1, 0, . . . 0, 1), where the first 1 is in any of the 2m possible spots (after excluding

the middle spot in the odd case n = 2m+ 1). These elements map under a to

(1/2, . . . , 1/2, 1, 1/2, . . . , 1/2, 1/2), and (1/2, . . . , 1/2, 0, 1/2, . . . , 1/2, 1/2),

in X∗(T )IQ = Qm+1 if n = 2m+ 1, and to

(1/2, . . . , 1/2, 1, 1/2, . . . , 1/2, 1), and (1/2, . . . , 1/2, 0, 1/2, . . . , 1/2, 1),

in X∗(T )IQ = Qm+1 if n = 2m, with the 1 or the 0 taking any of the first m possible spots. The

resulting 2m elements in X∗(T )IR span the extremal rays of the cone σG,µ. (Here G is a standard

Iwahori of G).

Some more explicit examples: For n = 4, (r, s) = (1, 3), by the above, the extremal rays of σG,µ
are spanned by (1, 1/2, 1), (1/2, 1, 1), (1/2, 0, 1), (0, 1/2, 1). The corresponding primitive elements

in X∗(TG) = X∗(T )I ' Z3 on these rays are (2, 1, 2), (1, 2, 2), (1, 0, 2), (0, 1, 2). For n = 3,

(r, s) = (1, 2), the extremal rays are spanned by (1, 1/2), (0, 1/2); the corresponding primitive

elements of X∗(T )I ' Z2 on these rays are (2, 1), (0, 1). In this last case, the toric scheme YG,µ is

isomorphic to the spectrum of Zp[x1, x2, x3]/(x2
1 − x2x3).

3.3. Further properties; relation to other constructions. In this section we give some further

properties and constructions relating to the toric schemes YG,µ.

3.3.1. Central isogenies. Let (G, {µ}) → (G′, {µ′}) be a central isogeny, i.e., f : G → G′ is

surjective, the kernel is a finite central subgroup C of G and {µ′} = {f · µ}. Assume that C splits

over Q̆p, i.e., the action of Gal(Q̄p/Qp) on C(Q̄p) is unramified and that the order of C(Q̄p) is

prime to p. Let G, resp. G′, be parahorics that correspond to each other under the isogeny. Then

C(Q̄p) ⊂ G(Q̆p) and even C(Q̄p) = C(Q̆p) ⊂ G(Z̆p) since C(Q̆p) fixes the point in the Bruhat-Tits

building corresponding to G and the Kottwitz map G(Q̆p)→ π1(G)I evaluated on C(Q̆p) is trivial.

Furthermore the closure CG of C in G has special fiber C̄G étale of multiplicative type. We obtain

an exact sequence of groups of multiplicative type over Zp,

1 −→ CG −→ TG −→ TG′ −→ 1.

Assume (G, {µ}), and hence also (G′, {µ′}), satisfies both our blanket assumptions 3.1.14 (i) and

(ii). Under the identification X∗(TG)R = X∗(TG′)R, the two cones σG,µ and σG′,µ′ coincide, hence

SG′,µ′ = SG,µ ∩X∗(T ′G′), where X∗(T ′G′) ⊂ X∗(TG) is an inclusion with finite index. We obtain a

finite morphism YG,µ → YG′,µ′ equivariant wrt the isogeny TG → TG′ . In fact, YG′,µ′ is the quotient

of YG,µ by the action of CG .
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Example 3.3.2. Consider the central isogeny

f : GLn −→ GLn A 7→ ∧n−1A.

Assume p is coprime to n − 1. This gives an isogeny f : T → T of the standard maximal torus

with the corresponding X∗(T )→ X∗(T ) given by

(x1, . . . , xn) 7→ (
∑
i

xi − x1, . . . ,
∑
i

xi − xn)

so that $∨1 = (1, 0, . . . , 0) maps to $∨n−1 = (0, 1, . . . , 1, 1). The kernel of f is the group scheme

of roots of unity µn−1. The isogeny gives a toric morphism Y$∨1 → Y$∨n−1
and induces Y$∨n−1

=

Y$∨1 /µn−1. Since Y$∨1 = AnZp (cf. Example 1 in §3.2), we get

Y$∨n−1
= AnZp/µn−1,

the quotient for the diagonal scaling action. This is consistent with Example 3 in §3.2, reconfirming

that Y$∨n−1
is not smooth. The affine coordinate ring of this quotient is the invariants

(Zp[x1, . . . , xn])µn−1 =
⊕
i≥0

Zp[x1, . . . , xn]deg=i(n−1).

This is the “(n− 1)-th Veronese algebra” and Y$∨n−1
= AnZp/µn−1 is the (n− 1)-st Veronese cone,

i.e. the affine cone corresponding to the line bundle OPn−1(n− 1) over Pn−1
Zp .

3.3.3. The projective toric scheme XG,µ. The triple (G, {µ},G) defines (Gad, {µad},Gad). Let us

assume that µad is non-trivial in all simple factors of Gad ⊗Qp Q̆p, cf. Proposition 3.1.13. We

consider the polytope Pµad
= PGµad

which is the convex hull of the image of the Weyl orbit Λ{µ} in

X∗(TGad
)R. By Lemma 3.1.11, the polytope Pµad

contains the origin in its interior. Let Σ = ΣGµad

be the associated fan. The extreme rays of Σ are in bijection with the extreme rays of σG,µ, when

σG,µ is strictly convex. Let XG,µ = XΣ be the corresponding toric scheme (over Zp) for the torus

TGad,µad
. Since |Σ| = X∗(TGad

)R, we see that XG,µ is a projective toric scheme. It depends only on

(Gad, {µad},Gad). In the rest of this paragraph, we try to relate the schemes YG,µ and XG,µ.

To simplify our discussion, we will suppose, in addition to both the blanket assumptions (i) and

(ii), that G is Iwahori and that (G, {µ}) is ab-nondegenerate. Consider the exact sequence

1 −→ Z −→ G −→ Gad −→ 1.

By Proposition 3.1.13, it follows that dimZ = 1. Let us also assume that the neutral component

Zo is isomorphic to Gm and that the finite abelian group scheme π0(Z) is unramified and has rank

prime to p. This exact sequence induces an exact sequence

1 −→ ZZp −→ TG −→ TGad
−→ 1 (3.3.1)

where we denote by ZZp the smooth model of Z over Zp obtained as the Zariski closure of Z in TG ;

then ZoZp = Gm over Zp and π0(ZZp) = π0(Z)Zp is the unique finite étale abelian group scheme

over Zp with π0(Z) as generic fiber.

The first observation is that XG,µ is the quotient of YG,µ by the action of ZZp in the following

sense: We normalize the isomorphism ZoZp = Gm such that the corresponding element z ∈ X∗(TG)

lies in σµ. Then the action of ZoZp = Gm on the affine ring A = AG,µ of YG,µ defines a grading

A =
⊕

m≥0Am. Let X̃G,µ = Proj(A). Then XG,µ is the quotient of X̃G,µ under the action of the

finite abelian group scheme π0(Z)Zp .

Next, we give a condition which implies that YG,µ is the affine cone of a line bundle over X̃G,µ.
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Proposition 3.3.4. Under the above assumptions, the Gm-action on YG,µ \ {0} is free if and only

if 〈z, χρ〉 = 1 for all generators χρ of the extremal rays ρ of σ∨µ . Then YG,µ \ {0} → X̃G,µ is

a Gm-torsor and YG,µ is the affine cone for the line bundle over X̃G,µ which corresponds to this

Gm-torsor.

Proof. Recall that each extremal ray ρ of the dual cone σ∨µ corresponds to a (1-codimensional)

facet F = F (ρ) of the cone σµ. In turn, by the face-orbit correspondence, this corresponds to a

1-dimensional torus orbit O(F ) in YG,µ. If y ∈ YG,µ \ {0} is a fixed point of t0 ∈ z(Gm), then the

whole TG-orbit of y is fixed by t0 which, by considering closures, implies that t0 fixes all points of

some orbit O(F ). But the subgroup of z(Gm) ⊂ TG which fixes all the points of O(F ) has order

〈z, χρ〉. The claim in the first part of the statement follows.

We now show the second part of the statement. Note that the Hilbert homogeneous basis of A is

given by the indecomposable elements in SG,µ. Among them are the generators χρ of the extremal

rays ρ of the dual cone σ∨µ , but there may be more. Let A′ be the Zp-subalgebra of A which is

generated by the degree 1 part A1. By our assumption 〈z, χρ〉 = 1, A1 contains the ray generator

χρ, for each extremal ray ρ of σ∨µ . It is easy to see that Sµ is the saturation of its semigroup S′µ
which is generated in X∗(TG) by the ray generators χρ. Since A is normal, this implies that A is

the normalization of A′ and we have X̃G,µ = Proj(A) = Proj(A′), since A and A′ coincide in high

degree. Since A′ is generated by A1, the tautological twisting sheaf OX̃G,µ(1) is a line bundle and

the canonical homomorphism

A′ −→ Ã′ :=
⊕
m≥0

Γ(X̃G,µ, OX̃G,µ(1)⊗m)

identifies Ã′ with the normalization A of A′. Hence

A =
⊕
m≥0

Γ(X̃G,µ, OX̃G,µ(1)⊗m)

(Stacks 27.8-27.10). The rest of the statement now follows. �

Remark 3.3.5. The condition in Proposition 3.3.4 is often not satisfied. Then the action of Z on

YG,µ \ {0} is not free. Consider the case (G = GL4, µ = $∨2 ,G = I) of Ex. 2, §3.2. Then Z = Gm
and the extremal ray generators are the elements ei and fi there; the ei’ s have degree 1 but the

fi’s have degree 2. In this situation, there are stabilizer groups of order 2: The closed subscheme

W of YG,µ defined by the ideal (e1, e2, e3, e4, f1f2, f1f3, f1f4, f2f3, f2f4, f3f4) has dimension 1, so

it is not the closed orbit. We can see that µ2 ⊂ Z = Gm acts trivially on W .

Example 3.3.6. In the situation of Example 3.3.2, the projective toric scheme XG,µ associated

to (G, {µ},G) = (GLn, {$∨n−1}, I) is Pn−1
Zp and YG,µ is the (n− 1)-st Veronese cone.

3.3.7. Constructions starting with a weight; duality. The following “dual” construction of toric

varieties/schemes is perhaps more common and variations have appeared in many contexts, comp.,

e.g., the references in [MoR]. The resulting toric embeddings are sometimes called “Weyl orbit

toric varieties”.

Let H be a reductive group over Qp which is quasi-split and splits over F = Q̆p. Choose a

maximal torus S and a Borel subgroup B in HF over F ; we can assume that both S and B are

defined over Qp. Suppose that λ ∈ X∗(S) is a dominant weight 6= 0 and consider the Weyl orbit

{λ} = W0 · λ ⊂ X∗(S). The rational polyhedral convex cone

τ∨λ = {a ∈ X∗(S)R | 〈w · λ, a〉 ≥ 0,∀w ∈W0}
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determines an affine SOF -toric scheme VH,λ over OF , as follows: the cone τ∨λ is the dual of the

positive hull τλ = Cone(W0 · λ) ⊂ X∗(S)R, and we set

VH,λ := Spec (OF [τλ ∩X∗(S)]).

There is also a projective variant. Assume for simplicity that H is absolutely almost simple.

Consider the “Weyl polytope” WPλ defined as the convex hull of the Weyl orbit {λ} = W0 · λ in

X∗(S)R and let Q = X∗(Sad) ⊂ X∗(Sder) be the root lattice. We can define a projective toric

scheme embedding UH,λ for the torus Sad,OF , as follows: the corresponding fan in X∗(Sad)R is the

projection from X∗(S)R to X∗(Sad)R of the normal (dual) fan of the polytope WPλ. Here we refer

to [CLS, Ch. 1, §2.3] for the definition of the normal fan of a lattice polytope in X∗(S)R (the

normal fan is called the dual fan in [MoR]).

By Dabrowski [Da, Thm. 3.2]1 the toric scheme UH,λ is isomorphic to the Zariski closure of a

generic S-orbit in H/Pλ (see also [MoR, Prop. 3] for this description of the toric variety defined

by a generic orbit closure).

Let us now consider the dual reductive group G = H∨ with corresponding dual maximal torus

T = S∨ ⊂ H∨ = G. We have identifications X∗(S) = X∗(T ), χ 7→ χ∨. Using the dual µ := λ∨,

which is now a coweight of G, we construct the pair (G, {µ}) = (H∨, {λ∨}). Take G to be an

Iwahori of G defined by an alcove in the apartment of T . Then, under the above identification

X∗(T ) = X∗(S), the cone σG,µ is equal to τ∨λ , and its dual σ∨G,µ is equal to τλ = Cone(W0 · λ), as

above. It follows that the TOF -toric scheme YG,µ⊗OE OF is isomorphic to the dual (in the sense of

toric varieties, as in [BL, Def. 3.9.1] for example) of the SOF = T∨OF -toric scheme VH,λ = VG∨,µ∨

given as above. Note that these considerations generalize some of the arguments in Ex. 6, §3.2.

Remark 3.3.8. One might ask for a more direct connection between the toric schemes YG,µ which

are defined from the Weyl orbit of a coweight and the toric schemes VH,λ which are defined from

the Weyl orbit of a weight.

Let us start with (G, {µ}), with µ a non-trivial coweight, such that G is quasi-split and splits

over F = Q̆p. Let T be a maximal torus defined over Qp and take G to be an Iwahori of G defined

by an alcove in the apartment of T . Now take H = G and S = T in the above. We ask if there is a

weight λ ∈ X∗(S) = X∗(T ) such that YG,µ ⊗OE OF ' VH,λ as TOF -toric schemes. This happens if

τλ = σ∨µ in X∗(T )R. Now recall that the extremal rays of σ∨µ correspond to facets of the cone σµ.

Hence, a necessary and sufficient condition for the existence of λ ∈ X∗(S) with τλ = σ∨µ is that

the facets of σµ consist of one Weyl orbit. We can list the cases when this happens by applying

work of Maxwell [Max]: For simplicity, assume that, in addition, G is absolutely almost simple.

Let ∆ be the set of simple roots regarded as vertices of the Dynkin diagram of G. Consider

J(µ) := {s ∈ ∆ | s(µ) = µ}.

Then by [Max], see also [Re, Cor. 1.3]:

The set of Weyl orbits of the facets of σµ is in bijection with the set of subsets J ⊂ ∆ of size

|J | = |∆|−1 which satisfy the following condition: No connected component of J is contained

in J(µ).

It is not hard to see that if the Dynkin diagram has branches (D, E types) then, for each µ,

there exists more than one such subset J , hence also more than one Weyl orbit of facets. For the

unbranched diagrams (A, B, C, F , G types) there is a unique J if and only if J(µ) is obtained

by just omitting one of the extreme points of the Dynkin diagram. Then the unique J is given by

1[Da] assumes the base is an algebraically closed field but the proof applies in our situation too. Here the qualifier

“generic” is meant in the sense of [Da, Def. 1.1], which implies that the Zariski closure is normal.



42 G. PAPPAS AND M. RAPOPORT

omitting the opposite extreme point. Let us now restrict consideration to minuscule µ. Then, by

the above, there is a single orbit of facets of σµ in exactly the following cases:

• A type: {µad} is the Drinfeld {$∨1 } (or anti-Drinfeld {$∨n−1}) class (Ex. 1, resp. Ex. 3,

§3.2),

• B type: {µad} is the unique minuscule class (Ex. 6, §3.2),

• C type: {µad} is the unique minuscule class (Ex. 5, §3.2).

4. The divisor map and Lang covers

4.1. The divisor map.

4.1.1. Definitions. Assume now that the divisor conjecture, i.e. Conjecture 2.2.3, holds. Then

there is a G-equivariant TG-torsor PG,µ → MG,µ and a GE = G ⊗Zp E-equivariant trivialization

s : TG,E ×Spec (E) (MG,µ ⊗OE E)
∼−→ PG,µ ⊗OE E

over the generic fiber, satisfying the conditions of Conjecture 2.2.3. The trivialization s gives, by

using the projection, a TG,E-equivariant morphism over E

δE = pr · s−1 : P
(−1)
G,µ ⊗OE E −→ TG,E (4.1.1)

with fibers isomorphic to the partial flag variety F(G, {µ}) = GE/P{µ}. Here P
(−1)
G,µ = PG,µ as a

scheme, but with the inverse TG-action, i.e. composed with t 7→ t−1. Since s is GE-equivariant,

δE is GE-equivariant for the trivial action on the target.

Proposition 4.1.2. Under the above assumptions (in particular assuming Conjecture 2.2.3), there

is a unique extension of the morphism δE to a TG,OE -equivariant morphism

δ : P
(−1)
G,µ −→ YG,µ ⊗OE0

OE .

Furthermore, δ is GOE -equivariant for the trivial action on the target.

Note that δ amounts to a morphism MG,µ → [TG\YG,µ] which is G-equivariant for the trivial

action on the target. We postpone the proof to give:

Definition 4.1.3. Assume the divisor conjecture for (G, {µ}). Then the divisor map for the pair

(G, {µ}) is the morphism of stacks

∆G : [G\MG,µ] −→ [TG\YG,µ]

obtained from the G- and TG-equivariant morphism δ above. More generally, for a choice of semi-

group S as in §3.1.5, defining the toric scheme YS , we define the divisor map

∆G,S : [G\MG,µ] −→ [TG\YS ]

to be the composition of ∆G above with [TG\YG,µ]→ [TG\YS ].

We now give the proof of Proposition 4.1.2.

Proof. The uniqueness statement follows using that MG,µ and hence PG,µ is flat over OE . A similar

argument proves that the G-equivariance of any extension δ of δE follows from the GE-equivariance

of δE . To extend δE to δ, it is enough to base change to OĔ and check that, if χ ∈ Sµ, then the

element δ∗E(χ) ∈ Γ(P̆
(−1)
G,µ [1/p],OP̆G,µ

[1/p]) actually lies in Γ(P̆
(−1)
G,µ ,OP̆G,µ

). Since PG,µ → MG,µ is

smooth and MG,µ normal and flat over OE , P
(−1)
G,µ = PG,µ is also normal and flat over OE , and it is

enough to verify that δ∗E(χ) is regular at the generic points of the special fiber of P̆G,µ. The result
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then follows from the multiplicity formula (2.2.1) in Conjecture 2.2.3 and the positivity appearing

in the definition of SG,µ: Indeed, on sufficiently small open charts Spec (R) of MG,µ⊗OEOĔ covering

the generic points of its special fiber, we have P
(−1)
G,µ = TG × Spec (R) = Spec (R[X∗(TG)]) and δE

gives

f : Spec (R[1/p]) −→ Spec (Q̆p[ω±1 , . . . , ω
±
r ]).

For χ = ωa1
1 · · ·ωarr ∈ SG,µ, we have f∗(χ) ∈ R since Dχ is an effective divisor on MG,µ ⊗OE OĔ

by (2.2.1) and by the definition of SG,µ. So this gives

f̄ : Spec (R) −→ Spec (Z̆p[SG,µ]) = Y̆G,µ

which, together with TG → YG,µ, defines the extension δ : TG × Spec (R)→ Y̆G,µ over Spec (R). In

particular, δ∗E(χ) is regular over Spec (R). �

4.1.4. Combinatorics of the divisor map. Let us assume that σG,µ is a strictly convex cone. Con-

sider the partially ordered set of faces F (σG,µ) of the cone σG,µ ⊂ X∗(TG)R with τ ′ ≤ τ if τ ′ is a

face of τ . This is in bijection τ 7→ O(τ) with the set of TG-orbits in Y̆G,µ and τ ′ ≤ τ if and only if

O(τ) ⊂ O(τ ′), [CLS, Thm. 3.2.6]. Note that F (σG,µ) has a unique maximal element, namely σG,µ
and a unique minimal element, namely {0}.

Also, let AdmG({µ}) ⊂WG\W̃/WG be the {µ}-admissible set which parametrizes the Gk-orbits

Sw in MG,µ ⊗OE k, cf. [PRS, §4.4]. This also has a partial order induced by the Bruhat order on

W̃ with w′ ≤ w iff Sw′ ⊂ Sw, cf. [PRS, Prop. 4.18]. Note that AdmG({µ}) contains a smallest

element τ which corresponds to the unique closed Gk-orbit on MG,µ⊗OE k. The maximal elements

are exactly given by the elements of the image of Λ{µ} in AdmG({µ}).
The map of stacks ∆G gives a map of posets,

|∆G | : AdmG({µ}) −→ F (σG,µ). (4.1.2)

Recall that the set

{φG(µ̄′) ∈ X∗(TG)R | µ̄′ ∈ Λ{µ}}
generates the cone σG,µ. Let

ρGµ̄′ := R>0 · φG(µ̄′)

be the ray generated by φG(µ̄′). Then the set of extremal rays of σG,µ is exactly the image in

X∗(TG)R of the set of rays {ρµ̄′ = R>0 · µ̄′ | µ̄′ ∈ Λ{µ}}, and they form one orbit under the relative

Weyl group W0 over Q̆p.

Proposition 4.1.5. a) The map |∆G | : AdmG({µ})→ F (σG,µ) reverses the orders on source and

target.

b) Let µ̄′ ∈ Λ{µ}. Then |∆G |(tµ̄
′
) = ρGµ̄′ .

c) |∆G |(τ) = σG,µ.

Note that (c) means that the unique closed Gk-orbit in MG,µ ⊗OE k maps to the unique closed

orbit in Y̆G,µ.

Proof. a) Let S1
w ⊂ PG,µ be the inverse image of the stratum Sw ⊂ MG,µ⊗OE k under the TG-torsor

π : PG,µ → MG,µ. Then δ(S1
w) is a single torus orbit which, by definition, is O(|∆G |(w)). Suppose

w′ ≤ w. This implies Sw′ ⊂ Sw, so S1
w′ = π−1(Sw′) ⊂ π−1(Sw) = S1

w. Now

O(|∆G |(w′)) = δ(S1
w′) ⊂ δ(S1

w) ⊂ δ(S1
w) = O(∆G(w)).

Hence, |∆G |(w) ≤ |∆G |(w′).
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b) Set τµ̄′ = |∆G |(tµ̄
′
), a face of σG,µ. Consider u ∈ SG,µ \ {0}, which defines a regular function

on Y̆G,µ. By the definition of δ and the divisor formula (2.2.1), u vanishes on δ(S1
tµ̄′

) if and only

if 〈µ̄′, u〉 > 0. Since δ(S1
tµ̄′

) = O(τµ̄′), this implies that O(τµ̄′) ⊂ V (u) if and only if 〈µ̄′, u〉 =

〈φG(µ̄′), u〉G > 0. Here the RHS is the paring X∗(TG,µ)R × X∗(TG,µ)R → R. But the ideal

corresponding to the closure O(τ) of any orbit O(τ) corresponding to a face τ of σG,µ is given by

I(O(τ)) = 〈SG,µ \ τ⊥〉 = 〈u ∈ SG,µ | 〈x, u〉G > 0,∀x ∈ τ◦〉,

where τ◦ is the relative interior of τ , cf. [CLS, (3.2.7)]. Applying this to τµ̄′ and ρGµ̄′ , this implies

τµ̄′ = ρGµ̄′ .

c) Follows from a) and b). �

4.1.6. The face map. We have the following conjectural description of the map |∆G |, which is

completely in combinatorial terms. We define as follows a map of posets called the face map,

|∆G |f : AdmG({µ}) −→ F (σG,µ). (4.1.3)

To w ∈ Adm({µ}), we associate the set Λ(w) ⊂ Λ{µ} given as

Λ(w) = {µ̄′ ∈ Λ{µ} | w ≤ tµ̄
′
}.

We can interpret Λ(w) as a subset of the set of extreme rays of σµ, and its image ΛG(w) in

AdmG({µ}) as a subset of the set of extreme rays of σG,µ. By Proposition 4.1.5, the relation

w ≤ tµ̄′ implies that the extremal ray ρGµ̄′ is a face of |∆G(w)|. Hence ΛG(w) is a subset of the set

of extreme rays of |∆G(w)|. The face |∆G |f(w) ∈ F (σG,µ) is the smallest face of σG,µ containing

the rays for elements of Λ(w).

Conjecture 4.1.7. The map |∆G | coincides with the map |∆G |f .

