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<AïIH©b=BA =BEG:<= V =BAQ;�XG=BEGP`N<O�[]�=BEGOQ= ;�A W Ö�=�³�AQT<:<Y<ODCFAQT<cpCFT<An©~=B:<tHCFEG;HC¥ °��J ¬?]ï=BESCF=B:6��©<OQPRN<:<ESCQCnXGEG=B;HC�Y<EG= ��AFeM>@=BAQ=B:<¬IHTU>�Jst�;�XSEGPRN<ODCwcdXG=BEG:<=B:/ªdCFAQT<cpCFT<AQ=B:£�

ω
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ω1
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<A6]ï=BAQY<=B:/IH©~=BAjODCReHAQcH=BAQ=

Æ W AFIHT<OQOQ=?CF¬BT<:<;�=B:f� ¬0] ©<¬?]
 b�P��r=��EG:LÙ
IHTU>n;�=B: W JsJs=B:¹ 
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<A&Y<EG=ì�ï=?CFAQ=BT<T<:<;ÜJs=BEG:<=BA��AQ©~=BESC�T<:<Y ��AB ¹�ï=BAQ:<Y Ù W�²<² =BXG©b=BAQ; >�
<A�Y<EG=Ý��:<AQ=B;�T<:<;&¬BTìY<EG=BOQ=BJ¯�fN<=BJ3IU ¹�ï=`[O W :<Y<=BAQ=BAÝ��IH:<c#;�=B©�
<N<ADCw	LIH:U>@AQ=BY��ïT<AQ;�N^IHAQYUC
>�
<A
OQ=BEG:<=jODCReH:<Y<EG;�=s�ï=BAQ=BESCFOQPRN^IM>_C�OQEGP`N/ES:dCF=B:<OQE V JsESCsJs=BEG:<=B:Ôa<AFIH;�=B:ÔIHT<OQ=BEG:^IH:<Y<=BAQ¬BT<OQ=?CF¬B=B:¹ f��=BO3]�=BESCF=BAQ=B:/Y^IH:<cH=EGP`N)Ù
IMCFN<AQEG:)a W AQ:<=?CD[�� W :<OQ=H�^Js=BEG:<=BAZª1PRNp]�=BODCF=BA�r�=BEGcH=H�b�¹T<ESCF;pIHAQY�	LI;g�=BA��~	�EGAQE�IHJ��OQOFIjT<:<YL�IHEG:<=BA���OQOD]�IHXGY)>�
<AQO�Ù W AQAQ=BcpCFT<AQXG=BOQ=B:¹ 
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Y<EG=BOQ=BAZ��AQ©~=BESCZ:<EGPRNdCZ©~=`]ZEG=BOQ=B:�]�=BAQY<=B:¹ 
��©<OQPRN<:<ESCQC�m1  ¨3=B:dCFN^eHXSC�Y<=B:ì\�IHPRNd]ï=BEGO��¹Y^IHÖ =BEG:<=j	�=B:<;H=wY<=BA�Ù
IHAQY<EG:^IHXGEÌCReMC

α
2α V EG=BXG=ZT<:^IH©<N^eH:<;�EG;�=���=BEGXGJs=B:<;�=?:3=B:pCFN^eHXSC¥ 1��EG=BOQ=BO���AQ;�=B©<:<EGO ]ZEGAQYsEG:&Ã1  ±�>�
<A Y<EG=�nÛUEGODCF=B:<¬�=BEG:<=BOZ;�TUCF=B:Lk�XSCFAFIMÁ^XSCF=BAQO�©~=B:<tHCFEG;HC¥ 
ª1PRN<XGEG=BÖ�XGESPRN«]ï=BAQY<=B:�EG:#��©<OQPRN<:<ESCQCÝm1  ±)=BEG:<EG;�=ÝC W�²~W X W ;�EGOQPRN<=j�ï=B;HAFEÌ´=wEG:ì��AQEG:1[:<=BAQT<:<;s;�=BAQTU>@=B:¹ 

©¢ª�« ¬®u¯±°�²(²(³P´±°�dµ1°D³F¶·F¸�´±°º¹»d³P¼8³F¶�z½±°N½
j´T<=BAQODC�=BEG:<EG;�=�;�AQT<:<Y<XG=B;�=B:<Y<=��ï=B¬BEG=BNdT<:<;�=B:�¬?]ZEGOQP`N<=B:#	 W Y<=BXGXG=B:�lª1=BE

