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Preface

- These notes reproduce the contents of lectures given at
the Tata Institute in January and February 1967, with some
details added which had not been given in the lectures. The
main result is the Hasse principle for the ons-dimensional
Galois cohomology of simply connected classical groups over
nurber fields. For most groups, this result is closely
related to other types of Hasse principle, Some of these are
well known, in particular those for quadratic forms. Two less
well known cases are: i) Hermitian forms over a division
algebra with an involution of the second kind; here the result
is connected with (but not equivalent to) a theorem of
Landherr. The simplified proof of Landherr's theorem, given
in 8 5.5, has been obtained independently by T. Springer;

ii) Skew-hermitian forms over a quaternion division algebra;
here a proof by T. Springer, different from the one given in
the lectures in 8 5,10, is reproduced as an appendix.

I wish to thank the Tata Institute for its hospitality
and P, Jothilingam for taking notes and filling in some of

the details,

Martin Kneser
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CHAPTER T

Galois Cchomology

In this chapter we shall collect the fundamental facts
about Galois Cohomology. Proofs are mostly straightforward-and
therefore omitted., Moreover they can be found in the basic

reference 1_52“7-

1.1, Non-commutative cohomology.

Let G be a group operating on a set A; the imags of
(s,a) under the map GXA —>4A defining the operation of G on
A will be denoted by ®a. A set is called a G-set if G acts
on it. If the G-set A has in addition the structure of a group
and if the operation of (G respects this structure then we say
4 is a G-group.
Definition of H(G,A): If A is any G-set then HO(G,A) is
defined to be the set AQ of elements left fixed by the operation

Sa = ak*sﬁfé}.

a
of G on A, i.e. H(G,A) = A =%aeA

1
Definition of H (G,A): This definition will be given only for a
G-group A. Accordingly let A be a G-group, A mapping s—>ag

of G into A is said to be a l-cocycle of G in A if the

. s
! relation a, = a5 a holds for all s,t&G. Two l-cocycles (ag)

and (bsj are sald to be equivalent if for a suitable ce€d the

1
relation bg= ¢ a; “c holds for all s€G, This is an equivalence

relation on the set of 1-cocycles of G in A. H'(G,A) is by
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definition the set of equivalence classes of T-cocycles. If A

is a commutative group we have the usual definition of

Hi(G,A), i=20,1, 2,3, .., by means of cocycles and coboundaries.
We write it down here only for i = 2. If A is commutative the
definitions of Hi(G,A), i= 0,1 given above coincide with the
usual definition of these groups.

Definition of Hz(G,A): Here A is any commutative G-group. A

2-cocycle of G in A 1is a mapping (s,t)¢ﬂ*¢.as y of GxG
3
= -1

. - . . g
=1
into A satisfying the relation 85,4 %rs,t Or st Or,s for

all r, s, t& G, A 2-coboundary is a 2-cocycle of the form

Sct C.. Cg with cgé A, If the product of two cocycles <as't>
4

. and (bs,t) is defined as (as,t bs,t) the 2-cocycles will

form a multiplicative group and the 2-coboundaries will form a
subgroup; by definition the gquotient group is then H2(G,A).

Let A be a G-group and B an H-group. Two homomorphisms
ftA—5B, g:H—Mw;G are said to be compatible if f(g(s)a) = S(f(aJ)
holds for every sec¢H, ach; if H=G and g is identity then
f is said to be 2 G-homomorphism. Mapping a 1—cocyclé (as)
of G in A onto the I-cocycle (bg) of H in B defined by
b = f(ag(s)) induces a mapping H’(G,A)u—waT(H,B); this will
be a group homomorphism in case A and B are commutative. If

H is a subgroup of G and g is the inclusion the map

H1(G,A)u—ﬁ?H1(H,B) defined above is called the restriction map.

This definition can be carried over to higher dimensional cohomology

groups when A and B are commutative,




For non-commutative G-group A, the set HT(G,A) is
not a group in general but it has a distinguished element namely
the class of i1-cocycles of the form b | sb, with be A, The
existence of this element enables one to define the kernel of a
map H1(G,A)~mh?HT(H,B) such as we have obtained above and also
to attach meaning to the term 'exact sequence of cohomology sets',

1.2. Profinite groups,

Definition., A topological group G is said to be profinite if
it is a projective limit of finite groups the latter carrying dis-
crete topology,

A profinite group is then compact and totally disconnected,
it possesses a base of neighbourhoods of the identity formed by
open normal subgroups. Conversely if a compact topological group G
has a base of neighbourhoocds of 1&G formed by open normal subgroups
U then the quotients G/U are finite and G;&fl}g G/U; hence G
is profinite.

Let G be profinite and A any G-group with discrete
topology. In such a case we shall always assume that the action of
G on A is continuous. This is equivalent to the requirement
A =;GEAU the union being taken over the set of open normal subgroups
U of G, We shell modifyv the definition of Hi(G,A) in this case
§ by requiring the cocycles to be continuous. In the sequel this new

definition of H (G,A) will be adhered to vhenever we consider

profinite groups G and G-sets, If U<V are open normal subgroups
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of G then the inclusion A< _;A and natural projection
G/ .G ; .

/U > /V are compatible, hence we get the induced map

-V i e
S‘U : Hl(G/V,Ay)—-_—éHl(C/U,Ap) called inflation. The sets

Hl(G/U,Ap) together with the maps 53v

U form an inductive system

ot

and H'(G,A) ¢ lim (5, &),

-3

1.3. Induction.

Let G be a profinite group, H an open subgroup of G
and let. B be any H-set. Let A denote the set of mappings
236G —3B which map s¢G onto a(s)<B satisfying the condition
a(ts) = ta(s) for all t<H, scG. A is made into a G-set by
defining Ta for a{;ﬂ, reG by the rule (Fa)(s) = a(sr); we
then say that L is induced from B; more generally, we call
every G-set A isomorphic to L a G-H induced set; if B is an
H-group, A is a G-group., Suppose A is G-H dinduced from B so
that we can identify A with A, Mapping ach onto a(1)eB we

get a mapping AzA — B which is compatible with the inclusion

He ,G; passing to cohomology we get a map E (G,A) 5H(H,B)

whenever Hl(H,B) (and therefore Hl(G,A)) is defined. We then

have the
Lemma 1. The mapping HI(G,A)ﬂﬁijl(H,B) defined above is an
isomorphism,

For commutative A and B, see Z_Sz_7 18 2.5. Hor
completeness sake, we give the proof for i = 0,1 in the general

case,
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Proof. First let i = 0; if agch , (Ya)(s) = a(s) for every,
r,s« G, taking s=1 we find that a 1is a constant function
G—B, Hence the mapping H'(G,A)——H(H,B) is injective.
If CEBH the constant function G-—~—B mapping every se&G onto
¢ is an element of ﬁfJ; this shows that the mapping in question
is also surjective and hence bijective.