There is the following variant of the face map. Let (G, {µ},G) be a triple as usual, and let

(Gad, {µad},Gad) be the corresponding adjoint triple. We do not assume that {µ} is minuscule

but we assume that µad is non-trivial in all simple factors of Gad ⊗Qp Q̆p. Recall from §3.3.3 the

polytope PGµad
which is the convex hull of the image of Λ{µ} in X∗(TGad

)R. Then PGµad
contains the

origin in its interior. An obvious variant of the definition of the face map defines the polytope face

map

∇G : AdmG({µ}) −→ F (PGµad
). (4.1.4)

Now let (G, {µ},G) as in §4.1.4, in particular, σG,µ is a strictly convex cone. Then there are

bijections between the following three sets: (a) the set of vertices of PGµad
; (b) the set of extreme

rays of the fan ΣGµad
of §3.3.3; (c) the set of extreme rays of σG,µ. Under the resulting identification

F (PGµad
) = F (σG,µ) \ {0}, the face map |∆G |f coincides with the composition of ∇G and the

inclusion F (PGµad
) ↪→ F (σG,µ).

Remark 4.1.8. The map (4.1.4) can be useful in analyzing the set AdmG({µ}) which has a

notoriously difficult structure. In response to some of our conjectures, Q. Yu indicated to us that

he can prove the following properties of ∇G (for details comp. [Yu]).

(i) ∇G is surjective but not injective (the source has potentially many more elements than the

target).

(ii) There is a criterion for when two elements w,w′ ∈ AdmG({µ}) have the same image under ∇G .

(iii) The fibers of ∇G give a disjoint decomposition of AdmG({µ}) into some pieces which are

“primitive” and some pieces which can be identified with admissible subsets of smaller groups.
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4.2. Lang covers.

4.2.1. Lang torsor for unramified tori. Let T be a torus over Zp. We set T = T ⊗Zp Fp for its

reduction modulo p and denote by Frob : T → T the Frobenius which is an isogeny of T . We also

consider the Lang isogeny

T −→ T , x 7→ Frob(x)x−1.

Recall that reduction modulo p gives an isomorphism

HomSpec (Zp)(T, T )
∼−→ HomSpec (Fp)(T , T )

which takes isogenies to isogenies and preserves degrees (see, for example, [Co], App. B.3, in

particular, Thm. B.3.2.) Hence there is a unique isogeny Fr : T → T lifting the Frobenius Frob

and, similarly, there is

L : T −→ T, L(x) = Fr(x)x−1, (4.2.1)

the unique isogeny lifting the Lang isogeny over Fp. We also call this isogeny the Lang isogeny of T .

The degree of L is prime to p and, in fact, the kernel of L is T (Fp), the constant group scheme given

by the finite abelian group T (Fp). Hence, we have a sequence of group scheme homomorphisms

over Zp
1 −→ T (Fp) −→ T

L−−→ T −→ 1,

which is exact for the étale topology. The Lang isogeny is functorial, in the sense that if T → T ′

is a homomorphism of tori over Zp, then the diagram

T //

L

��

T ′

L′

��

T // T ′.

is commutative.

Remark 4.2.2. Under the anti-equivalence T 7→ X∗(T ) of the category of unramified tori over

Qp and the category of unramified Galois representations of Gal(Q̄p/Qp) on finitely generated free

Z-modules, the Lang isogeny L corresponds to L∗ : X∗(T ) → X∗(T ) given by χ 7→ pσ(χ) − χ,

where σ lifts the Frobenius.

4.2.3. Lang covers of toric embeddings. We continue with the same set-up as above. In particular,

T is a torus over Zp. Let E0 be a finite unramified extension of Qp and let TOE0
↪→ Y = Yτ be

an affine torus embedding over OE0
defined by a rational polyhedral cone τ ⊂ X∗(T )R which is

Gal(Q̆p/E0)-stable. Let S = τ∨ ∩X∗(T ) the corresponding semigroup so that YS = Yτ .

Let ỸS be the integral closure of YS in the Lang morphism cover L ⊗Zp OE0 : TOE0
→ TOE0

.

We have a Cartesian diagram

TOE0

� � //

L

��

ỸS

L

��

TOE0

� � // YS .

(4.2.2)

The morphism L : ỸS → YS is a finite T (Fp)-cover: The group T (Fp) acts on ỸS preserving L and

the morphism L identifies YS with the scheme-theoretic quotient T (Fp)\ỸS . The top horizontal

arrow is also an affine toric embedding, see Proposition 4.2.4 below.
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Proposition 4.2.4. The normalization ỸS can be identified with YL∗(S)sat , where L∗(S)sat ⊂
X∗(TG) is the saturation of image of S under the group homomorphism L∗ : X∗(T ) → X∗(T ),

χ 7→ pσ(χ) − χ. Alternatively, if τ ⊂ X∗(TG)R is the rational polyhedral cone which gives S =

τ∨ ∩ X∗(T ) and YS = Yτ , then ỸS can be identified with the toric scheme YL−1
∗ (τ) given by the

inverse image cone L−1
∗ (τ) ⊂ X∗(T )R, where L∗ : X∗(T )R → X∗(T )R is given by µ 7→ pσ(µ) − µ.

The Lang cover L : ỸS → YS can be identified with the morphism of toric schemes

YL−1
∗ (τ) −→ Yτ

induced by L∗ : X∗(T )→ X∗(T ).

Proof. The morphism YL−1
∗ (τ) → Yτ can be identified with the toric morphism between the two

affine toric schemes for the (same) cone τ ⊂ X∗(T )R and the two lattices L∗(X∗(T )) and X∗(T ),

which is obtained by the finite index inclusion L∗(X∗(T )) ⊂ X∗(T ) in X∗(T )R, see [CLS, Prop.

1.3.18]. This morphism is finite and, since YL−1
∗ (τ) is normal, it agrees with the normalization ỸS

of Yτ = YS in the cover L : T → T . �

Remark 4.2.5. Note that if the torus is split, i.e., T ' Grm over Zp, then L : Grm → Grm is given by

L(x1, . . . , xr) = (xp−1
1 , . . . , xp−1

r ) and both L∗ : X∗(T ) → X∗(T ) and L∗ : X∗(T ) → X∗(TG), are

given as dilation by a factor of p−1. Then, for every choice of semigroup S, we have L∗(S) = (p−1)S

and so L∗(S)sat = S. Alternatively, L−1
∗ (τ) = τ . In this case, ỸS = YS and the Lang cover

L : YS → YS is given by the ring homomorphism on semigroup algebras which sends x to xp−1,

for all x ∈ S.

4.2.6. Ramification along the boundary. Recall that the boundary

[Yτ ⊗OE0
Z̆p \ TZ̆p ] =

⋃
ρ
D(ρ)

of the toric embedding is a union of divisors D(ρ), which are parametrized by the extremal rays

ρ = R>0 · λ (1-dimensional faces) of the cone τ ⊂ X∗(T )R, cf. [CLS, Thm. 3.2.6]. Let us denote

by λρ ∈ ρ ∩ X∗(T ) the minimal generator of the ray ρ which belongs to X∗(T ), in particular

ρ = R>0 · λρ.
A similar description of the boundary holds for the toric embedding YL−1

∗ (τ). The Lang map

given by L∗ : X∗(T )R → X∗(T )R maps each extremal ray ρ̃ of L−1
∗ (τ) to some extremal ray

ρ = L∗(ρ̃) of τ . If λρ̃ ∈ ρ̃ ∩X∗(T ) is the minimal generator of the ray ρ̃, we can write

L∗(λρ̃) = eρ̃/ρ · λρ, (4.2.3)

where eρ̃/ρ is a positive integer.

Lemma 4.2.7. The integer eρ̃/ρin (4.2.3) is equal to the ramification degree of the extension of

dvrs OỸS ,D(ρ̃)/OYS ,D(ρ) which is obtained by localizing the Lang cover L : (ỸS)Z̆p → (YS)Z̆p at the

generic points of the boundary divisors D(ρ̃) and D(ρ).

Proof. It follows from the construction of the Lang cover and the proof of [CLS, Prop. 4.1.1]. �

4.2.8. An example. Suppose T = ResZq/Zp Gm, with q = pd. Then

X∗(T ) = Z[Z/dZ] = ⊕d−1
i=0 Zσ

i

is a permutation Gal(Zpd/Zp) = {1, σ, . . . , σd−1}-module. We have

T ⊗Zp Zq ' Gm × · · · ×Gm = Gdm
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and L : T ⊗Zp Zq → T ⊗Zp Zq is given by

L(a0, a1, . . . , ad−1) = L((ai)i∈Z/dZ) = ((api−1a
−1
i )i∈Z/dZ).

Then, L(a0, a1, . . . , ad−1) = 1 amounts to api = ai+1, for all i, which gives ap
d−1

0 = 1. Hence,

ker(L) ' F∗pd = T (Fp).
We now consider the standard toric embedding T = ResZq/Zp Gm ⊂ Y = ResZq/Zp A1. The

corresponding cone in X∗(T )R = Rd is τ = {(ai) ∈ Rd | ai ≥ 0,∀i} with extremal rays generated

by the standard basis. Since L∗ : Rd → Rd is given by (ai) 7→ (pai−1 − ai), the inverse image is

L−1
∗ (τ) = {(ai) ∈ Rd | pai−1 ≥ ai,∀i}.

The minimal generators of the extremal rays of L−1
∗ (τ) are the vectors with coordinates 1, p, . . . , pd−1,

cyclically permuted. For example, for d = 3, we have (1, p, p2), (p2, 1, p), (p, p2, 1). Applying L∗ to

any such vector gives pd−1 times a standard basis vector. Hence, by Lemma 4.2.7, the ramification

degree of the cover L : Ỹ → Y along every boundary component is pd − 1, i.e. the cover is totally

ramified along the boundary.

In this case, we can also show directly that the base change of the cover L : Ỹ → Y to Zq is

given by the spectrum of the R = Zq[x0, x1, . . . , xd−1]-algebra

R̃ = R[(ui)
d−1
i=0 ]/((upi − xi+1ui+1)i∈Z/dZ, (u0u1 · · ·ud−1)p−1 − x0x1 · · ·xd−1).

Indeed, over the open subscheme of AdZq = Spec (R) given by the torus T ⊗Zp Zq = Gdm, we have

xi = upi−1u
−1
i , for all i, and so this agrees with the Lang map. The morphism Spec (R̃) → AdZq is

finite. We can also see that the fiber of the morphism over each point x of AdZq is the spectrum

of a k(x)-algebra which has rank pd − 1 as a k(x)-vector space. Hence, Spec (R̃) → AdZq is finite

flat and it follows that R̃ is Cohen-Macaulay. Over the open subscheme U(i) = ∪j 6=iD(xj) ⊂ AdZq ,
only xi is not a unit. We can see, by an explicit calculation, that

Spec (R̃)×AdZq
U(i) ' Spec (OU(i)[ui−1]/(up

d−1
i−1 − xi · v)),

with v a unit inOU(i). (This also verifies the statement about total ramification along the boundary

deduced above and is an analogue of Abhyankar’s lemma in our context. Note that the complement

of ∪d−1
i=0U(i) in AdZq has codimension 2). Using this, we see that R̃ is regular in codimension 1 and

by Serre’s criterion normal. Hence, R̃ is indeed the integral closure as the definition requires and

the base change of L : Ỹ → Y to Zq is given by

R = Zq[(xi)d−1
i=0 ] −→ R̃ = R[(ui)

d−1
i=0 ]/((upi − xi+1ui+1)i∈Z/dZ, (u0u1 · · ·ud−1)p−1 − x0x1 · · ·xd−1)

as we wanted to show. Note that, in this example, L : Ỹ → Y is flat.

Remark 4.2.9. a) Suppose T is split as in Remark 4.2.5. Then for all choices of S, eρ̃/ρ = p− 1,

since L∗ : X∗(T ) → X∗(T ) is dilation by p − 1. Hence, if T is a split torus and p > 2, then all

Lang covers ỸS → YS of T -embeddings are ramified over each component of the boundary.

b) Suppose T = ResOF /Zp(Gm)OF , [F : Qp] = d = 2, and the torus embedding Y = Yτ is given

by the cone in X∗(T )R = R2 with extremal rays (−1, p) and (p,−1). The Lang torsor L : T → T

induces L∗ : X∗(T )→ X∗(T ) with L∗(1, 0) = (−1, p), L∗(0, 1) = (p,−1). Proposition 4.2.4 implies

that the normalization Ỹ = YL−1
∗ (τ) is given by the first quadrant cone with extremal rays (1, 0)

and (0, 1). Hence, Ỹ = ResOF /ZpA1
OF

. The cover L : Ỹ → Y is étale over the complement of the

origin and the ramification degrees along the two divisors at the boundary are both 1.
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4.2.10. Lang covers of toric embeddings for (G, {µ}). Recall we assume (G, {µ}) is a local model

pair which is strictly convex. Let S ⊂ X∗(TG) be a semigroup as in §3.1.5. This produces the affine

toric embedding TG,OE0
↪→ YS and we can apply the above constructions for T = TG to obtain the

Lang cover L : ỸS → YS by normalization:

TG,OE0

� � //

L

��

ỸS

L

��

TG,OE0

� � // YS .

(4.2.4)

Remark 4.2.11. For this remark, we suppose TG,µ ↪→ TG ⊗Zp OE0
is a proper embedding, so

assumption §3.1.14 (ii) does not hold. We suppose however that TG,µ ↪→ TG is defined over Zp;
this is the case when E0 = Qp. The same normalization construction can be applied to the Lang

morphism of the torus TG,µ and the toric embedding TG,µ⊗ZpOE0 → ZS , see §3.1.5. This produces

a TG,µ(Fp)-cover L : Z̃S → ZS . Using the functoriality of the Lang morphism for TG,µ → TG we

can induce and obtain

TG ×TG,µ Z̃S −→ YS = TG ×TG,µ ZS ; (t, z) 7→ (L(t), L(z)).

This agrees with the TG(Fp)-cover L : ỸS → YS as given directly above.

The Lang covering ỸS → YS is an isomorphism if TG(Fp) is trivial (the case of pointless groups).

This is the case if and only if p = 2 and TG is split [MO]2.

Conjecture 4.2.12. Assume that TG(Fp) is non-trivial. Then the Lang cover ỸS → YS is flat if

and only if YS is smooth.

Here one direction is clear: Indeed, the scheme ỸS is Cohen-Macaulay, as is any toric variety.

Hence ỸS → YS is flat by the “miracle flatness” theorem.

The following proposition shows that Conjecture 4.2.12 holds when TG is split.

Proposition 4.2.13. Assume that the torus TG is split, as in Remark 4.2.5. If p = 2, the Lang

cover is an isomorphism. Now let p > 2. Then the Lang cover L : ỸS → YS is flat if and only if

YS is smooth.

Proof. The assertion regarding the case p = 2 is obvious. Now let p > 2 and assume L : ỸS → YS
is flat. Using the construction in Remark 4.2.11, we see that the Lang cover L : Z̃S → ZS , for the

torus TG,µ, is flat. Recall ZS = ZS and Z̃S = Z̃S ; these toric schemes have no toric factor. Let

x1, . . . , xs be the minimal set of generators of S (the “Hilbert basis”). Recall that since S generates

the group X∗(TG,µ), we have s ≥ r with equality if and only if S is free. The ideal (x1, . . . , xs)

cuts out the unique closed TG,µ-orbit in ZS and x1, . . . , xs form a system of parameters there,

cf. [CLS, Lemma 1.3.10]. By the above description of the cover, the fiber of L : (ZS)k → (ZS)k
over the closed orbit is the spectrum of the k-algebra k[S]/(xp−1

1 , . . . , xp−1
s ). Assuming flatness of

L : (ZS)k → (ZS)k, the elements xp−1
1 , . . . , xp−1

s are “independent” in k[S] by [Sta, Lem. 51.17.4],

in the sense defined there. It then follows by [Sta, Lem. 51.17.5] that k[S]/(xp−1
1 , . . . , xp−1

s ) has

rank (p−1)s over k. By flatness, this is equal to (p−1)r, which is the degree of the cover generically.

2Here is a sketch of the argument. Assume that TG(Fp) = {1}. Then by looking at X∗(TG) we conclude that

det(pσ − 1) = ±1. Let σ have order n. Then the LHS is a product of factors of the form pζ − 1, where ζ is an n-th

root of unity. But |pζ − 1| ≥ p− 1, with equality iff p = 2 and ζ = 1, which implies the claim.
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Since p > 2, we deduce r = s. Since S is free, ZS and then YS = TG ×TG ,µ ZS are both smooth.

The converse is easy, as explained above. �

Remark 4.2.14. We mention here some work of K. Altmann in progress [Al] which gives further

evidence for Conjecture 4.2.12. It is based on a combinatorial flatness criterion for the map

Ỹ → Y between affine toric varieties of the same torus T which prolongs the map T → T given by

x 7→ τ(x)nx−1. Here τ is a finite order automorphism of T and n is a positive integer. Using this

criterion, he has confirmed Conjecture 4.2.12 in the following cases in which it is always assumed

that G splits over Q̆p and G is Iwahori:

(1) When G is a non-split form of GSp obtained from a quaternionic hermitian form. Then the

Lang cover is never flat and the conjecture holds in this case.

(2) In the Hilbert-Siegel case, see §8.2. Then flatness occurs only when g = d = 1.

(3) When G is of the form GLn(D∗), where D is a division algebra over Qp.
(4) When G is of the form GU(V ), for some K/Qp-hermitian vector space V .

(5) When G is of the form GSpin(V ) for an orthogonal Qp-vector space of odd dimension 2m+1 ≥
5 with Witt index m − 1 and µ the standard Hodge type coweight. Then the Lang cover is

never flat.

Let us mention here that Altmann found examples of covers Ỹ → Y coming from τ and n as above,

where flatness occurs even when Y is not smooth, but his examples do not conform to our group

theoretic situation.

5. The root stack local model

5.1. Definitions. We assume the pair (G, {µ}) is strictly convex (§3.1.14 assumption (i)).

Furthermore, we choose S ⊂ SG,µ to satisfy the conditions listed in §3.1.5. Under these as-

sumptions, the toric schemes YG,µ and YS have (relative) dimension over OE0
equal to the rank of

TG .

Definition 5.1.1. We define the stack M
√
S
G,µ as the fiber product of the Lang cover and δ,

M
√
S
G,µ

//

L

��

[TG\ỸS ]

L

��

MG,µ
δ // [TG\YS ].

(5.1.1)

If S = SG,µ, we will denote M
√
S
G,µ by M

√

G,µ.

The motivation for calling M
√
S
G,µ the root stack local model is given in Remark 1.5.2 in the

Introduction.

Proposition 5.1.2. The stack M
√
S
G,µ is a (separated, finite type) Deligne-Mumford stack over OE.

Proof. Let f : U → MG,µ be an open neighborhood such that the pull back f∗PG,µ of the TG-torsor

PG,µ → MG,µ is trivial. A section of f∗PG,µ gives a morphism U → YS which we compose with

the natural projection YS → [TG\YS ]. By (5.1.1)

U ×MG,µ M
√
S
G,µ ' U ×[TG\YS ] [TG\ỸS ] ' U ×YS (YS ×[TG\YS ] [TG\ỸS ]).

On the other hand, we have

YS ×[TG\YS ] [TG\ỸS ] ' [TG(Fp)\ỸS ].
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Hence the diagram

U ×MG,µ M
√
S
G,µ

//

��

[TG(Fp)\ỸS ]

��

U // YS

(5.1.2)

is cartesian. Since TG(Fp) = TG(Fp) is a finite constant group acting on ỸS , [TG(Fp)\ỸS ] is Deligne-

Mumford and then the assertion follows, cf. [Ca, Thm. 2.3.3]. �

Since by Proposition 4.1.2, the morphism δ : MG,µ → [TG\YS ] is G-equivariant for the trivial

action on the target, the smooth group scheme G acts on M
√
S
G,µ → MG,µ. It makes sense to consider

the quotient stack which we call the root stack local model associated to (G, S),

M
√
S
G,µ := [G\M

√
S
G,µ].

5.2. Properties. Here we discuss some (local) properties of the stacks M
√
S
G,µ and the stack covers

M
√
S
G,µ → MG,µ.

5.2.1. The (R1) property for M
√
S
G,µ. Throughout this paragraph, we assume both §3.1.14 (i) and

(ii), i.e. (G, {µ}) is strictly convex and TG,µ = TG .

Note that it makes sense to ask if the Deligne-Mumford stack M
√
S
G,µ is (R1), i.e. regular in

codimension 1. Recall from §2.1.5 the definition of the homomorphism

φG : X∗(T )I −→ X∗(T )I −→ X∗(TG)Q.

By the definition of the cone σG,µ ⊂ X∗(TG)R, the rays

ρGµ̄′ := R>0 · φG(µ̄′)

for µ̄′ ∈ Λ{µ}, give the extremal rays of σG,µ. Let e = eE/Qp be the absolute ramification degree of

the reflex field E. Observe that, for all µ̄′ ∈ Λ{µ}, the multiple e ·φG(µ̄′) lies in the lattice X∗(TG).

Proposition 5.2.2. Suppose that, for all µ̄′ ∈ Λ{µ}, the element e · φG(µ̄′) is not divisible in the

lattice X∗(TG). Then the stack M
√

G,µ is (R1).

We postpone the proof to discuss the Iwahori case. Suppose that G = I is Iwahori. Then

X∗(T )I = X∗(TI) and

e · φI(µ̄′) = NormĔ/Q̆p(µ′) =
∑

γ∈Gal(Ĕ/Q̆p)

γ · µ′ ∈ X∗(T )I .

In this case, the condition in Proposition 5.2.2 is that, for all µ̄′ ∈ Λ{µ}, NormĔ/Q̆p(µ′) is not

divisible in the lattice X∗(T )I , or equivalently in the lattice X∗(T ).

If µ′ is defined over Q̆p, i.e. e = 1, and µ′ad 6= 1, then this holds since NormĔ/Q̆p(µ′) = µ′ and

µ′ ∈ X∗(T ) is minuscule. Indeed, unless µ′ad = 1, a minuscule coweight µ′ is not divisible. We

obtain:

Corollary 5.2.3. Suppose that E is unramified over Qp and let G = I be Iwahori. Then the stack

M
√

G,µ is (R1).

Proof. The argument above gives this when µad 6= 1. If µad = 1, then our blanket assumptions

§3.1.14 (i) and (ii) imply that G is a torus, and then by Remark 3.1.4 G = Gm, in which case the

result is easy. �
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The condition in Proposition 5.2.2 can easily fail if G is not Iwahori, even if G is split. It can

also fail in the Iwahori case when the reflex field is ramified, i.e. when e > 1. This is displayed by

the following two examples.

Example 5.2.4. Consider G = GLn, n > 2, µ = (1(r), 0(n−r)) with r > 1. Take G to be the

parahoric (not Iwahori) group scheme defined by the stabilizer of a lattice chain

pΛ0 ⊂ Λ1 ⊂ Λ0

in Qnp with Λ0/Λ1 ' Z/pZ. In this case T = Gnm → TG = Gm ×Gm is given by

(a1, . . . , an) 7→ (a1, a2 · · · an).

The map Λ{µ} → X∗(TG) = Z2 obtained by φG : X∗(T )→ X∗(TG) has image the two element set

given by (1, r − 1) and (0, r); the second element is divisible in X∗(TG).

Example 5.2.5. Consider G = ResF/QpGLn, where F/Qp is a cyclic totally ramified extension

with Galois group Γ = Gal(F/Qp) = {1, γ, γ2, γ3} of order 4. Fix ι : F → Qp and let φi = ι · γi
be corresponding embeddings φi : F → Q̄p. Take µ = (µφi)i=1,2,3,4 to be given by (1, 0(n−1)),

(1, 0(n−1)), (0, 0(n−1)), (0, 0(n−1)), and G = I Iwahori. Then the reflex field of µ is E = F and so

e = 4. As above, we have

e · φI(µ̄) = NormE/Q̆p(µ) = 2 · ν

where ν = (νφi)i=1,2,3,4 is the Γ-invariant coweight given by (1, 0(n−1)), (1, 0(n−1)), (1, 0(n−1)),

(1, 0(n−1)). Hence, in this case, e · φG(µ̄) is divisible.

