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Chapter 1
Introduction

1.1 The Organization of the Book and a User’s
Guide

We have written the text in a way such that one can read small units, e.g., a
single chapter, independently from the rest, concentrate on certain aspects,
and extract easily and quickly specific information. We hopefully have found
the right mixture between definitions, theorems, examples, and remarks so
that reading the book is entertaining and illuminating. We have successfully
used parts of this book, sometimes a single chapter, for seminars, reading
courses, and advanced lecture courses.

Each section comes with a review where we briefly recollect the basics
needed from [45].
Comment 3 (by W.): Needs to be completed.

1.1.1 Supplement

The book contains a number of exercises. They are not needed for the expo-
sition of the book, but give some illuminating insight. Moreover, the reader
may test whether she or he has understood the text or improve her or his
understanding by trying to solve the exercises. Hints to the solutions of the
exercises are given in Chapter [12]

If one wants to find a specific topic, the extensive index of the monograph
can be used to find the right spot for a specific topic. The index contains an
item “Theorem”, under which all theorems with their names appearing in
the book are listed, and analogously there is an item “Conjecture”.

Comment 4 (by W.): Needs to be completed.

1.1.2 Prerequisites
1.2 Notations and Conventions

We have tried to keep the notation consistent with [45].
Here is a briefing on our main conventions and notations. Details are of
course discussed in the text.

e Ring will mean (not necessarily commutative) associative ring with unit
unless explicitly stated otherwise;
e Module means always left module unless explicitly stated otherwise;
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e Group means discrete group unless explicitly stated otherwise;

o We will always work in the category of compactly generated spaces, com-
pare [69] and [77), I.4]. In particular every space is automatically Hausdorft;

o We use the standard symbols Z, Q, R, C, Z,, and Q, for the integers,
the rational numbers, the real numbers, the complex numbers, the p-adic
numbers, and the p-adic rationals. Given a real number r € R we write
R>, ={s € R| s > ro}. It is now selfexplanatory what the notions R,
Rer, Rery Qxry Qsir, Q<r, Qs Z>yy Ly Z<yr, and Z, mean. We also
write N = Z>¢ for the set {0,1,2,...} of natural numbers;

e We denote certain groups by:

symbol name
Z/n finite cyclic group of order n
Sn symmetric group of permutations of the set {1,2,...n}
A, |alternating group of even permutations of the set {1,2,...,n}
D infinite dihedral group
Do, dihedral group of order 2n

1.3 Acknowledgments
1.4 Notes

last edited on 15.10.2026 (Wolfgang)
last compiled on 2026-10-15 at 17:15:19



Chapter 2
The Atiyah Conjecture

2.1 Introduction

There are various versions of the Atiyah Conjecture. They all make predic-
tions on the possible values of the L2-Betti numbers bg? )()? ) of the universal
covering X of a compact Riemannian manifold or of a finite C'W-complex
X. If m(X) is torsionfree, the Atiyah Conjecture says that all these L2-
Betti numbers bg) ()? ) are integers. All these conjectures were triggered by
a question of Atiyah whether all the L2-Betti numbers b7 (X) are rational
numbers.

After a short review about L2-Betti numbers, we state all the variants of
the Atiyah Conjectures and link them. We present some the the applications
of these conjectures to illustrate their importance. Finally we give also a
status report for which fundamental groups or groups these conjectures are
known to be true.

Comment 5 (by W.): This is only a first draft of the introduction.

2.2 Review

2.2.1 The Group von Neumann algebra

Let G be a (discrete) group. Let [?(G) be the (complex) Hilbert space of
square summable formal sums deG Ag - g for Ay € C. The group von Neu-
mann algebra N'(G) is the C-algebra B(I2(G)) of bounded G-equivariant op-
erators [?(G) — [2(G), where we let G act by left multiplication. We will
consider N'(G) just as a ring with unit and ignore the topology on it. It be-
comes a ring with involution *: N'(G) — N (G) in the sense of
by taking the adjoint of a bounded G-equivariant operator 12(G) — I*(G).
As a consequence, [2(G) becomes canonically a left N'(G)-module.
The so-called von Neumann trace

(2.1) trara) N(G)—C

sends a bounded G-equivariant operator f: I*(G) — I*(G) to (f(e),€)i2(q)
for e € G the unit element. This extends to (n,n)-matrices by the usual
formula
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(2.2) trar o) Mnn(/\/(G)) —-C, A~ Z trar(o) (am).

i=1

Given a finitely generated projective N (G)-module P, define its Hattori-
Stallings rank or its von Neumann dimension to be

(2.3) dimp(g)(P) =Y _trae)(A) € Rxo,

where A is an element in M, ,,(N(G)) with A2 = A such that the image of
the N(G)-linear map r4: N (G)™ — N(G)™ induced by right multiplication
with A is N(G)-isomorphic to P. One easily checks that this definition is
independent of the choice of n and A and takes values in Rx¢.

Exercise 2.4 Show that definition (2.3]) indeed is independent of the choice
of n and A and takes values in R>g.

Remark 2.5. The category of finitely generated projective N(G)-modules
is equivalent to the category of finitely generated Hilbert A/(G)-modules and
under this identification the von Neumann dimension corresponds to the clas-
sical Murray-von Neumann dimension of finitely generated Hilbert N (G)-
modules which is defined in operator theoretic terms, see [45, Theorem 6.24
on page 249|.

2.2.2 Dimension Theory

Next we review how one can extend the dimension dimyr(¢) for finitely gen-
erated projective N'(G)-modules of (2.3)) to arbitrary N(G)-modules.

Definition 2.6 (Closure of a submodule). Let R be a ring. Consider an R-
submodule M of the R-module N. Define the closure of M in N to be the
R-submodule of N

M ={z € N| f(x) =0for all f € N* =hompg(N, R) satisfying M C ker(f)}.

For an R-module M define the R-submodule T M and the quotient R-module
PM by

TM :={xe M| f(z)=0forall f € M*};
PM = M/TM.

Definition 2.7 (Extended dimension). We define for a N'(G)-module M its
extended dimension

to be

sup{dimpr(g)(P) | P C M finitely generated projective submodule}.



2.2 Review 5

(We will later drop the prime in dimjv(G), see [Notation 2.9})

Theorem 2.8 (Dimension function for arbitrary AN (G)-modules) Let
G be a group.

(i) The ring N(G) is semihereditary, i.e., any finitely generated submodule
of a projective module is projective;

(ii) For every finitely generated N'(G)-module M there exists n € Z>o and
an N(G)-homomorphism f: N(G)" — N(G)™ and an exact sequence of
N(G)-modules

0= N@G)" L5 NG > M =0

(111) If K C M is a submodule of the finitely generated N'(G)-module M, then
M/K is finitely generated projective and K is a direct summand in M ;

(iv) If M is a finitely generated N'(G)-module, then PM is finitely generated
projective and

M ~PM & TM;

(v) The dimension dimj\/(G) has the following properties:

(a)

(b)

(d)

(¢)

Ezxtension Property
If M is a finitely generated projective N'(G)-module, then

dimly () (M) = dimpr(gy (M);

Additivity
If 0 — My 5 M B My — 0 is an evact sequence of N (G)-modules,
then

dimw(g)(Ml) = dimN(G)(M()) =+ dimN(G) (MQ),
where for r,s € R>o Il {oo} we define r + s by the ordinary sum of two
real numbers if both v and s are not oo, and by co otherwise;
Cofinality
Let {M; | i € I} be a cofinal system of submodules of M, i.e., M =

Uier Mi and for two indices i and j there is an index k in I satisfying
Mi,Mj C Mj,. Then

dimlyy gy (M) = sup{dim)y;c,(M;) | i € I};

Continuity

If K C M is a submodule of the finitely generated N'(G)-module M,
then o
dimy(q) (K) = dim)y(q)(K);

If M is a finitely generated R-module, then
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dim}\[(G)(M) = dimpr(g)(PM);

(f) Uniqueness

The dimension dim’ is uniquely determined by the Extension Property,
Additivity, Cofinality, and Continuity.

Proof. See [45, Theorem 6.5 and Theorem 6.7 on page 239 and Lemma 6.28
on page 252]. O

Notation 2.9. In view of we will not distinguish between
dimj\f(G) and dimys(g) in the sequel.

Exercise 2.10 Let P be a finitely generated projective N(G)-module and
let M be an arbitrary N (G)-module. Prove:

(i) P =0 <= dimpg)(P)=0;
(i) We have dimpr(g)(M) = 0 if and only if every finitely generated projective
N (G)-submodule of M is trivial;

Theorem 2.11 (Dimension and colimits) Let {M; |i € I} be a directed
system of N(G)-modules over the directed set I. For i < j let ¢; j: M; —
M; be the associated morphism of N (G)-modules. For i € I let v;: M; —
colim;er M; be the canonical morphism of N(G)-modules.

(i) We get for the dimension of the N'(G)-module given by the colimit colim;e; M;
dimp/ () (colim;e M;) = sup{dim(im(¢;)) | i € I'};

(ii) Suppose for each i € I that there is ig € I with i < iy such that
dim(im(¢; i,)) < oo holds. Then

dim(colimiel Ml)
= sup {inf {dim(im(¢; ;: M; — M;)) |jeI,i <j}|iel}.

Proof. See [45, Theorem 6.13 on page 243]. O

Theorem 2.12 (Dimension and inverse limits) Let {M; | i € I} be
an inverse system of N (G)-modules over the directed set I. For i < j let
¢ij: M;j — M; be the associated morphism of N(G)-modules. For i € I let
¥;: lim;er M; — M; be the canonical map. Suppose that there is a countable
sequence i1 < ig < ... such that for each j € I there isn > 0 with j < iy,.

(i) We get for the dimension of the N'(G)-module given by the inverse limit
iIlVlimie] M1

dim (@) (invlimiel Ml) = sup{dim/\/(g)(im(%: 11611;1 M; — M;)) | i€ I};
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(i) Suppose that for each index i € I there is an index ig € I with i < iy and
dimps () (im(¢s,4,)) < 0o. Then

dimp() (invlimge; M;) = sup{inf{dimy(q)(im(¢;;)) | j € I,i < j} | i€ I}.
Proof. See [45], Theorem 6.18 on page 244]. O

Let ¢: H — G be an injective group homomorphism. It induces a ring ho-
momorphism N (¢): N(H) — N(G), see [45] Definition 1.23 on page 29]. For
an N'(H)-module M let i, M be the N'(G)-module N (G) @nr(zry M obtained
by induction with A/(4).

Theorem 2.13 Leti: H — G be an injective group homomorphism.

(i) Induction with i is a faithfully flat functor from the category of N(H)-
modules to the category of N(G)-modules, i.e., a sequence of N(H)-
modules My — My — Ms is exact at My if and only if the induced sequence
of N(G)-modules i, My — i, My — i.Ms is ezact at i, My;

(ii) For any N (H)-module M we have:

Proof. See [45, Theorem 6.29 on page 253]. O

2.2.3 L2-Betti Numbers

Definition 2.14 (L2-Betti numbers). Let X be a (left) G-space. Equip
N (G) with the obvious N (G)-ZG-bimodule structure. The singular homol-
ogy HS(X;N(G)) of X with coefficients in N'(G) is the homology of the
N(G)-chain complex N(G) ®@za C3"8(X), where C3"%(X) is the singular
chain complex of X with the induced ZG-structure. Define the n-th L?-Betti
number of X by

b (X5 N(G)) = dimy) (H7 (X5 N(G))) € Rao 1T {oo}.
Define for any (discrete) group G its n-th L?-Betti number by
b (G) =P (EGN(G)) € Rxp I {oo}.
Theorem 2.15 (Basic properties of L2-Betti numbers)

(i) Homology invariance
Let f: X =Y be a G-map.
(a) Suppose for k € Z>q that for each subgroup H C G the induced map

fHE: X" — YH s C-homologically k-connected, i.e., the homomor-
phism HPe(f7,C): Hve(XH;C) — Hme(YH:C) induced by fH on



(ii)

(iii)

(i)

(v)

2 The Atiyah Conjecture

singular homology with complex coefficients is bijective for m < k and
surjective for m = k.

Then the induced map HS (f; N (G)): HS(X; N(GQ)) — HS(Y; N (G))
is bijective for n < k and surjective for n = k and we get

bg,?)(X;N(G)) = b;?)(Y;./V'(G)) forn < k;
b2 (XN (G)) = bp2)(Y;J\/(G)) forn = k;

(b) Suppose that for each subgroup H C G the induced map f7: XH — yH
is a C-homology equivalence, i.e., H3&(f; C) is bijective for m € Z>q.
Then for alln € Z>o the homomorphism HS (f; N(G)): HS (X;N(GQ)) —
HE(Y;N(Q)) induced by f is bijective and we get

VP (X5 N(G)) = bP (ViN(G));

Comparison with the Borel construction

Let X be a G-CW -complex. Suppose that for all x € X the isotropy group
G is finite or satisfies bg)(Gx) =0 for all m € Z>o.
Then we get for alln € Z>y.

P (X N(G)) = bP(EG x X;N(G));

Invariance under non-equivariant C-homology equivalences

Suppose that f: X —Y is a G-equivariant map of G-CW -complezes such
that the induced map HM8(f; C) on singular homology with complex coef-
ficients is bijective for m € Z>o. Suppose that for all x € X the isotropy

group G, is finite or satisfies bg,%)(Gz) = 0 for all m € Z>¢, and analo-
gously for ally € Y.
Then we get for for alln € Z>g

VP (X5 N(G)) = bP (ViN(G));

Independence of equivariant cells with infinite isotropy

Let X be a G-CW -complex. Let X[oo] be the G-CW -subcomplex consisting
of those points whose isotropy subgroups are infinite.
Then we get for all n € Z>q

b (XN (@) = 0P (X, X[oo]; N (G));

Kinneth formula

Let X be a G-space and Y be an H-space.
Then X XY is a G x H-space and we get for all n € Z>q

BP(X xY)= > bP(X)- b (Y),

ptg=n



2.2 Review 9

where we use the convention that 0-co =0, r-00 = 0o for r € Ry Il {co0}
and r + 0o = 0o for r € R II {oco};
(vi) Restriction
Let H C G be a subgroup of finite index |G : H].
(a) Let M be an N(G)-module and resZ M be the N'(H)-module obtained
from M by restriction.

Then
dim () (resg M) =[G : H] - dimpr(g) (M),

where |G : H] - 0o is understood to be oo;

(b) Let X be a G-space and let res X be the H-space obtained from X by
restriction.
Then we get for all n € Z>g

b2 (resgl X5 N (H)) =[G« H] - bD (X;N(Q))

with the convention [G : H] - 00 = 00;

(vii) Induction
Let i: H — G be an inclusion of groups and let X be an H-space.
Then we get for all n € Z>q

HY(G xyg X;N(G)) = N(G) @prrry HY (X; N (H));
b2 (G xy X;N(G)) = b (X N(H));

(viii) Zero-th homology and L*-Betti number
Let X be a path-connected G-space. Then:
(a) There is an N (G)-isomorphism H§ (X;N(G)) = N(G) ®ce C;
(b) We have b(()z)(X;N(G)) = |G|™t, where |G|™! is defined to be zero if

the order |G| of G is infinite;
(¢c) HS(X;N(Q)) is trivial if and only if G is non-amenable;

Proof. See [45, Theorem 6.54 on page 265]. O

For the numerous applications of L2-Betti numbers to problems in algebra,
geometry, topology, and operator algebras we refer for instance to [45].

2.2.4 The Algebra U(G) of Affiliated Operators
Definition 2.16 (Properties of rings). Let R be a ring.

(i) Tt is called Noetherian if every submodule of a finitely generated R-module
is again finitely generated;

(ii) It is called regular if it is Noetherian and every R-module has a projective
resolution of finite dimension;
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(iii) Tt is called semihereditary if every finitely generated submodule of a pro-
jective module is projective;

(iv) It is called von Neumann regular if each finitely presented R-module is
projective;

(v) Tt is called semisimple if every R-module is projective.

Recall that a ring is Noetherian if and only if any ascending sequence of
ideas In € I1 € I € --- C R becomes stationary, i.e., there exists n € Z>g
satisfying I,, = I; for every j € Z>,.

Proposition 2.17. The following statements are equivalent for a ring R:

(i) It is semisimple:
(ii) Every R-module is injective;
(iti) The ring R is isomorphic to [/~ My, (D;) for m,ni,na, ...,y € Z>1
and skew fields D;.
(iv) Every short exact sequence splits;
(v) R is Noetherian and von Neumann regular.

Proof. See [61], page 604]. O
Proposition 2.18. The following statements are equivalent for a ring R:

(i) R is von Neumann regular;
(i) For any r € R there exists s € R with rsr = r;
(1ii) Every principal ideal in R is generated by an idempotent;
(iv) Every finitely generated ideal ideal in R is generated by an idempotent;
(v) Every finitely generated submodule of a finitely generated projective R-
module is a direct summand;
(vi) Every finitely presented R-module is projective;
(vii) Every R-module is R-flat;
(viii) Every finitely generated projective R-module is a direct sum of principal
ideals.

Proof. See [60, Lemma 4.15, Theorem 4.16 and Theorem 9.15], [76, Theorem
4.2.9 on page 98]. Comment 6 (by W.): Add the pages in the reference
to [60]. Check and add a reference for assertions and . Maybe add
also a reference to Goodearl [21]. ad

Comment 7 (by W.): Add information about von Neumann s-regular
rings. See for instance [26, Section 3.3] and [7]. Meanwhile at least partially
done in Section B2

Comment 8 (by W.): Mention that for the surjectivity of Ky(CG) —
Ko(REG(@)) one has only to show that for a projection z € REGr(G), i.e.,
2? =z and x = 2%, the class of (z) lies in the image.

If G is torsionfree, then the Strong Atiyah Conjecture follows from the state-
ment that all idempotents of REGc(G) are trivial.
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Could it be that any projection z € REGc(G) can be lifted to a projection
in CG if G has property (BOF)?

Associated to the von Neumann algebra N (G) is the algebra of affiliated
operators U(G) which contains N (G). Its functional analytic defintion can
be found in [45, Section 8.1]. For us, only the following properties will be
relevant.

Proposition 2.19.

(i) The ring U(G) is the Ore localization of N'(G) with respect to the multi-
plicative subset of non-zero divisors;
(i) U(G) is flat as an N (G)-module;
(111) U(QG) is von Neumann regular;
(v) The inclusion i: N (G) — U(G) induces an isomorphism

Ko(i): KoW(G)) = Ko(U(G)).

Proof. See [45, Theorem 8.2 on page 327 and Theorem 9.20 (i) on page 345].
O

There is a well behaved dimension function for U(G)-modules: One can
for an arbitrary U(G)-module M define

This is compatible with the notion of dimension for N'(G)-modules in the
sense that for every N'(G)-module N we have

Moreover, dimg(g) shares all the good properties of dim (), such as Addi-
tivity and Cofinality. For a projective U (G)-module P we have

dlmu(g)(P) =0<«<= P = {O}

For all of these claims see [45], Definition 8.28 and Theorem 8.29 on page 330].

2.2.5 Ky and Gy of Rings

Definition 2.22 (Projective class group Ko(R) and G-theory group Go(R)).
Let R be a ring. Define its projective class group Ko(R) to be the abelian
group whose generators are isomorphism classes [P] of finitely generated pro-
jective R-modules P and whose relations are [Py] + [P] = [P1] for any exact
sequence 0 — Py — P, — P> — 0 of finitely generated projective R-modules.

Define Go(R) analogously but replacing finitely generated projective by
finitely generated. _

We denote by Ky(R) and Go(R) respectively the quotient of Ky(R) and
Go(R) respectively by the subgroup generated by the class [R] of R.
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Every ring homomorphism ¢: R — S induces a homomorphism of abelian
groups Ko(p): Ko(R) — Ky(S) by sending the class [P] of a finitely gener-
ated projective R-module to the class [p. P] of the finitely generated projec-
tive S-module ¢, P = S ®p P. This is not true in general for Gg, one needs
the extra condition that the functor sending a finitely generated R-module
M to the finitely generated S-module ¢, M is exact. This condition is auto-
matically satisfied if R is semisimple, e.g. R = F'H for a finite group H and
a field F of characteristic zero. If G contain the free group Z * Z as subgroup,
the class of [CG] in Go(CG) is trivial, whereas the class of [CG] in Ky(CG)
generates an infinite cyclic subgroup. The map Ko(R) — Go(R) is in general
not injective or surjective, but is a bijection if R is regular or semisimple.

If R is semisimple, it is of the form R = Hle My, (D;) for skew fields D;
and one obtains explicit isomorphisms

k k k
(2.23) R) = H ) = H H

In particular Ky(R) is a finitely generated free abelian group. For more in-
formation about Ko(R) and Go(R) we refer for instance to [46, Chapter 2].

iuz

2.3 The Statement of the Atiyah Conjecture

2.3.1 Some Conventions Concerning Matrices

We first fix some notation concerning matrices. We use the convention that
an (m,n)-matrix A has m rows and n columns and a finite matrix is an
(m,n)-matrix for some m,n € Z>1. Hence an element A in M,, ,,(R) for a
ring R is of the form

ai1 ay,2 azi1 - A1n-2 a1,n—1 a1,n
a21 a2 2 a3 -+ A2n-2 a2 n—1, a2 n
as 1 ag 2 azsz --° A3 n-—-2, a3 n—1 a3 n
A= )
Um—1,1 Am—1,2, Am—-1,3 *** Am—-1n—-2 Am—-1,n—1 OGm—1,n
Gm,1 Qm,2 am,3 *°° Amn—2 Am,n—1 Qm,n

We denote by M,, »(R) the set of (m,n)-matrices and by M, ,(R) the ring
of (n,n)-matrices. Let I,, be the (n,n)-matrix, whose diagonal entries are all
1 and whose other entries are 0. Obviously I,, is the multiplicative unit in
M, n(R). Given A € M, ,(R) and B € M,, ,(R), then their product A - B
belongs to M,, ,(R). We write elements in R™ as (1, m)-matrices, i.e., as a
row (21,2, ... Tm). Given A € M,;, ,(R), right multiplication with A yields
a R-homomorphism of left R-modules

(2.24) ra: R™ = R"; (x1,22,...,%m) — (T1,22,...,&Tm) - A
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Note for the sequel that r4p = rg o r4 holds.

2.3.2 The Statements of Various Versions the Atiyah
Conjecture

Conjecture 2.25 (Atiyah Conjecture of order A with coefficients in F'). Let
G be a group. Let F be a field satisfying Q C F C C. Let A be an abelian
group satisfying 7 C A C R.

We say that G satisfies the Atiyah Conjecture of order A with coefficients
in F if for any matric A € My, ,(FG) the von Neumann dimension of the
kernel of the N'(G)-homomorphism ra: N(G)™ — N(G)™ satisfies

dimyrq) (ker(ra: N(G)™ = N(G)")) € A

Define the abelian group

(2.26) ZC—Lt

S FNeLeQ

to be the additive subgroup of Q generated by the set {|H|~' | H C G, |H| <
oo}. We will explain in [Remark 2.37| that #(G)Z is the smallest possi-

ble choice for A in [Conjecture 2.25[ So the most interesting case of

L _ 1
ture 2.25|is A = W(G)Z
The case F' = Q is the most relevant one for applications to topology as

explained in [Proposition 2.31] whereas for applications in algebra the case

F = C is the desired one. If we take ' = C and A = #(G)Z in
we obtain the so-called Strong Atiyah Conjecture.

Conjecture 2.27 (Strong Atiyah Conjecture). A group G satisfies the strong
Strong Atiyah Conjecture if for any matriz A € My, ,(CG) the von Neumann
dimension of the kernel of N(G)-homomorphism ra: N(G)™ — N(G)™
given by right multiplication with A satisfies

1
di ki : m " ——7.
imp () (ker(ra: N(G)" = N(G)")) € FIN(G)
In the special case that G is torsionfree, we will consider the following
versions of the two conjectures above.

Conjecture 2.28 (Strong Atiyah Conjecture with coefficients in F' for tor-
sionfree groups). Let G be a torsionfree group. Let F be a field satisfying
QcFcC.

We say that G satisfies the Atiyah Conjecture with coefficients in F for
the torsionfree group G if for any matriz A € My, ,(FG) the von Neumann
dimension of the kernel of the N'(G)-homomorphism ra: N(G)™ — N(G)"
given by right multiplication with A satisfies

dimp(q) (ker(ra: N(G)™ = N(G)™)) € Z.
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Conjecture 2.29 (Strong Atiyah Conjecture for torsionfree groups). A tor-
sionfree group G satisfies the Strong Atiyah Conjecture if for any matriz
A € M, o(CG) the von Neumann dimension of the kernel of the N(G)-
homomorphism ra: N(G)™ — N(G)" given by right multiplication with A
satisfies

dimp () (ker(ra: N(G)™ = N(G)")) € Z.

Obviously holds for all field with Q C F C C if and only

if is true.
Comment 9 (by T.):

Comment 10 (by W.): My preference is not to discard any-
thing.
sourcey () C (ugui?, ..., upuyt) C U.

Notation 2.30. A group G has property (BOF) if there is an upper bound
on the orders of the finite subgroups of G.

We will explain in that there are counterexamples to
[fure 2.25] and [Conjecture 2.27] unless one makes the assumption that G has
property (BOF) introduced in No counterexamples are known
for

2.4 Some Reformulations of the Atiyah
Conjecture

We can reformulate the Atiyah [Conjecture 2.25for F = Q in terms of L?-

Betti numbers as follows.

Proposition 2.31. Let G be a group. Consider any d € Z>s. Let Z C A C Q
be an additive subgroup of Q. Then the following statements are equivalent:

(i) For every cocompact free proper G-manifold M and every n € Z>o, we get
b (M; N(G)) € A

(i) For every cocompact free proper G-manifold M without boundary of di-
mension (2d + 4) we get

b (M N(G)) € 4

(111) For every free G-CW -complex X of finite type and every n € Zxq, we get
b (X N(G)) € 4;

(iv) For every (d+1)-dimensional free G-CW -complex X of finite type, we get

b (X N(G)) € 4;
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(v) The Atiyah of order A with coefficients in Q is true for
G.

(vi) For an arbitrary G-space X and every n € Z>o we have
b (M; N(G)) € ATI {+00}.

Proof. The proof except assertion is similar to the one of [45, Lemma 10.5
on page 371].

Assertlo is proven as follows: using G-CW -approximations and The-
orem : we can reduce the claim to G-CW-complexes. By Theo-
rem 1.} and looking at the relative cellular chain complex of (X, X [00]),
we can reduce to a chain complex of a proper G-CW-complex. By Theo-
rem “ . ) this has the same L?-Betti numbers as a free G-CW-complex.
By a colimit argument one reduces to finite free G-CW-complexes and the
claim follows. a

One can rephrase the Atiyah Conjecture also in a more module-theoretic
fashion.

Notation 2.32. Let G be a group and let F' be a field with Q C F C C.
Define

A(G,F)fgp = {dlmN(G) (N(G) ®FG Ml) — dlmN(G)(./\/(G) ®FG Mo)} C R,

where My and M; run through all finitely generated projective F'G-modules.
The subsets A(G, F)gp, A(G, F')gg, or A(G, F')an are defined analogously, using
finitely presented F'G-modules, finitely generated F'G-modules, or all F'G-
modules with dims(c)(N(G) ®@ra M;) < oo for i =0, 1.

Proposition 2.33. A group G satisfies the Atiyah Conjecture of order A
with coefficients in F' if and only if A(G, F)g C A holds, or, equivalently, for
any finitely presented FG-module M we have

dimpr(q) (N (G) @ra M) € A
Proof. See [45 Lemma 10.7 on page 372]. O
Proposition 2.34. Let G be a group and let F be a field with Q C F C C.

(Z) We have mz g A(G, F)fgp,
If the assembly map

COlimHgGV‘H|<OO K()(FH) — Ko(FG)

given by the collection of inclusions inclusions H C G is surjective, then
we have WZ = MG, F)tgp;

(it) We have A(G,F)ggp € A(G, F)gp € A(G, F)tg € A(G, F)an;

(111) A(G, F)ig C A(G, F)gp, where the closure is taken in R;
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(iv) We have

A(G, F)g, = A(G, F)gg;
MG, F)an = A(G, F)gg.

Proof. See [45, Lemma 10.10 on page 373] ad

Remark 2.35. Suppose that G satisfies property (BOF). Then the least
common multiple lem(G) of the orders of finite subgroups is defined and
1

mzz{reR\lcm(G)'TGZ}~

Hence by [Proposition 2.59] and [Proposition 2.54] the Strong Atiyah
is equivalent to the equality

{reR|lem(G) -r € Z} = A(G,C)gp = A(G,C)g, = A(G,C)gg = A(G, C)an.

In particular the Strong Atiyah [Conjecture 2.29| for a torsionfree group G is

equivalent to the equality
Z = AG,C)gp = A(G,C)gp, = A(G, C)gg = A(G, C)an.

Exercise 2.36 Show that the following assertions for a group G are equiv-
alent:

(i) The group G has property (BOF);
(ii) The subgroup Wl(c)\z of R is discrete;

(iii) The subgroup WZ of R is closed.

Remark 2.37. If the Atiyah of order A with coefficients in F'
holds for G, then we must have m -7 C A because of |Proposition 2.34}

2.5 The K-Theoretic Atiyah Conjecture

Next we give a purely K-theoretic version of the Atiyah Conjecture. We need
some notation for certain subgroups of the projective class group Ko(U(G))
of U(G).

Notation 2.38. Let G be a group and let F' be a field with Q C F C C.
Define the subgroup

#(Gs g = {[U(G) ©rc Mi] = [U(G) @ra Mol} C Ko(U(G)),

where My and M; run through all finitely generated projective F'G-modules.
Define k(G, F)gp correspondingly, where M, and M; run through all finitely
presented F'G-modules.

Define the subgroup of Ko(U(G)) to be the image of the composite
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k(G Fin :im( D KO(FH)%KO(FG)MKO(U(G)))
HCG,|H|<

where the first map is induced by the various inclusions of finite subgroups
H C G and the second map is induced by the inclusion j: FG — U(G).

The definition of x(G, F')g, make senses, since for a finitely presented FG-
module M the U(G)-module U(G) @nr ey M is a finitely presented U(G)-
module and hence a finitely generated projective U (G)-module, since U(G)
is von Neumann regular by [Proposition 2.19] ().

Conjecture 2.39 (K-theoretic Atiyah Conjecture). Let G be a group and
let F be a field with Q C F C C. Then

K(G, F)an = k(G, F)p.

Proposition 2.40. Let G be a group and let F be a field with Q C F C C.

(1) We have k(G, F)gn C (G, F)ggp C (G, F)gp;
(ii) If G satisfies the Full Farrell-Jones Congecture, see [46, Conjecture 13.50
on page 387], then k(G, F)an = k(G, F)tgp.

Proof. This is obvious since (G, F)gyp agrees with the image of the
homomorphism Ky(j): Ko(FG) = Ko(U(G)).

The Full Farrell-Jones Conjecture implies that the map

P Ko(FH) - Ko(FG)
HCG,|H|<cc

is surjective, see [46l Theorem 13.65 (Xii) on page 406]. O

Remark 2.41. The Full Farrell-Jones Conjecture is known for a large class
of groups, see |46, Theorem 16.1 on page 481]. For example, it contains all hy-
perbolic groups, finite dimensional CAT(0)-groups, lattices in path connected
second countable locally compact Hausdorff groups, fundamental groups of
manifolds of dimension < 3, and S-arithmetic groups. Furthermore, it is
closed under taking subgroups, passing to overgroups of finite index, and
passing to colimits over directed systems of groups with arbitrary structure
maps. Its precise statement is not relevant for this monograph and therefore
omitted.

Remark 2.42. Let G be a group and let F be a field with Q C F C C.
The K-theoretic Atiyah implies the Atiyah

of order A = #(G)Z with coefficients in F' by the following argument.
The dimension function dimas(gy of (2.3)) defines a homomorphism
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The homomorphism Ko(i): Ko(N(G)) = Ko(U(G)) is bijective by
(iv). One easily checks using that the image of k(G, F)g, and

k(G, F)gn under the composite Ko(U(G)) O, Koy(N(Q)) AN, g i

A(G, F)gp and #(G)Z, respectively.

2.6 The Center-Valued Atiyah Conjecture

Let G be a group and let F' be a field with Q C F C C. Using the center-
valued universal trace and the associated center-valued universal dimension
function, one obtains homomorphisms

dimj(/(G): KoV (G)) — Z(N(G))Z/2 ={a€ ZN(G)) | a=a"},
and
dim}j(G): KoyU(G)) — Z(]\/’(G))Z/2 ={a€ ZWN(G)) | a=a"},

where Z(N(G)) is the center of the von Neumann algebra and the group
structure on Z(N(G))%/? comes from the addition. The composite of dimy
with the isomorphism Ko(j): Ko(FG) — Ko(U(G)) is dimjy (). The homo-
morphism dimy ¢y is always injective. It is bijective if N'(G) is of type II;.
All these claims follow from [45, Theorem 9.13 (2) on page 342]. If G is
finitely generated and not virtually finitely generated abelian, then N (G) is
of type Iy, see [45] Lemma 9.4 (3) on page 338|. If G is an ICC group —
this means that the conjugacy class of each element g € G is finite — them
Z(N(@)) = Z(N(G))*? =R holds by 45, Lemma 9.4 (4) on page 338].

Notation 2.44. Let G be a group and let F' be a field with Q C F C C.
Define

AN, Figp = {dim} () (N (G) ®@rc M) — dimy ) (N (G) @rc Mo)}
C ZWN(@)*2,
where My and M; run through all finitely generated projective F'G-modules,

and define A*(G, F)g, correspondingly using finitely presented F'G-modules.
Let A*(G, F)apn be the image of the composite

colimprc g 100 Ko(FH) = Ko(FG) = Ko(N(G)) D Z(N(G))/2,

Conjecture 2.45 (Center-Valued Atiyah Conjecture). Let G be a group and
let F' be a field with Q C F C C. Then the center-valued Atiyah Conjecture
predicts

AU (G, F)gn = AY(G, F)pp.

Proposition 2.46. Let G be a group and let F be a field with Q C F C C.
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Then the K -theoretic Atiyah[Conjecture 2.39 and the center-valued Atiyah
are equivalent.

Proof. This follows from the definitions and the fact that the homomorphism
dimpy (g1 Ko(V(GQ)) — Z(N(G))%/? is injective. 0

2.7 Some Implications and Applications of the
Atiyah Conjecture

We briefly describe a few applications of the Atyiah Conjecture. Many more
will be discussed later in this monograph. Comment 11 (by W.): Maybe
add references later.

2.7.1 The Zero-Divisor Conjecture of Kaplansky and
the Embedding Conjecture of Malcev

We have the following prominent conjectures due to Kaplansky and Malcev.

Conjecture 2.47 (Zero-Divisor Conjecture). Let F be a field of character-
istic zero and G be a torsionfree group. Then FG contains no non-trivial
zero-divisors.

Conjecture 2.48 (Embedding Conjecture). Let F be a field of characteristic
zero and G be a torsionfree group. Then FG embeds into a skew field.

Obviously the Embedding implies the Zero-Divisor

ecture 2.4

Remark 2.49. We conclude from that the Strong Atiyah
for torsionfree groups implies the Embedding[Conjecture 2.48|
if @Q C F C C holds. Actually, there is a canonical embedding of FG in a
specific ring which turns out to be a skew field if the Atiyah conjecture holds.

The Strong Atiyah [Conjecture 2.29|for torsionfree groups implies the Zero-

Divisor [Conjecture 2.47| for all fields F' of characteristic zero because of [40),
Remark 2.84 on page 54].

Remark 2.50. Let F be a field and G be a group such that F'G has no
non-nontrivial zero-divisors.

Then G is amenable if and only if F'G is an Ore domain, i.e., satisfies the
Ore condition with respect to the multiplicative subgroup FG \ {0}, see [6]
Theorem A.1].

Proposition 2.51. Suppose that G be a torsionfree amenable group. Then
the Strong Atiyah[Conjecture 2.29 holds for G if and only if the Zero-Divisor
holds for CG, see [{5, Lemma 10.16 on page 376]. In this

case the canoncial skew field of [Remark 2.49 is the Ore localization of CG
with respect the multiplicative subgroup CG \ {0}.
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2.7.2 Computation of L?>-Betti Numbers

Let G be a group and let I’ be a field with Q C F C C. Given a matrix
A € M,, ,(FG) one can consider the FG-homomorphism r4: N(G)™ —
N(G)™ given by right multiplication with A and ask for the computation of
dimpr(a) (ker(rf))). If one has an algorithm to solve the word problem in G,
one can define a monotone increasing sequence (c,(A))p>0 of elements in R>
such that each element is computable and one has

dims () (ker(ra)) = pli_{r;o cp(A).

This is proved in [45] Section 3.7]. Léh and Uschold [40] investigate the com-
putability degree of this limit. They show that the complexity class for the
computation of this limiting number is bounded by the complexity class to
solve the word problem in G.

Now suppose that G satisfies property (BOF) and that the Atiyah Con-
jecture of order A = mz with coefficients in F, see
holds. If there is a p such that ¢,(A4) < lem(G)~! holds, then we conclude
from that we have dim () (ker(rff))) = 0, and one does not
have to compute all the elements of the sequence (c,(A))p>0-

It is clear that this can be very useful to show the vanishing of L2-Betti
numbers, see [45, Remark 3.173 on page 195] and to compute L?-invariant in
general.

2.7.3 Finite Generation of Projective Modules

Question 2.52 (Finite generation of projective modules over group rings and
their von Neumann dimension). Let G be a group satisfying property (BOF).
Consider a ring R with Z C R C C. Let P be a projective RG-module such
that dimpr(cy(N(G) ®ra P) < 0o holds. Is then P finitely generated?

This question is only interesting in the case where G has property (BOF).

Exercise 2.53 Consider a field F' with Z C F C C. Construct an abelian
group G such that for any € € R+ there is a projective FG-module P such
that P is not finitely generated and dimyg)(N(G) ®rg P) < € holds.

Here is a partial answer to [Question 2.5

Proposition 2.54. Let G be a group satisfying property (BOF). Consider
a ring R and a field F with Z C R C F C C. Suppose that the Atiyah

Congecture 2.28| of order A = \]—‘TI(G)\Z with coefficients in F holds. Let P
e a projective RG-module. Then the following assertions are equivalent:

(i) The RG-module P is finitely generated;

(i) We have dimy ) (N(G) @ra P) < oo;
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Proof. This is a direct consequence of the following two facts whose proof
can be found in [34] Lemma 4 and Lemma 5].
Consider the situation of [Proposition 2.54] Then:

e Suppose that G satisfies property (BOF) and that the Atiyah
of order A = Wl(g)lz with coefficients in F' holds. Let N be
an RG-module. Suppose that dimy (g (N (G) ®ra N) < oc.

Then there exists a finitely generated RG-submodule M C N satisfying
dimy(g) (N (G) ®zg N/M) = 0;

e Let P be a projective RG-module such that for some finitely generated
RG-submodule M C P we have dimpr () (N(G) ®ra P/M) = 0.

Then P is finitely generated.

2.7.4 Applications to Groups of Low (Co-)Homological
Dimension

Comment 12 (by W.): One should add a reference to this Subsection [2.7.4]

in [Chapter

The next result is taken from [34) Theorem 2].

Theorem 2.55 (Groups of homological dimension < 1) A locally free
group G has homological dimension < 1. We remind the reader that a group
is locally (P) if every finitely generated subgroup has property (P).

If G is a group of homological dimension < 1 and the Strong Atiyah[Cond

with coefficients in F = Q for torsionfree groups holds for G,
then G is locally free.

Exercise 2.56 Find a group which is locally cyclic without being cyclic.

The next result is taken from [34) Theorem 3].

Theorem 2.57 (Elementary amenable group of cohomological di-
mension < 2) Let G be an elementary amenable group of cohomological
dimension < 2. Then:

(i) Suppose that G is finitely generated. Then G possesses a presentation of
the form

(z,y | yzy ' =2").

In particular there is a finite 2-dimensional model for BG;
(i) Suppose that G is countable but not finitely generated. Then G is a non-
cyclic subgroup of the additive group Q.

Recall that a group G is of type FP,, or FF,, respectively if there exists
an exact sequence of ZG-modules 0 -+ P, -+ P,_1 — --- — P, — Z for Z
equipped with the trivial G-action such that each module F; is finitely gener-
ated projective or finitely generated free respectively. We omit the elementary
proof that the next [Proposition 2.58| follows from [Proposition 2.54]
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Proposition 2.58. Let G be a finitely generated group of cohomological di-
mension < 2 with b§2)(G) < 00. Suppose that G satisfies the Strong Atiyah

with coefficients in F = Q for the torsionfree group G.
Then G is of type FPs.

If G satisfies the Full Farrell-Jones Conjecture, then we can replace FPo
by FFs in the statement above.

Theorem 2.59 (Vanishing of top LQ-Beﬁi numbers and passing to
subgroups) Let H be a subgroup of G. Let X be a d-dimensional proper G-
CW -complex which we can also view as d-dimensional proper H-CW -complex

by restriction. Suppose b((f)(Y;N(G)) = 0.
Then we get bf)(Y;N(H)) =0.

Proof. For any CG-module M be obtain an A (H )-homomorphism, natural
in M,

(2.60) T(M): N(H)@ca M = N(G) @ce M, u®z+—i(u)® .

Next we want to show that it is injective for projective CG-modules M. As T'
is compatible with direct sums over arbitrary index sets, it suffices to prove
the claim for M = CG.

