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1. Introduction
We work throughout over an algebraically closed field K. Let
M, := {f : A’ = A’ : f is a morphism of degree n + 1}/Aut(A%).

We identify M,, with the space of all degree n 4+ 1 monic polynomials over K that vanish
at 0. There exists vast literature studying subvarieties of M,,, e.g. the space of square-free
polynomials (i.e. configuration spaces of distinct points, see e.g. [1], [15] and the references
therein), or the space of finite morphisms to A! with a fixed a Galois group G (see e.g. [6],
[17]) etc. In this paper we consider a natural but quite different problem by considering
the subvarieties Simp,’ C My of morphisms with “total ramification < m”.

To be precise, let

N = U{[al,...,a,.]:ai € N,a; > 1}

r>1

where [ay, ..., a,]-denotes an unordered r-tuple of (not necessarily distinct) integers. For
f € My, let vy(a) denote the valuation of f at a (for a definition see Section 2 below).
Let

Ram(f) :=={a € A' 1 vs(a) > 2}

be the set of ramification points of f. If a is a ramification point of f, define the ramifica-
tion index of f at a to be the positive integer vs(a). Let Branch(f) := f(Ram(f)) C Al
be the set of branch points. A branch point b € A of f determines the ramification
profile of f over b, denoted by By(f) € N via

By(f) := [ramification indices of elements of f~1(b)].

Let

I(Bo(f) = Y (e—1)

e€By(f)

be the ramification length over b”. The total ramification length of f is

length(f) == > (UBs(f)) —1). (1.1)

beBranch(f)

Let

Simpy' == {f € M, : length(f) < m}.
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This is a Zariski open dense subset of My, and hence a smooth variety over K. In fact,
as we shall soon see, Simp," is the complement of a locus defined by polynomials with
coefficients in Z, and hence is a reduced separated scheme of finite type over Z. When
m = 1, we get the locus of simply-branched polynomials, which we denote by Simp,,.
These are the degree n + 1 morphisms f : A! — Al with simple branch points (see
Fig. 1).

Remark 1.1. Note that {f € M, : length(f) = m}, the locally closed stratum of
polynomials with total ramification length m, has codimension m in M;, by the Riemann-
Hurwitz formula. In other words, (1.1) is the bridge that relates the codimension of
a stratum with the total ramification length of polynomials in that stratum, via the
Riemann-Hurwitz formula.

o4
o2
o4
o2
o2 5 o2
1 . 1
A 3 A
o2
o3 o2 3
! g
Al . . ] Al . ]
Branch(f) Branch(g)

Fig. 1. A schematic of the ramification points (with indices specified) over the branch points of two morphisms
f,g € Simp! for a fixed n > 13.

Let p(N) denote the number of partitions of a positive integer N. Let ¢ : Z+ — Z™T
be defined via

c(m)=>_ < > pi+1)...p(n+ 1)). (1.2)

k>1 ni+...+ng=m
ni1<...<nyg

By H' (respectively HY,) we will mean singular (respectively étale) cohomology. If V is

a Qg vector space and if m € Z then we let V(m) denote the mth Tate twist of V. Our
main theorem computes the cohomology of Simp)".

Theorem A. Let m,n > 1. Then the following hold.
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1. For all n > 3m:

Q fori=0,
H'(Simp) (C); Q) = { Q%™ fori=2m —1,

0 otherwise.

Furthermore, H?™~Y(Simp'(C); Q) is pure of weight —2m and Hodge type
(—m,—m).

2. Let k be a field satisfying char k > n + 1 or char k = 0. Then for all n > 3m, we
have the following isomorphism of Gal(R/k)-representations:

. Q.(0) fori=0,
Hét(SimP?/g; Qo) =3 Qu(—=m)®tm)  fori=2m —1,
0 otherwise,

whenever £ is prime to char k.

An arithmetic application Theorem A paired with the Grothendieck-Lefschetz fixed
point theorem gives us the following:

Corollary 1.2. Let m,n > 1 and let ¢ = p®, where p is a prime and d > 1. Then

#Simp, (Fq) = ¢" — c(m)q"™™
forallnm <p—1andm < 3.

Remark 1.3. The case m = 1 itself is of special interest- it answers questions about the
topology of the moduli space of simply-branched morphisms. If m = 1 then ¢(m) = 2. So
when n > 3, Theorem A provides answers for H*(Simp,,(C); Q) and H*(Simpn/K; Qo)
which were not previously known. In particular, for all n > 3 Corollary 1.2 immediately
implies the following;:

#Simp,, (Fq) = ¢" — 2¢" "

where ¢ = p?, provided n + 1 < p. When n = 1, Theorem A is trivial because all degree
2 morphisms are simply-branched i.e. Simp; = Al. If n = 2, then Simp, is isomorphic
to the space of square-free quadratic polynomials by the map defined (2.3). Results for
the latter space are well-known thanks to Arnol’d’s work (see e.g. [1]).

Further remarks

1. In characteristic p > 0, we could have also considered the moduli space of polynomials
of degree n+ 1 which are unramified as self-maps of the affine line. However, we have
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also seen that these spaces are nonempty if and only if n + 1 = p* for some k. So,
our assumption of n + 1 < p rules out the unramified case.

2. Note that Item (2) in Theorem A does not imply étale cohomological stability when
charK > 0. When n is large, morphisms with wild ramification will inevitably come
into the picture. Via Artin-Schreier theory one can construct infinite families of
degree m morphisms f : A@lf,, — A@lf,, with a fixed ramification type. Furthermore,
note that Simp."" is not a proper scheme over Z. So even the customary base change
and Grothendieck-Lefschetz theorems would not help with finding a formula for

#Simp,,(F,) for large values of n.
Some context

1. Theorem A is orthogonal to the plethora of results concerning the (co)homology
of the moduli space of polynomials with a prescribed order of zeroes (also known
as configuration spaces on C) due to Arnol’d (see e.g. [1,2]), Napolitano ([15]) etc.
While most results concentrate on spaces recording the zeroes of polynomials, Simp.'
records the ramification. This in turn prevents us quoting the Leray Serre spectral
sequence for inclusion, unlike the papers on configuration spaces. In fact, our results
should be viewed in the spirit of the long standing open problem of understanding the
topology of the Hurwitz space. The irreducibility of the Hurwitz space is a classical
result proved in [4], with a more modern account in [7], but the topology of its
subvarieties corresponding specific ramification loci is almost completely unknown.
Our result is that of stability of the cohomology of these Hurwitz spaces satisfying
certain conditions.

2. A well-known method of looking at this the Hurwitz spaces, at least when K = C, is
by considering topological finite covers of punctured smooth projective curves (see,
e.g. [17], and the references therein). As an example, note that each element of M,
corresponds to an (n + 1)-sheeted cover of (At — {p1,...,pn}). One looks at finite
quotients of the topological fundamental group 7.’(A' — {p1,...,pn}) (which is
finitely generated), or in turn, subgroups of 7:?(A' — {p1,...,p,}) of a fixed (finite)
index, of which there are only finitely many.

In a beautiful paper on Cohen-Lenstra statistics, Ellenberg-Venkatesh-Westerland
study Hurwitz schemes with fixed Galois group (see [6]) and prove a homological
stability result. The resemblance of Simp,"' with the Hurwitz schemes in [6] is close
enough to warrant digging a little deeper to see why the techniques in [6] seem
unlikely to imply Theorem A. The key difference between this paper and theirs lies
in the Galois groups of the finite covers of A — {py,...,p,}. In [6], they consider
G-covers of At —{p1, ..., pn}, where G is a fixed group (satisfying certain conditions),
and the number of branch points grow, thereby increasing the genus of the projective
completion of the cover but keeping the degree of the cover unchanged. In our case,
the genus of the cover is always 0, whereas the monodromy group, which in some
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cases would turn out to be &,,11 (e.g. when all branch points are simple) grows with
the degree of the cover.