We also have a partial converse to Proposition 5.2.2:

Proposition 5.2.6. Suppose that p > 2, that the torus TG is split and that there is µ̄′ ∈ Λ{µ} such

that eE/Qp · φG(µ̄′) is divisible in the lattice X∗(TG). Then the stack M
√

G,µ is not (R1).

Also, when the semi-group S is strictly smaller than the maximal choice SG,µ, the (R1) property

fails quite easily.

Proposition 5.2.7. Suppose that p > 2, that the torus TG is split and that S 6= SG,µ. Then the

stack M
√
S
G,µ is not (R1).

We will now give the proofs of Propositions 5.2.2, 5.2.6 and 5.2.7. We start with the set-up

which is the same for all these proofs.

Let R be the local ring of MG,µ ⊗OE OĔ at the generic point η of the irreducible component of

its special fiber which corresponds to the coset of µ̄′ ∈ Λ{µ} ⊂ W̃ ; this is a dvr with uniformizer

$E . Choose a trivialization of the pull-back of the TG-torsor PG,µ → MG,µ over R, which gives

δ : Spec (R)→ YS . The stack M
√
S
G,µ is (R1) along the inverse image of η along M

√
S
G,µ → MG,µ if and

only if the semi-local ring R̃ defined by the fiber product

Spec (R̃) //

L

��

ỸS

L

��

Spec (R)
δ // YS

(5.2.1)

is (R1).

Suppose first that the image δ(η) lands on a codimension 1 orbit O(ρ) of the toric scheme YS
which corresponds to a ray ρ in the cocharacter cone:
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Note that YS is smooth along O(ρ) and so the divisor O(ρ) is principal when restricted to some

open neighborhood of δ(η) in YS . Using TG-equivariance and Lemma 4.2.7, we see that there is

an étale neighborhood Spec (O) → YS of δ(η) such that the restriction of the cover ỸS → YS is

isomorphic to ⊔
ρ̃ 7→ρ

Spec (O[T ]/(T e(ρ̃/ρ) − t) −→ Spec (O),

where t ∈ O cuts out the inverse image of O(ρ) in Spec (O). (Note that (e(ρ̃/ρ), p) = 1.) By base

changing the diagram (5.2.1) along Spec (O)→ YS , we now see that R̃ is étale locally isomorphic

to ⊔
ρ̃ 7→ρ

Spec (R′[U ]/(Ue(ρ̃/ρ) − δ∗(t)) −→ Spec (R′),

where Spec (R′) → Spec (R) is an étale neighbourhood of η. We can assume that R′ is the strict

henselization of the dvr R.

Recall that the multiplicity of the zero of the function on YS given by χ ∈ S ⊂ X∗(TG) along

O(ρ) is given as the value of the pairing 〈λρ, χ〉G , where λρ ∈ X∗(TG) is a minimal generator of

the ray ρ.

Proof of Proposition 5.2.2: In this we suppose that S = SG,µ and Y = YG,µ and let the η ∈ MG,µ
be the generic point of the irreducible component of the geometric special fiber which corresponds

to the double coset of µ̄′ in the {µ}-admissible set. Then, by Proposition 4.1.5 the image δ(η)

indeed lands on the codimension 1 orbit O(ρGµ̄′) of the toric scheme Y which corresponds to the

ray ρGµ̄′ = R>0 · φG(µ̄′). The divisor formula (2.2.1) with the above now implies that the valuation

of δ∗(t) in the dvr R′ is the ratio

n(µ̄′) :=
e · φG(µ̄′)

λρµ̄′

Hence, δ∗(η) = $
n(µ̄′)
E · u, u ∈ (R′)∗. Since we take R′ to be the strict henselization of R we

conclude that the ring R̃ is isomorphic to a finite direct sum of copies of

R′[U ]/(Ue(µ̄
′) −$n(µ̄′)

E ). (5.2.2)

In this, e(µ̄′) := e(ρ̃/ρµ̄′) is prime to p and is independent of the choice of ρ̃ above ρµ̄′ . (Note

that the unit u above has an e(µ̄′)-th root in R′; this is used to absorb its appearance by a simple

substitution.)

Observe now that, since R′ is a dvr with uniformizer $E , the ring (5.2.2) is (R1), equivalently a

dvr, in exactly two cases: When n(µ̄′) = 1 which amounts to e · φG(µ̄′) being a minimal generator

of the ray ρµ̄′ , or when e(µ̄′) = 1 which amounts to the Lang cover L : Ỹ → Y being unramified

over O(ρGµ̄′). Since e · φG(µ̄′) is a minimal generator of the ray ρGµ̄′ ⊂ X∗(TG)R if and only if it is

indivisible in the lattice X∗(TG), the proof is complete. �

Proof of Proposition 5.2.6: Note that, when TG is split and p > 2, the Lang cover ỸG,µ → YG,µ
ramifies everywhere along the boundary of the torus embedding, cf. Remark 4.2.9 (a). Hence,

for all µ̄′, e(µ̄′) > 1. As in the proof above, if e · φG(µ̄′) is divisible in the lattice X∗(TG), then

n(µ̄′) > 1. Hence, by the above, if there is µ̄′ ∈ Λ{µ}, with e · φG(µ̄′) divisible, then R̃ and hence

M
√

G,µ is not (R1). This concludes the proof. �

Remark 5.2.8. We see that the condition that TG is split in Proposition 5.2.6 can be relaxed to

the following condition: The Lang cover ỸG,µ → YG,µ ramifies everywhere along the boundary of

the torus embedding. Note that if TG is split, this condition is satisfied, cf. Remark 4.2.9 (a).
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Proof of Proposition 5.2.7: Since S 6= SG,µ, the cone τ which corresponds to S is strictly larger

than the cone σG,µ. This implies that there exists µ̄′ such that the extremal ray ρGµ̄′ of SG,µ fails

to be extremal in τ and, instead, now lies in a higher dimensional face.

Let η be the generic point of the irreducible component of the geometric special fiber of MG,µ
corresponding to the coset of µ̄′ and let R be the local ring of MG,µ ⊗OE OĔ at η, as before. The

ring R̃ of (5.2.1) is isomorphic to

R[S]/(sp−1 − δ∗(s))s∈S = (Z̆p[S(1), S(2)]/(s(1)p−1 − s(2))s(1),s(2)∈S ⊗Z̆p[S(2)],δ∗ R (5.2.3)

with S(1) = S(2) = S two copies of the semigroup S and s(1), s(2) labelled to distinguish the

“same” element s in the two copies. (Here we are using that TG is split, so ỸS = YS and the Lang

cover L : YS → YS is obtained by taking p− 1-th roots, cf. Remark 4.2.5.)

Since δ : Spec (R)→ YS is the composition Spec (R)→ YG,µ → YS , there are distinct extremal

rays r1, . . . , ra, a ≥ 2, of τ which form a face τ ′ and such that δ(η) ∈ O(τ ′) ⊂ ∩ai=1O(ri). Now

there are 2 elements s, s′ ∈ S, which vanish on O(τ) and hence on δ(η), and whose images in the

cotangent space of YS at δ(η) are linearly independent. Hence, δ∗(s), δ∗(s′) both belong to the

maximal ideal of R. We can now see, using (5.2.3) that s(1) ⊗ 1 and s′(1) ⊗ 1 give two linearly

independent elements in the cotangent space of R̃ at each point above δ(η), provided that p > 2.

Therefore this space has dimension at least 2. This implies that R̃ is not (R1) and the proof is

complete. �

Example 5.2.9. We take G = GLn, n > 2, µ = (1(r), 0(n−r)) with r > 1 and the parahoric G as

in Example 5.2.4 and continue with the same notations. We have

σG,µ = {(x, y) ∈ X∗(TG)R = R2 | yr ≥ 0, x+ y(r − 1) ≥ 0},

SG,µ is free, generated by (1, 0) and (−(r − 1), 1), and the toric scheme YG,µ is A2
Zp with the toric

embedding G2
m ⊂ A2 given by Zp[u, v] = Zp[t1, t2/tr−1

1 ] ⊂ Zp[t±1
1 , t±1

2 ]. By [HPR, Prop. 12.1], an

affine chart for the local model MG,µ which covers all strata can be chosen to be

Spec (Zp[x, y, t1, . . . , td−1]/(xy − p)),

where d is the relative dimension of MG,µ. Furthermore, we can arrange so that the components

x = 0 and y = 0 of the special fiber correspond to the cosets of (1, r − 1) and (0, r) respectively,

and the divisor morphism is defined and is equal to

Spec (Zp[x, y, z1, . . . , zd−1]/(xy − p)) −→ A2
Zp = Spec (Zp[t1, t2/tr−1

1 ]),

given by

t1 7→ x, t2/t
r−1
1 7→ yr.

Over the generic point of the divisor of MG,µ given by y = 0, the stacky cover M
√

G,µ is étale locally

isomorphic to

[F∗p\ Spec (Zp[w,w′, z1, . . . , zd−1]/(wp−1 − pr))]
with F∗p acting on w by Teichmuller multiplication. For p > 2 and r > 1, this is not (R1).

5.2.10. Flatness of the cover M
√
S
G,µ → MG,µ. Since the Lang cover L : ỸS → YS is finite, the

pullback map M
√
S
G,µ → MG,µ in (5.1.1) is also finite. For the next lemma, we only assume that

(G, {µ}) is strictly convex.

Lemma 5.2.11. The stacky cover M
√
S
G,µ → MG,µ is flat if and only if the Lang cover L : ỸS → YS

is flat.
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Proof. The one direction is easy. To show the other implication, assume that M
√
S
G,µ → MG,µ is flat.

Since L : ỸS → YS is finite, TG-equivariant and YS integral, to show that L is flat is enough to

check that the rank of the fiber of the OYS -coherent sheaf L∗OỸS over a point in the unique closed

TG-orbit O(τ) is equal to the generic rank, i.e. equal to #TG(Fp). Here τ is the cone corresponding

to S and we have σG,µ ⊂ τ ⊂ X∗(TG)R. By Proposition 4.1.5 we see that the unique closed Gk-orbit

of MG,µ maps to O(τ). Let s be a k-valued point of MG,µ in this closed orbit. We have a fiber

product

Spec (Ã) //

L

��

ỸS

L

��

Spec (k)
δ(s)

// YS .

(5.2.4)

Since M
√
S
G,µ → MG,µ is flat, rankk(Ã) = #TG(Fp). Hence, the fiber of L∗OỸS at δ(s) has rank

#TG(Fp) and hence, by the above, L : ỸS → YS is flat. �

Flatness of the Lang cover YS → YS holds if S is free. By Proposition 4.2.13, assuming that TG
is split, the converse also holds.

Remark 5.2.12. If E0 = Qp, there always exists S such that S is free. Indeed, σ∨G,µ contains a

basis of X∗(TG) and we may take for S the semi-group generated by it. However, if S 6= SG,µ, the

root stack M
√
S
G,µ is not (R1), at least if TG is split and p > 2.

We now assume that G is Iwahori and that, in addition, TG,µ = TG , i.e §3.1.14 (ii) is satisfied.

Preliminary to the question whether SG,µ is free, we first address the question when σG,µ is sim-

plicial, i.e., the number of its extremal rays is equal to the dimension of the space X∗(TG)R. We

identify X∗(TG) with X∗(T )I . The number of extremal rays of σG,µ is equal to the cardinality

of the image of Λ{µ} in X∗(Tad)I , i.e., the number of elements of W/Wµ̄ad
, where W = W0 is

the relative Weyl group over Q̆p, and where Wµ̄ad
is the stabilizer of the image of some element

µ̄ ∈ Λ{µ} in X∗(Tad)I .

We make the assumption that Gad ⊗Qp Q̆p is simple. We also assume that (G, {µ}) is ab-

nondegenerate. Then dim(X∗(T )I)R = rankQ̆p(Gad ⊗Qp Q̆p) + 1, cf. Proposition 3.1.13. We are

thus led to the following estimate. It is the analogue for Weyl groups of the relation between the

dimension of a partial flag variety G/P and the rank of a simple adjoint group G, cf. [OR, Prop.

1.4].

Proposition 5.2.13. Let (V,R) be an irreducible root system, with Weyl group W . Let WJ ⊂W
be a proper parabolic subgroup. Then there is the inequality

#(W/WJ) ≥ dimV + 1,

with equality if and only if (V,R) is of type An and J = {s1, s2, . . . , sn−1} or J = {s2, s3, . . . , sn}.

Proof. It obviously suffices to prove the statement for a maximal parabolic subgroup WJ . These

are the Weyl groups obtained by removing one vertex from the Coxeter graph, in the table of

[Bou, ch. VI, §4, 1] (we do not need the information of the Dynkin diagram, the Coxeter graph is

enough).

• Type An, n ≥ 1: If the node vi is removed, the quotient by the corresponding parabolic subgroup

is Sn+1/Si×Sn+1−i and has order
(
n+1
i

)
, which has order ≥ n+ 1, with equality iff i = 1 or i = n.
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• Type Bn, n ≥ 2: If the node vn is removed, the quotient by the corresponding parabolic subgroup

is (Z/2Z)n o Sn/Sn and has order 2n > n + 1. If the node vn−1 is removed, the quotient by the

corresponding parabolic subgroup is (Z/2Z)noSn/Sn−1×S2 and has order 2n−1n > n+ 1. If the

node vn−i is removed with 2 ≤ i ≤ n− 1, the quotient by the corresponding parabolic subgroup is

(Z/2Z)n o Sn/Sn−i × (Z/2Z)i o Si and has order 2n−i
(
n
i

)
> n+ 1.

• Type Cn, n ≥ 3: This is dual to type Bn.

• Type Dn, n ≥ 4: If the node vn or vn−1 is removed, the quotient by the corresponding parabolic

subgroup is (Z/2Z)n−1 o Sn/Sn and has order 2n−1 > n + 1. If the node vn−2 is removed, the

quotient by the corresponding parabolic subgroup is (Z/2Z)n−1 o Sn/Sn−2 × S2 × S2 and has

order 2n−3n(n − 1) > n + 1. If the node vn−i is removed with 2 < i ≤ n − 1, the quotient by

the corresponding parabolic subgroup is (Z/2Z)n−1 o Sn/Sn−i × (Z/2Z)i−1 o Si and has order

2n−i
(
n
i

)
> n+ 1.

• Type E6: The orders of the quotients are 33, 23 · 33, 24 · 32 · 5, all larger than 7.

• Type E7: The orders of the quotients are

23 · 7, 22 · 33 · 7, 26 · 32 · 7, 25 · 32 · 5 · 7, 26 · 32, 25 · 32 · 7, 2 · 32 · 7,

all larger than 8.

• Type E8: The orders of the quotients are

24 · 3 · 5, 26 · 3 · 5 · 7, 26 · 33 · 5 · 7, 28 · 33 · 5 · 7, 29 · 33 · 5 · 7, 27 · 33 · 5, 29 · 33 · 5, 24 · 33 · 5,

all larger than 9.

• Type F4: The orders of the quotients are 23 · 3, 25 · 3, both larger than 5.

• Type G2: The orders of the quotients are all 2 · 3, larger than 3.

�

Remark 5.2.14. There is a direct relation between the previous result and [OR, Prop. 1.4].

Indeed, let G be the simple adjoint group G with root system R and fix a Borel subgroup B

corresponding to a Weyl chamber C in V . Choose µ ∈ C̄ such that the stabilizer of µ in W is WJ ,

and let Vµ be the irreducible representation with highest weight µ. Let P = PJ be the standard

parabolic corresponding to J : this is also the stabilizer of the line of Vµ given by the highest weight

space. We obtain a closed embedding G/P ⊂ P(Vµ). We therefore obtain the estimate

dimG/P ≤ dimVµ − 1.

By [OR, Prop. 1.4] we have the inequality r(G) ≤ dimG/P , where r(G) = dimV denotes the

rank of G, with equality iff G is of type An and J = {s1, s2, . . . , sn−1} or J = {s2, s3, . . . , sn}.
Assume now that µ is minuscule (in our application, this is satisfied if G splits over Q̆p).

Then the set of weights of Vµ forms one orbit under W and can be identified with W/WJ , and

dimVµ = #(W/WJ). Putting these inequalities together, we obtain

#(W/WJ) ≥ dimV + 1,

with equality iff G is of type An and J = {s1, s2, . . . , sn−1} or J = {s2, s3, . . . , sn}.
Conversely, the assertion of [OR, Prop. 1.4] follows from Proposition 5.2.13 for such parabolics

P (these are called minuscule parabolics, cf. [BP, §3]).

We deduce the following statement.

Corollary 5.2.15. Let (G,G, µ), where G is Iwahori, such that Gad is absolutely simple. We also

assume that (G, {µ}) is ab-nondegenerate and that TG,µ = TG.
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(i) If the cone σG,µ is simplicial, then the pair (Gad⊗Qp Q̆p, µ) is isomorphic to either (PGLn, $
∨
1 )

or (PU3, µ2,1), where PU3 is the adjoint unitary group for a ramified quadratic extension K of

Q̆p—and conversely.

(ii) If SG,µ is free, then the pair (Gad⊗Qp Q̆p, µ) is isomorphic to (PGLn, $
∨
1 ) (the Drinfeld case).

Proof. The first statement follows from determining all cases when the echellonage root system is

of type A and satisfies the criterion in Proposition 5.2.13.

For the second statement, the case (PU3, µ2,1) needs to be excluded. Assume (G,µ) satisfies

our assumptions and (Gad ⊗ Q̆p, µad) ' (PU3, µ2,1). Note that X∗(Tad)I ' Z−, where we denote

by Z± the W0-module with underlying group Z where the generator of the Weyl group W0 ' Z/2Z
acts as multiplication by ±1.

We write G as the almost direct product of Gder and the central torus Z0 = Z(G)0 so that there

is an exact sequence

1 −→ H −→ Z0 ×Gder −→ G −→ 1

whereH ↪→ Z0×Gder → Gder identifiesH with a subgroup scheme of the center ofGder. Restricting

to maximal tori gives

1 −→ H −→ Z0 × Tder −→ T −→ 1.

Our conditions (ab non-degeneracy and TG,µ = TG) together with Proposition 3.1.13 imply that

X∗(TG) = X∗(T )I is free of rank 2 so it is isomorphic to Z2 (as a group).

There are two cases:

a) Gder = PU3, then G = Z0 × PU3 is a direct product. Consider the maximal torus T =

Z0 × Tad. Then X∗(Z
0)I ' Z+ since W0 acts trivially on the center. Hence,

X∗(T )I ' Z+ × Z−.

b) Gder = SU3. The center of SU3 is a twisted form µ̃3 of the group scheme µ3: We have

µ̃3 ⊗Q̆p K ' µ3 ⊗Q̆p K and the action of 〈τ〉 = Gal(K/Q̆p) on X∗(µ̃3) = Z/3Z is given by

τ(a) = −a. In this case, H is subgroup scheme of µ̃3 and hence either H = (1) or H = µ̃3. We

have

0 −→ X∗(Z
0)×X∗(Tder) −→ X∗(T ) −→ X∗(H)∗ −→ 0.

Note that X∗(H)∗ has order 1 or 3 and so it is cohomologically trivial for the action of Gal(K/Q̆p)
and hence of I. By the above, X∗(H)∗I = (X∗(H)∗)I = (0). Taking invariants gives

0 −→ X∗(Z
0)I ×X∗(Tder)

I −→ X∗(T )I −→ (X∗(H)∗)I = 0.

Hence, X∗(T )I ' X∗(Z
0)I × X∗(Tder)

I as Weyl modules. A similar argument as above starting

with

1 −→ µ̃3 −→ Tder −→ Tad −→ 1

gives X∗(Tder)
I ' X∗(Tad)I ' Z−. Hence, we obtain again

X∗(T )I ' Z+ × Z−.

We now consider the image µ� of µ in X∗(T )IQ under the averaging map

X∗(T ) −→ X∗(T )IQ ' (Z+ ⊕ Z−)⊗Z Q, λ 7→ λ�.

A primitive element of X∗(T )I ' Z+ × Z− which is in the ray spanned by µ� is of the form (a, b)

with ab 6= 0. Here, a 6= 0 because (G,µ) is ab non-degenerate, and b 6= 0 because µ̄ad is not trivial.

The generator of W0 takes (a, b) to (a,−b). It follows that the cone σG,µ ⊂ X∗(T )IR ' R × R has

extremal rays with primitive elements (a, b) and (a,−b) in X∗(TG) = X∗(T )I ' Z+ × Z−. The
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corresponding semigroup SG,µ is not free since, for example, the determinant of the corresponding

matrix is always divisible by 2. �

Remark 5.2.16. The converse to Corollary 5.2.15, (ii) does not hold, as is shown by Example

3) in §3.2: Indeed, the pairs (GLn, {µ1}) and (GLn, {µn−1}) become isomorphic after passing to

adjoint groups, comp. also Example 3.3.2. For the first pair, the semi-group SG,µ is free but for

the second it is not. It is conceivable that given G, there is at most one conjugacy class {µ} with

(Gad, {µad}) ' (PGLn, µ1) such that SG,µ is free.

From Lemma 5.2.11 and Corollary 5.2.15, we deduce the following statement.

Corollary 5.2.17. Let (G,G, µ), where G is Iwahori, such that Gad is absolutely simple. We also

assume that (G, {µ}) is ab-nondegenerate and that TG,µ = TG. If TG(Fp) is trivial (i.e., p = 2

and TG is split), then the map M
√

G,µ → MG,µ is an isomorphism. If TG(Fp) is non-trivial, then

the map M
√

G,µ → MG,µ is flat only if (Gad ⊗Qp Q̆p, µ) is isomorphic to (PGLn, $
∨
1 ) (the Drinfeld

case), provided that Conjecture 4.2.12 on the flatness of Lang coverings of tori is satisfied for TG.

In particular, this holds if TG is split.

Indeed, the case when TG is split follows from Proposition 4.2.13. �

6. Shimura varieties

6.1. The conjecture. In this section, we formulate the main conjecture of the paper and describe

some consequences.

6.1.1. Toric abelian covers of Shimura varieties. We start by fixing the notation. Let (G,X) =

(G, {h}) be a Shimura datum in the sense of Deligne, with associated conjugacy class of cocharac-

ters µ(z) = hC(z, 1) and with reflex field E ⊂ C.

Let p be a rational prime. We fix an embedding ν of E in an algebraic closure Q̄p. We set

G = GQp , and denote by {µ} the conjugacy class of cocharacters over Q̄p, and by E = Eν its

local reflex field. We choose a parahoric subgroup K0 of G(Qp) with corresponding group scheme

G over Zp. We also choose a (sufficiently small) compact open subgroup Kp ⊂ G(Apf ) and set

K0 = K0 ·Kp ⊂ G(Af ). Next we consider the kernel K1 of the natural homomorphism

G(Zp) −→ G(Fp) −→ Gred,ab(Fp)

and, as in §2.1.1, set TG for the torus over Zp which lifts the torus Gred,ab over Fp. In particular,

TG(Fp) = Gred,ab(Fp). We also set K1 = K1 ·Kp ⊂ G(Af ).

We now consider the Shimura varieties ShK1
(G,X) and ShK0

(G,X) which are defined over the

reflex field E. We can also consider ShK1(G,X) and ShK0(G,X) obtained by taking inverse limits

over the prime to p level subgroups Kp. The natural morphisms give unramified TG(Fp)-covers

πKp : ShK1
(G,X) −→ ShK0

(G,X), π : ShK1
(G,X) −→ ShK0

(G,X)

defined over E. We denote by ShK1
(G,X)E and ShK0

(G,X)E the base changes under E→ E.

6.1.2. Integral models. We have the corresponding local model pair (G, {µ}) with local model

MG,µ. We assume that there is an integral model SK0 := SK0(G,X) of ShK0(G,X)E over OE with

G(Apf )-action and a smooth morphism

ϕ : SK0
−→MG,µ := [G\MG,µ]. (6.1.1)

Such an integral model is known to exist when p > 2 and (G,X) is of abelian type, under some mild

additional technical restrictions, cf. [KP], [KPZ]. (When these additional hypotheses are violated,
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a slightly weaker result is known. Since this is not pertinent to the discussion in this paper, we

just refer the reader to [KPZ, §7] for details.) The morphism ϕ is a stacky formulation of the local

model diagram, and it induces an isomorphism for each x ∈ SK0(k) of strictly henselian local rings

Osh
MG,µ,ϕ(x)

∼−→ Osh
SK0

,x. (6.1.2)

Let us assume, in addition, that (G, {µ}) is strictly convex, see §3.1.6. We also assume the

validity of the divisor conjecture (Conjecture 2.2.3). (For example, both these assumptions are

satisfied when (G, {µ}) is of Hodge type, and G splits over a tamely ramified extension of Qp, and

p does not divide the order of |π1(Gder(Qp))|, by the combination of Proposition 3.1.8, Corollary

3.1.9, and Theorem 2.3.1.)