Let T be a transversal of the projection pr: G — H\G, i.e., T is a subset
of G such that pr|r: T — H\G is a bijection. We will assume e € T for the
unit e € G. We obtain an isomorphism of left CH-modules

@ CH i) (CG, (xt)teT — Zwt - t.

teG/H teT

It induces a bijection

ar @BEHE)T = BI*(H) @cy CG,  (fier — Y fr @t
teT teT
and an H-equivariant isomorphism of Hilbert spaces
D 2 =72 .
£: @teTl (H) = 1°(G),  (w)er — teZTUt 2

where the source is the Hilbert space completion of the pre Hilbert space
Dicc/n I12(H). We have the isomorphism

B: N(G) ®ce CG = B(X(G)), f® (Z Ag .g> . Zry. (forgr)
geG geG

where r,-1: 1#(G) — [?(G) is right multiplication with g~'. Hence it remains
to show that
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BoT(CG)oa: P BUP(H)" — B(*(G))°
teG/H

is injective. Given s € T and an element f, in the copy of B(I1?(H))* belong-

ing to s in the source of a, we get a commutative diagram of operators of
Hilbert spaces

(2.61) B, erl(H) —>12(G)

B,erl2(H) ——> 12(G)

Dicr fsi li(fs)

B, erlP(H) —

Z\L
B

where for tg,t; € T the operator (os)i 4, : [2(H) — [?(H) is trivial if
pr(tos—!) # pr(t1) and is right multiplication with the element tos~'t;* € H
if pr(tos—t) = pr(ty).

Now suppose that the element (fs)ser € @Bieq/u B(I2(H))H lies in the
kernel of 30 T(CG) o a. Then £ 1o (3, ri(fs)ors—1)o&: @teTlg(H) —
@tele(H) is trivial.

We get for t € T that (o). is zero for s # t since pr(ts™!) =
prie) = ts' € H = pr(t) =pr(s) = s ==t Fixt e T. Let
je: P(H) = @,cp!*(H) be the inclusion of the summand belonging to t € T
and pr,: @,p%(H) — [2(H) be the projection onto the summand belonging
to e € T. Then the composite

pr, ot 1o (Zi(fs) ) 0o ju: I2(H) — *(H)

seT

is zero and sends u to fi(u) because of the commutative diagram .
Hence f; = 0 for all ¢t € T. This finishes the proof that the natural map
T(M) of is bijective for every free CG-module M.

If cq: Cu(X) — C.(X) is the d-th differential in the cellular CG-chain
complex C,(X;C), we get a commutative diagram

T(Ca(X;C))

N(H) @cu Cq(X;C) N(G) ®ce Ca(X;C)

idar ) ®CHcdl iid/\/(c) ®caed

N(H) QcH Cdfl(y§ (C) S N(G) Rca Cdfl(Y; (C)
T(Ca-1(X;0))
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whose horizontal arrows are injective. Hence the left vertical arrow is injective
if the right vertical arrow is injective. Now the claim follows from the fact that
a projective N'(G)-module P is trivial if and only if dimpr(g)(P) vanishes,
see [45, Lemma 6.28 (3) on page 252]. Comment 13 (by T.): try to find a

more concise argument here. O

has been proved for proper G-actions on simplicial com-

plexes using orbit equivalence in [20, Theorem 1.5].
|[Proposition 2.58|and [Theorem 2.59|imply the next theorem which has also
been proved by Jaikin-Zapirain and Linton [28, Theorem 3.7].

Theorem 2.62 (Almost coherent groups) Let G be a group of cohomo-
logical dimension < 2 with ng)(G) = 0. Suppose that G satisfies the Strong
Atiyah [Congecture 2.28 with coefficients in F = Q for the torsionfree group
G.

Then G is almost coherent in the sense that every finitely generated sub-
group H C G is of type FPs.

If G satisfies the Full Farrell-Jones Conjecture, then we can replace FPy
by FFy in the statement above.

is interesting in connection with the following question.

Question 2.63 (Coherent groups). Let G be a group of cohomological di-

mension < 2 with b;z)(G) = 0. Is then G coherent in the sense that any
finitely generated subgroup H C G has a finite 2-dimensional model for BH ?

Exercise 2.64 Show that every elementary amenable group of cohomologi-
cal dimension < 2 is coherent.

Comment 14 (by W.): Discuss here or later the relation to the exis-
tence of non-positive immersions and the vanishing of the second L2-Betti
number. See in particular Jaikin-Zapirain and Linton [28, Theorem 1.2] and
the preprint by Avramidi-Lick [5].

2.7.5 Further Applications

Comment 15 (by W.): To be filled or removed. Examples: The Strong
Algebraic Eigenvalue Conjecture, The Center Conjecture, The Independence
Conjecture, see [29) Corollary 1.2]. Existence of Hughes free epic division
ring for EG if G is torsionfree and E is a field of characteristic zero, see [29]

Corollary 6.7].
2.8 Counterexamples to the Atiyah Conjecture
If we drop the property (BOF) that there is an upper bound on the orders of

finite subgroups, one might still ask whether A(G;Q)g, = Q holds, motivated
by the observation that the image of the composite
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dimu(c)
—

P Ko(QH) — Ko(QG) — Ko(N(G)) R

HCG,|H|<o

is contained in Q. This goes back to Atiyah’s original question [3, page 72],
who asked for the rationality of the L2-Betti numbers b (1\7 ) of every closed
manifold M. Austin [4, Corollary 1.2] gave the first example of a finitely
generated group G, where for some matrix A € M,, ,(QG) the dimension
dimpr( (ker(r4)) of the kernel of the N (G)-homomorphism 74: N (G)™ —
N(G)™ is irrational. Grabowski [22] Corollary 1.2] showed that one can choose
G to be finitely presented above. Moreover, Grabowski [22, Theorem 1.3]
proved, using Turing machines, that any non-negative real number can occur
in this way for some finitely generated group G and some matrix A. Loéh
and Uschold [40] investigate the computability degree of real numbers arising
as L2?-Betti numbers or L?-torsion of groups, parametrised over the Turing
degree of the word problem. Roughly speaking, the complexity of the compu-
tation of L?-invariants of a group is the same as the complexity of the word
problem.

2.9 Positive Results about the Atiyah
Conjectures

The notions of elementary amenable groups and amenable groups are ex-
plained for instance in [45] Subsection 6.4.1]. Examples for elementary
amenable groups are virtually solvable groups. Every elementary amenable
group is amenable and no amenable group contains a non-abelian free group.

Definition 2.65 (Class of groups C). Let C be the smallest class of groups
satisfying the following conditions:

(i) C contains all free groups;
(i) If {G; | i € I} is a directed system of subgroups directed by inclusion such
that each G; belongs to C, then G = (J,;.; G belongs to C;
(iii) Let 1 - K — G — @ — 1 be an extension of groups such that K belongs
to C and @ is elementary amenable, then G belongs to C.

Definition 2.66 (Class of groups .A). Denote by A the collection of all groups
which have property (BOF) and satisfy the Strong Atiyah [Conjecture 2.27]

Definition 2.67 (Class of groups D). Let D be the smallest class of groups
satisfying the following conditions:

(i) The trivial group belongs to D;
(ii) If {G; | i € I} is a filtered system of groups in D (with arbitrary structure
maps), then its colimit again belongs to D;
(iii) If{G; | € I} is a cofiltered system of groups in D (with arbitrary structure
maps), then its limit again belongs to D;
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(iv) If G belongs to D and H C G is a subgroup, then H € D;
(v) If p: G — A'is an epimorphism of a torsionfree group G onto an elementary

amenable group A and if p~(B) € D for every finite group B C A, then
GeD.

Note that each element in D is a torsionfree group, and the class D contains
all residually (torsionfree elementary amenable) groups.

A group is called indicable if it is trivial or admits an epimorphism G — Z
onto Z. Hence a group is called locally indicable, if every non-trivial finitely
generated subgroup admits an epimorphism onto Z. Locally indicable groups
are torsionfree. Examples for locally indicable groups are torsionfree one-
relator groups.

Theorem 2.68 (Status of the Strong Atiyah [Conjecture 2.27))

(i) If G belongs to C and satisfies property (BOF), then G € A;

(ii) If G belongs to D, then G is torsionfree and G € A;

(iti) If 1 - H — G — Q — 1 is an extension of groups, H is torsionfree and
belongs to A, and @ is locally indicable, then G is torsionfree and belongs
to A;

(iv) If G € A and H C G is a subgroup with lem(H) = lem(G), then H € A;

(v) If G is the directed union \J;c; G of subgroups G; directed by inclusion
and each G; belongs to A, then G belongs to A;

(vi) The group G belongs to A if and only if all its finitely generated subgroups
belong to A;

(vii) If 1 - K - G — Q — 1 is an extension of groups such that K is finite
and G belongs to A, then @ belongs to A;

(viii) Let M be a connected (not necessarily compact) d-dimensional manifold
(possibly with non-empty boundary) such that d < 3 and its fundamental
group 71 (M) is torsionfree, then m (M) € C and hence m (M) € A;

(iz) If the group G has property (BOF) and belongs to one of the following
classes below, then G belongs to A:

(a) Residually {torsionfree elementary amenable} groups;

(b) Free by elementary amenable groups;

(¢) Braid groups;

(d) Right-angled Artin and Cozeter groups;

(e) Torsionfree p-adic analytic pro-p-groups;

(f) Finite extensions of fundamental groups of compact special cube com-
plexes;

(9) Locally indicable groups;

(h) One-relator groups.

Proof. This is due to Linnell, see for instance [39] or [45, Theorem 10.19
on page 378|.

This follows from [26], Theorem 1.1], together with [I5] Theorem 1.4].
(iif) This follows from [29, Proposition 6.5].
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(iv) This follows from [45, Theorem 6.29 (2) on page 253].
. See |45, Lemma 10.4 on page 371].
This follows from assertions | . ) and (| .

This follows from [45, Lemma 13.45 on page 473] because lem(G) =
lem(Q) - | K.

(vii) This follows from [3I, Theorem 1.1] for d = 3. The case d = 2 can
be reduced to the case d = 3 by crossing with S! and assertion or just
use the fact that the epimorphism the fundamental group of a connected
manifold of dimension < 2 onto its abelianization has a free group as kernel.

D Item (lixal) , and (jixh|) follow from the previous assertions.

Ttems and | i are proven in [38, Theorem 1.8], [37,
Theorem 2 18 Theorem 1.1], and [66, Theorem 1.1] for matrices over Q[G].
Note that [b() Theorem 1.1] states the result for matrices over Q[G], but the

proof extends to Q[G]. Then apply [26, Theorem 1.1]. O

Remark 2.69. The class A is very large by the aforementioned results.
Nevertheless, we do not know whether all hyperbolic groups or all torsionfree
amenable groups belong to A. Note that a hyperbolic group automatically
satisfies property (BOF).

Theorem 2.70 (Status of the K-theoretic Atiyah [Conjecture 2.39))
The K -theoretic Atiyah holds for a group G and F =C if G
belongs to the class C and has property (BOF).

Proof. This follows essentially by inspecting the proof of Linnell for the
Atiyah Conjecture, see [33, Theorem 1.11]. O

Remark 2.71. Note that for a torsion-free group the K-theoretic Atiyah
Conjecture is equivalent to the Strong Atiyah Conjecture, compare Subsec-

tion [2.11.2)
Comment 16 (by T.):

2.10 Permanence Properties of the Strong
Atiyah Conjecture

In contrast to the Full Farrell-Jones Conjecture one does not know much
about the permanence properties of the Strong Atiyah Conjecture It is
open whether it is closed under taking finite products, subgroups, or over-
groups of finite index.

There are partial results on question, whether the Strong Atiyah Conjec-
ture holds for a group G if it holds for a torsionfree subgroup of finite
index, see for instance [38]. Comment 17 (by T.):

Comment 18 (by T.):
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In [75], Christian Wegner proves that
the strong Atiyah conjecture for a group G implies the conjecture for any
quotient group G/F if F is a finite normal subgroup of G. He also states
conditions for a subgroup U the strong Atiyah conjecture for G implies the
strong Atiyah conjecture for U. Unfortunately, some intermediate results used
in the attempted proof are not correct, compare the Gottingen Master thesis
of Steffen Schultze [67]. However, Schultze gives a different argument which
implies for instance that the strong and center valued Atiyah conjecture for
a product U x V of two groups is inherited by each factor U,V separately.

Sanchez Peralta [62], Theorem 1.1] showed that the Strong Atiyah Con-
jecture is closed under taking amalgamations along finite groups. More
generally, he shows that the Strong Atiyah Conjecture holds for the funda-
mental group of a graphs of groups with finite edge stabilizers, provided it
holds for all vertex groups.

Exercise 2.72 Let G be a group satisfying property (BOF). Let {G; | i € I}
be a directed system of subgroups, directed by inclusion, such that G is the
union of the G;.

Show that G satisfies the Strong Atiyah Conjecture if every group
G, satisfies the Strong Atiyah Conjecture 2.27]

Exercise 2.73 Let {G; | i € I'} be a collections of groups. Suppose that there
is a natural number d such that for every ¢ € I the order of every subgroup
of G; is bounded by d and G; satisfies the Strong Atiyah Conjecture 2:27)and
Put G = *,¢;G;.

Show that then G satisfies property (BOF) and the Strong Atiyah Con-

jecture [2:27]

2.11 Strategy for a Proof of the K-Theoretic
Atiyah Conjecture

We have already explained in that the Atiyah Conjecture has
only a chance to be true if the group G has property (BOF), i.e., has a
bound on the order of its finite subgroups. The strategy of proof of the Atiyah
Conjecture for groups G which have property (BOF) and belong to the class C
due to Linnell [39] has been elaborated on and expanded and finally carried
out in details for the class C in [45] Chapter 10] and [59]. We summarize
and record some old ideas and some new developments concerning it in this
section. After we have introduce the fundamental square in Subsection[2.11.1
we give a brief summary in the torsionfree case in Subsection [2.11.2| and in
the case, where G has property (BOF), in Subsection Then we give
more details for the interested reader in Subsection |2.11.4] Finally we give a
refined strategy involving localization in Subsection [2.11.5
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2.11.1 The Fundamental Square

Let G be a group and F' a field with Q C F C C. In the sequel we will
assume for convenience that F is closed under complex conjugation since then
FG C U(G) is closed under the involution on U(G) coming from taking the
adjoint of an operator. Recall that we have introduced U(G) and explained
that dimpr(gy extends to dimg () in Subsection @

Notation 2.74. Let S be a ring and R C S be a subring. Denote by
T(RCS)

the set of all elements in R which become invertible in S. Denote by
Y(RcCS)

the set of all square matrices A over R which become invertible in S.

A subring R C S is called division closed if T(R C S) = R*, i.e., any
element in R which is invertible in S is already invertible in R. It is called
rationally closed if X¥(R C S) = GL(R), i.e., any square matrix over R which
is invertible over S is already invertible over R. Notice that the intersection
of division closed subrings of S is again division closed, and analogously for
rationally closed subrings. Hence the following definition makes sense.

Definition 2.75 (Division and rational closure). Let S be a ring with subring
R C S. The division closure D(R C S) or rational closure R(R C S)
respectively is the smallest subring of S which contains R and is division
closed or rationally closed respectively.

Proposition 2.76. Given a subring R of S, the division closure D(R C S)
can be constructed as follows.

Put Do(R C S) = R. Define inductively for n = 1,2,... the subring
Dn(R C S) of S to be the subring of S generated by D,—1(R C S) and all
elements s € S for which there exists r € D,,_1(R C S) with s =r~" in S.
Then Dp—1(R C S) C D,(R C S) and we get

D(RCS)=|JDu(RCS).
n>0

Exercise 2.77 Prove |Proposition 2.76|

Lemma 2.78. Let R C S C T be inclusions of rings.

(i) We have D(R C T) = D(R C D(S C T)) C D(S C T);
(i) If S is von Neumann regular, then D(R C S) =D(RCT).

Proof. This follows from the definitions.
Consider z € S such that « is invertible in 7". Then x is a non-zero-divisor
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in S. Since S is von Neumann regular, we can find y in S with zyz = x. This
implies (zy — 1g)x = xz(yx — 1g) = 0. Hence we get xy = xy = 1g, in other
words, x is invertible in S. a

Now one can consider the division closure Dp(G) of FG in U(G). Some-
times one views also the rational closure Rp(G) of FG in U(G).

Let REGr(G) be the x-regular closure of FG in U(G) in the sense of
i.e., the smallest von Neumann *-regular subring of U(G)

containing F'G.

Proposition 2.79. Let G be a group and F be a field with Q C F C C which
1s closed under complex conjugation.

(i) We have the inclusions FG C Dr(G) C Rp(G) C REGF(G);
(ii) If Dp(G) is von Neumann regular, then Dp(G) = Rr(G) = REGR(G);
(iti) If REGR(G) is a skew field, then Dp(G) = Rr(G) = REGR(Q).

Proof. The inclusions FG C Dp(G) C Rp(G) are obvious. Since
REGr(G) is von Neumann regular, it is not hard to check that it is divi-
sion closed in U(G), see [68, Proposition 13.15 on page 103]. Hence Rp(G) C
REGF(G).

If Dp(G) is von Neumann regular, it is *-regular and hence REGR(G) C
Dp(G). Now the claim follows from assertion ().

Suppose that REGr(G) is a skew field. Then every element in Dp(G)
different from 0 is a unit in U(G) and hence is a unit in Dp(G). Therefore
Dr(G) is a skew field. Now apply assertion . O

The so-called fundamental square is given by the square of inclusions of
rings

(2.80) FG —— N(G)

|

S ——=U(G).

where S is a von Neumann x-regular ring in the sense of Definition 3.2} e.g.,
S = DF(G), RF(G), or REQF(G)

The relevance of the fundamental square was discovered by Linnell. The
ring Dp(G) is often called the Linnell ring.

2.11.2 Summary in the Torsionfree Case

Let G be a torsionfree group and let F' be a field with Q C F C C which is
closed under complex conjugation. Then by [Theorem 2.83|and [Theorem 2.84|
the following assertions are equivalent:

(i) The K-theoretic Atiyah [Conjecture 2.39| holds for G and F;
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(ii) The Strong Atiyah [Conjecture 2.28| with coefficients in F' for torsionfree
groups holds for G.

(iii) There is a ring S satisfying F'G C S C U(G), which is von Neuman regular
and satisfies Ko(S) = {0};
) The ring REG #(G) satisfies Ko(REGr(G)) = {0};
) The ring REGR(G) is a skew field;
) The ring Rr(G) is a skew field;
(vii) The ring Dy (@) is von Neumann regular and satisfies Ko(S) = {0};
i) We have Go(Dr(@)) = {0};
)

To prove the K-theoretic Atiyah or the equivalent Strong
Atiyah with coefficients in F' for torsionfree groups, the most
promising attempt seems to be to prove assertion or . Assertion
looks also promising but we have explained in Subsection[2.2.5|that it is better
to work with Ko(R) than with Go(R). One reason is that the inclusion FG —
Dr(G) does not induce a homomorphism from Go(FG) to Go(Dr(G)) in
general. We will also prove that the three rings Dp(G), Rp(G), and REG r(G)
agree provided that one of the equivalent assertions above is true.

2.11.3 Summary in the Case Where There Is a Bound
on the Orders of Finite Subgroups

Let G be a group and let F' be a field with Q C F' C C which is closed under
complex conjugation.

Notation 2.81. We say that aring S with FG C S C U(G) has property (K)
if the composite

P Ko(FH) - Ko(FG) 228, ky(s)
HCG,|H|<oo

for k: FG — S the inclusion is surjective.

Then by the following assertions are equivalent if G has
property (BOF):

(i) The K-theoretic Atiyah holds for G and F'
(ii) There is a ring S satisfying FG C S C U(G) which is von Neuman regular
and has property (K);
) The ring REGr(G) has property (K);
) The ring Rp(G) is von Neumann regular and has property (K);
(v) The ring Dp(G) is von Neumann regular and has property (K);
) The ring Dr(G) is semisimple and has property (K);
) The composite B ¢ 1r)<o0 Go(FH) = Go(Drp(G)) induced by the var-
ious inclusions FH — Dp(G) is surjective;
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To prove the K-theoretic Atiyah the most promising at-
tempt seems to be to prove assertion and . Assertion looks also
promising but we have explained in Subsection [2.2.5| that it is better to work
with Ko(R) than with Go(R). We will also prove that in the case that one of
the equivalent assertions above is true, the three rings Dr(G), Rr(G), and
REGr(G) agree.

2.11.4 More Information and Details

Theorem 2.82 (Strategy for a proof of the K-theoretic Atiyah Con-
jecture) Let G be a group and let F be a field with Q C F C C which is
closed under complex conjugation.

(i) If there is a ring S satisfying FG C S C U(G) which is von Neuman
regular and has property (K), then the K -theoretic Atiyah
holds for G and F;

(i) If G satisfies the Full Farrell-Jones Conjecture and there is a ring S sat-
isfying FG C S C U(G) which is von Neuman regular and for which
Ko(k): Ko(FG) = Ko(S) is surjective, then the K-theoretic Atiyah[Con]
holds for G and F;

(11i) If REGR(G) has property (K), then the K -theoretic Atiyah
holds for G and F;

(i) If G satisfies the Full Farrell-Jones Conjecture and the homomorphism
Ko(k): Ko(FG) — Ko(REGR(G)) is surjective, then the K-theoretic
Atiyah holds for G and F;

(v) If G is torsionfree, the following statements are equivalent:

(a) The K-theoretic Atiyah[Conjecture 2.39 holds for G and F;

(b) The Strong Atiyah Congecture|Conjecture 2.28 with coefficients in F' for
G is true;

(c) There is a skew field D with FG C D CU(G);

(d) Dr(G) is a skew field;

(e) Rr(G) is a skew field;

(f) REGr(G) is a skew field;

(vi) Let S be a ring satisfying FG C S C U(G) which is von Neuman regular
and has property (K). Then the following assertions are equivalent:

(a) The group G has property (BOF);
(b) The ring S is semisimple;

(vii) Let S be a ring satisfying FG C S C U(G) which is von Neuman regular
and has property (K). Then the following assertions are equivalent:

(a) G is torsionfree;
(b) The ring S is a skew field;
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(viii) If G is torsionfree and there is a ring S satisfying FG C S CU(G) which is
von Neuman regular and has property (K), then the rings Dp(G), Rr(G),
and REGr(G) agree and are skew fields.

Proof. Let M be a finitely presented FG-module. Then S ®pg M
is a finitely presented S-module. As S is von Neumann regular, S Qp¢
M is a finitely generated projective S-module and hence defines a class
[S ®@F M] € Ko(S). Because of property (K) this class lies in the image

of D)oo Ko(FH) = Ko(FG) 2%, [¢(S). Hence U(G) ®pc M is

a finitely generated projective U(G)-module whose class lies in the image of

Brice ) co Ko(FH) = Ko(FG) “ Ky(U(G)) for the inclusion L.

This follows from assertion since the Full Farrell-Jones Conjecture
implies the surjectivity of @ ycq mj<oco Ko(FH) = Ko(FG), see [46, Theo-
rem 13.65 (xii) on page 406].

This follows from assertion (), since REGr(G) is von Neumann regular.
This follows from assertion since REG r(G) is von Neumann regular.
We get the implication — from [Remark 2.42] The impli-
cation = is proved in [45, Lemma 10.39 on page 388], where
only the case F' = C is treated, but the argument carries directly over to the
general case Q C F C C. The implication — is obvious. The
implication = (va)) follows from assertion . Hence we have proved

that the assertions (va)), (vb)), (vd), and (vd)) are equivalent. Now assertion

follows from assertion (fviii]).

Suppose that S is semisimple. Then Ky (S) is finitely generated, see (2.23)).
Hence the image of the composite

Ko(l)

D Ko(FH) - Ko(FG) =, Ky (s) KoU(G)) 229, g

HCG,|H|<oo

for the inclusion I: S — U(G) is finitely generated. This image is \J—'TI(GHZ -
A. Hence G has property (BOF).

Suppose G has property (BOF). Because of |[Proposition 2.17|it suffices to
show that S is Noetherian.

Let lem(G) be the least common multiple of the orders of finite subgroups
of G. Since S has property (K), the image of the composition

Ko(S) 5 KoU(G)) 224, R

lies in mZ ={r e R|lem(G) - r € Z}. Next we show that for any chain
ofideals {0} = Iy c 1 C o C--- C I, = S of S(G) with I; # I;;1 we have
r < lem(G).

Choose z; € I; with z; ¢ I;_; for 1 < ¢ < r — 1. Let J; be the ideal
generated by x1, zo, ..., x; for 1 < i < r — 1. Then we obtain a sequence
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of finitely generated ideals of the same length {0} = Jo C J; C Jo C --- C
J. = S8(G) of S(G) with J; # J;41. Since S is von Neumann regular,
implies we get a direct sum decompositions J; = J;—1 & K; for
i = 1,2,...,r for finitely generated projective non-trivial S-modules K7,
Ky, ..., K,. Choose an idempotent p; € M,,(S) representing K;. Then
pi considered as an element M, (U(G)) represents U(G) Ry K; and is
non-trivial. Hence U(G) ®s(g) K; is a non-trivial finitely generated projec-
tive U(G)-module. We conclude from [45, Theorem 8.29 on page 330] that
dimy ) (U(G) @y sy Ki) > 0 holds for i = 1,2,...,7. Hence we get

0 < dimyyey (U(G) ®s(ay J1) < dimyq)(U(G) ®s(q) J2)
<< dimu(G) U(Q) ®s(6) Jr—1) < 1.

Since lem(G) - dimy ) (U(G) ®s J;) is an integer for i = 1,2,...,r — 1, we
get r < lem(G).
Suppose that G is torsionfree. We have seen in the proof of assertion
that S has no non-trivial ideal. This implies that S is a skew field.

For the opposite implication, suppose that S is a skew field. Then Z —
Ky(S) sending n to n - [S] is bijective. Hence the image of Ky(S) LLION

dim,
KoU(G)) —=2% R is Z. Therefore the image of the composite
Ko(k)
P Ko(FH) — Ko(FG) === Ko(S)
HCG,|H|<o

Ko(l) KO(I/[(G)) dimy(g) R

is Z. Since this image is mz C A, the group G is torsionfree.

Since Dp(G) is division closed in U (G) and hence division closed in the
skew field .S, it is itself a skew field. Now the equality Dp(G) = Rr(G) =
REGr(G) follows from [Proposition 2.79] (). This finishes the proof of
O

Next we record the special case where G is torsionfree.

Theorem 2.83 (The Strong Atiyah Conjecture for torsionfree groups
and skew fields) Let G be a torsionfree group. Consider a field F with
Q C F C C which is closed under complex conjugation.

(i) The following statements are equivalent:

(a) The K -theoretic Atiyah[Conjecture 2.39 holds for G and F;
(b) The group G satisfies the Strong Atiyah |Conjecture 2.28 with coeffi-

cients in F' for torsionfree groups;
(¢) There exists a skew field S with FG C S CU(G);
(d) The ring Dp(G) is a skew field;
(e) The ring Rr(G) is a skew field;
(f) The ring REGF(G) is a skew field;
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(9) The subrings rings Dp(G), Rr(G), and REGE(G) agree and are skew
fields;

(i) Suppose that G satisfies the Strong Atiyah|Conjecture 2.28 with coefficients
in F for torsionfree groups;
Then we get for every projective FG-chain complex Cy and every n > 0

bglz) (N(G) RFra C*) = dimDF(G) (Hn(DF(G) Roa C*))

In particular bg) (N(G) QFra C*) is an integer or co.

Proof. Assertions and are equivalent by [Proposition 2.46| Com-
ment 19 (by T.): at this point the argument has to be added . The asser-

tions @) , (lid) , and @ are equivalent by [Theorem 2.82 (E) We get

the implication (id) = @ from [Proposition 2.79| (iil).
This follows from [Proposition 2.19| (i) and (2.21)). O

Consider the situation of [Theorem 2.82 . One can say actually more

about S than just that it is semisimple. Recall that we have seen in the proof
of assertion @ that for any chain ofideals {0} =TIy, c [ Cc L, C---C . =S
of S with I; # I;11 we have r < lem(G).

Theorem 2.84 (The ring Dp(G) is Atiyah-expected)

Let G be a group and let F be a field with Q C F C C which is closed un-
der complex conjugation. Suppose G has property (BOF). Then the following
assertions are equivalent:

(i) The ring Dp(G) is semisimple, which is Atiyah-expected in the sense
of [33, Definition 3.6];
(i) The ring Dp(G) is semisimple and has property (K);
(11i) The composite
@ Go(FH) — Go(Dr(G))

HCG,|H|<oo

induced by the various inclusions FH — Dp(G) is surjective;
(iv) The K -theoretic Atiyah[Conjecture 2.39 holds for G and F;
(v) The center-valued Atiyah|Conjecture 2.4 holds for G and F.

Proof. The equivalence of the statements , 7 , and is proved
in [33, Theorem 3.7]. The equivalence of the statements and ([v)) is proved
in |Proposition 2.46} a

The notion of Atiyah-expected in the sense of [33, Definition 3.6] makes
precise predictions about the numbers k£ and [; appearing in the decomposi-
tion of Dp(G) as product Hle M, (D;) for appropriate division rings D; in
terms of G and F.
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2.11.5 Involving Localization

Comment 20 (by W.): The following strategy is under construction. I hope
that one can decide whether condition is satisfied.

Let G be a group satisfying property (BOF) and let F' be a field with
Q C F C C which is closed under complex conjugation. Next we describe
a strategy Strategy for a proof of the K-Theoretic Atiyah Conjecture which
is a further development of the one of Linnell presented above or in [45]
Section 10.3] based on [39]. Namely, it suffices to show that the composite

(2.85) P Ko(FH) - Ko(FG) — Ko(REGF(G))
HCG,|H|<

is bijective, and this obviously is true if the following conditions are satisfied:

(i) G satisfies the condition (UL) of [Definition 5.92} i.e., the canonical epi-

morphism

A FGZJ(FGQ/{(G)) — RF(G)
is bijective, where X(FG C U(G)) is the set of all square matrices over
FG which become invertible in U(G) and F'G s (racu(a)) denotes the as-

sociated localization, see Subsection [5.4.2
(ii) There is the Schofield’s construction of a localization sequence

Kl(R) — Kl(RE) — Ko(T) — Ko(R) — KQ(RZ)

where 7T is the full subcategory of the category of the finitely presented
R-modules whose objects are cokernels of elements in X, see [65, Theo-
rem 5.12 on page 60].

The condition is that it can be extended in the situation R = F'G and
Y =X (FG CU(Q)) to the right

K\(FG) = Ki1(FGxracuy)) — Ko(T) = Ko(FG)
— Ko(FGsracuay)) — K-1(T) = K_1(FG)
— K1(FGsracuay)) — K-2o(T) — -

(i) K_1(T) vanishes;
(iv) We have Rp(G) = REGFR(G), or, equivalently Rp(G) is von Neumann
regular.
(v) The map
P Ko(FH) - Ko(FG)
HCG,|H|<oo

is surjective.

Suppose that G satisfies the K-theoretic Farrell-Jones Conjecture. Then
condition is satisfied and K_;1(FQG) is trivial. Moreover, if conditions (i)
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and (iv]) are true, then the map is surjective if and only if condition
holds.

To check whether this strategy makes sense, let us assume that G satisfies
satisfies the K-theoretic Farrell-Jones Conjecture, satisfies property (BOF)
and that the map is surjective. Then Dp(G) is semisimple and
Dr(G) = Rr(G) = REGF(G) holds. Hence condition and are sat-
isfied and condition implies condition (fii). Condition (i) is investigated
in [36] Theorem 2.14 and 2.17].

2.12 Coefficient Change from Q to C

Comment 21 (by W.): This will be inserted by Thomas.

2.13 Notes

For more information about the Atiyah Conjecture we refer for instance
to [26], [28], and [45, Chapter 10], Comment 22 (by W.): This list has
to be completed.

last edited on 13.10.2026 (Wolfgang)
last compiled on 2026-10-15 at 17:15:19






Chapter 3

Proof of the Atiyah Conjecture for
Locally Indicable Groups

3.1 Introduction

In this chapter we want to present the proof of Jaikin-Zapirain and Lépez-
Alvarez [29, Theorem 1.1] that the Strong Atiyah for tor-
sionfree groups holds for locally indicable groups. It uses ideas and concepts
of the paper by Dicks-Herbera-Sénchez [14], where the proofs of Hughes [25]
were enlightened. The material of this chapter is not needed for the remainder
of the book. Nevertheless we decided to include a rather complete exposition
of the proof, since it contains interesting and intriguing ideas, strategies, and
techniques.

Recall that the situation of the Strong Atiyah simplifies if
the group G is torsionfree. Let G be a torsionfree group and F be a field with
Q C F C C which is closed under complex conjugation. According to Sub-
section the K-theoretic Atiyah and the Strong Atiyah
with coefficients in F' for torsionfree groups are equivalent
and they are true if one of (and hence all) the rings Dp(G), Rr(G), and
REGR(G) is a skew field. So one may try to prove the Atyiah Conjecture
by studying embeddings of F'G into certain rings and in particular into skew
fields and use the machinery developed about epic division F'G-algebras. The
advantage is that no considerations about algebraic K-theory are necessary
anymore, as they appear for instance in Subsection [2.11.5] since the compos-
ite Ko(C) = Ko(Dr(G)) is obviously bijective if Dp(G) is a skew field.

So it suffices to show which essentially claims for a locally
indicable group G that, for a Sylvester module rank function dim on the
group ring F'G which is Hughes free in the sense of [Definition 3.164] and
comes with a positive definite x-regular envelope (¢: F'G — U,dimy ) in the
sense of the ring U is a division ring. The key ingredient is
now the notion of a complexity for an element in U which allows to show by
induction over the complexity that every non-zero element in U is invertible.
The induction beginning says that any element in p(E*G) is invertible in U
which follows directly from the fact that any element in E*G is invertible
in EG. The hard induction step is based on the theory of Hughes free EG-
division rings, Sylvester rank functions, and the notion of complexity itself.

The complexity of an element in U is a rather sophisticated notion.
Roughly speaking, the complexity of an element in U measures how many
sums, how many products, how many brackets, and how often taking inverses
are need to express an element in U in terms of elements of the shape ¢(eg)
for e € E* and g € G. This is encoded in a rooted tree associated to an ele-

39
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ment in U and uses the fact that the set of rooted trees 7 is well-ordered. For
the precise implementation of this idea one needs to study rooted trees and
(universal) rational U-rings. To carry out the induction step a deep analysis
of Sylvester rank functions is needed. All this will be explained in detail in
the forthcoming sections of this chapter.

Comment 23 (by W.): This is only a first draft of the introduction.

3.2 Von Neumann *-Regular Rings

Definition 3.1 (Ring with involution). A ring with involution R is an asso-
ciative ring R with unit together with an involution of rings

x: R— R, rw—r"
i.e.,, a map satisfying (r*)* = r, (r + 8)* = r* + 5%, (r-s)* = s* - r*, and
1*=1forr,s € R.
The involution * is called proper if r*r =0 = r = 0 holds for all r € R.

If R is a ring with involution, the matrix ring M, ,, (R) inherits an involu-
tion by sending A = (4; ;) to the matrix A* = (aj ;).
Definition 3.2 (Von Neumann s-regular ring). A von Neumann x-reqular
ring R is a ring with proper involution in the sense of [Definition 3.1| which
is von Neumann regular in the sense of [Definition 2.16

We say that a von Neumann =-regular ring R is positive definite if M, ,,(R)
is a von Neumann *-regular ring with the induced involution for all n € Z=1.

Remark 3.3 (Explicite relative inverses). Let R be a von Neumann -regular
ring R. Then for every element r € R, we can define an explicite element called
relative inverse

(3.4) r[-1] € R
satisfying
(3.5) rr[=1]r=r

see |26l Proposition 3.2]. The element r[—1] is uniquely characterized by the
property that r[—1]r and rr[—1] are projections, i.e., self-adjoint idempotents,

and (3.5]) holds.

Proposition 3.6. Let R be a von Neumann *x-regular ring and let I be a
two-sided ideal of R. Then I is x-closed and the induced involution on R/I is
proper, in other words, R/I inherits the structure of a von Neumann x-regular
ng.

Proof. See [27, Proposition 3.3] O



3.3 Epic Ring Homomorphism 41

Proposition 3.7. Let R be a *-subring of a von Neumann *-regular ring S.
Then there exists a smallest x-regular subring REG(R C S) of S containing
R, namely the intersection of all von Neumann x-reqular rings of S containing
R. Moreover, REG(R C S) can be constructed as follows:

Put REGo(R C S) = R which is a *-subring of S. Define inductively for
n=1,2,... the x-subring REG, (R C S) of S to be the subring of S generated
by REG,—1(R C S) and all elements r[—1] where r runs through the elements
of REG,_1(RC9).

Then REG,—1(RC S) CREG,(R CS) and we put

REG(RC S) = | JREGL(RC S)

n>0
Proof. See [1l, Proposition 6.2]. O

Definition 3.8 (x-regular closure). We call REG(R C S) the x-regular clo-
sure of R in S.

3.3 Epic Ring Homomorphism

Definition 3.9 (Epic ring homomorphism). A homomorphism ¢: R — S is
called epic if it is right cancellable in the sense that for every ring T" and two
ring homomorphisms 1,%s: S — T the implication ¥ o ¢ = P09 —
’le = ’ng holds.

Proposition 3.10. Let ¢: R — S be a ring homomorphism. Then the fol-
lowing statements are equivalent:

(i) The ring homomorphism ¢ is epic;
(ii) In the S-bimodule S ®@r S we have 1g ® s =s® 1g for all s € S;
(iti) The multiplication map m: S @r S — S sending s1 ® sy to s182 is an
isomorphism of S-bimodules.

Proof. See [12], Proposition 4.1.1]. O

If p: R — S is a ring homomorphism, we say that s € S is dominated
by ¢ if for any ring 7" and two ring homomorphisms «, 3: S — T we have
the implication €« o ¢ = Bop = a(s) = B(s). The set of elements of
s dominated by ¢ is a subring dom(y) of S, called the domination of .
Obviously ¢ is epic if and only if dom(p) = S.

Every surjective ring homomorphism is epic. The converse is in general
not true but holds for von Neumann regular rings as source.

Proposition 3.11. Let ¢: R — S be a ring homomorphism with a von
Neumann regular ring R as source.

(i) We have dom(yp) = im(p);
(ii) The ring homomorphism ¢ is epic if and only if ¢ is surjective.
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Proof. See [70l, Proposition 1.4 in Chapter XI on page 226]. O

Exercise 3.12 Let ¢1: R — 57 and p3: R — S5 be two epic ring homomor-
phisms such that S; and S5 are von Neumann regular. Let ¢, : S; — T and
o: So — T be two ring homomorphisms with 11 o o1 = 13 0 @s.

Then im(t1) = im(t2) holds.

Proposition 3.13. Let ¢: R — S be a ring homomorphism. Then

(i) We have D(im(p) C S) C dom(ep);
(it) If D(im(p) C S) = S holds, then ¢ is epic.

Proof. Consider two ring homomorphisms «, 5: .S — T with cop = Bop.
Then E = {s € S | a(s) = B(s)} is a subring of S containing im(p). If
e € E is invertible in S, then e belongs already to E because of a(e™!) =
ae)™ = B(e)~t = B(e™!). Hence we get D(im(p) C S) C E. This implies
D(im(¢) € 5) C dom(p).

This follows directly from assertion . ad
Proposition 3.14. Let ¢: R — S be a ring homomorphism with a division

ring S as target.
Then ¢ is epic if and only if D(im(p) C S) = S holds.

Proof. The “if”-statement follows from [Proposition 3.13| , the “only if”-
statement is proved as follows. Suppose that ¢ is epic. Then the inclusion
i: D(im(p) € §) — S is epic. As S is a division ring, D(im(p) C 5) is a
division ring an hence von Neumann regular. Now apply [Proposition 3.11] .

O

Proposition 3.15. Let R be a ring with involution, S be a von Neumann
x-reqular ring, and ¢: R — S be a homomorphism of rings with involution.
Then @ is epic if and only if S is the x-regular closure of p(R) in S.

Proof. See [29, Proposition 2.4]. O

Lemma 3.16. Let ¢: R — S be an inclusion of rings which is epic. Then
we have Z(R) C Z(S).

Exercise 3.17 Give the proof of Lemma [3.16]

3.4 (Rooted) Trees

A graph X is a 1-dimensional CW-complex. Recall that an open n-cell e of a
CW-complex X is a path component of X, \ X,,_1 and the associated closed
n-cell € of e is the closure of e in X. A wertex of a graph X is the same
as a closed 0-cell and an edge is the same as a closed 1-cell. Recall that a
CW-complex is finite, i.e., has only finitely many open cells, if and only if it
is compact.
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We say that two vertices x and y are connected by the edge e if x and y are
contained in e. We call two vertices adjacent if they are connected by some
edge.

A graph is called a tree if it satisfies one of the following equivalent con-
ditions:

(i) X is contractible;

(ii) X is simply connected;

(iii) X is connected and the first singular homology H;(X;Z) vanishes;

(iv) X is connected and does not contain a subgraph homeomorphic to S*;

v) X is connected and X \ {v} is not connected for every vertex v;

(vi) For two vertices x and y there is precisely one n € Z>( and one sequence
of pairwise distinct n vertices vg,v1,...v, such that vg = z and v,, = y
holds and v;_; and v; are adjacent for ¢ = 0,1,...,(n —1).

Exercise 3.18 Show that a connected finite graph X is a tree if and only if
its Euler characteristic x(X) is 1.

Let X be a tree. If we have two vertices z and y, we define their distance
dx (z,y) to be the number n appearing condition . One easily checks that
this defines a metric dx on the set of vertices of X. There is precisely one
extension of this metric to a metric dx on X, denoted in the same way, such
that for every edge e we get an isometry [0, 1] =, ¢, where we equip e with
the metric induced by dx and [0, 1] with the standard metric.

