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1 Introduction

Throughout the last decades o-minimality, as introduced in [B6], has been a thriving
field of study with many groundbreaking results exploiting geometric tameness prop-
erties.”

This raises the question what other classes of geometrically tame structures? exist.
How do these classes correlate and are all other structures wild? Local o-minimality,
the topic of this thesis, is one such class of geometrically tame structures.

In addition to the geometric tameness of o-minimal structures, there is model theoretic
tameness of the theories of o-minimal structures, so called o-minimal theories. For other
classes of geometrically tame structures, like local o-minimality, this is not necessarily
the case. So, what kind of geometrically tame properties are we able to show for
these classes even without the tools provided by the model theoretic tameness of o-
minimality?

And can we also classify the universe of structures into categories of nice geometric
properties?

These questions have led to many interesting insights regarding reasonable classifica-
tions of structures, and in restricted cases there are substantial results:

First and foremost, in the very restricted case of expansions of the real ordered field
most notably Miller presented several tameness notions (like o-minimality, d-minimality
and noiselessness) in [33] all imposing restrictions on the definable subsets of the uni-
verse to either be “large” or “small” in some sense for tame structures. Depending on
the kind of “largeness” and “smallness” different tame properties are implied. More-
over, Miller conjectured that all expansions of the real ordered field can be divided
into tame classes of structures, the most general being structures with a noiseless open
core, and a wild class of structures which define Z. While this conjecture is not yet
proven there has been progress in this direction. It is shown for all Dy, sets that these
are noiseless in expansions of the real ordered field not defining Z. A comprehensive
elaboration of the historical developments and current progress on this topic can be
found in [23].

Secondly, for the more general setting of expansions of the real ordered additive group,
[4] gives a tetrachotomy into wild structures and different kinds of tame structures.
The results are also included in [23].

In the most general case of arbitrary dense linear orders without endpoints®, the ques-

'In particular, there are relevant applications to algebraic geometry e. g. the Pila Wilkie Theorem
[34] counting rational points and the proof of the Manin-Mumford Conjecture about finiteness of
torsion points on algebraic subvarieties of abelian varieties [35]. These results are also nicely revised
in [39].

2What is still considered as geometrically tame is inconsistent throughout the literature and quite
subjective to the author. Here, we also consider structures as tame that might have some wild
phenomena.

3We only consider dense linear orders without endpoints, since these naturally allow us to consider



tion, how to classify structures which are geometrically tame, seems to be substantially
harder to answer. O-minimality is the main example where it is well established that
many tame geometric properties hold (confer e. g. [7]). Millers results for the less re-
strictive notions than o-minimality, introduced for his consideration of expansions of
the real ordered field, do not generalize in any way: Neither do generic dense linear
orders necessarily behave wild if they define Z nor is it clear to what extent generaliza-
tions of the tameness notions from Miller imply any geometric tameness in the general
case. Thus, other notions, more general than o-minimality, are required to further
investigate tameness in this setting.

Although there is by far not as good of an understanding for tameness in the general
case as for expansions of the real ordered field or real ordered additive group, there
is also some progress beyond o-minimality in the general case. For this, we consider
a slight generalization of o-minimality, which coincides with o-minimality in the case
of expansions of the real ordered field: local o-minimality. Local o-minimality and
variations of it have been the theme of many recent papers which prove several different
versions of geometric tameness for various settings.

The goal of this thesis is to introduce the reader to this current field of study. In general,
the different notions of local o-minimality and familiar notions require unary definable
sets to be the union of “large” and “small” sets, similar to Millers tameness notions.
Local o-minimality itself was first introduced in [40] as a quite natural generalization
of o-minimality. While o-minimality requires every definable set to be a finite union of
intervals and points, local o-minimality requires every definable set to be a finite union
of intervals and points locally (i. e. in an interval around every point). Other notions
require the intervals to be chosen in some uniform way, require the same condition to
hold also for definable gaps or relax the criterion to being a finite union of convex sets.

In the first part of this thesis, we introduce the common notions of local o-minimality
and familiar notions, relate them to each other and summarize the results in a visual-
ization.

Afterwards, we present which of these notions are fulfilled for several examples from
the literature.

In the next part, we summarize the most foundational and general tameness results
that have been shown for these notions, in order to evaluate to which degree these can
be considered geometrically tame. For all fundamental results, we also present a proof
only assuming some generally known technical lemmata from [{].

While the case of locally o-minimal ordered groups and fields is an interesting topic
for itself where many interesting results have been shown, it is not the main focus of
our studies. Therefore, we only discuss this topic as a short outlook. We summarize
how our tameness results can be strengthened in these settings and state some other

geometric properties like continuity of functions and dimensions of sets. Theoretically, it is also
possible to consider geometric tameness for other structures, but this is beyond the scope of this
thesis.



interesting results for these structures, both without proofs.

Note that [I7] is a prior summary of tameness results of locally o-minimal structures.
However, many of the results presented there are outdated now and stronger results
have been shown since it was published in 2021. In this thesis, we present an updated
and more conclusive summary of this field of study, also including proofs of central
results.

Throughout this thesis, we add citations to all definitions, theorems and lemmata where
either the statements themselves, trivially equivalent statements or stronger statements
implying the presented statements can be found in the literature. The proofs are also
mainly taken from these cited sources (or referenced statements in there) with minor
modifications and adaptions for our purposes. Notable exceptions are [Propositions 6.21]
and 6230 and Theorem 637,

In conclusion, this thesis should give the reader a conclusive overview over the currently
known tameness results for arbitrary expansions of locally o-minimal dense linear orders
without endpoints and refer the interested reader to suitable literature where more
detailed presentations of the results and topics can be found.



2 Preliminaries

In this section, we introduce our notations which are coherent with most of the litera-
ture on model theory and tame geometry and recall fundamental definitions from tame
geometry and basic point set topology. A basic familiarity with first order logic and
model theory as in the first chapter of [29] will be assumed.®

Throughout this thesis, let M = (M, <, ...) be a model theoretic structure expanding a
dense linear order without endpoints (M, <) (i. e. a structure modeling the theory DLO
e. g. stated in [29, Example 1.2.2]).% All other structures introduced in this thesis are
also always assumed to be dense linear orders and by dense linear orders, we always
mean dense linear orders without endpoints, unless explicitly stated otherwise. By
definable, we always mean definable with parameters, unless explicitly stated otherwise.

Let L be the language of M. Note that the order on M naturally induces a topology.
We say a set is open if it is an open set in this topology. This means X C M is open
if for every x € X there exist y,z € M with y < x < z such that for every 2’ € M
with y < 2/ <z, 2/ € X. Aset X C M" is called open if for every x € X there
is some open box B C M" with x € B C X. A set Y C M" is called closed
if M™\Y is open. A set Z C M" is called discrete if for every z € Z there is
some open set X C M" with X N Z = {z}. A definable function f : A — B with
AC M™ B C M" is called continuous if for every definable open set V' C B the
definable set U = {a € A: f(a) € V}? is also open.

For this thesis, regarding intervals, we follow the notation of [7, p. 17] and an interval is
always meant to be an open interval, i. e. a set of the form Ja,b[ :={r € M : a <z < b}
for some —oo < a < b < +00 where o0 is are a positive and negative endpoint added
to M. Similarly, an (open) box is a set of the form B = {(z1,...,z,) € M" :
Ny (a; < z; < b;)} for some ay, ..., a,,by,...,b, with —oo < a; < b; < +00.

Moreover, we use the following common notations with the usual meaning:

la,b) ={z e M:a<x<b}ja,b={reM:a<z<b}|a,b]={reM:a<x<b}

A set X C M is called convez if for any a,b € X and c € M witha <c<b, c € X.

4For a reader unfamiliar with model theory, refer to [, (2.1) and (3.2)] for an alternative (and for
our purposes — we only consider definable sets — equivalent) definition of a structure, that might be
easier to understand. If the reader chooses to work with that definition of structures they can also
find a coherent definition of o-minimality there. In a similar way (definable sets correspond to sets in
the structure) one can easily translate the following definitions regarding local o-minimality to that
setting. For this, one may also confer [I7].

®Note that a priori the definition of (local) o-minimality would not require M to be a dense linear
order without endpoints, but for this thesis we only consider dense linear orders. This is still a quite
broad setting and the broadest setting in which local o-minimality has been discussed so far.

SThroughout this thesis, we use commonly known abbreviations for formulas and the definitions
of definable sets, like {a € A : ¢(a)} as an abbreviation for {a:a € AN¢(a)} and (Vae A ¢(a)) as
an abbreviation for (Va (a € A — ¢(a))).



For some set A C M™ and some a € M™ with m < n, the notation A, refers to the
fiber of a in A, defined by A, = {b € M" ™ : (a,b) € A}. Recall that the fiber of a
definable subset is also definable.

Throughout this thesis, 7 denotes projections:

m M"™ — M,
(X1, .., xn) = is the projection onto the i-th coordinate,
T<j M" = M,
(x1,...,2n) = (21,...2;)  is the projection on the first j coordinates,
T M" — M,
(x1,...,2,) = (xj,...,2,) is the projection on the last n — j 4+ 1 coordinates.

Now, we formally recall the most important fundamental definitions.

Definition 2.1 (O-Minimality, [[d, Definition 5.7]). We call the structure M o-minimal
if every definable subset X C M is a finite union of points and intervals.

Another important fundamental property, that is often required for structures in order
to potentially have tame properties is definable completeness, first introduced in [32,
Corollary 1.5] as the intermediate value property:

Definition 2.2 (Definable Completeness (DC)). We call the structure M definably
complete if every definable, bounded subset of M has an infimum and a supremum in
M.

Every o-minimal structure is already definably complete.? For local o-minimality this
is not necessarily the case as many examples in Secfion T illustrate.

Moreover, it is easy to check the following equivalence, which gives an alternative
definition of o-minimality, that is sometimes used in the literature.

Remark 2.3. M is o-minimal if and only if M is definably complete and every definable
set either has interior or is finite.

By [82, Corollary 1.5], in the case of expansions of dense linear orders without endpoints
(which is in particular any structure we consider in this thesis) M being DC is equivalent
to M being definably connected:

Definition 2.4 (Definably Connected, [, Definition 3.5]). A set X C M™ is called
definably connected if X is definable and X is not the union of two disjoint nonempty
definable open subsets of X.

An important topological property is compactness:

Definition 2.5 (Compactness, [0, Definition 7.2]). A set X C M is compact if for
every open covering | J;.; U; 2 X of X with U; € M, there exists a finite subcovering,
i. e. a finite J C I such that (J,.,; U; 2 X.

"For a proof, confer PToposition 3.6.



Other commonly known topological definitions used in this thesis are:

Definition 2.6 (Homeomorphism, [, Definition 2.7]). A function f : A — B is called
homeomorphism if it is continuous, bijective (i. e. f~': B — A exists) and f~! is also
continuous.

Definition 2.7 (Closure, [0, Proposition 3.4]). Let X C M". Then, X denotes the
closure of X which is the smallest closed set C' C M™ such that X C C.

Definition 2.8 (Interior, [, Proposition 3.3]). Let X € M™. Then, X denotes the
interior of X which is the largest open set U C M" such that U C X.

Definition 2.9 (Boundary, [23]). Let X C M™. Then, bd(X) denotes the boundary
of X defined as bd(X) = X \ X.

Definition 2.10 (Frontier, [23]). Let X C M™. Then, fr(X) denotes the frontier of
X defined as fr(X) = X \ X.

Remark 2.11. Tt is well known, that the closure, interior, boundary and frontier of a
definable set are definable.



3 Notions of Local O-Minimality

In this section, we introduce the various different notions of local o-minimality which are
used in publications and discussed throughout this thesis. Moreover, we evaluate how
these notions relate to each other. These relations are also visualized in [Figure 1. For
our considerations, we view the notions being some condition of a (possibly uniform)
way to choose bounded intervals on which a definable set is a finite union of intervals
and points as the notions of local o-minimality. In the general case of arbitrary dense
linear orders, these restrictions on definable sets have been one of the least restrictive
conditions for which significant results can be shown. Therefore, these are the notions
of main interest to us in this thesis.

Historically, the concept of local o-minimality was first introduced by Toffalori and
Vozoris in [A0] with the notion of local o-minimality and strong local o-minimality:

Definition 3.1 (Local O-Minimality, [0, Definition 2.1]). We call the structure M
locally o-minimal if for every m € M and every definable X C M, there is an interval
I around m such that X N[ is a finite union of intervals and points.

Definition 3.2 (Strong Local O-Minimality, [40, Definition 3.1]). We call the structure
M strongly locally o-minimal if for every m € M, there is an interval I around m such
that for every definable X C M, X N[ is a finite union of intervals and points.

Moreover, in [26] uniform local o-minimality of the first kind is first introduced as
uniform local o-minimality.

Definition 3.3 (Uniform Local O-Minimality of the First Kind, [26, Definition 4]).
M is uniformly locally o-minimal of the first kind if for every definable X C M™*! and
a € M, there is an open interval I 5 a such that for every b € M™, the set I N X, is a
finite union of intervals and points.

Fujita then added several different other notions of local o-minimality throughout var-
ious papers. Here, we present all of the notions for which substantial results have
been shown. The notions matching our restricted understanding of notions of local
o-minimality are the following two:

Definition 3.4 (Uniform Local O-Minimality of the Second Kind, [I6, Definition 2.1]).
M is uniformly locally o-minimal of the second kind if for every definable X C M"*,
a € M and b € M"™, there is an open interval I > a and an open box B > b such that
for every O/ € B, the set I N X is a finite union of intervals and points.

Definition 3.5 (Almost O-Minimal, [0, Definition 1.2]). M is almost o-minimal if
every bounded definable subset X C M is a finite union of points and open intervals.

In Definition 22 we defined a structure to have DC, if every bounded definable set has
an infimum and a supremum. Notice that this property is guaranteed in every almost
o-minimal structure:

Proposition 3.6 ([0, Lemma 4.6]). Every almost o-minimal structure is definably

7



complete.

Proof. Let X C M be a bounded, definable subset. By almost o-minimality, X is a
finite union of intervals and points. Thus, bd(X) is finite and sup(X) = max(bd(X)) €
M and inf(X) = min(bd(X)) € M.

]

For all weaker notions of local o-minimality, this is not necessarily the case, as presented
in BecfionA. This crucially complicates efforts to prove tameness results for locally
o-minimal structures which are not almost o-minimal since many of the proofs for
o-minimal structures use definable completeness. It turns out to be meaningful to
consider these properties in the case where DC holds and in the case where DC does
not hold separately. Moreover, we later introduce univariate *-continuity as a slight
generalization of DC, preserving most of the tameness results.®

For locally o-minimal dense linear orders, the following easy, but important, observation
holds:

Lemma 3.7. Let M be locally o-minimal. Then, the finite union of definable sets
X; € M without interior has no interior.

Proof. Towards a contradiction, suppose X = |J;_; X; has interior and all X; do not
have interior. Let z € X be a point in the interior. Since all the X; do not have
interior, by local o-minimality, these are locally finite. Thus, we can find a (non-empty,
open) interval I around z in the interior of X, such that for all X;: (INX;)\ {z} = 0.
This contradicts | J;_, X;NI=XNI=1. O

We use this basic fact numerous times throughout this thesis, without explicitly men-
tioning it every time.

Remark 3.8. For subsets of M", the statement, that X = (J;"_, X; does not have interior
if all X; do not have interior, is a lot harder to show and not generally true. In this
thesis, we only present a proof for locally o-minimal structures admitting local cell
decomposition and x-locally weakly o-minimal structures enjoying the univariate *-
continuity property.? In [I5, Theorem 3.9], this statement is additionally proven for
all uniformly locally weakly o-minimal structures of the second kind. For other locally
o-minimal structures it is not known if the statement holds.

Proposition 3.9. O-minimality implies almost o-minimality, almost o-minimality
implies strong local o-minimality, strong local o-minimality implies uniform local o-
minimality of the first kind, uniform local o-minimality of the first kind implies uniform
local o-minimality of the second kind and uniform local o-minimality of the second kind
implies local o-minimality.

8see Defnifion 220 and Section d
9see Cemma 629 and Corollary 6.29




Proof. All implications follow from the definitions. Here, we mention the least obvious
ones:

ALMOST LOCAL O-MINIMALITY = STRONG LOCAL MINIMALITY For some x and
X, pick any bounded interval I around z. Then, X N[ is bounded and, thus, a finite
union of intervals and points.

STRONG LOCAL O-MINIMALITY = UNIFORM LOCAL MINIMALITY OF THE FIRST KIND
Note that the definition of strong local o-minimality can be reformulated as: For a €
M, there is an open interval I > a such that for every definable X C M"*! and every
b€ M™, the set I N X, is a finite union of intervals and points.

UNIFORM LOCAL O-MINIMALITY OF THE SECOND KIND = LOCAL MINIMALITY Note
that the definition of local o-minimality can be reformulated as: For every definable
X C M™ every a € M and b € M™, there is an open interval I 3 a such that I N X,
is a finite union of intervals and points.

]

Remark 3.10. None of the implications from the previous remark are equivalences as

shown later in Becfion 7.

If we do not consider arbitrary expansions of dense linear orders without endpoints but
special restricted cases instead, then equivalences for some of these notions can occur.
In the following, we present some examples of such cases.

Proposition 3.11 ([i6, Proposition 2.1)). If an ordered field M = (M, <,+,-,...) is
uniformly locally o-minimal of the second kind, then M is o-minimal.

Proof. Let M = (M, <,4+,-,...) be a uniformly locally o-minimal ordered field of the
second kind. Let X be a definable subset of M. We show that X is a finite union of
intervals and points. We first consider the case in which X is bounded. Consider the
set Y = {(x,r) € M?:r > 0,2 € X}. There is some interval I 5 0 and some r; > 0
such that for all r; > r > 0 and all fibers ¥, = {z € M : ¥ € X}, the set I NY,
is a finite union of intervals and points. Since X is bounded, there is some r’ with
r1 > r’ > 0 such that I NY,» = Y,,. This implies that Y,. is a finite union of intervals
and points. Thus, the set X is also a finite union of intervals and points.

Let X be unbounded, let X; = X N [—1,1] and Xy = X \ X;. By the previous
reasoning, the set X; is a finite union of intervals and points because X; is bounded.
Consider the set Z = {x € M : 2 € X,}. It is bounded and, hence, a finite union of
intervals and points. Therefore, X5 is also a finite union of intervals and points. n

While in the following reference the statement only considered strong o-minimal struc-
tures, the proof presented in [d0, Corollary 3.4] already implies equivalence to almost
o-minimality:



A almost o-minimality SL strong local o-minimality

DC definable completeness U1l  uniform local o-minimality of the 1. kind
LOM local o-minimality U2  uniform local o-minimality of the 2. kind
oM o-minimality

Figure 1: Schematic visualization of the relations between the notions discussed in
Section3. All the labels refer to the smallest bounded convex set they are contained
in. A few of the labels and associated polygons are additionally colored for clarity. Note
that the sizes of the areas have no meaning but only differ due to technical reasons.
All of the inclusions have been shown in this thesis. However, not for every cut an
example is presented that the cut is indeed not empty. It might be that some of the
cuts are empty, but we suspect them all to indeed be non-empty.

Proposition 3.12 ([40, Corollary 3.4]). If M = (R, <) expands the real line and is
locally o-minimal, it is almost o-minimal.

Proof. Take any a € R and [b,c] € R with a € [b,¢]. Note that any [b, ¢] is compact
for b,c € R. Let X C M be definable. By local o-minimality, for every x € [b, |, there
is an interval I, around x such that X N I, is a finite union of intervals and points.
By compactness, there is a finite subcover (., I; 2 [b,c| with J C [b, ¢] being finite.

10



Then, X N(;c; Li = );e; X N I; is a finite union of intervals and points. It is easy to
check, that the same holds for the subset X N [b, c|. O

Remark 3.13. The necessary condition to prove the equivalence of strong local o-
minimality and local o-minimality is actually just that for any a € M, there is a
b,c € M such that b < a < ¢ and [b, ¢] is compact.

Now, we combine the previous two statements:

Corollary 3.14 (6, 2.13 (3)]). If M = (R, <,+,-,...) expands the real field and is

locally o-minimal, then it is o-minimal.

Proof. Let M = (R, <,+,-,...) expand the real field and be locally o-minimal. By
Proposition BT2, M is almost o-minimal and, thus, uniformly locally o-minimal of the
second kind. By Proposition BT, o-minimality follows. O

11



4 Familiar Tameness Notions

There are some other tameness notions closely related to o-minimality and local o-
minimality. Here, we introduce some of these notions and how they relate to our
notions of local o-minimality. First, we recall well known notions which are of general
interest due to their properties. Secondly, some of our tameness results are shown in
the most general setting they are known for.™ This is not always one of our local
o-minimality notions but instead one of the notions introduced here.

Most of the notions introduced here imply local o-minimality. Only the univariate
x-continuity property, d-minimality and local 1-viscerality do not. The last two of
these notions are indeed generalizations of local o-minimality. D-minimality generalizes
the notion of local o-minimality slightly in the DC setting, while local l-viscerality
generalizes local o-minimality slightly including more structures which are not DC.
The univariate s-continuity property is a slight generalization of the DC property,
essentially specifying the actual necessary condition for the tameness results implied by
DC. Thus, it is a rather unrelated property to local o-minimality which plays a crucial
role as an additional property for structures to have in order to ensure tameness.

Note that some of these notions are quite closely related to local o-minimality and
could even be considered as a definition of some kind of local o-minimality.

At the end of the subsections, to B visualize the relations between the different
tameness notions, discussed in the corresponding subsection.

4.1 TC and DCTC

In this subsection, we discuss TC which is a slightly stronger version of local o-
minimality also requiring a similar condition for intervals with o0 as a boundary.
TC was extensively studied in [37] by Schoutens, who actually considered it to be the
canonical definition of local o-minimality: “(TC) is stronger than local o-minimality,
since we also have this condition at +oo, which seems to [Schoutens] an omission in
the original definition” [37, p. 8].™

Definition 4.1 (Type Complete (TC)). M is called type complete (TC) if for any
definable Y C M, there exist y;,y> € M such that |—oo,y;[ C Y or |—oo, ;1 [NY =0
and Jys,00[ C Y or Jys,00[ NY = 0. Additionally, for every x € M, there exist
21,29 with 27 < & < 2o such that |x,25[ C Y or |z,2[NY = 0 and ]z;,2[ C Y or
|21, 2[NY = 0.

Schoutens showed many properties of structures which are type complete and definably
complete, and thus, also dedicated an extra name to these structures, called DCTC
structures:

OThere are exceptions where we do not present the most general setting, but a reasonable one.
This is always remarked in these cases.

HHowever, the results presented in this thesis should convince the reader, that it is also reasonable
to consider local o-minimality without the TC condition.

12



Definition 4.2 (DCTC). A structure is called DCTC' if it is both, DC and TC.

Note that for a particular definable set the properties DC and TC can be expressed as
a L -sentence. Thus, the following structures are DCTC:

Definition 4.3 (O-Minimalistic, [87]). A structure is called o-minimalistic if it models
all sentences of T,_,,;,, the theory of o-minimal structures, which contains all sentences
that hold in all o-minimal structures.

Schoutens suggested that there probably are DCTC structures which are not o-minimalistic.
However, he did not provide an example of such a structure and, thus, this is still an
unsolved question. In the following, we only consider DCTC as a tameness criterion,
but the reader interested in this possibly tamer subclass of o-minimalistic structures
may refer to [87] for an intensive evaluation of these structures.