Now let i = 1; suppose two elements (a,), (b.) of
H1(G,A) have the same image under the mapping H'(G,A)—>H'(H,B);
then for a suitable ceB we must have ar(l) = g br(lj e for
all reH, Now we find an element deA with d(1) = ¢ by taking
a set of representatives of G mod H including 1 and mapping 1
onto ¢ and the other representatives onto arbitrarily chosen elements
of B; replacing the cocycle br by the equivalent cocycle d'ibrrd
we can assume a,(1) = b,(1) for all rgH. Using the cocycle condition

we have for all r,s,teG

ang(t) = a (t) "a (%)

ar(t) as(tr) ....... (1)

bt} = L) Tb_(8) = b6) Bgltr) osnene {2)

Setting r = g (1) and (2) we get a i (t) = a _;(t) as(W)
t

t

and b _, (t) =1 _](t) b (1); since ag (1) = b (1) for all scH we
t s 511

get a (t) b _, i = @ (t) b (t)'1 holding for all s¢ H;
£ s t7's g £

hence if we define c(t)e B for every t&G by the rule

c(t) = b 1(t)a 1(t)_i then by what precedes we get for
£ A
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se¢H, c(st) =b ,
& t=1s” t s ik

t 15"1
=%, e, @ = T (e (6)7) = o), and
t 8 t s t t

hence c belongs to A . Given elements r and t 1n G choose

s¢ G such that trs = 1; then we have ars(t) = g "](t) =
t

-1

-1
e (tr) =
£ 1

o(t) o _,(t)
t

li

o(6) 'bg(t) - and a(tr)” = &,

-1 =1
=b _, _q(&r) ¢ (tr) = bs(tr) ¢(tr). From equations (1) and (2)
t
-1
together with the foregoing it follows that a (t) = ars(t)as(tr) =

c(t)_1brs(t) bs(tr)_1c(tr) = c(t)FTbr(t)rc(t) e, a =¢ bo,

hence the cocycles a, and by arelequivalent; this means that the
mapping H1(G,A)-—w¢}ﬁ(H,B) is injective. Now suppose

b = (bs)E;HI(H,B) is given, Let V be a system of right repre-
sentatives of G mod H, v(s) the representative in V of the

: =1
coset Hs, and therefore w(s) = sw(s) & -] . Define agiG—
w(s)
by as(t} = bw(v(t)s)' It is straight forward to verify that
as(t} is indeed an element of A and that (ag) is a 1-cocycle
- ) 1
of G in A whose image is (bg) under the mapping H1(G,a)hﬂﬂ§H (H,B);
this proves the surjectivity and so the bijectivity of the mapping

in question.
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Remark. If B is a H-group and L is G-H induced from B

(so that R is a G-group) then the projection A-—3B induces an
isomorphism of B with the subgroup of those aéT‘x which are
equal to 1 outside H; if we identify B with this subgroup, then
98 depends only on the coset Hs and we have K'}ésf_g\;ﬂ_. The
converse is also true, i.e. we have the lemma whose ;_:aroof is
straight forward and so omitted.

Lemma 2. A G-group & is G-H induced if and only 1f there exists

an H-subgroup B of A such that A is the direct product of the

subgroups ®B(s ¢ H\G)
1.4, Twisting,

In the secuel we shall be considering a G-group & and
a Goset E on which A operates; for x¢A and 2aéE we denote

by x.a the result of operating x on a&. We assume that the

S

action of A on E satisfies the condition 8(x,a) = %x. “a for

for s€G, xehA and agE. If E,F are G-sets and f:E—>F is
a map of sets not necessarily of G-sets we define the map

e s E—F for sé&G by the rule

) a) = (5 ) so that (°£)(%a) = °(£(a)); taking F=E
this definition makes Aut E (the group of bijections of E onto
itself as a set) into a G-group. HAssociating to x&A  the auto-
morphism of E defined by the action of x on E we get a
G-homomorphism A —>Aut E which induces a mapping of cohomologies

(G, A) 3 H(G, Aut E).
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If f:E-F 1s a bijection of G-sets then ag=f o °¢ is a

1-cocycle of G in Aut E; changing f through an automorphism

of E we get an equivalent cocycle, Hence any bijection

£18 ~—3F modulo automorphisms of E defines an element of

H](G, Aut E), Moreover if E and F carry additional structures
and f preserves these then so does a_. Conversely starting
with a G-group 4, a G-set E on which A  operates G-compatibly
and a 1:—cocycle_(as} with values in A we can construct a G-set
F and a bijection fiE —3F such that if by denotes the image
of a, under the mapping A..3dut E then bg = £ o8 To

do this we take F to be a copy of E with a bijection P1E—=F
namely the identity and define the operation of G on F by
S(g(x)) = f(as.sx) for xc¢E and s&G; with this operation F
is a G-set and F together with the mapping f:E-—F solves our
problem, We then say that F 1s obtained from E by twisting
with the cocycle (a ) and denote it by B replacing ag by an
equivalent cocycle changes f by an automorphism of E., If E
has in addition algebraic structures and a5 preserves these then
the twisted set aﬂ will carry the same algebraic structures. In
particular taking E = A and operating A on itself by inner
automorphisms we get a twisted group _A; again if A carries

additional algebraic structures and a_ Ppreserves these then LA

will carry the same algebraic structures.
Example. (Z’S‘ﬂ7 x B2 £—8¥7 IIT 8 1.1). Let us consider the.

universal domain fiin the sense of algebraic geometry and select
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a ground field K; let V be a ) -vector space. We say that V

is defined cver K if there is given a K-subspace VK of V such
that Vo VKQEK!?.. As in algebraic geometry we shall say that V.
is the space of }:rational points on V, Let L be a finite Galoié

extension of K with Galois group gL/K; then gL/K acts on

v, = VK@KJ by the rule S(ag x) = a&’x if a@Vh,xeL and

5

SGEgL/K' Let (Aut V)L denote the group of L-linear automorphisms
of VL. Suppose (as) is a 1-cocycle of 2 /i in (Aut V)L‘ e

can then twist the vector space Vp by the I-cocycle a = (ag) to
get a new L-vector space, say V' with the same underlying set as
VL. If now W is the fixed space of V' under the twisted action
of g /K then it is well known that W is a !{\:space and that
V‘QEW'@%}“ Suppose t,tl,... are given tensors in the tensor space
T(Vk? of V?C If these tensors are invariant under the canonical
extensions of all the ag to T(VL) ;;’g_T(VL{) g}t, denoting by
$:V-—>V"  the identity map and its extension to T(V) the tensors
i(t), i(tt).... are then invariant under the twisted action of

g /k S° that they belong b T(W)., This shows for example that

if we have a hermitian or quadratic form on VL defined over k:
and that if they are invariant under all the automorphisms ag then
the twisted space V' will also carry a hermitian or guadratic form
defined over K. Again if V is an algebra with involution and if

all the automorphisms ag preserve the algebra structure and the

involution then the twisted space will be an algebra with involution.
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Let A be a G-group, (ag) & t-cocycle of G in A

f Lemma. There exists & bijection of H’(G;aA) onto H'(G,A) which

maps the class of (1) onto the class (ag).