3. In contrast to Theorem A, the étale cohomology groups H,(Simp]'; Q) do not
stabilize when char K > 0- a divergence from other comparable stability results (see
e.g. [6], and Farb-Wolfson’s work on configuration spaces see [8]). Indeed, the moduli
space of polynomials f € F,[z] of degree n that are unramified as self-maps of A%p is
nonempty if and only if n is a prime power. To see this, note that when n is a prime
power, there are the Artin-Scherier examples like ™ — x, which is unramified since
%(w" —1x) = —1 # 0; the other direction follows from the work of Grothendieck (see

[9]) which goes roughly in the following way. Let ¢ be a polynomial of degree n where

n = p*m for some m and p Jm, and suppose the finite morphism ¢ : ]P’1 — IP’l is

ramified only at co. Its tame pullback kills the prime-to-p part of the mertla at 00

and gives us an unramified morphism & : A% — A% with tame ramification at oo
P p

and the inertia group cyclic of order m. Since ged(m, p) = 1, the map a can be lifted
to characteristic 0, which then forces m = 1.

The fact that HZ, (Simp) /F,; Q ¢) does not stabilize is a manifestation of Abhyankar’s
philosophy: that prime-to-p situation mimics the characteristic 0 picture, else, every
type of cover that can possibly occur, indeed occurs (see [12, Section 3]).

Outline of proof of Theorem A Fixing n > 3, our approach to computing H(Simp!")
for each m > 0 can be summarized as follows.

1. We first relate the ramification of a polynomial with its derivative. We relocate the
whole problem to M/, the space of derivatives of all elements in M,,. Noting that
M/ = M, we reduce the problem to computing the cohomology of the image of
Simp," in M/, by studying the ordered zeroes of elements in M/, i.e. “the root cover
of M!”.

2. We construct posets that encode the ramification behavior of elements of M,,. More

precisely, fixing the ramification data stratifies My, and in turn M

;. into a disjoint

union of locally closed subsets whose closures give us a covering of the root cover
of M/, by closed sets. Their pre-image in the root cover is combinatorially described
by the posets P. Our first step is to prove that P} is shellable (see Section 4.1).
The key implication of being shellable, for us, is that the only nonzero reduced
cohomology of an “open interval” in P, resides in its top dimension.

3. We study the geometric properties of the strata in the above-mentioned stratification
in Section 5, in particular Proposition 5.1.

4. We use shellability of P;]* to construct the resolution (6.1) of jiQym (see Lemma 6.3)
where U] denotes the space of “ordered ramification points”, defined in (2.6).

5. Finally, we compute H*(U",Q) by incorporating the geometric properties of the
stratification from Item 2, and shellability of P from Item 1 in the resolution of
J1Qym , as mentioned in Item 3. Taking &,, of the resulting spectral sequence now
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finishes the proof of Theorem A since most terms on the E' page turn out to be 0
thanks to Propositions 5.1 and 4.7 (see Section 6).

2. Ramification, derivatives and the “ramification cover”

In this section we elaborate on our first step discussed in the proof outline above. We
assume that char K = 0 or charK > n + 1. We show that the ramification behavior of
a polynomial is reflected, to a large extent, by its derivative. Switching to the “space of
derivatives” is our first step to prove Theorem A.

For convenience, let us briefly recall (and expand on) the definitions from page 1 of
the introduction. Let f : X — Y be a finite morphism of smooth curves defined over K.
Let f# : Oy — Ox 4 be the homomorphism induced by f on the stalks of the structure
sheaves Oy and Ox at the closed points b = f(a) € Y and a € X respectively. Let y
be a generator for the maximal ideal in Oy;. The valuation of f at a, which we denote
by vg(a), is defined as v, (f#(y)) where v, is the valuation associated to the discrete
valuation ring Ox ,. In this paper we assume X =Y = A'. Also, throughout the rest of
the paper, for any set X and (not necessarily distinct) elements 1, ..., z,, we denote by

[T1,..., 2]
the corresponding unordered r-tuple.

Definition 2.1 (Ramification data). Let n be a positive integer. For an element ¢ € M,
we define the ramification data of ¢ as three sets of data:

1. the ramification points of ¢, given by Ram(¢) = {a € A' : vy(a) > 2},

2. the branch points of ¢, given by ¢(Ram(¢)),

3. associated to each point b € Branch(¢) we define the ramification cycle of ¢ over b
as an unordered [(By(¢))-tuple Ramy(¢) € Sym'Pr@IAL via:

Ramy(¢) := {a € A' : a € ¢~ (b) N Ram(e), counted (vg(a) — 1) times}  (2.1)

Definition 2.2. For a € Ram(¢) we say that ¢ is simply-branched at a or a is a simply-
branched ramification point of ¢ if By, (¢) = {2}. We that b € Branch(¢) is a simple
branch point of ¢ or ¢ is simply-branched at b if b is the image of a simply-branched
ramification point of ¢.

For ay,as € Ram(¢) we say that a; and ag are sibling ramification points if ¢(ay) =

P(az).

Remark 2.3. Note that if ¢ is simply-branched at a, it is clearly simply ramified at a, but
the converse is not true. The above definition also implies that ¢ is non-simply-branched
at a € Ram(¢) if and only if [(Bgq)(¢)) > 2.
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Al eql eal
Al
k
oa’f‘ oa§2 eay”
¢
Al oby by . obh,
Branch(¢)

Fig. 2. The diagram above is a schematic of the morphism ¢ € M,, with ramification data given by (2.2).

Let the ramification data of ¢ € M,, be given by (see Fig. 2):

Branch(¢) = {b1,...,b,}
for each i, let By, (¢) = [e}, ... €],

(2.2)
and let Ramy, (¢) = (a},...,a%,...,af",...,afi )
—_—— —_————
ei—1 el —1

Therefore, we have

g@)= J] @—a)™" ... J] (@—a))=

1<i<k; 1<i<k,

i.e. the derivatives of the morphisms in M,, completely determine, and are determined
by the ramification data. For a € Ram(¢), we define the differential length of ¢ at a to
be the order of vanishing of ¢’ at a i.e. if vg4(a) = e, then the differential length of ¢ at
a is e — 1. This leads us to introduce a new space defined by

M = {nilgb’:qﬁel\/[n}.

Note that M is the space of all monic degree n polynomials over K, and so M, = A™.
Define the function
T:M — M,
f +— (n x the antiderivative of f that vanishes at 0)

The Riemann-Hurwitz formula guarantees that the sum total of the differential lengths
for any morphism ¢ € M, is n. This gives us the following isomorphism:

L The differential length goes by other similar names, like, for example, length, different etc. Our definition
holds only for tamely ramified morphisms. For a general definition, see, e.g. [11, Chapter 4, Proposition
2.2].
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D:M, — M/

¢ —> n(ill (2.3)

I(f)«— f

Furthermore, let ¢ denote a positive integer, ¢ € M,, and f € M/,. Then it follows from
(2.3):

/

a € Ram(¢), with differential length £ ~ a € {Zeroes of }, with multiplicity ¢

n+1
a € Ram(Z(f)), with differential length ¢ « a € {Zeroes of f}, with multiplicity ¢
(2.4)

In other words, the map D sending the ramification data of elements in M,, to the zeroes
of their derivative in M/ (counted with multiplicity), is an isomorphism.
To study the topology of Simp;', we appeal to the isomorphism in (2.3) and define

S, = DSimp,".

So, 8™ is Zariski open dense of M/, for all m. As with Simp,,, we omit m = 1 and write
S, instead of S!. We thus have the following commutative diagram:

Simp, —— S

/ l

M, —— M/

The ramification cover of My The ramification cover of M, is the space of ordered
ramification points of elements in M,,, with multiplicities equal to the differential lengths.
In other words, the ramification cover of My, is merely the root cover of M/ . Let this be
denoted by AX,,. Therefore, X,, = A" since it is the space of ordered roots of degree n
monic polynomials over K. There is an obvious action of &,,, the symmetric group on n
letters, on X, given by permuting the coordinates. This action is fixed-point free off the
diagonals, resulting in a finite surjective morphism

7 Xy — X /S, = M),
(a1,...,an) = (x—a1)...(x —ap) (2.5)

The branch locus of 7 is precisely the complement of the space of monic square-free
degree n polynomials in M/,. In other words, X, is what one calls the “root-cover” of
M) . Let

m ._ __—lom
vy =n"-"85,".
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Thus, for example, the pre-image of S, C M/ in X, is given by
U, =71 1S,) =

{(al7 coosan) ta; #aj and (I(w(al, . ,an)))(ai) # (I(W(ah .. .,an)>(aj) Vi < j},
(2.6)

where we write U, instead of U}. Thus we have:

um

n 7f|u;Ln

S ——— Simp,!