An isomorphism of trees is a cellular homeomorphism.

A rooted tree (X, xzg) is a pointed tree, i.e., a tree with a preferred choice
of a vertex xg, called root. An isomorphism of rooted trees is an isomorphism
of trees sending one root to the other.

The root will enable us to introduce the following notions and an addition
and multiplication on the set T of isomorphism classes of finite rooted trees.

Let X = (X, z0) be a rooted tree. The height of a vertex x of X

(3.19) height(z) € Z>o
is defined to be dx (z,xp). The height of X
(3.20) height(X) € Z>o IT {0}

is defined to be the supremum of the heights of all the vertices of X. If X is
finite, we have height(X) € Z>o.
Define the family of X of the rooted tree X = (X, x0)

(3.21) fam(X)

to be the set of rooted trees given by the components of the graph obtained
from X by deleting the root zy and every open 1-cell e for which xy belongs
to its closure e The root of an element in fam(X) is the vertex which is
adjacent to the root xg in X.
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Exercise 3.22 Let X be finite rooted tree. Show

height(X) = max{height(Y) | Y € fam(X)} + 1.

The width of a rooted tree X = (X, zg)
(3.23) width(X) € Z>o II {oo}

is defined to be |fam(X)| if fam(X) is finite, and to be co otherwise. If X is
finite, then width(X) € Z>¢

Given a rooted tree X = (X, xg), define the expanded rooted tree expand(X)
to be the rooted tree which is obtained from X by adding a stem, i.e, we add
a new vertex x; and one edge connecting ;1 and zg to X and declare x; to
be the root of expand(X).

Denote by

(3.24) OT and 1T

the trees given by the space {0} and by the unit interval [0, 1] with {0,1} as
0-skeleton and 1 as root. Note that fam(0) is the emptyset, and we have
fam(17) = {07}, and expand(0) is isomorphic to 17 in 7.

Remark 3.25. In the sequel we abuse notation and often do not distinguish
between a finite rooted tree and its class in 7.

We define the sum of the rooted trees X andY
(3.26) X+Y

to be the rooted tree which is obtained from the disjoint union X I1'Y by
identifying the two roots and choosing as the root in X + Y the vertex
represented by the root of X and Y. This sum defines an addition on T
which is associative, commutative, and has a zero-element, namely, the one
given by 07. In other words, (7, +) becomes a commutative additive monoid.
Obviously X +Y = 07 implies X =Y =07.

Next we define a product on 7. Define the product of the two finite rooted
trees X and Y to be

(3.27) X-Y:i= > expand(X' +Y’).

X'efam(X)
Y’ efam(Y)

Here are some explanations. This definition makes sense since the addition
in T is commutative. We say that a rooted tree has a stem if there is precisely
one vertex which is adjacent to the root, or, equivalently, it is an expanded
tree of some finite rooted tree. If X and Y are rooted trees with stems, then
their product is obtained from the disjoint union X IT'Y by identifying the
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two stems. In general we can write a finite rooted tree X as the sum of finite
rooted trees with stems X = 3/ g, (x) expand(X’) and now extend the
formula for finite rooted trees with stems by enforcing distributivity.

The multiplication is commutative and associative and has a unit, namely,
we have X - 17 =14+ X = X for X € 7. By construction the multiplication
is distributive over the addition. The element 07 is absorbing, i.e., we get for
XeT

(3.28) 0r-X=X-07=07.

One pictures a rooted tree by a diagram consisting of dots representing
the vertices and lines representing the edges. One things of hanging trees in
the sense that on the top is the root and all vertices of height n are drawn
on the horizontal line of level n below the root.

Example 3.29. We have

and

Obviously we have
(3.30) width(X -Y) = width(X) - width(Y).

Definition 3.31 (Semiring). A semiring R consists of a set R and two
operations

+: Rx R— R;
-+ RxR— R,

and an element 1p € R satisfying:

(i) (R,+) is an additive commutative semigroup (possibly without unit), i.e,
we have r1 +79 = ro+7ry and (r1+r2)+7rs = r1+(re+r3) for ri,79,73 € R;

(ii) (R,-) is a multiplicative monoid with 1p as unit element, i.e., we have
(r1-re)-r3=r1-(ro-r3)and r1 - 1lg =1g -r; =1 for r1,79,r3 € R;
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(iii) The multiplication is left and right distributive over the addition, i.e., we
have for 71, 79,73 € R the equalities (r1 +72) 73 = (r1 - r3) + (r2 - r3) and
r1 (T‘Q —+ 7“3) = (7“1 . ’1"2) —+ (7’2 . 7“3).

A morphism f: R — S of semirings is a map satisfying f(ry + r2) =
f(r1) + f(r2) and f(r1-r2) = f(r1) - f(r2) for 1,72 € R and f(1g) = 1s.

An additive unit Og for a semiring is an element such that r+0r = 0,.+r =
r holds for every r € R. If an additive unit Oy exist, it is uniquely determined
by this property. Note that a semiring may not have an additive unit, but is
required to have a multiplicative unit.

A semiring with additive unit Og is a ring if and only if for every g € R
there exists an additive inverse s, i.e., an element s € R satisfying r+s = Og.
Note that Z with its standard operations is a ring, Z>¢ with the induced
standard operations is a semiring with additive unit, and Z>; is a semiring
without additive unit.

Definition 3.32 (Rational semiring). A rational semiring is a semiring R
together with a map of sets og: R — R, r +— r°.

A morphism of semirings f: (R1,or,) — (R2,%r,) is a morphism of semir-
ings f: Ry — Ry satisfying f oor, =og, o f.

Note that the map ¢r: R — R is not required to be injective or surjective,
to be compatible with addition or multiplication, or to respect units.
One of our main example for a rational semiring is given by the next result.

Proposition 3.33. The set T becomes by the addition + of (3.26)), the multi-
plication - of ([B3.27)), the element 17 of (3.24) and the map expand®: T — T
sending X to expand(expand(X)) a rational semiring.

The underlying semiring has an additive unit, namely the element 01
of (3.24).

Next we define a total order < on 7. For n € Z>( let 7, € T be the subset
consisting of those elements X which have at most n edges. Then we get an
ascending chain of subsets 7o C 73 C 7o C --- C T with 7 = U;’;O T, and
To = {07}

Next we define inductively total orderings <,, on 7, such that for n € Z>;
we have X <, 1 Y <— X <, Y for X,Y € T,_1. Since Ty consists of
precisely one element, namely 07, there is only one total ordering on 7.
This is the induction beginning. Next we explain the induction step from
(n—1)ton >1.

Consider X, Y € T,. If X = 07, we put X < Y. If Y = 07, we put
Y < X. Hence it remains to treat the case where X and Y are different from
07. Define log(X) to be an element in fam(X) such that its class in 7,1 is
the largest element in the finite subset of T given by the classes of elements
in fam(X). Then expand(log(X)) can be viewed as a rooted subtree of X
and there is precisely one rooted subtree denoted by X — expand(log(X)) of
X such that
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expand(log(X)) + (X — expand(log(X))) = X

holds, namely X —expand(log(X)) is obtained from X by deleting all vertices
and edges in log(X) and the edge in X connecting the root of X to the root
of log(X). In particular X can be obtained from the disjoint subtrees log(X)
and X — expand(log(X)) of X by adding to log(X) IT (X — expand(log(X)))
the edge connecting the root of X and the root of log(X). Note that there
might be different choices for log(X) € fam(X), but the classes of log(X) and
(X — expand(log(X))) in T are uniquely defined. Obviously log(X), log(Y),
(X — expand(log(X))), and (Y — expand(log(Y))) belong to T —1.
Note that precisely one of the following cases occurs:

log(X) <1 log(Y);
log(X) = log(Y);
log(X) >n—1 log(Y).

If log(X) <p—1 log(Y) holds, we put X <,, Y. If log(X) >,_1 log(Y) holds,
we put X >, Y. Suppose that log(X) = log(Y"). Then precisely one of the
following cases occurs:

(X — expand(log(X))) <n—1 (Y — expand(log(Y)));
(X —expand(log(X))) = (Y —expand(log(Y)));
(X — expand(log(X))) >n—1 (Y — expand(log(Y))).

We define X <, Y if (X —expand(log(X))) <n—1 (Y —expand(log(Y))) holds,
we have X =Y if (X — expand(log(X))) = (Y — expand(log(Y))) holds, and
we define X >, Y if (X — expand(log(X))) >n—1 (Y — expand(log(Y)))
holds. One easily checks that we obtain a total ordering <,, on 7, such that
forn € Z>1 we have X <,, 1 Y <= X <, Y for X,Y € 7,,_,. Hence the
following definition makes sense.

Definition 3.34 (Total ordering on 7). Define a total ordering < on 7 as
follows. Consider X, Y in 7. Choose n € Z>( such that both X and Y belong
to T,. Define X <Y if X <, Y.

Note that 07 is the least element in 7 and the definition of log(X) and
X — expand(log(X)) makes sense for all X € T\ {07}.
One easily checks for X,Y, Z € T with X # 07:

(3.35) height(log(X)) = height(X) -1
(3.36) width(X — expand(log(X))) = width(X) —1;
(3.37) log(X — expand(log(X))) < log(X);
(3.38)

Y <Z = height(Y) < height(Z).

Theorem 3.39 (7 is well-ordered) The total ordering on T is well-
ordered, i.e., every non-empty subset of T contains a minimal element.
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Proof. Suppose that < is not well-ordered. Then the set S of strictly de-
scending infinite chains Xy > X; > X5 > --- is non-empty. Choose m € Z>;
such that for every element in S we have height(Xy) > m and there is
one element with height(Xo) = m. Let S,, be the subset of S consisting
of those element satisfying height(Xy) = m. The total order < restricted
to the set {Y € T | height(Y) < m} must be well-ordered. Since we get
height(log(Xy)) < height(Xo) from (3-35), we can choose Z € T such that
for every element in S, we have log(Xy) > Z and there is an element in
Sm with log(Xo) = Z. Define Sz to the subset of S consisting of those el-
ements for which log(Xy) = Z holds. We conclude from that Sz is
non-empty and any element in S satisfies log(Xy) > Z. Now fix an element
Yo>Y; > Yy > - in Sz minimizing width(Yp).

By the definition of the ordering we get log(Yy) > log(Y1) > log(Y2) > ---.
Next we prove

Z = log(Yp) = log(Y1) = log(Y2) =+~

by contradiction. Suppose that there is n € Z>q with log(Yy) > log(Y;,). Then
we get the element Y, > Y,,_1 > Y,_2 > --- in S with log(¥,,) < log(Yy) = Z,
a contradiction.

By the definition of the ordering we get an element in S by

Yy — expand(log(Yp)) > Y7 — expand(log(Y7)) > Y3 — expand(log(Ys)) > - - .
This implies log(Yy — expand(log(Yp))) > Z = log(Yy). Hence we get
log(Yy — expand(log(Yp))) = log(Yy) = Z

from (3.37). Hence Yy — expand(log(Yp)) > Yi — expand(log(Y7)) > Ya —
expand(log(Y2)) > --- belongs to Sz. Since Yy > ¥; > Yo > -+ in Sz
minimizes the width in Sz, we get width(Yy) < width(Yy —expand(log(Yy))).
This contradicts . ad

So far we have not defined log(07). Given the semiring T, we define a new
semiring

(3.40) T I {—o0}

to be the set consisting of 7 and a new element —oo such that the addition
and multiplication on 7T is extended to T II {—oo} by putting (—oc0) + z =
—00 = (—00) + 2 and (—0) - = —00 = (—00) - z for every x € T Il {—o0}.
Note that —oo is the unit for the multiplication in 7 IT {—occo} but there is
no additive unit in 7 II {—oo}. Then we can extend the definition of log
on T\ {07} to 7 II {—oo} by putting log(07) = log(—o0) = —oo. We can
extend the definition of width and height on 7 to 7 II {—oco} by putting
width(—o0) = 0 and height(—o0) = —1. We can extend total ordering on T
to a total ordering ering on 7 II {—oo} by declaring —oo to be the smallest
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element. This total ordering on 7 IT {—oo} is well-ordered again. One may
thing of —oo to be the class of the empty tree.

Next we collect some basic properties about the semiring 7T, its oredering,
and the notion of log.

Proposition 3.41. For X,Y, X' )Y' € T we get:

(i) Suppose X < X' andY <Y'. Then we get X +Y < X' +Y’'. Moreover,
we have X +Y = X'+ Y if and only if X = X' and Y =Y’ hold;
(ii) We have X < X +Y. We have X = X +Y if and only if Y = 01 holds;
(11i) Suppose X < X' and Y < Y’'. Then we get X - Y < X' -Y'. Provided
that X' and Y’ are different from 07, we have X - Y = X' Y’ if and only
X=X andY =Y’ holds;
(iv) Suppose that both X andY are different from 0. Then we have X < XY
Moreover, X = X -Y holds if and only if we have Y = 14;
(v) We have log(X +Y) = max{log(X),log(Y)};
(vi) We have log(X -Y) =log(X) + log(Y);
(vii) We have log?(X - Y) < max{log®(X),log?(Y)}. Moreover, the equality
log?(X - Y) = max{log®(X),log?(Y)} holds if and only if both X and Y
are different from 0.

Example 3.42. Let X be the rooted tree given by

(3.43) A\
[ J

Its height and its width is 3, and fam(X) consists of the following three rooted

AN

There is only one candidate for log(X), namely

T
/\
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since its height is 2 and the height of the other members of fam(X) is 1. The
rooted tree X — expand(log(X)) looks like

Let Y be the rooted tree given by

(3.44)
[

Its height and its width is 3, and its family consists of the following three

rooted trees;
'/i\ .

There is only one candidate for log(Y'), namely
°

*—O

since its height is 2 and the height of the other members of fam(Y') is 1. The
rooted tree Y — expand(log(Y)) looks like

Exercise 3.45 Let X and Y be the rooted trees defined in (3.43) and (3.44)).
Decide whether X <Y or ¥ < X holds.
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3.5 Rational U-Semirings

Throughout this section U is a group, written multiplicatively.

Definition 3.46 (U-semiring). A U-semiring counsists of a semiring R in
the sense of [Definition 3.31] together with a map ¢: U — R such that ¢ is
multiplicative, i.e., ¢(u - v) = p(u) - p(v) holds for u,v € U, and we have
(p(lU) = 1R~

A morphism f: (R, ) = (R, ¢") of U-semirings is a morphism f: R — R’
of semirings such that ¢’ o f = ¢ holds.

Note that R inherits a U-biset structure by w - r - v := @(u) - r - ¢(v) for
u,v € U and R € R.

Definition 3.47 (Rational U-semiring). A rational U-semiring consists of
a rational semiring (R,op) in the sense of [Definition 3.32] together with a
map ¢r: U — R such that (R, ¢g) is a U-semiring and ¢ is an anti-map of
U-bisets, i.e., we have op(¢r(u) -7 or(v)) = ¢r(v) ™! - or(r) - pr(u)~* for
u,v € U and r € R.

A morphism f: (R, ¢r,or) — (R ,¢r/,or’) of rational U-semirings is a
morphism f: R — R’ of semirings such that ¢ = fopr and og o f = foogr
hold.

Example 3.48. Let R be a semiring. Let RIT{oo} be the semiring obtained
from R by adding a new element oo such that R is a subsemiring and z+o00 =
00 = oco+x and x-00 = 0o = 00-z hold for z € RII{oo}. Consider a subgroup
U C R* of the multiplicative group R* of units in R. Let ¢pii{oy: U — Rbe
the inclusion. Define a map ¢gyi{ooy : RII{cc} — RII{oo} by sending r € R*
to =1 and any element in R1I {co} \ R* to co. Then (R, PRI {oc}s ORII{oo})
is a rational U-semiring.

If R is a skew field, we can take U = R\ {Og}.

Example 3.49. Given any rational semiring (R,og), we can turn it for
each group U into a rational U-semiring by the map ¢pr: U — R sending
u € U to 1. This applies for instance to the rational semiring (7, expandz)
of [Proposition 3.33|

We have defined the semiring 71I{—oo} in (3.40)). Note that it corresponds
to T II {oo} of [Example 3.48] if we identify —oo and co. We have used the
notation —oo in i3.40 since —oo is the smallest element in 7 II {—oco} with
respect to its total ordering <. We can turn 7II{—oo} into a rational semiring
by defining o7{—o}(X) = expand?(X) for X € T and OTTI{—o0c} (—00) =
—00. By the procedure above we can view it as rational U-semiring for every
group U.

Definition 3.50 (Universal rational U-semiring). We call a U-semiring
Rat(U) universal if for any rational U-semiring R there is precisely one mor-
phism of rational U-semirings from Rat(U) to R.
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Obviously the universal rational U-semiring is unique up to unique iso-
morphism of rational U-semirings if it exists. Next we show its existence.

Theorem 3.51 (Existence of the universal rational U-semiring) For
every group U the universal rational U-semiring Rat(U) exists.

Its proof needs some preparation.

Given a set M, let N[M] be the free commutative (additive) monoid with
basis M. Elements are functions f: M — Z>o with finite support, i.e, the
complement of f~1(0) in M is finite. We can and will think of elements in
N[M] as formal sums ), "z - T, where n, € Z>( and we require that the
set {ny # 0| 2 € M} is finite. Addition is given by

<Z ma:'.’]?)+ (Z mx) =) (ma+ng) 2

xeM rzeM

The unit is given by the zero function M — Zx, or, equivalently by > 0-
x. Note that N[f)] is the trivial monoid {0} consisting of precisely one element.

Lemma 3.52. Let A be any commutative monoid. Then there is a bijective
correspondence between the set of morphisms of sets from M to A and the
set of morphisms of commutative monoids N[M] to A. It sends a map of sets
f: M — A to the morphism of commutative monoids N[M] to A that maps

Dowenm e T 10 Y oy na - f(3).
If M is a monoid, written multiplicatively, then N[M] becomes a semiring
by the multiplication given by convolution, i.e.,

(me.m)(zm.x):z S | -

zeM zeM zeM \ z,yeM
z=x-y
The unit element for the multiplication is given by 1 - 1;,. Note that the
semiring N[M] has an additive unit.

Let U be a group, written multiplicatively. A U-monoid consists of a
monoid M together with morphism of monoids ¢: U — M. If M is a U-
monoid, the semiring N[M] with additive unit above inherits the structure
of a U-semiring with additive unit by the map U — N[M] sending u to the
element 1 - ¢(u).

Lemma 3.53. Let R be a U-semiring and M be a multiplicative U-monoid.
Consider R as a U-monoid with respect to its multiplicative structure.

(i) There is a bijective correspondence between the set of morphism of multi-
plicative U-monoids from M to R and the set of morphisms of U-semirings
from N[M]\ {0} to R. It sends a map of U-monoids f: M — R to the
morphism of U-semirings N[M] to R that maps ), ne -z € N[M]\ {0}
t0 Y pen e - f(@);
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(i) Suppose that R has an with additive unit. Then there is a bijective cor-
respondence between the set of morphism of U-monoids M to R and the
set of morphisms of U-semirings with additive unit from N[M] to R. It
sends a map of U-monoids f: M — R to the morphism of semirings with
additive unit N[M| to A that maps Y cp;ne-x € N[M] to Y ne-f(x).

Let X be a U-biset. Define U-bisets X{; for n = 0,1,... as follows. Put
Xp, = U with the obvious U-biset structure, and X}, = X with the given
U-biset structure. Let X[} for n € Z>» be the quotient of X™ = ], X;
under the left U™~ !-action given by

UL, U,y + oy Up—1) (X1, L2, ..o, Tp) = (T1U] , UIT2Ug , UDTZUSZ ...y Up_1Tp).
( )-( ) = (zru; ' ' )

The U-biset-structure on X given by u(z1, 22, ..., zp)u = (uxy, za,...,25u’)
induces a U-biset structure on X7*. Note that X7 is just the balanced prod-
uct X xy X, where the balanced product of a right U-set A and a left U-set
B is defined to be

AxyB:=AxB/~

for the equivalence relation ~ on A x B for which (ag,by) =~ (a1,b1) holds
if and only if there exists u € U with a; = agu~! and b; = uby. Define the
U-biset

(3.54) U$X = ﬁ X
n=0

For m,n € Z=29 there is a preferred isomorphism of U-bisets
Lo X0 Xy Xf = Xtn

coming from the obvious identification X™ x X™ = X™*" for m,n € Z>1, the
map U x X™ — X" given by the obvious left U action on X" for n € Z>1, the
map X™ xU — X™ given by the obvious right U-action on X™ for m € Z>1,
and the multiplication on U. The collection of the maps p, , induces a map

w: UtX xy UtX — UtX.
We claim that the composite
UtX x UtX 25 UtX xy UtX 5 UX.

for pr the canonical projection and the canonical inclusion U — UfX turn
UtX into a U-monoid. Note that U{() is U. We call U X the free multiplicative
U-monoid on X. This name is justified by the following result.

Lemma 3.55. Let M be a multiplicative U-monoid and X be a U-biset. Let
f: X = M be a morphism of U-bisets.
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Then there exists a morphism of U-monoids f:UX — M which is
uniquely determined by the property that f coincides on X C UtX with f.

By combining Lemma [3.53| and Lemma [3.55| we obtain the next result.

Lemma 3.56. Let R be a U-semiring and X be a U-biset. Let f: X — R be
a morphism of U-bisets. Then:

(i) There exists a morphism of U-semirings f: N[U§X]\ {0} — R which is
uniquely determined by the property that f coincides on X = X}, C UX C
N[U#X] with f;

(i) Suppose that R has an additive unit. There exists a morphism of U-
semirings with additive unit f: N[U$X] — R which is uniquely determined
by the property that f coincides on X = X}, C U§X C N[U$X] with f.

Notation 3.57 (B®). Let B be a U-biset. Let B° be the set B x {0} and
op: B® — B be the bijection given by the canoncial projection pr: Bx {0} —
B. Equip B°® with the structure of a U-biset for which ¢ becomes an anti-
map of U-bisets, i.e., put u(b,0)v = (v"tbu=1,0).

The main point of [Notation 3.57]is that the U-biset B¢ is a disjoint copy
of B with the anti U-biset structure and defined functorial in B.

Now we are ready to give the proof of

Proof of [Theorem 3.51 We begin with constructing an ascending chain of
U-bisets Xy C X7 C X5 -+ by induction over n. We put

X() = @;
X1 = (N[UT\{0})*.

The induction step from n > 1 to n + 1 is done as follows. Since N[U#X,,] is
a U-semiring, we can consider it as a U-biset. Obviously X,,_1 C X, implies
that we can consider N[U#X,,_1] as a sub U-biset of N[U#X,,]. Hence we can
consider the U-biset N[U#X,,] \ N[U#X,,_1]. Define the U-biset

X1 = (N[U$X,]) \ N[UEX,,—1])° 1T X,,.

(If we would formally put N[U$X_;] = {0}, the definition above would also
work for n = 0.) Define the U-biset X to be colim,,_,~, X,,. Roughly speaking,
X is the union of the X,,-s. Now we can define a U-semiring

(3.58) Rat(U) = N[U1X] \ {0}.
It remains to construct the map
ORat(uy: Rat(U) — Rat(U).

Since X, is a subset of X, 11 and X = colim,,_,. X,, as sets, UfX,, is a
subset of U§X,,+1 and have U§X = colim, - U#X,, as sets and hence also



3.5 Rational U-Semirings 55

as U-bisets. Therefore N[U£X,] is a subset of N[UfX,,41] and N[U§X] =
colim,, oo NUtX,] as sets and hence also as U-bisets. Hence it suffices to
define the restrictions of oRa¢(ry to N[U§X,41] \ N[U§X,,] for n € Z=° and
to N[Uf#Xo] \ {0}. The restriction to N[U§X,+1] \ N[U4X,,] is given by the
bijection

OKI[IUﬁXn+1]\N[UﬁXn] : N[UﬂXn-&-l] \N[UﬁXn]
= X\ Xno1 = (N[UEX,11] \N[UEX,])°

and the obvious inclusion X,, C N[U#X]\ {0}. The restriction to N[U#Xo] \
{0} =N(U) \ {0} is given by

ooyt NIUT\ {0} = X1 = (N[U]\ {0})°

and the obvious inclusion X; C N[U4X]\ {0}.

Obviously we have ogaq)(urv) = vt ORat(U) (r)u=! for u,v € U and
r € Rat(U).

Now consider any rational U-semiring R = (R, ¢r,or). We want to con-
struct a morphism of rational U-semirings f: Rat(U) — R. For this purpose
we construct a morphism of rational U-semirings f: Rat(U) — R in a spe-
cific way and then check that it satisfies ogr o f = f 0 ORay(0)- It suffices to
construct for n = 0,1,2... morphisms of U-semirings f,,: NU$X,]\{0} — R
such that fy|nwex,_.]\f0} = fn—1 holds for n € Z>;.

The map

fo: N[U8Xo] = N[U]\ {0} = R

sends Y,y nu - u to Y oy My - @r(w). The induction step from n > 0 to
(n+ 1) is done as follows.

By Lemma [3.56] (i) a map of U-semirings f,41: NU§X,41]\ {0} = R is
the same a morphisms of U-bisets 3, 11: X,4+1 — R, where we consider R as
U-biset using its multiplicative structure.

If n = 0, the map B;: X1 = (N[U] \ {0})° — R is given by the diagram

(3.59) (N[U]\ {0})° - R
<>N[X0]\(0}Tg OR
N[U]\ {0} - R

Suppose n € Zs1. Recall that X1 is (N[U£X,] \ N[UtX,_1])° 1T X,,. We
put Bnlx, = fulx,. It remains to explain what the restriction of 5,41 to
(N[UX,] \ N[Uijn,l])<> is. This is done by requiring that it makes the
following diagram commutative
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Brt1lmwex, \NUEX, _1])°

(3.60) (N[U$X,] \ N[U$X,,_1])°
ON[UEXn]\N[U#X,, 1] T: OR
N[UﬁXn] \ N[UﬁXn—l] R

frlnwixa,\wuix, )

(If we would formally put N[U$X_;] = {0} and X_; = 0, the diagram
makes also sense for n = 0 and agrees with but this convention could be
confusing as N[U#0] is N(U) and hence in general not {0}.) This finishes the
construction of the morphism of U-semirings f: Rat(U) — R. One easily
checks that it is compatible with the rational structures. Hence we have
constructed the desired morphism of rational U-semirings f: Rat(U) — R. It

is also easy to see that there is at most one morphism of rational U-semirings
from Rat(U) to R, see also Remark O

Remark 3.61. For the reader’s convenience we recall the recipe how the
unique map of rational U-semirings f: Rat(U) — R is defined. Since Rat(U)
can be thought of as the union of the ascending sequence of subsemirings
N[UtX,], it suffices to tell what f,, := f|njryx,) is. This is done by induction
overn=20,1,2,....

The map fo: N[U§Xo] = N[UJ\ {0} = Rsends Y ., nu-utod, cpnu-
or(u).

Suppose that we have already specified f, for n € Z>o. Then we con-
struct fn41 as follows. An element in N[U#X,, 4] is a finite formal sum
> zeutx, ., Mo - @ and we must have

fn+1< > mz-x)— S e fas(@).

c€U#X 41 z€UX 11

So it suffices to specify fn11(x) for U§X,,41. Since U X, 41 is the disjoint
union (5 (Xp41)}s, it suffices to specify f41(z) for x € (X,,41)}; for i =
0,1,2.... The image of f,,41(u) for u € U = (X,,41)Y must be pr(u). An ele-
ment in (X,41)i; fori =1,2,... is represented by an element (z1,xa,...,2;)
in X;+1 and must be sent to the product fri1(x1)fn1(z2)- - fot1 ().
Hence it suffices to define f,41(z) for © € X, 11. Recall that X, is
(N[U]\ {0})° for n = 0 and is (N[U£X,] \ N[UtX,_1])° II X,, for n € Z>;.
Then f1(x) = fo °°§[1U}\{0}<x) for z € (N[U] \{O})O7 and for n € Z>1 we put

fos1(z) = fa O<>1§[1qu,,L]\N[UﬁX",1](m) for z € (N[U$X,,] \N[UﬁXn,l])<> and
fns1(z) = fu(z) for z € X,,.

We will frequently use the following direct consequence of the construction
of ORat(U) .

Lemma 3.62. The map oraev): Rat(U) — Rat(U) is injective and satisfies
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<>Ra»t(U) (N[UHXn] \ {O}) = Xn+1

forn € Z>o and

im(ORat(U)) = QRat(U) (N[UgX]\ {0}) = X.

Remark 3.63 (Functoriality of Rat(U)). Next we deal with the functoriality
of Rat(U). Let a: U — V be a (not necessarily injective) group homomor-
phism. Given a V-biset-Y, let a*Y be the U-biset whose underlying set is Y
again and whose U-biset structure is defined by ujzug := a(uy)za(ug). Given
a V-monoid p: V' — M, let a* M be the U-monoid whose underlying monoid
is M again together with the homomorphism of monoids poa: U — V.
Given a V-semiring ¢: V — R, let a* R be the U-semiring whose underlying
semiring is R again together with the map ¢ o a: U — R. Given a rational
V-semiring consisting of a semiring R and maps ¢: V — R and ¢: R — R,
let a* R be the rational U-semiring given by R and the maps poa: U — R
and ¢: R — R.

The universal property of the rational U-semiring Rat(U), see
implies that there is precisely one morphism of rational U-semirings

Rat(a): Rat(U) — a* Rat(V).

One easily checks that for two groups homomorphisms «: U — V and
B:V — W the composite

Rat(U) Ratl@), s Rat(V) o Rat(P), o B* Rat(W) = (B o a)” Rat(W)

agrees with Rat(8oa): Rat(U) — (Boa)* Rat(W) and Rat(idy): Rat(U) —
id; Rat(U) = Rat(U) is the identity on Rat(U).

Using the specific model for Rat(U) described in the proof of
see , one obtains a strict covariant functor from the category of groups
to the category of semirings by sending U to this model Rat(U) and a
morphism of groups a: U — V to the induced morphisms of semirings

Rat(a)): Rat(U) — Rat(V) described in [Remark 3.61| which is compatible

with the structure of rational U-semirings on Rat(U) and on a* Rat(V).

Remark 3.64 (Universal U-semiring for rational U-semirings with absorb-
ing additive unit). Let R be rational U-semiring. Then we can define a U-
semiring with additive unit R II {0} by adding to R a new disjoint element
0 and extending the addition and multiplication of R to RII {0} by putting
0+z2=0=2z+0andz-0=0=0-2z for x € RIT{0}. (Note that we do
not specify a rational structure on RII {0}, whereas on R1II {oo} there is a
preferred rational structure.)

Note that a model for Rat(U) U {0} is given by N[U#X] in the notation
appearing in the construction of Rat(U) in .

Let R be a rational U-semiring with additive unit Og. Let f: Rat(U) — R
be the unique morphism of rational semirings f: Rat(U) — R coming from
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It extends to a morphism of U-semirings with additive unit

f: Rat(U)II{0} — Rifand only if 0g € Ris absorbingi.e.,7-0r =0p = 0g-r
for all r € R.

Let U be a group. Consider the rational semiring with additive unit 7
to be a rational U-semiring using the constant map U — T with value 1,
see [Proposition 3.33] Obviously the additive unit 0 is absorbing. From Re-
mark [3.64] we obtain a morphism of rational U-semirings with additive unit,
denoted by

(3.65) Treey: Rat(U) {0} — 7.

Definition 3.66 (Complexity of elements in Rat(U)). We call
Treey(r) € T

the complexity of the element r € Rat(U).

We record the basis properties of this notion.

Theorem 3.67 (Basic properties of complexity for elements in Rat(U))
For elements r,s,r’,s" € Rat(U) I1 {0} the following assertions are true:

(i) We have Treey (r) = 07 if and only if r = 0;
(ii) We have Treey(r) = 17 if and only if r € U;
(11i) We have Treey (r + s) = Treey (r) + Treey(s);

(iv) If Treey(r) < Treey(r') and Treey(s) < Treey(s’) holds, then we have
Treey (r+s) < Treey (r'+s'). Moreover, Treey (r+s) = Treey (r'+5") holds
if and only we have both Treey (r) = Treey (r') and Treey(s) = Treey (s').
We have Treey (r) < Tree(r + s) and Treey(r) = Tree(r + s) <= s = 0;

(v) We have Treey (r - s) = Treey (1) - Treey (s);

(vi) Suppose that r, r', s, and s' are different from 0.

If Treey(r) < Treey(r') and Treey(s) < Treey(s’) holds, then we have
Treey (r - s) < Treey (' - s'). Moreover, Treey (r - s) = Treey (r' - ') holds
if and only we have both Treey (r) = Treey (r') and Treey (s) = Treey(s').
We have Treey(r) < Tree(r - s) and Treey(r) = Treey(r - s) <= s € U;
(vii) We have log(Treey (r + s)) = max{log(Treey(r)),log(Treey (s))};
(viii) We have log(Treey (r - s)) = log(Treey (r)) + log(Treey (s));

(iz) We have log?(Treey (r + s)) = max{log?(Treey (1)), log? (Treey (s))};

(z) We have log?(Treey (r - 5)) < max{log?(Treey (1)), log?(Treey (s))}. More-
over if r and s are different from zero, we get log?(Treey(r - s)) =
max{log?(Treey (1)), log?(Treey (s))};

(xi) If r is different from 0, then Treey (r®

(zi1) If v is different from 0, then Treey (r°
(ziii) If o € U§X, then width(Treey () =

—_~

> log?(Treey (r°)) = Treey (r);
= expand?(Treey (r));

)
)
1.
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Exercise 3.68 Let U be a group and pr: U — {1} be the projection onto
the trivial group. Show that the map Treey: Rat(U) II {0} — T of (3.65)
factorizes as the composite

Rat(pr)Ilid oy Tree(1y
_—

Treey : Rat(U) I {0} Rat({1}) 1T {0} —— T

and that both maps Rat(pr) and Treefy are surjective and not injective,
provided that U is non-trivial.

Example 3.69. Consider the following elements in Rat(U).

o(p(ur) + p(u2) + ¢(us));
o(p(ua) + p(ua) + ¢(ue)) + o(p(ur) + @(us));
o(o(p(ug) + p(uy10) + o(p(wy11)),

[SISIE
I

for elements u; € U. Then we get

Treey (x) = expand?(17 + 17 4 17);
Treey (y) = expand® (17 4 17 + 17) + expand?® (17 + 17);
Treey (z) = expand? (expandz(lT +17) + 17).

Then Treey (), Treey (y), and Treey (z) look like
° A I
‘ I

A AA

We get directly from the definitions or from (3.38) and [Proposition 3.41(i)

Treey (x) < Treey (y) < Treey(z).

Comment 24 (by W.): Check this this example.

3.6 Complexity and EG-Rings

Throughout this section we fix a division ring E. For a group G we denote by
EG the group ring with coefficients in E. All the constructions below can be
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extended to arbitrary crossed products F G but we will consider only group
rings since this setting is simpler and this is the case we will be interested in.

Let ¢: EG — R be a EG-ring, i.e., a ring homomorphism with EG as
source. Consider the multiplicative subgroup of (EG)*.

EXG={eg|e€ FE,e#0,9 € G}

Then we can regard the rational ¢(k* G)-semiring RIT{oo}, see[Example 3.48

Recall that o: RU {oco} — R U {co} sends r € R1I {co} to r~! if r belongs
to R and its inverse r ! in R exists, and to co otherwise. We can consider it
also as a rational E*G-semiring by the surjection E*G — ¢(E*G) induced

by .
From the universal property of Rat(E*G) we obtain a unique homomor-
phism of rational E*G-rings

(3.70) p=pcr: Rat(E*G) — R {oo}.

Proposition 3.71. The image of p is D(p(EG) C R) II {co}, where
D(p(EG) C R) is the division closure of o(EG) in R.

Proof. In the sequel we use the notation from Section [3.5] Put
U := E*G,
D :=D(p(EG) C R).

Recall that Rat(U) = N[U#X]\{0} is the union of subsemirings N[U#X,]\{0}.
Moreover, we have described D as a union of subrings D = |J,—, D, in
[Proposition 2.76, We will and it suffices show for n =1,2,...

(3.72) p(N[UEX 0]\ {0}) = Dy, T {oo}.

Recall that Dy is ¢(EG). The map p|njwgx,)\foy is the map N[U]\ {0} — R
which extends the map U — R given by the map U = E*G — R induced
by ¢. This implies ¢(EG) \ {0} C p(N[U#Xo] \ {0}) C ¢(EG). Since 1- 15 +
(—1) - 1¢ belongs to N[U] \ {0} and is sent to 0 under p, we conclude

(3.73) p(N[UEXo] \ {0}) = ¢(EG) = Dy.

Recall that X; = (N[U] \ {0})® and we have defined a map f;: X; — R
in (3.59)) such that in view of (3.73)

im(f1) = or(EG) = {x € R | Jy € EG satisfying 2 = y ' in R} 1T {c0}.

This implies p(N[U£X1]\ {0}) = Dy II {oo} in view of the definition of p and
D;. This finishes the induction beginning n = 1.
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The induction step from n to n + 1 is done analogously. By induction
hypothesis we have p(N[U#X,] \ {0}) = D,, I {co}. Recall that X, ;1 =
(N[Uijn] \N[UﬁXn,l])OHXn. By inspecting the definitions of the map (5,11
of , of p, and of D,, 11, we see that p(X,,11) is contained in D, 1 I1{oc0}.
This shows p(N[U#X,,+1]\{0}) C D, +111{cc}. Consider d € D, \ {0}. Choose
r € N[U$X,]\ {0} with p(z) = d. Then poora¢w)(r) = orop(x) = or(d) =
d~!. Hence we get p(N[U#X,,+1]\{0}) = D,+1 1 {oo}. This finishes the proof
of [Proposition 3.71} a

Recall that every non-empty subset of the totally ordered set 7T con-
tains a minimal element, see [Theorem 3.39} and that we have defined a map
Treepxg: Rat(EXG) 11 {0} — T, see (3.65). Hence the following definition
makes sense because of [Proposition 3.71}

Definition 3.74 (Complexity of an element in D(p(FEG) C R)). Consider
an element a in D(¢(EG) C R). Define its complezity

Treeg g(a) := min{Treepxg(a) | @ € Rat(E*G), pa.r(a) =a} € T.
We say that o € Rat(E*G) realizes a if ¢ r(a) = Treeg p(a) holds.

Exercise 3.75 Let ¢;: EG — R; bea EG-ring fori = 1,2. Let ¢: (R1, 1) =N
(R2,p2) be an isomorphism of EG-rings. Then ¢ sends D(p1(G) C Ry) to
D(p2(G) C Ry) and we get for a € D(p1(G) C Ry)

Treeg r, (¥ (a)) = Treeg g, (a).

Now consider a subgroup H C G. Then we denote by

(3.76) pc.r: Rat(E*G) — RII{cc};
(3.77) prr.r: Rat(EXH) — RII {oo},

the maps defined in (3.70) for ¢: EG — R and ¢|gy: EH — R and denote
by

(3.78) De,r C R
(3.79) Dur C R,

the division closure of p(EG) and ¢(EH) in R. By the uniqueness part
appearing in [Definition 3.50] we obtain a commutative diagram

(3.80) Rat(EH) 2% Dy

I

PG,R

Rat(EG) — DG,R
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where the vertical arrows are the inclusions induced by the inclusion H — G.
One easily checks using the diagram ({3.80))

Lemma 3.81. Consider a € Dy r. Then
Treeg r(a) < Treey g(a).

Example 3.82. Let ¢: EG — D be an epic EG-division ring. Consider
elements g1, g2 € G with ¢(g1) # ©(g2) 1. Define elements in D

v = ((plg) ™" + (plga ") — o) ™)

y = o(g1) — ¢(g1)p(g2)p(91)-

Let (Rat(E*G), ¢Rat, ©Rat) be the universal rational E*G-semiring. Define
elements

/

T = ORat (@Rat(gl_l) + <>Rat(<PRat(g2_1) + @Rat(*gl)));
Y = ¢Rrat(91) + PRat(—919201)-
Then the canonical map p: Rat(EXG) — DII{oc} of (3.70) sends 2’ to = and

y' to y. (Recall that p is surjective by |Proposition 3.14|and [Proposition 3.71})
We compute

Treepx (') = expand? (17 + expand? (17 + 17));
Treepxq(y') = 17+ 1.

Hence Treepxg(z’) and Treegxg(y’) look like

A\
AN

We get directly from the definitions or from ((3.38)
Treepxq(y') < Treepxg(z').

So one may think that the complexity of z is Treegxg(z’) and the com-
plexity of y is Treegx g (y'). However, we get = y in D from the following
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computation

= o(g1) "elgr) + (elg2 ") — @(91) "elg1) — (1) elg1)e(g2)e(91)

—(p(g2") = (g1) o(g1)elg2)e(91)
=1+ (g2 ") —0lg1) " elg1) — e(g2)(91)

—(plgz ") — (g1) o(g1)e(g2)(91)
=14 (plgz ") — (1) (olgr) — (plgz ") — o(g1)

(plg) ™+ (olgz ") — @(91)) ") - (e(g1) — (g1)e(g2)p(g1))
)

)p(g2)
=1+ (g2 ") — (1) (elg1) — gz Nelg2)e(91) + (g1))p(g2)e(g1)
)p(92)

=1+ (p(gs") —(g1)) "0
1.

This actually implies that the complexitiy of both x and y is represented by

the tree A

since z is not contained in @(E*G), the only trees which are smaller than

this tree are 07 and 14 and we have |Theorem 3.67| (i) and . Comment
25 (by W.): Check this this example.