i Proof, Identify the set A with A by means of the bijection

£ 3 A—xh and map the i-cocycle (bg) of G in A onto the

1-cocycle (bs.as) of G in A, This gives a maoping of

H1(G,aA) into u'(G,A) which takes the distinguished element of

H1(G,aA} onto the cocycle (as]_ This mapping has an inverse

defined by (Cs)"“ﬂﬁf(cs-a;1) where ¢g 1is a 1—cocyc}é of G in A,

This proves the lemma.

as follows: Let ' be.a

This can be seen in another way
The twisted

set with some structure whose automorphisw.group'is A.

group A acts naturally on the twisted met oF. Morever A will
be the antomorphism group of ,F. Hence the elements of H'(G, gA)
correspond bijectively with G-isomorphism classes of G-sets B (with

i structure) for which there 18 &n isomorphism ©h @ aF.._f-_—‘;E; let

gt B—mT be the bijection corresponding to & Then h o g ¢ F—E

the corresponding cocycle

B will determine an element of H1(G,A) s
1
Sg = f— (bs)uas

-1 = =
c%(hog) =28 "o 'o®no S¢ = g obg O

will be (n o &)

where (bg) is the {-cocycle of G in A corresponding to

PR

h 4 af-—@F and f is the bijection 3 A—>A corresponding to

i
o

R P R

e

the twisting by a. This process is naturally reversible and so we geb

a bijection of ul(G,,4) onto HT(G,A). Evidently the distinguished

(ag) wunder this mapping.

element (1) of HW(G, gA) goes onto
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Let A,B be Gegroups and gih.--3B be a G—homomor phism.
If (ag) is a 1-eocycle of G in A define b, = glag); then
(og) is a 1-cocycle of G in B and g induces a G-homomorphism

also denoted by g of aA into B. The commutative diagram

gives rise to the following commutative diagrami

1' (G, A) ———pH (G,B)

1 T
H'(G,44) ——-7H (G,,B)

1.5. Exact Sequences:

In what follows &,B,C will be G-groups and homomorphisms
will be G-homomorphisms
a) Let A--3B be a monomorphism of G-groups. Let B/A be the
homogenous space of left cosets of B in A; this is a G-set and
one can define HO(G,B/A). GCiven an element in #°(G,B/A) choose
a representative b of it in Bj define &g = b—1sb; then ag% 4
and (ag) is a 1-cocycle of G in A; moreover (ag) depends only

on the elemert of HO(G,B/A) under consideration and not on the

particular representative chosen. In this way we get & map
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= 1
&'+ H°(G,B/A) —»H (G,A). Then the following sequence with maps

the natural ones and ¢( as defined above, is exact!

1 —m3HO(G, &) —>E°(G, B) ——3H°(G,B/A) 51 (6, 4)——H (G,B).

b) Let A be a normal subgroup of B and let C = B/A; then C
is a G-group and the exact sequence 1. SA =3B —3C——31 gives rise

to an exact cohomelogy sequence

e - ;
1 ee3HO(G, A) —5H (G,B) —H(G,C)-=->H (G,4)——>H'(G,B)—>H'(G,C)
here the definition of { 1is the same as before and all other maps are

natural ones.
c¢) Let A be a subgroup of the centre of B so that HE(G,A) is
defined, As in b) we let C = B/A, We can then define a map
D H'(G,C)-wf}Hg(GJA) which will make the following sequence
exach:

o

X
| PHO(C, A) — —5HO(G, B) (G, 0)—2p B (6, A)—-51 (6,B)—H' (6, 0)-25H7(C, ),

The map & is the same as in a) and the maps other than é? , o are
the natural ones, The definition of f, is as follows: let

c= (cg) & Hi(G,C) be given; lift ¢ to a mapping biG—>B (if

G is profinite this 1ift can be chosen to be continuous which we

1 :
; th Z A and
; then a Yo

is a 2-cocycle of G in A whose class is by definition 7c.

. ” s - 5 =
assume is done), define as,t = b5 bt bs

The proofs of the above exact sequences and the propositions

below will be found in 1732_71 § s,




et B be a G-group and A a G-subgroup of Bj the
injection of A in B gives rise to & map H’(G,ﬁ)«mmw)H1(G,B); let

(bs)é-H](G,B) be given. Then we have the following proposition

Proposition 1. In order that (by) may belong to the image of
H'(G,A) under the above map it is necessary and sufficient that the
twisted homogenous space b(B/A) has an element invariant under G.
: Suppose B is a G-group, A a G-subgroup of B contained
in the centre of B; then we have the exact sequence
1 ey B 5B 0o > 1, where C = B/h; let (ag) be a
{-cocycle of G in C. The group C operates on B through inner
automorphisms by a system of representatives of B/A, Hence we can
twist both C and B by the cocycle (ag); the twisted group A
will be A ditself sinece A is central. The sequence

1——~W;A--~r“52B——wﬂiéC ——>31 1is then exact.