As the definitions of almost o-minimality and TC restrict complementary sets to be
o-minimal, we would naturally assume the following, indeed true, theorem:

Proposition 4.4 ([0, Proposition 4.8]). M is o-minimal if and only if M is almost
o-minimal and TC.

Proof. By definition, every o-minimal structure is almost o-minimal and TC. For the
other implication, let M be almost o-minimal and TC. Let X be some definable subset.
By TC, there are a,b € M such that |—oo,a[ N X and ]b,co[ N X are finite unions of
intervals and points. By almost o-minimality, [a,b] N X is a finite union of intervals
and points. Hence, X = (]—oo,a[ N X) U ([a, bl N X) U (]b,oo[ N X) is a finite union
of intervals and points.

]

13



4.2 Weak Notions

In the setting of structures which are not DC, convex sets are not necessarily points
and intervals anymore. Therefore, it is only reasonable to wonder what happens if we
not only consider finite unions of intervals and points but finite unions of convex sets
instead. Replacing this in the definition of o-minimality results in the well known and
extensively studied class of weakly o-minimal structures which turns out to be a subset
of locally o-minimal structures and hence, of particular interest to us. Moreover, we
could also apply the same changes to the different notions of local o-minimality. This
results in a particularly interesting new definition in the case of uniform local weak
o-minimality of the second kind.

Weak o-minimality was first introduced in [3] and its properties were further studied
in several publications, e. g. [28].

Definition 4.5 (Weak O-Minimality). We call a structure M weakly o-minimal if
every definable subset X C M is a finite union of convex definable subsets.

Recall, a set Y C M is convex if for any a,b € Y and ¢ € M witha <c<b,ceY.
Proposition 4.6. M is weakly o-minimal and has DC"if and only if M is o-minimal.
Proof. Note that convex sets with definable infimum and supremum are equivalent to

the union of the interval between the infimum and supremum (if existent) and possibly
the infimum or the supremum, i. e. one or two points. Il

Proposition 4.7 ([0, Proposition 2.2]). Every weakly o-minimal structure M is lo-
cally o-minimal.

Proof. Let M be weakly o-minimal, X C M definable and x € M. Then, X is a finite
union of convex subsets. First, assume x € X:
We consider two cases:

1. There is some € < z in M such that |e,z] N X = {x}.

2. For every € < x in M, there is some ¢ € M such that ¢ < ¢ < x and ¢ € X.
Then, by weak o-minimality, there is some € < x in M such that |e, z] C X.

Similarly, for each of these two cases we can again do a case distinction:
(a) There is some 6 > « in X, such that [z,0[N X = {z}.
(b) There is some § > x in M, such that [z, [ C X.

Define I = |e,§[. By the case distinction, X N I equals one of these four sets: {x},
le,x], [x,d], I, each of which are obviously a finite union of intervals and points. For
xr ¢ X, a similar construction for M \ X results in X NI equaling one of the four sets

0, le, z[, =, o[, T\ {z}. O
Proposition 4.8. FEvery weakly o-minimal structure is TC.
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A almost o-minimality SL strong local o-minimality

DC definable completeness TC  type completeness
DT DCTC Ul  uniform local o-minimality of the 1. kind
LOM  local o-minimality U2 uniform local o-minimality of the 2. kind

oM o-minimality

Figure 2: Expanded version of [Figure 1], also including the notions discussed in EubJ
Becfion 4 1. Again, all the labels refer to the smallest bounded convex set they are
contained in. A few of the labels and associated polygons are additionally colored for
clarity. All of the inclusions have been shown in this thesis. However, not for every
cut an example is presented that the cut is indeed not empty. It might be that some
of the cuts are empty, but we suspect them all to indeed be non-empty.
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Proof. Let M be a weakly o-minimal structure and Y C M be definable. Since M is
locally o-minimal, it remains to show, that there exist y1,y2 € M such that |—oo, y;[ C
Y or |[—oo,y1[NY =0 and Jyz,00[ C Y or Jys,00[NY = . By weak o-minimality, ¥’
is a finite union of convex sets {Y;}7 ;. Without loss of generality, we can assume the
convex sets Y; to be pairwise disjoint. By finiteness, we can choose the convex set Y;
containing elements which are larger than all elements contained in Y; for all ¢ # 7,4,
Similarly, we define Y; . containing the smallest elements of Y. Pick z; € Y; . and
z9 €Y, ... Then, M\ (Y;,, ) either contains y; < z; implying |—oo,11[NY = 0 or
there is no such element implying |—o0, z;[ C Y. Moreover, M \ (Y;,,.) either contains
Yo > 2o implying |—00,42[NY = (B or there is no such element implying |—o0, z3[ C Y.

]

min

Moreover, we can introduce weak versions of our previously discussed notions of local
o-minimality, requiring a finite union of convex sets instead of intervals and points.
One example would be local weak o-minimality defined as follows:

Definition 4.9 (Local Weak O-Minimality, [I5, Definition 2.3]). We call a structure
M locally weakly o-minimal if for every m € M and every definable X C M, there is
an interval I around m such that X NI is a finite union of convex definable subsets.

However, this definition is rather uninteresting as the following proposition shows:

Proposition 4.10 ([IH, Proposition 2.4])). Every locally weakly o-minimal structure is
locally o-minimal.

Proof. Let M be locally weakly o-minimal, X C M definable and x € M. By local
weak o-minimality, there is an interval I 5 x such that I N X is a finite union of convex
sets. We can apply the proof of Proposition B=2 to x and I N X. Thus, there is some
interval J 3 x such that JNIN X is a finite union of intervals and points. Hence, J N1
is an interval satisfying the condition for local o-minimality. ]

A more interesting example is uniform local weak o-minimality:

Definition 4.11 (Uniform Local Weak O-Minimality, [, Definition 2.3]). M is called
uniformly locally weakly o-minimal of the second kind if for every definable set X C
M™1 every a € M and every b € M", there exist an open interval I > a and an open
box B 3 b such that X, NI is a finite union of convex definable subsets for all z € B.

If the statement holds for B = M", the structure is called a uniformly locally weakly
o-minimal structure of the first kind.

Remark 4.12. By the definitions, weak o-minimality implies uniform local weak o-
minimality of the first kind. Uniform local weak o-minimality of the first kind im-
plies uniform local weak o-minimality of the second kind and uniform local weak o-
minimality of the second kind implies local weak o-minimality, which is equivalent to
local o-minimality. Moreover, uniform local o-minimality of the second kind clearly
implies uniform local weak o-minimality of the second kind.
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U2 F SL \\

oM
A DT
DC
A almost o-minimality TC type completeness
DC definable completeness U1l uniform local o-minimality of the 1. kind
DT DCTC U2 uniform local o-minimality of the 2. kind
LOM  local o-minimality UW  uniform local weak o-minimality of the 2. kind
oM o-minimality W weak o-minimality
SL strong local o-minimality

Figure 3: Expanded version of [Figure 1], also including the notions discussed in Eubsecd
Eions 21 and B2, Again, all the labels refer to the smallest bounded convex set they
are contained in. A few of the labels and associated polygons are additionally colored
for clarity. All of the inclusions have been shown in this thesis. However, not for every
cut an example is presented that the cut is indeed not empty. It might be that some
of the cuts are empty, but we suspect them all to indeed be non-empty.
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4.3 =x-Local Notions

As already hinted previously, the absence of DC imposes significant challenges in prov-
ing tameness results, since not all convex sets are intervals in this case. Thus, it is
a intuitive idea to consider the definable Dedekind completion of our structure as a
familiar structure which has DC, and imposing conditions also onto the Dedekind com-
pletion instead of just on our structure. This actually gives rise to a classification
for structures which inherit some tameness from their Dedekind completion. Here, we
only introduce notions for which significant tameness results have been proven, but
obviously one could introduce other familiar notions.™

Definition 4.13 (Definable Dedekind Completion, [, Definition 2.9, Definition 2.10]).
Let M = (M,<,...) be an expansion of a dense linear order without endpoints. If
there is a non-empty, open and closed, convex, definable set A C M with inf(4) = —oo,
we call the pair (4, M \ A) a definable gap.

Set M = MU {definable gaps in M}. We can naturally extend the order < on M to an

order on M, which is denoted by the same symbol <. The linearly ordered set (ﬁ, <)
is called the definable Dedekind completion of (M, <); For any arbitrary open interval

I = (a1,by) in M, where a;,b; € M U {£oo}, weset [ ={zx € M :a; <z <b}.

Moreover, f : X — M with X C M™ is called a definable function if there exists a
definable set Y € M™*! such that 7<,(Y) = X and sup(Y,) = f(z) for all x € X.

Remark 4.14. Note, that we can easily check that this definition of definable gaps
actually coincides with [I5, Definition 2.9].

If we have a definable gap (A, M \ A) as defined here, then clearly AU M \ A = M.
Moreover, A # M implies that M \ A is non-empty. For every a € A,b € M \ A, we
have a < b since inf(A) = —oo and A is convex. Additionally, A is open and it has no
largest element. Because A is closed and convex, M \ A is open and has no smallest
element.

For the converse: If (A, B) is a definable gap according to [I5, Definition 2.9], then
B = M\ A, since AUB = M. Moreover, B non-empty implies A # M. The
sets A, M \ A are convex and inf(A) = —oo,sup(M \ A) = oo since a < b for all
a€ Abe B= M\ A. With this and A not having a largest element and M \ A not
having a smallest element, A and M \ A are open sets.

Fact 4.15. Let M be definably complete. Then, M=M.

Proof. We need to show that a definably complete structure has no definable gaps.
Suppose there was a definable gap (A, M \ A). By definable completeness, there is
some sup(A) € M U{zxoo}. The sets A, M \ A are non-empty, inf(A) = —oo and A is

2Note that the Dedekind completion, as defined here, is also a common definition in the literature
used for tameness results for weak o-minimal structures.
B3Interested readers should consider [I3].
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convex. Hence, sup(A) € M and since A is open, we have sup(A) € M \ A. It is easy
to check, that sup(A) = inf(M \ A), but inf(M \ A) € M \ A contradicts that M \ A
is open. ]

Naturally, a first idea for a reasonable new tameness notion would be to impose the
local o-minimality condition for all points of M, as follows:

Definition 4.16 (*-Local O-Minimality, [I5, Definition 2.11]). M is *-locally o-minimal
if for every definable subset X C M and for every point @ € M, there exists an open
interval I such that @ € I and X N I is a finite union of intervals and points.

However, this definition describes actually just the set of definably complete locally
o-minimal structures, as implied by Fact 13 and the next proposition:

Proposition 4.17 ([I5, Proposition 2.13]). A x-locally o-minimal structure is definably
complete.

Proof. Let M be x-locally o-minimal and let X C M be definable and bounded. We
need to show that sup(X) € M and inf(X) € M. Suppose not. The set X; = {m €
M :3x € X m < z} is definable and (X;, M \ X;) is a definable gap. Therefore,
7, = (X;, M\ X;) € M and there is some interval I; with Z; € I; such that [; N X
is a finite union of intervals and points. In particular, sup(l; N X) € M since it is
equal to the maximal point or boundary point of an interval and X is bounded. By the
definition of X, there is some x € X NI;. We conclude that sup(X) =sup(;NX) € M
by construction. Similarly, X, = {m € M : 3z € X m > z} is definable and
(X, M \ X,) is a definable gap. Again, we can find some interval I, around the
definable gap such that X N I, is a finite union of intervals and points and non-empty.
This results in inf(X) = inf(X N I) € M which is a contradiction.

]

However, there is also a different definition, which has several significant results:

Definition 4.18 (*-Local Weak O-Minimality, [I5, Definition 2.11]). M is *-locally
o-minimal if for every definable subset X C M and for every point @ € M, there exists

an open interval I such that @ € T and X N is a finite union of convex definable
subsets.

Remark 4.19. By definition, any weak o-minimal structure is also *-locally weakly o-
minimal. Moreover, any *-locally o-minimal structure (i. e. any definably complete,
locally o-minimal structure by Proposition B11) is *-locally weakly o-minimal.

Moreover, the *-notation allows to denote a slight generalisation of DC™ that already
suffices as a condition instead of DC for most of the tameness results that are known
for definably complete, locally o-minimal structures.

141t is a generalization in the case of locally o-minimal structures, as we prove in Proposition E=21.
In the general setting of arbitrary structures, these notions are unrelated.
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Definition 4.20 (Univariate *-Continuity Property, [I5, Definition 3.11]). Let M be
an expansion of a dense linear order without endpoints. We say that M has the

ungvariate *-continuity property if, for every definable function f : I — M from a
nonempty, open interval I, there exists a nonempty open subinterval J of I such that
the restriction of f to J is continuous.

Proposition 4.21 ([21, Lemma 2.1, Theorem 2.3|). Let M be a definably complete,
locally o-minimal structure. Then, M has the univariate *-continuity property.

Proof. Let I be a nonempty, open interval and let f : [ — M be definable. Since M
is definably complete, we have M = M and thus, f : I — M. It remains to show, that
there is some J C [ such that f is continuous on J.

STEP 1. THERE IS SOME INTERVAL [; C [ SUCH THAT f IS STRICTLY MONOTONE.

Consider the following formulas:

o =Fx1 (11 >2) NVi(z <t <z)— (f(z) = f(1)))
Oy =31 (1 >2)ANVi(x <t <x)— (flx) < (1))
¢p-=3x; (r1>2)ANVt(x <t <xz)— (f(z) > f(t)))
Yoo =Txg (0 <) ANVit(zo <t <z)— (f(z)=f(1))
Yo =3y (vo<az)NVt(zo <t<z)— (flx)< f(t)
Yy =3z (vo <) ANNVt(zog <t <z)— (f(z)> f(1))

And the definable sets:

Ay, ={z el : ME¢(x)}
Ay =z €1 M= (o)}
A¢i¢j = A¢i ﬂAwi = {x el: M ): (d)z A %)(x)}

with i, 7 € {+, —, co}.

Note that, for any = and ¢ one of the formulas (f(x) = f(t)), (f(x) > f(t)) and
(f(z) < f(t)) has to hold. The sets of t’s such that each of these formulas hold are
definable. By local o-minimality, there is an interval around x where each of these
sets are a finite union of intervals and points. Thus, at least one of these sets has
some interior of the form (x¢,x) and at least one has interior of the form (z,z;) with
ro < x < x1. Hence, for every x, at least one ¢; and at least one v; holds true. Again,
for any =, due to local o-minimality, one A,, has interior of the form (y;,x) and at
least one of the Ay, has interior of the form (y, x) with y; < = and y» < x. Therefore,
there is some y3 < x and some 4, j such that Jys, [ C Ag,y,.

Obviously, the sets Ay, y.,, Ap_poyr Ageow, and Ag. . cannot have interior.
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Towards a contradiction, suppose Ay ,_ has interior. Let 14 be an interval in the
interior. Let x; < @ be in I4 such that f(z1) < f(z2). It is easy to check, that such
points have to exist. Define the set

Loy ={y e M: (y <w) AN(Vz €]y, ma] [(2) > [f(2))},

which has interior since o € Ay, . By definable completeness, the infimum x;, € 14 of
the set exists, and clearly x, > 1. This leads to a contradiction, since x, € Ay, but
for all z € |z, x5], we have f(z) > f(x2) > f(xr) by the definition of L,,. Similarly,
we can argue that A;_,, has empty interior.

Thus, either Ay 4., Ap,p. Or Ag_y_ has to contain interior.
STEP 2. THERE IS SOME INTERVAL J C [; SUCH THAT f IS CONTINUOUS.

If f is constant on I;, we are done. Suppose f is strictly increasing. First, if f([y)
contains interior, then let Iy C f([;) be an interval in this interior. It is easy to check
that f~'(Iy) C I is an interval on which f is continuous. Therefore, it remains to
consider the case of f(I;) not having interior. By local o-minimality, f(I;) is discrete
and closed in this case.”. Let a,b € I with a < b. Then, f(]a,b[) C|f(a), f(b)[. Thus,
f(Ja,b]) is discrete, closed and bounded. Since the set is bounded and the structure
is DC, there is a supremum s = sup(f(Ja,b[)) € M. Because the set is discrete and
closed, this supremum is attained and s € f(]a,b[). Let x € (Ja, b such that s = f(z).
Then, for y € |z,b], we have f(x) < f(y) contradicting the maximality of s. Thus,
f(I1) cannot have no interior.

The proof is similar if f is strictly decreasing.

"“For a proof, confer Proposition 4.28.
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DC definable completeness UWwW uniform local weak o-minimality of the 2. kind

LOM  local o-minimality A% weak o-minimality
oM o-minimality *C x-continuity property
SL strong local o-minimality *LW  x-local weak o-minimality

Figure 4: New schematic visualization of the relation between tameness notions. Here,
we include only a selection of the most relevant notions with regard to their implications
presented in the next sections. Note that while the colors and the labels still refer to
the same properties as in the previous figures, the shapes of the associated areas have
changed for some properties, in order to allow for a reasonable visualization including
the new definitions. Again, all the labels refer to the smallest bounded convex set they
are contained in. A few of the labels and associated polygons are additionally colored
for clarity.
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4.4 Viscerality

Viscerality is a tameness criterion which is not only studied in the context of dense
linear orders without endpoints. For an extensive discussion of the general viscerality
property, one may consider [5] and [25]. In the case of dense linear orders without
endpoints viscerality has the following equivalent definition which was introduced in

[T5]:

Definition 4.22 (Viscerality). The expansion of a dense linear order without endpoints
M = (M, <,...)is visceral if for every structure N' = (N, <, ... ) elementary equivalent
to M, every definable subset X C N is the union of an open set and a finite set.

Moreover, [15] also introduced a weakened version of viscerality:

Definition 4.23 (L-Viscerality, [IH, Definition 2.2]). A structure M = (M, <,...) is
called l-visceral (or lesser-visceral) if every definable subset of M is the union of an
open set and a finite set.

Moreover, t-minimality as discussed in [30] is another familiar tameness notion that
coincides with l-viscerality in the case of dense linear orders.

We can again localize the definition:

Definition 4.24 (Local L-Viscerality, [4]). A structure M = (M, <,...) is called
locally l-visceral if for every definable subset of M and every x € M, there is an
interval I around x such that I N X is a union of a finite set and an open set.

This has the following equivalent definition:

Proposition 4.25 (][5, Proposition 2.7]). An ezpansion of a dense linear order without
endpoints is locally l-visceral if and only if any definable X C M is a union of an open
set and a discrete closed set.

By [I3, Lemma 2.3], in the DC setting, local o-minimality and local l-viscerality coin-
cide:

Lemma 4.26. Consider a definably complete structure M = (M, <,...). Then, M is
a locally o-minimal structure if and only if it is locally l-visceral.

Thus, local l-viscerality is a more general notion than local o-minimality in the general
setting, that coincides with local o-minimality in the DC setting. For local l-viscerality,
however, only a few tameness results have been shown. Note that even for the general
locally o-minimal setting there are not many significant tameness results and thus, the
results for local l-viscerality are even more sparse.

4.5 D-Minimality

In the case of expansions of the real ordered field, as considered by Miller in his program,
the slightest generalization of o-minimality is d-minimality. Therefore, it might be an
intuitive thought to also try to consider some general definition of d-minimality as a
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more general tameness condition. However, such a notation only makes sense if any
tameness properties can be shown for it. For d-minimality in a general setting no such
results have been shown so far. The most general setting, for which d-minimality has
been defined, is the following already requiring the dense linear order to be definably
complete:

Definition 4.27 (D-Minimality, [31]). A structure M = (M, <,...) is called d-
minimal if every elementary equivalent structure M’ is DC and every definable set
X C M’ in every M’ either has interior or is a finite union of discrete sets.

By the next two propositions, we have that if we assume definable completeness, every
locally o-minimal structure is d-minimal:

Proposition 4.28 ([i5, Lemma 3.1]). Let M be a locally o-minimal structure. A
definable subset of M is discrete and closed if it has empty interior.

Proof. Let X have empty interior. Let z € M be arbitrary. By local o-minimality,
there is an interval I around x such that X N [ is finite. Thus, X is discrete and
closed. O

Proposition 4.29 ([40, Corollary 2.5]). Local o-minimality is preserved under elemen-
tary equivalence.

Proof. Let M be locally o-minimal, x € M and X C M definable. Then, there is
some [, 5 x such that X N I, is a finite union of intervals and points. This implies
that bd(Z, N X) is finite. Choosing ¢ = max {y € bd(I, N X)Ubd(I,):y < z} and
b=min{y € bd(l, N X)Ubd(l,) : y > x} implies = € |a,b[ and ]a,b[ N X equals one
of the following sets: 0, {z}, |a, z[, ]a, z], |z, [, [x,b], Ja,b] \ {z} or ]a,b|.

For every formula ¢(x,2,...,2,) and every ¢ € M", we can write down a sentence
saying that for all x there is some a,b with a < = < b and such that Ja,b[ N p(z,c) is
equal to one of the sets 0, {z}, ]a, z[, |a, z], Jx,b], [z,b], ]a,b[ \ {z} or ]a,b[.

Thus, every elementary equivalent structure N models these sentences and has the
property that for every unary definable™ set X = ¢(z,c) and every n € N there are
a,b € N such that Ja,b[ N p(z,c) is equal to one of the sets (), {z}, |a, x|, |a,z], ]x,b],
[z, 0], Ja,b[ \ {z} or ]a,b[. Thus, N is locally o-minimal. O

The converse is not true and there are several examples of structures which are d-
minimal but not locally o-minimal. In particular, by Corollary BI4, every expansion
of the real ordered field which is d-minimal but not o-minimal is an example. There
are several such examples presented in [33], e. g. (R, <, +, -, 2%).

Thus, in the DC setting, d-minimality is a generalization where we could hope for
geometric tameness in an even more general setting than local o-minimality. However,
no geometric tameness results have been shown for this setting so far, leaving local

16Recall, that we always consider definable sets with parameters.
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o-minimality as the most general setting where significant geometric tameness results
for arbitrary definably complete dense linear orders have been shown.

Remark 4.30. Note, that we could also choose to work with a generalization of the
stronger definition for d-minimality, which is discussed in [23] and first introduced in
[83]. In this definition it is additionally required that the number of discrete sets is
bounded in a uniform way. More precisely, for every definable A C M"*! there is
some N € N such that for every x € M", the fiber A, has interior or is the union
of N discrete sets. With the same reasoning as before local o-minimality still implies
d-minimality for this definition. However, the additional value of using this stricter
definition for d-minimality is questionable since it is unknown, whether it is equivalent
to the previously given definition or not. Moreover, there are also no interesting results
shown for this definition in the case of arbitrary dense linear orders without endpoints.
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DC definable completeness
DM d-minimality
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LOM local o-minimality

local 1-viscerality

Figure 5: New schematic visualization of the relations between local o-minimality, d-
minimality, definable completeness, and local l-viscerality. Again, all the labels refer
to the smallest bounded convex set they are contained in. A few of the labels and
associated polygons are additionally colored for clarity. Note that in this figure the
area associated with local o-minimality is not a circle unlike in the other figures due
to technical reasons in the construction of the image.
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5 Examples

In this section, several different concrete examples of locally o-minimal structures possi-
bly fulfilling some of the previously discussed notions are summarized. In particular, the
examples showcase which of the definitions are not implied or equivalent to some oth-
ers. For all examples, we discuss the following properties: univariate x-continuity, DC,
weak o-minimality, *-local weak o-minimality, uniform local weak o-minimality of the
second kind, uniform local o-minimality of the second kind, uniform local o-minimality
of the first kind, strong local o-minimality, almost o-minimality, o-minimality, DCTC,
TC and local o-minimality. To this end, we proceed as follows: First, we present the
examples stating key properties which do or do not hold for the structure. For these
properties, we either provide a reference or a short proof.™ These key properties then
imply which of the other properties do or do not hold, simply because of the relations
between the notions shown in the previous sections. Afterwards, we summarize which
properties hold for each example in Mabhle_1.™

Throughout this section, note that every definable set in a reduct is also definable in
the expansion. Thus, all the tameness properties shown for some example here, also
hold for every reduct (which is still a dense linear order). Moreover, if a tameness

property does not hold for a reduct, it certainly does not hold in every expansion as
well. ™

Example 1 ([8]). The expansion of the real field (R, <,+, -, exp) by the exponential
function exp : R — R, z +— exp(z), is o-minimal.

