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SOME CRITERIA CONCERNING THE RATIONAL VANISHING OF
WHITEHEAD GROUPS

WOLFGANG LUCK AND BOB OLIVER

ABSTRACT. We give several examples of finite groups G for which the rank of the tensor
product Z ®zaut(@) Wh(G) is or is not zero. This is motivated by an earlier theorem of
the first author, which implies as a special case that when this group has nonzero rank,
the Whitehead group of any other group (finite or infinite) that contains G' as a normal
subgroup is rationally nontrivial.

INTRODUCTION

This paper is motivated by the following question: for which groups I" does the Whitehead
group Wh(I") vanish, integrally or rationally? When I is finite, Wh(I") is always finitely
generated, and its rank is determined in a theorem of Bass (see [Ba, Theorem 5]). So
it is natural to begin studying the Whitehead group of an infinite group I" (integrally or
rationally) by trying to compare it to the Whitehead groups of its finite subgroups.

One means of doing this is provided by the Farrell-Jones Conjecture for the algebraic K-
theory of group rings. This conjecture is known to hold for a rather large class of groups, but
is open in general. Among other things, it makes some predictions about the contributions
of finite subgroups of a group I" to Q ®z Wh(I") (see Theorem 1.1 below for one example
of such results). Other known results, such as Theorem 1.2, depend instead on assumptions
about the homology of centralizers of finite cyclic subgroups of I'. But so far, there are very
few results about Whitehead groups known to hold in all cases.

One exception to this is Theorem 1.3 below. This had originally been predicted by the
Farrell-Jones Conjecture, but is now known to be true for all groups — independently of
whether or not the conjecture holds. This theorem in turn implies Corollary 1.4(b), which
says, for a group I" with Q ®z Wh(I") = 0, that I" can contain a finite group H as a normal
subgroup only if Z ®zjawmy Wh(H) is finite. Since the theorem and corollary hold for all
groups, this could give some evidence that the Farrell-Jones Conjecture for the algebraic
K-theory of group rings holds more generally.

In Section 1, we describe some of this background in more detail, ending with the state-
ments of Theorem 1.3 and Corollary 1.4. This then motivates the results in the next two
sections. In Section 2, we give a general formula for the rank of Z ®zau(a) Wh(G), for a
finite group G, in terms of numbers of classes of elements of G under certain equivalence
relations. This formula is then applied in Section 3, where we give a wide range of examples
of finite groups G for which rk(Z ®zaut() Wh(G)) # 0, and hence of groups that cannot
occur as normal subgroups in a group I” with Q ®z Wh(I") = 0.
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1. SOME KNOWN RESULTS

We begin by describing some general information about the Whitehead group G of a
(discrete) group I', and the relation between Wh(I") and the Whitehead groups of finite
subgroups of I'.

A group I is called a Farrell-Jones group if it satisfies the “Full Farrell-Jones Conjecture”,
as formulated, for example, in [Lu3, Conjecture 13.30]. The full statement is quite compli-
cated and involves L-groups as well as K-theory, but one easily stated special case is that
the Whitehead group of a torsion free group is always trivial.

The class FJ of Farrell-Jones groups is quite large, and in fact, no groups are known not
to be in the class. It is known to contain all hyperbolic groups, finite-dimensional CAT(0)-
groups, solvable groups, fundamental groups of manifolds of dimension < 3, and any lattice
in a locally compact second countable Hausdorff group. Also, it is closed under taking
subgroups, finite free products, finite direct products, and colimits of directed systems (with
arbitrary structure maps). For more information about the Full Farrell-Jones Conjecture and
its consequences, we refer to [Lu3, Chapter 15|, and for a description of what is currently
known about the class 7, to [Lu3, Chapter 16].

As one simple example of the role played by Farrell-Jones groups, we note the following
criterion for the rational vanishing of K-theory in degree at most 1. When H < [ are
groups, we let Auty(H) be the group of automorphisms of H of the form (z — gzg™!) for
g c NF<H) .

Theorem 1.1 ([Lu3, Theorem 17.4]). Let I" be a Farrell-Jones group. Consider the following
conditions on I':

(P) The order of every finite cyclic subgroup C' < I' is a prime power.

(A) For every finite cyclic subgroup 1 # C < I', the automorphism group Aut(C') is gener-
ated by Autp(C) and the automorphism (x — x71).

Then

(a) Kn(ZI') =0 forn < —2;

(b) Q®z K_1(ZI") =0 if and only if condition (P) holds;

(¢) Q®z Ko(ZI') = 0 if condition (P); and

(d) conditions (P) and (A) = Q®z Wh(I') =0 = condition (A).

The next theorem illustrates the sort of homological condition that can be used to get
such results, without assuming G is in F7J.