1.6 Galois Cohomology

Let A be an algebraic variety defined over a field K;

let L/K be a Galois extension finite or infinite. If My, denotes

e
T i

TR

the set of points of A rational over L then the Galois group

Tyt s s e S

gL/x Of L/K acts on A;; this action moreover is continuous,
since any L-rational point of A generates a finite extension of X

and so AL = Ufy, the union being taken over the set of subfields M

of I containing K such that {L . K}eﬁ ©. If A is an algebrailc

group then since group multiplication is a morphism defined over K,the set
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Ai. is a group; we are interested in the study of Hl(g’L/K’AL)

. which is also dencted by HX(L/K,A) or by H-(K,A) if L is
the separable closure K  of K. We shall be dealing only with
fields of characteristic 0O so that KE = E, the algebraic
closure of K. Obviously HO(L/K,A) = AK If A,B,C are algebraic
groups defined over K and if we have morphisms fih .—3B, g:B—>2C

defined over K then we shall say that _.-.;A__,_,_,i:__.,h']g_,,__5,__:-/.0-- bl

S

is an exact ssquence if the following sequence

1 Tﬂfﬁ s BE C"K ...:;,1 induced by it is exact in the usual sense.

One should note that this is not a good definition in the case of

characteristic # 0. Suppose 1 A —3B -30...31 1s a sequence

5.
i
it
fi
Wi
i

of morphisms of algebraic groups and that the induced segquernce

1 .ﬁ_.-v)AL.,__W;BL s ._._.;CL-——---';ﬂ is exact, Then we get an exact sequence
1 ! 1

R By B>l (L/K,A)—H (L/K,B)—>H (L/K,C). 1In

particular if 1 ---};A.....,-.}B*_—-;,G.__..;,\1 is exact then the seguence

ST e i i e

| : . _ ‘ it i :
. wfupaf{_.. M.J.;,BE '_"M:’G'ﬁ ...4_;3}{1(K}A)_-u~——}1{ (K,B)—3H (K,C) is exact.

|

4

Z‘} Let A,B be algebraic varieties defined over K and let

% fi1A---3B be an isomorphism defined over L. Then with the usual

g notations a4 = 15°%f is a 1-cocycle of G in the group ( Aut A)L

of automorphisms of A defined over L. Suppose we fix A,
An algebraic variety B defined over K and isomorphic te A over

L is called a L/K-form of A, We have seen that any L/K-form

of A determines a l-cocycle of gy in (Aut A)L. If two




e S U N TR e B T

=

e =

S T T S S TR T AR e

e R e S T s R

15

L/K-forms are K-isomorphic it is easy to see that the 1-cocycles
defined by them are equivalent. Conversely it can be proved that
if A is quasi projective (i,e. isomorphic to a locally closed
subvariety of some projective space) then any !-cocycle of
8L,/K in (Aut A); defines a L/K-form and that equivalent
1-cocycles define K-isomorphic forms. Hence we see that

H1(L/K,Aut A)) is isomorphic to the set of K-isomorrhism classes

of L/K-forms of A, in case A is quasi projective Zd52_7III §I.3,Zdw};7.
If A is an algebraic group defined over X, Dy an

L/K—form of A we mean an algebraic group defined over K and

isomorphic to # as an algebraic group over L. Again let V be a
vector space defined over K and x & certain tensor of type (p,q)
defined over K. By an L/K form of (V,x) we mean a pair (w,v)

formed by a K-vector space W, a tensor ¥ of type (p,q) of W

such that there exists an L-linear isomorphism f:Vﬁ%fKLv—}}WCﬁkL

for which f(x) = y; here x,y are considered as tensors in

VﬁgkL and WLSQKL respectively through the natural maps

V VL, W——>WEGL. Here again if L/K is Gelois 1 (L/K, (But V),)

is bijective with the set of K-isomorphism classes of L/K-forms of (Vix).

Change of Base, Let A be an algebraic group defined over K; let

. . i 1
L/K be a Galois extension and K' any extension of K. ILet L De
s Calois extension of K' containine an isomorphic image of L which

we identify with L. The canonical homomorphism -

obtained by restriction of K -automorphisms of L' to L is
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compatible with the injection AL~m“§ALT and so we get an induced
man HWL/K,A)-——-—-;\/HI(L'/KT A), If now L 1is the separable closure
of K, L' that of K' there exists an injection L-— >3 and
again L can be assumed to be contained in e By what precedes
we then get a map H1(K,A)~m»~;H](KI,A); it can be proved that this

mapping is independent of the particular imbedding of L in E

chosen /8, 7 X 4, [[8, ] 1T 8 1.1,

1.7. Three Examples,

Ex.1. Let A be a finite dimensional K—algebra;-for any extension
L of K we denote by Ai the group of units of the L-algebra
AL = Aik%L; if L/K is Galois then gL/K acts on A ﬁ;&; and
hence it acts on Ai. We claim that Hi(L/K,Ai) = 1. It is
enough to give the proof for finite Galois extensions, since
H(L/K, Af) = }5&¢>H1(!JI,/K, K;) the inductive limit is with
respect to inflétion mappings and M runs through finite Galois
extensions of K contained in L. We treat A as a right A-module
and consider the L/K forms of 4; the L/X forms are right
A-modules B of finite dimension over K such that ~/B;  this
being a right ﬂL—module isomorphism; Since any automorphism of

ﬁL as a right Aj-module is given by left multiplication by an

¢
element of ,Ai we know from 1.6 that H'(L/K, A;) is bijective
with the K-isomorphism classes of L/K forms of

the right A-module A; hence we have only to verify that any




L/K form B is isomorphic to 4 over K i.e. BpowAyg = A Now
S \ i i A - -1 i =
BL*'BKQ:KL-”’AL as right o modules. The AL 1som0rph15m AL’"BL

being also an AK-module isomorphism we get the AK—isomorphism

[LiK]A o/fLek]B ({LeK] A stands for the direct sum of [L:k| copies
of 'AK). Since AK and BK are Artinian Ag-modules Krull-Schmidt
theorem applies so that ﬁK and BK must have isomorphic indecom-

posable components, Hence AK:EB as AK—modules.

K

Fx.2 Let K be a field and A = K, the direct sum of n copies

of K considered as a K-algebra; the only'ﬁ—algebra automorphiéms
of Aﬁ correspond to permuting the components so that (Aut A)E =\r;
the symmetric group on n symbols; the action of gﬁ/K is trivial
on (Aut A)_ so that any l-cocycle of g_ in (Aut A)- is

K K/X K
actually a group homomorphism of gE/K into'?/ﬁ. We contend that
H1(K,‘y;) is bijective with the isomorphism classes of commutative
separable K-algebras of degree n, DBecause we noted in 1.6 that
HI(K,Aut A) 1is isomorphic to the set of K-iscmorphism classes of
K-forms of 4, we have only to prove that K-forms of the algebra
A=K are exactly the commutative separable K-algebras of
degree n, i.e., that a commutative K-algebra B of degree n 1is
separable if and only if B{E}Eéﬁfﬁn; but this is well known

(/ B/ Chap. 8).