L
=BEG:<=�ª ² AFIHPRN<=�=BAQODCF=BA�ªdCFTU>@=H 

¾ ��¿å���_�M�@¸~����À��yÀ��cÁ�Â(Ã
Σ

Â(Ã�Ä�Â�ÅaÂ(Ä�Æ ÂuÇHÈJÄ�Á&ÉHÊ}Ë�Â(ÄÌÇHÈJÄ
L Í�Î Ã-Â�ÁeÊTÏ�Ð�ÑJÊTÐ�Ï

A
Ã�Ò(ÊÂ(Ã�Ä�Ó+¸�Ò��1����ÇHÈJÄ

Σ Ô A |= Σ ÔLÕ Â(ÄyÄ]Ö�Âq× Â(Ï=Á&ØHÊ}Ë
ϕ ∈ Σ

Ã�Ä
A Õ ØJÙ�Ï8Ã�Ò(Ê ÍÎ Ã-Â=ÅaÂ(Ä�Æ Â

Σ
ÙyÂ(Ã ÚFÊ��d��Û$Ü����@¾��<� Ô�Õ Â(Ä�Ä�Ò(Ã-ÂkÝ�Ã�Ä�× Â@Ò(Ê$Â(Ä2ÒzÂ(Ã�Ä�ÅaÈ× Â(Þ�Þ�Ù�ØHÊ Í

ª1=BEG=B:
A = 〈A, . . .〉 T<:<Y B = 〈B, . . .〉 ªdCFAQT<cpCFT<AQ=B: V�W : L

 
A
EGODC �1�@�1���1�~�°�<�

�yß¹���_ô<�^�@�1�~� ¬BT
B
�
A ≡ B

�b]ï=B:<:3qD=BY<=BA
ªUIMCF¬
ϕ
IHT<O

L
EG:

A
;�=B:^IHT#Y^IH:<:L]fIHN<A

EGODC�U]�=B:<:
ϕ
EG:

B
]�IHN<AZEGODC¥ 

A
EGODC�=BEG: �1�@�1���1�b�°�<���1º�à���¾n��¸�Ò��1��� VpW : B

�
A ≺ B

��]�=B:<:
A ⊆ B

T<:<Y
>�
<AwqD=BY<=�a W XG;�= a0, a1, . . .

EG:
A
�ZY<EG=ì=BAD]�=BESCF=BADCF=B:+	 W Y<=BXGXG= (A, a0, a1, . . .)

T<:<Y
(B, a0, a1, . . .)

=BXG=BJs=B:dCRIHAfe � T<E V IHXG=B:pCZOQEG:<Y¹ 

¢
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A
EGODC �1�@�1���1�~�°�<�&�1���´¾��p�¥�°¾��<� EG:

B
�b]ï=B:<:

A
¬BT«=BEG:<=BJ9=BXG=BJs=B:pC`IMAQ=B:ìª1T<©1[

J W Y<=BXGX VpW : B
EGO W J W A ² N&EGODC¥ giEGAjOQP`N<AQ=BEG©b=B:

A ≺≺ B
��]ï=B:<:Ô=BOs>�
<A�qD=BY<=���IHT<P`N_
<©~=BAFIH©<¬¥eHN<XG©^IHAQ=;�ja W XG;�=

R′0, R
′
1, . . .

V�W : =B:<Y<XGEGP`N<ODCF=BXGXGES;�=B:3Z=BX�IMCFE W :<=B:u
<©~=BA
A
Z=BX�IMCFE W :<=B: S ′0, S ′1, . . . 
<©b=BA

B
;�EG©UC�´O W Y^IHÖ&>�
<A�Y<EG=w=?AQ]ï=BESCF=BADCF=B:�	 W Y<=BXGXG= (A, R′0, R′1, . . .) ≡ (B, S ′0, S

′
1, . . .);�EGXSC¥ 

ª1=BE
X
=BEG:<=���=BEGXGJs=B:<;�= V�W : A  ^ª1=BE´>�
<A�qD=BY<=BO a ∈ X ca

=BEG:<=�:<=BT<=
Ù W :<ODCRIH:dCF=H ��IH:<:wEGODC
LX
Y<EG=fª ² AFIHPRN<= L∪{ca|a ∈ X}

T<:<Y
AX = (A, a)a∈X

Y<EG=ï��AD]�=BESCF=BAQT<:<;
VpW : A

¬?T
LX

 
��EG=��fN<= W AQEG= VpW : A

�
Th(A)