In particular, as mentioned before, all reducts of (R, <, +, -, exp) are also o-minimal. In
particular, the real ordered field, the real additive group and the real line are o-minimal.

Example 2 ([87, Example 2.3]). The structure (Q, <) is o-minimal.

Example 3 (Marker-Steinhorn, [0, Theorem 2.7]). The ordered additive real group
expanded by the usual sin-function (R, <, +, sin) is almost o-minimal but not o-minimal.

Proof. (R, <,+,sin) is locally o-minimal by [40, Theorem 2.7]. By [Proposition 3.12,
almost o-minimality follows. However, (R, <, +, sin) is not o-minimal since {z : sinx =
0} is an infinite set without interior. O

Remark 5.1. Since Z = {z : sin(rz) = 0} is definable in (R, <, +,sin), we have that
(R, <,+,Z) is also almost o-minimal. Clearly, (R, <,+,Z) is also not o-minimal.

17 As we are not so much interested in the proofs but only in the results, we choose to only present
proofs for the properties which are not proven in a reference.

8There are some properties for a few examples, where we are uncertain if these hold. We suspect
them all to be true, so far none of them are proven. These are marked with a question mark in the
table.

9Tn both cases, the converse is clearly false.
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Example 4 ([16, Example 2.4]). Let U to be a ultrafilter on N containing the sets
{n € N:n >k} for all k € N, F to be the family of all maps from N to Q*, and S, to
be the structure S, = (R, <, (P{")jer) for all n € Nwith P;" = {a € R : f(n)-a in Z}.

The ultraproduct M = Il,,¢,S,,/U = (M, <, (Pf)s.r) is a definably complete uniformly
locally o-minimal structure of the first kind which is not strongly locally o-minimal and
not TC.

Proof. In the reference, the reader can find a proof that the structure is a definably
complete uniformly locally o-minimal structure of the first kind which is not strongly
locally o-minimal. It remains to show, that the structure is not TC. To show this,
consider the identity map Id : N — Q%,2 — =z and the corresponding predicate
Pig. Suppose there is b = [(b(7));en] € M such that either Py N ]b,00[ = |b, 00| or
Pig N b, 00[ = (. In the first case, note that for every i € N, we can find b;(i) € R\ Q
with by (i) > b(i). Thus, by(i) & PS5 for all i € N, implying by = [(b1(7))sen] € Pra. If
b1(7) > b(3) holds for all 7 € N this implies b < b;. In the second case, let by(i) € Z
with by(i) > b(i) in R. Then, by(i) ¢ P for all i € N, implying by = [(b2(i))ien] & Pra-
But by(i) > b(i) for all i € N implies b < by. So neither of the cases hold. This is a
contradiction. O

Example 5 ([16, Example 2.2}, [26, Example 6]). The structure M = (Q, <, (Sy)4e0+)
with S, = {(a,b) € Q*: a+q-+/2 < b in R} is not uniformly locally o-minimal of the
first kind, but uniformly locally o-minimal of the second kind. Moreover, the structure
is weakly o-minimal and has the univariate x-property but is not definably complete.

Proof. [16, Example 2.2] shows that M is uniformly locally o-minimal of the second
kind. By [?6, Example 6], M is not uniformly locally o-minimal of the first kind
and Th(M) admits quantifier elimination. It is easy to check, that by the quantifier
elimination, M is weakly o-minimal and has the univariate x-continuity property. The
set {a eQ:0<ax< \/5} is definable and bounded but has no supremum. Thus, M
is not definably complete. O

Example 6 ([16, Example 2.3]). The structure M = (Q, <, Prg) with Py = {(a,b) €
Q? :a < 7-bin R} is not uniformly locally o-minimal of the second kind, but weakly
o-minimal. Moreover, M has the x-continuity property.

Proof. By [16, Example 2.3], M is not uniformly locally o-minimal of the second kind,
but weakly o-minimal and all definable sets are a finite union of finite intersections of
definable sets each of which is equal to one of the following for some k € N, ¢ € Q and
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i,je{l,...,n}:

{(x1,...,2n) € Q" : 1; = 2}
{(x1,...,2,) € Q" : x; = ¢}
{(21,...,20) € Q" : 2y > 7F - 25}
{(x1,...,20) €Q" 1 2; > 7" - ¢}
{(z1,...,2,) € Q" 1 2y < 7" - 25}
{(z1,...,2,) €Q" 1y < 7" ¢}

Thus, for every definable unary function, the domain can be divided into finitely many
convex sets on each of which the function is either the identity or continuous. In
particular, M has the univariate x-continuity property. Il

Theset P, ={a€Q:a<7}={a€Q:(ab) € P} is definable in (Q, <, Pr2) and
therefore, the structure M = (Q, <, P;) discussed in the next example is a reduct of

M = (Qa <7P7r2)-

Example 7 ([d, Proposition 2.5]). The structure M = (Q, <, P,) with P, = {a € Q:
a < m} is weakly o-minimal. Moreover, M is strongly locally o-minimal and has the
x-continuity property but is not definably complete.

Proof. By [@, Proposition 2.5], (Q, <, P;) is weakly o-minimal and Th((Q, <, P;)) has
quantifier elimination. This implies that all definable sets are a finite union of finite in-
tersections of sets defined by atomic formulas. Thus, for every definable unary function,
the domain can be divided into finitely many convex sets on each of which the function
is either the identity or continuous. In particular, M has the univariate %-continuity
property.

For every € Q, there is some interval I, > x such that 7 ¢ I,. By quantifier
elimination, every definable subset of I, is a finite union of intervals and points. Thus,
(Q, <, Py) is strongly o-minimal.

The set {a € Q : 0 < a < 7} is definable and bounded but has no supremum.
Therefore, (Q, <, P;) is not definably complete. ]

Example 8 ([38, Example 3.2]). The structure M = (Q? <jep, f) with f : Q* —
Q?, (a,b) — (b,0) is strongly locally o-minimal. Moreover, (Q?, <j.., f) is *-locally
weakly o-minimal but is not TC and does not have the univariate *-continuity property.

Proof. By [38, Example 3.2], the expansion (Q?, <jes, f, E) by the binary relation sym-
bol E = {((ay,by), (az,b2)) € (Q*)? : a1 = ay in Q} is strongly locally o-minimal and
Th((Q?, <jex, f, E)) has quantifier elimination. It is easy to check that the intersec-
tion of some set defined by atomic formulas in (Q?, <;.,, f, F) and {q} x Q is a finite
union of convex sets for any ¢ € Q. Moreover, for every 7 in the Dedekind closure
of (Q?% <iex, f, E), we can find an interval around T which is contained in the union
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of at most two sets of the form {q} x Q. Thus, (Q? <, f, F) is x-locally weakly
o-minimal. Therefore, the reduct (Q?, <., f) is also strongly locally o-minimal and
x-locally weakly o-minimal.

Since the set f(Q?) = Q x {0} is definable, (Q?, <, f) is not type complete.

Since f is nowhere continuous, (Q?, <., f) does not have the univariate *-continuity
property. O

Remark 5.2. A more general version of examples similar to is discussed in
[26, Example 12] and [16, Example 5.2]. For any o-minimal structure M and a € M,
the structure N' = (M?, <jep, f) with f : {a} x M — M? (a,b) — (b,a) is strongly
locally o-minimal but does not have the univariate *-continuity property.

Example 9 ([26, Example 6]). The structure M = (Q, <, (Sb,)nen) with Sb, =
{a € Q : a < 27"v2in R} is not strongly locally o-minimal, but uniformly locally
o-minimal of the first kind. Moreover, it is not DC since Sby = {a € Q : a < v/2} has
no supremurn.

Example 10 ([40, Proposition 2.13, Proposition 3.6]). The structure N’ = (N, <jes, f)
with the universe N = {(a,0) :a € Q*}U{(a,b) :a € Q" \Z7,b € Q} U{(a,0) : a €
Zg } and the unary function f: N~ — N, (a,b) — (—a,0)® is locally o-minimal but
not uniformly locally o-minimal of the second kind and not definably complete.

Proof. By [d0, Proposition 2.13], N is locally o-minimal.

With the same reasoning as in [40, Proposition 3.6], we show that N is not uniformly
locally o-minimal of the second kind: X = {(a,b) € N?: f(a) = f(b)} is a definable
set. Let I,J be intervals around 0. Let z € [ and x < 0. Pick some y € J N]z,0].
Then, X, NI is a non-empty convex set, but neither an interval nor a point. Thus, N
is not uniformly locally o-minimal of the second kind.

The set f7((1,0)) = {(a,b) € N : a = —1} is definable and bounded but has no
supremum. Thus, N is not definably complete.

]

Example 11 ([40, Example 2.3]). Every expansion of (R, <,Q) is not locally o-
minimal, as Q intersected with any interval is a dense and co-dense subset of the
interval.

Remark 5.3. Obviously (R, <,Q) is DC. But note, that Q is not the finite union of
finitely many discrete sets and thus, (R, <,Q) is not even d-minimal.

20Here, N~ refers to the interval consisting of all elements of N less than (0,0) with respect to <jez.
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Table 1: Summary of the tameness properties which hold for the examples presented
in this section. The blue highlighted cells are the key properties that are proven in this
section. All other properties are deduced by the relations proven in previous sections.

31



6 Properties of Locally O-Minimal Structures

In this section, we present the fundamental tameness results for arbitrary dense linear
orders that fulfill one of the different notions of local o-minimality. Note that the
notions of local o-minimality imply no model theoretic tameness (besides elementary
equivalence) but only geometric tameness. The geometric tameness properties are
usually some localized version of tame properties that o-minimal structures have, like
monotonicity, definable cell decomposition and dimensional tameness.

For the fundamental geometrical results in this section, we present the proofs given in
the literature in versions adapted to our purposes. In this thesis, we present compre-
hensive versions of the proofs keeping the use of auxiliary lemmata and references to
results of the literature to a minimum. Moreover, in [I5] several results are presented
in the most general setting possible. These settings tend to be quite technical. Here,
we only consider the most general setting with regards to the commonly considered
notions of local o-minimality for which the statements are true. This sometimes allows
for simplified versions of the proofs. Additionally, a few proofs where changed due to
personal preference of the author.

6.1 Model-Theoretic Properties

One very desirable characteristic of tameness notions for the study of model theoretic
tameness is preservation under elementary equivalence.” If a property is preserved
under elementary equivalence, the theory of any structure having the property has
only models with the property. This warrants the consideration of the theories and
their properties.

Recall, local o-minimality is preserved under elementary equivalence as proven in
Proposition 4.29. The same holds for o-minimality (confer e. g. [27, Theorem 0.2]).
Moreover, *-local weak o-minimality is preserved under elementary equivalence by [I5,
Proposition 2.16] and the x-continuity property is preserved under elementary equiva-
lence by [15, Proposition 3.12].%

However, not all the notions of local o-minimality preserve under elementary equiva-
lence. Strong local o-minimality is not preserved under elementary equivalence by [d0,
Corollary 3.9]. Also, almost o-minimality does not preserve under elementary equiva-
lence by [00, Proposition 4.14]. Moreover, every w-saturated elementary extension of
some almost o-minimal but not o-minimal structure is not almost o-minimal.

21Note, that elementary equivalence is not a condition which is artificially added to the definitions
of notions of local o-minimality, as is the case for d-minimality. Adding this criterion to the definitions
of the notions of local o-minimality, while technically also possible, would possibly restrict the set of
structures which fulfill these definitions and further complicate the proof that structures fulfill these
definitions. Thus, this has not been considered so far.

22The proofs for *-local weak o-minimality and *-continuity property are also straightforward: Note
that there is a first order formula expressing that a pair of sets is a definable gap and a first order

formula expressing that a function is continuous. The rest of the proofs is analogous to the proof of
Prop 4.29
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Besides elementary equivalence, there are no notable results showing model theoretic
tameness for locally o-minimal structures. O-minimal theories are dp-minimal, NIP,
distal and NTP2 (see e. g. [2]). For locally o-minimal theories (i. e. theories which only
have locally o-minimal models), however, this is not the case: In [I4], the reader can
find a proof that on the one hand there are distal, NIP and NTP2 locally o-minimal
theories, but on the other hand there are also locally o-minimal theories which are not
distal, not NIP and not NTP2. Another example of a locally o-minimal structure which
has the Independence Property (i. e. is not NIP) can be found in [0, Example 5.17].
Therefore, local o-minimality is rather uninteresting from a model theoretic point of
view and there are no model theoretic tools available for our work with locally o-
minimal structures.

6.2 (Geometric Properties

Now, we turn our attention to the main motivation for the discussion of local o-
minimality, namely the geometric properties that are implied by these notions.

6.2.1 Monotonicity

One of the foundational and groundbreaking geometric tameness results regarding o-
minimality is the fact that every definable unary function is strictly monotone or con-
stant everywhere except for a finite set:

Proposition 6.1 (Monotonicity Theorem, [7, p. 3]). Let M be o-minimal and f : M —
M a definable function. Then, M can be divided into a finite union of points and open
intervals such that f is either constant, strictly increasing or strictly decreasing on each
of these intervals. Moreover, there is a partition of M into a finite union of points and
open intervals such that f is additionally continuous on each of the intervals.

For the purpose of any geometric tameness study — in our case the study of locally
o-minimal structures — it is advisable to seek some similar kind of monotonicity and
continuity result for unary functions, as it is the basis for many other tameness prop-
erties.

Therefore, we define a weakened version of monotonicity, we call local monotonicity,
and what we call the local continuity property.

Definition 6.2 (Local Monotonicity). A locally o-minimal structure M has local
monotonicity if for every definable unary function f : M — M and every point a € M,
there exists an interval I around a such that I N dom (f) can be partitioned into a
finite union of points and open intervals, on each of which f is locally constant, locally
strictly increasing or locally strictly decreasing.

Definition 6.3 (Local Continuity Property). We say M has the local continuity prop-
erty if for every definable unary function f : M — M and every point a € M, there
exists an interval I around a such that I N dom (f) can be partitioned into a finite
union of points and open intervals such that f is continuous on the intervals.
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Remark 6.4. Note, that continuity is a local property and it is enough for a function to
be everywhere locally continuous to be continuous. In particular, there is not neces-

sarily a continuous function f: I — M with flau = g for every continuous g : I — M.

Recall the univariate *-continuity property as defined in Definition E220. One of the
most general monotonicity results for locally o-minimal structures is that every locally
o-minimal structure with the univariate x-continuity property has local monotonicity
and the local continuity property.

Theorem 6.5 ([I5, Corollary 3.18]). Let M = (M,<,...) be a locally o-minimal

structure with the univariate *-continuity property and f : I — M be a definable map
defined on an open interval I. Then, the interval I C M can be decomposed into
definable sets X, X _, Xeonst, Xais satisfying the following conditions:

o Xyis is discrete and closed,
o Xeonst 45 open and the restriction of f to Xeonst @ locally constant,

o X_ is open and the restriction of f to X_ is locally strictly decreasing and con-
tinuous,

o X, is open and the restriction of f to X, is locally strictly increasing and con-
tinuous.

Proof. Similar as in Step 1 of the proof of Proposition 4.21], consider the following
formulas:

beo = a1 (11 > ) A (Vi ((z < t < 21) = (f(2) = f(£))))
b = 3ay (11> 2) A(VE (2 < t < 21) > (f(2) < (1))
6- =3y (11> 2) AVE (2 <t <21) > (f(2) > (1))
Yo = T (w0 < ) A (VE (0 <t <) = (f(2) = (1))
o =Fag (2o < @) AV (w0 < t <) = (f(z) < [(1)))
by = 3ag (20 < @) A (V1 (20 < t <) = (fla) > [(1)))

And the definable sets:

Ay, ={z el : ME¢(x)}
Ay = {r € T ME g5(n))
Apip; = Ag, NAy, ={x € I : M | (i ANy)(2)}

with i,7 € {+, —, co}.

Note that, for any x and ¢ one of the formulas (f(x) = f(t)), (f(x) > f(t)) and
(f(z) < f(t)) has to hold. The sets of ¢’s such that each of these formulas hold are
definable. By local o-minimality, there is an interval around x where each of these sets
are a finite union of intervals and points. By Cemma 37, at least one of these sets has
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some interior of the form |z, z[ and at least one has interior of the form |z, ;| with
xo < x < x1. Thus, for every x at least one ¢; and at least one v; holds true.

Define Xconst = A, 1,- Lhis is an open set and f|x.,,,., is constant, as desired.
It is obvious that the sets Ay, .., Ag_ o Agoo, and Ay cannot have interior.

Next, we show that Ay, has empty interior: Towards a contradiction, assume that

Ap.p. ={z el : 3z, x1 (g <z < 31)
AVt s ((rg<s<z<t<z)— (f(s) < flx)A f(t) < f(x)))}

has interior and let I; be a bounded interval in this interior. Then, the following
function is definable

g: I —>]:1,:13|—>inf{7“€]1:VsGM((r<s<x)—>(f(s)<f(x)))}

Let a € I; be arbitrary. Then, by the definition of Ay, ,_, there exist zop < a < 2y
such that for all s,¢ with (xg < s <2 <t < 1), we have (f(s) < f(z) A f(t) < f(x)).
Thus, g(a) < zy < a. But for all ¢t with @ < t < x1, we have ¢g(t) > a. Thus, g is
discontinuous at a and since a was arbitrarily chosen, it is discontinuous everywhere.
This contradicts the univariate *-continuity property. Thus, A4, has empty interior.

Similarly, one can show that A4 _,, has empty interior. Moreover, note that this proves
that any definable function h : J — M cannot have local minima or local maxima

throughout the interval J. This is applied in the next step of the proof.

Now, we want to consider Ay, . and show that f is locally strictly increasing every-
where except for a set without interior. Let Y, C Ay, . be the definable subset of
points where f is not locally strictly increasing. Consider the two formulas

Xo(x) =Vxo (g <) = (Fs,t ((xo<s<t<z)A(f(s) > f(t)))))
x1(x) =Va € ((x <z1) = (Ts,t (x<s<t<z)A(f(s) > f(1)))).

Note that for every x € Y, , at least one of these has to hold. By CLemma=37, Y, . has
empty interior if xo(7) and x1(I) have empty interior. The proofs for both of these
facts are similar, so we only present the proof for xo(/) here.

Suppose, towards a contradiction, that yo(/) has interior. Let J be a bounded interval
in this interior. Define h to be the definable function

hid— Mz—inf{zyU{yeJ:Vtelya] (fit)<Ff@)}).

Since J C Ay, , we have h(z) < z for all z € J. Let a € J be arbitrary. By local o-
minimality, we can find ay such that either h(a) < h(t) for all t € [ag, a] or h(a) > h(t)
for all t € [ag, a[. Without loss of generality, we can assume h(a) < ay.

Suppose h(a) > h(t) for all t € [ag, a]. Since xo(a) holds true, we can find s,t € Jag, a]
with s < ¢ and f(s) > f(t). By definition, h(t) > s, which implies h(t) > s >
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ap > h(a). Thus, h(a) < h(t) for all t € [ag,a[. Similarly, we can find a; such that
h(a) < h(t) for all t € |a,a:] or h(a) > h(t) for all t € |a,a,]. Again, since a; € Ay, 4.,
we can find s,¢ € |a,a;[ such that h(t) > s > a > h(a). Hence, h(a) < h(t) for all
t € la,ay]. Therefore, a is a local minimum. But since a was chosen arbitrarily, h has
local minima throughout J, which is a contradiction to our previous conclusion. Thus,
Xo(x) has empty interior and we can show the same for x;(z). Therefore, Y, has
empty interior. Similarly, one can proof that the set Y__ C A, , of points of Ay 4
where f is not locally strictly decreasing, has empty interior as well.

By the univariate *-continuity property, the set Yy of points where f is discontinuous
cannot have interior. If it had, there would be a subinterval in the interior where f is
continuous, which is a contradiction.

In conclusion, the definable set Xy;s = Y4is UYy, 4, UYy o UAg 4, UAy y UAg y., U
Ap oo U Agop, U Ag .y is a finite union of definable sets without interior and by
Cemma 374, also has no interior. Thus, by local o-minimality, it is discrete and closed.

It is easy to check that the sets of points Xy = Ay, 4, \ (Ys, 4, UYas), where f is locally
strictly increasing and locally continuous and X_ = A, , \ (Y, 4 U Yys), where f
is locally strictly decreasing and locally continuous, are definable and open. Moreover,
by construction, I = Xyis U Xeonse U XL U X _.

O

Remark 6.6. By local o-minimality, there is some interval I 3 a such that the definable
sets Xeonst N1, X NI and X_ N[ are finite unions of intervals and Xy N1 is a finite
set. Thus, the shown statement implies local monotonicity and the local continuity

property.

[Theorem 63 has the following immediate corollary since every definably complete
locally o-minimal structure already has the univariate x-continuity property by
Rifion 421

Corollary 6.7 ([21, Theorem 2.3]). Let M = (M, <, ...) be a definably complete locally
o-minimal structure. Let I be an interval and f : I — M be a definable function. Then,
the interval I C M can be decomposed into definable sets X, X _, Xeonst, Xais satisfying
the following conditions:

o Xyis 1s discrete and closed,

o Xeonst s open and f is locally constant on X onst,

o X is open and f is locally strictly increasing and continuous on X,
o X_ is open and f is locally strictly decreasing and continuous on X _.

Moreover, in this definable complete setting, there is even a slightly stronger version
of local monotonicity that holds.
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Definition 6.8 (Strong Local Monotonicity®, [0, Definition 2.12]). A locally o-
minimal structure M has strong local monotonicity if, for every unary function f
definable in M and every point a € M, there exists an interval I around a such that
I'Ndom (f) can be partitioned into a finite union of points and open intervals, on each
of which f is constant, strictly increasing, or strictly decreasing.

Proposition 6.9. Fvery definably complete locally o-minimal structure has strong local
monotonicity and local continuity.

Proof. 1t is sufficient to show that the definitions of strong local monotonicity and local
monotonicity coincide for definably complete locally o-minimal structures.

Let M be a definably complete locally o-minimal structure and x € M. Let I = |a,b|
be some interval around x on which f is locally strictly increasing. Then, the set

L,={yel:(y<z)AVz,2 € [y,x] ((z21 <2)— f(z1) < f(22))}

is definable and non-empty, since f is locally strictly increasing. By definable com-
pleteness, L, has an infimum z;,f € [a, x].

Suppose Z;ns > a. This implies that f is locally strictly increasing at ;.