LT

M, ——— M,

3. Stratification of X,,: the combinatorics

We should, for clarity, recall the convention fixed at the beginning of the introduction:
all varieties are defined over an algebraically closed K and n always denotes a positive
integer that satisfies n+1 < char K whenever charK > 0. We have seen briefly seen how
ramification data on polynomials give us a stratification of the moduli space M,, and in
turn, a stratification of M. The goal of this section is to encode this stratification into
concrete combinatorial terms to give a stratification of the ramification cover X,, (see

Fig. 3).
Now,
Xn - un = U Tij U U Dij
1<i<j<n 1<i<j<n
where

T = {(al,...,an):aizaj}, and

(Z(r(ar, - an))) (@) = (Z(n(ar, . an)) ) ()
Dij:{(a17...7an): (@ —a,) :0}

Note that D;;, T;; as well as w(D;;) and m(T;;) are all Z-schemes; they are defined
in &, and M/, respectively, each isomorphic to A", by equations with coefficients in Z.
So U, its &,-quotient S and in turn Simp,' are defined over Z for all m and n. Also
note that
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Al 3 2 2
(z)J/
Al . . ce .
Branch(¢)
o2
Al
" o2 o2 o2
Al ° ° . °
Branch()

Fig. 3. The above diagram is a schematic of a generic point ¢ € Zomw(D;;) C My. The one below is that of a
generic point ¥ € o (T5;).

w(D;j;) = {f € M), : Z(f) has exactly one branch point that satisfies By(Z(f)) = {2, 2}}
and,
m(Ti;) = {f € M), : Z(f) has exactly one branch point that satisfies By(Z(f)) = {3}},

as show in the diagram above (also, see Definition 2.1 and (2.3).) The closed subvarieties
formed by the intersection of various combinations of the divisors D;; and T;; give us a
stratification of X™, the combinatorics of which we describe now.

3.1. A combinatorial description of stratification by locally closed subsets

In this section, we describe &), as a disjoint union of locally closed subsets, are indexed
by the elements of a certain poset. We first fix a convention: if p is a partition of the set
{1,2,...,n}, we denote by p(j) the subset of {1,2,...,n} that contains j and we denote
by IL,, the poset of all partitions of the set {1,2,...,n}. Also, we introduce a short-hand

notation n := {1,2,...,n}.
For each (ai,...,a,) € X,, we define a pair of partitions, say pi(ai,...,a,) and
pa2(ay,...,an), on the set n in the following way:

i€ pilar,...,an)(y) if a; =ajy,

(3.2)
i€ pa(ar,- . an)(j) if T(r(an, ... an))(a;) = L(n(as, . . an))(ay)

Remark 3.1. Note that p;i(aq,...,a,) partitions an ordered n-tuple (ai,...,a,) € &A™
of ramification points of Z(m(ai,...,a,)) according to the differential lengths, and
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pa2(ai, ..., a,) partitions (ay, ..., a,) according to whether these points are siblings under
the morphism Z(w(ay,...,ay)).

We thus obtain a map:
p: X, — 1, x 11,
(aty... an) = p1(at,...,an), p2(as, ..., a,)
where p; and po are as defined in (3.2). Let P,, := p(X,) C II,, x II,,.

Caution! P,, is only a subset of II,, x II,,, not a sub-poset. We will soon define a partial
order on P,, and that partial order will not be the same as the one P,, inherits by virtue
of being a subset of the poset II, x II,,.

For each a € P, let S(a) := p~1(a). Then S() is a locally closed subset of X,, and

X,= | | S

a€P,

We write p1(a) := p1(a1,...,a,) and pa(a) := pa(ay,...,a,), and think of them as the
“coordinates” of « in II,,.

Remark 3.2. For any two elements (ay,...,a,) and (c1,...,¢,) in S(a), the correspond-
ing morphisms Z,m(ay,...,a,) and Zomw(c,...,c,) have the same number of branch
points, and the same ramification profile over each of the branch points; in other words,
there is a set-theoretic bijection between the ramification data of Zomw(as,...,a,) and
Zom(cry ... cn).

Now recall the notations and terminology set up in Definitions 2.2 and 2.1. To each
a € P,, we associate three sets as follows:

1. N(«), the “simple part of a”: The set N(a) C n is the index set of the simply-
branched ramification points (see Definition 2.2) of morphisms in Zow(S(a)) C M,,.
Equivalently,

N(a) :={i: both p1(«)(i) and pa()(2) are singletons}

2. R(w), the “non-simply-branched part of a”: We define R(«) as a partition of [n] —
N (a) whose cells R(a); are defined by

R(a)i = {j € {L,....n} - N(a) : j € p1(a)(i)}.

In other words for any ¢ € Z,n(S(«)) C My, by Remark 3.1, we see in particular,
that R(«) encodes the ramification indices at the non-simply-branched ramification
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points of ¢, and so does any reordering of R(«). By Remark 3.2, R(«) is independent
of the choice of ¢ € Zom(S(v)).

3. F(a), the “partition of a into siblings”: We define F(«a) as a partition of [n] — N(«)
whose cells F(a); are defined via

F(a)j = {k:k € pa()(5)}-

In particular, for any ¢ € Zom(S(«)) C M, the set F(«) encodes an ordered version
of the ramification profile (consisting of sibling ramification points) over the non-
simple branch points of ¢ by Remark 3.1. By Remark 3.2, F(«) is independent of
the choice of ¢ € Zom(S(a)).

Now, Definition 2.1 is equivalent to the “unordered version” of the sets N(«a), R(«) and
F(a), where o € P, is such that ¢ € Z,m(S(c)). Indeed, F(a);, for each j, up to
re-ordering, is nothing but Rams(¢) for some b € Branch(¢) where the ramification
points are counted as many times as their differential lengths. More precisely, (2.2) gives
us the following:

F(a); = R(O‘);? (3.4)
[R(a)j| = ¢j =1 and |F(a);| =k;.

Moreover, by the Riemann-Hurwitz formula we have |N(a)| =n—3_, (63» —1).

Finally, give a partial order to P,, by reverse inclusion i.e. by declaring
a<p < S(a)25(B).
Put the notion of a length on P,, given by [ : P, — {0,1,2,...}, where
1) = codim(Sy) = S(RO] +1) = SIFO);] = [F) (35)
The second equality of formula (3.5) follows from Proposition 5.1.

Remark 3.3. If ¢ € M,, is such that p(w’l(Ram(qS))) = a € P,, then, comparing the
formulae (1.1) and (3.5), one obtains that length(¢) = l(«) i.e. codimension of the strata
to which 71 (Ram(¢)) belongs, equals the length of the ramification of ¢, as it should.

P, has a greatest and a least element. Let 0 denote the element in P, for which
p~ 1) = U,. Then, N(0) = {1,2,...,n} and R(1) = F(0) = 0. We denote by 1 the
element in P, that is determined by polynomials with maximal branching, i.e.

T:Iowop_l{(al,...,an):ai:ajV1§i<j§n}.
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Then, N(1) = ¢ and R(1) = F(1) = {1,2,...,n}. Under the partial order defined on
P, it is clear that 0 and T are the least and the greatest elements respectively.

3.2. P as a quotient of Py,

Fix a positive integer m. We construct yet another poset P, as a quotient of P,, by
imposing the following equivalence relation:

A~ 0 <= I(N\) <m.
Let P :=Pp/ ~, and let
Pl : Pp — P
denote the corresponding quotient map. The poset P inherits a notion of length from

P, which can be defined as follows. Let A € P;*. Then we define the length of A in P
via:

miyy . 0 it U(pry,' (\) <m
I™(A) = { l(pr;f(k)) —m if l(pﬁ;l()\)) >m

P is equipped with a least and a greatest element, which we continue to denote as 0
and 1 by abusing notations, and where 0 := pry,(0) and 1 := pr,,(1). In fact, the map

p: X, = Pp induces a map

o™ x, - P

defined by p™) := pr,, 0 p
and p(m)_l(ﬁ) =U™. Finally, note that P} is nothing but P, itself.
3.8. Action of ©,, on P, and stability of the resulting quotient
The natural action of &,, on {1,2,...,n} by permutations induce an action on P,.
The goal of this section is to analyse this action, and to make a precise meaning of the
statement:
“The posets Py, /&, stabilize as n — o00”

There is a canonical inclusion of partially ordered sets

tn t Pp = Py
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by noting that the partitions defined by (3.2) on {1,2...,n}, in Section 3.1, are com-
patible with those on {1,2...,n+ 1}. As a result, for all A € P,,, we have

L R(in(A) = R(})
2. Fl1a(V) = F(V),
3. N(ta(\) = NOA) U {n + 1}

In particular, I(c,(A)) = I(N).