3.7 The Source Subgroup

In this section we introduce the notion of the source subgroup of an element
in Rat(U) for a given multiplicative group U. Recall that for any subgroup
V' C U there are canoncial inclusions

Rat(V) C Rat(U);
U C Rat(U).

Hence Rat(V') - U C Rat(U). The main result of this section is the following
theorem.

Theorem 3.83 (Source subgroup) For every r € Rat(U) the set of sub-
groups V' of U satisfying r € Rat(V) - U C Rat(U) has a unique smallest
element source(r).

This subgroup source(r) is finitely generated.

It leads to the following definition.
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Definition 3.84 (Source subgroup and primitive elements). We call the

unique subgroup source(r) C U for r € Rat(U) appearing in [Theorem 3.83

the source subgroup of r.
We call an element r € Rat(U) primitive if r € Rat(source(r)) holds. Let
Primitive(U) be the subset of Rat(U) consisting of primitive elements.

We will also prove the next proposition.
Proposition 3.85.
(i) We have Primitive(U) - U = U - Primitive(U) = Rat(U);
(i) If r,r' € Rat(U) and w € U satisfy v’ =r - u, then we get

source(r) = source(r’);

(iii) If the element r € Rat(U) and the subgroup V C U satisfy r € Rat(V)-U,
then we get
source(r) C V.

(iv) The group sourcey (r) is finitely generated for r € Rat(U).
The rest of this section is occupied with the proof of and

[Proposition 3.85| which needs some preparations.
We start with constructing for n € Z>( subsets

(3.86) Qn € Xy;

(3.87) P, € N[U#X,] \ {0},
such that

(3.88) Qn € Qn1;

(3.89) P, C Poyy;

(3.90) Py = (Qn) + N[UEX,],

hold for n € Z>¢, where (Q,) C Uf#X,, is the multiplicative submonoid
generated by Q,, C X,, = (X,,){; C U#X,, and we define

(Qn) +N[UEX,] = {z +y |z € (Qn),y € NUX,]} € N[UEX,] \ {0}

considering U X,, and hence (@) as a subset of NJU$X,,]\ {0} in the obvious
way.
For n =0, put
QO =Xy = 0.

The subset Py of N[U]\ {0} is given because of (3.90]) by

Py = (0) + N[U#0] = {1y} + N[U] = {Zmu~umu € Z>o0, M1y, >1}.

uelU
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For n =1 let @1 be the preimage of Py under the bijection
ooy : X1 = (N[U]\ {0})® = N[UJ\ {0},
and define P; by (3.90).

The induction step from n > 1 to n+ 1 is done as follows. Define @),,41 as
the image of P, under the bijection of

o

ORat(U) INrix .\ {0} : NUEXR]\ {0} — Xpp1.

Finally P, 41 is given by (3.90).

Notation 3.91 (P and Q). Define the subsets P C Rat(U) = N[U#X] and
Q C X to be

P = colim,,_yoo P, = UZO:O Pr;

Q = colim, o0 Qr, = U;L.o:o Qn.

We say that a subset A C B of a U-biset B is closed under U -conjugation
if uau™' € A holds for all @ € A and u € U. The elementary proof of the
next result is left to the reader.

Lemma 3.92. We get for every n € Z>y:

(i) We have P = (Q) + N[U#X];
(ii) The image of P under the injective map ograrwy: Rat(U) — Rat(U) is Q;
(i) The subsets Q, C X, (Qn) C UtX,, and P, C N[U$X,]\ {0} are closed
under U-conjugation. The subsets Q C X, (Q) CU#X and P C Rat(U) =
N[U#X] \ {0} are closed under U -conjugation;
(iv) We have Q, U =UQ, =X,, and QU =UQ = X;
(v) We have (Qn)U = U(Q,) = UtX,, and (Q)U =U(Q) =ULX;
(vi) We have P, U = UP, = N[U{X,]\ {0} and PU = UP = Rat(U) =
N[UgX]\ {0}.

Recall that the set T is well-ordered, see [Theorem 3.39] we have con-
structed a map Treey: Rat(U) IL {0} — T, see (3.66), and we have defined

the complexity of an element r € R to be Treey (r) € T, see [Definition 3.66

Lemma 3.93. By transfinite induction over the complexity, we can con-
struct for every p € P a subgroup of U, denoted by sourcey (p), such that the
following two properties are satisfied for every u € U:

(i) We have usourcey (p)u~! = sourcey (upu~1);

(it) If pu € P, then sourcey (pu) = sourcey (p) and u € sourcey (p).

Proof. Transfinite induction means that we have to construct for p € P the
group sourcey(p) and prove conditions and , provided that the in-
duction hypothesis holds, i.e., for every element p’ € P with Treey(p') <
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Treey (p) the group sourcey(p’) has been constructed and satisfies condi-

tions ({) and ().

We can partition P into four disjoint subsets

3.94) {lrant Q@ @\ (QU{lu}) (@) + (NU\{0}).

Case 1: p = lpav) = lu
We put sourcey ({ 1rat() }) to be the trivial subgroup group {1y} of U. Then

conditions and follow from the conclusion of |[Lemma 3.92 that
PNU = {]-U} = {]-Rat(U)} holds.

Case 2: pe @
Let p’ € P be unique the element in P which is send under the injective map

ORat(): Rat(U) — Rat(U) to p, see [Lemma 3.92] (i). Then

height(Treey (p')) = height (TreeU (ORat(v) (p)))
= height (expandz(TreeU(p))) < height(Treey (p)).

We conclude Treey (p') < Treey (p) from (3.38]). Hence the induction hypoth-
esis applies to p’, i.e., we have already constructed the subgroup sourcey (p’)
of U satisfying conditions (f}) and (ii). We put

sourcey (p) = sourcey (p').

It remains to show that sourcey (p) satisfies conditions (i) and .
We get usourcey (p’)u~t = sourcey (p') from the induction hypothesis for
r’. This implies

—1

usourcey (p)u~ " = sourcey (p).

Suppose pu € P. We compute

PU = ORar() (P')U = ORat(1) (u'p') = <>Rat(U)(U_1(117/U_1)U)~

Now |[Lemma 3.92 implies v~ (p'u""u € Q. Hence p'u=t € Q by
[Lemma 3.92| (iii). Since Treey (pu) = Treey (p) and Treey (p'u=1) = Treey (p')
hold by [Theorem 3.67] (v]), we get Treey(pu) < Treey(p'u~'). Hence ob-
tain from the definitions sourcey (pu) = sourcey (pu~!). From the induc-
tion hypothesis applied to p’ we get sourcey(p’) = sourcey(p’u~') and
u~t € sourcey (p'). This implies

sourcey (pu) = sourcey (p);

u € sourcey (p).

Case 3: pc{(Q)\ (QU{1y})

We can express p as a product
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(3.95) p=gq-r

for ¢ € (Q)\ {1} and r € Q C X. Actually if p € X%, then ¢ € X7 " and
r € X. We conclude Treey(q) < Treey(p) and Treey(r) < Treey(p) from

Theorem 3.67] (vi). Hence the induction hypothesis applies to both ¢ and

r, i.e., we have constructed the subgroups sourcey (¢) and sourcey (r) which
satisfy conditions (fil) and . We want to define

(3.96) sourcey (p) := (sourcey (q) U sourcey (r)) C U

where (sourcey (q) Usourcey (1)) is the subgroup of U generated by the subset
sourcey (q) U sourcey (r). Note that a priori this definition depends on the
decomposition .

Now consider u € U satisfying pu € P. Then we have pu € (Q)\ (QU{1y})
and we can write pu as a product

(3.97) pu=q v

for ¢ € (Q)\ {1} and ' € Q@ C X. Since pu = gqru = ¢'r’/, we can find
v € U satisfying ¢ = qv and v = v=lru = (v"1rv)(v"1u). We conclude

Treey(q') = Treey(q) < Treey(p) and Treey(r') = Treey(r) < Treey(p)

from [Theorem 3.6 . Hence we get from the induction hypothesis

sourcey (¢') = sourcey (q);
€ sourcey (q);

(v ro);
bru)

€ sourcey (v~ rv

sourcey (T

-1

)

v

) = sourcey
v
)

/
sourcey (v trv) = vt sourcey (r)v.

Suppose that u = 1. Then we get sourcey (¢’) = sourcey (¢) and sourcey (r') =
sourcey (v~ 1rv) = source (r), which implies

(sourceys (q) U source (1)) = (sourcey (¢') U sourcey (r')).

This shows that the definition (3.96]) of sourcey (p) makes sense, i.e., is inde-
pendent of the decomposition ([3.95))

Next consider any u € U. Then we get

source (p) = (sourcey (q) U sourcey (1)) = (sourcey (q) Uv ™! sourcey (r)v)
! !
)

= (sourcey (¢’) U sourcey (")) = sourcey (pu),

and u € sourcey (p).
We have
upu~' = u(gr)u~ = (uqu™)(urut).
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We conclude uqu™" € (Q)\ {1} and ruru=! € Q fromm . Since

Treey (uqgu™t) = Treey(q) < Treey(p) and Treey (uru=t!) = TreeU( ) <
Treey (p) hold by [Theorem 3.67, , the induction hypothesis implies

-1

usourcey (q)u~" = sourcey (uqu™');

usourcey (r)u~! = sourcey (uru~t).

Hence we get

usourcey (p)u~ = u(sourcey (¢) U sourcey (r))u "

= (u(sourcey (q) U sourcey (r))u~")
= (usourcey (q)u~" Uusourcey (r)u")
= (sourcey (uqu ') U sourcey (uru~"))

= sourcey (upu™!).

Case 4: p € (Q) + (N[U£X]\ {0})

We can write
(3.98) p=>)_

where n € Zso, fi € UtX for i = 1,2,...,n, and f;, € (Q) for some iy €

{1,2,...,n}. Since UX = (Q)U holds by [Lemma 3.92|[v)), we can write for
i=1,2,...,n

(3.99) fi = pii,

where p; € (Q) and u; € U. Note that (Q) C P holds by [Lemma 3.92] ().
We conclude Treey (p;) = Tree(pju;) < Tree(p) for i = 1,2,...,n from [The-|
because of n > 2. Hence the induction hypothesis applies to
p; € P for i =1,2,...,n. In particular the group sourcey(p;) has already
been constructed. We want to define

n

(3.100) sourcey (p) = <U(sourceU(pi) IT {u; }))
i=1

where (J!, (sourcey (p;) I {u;})) is the subgroup of U generated by the
subset |J;_, (sourcey (pz) IT {u;}). Note that sourcey(p) a priori depends on

the decompositions ([3.98]) and ( -

Consider u € U satlsfymg pu € P. Then pu € (Q) + (N[U#X] \ {0}) and
we write as above
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(3.101) pu=>_f

where n' € Zsq, f/ € UtX for i = 1,2,...,n/, and fi’(,] € (Q) for some
i € {1,2,...,n'} and then write

(3.102) fi = pui,

where p; € (Q) and u, € U. Since Z?;l fl = > (fiu) holds, we get
n = n’ and there is a permutation o: {1,2...,n} =, {1,2...,n} such
that f/ = f,u holds for i € {1,2...,n}. Since |J;_, sourcey(p;) =
Ui~ sourcey (py(;y) holds, we can assume without loss of generality that
o = id holds, in other words, f/ = f;u holds for ¢ = 1,2,...,n. Then we
get plul = p;u;u and hence

p; = pauiu(u;) "

for i = 1,2,...,n. We conclude Treey(p;) = Tree(pju}) < Tree(p) for i =

1,2,...,n from [Theorem 3.67| because of n > 2. Hence we get from the

induction hypothesis

(3.103) sourcey (p;) = sourcey (p;);
(3.104) uu(uf) ™t € sourcey (p;),
fori=1,2...,n.

Suppose u = 1y. Then w;(u})~! € sourcey (p;) = sourcey (p}) holds and

the subgroups (|J, (sourcey (p;) II {u;})) and ({J;_, (sourcey (p;) II {u}}))
of U agree. Hence definition (3.100) makes sense, i.e., is independent of the
decompositions (3.98) and ([3.99).

It remains to prove that the element p satisfies conditions (fif) and . We
can assume without loss of generality that u;, = 1 and u; = 1 hold for
some elements 4,4 € {1,2,...,n}, since we have p € (Q) + (N[UX]\ {0})
and the definition of the group sourcey (p) is independent of the decomposi-
tions and (3.99). Then f;, = p;, € (Q) and fi% = p;, € (Q). Hence we
get from (3.103)) and (3.104)

uy u € sourcey (pi, );

u(uf)™' € sourceU(p;{)).

The first equality implies u € sourcey (p), whereas the second equality implies
u € sourcey (pu). Since u and u; belong to supp(p) and u;u(u})~! belongs
to supp(p) by (3.104), «} also belongs to supp(p). Since u and u) belong to
supp(pu) and w;u(u})~! belongs to supp(pu) by (3.103) and (3.104)), u; also

belongs to supp(pu). This implies
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sourcey (p) = sourcey (pu).

We have

upu™t =u <Z”: fi) u Tt = Zn:(ufiu_l)
i=1 i=1

= Z(upiuiu_l) = Z(upiu_l)(uuiu_l).
i=1

=1

We get upju™ € P and ufiu™' € (Q) from [Lemma 3.92] (iii). We con-
clude Treey (up;u™!) = Treey(p;) < Treey(p) = Treey(upu™!) from
(vi). Hence we get sourcey (up;u~') = usourcey (p)u~! for i =

1,2,...,n from the induction hypothesis. We conclude

sourcey (upu ') = usourcey (p)u .

This finishes the proof of a

Consider two groups U and W. The subgroups P, ), and X appearing in
the constructions above are now denoted by Py, Qu, and Xy and by Py,
Qw, and X to indicate whether they are understood to be with respect to
U orW.

Lemma 3.105. If p is an element in Py C Rat(U), then:

(i) The group sourcey(p) is finitely generated;
(ii) We have p € sourcey (p);
(i1i) If U is a subgroup of W, then p € Py C Rat(W) and sourcew (p) =
sourcey (p).

Proof. According to the partiting of (3.94) we get for U and W partitions of

Py and Py into four disjoint subsets:

{lraty}  Qu (Qu) \ (Qu u{ly}) (Qu) + (N[U]\ {0});

and

{Irasow)}  Qw Qw)\ (Qw U{lw}) (Qw) + (N[W]\ {0}).

Next we will prove by transfinite induction for p € Py:

(i) The group sourcey (p) is finitely generated;
(ii) We have p € sourcey (p);
(iii) If p belongs to {1rattn }: Qu, (Qu) \ (Qu U{lu}), or (Qu) + (N[U]\ {0})
respectively, then p belongs to {1gacw)}, Qw, (Qw) \ (Qw U {1w}), or
(Qw) + (N[W]\ {0}) respectively. Moreover, we have

sourceyy (p) = sourcey (p).
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We treat as before the following four cases.

Case 1: p = lrav) = lu
This case follows directly from the definitions, as sourcey(p) = {1y} and
sourcew (p) = {1w } hold.

Case 2: p € Qu

Let p’ € P be the unique element in P which is send under the injective map
ORrat(v): Rat(U) — Rat(U) to p, see @ (i), We have Treey (p') <
Treey (p) and hence the induction hypothesis applies to p’. We have

sourcey (p) = sourcey (p)

by definition. Since sourcey (p’) is finitely generated by the induction hy-
pothesis, sourcey(p) is finitely generated. We get p’ € Rat(sourcey(p’))
from the induction hypothesis. The map orag(sourcey (p)) : Rat(sourcey (p)) —
Rat(sourcey (p)) sends p’ to p, since oy (p’) = p holds and ogag(yy) restricted
to Rat(sourcey (p)) is ORat(sourceu (p))- We conclude

p € Rat(sourcey (p)).

Since p’ € Py holds by the induction hypothesis and the map oy : Rat(W) —
Rat(W) sends Py to Qw by [Lemma 3.92] (i), we get

p € Qw.

Since sourcey(p’) = sourcew (p’) holds by the induction hypothesis and
sourceyy (p) = sourcey, (p’) follows from the definitions, we get

sourcey (p) = sourceyy (p).

Case 3: p € (Qu) \ (Qu U{lu})
We can express p as a product p = ¢ -7 for ¢ € (Qu) \ {1} and r € Qu,
see ([3.95)). Since we have Treey(q) < Treey(p) and Treey (r) < Treey(p), the
induction hypothesis applies to both ¢ and r. Since sourcey (p) is by definition
the subgroup generated by sourcey (¢) Usourcey (1) and both sourcey (¢) and
sourcey (r) are finitely generated by the induction hypothesis, sourcey (p) is
finitely generated.

By the induction hypothesis we have ¢ € Rat(sourcey (q)) C Rat(sourcey(p))
and r € Rat(sourcey (r)) C Rat(sourcey (p)). This implies

p = q - r € Rat(sourcey (p)).
Since the induction hypothes implies ¢ € (Qw) \ {1} and r € Qw, we get

p=q-7€(Qw)\ (QwU{lw}).
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Since sourceyw (p) is by definition the subgroup generated by sourcey (q) U
sourcey (R) and the induction hypothesis implies sourcew (¢) = sourcey (q)
and sourcey (1) = sourcey (1), we get

sourcey (p) = sourcey (p).

Case 4: p € (Qu) + (N[UX]\ {0})
We can write p = >, piu; for p; € (Q) and u; € U, see and (3.99). By
definition sourcey (p) is the subgroup generated by |Ji"_, (sourcey (p;) IL{u;}).
We conclude from the induction hypothesis that sourcey(p;) is finitely
generated and p; € Rat(sourcey(p;)), pi € (Qw), and sourcey(p;) =
sourcew (p;) hold for ¢ = 1,2,...,n. Hence sourcey(p) is finitely gener-
ated, p € Rat(sourcey(p)), p € (Qw) + (N[UEX] \ {0}), and sourcew (p) =
sourcey (p) hold.

This finishes the proof of O

Definition 3.106 (source(r)). Consider the group U and an element r €

Rat(U). We can write r = pu for p € P and u € U by [Lemma 3.92 . We
put
source(r) = sourcey (p)

for the group sourcey (p) defined in [Lemma 3.93
This independent of the decomposition r = pu by [Lemma 3.93 .

Now we are ready to give the proof of [Iheorem 3.83

Proof of[Theorem 3.83. Consider an element r € Rat(U). We can write r =
pu for p € P and u € U by [Lemma 3.92] (vi). We get p € sourcey(p) by
Lemma 3.105] (ii). By Definition [3.106| we have source(r) = sourcey (p). Hence

r € source(r) - U.

Consider any subgroup V of U satisfying » € Rat(V) - U. We can write
r =1 -u for ro € Rat(V) and u € U. Then we can write 1o = pg - vo for
po € Py and vy € V by [Lemma 3.92] . Hence py € Py and sourcey (pg) =
sourcey (po) by [Lemma 3.105| . Since r = pg(vu), we get

source(r) = sourcey (pg) = sourcey (pg) C V.

The group source(p) is finitely generated by [Lemma 3.105 . a

Note that [Proposition 3.85[ just summarizes facts we have already proved

above, namely, it follows from|Theorem 3.83} [Lemma 3.92| (vi)),[Lemma 3.105] ,
and the fact that [Definition 3.106] makes sense.

Exercise 3.107 Show that P C Primitive(U) holds and we have the equiv-
alence P = Primitive(U) <= U = {1y }.
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Example 3.108. Consider elements uy,us, . .., u, in U. Then we get for the
element x = Y7 | pRrat()(us) in Rat(U)

sourcey () = (uguy ', ... upuy'y CU

by the following argument.
Obviously y = Y1, ngat(U)(uq;ul_l) belongs to Rat({uguy?, ..., uuyt)).
Hence = = y - u; belongs to Rat((uaui !, ..., uyuyt)) - U. This implies

sourcey (z) C (uguy ™, ..., upuit).

Suppose that V' C U is a subgroup satisfying € Rat(V)-U. Then y € Rat(V)
holds. This implies uiul_1 €V fori=2,3,...,n and hence

sourcey () D (uguy ™, ..., upuit).

3.8 An Auxiliary Result about Extensions by
an Infinite Cyclic Group

Throughout this section we fix a division ring E and a group H with a
normal subgroup N C H such that N/H is infinite cyclic. We fix a choice of
an element ¢t € H which is mapped under the canoncial projection H — H/N

to a generator. Let ¢;: IV =, N be the automorphism of N sending h € N
to tht~'. Then we obtain an isomorphism of groups

(3.109) Nx,Z>H

which sends an element in N to the same element in H and the generator
1 € Z to t. Note that ¢; induces an automorphism

(3.110) 0 := E[c,]: EN = EN.

Given an automorphism 7: R — R of a ring R, we denote by R ((t)) the
ring whose elements are formal sums z = ZnEZ Ty - t" for r,, € Z such that
there exists some element ng € Z satisfying r,, = 0 for n < ng. (The number
no depends on z.) Addition and multiplication are given by

<Z T ~t"> + (Z Sp - t") = Z(m + 8p) -t

neEZ nez nez

(Sre) (Soe) - £ )

nez nez n€Z \ k,€Z,k+1=n
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The additive unit is given by >, 7, - t" with 7, = 0 for all n € Z and the
multiplicative unit is given by >, 7y, - t" with r, = 0 for all n € Z \ {0}
and ry = 1g.

Define the subring R [t] of R ((t)) by considering formal sums »_ _, 7y, -t"
such that there exists a number ng € Z>¢ satisfying r,, #0 = 0 < n < ny.
Define the subring R.[t*!] of R;((t)) by considering formal sums Y°, 7, -t"
such that there exists a number ng € Zx¢ satisfying r,, # 0 = —ng <
n < ng. Define the subring R, [[t]] of R,((t)) by considering formal sums
Y nez Tn - t" satisfying 7, # 0 = 0 < n. Obviously we have

RTM = R‘r[tvtil] N RTHt]],

and R, [t,t~!] is the Ore localization of R [t] with respect to the multiplicative
closed subset {t" | n € Z>q}.

One calls R,[t] the ring of T-twisted polynomials. The ring R, [t,t7 1] is
called the ring of T-twisted finite Laurent series and agrees with the twisted
group ring R, [Z] associated to the group homomorphism Z — aut(R) sending
n € Z to ™. The ring R, [[t]] is called the ring of T-twisted power series. The
ring R, ((t)) is called the ring of T-twisted Laurent series bounded from below

If 7 = idg, we omit 7 from the notation, e.g., we just write R((t)).

Now we assume that we have the following data:

e An EN-ring ¢: EN — R such that R is von Neumann regular;
e A ring automorphism ©: R =R satisfying © o p = ¢ o 0 for 6 defined

in (3.110);

e A ring S containing Ro((t)) as a subring.

Then ¢ can be extended to a ring homomorphism
(3.111) ?: EH = ENg[t*'] — Ro[tT'] — Ro((t)) — S.

So we can consider the division closures Dy g = D(BE(EN) C S) and
Du,s = D(@(EH) C S). Obviously Dy,s € Du,s € S. Recall that we can
define a complexity Treey s(a) and Treeg g(b) in T for elements a € Dy g

and b & Dy 5. see Deftion 3.7
If Dy.g denotes D(p(EN) C R), we conclude

(3.112) Dn,r=Dn,s

from [Lemma 2.78 .

Note that ©: R — R sends Dy g to itself and hence induces an automor-
phism
9|Z DN,R i) DN,R~
Hence we can consider (Dn,s)e|((t)) as a subring of Re((t)). Because

of (3.112) we can view O] as an automorphism of Dy g and get an iden-
tification
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(3.113) (Dn.r)e|((t) = (Dn.s)e|((t))

and from Rg((t)) C S an inclusion

(3.114) (Dn,r)e|((t)) € Da,s.

The automorphism c¢;: N — N induces an automorphism of the group

Z: EXN 55 EXN and hence an automorphism Rat(c;): Rat(E*N) —
Rat(E*N). Let
t € Rat(E*H)

be the image of t € H C E*H under the canonical inclusion E*H —
Rat(E* H). Recall that we can consider Rat(E* N) as a subset of Rat(E* H)
using Remark Note that we get for o, 3 € Rat(E* H) and m,n € Z

at™ - Bt" = a - Rat(e)™(B) - t" 1.
Recall that we have defined the map

Treegxg: Rat(E*H)II {0} — T
in , we get a map

pu,s: Rat(E*H) — Dy,s 1T {oo}

from (3.70) and [Proposition 3.71] and we have introduced the complexity
Treeg s(a) € T for a € Dy s in |Definition 3.74}

Proposition 3.115. Consider the situation described above. Fix an element
T € T. Suppose that for every ¢ € Dy,g such that Treey s(c) <T and ¢ # 0
holds, c is invertible in Dy 5.

Then for every b € Dy g satisfying Treen s(b) < T the following holds:

(i) The element b belongs to (Dn,r)e|((t)) = (DPn,s)e|((t)). In particular we

can write
b= by-t"
k>ko
for by, € Dy r = Dn,s and some ko € Z;
(i) Suppose b # 0. Then we get for k € Z

Treeq,s (bktk) < Treeq,s(b);

(11i) Suppose that b # 0 holds and consider n € Z.
Then Treey, s(byt™) = Treey s(b) holds if and only if by, = 0 for k # n;
(iv) Suppose that we have b # 0 and Treey g(b,t") = Treey s(b) holds for
some n € 7.
Then we the subset of Rat(E* H)



76 3 Proof of the Atiyah Conjecture for Locally Indicable Groups

{ﬁ S Rat(EXH) II {O} ‘ PEXH,S(ﬁ) =band TreeExH(ﬁ) = TI'eeH,S(b)}
is contained in {at™ | « € Rat(E*N)}.

Proof. Consider any element b € Dy s satisfying Treey, s(b) < T. We have
to show that assertions ({ij) to hold for b.

If b = 0, this is obvious. So we can assume in the sequel b # 0.

Suppose that Treey, g(b) < 17 holds. Choose § € Rat(E* H) realizing the

complexity of b. Then 8 € E* H by [Theorem 3.67| (ij) and . Hence we get
b € o(E* H) and therefore assertions ({i) to (iv)) hold for b because of (3.109).

Hence we can assume Treey s(b) > 17 in the sequel.

By transfinite induction it suffices to show that assertions (|ij) to hold
for b provided that assertions to hold for every ¢ € Dg s with
Treep s(c) < Treep,s(b).

Consider any € Rat(E* H) realizing the complexity of b.

In the sequel we abbreviate

U=FE"H.
We can partition Rat(E* H) into four disjoint subsets
U X UEX\(XUU) NU$X]\UX U {0}

Since Treey (b) > 17 holds, we cannot have b € U by [Theorem 3.67 .
Hence we are left with the following three cases.

Case 1: be X

Because of [Lemma 3.62| we can choose v € Rat(U) = N[U#X] \ {0} with
B = ~°. We conclude

Treey (v) < Treey (8)

from [Theorem 3.6 . Put
c=pmu,s(y).

Then we get

0]

b=pus(B) =pus(y°) =pas(y)® =c°.

As b is different from oo, the inverse ¢! of ¢ exists in Dy s and we have
b=c"

Next we show that v realizes the complexity of ¢, i.e., Treey s(c) = Treey (7).
Suppose the contrary. Then we can find 4/ € Rat(U) with py g(7) =
pr.s(7) = ¢ and Treey (y') < Treey (7). Since expand® preserves the ordering

on 7, [Theorem 3.6 implies

Treey ((7')°) < Treey (v°) = Treey (B).
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Since we have
pu,s((7V)°) = (pa,s(7')° = =b,
this contradicts the fact that § realizes the complexity of b.
Since we get

Treep s(c) = Treey () < Treey () = Treey s(b),

we conclude from the induction hypothesis applied to ¢ that ¢ belongs to
(Dn,r)o|((t)) = (Dn,s)e|((t)) and hence we can write

c:ch~tk
k

for ¢, € Dn r = Dn,s such that TreeH,S(cktk) < Treeq,s(c) holds for k € Z.
We have
TreeH’s(cktk) < Treep s(c) < Treem,s(b) <T.

Hence by assumption ¢t* is invertible in Dhu,s for k € Z if ¢,t* is non-zero.
This implies that for every k € Z the element c¢j is zero or invertible in
Dn,s = Dp,s. Therefore the element c is invertible in (Dy,s)e|((t)). Since b
is the inverse of ¢ in Dy s, the element b belongs to (Dn,s)e|((t)) and is the
inverse of ¢ in (Dy,s)e|((t))-

Put kg = min{k € Z | ¢, # 0}. Write b =}, bi-t' forb; € Dn.r = Dn.s-
Then b;t! for [ € Z can be expressed using sums and products of elements
(crot*®) ™! and cxt® for k € {ko + 1,ko + 2,...2ko + [}. Choose for k € Z
elements Oy, v, in Rat(U) 11 {0} satisfying

Treey (Bx) = TreeH7S(bktk);
Treey (Vi) = Tl"eeH7s(thk).

We conclude from [Theorem 3.67
(3.116)

logz(TreeU(fy,fo)) = Treey (Yr,) < Treey(y) = log?(Treey (v°)) = log?(Treey (3))

and using (3.35)) and ({3.38))
(3.117)

log?(Treey (&) < Treey (yx) < Treey(y) = log®(Treey (v°)) = log?(Treey (B)).

Hence |Theorem 3.67 and (ED imply for [ € Z using (3.116)) and (3.117)

(3.118)

log?(Treey (5))
< max {log2(TreeHﬁ((ckotkO)_l)),max{logz(TreeHﬁ(cktk)) |k €ko+1,...2k +1}}

= max {log2(TreeU('yZO)), max{log”(Treey (i) | k € ko + 1,...2ko + 1} }
< log*(Treey (5))-
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This implies Treey (8;) < Treey (B) for all I € Z. Now suppose that for n € Z
we have Treey(B,) = Treey (). Since the inequality (3.117) is strict, we
conclude Treey (yi,) = Treey () from (3.116]) and (3.118]) and hence

Treep,s (Ckotkg ) = Treeq s(c).

Since we have already shown above Treey s(c) < Treey g(b), the induc-
tion hypothesis implies that we have ¢ = ¢, - t*¢ and we can choose
v € Rat(E* N) satisfying v = ~/t*o. This implies

b=c't= t_k"clzol = 6|0 (¢p, )t Ho
for ©|7%0(¢y,) € Dy.r = Dn.s and
5= =175 (v)° = Rat(@) " (()?) -+
for Rat(c;) % ((7/)°) € Rat(EXN).

Case 2: b e UtX \ (X UU)
Choose elements 7,0 € UtX \ U satisfying § = vd. We conclude

Treey (7), Treey (8) < Treey (B)

for U = EXH from [Theorem 3.67 (vi). Put ¢ = pp,s(7) and d = pg,s(9).

Then we get
b=cd.

Next we show that v realizes the complexity of ¢, i.e., Treey, s(c) = Treey (7).
Suppose the contrary. Then we can find v € Rat(U) with pgs(y) =
pu.s(v) = ¢ and Treey(y') < Treey(y). We get from [Proposition 3.41]

and [Theorem 3.67

Treey (v'8) = Treey (v) Treey (6)
< Treey () Treey (8) = Tree, (79) = Treey (B).

Since pu.s(7'd) = b holds, we get a contradiction to the fact that 8 realizes
the complexity of b. Analogously one shows that § realizes the complexity of
d.

Since we have Treeg s(c), Treem s(d) < Treem, s(b), the induction hypo-
thesis applies to ¢ and d. Hence we can write

c= chtk;

keZ

d="dit",

k€EZ
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for cx,dy € Dyr = Dn,s such that Treey g(cit®) < Treey s(c) and

Treep,s(dit*) < Treey s(d) hold for k € Z. Since b = cd, we can write

b= byt*

keZ

such that byth = Zlez cp—it*~td;t! holds. Choose elements 31,7y, and 6, in
Rat(U) satistying

TreeH)s(bktk) = Treey (Br);

TreeH,S(cktk) = Treey (V1);

TreeH,S(dktk) = TreeU(6k)7

for k € Z. We conclude from [Theorem 3.67| and

Treey (Bx) < ZTreeU('yk_l) - Treey (0;).
lez

Using |Theorem 3.67 and we get

(3.119) log(Treey (Br)) < log (Z Treey (Vi—1) -TreeU(51)>

meZ
= max{log(Treey (yx—i) - Treey (&;)) | I € Z}
= max{log(Treey (vk—1)) + log(Treey (&) | I € Z}

< log(Treey (y)) + log(Treey (6))
= log(Treey (v

( )
= log(Treey (B))
= log(Treem s(b)).

This implies
Treey (bg) < Treey (b)

for all k € Z. Suppose that for n € Z we have Treep g(b,t") = Treep g(b),
then we conclude by inspecting (3.119)) that there is an integer m € Z with

log(Treey (Yn—m)) = log(Treey (7v));
log(Treey (6,m)) = log(Treey (0)).

Since v and ¢ belong to U$X, we get width(y) = width(d) = 1 from

(iii). Since we conclude Treey (v) < Treey (Yn—m) and Treey (8) <
Treey (0,,) from (3.38]), we get Treey(y) = Treey(Vn—m) and Treey(d) =
Treey (0,,) and hence
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Treey,s(c) = Treey s(cn—mt"™™);
Treey, s(d) = Treey s(dmT™).
From the induction hypothesis applied to ¢ and d we get

tn—m.

C=Cp—m )

d = dnt™,
and there are elements 4" and ¢’ in Rat(E* N) satisfying

/tnfm;

v=7
5 =48t

Hence we can write
b=cd=cnomt" " dnt™ = C—mO|" " (m)t"
for ¢p—m©|" """ (d,n) € Dn,gr = Dn,s and
B =70 =~t"""t" =+ Rat(e)" " (9)t"
for v/ Rat(c;)"~™(8’) € Rat(E*N).
Case 3: b € N[U#X] \ UtX U {0}
Choose elements v, d € N[U§X] \ {0} satisfying 8 = v+ . We conclude

Treey (7), Treey () < Treey (3)

for U = EXH from [Theorem 3.67 (iv). Put ¢ = pu s(7) and d = pp,s(9).

Then we get
b=c+d.

Next we show that + realizes the complexity of ¢, i.e., Treeq, s(c) = Treey (7).
Suppose the contrary. Then we can find v/ € Rat(U) with pgs(y) =
pu.s(v) = cand Treey (7') < Treey (7). We conclude from[Proposition 3.41]

and [Theorem 3.67

Treey (7' + &) = Treey (7') + Treey ()
< Treey () + Treey (8) = Treey (v + §) = Treey (B).

Since pg,s(7' +9) = b, this contradicts the fact that 3 realizes the complexity
of b. Analogously one shows that J realizes the complexity of d.

Since we have Treey s(c), Treey s(d) < Treey s(b), the induction hypoth-
esis applies to ¢ and d. Hence we can write
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c= chtk;

kez
d=" " dit",
kEZ
for cx,dr € Dnr = Dn,s such that TreeH75(cktk) < Treep,s(c) and

Treeg s (dit*) < Treeg s(d) hold for k € Z. Hence we can write
b= by-t"
kez

for by, = ¢ + di. Choose elements Sy, vk, and 5 in Rat(U) satisfying

TreeH,s(bktk) = TTGGU(ﬁk);
TreeH,g(cktk) = Treey (Vk);
TreeH,S(dktk) = Treey (0k),

for k € Z. We conclude from [Proposition 3.41| (i) and [Theorem 3.6

(3.120)
TreeH75(bktk) = Treey (Br) = Treey (Vi + 0r) = Treey (vi) + Treey (O)
< Treey () + Treey (8) = Treey (v + 6) = Treey (8) = Treep,s(b).

Suppose for n € Z that Treey s(b,) = Treey s(b) holds. Since Treey (7,) <
Treey () and Treey (6,,) < Treey (§) hold, we conclude Treey (y,) = Treey ()
and and Treey (,) = Treey (§) by inspecting (3.120)). This implies

Treey, s(cnt™) = Treey, s(c);
Treer g(dnt"™) = Treep g(d).

Since the induction hypothesis applies to ¢ and d, we obtain

c = cpt™;

d = d,t",
and the existence of elements 7’ and ¢ in Rat(E* N) satisfying

v =t
§=0d't".

Hence we get
b=c+d= (by + cn)t"

for b, + ¢, € Dn,r = Dn,s and

B=ry+d=(y+N"
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for (v 4+ 4’) € Rat(E*N). This finishes the proof of |Proposition 3.115, O

3.9 Hughes-Free Epic EG-Division Rings

Let G be a locally indicable group. Consider an EG-division ring ¢p: EG — D,
i.e., a ring homomorphism ¢ with EG as source and a division ring (= skew
field) D as target. Suppose that it is epic in the sense of Recall
that for a subgroup H C G we get an EH-division ring ¢|g: FH — D by
restriction and that Dy p C D is the division closure of ¢(EH) in D. Recall
that ¢ is epic if and only if the division closure of im(y) in D is D itself, see
[Proposition 3.14} So we have Dg p = D by assumption.

Consider any non-trivial finitely generated subgroup H C G. Since G is
locally indicable, we can find a normal subgroup N C H such that H/N is
infinite cyclic. Let ¢ € H be any generator which is mapped under the canon-
ical projection H — H/N to a generator. Conjugation with ¢ induces a ring
automorphism 6: EG — EG, see . Since ¢ is epic, there is precisely
one automorphism @: D — D satisfying © o ¢ = ¢ o 6 which is given by
conjugation with ¢(t). It sends Dy, p to itself and hence induces an automor-
phism O|: Dy p — Dn,p-. There is a canonical map (Dn,p)e|[t, t™'] - Du.p
which sends ¢ to ¢(t) and extends the inclusion Dy p € Dy p. It induces a
ring homomorphism

(3.121) paNep: S”H(Dn,p)ellt:t™] = Du,p

where the source is the division ring given by the Ore localization of
(Dn, D)@‘[t,t_l] with respect to the multiplicatively closed subset S of el-
ements in (Dy,p)ej[t,t "] which are different from zero.

Definition 3.122 (Hughes-free epic EG-division ring). Let G be a locally
indicable group and ¢: EG — D be an epic EG-division ring.

We call ¢ Hughes-free if for every finite generated subgroup H and normal
subgroup N C H and ¢ € H such that H/N is infinite cyclic and the image
of ¢ under the canoncial projection H — H/N is a generator, the ring homo-
morphism gy N+ p: S‘l(DN)D)@‘[t,t_l] — Du,p of is bijective.

We leave the elementary proof of the next lemma to the reader.

Lemma 3.123. The ring homomorphism pmg n:,p @ bijective if and only
if {p(t)* | i € Z>o} is Dn p-linearly independent in Dy p, i.e., if we have
m € Z>o and elements ag,ay,...,am € Dy,p satisfying > .- a;p(t) =0 in
Du,p, then ag = a1 = --- = a,, holds.

Note that ¢ is injective if ¢ is a Hughes-free epic EG-division ring. In this
case we will identity ¢t = p(t).

The following celebrated theorem is due to Hughes [25].

Theorem 3.124 (Uniqueness of Hughes-free epic EG-division rings)
Let G be a locally indicable group and p: EG — D; fori = 1,2 be Hughes-free
epic EG-division rings.
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Then @1 and o are isomorphic as EG-division rings, i.e., there exists an
isomorphism 1: Dy — Do of division rings satisfying 1 o o1 = ©a.

Proof. Put D = D1 xDs and ¢ = @1 Xpy: EG — D = D1 x Dy. We will show
by induction over the complexity that every element b in D(¢(EG) C D)\{0}
is invertible and hence that D(p(EG) C D) is a division ring. Then pr;

induces isomorphisms of EG-division rings D(¢(EG) C D) = Difori=1,2
because of [Proposition 3.14] and hence follows.

Next we show for every element b € Dg p = D(p(EG) C D) with b # 0 by
induction over the complexity introduced in Section [3.6] that b is invertible.
The induction beginning Treeg p(b) = 17 is obvious since then b € p(E*G).
In the induction step we have to show for b € Dg p with Treeq p(b) > 11
that b is invertible in Dg p provided that the induction hypothesis holds,
i.e., every ¢ € Dg p with ¢ # 0 and Treeg p(c) < Treeg,p(b) is invertible in
Dg,p. This is done as follows.

Let 8 € Rat(E*Q) realize the complexity of b. By there
exists a finitely generated subgroup source() C G such that § belongs to
Rat(source(8)) - E*G. Since multiplying b with an element in p(E*G) does
not change its complexity and the desired conclusion for b, we can assume
without loss of generality by |[Proposition 3.85| that [ is primitive, i.e., 8
belongs to Rat(source(f)). Let H C G be the finitely generated subgroup of G
given by the image of source(S) under the projection E*XG — E*G/E* = G.

Then we have b € Dy p(p(erycp) = PH,D, see|Lemma 2.78 . We get from
*

the commutative diagram (

Treep p(b) < Treepx gy (B) = Treepx g (8) = Treeq,p(b).

This implies together with
(3.125) Treey,p(b) = Treeg,p(b).

If H is trivial, b is obviously invertible. Since G is by assumption locally
indicable, we can assume without loss of generality the existence of normal
subgroup N C H such that H/N is infinite cyclic. Choose ¢ € H which is
sent under the canonical projection H — H/N to a generator.

Put

A =DnN p, X DN D,;

B = DH,Dl X DH,DQ‘

Consider i € {1,2}. As @, is Hughes-free by assumption we have an embed-
ding of EH-rings Dy, p, € (Dn,p,)e,((t)) where ©;: Dy p, =N Dn,p, is the
automorphism induced by conjugation with ¢;. Therefore B can be embedded
in S = Ag((t)) for the automorphism © = ©; x O3 of A =Dy p, X Dy p,.
Since A and B are products of division rings, they are von Neumann regular.
The following diagram commutes



84 3 Proof of the Atiyah Conjecture for Locally Indicable Groups

EN —— EG<~——FH

\L%lEN J{S" \LS"IEH
A D B
S
where all the arrows without mark are the obvious inclusions. We conclude

from [Cemma 2.78

Dn,a =Dn,p = Dn,s;

Du,B = Du,p = DH,s.