If ins & Ly, there is some 2y € L, such that f(x;,r) > f(20). But for all z € |z, 20],
we have f(z) < f(z) < f(ziny), contradicting that f is locally strictly increasing at
Tinf-

If not, we have x;,y € L,. Recall, f is locally strictly increasing at z;,;. Thus, there is
some x;nf < Zins such that for all zq, 2 € ]x;nf, xmf}, (21 < z2) implies f(z1) < f(z2).
Using this and transitivity, 2, € L, follows. However, this is a contradiction to ;s
being the infimum of L,.

Thus, we have a contradiction in both cases, which implies that x;,; = a.

In the same manner, we define

R, ={yel:(x<y) AVz,2 €x,y] ((21 <2)— f(z1) < f(22))}

and one can prove that the supremum of this set is equal to b. Thus, f is strictly
increasing on I. The proof is similar for intervals on which f is locally constant or
locally strictly decreasing. O]

For almost o-minimal structures, we can show an even stronger result:

Proposition 6.10. Let M be almost o-minimal, f : M — M a definable function and
a,b € M. Then, |a,b] can be divided into a finite union of points and open intervals
such that f is either constant, strictly increasing or strictly decreasing on each of these
intervals.

Z3In [d0, Definition 2.12] this property is called local monotonicity, but we adapted the name to
distinguish it from the previous definition and to empathize its connection to strong local monotonicity.
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Proof. Every almost o-minimal structure is definably complete and locally o-minimal.
Thus, Ja,b] = Xais U Xeonst U X4 U X_ as in [Corollary 6.4. By almost o-minimality,
Xgis is finite and Xo,sr, X4 and X_ are finite unions of intervals. By the proof of
[Proposition 6.9, f is constant on an interval if it is locally constant on that interval,
decreasing on an interval if it is locally decreasing on that interval and increasing on
an interval if it is locally increasing on that interval. O]

The second very general result in this section states that every uniformly weakly locally
o-minimal structure of the second kind has local monotonicity.

Theorem 6.11 (]I, Lemma 3.2, Theorem 3.17]). Let M = (M, <,...) be a uniformly

weakly locally o-minimal structure of the second kind and f : I — M be a definable
map defined on an open interval I. Then, the interval I C M can be decomposed into
definable sets X, X_, Xoonst, Xais satisfying the following conditions:

o Xy 1s discrete and closed,
o Xeonst s open and the restriction of f to Xeonst @ locally constant,
o X_ is open and the restriction of f to X_ is locally strictly decreasing,

o X, is open and the restriction of f to Xy is locally strictly increasing.

Proof. Note that in the first part of the proof of [heorem 6 3, the univariate x-continuity

property is only applied to show that any definable function h : J — M cannot have
local minima or maxima throughout the interval J. Thus, with the same proof, we
only need to show the following claim, to prove the statement.

CLAIM 1. ANY DEFINABLE FUNCTION g : [, — M ON SOME INTERVAL [, CANNOT
HAVE A LOCAL MINIMUM AT EVERY € I, OR A LOCAL MAXIMUM AT EVERY z € [,.

Proof of Claim 1. Towards a contradiction, suppose we have a function g which has a
local minimum at every x € I,. For all a € I, define

Uf ={zel,:x>anVy ((a<y<z) = (9(y) > g(a)))}
U, ={ze€l,:x<anVy (z <y<a) = (9(y) > g(a)))}
U,=U; u{a} UU;.

Throughout this proof, we define several different sets and successively show properties
for these sets to eventually get some contradiction.

First, we show that U, C U, is equivalent to a # b and b € U,. Note that for any
a € I;, we have a € U,. Thus, U, C U, implies b € U,. Moreover, U, # U, implies
a # b.

For every a,b € I, with a # b, b € U, implies ¢g(b) > g(a) which then implies a & U,
Therefore, a # b implies U, # U,. If we have a,b € I, with a > b and b € U,, pick
any ¢ € Uy,. Since a ¢ U, and b < a, we have ¢ < a. By the definition of U,, we have
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ceU,ifa>c>b If c <b, we have for any b > d > ¢ that g(d) > g(b) > g(a) and
thus ¢ € U,. We conclude that U, D U,. For a < b and b € U,, we can show U, C U,
with the same reasoning.

Secondly, if we have U, N U, # 0 and g(a) # ¢(b), then U, C U, or U, C U,. By the
previous statement, it is enough to show a € U, or b € U,. Let d € U, N U, be an
element in the cut. Without loss of generality, assume a < b. Clearly, d < a implies
a € Uy and b < d implies b € U,. Thus, it only remains to consider the case a < d < b.
For any d’ € |a,d], we have g(a) < g(d') and for any d” € [d,b], we have g(b) < g(d").
Hence, for any d” € |a, b[, we have min{g(a), g(b)} < g(d"). In conclusion, g(a) < g(b)
implies b € U, and g(b) < g(a) implies a € Uy.

Define the definable sets C, = {z € I, :a € U,} and C = {(a,x) € I, x I, : x € C,}.
Shrinking I, if necessary, C, is a finite set for all a € I,;. To prove this, assume towards
a contradiction that C, has interior for some a € I;,. Let ¢ < b < d be contained in
an interval J of this interior, such that ¢,d € Uy,. If g(c) = g(d), as g attains a local
minimum at ¢, there is a ¢; such that for all ¢; € |¢, ¢1[, we have g(c) < g(c2). We can
use the denseness of M to pick ¢ € |¢,¢1[N]e, b[. Then, ¢ <b<d,d € Jand ¢ € U,.
Thus, we can assume g(c) # g(d). Note that ¢,d € C, implies a € U. N U, and thus
Ug € U.or U, C Uy Since ¢,d € Uy, we have b ¢ U. and b ¢ U,. By convexity of
U. and Uy, ¢ ¢ Uy and d ¢ U, follows. However, this is a contradiction to Uy C U, or
U. € Uy. Therefore, C, cannot have interior for any a € I, and by uniform local weak
o-minimality of the second kind, we can find a subinterval I, C I, such that C, is finite
for all @ € I;. By possibly shrinking I,, we can assume that C,, is finite for all a € 1.

Define the definable sets D, = {z € I, : U, C U, AN (—3y € I, (U, C U, C U,))} for all
a€lyand K ={ze€l,: -3y € I, \ {z} (x € U,)}. Shrinking I, if necessary, these
sets are finite: By uniform local weak o-minimality of the second kind, we can shrink
I, such that these sets are all a finite union of points and open convex sets. Suppose
D, has interior for some a € I,. Then, let J, be an open interval in the interior and
let b € Jo. Clearly, J, N U, # 0 but for every d € J, N Uy, we have Uy C U, € U,
contradicting d € J,. Suppose K has interior. Then, choose J; and b again in the same

way. For every d € Jy, N U, we have Uy C U, contradicting d € K.

By definition, the sets D, are pairwise disjoint for all a € I;,. Moreover, since K =
{rel,:~3yel, (U, CU,)}, D, and K are disjoint for all a € I,.

Recall, that C, = {x € I, : U, C U,} is finite for all a € I,. Thus, for every = € I,
if there is some y € I, such that U, C U,, then there is some Yy, € I, such that
U, ¢ U,,,. and there is no y € I, such that U, C U, C U, , . With this fact, we can
conclude that

I,=Kul]JD..

a€ly

Since I, clearly has interior but K and D, are finite, there must be infinitely many
non-empty D,. Recall, the sets D, are pairwise disjoint for all a € I,. Thus, we can
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define a definable infinite set Y as follows:
Y ={rel,:Jacl, ((r€D,)N(—Fye D, (y>x)))}

Possibly shrinking I,, we can assume that Y is a finite union of points and open convex
sets. Since Y is infinite, it must contain interior. Define Z C Y to be a inclusion-wise
maximal convex set such that for z € Z, Y\ (ZU]—oo, z[) = () (i. e. Z is the rightmost
convex set or point of V). Clearly, Z is definable.

Let a € Z. Note that a € I, implies that g attains a local minimum at a and thus,

a € U,. Pick by,by € U, such that by < a < by. The sets Cy, and C,, are finite and
hence, there are by € Cy, and b, € Cy, such that 0,0, € D,. Therefore, Uy, C Uy, C U,
and Uy, C Uy, C U,. If we had b) > a, then b; € Uy, and the convexity of Uy would
imply a € Uy, contradicting Uy, C U,. Hence, b} < a and similarly by > a. Since the
D; are disjoint, there is no i # a such that b, € D;. Thus, b € Y.

Let ¢ € Uy, be some element with b, < c¢. The set U. is non-empty. Pick some
¢ € U, and note that C. is finite. In particular, there is some ¢’ € C. such that
" € D.. Hence, D, is non-empty. Since D, is finite, max(D,) exists and max(D,) € Y.
Clearly, a < b, < ¢ < max(D,) and a € Z, max(D.) € Y. By the definition of Z
as the rightmost convex subset of Y, this would imply ]a, max(D.)[ C Z. This is a
contradiction to by € Y.

Note that one can show with a similar proof that g cannot have maxima throughout
the intervals.

]

Thus, defining the sets Ag,y,, Yo, 4., Yo_y_ s Xeonst as in the proof of Thearem G and
repeating the same proof except for the part about the continuity of f and replacing the
part that there are no minima or maxima throughout an interval by the claim, shows
that Xgis = Yo, g, UYs g UAg g, Udg gy Udg iy, Uds g, UAdg g, Udgy isa
finite union of definable sets without interior. By Lemma B™4, X 4, also has no interior.
Hence, by local o-minimality, it is discrete and closed. Moreover, the sets X ,,s Where
f is constant, Xy = Ay y, \ Yy, 4., where f is locally strictly increasing and locally
continuous and X_ = Ay 4 \ Y, , , where f is locally stricly decreasing and locally
continuous, are definable and open. By construction, I = Xgs U Xeonse U X1 U X .

]

For strongly locally o-minimal structures, we can again show strong monotonicity:

Corollary 6.12 ([40, Theorem 4.1]). Let M be strongly locally o-minimal. Then, for
every unary function f :J — M definable in M and every point a € M, there exists
an interval I around a such that I N dom (f) can be partitioned into a finite union of
points and open intervals, on each of which f is constant, strictly increasing, or strictly
decreasing.
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Proof. ™ First, we recall the statement and proof of [26, Theorem 9]: Every strongly
locally o-minimal structure can be related to an o-minimal structure in the sense of
the following two equivalent statements:

1. M is strongly locally o-minimal.

2. For every finite set of points ag,...,a, € M, there are by,...,b,,co,...C, €
MU {:l:OO} with b; < ¢; and a; € ]bi,Ci[ such that for N = ]bo,Co[ U U?:l[bi,Ci[,
the structure N = (N, {PNnmX}nEN’XEDefXA) is o-minimal. Here, Py is a relation
symbol denoting Y and De f}, is the set of definable subsets of M™ in the structure
M.

To show the equivalence, we show both implications:

1. = 2. Letag,...,a, € M. By strong local o-minimality, there are by, ...,b, € M,
Coy...Cn € M such that a; € ]b;,¢;[ and for every definable set X C M, X N ]b;, ¢
is a finite union of points and intervals. Let N = ]by, co[ U U, [bi, ;[ and N =
(N, {PN"QX}nEw,XEDef}(A)- Let Y C N be definable in N. As N is a definable subset of
M in M, it is easy to see that Y is indeed also a definable set in M andY =Y NN =
(Y N b, col U Ui, (Y N [b;, ;[ ). By strong local o-minimality, Y N ]b;, ¢;[ is a finite
union of intervals and points in M. Thus, Y is also a finite union of intervals and
points.

2. = 1. Let a € M. Let bc € M be such that a € |b,c[, N = ]b,c[ and N
be o-minimal. We show that the strong local o-minimality criterion holds for |b, ¢[:
Let X € M be definable in M. By construction, |b,c¢[ N X is definable in . By
o-minimality, b, ¢[N X is a finite union of intervals and points in A/. Since the intervals
are also intervals in M, the same holds for |b,c[ N X in M.

Now, we apply this equivalence to show the corollary. Let M be strongly locally o-
minimal. By the equivalence, for any a € M, we can find b,c € M with b < a < ¢
such that the second condition holds for N = ]b,¢[. In particular, this implies that
every definable proper subset of ]b, ¢ has an infimum and a supremum. Recall that
by Mheorem 6 11, M has local monotonicity. By the proof of [Proposition 6.9, the
corollary follows.

]

Moreover, for uniformly locally weakly o-minimal structures, we can additionally show
a different version of the monotonicity theorem: If the image is bounded by a sufficiently
small interval, the function has local monotonicity and the local continuity property in
a local uniform parameterized way.

Theorem 6.13 (Parameterized Local Monotonicity Theorem, [15, Corollary 3.8]). Let
M= (M, <,...) be uniformly locally weakly o-minimal of the second kind. Let A C M
be open and definable and let P C M™ be a definable subset. Let f : A x P — M be

24Here, we choose to do a different proof than the one given in the reference since the result already
follows from two of our previously proven statements.
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a definable function. For every (a,b,p) € M x M x M™, every sufficiently small open
intervals I and J with a € I and b € J and every sufficiently small open box B with
p € B, the following assertion holds true:

There exists a partition of f~1(J) N (I x B) into pairwise disjoint definable sets X iy,
X, X, Xeonst satisfying the following conditions for every c € B:

1 m(Xpn N (fTHT) N (I x {c}))) is a finite set,

2. 1 ( Xeonst N (f7H(I)N(I x{c}))) is a finite union of open convex sets and f(—,c)
is locally constant on the set,

8 m(X_N(fYI)N (I x{c}))) is a finite union of open convex sets and f(—,c)
is locally strictly decreasing and continuous on the set,

4. m(Xe 0 (fHJI)N (I x {c}))) is a finite union of open convex sets and f(—,c)
is locally strictly increasing and continuous on the set.

Proof. Let P C M"™ be a definable subset and A C M be open and definable. Let
f:Ax P — M be a definable function and let (a,b,p) € M x M x M™. Note that
for every ¢ € B\ P, f~1(J)N (I x {c}) = 0 and the same assertions trivially hold
for arbitrary Xy, X_, Xi, Xconst. Thus, it is sufficient to show the conditions for
ce BNP.

STeEp 1. THERE EXisT [',J" C M,B’ C M™ SUCH THAT FOR EVERY [,J WITH
a€lCI' beJCJ, EVERY BOX B C B’ AND EVERY ¢ € B, THE SET 7((f'(J) N
(I x {c})) 1S A FINITE UNION OF POINTS AND OPEN CONVEX SETS.

Let X C M™"3 be the definable set X = {(z,y1,y2,2) € AX M x M x P : (y; <
f(z,2) < y2). By uniform local weak o-minimality of the second kind, there exist an
interval I’ C A with a € I, intervals Jq, Jo with b € J; N Jy and an open box B’ with
p € B’ such that the definable set I N X, 4, is a finite union of points and open
convex sets for all by € Ji,by € J, and ¢ € B’. Pick b; € J; and by € J; such that
by < b < by. Let J' =]by, bo[. Then, we have

M IVN I {ed) ={z € I' by < f(z,¢) < b} = Xipyg) N I’

for all ¢ € B. Thus, 7 (f~}(J)N (I’ x {c})) is a finite union of points and open convex
sets for all by € Ji,b, € J5 and ¢ € B'. It is easy to see that the claim also holds for
all subintervals I C I, J C J’ and subsets B C B'.

STEP 2. THERE EXIST INTERVALS Iy C I',J; C J' AND A BOX By C B’ SUCH THAT
THERE EXISTS A PARTITION f~(J;)N (I} X By) = X5 U Xeonst U Xpp INTO PAIRWISE
DISJOINT DEFINABLE SETS AND FOR EVERY ¢ € By,

L m(X5n (f~HJ) N (I x {c}))) IS A FINITE SET,

2. T (Xeonst N (f7HJ) N (I x {c}))) IS A FINITE UNION OF OPEN CONVEX SETS
AND f(—,c) IS LOCALLY CONSTANT ON THE SET,
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3. m(Xun N (f~HJ)N (I x {c}))) IS A FINITE UNION OF OPEN CONVEX SETS AND
f(—,¢) 1S LOCALLY INJECTIVE® ON THE SET.

Begin with I = I', J = J' and B = B’. In the following, we shrink 7, .J, B several times
instead of introducing new subintervals for the ease of notation. It is easily checked
that all the statements shown throughout this part still remain true for the shrunken
sets I, J, B, as these statements always also hold for subintervals and boxes which are
a subset of B.

X! onst = {(x,z) €l xB:(x,z2)€ f_l(J) A (Ela:l,:vg <:c1 < T < Ty

AV 2! (9(:1 <z <xy— ((SL’/,Z) c fHJ) = (f(z,2) = f(wl,z))))>)},

Xconst = {(33,2’) € X/ HEURS ((Xé:nst)z)}

const *

and 7 (Xeonst N (f71(J) N (I x {c}))) are definable sets.” By uniform local weak o-
minimality of the second kind, we can shrink J, I, B such that m(Xconst N (f71(J) N
(I x {c}))) is a finite union of points and open convex sets for all ¢ € B. By the
definition of X,,,s, it even has to be a finite union of open convex sets and f(—,c) is

locally constant on 1 (Xeonst N (f7HJ) N (I x {c}))).

Note that, by construction, any isolated points of ((I x {c}) N f~!(J)) are contained

in X!, . By denseness, we can find 1,25 € I with 21 < & < x5 such that |z, z5[ N

(f7H())e = {x}.

Define the definable sets
Ex ={(z,z) € I x B: 2 € bd((Xeonst):) }

Y = (fUI) N (I x B)\ (Ex U Xuonst).

Possibly shrinking I and B, m(Ex N (I x {c}))) is finite for all ¢ € B. Thus, m (Ex N
(f~1(J) N (I x {c}))) is finite. Moreover, by definition, 7 (Y" N (I x {c})) is a finite
union of (not necessarily open) convex sets for all ¢ € B, again possibly shrinking I
and B. Define the definable sets

Ey ={(z,z) € [ x B:x € bd(Y))},

Y =Y\ Ey.

Possibly shrinking I and B, w1 (Ey N (I x {c})) is finite and 71 (Y N (I x {c})) is a finite
union of open convex sets for all ¢ € B.

25 A function g : I — M is called locally injective if, for every = € I, there exists an open interval I’
such that x € I’ C I and the restriction of g to I’ is injective.

26As a clarification, since the notation is not very clear here: In the definition of Xeonst,  is
contained in the interior of the fiber, and not only in the fiber of the interior.
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The set of sets of pairs of points where f(—, z) maps to the same value defined by
F={(x,a,2) e IXIxP: f(z,2) = f(a/,2) AN(z,2) € Y}

is also definable and we can shrink I and B such that the fiber F . = {r el:
(x,b,c) € F} is a finite union of points and open convex sets for all b € I,¢ € B.
Assuming this, F{; ) must be finite: F{; .y cannot have interior since this would imply
that f(—, z) would be constant there but Fiy ) N (X/y,s)e = 0. Thus, (f(a)).NY. is
finite for every c € B and a € J.

We define
Xpn = {(m,z) eY :Jx, el ((xl <x < x3) A f(—,2) is injective on ]xl,x2[>}.

We show that (X,,,), is dense in Y, for any z € B. Let ¢ € B and a; € Y, be arbitrary.
Since Y, is a finite union of open convex sets, there is ay € Y, with a; < as such that
the interval I, = Jay, as[ C Y.. We define the map

o L) =T g {m T NenLe i (f7(@)en L #0
ay else.

By finiteness of (f~*(a)).NY,, this map is well defined and definable. By uniform local
weak o-minimality of the second kind, there is ag such that either |ai, az[Ng.(f (I, ¢)) =
0 or Jay,as[ C g.(f (I c)). The first case is impossible: Let u € Jay, a3[ and v = f(u,c).
Then, g.(v) € |ai,u] C |ay,as[. Thus, for any a; € Y, there is a a3 € Y., a1 < ag such
that f(—, c) is injective on ]ay, as[, implying Ja, az[ C (X,n).. We conclude that (X,,,,).
is dense in Y,.

By uniform local weak o-minimality of the second kind, there exist a subinterval of I
and a box contained in B such that (X,,). and (Y \ X,,). are finite unions of points
and open convex sets on the subinterval for any ¢ in the box. We shrink I and B such
that this condition holds true for I, B. Then, (Y \ X,,). is finite and (X, ). is a finite
union of open convex sets, as (X, ). is dense in Y.. Defining X = (Y\ X)) UExUEYy,
the claim holds for the current J, I, B.

STEP 3. ANY DEFINABLE FUNCTION g : [, — M ON SOME INTERVAL [, CANNOT
HAVE A LOCAL MINIMUM AT EVERY Z € I; OR A LOCAL MAXIMUM AT EVERY 7 € I,.

This is proven as Claim 1 in the proof of Chearem G T1I.

STEP 4. THERE EXIST INTERVALS I, C I, J, € J; AND A BOX By C B; SUCH
THAT THERE EXISTS A PARTITION X, = X}’ U X, U X' INTO PAIRWISE DISJOINT
DEFINABLE SETS AND FOR EVERY c € B,

L m (X0 (f~'(J)N (I x {c}))) 1S A FINITE SET,

2. m(X_N(fHJ)N(I x{c}))) IS A FINITE UNION OF OPEN CONVEX SETS AND
f(=,¢) 1S LOCALLY STRICTLY DECREASING ON THE SET,
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3. m(XLN(fH(J)N (I x {c}))) IS A FINITE UNION OF OPEN CONVEX SETS AND
f(=,¢) 1S LOCALLY STRICTLY INCREASING ON THE SET.

Let a € X, and ¢ € B. As f(—,c¢) is locally injective on m (X, N (I x {c})), we can
find an interval I, around a on which f(—,c) is injective. Thus, for any o’ € I,, we
have f(da’,c) > f(a,c) or f(d’,c) < f(a,c). By uniform local weak o-minimality of the
second kind, we can find x1 < < x5 such that one of the two possibilities holds for all
a; € |1, x[ and one of the two possibilities holds for all as € |z, z5]. Therefore, one can
partition X,, = X" U XY U X4 U X,i, into the following pairwise disjoint definable
sets:

X" = {(m,z) € Xt 21, 29 (xl < x < To
AV 2 (((:cl <z <z)—= (f(a,2) > flz,2) AN (2, 2) € Xnn))

A <2’ <@) = (fa',2) < fz,2) A (2, 2) € X””))>>}

XM= {(ac,z) € X : a1, 10 (xl <z < To
AY ! (((ajl <2’ <z) = (f(d,2) < f(z,2) A (2, 2) € X))

A ((x <2 <xy) = (f(2',2) > fz,2) A (2, 2) € Xm))>>}

Xaz = {(x, 2) € Xpp : a1, 29 <:1c1 <z < Xy
AV (((wl <z’ <x) = (f(@,2) > flz,2) A2, 2) € Xnn))

A ((:c <a' <wy) = (f(a',2) > flz,2) A (2, 2) € X"”))>)}

Xopin = {(m,z) € Xy i dx1, 10 (xl <x < Iy
AV 2! (((:cl <z <z)—= (f(a,2) < flz,2) A (2, 2) € Xnn))

A<’ <@) = (fa',2) < fz,2) A (2 2) € X””))>>}

By the previous step, m1(Xmae NI X {c}) and 71 (Xpnin N I X {c}) are finite for every
c € B, if we eventually shrink 7, J and B.

Now, we can again remove the boundary of X" and X in each fiber since it is clearly
a finite set if we shrink I, B accordingly. Define

E={(z,2) e X" 2z ebd((X").)} U{(z,2) € X :z e bd((X}).)},
X" = X"\ B,
X" = X"\ E.
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Now, define the definable sets

X! ={(z,2) € X| : f(—,2) is locally strictly increasing at (z,z)},
X' ={(z,2) € X" : f(—,2) is locally strictly decreasing at (z,z)}.