There is an obvious action of the symmetric group &,, on P,, induced by permutations
of {1,2,...,n}. Note that P,,/&,, documents only the ramification types, i.e. the data
consisting of the numbers eé,k}s and r for various i,j and r. It also inherits, in an
obvious way, the notion of length from P,. It follows that the following diagram of
posets commutes:

tn
Prn ——— Pnt1

l”" lanﬂ (3.6)

Pn/Gn (L—n> Pn+1/6n+1

where ¢}, is an inclusion of partially ordered sets, and o,, and 0,11 denote the quotient
maps by the respective symmetric groups.
Clearly, ¢, is not surjective, and neither is ¢/,. However, if we define

[Pnlp :={X:l(\) =p}

then

i t[Pul1/€n — [Pat1]1/Gnta (3.7
[Pn]1/Gn

is a bijection as long as n > 3. From a geometric perspective, this is simply because
7w(D;;) and m(T;;) are irreducible closed subvarieties of codimension 1 in M), for all
n > 3.

This begs the question: for what values of m, depending on n, is

~

2% Pulm/Gn — [Prsilm/Gnia (3.8)
[’P”]"”‘/G'IL

a bijection? Lemma 3.6 gives an answer to this question, but before that we need make
a few more definitions.

Definition 3.4. Let 3 := h_n}l?’ﬂGm the direct limit of the system (P, /Gy, ).
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1
°cy oe; oc!
" N(a)
Al
K
ce}f] oei’” ec,
¢
Al Y e e ° ° o
Branch(¢)

Fig. 4. This is a diagrammatic presentation of the sets N(«), R(a) and F(«), but only up to permutation
by &,. Let ¢ € Zomw(S()). The colored points are the ramification points of ¢, with ramification indices
specified. The red points denote the non-simply-branched ramification points of ¢. Counted as per the
differential lengths (=ramification index —1), they constitute R(a) up to reordering the cells R(«); and
their elements. The green points, the simply-branched ramification points of ¢, form N(«). Each “column”
of red points (again, counted correctly) is an element in F(«). (For interpretation of the colors in the
figure(s), the reader is referred to the web version of this article.)

By the discussion above, B itself inherits an obvious notion of length, which we denote
by length : B — Z. Thus, each p € P comes with the following data:

positive integers k1, ..., k;,,
integers e§ > 2, foreach 1 <i<k;, and1 <5<,

Fig. 4 is a schematic diagram of an element in 3. Following the notation set up in (2.2),
and the formula in (3.5), if p € P is such that p € P, /S, then one has

length(u) = o () = > (D (¢ =1~ 1),

1<j<sr  1<i<k;

We say p is a length m ramification if length(u) = m. At this juncture, one should recall
Definition 2.1. To consolidate the idea presented in Definition 2.1 with what we have
discussed so far, note that if ¢ € M,, is such that length(¢) = m, then

(om0 pontoD)(g) € P
and length(o, o pon™t 0o D(p)) = m,

which is as it should be. We define the ramification type of ¢ to be (c,0por~1oD)(¢) € B.
Finally, we say i is a of p if i € P,, and o, (1) = p.

Definition 3.5 (Combinatorial n-admissibility). An element p € P is said to be combi-
natorially n-admissible if ; € P,,/G,,.

The question posed in (3.8) is now answered in the following lemma.

Lemma 3.6. For a fixed non-negative integer m, all elements of B having length m ram-
ification is combinatorially n-admissible if n > 2m + 1.
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Remark 3.7. Lemma 3.6, in other words, says that the map in (3.8) is a bijection for
n>2m+ 1.

Proof of Lemma 3.6. The general principle on which the proof is based, is as follows.
Let ¢ € M,. Let b € A! be a branch point of ¢ and let {t,...,tx} = Ram(¢) N f~1(b)
with ramification indices my, ..., my respectively. Noting that > m; < n, our goal is to
find, as ¢ € M,, varies, the minimum value of n that would maximize )  m;, keeping

1<5<k
length(@) = lp(x~(D(6)))) = m fixed.
Now, for any p € B of length m, we have, following the equation of length in (3.5)
and notations in (2.2):

m = Z (ef —2)+ Z (kj —1) (3.9)

1<i<k; 1<j<r
1<j<r

Writing (3.9) as m = >77_, (Zf;l(ez -1) - 1), we first maximize Zf;l e} for each j,
by keeping Zf;l(e; — 1) fixed. Clearly, f;l 63 achieves its maximum for each j when
e’ =2 for all 1 <4 < k;. Therefore, plugging e} = 2 in (3.9), we now we have

m = Z (k‘j—l)

1<j<r

and our problem has been reduced to maximizing k; keeping p fixed, for some j, which
we can assume to be k; without any loss of generality. Clearly k1 = p+ 1 and k; = 0 for
2 < j < ris the desired solution. Since n 4+ 1 > 2k; by (2.2), we have n +1 > 2(m + 1),
andson>2m+1. O

4. Poset topology and shellability

In this section we aim to prove some purely combinatorial results regarding our poset
P,.. Even though we define and explain the part of poset theory that we make use of in
this manuscript, a general reference for all that follows is the excellent book by Wachs,
[18]. We begin by recollecting some generalities on posets.

Definition 4.1. Let (P, <) be a poset. We say that P is bounded if it has a largest
element 1 and a smallest element 0. An m-chain of P is a totally ordered subset ¢ :=
o < o1 < -+ < Zyy,. We say the length of ¢ denoted by I(c) is m. The order complex
A(P) associated to P is the simplicial complex whose m-simplices are the m-chains.
A chain of P is maximal if it is inclusion-wise maximal. The elements of A(P) are called
faces and the maximal faces are called facets. A poset is pure or graded if it is bounded
and all maximal chains have the same length. For a pure poset P, associated to each
element \ € P is a length I(\) := [(0, \) where (0, ) denotes a maximal chain between
0 and .
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Note that because we consider a pure poset, the definition of length () is independent
of the choice of a maximal chain between 0 and .

4.1. Cohomology of posets

Let u,v € P such that u < v. When u < v, let C* (u,v) denote the free abelian group
generated by all length £+ 1 chains starting from x¢p = v and ending at x54+1 = v. There
are differentials

d; C*(u,v) = C*+1(u,v)
defined by

Sjlu<a <...<xp<v)= Z (D) (u<a <...<Tyi<...<xpp1 <)
1<i<k+1

We define H*(u,v) := H*(C*(u,v)), the cohomology of this cochain complex. When
u = v, we define 5"(u,v) to comnsist of only Z, placed at degree —2. For u < v, the
cohomology H*®(u,v) is that of the corresponding order complex, as defined above. If
u,v € P are such that there does not exist ¢t € P for which u < ¢ < v, then H*(u,v) £ Z,

placed in degree —1.

Definition 4.2. Let P be a pure finite poset. For o, € P we say that « covers [ if
« > [ and there is no A such that @« > A > 5. We say P is semimodular if whenever
two distinct elements «, 5 € P both cover y € P there is a A € P which covers each of
a and . P is locally semimodular if [o, 5] is semimodular for all & < 3 in P. We say P
is shellable if the facets of A(P) can be arranged in linear order Fy, Fy, ..., Fy in such a
way that the subcomplex

(Ulgigk—l {G C Fl}) n {G C Fk}
is pure and (dimF}, — 1)-dimensional for all k =2,...,¢.

Lemma 4.3 (Theorem 6.1 of [3]). Suppose that a finite poset P is bounded and locally
semimodular. Then P is shellable.

Lemma 4.4. If P is shellable, then for all A € P, we have En(ﬁ, A) = 0 whenever i <
I\ —2.

Proof. For a proof, see Section 4.1 of [18]. O

The next proposition is the key takeaway from this section, and forms the second
crucial step in our proof of Theorem A (see the proof outline on page 4). Recall the
posets P defined in Section 3.2.
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Proposition 4.5. Let m and n be positive integers. Then P is locally semimodular for
all m and n that satisfy m < n.