��EGODC�Y<EG=Z	�=B:<;�=�IHXGXG=BA
L
[DªUeMCF¬B=H��Y<EG=fEG:wY<=BJ"	 W Y<=BXGX

A
;�=BXSCF=B:¹ 

¾ ��¿å���_�M�@¸~����À��yÀG�åä�Ã�Ä�ÅaÈ;× Â(Þ}Þ
A

Ã�Ò(Ê
κæ ºB�U�����M�@�d�°� ÔLÕ Â(ÄyÄ]ç@è�ÏLÖ�Âq× Â=ÅaÂ(Ä�Æ Â

Y ⊆
A

Ý�Ã�Ê
card(Y ) < κ

ÆHÃ�ÞéÊ Ô ×�ØqÚ�Ö�Âq× ÂdÅaÂ(Ä�Æ Â
Γ(x)

ÇHÈJÄ	êFÈJÏ�ÝiÂ(ÞéÄ�ÇHÈJÄ
LY

Ý�Ã�Ê�ÄyÐ�ÏÂ(Ã�Ä&Â(Ï�ç@ÏqÂ(Ã-Â(Ä�ë�ØHÏ�ÃTØ�ì�Þ�Â(Ä
x Ô ×HÃ-Â�Ñ�ÈJÄ2Ò(Ã�Ò(Ê$Â(ÄyÊCÝ�Ã�Ê

Th(AY )
Ã�Ò(Ê Ô Ã�Ä AY

ÏqÂqØHÞéÃ�Ò(Ã-Â(Ï�Ê Õ Ã�Ï+× Í
¾ ��¿å���_�M�@¸~����À��yÀGµåä�Ã�Ä�ÅaÈ× Â(Þ�Þ

M
Ã�Ò(Ê]ÒØHÊTÐ�Ï�Ã-Â(Ï�Ê Ô�Õ Â(ÄyÄíÂ@Ò

card(M) î ÒØHÊTÐ�Ï�Ã-Â(Ï�ÊÃ�Ò(Ê Í
©¢ªq© ¬®¶�·F¸�°�²(²¼k½±°N¼
¾ ��¿å���_�M�@¸~����ÀG��À��ïä�Ã�Ä&Â�êCØHÝ�Ã�ÞéÃ-Â�ÇHÈJÄïÅaÂ(Ä�Æ Â(Ä

(Ai|i ∈ I)
ÙyÂ(Ã ÚFÊ

∆ æ à&ð�º?�°�1�ñ Ý�Ã�ÊFò ����Õp�1�
d ó;Ô ç(ØHÞ}Þ Ò=ÆHÃ�ÞéÊ

∀i, j ∈ I(i 6= j → Ai ∩ Aj = d).

à¹�U�°Õ#��ÀG��ÀG� ñ�ô Þ�Þ Æ Â(ÝiÂ(Ã�Ä&Â(Ï
∆ î Áeõ;Ò(Ê$Â(Ý î Á&ØHÊ}Ë ó Á�Â(Ã-Â(Ä

κ < λ ö ØHÏ+×HÃ�Ä�ØHÞ Ë;Ø�Ù�Þ�Â(Ä ÍPÎ Ø îì�Â(ÃdÒ;Â(Ã
λ

ÏqÂ/ÆHÐ�ÞhÉHÏ�Ð Ä�×YÂ@Ò�Æ Â(ÞéÊ$Â
card(α)card(β) < λ

ç@è�ÏaØHÞ�Þ�Â
α < λ

Ð�Ä�×�ç@è�ÏØHÞ�Þ�Â
β < κ Í Á�Â(Ã (Ai|i ∈ I)

Â(Ã�Ä�Â�êFØHÝ�Ã�ÞéÃ-Â�Ð�Ä�×÷Â@Ò�Æ Â(ÞéÊ$Â
card(I) ≥ λ

Ò;È Õ Ã-Â
card(Ai) < κ

ç@è�ÏzØHÞ�Þ�Â
i ∈ I ÍÎ ØHÄyÄ�Â+ø�Ã�Ò(ÊTÃ-Â(Ï�Ê]Â(Ã�Ä
J ⊆ I

Ý�Ã�Ê
card(J) ≥ λ Ô Ò;È�×�ØqÚ

(Ai|i ∈ J)
Â(Ã�Ä

∆ îÁeõ;Ò(Ê$Â(ÝùÃ�Ò(Ê Í
a�
<AfY<=B:L�ï=?]ï=BEGO�OB F� ��Ù|Ä�¢J�-�~ª~ ^ÄpÃ�>� 

à¹�U�°Õ#��ÀG��ÀGµ ñTú Â(Ý�ÝuØ]ÇHÈJÄ ö�û ÄyÃhÆ ó Á�Â(Ã
ϑ
Â(Ã�Ä&Â=Ð�Ä&Â(Ä�×�ÞéÃ-ü@ÙyÂ ö ØHÏ+×HÃ�Ä�ØHÞ Ë;Ø�Ù�ÞyÐ�Ä�×�ç@è�Ï

i < ϑ
Ò;Â(Ã-Â(Ä

κi, λi
Ð�Ä&Â(Ä�×2ÞéÃ-ü@ÙyÂ ö ØHÏ+×HÃ�Ä�ØHÞ Ë;Ø�Ù�Þ�Â(Ä�Ý¢Ã�Ê

κi < λi ÍFÎ ØHÄyÄ±ÆHÃ�ÞéÊ
∑

i<θ

κi <
∏

i<ϑ

λi.