Choose a semigroup S ⊂ SG,µ as in §3.1.5. This determines the toric scheme YS and the Lang

cover L : ỸS → YS . Definition 4.1.3 gives the divisor morphism ∆S : MG,µ → [TG\YS ]. We also

have the stack M
√
S
G,µ, which fits in a fiber product diagram

M
√
S
G,µ

//

��

[TG\ỸS ]

L

��

MG,µ
∆S // [TG\YS ].

(6.1.3)

6.1.3. The statement of the conjecture.

Conjecture 6.1.4. There exists an OE-integral model of the Shimura variety ShK1
(G,X)E, i.e.

an OE-scheme SK1,S together with an isomorphism SK1,S ⊗OE E ' ShK1
(G,X)E, which has the

following properties:

i) There is a morphism

SK1,S −→ SK0

which extends π : ShK1
(G,X)E → ShK0

(G,X)E on the generic fibers.

ii) The action of TG(Fp) on ShK1
(G,X)E extends to SK1,S and the morphism SK1,S → SK0

of

(i) identifies SK0 with the scheme quotient TG(Fp)\SK1,S.

iii) The scheme SK1,S and the TG(Fp)-cover SK1,S → SK0
are G(Apf )-equivariant for a G(Apf )-

action that extends the natural action on the generic fiber.

iv) There is a morphism ϕ1,S : SK1,S →M
√
S
G,µ which fits in a 2-commutative diagram

SK1,S

ϕ1,S
//

��

M
√
S
G,µ

��

SK0

ϕ
// MG,µ,

(6.1.4)

and which induces an isomorphism of stacks

[TG(Fp)\SK1,S ]
∼−→ SK0

×MG,µ M
√
S
G,µ.

Remark 6.1.5. Note that, since the TG(Fp)-action on the generic fiber SK1,S,E = ShK1
(G,X)E

is free with quotient SK0,E = ShK0(G,X)E , there is an isomorphism [TG(Fp)\SK1,S,E ] ' SK0,E .

This is consistent with Conjecture 6.1.4 since, by construction, the stacky cover M
√
S
G,µ →MG,µ is

an isomorphism over the generic fibers.
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Remark 6.1.6. A similar conjecture can be formulated for the covers

ShK(G,X) −→ ShK0
(G,X)

for intermediate p-level subgroups K1 ⊂ K ⊂ K0, where K is the inverse image of Q(Fp) under

the map K0 = G(Zp)→ Gred,ab(Fp), for some subtorus Q ⊂ Gred,ab. In this case, we can use toric

schemes and Lang covers for the quotient torus T = TG/Q, where Q ⊂ TG is the subtorus over

Zp which lifts Q ⊂ Gred,ab. These depend on the choice of a semigroup S ⊂ X∗(TG/Q) satisfying

conditions like in §3.1.5. There are corresponding root stack local models leading to a formulation

of Conjecture 6.1.4 for such K. In general, this does not seem to follow from Conjecture 6.1.4

for K1. In any case, we have decided to restrict to the case of K1 to simplify the discussion and

notation.

Remark 6.1.7. 1) Note that there is some freedom in selecting the semi-group S and, hence, the

toric scheme YS . When we use the maximal choice S = SG,µ = X∗(TG) ∩ σ∨G,µ, which gives the

toric scheme YG,µ, we omit
√
S or S and just write SK1 , and ϕ1, and M

√

G,µ. The choice S = SG,µ
can be thought of as the canonical one.

2) The crucial condition in the conjecture is (iv): This allows us to identify the ramification

structure of the cover SK1,S → SK0 with that of the “root stack” cover M
√
S
G,µ → MG,µ. This

identification follows from (iv) in view of (6.1.2), and the definition of M
√
S
G,µ → MG,µ as the G-

quotient of M
√
S
G,µ → MG,µ. In fact, condition (iv) and (6.1.2) imply that, étale locally on the base,

[TG(Fp)\SK1,S ]→ SK0
is isomorphic to M

√
S
G,µ → MG,µ. In the next paragraph, we expand on this

to give an explicit description of the étale local structure of SK1,S .

3) We warn the reader that, in many cases, M
√
S
G,µ and hence by the above SK1,S , are not well-

behaved schemes. For example, sometimes M
√
S
G,µ is not even flat over OE , see Remark 8.1.3. Then

SK1,S as in the conjecture will also not be flat over OE . In general, our treatment of the étale

local properties of M
√
S
G,µ in §5 becomes relevant and predicts corresponding properties of SK1,S .

4) The existence of the smooth morphism (6.1.1) implies that the integral model SK0
is flat

over OE . Since the morphism SK1,S → SK0 is finite surjective by ii), the integral model SK1,S will

be topologically flat over OE . Therefore, even though, as remarked in 3), the model SK1,S can

have bad commutative algebra properties, it is well-suited for topological questions, such as the

determination of sheaves of vanishing cycles.

6.1.8. A local model for SK1,S. Here, continuing with Remark 6.1.7 (2), we give an explicit de-

scription of the strict henselizations of SK1,S which follows from Conjecture 6.1.4:

Let x ∈ SK0(k) and set y = ϕ(x) ∈ MG,µ(k) for a corresponding point on the local model (only

the Gk-orbit of y is well-defined). Pick an affine chart U = Spec (A) ⊂ MG,µ containing y such

that the restriction (PG,µ)|U of the TG-torsor PG,µ → MG,µ to U is trivial. We now argue as in

the proof of Proposition 5.1.2: Choosing a section of (PG,µ)|U gives δ : U = Spec (A) → YS and

we obtain elements δ∗(s) ∈ A, for each s in the semigroup S. Assuming the conjecture, by (6.1.2)

and the argument in the proof of Proposition 5.1.2, we see that there is an isomorphism

SK1,S ×SK0
Spec (Osh

SK0
,x) ' ỸS ×YS ,δ Spec (Osh

MG,µ,y) (6.1.5)

which respects the TG(Fp)-actions on both sides.

The right hand side of (6.1.5) can be written more explicitly as follows: Suppose that the semi-

group S ⊂ SG,µ is associated to the cone τ ⊃ σG,µ of X∗(TG)R. We consider the (saturated)

semigroup S̃ of X∗(TG) which is associated to the cone L−1
∗ (τ) ⊂ X∗(TG)R; then the injective
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homomorphism L∗ : X∗(TG) → X∗(TG) given by the Lang isogeny restricts to a semigroup ho-

momorphism L∗ : S → S̃. (We have S̃ = L∗(S)sat in the notations of Proposition 4.2.4 and so

ỸS = YS̃ .)

For simplicity of notation, set R = Osh
MG,µ,y

. Then the RHS of (6.1.5) is isomorphic to the

spectrum of

R[S̃]/(L∗(s)− δ∗(s))s∈S .
Here, the quotient is by the ideal of R[S̃] generated by L∗(s)−δ∗(s), where s runs over all elements

of the semigroup S. If {s1, . . . , sn} is a minimal generating set of the semigroup S, then the ring

above is also

R[S̃]/(L∗(s1)− δ∗(s1), . . . , L∗(sn)− δ∗(sn)). (6.1.6)

Hence, (6.1.5) gives a TG(Fp)-equivariant isomorphism

SK1,S ×SK0
Spec (Osh

SK0
,x) ' Spec (R[S̃]/(L∗(s1)− δ∗(s1), . . . , L∗(sn)− δ∗(sn))). (6.1.7)

On the RHS, the action of TG(Fp) is given by t·s̃ = s̃(t)s̃, where s̃(t) ∈ Z̆∗p is the image of t ∈ TG(Fp)
under

TG(Fp) = ker(L)(Zp) ⊂ TG(Zp)
s̃−→ Z̆∗p.

(For t ∈ ker(L), s ∈ S, we have L∗(s(t)s) = L∗(s(t))L∗(s) = L∗(s), where we also view L∗ as

pull-back of regular functions by L : TG → TG . Hence, this action is well-defined.)

Note that if the torus is split this looks a bit simpler. Indeed, suppose TG ' Grm. Then S̃ = S,

ỸS = YS and L∗ : X∗(TG)→ X∗(TG) is dilation by p− 1. Therefore the ring above is

R[S]/(sp−1
1 − δ∗(s1), . . . , sp−1

n − δ∗(sn)).

On this, t ∈ TG(Fp) acts by t · s = s(t)s, where s(t) is the image of t under

TG(Fp) ⊂ TG(Zp)
s−→ Z∗p.

(The inclusion is the Teichmuller lift.)

6.2. A general construction. Here we give a blueprint for constructing the schemes SK1,S as in

the conjecture.

Consider the exact sequence

1 −→ TG(Fp) −→ TG
L−→ TG −→ 1 (6.2.1)

of group schemes over Zp. This induces the exact sequence of Galois modules

0 −→ X∗(TG)
L∗−−→ X∗(TG) −→ X∗(TG(Fp)) −→ 0, (6.2.2)

and the Cartesian diagram of classifying stacks

BTG(Fp) //

��

BTG

L

��

{1} // BTG .

(6.2.3)

We now have:

Proposition 6.2.1. The Picard category of TG(Fp)-torsors over a Zp-scheme U is equivalent to

the Picard category of pairs

(Q, a : TG
∼−→ L∗(Q))
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consisting of a TG-torsor Q over U , together with a section a of its push-out by L : TG → TG,

L∗(Q) := TG ×L,TG Q

The equivalence is given by pushing out a TG(Fp)-torsor by TG(Fp)→ TG.

Proof. Follows from the Cartesian diagram (6.2.3). �

We now apply this to the TG(Fp)-torsor given by the unramified cover

π : ShK1(G,X)E −→ ShK0(G,X)E

of Shimura varieties. We will denote by (Qπ, aπ) the pair over ShK0(G,X)E which is obtained from

the TG(Fp)-torsor π by the above equivalence. We assume Conjecture 2.2.3 holds, in particular we

have (PG,µ, sG,µ). (This is very often the case by Theorem 2.3.1.)

Conjecture 6.2.2. There exists a TG-torsor P over SK0
together with an isomorphism of TG-

torsors over SK0
[1/p] = ShK0

(G,X)E,

α : P [1/p]
∼−→ Qπ,

and an isomorphism of pairs

β :
(
L∗(P ), L∗(α

−1) ◦ aπ : TG [1/p]
∼−→ L∗(P )[1/p]

) ∼−→ ϕ∗
(
P

(−1)
G,µ , sG,µ

)
,

where the pair (PG,µ, sG,µ) is as in Conjecture 2.2.3 and the pull-back is by the local model diagram

morphism ϕ : SK0
→MG,µ = [G\MG,µ].

We stress that the pairs involved in β are pairs consisting of a TG-torsor over SK0 and a section

of its restriction to the generic fiber SK0
[1/p] = ShK0

(G,X)E .

Remark 6.2.3. Note that the triple (P, α, β) as in the Conjecture is unique up to (unique)

isomorphism, if it exists: Indeed, suppose that (P ′, α′, β′) is another such triple. Then, we can

consider the TG-torsor R := P ′ · P−1. Our data gives a trivialization of the push-out L∗(R) and

of the generic fiber R[1/p] which are compatible. Hence, R is obtained from a TG(Fp)-torsor over

SK0
and our data produce a trivialization of this TG(Fp)-torsor over the generic fiber SK0

[1/p]. By

normality, the trivialization extends to a trivialization over SK0 . In particular, R := P ′ · P−1 is a

trivial TG-torsor and the rest follows.

Remark 6.2.4. Suppose that TG is split over Zp. A choice of an isomorphism TG ' Grm gives

a basis ηi, i = 1, . . . , r, of X∗(T ). Then giving the TG-torsor P over a Zp-scheme U amounts to

giving the collection of r line bundles Mi = Mηi which correspond to the Gm-torsors (ηi)∗P . If

χ =
∑
i ci ηi ∈ X∗(T ), we set

Mχ :=
⊗
i

M⊗cii .

There are natural isomorphisms Mχχ′ ' Mχ ⊗Mχ′ and χ 7→ Mχ is the tensor functor which

corresponds to the TG-torsor P by the Tannakian equivalence.

In general, we can first base change to O = W (Fq), q = pd, which splits TG and then choose

TG ⊗Zp O ' Grm,O to obtain line bundles Mi and Mχ over UO = U ⊗Zp O. Let us denote by F

the fraction field of O = W (Fq). Denote by Mi, i = 1, . . . , r, the line bundles over ShK0
(G,X)EF

with isomorphisms

ai : OShK0,F

∼−→ML∗(ηi)
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which are obtained from the TG-torsor Qπ ⊗E EF . Then, assuming Conjecture 6.2.2, we have line

bundles Mi, i = 1, . . . , r, over SK0,O together with isomorphisms

Mi[1/p]
∼−→ Mi,(

ML∗(ηi),OShK0,F

∼−→ML∗(ηi)[1/p]
) ∼−→ ϕ∗

(
L−1
ηi , s

−1
ηi : OMG,µ,O [1/p]

∼−→ L−1
ηi [1/p]

)
.

(6.2.4)

Here, the pair (Lηi , sηi) over the base change MG,µ,O := MG,µ⊗OE OOE is as in §2.3.8. In fact, the

data Mi with isomorphisms (6.2.4) uniquely determine the base change of (P, α, β) in Conjecture

6.2.2 to O; to determine (P, α, β), one needs to also consider suitable finite étale descent data for

the extension O/Zp.
If O = Zp, i.e. TG splits over Zp, then L∗(ηi) = ηp−1

i . In this case, the data in Conjecture 6.2.2

actually amounts to line bundles Mi, i = 1, . . . , r, over SK0
together with isomorphisms

Mi[1/p]
∼−→ Mi,

(M⊗(p−1)
i ,OShK0

∼−→M⊗(p−1)
i [1/p])

∼−→ ϕ∗(L−1
ηi , s

−1
ηi : OMG,µ,O

∼−→ L−1
ηi [1/p]).

(6.2.5)

We will use these, more explicit, interpretations of Conjecture 6.2.2 for the PEL examples.

6.2.5. Conjecture 6.2.2 implies Conjecture 6.1.4. Assuming Conjecture 6.2.2 holds, we will now

construct SK1,S which satisfies Conjecture 6.1.4. In particular, this shows that the one conjecture

implies the other.

Proposition 6.2.1 gives an isomorphism of stacks over Spec (Zp),

[TG \L TG ] = [TG(Fp)\∗] = BTG(Fp).

Here the first quotient is for the (left) action of TG on itself via the Lang isogeny, i.e. t · t′ = L(t)t′.

It agrees with the quotient stack [TG \Fr TG ] of conjugation by the Frobenius lift t · t′ = Fr(t)t′t−1.

The étale TG(Fp)-cover

π : ShK1
(G, X)E −→ ShK0

(G, X)E

gives

[π] : ShK0
(G, X)E −→ [TG \L TG ] = BTG(Fp). (6.2.6)

Recall now that we choose a semigroup S ⊂ SG,µ as in §3.1.5 which determines the TG-toric scheme

YS . The toric embedding TG ↪→ YS defines a morphism

BTG(Fp) = [TG \L TG ] −→ [TG \L YS ].

(This can be viewed as a “partial compactification” of the classifying stack of TG(Fp)-torsors.) On

the other hand, the effectivity implied by Conjecture 2.2.3 gives that for all χ ∈ S the trivialization

sχ : OMG,µ,O [1/p]
∼−→ Lχ[1/p]

extends to

sχ : OMG,µ,O −→ Lχ,

which is a G-equivariant global section of Lχ over MG,µ,O. In view of the isomorphisms in (6.2.4)

above, this implies that the trivialization given by π

OShK0,F

∼−→M−1
L∗(χ)

∼−→M−1
L∗(χ)[1/p]

extends to

aχ : OSK0,O
−→M−1

L∗(χ),
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i.e., to a global (regular) section aχ ofM−1
L∗(χ) over SK0,O. Since YS,O = Spec (O[S]), this together

with descent along OOE/OE , implies that the TG-torsor P → SK0
, assumed to exist by Conjecture

6.2.2, supports a morphism f occurring in the diagram

P
f−−→ YS

↓
SK0

which is TG-equivariant via the Lang map, i.e. f(t ·p) = L(t)f(p). The above diagram corresponds

to a 1-morphism

[̃π] : SK0 −→ [TG \L YS ]. (6.2.7)

We are going to use the morphism [TG \L YS ] → [TG \YS ] induced by the identity on Y and

L : TG → TG . Composing [̃π] with [TG \L YS ] → [TG \YS ] gives the morphism SK0 → [TG \YS ]

defined by the pair (L∗(P ), f ′) of the TG-torsor L∗(P ) = TG ×L,TG P and the TG-equivariant

morphism f ′ : L∗(P ) → YS given by f ′(t, p) = t · f(p). The existence of the isomorphism β in

Conjecture 6.2.2 implies that this morphism is 2-isomorphic to the composition

SK0

ϕ−−→MG,µ = [G\MG,µ]
∆S−−−→ [TG \YS ].

This, together with the existence of the isomorphism α in Conjecture 6.2.2, implies that we have

a 2-commutative diagram

ShK0
(G, X)E

incl //

[π]

��

SK0

ϕ
//

[̃π]

��

[G\MG,µ]

∆S

��

[TG \L TG ] // [TG \L YS ] // [TG \YS ].

(6.2.8)

Here the two top horizontal morphisms are the inclusion of the generic fiber and the morphism

obtained from the local model diagram. The two bottom horizontal morphisms are induced by the

toric embedding TG ↪→ YS as above and by the Lang map L : TG → TG with the identity YS
=−→ YS .

It is instructive to note here that the morphism [TG \L YS ]→ [TG \YS ] is an étale gerbe banded by

TG(Fp) = ker(L).

We now use the normalization L : ỸS → YS of the Lang isogeny L : TG → TG . This gives

a morphism [TG \ ỸS ] → [TG \L YS ]. The action of T (Fp) on ỸS gives an action on [TG \ ỸS ] and

this morphism is TG(Fp)-equivariant with the trivial action on the target. The morphism L :

[TG \ ỸS ]→ [TG \YS ] of (5.1.1) factors as

[TG \ ỸS ] −→ [TG \L YS ] −→ [TG \YS ]. (6.2.9)

Lemma 6.2.6. The morphism [TG \ ỸS ]→ [TG \L YS ] is relatively representable and finite.

Proof. To ease notation, set T = TG . Suppose Z → [T \L YS ] is given by a T -torsor W → Z with

a L-T -equivariant morphism f : W → YS and consider the fiber product

Z ×[T \L YS ] [T \ ỸS ].

A Z ′-valued point of Z ×[T \L YS ] [T \ ỸS ] corresponds to a T -equivariant morphism

f ′ : W ×Z Z ′ −→ ỸS
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such that the following diagram is commutative,

W ×Z Z ′
f ′

//

��

ỸS

��

W
f

// YS .

(6.2.10)

To prove relative representability we can reduce to the case that Z is a local O-scheme. Then

the T -torsor W → Z is trivial, i.e., W = T × Z, and f is determined by g = f|1×Z : Z → YS
which, in turn, is determined by the monoid homomorphism g∗ : S → OZ(Z). The T -equivariant

morphisms f ′ with the above property, are determined by g′ : Z ′ → ỸS such that

Z ′
g′
//

��

ỸS

��

Z
g
// YS .

(6.2.11)

commutes. Hence, the fiber product is represented by Z ×g,YS ỸS which is finite over Z. �

Definition 6.2.7. We define SK1,S by the fiber product diagram

SK1,S
//

��

[TG\ỸS ]

��

SK0
// [TG \L YS ].

(6.2.12)

The morphism SK1,S → SK0
supports an TG(Fp)-action, trivial on the target.

Proposition 6.2.8. The SK0
-scheme SK1,S satisfies the conditions of Conjecture 6.1.4.

Proof. By Lemma 6.2.6, SK1,S is a scheme. Recall that L : [TG \ ỸS ]→ [TG \YS ] factors

[TG \ ỸS ] −→ [TG \L YS ] −→ [TG \YS ],

as in (6.2.9). By composing the right vertical morphism in (6.2.12) with [TG \L YS ] → [TG \YS ]

above, we obtain a commutative (not fiber product) diagram

SK1,S
//

��

[TG\ỸS ]

��

SK0
// [TG\YS ].

(6.2.13)

Using (6.2.8) we see that, up to 2-morphisms, this factors

SK1,S

ϕ1,S
//

��

M
√
S
G,µ

//

��

[TG \ ỸS ]

L

��

SK0

ϕ
// MG,µ

∆S // [TG \YS ],

(6.2.14)

where the right square is (6.1.3). The gives the diagram in (iv) of Conjecture 6.1.4 and the rest of

the statements in Conjecture 6.1.4 follow. �
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Remark 6.2.9. a) The crucial point in the construction is the existence of the morphism

[̃π] : SK0 −→ [TG \L YS ]

fitting in the diagram (6.2.8).

b) Assume that L : Y ′ → YS is a finite TG(Fp)-cover which extends the Lang map L : TG → TG .

Assume further given [̃π] : SK0
→ [TG \L Y ′] which extends [π]. We can then define a finite

TG(Fp)-cover SK1,S,Y ′ → SK0 as the fiber product SK0 ×[TG \L YS ] [TG \Y ′], and obtain in this way

an integral model of ShK1
(G, X)E .

Such Y ′ can be obtained from a Galois stable non-saturated semigroup L∗(S) ⊂ S′ ⊂ X∗(TG)

which generatesX∗(TG); then Y ′ is not normal. We will encounter this variation of our construction

in §8, see Remark 8.2.1 (1).

We can give a direct functor description of the base change SK1,O to O, in line with the inter-

pretation of Conjecture 6.2.2 via (6.2.4) and (6.2.5) as in the previous paragraph. This will be

very useful later and especially when we discuss examples in 8.

Recall that S ⊂ X∗(TG) gives YS,O = Spec (O[S]) and we also have the semigroup S̃ ⊂ X∗(TG)

defining the normalization ỸS,O = Spec (O[S̃]) of the Lang cover. We have L∗ : S ↪→ S̃ giving the

cover ỸS,O → YS,O. We assume Conjecture 6.2.2 and use the notations of Remark 6.2.4.

Proposition 6.2.10. The SK0
-scheme SK1,S,O of Definition 6.2.7 represents the following functor

on (Sch/SK0,O). Let f : U → SK0,O be an U -valued point of SK0,O. Then SK1,S,O(U) is the set

(zχ̃(U))χ̃∈S̃ of sections

zχ̃(U) ∈ Γ(U,M−1
χ̃ )

such that

i) zL∗(χ) = f∗(aχ), for all χ ∈ S,

ii) zχ̃χ̃′ = zχ̃⊗ zχ̃′ , for all χ̃, χ̃′ ∈ S̃ ⊂ X∗(TG), via the identification given by the tensor functor

ψ 7→ M−1
ψ , ψ ∈ X∗(TG).

The group TG(Fp) acts on (zχ̃(U))χ̃∈S̃ by

g · zχ̃(U) = χ̃(g) · zχ̃(U)

where χ̃(g) ∈ O∗ is defined by evaluating χ̃ : TG(Zp)→ O∗ at g ∈ TG(Fp) ⊂ TG(Zp).

Proof. Follows as in the proof of Lemma 6.2.6 by remarking that O-scheme morphisms V → ỸS ,

resp. V → YS , are determined by semigroup homomorphisms S → OV (V ), resp. S̃ → OV (V ). �

Remark 6.2.11. We can view the above as giving an alternative construction of SK1,S (always

assuming Conjecture 6.2.2): It is clear that the functor U 7→ (zχ̃(U))χ̃∈S̃ of the statement is

represented by a finite scheme over SK0,O which supports a TG(Fp)-action. The line bundles Mψ,

for ψ ∈ X∗(T ), and sections aχ of M−1
L∗(χ), for χ ∈ S, are equipped with finite étale descent data

for the extension O/Zp and so the same is true for the functor U 7→ (zχ̃(U))χ̃∈S̃ . Hence, the

scheme above is the base change SK1,S,O of a uniquely determined finite scheme SK1,S → SK0

with TG(Fp)-action.