Proof. For simplicity, we prove the statement for m = 1 i.e. for P,,. The exact argument
works for m > 2 since every interval in P)" is actually an interval in P,.

So now, our goal is to show that P, is locally semimodular. The statement is trivial
for n < 2. So, we assume n > 2. Let [z, y] be an interval in P,,. To prove the proposition
we can safely assume [([z,y]) > 2, since otherwise, the statement is vacuously true. It
suffices to show that if v and v cover x then there exists ¢ € P,, such that ¢t < y and ¢
covers both u and v.

If uw and v cover = then

S(z) D S(u)US(v)

Also, let I(z) = m, so l(u) = l(v) = m + 1 since P, is a graded pure poset. Consider a
maximal chain in [6, x]. Suppose

S(x)Cc ZiN---NZy

i.e. S(z) is an irreducible component of Z1N- - -NZ,,, where, for each k, we have Z, = D;;
or Zy, = T;; for some i, 5. Since u # v there exist two distinct divisors, let’s call them
Zm+1 and Z ma1 such that

8(2) N Zm41 > S(w),  S(2) N Zp 40 D S(),

)N
$() € S@) N Znyr and S(u) S S@) N Zy

This forces (| ZxNZpi1NZ), ma1 to have codimension m+2, and to have a component
1<k<p
whose generic point gives rise to an element P, say ¢, such that ¢t covers u and v and

such that S(t) D S(y). O

Remark 4.6. The intersections of D;; and Tj; for various values of ¢ and j are not always
irreducible. In combinatorial language, one says “P,, doesn’t admit meets, and joins.”

Corollary 4.7. Let n and m be positive integers that satisfy m < n. Then for all X € P
we have H (0, \) = 0 whenever i < I™(\) — 2.

Proof. Use Proposition 4.5, Lemma 4.4 and Proposition 4.5, in that order. 0O
5. Geometry of the (Zariski) closure of the locally closed strata

The components of X,, —U,", for m < n, are quite far from “nice”: they are singu-
lar, they don’t intersect transversally, etc. For example, when n > 3 the homogeneous
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Al ocy eco ec,
¢l
Al ° e .. ° [ b4
Branch(¢)

Fig. 5. The above diagram is an example of a morphism in Zo7w(S(X)) satisfying R(\) = F(\) or equivalently,
By(¢) is a singleton for all b € Branch(¢).

equations cutting out the divisors D;; are of degree n — 2, and thus have no linear part.
Therefore, the divisors D;; are not smooth at the origin. But that is not too much of a
problem— the closed strata in X,,, given by ramification types, have quotient singulari-
ties when their codimension < n, which make them quite tractable. The purpose of this
section is twofold: given m > 1 and n > 3m; and A € P,, such that I(\) = m,

1. check that S(\) is non-empty, and
2. prove that the quotient X ()\)/&|n(y)| is isomorphic to an affine space, where X () :=
S(N).

We address the second problem first.
Proposition 5.1. For A € P, let X(X\) := S(A\) and let Ny :=n — Y .|R(\);| + |F(X\)|.
Then

X()‘)/6IN(A)\ o A R)+No
whenever Ng > 0.

Proof. To prove the statement, we construct a map
X()\)/6|N()\)| — AlR(A)l

and show that it is an affine space bundle with fibres isomorphic to Ao, Once we prove
this, the statement of the proposition is then a direct consequence of the Quillen-Suslin
theorem (a.k.a Serre’s conjecture, see e.g., [13, Theorem 3.7, Chapter XXI]) which states
that finite projective modules over polynomial rings over a field are free. For the sake of
simplicity, we consider three cases; the first two will just turn out to be special cases of
the third one.

Case 1: We prove the proposition for those A € P, for which the polynomials in S())
have no more than one ramification point in each fibre i.e. R(A\) = F()X). We continue
with the notation from (2.2), except, for convenience, we write e; := eé- since 1 = 1 for
each 1 <j<r.
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Z(\) = {((a1,~-.,ar)7f) tfEM,, flo) = (z—a) " (x - a)" g(a),
r (5.1)
g(z) monic of degree n — Z(ej — 1)}

i=1

First, note that there is a natural surjective morphism
X(A) = X(N)/G v

is given by keeping the coordinates indexed by {1,...,n} — N(A) fixed, while the coordi-
nates indexed by N(\) map to the corresponding elementary symmetric polynomials in
|N(X)| variables. The coordinates indexed by {1,...,n} — N(A) has repetitions, indexed
precisely by R(X). Forgetting the repetitions show that

D X(N)/S| Ny — Z(N) (5.2)

Now, let N := |[N(A)|=n—>_;_,(e; — 1), and define a morphism

=1

T:A" x AN — Z())

R 53

— ((al,...,ar), ((x—al)elfl...(x —a,) N + sV 4 ...+5N))>,

which is clearly an isomorphism. In conclusion,
U od: X(N)/Snpy — A x AV
is an isomorphism, and if
p: Z(N) — A"
denotes the projection to the first 7 coordinates, then Z()\) is a trivial AN-bundle over
A", thus completing the proof of Proposition 5.1 for Case 1.

Case 2: Let A be such that F()) is a singleton. So, following the notation from (2.2), we
have r = 1. Letting k := ky, and e’ = ¢} since j can only be 1, we have F(A\) = || R(\);
1<i<k

(see Fig. 6).
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Al

Al . .

Branch(¢)

Fig. 6. The above diagram characterizes A € P,, such that for any morphism ¢ € Zo7(S(\)), we have that

By (¢) = {2} for all branch points b € Branch(¢) but one.

Define

Z(A\) = {((al, . ,ak,f) cfeM, flx)=(z— a1)61_1 (- ak)Ek_lg(@a
Z(f)(ar) = Z(f)(a;), i =2,....k

g(x) monic of degree n — Z (e' = 1)

1<i<k

and let
0: Z(\) = AF

denote the projection to the first k coordinates.

(5.4)

The proof of (5.2) from Case 1 carries over verbatim to Case 2, and we have an

isomorphism:

® X (N)/Sny — Z(N)

We have only to show that ¢ : Z()\) — A is a fibre bundle with fibres isomorphic to
A2 =D)=(k=1) Thig fact was obvious in Case 1, but requires some extra work for

Case 2, which we explain now. As in the proof of Case 1, we have an affine space bundle

over A¥ defined by

E(N) = {(al, an f) fEM), flz) = (z—a1)* (2 —ap)” Tg(a),

g(z) monic of degree n — Z (e — 1)}

1<i<k

Let

P:EN) — AF
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denote the projection to the first k coordinates. Clearly, the fibres of ¢ are spanned by
the coefficients of g(z), and we have

n— > (e'—1)
¢_1((a17...,ak)) >~ A 1<i<k
Similar to (5.3), if N:=n— 3 (¢’ — 1) we have an isomorphism
1<i<k

AR x AN 5 g(N)

((al,...,ak), (s1,.- .,SN))
— ((al, ceeyag), ((x — al)elfl oz — ak)ekfl(xN +spaN T 4+ sN))>

and the following diagram commutes

Z(A) —— E(N)

N

Since for any (ay,...,a;) € A*, the affine space ¢~ !(ay,...,a;) is a linear subspace of
¢ 1(ay,...,ax), to prove Proposition 5.1 for Case 2, it suffices to show that the fibres
of ¢ have constant dimension.

To this end, write

1 k

Z(f)(z)—c=(x—a1)® ...(x —ar)® h(z)

for some ¢ € Al and some monic polynomial h(x) of degree n + 1 — Y e’. Then, taking
derivatives, we obtain:

flx) = (z - al)el_l oo — ak)ek_1 ((m —a1)...(x —ap)h'(z)+
etz —a)(x —az) ... (z— ap)h(z)+
e*(z —ar)(@ — az) ... (¥ — ap)h(z)+

(e —ar)... (x— ak_l)(m))

where (%/E) signifies that factor is removed. Comparing with the expression for f(z)
n (5.4) we obtain:

—

g(@) = (x—ay)...(x —ap)h/(z) + ' (z — a1)(x — az) ... (x — ap)h(z)+
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o —

e —ay)... (x—ap_1)(x— ap)

and we see that the coefficients of h(x) span a linear subspace, of dimension n + 1 — 3~ ¢,
of the affine space generated by the coefficients of g(x). Therefore, for any (a1,...,ax) €
AF we have that

ot ((al, ce ak)) o~ pAnHI-Y e’

This completes the proof of Proposition 5.1 for Case 2.