Consider the set £, := X \ X/ : Let ¢ € B. Note that every z € m (£} N1 x {c}) is
contained in at least one of the following two sets:

X0 Z:{.’EGXQCIVZEO ((.%’0<1’)—>(E|S,t((l'0<8<t<$)

A f
xi={zxeX|:Vr; (z<z1) = (s, t (x <s<t<zq)A FeN) T

In the next part, we show that yo has empty interior.™ Towards a contradiction,
assume Xy has interior and let I, be some interval in this interior. Define g to be the

definable function

g: 1, —)ﬁ,m —inf({z}U{y e I, :Vt e[y, z] (f(t) < f(x))}).

Let a € I, be arbitrary. By local o-minimality, there are by, by with b; < a < by such
that either g(y1) > g(a) for all y; € |by,af or g(y1) < g(a) for all y; € ]by,a] and either
"

9(y2) > g(a) for all y, € Ja,bs[ or g(y2) < g(a) for all y, € Ja,by[. Since I, C X7, we
have g(z) < z for all x € I,. Without loss of generality, we can assume g(a) < by.

Suppose g(a) > g(t) for all t € [by,a]. Since a € xo, we can find s,t € by, a] with s <t
and f(s) > f(t). Thus, by definition, g(t) > s but then g(t) > s > ay > g(a). Hence,
g(a) < g(t) for all t € [by,al. Similarly, since by € Yo, we can assume that g(a) < g(t)
for all t € ]a, bs]. Therefore, a is a local minimum. But since a was chosen arbitrarily,
g has local minima throughout I, which is a contradiction to Step 3. Thus, x¢ has
empty interior. With a similar proof, one can show the same for y;.

By Cemma=37, m(E, NI x{c}) has empty interior. This implies that m (Ey N1 x {c})
is finite for every ¢ € B if we choose I and B to be sufficiently small. By a similar
proof, the same holds for (£ NI x {c}). We can conclude that if we define X7 :=
E, UFE_UFEU X, U X, the claim holds for X}',X’_ and X/

STEP 5. THERE EXIST INTERVALS I3 C I, J3 C Jy, A BOX B3y C By AND PARTITIONS
X! = X, UF_ AND X! = X_UF_ INTO DISJOINT DEFINABLE SETS SUCH THAT,
FOR EVERY c € B,

1. m(X_n(f~YJ)N (I x {c}))) 1S A FINITE UNION OF OPEN CONVEX SETS AND
f(—=,¢) IS LOCALLY STRICTLY DECREASING AND CONTINUOUS ON THE SET,

2. m(XyN(fHJ)N (I x{c}))) IS A FINITE UNION OF OPEN CONVEX SETS AND
f(—,¢) 1S LOCALLY STRICTLY INCREASING AND CONTINUOUS ON THE SET,

3. m(FrN(I x{c})) AND m(F_ N (I x {c})) ARE FINITE SETS.

2TThis part is similar to the proof of [heorem 6.3.
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First, we define the following definable sets:

F, ={(z,2z) € X\ : f(—,2) is not continuous at '}
F_={(z,2) € X" : f(—, 2) is not continuous at z}

Moreover, define X, = X, \ F} and X_ = X’ \ F_. It is sufficient to show the
finiteness of (F ). and (F_). for all ¢ € B, for the rest of the claim to be immediate.

Towards a contradiction, assume (F ). has interior for some ¢ € B. Since f(—,c) is
locally strictly increasing on (Fy). C (X )., there is an interval I in the interior of
(Fy). such that f is strictly increasing on Ir. Note that f(Ig,c) is a definable set.
Possibly shrinking Iz, we can assume f(Ig,c) to be a finite union of open convex sets
and points. Since f(—,c) is strictly increasing, f(Ir,c) cannot be finite. Thus, it
contains an open convex set. Pick a < b in the open convex set and notice that f is an
order preserving bijection on the interval between the points f~!(a) and f~!(b) and,
hence, continuous. This is a contradiction to f(—,z) not being continuous at = for
every (z,z) € Fy. Thus, (F}). does not have interior. The proof for (F_). is similar.

Combining all the statements from Steps 1 to 5, the statement of the theorem is
immediate. L

Remark 6.14. As shown in [I5, Theorem 3.6] with a similar proof, if we drop the
continuity in the previous theorem the following two similar statements are true:

1. The same parameterized monotonicity result as in the previous theorem holds
for all functions f: A x P — M.

2. If M is uniformly locally weakly o-minimal of the first kind, the same parame-
terized monotonicity result as in the previous theorem with J = M and B = M"

holds for all functions f : A x P — M.

Finally, we show that some of the tameness properties discussed in this section indeed
do not generally hold in the broader setting of arbitrary locally o-minimal structures.
To this end, we explicitly discuss two examples.

First, we consider strong local monotonicity.
Proposition 6.15 ([40, Proposition 2.13, Proposition 3.6]). There exist locally o-
minimal structures without strong local monotonicity.

Proof. Recall the structure from Example 10:

N = (N7 <lem7f)7
N :={(a,0):a€Q"}U{(a,b):a € Q \Z ,b€Q}U{(a,0):a€Z},
f: N~ — N,(a,b) — (—a,0).
Then, f is a definable function not having strong local monotonicity, since it is locally

constant but attains infinitely many different values on every interval around a negative
integer as a domain.
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Secondly, in the next proposition, we discuss an example without the local continuity
property. Recall that in the Parameterized Monotonicity Theorem, we only consider
functions which map to a bounded image. The example in the proof of the next propo-
sition nicely visualizes that this is necessary for the continuity part of the statements.

Proposition 6.16 ([8R, Example 3.2]). There exist strongly locally o-minimal struc-
tures with definable functions that are nowhere continuous.

Proof. Recall the structure (Q?, <je., f) from [Example 8. The structure is strongly
locally o-minimal, but f: Q* — Q?, (a,b) — (b,0) is nowhere continuous. m

local monotonicity local o-minimality & univariate x-continuity property;
uniform local weak o-minimality of the 2. kind

local continuity property local o-minimality & univariate x-continuity property

strong local monotonicity local o-minimality & definable completeness; strong local
o-minimality

parameterized local uniform local weak o-minimality of the 2. kind
monotonicity and conti-
nuity

Table 2: Summary of the presented tameness results in this section. Confer with
and @ to check for which other notions this implies the same results trivially
since they are implied by one of the notions mentioned here.

6.2.2 Cell Decomposition and Decomposition into Submanifolds

Now, that we have established some local monotonicity results, we consider another,
even stronger, geometric tameness property, called definable cell decomposition. Again,
this property holds for o-minimal structures and in this section we evaluate if there are
similar results for the notions of local o-minimality.

Definition 6.17 (Definable Cell Decomposition, [0, Definition 1.5]). Let n € Nyg
and i1,...,i, € {0,1}. Then, (iy,...,i,)-cells are definable subsets of M" defined
inductively as follows:

e A (0)-cell is a point in M and a (1)-cell is an open interval in M.

e An (iy,...,i,,0)-cell is the graph of a definable continuous function defined on
an (iy,...,4,)-cell. An (iy,...,ip,, 1)-cell is a definable set of the form {(x,y) €
CxM: flz) <y < g(x)}, where C is an (i1,...,i,)-cell and f and g are
definable continuous functions defined on C with f < ¢.2

ZHere, f < g means that for every x € C, we have f(z) < g(z).
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The sequence (iy,...,i,) of ones and zeroes is called the type of an (iy,...,i,)-cell.
A definable set C; is called a cell if there is some type (i1, ...,%,) such that C; is an
(1,...,45)-cell. An open cell is a (1,1,...,1)-cell. The dimension dim.;(C) of an
(i1,...,in)-cell C is defined by dim.e(C) = >"_, ;.

j=1
A definable cell decomposition of an open boz is defined inductively as follows:

« A definable cell decomposition of B C M is a partition B = [J;", C; into finitely
many cells C; C M (i. e. points and intervals).

+ A definable cell decomposition of B C M™*! is a partition B = (J;", C; into
finitely many cells C; € M™*! such that 7<,(B) = ", m<.(C;) is a definable
cell decomposition of w<,(B) C M".

Consider a finite family {A,} ea of definable subsets of B. A definable cell decompo-
sition of B partitioning {Ax}xea is a definable cell decomposition of B such that the
definable sets A, are unions of cells for all A € A.Z

For o-minimal structures, there exists the following well known decomposition theorem:

Theorem 6.18 (Definable Cell Decomposition Theorem, [@, Theorem 2.11 of Chapter
3]). Let M be o-minimal. Let n be an arbitrary positive integer. Let {Ax}ren be a
finite family of definable subsets of M™. There exists a definable cell decomposition of
M™ partitioning the finite family {Ax}aea-

Note, this theorem clearly also implies a local version of it. If we have a definable box
B C M™ with (J,., Ax € B, we can apply the theorem to get a cell decomposition C
and take C' = {C' N B : C € C} as a cell decomposition partitioning B. Thus, we have
the following corollary:

Corollary 6.19. Let M be o-minimal. Let n be an arbilrary positive integer and
B C M"™ a box. Let {Ax}rea be a finite family of definable subsets of B. There exists
a definable cell decomposition of B partitioning the finite family {Ax}xea-

It is immediate that, for any structure, definable cell decomposition, as presented in
Theorem 618, implies o-minimality. Thus, we cannot hope to prove the same result
for locally o-minimal structures which are not o-minimal. Instead, we hope for a local
version similar to Corollary B19. Indeed, such a result can be shown, as in the following
main theorem regarding local cell decomposition:

Theorem 6.20 (Local Definable Cell Decomposition Theorem, [26, Proposition 13],
[16, Theorem 4.2]). Let M be a strongly locally o-minimal structure or a definably
complete uniformly locally o-minimal structure of the second kind. Let n be an arbitrary
positive integer. Let {Ax}aea be a finite family of definable subsets of M™. For every
point a € M™, there exist an open box B > a and a definable cell decomposition of B
partitioning the finite family {B N Ay: X € A and BN Ay # 0}.

29In other literature this is sometimes also called a cell decomposition adapted to or compatible
with {A)\})\EA-
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Proof for strongly locally o-minimal structures. Recall from the proof of
that the following are equivalent:

1. M is strongly locally o-minimal.

2. For every ag, . ..,a, € M finite set of points in M, there are by, ..., b,,co,...c, €
M U {£oo} with b; < ¢; and a; € ]b;, ¢;[ such that for N = Jbg, co[ U U, [bs, il
the structure N' = (N, { Pnnax Inen.xepesy,) is o-minimal.

Let {Aj}rea be a finite family of definable subsets of M™ and let a = (ay,...,a,) €
M™1 Let by, ¢; € M with b; < ¢; and a; € ]b;, ¢;[ such that for N = by, co[UU, [bi, ¢,
the structure N = (N, {PN”OX}neN7XeDefj(A) is o-minimal. Let By; € M™ be the box
b1, c1[ X -+ - X )by, ¢,] in the structure M and By C N™ be the box |by, ¢1[ X -+ - X |by, ¢,
in the structure N. Let A} be the preimage of A, under the canonical embedding
Id : N — M,z — x. Note that the sets A = By N A} are definable in A. By
Corollary 6.19, there is a definable cell decomposition of By partitioning { Ay }rea. It
is easy to check, that mapping these sets to M via the canonical embedding results in
a cell decomposition of By, partitioning { By N Ay }. O

Proof for definably complete, uniformly locally o-minimal structures of the second kind.
80 To prove the statement, we simultaneously show the following three assertions with
an induction:

(CD),, Let {Ax}aea be a finite family of definable subsets of M"™ and a € M™. There exist
an open box B with a € B and a definable cell decomposition of B partitioning
the finite family {BN A, : A € A and BN Ay # 0}.

(PC),, Let A C M™ be a definable subset, f : A — M be a definable function and
a € M" b € M be arbitrary. There is some open interval J; with b € J; such
that for every interval J C J; with b € J, there exist an open box B with a € B
and a definable cell decomposition of B partitioning f~!(J) N B such that the
function f is continuous on every cell contained in f~*(J) N B.

(UF), Let X C M"*! be a definable and a € M,b € M" be arbitrary. There exist
an open interval I around a, an open box B with b € B and a positive integer

N such that, for every y € B, the definable set X, N I contains an interval or
| X, NI| <N.

INDUCTION START. We have that (CD); follows directly from local o-minimality and
(PC); follows from the Parameterized Local Monotonicity Theorem (ITheorem 6 13),
as any convex set in a definably complete structure is an interval.

PART 1 OoF THE INDUCTION STEP. We show that the assertions (UF), hold true for
all positive integers n assuming the assertions (PC),, (CD),, and (UF),, for all m < n.
Fixa€ M and b € M".

First, we show that the condition (UF),, is equivalent to

30Here, parts of the proof are similar to the reference, but we also modified larger segments in order
not to need the statements from Corollaries 623 and for the proof.
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(UF'),, Let X be a definable subset of M™*! such that the fiber X, is empty or a discrete
set for every y € M™. For every a € M and b € M", there exist an open interval
I containing the point a, an open box B with b € B and a positive integer N
such that | X, N I| < N for every y € B.

It is immediate from the definition that (UF), implies (UF’),. To show the other
direction, let X be a definable subset of M"™*! let @ € M and b € M™. By uniform
local o-minimality of the second kind, there is an open box b € B C M™ and an open
interval @ € I € M such that X, NI is a finite union of open intervals and points for
every y € B. Define Y to be the set of the isolated points and the endpoints of the
maximal intervals in all these fibers, i. e. the following set:

Y ={(z,y) €I x B:z €bd(X,)}

Since Y, is finite for all y € B, we can apply (UF’),, and shrink I and B such that
for all y € B, we have |Y, N I| < N for some positive integer N. It follows from the
definition of Y that X, either contains an interval or | X, NI| < N. Thus, (UF),, holds
true.

Thus, it is sufficient to show (UF’),. Let X be a definable subset of M"™*! such that
for every y € M™", the fiber X, is empty or a discrete set. Let a € M,b € M".

For this proof, we call a point (y,z) € I x B normal if there exists an open subinterval
I' of T and an open box B’ such that y € I', x € B' and (I' x B)NX = or
(I' x B’ YN X =T'(f) for some definable continuous function f : B" — ['.%

We consider the definable sets

Af = {z € M": (y, ) is not normal for some y € I with y > a},

A; = {x € M": (y,7) is not normal for some y € I with y < a} and
N =M" \ (.A;r UA;)

Claim 1. For any definably connected subset C' of N7, there exists a finite family { f; :
C -1 }f;l of definable continuous functions such that f; < f;;; forall 1 <: <k —1
and X N (I x C) = U, T'(fi).

Proof of Claim 1. Let ¢ € C be arbitrary. Define k := | X. N I| and let y1,...,yx € M
be such that X. NI = {y1,...,ye} and y; < yiq forall 1 < i < k—1. Let f;
be a continuous definable function with maximal definably connected domain D; > ¢
attaining f;(c) = y;. As ¢ € C C N, there is a continuous definable function attaining
fi(¢) = y;. Suppose there was some z € C'Nfr(D;) not in the domain of f;. Let y € M
such that (y,z) € I'(fi)N (I x {z}). Asz € Ny, (y,z) is normal. But (I'x B)NX #
for all I’ 5 y and B’ 5 x as (y,z) € I'(f;). Thus, there is a continuous function
g : B' — J' such that X N (J' x B") =1"(g) for some open interval J' 3 y and some

31The notation I'(f) refers to the set {(y/,2') € I' x B' : ¢y = f(a')}.
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open box B’ 3 x. In particular, g = f on B’ N D;. Therefore, we can extend f; to be a
continuous function on the definably connected set D; U {z} by

o) e filz) iftzeD;
filz): {g(z) else.

This is a contradiction to the maximality of D;. Thus, the domain of f; contains C'.

Moreover, we have f; < f;11 on all of C' for these functions. Assume not. Then, there
exist some ¢ with 1 < ¢ < k and a point ¢ € C such that f;(¢) > fi+1(q). The definable

sets {z € C': fi(z) = fin(2)}, {x € C: filz) < fin(z)} and{z € C: fi(z) > fisa(2)}
are open by the definition of N;. The definably connected set C'is equal to the disjoint
union of the definable open sets {z € C': fi(x) = firi(z)},{z € C: fi(z) < fix1(2)}
and {z € C: fi(x) > fir1(x)}. But at least two of them are not empty, contradicting
that C' is definably connected. m

Claim 2. There is some interval I > a and some box B > b and a cell decomposition
of B partitioning A} N B and A; N B such that all cells have empty interior.

Proof of Claim 2. First, suppose that for every I > a, A; NB has a cell with non-empty
interior for every box B 3 b. Define the definable function

Br: Ay = Iz sup{y €I:y <aand (y,z) is not normal}.
By definable completeness, this function is well-defined.
Furthermore, define the definable sets B}, B; and the definable functions v;,~; by

B ={zeA; :Fyel(y<pBrlzx)A(y,z) e X)},
Bf ={x e A; : dy el (y>pBi(x)A(y,2) € X)},

v By =» Lz sup{y el :y<pBi(z)A(y,x) € X},
v Bf = Loz inf{lyel :y>pi(x)A(y,r) € X}

These functions are well-defined and nowhere equal to 8 as X, is discrete for all x € M™.

Apply (PC),. There is a box B 3 b and some interval J with a € J C I and definable
cell decompositions Cg,C.+,C,~ of B partitioning (8;'(J) N B), ((v;)~'(J) N B) and
((v;)~*(J) N B) respectively, such that B; is continuous on every cell of Cg, v, is
continuous on every cell of C,+ and v, is continuous on every cell of C,-.

Note, ©® = {z € A; : (B1(x),x) € X} is a definable set.

By (CD),, possibly shrinking B, there is a cell decomposition C of B partitioning ®
and all cells of Cg,C,+ and C,-.

Then, (1, 77 and v; are continuous on every cell of C that they are defined on. Since
they are nowhere equal, this implies that for every C' € C and x € C' N D, there
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is a box Bc 3 x and an interval I 3 [(z) such that IV(v},) N Ic x Be = 0 and
F/(’y;,) N [C X BC = @ Hence, F/(/BI) N ([C X Bc) =XnN ([C X Bc>

By our assumption, there is some open cell C' € C with C C A;. By definition, C' is
either contained in or disjoint to the sets that C partitions.

Let C € ®. Then, all (5(z),z) are normal for z € C as (I’ x B')Nn X = I''(B) for
sufficiently small I’, B’. This contradicts the definition of f.

Let C' C (A7) \®D. Then, all (8(x),z) are normal for z € C' as (I' x B )N X = ( for
sufficiently small I’, B’. This also contradicts the definition of .

Hence, both cases result in a contradiction.

An analogous proof for A;, using
Br: Af = I,owinf{y€l:y<aand (y,x) is not normal}

and replacing A, by A} everywhere, shows the second part of the claim. O]

Thus, we have shown both claims. To prove (UF’),,, first notice, that by (CD),,, there
is some cell decomposition D of some box B 3 b partitioning N7, A}, A; and 7>2(X).

We can apply (UF'),, for some m < n to X N (M x D) for every cell D which has
no interior, potentially shrinking I and B. To be more precise, we take the pro-
jection my forgetting a coordinate ! where the index 4; of the cell equals 0. Then,
(ma(X N (M x D))), is empty or a discrete set for every y € B. Apply (UF'),_,
to mu(X N (M x D)). Potentially shrinking / and B, there is some Np such that
|(ma(X N (M xD))),NI| < Np forally € my(B). This implies |[(X N (M x D)), NI| <
Np for all y € B. Equivalently, | X, N I| < Np for all y € D. By Claim 2, one can
choose D and B such that all cells C' € D with interior are not a subset of A} or A; .
Thus, they are contained in Nj.

Let C' € D be some open cell. By definable completeness, cells are definably con-
nected.® Hence, there is some k¢ such that X N (I x C) = Ule I'(f;) for some f;. By
Claim 1, | X, N I| < k¢ for all y € C.

As the cell decomposition is finite, we can set N = max {kc, Np : C, D € D}. With
this definition, N fulfills (UF’),, and, therefore, (UF),, holds.

PART 2 OF THE INDUCTION STEP. In this step, we show that (PC),, holds, assuming
(CD),, and (PC),_; for all n > 1.

Let A C M"™ be a definable subset and f : A — M be a definable function. If AN B
has no interior for some box B 3 b, applying (CD),, to AN B results in a cell decompo-
sition with no cell having interior. For all cells without interior, there is a coordinate
projection onto n — 1 coordinates which restricted to the cell is a homeomorphism onto

32confer [, Proposition 2.9 in Chapter 3]
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its image.®® Thus, by (PC),,_;, we can assume that f is continuous the projections of
the cells. Mapping the resulting cells back gives the desired cell decomposition.

Thus, without loss of generality, we can assume A be an open set and by the same
reasoning, it is sufficient to show that there is a cell decomposition such that f is
continuous on every open cell.

Let a € M,b = (by,...,b,) € M™. For every i in {1,...,n}, by the Parameterized
Local Monotonicity Theorem (Theorem BE13), there is a box B; € M™!, an interval
I, € M with (by,...,bi_1,bi41,...,by,b;) € B; x I; and some interval J; 5 a such that
fler, . oovcimt, = ity o) IOV (FTHT)) (ereitacisnmen) — i 1S continuous every-
where except for a finite set F; . for every ¢ = (c1, ..., ¢i—1,Cit1, ..., Cn) € B;. Here, we
slightly deviate from our definition of the fiber and by I N (f~(J;))(
we denote {x; € I : (c1,...,¢i 1,2 Civt1,---,Cn) € [THT)}

ClyeessCim1,Cid 15e,Cn) )

Let
Bz,: {(Cl,.‘.,Cn) eM": (Cl,...,CZ‘_l,CH_l,...,Cn) € BiAN¢ € ]Z},

B=N_,B,J=Ni,Jiand S; ={z € F;.:ce€ B;} for 1 <i < n. Clearly, b € B
and B is a non-empty box, a € J and J is an interval. Applying (CD),, and possibly
shrinking B, there is a cell decomposition C of B N f~!(J) partitioning {S;}i=1.. n-
The fibers of S; are finite. Therefore, S; cannot have interior, as the fibers would have
interior as well. This implies, that any cell C' € C with C' C S; cannot have interior.
By construction, f is continuous at every x € (BN f~1(J)) \ (U;, S;). Thus, f is
continuous on every cell with interior.

PART 3 OoF THE INDUCTION STEP. Finally, we show that (CD),; holds, assuming
(CD),, (UF), and (PC),, for all n > 1.

Let a = (a1,...,a,41) € M™ and let {Ay}ren be a finite family of definable subsets
of M™*!. Let B C M™*! be a sufficiently small box with a € B.=

Define the definable set

Y = | J{(x,y) € M" x M : (z,y) € B,y € bd((AxN B),)}.

The fiber ({(z,y) € M™ x M : (z,y) € B,y € bd((A\x N B),)}). cannot have interior
for any z € M", since the boundary of any set cannot have interior. By uniform local
o-minimality of the second kind, there is some box By C M"™ and some interval I, C M
with (ai,...,a,) € By, an41 € Iy such that hyn{y € M : (¢,y) € B,y € bd((A\NB).)}
is finite for all ¢ € B). In particular, we can define the box B; = ﬂ/\eA B, and the
interval I = (\,cp In. Then, (ai,...,a,) € Bi,anq1 € Iy and Y. N I} is finite for
all ¢ € By. We apply (UF), to Y N By x I;. There are a positive integer N, some
interval I, with a,.1 € I C I; and some box By with (ai,...,a,) € By C By such
that |Y.N I3| < N for all ¢ € By. Possibly shrinking B, we can assume B C By X Is.