Ex., 3. Let ﬂZ be a non-degenerate quadratic form on a finite

dimensional K-vector space V; then -ﬂa corresponds to a tensor

of type (2,0). 1In this case for any extension L of K, { Aut U)L
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i.e. the group of L-linear automorphisms of V fixing the tensor
in the notation of 1.6 is just the orthogonal group of cz considered

as a quadratic form over V.; let us denote the latter by O(zl)L'

(KJW) is an algebraic group defined over K. By the considerations
[
of 1.6 for any Galois extensicn L/KiH1(L/K’O(€Z)L) is bijective

with the K-equivalent classes of quadratic forms which become iso-

f
;5%

metric toi? when we extend the scalars to L. Over the algebraic closure

o Rl T

K of X any guadratic form @ has the orthogonal splitting

VK = Kx L Kxp!... jKx o with Q(xi) = 1 for all i; this is because
o if we take any orthogonal solitting Ve = Ky, | Ky,l... 1Ky, with
Ty T In

= ./ R = L will be an orthogonal
Q(yi) o, ‘then Fﬁ} ) T3 ’,.'ﬁ;) g

K-basis with the desired properties, Hence any two quadratic forms
on vﬁ are equivalent, This shows that Hi(K,O(%Z)) is just the
set of K-ecuivalent classes of quadratic forms. Again any non-
degenerate skew-symmetric bilinear form on V is given by a tensor
of type (2,0) and the corresponding algebraic group is the symplectic
group Sp; here the dimension of V must be even since the form is
assumed to be non-degenerate; let dim V = 2n; then it is well known
Lo /0 In:\
that the matrix of the form can be brought to the formf | by
\:In 9 P
a change of basis. Hence any two non-degenerate skew-symmetric
bilinear forms on V are K-equivalent. This implies that
H'(K,Sp) = (1) or H'(L/K,Sp) = (1) for any Gelois extension L

of K.

i
it
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CHAPTER II

Classical Groups

Throughout the rest of these lectures we shall assume the
characteristic of the ground field K to be zero. In the first
three paragraphs of this chapter we collect the basic facts on
semi-simple linear algebraic groups (basic references
[03_7, /D~ GJ/). The last three paragraphs contain a survey

of classical groups ([Di_7,[wz_7).

2.1, Linear algebraic groups.

By a linear algebraic group G over K we mean an affine
algebraic variety G defined over K together with K-morphisms
GAG-—»G denoted by (x,y)---3x.y and G--»G denoted Wy
x-—-—.w}mf1 which satisfy the group axioms, Whenever we talk of
open or closed sets in a variety we shall always assume that
they are so in the Zariski topology. For any field of definition
L the group of points of G rational over L will be denoted by GL.
Example. G = GL,, the general linear group; if ) is the universal
domain over K this is the algebraic group GL,(lZ) of non-singular
nxn matrices with entries in 7, If x = (xij) - GLH(D_) the

i |
mapping (x. )-.-_.--.-;s.(x11,x12,..,,..xnn, (det x )) gives an imbedding

1]
. Sy ; B e ; ;
of G in ™} *1 as a closed subvariety of . EE) GL, is an

1
“

algebraic group defined over the prime field and for any field

1, (GLn)L = GL(L).
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Next if 3] is a non-degenerate quadratif form over K its ortho-
7.

gonal group O&i.) is a closed subgroup of GLn and is an

algebraic group defined over K. It is known that any linear

algebraic group is isomorphic (i.e. biregular isomorphism) to an

algebraic (i.e. closed) subgroup of GL, for some n. The con-

nected component of the identity of the algebraic group G is

denoted by Gg; G, 1s a cleosed, normal and connected subgroup of

G with £G: GJ <. 003 conversely any closed, normal and connected subgroup
of G of finite in&ex must be G,. In the example above the

connected component of the identity of O(CZ ) is  S0( T/Z} the

special orthogonal group of g; i,e., the subgroup of elements of
/

o( (y ) with determinant 1; S0O( LE ) is of index two in O(Lz).

For any linear algebraic group G there exists a unique maximal

noermal, connected and solvable subgroup G1, called the radical

e e = s e

of G. We make the following

e

Definition 1. A linear algebraic group G is said to be semi-simple

——

if s radical Gy = J1(,

Example 2. It is known that SL,, the subgroup of elements of GL,,

TR T e e T

with determinant 1 is a semi-simple algebraic group.
Example 3. The orthogonal group G{ﬁz) of a non-degenerate quadratic
form in at least three variables is semi-simple.

Let H be & connected linear algebraic group defined over K.

Then we have the following

Definition 2. A covering of H is a pair (G,f), where G is a
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comnected linear algebraic group and f:G -3H  is a homomorphism
(i.e. rational homomorphism) which is surjective and with finite
kernel, (for the definition of surjectivity, exactness etc. see 1.6);
Definition. A linear algebraic group G is said to be simply
connected if it is connected and every covering of it is an isomorphism.
Remark 1, In the case of non-zero characteristic p, this definition
is not reasonable: SL, would not be simply connected in the above
definition because (xij) »wb(xij) is surjective with finite kernel
but is not an isomorphism, But SL, is simply connected in the
above definiticn if the characteristic is zero.

Remark 2. If (G,f) is a covering of the connected linear algebraic
group H then ker £ centre G; for let N = ker f ¢ then N is a

finite group and so the Zariski topology on N is discrete. For

2l

every ng N consider the morphism G—)N given by X-—xn X 'n

since G is connected and N- discrete this must be a constant map;

=1 ;
1n = 1vxeG;

taking x = n, this constant value must be 13 i.e, xnx
since n¢N may be quite arbitrary N must be in the centre of G.
Definition. A linear algebraic group G is said to be simple if its
only closed normal subgroups are the identity and G ditself.

Example. The projective linear group PGL, which is the ouotient of GLy,

by its centre is a simple group.

2.2. Semi-simple groups,

If G is any linear algebraic group the adjoint group G is

defined to be the quotient of G by its centre, It is known that a
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semi-simple linear algebraic group has finite centre. If G is

a connected semi-simple linear algebraic group defined over K
iy, '
there exists a covering G-—-3G defined over K such that G

it

is simply connected and that ‘G is unique upto K-isomorphism ;

G is called the universal covering group of G

Example !1. The adjoint group of 5L, is the projective linear

group PGL,.