Case 3: Finally, the general case, as depicted in Fig. 4. The proof resembles that of
Case 2 very closely, but we nevertheless try to be as explicit possible for the sake of
clarity. As before, let A € P,,. We follow the notations set in (2.2), Section 3.3, which we
recollect here for convenience. Let

1. FO) = {F(\1,...,F(\),}, s0 |[FON)| = r
2. F(A); = LI ROV

1<i<k;
3. RN =€’ — 1 and |F(\);| = k;

In other words, if (a1, ...,a,) € p~1(X\) C X, then by Definition 2.1, Z(7(ay, ..., a,)) is
a polynomial satisfying the following: for all branch points b € Z(w(ay,...,ay,)) that are
not simple, Ramy(Z(w(ay, ..., an))) € Sym!BrE((@1an)) A1 ig given by (see (2.2)):

Ramy(Z(w(a,...,a,))) = (al,...,al,...,ai,...,ai).

el—1 ei—1

where {al,...,a'} € Ram(Z(r(ay,...,ay,))) and By(Z(n(a1,...,a,))) = {et,...,e*}.
Define Z(\) the same way as in Case 2, namely

1 kj r .
Z(N) ::{((aiw..,alf )oon(a), . ai’), o (ad, . a), f) s f € M,

f@y= I @-a)i o [T @-a) )

g(x) monic of degree n — Z (eé» - 1)}
1<i<k;
1<j<r

and let
©: Z(\) — AXHk

denote the projection to the first > k; coordinates. Similarly, define
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E(N) = {((a%,...,a’fl),...,(a},...,afj),...,(a}a,...,aifr),f) :fe M),

fay= ] @-a)s ' I (z—al)g(a),

1<i<k 1<i<k, (5.7)
g(x) monic of degree n — Z (e§ - 1)}
1<i<k;
1<5<r

and let
Z:EN) = AX ks

denote the projection to the first ) k; coordinates. Clearly, the fibres of ¢ are generated
by the coefficients of g(z), and we have

~_ 1 n— Z (et=1)
© ((al,...,ak)>gA 1<i<k

In fact, the isomorphism in (5.5) carries over verbatim, just with & replaced by > k;. As
in Case 2, we now have the following commutative diagram

and our goal is to show that the fibres of ¢ have constant dimension. For each j, we can
write

k.

I(f)(@) = ¢ = (@ —a)) ... (x = a)" ) hy(a)

for some ¢; € C and some monic polynomial /;(z) of degree n4+1— >  e’. Therefore:
1<i<k;

f(z)=(x — a;)e}_l oo — a?-f)e?j_l ((w — a}) v — afj)h;—(m)—i—

ej(x — aj)(x — a?)...(z— a;’ Vhi(z)+
e (x — a})(m/—??) ooz — afj)hj(m)—i—

efj (z — a}) R al];j_l)(x/f-a\fj))

foreach 1 <j<r

Comparing with original expression for f(x) in (5.7), we see that for each j:
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—

g(z) = (v — a}) oo — afj)h;(x) +e1(z — a;)(x — a?) (- afj)hj(ac)+

2w —al)(@—a2)... (v — a)h(a)+

ki—1y, &
ek(x—a;)...(x—ajj )@ —a;”)

For any ((af,.. Laiy, (a},...,a?),...(a},, ..,ak)) € A2X % much like the proof

of Case 2, we have

%) 1((&%,...,a’fl),...,(ajl,...,ajj),...,(a}.,...,afr)):
. ~ k k; ;
ﬂ{hnear subspace of @ 1((@{,...,all),...,(a]l,...,(JLjJ),...,(a}ﬂ,...,aic )
J
spanned by the coefficients of hj}
Let
k.
Vj((a},...,alfl),...,(a;,...7aj'7)7...Aai,...,aff”)) =
{linear subspace of (ﬁ_l((a%,...,a’fl),...,(a;,...,a?j),...,(ai,...,afr))

spanned by the coefficients of hj}

Then, noting that the degree of hjisn+1— ) eé, we have that the codimension of
1<i<k;

Lo~ k; . ;
Vjin @ 1((a%7...,alf1),...,(a1» ...,ajj),...,(a}”...,afr)) is > e} — 1. Therefore,
1<i<k;

codimension of (ﬂVj((a}, Laky o (a;,...,az?i)7...,(a$, ... ,af’“)))
7 (5.8)

< i
75 e;—r
]

where equality holds if the intersection of these linear subspaces is (dimensionally) trans-
verse. What is left to show is that the inequality in (5.8) is actually an equality over all
points in A2 ki

To this end, note that when all the ramification points come together, i.e. when a; = a;
for all i, j, we are reduced to Case 1. In that situation, (5.8) reduces to an equality

Now, upper-semicontinuity of the dimension of the fibres (see e.g. [10, Corollaire 13.1.5])
implies that for all
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k; )
((a%,...,a]fl)7...7(a1-,...,ajj)) e AXFKi
one has

. . k;
codimension of (ﬂVj((a%,...,a’fl),...,(a;,...,ajJ),..-,(ai,...,afr)D

J

> codimension of (cp’l(a, ......... ,a))

_E i
= ej r.

(2]

Finally, note that (5.8) and (5.9) now imply:

dim(cp‘l((a},...,alfl),...,(a}7...,a?j),...,(ai,...,a’ﬁ'f))) :n—&-r—Zeé-
(2%
=n+[F(N)] =) RO

which completes the proof. O

Remark 5.2 (Irreducibility of X(\)). If A € P, is such that n + r — Zeé— > 0, then
Proposition 5.1 implies that if S(\) is non-empty then it admits a finite, unramified
morphism to S(A)/&|n(x)|, given by:

:S(A) = S\N)/6 .
gy TA) = S/Gvin
The deck group &y acts transitively on the fibres of ¢ . So S()) is connected,

and its closure X (\) is irreducible.

Now we address the first question raised in the beginning of Section 5, namely, the
question of non-emptiness of S(\), for A € P,,.

Claim 5.3. Given e, ..., e, such that e; > 2 and Y (e; — 1) = n, there exists ¢ € M,
such that By(¢) is a singleton for all b € Branch(g).

In other words, we are proving the non-emptiness of the strata corresponding to
those elements of P, that are handled in Case 1 of Proposition 5.1 (see Fig. 5). For the
definitions of By(¢) and Branch(¢) see Definition 2.1 and (2.2).

Proof of Claim 5.3. We divide the proof into two cases: when char K = 0 and when
charK > 0.



28 O. Banerjee / Advances in Mathematics 359 (2020) 106881

First, we consider the case when char K = 0. Our strategy is to prove the statement
for when K = C and then invoke a theorem by Grothendieck to prove the statement
for a general field of characteristic 0. So now, assume K = C. Suppose we are given
B := {by,...,b,} C A', and r simple disjoint oriented paths 71,...,7, starting at a

given base point, say by, and encircling by, ...,b, respectively. In particular, v¢,...,v:
freely generates Wf"p (Al — B, by), the topological fundamental group of A* — B. On the
other hand, let 7q,...,7,. denote cycles in &,, 1 of length eq,...,e, respectively, such

that their product is an n + 1-cycle. For example, one can choose

7'1:(1...61),
T2:(61...(61+€2*1))7
7—3:((el—i—eg—1)...(€1+€2+€3_2))7

e = ((liei—(k—z))...(iei—(k—l))>,

Clearly [[7 = (1...n+1). Now consider the homomorphism

TP (AY = B,bo) — G,
Yi — T (510)

This induces an algebraic cover ¢ : A’ — A' by Riemann’s existence theorem, and
hence is given by a polynomial of degree n + 1. More explicitly, we can take the disjoint
union of n + 1 copies of A’ — U;{interiors of v;} and ’join them locally’ over the disks
bounded by «; by z +— 2% for 1 < j < r. A beautiful explanation along these lines can
be found in [5]. Forgetting the choice of a base point entails defining the epimorphisms
up to conjugacy, and in turn we have the following bijective correspondence:

Hom (7 (A' — B, by), Snt1)/Inn(Spy1)

!

{degree n + 1 monic polynomials branched at b1, ..., b,
with ramification indices eq, ..., e, respectively}.