7. PEL type Shimura varieties

Here we discuss PEL type Shimura varieties, and give our main result for these, under some

additional conditions that we introduce. The proof uses Oort–Tate/Raynaud theory of finite group

schemes.
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7.1. PEL data and moduli.

7.1.1. PEL data. In this section we will follow the set-up of [RZ, Ch. 6]. Let B be a semi-simple

algebra over Q and let ∗ be a positive involution on B. Let V be a finite-dimensional Q-vector

space with a nondegenerate alternating bilinear form ( , ) with values in Q. We assume that V is

equipped with a B-module structure such that

(bv, w) = (v, b∗w), v, w ∈ V, b ∈ B.

Let G ⊂ GLB(V) be the closed algebraic subgroup over Q such that

G(Q) = {g ∈ GLB(V) | (gv, gw) = c(g)(v, w), c(g) ∈ Q×}. (7.1.1)

Note that the group G is not always connected. We will denote by G◦ its neutral component.

Let S = ResC/RGm and let h : S → G◦R ⊂ GR be a homomorphism that defines on VR a Hodge

structure of type {(1, 0), (0, 1)} such that (v, h(
√
−1)w) is a symmetric positive-definite bilinear

form on VR, cf. loc. cit.. We have a corresponding Hodge decomposition

V ⊗ C = V0 ⊕V1,

where S acts on V0 via the character z̄ and on V1 via the character z. Let µ be the corresponding

cocharacter µ of G defined over C, i.e., µ(z) = h(z, 1) under the identification SC = Gm ×Gm, via

z 7→ (z, z̄). We let E ⊂ Q be the corresponding reflex field. This is a subfield of the reflex field E◦ of

the Shimura datum3 (G◦, X), i.e. E ⊂ E◦. We now fix a prime number p and choose an embedding

Q → Qp. The corresponding v-adic completion of E will be denoted E. Let Kp ⊂ G(Apf ) be an

open compact subgroup.

We consider an order OB of B such that OB ⊗ Zp is a maximal order of B ⊗ Qp. We assume

that OB ⊗ Zp is invariant under the involution. Let us write

B⊗Qp = B1 × · · · ×Bm,

a product of simple Qp-algebras such that

OB ⊗ Zp = OB1 × · · · ×OBm ,

a product of maximal orders. Also write

V ⊗Qp = V1 ⊕ · · · ⊕ Vm

for the corresponding decomposition of V ⊗Qp into (left) Bj-modules.

We also fix a selfdual periodic multichain L of OB ⊗ Zp-lattices in V⊗Qp with respect to the

alternating form ( , ) and ∗, see [RZ, Def. 3.13]. By the definition of “multichain” in [RZ, Def.

3.4], there are periodic OBj -lattice chains Lj in Vj such that the lattices Λ in L are exactly all

the direct sums

Λ = Λ1 ⊕ · · · ⊕ Λm,

with Λj ranging over all the lattices in the chain Lj . Here, we also assume in addition that L is

self-dual for ∗, i.e. that if Λ ∈ L , then Λ∗ ∈ L , see loc. cit.

3The group G is connected outside of type D and E 6= E◦ is possible only for non-split groups of type D.
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7.1.2. PEL moduli problems. We recall from loc. cit. the definition of a moduli problem AKp over

(Sch/Spec (OE)). It associates to a OE-scheme S the following set of data up to isomorphism:

1. An L -set of abelian varieties A = {AΛ}.
2. A Q-homogeneous principal polarization λ of the L -set A.

3. A Kp-level structure

η : H1(A,Apf )
∼−→ V ⊗Q Apf mod Kp,

which respects the bilinear forms on both sides up to a constant in (Apf )×.

We require an identity of characteristic polynomials4,

det(T · I − b | Lie(AΛ)) = det(T · I − b | V1), b ∈ OB, Λ ∈ L .

For the definitions of the terms employed here we refer to [RZ, §6.3–6.8]. We only mention that A

is a functor from the category L to the category of abelian schemes over S up to isogeny of order

prime to p, with OB-action, and that a polarization λ is a OB-linear homomorphism from A to the

dual L -set Ã (for which ÃΛ = (AΛ∗)
∧).

The functor AKp is representable by a quasi-projective scheme over OE , provided that Kp is

sufficiently small. It follows from [RZ, §3.26], that there is a “local model diagram morphism”

ϕnaive : AKp −→ [G\Mnaive
G,µ ]

which is smooth. Here, Mnaive
G,µ is the “naive” local model of loc. cit., which is not always flat over

OE .

We would like to compare our set-up so far to the set-up and notation of §6.1.2: There we

discuss Shimura varieties for data (G, X), with parahoric level K0 = G(Zp). We also have the

“canonical” integral model SK0
, local model MG,µ, and local model diagram morphism

ϕ : SK0
−→ [G\MG,µ].

This comparison is, in general, somewhat complicated. More specifically, the complications come

from the following sources, see the discussion in [PZ, §8.2]:

1) The group G of (7.1.1) is not always connected and so (G, X) as in (7.1.1) does not fit directly

within the usual formalism of Shimura pairs.

2) Due to the possible failure of the Hasse principle, the generic fiber AKp [1/p] is, in general,

just a union of Shimura varieties for groups related to G.

3) Even if G = G⊗Qp is connected, the stabilizer group scheme G = AutOB ,( , )(L ), see below,

is sometimes not connected. Then, the level G(Zp) is not a parahoric subgroup but just

“quasi-parahoric.”

When both the generic and special fibers of the group scheme G over Zp are connected this

comparison is more straightforward.

7.1.3. The main theorem. We now set V = V ⊗ Qp, B = B ⊗ Qp and OB = OB ⊗ Zp. We

also consider G = AutOB ,( , )(L ), the group scheme of automorphisms of the polarized self-dual

multichain L up to common similitude which lies in Z∗p. By [RZ, Thm. 3.16, App. to Ch. 3] this

is a smooth group scheme over Zp with generic fiber G = G ⊗ Qp, at least when p 6= 2. Most of

our results are under the following assumption:

(IW) The special fiber G ⊗ Fp is connected and G◦ is an Iwahori group scheme for G◦.

4Here we deviate from the normalization in [RZ] and adopt the normalization of [SW, footnotes p. 200, p. 230].



68 G. PAPPAS AND M. RAPOPORT

Remark 7.1.4. When the generic fiber G = G ⊗ Qp is connected, then the condition that the

special fiber G ⊗ Fp is also connected implies that G◦ = G. So, if G is connected, condition

(IW) just amounts to requiring that G is Iwahori. However, it is possible that the special fiber

of G = AutOB ,( , )(L ) is connected while the generic fiber G is not. For example, this happens

when L is obtained from a complete periodic self-dual lattice chain in an even dimensional split

orthogonal space, i.e. with a Witt basis, over Qp, p 6= 2, see [Sm, Lem. 4.3.2].

We can also consider L simply as a periodic multichain of OB-lattices in V by forgetting the

additional structures. Let AutOB (L ) be the group scheme of OB-linear automorphisms of L over

Zp, as defined in [RZ, Ch. 3]. By [RZ, Thm. 3.11] this is a smooth group scheme over Zp and,

hence, it is a Bruhat-Tits parahoric group scheme for GLB(V ). By definition, there is a closed

immersion of group schemes

G ↪→ GLOB (L ). (7.1.2)

For each j = 1, . . . ,m, we write Bj = Mnj (Dj) and OBj = Mnj (ODj ), where Dj is a central

division algebra over the local field Fj and where ODj is a maximal order. We also fix a prime

element Πj of ODj and denote by kDj = ODj/ΠjODj the residue field. By reindexing the lattice

chains Lj = {Λj,i}i∈Z, we can assume that ΠjΛj,i = Λj,i−rj for some rj ≥ 1. In fact, we can

arrange so that for each j ∈ {1, . . . ,m} there is j∗ ∈ {1, . . . ,m} and aj which is 0 or 1 so that

Λ∗j,i = Λj∗,−i+aj , ∀i ∈ Z. (7.1.3)

Note that j 7→ j∗ is the involution which is induced by the action of ∗ on the center of the algebra

B = B⊗Qp. Set

Qj,i = Λj,i/Λj,i−1

which is a (left) Mnj (kDj )-module. Using Morita equivalence, we can write

Qj,i = Mnj (kDj )⊗kDj Wj,i

where Wj,i is a kDj -vector space of rank lj,i.

As in [RZ, App. to Ch. 3], (7.1.2) is given by a closed immersion

G ↪→ GLOB (L ) ↪→
m∏
j=1

rj∏
i=1

AutMnj
(ODj )(Λj,−i+1). (7.1.4)

In §7.1.8 we will show:

Proposition 7.1.5. Suppose (IW), i.e. G ⊗ Fp is connected and G◦ is an Iwahori group scheme

for G◦. Then AutOB (L ) is an Iwahori group scheme for GLB(V ).

Note that the conclusion that AutOB (L ) is an Iwahori group scheme for GLB(V ) is equivalent

to requiring that, for each 1 ≤ j ≤ m, the OBj -lattice chain Lj in Vj is complete, i.e., that for

each j = 1, . . . ,m, i ∈ Z, Λj,i/Λj,i−1 is a simple Mnj (kDj )-module.

Remark 7.1.6. Conversely, if AutOB (L ) is Iwahori, the neutral component G◦ of G is an Iwahori

group scheme ofG◦. Indeed, it is enough to show that the maximal reductive quotient (G◦⊗ZpFp)red

of its reduction G◦ ⊗Zp Fp is a torus. But, by the proof of Proposition 7.1.5, (G◦ ⊗Zp Fp)red is a

subgroup scheme of the maximal reductive quotient of the reduction AutOB (L ) ⊗Zp Fp and this

is a torus. On the other hand, the property that AutOB (L ) is Iwahori does not imply that

G ⊗ Fp is connected. An example is given by the group G of unitary similitudes of a F/F0-

hermitian vector space V of odd dimension (with similitude factor in Q∗), where F0 ⊗ Qp = Qdp
with d ≥ 2 and Fp = F0 ⊗ K, where K/Qp is a ramified quadratic extension. There exists
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a complete selfdual periodic lattice multichain L such that the successive quotients are all one-

dimensional. Let U = ResF0/Qp(U(V )). Then π1(U)Γ = (Z/2Z)d, and the Kottwitz invariant

induces a surjective map G(Zp) ∩U(Qp)→ π1(U)Γ, comp. [PRtw, p. 132]. But then the image in

π1(G)Γ of G under the Kottwitz invariant is also non-trivial, i.e., G ⊗ Fp is disconnected.

Also, asking that the neutral component G◦ of G is Iwahori for G◦ is not enough to guarantee that

AutOB (L ) is Iwahori. For example, in some unitary and orthogonal groups there are Iwahori group

schemes which are given using complete periodic lattice chains, where the successive quotients have

dimension larger than 1. In the unitary case, AutOB (L ) Iwahori excludes only the case when the

quadratic extension is ramified, and the hermitian space has even dimension n = 2m and is non-

split (in this case, there is no π-modular lattice, i.e., no vertex lattice of type m), cf. [Jac]. In

the orthogonal case, things are less neat. When the quadratic space V is split (i.e., there exists

a Witt basis), then AutOB (L ) is Iwahori; but when there is a non-trivial anisotropic part, the

condition AutOB (L ) Iwahori can fail. For instance, if V is anisotropic of dimension 2, then V is

of the form (E, q), where E/F is a quadratic field extension and q = dNmE/F , for some d ∈ F ∗,
cf. [HZ, §2.2.2]. If E/F is unramified, then V contains only one vertex lattice which is either of

type 0 or of type 2, hence AutOB (L ) is not Iwahori. If E/F is ramified, then again V contains

only one vertex lattice which is now of type 1, hence AutOB (L ) is Iwahori. See also the proof of

Proposition 7.1.5.

We now assume that AutOB (L ) is an Iwahori group scheme for GLB(V ). We write I =

tmj=1{1, . . . , rj} for the indexing set of the direct product (7.1.4), with
∑m
j=1 rj elements. For

s ∈ I we denote by j(s) ∈ {1, . . . ,m} its projection and write Ds = Dj(s). Set ds = [kDs : Fp].
The composition of maps in (7.1.4) induces a map on maximal torus quotients and hence gives a

surjection of Gal(Fp/Fp)-modules⊕
s∈I

X∗(ReskDs/Fp Gm) =
⊕
s∈I

Z[Gal(kDs/Fp)] −→ X∗(TG◦), (7.1.5)

where we recall that Z[Gal(kDs/Fp)] = Z[Gal(Fpds /Fp)].
Assuming AutOB (L ) is Iwahori, consider the following additional splitness hypothesis:

(S) There is a subset J ⊂ I such that the composition⊕
s∈J

Z[Gal(kDs/Fp)] ⊂
⊕
s∈I

Z[Gal(kDs/Fp)]
(7.1.5)−−−−→ X∗(TG◦)

either gives an isomorphism

X∗(TG◦) =
⊕
s∈J

Z[Gal(kDs/Fp)], (7.1.6)

or a Galois equivariant direct summand of Z · c in X∗(TG◦) such that

X∗(TG◦) = Z · c⊕
⊕
s∈J

Z[Gal(kDs/Fp)]. (7.1.7)

In the above, we denote by c ∈ X∗(TG◦) the character obtained from the restriction G◦ → Gm of

the similitude c : G⊗Qp → Gm. Note that (S) implies that TG◦ is an induced torus.

When (S) is satisfied, it is useful to also consider the torus direct summand

T ′G◦ :=
∏
s∈J

ResW (kDs )/Zp Gm ⊂ TG◦ (7.1.8)

of TG◦ over Zp which corresponds to
⊕

s∈J Z[Gal(kDs/Fp)]. Of course, in the first case (7.1.6), we

have T ′G◦ = TG◦ .

Our main result in this section is the following:
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Theorem 7.1.7. Assume that (B,V, ( , ), ∗, h) are PEL data as in §7.1.1. Choose an odd prime

p, an order OB ⊂ B, and a periodic self-dual OB⊗Zp-lattice multichain L in V⊗Qp, as in §7.1.1

above. Assume the following hold.

1) the special fiber G ⊗ Fp of the group scheme G = AutOB ,( )(L ) is connected and the neutral

component G◦ is an Iwahori group scheme for G◦,

2) the generic fiber G = G ⊗Zp Qp splits over a tamely ramified extension of Qp,

3) condition (S) is satisfied.

Then Conjectures 6.2.2 and 6.1.4 for the TG◦(Fp)-covers of the corresponding PEL type Shimura

varieties for the Shimura data (G◦, X) with G◦(Zp) = G(Zp)-level at p are true.

We will give the proof in §7.3. A main tool in the proof is Oort–Tate/Raynaud theory for group

schemes which we review in §7.2.

7.1.8. The proof of Proposition 7.1.5. We continue with the above notations and start with some

preliminaries: Taking ( , )-duals gives an involution

GLOB (L ) −→ GLOB (L ), g 7→ g∨,

and by definition

G = {g ∈ GLOB (L ) | g∨ · g = c(g), c(g) ∈ Z∗p}.

This gives an exact sequence

0 −→ G1 −→ G
c−−→ Gm −→ 1

of group schemes over Zp. Here,

G1 = (GLOB (L ))τ=1 (7.1.9)

where τ(g) = (g∨)−1. This realizes G1 as the fixed point group scheme for the {1, τ}-group action

on GLOB (L ).

Remark 7.1.9. Since p is assumed odd, the τ -action above is tame. This observation provides

an alternative approach to [RZ, App. 3]. More precisely, by [RZ, Prop. A.4], the group scheme

GLOB (L ) is smooth. Therefore, the presentation (7.1.9), combined with Edixhoven’s lemma

[Ed], yields the smoothness of G1. Similarly, by [RZ, Prop. A.4], the scheme of trivializations

IsomOB
({MΛ}, {Λ}) is a torsor under GLOB (L ). It follows that the fixed point scheme Triv :=

IsomOB
({MΛ}, {Λ})τ=1 of trivializations of a polarized multichain of OB-modules {MΛ} is smooth

and with free G1-action, i.e., Triv is a “pseudo-torsor” for G1. The main theorem [RZ, Thm. 3.16],

which gives a normal form for {MΛ}, is equivalent to the claim that Triv is actually a G1-torsor.

This is now easier to prove. Indeed, we only have to check that all fibers of Triv are non-empty,

and since when p is invertible this is easy, we even may assume that the base is an Fp-scheme.

This problem has still to be handled as in [RZ, A.6], but the cases that have to be checked are

now simpler: for example, the quaternion algebras that appear in loc. cit. are now split and so are

various symmetric/hermitian forms.

We now consider the special fibers. Taking τ -fixed points in the exact sequence

1 −→ U −→ GLOB (L )⊗ Fp −→ (GLOB (L )⊗ Fp)red −→ 1

remains exact, since the kernel U is unipotent and p 6= 2. This gives

(G1 ⊗ Fp)red = ((GLOB (L )⊗ Fp)red)τ=1.
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We have

(GLOB (L )⊗ Fp)red =

m∏
j=1

0∏
i=−rj+1

AutMnj
(kDj )(Qj,i) =

m∏
j=1

0∏
i=−rj+1

AutkDj (Wj,i), (7.1.10)

and the fixed point scheme ((GLOB (L )⊗Fp)red)τ=1 decomposes as a product over the set of orbits

of the involution j 7→ j∗ on [1,m] := {1, . . . ,m}.
A) First consider an orbit {j, j∗}, j∗ 6= j, consisting of two elements. This contributes to the

fixed point scheme the factor

0∏
i=−rj+1

AutMnj
(kDj )(Qj,i)) = AutkDj (Wj,i), (7.1.11)

B) Next consider an orbit {j}, j∗ = j consisting of one element: This contributes to the fixed

point scheme a factor according to the following recipe in which to simplify notation, we omit the

subscript j:

1) Suppose a = aj = 0.

1a) Case r = 2r′ + 1 is odd. By using periodicity and Morita equivalence, the form ( , ), gives

perfect pairings

W−r′ ×W−r′ −→ Fp,
and

W0 ×W−r+1 −→ Fp, . . . , W−r′+1 ×W−r′−1 −→ Fp.
These induce the involution τ on (7.1.10). In particular, the first pairing induces an involution τ

on AutkD (W−r′). The factor contributing to the fixed point scheme is

AutkD (W−r′)
τ=1 ×

0∏
i=−r′+1

AutkD (Wi). (7.1.12)

1b) r = 2r′ is even. We have perfect pairings

W0 ×W−r+1 −→ Fp, . . . , W−r′ ×W−r′+1 −→ Fp

inducing the involution. The factor contrubuting to the fixed point scheme is

0∏
i=−r′

AutkD (Wi). (7.1.13)

2) a = aj = 1.

2a) r = 2r′ + 1 is odd. We have perfect pairings

W1 ×W1 −→ Fp,

and

W0 ×W−r+2 −→ Fp, . . . , W−r′+1 ×W−r′ −→ Fp.
The first pairing induces an involution τ on AutkD (W1). The factor contributing to the fixed point

scheme is

AutkD (W1)τ=1 ×
0∏

i=−r′+1

AutkD (Wi). (7.1.14)

2b) r = 2r′ is even. We have perfect pairings

W1 ×W1 −→ Fp, W−r′+1 ×W−r′+1 −→ Fp,
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and

W0 ×W−r+2 −→ Fp, . . . , W−r′+2 ×W−r′ −→ Fp.
The first two pairings induce involutions τ on AutkD (W1), resp. AutkD (W−r′+1). The factor

contributing to the fixed point scheme is

AutkD (W1)τ=1 ×AutkD (W−r′+1)τ=1 ×
0∏

i=−r′+2

AutkD (Wi). (7.1.15)

We now proceed with the actual proof. We have the exact sequence

1 −→ (G1 ⊗ Fp)red −→ (G ⊗ Fp)red
c−−→ Gm ⊗ Fp −→ 1,

where (G ⊗ Fp)red is the quotient of G ⊗ Fp by its maximal normal unipotent subgroup scheme.

Under our assumption, (G ⊗Fp)red is a torus and so (G1⊗Fp)red is a diagonalizable group scheme.

We now apply the description of (G1 ⊗ Fp)red as a product of factors (7.1.11) – (7.1.15) as above.

We conclude that for all j with j∗ 6= j, and all i, Wj,i is 1-dimensional over kDj and hence Qj,i is

a simple Mnj (kDj )-module. Indeed, by periodicity, it is enough to check the indices i in the range

[−rj + 1, 0].

The same is true for all j with j∗ = j, with i in the appropriate range according to our cases

(1a), (1b), (2a), (2b). (For example, for all i in case (1b), etc.) We now consider the only remaining

factors for “exceptional indices” i. These are of the form

AutkDj (Wj,i)
τ=1 = GLlj,i(kDj )

ηj,i=1

for j = j∗, with τ = ηj,i a non-trivial involution of EndkDj (Wj,i) ' Mlj,i(kDj ). By our assumption,

these are also diagonalizable group schemes. To simplify notation, we fix a pair j, i, and omit it

from the notation.

• If η is an involution of the second type, then GLl(kD)η=1 is the unitary group U(l) over the

fixed field (kD)η=1 and we consider its Weil restriction of scalars to Fp; this is commutative

only if l = 1.

• If η is an involution of the first type, then GLl(kD)η=1 is commutative only if l = 1, or if l = 2

and ηj is an orthogonal involution. When l = 2, GLl(kD)η=1 = O2(W, q) for some quadratic

form q. The case l = 2 will be ruled out below.

We first consider the case that, in addition, the invariants F0 = F ∗=1 of the involution ∗ on the

center F of B form a field. Then m = 1 and j = 1 is the unique index which will be omitted from

the notation. Suppose we are in case (1a). Then, from the above, we have

(G1 ⊗ Fp)red ' (

0∏
i=−r′+1

ReskD/Fp Gm)×O2(W−r′ , q−r′),

(G ⊗ Fp)red ' (

0∏
i=−r′+1

ReskD/Fp Gm)×GO∗2(W−r′ , q−r′),

where GO∗2(W−r′ , q−r′) signifies the subgroup of elements in GO∗2(W−r′ , q−r′) with similitude in

F∗p. However, the groups GO2(W−r′ , q−r′) and GO∗2(W−r′ , q−r′) are not connected. A similar

argument works in the other cases (2a), (2b) for which we have such indexes to consider.

This rules out lj,i = 2 when F0 is a field. If F0 is not a field, and there are more than one j with

j∗ = j with exceptional indices i such that lj,i = 2, there are more orthogonal factors of the same

form and (G ⊗ Fp)red and hence G ⊗ Fp is still not connected. This contradicts our assumption.

Hence lj,i = 2 is ruled out again. It follows that lj,i = 1 in all cases. This concludes the proof of

Proposition 7.1.5. �
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7.1.10. More on condition (S). Suppose now that G ⊗Fp is connected and G◦ is Iwahori. Then by

Proposition 7.1.5, we know that AutOB (L ) is Iwahori and it makes sense to consider assumption

(S). In the context of the notation and set-up in the proof of Proposition 7.1.5 we can see that the

following assumption implies (S).

(S’) There is at most one index j with j∗ = j. In addition, this j is not in case (2b), so it has

only at most one exceptional index i. In addition, when this exceptional index i occurs, for

this j and i we have k
ηj,i=1
Dj

= Fp.

To explain this, let us assume (S’). In the proof of Proposition 7.1.5 we have determined (G1 ⊗
Fp)red. Using this, we can now determine (G ⊗ Fp)red = TG◦ ⊗ Fp. Under our assumptions, this is

as follows:

A) If there is no j = j∗, we have

TG◦ ⊗ Fp = (G ⊗ Fp)red = (
∏

{j,j∗},j∗ 6=j

ReskDj /Fp G
rj
m)×Gm.

B) If there exists a (unique) j0 = j∗0 , we have:

• In case (1a) or (2a) with kD0
= Fp,

TG◦ ⊗ Fp = (G ⊗ Fp)red = (
∏

{j,j∗},j∗ 6=j

ReskDj /Fp G
rj
m)×Gr

′
0
m ×Gm.

• In case (1a) or (2a) with [kD0
: Fp] = 2,

TG◦ ⊗ Fp = (G ⊗ Fp)red = (
∏

{j,j∗},j∗ 6=j

ReskDj /Fp G
rj
m)× ReskD0

/Fp G
r′0
m × ReskD0

/Fp Gm.