Exsmple 2. TLet ti be a non-degenerate guadratic form on a finite
dimensional K-vector space V. The proper orthogonal group SO(tZ )
is semi-simple and connected; and it has a two fold covering namely
the Spin group which is constructed using the Clifford algebra

of 'Y ; we merely state the definition and properties of Clifford
algebra and refer the reader to the standard works [ B / Chap. 9
and ﬁfCL7. A Clifford algebra of ?ﬁ is a pair (C,f) where C is
an associative K-algebra with unitf snd f:V-—>C 1is a K-linear map
with {f(x)f = q(x).1 for every x ¢V and satisfying the following
universal property: Whenever a pair (D,g) 1is given with D an
associative K-algebra with unity and g:V.—3D is a K-linear map
such that g(x ;2 -Z(x) 1 there exists a unigque K-algebra

of

homomorphlum h:C - -$D maeking the diagram
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cormutative. It is known that such an algebra C exists and is

wnique upto K-isomorphism; evidently £(V) must generate C,

The algebra C is called the Clifford algebra of 1‘,7, and is denoted
by C('Cz). It turns out that the map f is injecfive, S0 we can
identify f(V) with V; then if e ,...,e, is a basis of V, the
“ products e. ...E€. (L“-,—i].:: 12(_' ;;im-:;n, 1g_m5n) together

1 lm

with 1 form a basis of C(‘Eﬁ) so its dimension is 2 If n
is even C 1is a simple algebra with centre K; if n is odd the
algebra C is a separable algebra, its centre being of dimension
two over K; C is either simple or the direct sumfof two simple
algebras., We denote by t* +the subalgebra of C generated by

: +
products of an even number of vectors of V; then dimC =2 .

: In case n = dim V is even and n3>0 it is known that

C+(E7) is separable its centre Z is of dimension 2 over X; Z

ZE5)

is either a quadratic extension of K or a direct sum of two coples

SRR

of Ky in the first case C¥( G{:) is a simple algebra while in the
second case it is a direct sum of two simple algebras. If n 1s odd
) then C+(El) is always central simple; if in addition 77 has maximal
Witt index then c+(9j.) is isomorphic to the ring M _,(K), of

| n—gl%'rE—T matrices over K. If L is any extension of K then the
i quadratic form t:? can be extended to a quadratic form LZL of VL

in a natural wa.y—’by passing to the associated bilinear form of 'C'?Z
and extending it to Vp;thenthe Clifford algebra C(TJ ) 0(e7 ) Gy L

Let ¢ O(Z7 ) be given; o then determines an automorphism of c(zr)
/.

fi.
%
i
i
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: . 2 ;
in the following way; (f . 7 (x)) = {o(x)).1 =oilx). 1 for
i e
every x&V. Hence by the universal property there is a K-algebra

homomorphism g:C——>C making the diagram below commutative

V e 3 C
! ‘

| 5

¥ e

-1
Working with 7T we see that g 1is an automorphism. If JgSO(EZ)

it is known that the corresponding automorphism of C("‘i) is inner
automorphism by an invertible element of CT{% ). Conversely if
teC"’(fZ) {s an invertible element such that ¢t~ = V then

the mapping x-—-—}txt_l of V into itself is a proper orthogonal

transformation, Tt is known that if we define a map ;{:G.-——)C

by the rule oA(e; ...e; ) = €3 & ...8; on the generators
1 r r r-1 1
ei1...eir(1£i1{ 1g.. <l gnis rgn) and (1) =1 we get an
anti-automorphism of C of degree 2. We shall denote of (t) by
; ¢*  If t is an invertible element of C' such that g =V

then it is wellknown that tt*(-_ K.1. We now define

’ =]
Spin (@71)_ = }tg;gj /tv_t - v_,tt* = 1t; then for any field
t'x | KK K

"

£ (Spj_n@L)Lwﬂl be the set of Lnvertible elements 1 of GL such
-1 3*

that tVLt = V;, and 2 = 1 Spin-gL defined in this way is

clearly a linear algebfaic group over K. It is known that SpinZ,'JL

is simply connected and that for any t¢€ (Spin :Z );, the mapping

-1
X—ytxt of VL into itself is an element of SO(@-)L' This
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mapping of Spin 737 into SO(?&) is a K-homomorphism and is known
o

to be surjective (c.f, Chapter I 1 6 for the definition). Hence

Spin 77 .ﬂ.mysotﬁgy) is a covering. The kernel consists of those
1 .

B Spinzg such that txt = x holds for every x&V. OSince

V generates C, the inner automeorohism by t must be the
4+
jdentity automorphism of C; hence t C must be an element of
#*
the centre of C and so must be in K; the condition B = 1

then implies t = + 1. Hence the kernel of (Spin E,Z )i i3 SO( ? )E

¢ ) s g
is 2, the cyclic group i.i . Splnf?;ah§50(ff_) is the
universal covering of S0( 17 ); it is two-fold with kernel =(~1,1(.
: / | :

Definition. Let G be a linear algebraic group defined over X;

we say that G is K-almost simple if it has finite centre and all
proper normal K-subgroups are contained in the centre. In particular
if X 1is algebraically closed we say that G is almost simple.

Let C be a semi-simple and simply connected linear algebraic

group defined over an algebraically closed field K. Then

G iGX wue WG, (1)
where the Gi's are absolutely almost simple groups end this decom-
position is unique upto permutation.

Let now K be arbitrary and G be a semisimple simply
connected linear algebraic group defined over Kj let (1) be the

decomposition of G over E; the Galois group g_/ acts on either
K/K

side of (1). Since the left hand side is unaltered by the action
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of the strong uniqueness theorem quoted above implies that the

gE/K

action of any element of g_/ is simply a permutation of the compo-
K/K

nents Gi. Hence if H1,...,H denote the products of components

s
in the transitive classes modulo the action of gg/ﬁ the Hi‘s are
defined over K and G = H1¥~"'>§Hs' The groups Hy are K-almost
simple, Hence we have shown that any semi-simple simply connscted
group defined over XK 1is the direct product of K-almost simple groups.

Let G be K-almost simple and let G = G13=£.,.><Gv be a
decomposition of G over K dinto the direct product of almost simple
groups., lLet L be the fixed field of the subgroup of gE/K of
elements leaving G; fixed. Then G, is a gE/L—subgroup of G
and if s runs through a fixed system of representatives of right
cosets of g modulo g we have G ='TTSG . This shows that

K/K K/L o
is gE/K-induced from G, (cf. Chapter I, 1.3). Lemma 1 of 1.3 then

reduces the cochomology of G over K +to that of Gy over L. In the
proofs later on, we may therefore assume that G is absolutely almost
simple, i,e. remains almost simple over the algebraic closure.
2.3. Simple groups.

Every semisimple linear algebraic group determines a certain

graph consisting of points and lines called the Dynkin diagram.