For every ¢ € Dy p with Treer p(c) < Treep p(b) we get using (3.125)) and
[Cemma 3.81]

Treeg,p(c) < Treem p(c) < Treey p(b) = Treeq, p(b).

Hence c is invertible in Dg p and hence in D by the induction hypothesis.
Since Dy, p is division closed in D, c is invertible in Dy p.

Now all the conditions appearing in [Proposition 3.115| are satisfied, where
we take R = A and S = Ag((t)). Hence b belongs to (Dn,p)e((t)) € Du,p
and we can write b = Zk>k0 bit® for some ko € Z and by, € Dy, p satisfying
br, # 0.

Next we show that there is at least one element k; € Z>p,11 satisfy-
ing by, # 0. Suppose the contrary. Then b = bkot}CD and [Proposition 3.115
implies 3 = yt*o for some v € Rat(E* N) which implies H C N by [Proposi-
tion 3.85] (i), a contradiction.

Hence [Proposition 3.115 implies that Treey p(bit*) < Treey p(b) holds
for every k and in particular for ky. Hence by, t* is invertible in D H,D- As tho
is invertible in (Dy,p)e((t)) and hence in Dy, p, the element by, is invertible
in Dy,p and hence in D. As by, belongs to Dy p, it is invertible in Dy p.
This implies that b is invertible in (Dy p)e((t)) and hence in Dy p = Dy 5.
This finishes the proof of a

3.10 Sylvester Rank Functions

3.10.1 Sylvester Matrix Rank Functions and Sylvester
Module Rank Functions

The notion of a Sylvester rank function is due to Malcolmson [51].

Definition 3.126 (Sylvester module rank function). A Sylvester module rank
function dim = dimp on a ring R assigns to every finitely presented R-module
a non-negative real number dim(M) € R satisfying the following axioms:
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(i) We have dim({0}) = 0 for the zero-module {0};
(ii) We have dim(R) = 1;
(iii) For two finitely presented modules M and N we get

dim(M & N) = dim(M) + dim(N);

(iv) If M1 — My — M5 — 0 is an exact sequence of finitely presented R-
modules, we get

There is also a matrix-version of this notion.

Definition 3.127 (Sylvester matrix rank function). A Sylvester matriz rank
function tk = rkr on a ring R assigns to every finite matrix A over R a
non-negative real number rk(A) € R satisfying the following axioms:

(i) We have rk(A) = 0 if every entry in A is zero;
(ii) We have rk(I1) =1 for the (1,1)-matrix I; = (1) with entry the unit 1;
(iii) For A € M; ,,(R) and B € M, ,,(R) we get for the product AB € M; ,,(R)

rk(AB) < min{rk(A),rk(B)};
(iv) For A1 € My, n, (R) and A2 € My, n,(R) we get for the block sum
A 0
< 01 Ag) € Mm1+mz,n1+n2 (R)

A1 O
rk ( 01 A2> = rk(A;) + rk(Ay);
(v) For A1 € My, n, (R), A2 € My, 0y (R), and Az € My, n, (R) we get for

the matrix (Aol jz) S Mm1+m2,n1+n2 (R)

Ay A:
rk < 01 AZ) > rk(A7) + rk(As).

Proposition 3.128. There is a one-to one-correspondence between Sylvester
module rank functions and Sylvester matriz rank functions.

Proof. Given a Sylvester module rank function dim, we get a Sylvester matrix
rank function rk by assigning to a matrix A € M,, ,(R)

rk(A) := n — dim(coker(ra: R™ — R")),

where 74 is the R-homomorphism given by right multiplication with A.
Given a Sylvester matrix rank function rk, we get a Sylvester module rank
function dim by defining for a finitely presented R-module M
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dim(M) :=n —rk(A)

for any choice of m,n € Z>; and A € M, ,,(R), for which M is R-isomorphic
to the cokernel of the R-homomorphism r4: R™ — R™. For the elementary
proof that thus we get the desired one-to one-correspondence, we refer to [51,
Section 5] or [63), Chapter 7]. O

Because of [Proposition 3.128|we sometimes speak of a Sylvester rank func-
tion without specifying whether we mean the matrix or module version and
sometimes switch tacitly from Sylvester matrix rank functions to Sylvester
module rank functions and vice versa.

Exercise 3.129 Let R be a ring and rk be a Sylvester matrix rank function
on it. Prove:

(i) We have rk(A) < min{m, n} for A € M,, »(R);
(ii) If A € M,, ,(R) is invertible, then rk(A) = n;
(iii) For A, B € My, »n(R) we get rk(A + B) < rk(A) +rk(B);
(iv) For A, B € M, ,(R) with rk(A4) = 0 we get rk(A + B) = rk(B).

Remark 3.130 (Sylvester rank functions over division algebras). Let D
be a division ring. Then we get a Sylvester module rank function dimp on
D by assigning to a finitely presented D-module its dimension as a finite-
dimensional D-vector space. Moreover, this is the only Sylvester module rank
function on D.

We conclude from [Proposition 3.128| that there is precisely one Sylvester
matrix rank function rkp on D which assigns to A € M, ,,(R) the dimension
of the finite dimensional D-vector space given by the image of the D-linear
map 74: D™ — D". It agrees with the inner rank, i.e., the maximum size of
an invertible minor, the row rank, and the column rank.

Proposition 3.131. Let rk be a Sylvester matrix rank function on the ring
R.

(i) Consider A € My, m(R), B € My, 1m(R), and C € M, ,(R).
Suppose that tk(A) = m or tk(C) = n hold. Then we get

K (g g) — tk(A) + rk(C);

(i) Consider A € My, m(R), B € My, n(R), and C € M, (R).
Suppose that tk(A) = m or tk(C) = n hold. Then we get

rk (8‘ g) — tk(A) + 1k(C);

(111) Consider A € My, m(R), B € My, »(R), and C € M,, ,,(R). Suppose that
rk(A) = m and rk(C) = n holds. Then we get
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rk(ABC) = rk(B).

Proof. Since (Ig 19 > is invertible, we conclude directly from the axioms

of a Sylvester matrix rank functions

rk (;‘ g) > 1k(A) + 1k(B);

rk(A)
rk(B)

(i ) =mon
(re)=(r) (52) (5 e)
(o) <mn{r(00) (5 5) = (5 2))

= min{rk(A) + n,m + n,rk(C) + m}
= min{rk(A) + n,rk(C) + m}.

<
<

Since we have

we get

Since rk(A) = m or tk(C) = n holds by assumption, this implies

rk (é g) < 1k(A) + 1k(C).

Hence we get

BC
This follows from assertion because of

ABY_(0 1L\ (CB\ (01,
oCc) \I, O 0A I, 0/

(i) By replacing A with a block sum with the matrix I,,—,, if m < n, replac-
ing C with a block sum with the matrix I,,_,, if n < m, and by extending B
to a (max{m,n}, max{m,n})-square matrix by adding 0-s, we can arrange
m=n.

Hence it suffices to show for A, B € M,, ,(R)

k (A 0) — 1k(A) + k(C).
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rk(A4) if rk(B) = n;

(3.132) rk(AB) = {rk(B) if tk(A) = n.

Since we have

AB O\ (0 -1, ) I, 0O . BI, . I, 0
o 1,)  \1, o —ar1,) \oa) \BI,
and the rank of an invertible (n, n)-matrix is n, we get

B1I,
rk(AB)Jrn—rk(O A>'

We conclude from assertion

rk (lg {4) = 1k(B) + rk(A).

Now ((3.132)) follows. This finishes the proof of [Proposition 3.131} O

Proposition 3.133. Let R be a von Neumann x-regular ring and rk be a
Sylvester matriz rank function on R. Consider A € M, n(R). Define A* €
My (R) by A* = ((aj,:)*). Then we get

rk(A4) = rk(A™).

Proof. See [27), Proposition 6.11]. O

3.10.2 Integer-Valued Sylvester Module Rank Functions

Let ¢: R — D be a R-division ring, i.e., a ring homomorphism with a division
ring D as target. Then we obtain a Sylvester module rank function

dim, (M) :=dimp(D @r M) € Z>

whose values are non-negative integers.

Given a Sylvester module rank function dim on ring R taking values in
Z>y, there exists an epic R-division ring ¢: R — D with dim = dim(M).
This epic R-division ring is actually uniquely determined by this property.
Namely, if p1: R — D7 and ¢o: R — D5 are two epic R-division rings with
dim,, = dim,,, then there exists an isomorphism of R-division rings between
them, i.e., there is precisely one isomorphism p: D1 =N Dy of division rings
satisfying p o ¢1 = 9. These claims have been proved by Malcolmson [51],
Theorem 2] taking Proposition into account. Note that there is at most
one isomorphism of division rings from ¢;1: R — D1 to ¢2: R — Ds since

and 9 are epic in the sense of [Definition 3.9



3.10 Sylvester Rank Functions 89

3.10.3 Faithful Sylvester Rank Function

Given a Sylvester matrix rank function rk on the ring R, define the two-sided
ideal of R
ker(rk) = {r € R | rk(r) = 0}.

We call rk faithful if ker(rk) = {0} holds.
Note that a Sylvester matrix rank function rk on R induces a faithful
Sylvester matrix rank function rk on the ring R/ ker(rk) by

rk(A) =rk(B) for A = (ai ;) € My, n(R/ ker(rk)),

where B = (b; ;) € M, ,,(R) is any matrix satisfying pr(b; ;) = a,; for the
canonical projection pr: R — R/ ker(rk).

Exercise 3.134 Show that ker(rk) is a two sided ideal of R and that 1k is a
well-defined faithful Sylvester matrix rank function on R/ ker(rk).

Exercise 3.135 Let R be a ring and rk be a Sylvester matrix rank function
on R. Let dimp be the associated Sylvester dimension function, see
tion 3.128)

Consider the following assertions:

(i) rk is faithful;
(ii) We have rk(A) = 0 <= A = 0 for every finite matrix A over R;
(iii) We have dim(M) = 0 <= M = {0} for every finitely presented R-module
M;
(iv) We have rk(A) = n <= A is invertible for A € M,, ,,(R).

Prove:

e We have (i) < (ii);

e We have (i) — ;

e If R is von Neumann regular, then —= —= (E} holds.

Exercise 3.136 Let R be a principal ideal domain. Let R be its quo-
tient field. Show that there is precisely one integer-valued Sylvester module
rank function dimpr on R, whose associated Sylvester matrix rank function
is faithful, namely, the one which sends a finitely presented R-module M to
dim (0 (R(O) ®Qr M).

3.10.4 Envelopes
If we equip the set

of finite matrices over R with the discrete topology, we have the topological
space map(Mat(R); R>¢) of functions from Mat(R) to R>¢. Let
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SyI(R) € map(Mat(R), R0)

be the subset of Sylvester matrix rank functions on R. We equip it with the
subspace topology, where we use on map(Mat(R),R>) the topology coming
from pointwise convergence. Then Syl(R) is a compact and convex subspace
of map(Mat(R), R>), see [41, Proposition 2.1.4].

A ring homomorphism ¢: R — S induces a continuous map

(3.137) ©*: Syl(S) — Syl(R)

if for rk € Syl(S) the element ¢*(rk) € Syl(R) sends a finite matrix A over R
to tk(p(A)), where ¢(A) is the finite S-matrix obtained from A by applying
@ to each of its entries. On the level of Sylvester module rank functions this
corresponds to the formula

(3.138) ¢ (dimg) (M) = dimg (. ]),

where @, M is the finitely presented S-module S®p M for a finitely presented
R-module M.

Definition 3.139 (Envelope). Let rkg be a Sylvester matrix rank function
on a ring R. An envelope (S, p,rkg) of rkp consists of an epic ring homomor-
phism ¢: R — S and a faithful Sylvester matrix rank function of S satisfying
rkr = <,0ﬁ rkg.

We call an envelope (S, ¢, 1kg) a von Neumann regular envelope if S is von
Neumann regular and a division envelope if S is a division ring.

Suppose that R is a ring with involution. Then we call an envelope
(S, p,tks) a von Neumann *-regular envelope if S is a von Neumann *-regular
ring and ¢ is a morphism of rings with involution, and a positive definite von
Neumann x-regular envelope if S is a positive definite von Neumann *-regular
ring and ¢ is a morphism of rings with involution.

Remark 3.140. Let rkr be a Sylvester rank function on a ring R. Let
¢: R — S be a ring homomorphism and rkg be a Sylvester rank function
on S with tkg = @*rkg. Let pr: S — S/ker(rks) be the projection. Then
we obtain a faithful Sylvester rank function rkg on S/ker(rkg) with rkg =
prérkg. Let T := D(im(proy) C S/ ker(rks)) be the division closure. Let rky
be ifrkg for the inclusion i: T — S/ker(rks) and let ¢»: R — T be the ring
homomorphism induced by progp: R — S/ ker(rkg).

Then (T',v,rky) is an envelope for rkr by [Proposition 3.13| .

If R is von Neumann regular or a division ring, then 7" is von Neumann
regular or a division ring. Suppose that R is a ring with involution, S is von
Neumann #-regular and ¢ is compatible with the involutions, then S/ ker(rkg)
is a von Neumann x-regular ring by If we replace in the con-
struction of (T, ¥, rkr) above the division closure D(im(proyp) C S/ ker(rkg))
by the #-regular closure REG (im(proyp) C S/ ker(rkg)) in the sense of [Defini-
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then (T,,rkr) turns out to be a von Neumann #-regular envelope
by [26, Proposition 4.1 and Proposition 6.1].

The results of Subsection [3.10.2 can be formulated in terms of envelopes
as follows.

Theorem 3.141 (Existence and uniqueness of division envelopes)
Let R be a ring coming with an integer valued Sylvester matrix function rkg.

(i) There exists a division envelope (R, ¢1,S1,1k1) of tkr;

(ii) Let (R, p1,S1,1k1) and (R, p1,S1,1ks) be two division envelopes of tkg.
Then there exists precisely one isomorphism v from (R,¢1,51,1k1) to
(R, ¢1,51,1ka), i.e., a ring isomorphism 1 : S1 — Sy such that Yoy, = @
and wﬁ rko = rky hold.

We record the following variant due to Jaikin-Zapirain [26] Theorem 6.3].

Theorem 3.142 (Uniqueness of von Neumann x-regular envelopes)
Let R be a ring with involution coming with a Sylvester rank function rkg.
Let (R, p1,51,1k1) and (R, 1, 51,1ks) be two Neumann x-regular envelopes
of tkg.

Then there exists precisely one isomorphism v from (R,¢1,51,1ky) to
(R, p1,51,1ks), i.e., an isomorphism of rings with involution : S; — S
such that 1 o p1 = @2 and wti rko = rky hold.

3.10.5 Exact Sylvester Module Functions and
Normalized Length Functions

Definition 3.143 (Exact Sylvester module rank function). A Sylvester mod-
ule rank function dim on a ring R is called ezact if for every surjective map
f: M — N of finitely presented R-modules M and N we have

dim(M) — dim(N) = inf{dim(L) | L a finitely presented R-module

possessing a surjective R-homomorphism L — ker(f)}.

Exercise 3.144 If R is a von Neumann regular ring, then every Sylvester
module rank function is exact.

Definition 3.145 (Normalized length function). A normalized length func-
tion for a ring R assigns to every R-module M an element

I(M) € Rxo 11 {o0}

satisfying

(i) Normalization

We have dim(R) = 1;
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(ii) Cofinality
Let M be the union {M; | i € I} for a directed system of R-submodules
which is directed by inclusion. Then we get

ldim(M) = Sup{ldim(Mi) ‘ 7 S I},

(ii) Ezactness
We get for every short exact sequence of R-modules 0 — My — M; —
M2 — 0
L(My) = U(Mp) + L(Ms)
using the convention r + 0o = oo for r € R>¢ II {o0}.
Theorem 3.146 (Exact Sylvester module rank functions and nor-
malized length functions)
There is a one-to-one-correspondence between exact Sylvester module rank

functions and normalized length function on a Ting R. More precisely we
have:

(i) Let dim be an exact Sylvester module rank function. Then we obtain a
normalized length function by

laim (M) := sup{inf{dim(L) | L a finitely presented R-module possessing
a surjective R-homomorphism L — N} | N C M finitely
generated R-submodule of M};

(i) If 1 is a normalized length function on R, we obtain an exact Sylvester
module rank dim; by
dim; (M) =1(M);

(i5i) If | and ' are two normalized length functions with dim; = dimy, then
=1 holds.

Tts proof, which can also be found in [73], needs some preparation.

Lemma 3.147. Let dim be an exact Sylvester module rank function and
define for any R-module M an element in R>¢ I {co} by

laim (M) := sup{inf{dim(L) | L a finitely presented R-module possessing
a surjective R-homomorphism L — N} | N C M finitely
generated R-submodule ofM}.

Then:

(i) If we have the inclusion of R-modules My C My, then

laim (Mo) < laim(M1);
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(ii) Let 0 — My — My & My — 0 be an ezact sequence of R-modules such
that My is finitely generated and My is finitely presented.
Then My is finitely generated.

(i) Let N be a finitely presented R-module. Then

dlm(N) = ldim(N);
(iv) We get for any finitely generated R-module M

laim(M) = inf{dim(L) | L a finitely presented R-module

possessing a surjective R-homomorphism L — M };

(v) Let 0 — My — My — My — 0 be an exact sequence of R-modules such
that My and Ms are finitely presented.
Then My is finitely generated and we get

laim (M7) = laim (Mo) + laim (M2);

(vi) Let M be the union {M; | i € I} for a directed system of R-submodules
which is directed by inclusion. Then we get

lagim (M) = sup{laim(M;) | i € I};

(vii) Let f: M — N be a surjective R-homomorphism of R-modules. Then we
get
laim (M) > laim(N).

Proof. This follows directly from the definitions.

Choose an exact sequence of R-modules 0 — K — F L& M, — 0 such
that F' is finitely generated free and K is finitely generated. Consider the
pullback of R-modules

N F
|
M1 T> Mg.

Then we obtain exact sequences of R-modules 0 - K — N LN M; — 0 and

0— My — N % F — 0. Since M; and K are finitely generated, N is finitely
generated. Since F' is free, My is a quotient of IV and hence finitely generated.
Let M C N any finitely generated R-module. Then we obtain an exact
sequence of R-modules 0 - M — N & N/M — 0 for p the projection.
Since M is finitely generated and N is finitely presented, p: N — N/M is
a surjective R-homomorphism of finitely presented R-modules with M as
kernel. Since dim is exact, we conclude
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(3.148)
dim(N) — dim(N/M) = inf{dim(L) | L a finitely presented R-module

possessing a surjective R-homomorphism L — M}.

Since dim(N) > dim(N) —dim(M/N) holds, we conclude dim(N) > lqip, (V).
from and the definition of lgjy,.

Since for a surjective R-homomorphism f: N’ — N with a finitely pre-

sented R-module N’ as source we conclude from the exactness of dim that
dim(N’) — dim(N) > 0 holds, we obtain dim(N) < lgim(N). Hence we get
dim(N) = lgim (V).
Let f: N — M be any surjective R-homomorphism with a finitely pre-
sented R-module N as source and M as target. Consider any finitely gen-
erated R-submodule My C M. Choose a finitely generated R-submodule
Ny C N such that f(Ny) = My holds. Then 0 - Ny — N — N/Ny — 0 is
an exact sequence of R-modules such that N and N/Ny are finitely presented.
Since dim is exact, we get

dim(N) — dim(N/Np) = inf{dim(L) | L a finitely presented R-module

possessing a surjective R-homomorphism L — Np}.

Since My is a quotient of Ny, this implies

dim(N) > inf{dim(L) | L a finitely presented R-module
possessing a surjective R-homomorphism L — My}.

Hence we get

inf{dim(N) | N a finitely presented R-module
possessing a surjective R-homomorphism N — M}
>
inf{dim(L) | L a finitely presented R-module

possessing a surjective R-homomorphism L — Mj}.

Now assertion follows.
This follows from assertions , and and the exactness of dim.
We conclude from assertion .

ldim(M) 2 Sup{ldim(Mi) ‘ 1 E I}

Consider any € > 0. Then we can find by the definition of /4, and asser-
tion a finitely generated R-submodule N C M satisfying lgim(M) <
laim (V) + €. Since the system {M; | i € I} is directed, we can find an index
i € I with N C M;. Since we get lgim(N) < lgim(M;) from assertion , we
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conclude
laim (M) < dim(N) + € < dim(M;) + € < sup{laim(M;) | i € [} + €.

Hence we get
laim(M) < sup{laim(M;) | i € I}

If M is finitely generated, this follows from assertion . The general
case follows now from applied to the directed system of finitely generated
submodules of M and N since N is the directed union of all R-submodules
f(M"), where M’ runs through the finitely generated R-submodules of M.

This finishes the proof of a

Lemma 3.149. Let 0 - L 5 M 2 N — 0 be an evact sequence of R-
modules. Then we get

ldim(L) + ldim(N) S ldim(M)~

Proof. Case 1: M finitely presented

Consider any finitely generated R-submodule L’ of L. We obtain a short
exact sequence 0 — L' — M — M/L' — 0 such that M and M/L’
are finitely presented. Then we get lqim (M) = lgim (L") + lgim(M/L') from
[Cemma 3.147 (v). Since N is a quotient of M/L', we get lgim(N) <
laim (M/L") from [Lemma 3.147 . This implies

laim (L) + laim (N) < lgim (M).

Hence we conclude laim (L) + laim(N) < laim (M) from [Lemma 3.147 (vi).

Case 2: M finitely generated

Consider any surjective R-homomorphism f: M’ — M with some finitely
presented R-module M’ as source and M as target. Then Case 1 applies to
the composite po f: M’ — N and yields lqim (ker(po f)) +ldim (N) < lqim (M').
Since L 2 ker(p) is a quotient of ker(p o f), we get lqim(L) < lgim(ker(po f))

from [Lemma 3.147 . This implies
ldim(L) + ldim(N) S ldim(M,)-

Now lgim (L) + laim (V) < lgim (M) follows from [Lemma 3.147] .

Case 3: General case

Obviously M is the union over the directed system of finitely generated
submodules M’ of M. Moreover, N is the union of the directed system
{p(M’)} and L is the union of the direct system {i=!(M’)}, where M’ runs
over the finitely generated R-submodules of M. Hence we conclude from

Lemma 3.147|
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laim (L) = sup{laim (i1 (M’)) | M’ C M finitely generated};
laim (M) = sup{laim(M") | M" C M finitely generated};
laim (N) = sup{laim(p(M")) | M’ C M finitely generated}.

We get for every finitely generated R-submodule M’ of M from Case 2
ldim (i_l (M/>) + ldim (p(M/)) S ldim (M/)
Now [Lemma 3.149| follows using [Lemma 3.147 . a

Lemma 3.150. Let 0 — L - M 2 N — 0 be an evact sequence of R-
modules. Then we get

ldim(M) < ldim(L> + ldim<N)~

Proof. Case 1: The sequence splits and L and N are finitely gener-
ated
Then we have M =2 L & N and M is finitely generated. Consider any € > 0.

Because of [Lemma 3.147 we can choose finitely presented R-modules
L' and N’ and surjective R-homomorphisms f: L' — L and g: N’ — N
satisfying

dim(L") < lgim(L) — €/2;
dim(N') < lgim(N) — €/2.

Then f@g: L' ® N' — L@ N is a surjective R-homomorphism with L & N
as target and a finitely presented R-modules as source. [Lemma 3.147]

implies

laim(M) = lgim (L ® N) < dim(L' @ N') = dim(L’) + dim(N")
< ldim(L) — 6/2 + ldim(N) — 6/2 = ldim(L> + ldim<N) — €.

Since this holds for all € > 0, we conclude lgim (M) < lgim (L) + laim (N).

Case 2: M is finitely generated and N is finitely presented
Let f: M’ — M be any surjective R-homomorphism with a finitely presented
R-module M’ as source and M as target. Consider the pullback of R-modules

i
— s M’

K
1)
L

— M.

3

Then we obtain an exact sequence 0 — K —+ M'®L — M — 0.|Lemma 3.149
implies lgim (K) + laim (M) < lgim (M’ @ L). Since L is finitely generated by
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Lemma 3.147] (i), we conclude lgim (M’ @® L) < lgim (L) + laim (M) from Case

1. This implies
ldim(K) + ldim (M) S ldim (L) + ldim(M/>-

Since we have the exact sequence 0 =+ K — M’ — N — 0 and M’ and N are

finitely presented, [Lemma 3.147| implies lgim (K) + laim (V) = lgim(M').
Hence we get laim (M) < lgim(L) + laim(N).

Case 3: N finitely presented

Fix € > 0. Because of [Lemma 3.147| we can choose a finitely generated R-
submodule M’ of M with lgim (M) —€ < lgim(M'). We can find another finitely

generated R-submodule M” of M satisfying M’ C M" and p(M") = N. We
conclude from [Lemma 3.147

laim (M) — € < lgim (M").

We obtain lgim(M") < lgim (i~ (M")) + lgim (V) from Case 2 applied to the
short exact sequence 0 — i~1(M") — M"” — N — 0. This implies

Laim (M) — € < lgim (7 (M) + lgim (N).

Since L is the union of the directed system of R-submodules i ~!(M""), where

M"" runs through all finitely generated R-submodules of M ,|Lemma 3.14

implies
laim (L) = sup{laim (i1 (M"")) | M""" C M finitely generated}.

Hence we get lgim (M) — € < lgim(L) + laim (V). Since this holds for all € > 0,
we obtain ldim(M) < ldim(L) + ldim(N)-

Case 4: M finitely generated

Then N is finitely generated. Consider any surjective R-homomorphism
f: N’ — N with a finitely presented R-module N’ as source and N as target.
Consider the pullback of R-modules

Since we have the exact sequence of R-modules 0 — L — M’ — N’ —
0, we conclude from Case 3 that laim(M') < lgim(L) + lgim(N’) holds.
Since f and hence f is surjective, we conclude lgim(M) < lgim(M') from

Lemma 3.147| . This implies
Laim (M) < lgim (L) + laim (N').
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Now we get get laim (M) < laim (L) + laim(N) from [Lemma 3.147 (iv]).
Case 5: General case

As explained in the Case 3 of the proof of we get

laim (L) = sup{laim (i~ (M’)) | M’ C M finitely generated};
laim(M) = sup{lgim (M") | M' C M finitely generated};
laim (N) = sup{laim(p(M")) | M’ C M finitely generated}.

Given any finitely presented R-submodule M’ C M, we get an exact sequence
0— i Y(M') — M’ — p(M') — 0 and obtain from Case 4

Laim (M) < lgim (i (M")) + laim (p(M")).

Now [Lemma 3.149| follows using [Lemma 3.14 @ O
Now we are ready to prove
Proof of [Theorem 3.176, This follows follows directly from |[Lemma 3.147

and (vi), [Lemma 3.149] and [Lemma 3.150]

(i) We conclude from the property exactness of [ appearing in
that dim; is a Sylvester module rank function. It remains to prove

exactness of dim;. Because of [Lemma 3.14 it suffices to show for any

finitely generated R-module N

(3.151) I(N) =inf{l(L) | L a finitely presented R-module
possessing a surjective R-homomorphism L — N}.

Choose a finitely generated free R-module F' and a surjective R-homomorphism

f: F — N. Since the condition Cofinality appearing in im-
plies

l(ker(f)) = sup{l(P) | P C ker(f) finitely generated R-submodule}

and F'/P is finitely presented for every finitely generated R-submodule P of
ker(f), we conclude from the exactness of [

UN) = U(F) = I(ker(f))
= (F) —sup{l(P) | P C ker(f) finitely generated R-submodule}
= inf{l(F/P) | P C ker(f) a finitely generated R-submodule}
> inf{l(L) | L a finitely presented R-module

possessing a surjective R-homomorphism L — N}.

Additivity of [ implies
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I(N) <inf{i(L) | L a finitely presented R-module

possessing a surjective R-homomorphism L — N}.

Hence holds and assertion follows.
Let [ be a length function. Denote by dim the exact Sylvester function
obtained by restricting [ to finitely presented R-modules, see assertion .
It suffices to prove | = lqjm.

For every R-module M, the condition Cofinality appearing in
implies

(M) =sup{l(N) | N C M finitely generated R-submodule of M}.

Now we get | = lgi, from (3.151)) and the definition of [ = lg4;,. This finishes
the proof of [TTeorem 3,110 o

3.10.6 Extensions to Ore Localizations

Lemma 3.152. Let S C R\ {0} be a multiplicatively closed subset of non-
zero-divisors in R satisfying the right Ore condition. Denote by S™'R the
Ore localization. Let tk be a Sylvester module rank function on R.

(i) The Sylvester matriz rank function tk on R can be extended to a Sylvester
matriz rank function Stk on ST'R if and only if tk(s) = 1 holds for all
seS;

(ii) Two Sylvester matriz rank functions which extend the Sylvester matriz
rank function rk agree.

Proof. Suppose that there is an extension S~'rk of rk to S~!'R. Since
s € STIR is a unit, we get rk(s) = S~lrk(s) = 1.

Suppose that rk(s) = 1 holds for all s € S. We want to define an extension
S~1rk of rk.

Note for the sequel the following facts. Given a matrix B € M, ,(S™'R),
we can choose elements s, s’ € S such that both (s- I,,,) - B and B - (s' - I,)
lie in My, 1 (R). We have 1k(s- I,;,) = m and rk(s’- I,,) = n, and both (s- I,;,)
and (s’ - I,,,) are invertible over S~ R.

Consider a matrix E € M,, ,(R) which is invertible over S™'R. Next we
show rk(E) = n. Choose E’ € M,, ,(S™'R) such that E'E = I,, holds in
M,, ,(ST!R). Choose an element s € S such that (s - I,,)E’ lies in M, ,,(R).
Put F = (s-I,)E’. We have FE = (s- I,). This implies

n=rk(s-I,) = rk(FE) < min{rk(F),rk(F)} < rk(F) < n.

Hence 1k(F) = n.

Given a matrix B € M,, ,(S™'R), consider any matrices A € M, (R)
and C' € M, ,,(R) such that A and C are invertible over S™'R and ABC lies
in M, »(R). We want to define
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(3.153) S~'rk(B) = rk(ABC).

We need to show that this is independent of the choices of A and B.
Let A" € My, o (R) and C" € M,, ,(R) be matrices such that A" and C’ are
invertible over S™'R and A’BC’ € M, ,(R) holds. Choose elements s, s’ € S
such that (s I,,)A’A~! lies in My, (R) and C~1C'(s" - I,) lies in My, ,,(R).
Put D = (s I,,)AA~t and D' = C71C’(s' - I,). Then D € M,, ,,(R) and
D' € M, ,(R), and D and D’ are invertible over S~ R. Hence we get

rk(D) = m;
rk(D") :
DABCD' = (s I,)A'BC'(s' - I,,).

Now [Proposition 3.131] implies

tk(ABC) = rk(DABCD') =1k((s - I,,)A'BC'(s' - I,)) = tk(A'BC").

Hence the definition (3.153)) makes sense.

It remains to show that (3.153) satisfies the axioms of a Sylvester rank
function on S™!'R appearing in [Definition 3.127} This is obvious for proper-
ties (i) and .

Next we deal with property (iii). Consider A € M;,,(S7'R) and B €
M, (STIR). Choose C € M, ;(R) and D € M,, ,(R) such that C and D are
invertible over ST'R and C'- A € M;,,(R) and B - D € M,;, ,(R) hold. Then
we get

S™rk(A - B) = rk(CABD) < min{rk(CA),rk(BD)}
= min{S~'rk(A), S~ 'rk(B)}.

Next we deal with property (iv]). Consider A; € My, ,,, (ST'R) and A €
My, ny (STIR). Choose C1 € My, m, (R) and Cy € My, ,, (R) such that
Cy and Cy are invertible over S™!R and C1A; € My, m, (R) and CaAs €
M, n, (R) hold. Then we get

—1 A1 0 _ Cl 0 . A1 0 o ClAl 0
S rk(o 4,) = o) Lo ay)) =% 0 cua,
= rk(ClAl) + I‘k(CgAg) = Silrk(Al) + SilI‘k(AQ).

Finally we deal with property () Consider A; € My, , (ST'R), As €
My, e (STIR), and A3z € My, p, (ST'R). Choose C1 € My, m, (R) and
Cy € My, 1, (R) such that Cy and Cs are invertible over S™'R and C14; €
My, my (R) and Ca Ay € My, 5, (R) hold. Now choose C3 € My, m, (R) such
that Cs is invertible over S™'R and C3C1 A3 € M,y n,(R) holds. Then we
get:
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1 Ay As\ C3C1 0\ (A A3\ _ C5C1A; C3C1 A
o 1“k<o A) T U0 @) Loa))=% 0 o,
Z I'k(CgClAl) + I‘k(CQAQ) = Sill‘k(Al) + Silfk(Ag).

This finishes the proof of assertion ().

Consider any extension S~!rk of rk to S~ R. Consider A € M,,, ,(S7!R).
Then we can choose C' € M, ,,(R) such that C is invertible over S'R and
CA € M, ,(R). We conclude using[Proposition 3.131] applied to the ring
S™LR since S~!rk(C) = m holds

S7lrk(A) = S~rk(CA) = 1k(CA).
This finishes the proof of [Lemma 3.152 ad

3.10.7 Natural Extensions for Skew (Laurent)
Polynomial Rings

Throughout this subsection we consider a ring R with a ring automorphism
&: RS R coming with a Sylvester module rank function dim. We want to
construct a specific Sylvester module rank function dim on the twisted group
ring Re|Z] = Rs[t,t7!] introduced in Section which extends dim, i.e.,
a?n(z*M ) = dim(M) holds for every finitely presented R-module M, where
i: R — Rg[Z] is the canonical inclusion.

We call dim @-compatible if dim(P,.M) = dim(M) holds for every finitely
presented R-module M.

Exercise 3.154 Let rk be the Sylvester matrix rank function associated to
dim, see [Proposition 3.128|
Show that dim is ¢-compatible if and only if rk = & (rk) holds.

Proposition 3.155. Let rk be a Sylvester module rank function which ex-
tends to a Sylvester module rank function on Ry[Z]. Then rk is $-compatible.

Proof. This follows from the fact that the functors i, and i,0®, from R-MOD
to Ra[Z]-MOD are naturally equivalent. O

Lemma 3.156. Let Ry and Ry be rings. Let B be a Ri-Ry-bimodule such
that B as a left Ry-module is isomorphic to Ry for some i € Z>1. Let dim be

a Sylvester module function on Ry. Define for a finitely presented Ry-module

M
_ dim(B ®g, M)

ﬁz(M) : i

S RZO'
Then dim is a Sylvester module rank function on Ry.

Proof. If M is a finitely presented Rp-module, then Ry ®g, M is a finitely
presented R’-module, since B&p, — is a right exact functor from Ry-MOD to
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R;-MOD and B as a Rj-module is isomorphic to Ri. So dim;(M) € RZ° is
well-defined. It remains to prove that dim; satisfies all the axioms appearing
in This follows from the facts that B ® g, — is a right exact
functor and the assumptions that B as a Rj-module is isomorphic to R} and
that dim is a Sylvester module rank function on Rj. O

For every i € Z>1 we can define a R-Rg[t]-bimodule
(3.157) B; := Rglt]/(t%)

where (%) is the two sided ideal in Rg[t]-ideal generated by t'. The R-Rg[t]-
R-bimodule structure is given by r - T - u = (7t%)zu for u,z € Rg[t] and
r € R, where T denotes the class of z in Rg[t]/(t!). Note that B; as a left
R-module is isomorphic to R’. So we can define for every finitely presented
Rgt]-module M

. dim(B; M
(3.158) T (M) o UBi oy M)

€ R>g.
p >
Note that the R-module B;®@ g, ;)M agrees with j7 (pr;)« M, where pr;: Rg[t] —
Rg[t]/(t") is the ring homomorphism given by the canonical projection and
jit R — Rg[t]/(t") is the ring homomorphism sending r to rt0.

We conclude from applied to the case Ry = Rg[t] and Ry =

R that dim; is a Sylvester module rank function on Rgl[t].

Definition 3.159 (Natural extensions). Let R be a ring coming with a ring
automorphism &: R = Rand a Sylvester module rank function dim.

We call a Sylvester module rank function dim on Rglt] the natural exten-
sion of dim to Rglt] if for every finitely presented Ry[t]-module M the limit
lim; o, dim; (M) exists and satisfies

dim(M) = lim dim;(M).
71— 00

We call a Sylvester module rank function dim on Ry [Z] the natural exten-
sion of dim to Rg[Z] if its restriction to Rg[t] is the natural extension of dim
to R@ [t}

Remark 3.160. If a natural extension of dim to Rg[t] exists, then it is
unique. Therefore we will talk about the natural extension of dim to Rg[t].

Suppose that the natural extension dim of dim to Rg[t] exists. Let rk and
rk be the Sylvester matrix rank functions associated to dim and dim. Then
we get

rk 0 Lizay )
~ . 0 0 .1 —1
(3.161) rk(t) = lim ——% = lim — = 1.

i—00 7 i—oo 1
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We conclude from that the natural extension of dim to Rg[Z]
is unique if it exists, and the natural extension of dim to Rg[Z] exists if and
only if the natural extension of dim to Rg[t] exists.

If the natural extension of dim to Rg[t] exists, then dim must be &-
compatible by [Proposition 3.155]

The natural extension of dim to Rg[t] exists if and only if lim;_, o, dim;(M)
exists for every finitely presented Rg[t]-module M, since then we get auto-
matically by a;;n(M ) = lim; oo dim; (M) a Sylvester module rank function
on Rg[t] as each dim; is a Sylvester module rank function.

In general we do not know whether the natural extension dim of a &-
compatible Sylvester module rank function dim to Rg|Z] exists. If we assume
that dim is é-compatible and exact in the sense of then dim
exists by the following theorem which follows from [(2, Theorem B and Def-
inition 4.3], where more generally amenable groups instead of Z are treated.
Comment 26 (by W.): If there is a rather short proof for the next result

in the special case G = Z, then we should add it for completeness; otherwise
we stick to give the reference.

Theorem 3.162 (Existence of natural extensions) Let R be a ring

coming with a ring automorphism ®@: R = Randa Sylvester module rank
function dim. Suppose that dim is exact and P-compatible. Let lgiy, be the

associated normalized length function on R, see[Theorem 3.146]
(i) Consider any Rg[Z]-module M. Then for every R-submodule N C M with
dim(R) < oo the limit

limT’iN
EM,N:_liHl 7(1 (( ))

i—00 )

exists, where T;(N) is the R-submodule of M given by N +tN +---+1'N,
or, equivalently, is given by

T;(N) = {Zﬁc'tk'nk

k=0

’I"kGR,TLkGN};

(i) If we define for any Re|Z]-module M

lfd:n(M) =sup{Em N | N C M finitely generated R-submodule of M
with dimp(N) < 00} € R>q I {c0},

then l;;l is a normalized length function on Re[Z] extending lqim;
(i1i) The exact Sylvester rank function dim on Rg[Z] associated to lgim, See

Theorem 3.146, is the natural extension of dim to Rg|Z] in the sense of
Definition 3.159.
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Proposition 3.163. Let R be a ring coming with a ring automorphism

7: R = R. Let dim be a Sylvester module rank function on R which is
integer-valued and W-compatible. Let ¢: R — D be the epic division envelope

of (R,dim), see|Theorem 3.141|

(i) There is an automorphism &: D =D uniquely determined by ¢ o ¢ =
po¥;
(i) The Sylvester module rank function dimp on D is ®-compatible;
(iii) Let @: Ry|Z] — Dg[Z] be the ring homomorphism sending r-t* to p(r) -t~
forr € R and k € Z. Then the natural extension dimp of dimp to Dg|Z]

in the sense of|Deﬁnitz'on 3.154 exists and dim = Ptdimp is the natural
extension of dim to Ry[Z];

(iv) The Sylvester module rank function dim on Ry [Z] is integer-valued and the
division envelope ofai\n/l is given by the composite of p: Ry|Z] — Dg|Z)]
with the canonical inclusion j: Dg[Z] — S™'Dg|Z] and dimg-1p,z),
where the divison algebra S~ Dg[Z] is the Ore localization of Dg[Z] with
respect to S = Dg[Z] \ {0}.

Proof. and We get by poW: R — D another epic division envelope
of (R, dim) since rk is ¥-compatible. We conclude from [Theorem 3.141| that

there exists an automorphism &: D =, D such that & o v = @oW¥ and
& dimp = dimp holds.

(i) We conclude from [Theorem 3.162| that there exists a natural extension
dimp of dimp to Dg[Z]. We have dim = ¢*dimp and dim; = ¢*(dimp);
for i € Z>¢, where dim; and (dimp); have been defined in (3.158). Hence
dim := @*dimp is the natural extension of rk to Ry [Z].

Consider a non-trivial element € Dg[Z]. Then we can write z =
Zi;ko d; - t* where ko < ki holds and both ay, and ay, are different from
0. Then for every element § € Dg[Z]/(Dg|Z]x) we can find a representative
of the shape y = ngo d. - t'. This implies that dimp(Dg¢[Z]/(Ds|Z]7)) <
1+ k1 — ko holds. Hence we get for every D-submodule N of Dg|Z]/(Dg|Z]x)
and every i € Z>o that dimp(N +¢- N +---t'!N) < 1+ k1 — ko holds and
hence we have

. dimp(N+t-N+---t'N)
lim -

1—00 7

=0.