• In case (1b),

TG◦ ⊗ Fp = (G ⊗ Fp)red = (
∏

{j,j∗},j∗ 6=j

ReskDj /Fp G
rj
m)× (ReskD0

/Fp G
r′0
m)×Gm.

(In all of this, r′0 is the number of non-exceptional factors.)

In these presentations, the similitude

c : (G ⊗ Fp)red −→ Gm

is the projection to the last factor Gm when there is no j = j∗ or in case (1b) or in cases (1a),

(2a) when kD0
= Fp (in these cases, the alternative (7.1.7) holds). In cases (1a) or (2a) with

[kD0
: Fp] = 2, the similitude is the projection to the last factor followed by the norm (in these

cases, the alternative (7.1.6) holds). In all cases, (S) is satisfied.

Remark 7.1.11. Condition (S’), and also (S), can fail in cases (1a) and (2a), when the fields kD0

are “large”.

7.2. Oort–Tate/Raynaud theory. Let Fq, q = pd, be a finite field and set O = W (Fq). In

this paragraph, we review some constructions related to Raynaud’s description of certain rank 1

Fq-vector space schemes (“Raynaud group schemes”) over O-schemes.

7.2.1. Recollections of Raynaud theory. Let S be an O-scheme and let π : G→ S be a commutative

finite flat finite presentation group scheme which is killed by p and is, in addition, a Fq-vector

space scheme in the sense of [Ra, Def. 1.2.1]. (For d = 1 this is no extra structure.) Consider the

Teichmuller character

χ0 : F∗q −→ O∗, χ0(a) := [a]
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and its powers χi = χp
i

0 , for i ∈ Z/dZ. Then χi are fundamental characters of F∗q , see [Ra,

Def. 1.1]. For simplicity, we write OG instead of π∗OG for the “Hopf algebra” of G → S; this

is a coherent locally free sheaf of OS-algebras over S. Since G is an Fq-vector space scheme, for

each a ∈ Fq there is an endomorphism [a]∗G : OG → OG which preserves the augmentation ideal

IG := ker(ε∗ : OG → OS), with ε : S → G denoting the identity section. We now decompose into

isotypical components:

IG =
⊕

χ∈(F∗q)∗

Iχ.

Here, for each open U ⊂ S, Γ(U, Iχ) is the set of sections s of Iχ with [a]∗G · s = χ(a)s, for all

a ∈ F∗q .
We say that G is a Raynaud Fq-vector space scheme if all Iχ are invertible OS-modules, i.e.

they have rank 1. Then, G has rank pd over S. (Note that if d = 1 and G has rank p then all Iχ
are invertible. Then G is an Oort–Tate group scheme over S.)

Assume G is a Raynaud Fq-vector space scheme over S. We have OS-module homomorphisms

di : I⊗pχi −→ Iχi+1
, ci : Iχi+1

−→ I⊗pχi

given by multiplication, resp. comultiplication in OG. By [Ra, 1.4], di · ci = w · idIχi+1
, ci · di =

w · idI⊗pχi . Here, w = wq is a uniformizer of O which is independent of G and i.

Theorem 7.2.2. ([Ra, Thm. 1.4.1]). The construction

G 7→ (Iχi , ci, di)i∈Z/dZ

gives an isomorphism between the stack of Raynaud Fq-vector space schemes over O and the stack

over O whose S-points are given by systems

(Li, γi, δi)i∈Z/dZ,

where the Li, are invertible OS-modules, and where γi : Li+1 → L⊗pi and δi : L⊗pi → Li+1, are

OS-module homomorphisms such that δi · γi = w · idLi+1 for all i ∈ Z/dZ.

Note that we can also describe the stack of systems as above as the quotient stack

[Gdm\ Spec (O[xi, yi]i∈Z/dZ/(xiyi − w)i∈Z/dZ)]

with λ = (λi)i∈Z/dZ in Gdm acting by

λ · xi = λpi λ
−1
i+1xi, λ · yi = λ−pi λi+1yi.

In the course of the proof of the above theorem, Raynaud gives the Hopf algebra of the group scheme

which corresponds to (Li, γi, δi)i∈Z/dZ as a quotient of the symmetric algebra SymmOS (⊕i∈Z/dZLi)
by the ideal generated by

(δi − id)L⊗pi , i ∈ Z/dZ.

7.2.3. Generators of Raynaud group schemes. Suppose S is an O-scheme and G is a Raynaud

Fq-vector space scheme over S.

By [Pa, §5], an Fq-generator of G over S is an S-valued point P ∈ G(S) with the property

that the multiples [a]G(P ) ∈ G(S), a ∈ Fq, form a full set of sections of G → S in the sense of

Katz-Mazur, [KM].
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By [Pa, Prop. 5.1.5], the functor of Fq-generators of G is represented by a closed subscheme

G∗ ↪→ G which is finite locally free of rank pd − 1 over S. The subscheme G∗ has a simple

description in terms of the system (Li, γi, δi)i∈Z/dZ: Note that by tensoring we have

⊗i∈Z/dZδi :
⊗

i∈Z/dZ

L⊗pi −→
⊗

i∈Z/dZ

Li+1.

This corresponds to a OS-homomorphism

δ⊗ = ⊗i∈Z/dZδi : (
⊗

i∈Z/dZ

Li)⊗(p−1) −→ OS .

By loc. cit. G∗ ⊂ G is cut out by the locally principal ideal in OG which is generated by

(δ⊗ − id)((
⊗

i∈Z/dZ

Li)⊗(p−1)).

Suppose S = Spec (R) and that all Li are free. By picking a basis ui of Li we obtain γi, δi ∈ R,

with γi · δi = w. Then

OG = R[ui]i∈Z/dZ/((u
p
i − δiui+1)i∈Z/dZ),

OG∗ = R[ui]i∈Z/dZ/((u
p
i − δiui+1)i∈Z/dZ, (u1 · · ·ud)p−1 − δ1 · · · δd).

Remark 7.2.4. 1) The above notion of an Fq-generator of the Raynaud group scheme G over

S agrees with the notion of a primitive element of G over S as defined by Kottwitz-Wake, see

[KoW, §1.5]. Their notion of primitive element applies to all finite locally free commutative group

schemes.

2) This notion of an Fq-generator differs from the corresponding notion of a “Raynaud generator”

in [Liu, Def. 3.4]. Liu’s generators are not given by points of the group scheme G and their

definition depends on a choice. Consider R = Zp2 [γ0, γ1, δ0, δ1]/(γ0δ0 − wp, γ1δ1 − wp) and the

“universal” Raynaud Fp2-vector space scheme

G = Spec (R[u0, u1]/(up0 − δ0u1, u
p
1 − δ1u0))

over S = Spec (R). Then the S-scheme of Raynaud generators of G/S, as defined in [Liu, Def.

3.4], is

Spec (R[x]/(xp
2−1 − δ0δp1)).

This is not R1 over the generic point of the divisor δ1 = γ0 = 0 and is not a subscheme of G.

7.2.5. The étale case. Suppose that the Raynaud Fq-vector space scheme G→ S is étale. This is

equivalent to δi : L⊗pi → Li+1 being isomorphisms for all i ∈ Z/dZ. In this case, G∗ → S is also

étale. In fact, then the closed subscheme G∗ is also open in G and is given as the complement of

the zero section. It follows that G∗ → S is a F∗q-torsor with a ∈ F∗q acting by [a]G.

Set T = ResO/Zp Gm so that T (Fp) = F∗q and we have an exact sequence of group schemes over

Spec (Zp),
1 −→ F∗q −→ T

L−→ T −→ 1.

In this case, we can apply the construction of Proposition 6.2.1 to the F∗q-torsor G∗ → S. Recall

that S is an O-scheme. We choose the isomorphism TO = Gdm so that the character ηi : TO → Gm
given by the i-th projection restricts on the subgroup F∗q = T (Fp) ⊂ T (O) to χi : F∗q → O∗ above.

Then the Frobenius generator of the Galois group Gal(Fq/Fp) acts on X∗(T ) = Zd by sending

ηi to ηi−1 and L∗(ηi) = pηi−1 − ηi. The T -torsor Q over S is given by (Li)i. The push out

T -torsor L∗(Q) over S is given by L∗(Q) = (L⊗pi−1 ⊗L
−1
i )i and the trivialization of L∗(Q) is given

by (δi−1 : OS
∼−→ L⊗−pi−1 ⊗ Li)i.
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7.2.6. The corresponding ResO/Zp Gm-torsor. Suppose now that G→ S is a (not necessarily étale)

Raynaud Fq-vector space scheme over the O-scheme S. We still have a T -torsor over S given by

(Li)i, with the notation of the previous paragraph. The push out T -torsor L∗(Q) over S is given

by (L⊗pi−1 ⊗ L
−1
i )i; the duals of these are equipped with sections δi−1 : OS → L⊗−pi−1 ⊗ Li. The

sections give a trivialization of the T -torsor L∗(Q) over the generic fiber S[1/p], where the group

scheme is étale.

7.3. The conjectures in Iwahori PEL cases. We return to the assumptions and notations of

§7.1. We assume that (IW) is satisfied so we are in the Iwahori case. Later we will also assume (S)

and eventually prove Theorem 7.1.7. Our goal is the construction of line bundles and trivializations

as in (6.2.4), under these assumptions.

7.3.1. Some preliminaries. Let us denote by F = F1×· · ·×Fm the center of the simple algebra B

and by F0 the part of F fixed by the involution ∗. We will assume that F0 is a field; the general

case can be reduced to this case. We can then break up into considering various cases as in [RZ,

p. 135].

(I) F = F0 × F0 and ∗ induces on F the transposition. Then there is a central division algebra

D over F0, with

B = B1 ×B2 = Mn×n(D)×Mn×n(Dopp).

As in loc. cit., we can write V = W ⊕ W̃ 'W ⊕W∨, with W∨ = HomQp(W,Qp), and we have

G ' AutMn×n(D)(W )×Gm.

We can further write W = Dn ⊗D U for some D-module U ; then by Morita equivalence

G ' GLD(U)×Gm.

In this case, we see as in loc. cit. that the self-dual lattice multichain L is determined by a

periodic OD-lattice chain {Γi}i∈Z in U , i.e., Λi = OnD ⊗OD Γi. Then the multichain L is given by

Λi ⊕ Λ∨i′ , with Λ∨ = HomZp(Λ,Zp).
We have G = G◦. Condition (IW) is equivalent to {Γi}i∈Z being a complete chain and therefore

to G being an Iwahori group scheme of G. Assuming (IW) we can see that (7.1.7) and so (S) holds:

Indeed, c is given by projection to the Gm factor above and we have

X∗(TG) = (

dimD(U)⊕
i=1

Z[Gal(kD/Fp)])⊕ Z · c,

where the summands Z[Gal(kD/Fp)] are given by the characters of the automorphisms of the

quotients Γi/Γi−1, i = 1, . . . ,dimD(U). Note that by (IW), Γi/Γi−1 ' kD, for all i.

(II-IV) In the rest of the cases, (II), (III), (IV) of [RZ, p. 135], the center F is a field and

B = B1 is central simple over F . We also write D = D1, d = [kD : Fp], and, in general, we omit

the subscript j = 1. Then L = {Λi}i∈Z is a periodic self-dual chain of Mn×n(OD)-lattices. By

Morita, we can write V = Dn ⊗D W and Λi = OnD ⊗OD Γi, with G := {Γi}i∈Z a periodic chain of

OD-lattices in W .

If (7.1.6) holds, i.e.

X∗(TG◦) '
⊕
i∈J

Z[Gal(kD/Fp)],

then a basis of X∗(TG◦) is given by ηi,a with i ∈ J ⊂ {1, . . . , r} and a ∈ Z/dZ. In the other case

(7.1.7), we have a basis given by ηi,a with i ∈ J and a ∈ Z/dZ, and by c, the similitude character.
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7.3.2. The proof of Theorem 7.1.7.

Proof. We assume that the special fiber of G over Zp is connected and that G◦ is Iwahori for G◦ so

that G(Zp) = G◦(Zp) is an Iwahori subgroup of G◦(Qp). We also assume (S) and that the generic

fiber G◦ = G◦⊗ZpQp splits over a tamely ramified extension of Qp so we can apply Theorem 2.3.1.

This tameness is also a blanket assumption in [PZ].

We will continue with the above notations. We first assume that the invariants F0 = F ∗=1 of

the involution of the center of B is a field, see §7.3.1.

In all cases, both (I) and (II-IV), we have Mn×n(OD)-lattice chains {Λi}i∈Z and corresponding

OD-lattice chains {Γi}i∈Z such that Λi = OnD ⊗OD Γi.

Recall O = W (kD). For an S-valued point of AKp,O, set Ai = AΛi for the corresponding abelian

scheme. We then have isogenies of abelian schemes

0 −→ H(i) −→ Ai−1
φi−→ Ai −→ 0.

HereH(i) is a finite flat group scheme with Mn×n(OD)-action which is killed by Π ∈ OD. Therefore,

it has Mn×n(kD)-action and it decomposes

H(i) = e11H(i)× · · · × ennH(i) = G(i)n.

Here, ejj is the standard idempotent of the matrices and G(i) has kD-action. Similarly we can set

Bi = e11Ai[p
∞] which is a p-divisible group with OD-action. So, for each S-valued point of AKp,O,

there is a G -system of p-divisible groups Bi = BΓi , with OD-action and OD-linear isogenies

0 −→ G(i) −→ Bi−1
ψi−→ Bi −→ 0. (7.3.1)

Since AutOB (L ) is Iwahori, the kD-vector spaces Wi are 1-dimensional, and so the kernel G(i) of

ψi is a kD-vector space scheme. In fact, when S factors through the flat closure Aflat
Kp,O of AKp,O,

then G(i) is a Raynaud kD-vector space scheme. Indeed, it is enough to verify the condition about

the rank of the isotypic components for the universal G(i)univ over the flat O-scheme Aflat
Kp,O. This

can be checked on the generic fiber Aflat
Kp,O[1/p] = AKp,O[1/p] where it is automatic, see [Ra, Prop.

1.2.2]. We let

(L(i)a, γa(i), δa(i))a∈Z/dZ

be the system which corresponds by Theorem 7.2.2 to the universal Raynaud kD-vector space

scheme Guniv(i) over Aflat
Kp,O. We now take

Mi,a := L(i)a.

We obtain the T ′G-torsor given by M = ⊕i,aMi,a. Here we recall the notation T ′G from (7.1.8).

Then Mi,a =Mηi,a (see the last line of §7.3.1 for the definition of ηi,a). Then

M−1
L∗(ηi,a) = L(i)⊗−pa−1 ⊗ L(i)a.

There is a T ′G(Fp)-torsor

π′ : A′Kp,1,O[1/p] −→ AKp,O[1/p] (7.3.2)

which classifies choices of Raynaud generators for all G(i)univ, i ∈ J , over the generic fiber.

By §7.2.5, we see that the construction of Proposition 6.2.1 applied to this torsor gives the line

bundles Mi,a[1/p] with the trivializations

OAKp,O [1/p]
∼−→M−1

L∗(ηi,a)[1/p]

which are given by

δ(i)a−1 : L(i)⊗pa−1 −→ L(i)a,

cf. §7.2.6. We will now produce the second isomorphism as in (6.2.4).
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For an S-valued point of Aflat
Kp,O, given by the abelian schemes Ai/S with additional structures,

we consider

ωAi/S = e∗Ω1
Ai/S

the corresponding Hodge bundle and

Lie(Ai/S) = ω∨Ai/S

its dual. These are modules (right and left, respectively) over

OB ⊗O = OB ⊗Zp O = Mn×n(OD)⊗Zp O

Hence, ωAi/Se11 is a right OD ⊗Zp O-module. Using O ⊂ OD and O ⊗Zp O = ⊕a∈Z/dZO we

decompose

ωAi/Se11 =
⊕

a∈Z/dZ

Ωi,a/S

into isotypic components Ωi,a/S := (ωAi/Se11)a. These are locally free over S of the same rank.

Denote by Ωi,a the corresponding locally free coherent sheaves over Aflat
Kp,O and let Ω∨i,a be their

duals. We have

Ω∨i,a/S = (e11 Lie(Ai/S))a.

Pulling back by the isogeny φi : Ai−1 → Ai gives φ∗i : ωAi/S → ωAi−1/S . This respects the

OB ⊗O-module structure. Hence, the universal isogeny gives

φ∗i : Ωi,a −→ Ωi−1,a.

Proposition 7.3.3. For each i, a, there is an isomorphism

M−1
L∗(ηi,a) = L(i)⊗−pa−1 ⊗ L(i)a

∼−→ det(Ωi−1,a)⊗ det(Ωi,a)⊗−1

of invertible sheaves over Aflat
Kp,O, which takes the section δ(i)a−1 to the section given by det(φ∗i ).

Proof. By [Liu, Lem. 4.1], there is the following expression for the isotypical components of the

co-Lie complex of G(i)univ (this holds for any Raynaud group scheme)

(`G(i)univ)a = [L(i)⊗pa−1

δa−1−−−→ L(i)a].

Recall that `G(i)univ is computed in the proof of [Liu, Lem. 4.1] by constructing a specific regular

(i.e. complete intersection) embedding ι : G = G(i)univ ↪→ X over S = Aflat
Kp,O. This gives a

complex

[e∗I/I2 δ−→ e∗ι∗Ω1
X/S ]

and an exact sequence

e∗I/I2 δ−→ e∗ι∗Ω1
X/S −→ e∗Ω1

G/S −→ 0.

In our situation, the exactness extends on the left, i.e. the first arrow δ is injective. Indeed,

both e∗I/I2 and e∗ι∗Ω1
X/S are locally free over S and δ is an isomorphism over the generic fiber

S[1/p] since G[1/p] → S[1/p] is finite étale. Since S = Aflat
Kp,O is flat over Zp the injectivity of δ

follows. Hence, `G(i)univ is given by the sheaf ωG := e∗Ω1
G/S placed in degree 0. By taking isotypic

components, we obtain the following isomorphism of objects in D[−1,0](OS):

[L(i)⊗pa−1

δa−1−−−→ L(i)a]
∼−→ (ωG(i)univ)a.

On the other hand, we have the exact sequence

0 −→ ωAuniv
i /S

φ∗−→ ωAuniv
i−1 /S

−→ ωH(i)univ −→ 0
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obtained from the isogeny φi : Auniv
i−1 → Auniv

i . The exactness of this sequence is clear everywhere

except on the left where it follows by an argument as above using the flatness of S = Aflat
Kp,O. By

applying idempotents and then taking isotypic components this gives the exact sequence

0 −→ Ωi,a
φ∗i−→ Ωi−1,a −→ (ωG(i)univ)a −→ 0.

This yields another isomorphism of objects in D[−1,0](OS):

[Ωi,a
φ∗i−→ Ωi−1,a]

∼−→ (ωG(i)univ)a.

Composing gives

[L(i)⊗pa−1

δa−1−−−→ L(i)a]
∼−→ [Ωi,a

φ∗i−→ Ωi−1,a].

Taking the determinant ([KnM], see also [Liu, 5A]) yields the isomorphism of pairs consisting of a

line bundle and a global section(
L(i)⊗−pa−1 ⊗ L(i)a, δ(i)a−1

) ∼−→ (
det(Ωi−1,a)⊗ det(Ωi,a)⊗−1,det(φ∗i )

)
.

This completes the proof. �

Remark 7.3.4. The above generalizes [Liu, Cor. 5.5]. Note that the isomorphism in the statement

of Proposition 7.3.3 is uniquely determined.

We can now consider the Shimura variety ShK0(G◦,X)E◦ . This is an open and closed subscheme

of AKp ⊗OE E◦ (for the compatible choice of Kp and the prime v of E below our implicit choice

of prime of E◦). Note that, by our assumptions, G◦ is an Iwahori group scheme for G◦. There is

a G◦-equivariant morphism

MG◦,µ −→ Mnaive
G,µ ⊗OE OE◦ ,

see [PZ, p. 215-217]. By construction, the canonical integral model SK0Kp in the sense of [PRg]

is the normalization of the closure of ShK0(G◦,X) in Aflat
Kp ⊗OE OE◦ and there is a commutative

diagram

SK0Kp

ϕ
//

��

[G◦\MG,µ]

��

AKp

ϕnaive

// [G\Mnaive
G,µ ],

(7.3.3)

where the left vertical morphism factors through Aflat
Kp . Under our assumptions, ϕ is smooth. The

T ′G(Fp)-torsor

π′ : ShK′1
(G◦,X)E◦ −→ ShK0

(G◦,X)E◦

is obtained by base changing the T ′G(Fp)-torsor A′Kp,1,O[1/p] → AKp,O[1/p] of (7.3.2) above to

that open and closed subscheme. Here we recall T ′G(Fp) from (7.1.8) and write K′1 = K ′1K
p where

K ′1 ⊃ K1 is the kernel

K ′1 := ker(K0 = G(Zp) −→ T ′G(Fp)).

We obtain universal isogenies, group schemes G(i)univ and data (L(i)a, γa(i), δa(i))a∈Z/dZ over

SK0,O by pulling back along SK0,O → Aflat
Kp . (We do not change notation.) After pulling back the

isomorphism of Proposition 7.3.3 we obtain an isomorphism of line bundles over SK0,O

M−1
L∗(ηi,a) = L(i)⊗−pa−1 ⊗ L(i)a

∼−→ det(Ωi−1,a)⊗ det(Ωi,a)⊗−1, (7.3.4)

which takes the section δ(i)a−1 to the section given by det(φ∗i ).
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Recall the smooth morphism ϕ : SK0,O → [G\MG,µ] and the invertible sheaf Lηi,a over the base

change of the local model MG,µ ⊗OE OEO. Recall also that our goal is to produce isomorphisms

over SK0,O(
ML∗(ηi,a),OShK0,F

∼−→ML∗(ηi,a)[1/p]
) ∼−→ ϕ∗

(
L−1
ηi,a , s

−1
ηi,a : OMG,µ,O [1/p]

∼−→ L−1
ηi,a [1/p]

)
,

as required in (6.2.4). In view of Proposition 7.3.3, it will be enough to show

Proposition 7.3.5. There is an isomorphism

det(Ωi−1,a)⊗ det(Ωi,a)⊗−1 ∼−→ ϕ∗Lηi,a (7.3.5)

of invertible sheaves over SK0,O, which maps the section det(φ∗i ) to the section sηi,a of Lηi,a [1/p]

given in §2.3.8.

Proof. We start by discussing the “naive” local models Mnaive
GLOB (L ),µ for the group AutB(V ) and

an Iwahori (i.e. complete) lattice chain L = {Λi}i∈Z of OB = Mn×n(OD)-modules. By [RZ, Def.

3.27], this is the scheme whose S-valued points parametrizes compatible periodic sequences (Fi)i∈Z
of Mn×n(OD)⊗OS-submodules

Fi−1 ⊂ Λi−1 ⊗Zp OS
↓ ↓
Fi ⊂ Λi ⊗Zp OS ,

such that the Fi are locally direct summands of Λi ⊗Zp OS as OS-modules, have fixed rank and

fixed Mn×n(OD)⊗Zp OS-representation type, depending on the choice of µ. Set

Qi := (Λi ⊗Zp OS)/Fi
for the quotient locally free OS-modules. In this case, the naive local model is the canonical local

model, i.e.,

Mnaive
GLOB (L ),µ = MGLOB (L ),µ,

by [PZ, §7.2, §8.2]; this uses a straightforward extension of the result of Görtz [Go].

The definition of the local model diagram morphism ϕnaive gives (essentially tautologically)

canonical Mn×n(OD)⊗OS-isomorphisms

Lie(Ai/S) = ω∨Ai/S ' (ϕnaive)∗(Qi).

These take φi,∗ : Lie(Ai−1/S)→ Lie(Ai/S) to the pull-back by ϕnaive of Qi−1 → Qi in the above

diagram.

We can also consider the OD ⊗Zp OS-modules e11Qi, and, if S is an O-scheme, their isotypic

components Qi,a := (e11Qi)a, for each a ∈ Z/dZ. By taking idempotents and decomposing into

isotypic components the above isomorphisms give

Ω∨i,a = (e11 Lie(Ai/S))a ' (ϕnaive)∗Qi,a.