Absolutely almost simple groups correspond to connected graphs and

are classified into the following types:
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Types Dynkin Diagram Chevelley Groups
Ay(nx1) T " SL_ .1
Bn(n'RB) {ih;,“ 3] s Sp1n2n+1
~ "‘f&"\-"w 3
Cn(n .'.'..'2> S I e szn
q4n>h) ;>ﬂ~——{ P niiiaiiois o iu%m
i,
7 |
76 o s - SN

g ey e G © e ) )
F i -/""‘_""—_“-
5 . R
\\._m_ﬁ_‘/ =
G N B
2 ——
e R

Two simply connected almost simple groups over an algebraically closed
field are isomorphic if and only if they have isomorphic Dynkin diagrams.
The simply connected groups of types Aﬂ,Bn,Cn,I}n are given in the

last column; for types B, and D, the corresponding quadratic form
must have maximal index. The spin groups of dimensions 3 to 6 and

Sp2 which are not contained in this list are semisimple too and have

the following Dynkin diagrams:
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Spin3 o

Sj}iniL ﬁ

L _ |
Spin 6 sy e

sz A

Looking for isomorphic Dynkin diagrams in our list, we get the
F{ following well known isomorphisms which can otherwise also be proved

without using Dynkin: @diagrams. (cf. [Di_7):

Spin,2v Sp

2=y

3

Spin, ~~ SL2)< SL2

; /S
Spln5 o ph

It is known that over an arbitrary ground field corresponding to any
of the above types there exists a simply connected group defined over K,
having a maximal torus that is defined and split over K, it is unique

upto K-isomorphism and is called the simply connected Chevalley group

of that type (cf. [02_7, [D- G2_7).
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The group Aut G of automorphisms of & simply connected group G

can also be read off from the Dynkin diagram. It contains the normal
subgroup of inner automorphisms which is isomorphic to the adjoint
group Ad G, the quotient being the group Symm (G) of symmetries

of the Dynkin diagram. For Chevalley groups G the Galois group

g, acts trivially on Symm (G) and the exact sequence

K/K

1 w3 Ad G —oyhut G e 38ymm (G) szl (%)

splits over K, Hence the corresponding cohomology sequence gives

a surjection H1(K, Aut G)——3H'(K, Symm (G))———s1. Let G' e
any K-form of a Chevalley group G belonging to type Xy; if
determines an element of Hl(K, hut G) and taking its image in
H'(K, Symn (G)) under the map constructed above we get an element of

H](K, Symm G) say a . Since g_, acts trivially on Symm (G) a

K/K
is a homomorphism of g_/ into Symm (G); let L be the fixed
K/K
field of the kernel of the homomorphism a : g _————3Symm (3). Since

- K/K
Symm (G) is finite LL:KT<33. et 2z = [}:K! . We then say that

G belongs to the sub type sz. We are now in a position to define
classical groups.

Definition, An absolutely almost simple simply connected group

is said to be a classical group if it belongs to one of the types

A, Bn’ Ch» Dy but not to the subtypes 3Dh and 6D&. A connected

semi-simple group is called a classical group if in the product

decomposition described above of the simply connected covering group

[-cf. this Chapter 2.2_7 only classical groups occur as components.
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We then see that the simply connected almost simple classical
groups defined over K are K-forms of SLn+1’ szn and Splnn
(except for some K-forms of Sping) here Spin ~ corresponds to the
Spin group of a non-degenerate quadratic form of maximal Witt index,

2.L. Classical Groups.

Following Weil [_Wé_7 we can describe the simply connected
almost simple classical groups over K in terms of algebras with
involution, K being an arbitrary ground field. Let G be a K-form

of SL,,, belonging to the subtype 1An and let f:SLﬁ:T~”*'?G

be the corresponding isomorphism defined over K. Then for any

S¢ = 3 Sf\:." 3
gﬁ/K’ a;,=f o - Aut GLn+1’

exact sequence (%) of 2,3 shows that a, actually belongs to the

1
since G is of subtype An the

adjoint group of SLn+l namely the projective linear group

PGLn+1 ﬁ—cf. 2.2 example 1_7 (as) is & l1-cocycle of gE/K in

PGLn' Now PGL, is also the automorphism group of Mn+1’ the full

i i 1 il :
matrix ring, Hence (as){_H (K, Aut (MnH)). Twisting M ., by the

1-cocyele (as) we get a central simple K-algebra A and an isomorphism

g:Mﬁ+T6§ g-—~—}A{g?E such that ag = g_10 sg. Let H be the image

! of SLn+1 under g, H 1s an algebraic group defined over K. ty
the definition of the reduced norm N in A, N(g(X)) = det X hence

- . ; <
H_=Jx¢ A_/NK = 1]_. Hence H 1is the algebraic group <X€ A/f\ﬂ( = Hr.
- - !

On the other hand by means of g, H 1is obtained from 8L, 41 bY

E LU &

o

twisting with the 1-cocycle (as) so that H is isomorphic to G.
Hence the K-forms of SL,,; belonging to subtype 1An are the

r algebraic groups of elements of reduced norm 1 in central simple K-algebras,
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Next we consider the case when the K-form G of
SLn+1 belongs to the subtype zAn. We can describe G by means
of algebras with involution.
Definition. An antiautomorphism of period 2 of an associative
K-algebra is called an involution. An involution is said to be
of the first kind if it fixes every element of the centre of the
algebra, otherwise it is said to be of the second kind. An algebra
A with involution I is denoted by (A,I). In what follows algebras
A will be assumed finite dimensional over K. We shall prove that
the K-forms G of SLn+1 belonging to subtype 2An correspond
bijectively with isomorphism classes of simple K-algebras A with
invoelutien I of the second kind such that the centre is a guadratic
extension of K; if G corresponds to (A,I) then G is isomorphic

. :
to the K-group }ZQ A/;ZZI =1, Nz = 14, Consider the algebra

Mn+¢; ' M +1, thlc has an involution I of the second kind given by

(K,Y)—F-;( ¥ X) (t denotes transpose), We shall denote the image

1&£ M ,, under I by 2. We shall determlqg

all the automorphlsms of Mn+T~' Mh+1 which commute wi%E#}; now the

e

automorphism group of Mh+1é9 Mh+1 is generated by inner automorphisms

and by the automorphism (X,Y)-—-:(Y,X) of which the latter obviously

of any element ZEBE

commutes with I. If the immer automorphism by the element 2a commutes
with I it is easy to check that a a- must be in the centre