Theorem 1.2 ([LRRV, Theorem 1.1]). Let I" be a group. Assume, for every finite cyclic
subgroup C' < I', that the homology groups H(BCr(C);Z) and Ho(BCr(C);Z) of the cen-
tralizer Cr(C') are finitely generated. Then the canonical map
COlimHeSub}-zN(F) Q ®z Wh(H) — Q®y Wh(F)
18 1njective.
Here Subzza(I7) is the category whose objects are the finite subgroups of I, and where a

morphism from H to K is the class, modulo Inn(K), of a group homomorphism f: H — K
of the form (z — gzg™!) for some g € I

Note that the homology condition appearing in Theorem 1.2 holds whenever there is a
model for the classifying space Exza(I") for proper I'-actions whose 2-skeleton is cocompact
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(i.e., the orbit space of the 2-skeleton is finite). Namely, given a finite subgroup H C G, we
conclude from [Lul, Lemma 1.3}, that for every finite subgroup H C G there is a model for
BWrH with finite 2-skeleton. Since CrH has finite index in NpH and WrH = NprH/H
is a finite quotient of Ny H, there is a model for BCrH with finite 2-skeleton. Examples of
groups which satisfy the hypotheses of Theorem 1.2 but are not known to be Farrell-Jones
groups are Out(F,,) (where F), is a free group on n letters) and Thompson’s group.

In contrast to Theorems 1.1 and 1.2, the next theorem holds for all (discrete) groups.
Let i: G — I be the inclusion of a finite normal subgroup G in a group I, and let
ix: Wh(G) — Wh(I") be the induced homomorphism. The conjugation actions of I" on
G and I induce I'-actions on Wh(G) and Wh(I"), of which the latter is trivial. Hence i,
induces a homomorphism

7t Z @y Wh(G) ——— Wh(I).

Theorem 1.3 ([Lu2, Theorem 9.38]). Let i: G — I be the inclusion of a finite normal
subgroup G into an arbitrary group I'. Then the homomorphism

induced by i has finite kernel.
Corollary 1.4. Let I' be a group such that Q @z Wh(I") = 0. Then the following hold.

(a) Ewvery finite cyclic subgroup of the center Z(I") has order 1, 2, 3, 4, or 6.

(b) For each finite normal subgroup G < I', the group Z ®zr Wh(G) and hence also
Z Qzaw(c) Wh(G) is finite, where Aut(G) acts in the canonical way on Wh(G) and
trivially on 7.

Proof. By a theorem of Bass [Ba, § 7], the Whitehead group of a finite group is always finitely
generated. So (b) follows immediately from Theorem 1.3.

If C < Z(I') is cyclic of finite order, then by Theorem 1.3 again, Q ®z Wh(C') = 0, and
Wh(G) has rank 0. So by Bass’s theorem again (see also Theorem 2.6 below), the group C
has at most two generators, and hence |C| < 4 or |C] = 6. O

Motivated by Corollary 1.4(b), in the rest of the paper, we look for finite groups G for
which 1k(Z ®zaut(ey Wh(G)) > 0, since no such group can occur as a normal subgroup in
I' if Q ®z Wh(I") = 0. Note that this condition on Z ®zaut(cy Wh(G) is independent of I

2. WHITEHEAD GROUPS AND CONJUGACY CLASSES

From now on, we focus attention on Whitehead groups of finite groups. The main result
in this section is a generalization of a theorem of Bass [Ba, § 7] describing the rank of Wh(G)
for finite G.

When K is a field of characteristic 0 and n > 0 is an integer, we let u, be the group of
n-th roots of unity in an algebraic closure of K, and regard the Galois group Gal(K (p,)/K)
as a subgroup of (Z/n)*. Thus each automorphism v € Gal(K (u,)/K) is identified with
the unique class a+nZ € (Z/n)* such that v(¢) = ¢* for ¢ € u,. For example,

Cal(Q(u,)/Q) = (Z/n)*, Gal(R(u,)/R) = {£1}ifn >3, and Gal(C(u,)/C)=1.

Definition 2.1. Let K be a field of characteristic 0. When G is a finite group, two elements
g,h € G of the same order n are K-G-conjugate if g is G-conjugate to h* for some a +
nZ € Gal(K(u,)/K). More generally, when A < Aut(G) is a subgroup containing Inn(G),
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the elements g,h € G of order n are K-A-conjugate if g is in the A-orbit of h® for some
a+nZ € Gal(K(u,)/K).

Thus g,h € G are R-A-conjugate if ¢ is in the A-orbit of h or h~!, while they are Q-
A-conjugate if the cyclic subgroups (g) and (h) are in the same A-orbit. In particular,
the number of Q-G-conjugacy classes is equal to the number of conjugacy classes of cyclic
subgroups of G.

As usual, by the rank of a finitely generated abelian group B, we mean the rank of its free
part; i.e., the order of its largest Z-linearly independent subset. Thus rk(B) = dim(Q ®z B).

For a field K of characteristic 0 and a finite group G, we let Irrx(G) be the set of iso-
morphism classes of irreducible K G-modules, regarded as a finite Aut(G)-set. Via character
theory, one shows the following:

Proposition 2.2. Let K be a field of characteristic 0. For each finite group G, and each
group of automorphisms A < Aut(G) containing Inn(G),

Irri (G) /A| = #{ K-A-conjugacy classes of elements of G'}.