33We do so, by essentially removing a coordinate where the index in the type of the cell is 0.
34 Again, we specify what sufficiently small means throughout the proof.
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Define C; ={z € B: |Y, NI =i} and let f;1,..., fi; : C; = I be definable functions
with fi; < fijsrand YN I ={fi1(x),..., fii(x)} forall 1 <i:< Nand 1 <j <i—1.

Applying (PC),, to each f; ;, there are cell decompositions C; ; of C;, possibly shrinking
I, By and B further. Note, f; ; is continuous on each cell of C; ;. Define the following
finite families of definable sets

Crig =z € Gt fi(2) € (AN)o} and Dy = {z € G 2 [fi;(x), fija ()] S (AN}

Applying (CD),,, possibly shrinking B, and B again, there is a cell decomposition C
partitioning all cells of C; ; and the sets C ;; and D, ; ; for all 1 <+¢,7 <nand A € A.
Let by, by € M be such that Iy = |by, by]. Then, the set

{]b1’07fi,1|0[7 ) ]fi,j|Ca fi,j+1|C[7 ) ]fi,i|07b2|0[7F<fi,1)7 s >P(fz,z) . C S C}
is a definable cell decomposition of B partitioning {BN Ay : A € A, BN A, # 0}.
Here, | f|c, glc| refers to the set {(z,y) € C' x M : f(x) <y < g(x)}. O

For almost o-minimal structures, we can deduce the following slightly stronger corollary
with the same proof as for the strongly o-minimal case:

Corollary 6.21. Let M be an almost locally o-minimal structure. Let n be an arbitrary
positive integer. Let {Ax}aea be a finite family of definable subsets of M™. For every
bounded open box B C M™, there exists a definable cell decomposition of B partitioning
the finite family {BN Ay : X € A and BN Ay # 0}.

Proof. Let {A)}xea be a finite family of definable subsets of M™ and B = |by, 1] X
-+ X )by, ¢,[ € M™ be some bounded open box. Let N = |by, ¢1[UJ._,[b;, ¢;[ and recall
the structure N defined in the proof of [Corollary 6.13. By the definition of almost
o-minimality, N' = (N, {PN”ﬂX}nEN,XEDef}Q) is o-minimal. Let By € N™ be the box
Jbi, e X -+ X |by, ¢y in the structure . Let A} be the preimage of A, under the
canonical embedding Id : N — M,z — x. Note that the sets A = By N A} are
definable in NV.

By Corollary 6.19, there is a definable cell decomposition of By partitioning { A} }aea.
It is easy to check, that mapping these sets to M via the canonical embedding results
in a cell decomposition of By, partitioning {By N Ay : A€ Aand By NAy#0}. O

If we only consider definably complete structures this theorem cannot be generalized
any further:

Proposition 6.22 ([i6, Corollary 4.1]). A definably complete locally o-minimal struc-
ture admits local definable cell decomposition if and only if it is a uniformly locally
o-minimal structure of the second kind.

Proof. One direction was shown in the previous theorem, the other direction follows
from the definitions: Let X C M"*! be definable and let a € M,b € M"™. There is an
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open box (a,b) € B C M™* and a definable cell decomposition C of B partitioning
X N B. Note that, by definition, there is a finite set Cx C C such that UCecX C =
X N B. Define the interval I = B, € M and the box B’ = B, € M"™. We have
X.NI= UCGCX C, for all c € B'. As C. is a fiber of a cell, it is either empty, a point
or an interval. Uniform local o-minimality of the second kind follows. O

The next two statements follow directly from (CD), and (PC), and are quite use-
ful tools for further investigations. In [I6] these are shown for all uniformly locally
o-minimal structures of the second kind, not only definably complete ones, with a
technical proof not relying on cell decomposition.

Corollary 6.23 ([1G, Theorem 3.3]). Let M be a strongly locally o-minimal structure
or a definably complete, uniformly locally o-minimal structure of the second kind. Let
X C M™ be a definable set with interior. For every finite partition X = X;U---UX,,
into definable subsets X; C M™, there is at least one set X; with interior.

Proof. For cells, this statement can be easily checked. By (CD),, there is some cell

decomposition of some box B in the interior of X partitioning X,...,X,, that must
contain at least one cell that has interior. By definition, this cell is contained in some
X;. Consequently, this X; has interior. O]

Corollary 6.24 ([i6, Theorem 3.4]). Let M be a strongly locally o-minimal structure
or a definably complete, uniformly locally o-minimal structure of the second kind. Let
B C M™ be an open box, let a € M and let f : B — M be a definable function. There
exists an interval I with b € I C M such that for every interval J with b € J C I,
f~YJ) has empty interior or there is an open box By C f~1(J) such that f is continuous
on B,.

Proof. By (PC),,, we have some cell decomposition such that f is continuous on all
cells. If f~*(J) has interior, then some cell has interior as well. Every open cell contains
some box. O

As discussed before, if we want a decomposition of X into only finitely many sets we
cannot hope for a decomposition into as well behaved sets as cells. But instead of
weakening the restriction of finiteness, if we use a relaxed definition of “good-shaped”
sets, we can get a decomposition for x-locally weakly o-minimal structures into finitely
many “good-shaped” sets in the following sense:

Definition 6.25 (Normal/Quasi-Special Submanifolds, [T3, Definition 4.1], [T5, Defini-
tion 4.25]). Let M be an arbitrary expansion of a dense linear order without endpoints.
Let {X;}7, be a finite family of definable subsets of M™. Let X C M"™ be definable
and 7 : M™ — M? be a coordinate projection.
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A point x € X is called (X, m)-normal if there is an open box B C M"™ with z € B
such that BN X is the graph of a continuous map defined on 7(B).%

A definable set X C M™ is called a w-normal submanifold or simply a normal subman-
ifold if every point in X is (X, 7)-normal.

A definable set X C M™ is a w-quasi-special submanifold or simply a quasi-special
submanifold if w(X) is a definable open set and, for every x € m(X), there exists an
open box U C M? with # € U such that: For every y € X N7~ !(x), there exist an
open box V' C M™ with y € V and a definable continuous map 7 : U — M™ such that
7(V)=U,7(U) = X NV and the composition 7 o 7 is the identity map on U.

A decomposition of M™ into normal submanifolds partitioning { X;}", is a finite family
of normal submanifolds®™ {C;}N | such that [ J*, C; = M™, C;NC; = 0 when i # j and
either C; has an empty intersection with X; or is contained in X for every 1 <7 < N
and 1 < j < m. A decomposition {C;}¥, into normal submanifolds satisfies the
frontier condition if the closure of every normal submanifold C; is the union of a
subfamily of the decomposition.

A decomposition of M™ into quasi-special submanifolds partitioning {X;}, is a finite
family of quasi-special submanifolds®™ {C;}Y | such that Y, C; = M", C;NC; = 0
when i # j and C; has an empty intersection with X or is contained in X for every 1 <
i <mand1<j<N. A decomposition {C;}¥ | of M™ into quasi-special submanifolds
satisfies the frontier condition if the closure of every quasi-special manifold C; is the
union of a subfamily of the decomposition.

For the next proposition, we need the definition of the local naive dimension:

Definition 6.26 (Local Naive Dimension, dimyx(X)). Let n be a positive integer
and X C M™ be a definable set. The local naive dimension of X, dimyx(X), is the
largest m < n such that there exist a coordinate projection 7 : M™ — M™ and a point
a € M" such that the definable set 7(B N X) has a nonempty interior for any open
box B containing the point a. For the empty set, dimpy(0) = —oo.

Every structure that has local cell decomposition also has a decomposition into normal
submanifolds:

Proposition 6.27. Let M be locally o-minimal and admit local definable cell decom-
position and {X;}7, be a finite family of definable subsets of M™. Then, there exists
a decomposition {Sj}le of M™ into normal submanifolds partitioning { X;}", satisfy-
ing the frontier condition. Furthermore, the number N of normal submanifolds is not
greater than a constant N determined only by m and n.

Proof. =

35To be more precise, it is the graph of a continuous map after permuting the coordinates such that
7 is the projection onto the first d coordinates.

36The different submanifolds can be submanifolds for different projections here.

3"The main structure of this proof is inspired by the proof of [I5, Theorem 4.26]. However, the
proof of Step 1 differs significantly from the proof given there.
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STEP 1. LET X BE A DEFINABLE SUBSET OF M". THERE EXISTS A FAMILY {C;}¥,
OF PAIRWISE DISJOINT NORMAL SUBMANIFOLDS WITH X = [JY C; AND N < 2"

For this proof, define the full dimension of a definable subset X of M™ to be dim f,;;(X) =
(d,e) with d = dimpx(X) and e be the number of coordinate projections 7 : M™ — M4
such that there exists some x € X such that for every box B 3 z, m(X N B) has a
non-empty interior. Clearly, e is bounded for fixed n,d. Thus, we can prove the claim
by induction over the full dimension of X, where the pairs (d,e) are ordered by the
lexicographic order.

For d = dimyn(X) = 0, X itself is a normal submanifold. Let z = (z1,...,z,) € X,
let i € {1,...,n} be arbitrary and let B > z be some box such that m;(B N X)
has empty interior. By local o-minimality, we can find some a;,b; € M such that
lai, b;[Nm;(X) = {x;}. Thus, if we choose a;, b; in that way for all i, we have BNX = {z}
for B = |ay,by[ X -+ X ]an, b,[. Therefore, z is (X, 7) normal with 7 : M™ — M° and
d=0.

For the induction step, let X be arbitrary and let (d,e) = dimp,;(X) with d =
dimy(X) > 0. Suppose the assertion holds for all (d',¢') < (d,e). Let 7 : M™ — M9 be
a coordinate projection such that the interior of w(X) is non-empty (i. e. a projection
witnessing dimyy(X) = d). Define G := {z € X : z is (X, 7)-normal} and W = X'\ G.
It is easy to check, that for each x € G there is some open neighbourhood U of z such
that GNU = XNU. Thus, each x € G is (G, 7)-normal and G is a normal submanifold.

Suppose towards a contradiction that there exists some x € W such that for every box
B > z, #(W N B) has a non-empty interior.

By local definable cell decomposition, there is a box B > x and a cell decomposition
C of B partitioning W N B and X N B. Note that dimyx(X) implies that X cannot
contain any cell with a dimension larger than d. Since 7(WW N B) has a non-empty
interior, W N B contains a (1,...,1,0,...,0)-cell Cy .

——— N —

d times n—d times

Claim 1. Every z € Cy is also contained in fre;(Cx)® for some cell Cx € C with

CXQXand Cx%CW

Proof of Claim 1. Suppose there was some z € Cy such that z ¢ fr..;(Cx) for all cells
Cx € C with Cx C X and Cx # Cy. Then, we can find a box B’ C B with z € B’
and B'NCx = ) for all cells Cx € C with Cx € X and Cx # Cy. Let Cx # Cy
be an arbitrary cell with Cx C X. By the definition of a cell decomposition, we have
Cx NCw = 0, thus x € Cx. Note that B; = M”\C’_X is an open set with x € B;
by the assumption. Moreover, B N B is an open subset with z € BN By C B. Since
M is a dense linear order, the definition of open sets implies that we can find a box
B' C BN B, C B with x € B’. By construction, B’ N Cyx = (). Since there are only
finitely many cells, we can recursively do the same construction for all cells C'x # Cyy.

38By the frontier of a cell, free;;, we denote the preimage of the frontier of the cell projected onto
the maximal number of coordinates such that the projection image is open.
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Therefore, we can indeed find a box B’ with x € B’ and X N B’ = Cy N B’. Moreover,
7(Cw) N7w(B') is an open set containing 7(z), thus, also containing a box B” > m(x).
Define the box B” := B"x7>4+1(B’). By construction, x € B” and XNB" = CyNB".
However, by the definition of cells Cy N B” is the graph of a continuous function on
7(Cw N B") = n(B"). This implies that z is (X, 7)-normal, contradicting x € W.
Thus, every x € Cy is contained in the frontier of some other cell of X. m

However, it is clear from the definitions of cells, that the projection onto d coordinates
of the frontier of any d dimensional cell cannot have interior. By [Corollary 6.23, we
can deduce that the finite union of the projections of the frontiers of cells contained in
X, namely (Jpoee m(freen(X N C)), cannot have interior. This is a contradiction, since
Cw is contained in this set by Claim 1. Thus, there exists no x € W such that for
every box B 5 z, m(W N B) has a non-empty interior.

Hence, we can apply the induction hypothesis to W.

By construction, in the resulting decomposition, there is at most one normal subman-
ifold for each possible projection. Thus, we have a decomposition into at most 2"
normal submanifolds.

STEP 2. LET {X;}!”, BE A DEFINABLE SUBSET OF M". THERE EXISTS A PAR-
TITION OF M™ INTO NORMAL SUBMANIFOLDS {C;}Y, PARTITIONING {X;}7, AND
SATISFYING THE FRONTIER CONDITION. FURTHERMORE, THE NUMBER OF NORMAL
SUBMANIFOLDS IS NOT GREATER THAN A CONSTANT N DETERMINED ONLY BY m
AND n.

In the following, we construct a finite family of definable sets Z; C M"™ which are
pairwise disjoint such that |J, Z; = M™ and such that each set X; and the boundary
of each set bd(X;) is equal to the finite union of a combination of other sets. Applying
the statement of the first step to each of these sets finishes the proof. It is easy to
check, that the number of the sets Z; is uniquely determined by m and n.

fine Zy = Xomi1. For every [ € {1,...,2m} and every combination of indices I =
{ir,..it © 1,...,2m, define a set Z, = (;c; Xi \ (U Xi) for some index k if
MNicr Xi \ (Uigr Xi) is not equal to the empty set. Note that by construction, all
these sets are disjoint and each set is either contained in X; or disjoint to X; for all

Define X,,1; = bd(X;) for each j € {1,...,m} and Xy, = M"\ U7 Xi. De-

i € {1,...,2m}. By combinatorics, there are finitely many combinations to create such
sets and the number of such sets N, is bounded by a constant uniquely determined by
n and m. ]

Moreover, there is a decomposition into normal submanifolds for all x-locally weakly
o-minimal structures enjoying the x-continuity property. To show this, we need some
preparation.

Lemma 6.28 ([15, Lemma 4.17]). Let M be a *-locally o-minimal structure with the
untvariate *-continuity property. Let X C M™ be a definable set. If m<@—1)(X) has
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non-empty interior and X, has non-empty interior for every v € m<—1)(X), then X
has interior.

Lemma 6.29 (|15, Lemma 4.18]). Let M be a *-locally o-minimal structure with the
univariate *-continuity property. Let X C M™ be a definable set with interior. For any
finite partition X = X; U ---U X, into definable subsets X; C M™, there is at least
one set X; with interior.

Proof of Lemma 628 and Lemma 6 79. By induction on m, we only need to show
for m = 2.

For the proof of Cemma 628 and Cemma 629, we do a simultaneous induction.
The induction start of holds by Cemma 3.

Next, we prove that holds for n if holds for n — 1. Let
X C M" be a definable subset such that m<(,—1)(X) has interior and X, has interior
for every © € m<(,—1)(X). The same holds for X’ = {(z,y) € M" ' x M : = €

T<m-1)(X) Ay € (X;)}¥. Note that X' = {(z,y) : © € m<(n—1)(X') Ay € X_}. Let
¢ € M. By the induction hypothesis, either Z = {(z,y) € X' 1 y < ¢} € M" or
Zy = {(z,y) € X' : y > ¢} has interior. We present the proof for Z, the proof for Z, is
similar and can be found in [I5, Lemma 4.17].

The following two functions are definable:

f 37T§(n_1)(Z) — M,
v s sup(Zy),

ey (Z) = MU {00},
r—=inflye M:Vte M ((f'(x) <t < f(x)) = (z,t) € Z)}.

By *-local weak o-minimality and the construction of Z, we have f'(x) < f(x) for all
T € T<(n-1)(Z). We define the following definable subset of X:

Y= {(2,y) € T<u-1)(Z) x M : f'(z) <y < f(2)}

If the set {x € m<u-1)(Z) : f'(xr) = —oo} has interior, then clearly Y has interior.
Suppose not. By the induction hypothesis and since m<(,—1)(Z) has interior, {z €
T<m-1)(Z) : f'(x) # —oo} has some interior Z, C M™~!. Finally, we show that this
set has interior Z.,,; such that f and f’ are continuous on Z..,;. This then implies
that Y = {(x,y) € Zeonts X M : f'(z) <y < f(z)} is an open set and Y has interior.

Again, by the induction hypothesis, either the subset of Z, where f and f’ are contin-
uous at every point or one of the sets where one of the functions is discontinuous at

39As a clarification, in this definition, vy is an element of the interior of the fiber not only the fiber
of the interior.
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every point, has to have interior. Suppose towards a contradiction, that the definable
set of points where f is discontinuous has some interior Z;. The proof for f’ is similar.

For each coordinate i; and each z = (x1,...,%,-1) € Z4, we define a function Jije
ﬂ—ij(Zd) — M7y = f(xla <. axij—by?xij-i-la CIE axn—l)-

By [7, Lemma 2.16 in Chapter 3] and the induction hypothesis, this is equivalent to
one of the following sets having interior for some coordinate ¢;:

D;, = {x € Zy: fi, . is not continuous at m; (v)}

Gi, ={x € Zy: [i,. is not strongly monotone for some interval around m;, ()}

Note that fi, o = fi, e, if T2, (2) = 74, (22). Thus, D;; or G;; having interior implies
that there is some function f;, , which is discontinuous on an interval or nowhere locally
monotone on an interval. Both contradicts [Cheorem G 4.

This concludes the first part of the induction step.

Finally, we prove that holds for n, assuming Cemma 678 and Cemma 629
hold for all I < n. Suppose X C M" has non-empty interior. Define the sets

U= {z € m<(n-1)(X) : X, has non-empty interior},
Uy = {z € m<(n—1)(X1) : X1, has non-empty interior},
Uy = {x € m<(n-1)(X2) : Xy, has non-empty interior}.

For every y in the interior of X, m<(,—1)(y) is in the interior of U. Thus, U has
non-empty interior.

Clearly, X, U X5, = X, for every x € w(X). Thus, X, has interior if and only if X,
or Xy, has interior by the induction start. Therefore, U = U; U Us.

By the induction hypothesis for Cemma 629, either U; or Us; has non-empty interior.
Without loss of generality, we can assume that U; has non-empty interior. By the
induction hypothesis for Cemma 628, this implies that X; has non-empty interior. [J

Definition 6.30 (Naive Dimension, dimy(X), [22, Definition 5.1.1]). Let n be a pos-
itive integer and X C M" be a definable set. The naive dimension of X, dimy(X), is
the largest m < n such that there is a coordinate projection = : M"™ — M™ with 7(X)
having nonempty interior. For the empty set, dimy(f)) = —oo.

Theorem 6.31 (Decomposition into Normal Submanifolds, [, Theorem 4.26)). Let be
a *-locally weakly o-minimal structure M = (M, <, ...) with the univariate *-continuity
property. Let {X;}™, be a finite family of definable subsets of M™. There exists a de-
composition {C;}Y., into normal submanifolds partitioning {X;}™, and satisfying the
frontier condition. Furthermore, the number of normal submanifolds is not greater than
a constant N uniquely determined only by m and n.
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Proof. ™

STEP 1. FOR EVERY DEFINABLE X C M™, THERE EXISTS A FAMILY {C;}¥, OF
PAIRWISE DISJOINT NORMAL SUBMANIFOLDS WITH X = Uf;l C; AND N = 2",

For this proof, define the full dimension of a definable subset X C M™ to be dim ¢,y (X) =
(d,e) with d = dimy(X) and e be the number of coordinate projections 7 : M™ — M4

such that 7(X) has a nonempty interior. Clearly, e is bounded for fixed n,d. Thus, we

can prove the claim by induction over the full dimension of X, where the pairs (d, e)

are ordered by the lexicographic order.

For d = dimy(X) = 0, X itself is a normal submanifold. Let z = (xq,...,z,) € X,
let i € {1,...,n} be arbitrary. Since m;(X) has no interior, by local o-minimality
(which is implied by #-local weak o-minimality), we can find some a;,b; € M such
that Ja;, ;[ N m(X) = {x;}. Thus, if we choose a;,b; in that way for all i, we have
BNX = {z} for B = |ay,by[ X -+ X |an,by[. Therefore, = is (X, 7) normal with
m:M"— M°and d=0.

For the induction step, let X be arbitrary and let (d, e) = dim,;(X) with d = dimy >
0. Suppose the assertion holds for all (&', ¢') < (d,e). Let m : M™ — M¢ be a coordinate
projection such that the interior of m(X) is non-empty (i. e. a projection witnessing
dimy(X) = d). Define G = {z € X : zis (X,n)-normal} and W = X \ G. It is
easy to check, that for each = € GG, there is some open neighborhood U of x such that
GNU =XnNU. Thus, each z € G is (G, 7)-normal and G is a normal submanifold.

Suppose towards a contradiction that 7(1/') has interior.

Moreover, suppose towards a contradiction, there is some interior W’ C 7(W) such
that for each x € W', there is some coordinate j that m is not projecting on such
that m;(X N 7 '(z)) has interior. In particular, since there are only finitely many
coordinates, applying Cemma 629, there is some coordinate j such that {x € 7(X) :
7;(X N7~ *(z)) has interior} has interior. By Lemma G628, the projection image of
X of the projection onto the coordinates that 7 is projecting on and additionally
the j coordinate has interior contradicting dimy(X) = d. Thus, there is no interior
W' C w(W) such that for each x € W’ there is some coordinate j, that 7 is not
projecting on, such that 7;(X N 7~ (z)) has interior.

By and local o-minimality, there is some interior W, C 7(WW) such that
m; (X N7 l(x)) is discrete for every j and every x € W,

Let c € M. We define a map: g : W, — (ﬁ)nid coordinate-wise. For j € {1,...,n—d}
suppose (g(x)); is defined for all ¢ < j. Let © € W,. Define

40 Again, the main structure of this proof is inspired by the proof of [I5, Theorem 4.26]. However,
the proof of Step 1 differs significantly from the proof given there.

62



Grj={yeM:(((gx)h, .., (9(x)j-1,y) € a1 (T<qs; (X N7} (2)))) A )}
Gaj={ye M:(((g(x)1,.,(9(2)j-1,4) € Toar1(T<ar; (X N7 1 (2)))) A (y > )}

<
A
o

sup (Gy;) if the set Gy ; is non-empty,
(9(x)); = 1. ! "
inf(Gs ;) else.

By x-local weak o-minimality, we have that either G ; is non-empty and finite or G ;
is empty and G; non-empty and finite on an interval around (g(x));. Therefore,
(g(x)); € M and g : W, — M™% Moreover, (z,g(z)) € W for every z € W, by the
construction.

With Cemma 629, Theorem 65 and [, Lemma 2.16 in Chapter 3], we can find some
interior Z C W, on which the definable functions (g(x))1, ..., (g())n—a are continuous.
In particular, g is continuous on Z.