Over a general algebraically closed field of characteristic 0, the étale fundamental group
of the “Al — B” is isomorphic to that over C, as proved by Grothendieck in [9, Proposi-
tion 4.6 (Formule de Kiinneth)]. So the above argument carries over verbatim with ﬂ'iOp

replaced by 7§t
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Next, consider the case when charK = p > 0. Recall that at the beginning of this
paper, we fixed once and for all, that whenever char K > 0, we assume charK > n+1. As
aresult, p{ (n+1)! and branched &,,41 covers of P }( are in bijective correspondence with
branched covers of P¢ (see, e.g. [12]). More precisely, as explained in [12], one considers
étale covers of degree n + 1 over A — {r points} as finite quotients of the prime-to-p
fundamental group 7rfl. It is defined by taking the inverse system of étale covers, the
order of whose Galois group is coprime to p. Note that Tl'f, is the maximal prime-to-p
quotient of 7§, which itself is defined by considering the inverse system of all finite étale
covers of A! — {r points}. By [9], Corollary 2.12,

(AL — {r K-points}) = 7 (AL — {r C-points}),

and the latter is the maximal prime-to-p quotient of the profinite completion of 7r§°p (Al—
B, by). Finally, the upshot is that since p { #G for all subgroups G C &,,41, the mod-p
reduction of the topological finite covers constructed in (5.10), gives us degree n + 1
self-maps of A}, with ramification indices specified in the statement of the claim. 0

The proof of the next lemma is similar to that of Case 3 in Proposition 5.1. For
notation and definitions, recall (3.6) and (3.7) from Section 3.3.

Lemma 5.4. Let n be a positive integer and let X\ € P,,. Let o,(X) € B be given by the
following data:

positive integers ki, ..., ky,

integers e;- > 2, foreach1 <i<kj, and1 <5 <,

Then S(A) is non-empty for all X € P, that satisfy the condition n — > (e; — 1) >
> (k= 1).

Proof. Here, we continue using notation from (2.2). Our goal is to show that w(S(X)) is
non-empty, i.e. there exists ¢ € My, such that

(i) ¢ has at least r branch points, say {b1,...,b, ...},
(i) &~ (by) :_{a;,...,ag?f}, and |
(iii) vg(aj) =e€j forall 1 <i < kj and 1 <j <7 such that n — > (e; — 1) > > (k; — 1).

See Fig. 4 for a schematic of the morphism ¢. Our proof hinges on induction on the set of
branch points. The “base case” is the following: we prove the statement when Z(7(S(\)))
contains polynomials such that all but one branch point have exactly one ramification
point in its preimage. To this end, we show that if ¢ € M,, is such that

¢ =(x—a) .. (v—a)"", and é(a;) # ¢(a;) for i < j,
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ody

odsy
Al . Al ec;
ed;
é ¢
Al ° ° - ° Al ° ° . °

Fig. 7. The two schematics above represent two ramification types (for the definition, see (3.4)). On the left
is ¢, a generic point in Z(7w(S(X))), and on the right is ¢, a point in the closure of Z(w(S(X))).

then there exists a polynomial ¢ such that vg(a;) =e;forall2 <i<rand ¢ Yo(ar)) D
{al,...,a}} such that v(g(all) = d; and 22:1 d; = e;. In other words, to prove that the
locally closed subset Z(w(S(A))) of My is non-empty, we get hold of a generic point
b€ Z(m(S(N))) by proving the existence of ¢ in the Zariski closure of Z(w(S(\))) (see
Fig. 7).

Since morphisms of M,, are considered up to translation, we can, without loss of
generality, prove this statement on the assumption that a; = 0.

Now, fix » — 1 points ag,...,a, € A! such that no two are equal and a; # 0 for all
2 < i < r. Consider the variety

X, = {g € M, : vg(a;) = e; for some a; € Al 2<i<r,
such that g(a;) # g(a;) for i < j}
where e is given by e — 1 :=n — > (e; — 1). Then X, = A°~! by Proposition 5.1.
Let X! := D(X.) C M}, where M is as defined in (2.3). Let M/, = Spec K|[s1,. .., Su],
where $1 ..., s, denote the coefficients of monic degree n polynomials Then X is cut-out
by hyperplanes given by equations Dif(aj) =0wherel <j<randl<i<e;—1. Note

that X! can be described by parametric equations in variables ¢y,...,t._1, determined
by the relation

2" 4 512" 4 sp_1x + Sy

=@t e ) —a)? (2 —a) ! (5.11)
In other words, we have a linear embedding of affine spaces
Spec K[t1,...,te_1] = A1 KNy

induced by equation (5.11) (by comparing the powers of x on both sides). Now, we show
that given dy,...,d; one can find «s, ..., q; such that there exists

flz) = J;dl_l(ac - Oéz)d2_1 ooz — oq)dl_l(a: —ax)? . (v —a,)  h(),
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f e M) (in fact, f € X)), satisfying Z(f)(a;) = Z(f)(0) for all 2 < ¢ <, for some degree
I —1 polynomial h(z). If we consider all possible monic degree [ — 1 polynomials in place
of h(z), then f(x) is still in X,, except that the condition Z(f)(«;) = Z(f)(0) may not
be satisfied. The space of monic degree [ — 1 polynomials is Spec K[uy, ..., u;—1], where
the coordinates are given by the coefficients. The relations Z(f)(«;) = Z(f)(0) give I — 1
linear conditions on Spec K[uy,...,u;—1]. It suffices to check that there exists aa,...,q
such that intersection of the [ — 1 hyperplanes whose equations are given by the linear
conditions Z(f)(a;) = Z(f)(0), is non-empty. Indeed, it is easy to see that for a generic
choice of as,...,q;, the none of the equations of the hyperplanes is a scalar multiple of
the other, so their intersection is forced to be non-empty, and this completes the proof
of the base case. The inductive step now involves splitting the ramification point with
index e;, where j > 2 the same as above, and this completes the proof of the lemma. 0O

Recall the definitions of ¢, and 3 from (3.6) and Definition 3.4. Then, Proposition 5.1
and Lemma 5.4 imply the following.

Corollary 5.5. Let n be a positive integer and let A € P,,. Let o,(\) € P be given by the
following data:

positive integers ki, ..., ky,
integers eé— > 2, foreach1 <i<kj, and1 <j <,

Then S(A) is non-empty for all X € P, that satisfy the condition n — > (e; — 1) >
2 (kj = 1).

As we have learnt in this section, the ramification data associated to A € P" solely de-
termine whether X (\), modulo a subgroup of &,, under its natural action, is isomorphic
to an affine space.

Definition 5.6. Elements 1 € P are said to be affine n-admissible if for all A € o, (1),
one has X (\)/&|n¢ PN A4 for some d > 0. Equivalently, following the notations set in
(3.4), u € B is said to be affine n-admissible if

n=> (eh—1)=> (k—1).

Lemma 5.7. Let m be a positive integer. All length m ramification p € B are affine
n-admissible whenever n > 3m.

Proof. We continue with the notation and definitions set in Definition 3.4, (2.2). As in
Definition 3.4,

m = length(p) = Z ( Z (ei— —-1)— 1). (5.12)

1<j<r 1<i<k;
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Our goal is to keep m fixed and find the minimum n such that for all values of r, and
ki,...,k,, and €§- satisfying (5.12),

n—> (e =1)=> (k;—1). (5.13)

Using (5.12) one can simplify (5.13) to n —m > > k;. So, we first maximize ) k.
Maximizing the number of ramification points while keeping the length m fixed, entails
minimizing the ramification indices. So, e§ =2foralll <i<kjand 1 <5 <o
Therefore, (5.12) reduces to m = Y k; —r. It is easy to see that for a polynomial ¢ € M,
with ramification length m (see (1.1) and Definition 2.1), the maximum number of index

2 ramification points a ¢ can have is 2m. So, (5.13) implies n > 3m. 0O

Remark 5.8. Note that affine n-admissibility implies combinatorial n-admissibility. The
converse is not, however, true. One can extend the proof of Lemma 5.4 to prove that
elements of B which are combinatorially n-admissible correspond to non-empty strata,
and which would then lift the restriction posed by the inequality n—Z(eé —1) > > (k;—1)
in Lemma 5.4. However, that won’t be fruitful for our purpose since. In other words, if
A € P, does not satisfy (5.13), then, even if X()\) is non-empty, its geometry remains
unknown.