Proof. Let Ry (G) be the representation ring for K G-representations: thus a free abelian
group with basis Irrx(G). Let Clg(G) be the space of all maps G — K that are constant
on K-G-conjugacy classes, regarded as a vector space over K. By [Se, §12.4, Corollary 2],
the characters of the elements in Irrx (G) form a K-basis for Clx(G). Hence the sums of the
characters in each A-orbit form a basis for Fix(A4, Clk(G)), and so

e (G) /A] = dimg (Fix(A, Clk (G))) = #{ K-A-conjugacy classes of elements of G}. O

We refer to [Ol, Section 1.2a] for the definition of reduced norms for finite dimensional
semisimple Q-algebras.

Proposition 2.3. Let G be a finite group. Set K = Z(QG), a product of fields, and let
R < K be its unique mazimal order (the product of the rings of integers in the factors). The
reduced norm induces a homomorphism

nr: K4(ZG) —— R™

that commutes with the actions of Out(G) on Ky(ZG) and on R*, and whose kernel and
cokernel are both finite. In particular, for each A < Aut(G) containing Inn(G),

1k(Z ®7,4 Wh(G)) = tk(Fix(A, Wh(G))) = tk(Fix(4, K, (ZG))) = tk(Fix(4, R*)).

Proof. The fact that the reduced norm induces a homomorphism whose kernel and cokernel
are finite was shown by Swan (see, e.g., [Sw, Chapter 8] or [Ol, Theorem I.2.5(ii)]).

Clearly, nr commutes with the actions of A. So Fix(A, K1(ZG)) and Fix(A, R*) have the
same rank. O

We also need Dirichlet’s units theorem in the following form.

Lemma 2.4. Let K O Q be a finite extension, and let R C K be the ring of integers. Then
rk(R*) = #{ficld factors in R ®g K} — 1.

Proof. The ring R ®g K is isomorphic to a product of one copy of R for each embedding of
K into R, and one copy of C for each pair of conjugate embeddings of K into C with image
not in R. So the statement follows from Dirichlet’s theorem in its usual formulation (see

[ST, Theorem B.6]). O
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Proposition 2.5. Let G be a finite group. Then for each A < Aut(G) containing Inn(G),
we have

1K(Z @74 Wh(G)) = rtk(Fix(4, Wh(Q))) = |Irre(G) /A| — |Trrg(G)/A].

Proof. Set K = Z(QG), a product of fields, and let R < K be its unique maximal order (the
product of the rings of integers in the factors). Then rk(Fix(A, Wh(G))) = rk(Fix(A, R*)) by

Proposition 2.3, and it remains to describe the rank of Fix(A, R*) in terms of representations
of G.

Set Ky = Fix(A, K) and Ry = Fix(A, R): the subgroups of elements fixed by A. By
Wedderburn’s theorem, there is a natural bijection of A-sets from Irrg(G) to the set of
simple factors in QG, and hence to the set of field factors in Z(QG) = K. By a similar
argument, there is a natural bijection of A-sets from Irrg(G) to the set of simple factors in
RG, and hence to the set of field factors in Z(RG) = R ®g K. Also, by Galois theory, if a
subgroup Ag < A sends a field factor to itself, then the set of elements in that field fixed by
Ay is a subfield. Thus the number of field factors in Ky = Fix(A, K) is equal to |lrrg(G)/A],
and the number of field factors in R ®g Ky = Fix(A4,R ®q K) is equal to |Irrg(G) /Al

Clearly, Ry contains the product of the rings of integers in the field factors of Ky, with
equality since for each field factor L of K, the image of Ry under projection to L is a finitely
generated subring and hence contained in the ring of integers (see, e.g., [ST, Lemma 2.8]).
So by Lemma 2.4,

rk(Fix(A, R*)) = tk((Ro)*) = #{field factors in R ®g Ko} — #{field factors in Ko}
= |rrr(G) /A| — |Irrg(G) /A|. O

The following theorem is due to Bass [Ba, Theorem 5] when A = Inn(G).
Theorem 2.6. For each finite group G, and each subgroup A < Aut(G) containing Inn(G),

dimg ((Q ®z4 Wh(G))) = #{R-A-conjugacy classes of elements in G}
— #{@—A—Conjugacy classes of elements in G }

Proof. This follows directly from Propositions 2.5 and 2.2. 0

3. EXAMPLES

Throughout this section, it will be convenient to define, for each finite group G,
NG = #{R—Aut(G)—conjugacy classes in G} — #{Q—Aut(G)—conjugacy classes in G}.
Thus by Theorem 2.6,
Ne = 1K(Z @zau(c) Wh(G)) = dimg(Q @zau(e) Wh(G)).
So by Corollary 1.4(b), if A5 > 0, then Q ®z Wh(I") # 0 for every group I" that contains G
as a normal subgroup.