a�
<AfY<=B:L�ï=?]ï=BEGO�OB F� ��Ù|Ä�¢J�-�~ª~ ^Îp§1 



V�á=W�ÞBãnç�âfá2Z�W�èNâ�â�Þ5ã�Þ�ß�á�èZÞ�ç�ß Î

ý ¸b��¸~���@�<� ��ÀG��ÀÌÇþÁ�Â(Ã
λ
Â(Ã�Ä&Â�Ð�Ä&Â(Ä�×2ÞéÃ-ü@ÙyÂ ö ØHÏ+×HÃ�Ä�ØHÞ Ë;Ø�Ù�Þ�Ð�Ä�×

κ
Â(Ã�Ä&Â ö ØHÏ+×HÃ�Ä�ØHÞ Ë;Ø�Ù�Þ Ô

κ ≥ 2 ÍFÎ ØHÄyÄ±ÆHÃ�ÞéÊ
cf(κλ) > λ Í

�ï=?]ï=BEGO�l
��:<;�=B: W JsJs=B:���=BO�;�EGXSC cf(κλ) ≤ λ

 ���IH:<:�;HEG©UC�=BO�EG:
κλ
=BEG:<=sc W :UÁ^:^IHXG=3	�=B:<;�=

{αη|η < λ}  <g�=B;�=B: card(αη) < κλ
> W XG;HCl

κλ = card(κλ)

= card
⋃

η<λ

αη

≤ card

(
⋃

η<λ

αη × {η}
)

=
∑

η<λ

card(αη)

<
∏

η<λ

κλ,
:^IMP`N«ªUIMCF¬Ýmd £m1  ¨2l

= (κλ)λ

= κλ,

giEGY<=BAQO ² AQT<P`N¹ 
2

à¹�U�°Õ#��ÀG��ÀG¿ ñ�ÿ Ò;ÈJÝiÈJÏ��yÙ�Ã-Â@ÒØJÊ}Ë ó�� Â(ÄyÄ A
Ð�Ä�×

B
Â(Þ�Â(ÝiÂ(ÄyÊ/ØHÏ�É���Ð�Ã�ÇJØHÞ�Â(ÄyÊ$Â�ÒØHÊTÐ îÏ�Ã-Â(Ï�Ê$ÂdÁeÊTÏ�Ð�ÑJÊTÐ�ÏqÂ(Ä�ÆHÞ�Â(Ã-ü@ÙyÂ(Ï�Å�É ü@Ù�ÊTÃhÆ�Ñ�Â(Ã�Ê1Ò(Ã�Ä�× Ô Ò;ÈuÃ�Ò(Ê

A
Ã�Ò;ÈJÝiÈJÏ��yÙiË�Ð

B Í
a�
<AfY<=B:L�ï=?]ï=BEGO�OB F� � W ÎU¡(�nª~ �¡¥±<¡� ��EG:<=åg W N<X W AQY<:dT<:<; R 
<©~=BA�=BEG:<=BA�	�=B:<;�=

X
N^IMC�Y<=B:�� �MÒ��¹�����~º?��ð�Ñ

α
�¥]ï=B:<:

=BO =BEG:<=Z©<E qD=BcpCFE V =Za^T<:<cpCFE W : f : X → α
;�EG©UC��O W Y^IHÖÝIHT<O xRy > W XG;HC f(x) ≤ f(y)

 
��EG:<=ïÙ
IHAQY<EG:^IHXG¬¥IHN<X

κ
EGODCn=BEG:<=	� �^»M¼FÛh¸~�@�b�d��ÓU�<�MÒ������^�@Õp�^¼�� �¥]ï=B:<:6=BOn=BEG:<=ïÙ
IHA�[