By the above, we obtain canonical isomorphisms

det(Ω∨i,a)⊗ det(Ω∨i−1,a)⊗−1 ' (ϕnaive)∗
(

det(Qi,a)⊗ det(Qi−1,a)−1
)
.

Note that there is a canonical isomorphism

det(Ωi−1,a)⊗ det(Ωi,a)⊗−1 ∼−→ det(Ω∨i,a)⊗ det(Ω∨i−1,a)⊗−1,

taking det(φ∗i ) to det(φi,∗). Here, det(φi,∗) is induced by φi,∗ : Lie(Ai−1/S) → Lie(Ai/S) after

taking isotypic components and applying the determinant. By composing, we obtain

det(Ωi−1,a)⊗ det(Ωi,a)⊗−1 ∼−→ (ϕnaive)∗
(

det(Qi,a)⊗ det(Qi−1,a)−1
)
.
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This takes det(φ∗i ) to the pull-back by (ϕnaive)∗ of the section of det(Qi,a)⊗det(Qi−1,a)−1 induced

by Qi−1,a → Qi,a.

Using the commutativity of (7.3.3) we see that it is enough to show that there is an isomorphism

Lηi,a ' det(Qi,a)⊗ det(Qi−1,a)−1

which takes the section sηi,a of Lηi,a [1/p] in §2.3.8 to the section of det(Qi,a) ⊗ det(Qi−1,a)−1

induced by Qi−1,a → Qi,a. Given the comparison between the naive local model Mnaive
GLOB (L ),µ and

the local model of [PZ] discussed above, this follows by a straightforward extension of the argument

in Example 2.3.10. �

The composition of (7.3.4) and (7.3.5) gives the second isomorphism in (6.2.4).

This completes the construction in case (7.1.6).

In the case (7.1.7), we also have to make a construction for the similitude character c: For this

we set Mc = OSK0
to be the trivial line bundle with section OSK0

−→ M⊗(1−p)
c = OSK0

given

by multiplication by wp = p · u, u ∈ Z∗p. In this case, Lc = OMG,µ and since 〈µ, c〉 = 1, we have

sc = p · v, v ∈ Z∗p. The isomorphism OSK0
=M⊗(1−p)

c ' ϕ∗Lc = OSK0
is given by multiplication

by v/u.

We have now provided data as in (6.2.4) over the unramified Galois extension O/Zp which

splits the torus TG . The data (6.2.4) that we have constructed support descent data for the finite

unramified Galois extension OOE/OE since the isogenies and group schemes are all defined over

OE . This shows Conjecture 6.2.2. Hence, by Proposition 6.2.8, Conjecture 6.1.4 follows with the

integral model SK1,S as defined in Definition 6.2.7. This concludes the proof of Theorem 7.1.7 in

the case that F0 is a field. The case of a general F0 can now be reduced to this case by taking

products. �

8. Some examples

Here we describe more explicitly some cases of Theorem 7.1.7 and a few variations. We relate

the integral models SK1,S to moduli schemes which parametrize Raynaud generators of the kernels

of the universal isogenies.

8.1. The Siegel case. Here we discuss the basic example of the Siegel Shimura variety with level

the pro-unipotent radical of an Iwahori subgroup. This was considered in unpublished notes of

Haines-Stroh, see also [HLS] and [Sha].

We take B = Q, V = Q2g = ⊕2g
i=1Q ·ei with alternating form ( , ) determined by (ei, e2g+1−j) =

δij , ∗ = id. Then G = GSp2g(Q). Let h be the standard Deligne cocharacter corresponding to the

(upper and lower) Siegel domain S±g . We take L to be the standard self-dual complete periodic

Zp-lattice chain in V = V ⊗Qp

· · · ⊂ Λ−g ⊂ · · · ⊂ Λ−1 ⊂ Λ0 ⊂ Λ1 ⊂ · · · ⊂ Λg ⊂ · · ·

determined by

Λ0 = (e1, . . . , e2g), Λ−i = (pe1, . . . , pei, ei+1, . . . , e2g), 1 ≤ i ≤ g,

Λi = Λ∨−i = (e1, . . . , e2g−i, p
−1e2g+1−i, . . . , p

−1e2g), 1 ≤ i ≤ g.
Then (IW) and (S) are satisfied: Condition (IW) is obvious and K0 = G(Zp) is the “standard”

Iwahori subgroup. For condition (S), recall that we have

TG = {diag(r1, . . . , rg, cr
−1
g , . . . , cr−1

1 )} ' Gg+1
m = {(r1, . . . , rg, c)},
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with projection to the last coordinate c giving the similitude character. Hence, (7.1.7) is satisfied

with J = {−g+ 1, . . . , 0} ⊂ {−g+ 1, . . . , g}, i.e. from the direct summands given by the 2g graded

pieces AutFp(Λi/Λi−1) = Gm, −g + 1 ≤ i ≤ g, we pick the first half, see also §7.1.10. Note that

here TG = Gg+1
m is split, so O = Zp and the Lang isogeny is given by raising all coordinates to the

(p− 1)-st power.

Now we continue with notations of §3.2 (5). The semigroup S = SG,µ ⊂ X∗(TG) = Zg+1 is

generated by ei = ηi and fi = c− ηi, 1 ≤ i ≤ g, with relations ei + fi = ej + fj , for all i, j, where

c = ηg+1 ∈ X∗(TG) is the similitude character. This presentation of the semi-group allows us to

give a more compact explanation and description of the functor describing SK1
by Proposition

6.2.10, as follows.

As above, we let G(i)univ be the kernel of Auniv
i−1 → Auniv

i , for −g + 1 ≤ i ≤ 0. For simplicity,

we will sometimes omit the superscript. This is an Oort–Tate group scheme over the Iwahori

level integral model SK0 = AK0 . We obtain data (L(i), γ(i), δ(i)), where L(i) is a line bundle and

γ(i) : L(i)→ L(i)⊗p and δ(i) : L(i)⊗p → L(i); we consider δ(i) as section of L(i)⊗(1−p). We set

Mei =Mηi = L(i− g), aei = δ(i− g)−1, for 1 ≤ i ≤ g,

Mc = OSK0
, ac = wp.

Then we also have

Mfi =Mc−ηi =M−1
ηi , afi = ac−ηi = wpδ(i− g), for 1 ≤ i ≤ g.

Proposition 8.1.1. The SK0
-scheme SK1

of Definition 6.2.7, parametrizes 2g + 1-tuples

(z1, . . . , zg, z, z
′
g, . . . , z

′
1),

with zi ∈ Γ(SK0
,M−1

ei ), z′i ∈ Γ(SK0
,Mei), for 1 ≤ i ≤ g, and z = zc ∈ Γ(SK0

,OSK0
), which

satisfy

z
⊗(p−1)
i = aei , zp−1 = wp, z′i

⊗(p−1)
= wpa

−1
ei , ziz

′
i = z.

Proof. We start by applying Proposition 6.2.10 which gives an explicit description of the functor

of SK1
. Set zei = zi, zfi = z′i, zc = z. Given the equations ziz

′
i = z = zjzj , the presentation of

the semigroup S = SG,µ given above shows that we can define zχ ∈ Γ(SK0 ,M−1
χ ), for all χ ∈ S,

extending these values on the generators. This implies that a 2g + 1-tuple as above determines

and is determined by a unique point of SK1 . �

The above proposition shows that SK1
agrees with the integral model considered in Haines-Li-

Stroh [HLS]. It also implies that, in this case, SK1
has a rather simple moduli interpretation:

Corollary 8.1.2. The SK0-scheme SK1 parametrizes Oort–Tate generators of the 2g group schemes

G(i) = ker(Ai−1 → Ai), for −g + 1 ≤ i ≤ g, which are “compatible with duality” (see below).

Proof. Note that by definition, zi ∈ Γ(SK0
,M−1

ei ) with z
⊗(p−1)
i = aei is an Oort–Tate generator

of G(i − g), for all 1 ≤ i ≤ g, see §7.2.3. Similarly z′i ∈ Γ(SK0 ,Mei) with z′i
⊗(p−1)

= wpa
−1
ei is

an Oort–Tate generator of the Cartier dual of G(i − g), for all 1 ≤ i ≤ g. The polarization gives

isomorphisms between G(1−i) and the Cartier dual G(i)∨ of G(i), for each −g+1 ≤ i ≤ g. Hence,

we can consider z′i as an Oort–Tate generator of G(1 − (i − g)) = G(g + 1 − i), for 1 ≤ i ≤ g.

“Compatibility with duality” means that the equations ziz
′
i = zjz

′
j as sections of OS are satisfied

for all 1 ≤ i, j ≤ g. In terms of Oort–Tate generators, this means that the image of (zi, z
′
i) under

the canonical map

G(i− g)×G(i− g)∨ −→ OS
is independent of i. �
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Remark 8.1.3. The morphism SK1
→ SK0

is finite but not flat if g > 1. This follows from

Corollary 5.2.17. In addition, the scheme SK1
is not flat over Zp and hence not normal. This failure

of flatness of SK1 over Zp was first observed by computer calculations of the first named author

and then shown by Marazza [Mar] in general. In addition, the following conjectural statements

are supported by computer calculations (assume g > 1): The special fiber of SK1 → Spec (Zp)
has embedded primes of codimension 1. The special fiber of the flat closure Sflat

K1
of SK1

also has

embedded primes of codimension 1. In particular, Sflat
K1

is also not normal. Of course, all these

statements are obtained by examining the corresponding root stacks M
√
S
G,µ for S = SG,µ. Indeed,

M
√
S
G,µ give local models for SK1,S by (6.1.5).

8.2. The Hilbert-Siegel case. Next we turn to a “Hilbert-Siegel” case. Let F be a totally real

field of degree d with integers OF and let V = ⊕2g
i=1Fei be a 2g-dimensional F-vector space with

the alternating F-bilinear form determined by (ei, e2g+1−i) = δij . Let G′ = ResF/QGSp(V, h) and

let G the subgroup of G′ given by elements with similitude in Q∗. We take X to be the product

of d copies of the (upper and lower) Siegel domain S±g on which G(R) acts. Then (G, X) is the

Hilbert-Siegel Shimura datum with reflex field E = Q.

Let p be a rational prime which is inert in F (remains prime), and write F = Fp for the

completion. We let K0 be the standard Iwahori subgroup of G(Qp) stabilizing the OF -lattice

chain {Λi}i∈Z given as in §8.1 and K1 its pro-unipotent radical. In this case, we have

TG = (ResO/ZpGm)g ×Gm,

where O = OF = W (Fpd). Choose F ↪→ Qp so we can identify the set {φ} of Qp-embeddings

φ : F → Qp with Gal(F/Qp) ' Gal(Fpd/Fp) ' Z/dZ. Then

X∗(TG) = (
⊕

a∈Z/dZ

Z)g ⊕ Z =

g⊕
i=1

Z[Gal(Fpd/Fp)]⊕ Z · c,

which has natural basis ηi,a, for 1 ≤ i ≤ g, a ∈ Z/dZ, and c corresponding to the generator of the

last factor coming from the similitude.

We can again see that (IW) and (S) are satisfied. In fact, here (7.1.7) holds.

We now discuss the corresponding toric schemes: A calculation based on §3.2, Case (5) shows

that for S = SG,µ, the base change YS ⊗Zp O is the spectrum of the quotient of the polynomial

algebra in 2gd variables

R = O[ei,a, fi,a]1≤i≤g,a∈Z/dZ

by the ideal generated by

ei,afi,a − ej,afj,a, ei,afi,a − ei,a′fi,a′ , ∀ i, j, ∀ a, a′.

Here the generators ei,a in S ⊂ X∗(TG) correspond to the characters ηi,a and the generators fi,a
to η′i,a := c− ηi,a.

Hence, YS ⊗Zp O is isomorphic to the base change to O of the toric scheme for GSp2dg and the

Iwahori subgroup, described in §3.2, Case 5).

The definition of the scheme SK1,S,O involves the semigroup S̃ ⊂ X∗(TG) giving the normaliza-

tion LO : ỸS⊗ZpO → YS⊗ZpO via ỸS⊗ZpO = Spec (O[S̃]). In general, it seems difficult to obtain

a simple presentation for S̃. We can check that the semigroup S̃ giving ỸS ⊗Zp O = Spec (O[S̃])

contains ei,a and fi,a = c · e−1
i,a , for all i and a. Indeed, the characters ηi,a and η′i,a belong to the

cone L∗(σ∨G,µ) ⊂ X∗(TG)R. (However, computer calculations indicate that ηi,a, η′i,a and L∗(S),

are not enough to generate S̃, unless d = 1.) Hence, an U -valued point of SK1,S,O over SK0,O
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gives, in particular, sections zi,a := zei,a , z′i,a := zfi,a , z := zc, of the pull-backs of M−1
ei,a , M−1

fi,a
,

M−1
c = OSK0

, by U → SK0,O. Note that we have global sections ai,a := aei,a of M−1
L∗(ei,a) given

as δ(i)a−1 of the construction in the proof. We also have a′i,a := afi,a = wa−1
i,a . Condition (i) in

Proposition 6.2.10 for χ = ηi,a and χ =
∑
a ηi,a gives, respectively,

zpi,a−1 = ai,azi,a, (
∏

a∈Z/dZ

zi,a)p−1 =
∏

a∈Z/dZ

ai,a.

Similarly, the condition (i) for χ = η′i,a and χ =
∑
a η
′
i,a gives

z′
p
i,a−1 = a′i,az

′
i,a, (

∏
a∈Z/dZ

z′i,a)p−1 =
∏

a∈Z/dZ

a′i,a.

We also have

zi,az
′
i,a = z, zp−1 = wp,

for all i, a.

These conditions imply that zi := (zi,a)a∈Z/dZ gives a generator of the Raynaud group scheme

G(i− g) and that z′i := (z′i,a)a∈Z/dZ gives a generator of the Raynaud group scheme G(g + 1− i),
for all 1 ≤ i ≤ g. The equations zi,az

′
i,a = zj,az

′
j,a and zi,az

′
i,a = zi,a′z

′
i,a′ again reflect the duality

relations.

Remark 8.2.1. 1) In this case, we can also consider the SK0,O-scheme S ′K1,O
parametrizing

generators zi of all the Raynaud group schemes G(i), for −g + 1 ≤ i ≤ g, which are compatible

with duality in the above sense. This descends to S ′K1
over Zp and our discussion shows that there

is a natural morphism

SK1
−→ S ′K1

over SK0
. This is an isomorphism when d = 1. When d > 1, our calculations suggest that it is

not an isomorphism, although the morphism induces an isomorphism over the generic fibers for

all d ≥ 1. The scheme S ′K1
can also be viewed as obtained by the variant of our construction

mentioned in Remark 6.2.9, which uses, instead of S̃, the non-saturated sub-semigroup S̃′ of S̃

which is generated by L∗(S) together with ηi,a and η′i,a. Such a variant involves using non-normal

torus embeddings and falls outside our basic framework.

2) The morphisms ỸS → YS and SK1,S → SK0
are finite. They are never flat in the Hilbert-Siegel

case, unless g = d = 1. This follows from work of Altmann [Al], see Remark 4.2.14. Calculations

show that the same failure of flatness appears to hold for S ′K1
→ SK0

as given in (1) above. In the

Siegel case d = 1, SK1
= S ′K1

and this non-flatness follows from Corollary 5.2.17.

3) Contrary to what is stated in [Liu, Rem. 3.10], the morphism Y1 → Y0 is not flat (notations

of loc. cit.) unless g = 1. This already happens for F = Q, i.e. for the Siegel moduli stack, see

Remark 8.1.3. In fact, computer calculations show that the integral model Y1 of [Liu] is also not

flat over O. (For d = 1 this non-flatness was also shown by Marazza [Mar].) So Liu’s notion of

“Raynaud generator” seems to give no improvement on flatness.

8.2.2. A larger level subgroup. We continue to assume that p is inert in the totally real field F of

degree d. Instead of the pro-unipotent K1 of the standard Iwahori K0 = G(Zp), let us consider the

slightly larger subgroup K of K0 given by the inverse image of the subgroup

{(1, . . . , 1, λ, . . . , λ) | λ ∈ F∗p}

of TG(Fp) under K0 = G(Zp) → (G ⊗ Fp)red,ab = TG(Fp). The quotient K0/K is isomorphic to∏g
i=1 F∗pd = T (Fp), where T = ResO/Zp Ggm, while K/K1 ' F∗p. Note that T can be identified with

the direct factor torus T ′G of (7.1.8).
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Now we can consider a mild variant of our constructions in which TG is replaced by the quotient

torus T , as also explained in Remark 6.1.6: The image of the Weyl orbit of the Shimura cocharacter

µ under X∗(TG) → X∗(T ) = ⊕dgi=1Z, is the set of the 2dg cocharacters x 7→ (a1, . . . , adg), where

each ai is 0 or 1. The toric scheme YS is ResO/Zp A
g
O and we have

YS ⊗O = Spec (O[ei,a]1≤i≤g,a∈Z/dZ).

An argument as in Example 4.2.8 shows that the normalization of the Lang cover ỸS ⊗O is given

by the spectrum of

O[ei,a, ui,a]/((upi,a−1 − ei,aui,a)i,a, ((
∏
a

ui,a)p−1 −
∏
a

ei,a)i).

In this case, L : ỸS → YS is flat by miracle flatness. The construction in the proof of Theorem

7.1.7 again applies to give a corresponding integral model SK over SK0 which satisfies Conjecture

6.1.4 for the quotient T . Here, SK,O is the moduli scheme classifying generators of the kernels of

the universal OF-linear isogenies Ai−1 → Ai, for −g + 1 ≤ i ≤ 0, over SK0,O; these kernels are

Raynaud group schemes. In this case, SK → SK0
is finite and flat. Hence, SK is flat over Zp.

Remark 8.2.3. a) When g = 1 (the Hilbert-Blumenthal case), the above moduli scheme and

corresponding integral model SK was constructed in [Pa].

b) When d = 1 (the Siegel case) and g > 1, the above moduli scheme and corresponding

integral model SK was constructed and discussed in [Sha, §4.1]. Shadrach proceeds to construct a

resolution of SK when g = 2.

8.3. Unitary groups: The unramified (quasi-split) case. Take B = K ⊂ C, an imaginary

quadratic number field, V = ⊕ni=1K · ei, ∗ = complex conjugation. Fix an element α ∈ K such that

ᾱ = −α. Let ψ : V×V→ K be a non-degenerate hermitian form and take (v, w) = TrK/Q(αψ(v, w))

for the corresponding perfect alternating Q-bilinear form. Assume that the C-hermitian form

ψ ⊗K C has signature (r, s) with 1 ≤ r, s ≤ n and fix a basis of V ⊗K C for which the matrix of

ψ ⊗K C is diag(1(r), (−1)(s)). Then G is a unitary similitude group:

G(R) = {g ∈ GL(V ⊗Q R) | ψ(gv, gw) = c(g)ψ(v, w), c(g) ∈ R∗},

with GR ' GU(r, s), and we take the corresponding cocharacter h : S→ GU(r, s) as in §7.1.1 given

by h(
√
−1) = diag(

√
−1

(r)
,−
√
−1

(s)
).

Now suppose p is an odd prime which is unramified in K and assume α is a unit at p.

8.3.1. Split primes. Assume that p splits in K so that K⊗QQp = Qp×Qp, V = V⊗QQp = W⊕W∨.

Then we are in case (I) of §7.3.1 and G = G⊗QQp = GL(W )×Gm. Choosing a complete periodic

Zp-lattice chain in W determines an Iwahori subgroup of G(Qp). Since (IW) and (S) are satisfied

Theorem 7.1.7 applies. The relevant Shimura varieties have level the pro-unipotent radical of an

Iwahori of G(Qp), i.e. the level subgroup K1 × {a ∈ Z∗p | a ≡ 1 mod p} ⊂ G(Qp) where K1 is the

pro-unipotent radical of an Iwahori of GLn(Qp). We obtain integral models related to toric stacks

for GLn ×Gm.

Note that in this situation X∗(TG)µ,0 6= 0 and so the toric schemes have a toric factor. Although

the corresponding local models are the same, the toric schemes for GLn × Gm are different from

the corresponding toric schemes for GLn; they are obtained by inducing the ones for GLn. (For

these, see Examples §3.2 (1)-(4)). The toric schemes for GLn directly relate to Shimura varieties

with level subgroup K = K1×Z∗p, where K1 is the pro-unipotent radical of an Iwahori of GLn(Qp).
This follows by a straightforward extension of Theorem 7.1.7 to this situation. (Instead of taking

TG ' Gnm × Gm we consider the factor torus T = T ′G = Gnm.) It is instructive to explain the case



86 G. PAPPAS AND M. RAPOPORT

r = 1. Then there is only one choice for the semigroup S and the corresponding T -toric scheme is

Y = AnZp = Spec (Zp[t1, . . . , tn]). Here we have the well-known semi-stable local model for GLn, for

Iwahori level and coweight µ = (1(1), 0(n−1)). So MG,µ is the “Deligne scheme” of linked projective

spaces P(Λ) for a complete Zp-lattice chain {Λ} in Qnp . We can pick an open

U = Zp[x1, . . . , xn]/(x1 · · ·xn − p) ⊂ MG,µ

and choose the coordinates such that the restriction to U of the divisor morphism is defined by

the ring homomorphism

Zp[t1, . . . , tn] −→ Zp[x1, . . . , xd]/(x1 · · ·xn − p); ti 7→ xi.

The corresponding chart U×Y Ỹ of the stacky local model M
√

G,µ for SK,S is given, as a MG,µ-scheme,

as

Spec (Zp[u1, . . . , un]/(up−1
1 · · ·up−1

n − p)), xi 7→ up−1
i , i = 1, . . . , n. (8.3.1)

When r > 1 there is a choice for S. The integral models SK,S of these Shimura varieties, when

we choose the free semigroup S (as in Example §3.2, Case 4), have been studied in [HR], [HLS]

and by Shadrach [Sha] and Marazza [Mar]. For this level K and semigroup S, the integral model

SK,S can be given as a moduli scheme parametrizing generators of the kernels of the universal

isogenies; these are Oort–Tate group schemes. Apparently, the models for the choice S = SG,µ
that we regard as canonical here have not been considered before.

8.3.2. Inert primes. Assume that p remains prime in K and set K = K⊗QQp. Suppose that there

is a K-basis of V such that ψ(ei, en+1−j) = δij , i.e. the hermitian form ψ is split at p. Consider

the complete standard periodic O = OK-lattice chain L = {Λi}i∈Z in V = V ⊗Q Qp determined

by

Λ−i = (pe1, . . . , pei, ei+1, . . . , en),

for 0 ≤ i ≤ n, and pkΛi = Λi−kn. This chain is also self-dual for ψ and the form ( , ). Condition

(IW) is obviously satisfied and the group scheme G = AutOK ,ψ(L ) has connected fibers. Set

k = O/(p) ' Fp2 . We split into two cases:

(A) n = 2m+ 1 is odd. Then we have

TG = {(a1, . . . , am, b, bb̄ā
−1
m , . . . , bb̄ā−1

1 ) | ai, b ∈ O∗} '
m∏
i=1

ResO/Zp Gm × ResO/Zp Gm.

In this case,

TG ⊗ Fp ↪→ Autk(Λ0/Λ−1)× · · · ×Autk(Λ−n+1/Λ−n)

and projecting to the first m+ 1 factors gives an isomorphism

TG ⊗ Fp
∼−→ Autk(Λ0/Λ−1)× · · · ×Autk(Λ−m/Λ−m−1).

So (7.1.6) and hence (S) is satisfied.

(B) n = 2m is even. Then we have

TG = {(a1, . . . , am, cā
−1
m , . . . , cā−1

1 ) | ai ∈ O∗, c ∈ Z∗p} '
m∏
i=1

ResO/Zp Gm ×Gm.

Again

TG ⊗ Fp ↪→ Autk(Λ0/Λ−1)× · · · ×Autk(Λ−n+1/Λ−n).

Now projecting to the first m factors and taking the similitude c gives an isomorphism

TG ⊗ Fp
∼−→ Autk(Λ0/Λ−1)× · · · ×Autk(Λ−m+1/Λ−m)×Gm.
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So (7.1.7) and hence (S) is satisfied.