We now construct a wide variety of examples of finite groups G with .45 > 0, including
some small metacyclic groups, metacyclic p-groups, and simple groups. For example, we
show that the smallest group with .45 > 0 is the nonabelian group of order 55, and that
NG > 0 when G is the nonabelian group of order p? and exponent p? and p > 5 is prime. We
also determine exactly which of the sporadic simple groups, and which of the linear groups
PSL,(q), satisfy ¢ > 0.

We first need some tools for constructing automorphisms.
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Lemma 3.1. (a) Let H QG be a pair of finite groups such that H is abelian and G/H is
cyclic. Then for each x € G such that G = H(x), and each a € Z prime to |G| such that
a=1 (mod |G/H|), there is a € Aut(G) such that a(h) = h* for each h € H U {z}.

(b) Let G be a group, let Z < Z(G) be a central subgroup, and let v € Hom(G,Z) be a
homomorphism such that Z < Ker(1). Then there is a € Aut(G) such that a(g) =

g (g) for each g € G.

Proof. (a) Define a: G — G by setting, for each h € H and each i € Z, a(ha') = h*z*.
By assumption, every element in G' can be written in this form. If ha' = ka? for h,k € H
and i,j € Z, then k~'h = 277% so k=*h* = (k7'h)* = 2%~% and hence h*x* = k2%, So «
is well defined as a map of sets. Finally, if h,k € H and i,j € Z are arbitrary, then

a((hx’)(k:xj)) — a(h(xikm—i)xi—&—j) — ha(xikax—i>xai+aj _ ha($aikax_ai)l‘ai+aj
= (h*2) (k"2 = a(hs")a(kx?),

where the third equality holds since 2(®~1V* € H and hence commutes with k*. So « is an
automorphism.

(b) One easily checks that « is a homomorphism with inverse (g — g (g)™'). O

As a first, very simple, application of Lemma 3.1(a), we have:

Example 3.2. If a finite group G contains a normal abelian subgroup of index at most 3,
then A5 = 0.

Proof. Assume H < (G is abelian of index at most 3. Fix g € G; then either ¢ € H or
G = H{g). By Lemma 3.1(a), for each a € Z such that ged(a, |G|) = 1, and such that a = 1
(mod 3) if |G/H| = 3, there is a € Aut(G) such that a(g) = g*. Thus all generators of (g)
are R-Aut(G)-conjugate to g. Since g € G was arbitrary, Theorem 2.6 now implies

NG = #{R—Aut(G)—conjugacy classes} — #{Q—Aut(G)—conjugacy Classes} =0. OJ

With a little more work, one can show that if G is a finite group with .45 = 0, then
Naxu = 0 for each finite group H that contains an abelian subgroup of index at most 2.
However, if we let G = C5 x Cy (induced by an injection Cy — Aut(Cs)), and let H be a
nonabelian group of order 21, then A5 = Ay = 0, but A5.g > 0.

We next look at some more small groups G for which .4 vanishes.

Example 3.3. If G is a group of order at most 54, then A5 = 0.

Proof. 1t each element of G has order dividing 4 or 6, then all generators of each cyclic
subgroup of G are R-G-conjugate, so A = 0. If G is abelian, or contains a normal abelian
subgroup of index 2 or 3, then 45 = 0 by Example 3.2. From now on, we use these without
repeating the references each time.

When ¢ = p” for a prime p and k > 1, we let E, denote an elementary abelian p-group
of order ¢ and rank k. When P is a p-group for a prime p, we let ®(P) denote its Frattini
subgroup: the intersection of the maximal proper subgroups of P, and the smallest normal
subgroup such that P/®(P) is elementary abelian.

Case 1: |G| = n where n < 53 is odd. If n is prime or the square of a prime, or n = 35
or 45, then G is abelian, so .45 = 0. Otherwise, n = 3m where m > 3 is prime or m = 9, so
G contains a normal abelian subgroup of index 3, and A5 = 0.
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Case 2: |G| = 2n where n < 27 is odd. In these cases, G always contains a normal
subgroup H < G of order n and index 2. If H is abelian, then A5 = 0. If H is nonabelian,
then n = 21 or 27.

If n = 21 and H is nonabelian, then G is a semidirect product of the form Ci4 x C5 or
C7 x Cg. In the first case, 45 = 0. In the second case, all elements of G have order 7 or
a divisor of 6, and the elements of order 7 are permuted transitively by Aut(G) by Lemma
3.1(a). So A5 = 0 also in this case.

This leaves the case where |H| = n = 27 and H is nonabelian. If H has exponent 3,
then the order of each element of G divides 6, and so 45 = 0. So assume H is nonabelian
of exponent 9. There are three subgroups of order 9 in H, at least one of which must be
invariant under the conjugation action of G/H = C5. So there is a normal subgroup K < G
with K = Cy. If Cg(K) > K, then G has a normal abelian subgroup of index 3, and so
NG = 0. Otherwise, G/K = Cg (since Aut(K) = Cg), and G is a semidirect product K x Cp
where Cg(K) = K.