Y<EG:^IHXG¬¥IHN<X
λ
;�EG©UC�<O W Y^IHÖ κ = λ+  ��:<Y<=BAQ:U>�IHXGXGO�EGODC

κ
=BEG:<=
ó �����1ºBÓU�<�MÒ������^�@Õp�^¼��  

��EG==ý ¸~�C¿å���^���@�°�U� =BEG:<=BA�Ù
IHAQY<EG:^IHXG¬¥IHN<X
κ
EGODCïY<EG=�cdXG=BEG:<ODCF=�Ù
IHAQY<EG:^IHXGEÌCRe�C =BEG:<=BA

	�=B:<;�=H�bY<EG=�T<:d©~=BOQPRN<AFeH:<cdC�EG:
κ
XGEG=B;HC¥ 

¾ ��¿å���_�M�@¸~����ÀG��ÀG�åä�Ã�Ä&Â ö ØHÏ+×HÃ�Ä�ØHÞ Ë;Ø�Ù�Þ
κ

ÙyÂ(Ã ÚFÊ�º?�°�<��Ób� ó �����1ºBÓU�<�MÒ������^�@Õp�^¼�� ÔÕ Â(ÄyÄ]ç@è�ÏzØHÞ�Þ�Â ö ØHÏ+×HÃ�Ä�ØHÞ Ë;Ø�Ù�Þ�Â(Ä
λ < κ

ÆHÃ�ÞéÊ
2λ < κ Í

à¹�U�°Õ#��ÀG��À ð Á�Â(Ã
κ

Â(Ã�Ä&Â¢Ò(Ê/ØHÏqÑ�Â ú Ã�ÝiÂ@Ò@Ñ�ØHÏ+×HÃ�Ä�ØHÞ Ë;Ø�Ù�Þ1Ý�Ã�Ê
κ > cf(κ) > ω Í�Î ØHÄyÄÆHÃ�ÞéÊ

κω = κ.
�ï=?]ï=BEGO�l

��O
EGODC
κω = {f |f : ω → κ}. ��I κ 
<©~=BAFIH©<¬¥eHN<XS©^IHA�EGODC�´OQEG:<Y#Y<EG=wa^T<:<cpCFE W :<=B: f
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qD=?]�=BEGXGOf©b=BOQP`N<AFeH:<cpC�EG:
κ
�^IHXGO W
{f : ω → κ} =

⋃

λ<κ

{f : ω → λ}.

��XGO W ;�EGXSC
κω =

∑

λ<κ

λω ≤
∑

λ<κ

λλ =
∑

λ<κ

2λ.

��I
κ
=BEG:<=�ODCRIHAQc�=���EGJs=BOQcMIHAQY<EG:^IHXG¬¥IHN<X^EGODC�1;�EGXSC�>�
<A

λ < κ
�1Y^IHÖ

2λ < κ
�1Y^IHO�N<=BEGÖHC�

κω ≤
∑

λ<κ

2λ ≤ κ.

2³k��rk��Y<EG=0;�=B:<=BAQ=BXGXG=�Ù W :pCFEG:1T<T<JsOQN�g ²~W CFN<=BOQ=H��©~=BOFIH;HC��Y^IHÖÔ>�
<AìIHXGXG= ξ ;�EGXSC
2ℵξ = ℵξ+1

 ´��EG=j³k��r÷EGJ ² XGES¬BES=BADC�bY^IHÖ�qD=BY<=w��EGJs=BOQc�IHAQY<EG:^IHXG¬¥IHN<X�=BEG:<=ÝODCRIHAQcH=j��EÌ[Js=BOQcMIHAQY<EG:^IHXG¬¥IHN<X´EGODC¥ 
¾ ��¿å���_�M�@¸~����ÀG��ÀGÉåä�Ã�Ä&Â�Ò(Ê/ØHÏqÑ�Â ú Ã�ÝiÂ@Ò@Ñ�ØHÏ+×HÃ�Ä�ØHÞ Ë;Ø�Ù�Þ Ô ×HÃ-ÂuÏqÂ/ÆHÐ�ÞhÉHÏ¢Ã�Ò(Ê Ô ÙyÂ(Ã ÚFÊï��� æ�d�����1��»M¼´¾��<� Í
��JË> W XG;�=B:<Y<=B:&]ZEGAQY)Y<=BA��ï=B;�AQES���Y<EGAQ=BcpCF=BAZ��EGJs=BO!�#Y<=?Á^:<EG=BADCl ÿ

ª1=BE
L
=BEG:<=jª ² AFIHPRN<=&¡� �ªdCFTU>@=H �ª1=BE I =BEG:<=j	L=?:<;�=jJsESC�=BEG:<=BA ² IHADCFEG=BXGXG=B:ì��AQY<:dT<:<;