This implies m(Dgs [Z]/(Dg[Z]x)) = 0 and hence that the Sylvester matrix

—~

function associated to dimp sends = to 1. We conclude from
that the Sylvester module rank function d/i_r\n; on Dg[Z] extends to a the
Sylvester module rank function S _1d/il;15 on the divison algebra S~ Dg|Z].
By m Sild/i_r\n; is dimg-1p, [z and in particular integer-valued.
Since ¢: R — D is epic, p: Ry[Z] — Dg[Z] is epic. Therefore jop: Re|Z] —
S~1Dg[Z] is epic and we have (j o p)* dimg-1p,z = S‘ld/ir\n_;. This implies
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that dim is integer-valued and that j o $: Ry [Z) — S™1Dg[Z] is a division
envelope of (Rg[Z], dim). O

3.10.8 Hughes-Free Sylvester Rank Functions

Next we characterize whether an epic EG-division ring is Hughes-free in
terms of the associated Sylvester module rank function.

Definition 3.164 (Hughes-free Sylvester module rank function). Let dim
be a Sylvester module function on EG for a group G and a division ring
E. Denote for a subgroup H C G by dim |gy its restriction to FH. We
call dim Hughes-free if for every finitely generated subgroup H and normal
subgroup N C H and ¢ € H such that H/N is infinite cyclic and the image
of ¢ under the canoncial projection H — H/N is a generator, the Sylvester
module rank function function dim |gpy is the natural extension in the sense

of [Definition 3.159| of dim |gx to EH = ENg[Z], where &: EH = EH is

the ring automorphism given by conjugation with .

Theorem 3.165 (Characterization of Hughes-free in terms of
Sylvester rank functions) An epic division ring ¢: EG — D is Hughes-
free in the sense of [Definition 3.124 if and only if the associated Sylvester
module rank function dim sending a finitely presented EG-module M to
dimp (D ®ga M) is Hughes-free in the sense of |Definition 3.164}

Proof. For a subgroup H C G, let Dy p be the division closure of p(EH)
in D. Then pgy: EH — Dy p is the division envelope of (EH,dim |gy) as
wEeH is an epic division ring by |Proposition 3.14|and dimp restricted to Dy p
is dimp,, ,,. Recall that ¢: EG — D is Hughes-free if for every finitely gener-
ated subgroup H and normal subgroup N C H and ¢ € H such that H/N is
infinite cyclic and the image of ¢ under the canoncial projection H — H/N
is a generator, the ring homomorphism py N p: S‘l(DN,D)@MLt_l] —
Du.p of (3.121) is an isomorphism. Now the claim follows from
5} :

Our main example of a Hughes-free Sylvester rank function is described
below. Let G be a group and F' be a field satisfying Q C F C C. We obtain
a Sylvester module rank function denoted by dimas () on F'G by sending a
finitely presented FG-module M to dim ) (N (G)®@paM) for the dimension

function dim () introduced in

Proposition 3.166. If G is locally indicable, then the Sylvester module rank
function dimyrqy on F'G is Hughes-free.

Proof. This follows from [27), Corollary 13.2]. Comment 27 (by W.): Is
the reference sufficient? Can we give the proof here, at least for Z, or shall
we just stick to giving the reference. a
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3.10.9 Ultra Filters

An ultrafilter, denoted as w, on the set of natural numbers Z>( is a set of
nonempty subsets of Zx satisfying:

e It is closed under finite intersections;

e It is upwards-closed, i.e., for A C B C Zx( we have the implication A €
w=— Bew

e For any subset A C Z>(, we have either A € w or Z>o \ 4 € w.

An ultrafilter is called non-principal if it contains no finite subset of Z>.
This is equivalent to the condition that here isno ¢ € Z>g such that w consists
of all subsets of Z>( containing ¢. Non-principal ultrafilters exist.

Let (X,d) be a metric space. Consider a sequence (z,)n,>0 in X. Recall
that it converges to an element = € X if for every e > 0 there exists N € Z>¢
such that d(z,z,) < € holds for n > N. If the sequence (z,,),>¢ converges to
z and y in X, then x = y. One writes

r= lim z,,
n—oo
if (@n)n>0 converges to x. Obviously a convergent sequence is bounded, i.e,
there exists R € R>g such that d(z,,z,) < R holds for all m,n € Z>¢. In
general it is not true that every bounded sequence converges.
Given a non-principal ultrafilter w, and a sequence (z,),>0 in X, we call
x € X the w-limit of (x,)n>0, in signs

= limz,,
w

if for every € > 0 we have {n € Z>¢ | d(z,,x) < €} € w. This notion has the
following useful properties:

If x and y are w-limits of the same sequence (z)n>0, then x = y;
If = lim,,_,o 2, holds, then we have x = lim,, ,;

If X is compact, then any sequence has an w-limit;

Let (), be an bounded sequence in R. Then its w-limit exists.

3.10.10 Natural Extensions over von Neumann Regular
Rings

The next proposition is taken from [26, Proposition 7.7].

Proposition 3.167. Let R be a von Neumann regular ring coming with a

ring automorphism @: R =, R. Let dim be a faithful @-compatible Sylvester
module rank function on R. Let dim’ be a Sylvester module rank function on
Rg[Z] which extends dim.

Then dim’ is the natural extension of dim if and only if for every n € Z>1
and A € M,, ,(R) we have
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dim’(coker(ry, 1 4¢: R* — R™)) = 0.

The explicite construction appearing in the proof of the next proposition
will play a role in the proof of and hence in the proof of the
main result of this chapter

Proposition 3.168. Let R be a positive definite von Neumann *x-reqular ring
coming with an automorphism ®: R =R of rings with involution. Let dim
be a P-compatible Sylvester module rank function on R.

Then the natural extension dim to Rg[Z] of dim has a von Neumann -
reqular envelope.

Proof. We equip Rg[Z] with the structure of a ring with involution *: Re [Z] =N
Rg[Z] by sending > ., ri - ' to ), 7f 17"
We obtain an isomorphism of rings by the composite

pit Mii(R) = endg(R')™ = endp(Rglt]/ (')

where the first map sends a matrix A to the R-endomorphism r4: R* — R’
given by right multiplication with A and the second is given by conjugation
with the R-isomorphism R’ —» Rg[t]/(t") sending the i-th element of the
standard base of R’ to the class t=1 of ¢t~ and superscript op indicates
that we have passed to the opposite multiplication. Since R is a positive
definite von Neumann x-regular ring by assumption, M; ;(R) equipped with
the induced involution sending A = (a; ;) to A* = (a},) is a von Neumann *-
regular ring. In particular end g (Rg[t]/(t'))°P is a von Neumann *-regular ring
and we equip endr(Ra[t]/(¢t™))°P with the involution for which p; becomes
an isomorphism of rings with involution.

Let dim be a faithful @-compatible Sylvester module rank function on R.
Note that dim is afllt/omatically exact, see Exercise [3.144] and possesses a
natural extension dim on Rg[Z], see [Theorem 3.162l For ¢ € Z>1 we de-
fine the Sylvester module function dim; on endg(Rs[t]/(t'))°P by sending a
finitely presented endr(Rg[t]/(t'))°P-module M to w, where kXM is
the finitely presented R-module obtained from M by restriction with the in-
clusion k;: R — endg(Rg[t]/(t")°P sending r to the R-endomorphism Z + ZT.
Fix a non-principal ultrafilter w. Then we get a Sylvester module function
dim,, on the von Neumann *-regular ring [[7~, endg(Ra[t]/(t'))°P by putting

(3.169) dim,, (M) := lif)ndimi((m)*M)),

where m;: [[;2, endr(Rs[t]/(t)))°P — endr(Rs[t](t"))°P is the projection
onto the i-th factor. Put

(3.170) PRP.— (ﬁendR(Rgs[t]/(ti))Op) / ker(rk,,),

i=1
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where rk,, is the Sylvester matrix function associated to dim,,. Note that rk,
defines a faithful Sylvester matrix function rk, on P%?. We denote by

(3.171) dim,,

the associated Sylvester module rank function on P2®.
Let _
l;: Rp[t] — endgr(Ra[t]/(t"))°P
be the ring homomorphism sending rt/ to the R-endomorphism T — zrti.
Obviously it extends to a ring homomorphism

li: Re[[t] — end(Rg|t]/(t"))°P.
Let the ring homomorphism
fur Ra[lt]] = PI*

be the composite of [[;o, li: Ra[[t]] = [[;=, endr(Ras[t]/(t"))°P and the pro-
jection [T;2; endg(Rat]/(t1))°P — (TTie; endr(Ra(t]/(t'))°P) / ker(rk,,).
Next we show that f, is injective. Suppose the contrary. Then we can find
r € Rg|[t]] with f,(x) = 0 such that & = 7, t" + r, 1 1" + rpot" T2 4+ .
for some n € Z>( and r,, # 0 holds.
We get a descending filtration of the R-module Rg[t]/(t?) by R-submodules

Relt]/(t) =Fo D F D F D+

if we take F) to be {sg - t* + sgt1 - tF*1 + -+ | s, Sk41,-.. € R}, or, equiv-
alently, F}, is the image of [;(t*): Re[t]/(t') — Rs|t]/(t) for k = 0,1,2,....
Obviously Fy, = {0} for k € Z>; and l;(z) maps Fj to Fyyy for k € Z>o.
Let l;(2)g: Fx — Frqn and [;(2)k—1: Fr—1/Fx = Fx—14n/Fk+n be the maps
induced by l;(x). We obtain a commutative diagram of R-modules with exact
rows

0 Fy, Fr_q Fy1/F,—0
lli(fﬂ)k ili(z)kl lli(z)kl
0 Fy, Fr_q Fy1/Fy,—0

It induces an exact sequence of R-modules

coker(l;(x)) — coker(l;(x)r—1) — coker(l;(z)g—1) — 0.
This implies
dim(coker(l;(x)g—1)) < dim(coker(l;(x))) + dim(coker(l;(x)x))

by property appearing in [Definition 3.126, Hence we get
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|
S

dim(coker(l;(x))) < dim(coker({;(z)k—1))-

el
Il
—

One easily constructs a commutative diagram of R-modules with isomor-
phisms as vertical arrows

P~ (rn)

R R

kal/Fk EE—— kal/Fk
li(x) k-1

Hence we get

dim(coker(l;(x))) < i dim(coker(Rg-n(r,))) = i 1 —1k(27"(rpn))-
k=1 k=1

Let rk be the Sylvester matrix function on R associated to dim. We have
tk(r,) = tk(®~"(r,)) for k = 1,...,(i — n), since dim is P-compatible by
assumption. We conclude dim(coker(l;(x))) < (i —n)- (1 —1k(r,)) and hence

dim; (coker(1;(z))) < (i=n). (1 —rk(ry)).

7

This implies

dim,, (coker(f,,(z))) = h(},n dim; (coker(1;(z))) < liur)n (@ _Z n). (1 —r1k(ry))

Zlmlg;12~@fﬂk@w):1—rMhJ

31— 00 /3
Since we have rk, (f.,(z)) = 1 — dim,,(coker(f.,(z))), we get
rky, (fu () > rk(rn) > 0.

Since f,(r) = 0 implies rk,(f.,(z)) = 0, we obtain rk(r,,) = 0. Since dim
is faithful, we get r, = 0, a contradiction. This finishes the proof that f, is
injective. -

We conclude from the definitions that for the natural extension dim on
Rg[Z] of dim on R we get the equality of Sylvester module rank functions on
Ryt]

dim| g,y = 5 (dimy,).

Since a product of von Neumann -regular rings is again von Neumann -

regular, [[2, endg(Ra[t]/(t"))°P is a von Neumann *-regular ring.
sition 3.6

tion 3.6 implies that PX% is a von Neumann xregular ring. Note that
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ﬁ{(t) =1 holds for the Sylvester matrix rank function rk associated to dim
see ([3.161)). Hence we get 1k, (f,(t)) = 1. We conclude from Exercise
that that f,,(¢) is invertible in P®®. Hence the ring homomorphism f,, ex-
tends to an injective ring homomorphism

(3.172) fu: Ra((t)) — P2,
One easily checks the equality of Sylvester module rank functions on Rg[Z]
dim = (f,, 0 j)*(dim,, ).

where j: Rp[Z] — Reg((t)) is the inclusion. Obviously fo o j is a mor-
phism of rings with involution. Now one passes to the x-regular closure
REG((f 0 j)(Rs[Z]) C PE?) to obtain a von Neumann xregular enve-

lope of (R¢[Z],dim) , see Remark [3.140, This finishes the proof of

tion 5.168] a

Proposition 3.173. Let R be a ring with involution and @: R = R be an
automorphism of rings with involution. Let rkg be a Sylvester matriz rank
function on R which is ®-compatible. Consider a von Neumann x-regular

envelope (S, ¢,rks) of (R,rkg).

(i) There exists precisely one automorphism ®: S =59 of rings with involu-
tions which extends @, i.e., satisfies ®op = pod;

(i) Let pg|Z]: Rg|Z] — Ss|Z] be the obvious extension of ¢ to a homomor-
phism of rings with involution, where we equip Rg|Z] and Sg[Z] with the
involutions sending rt" to r*¢t™" and st" to s*t™". -
Then there exists the natural extension rkg of rkg to Sg|Z] and rkp =
(go(p[Z])ﬁ;l;; is the natural extension of tkr to Re|Z);

(i1i) (Se|Z], g&p[Z],;l;;) is a von Neumann x-reqular envelope of (R@[Z},r/l;;).

Proof. Comment 28 (by W.): Shall we insert the proof or just refer to [29]
Proposition 3.7]. It is similar to the one of [3.163] We do not need this result
in this chapter, but maybe later. a

3.10.11 Regular Hughes-Free Sylvester Functions and
Division Envelopes

Theorem 3.174 (Regular Hughes-free Sylvester functions and divi-
sion envelopes) Let G be a locally indicable group and let F be a field
satisfying Q C F C C which is closed under complex conjugation. Let dim be
a Sylvester module rank function on the group ring F'G which is Hughes free
in the sense of [Definition 3.164] and comes with a positive definite x-regular
envelope (p: FG — U,dimy) in the sense of|Definition 3.159

Then U is a division ring.
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Proof. Given a subgroup H C G, we denote by

the division closure of (EH) in U in the sense of [Definition 2.75|and by
REGHU = REG(p(EH) CU)

the -regular closure of p(FH) in U in the sense of [Definition 3.8| Further-

more we abbreviate

D =Dgu =D(p(EG) CU);
Dup =D(p(EH) C D);
,DH,RSQH,U = ID(SO(EH) c RggH,U)

Next we show for every element b € D with b # 0 by induction over the
complexity introduced in Section[3.6]that b is invertible. Then|[Theorem 3.174]
holds by the following argument. Since ¢ is epic and D is a division ring, the
map D — U is epic and we get U = D from [Proposition 3.11| which shows
that U is a division ring.

The induction beginning Treeq p(b) = 17 is obvious since then b €
@(E*@G). In the induction step we have to show for b € D with Treeg p(b) >
14 that b is invertible in D provided that the induction hypothesis holds, i.e.,
every ¢ € D with ¢ # 0 and Treeg p(c) < Treeq, p(b) is invertible in D. This
is done as follows.

Let 8 € Rat(E* Q) realize the complexity of b. By [Theorem 3.83| there is
a finitely generated subgroup source(8) C G such that

B € Rat(source(8)) - EXG

holds. Since multiplying b with an element in ¢(E*G) does not change its
complexity and the desired conclusion for b, we can assume without loss of
generality by [Proposition 3.85| that § is primitive, i.e., 8 € Rat(source(s)).
Let H C G be the finitely generated subgroup of G given by the image of
source(f) under the projection EXG — E*G/E* = G. Then we conclude
from

(3.175) Duregnuv = DPuv =Dup,

and we have b € Dy p. Hence it suffices to show that b in invertible in
Dup CD.

If H is trivial, Dy p is isomorphic to E and b is a unit since b # 0 holds.
Since G is by assumption locally indicable, we can assume without loss of gen-
erality the existence of a normal subgroup N C H such that H/N is infinite
cyclic. Choose t € H which is sent under the canonical projection H — H/N
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to a generator. Then H = N x., Zif¢;: N =, N is the automorphism given
by conjugation with .
We conclude from |Proposition 3.155|and [Theorem 3.142|that there is a ring

automorphism @: REG N, U =, REG N,u uniquely determined by the proper-
ties that it extends the automorphism EFN — EN induced by ¢;: N =N
and respects the Sylvester module function on REG y 7 obtained by restrict-
ing dimy from U to REGN,y. Choose a non-principal ultrafilter w on Z>g.
Let
P = Pj)zggN,U@

be the ring defined in (3.170). We have defined the injective ring homomor-
phism

o~

fo: (REGNU)a((t) — P
in (3.172)) and will think of it as an inclusion. So we have inclusions of rings

(3.176) (REGNU)[Z]) C (REGN1)a((t)) C P.

Recall from the proof of [Proposition 3.168| that REG((REGN,u)s|Z] C P)
together with dim,, defined in (3.171)) is a von Neumann *-regular envelope
of ((REQN,U)AZ}, dimgs |R€QN‘U)7 where dimg; |R€QN,U is the natural exten-
sion of dimy |reg ., from REGN.v to (REGN,U)[Z]. Since dimy is Hughes
free, (REGH, v, dimy |reg ;) is another von Neumann *-regular envelope of

(REGNv)¢[Z], dimy |Reg ., ). Hence we get from [Theorem 3.142| an identi-

fication of FH-rings

(3.177) REG((REGNv)aZ) C P) =REGH .
Since p(EN) C REGN,y and p(EH) C (REGN,u)s|Z], holds, we can define

) C P);

Dn,p = D(p(EN
D(o(EH) C P).

Dy.p = D(p(

We conclude from (3.177)) using [Lemma 2.78

For every ¢ € Dy, p with Treegy p(c) < Treey, p(b) we get using (3.125))
and [Cemma 3.87]

Treeg p(c) < Treey p(c) < Treey, p(b) = Treeq, p(b).

Hence c is invertible in Dg p and hence in D by the induction hypothesis.
Since Dy, p is division closed in D, we conclude that c is invertible in Dgy p.
Recall that REG N, is a von Neumann regular F' N-ring and P contains

(REGN,U)a((t)), see (3.176). Now all the conditions appearing in
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tion 3.115| are satisfied, where we take R = REGNy, S = U and © = &.
In the sequel we will use tacitly the equalities (3.175) and (3.178)) and the
inclusion . Hence b belongs to (Dn p)e((t)) € Dy, p and we can write
b= Zkao bt" for some ko € Z and by, € Dy, p satisfying by, # 0.

Next we show that there is at least one element k; € Z>jy,11 satisfy-
ing by, # 0. Suppose the contrary. Then b = by, t" and [Proposition 3.115
implies 3 = ~t* for some v € Rat(E* N) which implies H C N by [Proposi-
[tion 3.8F] (i), a contradiction.

Hence [Proposition 3.115[ implies that TreeHﬁD(bktk) < Treegy,p(b) holds
for every k and in particular for ky. Hence bkotko is invertible in Dy p. This
implies that b is invertible in (Dy,p)e((t)) and hence in Dy p. This finishes

the proof of [Theorem 3.17% 0

3.10.12 Finishing the Proof of the K-Theoretic Atiyah
Conjecture for Locally Indicable Groups

Theorem 3.179 (The Strong Atiyah |[Conjecture 2.29| for torsionfree
groups holds for locally indicable groups.)

Consider a locally indicable group G. Let REG p(G) be the x-regular closure
of CG in U(G) in the sense of [Definition 3.8 Then FG — REGR(G) is a
Hughes free epic division FG ring.

In particular the Strong Atiyah[Conjecture 2.29 for torsionfree groups holds

for locally indicable groups.

Proof. The canoncial map ¢: FG — REGr(G) has a positive definite
von Neumann x-regular ring as target and is epic by |Proposition 3.15]
Since dimy (¢ is Hughes-free by [Proposition 3.166] we conclude from [Theo]
that ¢: FG — REGR(G) is a Hughes free epic division F'G ring.
If we take F' = C, then REG¢(G) is skew field (= division ring) and hence

the Strong Atiyah for torsionfree groups holds for G as it
explained in Subsection [2.11.2] O

3.11 Notes

More details and some of the proofs which have not presented here or in [14]
can be found in the PhD-thesis by Sdnchez-Serda [63)].
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Chapter 5
L2-torsion

5.1 Introduction

Comment 29 (by W.): The introduction has to be completed.

There are various notions of classical torsion invariants, such as Reide-
meister torsion, Whitehead torsion, and analytic Ray-Singer torsion, which
have been intensively studied since the thirties of the last century. L?-torsion
is the L2-analogue of Reidemeister torsion as L?-Betti numbers are the L2-
analogues of the classical Betti numbers. We will review L2-torsion in Sec-
tion

Meanwhile there have been established more advanced versions of L2-
torsion such as the ¢-twisted L2-torsion functions or the universal L2-torsion.

5.2 Review of L2-torsion

5.2.1 Fuglede-Kadison Determinant

Definition 5.1 (Finitely generated Hilbert module). A finitely generated
Hilbert N'(G)-module V is a Hilbert space V together with a linear isometric
G-action such that there exists an isometric linear G-embedding of V' into
L?(G)" for some natural number r. A morphism of Hilbert N'(G)-modules
f:V = W is a bounded G-equivariant operator.

The additive category of finitely generated Hilbert A (G)-modules is equiv-
alent to the additive category of finitely generated projective N'(G)-modules,
where N (G)-module is to be understood in the purely algebraic sense that

we consider N (G) just as a ring forgetting the topology, see [Remark 2.5 We
denote by

(5.2) dimpr(g) (V) € R>o

the Murray-von Neumann dimension of a finitely generated Hilbert N(G)-
module whose precise definition can be found in [45, Subsection 1.1.3]. Un-
der the equivalence of categories above it corresponds to the dimension of a
finitely projective N (G)-module defined in , see

A bounded G-equivariant operator f: V — W is called a weak isomor-
phism if and only if it is injective and its image is dense. The following
statements are equivalent for a morphisms f: V — W of finitely generated
Hilbert N (G)-modules, see [45, Lemma 1.13 on page 23]:

117
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(i) f is a weak isomorphism;
(ii) Its adjoint f* is a weak isomorphism;
(iii) The unitary part of the polar decomposition of f is an isometric G-
isomorphism of finitely generated Hilbert A/(G)-modules;
(iv) f is injective and dimy; () (V) = dimpr(q) (W) holds;
(v) f has dense image and dimus(g)(V) = dimy ) (W) holds;

(vi) We have dimy; ) (V) = dimpa(g)(W) = dimy ) (im(f)) for the closure
im(f) of the image of f.

Definition 5.3 (Spectral density function). Let f: V — W be a morphisms
of finitely generated Hilbert A/(G)-modules. Denote by {Ef*f | A € R} the
(right-continuous) family of spectral projections of the positive operator f*f.
Define the spectral density function of f by

Fp:R—R2 A\ dimpe) (im(EL7)) = toaey (BL).

The spectral density function is monotone non-decreasing and right-
continuous. We have F'(0) = dimy (g (ker(f)).

Example 5.4 (Spectral density function for finite groups). Let G be finite
and f: U — V be a morphism of finitely generated Hilbert N (G)-modules,
i.e., of finite-dimensional unitary G-representations. Then F'(f) is the right-
continuous step function whose value at A is the sum of the complex dimen-
sions of the eigenspaces of f*f for eigenvalues u < A\? divided by the order
of G, or, equivalently, the sum of the complex dimensions of the eigenspaces
of | f] for eigenvalues p < A divided by the order of G.

Example 5.5 (Spectral density function for Z9). Let G = Z%. In the se-
quel we use the notation and the identification N(Z?) = L>(T) of [45),
Example 1.4 on page 15]. For f € L(T?) the spectral density function
F(My) of My: L*(T%) — L*(T?), g+ g- f sends A to the volume of the set
{zeT?||f(2) <AL

Definition 5.6 (Fuglede-Kadison determinant). Let f: V — W be a mor-
phism of finitely generated Hilbert N (G)-modules. Let Fy be the spectral
density function of which is a monotone non-decreasing right-
continuous function. Let dF' be the unique measure on the Borel o-algebra
on R which satisfies dF'((a,b]) = F(b) — F(a) for a < b. Define the Fuglede-
Kadison determinant

detpr(q)(f) € R=°

to be the positive real number

detr(c)(f) = exp (/0

oo

In(\) dF> :

+
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if the Lebesgue integral fooi In(\) dF converges to a real number, and to be
0 otherwise.

Note that in the definition above we do not require that the source and
domain of f agree or that f is injective or that f is surjective. Our conventions
imply that the Fulgede-Kadison determinant of the zero operator 0: V. — W
is 1.

Example 5.7 (Fuglede-Kadison determinant for finite groups). To illustrate
this definition, we look at the example where G is finite. We essentially get
the classical determinant detc. Namely, let A1, Ao, ..., A, be the non-zero
eigenvalues of f*f with multiplicity p;. Then one obtains, if f*f is the au-
tomorphism of the orthogonal complement of the kernel of f*f induced by

ff

T

detpr(c)(f) = exp (Z |lg| '111(\/)\71)) = HA{"“LT‘ = detc(ﬁ)#cﬂ
=1

i=1

where det¢ (W) is put to be 1 of f is the zero operator and hence f*f is
id: {0} — {0}. If f: CG™ — CG™ is an automorphism, we get
detur(e)(f) = |dete ()T .
Example 5.8 (Fuglede-Kadison determinant for N (Z%)). Let G = Z4. We
use the identification NV(Z?) = L>°(T?) of [45, Example 1.4 on page 15]. For
f € L>(T?) we conclude from [Example 5.5
detrzay (My: L*(T%) — L*(T))

—exp ([ £ - Xpuers sy v )

using the convention exp(—oc) = 0.

The following theorem can be found with proof in [45] Theorem 3.14
on page 128 and Lemma 3.15 (4) on page 129].

Theorem 5.9 (Basic properties of the Fuglede-Kadison determi-

nant)

(i) Let f: U =V and g: V. — W be morphisms of finitely generated Hilbert
N (G)-modules such that f has dense image and g is injective. Then

det () (g o f) = detyr(a)(f) - detpa(a)(9);

(i) Let f1: Uy = Vi, fo: Uy — Vo and f3: Uy — Vi be morphisms of finitely
generated Hilbert N'(G)-modules such that f1 has dense image and fo is
injective. Then
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detar(a) (J;l §z> = detar(a) (f1) - detar(a) (f2);

(111) Let f: U — V be a morphism of finitely generated Hilbert N'(G)-modules.
Then

detpr(g)(f) = detara) (f*) = \/det/\f(c)(f*f) = \/det/v(c:)(ff*);

(iv) Let i: H — G be the inclusion of a subgroup of finite index [G : HJ.
Let i* f: i*U — i*V be the morphism of finitely generated Hilbert N'(H)-
modules obtained from f by restriction. Then

det () (i* ) = det e ()19

(v) Leti: H— G be an injective group homomorphism and let f: U — V be a
morphism of finitely generated Hilbert N'(H)-modules. Let i, f be the mor-
phism of finitely generated Hilbert N'(G)-modules obtained by induction
with ©. Then

detpr(a (ixf) = det ey (f)-

5.2.2 The Determinant Conjecture

Conjecture 5.10 (Determinant Conjecture for a group G). For any matriz
A€ M, (ZG), the Fuglede-Kadison determinant of the morphism of Hilbert

modules Tff) : L2(G)" — L*(G)* given by right multiplication with A satisfies

detj\Q/)(G) (Tf)) > 1.

Remark 5.11 (Status of the Determinant Conjecture). We will want to
assume that the Determinant is true because then the con-
dition of determinant class is automatically satisfied. This is an acceptable
condition since the Determinant is known for a very large

class of groups. Namely, the following is known, see [16, Theorem 5], [45]
Section 13.2], [64, Theorem 1.21]. Let DC be the class of groups for which

the Determinant (Conjecture 5.10|is true. Then:

(1) Amenable quotient
Let H C G be a normal subgroup. Suppose that H € DC and the quotient
G/H is amenable. Then G € DC;

(ii) Colimits
If G = colim;e; G; is the colimit of the directed system {G; | i € I} of
groups indexed by the directed set I and each G; belongs to DC, then G
belongs to DC;

(iii) Inverse limits
If G = lim;e; G; is the limit of the inverse system {G; | i € I} of groups



5.2 Review of L2-torsion 121

indexed by the directed set I and each G; belongs to DC, then G belongs
to DC;

(iv) Subgroups
If H is isomorphic to a subgroup of a group G with G € DC, then H € DC;

(v) Quotients with finite kernel
Let 1 = K — G — @ — 1 be an exact sequence of groups. If K is finite
and G belongs to DC, then @ belongs to DC;

(vi) Sofic groups belong to DC;

(vil) The fundamental group of a 3-manifold belongs to DC.

The class of sofic groups is very large. It is closed under direct and free
products, taking subgroups, taking inverse and direct limits over directed
index sets, and is closed under extensions with amenable groups as quotients
and a sofic group as kernel. In particular it contains all residually amenable
groups and fundamental groups of 3-manifolds.

More information about sofic groups can be found for instance in [I7], [35]
5.

Comment 30 (by W.): AT has announced a counterexample to the De-
terminant [Conjecture 5.10|see [59].

For more information about the Determinant Conjecture we refer for in-
stance to [45, Chapter 13].

5.2.3 L?-Torsion of Finite Hilbert A (G)-Chain
Complexes

Let

e c® 2 2
000 o 2 e A0 S0

be a finite Hilbert N'(G)-chain complex (Ciz), ciz)), i.e., each C\? is a finitely
generated Hilbert A(G)-module, each differential cg) is a G-equivariant
bounded operator, and there is d € Z>( such that 07(12) = 0 holds for n < 0
and for n > d. For n € Z>(, we define the finitely generated Hilbert N (G)-
module

H,(lz)(Ciz)) = ker(cg))/im(c;?l).

Note that we divide out the closure of the image of 07(12+)1 to ensure that we
indeed obtain a finitely generated Hilbert A/(G)-module. Denote by

(5.12) bP(C) 1= dimy () (HP (CHV)) € Rxg
the n-th L?-Betti number of C£2). We say that the complex C£2) is L2-acyclic

if all its L2-Betti numbers vanish.
Define the nth Laplace operator
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(5.13) AP = 0 (D) + () oD OF = O

Then bg,Q)(C’iZ)) = dimN(G)(ker(Ag))), see [45, Lemma 1.18 on page 24].
Hence bf)(cf)) vanishes if and only if ker(Ag)) is trivial, or, equivalently,
Ag) is a weak isomorphism.

We call C of determinant class if detN(G)(cglz)) > 0 holds for every
n € Z>1. This is equivalent to the condition that detN(G)(Agf)) > 0 holds

for every n € Z>o. We say that C’,EQ) is det-L2-acyclic if it is both L2-acyclic
and of determinant class.
If Cig) is of determinant class, then we define the L?-torsion of Ciz) by

(514) p@(CP) = (PN (@)

= — Z(—l)n ~ln(detN(G) (Cg))) e R.

n=1

This turns out to be the same as putting

1 o0
(5.15)  pP(CY) = =5 D" 0 In(detu(o)(AF)).
n=0

5.2.4 L?-Torsion of Based Finite Free Chain Complexes
over Group Rings

Let G be a group and let R be one of the rings Z, Q, R, or C. Let
005 C S O S B0 S Gy 0

be a based finite free RG-chain complex (C\,cy), i.e., each Cy, is a finitely
generated free RG-module equipped with an ordered RG-basis, each differen-
tial is an RG-homomorphism and there is d € Z>( such that C',, = 0 holds for

n < 0 and for n > d. The basis induces on C7(L2) = L?(G) ®gg Cy, the struc-
ture of a finitely generated Hilbert V' (G)-module in the obvious way. Note for
the sequel that this structure is unchanged up to isometric G-isomorphism
of finite Hilbert N (G)-modules if we permute the basis elements or multiply
one of the basis elements with +¢ for some g € G. The resulting differentials

P =id®cy : C’Z-(Q) — C’Z-(E)l are bounded G-equivariant operators. So we get

a finite Hilbert N'(G)-chain complex c? Forn e Z>q, we define the finitely
generated Hilbert N (G)-module

HP(C.) = HP(C).

Denote by
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(5.16) b@(C,) = b (C: N(G)) = bP(CP) € R2O

the n-th L?-Betti number of C,. We say that the complex C, is L%-acyclic
if all its L2-Betti numbers vanish.
We call C, of determinant class if C£2) is of determinant class. If GG satisfies

the Determinant [Conjecture 5.10] then C, is automatically of determinant
class. We say that C, is det-L2-acyclic if C, is both L?-acyclic and of deter-
minant class. If C, is of determinant class, then we define the L2-torsion of
C, by

(5.17) p@(C,) = PP (CN(G)) = pP(CP).

5.2.5 L2-Torsion of G-Coverings of Finite C1V-Complexes

Let G be a (discrete) group and X be a finite CW-complex. Let G — X — X
be a G-principal bundle over X, or, equivalently, G-covering over X. The
cellular chain complex C,(X) of X with Z-coefficients is a finite free ZG-chain
complex. If we choose an ordering on the set of cells of X, an orientation
for each cell in X, and a lift of each cell in X to cell in X, we obtain an

ordered ZG-basis for C,(X) and we can consider the finite Hilbert N (G)-
chain complex C,EZ)(Y) = L?*(G) ®z¢ C«(X). One easily checks that c? (X)
is up to isometric G-isomorphism and the induced the structure of a {£g}-
based finite free ZG-chain complex on C, are independent of the choices
above. Hence we can define the nth L2-Betti number

(5.18) b (X) = bP(X;N(G)) = bP(CP (X)),

This agrees with the previous [Definition 2.14
It C’f)(Y) is of determinant class, we can also consider the L2-torsion

(5.19) PA(X) = pD(XN(G)) = p?(CP (X)),

Let X be a finite (not necessarily connected) CW-complex. Let C be any
of its path components. Let C' — C be the universal covering of C' which is
a m1(C)-principal bundle. So b (C) is defined. We put
(5.20) B(X) = Y bP(O).

Cemo(X)

We call X of determinant class if C£2)(5) is of determinant class for every
C € 7p(C). In this case we put
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(5.21) O = Y @),
Cemg(X)

We say that X is L?-acyclic if bg) ()?) vanishes for all n € Z>y. We say that
X is det-L2-acyclic if X is of determinant class and bg)(f( ) vanishes for all
n e Zzo.

Exercise 5.22 For n € Z>1, let X[n] be the finite 1-dimensional CW-
complex, whose underlying topological space is [0,1] and whose 0-skeleton
is{k-n"'|k=0,1,...,n}.

Show that X [n] is of determinant class, but not L?-acyclic, and compute

PP (X)=Vn+1.

5.2.6 Basic Properties of L?-Torsion of Universal
Coverings of Finite CWW-Complexes

Here is a list of basic properties of L2-Betti numbers and L?-torsion of uni-
versal coverings of finite C'W-complexes.

Theorem 5.23 (Basic properties of L?-torsion and L?-Betti num-
bers)

(i) (Simple) Homotopy invariance
Let f: X =Y be a homotopy equivalence of finite CW -complexes.
(a) Then
bP(X) = b (V);
(b) Suppose that X orY is det-L2-acyclic.

Then both X and Y are det-L2%-acyclic;
(¢) Suppose that [ is a simple homotopy equivalence or that w1 (X) satisfies

the Determinant |Conjecture 5.10, Assume that X and Y are det-L2-

acyclic. Then
pP(Y) = p@(X);
(i) Euler-Poincaré formula
We get for a finite CW -complex X

X(X)= > (=1 6P (X);
TLGZZO
(#i) Sum formula

Consider the pushout of finite CW -complezes such that j1 is an inclusion
of CW -complexes, jo is cellular, and X inherits its CW -complex structure
from Xo, X1, and Xo



5.2 Review of L2-torsion 125

XOLXl

XQ HX
12

Assume that for k = 0,1,2 the map m (i, x): 71 ( Xk, ) = 71 (X, jr(x))
induced by the obvious map iy : X — X is injective for all base points x
i Xp. Then:

(a) If )??), )A(;, and )A(; are L?-acyclic, then X is L2-acyclic;
(b) If Xo, X1, and Xo are det-L?-acyclic, then X is det-L*-acyclic and we
get ~ N N N
PP (X) = pP(X1) + P (X3) — p®) (X0);
(iv) Poincaré duality

Let M be a closed manifold of dimension d.

(a) Then we get for n € Z.
b () = b, (M);
(b) If d is even and M is det-L2-acyclic, then
PP (M) = 0;
(v) Product formula

Let X and Y be finite CW -complezes.

(a) Then
(X xY)= Y X)) P (Y,
1,jE€EL>0,n=14+]

(b) If)NC is det-L%-acyclic, then X XY is det-L2-acyclic and

PP(X XY) = X(Y) - P (X);

(vi) Multiplicativity
Let X =Y be a finite covering of finite CW -complexes with d sheets.
(a) Then _ _
b (X) = d - bn(Y);

(b) Then X is det-L2-acyclic if and only sz/ is det-L2-acyclic, and in this
case B N
P (X) =d-p®(Y);

(vii) Determinant class.
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If m1(O) satisfies the Determinant|Conjecture 5.1( for each component C
of the finite CW -complex X, then X is of determinant class;
(viii) Oth L2?-Betti number

If X is a connected finite CW -complex with fundamental group 7, then

b(Q)(f() _ |7er if ™ is finite;
0 0 otherwise;

(iz) Fibration formula

(a)

(b)

Letp: E — B a fibration such that B is a connected finite CW -complex
and the fiber is homotopy equivalent to a finite CW -complex Z. Suppose
that for every b € B and xz € F, := p~1(b) the inclusion p~1(b) — E
induces an injection on the fundamental groups w1 (Fy,z) — 7 (E, ),
and that Z is L?-acyclic.

Then E is homotopy equivalent to a finite CW -complex X which is
L2-acyclic;

Let F % E 2 B be a locally trivial fiber bundle of finite CW -complezes.

(More generally one could consider a simple fibration F HSESB of
finite CW -complexes with a choice of a simple structure on F, see [[5,
page 164 and 165].) Suppose B is connected, that the map m(F,x) —
m(E,i(x)) is injective for every base point & € F, and that F is det-
Lz-acyflic.

Then E is det-L%-acyclic and

PPN (E) = x(B) - p?)(F);

(z) S'-actions
Let X be a connected compact S*-CW -complex, for instance a closed
smooth manifold with smooth S*-action. Suppose that for one orbit S*/H
(and hence for all orbits) the inclusion into X induces a map on m with
infinite image. (In particular the S'-action has no fived points.)
Then X is det-L%-acyclic and p(2)(ﬁ) vanishes;

(xi) Aspherical spaces

(a)

(b)

Let M be an aspherical closed smooth manifold with a smooth S'-action.
Then the conditions appearing in assertion @ are satisfied and hence
M s det-L2-acyclic and p® (X) vanishes;

If X is an aspherical finite CW -complex whose fundamental group con-
tains an infinite, elementary amenable, and normal subgroup, then X
is det-L2-acyclic and p® (X) vanishes;

(zii) Mapping tori

Let f: X — X be a self homotopy equivalence of a finite CW -complex.
Denote by T its mapping torus.
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(a) Then Ty is L2-acyclic;
(b) If X is det-L?-acyclic, then p®)(T}) vanishes;

(ziii) Hyperbolic manifolds
Let M be a hyperbolic closed manifold M of dimension d.
(a) If d is odd, M s det-L2-acyclic;
(b) Suppose d = 2m is even. Then b%Q)(M) vanishes for n # m, and we
have (=1)™ - x(M) = bg)(ﬁ) > 0;
(c) For every number m € Z>q there exists an explicit constant Cp, € Qso

with the following property: If M is a hyperbolic closed manifold of
dimension (2m + 1) with volume vol(M), then

PP (M) = (-1)™ . Cm -vol(M).

ﬂ-m
We have Cy = %.

(ziv) 3-manifolds

Let M be a compact connected orientable prime 3-manifold with infinite
fundamental group such that the boundary of M is empty or a disjoint

union of incompressible tori. Let My, M, ..., M, be the hyperbolic pieces
in the JSJ-decomposition (They all have finite volume [5], Theorem B on
page 52].)

Then M is det-L?-acyclic and
— 1 <
(2 - . .
pOOD) =~ DoVl

In particular, p(2)(ﬂ) is 0 if and and only if M is S* x S? or is a graph
manifold.

Proof. See [45, Theorem 1.35 (1) on page 37 and Theorem 3.96 (i) on
page 163].

(i) See [45, Theorem 1.35 (2) on page 37].

See [45] Theorem 3.96 (2) on page 164].

See [45], Theorem 1.35 (3) on page 37 and Theorem 3.96 (3) on page 164].
See [45, Theorem 1.35 (4) on page 37 and Theorem 3.96 (4) on page 164].
See [45], Theorem 1.35 (9) on page 38 and Theorem 3.96 (3) on page 164].
This is obvious.

(viii) See [45, Theorem 1.35 (8) on page 38].

See [45, Lemma 1.41 on page 45 and Corollary 3.103 on page 166].

@ See [45, Theorem 1.40 on page 43 and Theorem 3.105 on page 168].

See [45, Theorem 3.111 on page 171 and Theorem 3.113 on page 172].
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See [45], Theorem 1.39 on page 42].
See [23], [45, Theorem 1.39 on page 42].
See [49, Theorem 0.6]. O

Remark 5.24 (Analytic and topological version of L2-torsion). We have
explained above the definition of L2-torsion in the topological setting which
is due to Liick-Rothenberg [48]. The analytic setting goes back to Lott [42]
and Mathai [52]. Burghelea, Friedlander, Kappeler and McDonald [§] have
proved that the topological and analytic L?-torsion agree.

For more information about L?-torsion we refer for instance to [30, Chap-
ter 6] and [45, Chapter 3].

Exercise 5.25 Show for a closed hyperbolic manifold M that every S'-
action is trivial.