In this last case, G has presentation (a,b|a® =1 = 0°, bab™' = a?). So by Lemma 3.1(a),
there is a € Aut(G) such that a(a) = a” and a(b) = b. Then « induces the identity on
G/{a®), so for each cyclic subgroup C' < G of order 9, o(C') = C and hence all generators of
C' are R-Aut(G)-conjugate. Since all other elements have order dividing 6, this shows that

N6 = 0.

Case 3: |G| = 4n where n < 13 is odd. If n =1 or n = 3 (mod 4), then G contains an
abelian subgroup of index 2. If n = 5 or 13, then either G has an abelian subgroup of index
2, or G = C, xCy, and each element of G has order 1, 2, 4, or n. All elements in G of order
n are R-Aut(G)-conjugate by Lemma 3.1(a), so A5 = 0.

Assume n = 9, so |G| = 36. If there is H < G of order 9, then either G has an abelian
subgroup of index 2, or H = Ey, Cq(H) = H, and all elements of G have order 1,2, 3,4, 6.
So A = 0 in all such cases. Otherwise, |Syl;(G)| = 4, the conjugation action on this
set induces a homomorphism y: G — ¥, with image A4, and so G has a normal abelian
subgroup of index 3.

Case 4: |G| = 8, 16, or 32. If G/Z(G) has an element of order 8, generated by the class
of g € G, then Z(G){g) is abelian of index at most 2 in GG. Also, if G has an element of order
16, then it generates a cyclic subgroup of index at most 2. So 45 = 0 in all such cases.

Assume from now on that G/Z(G) has exponent at most 4 and G has exponent at most
8. So if g € G has order 8, then ¢* € Z(G). If g ¢ ®(G), then by Lemma 3.1(b), applied
with Z = (g*), there is @ € Aut(G) such that a(g) = ¢°. So all generators of (g) are
R-Aut(G)-conjugate in this case.

If g € ®(G) has order 8, then ®(G) = (g) and G/P(G) = Cy x Cy, which is impossible
unless G has a cyclic subgroup of index 2.

Case 5: |G| = 24. If |Syl;(G)| = 1, then G contains a normal abelian subgroup of index
2, so A = 0. Otherwise, |Syl;(G)| = 4, and the conjugation action on this set defines a
homomorphism y: G — ¥, whose image contains A4. So either G = ¥y, or G/Z(G) = Ay
and |Z(G)| = 2, and in all such cases, all elements of G have order dividing 4 or 6. So
Na = 0.

Case 6: |G| = 40. In all cases, |Syl;(G)| = 1. Then either G has an abelian subgroup of
index 2 (and A5 = 0), or there is a normal subgroup H < G such that H = Cy, G/H = Cy,
and Cq(H) = H.

Assume we are in this last case. By Lemma 3.1(a), the generators of H are permuted
transitively by Aut(G), and similarly for the elements of order 5. All other elements have
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order dividing 8. Let x € H be the element of order 2, and let o € Aut(G) be the automor-
phism that is the identity on the subgroup of index 2 that contains H, and sends ¢ to gx
otherwise. If g € G has order 8, then x = ¢* and a(g) = gr = ¢°, so all generators of (g)
are R-Aut(G)-conjugate. Thus A5 = 0.

Case 7: |G| = 48. By the Sylow theorems, |Syl;(G)| =1, 4, or 16.

Case 7A: If |Syl;(G)| = 16, then the Sylow 2-subgroup S < G is normal and contains all
elements not of order 3. So S has an automorphism of order 3 that fixes only the identity
element, hence [S,S] is trivial or noncyclic, which implies S = FEy5 or Cy x Cy. Thus all
elements of GG have order at most 4, and so 45 = 0.

Case 7B: Assume |Syl;(G)| = 4, and let x: G — ¥, be the homomorphism defined
by the conjugation action. If yx is onto, then Ker(x) = Z(G) = (z) where || = 2, so by
Lemma 3.1(b), there is a € Aut(G) such that af,-1(4,) = Id and a(g) = gz for g € G with
x(g9) ¢ As. So if g € G has order 8, then g* = x and a(g) = gz = ¢°. Thus all generators of
each cyclic subgroup of order 8 are R-Aut(G)-conjugate. Since all elements of G have order
dividing 6 or 8, this proves that 45 = 0.

If x(G) = Ay, then either Ker(y) = Ey, or Ker(y) = Z(G) =2 Cy and G = Cy x Ay or
Cy0SLy(3) (central product). In all such cases, all elements of G have order dividing 4 or 6,
so Mg = 0.

Case 7TC: Now assume [Syl;(G)| = 1, let H < G be the normal subgroup of order 3, and
choose S € Syly(G). Then Cg(H) = HT for some T' < S of index at most 2, and A5 = 0
if T is abelian. So assume S = G/H is nonabelian of order 16, with a nonabelian subgroup
T < S of index at most 2.

IfT =S8, then G = H xS. If S/Z(5) has a cyclic subgroup of index 2, then S has an
abelian subgroup of index 2. Otherwise, |Z(S)| = 2 and S/Z(S) = Es, in which case some
pair of commuting elements in S/Z(S) lift to commuting elements in S. So in all cases, S,
and hence GG, have abelian subgroups of index 2, and so 45 = 0.