8.3.3. The case n = 3. For a concrete example, choose n = 3 and (r, s) = (1, 2) in the above.

Write X∗(TG) = Z[τ ]⊕Z[τ ], with τ the Galois involution. It is convenient to use the isomorphism

ι : X∗(TG) = Z[τ ]× Z[τ ]
∼−→ Z3 × Z

given by ι(a1 + a2τ, b1 + b2τ) = (a1, b1, b1 + b2 − a2, b1 + b2).

The Weyl orbit of µ in X∗(TG) = Z3 × Z is (1, 0, 0, 1), (0, 1, 0, 1), (0, 0, 1, 1), spanning the cone

σ = σG,µ. We now discuss the toric schemes YS and ỸS for S = SG,µ. We have

YS = Spec (O[t1, t2, t3,
t

t1t2t3
,
t1t2t3
t

]) ⊃ G3
m ×Gm,

with (t1, t2, t3, t) the coordinates on G3
m ×Gm. Since YS is regular, the Lang cover L : ỸS → YS is

flat but the normalization ỸS is complicated:

The Weyl orbit of µ in the coordinates X∗(TG) = Z2×Z2 = Z4 is (1, 1, 0, 1), (0, 1, 0, 1), (0, 0, 0, 1).

Now L∗ : X∗(TG) = Z4 → X∗(TG) = Z4 is given by multiplication by the matrix

A =


−1 p 0 0

p −1 0 0

0 0 −1 p

0 0 p −1

 .

The cone (L∗)
−1(σ) is spanned by A−1 · (1, 0, 0, 1)t, A−1 · (0, 1, 0, 1)t, A−1 · (0, 0, 1, 1)t. So, the

spanning rays of (L∗)
−1(σ) are the rows of

p+ 1 p 0

p+ 1 1 0

p 1 p

1 p 1

 .

We have S̃ = ((L∗)
−1(σ))∨ ∩ Z4 but an explicit presentation of S̃ depends on p and is hard to

pin down. Nevertheless, we can easily see that the unit vectors e1 = (1, 0, 0, 0), e2 = (0, 1, 0, 0),

e3 = (0, 0, 1, 0), e4 = (0, 0, 0, 1) in X∗(TG) = Z4 belong to the dual cone ((L∗)
−1(σ))∨ and so they

belong to S̃. These 4 elements provide the coordinates of the Raynaud generators of the kernels of

the two universal isogenies corresponding to Λ−2 → Λ−1 and Λ−1 → Λ0. However, the semigroup

S̃ requires more generators than L∗(S)∪{e1, e2, e3, e4}. So, again, we do not have a straightforward

moduli scheme description in terms of generators of kernels of the universal isogenies.

8.4. “Fake” unitary groups and the Drinfeld case. Let B be a central division algebra of

degree d2 over an imaginary quadratic field K and ∗ a positive involution (of the second kind) on

B. We fix embeddings K ⊂ Q ⊂ C. We also fix a left B-module V of rank 1 and an alternating

non-degenerate Q-bilinear form ( , ) on V, as in §7.1.1. We choose an isomorphism of C-algebras

B⊗KC ' Md×d(C) such that the involution is written asX 7→tX̄. We may write V⊗KC = Cd⊗CW ,

where the action of B⊗K C is via the first factor. We assume that the form ( , ) is given by

(Z1 ⊗X1, Z2 ⊗X2) = trC/R(tZ̄1Z2 h(W1,W2)), Z1, Z2 ∈ Cd, X1, X2 ∈W.

Here, h is an anti-hermitian form on W which is given, after choosing an isomorphism W ' Cd,
by

h(W1,W2) =t W̄1HW2,

with

H = diag(
√
−1

(1)
,−
√
−1

(d−1)
).
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This defines the reductive group G over Q with Deligne cocharacter h : ResC/R Gm → GR, see [RZ,

§6.37]. In loc. cit., G is called a “fake unitary similitude group”. The real group GR is a group of

unitary similitudes,

GR = GU(1, d− 1) = {A ∈ Md×d(C) | tĀHA = c(A)H, c(A) ∈ R∗}.

We are now in the situation of §7.1.1. The reflex field of the Shimura datum (G, X) is E = K

if d > 2 and E = Q if d = 2.

As in [RZ, §6.38-6.40], we also choose an odd prime p which splits pOK = p1p2 in K and we fix

an embedding Q ⊂ Qp. This last choice also picks a prime of K over p and we can assume this is

p1. We assume that

B⊗Q Qp = (B⊗K Kp1
)× (B⊗K Kp2

) = D ×Dopp,

where D is a division algebra over Kp1
= Qp with Hasse invariant 1/d (then Dopp has Hasse

invariant (d− 1)/d). Then

G = G⊗Q Qp ' D∗ ×Q∗p.

Next, we choose an order OB which is stable under the involution ∗ and which is maximal at p. This

situation at p falls under case (I) above with L the (unique) periodic self-dualOB⊗Zp = OD×Oopp
D -

lattice multichain determined by the OD-lattice chain given by {ΠiOD}i∈Z. The corresponding

stabilizer group G(Zp) = AutOB ,( , )(L )(Zp) corresponds to the unique Iwahori subgroup K0 '
O∗D × Z∗p of D∗.

Let us assume d ≥ 3 so that E = K. We are interested in integral models of the Shimura variety

for (G, X) over the prime p1 of the reflex field E = K. This is a situation in which, for the unique

choice of maximal compact level subgroup at p given by K0 = G(Zp) ' O∗D × Z∗p, we have p-adic

uniformization of the corresponding rigid analytic variety by the integral model Drinfeld’s p-adic

symmetric domain for the field Qp, Ω̂d = Ω̂dQp . In this case, K1 ' O∗D,1×{a ∈ Zp | a ≡ 1 mod p},
where O∗D,1 is the subgroup of elements in OD with norm 1.

The residue field kD = OD/ΠOD has degree d over Fp and we set O = W (kD) as before. We

can easily see

TG = (ResO/Zp Gm)×Gm, T ′G = ResO/Zp Gm,

and that conditions (IW) and (S) are satisfied. The Weyl orbit Λ{µ} in X∗(TG) ' Zd × Z is given

by the d vectors (1, 0, . . . , 0, 1), (0, 1, . . . , 0, 1), . . . , (0, 0, . . . , 1, 1) and we can see that

Y ⊗Zp O = YG,µ ⊗Zp O = Spec (O[t1, . . . , td,
t

t1 · · · td
,
t1 · · · td

t
]).

A small variation of the argument in §4.2.8 shows that the normalization Ỹ ⊗Zp O of the Lang

cover is the spectrum of the quotient of

O[(ta)a∈Z/dZ, (ua)a∈Z/dZ,
t

t1 · · · td
,
t1 · · · td

t
,

u

u1 · · ·ud
,
u1 · · ·ud

u
]

by the ideal generated by

upa − ta+1ua+1, a ∈ Z/dZ,

(u1 · · ·ud)p−1 − t1 · · · td,(u1 · · ·ud
u

)p−1

− t1 · · · td
t

,

(
u

u1 · · ·ud

)p−1

− t

t1 · · · td
.

Similarly, we see that L : Ỹ ⊗Zp O → Y ⊗Zp O is flat.
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In this case, the local model MG,µ has semi-stable reduction: Indeed, the base change MG,µ⊗ZpO

agrees with the base change to O of the semi-stable local model for GLd, Iwahori level and coweight

µ = (1(1), 0(d−1)) as in §8.3.1 above. We can pick an open

U = O[x1, . . . , xd]/(x1 · · ·xd − p) ⊂ MG,µ ⊗Zp O

over which the TG-torsor PG,µ is trivial, and choose the coordinates so that the restriction to U of

the divisor morphism is given by U → Y ⊗Zp O defined by the homomorphism

O[t1, . . . , td,
t

t1 · · · td
,
t1 · · · td

t
] −→ O[x1, . . . , xd]/(x1 · · ·xd − p); ti 7→ xi, t 7→ p.

Hence, the chart U ×Y Ỹ of the root stack M
√

G,µ ⊗Zp O is given by the spectrum of

O[x1, . . . , xd, u1, . . . , ud, u]/((upa − xa+1ua+1)a∈Z/dZ, (u1 · · ·ud)p−1 − p,
(

u

u1 · · ·ud

)p−1

− 1).

This decomposes as the direct product∏
λ∈F∗p

O[x1, . . . , xd, u1, . . . , ud]/((u
p
a − xa+1ua+1)a∈Z/dZ, (u1 · · ·ud)p−1 − p).

where the factors correspond to λ ∈ F∗p for which

u

u1 · · ·ud
= [λ],

with [λ] the Teichmuller lift.

Using specialization of the cover of §4.2.8 along the divisor x1 · · ·xd = p, we see that the

k∗D × F∗p-cover

U ×Y Ỹ −→ U

obtained by pulling back the Lang cover L : Ỹ → Y is finite and flat. Hence, U ×Y Ỹ is Cohen-

Macaulay and then, by Serre’s criterion, normal. It follows that M
√

G,µ → MG,µ is finite and flat

and M
√

G,µ is normal.

Theorem 7.1.7 applies to this case and provides an integral model SK1 with SK1 → SK0 which

extends the tame Galois cover

ShK1
(G, X) −→ ShK0

(G, X)

with covering group k∗D × F∗p ' F∗pd × F∗p.
We can see from the proof and the above description of Y and Ỹ that SK1,O can be also given

directly as the moduli scheme over SK0,O which parametrizes:

1) A generator for the Raynaud group scheme Auniv[Π], where Auniv is the universal p-divisible

group with OD-action over SK0,O.

2) A p− 1-st root of wp.

By the above, SK1
is normal and SK1

→ SK0
is finite and flat.

Remark 8.4.1. The fact that Auniv[Π] is a Raynaud group scheme is established here as a con-

sequence of the condition (IW) using the flatness of SK0
over OK , comp. §7.3.2. A direct proof is

in [Van, Prop. 1.2].

Remark 8.4.2. A small variation of the above, cf. Remark 6.1.6, gives information for the cover

ShK(G, X)→ ShK0
(G, X) where K = K ·Kp with level subgroup K at p given by O∗D,1×Z∗p. Then
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SK,O is the moduli scheme which just parametrizes the datum (1) above, i.e. a generator for the

Raynaud group scheme Auniv[Π]. A corresponding local model is given by

O[x1, . . . , xd, u1, . . . , ud]/((u
p
a − xa+1ua+1)a∈Z/dZ, (u1 · · ·ud)p−1 − p).

9. Local Shimura varieties

In this section, we discuss an analogue of the global set-up for integral local Shimura varieties

[SW], comp. also [PRl].

9.1. The conjecture. Consider and fix a local Shimura datum (G, {µ}, b) over Qp as in [SW],

[PRl]. Let G be a quasi-parahoric group scheme for G in the sense of Scholze-Weinstein, cf. [PRl,

§2.2]. Let E = E(G, {µ}) be the reflex field, a finite extension of Qp contained in a fixed algebraic

closure Q̄p of Qp, and denote by OE its ring of integers.

For any compact open subgroup K ⊂ G(Qp), Scholze-Weinstein [SW, §24.1.3] define a v-sheaf

ShtK(G,µ, b) over Spd (Ĕ) and prove that this is a diamond which is representable by a uniquely

determined smooth rigid analytic space over Ĕ. We denote this rigid-analytic space by the same

symbol. It comes with a Weil descent datum down to E, cf. [PRg, §3.1, §3.2]. By definition,

ShtK := ShtK(G,µ, b) is the local Shimura variety for (G, {µ}, b) and level K.

In [SW, Def. 25.1.1] a v-sheaf Mint
G,µ,b over Spd (OĔ) is defined. When G is parahoric (and not

only quasi-parahoric), its generic fiber is ShtG(Zp)(G,µ, b). Scholze conjectures that this v-sheaf

is representable by a formal scheme over Spf (OĔ) which is normal and flat locally of finite type.

We will assume this conjecture and denote by the same symbol Mint
G,µ,b this formal scheme (it is

uniquely determined). The conjecture is known, e.g., if p 6= 2 and (G, b, µ) is of abelian type, cf.

[PRl, Thm. 2.5.4]. In particular, if (G, b, µ,G) comes from (local) EL data (B, V, {µ}, b, OB ,L)

or PEL data (B, V, ( , ), ∗, {µ}, b, OB ,L) in the sense of [RZ], then the formal scheme Mint
G,µ,b is

given by the corresponding Rapoport-Zink formal scheme (in its non-naive version, obtained by

flat closure from its naive version). When G is parahoric, the rigid generic fiber of Mint
G,µ,b is

ShtG(Zp)(G,µ, b).

It is also conjectured in general that there is a local model diagram. In order to simplify the

notation, we denote by the same symbol MG,µ the p-adic completion M̂G,µ of the local model, and

by [G\MG,µ] the p-adic completion [Ĝ\M̂G,µ] of the stack quotient. Then the local model map is a

formally smooth map of formal algebraic stacks,

Mint
G,µ,b

ϕ−−→ [G\MG,µ]. (9.1.1)

The existence of the local model map is known at least in the (P)EL-case, cf. [RZ]. Let us assume

its existence and, in addition, that (G, {µ}) is strictly convex, see §3.1.6. We also assume the

validity of the divisor conjecture (Conjecture 2.2.3).

Now all the ingredients used in the global case are in place in the local case, and we can formulate

the local analogue of Conjecture 6.1.4. We assume that G is a parahoric, and set K0 = G(Zp). Let

K1 be the kernel of the composition of homomorphisms

G(Zp) −→ G(Fp) −→ Gred,ab(Fp)

and, as in §2.1.1, set TG for the torus over Zp which lifts the torus Gred,ab over Fp.

Conjecture 9.1.1. Choose a semigroup S ⊂ SG,µ ⊂ X∗(TG) as in §3.1.5. There exists a formal

scheme Mint
K1,S

over Spf (OĔ) with rigid analytic generic fiber the local Shimura variety ShtK1
:=

ShtK1(G,µ, b) which has the following properties:
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i) There is a morphism

Mint
K1,S −→M

int
K0

which extends π : ShtK1 → ShtK0 in the generic fiber.

ii) The action of TG(Fp) on ShtK1 extends to Mint
K1,S

and the morphism Mint
K1,S

→Mint
K0

of (i)

identifies Mint
K0

with the formal scheme quotient TG(Fp)\Mint
K1,S

.

iii) There is a morphism ϕ1,S :Mint
K1,S

→ [G\M
√
S
G,µ] which fits into a 2-commutative diagram

Mint
K1,S

ϕ1,S
//

��

[G\M
√
S
G,µ]

��

Mint
K0

ϕ
// [G\MG,µ],

(9.1.2)

and which induces an isomorphism of formal stacks

[TG(Fp)\Mint
K1,S ]

∼−→Mint
K0
×[G\MG,µ] [G\M

√
S
G,µ].

Remark 9.1.2. (i) As in the global case, there is a variant of this conjecture for covers

π : ShtK −→ ShtK0

for intermediate subgroups K1 ⊂ K ⊂ K0, where K is the inverse image of Q(Fp) under the map

K0 = G(Zp)→ Gred,ab(Fp), for some subtorus Q ⊂ Gred,ab, cf. Remark 6.1.6.

(ii) The Weil descent datum on Mint
K0

should lift to a Weil descent datum on Mint
K1,S

.

(iii) The theory of non-archimedean uniformization (Rapoport-Zink uniformization) should give a

compatibility between the global Conjecture 6.1.4 and the local Conjecture 9.1.1.

9.2. Examples. There is a local analogue of Theorem 7.1.7 in the (P)EL case. Rather than

formulating this precisely, we end by discussing three examples. In these examples, the parahoric

is an Iwahori and the reflex field is Qp. It turns out that in all these examples, except the last

one, Mint
K1,Sµ

can be obtained from Mint
K0

by adding a moduli datum explicitly in terms of Oort–

Tate–Raynaud theory. These three examples are essentially the only ones of (P)EL type when the

formal scheme Mint
G,µ,b (with its Weil descent datum) are explicitly known.

9.2.1. The Lubin-Tate case. This is the EL case for G = GLn, and {µ} = (1, 0, . . . , 0), and where

b is a representative of the unique basic element of B(G,µ−1) and G is the standard Iwahori. It

is the RZ space of complete periodic chains of isogenies of degree p of formal p-divisible groups of

height n and dimension 1 over schemes S over Spf (Z̆p),

X0 −→ X1 −→ · · · −→ Xn−1 −→ X0,

together with a framing (quasi-isogeny) ρ : X̄0 → X⊗Spec (F̄p) S̄. Here X denotes a one-dimensional

isoclinic formal group of height n over F̄p. Such a framing object X is unique up to quasi-isogeny.

In this case, Mint
G,µ,b is isomorphic to

Spf (Z̆p[[t1, . . . , tn]]/(t1t2 · · · tn − p))× Z, (9.2.1)

with its descent datum down to Spf (Zp) given by the product of the natural descent datum on

the first factor and the translation by 1 on the second factor, cf. [RZ, 3.78], [Fa, I.1.4].
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In this case YG,µ is smooth. The covering Mint
K1,Sµ

represents the functor over Mint
K0

, where a

Oort–Tate generator of the group scheme Gi = ker(Xi → Xi+1) is added to the moduli data, for

i = 0, . . . , n− 1, comp. §8.3.1. The moduli scheme Mint
K1,Sµ

is isomorphic to

Spf (Z̆p[[u1, . . . , un]]/(up−1
1 up−1

2 · · ·up−1
n − p))× Z, (9.2.2)

and the mapMint
K1,Sµ

→Mint
K0

is given by ti 7→ up−1
i , comp. (8.3.1). HenceMint

K1,Sµ
is regular and

the map Mint
K1,Sµ

→Mint
K0

is finite flat.

9.2.2. The Drinfeld case. This is the EL case for G = D∗ (the multiplicative group of the central

division algebra D over Qp with invariant 1/n), where {µ} = (1, 0, . . . , 0), and where b is a

representative of the unique element of B(G,µ−1) (which is basic), and G is the unique Iwahori

(then G(Zp) = O∗D). It is the RZ space of special formal OD-modules (X, ι : OD → End(X)) over

schemes S over Spf (Z̆p), together with a framing ρ : X̄ → X⊗Spec (F̄p) S̄. Here X denotes a special

formal OD-module over F̄p. Such a framing object X is unique up to quasi-isogeny.

In this case, Mint
G,µ,b is isomorphic to(

Ω̂nQp ×Spf (Zp) Spf (Z̆p)
)
× Z, (9.2.3)

with its descent datum down to Spf (Zp) given by the product of the natural descent datum on

the first factor and the translation by 1 on the second factor. Here Ω̂nQp denotes formal Drinfeld

space of dimension n relative to the local field Qp, cf. [RZ, Thm. 3.72].

Again YG,µ is smooth. The coveringMint
K1,Sµ

represents the functor overMint
K0

, where a generator

of the Raynaud group scheme G = ker(ι(Π) : X → X) is added to the moduli data, comp. the

passage before Remark 8.4.1. The moduli schemeMint
K1,Sµ

is normal and the mapMint
K1,Sµ

→Mint
K0

is finite flat. A local description is given in Remark 8.4.2.

Remark 9.2.3. By the compatibility of the local model with unramified base change, the lo-

cal models in the Lubin-Tate case and in the Drinfeld case are isomorphic after base change to

Spec (Z̆p). Hence the formal schemes Mint
G,µ,b are étale-locally isomorphic. This ceases to be true

for the coverings (in the Lubin-Tate case, Mint
K1,Sµ

is regular, which is not true in the Drinfeld

case), comp. Remark 8.4.2.

9.2.4. The case of a non-split binary group of unitary similitudes. Let p 6= 2 and let F/Qp be a

quadratic extension. Let V be a F/Qp-hermitian space of dimension 2 which is anisotropic. Let

G = GU(V ). Then G ⊗Qp F ' GL2,F × Gm,F and we take {µ} = (1, 0; 1). Also, we let b be a

representative of the unique element of B(G,µ−1) (which is basic), and let G be the unique Iwahori.

If F/Qp is unramified, we have G(Zp) = c−1(Z∗p), where c : G(Qp) → Q∗p is the multiplier

map; it is the unique maximal compact subgroup of G(Qp). If F/Qp is ramified, the inclusion

G(Zp) ⊂ c−1(Z∗p) has index 2. More precisely, in both cases there exists a unique quasi-parahoric

G̃ such that G̃(Zp) = c−1(Z∗p); then G = G̃ when F/Qp is unramified and G ⊂ G̃ has index 2 when

F/Qp is ramified. In fact G̃ = AutOF ,( , )(L), where L is the unique periodic selfdual lattice chain

in V . Let us distinguish the case when F/Qp is unramified from the case when F/Qp is ramified.

Case: F/Qp unramified. ThenMint
G,µ,b is the RZ space of triples (X, ι, λ), where X is a p-divisible

group of dimension 2 and height 4, and ι : OF → End(X) satisfies the Kottwitz condition

det(T · I − ι(a) | LieX) = T 2 − TrF/Qp(a) · T + NmF/Qp(a), a ∈ OF , (9.2.4)

and λ : X → X∨ is a polarization compatible with ι such that ker(λ) is a Fp2 -Raynaud group

scheme contained in X[p]. Here we have identified OF ⊗ Fp with Fp2 . In addition, a framing

ρ : X̄ → X⊗Spec (F̄p) S̄ is given. Such a framing object X is unique up to quasi-isogeny.
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In this case, Mint
G,µ,b is isomorphic to(

Ω̂2
Qp ×Spf (Zp) Spf (Z̆p)

)
× Z (9.2.5)

with its descent datum down to Spf (Zp) given by the product of the natural descent datum on

the first factor and the translation by 1 on the second factor, cf. [KRf, Thm. 1.2] (for the descent,

use that the framing object is a Drinfeld s.f. OD-module).

In this case TG = G2
m and YG,µ is smooth. The covering Mint

K1,Sµ
represents the functor over

Mint
K0

, where a Raynaud generator of ker(λ) is added to the moduli data. The moduli scheme

Mint
K1,Sµ

is normal and the map Mint
K1,Sµ

→Mint
K0

is finite flat.

Case: F/Qp ramified. In this case Mint
G̃,µ,b

is the RZ space of triples (X, ι, λ), where X is a p-

divisible group of dimension 2 and height 4, and ι : OF → End(X) satisfies the Kottwitz condition

(9.2.4), and λ : X → X∨ is a principal polarization compatible with ι. In addition, a framing

ρ : X̄ → X⊗Spec (F̄p) S̄ is given. Here the potential framing object is not unique; we choose X such

that inv(X) = −1, cf. [KRf, §5, case c)].

In this case, Mint
G̃,µ,b

is isomorphic to(
Ω̂2

Qp ×Spf (Zp) Spf (Z̆p)
)
× Z (9.2.6)

with its descent datum down to Spf (Zp) given by the product of the natural descent datum on

the first factor and the translation by 1 on the second factor, cf. [KRf, Thm. 1.2].

Passing from G̃ to G is problematic and we have no explicit description of Mint
G,µ,b. In this case,

the condition (IW) is violated. We cannot prove Conjecture 9.1.1 in this case.
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[Ra] M. Raynaud, Schémas en groupes de type (p, . . . , p). Bull. Soc. Math. France 102 (1974), 241–280.

[Re] L. Renner, Descent systems for Bruhat posets. Bulletin de S.M.F, 102 (1974), p. 241-280. J. Algebraic

Combin. 29 (2009), no. 4, 413–435.

[SW] P. Scholze, J. Weinstein, Berkeley lectures on p-adic geometry. Ann. of Math. Studies, 207, Princeton

University Press, Princeton, 2020.

[Sha] R. Shadrach, Integral models of certain PEL Shimura varieties with Γ1(p)-type level structure.

Manuscripta Math. 151:1–2 (2016), 49–86.

[Slo] P. Slodowy, On the geometry of Schubert varieties attached to Kac-Moody Lie algebras. Proceedings of

the 1984 Vancouver conference in algebraic geometry, 405–442. CMS Conf. Proc., 6 Published by the

American Mathematical Society, Providence, RI; 1986

[Sm] B. Smithling, Topological flatness of orthogonal local models in the split, even case. I Math. Ann. 350

(2011), no. 2, 381–416.

[Sta] The Stacks project authors, The Stacks project. https://stacks.math.columbia.edu, year = 2025

[TO] J. Tate, F. Oort, Group schemes of prime order. Ann. Sci. École Norm. Sup. 3 (1970), 1–21.
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