Exercise 5.26 Show for two closed hyperbolic manifolds of odd dimension
with isomorphic fundamental groups that they have the same volume.

5.3 Universal L2-torsion

Let G be a (discrete) group.

5.3.1 Whitehead Torsion for Chain Complexes

We call two ordered ZG-basis B and B’ of the same finitely generated free
ZG-module M {£g}-equivalent if there exists a bijection o: B — B’ which
not necessarily respects the ordering and has the property that for every b in
B we have o(b) = ¢(b) - g(b) - b for some €(b) € {£1} and some g(b) € G.

Definition 5.27 ({+g}-based). We say that a finitely generated free ZG-
module M is {+g}-based if it is equipped with a {£g}-equivalence class [B]
of ordered ZG-basis B. .

A sequence 0 — (L, [A]) = (M, [B]) & (L, [C]) — 0 of {#g}-based finitely
generates free ZG-modules is called {£g}-based ezact if it is exact and we can
find a representative {by,bs,...,b,} of [B] and m € {0,1,...,n} such that
b; € im(4) holds for i = 1,2,...,m, {i *(b1),...,i"(bm)} is a representative
for [A], and {p(bpm+1),-..,p(by)} is a representative for [C]. These notions
carry over to finite free ZG-chain complexesdegreewise.

Let Cy = (Cy,ci) be a {£g}-based finite free ZG-chain complex which is
contractible. Put
Cow =CpdCo® -+
Coaa =C10C3® -+ .
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Choose a chain contraction v, : C, — Cy41 for C,. Then we get a homomor-
phism
(¢ +7)odd: Coda = Cev,

which turns out to be bijective, namely, an inverse is given by (¢+7)ey: Cey =
Codd- Choose representatives for the {£g}-equivalence class of ordered ZG-
basis for Coqq and Ce, and let 8: Coy = Cbaq be the associated ordered base
preserving isomorphism. Then we get an element [8 o (¢ 4+ ¥)oad] € Wh(G)

from the automorphism So(c+7)odd: Codd SN Codq of the finitely generated
free ZG-module Cyqq. We define the Reidemeister torsion of C, to be

(5.28) p(Cy) = [Bo (¢ +7)oaa] € Wh(G).

This element turns out to be independent of the choices of v and the repre-
sentatives of the {£g}-equivalence class of basis.

Let f.: C, = D, be a ZG-chain homotopy equivalence of {#g¢}-based
finite free ZG-chain complexes. Then the mapping cone cone(f). is a {xg}-
based finite free ZG-chain complex which is contratible. Its n-th-differential
is

fn—l dn
We define the Whitehead torsion of f, to be

(_Cn—l 0 ) : Cn—l @ Dn — Cn—l S2) Dn—1~

(5.29) T(f) = p(cone(f,)«) € Wh(G).

We call a ZG-chain homotopy equivalence of {£g}-based finite free ZG-
chain complexes f,: C, = D, simple if 7(f,) = 0 holds.

The proof of the next theorem can be found for instance in [I1, Sec-
tion 17], [44, Lemma 2.9], or [47, Lemma 3.18].

Theorem 5.30 (Basic properties of Whitehead torsion for chain
complexes)

(i) Let fy,gx: C, = D, be ZG-chain homotopy equivalences of {+g}-based
finite free ZG-chain complezes. Suppose that f. and g. are chain homo-
topic.

Then we get 7(f«) = 7(g4);
(i) Consider the commutative diagram of {+g}-based finite free ZG-chain

complezes
0 .o P 0
f*lz ﬁii fi/ll“
0 D, pl v 0
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whose rows are {£g}-based exact and whose vertical arrows are ZG-chain
homotopy equivalences.
Then we get 7(f.) — 7(f1) +7(f") = 0;

(iti) Let f.: C, = D, and g« D, = E. be ZG-chain homotopy equivalences
of {£g}-based finite free ZG-chain complezes.
Then we get 7(gs © fo) = 7(fi) + 7(gx)-

5.3.2 The Weak Whitehead Group

The universal L2-torsion, which we will define in Section will take values
in the weak Whitehead Wh" (G), which we define next.

Recall that a morphism f: V — W of finite Hilbert N (G)-modules is
called a weak isomorphism if it is injective and has dense image.

Given a ZG-homomorphism u: ZG™ — ZG™, we obtain an induced mor-
phism of finitely generated Hilbert N/ (G)-modules

u® =idpe () @zgu: L*(G)™ = L*(G)®26LZG™ — L*(G)" = L*(G)®26LG™.

We call u a weak isomorphism if u® is a weak isomorphism of finitely gen-
erated Hilbert V' (G)-modules. Let

(5.31) u*: ZG" — ZG™

be the ZG-homomorphism given by the right multiplication with the (n,m)
matrix A* = (a;,);,; over ZG if u is given by right multiplication with the
(m,n)-matrix A = (@)t over ZG, where } 5 ;g g is defined to be
ZgEG’ Ag : g_l .

Definition 5.32 (K}"(ZG)). Define the weak K;-group
K{'(ZG)

to be the abelian group defined in terms of generators and relations as follows.
Generators [f] are given by ZG-endomorphisms f: ZG™ — ZG™ which are
weak isomorphisms.
If f1,fo: ZG" — ZG" are ZG-endomorphisms which are weak isomor-
phisms, then we require the relation

[f20 fil = [fi] + [f2)-

If fo: ZG™ — ZG™, fo: ZG™ — ZG", and f1: ZG™ — ZG™ are ZG-maps
such that fy and f, are weak isomorphisms, then we get for the ZG-map

f= (J;O fj) LG = ZG™ ® LG™ — LG @ LG
2

the relation
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[f] = [fo] + [f2]-
Let B
K (ZG)
be the quotient of K¥(ZG) by the subgroup generated by the element
[—id: ZG — ZG]. This is the same as the cokernel of the obvious composite
Ki(Z) - K (ZG).
Define the weak Whitehead group of G

Wh"(G)
to be the cokernel of the homomorphism
{o-g|oe{xl},g € G} - K{'(ZG), o0 g [re.q: ZG i>ZG].

Definition 5.32|makes sense since the ZG-homomorphisms fyo fo and f ap-

pearing above are again weak isomorphisms by [45, Lemma 3.37 on page 144].

Remark 5.33. We obtain the classical notions of K;(Z@), K;(ZG), and
Wh(G) if we replace in [Definition 5.32| everywhere the condition that f is a

weak isomorphism by the stronger condition that f is an isomorphism.

Remark 5.34 (Functoriality of Wh*'(G)). There is an important difference
for the functoriality of Wh(G) and Wh"(G). Every group homomorphism
f+ H — G induces a homomorphism f.: Wh(H) — Wh(G). But in order to
get a group homomorphism f,.: Wh"(H) — Wh"(G), f has to be injective.

The problem is that for a ZH-homomorphism w: ZH® — ZH® which
is a weak isomorphism we must ensure that f.u: ZG* — ZG® is again a
weak isomorphism. Consider for instance the case H = Z, G = {e}, and the
Z|Z]-homomorphism u = r,_1: Z[Z] — Z[Z] given by right multiplication
with (z — 1) for z € Z a generator. Then u is a weak isomorphism, whereas
f«u: Z — 7 is the zero map and hence not a weak isomorphism.

5.3.3 Universal L?-Torsion for Chain Complexes

We want to carry over the notion of Reidemeister torsion to a {£g}-based
finite free ZG-chain complexes C, which is L2-acyclic.

Note that in the sequel C,Ez) is only defined after we have chosen an or-
dered ZG-basis for each chain module C, representing the {£g}-equivalence
class, but this does not matter since the isometric G-isomorphism type of
the finite N (G)-Hilbert chain C? depends only on the {+g}-equivalence
class. In particular the property that for a ZG-homomorphism u: M — N of
{4g}-based finite generated free ZG-modules u(?) is a weak isomorphism and
the property that a {#}-based finite free ZG-chain complex C, is L?-acyclic
make sense.

Recall that C, is L2-acyclic if and only if
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b2(C.) = dimp e (Ha(N(G) @26 Cr)) = dimpe (HP (CP)),

or, equivalently, H,(f)(cf)) vanishes for every n € Zxg.

Definition 5.35 (Weak chain contraction). Consider a ZG-chain complex
Cy. A weak chain contraction (v.,us) for C, consists of a ZG-chain map
uy: Cy = Cy and a ZG-chain homotopy 7. : us =~ 0, such that u,: C,, — C,
is a weak isomorphism for all n € Z and 7, o u, = un4+1 © 7, holds for all
n € Z.

Let C, be a based finite free ZG-chain complex, where based means that
each chain module comes with an ordered ZG-basis. Denote by A,,: C,, — C,,
its n-th combinatorial Laplace operator which is the ZG-map

* *
An = Cn+1 Ocn+1 +Cn OCn: Cn - Cn’

where ¢} has been defined in (5.31). It has the property that the morphism
of finitely generated Hilbert N (G)-modules Ag) : C,(f) — C,(f) is the Laplace
operator of the finite Hilbert A/ (G)-chain complex C'? defined in (5.13]).

Lemma 5.36. Let C, be a based finite free ZG-chain complex. Then the
following assertions are equivalent:

(i) An: Cp — C, is a weak isomorphism for all n € Z;
(ii) There exists a weak chain contraction (Y., ) With yp 0 Yp—1 = 0 for all
nel;
(iti) There exists a weak chain contraction (Y, us);
(iv) C, is L?-acyclic.

Proof. This follows from [19, Lemma 2.5]. O

Remark 5.37 (Homomorphisms of {+g}-based finitely generated free ZG-modules
and Wh"(Q)).

Let f: M — N be a ZG-homomorphism of {+g}-based finitely generated
free ZG-modules which is a weak isomorphism. Choose ordered ZG-basis
for M and N representing the {£g}-equivalence classes. Then we conclude
from [45, Lemma 1.13 on page 23|

rkzq(M) = dimpe) (M®)) = dimy(e) (N®) = tkza(N).

Hence we can choose an order preserving bijection between the two ordered
Z.G-bases for M and N. It induces a ZG-isomorphism b: N — M. Now define
an element

[f] :=[bo f] € Wh"(G).

Since we are working in Wh"(G), the choice of the representatives of the
{+g}-equivalence classes does not matter.
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Definition 5.38 (Universal L2-torsion for L2-acyclic {4g}-based finite free
ZG-chain complexes).

Let C. be a {+g}-based finite free ZG-chain complex which is L2-acyclic.
Define its universal L?-torsion

P2 (C,) € Wh*(G)

by
P2 (C) = [(ue +7)odd) — [todd)s

where (v, u) is any weak chain contraction of C,.

The proof that [Definition 5.38] makes sense can be found in [I9] Sec-

tion 2.3].

Lemma 5.39. Let 0 — C, = D, 25 E, — 0 be a {£g}-based exact
short sequence of {£g}-based finite free ZG-chain complexes. Suppose that
two them are L?-acyclic.

Then all three are L?-acyclic and we get in Wh" (G)

PE(D.) = pP(C) + o2 (E.).
Proof. This follows from [19, Lemma 2.9]. O

Lemma 5.40. Let f: C, — D, be a ZG-chain homotopy equivalence of
{+g}-based finite free ZG-chain complezes. Suppose that Cy or D, is L*-
acyclic.

Then both Cy and D, are L*-acyclic, and we get in Wh* (G)

PP (D) = pP(CL) = ((r( 1)
for the canonical homomorphism ¢: Wh(G) — Wh" (G).
Proof. This follows from [I9, Lemma 2.10]. O

Note that we get an involution
(5.41) x: Wh"(G) —» Wh"(G)
by taking the dual in the sense of (5.31)).

Lemma 5.42. Let C, be a {£g}-based finite free ZG-chain complex such
that C’g) is L?-acyclic. Choose an ordered ZG-basis for each C,, representing
the {xg}-equivalence class.

Then for n € 7Z the ZG-endomorphism given by the Laplace operator
Ay Cp — Cy is a weak isomorphism, and we get in Wh(G)

PO(C) + (PP (CL)) = =D (=1)" -n-[A,].

n>0
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Proof. This follows from [19, Lemma 2.17]. O

Exercise 5.43 Suppose that the group G satisfies the Determinant
Show:

(i) We obtain a well-defined group homomorphism
detprq): Wh(G) = R, [f: ZG™ — ZG"] — detp(c)(f?);

(i) Let X be a connected finite CW-complex with G = 71 (X) which is L2-
acyclic.
Then X is det-L?-acyclic and detp(g): Wh*(G) — R sends the universal

L?-torsion pg) (X) to the L2-torsion p)(X).

5.3.4 (Universal) Additive L?>-Torsion Invariants

Next we explain the universal properties of the notions Whitehead torsion,
Reidemeister torsion, and universal L?-torsion above. The material of this
section is not needed for the rest of this chapter, but is quite illuminating.

Let M be a {£g}-based finitely generated free ZG-module. For n € Z>q
we denote by

the {£g}-based finite free ZG-chain complex concentrated in dimension n
whose n-th chain module is M.

For n € Z>; the elementary ZG-chain complex elln, M|, is defined to
be the contractible {+¢g}-based finite free ZG-chain complex concentrated in
dimensions n and (n — 1) whose n-th differential is idy;: M — M.

A ZG-homomorphism f: M — N induces ZG-chain maps n[f].: n[M]. —
n[N] and el[n, f].: el[n, M]. — el[n, N],. in the obvious way.

In the sequel we equip ZG with the {Z-¢g}-equivalence class of basis repre-
sented by the ZG-basis {e} for the unit e € G.

Definition 5.44 ((Universal) additive L2-torsion invariant). An additive
L?-torsion invariant (Aq(f),aq(f)) consists of an abelian group A? and an
assignment which associates to every L2-acyclic {4g}-based finite free ZG-
chain complex C, an element

a?(C,) e AY

u

such that the following holds:

e For every short {+g}-based exact sequence of such ZG-chain complexes
0—-Cy,— D, — E,— 0 we get

aP(D.) = a)(Cy) + aiP (E.);

u
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e We have for every n € Z>;
a'? (el[n, ZG),) = 0.

We call an additive L2-torsion invariant (Ui(f), u,(f)) universal if for every

additive L?-torsion invariant (A&Q),af)) there is precisely one group homo-
morphism

WD U AP

such that for every L2-acyclic {£g}-based finite free ZG-chain complex C,
we have u&g)(ugz)(C*)) = agQ)(C’*).

Definition 5.45 ((Universal) additive Reidemeister torsion invariant). An
additive Reidemeister torsion invariant (AT, a?) consists of an abelian group
AR and an assignment which associates to every contractible {#g}-based
finite free ZG-chain complex C, an element

a®(C,) e AR
such that the following holds:

e For every short {+g}-based exact sequence of such ZG-chain complexes
0—-Cy— D, — E, — 0 we get

a(D,) = a"(C.) + " (E.);
o We have for every n € Z>;
a( (el[n, ZG],) = 0.

We call an additive Reidemeister torsion invariant (U®,uf) universal if
for every additive Reidemeister torsion invariant (A%, a’?) there is precisely
one group homomorphism

pft Ul — AR

such that for every contractible {£g}-based finite free ZG-chain complex C.
we have u®(uf(C,)) = af*(C,).

Definition 5.46 ((Universal) additive Whitehead torsion invariant). An ad-
ditive Whitehead torsion invariant (A", a"') consists of an abelian group A"
and an assignment which associates to every ZG-chain homotopy equivalence
f«: Ci = D, of {£g}-based finite free ZG-chain complexes an element

such that the following holds:

e For every commutative diagram of {tg}-based finite free ZG-chain com-
plexes
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0 C. o 0
fi fi fi
0 D, pr T v 0

whose rows are {£¢g}-based exact and whose vertical arrows are ZG-chain
homotopy equivalences, we get

¥ (fu) = a” (£1) + " (f) = 0;
o We have for every n € Z>;
a" (0, — el[n, ZG],) = 0;
e We have for every n € Z>g
a" (id,z¢.) = 0.

We call an additive Whitehead torsion invariant (UW, u"') universal if for
every additive Whitehead torsion invariant (A", a") there is precisely one

group homomorphism
W UW AW

such that for every ZG-chain homotopy equivalence f.: Cy — D, of {£g}-
based finite free ZG-chain complex we have p"V (u"'(C,)) = " (C,).

Remark 5.47 (Unique existence of universal additive torsion invariants).
Obviously the universal additive L2-torsion invariant ( 52),u£2)) exists and
is unique up to unique isomorphism. It is construct in terms of generators
and relations in the obvious way, where every L2-acyclic {£g}-based finite
free ZG-chain complex C, defines a generator [C,]. The analogous statement
holds for the universal additive Reidemeister torsion invariant (U, u®) and

the universal additive Whitehead torsion invariant (U",u").

Exercise 5.48 Let (U™W u™") be the universal additive modified White-
head torsion invariant, which is analogously defined as (U",u"') but where
the condition a" (idp[ze),) = 0 is replaced by the weaker condition that we
have for every n € Z>¢

a" (idnpza).) = (—1)" - a" (idnpza). )-
Show that we get a well-defined isomorphism
v: U™ S 0% %z

which is uniquely determined by the property that for a every ZG-chain
homotopy equivalence f,: Cyx — D, of {£g}-based finite free ZG-chain com-
plexes we have v(u™"W (f.)) = (W (f+), xza(Cy)).
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Exercise 5.49 Define for a ZG-chain homotopy equivalence f.: Cy — D,
of {£g}-based finite free ZG-chain complexes the invariant

b(fe) =Y rkza(Dn) — Y tkza(Cy) € Z.

n>0 n>0

Show that the pair (Z,b) satisfies all the axioms of an additive Whitehead
torsion invariant appearing in [Definition 5.46| except the one demanding
a" (0, — el[n, ZG].) = 0 for every n € Z>1.

Lemma 5.50. Let (A,a) = (A",a"V) be an additive Whitehead torsion
mvariant.

(i) Consider Z|G]-chain homotopy equivalences f,: C, = D, and f.: C!. =
D’ of {£g}-based finite free ZG-chain complezes.
Then we get a(f, ® f1) = a(f) +a(f!);

(ii) Consider a Z[G]-chain homotopy equivalence f,: C. = D, of {#g}-based
finite free ZG-chain complezes.

Then we get a(f,) = a(0, = cone(f.),);

(iii) Consider a Z|G]-chain homotopy equivalence f.: C\ = D, of {£g}-based
finite free ZG-chain complezes. Let Xf,: X,C, =» YD, be its suspension.
Then we get a(Xf.) = —a(fs);

(iv) Consider Z|G]-chain homotopy equivalences fy: Ci = D, and gs: Dy =
E. of {£g}-based finite free ZG-chain complezes.

Then we get a(gs o fi) = a(fs) + a(g«);

(v) Consider a simple Z[G]-chain homotopy equivalences f.: C, —= D, of
{£g}-based finite free ZG-chain complezes.
Then we get a(f.) = 0;

(vi) Consider Z[G]-chain homotopy equivalences f.,g.: C. — D, of {#g}-
based finite free ZG-chain complezes. Suppose that f. and g, are ZG-chain
homotopic.

Then we get a(g«) = a(f.).

Proof. This is obviously true.
We first show for every {+g}-based finite free ZG-chain complex C,

(5.51) a(ide, ) = 0.

By induction over the dimension of C, one shows a(id¢,) = Y-~ a(id,c, 1. )-
Now one computes using assertion (il
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oo

aide,) = Y alidnc,).)

n=0

= Z rkzc(Cy) - a(idpizal,)
n=0

= Z I‘kzg(cn) -0

n=0

=0.

Next we show for every contractible {£g}-based finite free ZG-chain com-
plex F,

(5.52) a(Ey — 0,) = —a(0, — Ey).

This follows from (5.51) and the commutative diagram of {+g}-based finite
free ZG-chain complexes with {4g}-based exact rows and ZG-chain homo-
topy equivalences as vertical arrows

0, L g,
0 FE. 0.

idp,

*

Consider a Z[G]-chain homotopy equivalence f,: C, = D, of {£g}-based
finite free ZG-chain complexes. We obtain a commutative diagram of {£g}-
based finite free ZG-chain complexes

0 —— Cy —— cone(Cl)« XC, 0
f*lN }:lN Eidc*lN
0 —— D, —— cone(f.)« XC, 0

where f, = ide,_, ®fn: Chno1 ® Cp, — Cp—1 ® D, the rows are {£g}-
based exact, and the vertical arrows are ZG-chain homotopy equivalences.
WE conclude _

a(fe) —a(fe) +a(Xide,) = 0.
We get a(Xide,) = 0 from since X'idg, = ide: for a {£g}-based finite
free ZG-chain complex C”. Hence it suffices to show

(5.53) a(f.) = a(0, — cone(f.)s).
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For d = —1,0,1,...,dim(C\) let C.|4 be the d-dimensional ZG-subchain
complex of C, whose n-th chain module is 0 for n > (d+1) and C,, for n < d.
Note that C.|-1 = 0, and Ci|qim(c,) = C« holds. Let i Cy|r — C. be the
inclusion. It suffices to show by induction over d = —1,0,1,...,dim(C})

a(f. 0i%) = a(0, — cone(f,).).

The induction beginning d = —1 is obvious. The induction step from (d—1) to
d follows from the commutative diagram of {£g}-based finite free ZG-chain
complexes with {£g}-based exact rows and ZG-chain homotopy equivalences
as vertical arrows

0 —— cone(Cy|g—1)« — cone(Cylq)« —el[(d + 1), ¢4)s —0
f:oiidl)l~ Fuoid | O*iN

0 —— cone(f)« #cene(f*)* 0, 0.

Namely, we conclude using (5.52)), assertion , and the induction hypothesis

a(fuoid) = a(fu 0 i) + alel](d + 1), cals — 0.)
= a(f. o' V) 4 1kye(Cy) - (0, — el[(d + 1), ZG].)
=0+ rkzg(cd) -0
=0.

This finishes the proof of (5.53) and hence of assertion ().
We first show for any ZG-chain map f.: Cx — D, of {£g}-based finite

free ZG-chain complexes that the induced map f.: cone(Cy). — cone(D. ).
satisfies

(5.54) a(ﬁ) =0.

We use induction over d = —1,0,1,2,... for which dim(C,) < d and
dim(D,) < d holds. Note that dim(C,) = —1 means C, = 0..

The induction beginning d = —1 is trivial. The induction step from (d—1)
to d > 0 is done as follows.

Let C.|(a—1) be the (d —1)-dimensional ZG-subchain complex of C, which
has as nth chain module {0} for n > d and Cy for n < (d — 1). Let
fel(a—1): Cilia—1) — Dx|(g—1) the obvious ZG-chain map induced by f..
Then we obtain a commutative diagram of {+g}-based finite free ZG-chain
complexes with {£g}-based exact rows
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0 —— cone(Cy|(g—1))» — cone(Cy), —=cel[(d + 1),Cy]« —0

f?E\blN ﬁiN auwuxmhl~

0 — cone(Dy|(4—1))x — cone(D, ), —el[(d + 1), Dg]. — 0.

This implies a(f,) = a(fela—1)) + a(el[(d 4 1), fal«). Since a(f+|g—1)) = 0
holds by induction hypothesis it remains to show

aell(d+1), fa).) = 0.

From assertions (i) and ({ii) and the short {£g}-based exact sequence of con-
tractible {£g}-based finite free ZG-chain complexes

0 — el[(d +1),ZG]. — cone(el[(d + 1), f])+ — el[(d + 2), ZG"]. — 0,
we conclude

a(el[(d + 1), fa]) = a(0. — cone(el[(d + 1), f])«)
= a(0, — el[(d +1),ZG").) + a(0. — el[(d + 2),ZG"].)
=b-a(0, = el[(d+1),ZG].) + a - a(0,. — el[(d + 2),ZG],)
=b-0+a-0
=0.

This finishes the proof of .

Consider a Z[G]-chain homotopy equivalence f,: C, = D, of {£g}-based
finite free ZG-chain complexes. Then we obtain a commutative diagram of
{xg}-based finite free ZG-chain complexes

0 —— C, —— cone(Cy). YC, 0
f*lz f:iz Ef*l:
0 ——= D, —— cone(D,). YD, 0

where the rows are {+g}-based exact and the vertical arrows are ZG-chain
homotopy equivalences. Since this implies

a(f.) — a(f.) + a(2f.) =0,

assertion follows from ([5.54]).

Consider ZG-chain homotopy equivalences f,: C\, — D, and g,: D, —
E, of {£g}-based finite free ZG-chain complexes. Define a ZG-chain map

h,: X! cone(vy ), — cone(u),
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by h, = ( ig 8 : D, ® FEp11 — Cph—1 ® D,,. Then we obtain two short
- D,

{+g}-based exact sequences of {£g}-based finite free ZG-chain complexes
0 — cone(gy o uy )« — cone(hy ), — cone(Dy), — 0,

and
0 — cone(f«)s — cone(hy ). — cone(g«) — 0.

They imply

a(0, = cone(gs 0 uy)x) — a(0, = cone(h,),) + a(0, — cone(D,),) =

a(0, = cone(f,).) — a(0, = cone(h,).) 4+ a(0, = cone(g.)) =
Hence we get
a(0, = cone(gs o uy)+) + a(0, = cone(D,),)
= a(0, = cone(f.)«) + a(0. = cone(gy).).

We conclude from assertion

a(0. = cone(gx o uyx)s) = a(g« o fy)
(0, =5 cone(D.).) = a(idp.) B2 .
a(0. = cone(f.).) = a(f.);
a(0, = cone(gy)y) = a(gs)-

Now assertion follows.

Because of assertion it suffices to show for a contractible {£g}-based
finite free ZG-chain complex F,

(5.55) p(E,) =0 = a(0, — E,) = 0.

We use induction over the dimension d of E,. The induction beginning d < 1
is done as follows. Using assertion and the axioms one easily checks that
the homomorphism

~

Wh(G) = U™, [f: ZG* = ZG v w®(0[f].: 0[ZG], = 0[ZG),).

is well-defined. It sends p(E.) to u"V (0. — E.) because of assertions ().
This finishes the induction beginning d < 1. The induction step from (d — 1)
to d > 2 is done as follows.

Since F, is contractible, we can find a ZG-map v4_1: Fq_1 — E4 satisfy-
ing v4-1 0eq = idg,. We obtain a ZG-chain complex F} of dimension (d — 1)
if we put Fy—1 = ker('}/d—l)a F, = E, for < (d - 2)7 fd—l = ed—1|ker(7d,1)a
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and f, = e, for n < (d—2):

€d—1 ‘ker('ydfl)

0— ker(yg—1) —————— E4-2 R NN Ey.

Let i,: F, — E, be the obvious inclusion of ZG-chain complexes. Define the
ZG-chain map p.: E, — el[d, E4]« by pq = idg,, pi—1 = Y4—1, and p, = 0 for
n < (d — 2). Then we obtain a short exact sequence of ZG-chain complexes

0= F, 5 B, 25 el[d, B4, — 0.

Since E, and el[d, E4]. are contractible. F is contractible. This implies that
Fy_, is stably free, i..e., we can find m € Z>( such that F;_; & ZG™ is
finitely generated free. By assertion it suffices to show the assertion for
E, @ el[d, ZG™].. Hence we can assume without loss of generality that Fy_
is finitely generated free.

We have the exact sequence

ld— Yd—
0 F 1 5B, 25 E,—50

and E4_1 and E4 come with {£g}-equivalences classes of ZG-basis. We want
to equip F;_jwith an {+g}-equivalences class of ordered ZG-basis such that
this short exact sequence becomes {£g}-based exact. This is not possible in
general. But if we replace the exact sequence for large enough m € Zx>( by
the short exact sequence

iq—1@idzgm

0— Fy_1 @ZG™ By ®2G™ 2P B0

for the projection pr: Ey_1 & ZG™ — E4_; and use the induced {+g}-
equivalence classes of basis on F;_1 @& ZG™ and the given one on E,4, we
can find a {£g}-equivalence classes of basis on F;_; @ ZG™ for which this
sequence becomes {+g}-based exact. Since we can add el[(d—1),ZG™]. to E,
we can assume without loss of generality that the sequence 0 — F;_1 SN
Eq 2% By — 0 is {+g}-based exact for an appropriate choice of {£g}
equivalence class of ordered ZG-bases on Fy_1. The upshot of this discussion
is that we can assume without loss of generality that F, is a {4g}-based
finite free ZG-chain complex which is contractible and that the sequence

0= F, 5 B, 25 elld, By), — 0

is {£g}-based exact.
This implies

and
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a(0. = E.) = a(0. = Fy) + a(0. — el[d, Eql.).

By induction hypothesis a(0, — F.) = 0. From the axioms we get a(0, —
elld, E4)«) = 0. We conclude a(0,. — E,) = 0. This finishes the proof of (5.55))
and hence of assertion .

Choose a ZG-chain homotopy 7x: f« ~ gs. It induces a ZG-chain iso-
morphism
us: cone(fy)s — cone(gs )«

by u, = <1dc"1 . 0 ) :Cho1®D,, = C,_1®D,,. Because of assertions
Tn—1 1an

and it suffices to show a(u.) = 0.
Since each u,, is a ZG-isomorphism, we conclude using assertion

a(uy) = Y a(nfun].: n[Croy & Dyl = n[Croy & Dyl.)

n=0

= (a(iduge,_,1.) + a(idup,1.))
n=0

= Z (tkzc(Cn-1) - a(idnzar. ) + tkza (Dy) - a(idnzal, )
n=0
oo

= Z (rkzg(Cr-1) - 0 + rkza(Dy,) - 0)
n=0

=0.

This finishes the proof of 0

Note that [Lemma 5.50[ shows that in|[Theorem 5.30] assertions (i) and
are formal consequences of assertion .
Notation 5.56. Let (A", a"') be an additive Whitehead torsion invariant.

Define the additive Reidemeister torsion invariant (AW,aT’V) by putting for
a contractible {+g}-based finite free ZG-chain complex C,

av(C,) =a" (0, = C,).

Let (AT af*) be an additive Reidemeister torsion invariant. Define the
additive Whitehead torsion invariant (A% af) by putting for a ZG-chain
homotopy equivalence f,: C. — D, of {£g}-based finite free ZG-chain com-
plexes

a(f.) = a(cone(f.).)-

Remark 5.57. We leave the details of the elementary proof that ak and W
are well-defined to the reader. The only non-trivial item to check is that for
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every n € Zs1 and every ZG-map f: ZG* — ZG® we get for the induced ZG-
chain homotopy equivalence el[n, f].: el[n, ZG%]. — el[n, ZG"], the equality

a" (0, — cone(el[n, f])) = 0.

This follows from the obvious commutative diagram of {+g}-based finite free
ZG-chain complexes with {4g}-based exact rows

0 0. 0. 0. 0

T

0 —— el[n, ZG®), — cone(el[n, f].) —=el[(n + 1), ZG*] —= 0.

Obviously a® = af* holds for an additive Reidemeister torsion invariant

(A% at). We conclude @V = oV for an additive Whitehead torsion invariant

(AW a") from [Lemma 5.50)

Hence the universal Whitehead torsion invariant (UW,u") and the uni-
versal Reidemeister torsion invariant (U, u®) are equivalent and carry the
same information, since we can arrange UW = U® and get vV = u® and

R _ W
ut=u".

Lemma 5.58. Let (A,(LQ), af)) be an additive L?-torsion invariant. Consider
two L?-acyclic {+g}-based finite free ZG-chain compleves C, and D,.

(i) We have o' (C, & D,) = a'?(C,) + a'?(D,);
(i) We get for the suspension XC, the equality aq(f)(ZC*) = —aq(f)(C*);
(1ii) Suppose that there is a simple ZG-chain homotopy equivalence Cy, — D,.
Then we get aq(f)(C*) = ag)(D*).

Proof. This follows from the {4g}-based exact short sequence 0 — C, —
C.®D,— D, —0.

The proof is analogous to the one of [Lemma 5.50 .
(i) This follows from [Lemma 5.50 (ED and |Remark 5.57|using the composite

@)
of the canonical maps U — quz) LTMN Aq(f). O

Exercise 5.59 Show that any element in UW, U, and Uz(tz) respectively
can be realized by u" (f.), uf*(C,), and ug)(D*) respectively.

One can identify these universal invariants with Whitehead groups and
torsion invariants in the following way.

Theorem 5.60 (Computing universal torsion invariants)

(i) The pair (th(G’),pg)) is the additive L*-torsion invariant, where pf)
has been introduced in|Definition 5.38;
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(i) The pair (Wh(G), p) is the additive Reidemeister torsion invariant, where

p has been defined in (5.28));
(i1i) The pair (Wh(G), ) is the additive Whitehead torson invariant, where T

has been defined in (5.29)).

Proof. We conclude from the universal property of (Uq(f),uf)) and
that there is precisely one homomorphism

(5.61) PP UY - Wh(G)

such that we get for every L2-acyclic {£g}-based finite free ZG-chain complex
C.
P (WP (CL) = pP(Ca).

Next we define a homomorphism
(5.62) e: Wh*(G) — UP.

Consider a ZG-endomorphism f: ZG"™ — ZG™ which is a weak isomorphism.
Let el[f]. be the L?-acyclic 1-dimensional {£g}-based finite free ZG-chain
complex whose first differential is f. We want to define

(5.63) e([f]) = uP (el[f1.).

We have to check that the relations in Wh"(G) are satisfied. This follows
for the additivity relation directly from Next we have to show
to show for ZG-endomorphisms f1, fo: ZG™ — ZG™ which are weak isomor-
phisms that we get in Wh"'(G)

(5.64) uP (ellfo o fil.) = uiP (el[fi].) + ui? (el[fa].)
Consider the chain map
h*i 271 el[fg]* — el[fl]*

given by h; = idgzgr and h; = 0 for i # 1. We conclude from the short
{*g}-based exact sequence of {+g}-based finite free ZG-chain complexes
0 — el[f1]« — cone(hy). — el[fz]« — 0 that we get in Wh"(G)

u) (cone(hy)) = ufP (el[fil) +ul (ellfa].).

There is also a {+g}- based exact short sequence of L2-acyclic {+g}-based

finite free ZG-chain complexes 0 — el[fy0 f1]. 2 cone(hy)x — el[idzgn], — 0,
which is given by
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(i)

—idgzgn idzgn

0 zGn or) gen g zan €I pan 0

fo 0 .
lfzoﬁ \L (idZG” fl) ildzcn
0 7ZG" 7ZG™ ® ZG™ 7ZG™ 0.
(idZGn (0 idzgn)
0

It yields the equation in Wh*'(G)
u® (cone(ha).) = u@ (el[fs o fil.) + u® (ellidzanl.).

Since ul?) (elidzgnl]«) = n - u? (el[1,ZG]) = 0 holds by the axioms, ([5.64])
follows.
Since for € € {—1,1} and g € G we have

u? (el[re.q: ZG — ZG].) =0,

u

the homomorphism e: Wh*(G) — U of (5.62) is well-defined.

One easily checks that pg) oe is the identity on Wh"'(G). Hence it remains

to show that e is surjective. For this purpose it suffices to show for every
L2acyclic {+g}-based finite free ZG-chain complex C, we have

(5.65) u?(C,) € im(e),

since U" is generated by the elements «(® (C,). This is done by induction
over the dimension d of C,.

The induction beginning d < 1 is done as follows. If we choose representa-
tives for the {+g}-equivalence classes of basis on Cy and Cy, we can identify
C1 = Cy = ZG™ and one gets directly from the construction of e

e([er: ZG™ — ZG™) = w2 (C,).

The induction step from (d —1) to d > 2 is done as follows. Choose a weak
chain contraction v, for C,. Define a ZG-chain map

iy el[cr oyp: Co — Cols — Ci

by i1 = 70, %0 = id¢, and ix = 0 for k£ # 0, 1. We conclude from
applied to the {£g}-based exact short sequence

0 — Cy — cone(iy) — Xelle; oyp: Cp — Colx = 0

that cone(i,) is an L2-acyclic {£g}-based finite free ZG-chain complex and
we get in Uq(f)
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u

u? (cone(i.).) = u® (C.) — u® (eller 0 70: Co — Col.).
Define a ZG-chain map
Jxt ellide, |« — cone(iy )«

by jo = id¢,: Co — Co, j1 = <ldoc") : Cy = Cy @ Cy. Then we can equip

coker(j.) with an obvious {tg}-equivalence class of ordered ZG-basis such
that we obtain a {£g}-based exact short sequence of L?-acyclic {£g}-based
free ZG-chain complexes

0 — elfide, ]« ELN cone(is ). — coker(j,) — 0.

We conclude from [Lemma 5.39|that coker(j,) is L2-acyclic and we get in UTS2)
u{? (cone(iy).) = u? (elfide, |+) + ul? (coker(4.)).
Hence we get

ugZ)(C*) = uf) (el[01 ov9: Cp — Co]*) + ug) (ellideg ]) + uff) (coker(j.)).

Since uf)(el[idco]*) and u? (elley 0 v0: Co — Cos) lie in the image of e, it

suffices to show that uq(f)(coker(j*)) lies in the image of e. Since coker(j)

has dimension < d and its zeroth-chain module is trivial, it can be written as
XD, for an L%-acyclic {4g}-based free ZG-chain complex D, of dimension

(d—1). We get from [Lemma 5.58
ul? (coker(j,)) = P (XD,) = —uP(D,)

Since u(®(D,) lies in the image of el by induction hypothesis, the proof
of (5.65)) is finished. Hence assertion ({ij) follows.

The proof is analogous to the one of assertion , just replace weak chain
contractions by chain contractions.

This follows from assertion and |[Remark 5.57] This finishes the proof

of [Theorem 5.601 O

5.3.5 Whitehead Torsion for C'W-Complexes

Define the Whitehead group of a (not necessarily connected) finite CW -
complexr X by

(5.66) Wh(m(X)):= €D Wh(m(C)).
Cemo(X)

Obviously a map g: X7 — X5 induces a homomorphism of abelian groups
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g«: Wh(m(X1)) = Wh(m(X32))

by the homomorphisms between the various fundamental groups of the path
components induced by g.

Let f: X = Y be a cellular homotopy equivalence of finite C'W-
complexes. Define the Whitehead torsion of f

(5.67) T(f) eWh(m(Y)) = € Wh(m(D))

DETI'()(X)

by the collection of the Whitehead torsions T(C*(%)) € Wh(m (D)) defined
in for the Z[m1(D)]-chain homotopy equivalences C*(]?B): C.(C) —
C.(D) between the cellular chain complexes associated to the homotopy
equivalences fo: C = D for C = mo(f) (D).

We call f a simple homotopy equivalence if 7(f) vanishes.

The basic properties of this invariant are summarized in the following
theorem, whose proof can be found for instance in [I1} (22.1), (22.4), (23.1),
and (23.2)], [44] Theorem 2.1], and [47, Theorem 3.1].

Theorem 5.68 (Basic properties of Whitehead torsion for CW-
complexes)

(i) Sum formula

Let the following two diagrams be pushouts of finite CW -complezxes

Xo—> X, Yo My

izl ljl kg‘i \Lll

Xs ? Y, Z4>Y
2 2

where the left vertical arrows are inclusions of CW -complexes, the upper
horizontal maps are cellular, and X and Y are equipped with the induced
CW -structure. Let f;: X; — Y; be cellular homotopy equivalences for i =
0,1, 2 satisfying f10i1 = k1o fy and foois = koo fy. Putly = li0ky = lg0ks.
Denote by f: X — Y the map induced by fo, f1, and fo and the pushout
property.

Then f is a cellular homotopy equivalence and

7(f) = ()7 (f1) + (12)+7(f2) = (lo)7(fo);

(i) Homotopy invariance

Let f,g: X — 'Y be cellular maps of finite CW -complexes. Suppose that
they are cellularly homotopic.
Then the homomorphisms f.,g.: Wh(m1 (X)) = Wh(m (Y)) agree. If ad-

ditionally f and g are cellular homotopy equivalences, then we obtain
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7(9) = 7(f);

(#1i) Composition formula
Let f: X =Y and g: Y — Z be cellular homotopy equivalences of finite
CW -complezes.
Then we get
T(go f)=g.7(f) +7(9);
(iv) Product formula

Let f: X' - X and g:Y' — Y be cellular homotopy equivalences of
connected finite CW -complexes.
Then we get

T(f % g) = x(X) - u7(9) + x(Y) - iu7(f)

where x(X), x(Y) € Z denote the Euler characteristics, j.: Wh(m (Y)) —
Wh(mi (X x Y)) is the homomorphism induced by j: Y — X x Y,y —
(y, o) for some base point xg € X and i, is defined analogously.

Remark 5.69 (Dropping cellular). If f: X — Y is a (not necessarily cel-
lular) homotopy equivalence of finite CTW-complex, we can define in view of

the Cellular Approximation Theorem and [Theorem 5.68
7(f) = 7(f") € Wh(Y)

for any cellular homotopy equivalence f': X — Y of finite CW-complex

which is homotopic to f. Moreover, in we can drop the word

“cellular” everywhere.

Let X be a finite simplicial complex. Let X’ be its barycentric subdivision.
Then one can show 7(f) = 0 for the map f: X — X’ whose underlying map
of spaces is the identity. However, if X and Y are two finite CTW-complexes
with the same underlying topological space Z, then the map idz: X — Y is
not necessarily cellular and it is not at all clear that 7(f) = 0 holds for any
cellular map f: X — Y which is homotopic to idz. This problem is solved by
the following (in comparison with the other statements above much deeper)
result due to Chapman [9], [10], see also [I1, Appendix] and [56], Section 5].

Theorem 5.70 (Topological invariance of Whitehead torsion) The
Whitehead torsion of a homeomorphism f: X — Y of finite CW -complezes
vanishes.