Assume for the rest of the proof that 7" has index 2 in S. Since G is a semidirect product
G =H x S, each a € Aut(S) with a(7") = T extends to @ € Aut(G) such that a|g = Idg.
Also, there is 8 € Aut(G) such that 3]s = Idg and 8(h) = h™! for h € H.

If S has an element g of order 8, then since 7' is nonabelian, we have S = (g,z) and
T = (g% x) for some x € T\ {g). By Lemma 3.1(a), for each odd a € Z, there is o € Aut(95)
that a(g) = ¢* and a(z) = 2% so a(T) = T, and hence « extends to & € Aut(G). Thus
Naur(e)((9)) permutes transitively the generators of (g).

If g € G has order 12, then H = (g*) and ¢> € T. Thus 8(¢*) = ¢* and B(¢%) = g3,
so 3(g) = ¢°, proving that all generators of (g) are R-Aut(G)-conjugate. All elements of G
have order 12, 8, 6, or at most 4, so 45 = 0 in all of these cases. O

By Example 3.3, the smallest example of a finite group G such that .45 > 0 has order
at least 55. We now prove that there is such a group. Let ¢ denote the Euler function:

p(n) = [(Z/n)~].

Example 3.4. Fiz a prime p, and an integer m > 3 such that m|(p — 1). Let G be a
semidirect product G = C,, x Cy,, where Cy, acts faithfully on C,. Then Ag > (¢(m)/2)—1,
with equality if m is prime. Thus 45 >0 ifm =05 orm > 7.

Proof. Fix elements a,b € G with |a|] = p and |[b|] = m, and set H = (a) < G. Let
k € 7Z be such that bab~! = a*. For each a € Aut(G), a(a) = a*® for some s, and so
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a(b)a(a)a(b)™ = ala)® = ba(a)b™'. Hence a(b) € bH. In other words, each automorphism
of G induces the identity on G/H = C,,.

Thus the p(m) generators of (b) all lie in one Q-Aut(G)-conjugacy class, but in separate
Aut(G)-conjugacy classes. Since each R-Aut(G)-conjugacy class is the union of at most
two Aut(G)-conjugacy classes, there are at least p(m)/2 R-Aut(G)-conjugacy classes in the
Q-Aut(G)-conjugacy class of b. So A5 > (p(m)/2) — 1.

If m is prime, then every nonidentity element of G' has order p or m and hence is Q-G-
conjugate to a or b. All generators of (a) are Aut(G)-conjugate to a, and there are p(m)/2
R-Aut(G)-conjugacy classes of generators of (b). So A5 = (¢(m)/2) — 1 in this case. O

With a little more work, one can show that Mg =3 5_y,.((¢(d)/2) — 1) in the situation
of Example 3.4.

The next example also involves metacyclic groups, and shows that there are p-groups G
(for an arbitrary prime p) such that 4G > 0. Note that the smallest examples constructed
in this way have order p® when p > 5, or order 3% or 2! when p = 3 or 2.

Example 3.5. Fiz integers 1 < r|q, and let G be the group of order qr* with presentation
G={a,bla” =1=0b", bab™' = a’™).
Then NG > 0 if (r) >4, orif p(r) =4 and q is odd or 2r|q.

Proof. Set t = g+ 1 for short. Note first that t* = (1+¢)* = 1+ sq (mod ¢?) for each s > 1.
In particular, t” = 1 (mod qr), so the above presentation does define a group of order qr?.

Let @ € Aut(G) be an automorphism that normalizes the cyclic subgroup (b). Thus
a(a) = a't’ and a(b) = b
for some 4,5,k € Z. Then ged(k,r) = 1 since a(b) has order r, and ged(i,q) = 1 since
(a(a), a(b)) = G. Since « is a homomorphism,
v = b (@b F = alb)a(a)ad) ! = a(bab™) = ald') = (a'b) = a9,
where N = 14+ #/ + % + ... +t=17 Since ged(i, ) = 1, this implies that N = t* (mod gr).
Hence
' =N=1+(1+jq) +(1+2jg) +--+ 1+ (t—1)jg) =t + jg’t/2 (mod gr)

(recall ¢ =t — 1). So tk =t (mod qr) if ¢ is odd or 2r|q, and t* =t (mod ¢r/2) otherwise.
Since t = 1+ ¢ and t* = 1 + kq (mod ¢r), we now get that & = 1 (mod 7) if ¢ is odd or 2r|q,
and £ =1 (mod r/2) otherwise.

Thus if ¢ is odd or 2r|q, then the only generators of (b) that are R-Aut(G)-conjugate to b
are b and b, so A5 > 0 if p(r) > 4. Otherwise, 7 is even, the R-Aut(G)-conjugacy class of
b in (b) contains the four elements b*' and b("/2*! and A5 > 0 if ¢(r) > 4. O

We finish by looking at a few examples of finite simple groups G where A5 > 0. These are
larger groups in most cases, but working with them has the advantage that the automorphism
groups of simple groups are well known, and their outer automorphism groups are in most
cases quite small. Also, the properties of conjugacy classes of elements of G needed to
determine .4¢; are in many cases listed in the Atlas [Atl].