6. Spectral sequences and computation of H*(U)

To work over algebraically closed fields of all characteristics at the same time, we first
set up some notation and some conventions that we will use for the rest of the paper.

Notations 6.1. Let Q denote Q, the field of rational numbers, or Q, the field of ¢-adic
numbers. Throughout this section, for any Z-scheme V', we continue to denote its base
change to any algebraically closed field K by V. In turn, we mean H*(V; Q) to stand
for both H*(V(C); Q) as well as H,(V)x; Qy).

Furthermore, when V' is U, its &,-quotient 87" or Simp,' for some positive integer
m, we will always assume that n 4+ 1 < char K whenever charK > 0. We fix a positive
integer m for the rest of the paper, and a positive integer n that satisfy n > 3m.

Remark 6.2. The assumption n > 3m is required because it is a sufficient condition
for Lemma 5.7, which in turn is an important ingredient in the proof of Theorem A.
However, in the case when m = 1, we have well-known answers for n < 3 (compare with
Remark 1.3). When n = 2, we have

D : Simpy(C) — Confo(C)

is an isomorphism (where Confa(C) denotes the unordered configuration space of
two points in C). Arnol’d’s work (see e.g. [1]) answers completely the cohomology of
Conf2(C). When n = 1, the result is trivial because all morphisms are simply-branched.
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In this section, we construct a cohomology spectral sequence Eq'® that converges to
H*(U;Q). To obtain H*(S;Q) = (H*(Z/{,T;Q))G", we take the &,, invariants of
E¢* and show that the resulting spectral sequence, which converges to H*(Simp]"; Q),
degenerates on the E; page. First, we start with the following lemma.

Lemma 6.3. Let K be an algebraically closed field. Let m > 1, and n > 3, satisfyn+1 <
char K whenever charK > 0. The complex A® given by

Qx, — @ (i) "Qx(n) — @ H0,0) ® (ix)"Qx(n) = - - -

m(\)=1, m(\)=2,
AEP, AEP,
o (6.1)
- @B HPO0,N)®(6:) Qxp = -
" (N)=p,
AeP

is quasi-isomorphic to j1Qum, where j denotes the inclusion of the open stratum Uy —
X, and for each A € P, the map iy : X(\) — X, is an inclusion of closed strata.

Proof. Following [16, Section 3], let F* be the complex of sheaves on X, defined by

Fr= P C"*0,N @ (in) Qx
" (A)>p,
AeP

where 5”_2(6, A) is as defined in Section 4.1. That F* gives a resolution of j1Qqm follows
from [16], or more simply, just by using the inclusion-exclusion principle. Finally, note
that F*® carries a filtration by the length of elements in P,*, which in turn gives a
quasi-isomorphism to (6.1) once we incorporate Proposition 4.7. O

We now prove Theorem A and Corollary 1.2.

Proof. We fix a positive integer n > 3. Let m be a positive integer that satisfy n > 3m.
The variety Simp;,, is a Zariski dense open subset of M, = A", and hence connected.
So, H(Simp!"; Q) = Q. Now, continuing with the resolution in (6.1), we construct a
second quadrant double complex K** by taking the global Verdier dual of the complex
in (6.1). If Qx, < I® is an injective resolution of Qx, -modules, then

K** =RHom(A®*,Qx,)
where
K779 = Hom(AP,19).

For each p, take the naive filtration 7>, on K~7* via
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_ i 0 for i < q
D, _ )
(TZq (K )) { K=P1 fori>gq.

Thus, we obtain a spectral sequence which reads as
E P = Ext!(AP,Qx,) = Ext?(jiQur, Qx,) = HI(U,"; Q)

The last isomorphism above is implied by the fact that (j,7*) is an adjoint pair. More-
over, all morphisms considered in this paper are algebraic, so this is a spectral sequence
of mixed Hodge structures. Now we take the &,, invariants of each term on the E; page
(again, the transfer map being algebraic respects the mixed Hodge structures.)

(Extq(Ap, QX,,,)) o

(CFY
= ( H, »0,\) ® Emtq((iA)*QX(A)vQXn)> (6.2)
1" ()

=p

(SP9
o~ ( P Hy2(0.)) ® HY(X,, X, — X(A))) (6.3)
I (\)=p

The isomorphism between (6.2) and (6.3) follows from the fact
Batt((ix)* Q) Qu, ) = HY (X, X, — X(1): Q)

because of the distinguished triangle:

Rjj*

PN

idx, Rixiy

To study each term of the spectral sequence, we need to compute

(i) HI(X,, Xy —é((A); Q), and
(i) (H,-0.) "

For (ii), we first, we consider the case when m = 1, and study the action of &, on

Hp,g(a, A). This, in turn, is based on the action of &, on II,, the partition lattice on
{1,2...,n} which is completely known and well-documented in [18]. We show that

~ e S,
(H,,_z(o, A)) — 0 for all A € Py, I(\) > 2. (6.4)
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. 7 o~ GTL . . . . .
Suppose there exists 0 # w € (Hp,g((),)\)> , i.e. w is a Q-linear combination of

(p + 1)-chains starting at 0 and ending at A, that is invariant under the action of &,,.
Recall that P,, C II,, XII,,. Let proj; denote the projection of P,, to the ith copy of I1,,, for
i =1,2. A simple, but crucial observation is that, if lengthy; denotes the length function
on II,,, then lengthyy (proja(X)) = I(A). In fact, using the definitions and notation set up
in (3.2) and (2.2), one has

lengthyy, (proji(V)) = 3 (€} —2)

(2]

and

lengthn, (projz(V) = 3- (3 (5= 1) ~1) =1(x) =p.

Therefore, projs(w) is a nonzero &,,-invariant element in ffp,g(projg (0), proja())), where

proja(0) is the Ory, of I,,, i.e. the minimal element of the geometric lattice IT,,. But this
~ o~ 6’7L

contradicts the well-known fact that (Hp_Q(OHn, /\’)> = 0 for all ' € II,, of length p,

and in particular, for X = proja(A). Following the proof of (6.4), one has, for m > 2,

~ . S,
(HP,Q(O, )\)) =0 for all A\ € P™,I™()) > 2. (6.5)

The discussion on (ii) above implies that F;?? = 0 for all ¢ whenever p > 2. When
p =1, for each A € P,, of length m + 1, which is equivalent to saying A € P of length
1, we have

EfM= @ HUX, X - X(0):Q). (6.6)
m (=1,
AeP"

For (i), note that for an arbitrary A € P,, we have already seen that X ()\), in general,
has singularities. But when m is a positive integer and n > 3m, for all A € P,, satisfying
I(A) = m, Proposition 5.1, Lemma 5.4 and Lemma 5.7 imply that X (\) is non-empty
and

X()\)/@N(A) =A™,

For the rest of the proof, we fix an integer n that satisfies n > 3m and n < charK — 1
whenever charK > 0. So now, taking &,, invariants of (6.5), one obtains:
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(r)°

- D H (X, /S 3o X/ Sy = X (0)/Sn s Q) (67)

{nep:
length(p)=m
fv a choice of a lift of pu}

I

&y HI72™(X (1) /S |n oy s Q) (6.8)
{neP:
length(p)=m,
[t a choice of a lift of u}

—lQem)En g = 2m,

where c¢(m) = #{u € P : length(n) = m}, a positive integer defined in (1.2). For the
last three steps above, note the following:

1. X, /G| Ny = A"; this is because &, = A™ and &y (p) is a subgroup of &,, that
acts by permuting the coordinates.

2. We know from Proposition 5.1 that X(u)/&|n(u) is a smooth codimension m
closed subvariety in X, /&y )|, so by the Gysin homomorphism (see e.g. [14, The-
orem 16.1]) we obtain (6.8) from (6.7).

3. By Proposition 5.1, X (1) /& n iy = A"~™, which gives us (6.9) from (6.8).

This completes of the proof of Theorem A. Finally, let charK = p and let ¢ = p? for
some positive integer d. The Grothendieck-Lefschetz trace formula now reads as

#Simp,' (F,) = ¢ Z )‘Trace(Frob, : H'(Simpl*; Qy)). (6.10)

By equation (6.8), the right-hand-side of (6.10) equals ¢™ — c(m)q™~™, thus proving
Corollary 1.2. O
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