For each j € {1,...,n — d}, we can again define functions:

hj1:Z — ?U {—oo}h, s sup{ye M :yem(XNr ' (2) Ay < (g(x));}}
hjo:Z — MU{cc}l,z—inf{lye M:yem(XNnr'(z) Ay > (g(x));}}

Again, by discreteness and *-local weak o-minimality, h;,(z) < (g(z)); < hj2(z) fol-
lows. By Cemma 629, Thearem 63 and [7, Lemma 2.16 in Chapter 3] and possibly
shrinking Z, we can assume that h;; and h;, are continuous. We can define the
following non-empty open set:

B =7 x |hyi(x), hia(z)[ X - X Jhn_g1 (), hp—az(@)[ € M™.

By the construction of h;;, we have B'NX = {(z,g(x)) : v € Z}. Pick some z € Z.
Since B’ is open, there is some box B C B’ with (z,g(z)) € B. This implies that
(x,g(z)) is (X, m)-normal. This is a contradiction to z € 2/ C W.

Thus, we have that (W) has empty interior and we can apply the induction hypothesis
to W.

By construction, we have that there is at most one normal submanifold for each possible
projection in the resulting decomposition. Thus, we have a decomposition into at most
2™ normal submanifolds.

STEP 2. LET {X;}!", BE A DEFINABLE SUBSET OF M". THERE EXISTS A PAR-
TITION OF M™ INTO NORMAL SUBMANIFOLDS {C;}Y, PARTITIONING {X;}™, AND
SATISFYING THE FRONTIER CONDITION. FURTHERMORE, THE NUMBER N OF NOR-
MAL SUBMANIFOLDS IS NOT GREATER THAN A NUMBER UNIQUELY DETERMINED
ONLY BY m AND n.
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The proof is identical to Step 2 from [Proposition 6.27. n

In the case of definably complete, locally o-minimal structures, a decomposition into
normal submanifolds is already a quasi-special submanifold by [I3, Theorem 4.2], re-
sulting in the following corollary:

Corollary 6.32 (Decomposition into Quasi-Special Submanifolds, [3, Theorem 4.5]).
Let M = (M, <,...) be definably complete and locally o-minimal. Let {X;}1, be a
finite family of definable subsets of M™. There exists a decomposition {C;}N, of M™
into quasi-special submanifolds partitioning {X;}, satisfying the frontier condition.
Furthermore, the number N of quasi-special submanifolds is not greater than a number
uniquely determined only by m and n.

Proof. Note, that every m-normal submanifold X is a w-quasi-special submanifold if
for all y € X, we can choose the open box BY C M" from the definition of a normal
point in such a way that for all y;,y, € X: 7(y1) = 7(y2) implies 7(BY") = 7w(B%).

In the following, we show that we can choose the boxes BY in such a way by induction
over the number k of coordinates that m projects on. Possibly permuting coordinates,
we can assume that 7w projects onto the first £ coordinates.

InDUCTION HYPOTHESIS. For all y € X, we can choose the open box BY C M™ from
the definition of a normal point in such a way that for all y1,y2 € X, m<x(y1) = 7<x(y2)
implies m<;(BY') = w<;(BY?).

INDUCTION START. For [ = 0 the statement is trivial.
InpDUCTION STEP. Let 1 < < k and suppose the statement holds for [ — 1.

Now, for every y € X, let BY be boxes such that the induction hypothesis holds. Let
y € X and let a,b € M be some bounds a < m(y) < b. We consider the definable set
Xy ={y1 € X : m4(y1) = mx(y)} and the definable maps

¢i X, = M
y1 = inf({0} U {x € Jm(y1), 00 : Fyz (mi(y2) = @ Amalyz) € ma(B™))},

b X, > M
1 sup({a} U {a € |00, m(y1)[ : Fyz (m(ye) = @ Amalyz) € ma(By))}

The maps are well defined by definable completeness. The set X, is discrete and
¢_(y1) < m(y1) < ¢+(y1), since X is a m-normal submanifold. Hence, the set X, has
no interior and is closed by local o-minimality. This implies that ¢_(X,) and ¢, (X))
have no interior, by [Cheorem 1. By local o-minimality, these sets must then be
discrete and closed. In particular, sup(¢_(X,)) < m(y1) < inf(¢4(X,)). Therefore,
the boxes

By, = {z€ M":mu(z) € mu(By,) Am(z) € Jsup(¢-(X,)), inf(¢4 (X,))[ }
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have the desired property. We can do a similar construction for every y corresponding
to another set X,.

]

Remark 6.33. Note that this implies that any definably complete locally o-minimal
structure which is not uniformly o-minimal of the second kind, would not have cell
decomposition but a decomposition into quasi-special submanifolds. We cannot provide
such an example so far and only suspect that such a structure exists.

local cell decomposition uniform local o-minimality of the 2. kind & definable
completeness; strong local o-minimality

no local cell decomposi- no uniform local o-minimality of the 2. kind & definable
tion completeness

normal submanifold de- uniform local o-minimality of the 2. kind & definable
composition completeness; strong local o-minimality; *-local weak o-
minimality & *-continuity

quasi special submanifold definable completeness & local o-minimality
decomposition

Table 3: Summary of the presented tameness results in this section. Confer with
Figures 3 and @ to check for which other notions this implies the same results trivially
since they are implied by one of the notions mentioned here.

6.2.3 Dimensions

The concept of dimension is a tool to describe the size of sets in some way. There are
several different reasonable definitions for dimension. Since there is not necessarily a
metric available in arbitrary dense linear orders, we only consider topological notions
of dimension here, considering the topology induced by the linear order of the structure
M. In this section, we introduce some notions of topological dimension and evaluate
in which settings these coincide with another. Moreover, some of the tame properties
that these notions have for some notions of local o-minimality, are presented.

Recall Definifions 6 28 and 6330 from the previous section. The naive dimension of a
definable subset X C M™ is defined by: dimy(X) is the largest m < n such that there
is a coordinate projection m : M™ — M™ such that 7(X) has nonempty interior. The
local naive dimension of a definable subset X C M" is defined by: dimy(X) is the
largest m < n such that there exist a coordinate projection 7 : M"™ — M™ and a point
a € M™ such that the definable set 7(B N X) has a nonempty interior for every open
box B containing the point a.

Fact 6.34. Let n be a positive integer and X C M"™ be a definable set. Then,
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Proof. Suppose there is a coordinate projection, such that the definable set 7(B N X)
has a nonempty interior for any open box B containing the point a. We have 7(BNX) C
7(X). Thus, 7(X) has non-empty interior. It follows that dimy(X) > dim,y(X). O

These notions are not equivalent for every definable set of arbitrary locally o-minimal
structures:

Example 12. Let M = (Q?, <., f) with f: Q* — Q?, (a,b) — (b,0) be the strongly
locally o-minimal structure from [Example 8. Let X = {(z,y) € (Q*)x(Q?) : y = f(x)}
be the graph of f. Then, dimy(X) =1 but dim,y(X) = 0.

Proof. Clearly, m;(X) = Q? and thus dimy(X) > 1. Moreover, the graph of a function
cannot have interior, implying dimy(X) = 1.

For every ((a17a2)7 (b1762)) S (QQ) X (QQ)’ there are (01,62), (03764)a (dladQ)v <d37d4) <
(Qz) X (QQ), with ¢; = d; = ay, C3 = ds = bl, Cy < a9 < dy and ¢g4 < by < dy.

Define the box B = ](c1, ¢2), (d1,da)] X ](c3, ¢a), (ds, ds)]. Then, by construction, either
BNX =0 o BNX = {((ar,b), (b1,0))}. Since the point ((a,az), (b1,bs)) was
chosen arbitrarily, dim;y(X) < 0 follows. As X is clearly non-empty, this implies

However, in the setting of #-locally weakly o-minimal structures with the univariate
x-continuity property, these notions are equivalent. Moreover, they are also equivalent
to the following definition of dimension:

Definition 6.35 (dim(X)). Let n be a positive integer and X C M"™ be a definable
set. The dimension of X, dim(X), is the largest m such that there exists an open box
B C M™ and a definable continuous injective map f : B — X which is homeomorphic
onto its image. For the empty set, dim()) = —co.

Proposition 6.36 ([i5, Proposition 4.14, Corollary 4.22]). The equality dimy(X) =
dimyn(X) = dim(X) holds true for every *-locally weakly o-minimal structure M with
the univariate *-continuity property and every definable X C M™.

Proof. ™ The case X = () is immediate from the definitions. Let X # (:

dimy(X) = dimyn(X):  Suppose towards a contradiction that there is some definable
set X C M™ with d = dimy(X) > dimzy(X). Let m be a projection witnessing
dimy(X) = d. Let Y equal the interior of 7(X). Then, Y C M? is a non-empty open
set by the assumption.

The next part of the proof is similar to the proof of [heorem 63T

Suppose, towards a contradiction, there is some interior Y/ C Y such that for each
x € Y’ there is some coordinate j, that 7 is not projecting on, such that m;(X N

41Some ideas in the proof are inspired by the proof of I3, Proposition 4.14, Corollary 4.22]. However,
the proof differs significantly from the proof given there.
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7~ (z)) has interior. In particular, since there are only finitely many coordinates,
applying Cemma 629, there is some coordinate j such that {z € 7(X) : m;(X N
7~ !(z)) has interior} has interior. By Cemma 628, the projection image of X of the
projection onto the coordinates that 7 is projecting on and additionally the j coordinate
has interior contradicting dimy(X) = d.

By and local o-minimality, there is some interior Y, C Y such that 7;(X N
7 1(x)) is discrete for every j and every z € Y.

Let ¢ € M. We define amap: ¢ : Y, — (ﬁ)n_d coordinate-wise. For j € {1,...,n—d},
suppose (g(x)); is defined for all ¢ < j. Let € Y}. Define

Giy=1{y € M (((9(2))1, .-, (9(2))j-1,9) € Toan(T<ar;(X N7~ (2)))) A (y < )},
Gaji={y € M: ((9(2))1,---, (9(x))j=1,9) € T2as1(T<ars(X N7 (2)))) A (y > 0)},

(9(2)); = sup (G;) if the set Gy ; is non-empty,
g\ = inf (Gq;) else.

By #-local weak o-minimality, either one of the sets G ;, G5, that is not empty, is
finite on an interval around (g(z));. This implies (g(z)); € M and g : Y, — M™%
Moreover, by the construction, (z, g(z)) € X for every z € Y.

With Cemma 629, MTheorem 64 and [, Lemma 2.16 in Chapter 3], we can find some
interior Z C Y, on which the definable functions (g(x))i, ..., (9(z)),—q are continuous.
In particular, g is continuous on Z.

Let z € Z and B C M™ be an arbitrary box with (z,¢(z)) € B. By continuity of g,
A=7ZNnn{(z,9(x)) : x € Y,;} N B) is an open set with z € A. Since this is a subset
of Xp = m(X N B), Xp has non-empty interior. Hence, dim;y(X) > d. This is a
contradiction to the assumption d = dimy(X) > dimyzy(X).

By Fact 6534, we can deduce dimy (X) = dimzy(X).

dimy(X) = dim(X):  Let n be a positive integer, X C M" be a definable set,
B C M™ an open box and f : B — X a definable continuous injective map which is
homeomorphic onto its image. In particular, f is injective and continuous.

The statement dimy (X) > dimy(B) is trivial for dimy(B) = 0.

By induction, we can assume dimy (f((y, 7>2(B)))) > dimy(B) — 1 for all y € m(B).
By Lemma 37, possibly shrinking m;(B), we can assume the sets f((y, m>2(B))) all
have interior for the same projection onto d := dimy(B) — 1 coordinates. Without loss
of generality, assume these are the first d coordinates.

Now, suppose towards a contradiction, that dimy(X) = d. Pick some interval |y;, y2[ C
m(B), some y3 € |yi,yo[ and some y € m>o(B). By injectivity and continuity, there
must be some coordinate i such that m;(f(Jy1,y2[,7’)) is an open convex set. In par-
ticular, 71 (f(ys,’)) is contained in this interior. If i < d, this interior would have an
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non-empty, open cut with 7 (f((y, 7>2(B)))), contradicting the injectivity. If i > d,
then by Cemma 628, the projection onto the first d and the i-th coordinate of X has
interior. This contradicts dimy(X) = d. Thus, dimy(X) > dimy(B) = m.

For the other direction, suppose X is a definable set with dimy(X) = d. Thus, there is
some projection m projecting onto d coordinates such that 7(X) has interior and some
open box B C 7(X) C M?. Define a map g: B — (M) "¢ Similar to the construction
in the proof of dimy (X) = dimyy(X):

Possibly shrinking B, we can assume that 7;(X N7~ !(z)) is discrete for every j and
every © € B. Define g coordinate-wise as follows:

Gij={yeM:(((g(x),-,(9(2)j-1,¥) € Toar1(T<ar; (X N7 () A (y < )}
Gaj={ye M:(((g(x)1,-,(9(2)j-1,4) € Toar1(T<ar; (X N7 (2)))) A (y > )}

sup (G1;) if the set Gy ; is non-empty,
(9(x)); = 1.
inf (Gy;) else.

By x-local weak o-minimality, either one of the sets G ;, G5 ;, that is not empty, is
finite on an interval around (g(z));. This implies (g(x)); € M and g : Y, — M™%
Moreover, by the construction, (z,g(z)) € X for every x € B.

The map f : B — X,z — (x,g9(z)) is definable and injective. By Lemma 629,
MTheorem 63 and [, Lemma 2.16 in Chapter 3], possibly shrinking B, we can assume
that ¢ is continuous. The inverse of f is the projection onto the first d and thus, well-
defined, definable and continuous. Therefore, f is a definable continuous injective map
which is homeomorphic onto its image and dim(X) > d.

]

Remark 6.37. In [15], dimy(X) = dim,y(X) and dimy(X) = dim(X) are shown in
more general settings using some technical definitions.

There is one more commonly used definition for dimension specifically for structures
admitting local definable cell decomposition.

Definition 6.38 (dimc(X)). Let X C M™ be a definable set. Let M admit local defin-
able cell decomposition. Then, dimg(X) is the largest m < n such that for some local
cell decomposition, X contains an (i, ...,4,)-cell D with dimey(D) = > i; = m.
For the empty set, dimg () = —oo.

Proposition 6.39 ([i6, Corollary 5.3]). Let M be a locally o-minimal structure which
admits local definable cell decomposition. Let X C M™ be a definable set. Then,
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Proof. The case X = () is immediate from the definitions. For X # ()

dimg(X) = dimyy(X):  For any (iy,...,i,)-cell C; any a € C' and any open box
B 3 a, let 7 be the projection onto the coordinates j with i; = 1. Then, 7(B N X) is
an open neighborhood of 7(a). Therefore, dimg(X) < dimpy(X).

Let a and 7 be such that 7(a) is in the interior of 7(B N X) for all boxes B with a € B.
By local definable cell decomposition, there is a box B 3 a and a cell decomposition C
of B partitioning X. By [Corollary 6.23, as m(B N X)) has interior, there must be a cell
C such that 7(C) has interior. Thus, dimg(X) > dimzy(X).

dimg(X) = dim(X):  Let m = dim(X). Let B C M™ be an open box and f :
B — X be a homeomorphic map onto its image. It is easy to check that f and
f~! map cells onto cells of the same dimension. Since B is an open box, there must
be a local cell decomposition of some subset of B containing an open cell D. Thus,

dlmc<X) Z dimceu(f(D)) = dimce”(D) = m.

Suppose towards a contradiction, that for some local cell decomposition, X contains
a (J1,...,Jn)-cell D" with dimg(D’) = 1 > m + 1. Let 7 be the projection on all
coordinates i with j; = 1. Clearly, 7(D) C M! is open and contains some box B'.
But then, (7|p)7! s : B’ — X is a definable continuous injective map which is
homeomorphic onto its image.

O

If we consider structures admitting local definable cell decomposition and in this setting
equivalent notions dim, dimg and dimyy of dimension, then we can prove the following
tame properties of dimension:

Proposition 6.40 ([i6, Lemma 5.1, Corollary 5.4, Theorem 5.6]). Consider a lo-
cally o-minimal structure M which admits local definable cell decomposition. Let
X, Y CM"™, Z C M™ be definable non-empty sets. Let o : M™ — M"™, (xq,...,x,) —
(T7(1), - -, Tz(m)) be a coordinate permutation. The following assertions hold true:

1. X CY implies dim(X) < dim(Y),
2. dim(X) = dim(o(X)),
3. dim(
4. dim(
5. dim(fr(X)) < dim X,

X UY) = max{dim(X), dim(Y)},
X x Z) =dim(X) + dim(Z2),
X
Proof. By Proposition 6339, it is sufficient to show the properties for one of the defini-
tions of dimension dim(X), dim¢(X), dimpy(X).

1. Follows from the definition of dim(X).

2. Follows from the definition of dimyy(X).
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3. Follows from the definition of dime(X).

4. For every (i, ...,i,)-cell C C X and (j1,...,Jm)-cell D C Z, theset Cx D C X x
Zisa (i1, i, J1,- -« jm)-cell. Thus, dimpy(X)+dimpy(Z) < dimpy (X x Z).
Similarly, for any (i, ..., %, J1,--.,Jm)-cell in X x Z, the coordinate projection
onto the first n coordinates results in a (iy,...,7,)-cell in X and the coordinate
projection onto the last m coordinates results in a (ji,. .., Jm,)-cell in Z. Thus,

dlmLN(X) + dlmLN(Z) > dlmLN(X X Z)

5. As X is non-empty, dim(X) > 0. Thus, the statement is true for fr(X) = ). Since
dim(X) = dimg(X), if dim(fr(X)) > dim(X), there is a local cell decomposition
of some box B and a cell C' C (fr(X) N B) with dim.;(C) = dim(fr(X)) >
dim(X) > dim(X N B). It is easy to check, that intersecting a cell with a
box results either in the empty-set or a cell of the same dimension. Thus, it is
sufficient to show that for every a € M™ and every sufficiently small box B > a,

dim(fr(X) N B) < dim(X N B) if fr(X) N B # 0.
Proof by induction on dim(X):

INDUCTION START. For dim(X) = 0, we have fr(X) = (). Thus, the statement
is immediate.

INpucTION HYPOTHESIS. For all Y with 0 < dim(Y) < dim(X), every a € M"
and every sufficiently small box B 5 a with fr(Y) N B # 0, we have dim(fr(Y") N
B) < dim(Y N B).

INDUCTION STEP. Let dim(X) > 0 and suppose that the induction hypothesis
holds. Let a € M™ and B > a be a sufficiently small box. Let o; be the coordinate
permutation

op: M™ — M™ (x1,...,2) = (T3, X1, o T, Tig 1y - - T

Let I,..., 1, be open intervals such that B = I; x --- x I, and let J; C M"!
be the open boxes J; = I1 X --- X [;_1 X I X -+ X I,.

Consider the definable sets
Fo={x el : (fr(0;(X)))s N J; # fr((04(X)).) N J; }.

Step 1 of the Proof of the Induction Step. dim(F;) <0 for alli € {1,...,n} and
B sufficiently small.

By the second statement of this proposition, we only have to consider the case
1=1.

Define the definable sets Uy = lag, bi[ X -+ X Jap—1,bn—1[ and
Iy =17 € L (fr(X)2 \ fr((X)2)) N Utap) # 0 and X, N Ugep) = 0}
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for all a,b € J, with (a,0) € J' = {(a,b) € Jy x Jy : NI=\'a; < b;}. Moreover,

define
D= |J (u,, x{(ab)}) C M.
(a,b)€J2

Since we choose B sufficiently small, we can assume that we have a definable cell
decomposition of Iy x J; x J; partitioning the definable set D.

First, we can show that dim(1y,, , ) <0 for all a,b € M"~! such that (a,b) € J'.
Towards a contradiction, suppose some Iy, ,, contains interior. Pick some interval
71 C IU(a,b) contained in this interior.

By the definition of Ty Xe N U@y = 0 for all x € Z;, and this implies
XN (Zy x Ugpy) = 0. As (Z1 X Uiayy) is an open set, X N (Z1 X Ugyp)) = 0. This
contradicts ((fr(X)), \ fr(X;)) N Uap) # 0 for z € Z;.

Secondly, we show dim(D) < 2(n — 1). Suppose not, then dim(D) =2n — 1. In
particular, the cell decomposition partitioning D contains an open cell Cp C D.
Let (v/,a’,b') € I} x J; x J; be some point in the interior of the cell. As
(v/,a',b') € D, we have a; < b; for 1 < ¢ < n. By the definition of cells,
we have dim(Cp) = dim((Cp)(w)) + dim(7>2(Cp)). By the first statement of
this proposition, we can deduce: dim(Cp) = dim((Cp)(w p)) + dim(7>2(Cp)) <
dim(y,,, ) + dim(7>2(Cp)) < 0+ dim(7>2(Cp)) < 2n — 2. This is a contradic-
tion, to Cp being an open cell. Thus, dim(D) < 2(n — 1).

Third, for every « € Fy, we show dim(D, N (J; x J1)) > 2(n—1). Let x € F} be
arbitrary. By the definition of Fj, there is some y € ((fr(X)), \ (fr(X,))) N Ji.
In particular, y € (fr(X)),, which implies y € X, and y & fr(X,). This implies
there is some open box around y which has an empty intersection with X,.
Therefore, we can find (a,b) € J' such that y € Uy € Ji and z € Iy, For
all ¢/,b' € Jy with a; < @) < y; < b < b;, we have y € Uy € Uy and,
thus, z € Iy, . In conclusion, (a',V') € D, for all (a’,') with a; < aj < y; and
y; < b < b;. Hence, D,N(J; x J1) contains an open box and dim(D,N(J; x J;)) >
2(n—1).

Suppose Fi has interior. Then, there is some interval Z; C I; contained in
this interior. However, recall, we have some cell decomposition of I; x J; X
J1 partitioning D and that the fiber of this cell decomposition is again a cell
decomposition of J; x J; partitioning D,. For every x € Z;, dim(D,N(J; x Jy)) >
2(n — 1). Therefore, there must be some cell C' in the cell decomposition with
dim(C,) > 2(n — 1). As there are only finitely many cells, there has to be
some cell with dim(C,) > 2(n — 1) for infinitely many = € Z;. Thus, m(C) is
infinite. As it is a cell, it must be some interval and dim(m(C)) = 1. Recall
that for a cell C' with x € m(C), dim(C) = dim((C),) + dim(7;(C)). Therefore,
dim(C) > 2(n—1) + 1.

By the first property of this proposition, 2(n — 1) > dim(D N ([ x J; x Jy)) >
dim(D N (F; x J; x Jy)). This is a contradiction.
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Step 2 of the Proof of the Induction Step. For any sufficiently small box B > a
with fr(X) N B # 0, dim(fr(X) N B) < dim(X N B).

Again, choosing B sufficiently small, we can assume, that there is a definable cell
decomposition of B partitioning X N B and (fr(X)) N B.

Set H; = M ' x F;, x M" %" and H = Niey Hi = Fi x --- x F,. By the forth
statement of this proposition, we have

dim(H) = dim(Fy) + - +dim(F,) <0+---+0=0.

Moreover, fr(X) C HUJ;_,((fr(X)) \ H;). By the third and fourth statement of
this proposition,

dim((fr(X)) N B) < dim(H) + max dim(((fr(X)) \ H;) N B).

1<i<n
Thus, it is sufficient to show
dim(((fr(X)) \ H;) N B) < dim(X N B)
for (fr(X))NB # 0 and i € {1,...,n} to prove Step 2. By the second statement
of this proposition, we only need to consider the case i = 1.
Note, B = I; x J; and
(EC)\NH)UB = | ({o} x (B(X)NR)) =4

zeli\F1

by the definition of Hj.