We start with the easiest case.

Example 3.6. If G is an alternating or symmetric group, then A = 0.
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Proof. If G =2 A,, or X,,, then two generators of the same cyclic subgroup of GG are always
conjugate in 3,, and hence in Aut(G). So Q-Aut(G)-conjugate elements are also Aut(G)-
conjugate, and hence A5 = 0. [

We next look at the 26 sporadic simple groups, where we observe that the largest groups
are not necessarily the ones for which 4% or rk(Wh(G)) are largest. For example, the
Whitehead group of F; (the monster) is finite, while A5 > 0 when G = F, (the baby
monster) or the Janko group J; (one of the smallest sporadic groups).

Example 3.7. Among the sporadic simple groups G,

(a) Wh(G) is finite, and hence NG = 0, when G is one of the five Matthieu simple groups,
one of Conway’s simple groups Co, for n =1,2,3, or one of the groups HS, McL, F3,
or Fi;

(b) rk(Wh(G)) > 0 but A5 =0 when G = Jy, Suz, or Fisy; and

(¢) A& >0 when G is one of the Janko groups J, forn =1,3,4, or G = He, Ly, Ru, O’N,
F'I;237 Fi/247 F5 or Fg.

Proof. From the character tables in [Atl], we see that every pair of Q-G-conjugate elements
is R-G-conjugate, and hence Wh(G) is finite, whenever G is one of the Matthieu groups, one
of Conway’s simple groups Co, for n = 1,2,3, or HS, McL, F5 or F;. Note that an entry
“6A Bx” at the top of the character table means that class 5B is (Q-G-conjugate but not
R-G-conjugate to class 5A, while “5A B**” means that the classes are R-G-conjugate.

The computations of rk(Wh(G)) and A¢ in the other cases are described in Table 3.1.
The actions of Out(G) on the conjugacy classes in G can also be read off from the character
tables in [Atl]. For example, when G = He (Held’s group), the characters of the two classes
17A and 17B differ only for the characters x; and xs, where x7(g) = xs(h) when g is in 17A
and h in 178 or vice versa. By the table, these two characters are exchanged (“fused”) by
Out(G) = Oy, and hence Out(G) must also exchange the classes 174 and 17B. In contrast,
for the same group G, the classes 214 and 21B differ only for the characters ysg and xsi,
these are not fused in Aut(G), and so 21A and 21B are not exchanged by Out(G).

The only case where such arguments become more complicated is that of the four classes
16 ABCD when G = O’N. Based on the action of Out(G) = C5 on the eight characters whose
values are not constant on these four classes, one shows that the action of Out(G) = C,
exchanges the classes 16 A and 16C', and also the classes 168 and 16D. [

We finish by looking at the projective special linear groups.

Example 3.8. Assume G = PSL,(q), where n > 2, q is a prime power, and G is simple.
Then NG > 0, except when G is one of the groups PSLy(4) = PSLy(5) =2 As, PSLy(7) &
PSL3(2>, PSL2(8), PSLQ(Q) = Aﬁ, PSL3(4), or PSL4(2) = Ag.

Proof. Choose an ordered F,-basis for Fgn, and let x: Fy. — GL,(q) be the injective
homomorphism that sends an element v € F. to the matrix for multiplication by u on Fyn.
Fix a generator uy € Fyn, set = x(ud™) € SL,(q), and let = € G = PSL,(q) be its class
modulo the center. Then 7 has order (¢" — 1)/(¢ — 1), and so x has order

def q"—1

~ (¢=1)-ged(g—1,n)
Note that £=* = n (mod g—1), and hence ged(¢q—1,n) = ged(g—1, =), Also, Aute((z)) =

qg—1 q—1
C,, generated by the Frobenius automorphism (z — z7).
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G | tk(Wh(G)) A classes
i 5 5 5AB,10AB,15AB, 19ABC
J 5 0 5AB!,5CD!, 10AB!, 10C D!, 15AB!
Js 6 3 bAB!9ABC,10AB! 15AB! 17TAB
Jy 11 11 20AB,24AB,31ABC,33AB,37TABC,40AB,43ABC,66AB
Suz 3 0 13AB!, 15AB!, 21AB!
He p 1 17AB!,21AB
Ly 11 11 21AB,24BC,31ABCDE,37TAB,40AB,42AB,67TABC
Ru 7 7 14ABC,20BC,24AB,26ABC,29AB
O'N 6 5 15AB,16AB,16CD,19ABC,28AB
Figo 1 0 13AB!
Figg 3 3 13AB,26AB,39AB
Fiy, 8 2 21CD!24FG!,29AB!,33AB,39AB,39CD!,42BC", 45AB!
£ 8 1 50D, 10DE!, 10GH!,15BC!,20AB,20DE!, 25AB!, 30 BC!
jo8 3 3 32AB,34BC,56AB

TABLE 3.1. In the last column, we list families of G-conjugacy classes that are
Q-G-conjugate but not R-G-conjugate to each other. For example, “19ABC”
means that the three classes 194, 198, and 19C together form a Q-G-
conjugacy class, no two of which are R-G-conjugate. An exclamation point “!”
means that the classes are permuted transitively by Aut(G). When G = O’N,
the classes 16AB are exchanged with 16C'D by an outer automorphism.