K@K of M (K)OM,,(K); since a al is invariant under I its

compenents in K@} K must be equal so that a al

is an element of K.1.
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If K is algebraically closed we can assume without loss of
generality that aal = 1, the identity element of K{;F::K Hence

the group of automorphisms of M +1{:77 B commuting with I is
n 1

+1
generated by automorphisms of the types: 1) the automorphisms

(X,Y) —(¥,X) ii) inner automorphisms by elements of the type

t

(% X_T). Now it is well known / Di_/ that the automorphism

group of SLn+ is generated by inner automorphisms and by the

1

1

t - .
automorphism X——>X . Hence the imbedding Sl M el W

+1 n+1

. 5 =1 ;
given by X—-=(X, by ) gives an isomorphism of the automorphism

group of SLn+T with the group of those automorphisms of Mnﬂ!::—é}f‘ Mn+1

commuting with the involution I. We shall denote the latter group

by Aut (Mn”&;,' M

n+1’I)' Let G be a K-form of 8L 1 of subtype
- n
2

s

A . Then there exists an isomorphism f=SLn¥'!__5>G over K and if

8¢ a.=f o°f isa l-cocycle of g in (Aut SL_, )_ ;
n+1 K

g_
K/x ° /K

e = A t M X)) K “
but we have seen that (Aut SLHH)E ut n+1(K)g£9Mn+1(K), I)

Hence (a.s) is a 1-cocycle of gf/K in Aut (MHH(K)E[_)MHH(K}, I)

so that we can twist Mnﬂg' M,,1 by the cocycle (ag); the twisted
algebra A will carry an involution J of the second kind; in this

process the centre KEPK of M Q:M

. will get twisted into the
n+l~- "n+i

2
centre of A; now Symm (San) = 22 and since G 1is of type 'An

the homomorphism & ——s\( as.) of g‘f{/[{ into Symm (SLnH) = 2.'2

is non-trivial where \ is the homomorphism A : Aut (SLn+1)__>S3”m(SLn+1)
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appearing in the split seguence
1--§Ad(SLn+])___§Aut (SLH+1)~_mgSymm (SLn+1)———-ﬁ1. Hence by
1.7 example 2 Chapter T we conclude that the centre KffiK of

M

n+1%§ M, Bgets twisted into a quadratic extension L of K,

Hence A is a simple K-algebra with involution J of the second
kind with centre a guadratic extension L of XK. Now the image

: : s )
of SLn under the imbedding {k"SLn;T""'§N%+1Kt‘_ M constructed

+1 m+1

T =i
above is given by iz EM (3 Mn+1//z zt = 1, Nz = 1% 3 the image of

this group under the isomorphism g:Mn+¥$? M >A got by the

= n+1

»

|

twisting process is Jz4 A zzJ =1, Nz = WL. Hence taking into
l§
J

consideration the vaLious identifications ccnstructed above we
see that G is isomorphic to the algebraic group {ZE%A /zzJ = 1,Nz = 3%
where A is a simple K-algebra with an snvolution of the second kind .
with centre a quadratic extension of K.

. Nex£ we shall considef-fheiK—forms of the Chevally group of
type C,. Here the Chevalley group is the symplectic group
Sp,, = JX é“Mzn /%Stﬁ =S gwhere S is a non-degenerate skew-symmetric
matrix Ever K. We shall show that the K-forms of szn are given
by jx&:%/fxx; = 1 }'where A is an alagebra with involution of the first
kind J, simple with centre K and which becomes isomorphic to
(M2n’I) over K, I being the involution X-—fpstx 5_1. The auto-
morphisms of M2n are all inner automorphisms and the inner automorphism
X~w—ﬁ1XUf1 commutes with I if and only if quE-K as above, and

again over K we may assume qu = 1, which means that uéiszn.




3L

On the other hand it is known that the only automorphisms of

Sp are inner automorphisms; hence Aut Sp2n Aut (M n’I)' We

2n
can then apply the foregoing method to characterise the K-forms of
szn, the result being as indicated in the beginning of this paragraph.

Finally we shall consider the K-forms of Chevalley groups of types
B and D, Here the Chevalley group is Spinn(ﬁl ), n may be even or
odd n#£1, 2, 3, 4, 5, 6; and ﬁz is a non-degenerate quadratic form
of maximal index. WNow any automorphism of SO({?_) is obtained as

4
transformation by an element of 0O(( ) i.e. there exists tg0(g7)
!+ ir
¥

such that X»*hﬁtXt_1 is the automgiphism in question; but we have

seen that any t¢ O(Gl) gives an automorphism of the Clifferd algebra

of al {cf. 2.2) and so an automorphism of the spin group., All the
automorphisms of Spin (qL) are obtained in this way through automorphisms
of 80(1?3) except in case D) i.e. Sping. This is seen as follows:

it is clear that the mapping 7*: Aut (SO)ﬂ_f>Aut (Spin) constructed
above is injective; we have seen in 2.2 that an inner automorphism of
Spin (f%) by an element t corresponds to an element u of &C

and by construction ?’(int u) = int t so that 7 induces an isomorphism
of Ad(S0) onto Ad (Spin); the index of Ad (Spin) in Aut (Spin) is
equal to the number of symmetries of the Dynkin diagram of the Spin group
which is equal %o ! if the dimension is odd; if n 1is even # 8, the
number of symmetries is 2, but also the index of Ad(S0O) in

Aut (80) = Ad (0) is 2 because transformation by a reflection is not

an inner automorphism of 80. Hence ["is a bijecticon in these cases.
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This shows that the simply connected almost simple classical groups
of type B and D are two fold coverings of the K-forms of the
special orthogonal group except when the dimension = 8 i.e. in the

case Dﬁ' For type Dh’ every two fold covering of an orthogonal
1 2

group 808 is easily seen to be of type DA or Dﬁ. Conversely,

if the homomerphism of g_/ into Symm G obtained from the twisting
K/K

cocycle of a group of type Da has image of order 1 or 2 this image

can be transformed by an inner zutomorphism into the group of auto-
morphisms induced by O(ﬁi), and therefore these K-forms are coverings
of K-forms of SO(Ci). Hénce classical groups of dimension & which

are K-forms of Spin8 are two-fold coverings of the K-forms of SOS'
Hence in all cases we find that the classical groups which are K-forms
of Chevalley groups of type B and D are two fold coverings of the
K-forms of the special orthogonal group. Sc we have only to find the
K-forms of SO(QL). Let a be the matrix of the quadratic form qa

bya!,agM,.

in some basis; on Mn define the involution I by XI = a
Using the fact that the automorphisms of M, are all inﬁer we can prove
as before that the only automorphisms of M, commuting with I are
inner automorphisms by elements of O(ii). Moreover one knows that the
automorphisms of S0 are given by transformation by elements of O(ﬁp);
hence over K we have an isomorphism Aut SO(GZ);; Aut (Mn’IJ‘

Carrying out exactly the same procedure as before it is easily seen

1

u

that the K-forms of SO(T:?} are given by G =fxéﬁ/x3§J = 1, Nx
L
where A is a simple K-algebra with involution J of the first kind

[Py

which becomes isomorphic over K to (M ,I). Hence we have proved

























































































































































































































































































































































































