≤   I N<=BEGÖHC �b�d�M��»M¼~�°�p� �U]ï=B:<:L>�
<A�IHXGXG= i, j ∈ I =BEG: k ∈ I =`ÛUEGODCFEG=BADC�^O W Y^IHÖ i ≤ kT<:<Y
j ≤ k

 
¾ ��¿å���_�M�@¸~����ÀG��ÀGò Á�Â(Ã

I
Â(Ã�Ä&Â=Æ Â(Ï�Ã-ü@Ù�Ê$Â(Ê$Â=ÅaÂ(Ä�Æ ÂkÐ�Ä�×

A := {Ai|i ∈ I} ∪ {ϕij|i ≤ j, i, j ∈ I},Ò;È�×�ØqÚ_×HÃ-Â
Ai L î ÁeÊTÏ�Ð�ÑJÊTÐ�ÏqÂ(Ä�Ò(Ã�Ä�×uÐ�Ä�×


 Í ϕii = ÃT×�×HÃ-Â ÿ × Â(ÄyÊTÃ�Ê/ÉHÊ�ØHÐ(ç
Ai

Ã�Ò(Ê Ô� Í ç@è�Ï i ≤ j
Ã�Ò(Ê

ϕij : Ai → Aj
Â(Ã�Ä�kÈJÝiÈJÝiÈJÏ��yÙ�Ã�Ò(Ý�Ð�Ò8Ð�Ä�×

� Í ç@è�Ï i ≤ j ≤ k
ÆHÃ�ÞéÊ

ϕik = ϕjk ◦ ϕij.
Î ØHÄyÄ�ÙyÂ(Ã ÚFÊ A Â(Ã�Ä&�b�d�M��»M¼~�°�p�°�1ºuà&ð�º?�°�1�îô~¸~��à´�°�M��Ó´�������1� Í
¾ ��¿å���_�M�@¸~����ÀG��À��dñ Á�Â(Ã A Â(Ã�Ä�Æ Â(Ï�Ã-ü@Ù�Ê$Â(Ê$Â@ÒdÁeõ;Ò(Ê$Â(ÝùÇHÈJÄ	ÁeÊTÏ�Ð�ÑJÊTÐ�ÏqÂ(Ä Õ Ã-ÂkÃ�Ä Î Â î� ÄyÃ�ÊTÃ-ÈJÄ � Í � Í���Í�Î ØHÄyÄ�ÙyÂ(Ã ÚFÊ

B := {A} ∪ {ϕi|i ∈ I}Æ Â(Ä�ØHÐ÷×�ØHÄyÄ�Â(Ã�Ä0Ò��@���dÓ´�°�d� ó �����1ºaÇHÈJÄ A ÔkÕ Â(ÄyÄ A
Â(Ã�Ä&Â

L î ÁeÊTÏ�Ð�ÑJÊTÐ�Ï�Ã�Ò(ÊkÐ�Ä�×ç�ÈJÞ Æ Â(Ä�× Â@Ò�ÆHÃ�ÞéÊ
"$*5U�?�AJ,/.zt ~19�v��+x}RHS�U w����@��U
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 Í ç@è�Ï�Ö�Âq× Â@Ò i ∈ I Ã�Ò(ÊD×HÃ-Â=ê�Ð�Ä2ÑJÊTÃ-ÈJÄ
ϕi : Ai → A

Â(Ã�Ä�kÈJÝiÈJÝiÈJÏ��yÙ�Ã�Ò(Ý�Ð�Ò Ô� Í ç@è�Ï i ≤ j Ô i, j ∈ I ÆHÃ�ÞéÊ
ϕi = ϕj ◦ ϕij

Ð Ä�×
� Í ØHÄ�Æ Â(Ä&ÈJÝ�ÝiÂ(Ä Ô ç@è�ÏLÖ�Âq× Â@Ò i ∈ I Ã�Ò(Ê�×HÃ-Âdê&Ð�Ä2ÑJÊTÃ-ÈJÄ

ψi : Ai → B
Â(Ã�Ä��kÈHÝiÈ îÝiÈJÏ��yÙ�Ã�Ò(Ý�Ð�Ò Ô Ò;È±×�ØqÚ�ç@è�Ï

i ≤ j Ô i, j ∈ I ÆHÃ�ÞéÊ
ψj ◦ ψij = ψi ÍPÎ ØHÄyÄ�ÆHÃTì�ÊNÂ@ÒÂ(Ã�Ä&Â(Ä	Â(Ã�Ä�× Â(Ð�ÊTÃhÆ Â(Ä��kÈJÝiÈJÝiÈJÏ��yÙ�Ã�Ò(Ý�Ð�Ò