By the induction hypothesis,

dim((fr(X;)) N Jp) < dim(X, N Jy) if (fr(X,)) N Jy # 0.

In the following, we show that this implies dim(A) < dim(X N B).

Let C be a cell contained in A with dim(C) = dim(A).

If dim(m(C)) < 0, then for all y € m(C), we have dim(C') < dim(A4,)
dim((fr(X,)) N J1). Moreover, dim((fr(X,)) N J;) < dim(X, NJ;) < dim(X N B)
since y € m1(C) implies (fr(X,)) N Jy) # 0. In conclusion, dim(A) = dim(C) <
dim(X N B).

For dim(m(C)) = 1: Note that for every y € m(C), we have dim(C,) <
dim(X,). Let C = {C"}Y, be the cell decomposition of B partitioning X N B and
(fr(X))N B. Then, the fibers of the cells are a cell decomposition of the fiber of B
partitioning the fibers of X N B. Thus, for every y € m1(C), there must be some
cell C* C X N B with dim((C?),) = dim(X, N J;) > dim(C,). Since there are
only finitely many cells and 7, (C') has interior, there must be one cell C7 fulfilling
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this inequality for infinitely many y € 7(C). Thus, m;(C”) also has interior and
for some y € m (C) N (CY), we have dim(C?) = dim(m (CY)) + dim((CY),) >
14 dim((C),) = dim(m (C)) + dim((C),) = dim(C). As CV is a cell contained in
X N B, we can conclude dim(A) = dim(C) < dim(X N B).

Thus, indeed dim(((fr(X))\ H;) N B) = dim(A) < dim(X N B) which finishes the
proof of Step 2.

Therefore, the induction step holds and the statement is true for all definable
non-empty X C M™.

]

For the naive dimension the following statements are generally true for any dense
linear order without endpoints M = (M, <,...). In particular, this implies that they
also equivalently hold for the dimension dim and the local naive dimension dimpy
(cf. [Proposition 6.3G) for definable subsets of x-locally weakly o-minimal structures
enjoying the univariate x-continuity property.

Proposition 6.41 ([I5, Proposition 4.2]). Let M = (M, <,...) be an expansion of
a dense linear order without endpoints. Let X CY C M"™, Z C M™ be definable
non-empty sets. Let o : M"™ — M"™, (21,...,2,) — (Tz1)s - .-, Tzm)) be a coordinate
permutation. The following assertions hold true.

2. dimy(X) = dimy(o(X)),

Proof. The first two statements are immediate from the definition of dimy.

Let {i1,...,ii} C{1,....n},{j1,---,Jx} € {1,...,m} be some sets of coordinates and
T i1l Mn+m — MlJrk, Tiy,iy - M — Ml and Tj1edr - M™ — Mk be the

corresponding coordinate projections on these coordinates.

The set i, i, j1....5x (X % Z) has interior if and only if both, m;,
have interior. By the definition of dimy, the statement follows.

Moreover, if we consider the naive dimension and equivalently the local naive dimension
for x-locally weakly o-minimal structures enjoying the univariate x-continuity property
(cf. [Proposition 6.36), we can additionally show the following nice properties:

Proposition 6.42 ([i5, Corollary 4.23]). Let M = (M, <,...) be a *-locally weakly
o-minimal structure enjoying the univariate *-continuity property. Let X and Y be
nonempty definable subsets of M™, Z C M™ and let f : X — M™ be a definable map.
The following assertions hold true:
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1. dimy(X UY) = max {dimy(X), dimy(Y)}.

2. The notation Disc(f) denotes the set of points at which the map f is discontin-
uous. The inequality dimy(Disc(f)) < dimy(X) holds true.

4. Let, d € N and ¢ : X — Z be a definable surjective map with dimy (¢~ *(y)) = d
for ally € Z. Then, dimy(X) = dimy(Z) + dimy (¢~ (y)) for ally € Z.

5. dimy (F(X)) < dimpy(X).

Proof. 1. dimy(X UY) > max {dimy(X),dimy(Y)} follows from the first state-
ment of [Proposition 6.41]. For the other direction, let ™ be a projection witnessing
dimy(XUY) =d. Thus, 7(XUY) = 7(X)Un(Y) has interior. By Cemma 629,
either 7(X) or m(Y') has interior.

2. By MThearem 637, there is a decomposition of X into normal submanifolds par-
titioning D(f). One can show that by the finiteness of the partition, for each
submanifold C' of the highest dimension, there is some z € C' and some box B > x
such that X N B = C'N B. Thus, f is continuous at m<,(z). This implies that C
cannot be contained in Disc(f). Thus, dimy(X) = dimy(C) > dimy(Disc(f)).

3. This is an immediate consequence of the previous statement: Let ¢ # d € M.
Define

¢c ifzeX

fic(X) = M,z —
d else.

Then, fr(X) C Disc(f).

4. We choose not to present the extensive proof of this property here. For a proof
confer [I5, Corollary 4.23].

5. This is a consequence of the first and the fourth statement. Note, we define an
injective f’ with the same image and the domain being a subset of X with a
similar construction as in the proof of [Chearem 631

]

Remark 6.43. Originally, the properties of Proposition 642 are actually proven in a
slightly more general setting exactly stating which technical properties are needed in

order for the statements to hold. The interested reader may refer to the reference [I5,
Corollary 4.23].

Moreover, by [H, Corollary 4.24], the fourth statement of [Proposition 6.42 holds for a
x-locally weakly o-minimal structure just in the here presented case of a structure with
univariate x-continuity property. For structures without the univariate x-continuity
property, the equality is false.
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Lastly, we mention two more definitions for dimension which coincide with the local
naive dimension in the case of *-locally weakly o-minimal structures with the univariate
x-continuity property.

Definition 6.44 (Pillay’s Dimension Rank, [[5, Definition 4.33]). Let M be a *-locally
weakly o-minimal structure with the univariate x-continuity property and X C M" a

definable set. Define D(X) by:
e D()) = —oco and for X # 0, D(X) > 0.
o If D(X) > « for all ordinals § > «, then D(X) > 6.

o If there exists a definable closed Y C X such that Y has empty interior in X™
and D(Y') > a, then D(X) > a + 1.

Set D(X) = «, if D(X) > a but not D(X) > a+ 1. Set D(X) = oo, if D(X) > « for
all o

Proposition 6.45 ([i5, Proposition 4.34]). Let M be a *-locally weakly o-minimal
structure with the univariate *-continuity property and X C M™ a definable set. Then,

D(X) = dimy (X).

Proof. For the empty set, the statement is immediate. We prove the statement by an
induction over d = dimy(X). For d = 0, X is discrete and closed and every non-empty
definable subset of X has non-empty interior in X.

Let d > 0.

Let Y be a definable subset of X with dimy(Y) = dimy(X). Recall that dimy =
dimyy and thus there is some x € M"™ such that for every box B > y, we have
dimy(YNB) = dimy(XNB). Let m be a projection witnessing the dimension of YN B.
Then, we can shrink B such that 7(Y N B) = n(B). With a similar construction as in
the proof of Thearem 63T one can define functions Ay, he with which we can find some
box B’ C B such that 7(Y N B') = n(B’') = n(B’' N X). Thus, Y has interior in X.
Therefore, every definable closed Y C X has dimension dimy(Y) < dimy(X) and by
the induction hypothesis D(Y') = dimy(Y), implying D(X) < dimy(X).

By MChearem 63T, there is a decomposition of X into normal submanifolds. Let X; be a
m-normal submanifold of dimension d. Define Z; = X \ X; N X;. By [Proposition 6.42,
dimy(Z;) < dimp(fr(X)) < dimy(X). Since the concatenation of two projections is
again a projection, dimy(7(Z;)) < d. Thus, by Cemma 629, dimy(7(X,) \7(Z1)) =d
and m(X;) \ m(Z;) has interior. Pick a box B’ in this interior and a box B in 7~ (B’).
By the definition of Z;, we have X N B = X; N B.

Let y € X1 N B. Since X is a normal submanifold, there is a box By C B with y € B,
such that X is the graph of a continuous function defined on 7(Bs). Let C" C 7(By)
be a non-empty closed box with 7(y) € C. Let C = {z € " : m(z) = m(n(y))}.

42i. e. with regards to the subspace topology
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Then, C' is closed, definable and dimy(C) = d — 1. By construction, C' has empty
interior in X. Thus, D(X) > dimy(X).

]

Definition 6.46 (Discrete Closure, Rank, [I5, Definition 4.28, Definition 4.30]). Let
M = (M,...) be a structure and let A C M. The discrete closure of A, discly(A), is
the set of all x € M which are contained in a discrete and closed set that is definable
over A (without other parameters).

The rank of S C M™ over A C M is defined as
k4 (S/A) = max{rk®™({ay,...,a,}/A) : (a1, ...,a,) € S}.

The rank of S over A with regard to some theory T, tkp®(S/A) = k(S /A) is
defined to be the rank in some monster model M.

Proposition 6.47 ([I5, Theorem 3.2, Theorem 3.5]). Let M = (M, ...) be a *-locally
weakly o-minimal structure with the univariate *-continuity property. Let T'= Th(M)
be the theory of the model. Let A C M and X be a subset of M™ definable over A

(without other parameters).
The pair (M, discl) is a pregeometry.
Moreover, dimy (X) = rk§*4 (X /A).

We choose not to present the proof here, but the reader can find a very detailed proof
in the Appendix of [15].

*-local weak o-minimality & ~dim(X) = dimy(X) = dimy(X) = D(X) =
k-continuity rk%¢/(X / A) and all of these have the properties stated
in [Propositions 6.41 and 642.

uniform local o-minimality dim(X) = dimg(X) = dimyy(X) and all of these
of the 2. kind & definable = have the properties stated in [Proposition 6.40.
completeness; strong local o-

minimality

Table 4: Summary of the presented results in this section. Confer with and @
to check for which other notions this implies the same results trivially since they are
implied by one of the notions mentioned here.
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7 Locally O-Minimal Groups and Fields

In this section, we are not considering arbitrary dense linear orders but only expansions
of dense, linear ordered groups and fields. These restricted settings lead to additional
tameness results. Expansions of groups and fields have been the subject of intensive
study not only in the locally o-minimal setting but also with substantial results for less
restrictive notions like d-minimality. The review of tameness beyond o-minimality for
groups or for fields would by itself be an interesting topic for an extensive study but is
exceeding the scope of this thesis.

Therefore, we shortly review some of the specific results for locally o-minimal groups
and fields and put them into the context of this thesis, but leave out proofs and
details. This section is only intended as an outlook to familiar results of the ones
presented in previous sections and the interested reader is encouraged to consider the
given references for greater insight into this topic.

7.1 Groups

In this subsection, we focus solely on locally o-minimal groups and tameness results
specific to these.

First, consider locally o-minimal archimedian structures.

Definition 7.1 (Archimedean, [40]). Let M = (M, <,+,0,...) be an expansion of an
ordered group. M is called archimedean if for every a,b € M with 0 < a < b there is
some positive integer n such that na > 0. Here, na denotes a + - - - + a.

— —

n times

Proposition 7.2 ([d0, Theorem 6.3]). Let M be an archimedean locally o-minimal
ordered group. Then, M is abelian and divisible. In particular, M is o-minimal.

Thus, in the case of archimedean groups local o-minimality coincides with o-minimality.
As we want to investigate tameness beyond o-minimality, we are only interested in
results for non-archimedean locally o-minimal groups. For these, there are also some
stronger versions of the tameness results presented in the previous sections.

Regarding elementary equivalence, recall that almost o-minimality is not preserved
under elementary equivalence. Moreover, by [i0, Corollary 4.30]), a structure elemen-
tarily equivalent to an almost o-minimal expansion of an ordered group is a uniformly
locally o-minimal structure of the first kind.

Regarding geometric tameness, first, we revisit local monotonicity and continuity.
While there are no notable better results for the definitions of local monotonicity and
continuity that we introduced so far, note that the definability of addition naturally
induces a definable metric on the structure. Thus, one can consider uniform continuity:

Proposition 7.3 ([I2, Corollary 2.8]). Let M = (M, <,+,0,...) be a definably com-
plete expansion of an ordered group. Let C' be a definable, closed and bounded set.
Then, every definable continuous function f : C'— M is uniformly continuous.
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In particular, by [Corollary 6.7, for every definably complete expansion of an ordered
group M = (M, <,+,0,...), the proposition implies that every definable function
f I — M is locally uniformly continuous everywhere except for a discrete set.

Secondly, we consider cell decomposition. For almost o-minimal expansions of ordered
groups there is a slightly stronger version of Corollary 6.21] allowing for a uniform
choice of cell decompositions with the same types for arbitrary parameters from an
unbounded set of parameters.

Theorem 7.4 (Uniform local definable cell decomposition, [0, Theorem 1.7]). Let
M = (M,<,0,+,...) be an almost o-minimal expansion of an ordered group. Let
{Ax}rea be a finite family of definable subsets of M™", let R € M be an arbitrary
element and B =|—R, R[".

Then, there exists a finite partition into definable sets M™ x B = Ule X, such that
B = Ule(Xi)b is a definable cell decomposition of B for every b € M™ and either
XiNAy=0 or X; C Ay for every1 <i <k and X € A.

Furthermore, the type of the cell (X;)y is independent of the choice of b if (X;)y # 0.

Third, recall that we also discussed decompositions into normal and quasi-special sub-
manifolds. For definably complete expansions of ordered groups, there is even a de-
composition into special submanifolds, which is a stronger version of the decomposition
into quasi-special submanifolds also requiring that the boxes V,, can be chosen pairwise
disjoint.

Definition 7.5 (Special Submanifold, [0, Definition 3.1]). Let M be a dense linear
order without endpoints and let 7 = 7«4 : M™ — M ¢ Tet Y C M" be a definable
subset. Y is called a 7 o 7-special submanifold (or simply special submanifold) if there
is a coordinate permutation 7 : M™ — M", (x1,...,2,) = (Zrq),- .., %r(n)) such that
the definable set X = 7(Y") has the following properties:

For every x € M, there exist an open box U in M? containing the point z and a
family {V, },ex, of mutually disjoint open boxes in M™ such that

1. (V) =U for all y € X,
2. (X N7 (U) € (Uyex, Vo)
3. V, N X is the graph of a continuous map defined on U for each y € X,.

Definition 7.6 (Decomposition into Special Submanifolds, [T, Definition 3.18]). Let
M be a dense linear order without endpoints and let {X;}™, be a finite family of
definable subsets of M"™. A decomposition of M™ into special submanifolds partitioning
{X;}m, is a finite family of pairwise disjoint special submanifolds {C;}¥ ; such that
Ui]\il C; = M™ and for every 4, j: Either C; has an empty intersection with X; or it is
contained in Xj.

A decomposition {C;}¥, of M™ into special submanifolds satisfies the frontier con-
dition if the closure of any special manifold cl(C;) is the union of a subfamily of the
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decomposition.

Theorem 7.7 ([I1, Theorem 3.19]). Let M = (M, <,0,+,...) be a definably complete
locally o-minimal expansion of an ordered group. Let {X;}, be a finite family of
definable subsets of M™. There exists a decomposition {C;}X, of M™ into special
submanifolds partitioning {X;}7, and satisfying the frontier condition. Furthermore,
the number of special submanifolds is bounded by a constant only depending on m and
n.

Remark 7.8. On a side note, there is an even stronger version of this theorem: [T,
Theorem 3.22] states that this decomposition can be chosen such that the special
submanifolds have tubular neighborhoods as defined in [I, Definition 3.21].

Moreover, the reader interested in another definition of “good-shaped” sets, can find
a different approach in [0, Definition 4.19, Theorem 4.22], where so called multi-cells
are discussed and a finite decomposition for almost o-minimal expansions of ordered
groups are shown. We omit the details here.

Finally, there are also some other results not relating to our results from the previous
chapters. In [12] the reader can find a comprehensive discussion of the tameness of
the topology of definably complete locally o-minimal expansions of ordered groups
and definable topological groups. The reader can find several interesting results there,
which are beyond the scope of this thesis.

7.2 Groups with Bounded Multiplication

Definition 7.9 (Definable Bounded Multiplication, [21, Definition 1.3]). An expansion
M = (M,<,0,+,...) of a linear ordered group has definable bounded multiplication
compatible to + if there exist an element 1 € M and a map - : M x M — M such that

1. the tuple (M, <,0,1,+,-) is an ordered field,
2. for any bounded open interval I, the restriction -|;; is definable in M.

We simply say that M has definable bounded multiplication if the addition in consid-
eration is clear from the context.

In [Proposifion 3.11], we proved that every uniformly locally o-minimal expansion of
the second kind of an ordered field is o-minimal. For the more general setting of
expansions of ordered abelian groups having definable bounded multiplication, there is
the following result:

Proposition 7.10 ([Z1, Proposition 3.2]). A uniformly locally o-minimal expansion of
the second kind of an ordered abelian group having definable bounded multiplication is
almost o-minimal. In particular, it is definably complete.

Regarding definable functions in expansions of dense linear ordered groups having defin-
able bounded multiplication, there are additional nice properties. In [21, Theorem 4.10,
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Proposition 4.5 and Proposition 4.6] the interested reader can find versions of the Lo-
jasiewicz’s Inequality and Michael’s Selection Theorem for definably complete locally
o-minimal expansions of an ordered group having definable bounded multiplication.
Moreover, the following result is also proven in the same publication:

Proposition 7.11 (|21, Weak Tietze Extension Theorem, Theorem 4.7]). Let M be
a definably complete locally o-minimal expansion of an ordered group having definable
bounded multiplication. Let S be a definable, closed and bounded subset of M™. Then,

every definable continuous function f : S — M has a definable continuous extension
f:M"— M.

Moreover, there are again also more results like e. g. [[8, Theorem 1.4] which considers
definable topologies for definably complete uniformly locally o-minimal expansion of
ordered abelian groups.

7.3 Fields

Throughout this subsection, let K = (K, <,+,-,0,1,...) be an expansion of a locally
o-minimal field.

First, recall that by Proposition B0, any uniformly locally o-minimal ordered field
IC is o-minimal. Thus, it is only interesting to consider locally o-minimal structures
which are not uniformly locally o-minimal of the second kind.

Secondly, every definably complete field I is type complete by the following proposi-
tion:

Proposition 7.12 ([19, Proposition 2.3.(8)]). Let K be a definably complete locally
o-minimal expansion of an ordered field. For any definable subset X of K, there exists
r1,79 € K such that either Jri, 00 C X or X N|ry,00[ =0 and either |—oco, 5[ C X or
X N]oo, re = 0.

Thus, a reader interested in definably complete locally o-minimal expansions of an
ordered field should also consider results for type complete structures like in [37].

By [@], one of the following two cases has to hold for definable functions in definably
complete locally o-minimal ordered fields:

Proposition 7.13 ([9, Theorem 5.18]). Let KC be a definably complete locally o-minimal
ordered field. Then, K is either power-bounded, or it is exponential. Being exponential
means that IC defines an exponential function. K 1is called power bounded, if for every
ultimately non-zero definable function f : K — K there ezist c € K \ {0} and r in the
field of exponents of K, such that f ~ cx”.

Note that in fields, we can define differentiability. Thus, it is reasonable to consider
differentiability as an additional tameness property. For definably complete locally o-
minimal expansions of ordered fields, there is a decomposition into special submanifolds
which are additionally differentiable.
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Definition 7.14 (C"-Submanifolds, [19, Definition 2.10]). Let ¥ C M" be a definable
subset. Y is called a 7 o 7-special C"-submanifold (or simply special C"-submanifold) if
there is a coordinate permutation 7 : M™ — M™", (x1,...,2,) = (Trq),- .., Tr(n)) such
that the definable set X = 7(Y") has the following properties:

For every x € M, there exist an open box U in M? containing the point z and a
family {V, },ex, of mutually disjoint open boxes in M™ such that

e m(V,)=U forally € X,,
« (X077 U)) € Uyex, Vo),

yeXy 'Y

o V, N X is empty or the graph of a continuous C"-map defined on U for each
y € X,.

A decomposition of K™ into special C"-submanifolds partitioning {X;}, is a finite
family of pairwise disjoint C"-special submanifolds {C;}Y, such that Y, C; = M”
and for every 1, j: either C; has an empty intersection with X or it is contained in Xj.

Proposition 7.15 ([19, Proposition 2.11]). Let KC be a definably complete locally o-
minimal expansion of an ordered field. Let r be a nonnegative integer. Let { X}, be
a finite family of definable subsets of K™.

Then, there exists a decomposition of K™ into special C"-submanifolds partitioning
{X;},. In addition, the number of special C"-submanifolds is bounded by a function
of m and n.

Remark 7.16. Again, on a side note, there are also versions with tubular neighborhoods
in [I9, Theorem 2.14, Theorem 3.9].

Moreover, in [19, Theorem 3.10, Theorem 4.5, Theorem 4.12], the reader can also find
some explicit tameness results shown for the notion of C"-submanifolds.

Another topic discussed in [, Theorem 5.25] and [20] are definable groups in definably
complete locally o-minimal ordered fields. These also have several tame properties, but
we will not go into detail here.

On a last note, there is a version of the well-known Definable Positivstellensatz for
definably complete locally o-minimal expansions of ordered fields:

Proposition 7.17 (Definable Positivstellensatz, [T9, Theorem 3.14]). Let KC be a defin-
ably complete locally o-minimal expansion of an ordered field. Let fi, ..., fi be definable
C" functions on K™ such that the set S = {x € K™ : A\F_, fi(x) > 0} is not empty. Let
g be a definable C" function on K™. The following assertions hold true:

1. If g > 0 on S, there exist definable C" functions p,vy,...,vx on K" such that
p~1(0) € g71(0) and pPg = v + >0 v fi.
2. If g > 0 on S, there exist definable C" functions vy, ...,vr on K" such that

k
g=v5+ > it v} fi.
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8 Conclusion and Outlook

While local o-minimality alone seems to be too weak a condition to imply any significant
tameness results, it is an overarching classification containing several slightly stronger
notions like *-local weak o-minimality, weak uniform local o-minimality of the second
kind and locally o-minimal structures with the univariate x-continuity property. For
these notions, the desired local versions of the geometric tameness properties from
o-minimality do indeed hold.

One inherent downside of the study of local o-minimal structures instead of o-minimal
ones, is that there are only local tameness results. While the local monotonicity and
cell decomposition results have some nice applications for dimension theory, they are
missing the global finiteness of o-minimality which is a powerful tool since it allows for
inductive arguments. However, the results presented here definitely justify to consider
many of the notions discussed as geometrically tame.

Due to historic developments in the field, various different notions of local o-minimality
and familiar notions have been introduced. Most notable, the ones for which the most
general versions of important tameness have been shown, being almost o-minimality,
strong local monotonicity, uniform local weak o-minimality of the second kind and
+-local weak o-minimality.™ Moreover, while there are some examples proving that
some of the notions are not equivalent, there are still many cases without any example.
For example, it would be interesting to know if there is an example of a *-locally weak
o-minimal structure which is not uniformly weakly o-minimal of the second kind.

In conclusion, there are various interesting tameness results for local o-minimality,
in more restrictive settings like expansions of groups and fields and even for arbi-
trary dense linear orders. Thus, this is an important notion for tameness beyond
o-minimality.

43While DC, TC, weak o-minimality and the *-continuity property are all also fundamental notions
with important implications, these are rather tools and related study areas and not so central for local
o-minimality, thus, not included here.
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