Assume q = p* where p is prime and k > 1. The automorphism group Aut(G) is generated
by Inn(G), the field automorphism that sends = to 2P, diagonal automorphisms induced by
conjugation by x(ug) that send x to itself, and if n > 3, the graph automorphism “transpose
inverse” that (up to inner automorphism) sends z to z~! (see, e.g., [Wi, §3.3.4]). Thus
Autayee)((z)) is generated by the automorphisms (z +— zP) of order nk and (if n > 3)
(z — z71). Tt follows that

n =2 and (M) > 2k
orn >3 and (M) > 2nk } = 46 >0. (3-1)
Assume n = 2 and p = 2. Then M = 2" + 1 is odd, and Autauyq)((z)) is cyclic
of order 2k, generated by the Frobenius automorphism (x +— z?). If M is divisible by
two or more odd primes, then Aut((z)) is not cyclic, and hence A5 > 0. Otherwise,
e(M)>2-M=2(2"+1), and so A > 0 if 2¥ + 1 > 3k. This holds whenever k > 4, and
so A& > 0 whenever ¢ = 2% > 16.

Assume n = 2 and p is odd. Then M = (¢ + 1)/2, and again, Aut,q)((z)) is cyclic
of order 2k. If M is divisible by two or more odd primes, then .A¢ > 0 since Aut((z)) is not
cyclic. Otherwise, ¢(M) > % . % M = (¢+1)/6, and so by (3-1), A5 > 0if ¢+ 1 > 12k.
This holds for ¢ > 13 when k = 1, for ¢ = p?> > 25 when k = 2, for ¢ = p* > 5% when k = 3,

and for all odd primes p when k£ > 4. Thus by (3-1), A5 > 0 whenever ¢ > 13 and ¢ # 27.

Assume n > 3. In these cases, Autauw(e)((z)) is the product of cyclic groups of order
nk and 2. If M is divisible by three or more odd primes, then Aut((z)) has 2-rank at least
3, hence is not equal to Autau ) ((z)), and so A > 0. If M is divisible by at most two odd
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Y
=
[\o}
N

primes, then (M) > = - =2 . M = tM. So by (3-1), A5 > 0 if 2kn < M, and since
M>1L. % > Lgm1 we have

-_n

qn—l — pk(n_l) Z % . an > </1/G > 0 (3_2)

By straightforward computation, the inequality in (3-2) holds whenever (p, k,n) is equal
to one of the triples

(11,1,3) (5,2,3) (3,3,3) (2,5,3) (5,1,4) (3,2,4) (2,3,4) (2,2,6) (3,1,7) (2,1,11)
Also, if this inequality holds for a given triple (po, ko, n0) (with ng > 3), then it holds for
(p, k,n) (and hence A5 > 0) whenever p > po, k > ko, and n > ng. Among the pairs (p*,n)
with n > 3 for which (3-2) does not hold, the inequality in (3-1) holds (so A% > 0) in the
following cases:

q 3 5 7 8 9 16 4 2 3 4 2 3 2 2 2 2
n 3 3 33 3 3 4 5 5 5 6 6 7 8 9 10
M 13 31 19 73 91 91 85 31 121 341 63 182 127 255 511 1023
e(M)|12 30 18 72 72 72 64 30 110 300 36 72 126 128 432 600
2kn | 6 6 6 18 12 24 16 10 10 20 12 12 14 16 18 20

Remaining cases (all n). We are left with the groups PSLsy(q) for ¢ < 11 or ¢ = 27,
PSL3(q) for ¢ = 2,4, and PSL4(q) for ¢ = 2,3. The groups PSLy(4) = PSLy(5) = As,
PSLy(9) = Ag, and PSLy(2) = Ag were handled in Example 3.6. Also, PSL3(2) = PSLy(7),
so it remains to look at PSLy(7), PSLy(8), PSLy(11), PSLy(27), PSL3(4), and PSL4(3). In
each of these cases, the result follows with the help of the character tables in [Atl].

For example, when G = PSLy(11), the classes 5A and 5B are not R-Aut(G)-conjugate, so
Ae > 0. When G = PSLy(27), there are six conjugacy classes of elements of order 13 (all
of them Q-G-conjugate), permuted in two orbits by field automorphisms of order 3, hence
forming two R-Aut(G)-conjugacy classes. When G = PSL4(3), the subgroups of order 13
have automizers in Aut(G) of order 6, so their generators form two R-Aut(G)-conjugacy
classes. Thus A5 > 0 in the last two cases. When G = PSLy(7), PSLy(8), or PSL3(4), each
Q-Aut(G)-conjugacy class is permuted transitively by Aut(G), and so A5 = 0. O
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