ψ : A → B Ô Ò;È�×�ØqÚuç@è�Ï�Ö�Âq× Â@Ò
i ∈ IÆHÃ�ÞéÊ

ψi = ψ ◦ ϕi Í
©¢ª�� � ½�¼���´��k½! k¶� k° ¬®°N½! k°N½#"�½�¯¥°�¶�½%$�¼8³'&

( z½*)�¼+"�·F¯±dµ-,
k�:^IH©<N^eH:<;�EG;�=&	�=B:<;�=B: ]ï=BAQY<=B: >�
<AÝY<=B:�\�IHPRNp]�=BEGOÝY<=BA6PBPBP3>�
<A
>@AQ=BEG= � WdW XG=BOQP`N<=��XG;�=B©<AQ=B:¡�@��©<OQPRN<:<ESCQC
¨U  ¨��fT<:<YìÙ�T<:<=B:<O
Ù W :<ODCFAQT<cpCFE W :«=BEG:<=BO�;�TUCF=B:#k�XSCFAFIMÁ^XSCF=BAQOEG:L��©<OQPRN<:<ESCQC
Ã1  ± ©b=B:<tHCFEG;HC¥ ~a�
<A�XG=?CF¬?CF=BAQ=ÝJwT<Ös=BO�Jst�;�XGESPRN�OQ=BEG:��~EG:L=BEG:<=BA�	�=B:<;�=
Y<=BAsÙ
IMAFY<ES:^IHXGEÌCReMC

α
JsEG:<Y<=BODCF=B:<O

2α
T<:^IH©<N^eH:<;�EG;�=&��=?EGXGJs=B:<;�=B:0¬BT�Á^:<Y<=B:¹ ���IHO

N^IMCsr�IHT<OQY W ADiEG:�� r�Is¨�¢��f=BXG=B;pIH:dCw;�=B¬B=BEG;HC¥ ���EG=BOQ=BAs�ï=?]ï=BEGOw]ZEGAQY�EGJ > W XG;H=B:<Y<=B:Y^IHAQ;�=BODCF=BXGXSC¥ 
ª1=BE Sω(β) Y<EG=�	�=B:<;�=ÝIHXGXG=BA�=B:<Y<XGEGPRN<=B:)��=BEGXGJs=B:<;�=B: V�W : β  

¾ ��¿å���_�M�@¸~����ÀGµ�À��cÁ�Â(Ã
A

Â(Ã�Ä&ÂDÅaÂ(Ä�Æ Â Í ä�Ã�Ä&Â�êCØHÝ�Ã�ÞéÃ-Â X ÇHÈJÄ/.�Â(Ã�ÞéÝiÂ(Ä�Æ Â(ÄiÇHÈJÄ
AÙyÂ(Ã ÚFÊn�����<¾n¼��^���~�@� ÔLÕ Â(ÄyÄ]ç@è�ÏkØHÞ�Þ�Âz×HÃ�ÒTÖ@Ð�Ä2ÑJÊ$Â(Ä�Â(Ä�×2ÞéÃ-ü@ÙyÂ(Ä�ÄyÃ-ü@Ù�ÊTÞ�Â@Â(ÏqÂ(Ä0.�Â(Ã�ÞéÝiÂ(Ä îÆ Â(Ä {X1, . . . , Xp}

Ð�Ä�× {X ′
1, . . . , X

′
q}

ÇHÈJÄ X ÆHÃ�ÞéÊ
X1 ∩ . . . ∩Xp ∩ (A \X ′

1) ∩ . . . ∩ (A \X ′
q) 6= ∅.

ó �1� ������ÀGµ�ÀG� � Â(ÄyÄaÂ@Ò�ç@è�Ï]Â(Ã�Ä&Â=ÅaÂ(Ä�Æ Â
A

Ý�Ã�Ê ö ØHÏ+×HÃ�Ä�ØHÞéÃ�Ê/ÉHÊ
α β î Ç;Ã-Â(Þ�Â8Ð�Ä�Ø�ì îÙ�ÉHÄ�ÆHÃhÆ Â!.eÂ(Ã�ÞéÝiÂ(Ä�Æ Â(Ä±ÆHÃTì�Ê Ô Ò;È�ØHÐyü@Ùdç@è�Ï�Ö�Âq× Â=ÅaÂ(Ä�Æ Â