5.3.6 Universal L2-Torsion for finite free
G-CW-Complexes

Definition 5.71 (Universal L?-torsion for finite free G-CW-complexes). Let
G be a (discrete) group. Let X be a finite free G-CW-complex, or, equiv-
alently, X — X/G is a finite G-covering over a finite CW-complex X/G.
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Suppose that X is L2?-acyclic, i.e., its n-th L?-Betti number bg)(X;./\/(G))
vanishes for all n > 0.
Then we define its universal L?-torsion

PP (XN (G) € Wh(G)

to be the element pq(f)(C*(X);N(G)) introduced in [Definition 5.38| for the

cellular ZG-chain complex C\(X).

Example 5.72 (G = Z). The quotient field Q(z,27!) of the integral domain
Z[z,27'] = Z|Z] consists of rational functions with coefficients in Q in one
variable z. Given a matrix A € M, ,(Z[Z]), the operator r4: Z[Z]" — Z[Z]"
is a weak isomorphism if and only if detzz(A) € Z[Z] is non-zero. This
follows from [45, Lemma 1.34 on page 35]. Hence we obtain a well-defined
homomorphism

detzzy: K{*(Z[Z])) = Q(z,27 1), [ra: Z[Z]" — Z[Z]"*] — detgz(A).

Define
i: Q(z,27 1) — K¥(Z]7))

by sending an element z € Q(z,271)* to [rp: Z[Z] — Z[Z]] — [rq: Z]Z) —
Z[Z]] for any two elements p,q € Z[Z] with p # 0,q # 0 satisfying « =
p-q 1 in Q(z,271)*. One easily checks that i is well-defined and detzz)0i =
idg(z,z-1)x . It is not hard to prove using the standard Euclidean algorithm on
the polynomial ring Q[2] that i is surjective. Hence detzz) and 4 are inverses
of each other. We obtain an induced isomorphism

(5.73) Wh*(Z) = Q(z,27 1) /{o-2" | o € {+1},n € Z}.

Consider R with the standard Z-action given by translation. This is the uni-
versal covering of S with the standard action of 71(S') = Z. The cellu-
lar Z[Z)-chain complex of R is 1-dimensional and has as first differential
r,_1: Z|Z) — 7Z|Z]. Hence the isomorphism sends p&z)(R;N(Z)) €
Wh"(Z) to the class of the element (z — 1).

More generally, let X be any finite free Z-CW-complex. Then X is L?-
acyclic if and only if all of the Q[Z]-modules H,(X;Q) are torsion Q[Z]-
modules, see [45, Lemma 1.34 on page 35]. It is now straightforward to see
that under the isomorphism the universal L2-torsion of X corresponds
to the Milnor-Turaev torsion [53] [71] of X.

Theorem 5.74 (Basic properties of universal L?-torsion for finite
free G-CW-complexes)
(i) G-homotopy invariance

Let f: X — Y be a G-homotopy equivalence of finite free G-CW -complexes.
Suppose that X or'Y is L%-acyclic.
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(ii)

(iii)

(iv)

(v)

Then both X and Y are L?-acyclic and we get

PPY) = 2 (X) = (),

where 7(f) € Wh(G) is the Whitehead torsion of f and (: Wh(G) —
Wh"(G) is the obvious homomorphism;
Sum formula

Consider a G-pushout of finite free G-CW -complexes

XOHX1

) '

Xo——X

where the upper horizontal arrow is cellular, the left vertical arrow is an
inclusion of G-CW -complezes, and X has the obvious G-CW -structure
coming from the ones on Xg, X1, and Xo. Suppose that X, X1, and Xo
are L?-acyclic.

Then X 1is L?-acyclic and we get

PP (XN(G) = pP (X N (G))+pP (X2 N () —p P (Xos N (G)):

Induction

Let j: H — G be an inclusion of groups. Denote by j.: WhY(H) —
Wh"(G) the induced homomorphism. Let X be an L*-acyclic finite free
H-CW -complez.
Then j.X = G xyg X is an L?-acyclic finite free G-CW -complex and we
get

P (XN (G)) = ju (02 (XN (H))):
Restriction
Let j: H — G be an inclusion of groups such that the index [G : H] is
finite. Denote by j*: Wh"(G) — Wh"(H) the homomorphism given by
restriction. Let X be a finite free G-CW -complex. Let j* X be the restric-
tion to H by j.
Then j*X is a finite free H-CW -complez, X 1is L%-acyclic if and only if
j*X is L?-acyclic, and, if this is the case, we get

PP XN (H)) = 7 (0P (X N(G)));

Product formula

Let Gy and Gy be groups and denote by j: Go — Gg X Gy the obvious
inclusion. Denote by j.: Wh*(Gy) — Wh"(Gg x G1) the induced homo-
morphism. Let X; be a finite free G;-CW -complezx for i = 0,1. Suppose
that Xo is L%-acyclic.
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(vi)

(vii)

Then X x X1 is an L?-acyclic finite free Gy x G1-CW -complex, and we
get

p{P (Xo x X1;N(Go x G1)) = x(X1/G1) - ju (0P (Xo; N (Go)));

Fibrations

Let F 5 E 2 Bobea fibration. Suppose that F' and B are finite CW -
complexes. Let q: E — FE be a G-covering. Let F' — F be the G-covering
obtained from q by the pullback construction with i. Suppose that F is
L?-acyclic. Assume that Wh(G) vanishes.

Then there is an L2-acyclic free finite CW -complex E' which is G-
homotopy equivalent to E, and we can define p(uQ)(E; N(G)) = pt) (E/; N(G))
for any such choice of ol by assertion . Moreover, we get

PP (EN(G)) = x(B) - o2 (F; N (G));

Sl-actions
Let X be a connected finite S'-CW -complex. Fiz a base point x € X. Let

p: (X, z) = G be a group homomorphism. Let X be the finite free G-
CW -complex associated to p with X /G = X. Suppose that the composite

m (St 1) 2D o) B G

is injective, where evy: S' — X sends z to z - x. Let I, be the set of
open n-dimensional S'-cells of X. For each e € I, choose a point x(e)
in its interior and a path w(e) from x(e) to x. Denote by S}c(e) c st
the isotropy group of x(e) which must be finite because of the assumptions
above. Let €V, : Sl/S;(e) — X be the injective map which sends z - S;(e) to

z-z(e). Choose a homeomorphism fo: S* =» 51/5;(6) with f.(1) = 1'5;(@'
Identify Z = 71 (S*,1). Let j(e): Z — G be the injective homomorphism

given by the composite

m1(fe,1)
) 1—> ﬂ—l(Sl/S:i(e)’ 1- Si(e))

™1 (e, 15, ()
—

jle): Z =m (81
(X, z(e)) 1 (X, 2) & G,
where ¢y 1s given by conjugation with the path w(e). Denote by

j(e)s: Wh(Z) — Wh*(G)

the homomorphism induced by j(e). Equip R with the Z-action given by
translation.
Then X is L?-acyclic and we get
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PREN(G) =D (1" D (e (0P (RN (2)));

n>0 ecl,

(viii) Poincaré duality
Let M be an orientable n-dimensional manifold with free proper G-action
and boundary OM. Let w: G — {£1} be the orientation homomorphism
sending g € G to 1, if multiplication with g respects the orientation and
to —1 otherwise. Equip Wh" (G) with the involution * coming from the
w-twisted involution on ZG sending 3 cq g g 10 > cq g w(g) -g~ L
Then we get

P (M, OM;N(G)) = (=1)" -« (pl) (M N(G)))
using the obvious definition of p¥ (M, OM;N(G)).
Proof. See [19] Theorem 3.5]. O

Remark 5.75 (Universal L2-torsion for manifolds). Every compact topolo-
gical manifold has a preferred simple homotopy type, see [32, TV]. We can
therefore extend the definition of the universal L?-torsion from finite CW-
complexes to closed topological manifolds in the usual way.

Remark 5.76 (Universal L2-torsion in terms of the combinatorial Laplace
operator). Let M be an orientable n-dimensional manifold with free proper
G-action and empty boundary such that the G action is orientation preserv-
ing. Suppose that the dimension of M is odd. Let A, : C,(M) — Cy(M) be
its combinatorial Laplace operator. Then we conclude from and

that we get in Wh"'(G)
2. pPD(M;N(G) == (—1)" - n- [A,].

ne”z

The advantage of the formula above is that one can derive the right hand
side directly from the differentials without having to find an explicit weak
chain contraction.

Note that in the case, where the dimension of M is even, we get no in-

teresting information about the universal L2-torsion pq(f)(M ; N(GQ)), namely,
we just obtain
0==>) (-1)"-n-[A,].
neL
whereas pg)(M ; NV(Q)) is not necessarily trivial.

Example 5.77 (Torus T™). Let T™ be the n-dimensional torus for n > 2.
Let G be a torsionfree group. Let u: m1(T™) — G be a non-trivial group
homomorphism. Let 7" — T™ be the G-covering associated to g. Then T™
is L%-acyclic and we get
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PP (TN (G)) =0

by the following argument.

We can choose an integer k with k& > 1, an isomorphism v: mp (T™) = 7Fx
Z"~* and an injection i: Z* — G such that u = ioprov for pr: Z¥ x Zn=* —
ZF the projection. We can find a homeomorphism f: 7™ = Tk x T such
that 71 (f) = v. Hence we obtain a G-homeomorphism

i (TF X TVF) = G xge (TF x TF) ST,

where the ZF-action on T* x T"~* is given by the standard Z*-action on

ﬁ and the trivial Z*-action on 7" *. We conclude from [Theorem 5.74

and that T™ is L?-acyclic and
PP (T N(G)) = i (0P (TRXT S N(ZF))) = x (T )i (03 (TH N (ZF))).

If k # n, then the claim follows from x(7" %) = 0. Suppose that k = n.
Then we have to show pg)(T”;N(Z")) = 0 for n > 2. This follows from

Theorem 5.74 applied to ST x Tn—1 using x(7T"1) = 0.

Lemma 5.78. Let G be a group such that there exists a connected L?-acyclic
finite free G-CW -complex X. Consider any element w € Wh” (G).

Then there exists a connected L?-acyclic finite free G-CW -complex Y ob-
tained from X by attaching trivially equivariant 2-cells and attaching equiva-

riant 3-cells with p2 (Y N(G)) = w.
Proof. See [19, Lemma 3.8]. O

Lemma 5.79. Let G be a group such that there exists a connected L?-acyclic
finite free G-CW -complex X. Consider any element w € Wh"(G) and any
integer d > 2 - max{dim(X), 3} + 1.

Then there exists a connected orientable smooth d-dimensional manifold
M without boundary and orientation preserving cocompact free proper smooth
G-action such that M is L*-acyclic and we get

PP (MN(G)) = ()T x(w) + w.

for the involution x defined in (5.41)). Furthermore, if X is simply-connected,
then M can also be chosen to be simply-connected.

Proof. See [19, Lemma 3.9]. O

5.3.7 The universal L?-torsion for universal coverings

The most natural and interesting case is the one of the universal covering.
For the reader’s convenience we record the basic properties of the universal
L?-torsion in this setting.
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Definition 5.80 (Universal L2-torsion for universal coverings). Let X be a

finite connected C'W-complex which is L?-acyclic, i.e., b (X) vanishes for
all n € Z>q. We define its universal L2-torsion

P (X) € Wh (my(X))

by pSE)()N(;N(m (X))) as introduced in [Definition 5.71

If X is an L2?-acyclic (not necessarily connected) finite C'W-complex, we
define

Wh(m (X)) == @) Wh*(m(C));
Cemp(X)

PI(X) = (120 pemix, € W (m(X)).

For amap f: X — Y of finite C-complexes such that 71 (f, z): m (X, z) —
m1(Y, f(z)) is injective for all x € X, we get a homomorphism

fe: Wh(m(X)) = Wh*(m(Y))

by the collection of maps (f|c)«: Wh" (71 (C)) — Wh" (71 (D)) for C €
mo(X) and D € m(Y) with f(C) C D.
It is evident that gives rise to statements about the uni-

versal L2-torsions for universal coverings. Most statements of [Theorem 5.74
specialize in an obvious way. Therefore in the next theorem we spell out only

four properties.

Theorem 5.81 (Basic properties of the universal L?-torsion for uni-
versal coverings)
(i) Simple homotopy invariance

Let f: X =Y be a homotopy equivalence of finite CW -complezes. Suppose
that X orY is L?-acyclic.
Then both X and Y are L?-acyclic and we get

pP(Y) = plP(X) = L(r(f)),

where (f) € Wh(m(Y)) is the Whitehead torsion of f and : Wh(m(Y)) —
Wh"(71(Y)) is the obvious homomorphism;
(i) Sum formula

Consider a pushout of finite CW -complezes

Xo——Xy

| N ]

X2$X
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where the upper horizontal arrow is cellular, the left vertical arrow is an
inclusion of CW -complezes, and X has the obvious CW -structure coming
from the ones on Xo, X1, and Xy. Suppose that Xy, X1, and Xo are L?-
acyclic and that for i = 0,1,2 and any point x; € X the homomorphism
w1 iy i) m1( Xy, @) = m1(X, ji(2;)) is injective.

Then X is L?-acyclic and we get

PP (X) = (1) (P2 (X1)) + (G2)« (P2 (X2)) = (o)« (01 (X0));
(i4i) Fibrations
Let F 5 E2 Boea fibration. Suppose that Fand B are connected finite
CW -complexes. Assume that w1 (i): w1 (F) — m(F) is injective and that

F is L?*-acyclic. Suppose that Wh(mi(E)) vanishes.
Then there is an L?-acyclic connected finite CW - complea: E’ which is ho-

motopy equivalent to E, and we can define pf)(ﬁ) (2 (E’) for any such
choice of E' by assertion . Moreover, we get

pP(E) = x(B) i (pP) (F));

(iv) S'-actions
Let X be a connected finite S*-CW -complex. If we use the notation and

make the assumptions of|Theorem 5.7 in the special case G = 1 (X)
and p = idy;, (x), then X s L2%-acyclic and we get

PAX) =31 o) (P (S1)).

n>0 e€l,

Remark 5.82 (Realizability of the universal L?-torsion for universal cover-
ings). Let 7 be group such that there exists a connected finite CW-complex
X with 7 = 71 (X) which is L2-acyclic. Consider any element w € Wh" (rr).
As a special case of [Lemma 5.78| we get that there is a connected finite CW-
complex Y with m = 7 (Y) such that Y is L2?-acyclic and pu ( ) = w.

Also 9lhas an obvious analogue for p& )( M) for a closed manifold
M.

Example 5.83 (p(z) (ﬁ)) If n > 2, we conclude p& )(T”) 0 from

7l We have computed pu (S 1) in [Example 5.72

Definition 5.84 (Admissible 3-manifold). A 3-manifolds is called admissible
if it is compact, connected, orientable, and irreducible, its boundary is empty
or a disjoint union of tori, and its fundamental group is infinite.

Theorem 5.85 (Universal L?-torsion of admissible 3-manifolds) Let
M be an admissible 3-manifold and let My, Mo, ..., M, be its pieces in
the Jaco-Shalen-Johannson decomposition. Let j;: m(M;) — w1 (M) be the
injection induced by the inclusion M; — M.
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Then each M; and M are L?-acyclic and we have

PP (M) = 3" (5)« (0P (M)).

i=1

Proof. Each piece M; is L?-acyclic by [43, Theorem 0,1]. Now the claim
follows from [Example 5.77| and |Theorem 5.81] (2). O

Remark 5.86 (Graph manifolds). We recall that a Seifert manifold is loosely
speaking a singular S*-bundle over a surface. A graph manifold is a 3-manifold
that is obtained by gluing Seifert manifolds along boundary tori. We refer

to [2] for precise definitions. There is an obvious analogue of[Theorem 5.81

for Seifert manifolds M with infinite fundamental groups where the role of
S1 is played by the regular fiber whose inclusion to M always induces an
injection on the fundamental groups, and the cells corresponds to tubular
neighborhoods of fibers. So we get again a formula for ngz)(]T/f ) which essen-

tially reduces the computation to the one of pf) (EI) In view of|Theorem 5.85
this extends to graph manifolds. The hyperbolic pieces in the Jaco-Shalen-
Johannson decomposition are much harder to deal with.

5.4 The Weak Whitehead Group and the
Whitehead Group of the Linnell Ring

5.4.1 The Construction of the Homomorphisms © from
the Weak Whitehead Group to the Whitehead
Group of the Linnell Ring

Recall that we have defined the K-groups K*(Z@), K*(ZG), and Wh* (G)

in and the divison closure Dg(G) = D(QG C U(G)) and the
rational division closure Rg(G) = R(QG C U(G)) in The
K-groups K1(Dg(G)), K1(Rg(G)), K1(Dg(@)), and K1 (Rg(G)) are defined
in the standard way, and we define

(5.87) Wh(Dg(G)) and Wh(Rg(G))

to be the cokernel of the map from {o - ¢ | 0 € {£1},9 € G} to K1(Dg(G))

or K1(Rg(G)) respectively which sends o - g to [rs.4: Do(G) =N Do(G)].
Next we want to define homomorphisms

(5.88) O0: K{"(ZG) — K1(Ro(Q));

(5.89) O: K¥(ZG) = K1(Rg(G))

(5.90) Ov: Wh"(G) - Wh"(Rg(Q)).

)



158 5 L2-torsion

We give the construction only for @, the other homomorphisms are then
induced by @ in the obvious way.
Consider a weak isomorphism f: ZG"™ — ZG"™. We want to define

O(f]) = lidpy(a) ®zaf: Ro(G) ®@zc ZG™ — Ro(G) ®zc ZG"].

This definition makes sense if we can show that idr,(q) ®zcf is an Ro(G)-
isomorphism. By definition idz,q) ®zc f is an Ro(G)-isomorphism if and
only if idy(q) ®za f is a U(G)-isomorphism. We conclude from [45, Theo-
rem 6.24 on page 249 and Theorem 8.22 (5) on page 327] that f): L?(G)" —
L?(G)™ is a weak isomorphisms if and only if idy(q) @zaf is a U(G)-
isomorphism. Hence the definitions of O, é, and ©" make sense.

5.4.2 Review of Universal Localization

Let R be a (associative) ring (with unit) and let X be a set of homomor-
phisms between finitely generated projective (left) R-modules. A ring homo-
morphism f: R — S is called XY-inverting if for every element ao: M — N
of X the induced map S ®g a: S®r M — S ®r N is an isomorphism. A
Y-inverting ring homomorphism i: R — Ry is called universal X-inverting
if for any X-inverting ring homomorphism f: R — S there is precisely one
ring homomorphism fx: Ry — S satisfying fy ot = f. If f: R — Ry and
'+ R — R’ are two universal X-inverting homomorphisms, then by the uni-
versal property there is precisely one isomorphism ¢g: Ry — R’ satisfying
go f = f’. This shows the uniqueness of the universal X-inverting homomor-
phism. The universal Y-inverting ring homomorphism exists, see [65], Section
4]. If ¥ is a set of matrices, a model for Ry is given by considering the free
R-ring generated by the set of symbols {@;; | A = (a;;) € X'} and dividing
out the relations given in matrix form by AA = AA = 1, where A stands for
(@;;) for A = (a; ;). The map i: R — Ry does not need to be injective and
the functor Ry ® g — does not need to be exact in general.

A special case of a universal localization is the Ore localization S™!R
of a ring R for a multiplicative closed subset S C R which satisfies the
Ore condition, namely take X' to be the set of R-homomorphisms r5: R —
R, r — rs, where s runs through S. For the Ore localization the functor
S7'R ®p — is exact and the kernel of the canonical map R — S™'R is
{r € R|3s € Swith rs =0}.

5.4.3 Bijectivity Results for ©

Definition 5.91 (Class of groups X). Let X’ be the smallest class of groups
which contains all finitely generated free groups and all amenable groups and
is closed under directed unions and group extensions.

Note that X is subgroup closed, see [36, Lemma 2.5], and contains the
class C of [Definition 2.65
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Definition 5.92 (Property (UL)). We say that a group G has the property
(UL), if the canonical epimorphism

A QG szacu)y — R(G;Q)

is bijective, where X(ZG C U(G)) is the set of all ZG-endomorphisms
f: ZG™ — ZG™ for which idM(G) Rzaf: Z/{(G) Rza ZG™ — U(G> Rza ZG™ is
bijective.

Recall that idu(g) Qzaf: UG) Qze ZG™ — U(G) ®zc ZG™ is bijective if
and only if f: ZG™ — ZG™ is a weak isomorphism, see [45], Theorem 6.24 on
page 249 and Theorem 8.22 (5) on page 327]. Note that

QG s@acue) = Qs acu(a)

holds if X¥(QG C U(G)) is the set of of all QG-endomorphisms f: QG™ —
QG™ for which idy ) ®qaf: U(G) ®ga QG™ — U(G) ®ga QG™ is bijective.
Definition 5.93 (Property (ULA)). We say that a torsionfree group G has
the property (ULA) if the canonical epimorphism

A QG szacua)) — Rol(G)
is bijective, and Dg(G) is a skew field.

Remark 5.94. For a torsionfree group G, we conclude from
and [Proposition 2.79| (ii) that Dg(G) is a skew field if and only G satisfies the
Strong Atiyah with coefficients in Q for torsionfree groups
and that we have Dg(G) = Ro(G), provided that Dg(G) is a skew field. So
G satisfies condition (ULA) if and only if G satisfies both condition (UL)
and the Strong Atiyah with coefficients in Q for torsionfree

groups

Theorem 5.95 (Bijectivity of ©)

(i) Suppose that the torsionfree group G satisfies condition (ULA).
Then Do(G) is a skew field, Do(G) = Ro(G), and the map

6: KJ'(ZG) — K\(Dg(@)

appearing in (5.88)) is bijective. This is also true for the maps o of
and O of (5.90),
(ii) Let G be a group which contains a torsionfree subgroup of finite index such
that H satisfies the Strong Atiyah with coefficients in Q
for torsionfree groups and H belongs to X .
Then G has property (UL);
(iii) Let G be a torsionfree group G such that G satisfies the Strong Atiyah
with coefficients in Q for torsionfree groups and G belongs to
X, then G has property (ULA);
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(iv) Each torsionfree group belonging to the class C has property (ULA).

Proof. See [36, Theorem 3.5].

This follows [Remark 5.94| and [36, Theorem 2.14].
This follows from assertion .

(iv) This follows from assertion , since C C X holds and we have
@). 0
5.4.4 Dieudonné Determinant

There is a Dieudonné determinant for invertible matrices over a skew field
D which takes values in the abelianization D} of the multiplicative group of
units D* and induces an isomorphism, see [68, Corollary 4.3 in page 133]

(5.96) detp: K1(D) — D}

The inverse

(5.97) Jp: D}, = K, (D)

sends the class of a unit in D to the class of the corresponding (1, 1)-matrix.

Theorem 5.98 (Computing K}’(ZQG))
Let G be a torsionfree group satisfying one of the following conditions:

e ( satisfies the Strong Atiyah with coefficients in Q for

torsionfree groups and G belongs to the class of groups X;
o @ belongs to the class of groups C.

Then the map of (5.88))
0: K¥(ZG) = K,(Dg(Q))

is bijective, Dg(G) is a skew field, and the Dieudonné determinant induces
an isomorphism

detpy (g K1(Dg(G)) = Do(G)%,.

Proof. This follows from [Theorem 5.95| and (5.96)). O

Note that the isomorphism (5.73)) is the special case G = Z of Theo-
rem [5.93)

Remark 5.99. All constructions and results of this Section carry over in
the obvious way to the more general case, where we replace Z by any ring R
with Z C R C C, the field Q by the quotient field F' of R which automatically
satisfies F' C C, and define the new versions of Wh* (G) and Wh(Dg(G)) to
be K}'(RG)/{+g} and K1 (Dr(G))/{+g}.
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5.5 Polytopes

5.5.1 Basics on Polytopes

5.5.2 The Polytope Group

5.5.3 The Polytope Homomorphism
5.5.4 The L?-Polytope

5.5.5 Survey on the Thurston Norm and the Thurston
Polytope

5.5.6 Identifying the Thurston Polytope and the
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5.5.7 The Thurston Norm and L?-Euler Characteristics
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Representations
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Chapter 9
Applications to Geometry

9.1 Introduction

9.2 Review

9.3 Title of the Section
9.4 Notes

We might want to cover among others the following topics:

e The (old) article of Davaux [I3] proves a relation between the bottom
of the scalar Laplacian and lower bounds on scalar curvature. She uses
a refined Kato inequality and to be able to apply this she uses Atiyah’s
L?-index theorem (to provide non-trivial harmonic L?-spinors), as well as
Ramachandran’s L2-version of the APS index theorem and spectral flow.

e Wang [74] proves a far-reaching generalization of Atiyah’s L2-index the-
orem to proper cocompact actions of unimodular locally compact groups
(using the heat kernel method).
This is further generalized to a corresponding version of the Atiyah-Patodi-
Singer index theorem in [24].
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Comment 31 (by W.): Add a list Errata correcting misprints and wrong
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Chapter 12
Solutions of the Exercises

Chapter 2

Let R be a ring coming with a trace trg: R — G with values in
an abelian group G. This trace extends to matrices by the usual formula
trr(A) = > trr(a;;) for A € M,(R). Then the Hattori-Stallings rank
dimpg(P) € G of a finitely generated projective R-module P is defined to be
trr(A) where A is an element in M,,(R) with A2 = A such that the image
of the R-linear map r4: R™ — R™ induced by right multiplication with A
is R-isomorphic to P. Let B € M,,(R) be another such matrix. By taking
the block sum with trivial square matrices one can arrange m = n. Then one
can find U € GL,(R) with UAU~! = B. Now the trace property implies
tI‘R(B) = tI‘R(UAUil) = tI‘R(AUilU) = tI"R(A).

If we apply this to R = N(G) and trg = trar (), we obtain a well-defined
element dimps(g)(P) € C. It remains to prove that it actually lies in Rx.
This follows from the fact that we can alway find A € M,,(N(G)) satisfying
A = A% im(ra) 2y P, and A = B*B for some B € M, (N(G)). This
follows from Remark [2.5] and taking orthogonal projections. This implies
dimN(G)(P) = trN(G)(B*B) € R>o.

2.10. The first assertion follows from [45, Theorem 1.9 (3) on page on
page 18] and obviously implies the second assertion.

2.36,. The implication = follows from Remark The impli-
cation == is obvious. The implication = (li) is proved as
follows. Let r = inf{q € WZ | ¢ > 0}. As the subgroup mz

is countable and closed in R, we must have r € WZ and r > 0. This

implies » < |H|~! for every finite subgroup H C G. Hence 71

bound on the orders of the finite subgroups of G.

is an upper

Take G = @;2, Z/2*. Choose n € Z>; such that 217" < ¢ holds.
Put P = @, F|G/Zy], where F[G/Zy:] is the permutation FG-module
given by the FG-set G/Zyx obtained from G by dividing out the summand
7./2%. Then P is projective but not finitely generated and we conclude from
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dimp(g)(P) = Y dimy(e) (FIG/Z/2%]) = > dimprz on) (F)
k=n

k=n
oo
= Zz—k =2l7" < ¢
k=n

A possible answer is Q.
2.64{ This follows from Theorem .
2.72. This is Theorem () in the special case F' = C.

Any finite subgroup H of G is conjugate to a subgroup of G; for
some element ¢ € I by the Kurosh Subgroup Theorem, see for instance [50,
Theorem 1.10 on page 178]. Hence the order of every finite subgroup of G is
bounded by d and hence G satisfies condition (B).

It remains to show that G satisfies the strong Strong Atiyah Conjec-
ture Because Theorem we can assume without loss of generality
that that I is finite. By induction over the cardinality of I we can reduce the
claim to the case where I contains two elements. This case is already taking
care of by Sanchez Peralta [62] Theorem 3.4].

Consider z € |J,,»oDn(R C S) such that the inverse of z exists
in §. Choose n € Zso with x € D,(R C S), Then © € D41 (R C 5)
holds by construction and hence we get = € J,,», Pn(R C S). This implies
D(R C 8) € Uy Pu(R C S). -

Consider any division closed subring 7' C S with R C T'. One easily checks
by induction that D, (R C S) C T holds for n = 0,1,2,.... This implies
DR CS)2U,>oDn(RCS).

Chapter 3

Since 1 01 = 1304 holds it suffices to show dom (1 0p1) = im(¢).
Consider two ring homomorphisms «, 3: S — U satisfying «wo 11 0 1 =
B o 1 o;. Since p; is epic, this implies a0ty = fo ;. Hence we get
a(11(s1)) = B(w1(s1)) for every s; € Sy. This shows im(¢)1) C dom(th1 0 p1).
Consider s € dom(t)10¢7).|[Proposition 3.11| (i) implies s; € im(¢10p1) C
im(¢1). Hence we get dom(1; 0 ¢1) C im(¢)1).

3.17l For every r € Z(R) the map S x S — S ®g S sending s; ® s2 to
81789 is R-bilinear and hence defines a homomorphism ¢: S®r S — S®pr S
satisfying p(s1 ® s2) = s1 ®@7rse. lf m: S®p S — S is the multiplication map
sending s; ® so to s182, then [Proposition 3.10|implies for all s € S
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sr=mop(s®1ls)=mop(lg®@s)=rs
and hence r € Z(S).

3.18l Since X is connected, finite, and 1-dimensional, Hy(X;Z) = Z and
H{(X;Z) =2 Z" for some r € Z>¢. We have x(X) = 1 — r. Hence Hq(X;Z)
vanishes if and only if x(X) = 1.

Let z be a vertex in X different from the root xg. Let Y be the unique
element in fam(X) containing y. Let yo be the root of Y. Then dy (yo,y) =

dx (y,y0) = dx (y,zo) — 1.

Since log(X) and log(Y) agree, we have to decide for A = X —
expand(log(X)) and B = Y — expand(log(Y)) whether A < B or B < A

RN

We have
Hence log(A) and log(B) agree, they are both given by

AN

So we have to decide whether A — expand(log(A4)) < B — expand(log(B))
or A — expand(log(A)) > B — expand(log(A)) holds One easily checks that
A — expand(log(A)) and B — expand(log(B)) look like

“A

) and log(A — expand(log(A))) look like
I /\

we get log(B — expand(log(B))) < log(A — expand(log(A))). Hence Y < X.

=z e—eo—o

Since log(B — expand(log(B

3.68. The factorization is a direct consequence of
Let Xy be the U-biset occurring in the construction of Rat(U) and let
X be the corresponding {1}-biset occurring in the construction of Rat({1}).

Now the claim for Rat(pr) follows directly from |[Remark 3.63| since Rat(pr)
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comes from maps (Xy), — X, which are surjective but not injective for
n € Z>1. For instance for n = 1 it is given by the map (Xy); = N[U]\ {0} —
X1 =N[{1}]\ {0} = Z>y sending ) .y M- to Y, cpyn

Next we show that the map Treey;, is not injective. This follows by in-
specting the construction of Treey;; described in Namely, we
have

)

= 0;
(N{l} {0}) = Z>1;
= (N[{1}4Z>1] \ N[{1}40])° IT X.

The map Tree(;y sends an element m in X; = Z=Z' tom - 11

An element in N[{1}4Z>4] \ N[{1}40] is a finite formal sum n, -m
where m runs through all finite sequences (mq,ma,...,my) for [ 67Z21 and
m; € Z>o, we have n,, € Z>(, and at least one of the elements n,, is different
from zero. The map Tree(qy restricted to (N[{1}4Z>1] \N[{l}ﬂ@])<> C X, C

Rat({1}) sends 3, ny, -m to the element 3 nyy, - expand? ((H _ymyg)-1r)
in 7 and is obviously not injective.

Finally we explain why Rat(;y is surjective. We will show by induction
over n. = 0,1,2,... that T lies in the image of Trees;y for any rooted tree
T with height(T) = n. If n = 0, this is obvious. If the height of T is 1, this
follows from the description of Tree(y restricted to X; above since T looks
like m - 1g for m € Z='. The induction step from (n — 1) to n > 2 is done as
follows.

Consider a tree T' of height n. We can write T = Y"1 | expand(T;) for
appropriate elements T; € T satisfying height(7;) < n — 1. For every i €
{1,2,...,m} we can write expand(7;) as a finite product []}_, expand?®(S;)
for appropriate elements S; € 7 with height(S) < n — 2. Hence it suffices
to show that expand?(S) lies in the image of Treeq;y for every rooted tree
S with height(S) < (n — 2). By induction hypothesis there is an element
r € Ratyy I1{0} satisfying Tree(;}(r) = S. Now the claim follows from

expand?(S) = o7 (S) = o1 0 Treegyy(r) = Treegy o or (7).

3.75L Obviously ¢ sends D(p1(G) C Ry) to D(p2(G) C Rz). We conclude

(v ideo) © Pg.p, = Pa,p, from the uniqueness part appearing in
tion 3.50

3.107, We get P C Primitive(U) from [Lemma 3.105| (i). If U = {1}, we get
P = Rat(U) from (vi), and hence P = Primitive(U).

Suppose that there exists p € P with non-trivial sourcey (p). Choose u €
sourcey (p) with u # 1y. Put r = pu. Then r does not belong to P since
together with Q C X and X NU = () implies PN U =



Solutions of the Exercises 179

{1}. From p € Rat(sourcey(p)) and u € sourcey(p) C Rat(sourcey(p)), we
conclude r € Rat(sourcey (p)) = Rat(source(r)) and hence P # Rat(U).

Suppose that sourcey (p) = {1} holds for all p € P. Since PU = Rat(U)
holds by ([vi), we conclude source(p) = {1y} for every r €
Rat(U). Hence r € Rat({1y })-U for every r € Rat(U). This implies Rat(U) =
Rat({1y}) - U and hence U = {1y }.

This follows from rk(A4) = rk(I,, - A) < min{rk(Z,,),rk(4)} =
min{m,rk(A)} and rk(A4) = rk(A-I,,) < min{rk(A4),rk(l,)} = min{rk(A4),n}
coming from property appearing in |Definition 3.127

This follows from n = rk([,,) = rk(4 - A™!) < min{rk(4),rk(A71)} <
rk(A) and assertion ().

We have
0 O _ (0 0\ [AOY (0,
0A+B) \UIn, I, 0B 06,)"
We conclude from properties , , and appearing in [Definition 3.127

0 0 . 0 0 A0 01,
rk(A+ B) =1k <0A+B) §m1n{rk (Im Im) ,rk(o B) ,rk (Ofn)}

<rk (61 g) =1k(A) + rk(B).

In particular we get from assertion the implication tk(4) =0 =
rk(A + B) < rk(B). Since rk(4) = 0 = rk(—A) = 0 by property
appearing in [Definition 3.127, we obtain the implication rk(4) = 0 =
rk(A + B) = rk(B).

Given A, B in M,, ,(R), we get from Exercise the impli-
cation rk(A) =0 = k(A + B) =1k(B).

Given r,s € ker(rk), we conclude r + s € ker(rk). If » € R and s €
ker(rk), then rs € ker(rk) follows directly from the property appearing
in Hence ker(r) is a ideal in R.

One easily checks that rk is a well-defined faithful Sylvester matrix rank
function.

Obviously == holds. Next we show () = (fi). Consider
Ae My, n(R). Fixie {1,2,...,m} and j € {1,2...,n}. Let E € My,,(R)
be the matrix all whose entries are zero except the enty at (1,4) which is 1.
Let F' € M,,1(R) be the matrix all whose entries are zero except the enty
at (4,1) which is 1. Then FAF is the (1, 1)-matrix (a; ;). We conclude from

property appearing in [Definition 3.127
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rk(a; ;) = rk(EAF) <rk(A) = 0.

Hence a; ; = 0. This implies A = 0.

Suppose that holds. Consider A € M,, ,,(R) with rk(A) = n. Then
dim(coker(r4)) = 0 and hence r4: R™ — R" is surjective. Then ker(r,) is
finitely generated projective and we have rk(r4) ® R™ = R™. This implies
rk(ra) +n = n and hence rk(ker(rs)) = 0. We conclude that ker(ra) is
trivial. Hence A is invertible. We have rk(A) = n if A is invertible, see
Exercise . Hence = holds.

Now suppose that R is von Neumann regular. Next we show = ([ii)).
Consider a finitely presented R-module M with dim(M) = 0. We can find
finitely many idempotents z1,zs, ..., z, with M = @, (Rz;) by
Fix i € {1,2,...,n}. We conclude dim(Rx;) = 0 from dim(M) =
> i, dim(Ra;). This implies rk(Rx;) = 0. Hence we get tk(R(1 — z;)) = 1.
We have Rz; = 0 < (1 — x;) € R*. Hence it suffices to show for © € R
with rk(z) = 1 that z is invertible. Choose y € R with zyx = . Then we
conclude from [Proposition 3.131|

tk(1 — yz) = rk(z(1 — yz)) = rk(x — 2yx) = rk(0) = 0.
Since rk is faithful by assumption, we get yz = 1. This implies
1 =rk(yz) < min{rk(y),rk(z)} <rk(y) < 1.

and hence rk(y) = 1. By the argument above now applied to y instead of x
we get z € R with zy = 1. This implies x € R*. This finishes the proof of
the implication = ().

We have already shown (i) =

Finally we show = Consider € R with rk(r) = 0. Since R
is von Neumann regular, there exists an idempotent © € R with Rr = Rx
by [Proposition 2.18l Hence rk(z) = 1 — dim(R/Rx) = 1 — dim(R/Rr) =
rk(r) = 0. Since = 0 holds if and only if Rr = Rx vanishes, it suffices
to show for an idempotent z € R with rk(z) = 0 that = 0 holds. Since
1 =rk(1) = rk((1 — z) + ) = k(1 — z) holds by Exercise [3.129] (iv]), (1 — =)

is a unit in R. Since (1 —2) -2 =2 —2? = x — x = 0 holds, we get z = 0.

3.136L Since the functor R(®) @ — is right exact, dimp is a faithful integer-
valued Sylvester module rank function on R whose associated Sylvester rank
function is faithful.

Let dim be any integer-valued Sylvester module rank function on R
whose associated Sylvester rank function rk is faithful. We want to show
dim = dimp. Consider any finitely presented R-module M. Since M is the
direct sum R™ &}, R/(r;) for appropriate m,n € Z>( and non-zero-elements
71,72, ...,y and we have dim(M) =m+)",_, dim(R/(r;)) and dimg(M) =
m, it suffices to show for any r € R that dim(R/(r)) # 0 = r = 0 holds.
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Since dim is integer-valued, dim(R/(r)) # 0 implies dim(R/(r)) = 1 and
hence rk(r) = 0. Since rk is faithful, we get r = 0.

3.144] Since every finitely presented R-module is projective for a von Neu-
mann regular ring R, every short exact sequence of finitely presented R-
modules is split exact.

3.154, Consider A € M,,,(R). Let M be the finitely presented R-
module given by the cokernel of the R-homomorphism r4: R™ — R™.
One easily checks that @,M is isomorphic to the the cokernel of the R-
homomorphism rg(4): R™ — R". Hence dim is #-compatible if and only if
rk(A) = rk(®(A)) = &*(rk)(A) holds for every A € M, »(R).

Chapter 4

Since X is simply connected, we have 71(X) = {1} and X = X. The
cellular Z-chain complex C,(X[n]) is concentrated in dimensions 0 and 1 and
its first differential ¢;: Z™ — Z"*! is given by the matrix

-10 0 0---0 0 0 O
0O+1-10---0 0 0 O
0 0O+41-1---0 0 0 O
000 0--4+41-10 0
0 00 O0- 0 +1-10
0 0 0 O0- 0 0 +1-1
0 0 0 O - 0 0 0 +1

The kernel of ng) = id¢ ®zc1: C* — C"*1is Hy([0,1];C) and hence is
trivial, whereas the cokernel is Hy([0, 1]; C) and hence C. Therefore X is not
L?-acyclic.

The operator (0(12))* o 0(12) is given by the (n,n)-matrix

+2-10 0 -~ 0 0 0 0
-142-10 -0 0 0 0
0 -142-1--- 0 0 0 0
0 0—-1+42---0 0 0 0
Aln] = S A
0000 0---+42-10 0
000 0:-+—-142-10
0000 0 -1+42-1
00 0 0 00 -12
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We compute for n € Z>»
det(A[n + 1)) = 2 - det(A[n]) — det(A[n — 1]).
Since det(A[1]) = 2 and det(A[2]) = 3 holds, we get by induction for n € Z>q
det(A[n]) =n+1

Hence X is of determinant class and we get from

pP(X) = \/det(A[n]) = vVn + 1.

. uppose a carries a non-trivia -action. vince 1S aspherical,
5.25, S that M carri trivial Sl-action. Since M is aspherical

we conclude from Theorem
that all L?-Betti numbers bg)(M) and the L?-torsion p(?) (M) vanish. This

contradicts from Theorem (i)

Since hyperbolic closed manifolds are aspherical, two hyperbolic closed
manifolds with the isomorphic fundamental groups are homotopy equivalent.
Since the fundamental group of a hyperbolic closed manifolds is residually
finite and hence satisfies the Determinant Conjecture two closed hy-
perbolic manifolds with isomorphic fundamental groups have the same L2-

torsion by Theorem (). Now the claim follows from Theorem (i) .

Assertion (f]) follows from Theorem [5.9], whereas assertion follows

from the definitions.

5.48 One easily checks that v is well-defined using the universal property of
(U™ 4mW). The inverse of 1 of v is uniquely determined by the property
that for every ZG-chain homotopy equivalence f,: C, — D, of {£+g}-based
finite free ZG-chain complexes and every n € Z we have

v (Y (f),n) = (£ + (0= xze(C4)) - w™ (idopzar. ).

5.49. This follows immediately from the additivity of rkyg for short exact
sequence of finitely generated free ZG-modules.

This follows from Lemma and (i), from Remark and from
Lemma and (fi), since the elements u"V(f.), u®(C,), and u? (D)
i

respectively generate UV, U, and Uqu), see Remark
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