B
Ý�Ã�Ê

card(B) = α Í
�ï=?]�=BEGO�l
ª1=BE

A
=?EG:<=w	�=B:<;�=6JsESC

β
T<:^IH©<N^eH:<;�EG;�=B:«��=BEGXGJs=B:<;�=?:LT<:<Y

card(A) = α
 ¹ª1=BE

B=BEG:<=6	�=B:<;�=ÝJsESC
card(B) = α

 ~��IH:<:L;�EG©UC�=BO�=BEG:<=
©<E qD=BcpCFE V =�a^T<:<cpCFE W : f : A→
B
 �ª1=BE X Y<EG=6abIHJsESXSEG=
Y<=BA�Ù
IHAQY<EG:^IHXSEÌCReMC β V�W :#T<:^IH©<N^eH:<;�ES;�=B:«��=BEGXGJs=B:<;�=B: VpW :

A
 
��=?Á^:<EG=BAQ=�=BEG:<=�abIHJsEGXSES= Y := {f”X|X ∈ X}  H��EG=�abIHJsEGXSES= Y EGODCåT<:^IH©<N^eH:<;�EG;�lª1=BEG=B:
Y1, . . . , Yp, Y

′
1 , . . . , Y

′
q

IHT<O Y � p, q < ω
 

��OZ;�EGXSC
X1 ∩ . . . ∩Xp ∩ (A \X ′

1) ∩ . . . ∩ (A \X ′
q) 6= ∅,IHXGO W IHT<PRN
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f”X1 ∩ . . . ∩ f”Xp ∩ f”(A \X ′
1) ∩ . . . ∩ f”(A \X ′

q)

= Y1 ∩ . . . ∩ Yp ∩ (B \ Y ′1) ∩ . . . ∩ (B \ Y ′q ) 6= ∅.
��XGO W EGODC Y T<:^IH©<N^eM:<;�EG;<  2��EG=j> W XS;�=B:<Y<=3��=?Á^:<ESCFE W : EGODC�:1T<A
>�
<A�Y<EG=BOQ=B:���©<OQPRN<:<ESCQC6AQ=BXG= V IH:dC^�]ZEGAQY�IH©~=BAEG:�r�IHT<OQY W AD´O��ï=?]�=BEGO V�W :«ªUIMCF¬Ým1  ¨U £Ã6©~=B:<tHCFEG;HC¥ 
¾ ��¿å���_�M�@¸~����ÀGµ�ÀGµ Á�Â(Ã

A
Â(Ã�Ä&Â�ÅaÂ(Ä�Æ Â Ô δ ⊆ AA ÍLÎ Ã-Â]ê�Ð�Ä2ÑJÊTÃ-ÈJÄ&Â(ÄÌÃ�Ä

δ
ÙyÂ(Ã Ú1Â(Ä1 �1ºB�1�~������»M¼/ô~�1º¥»M¼��@�1Ò��1� Ô�Õ Â(ÄyÄ�Â@ÒDç@è�Ï¢ØHÞ�Þ�Â

f1, . . . , fk ∈ δ Ô k ∈ ω Ô Â(Ã�Ä a ∈ AÆHÃTì�Ê Ô Ò;Èi× ØqÚ±ç@è�Ï
1 ≤ i < j ≤ k

ÆHÃ�ÞéÊ
fi(a) 6= fj(a).a W XG;�=?:<Y<=B:jªUIMCF¬�N^IH©~=B:ja�EGP`NpCF=B:<N W XG¬ T<:<YjÙ
IH:dC W A W°V EGPRN6EG:�� anE�Ù
IH:dCZ¨pÃ;�<©b=?]ZEG=`[

OQ=B:���r�IHT<OQY W AD0¬BTU> W XG;�=�qD=BY W P`N	��¬BEG=BJsXSESP`N«T<JsODCReH:<Y<XGEGPRN���`��¹O W Y^IHÖ)ESP`N#JsEGPRN#N<EG=BA:^IHP`N�Y<=BJ ��OQ=BN<A V EG=BX¹=BEG:U>�IHP`N<=BAQ=B:���b��ï=?]ï=BEGO VpW :Lr�IHT<OQY W ADìEG:a� r�Is¨�¢���AQEGPRNpCF=H 
à¹�U�°Õ#��ÀGµ�ÀÌÇ ñ ê�Ã-ü@Ù�Ê$Â(Ä2ÙyÈJÞ Ë Ôdö ØHÄyÊ$ÈJÏqÈJÇ;Ã-ü@Ù ó ê�è�Ï]Ö�Âq× Â ö ØHÏ+×HÃ�Ä�ØHÞ Ë;Ø�Ù�Þ

α ≥ ω
ÆHÃTì�ÊÂ@Ò�Â(Ã�Ä&Â±ÅaÂ(Ä�Æ Â

A
Ý�Ã�Ê

card(A) = α Ô Ò;ÈÌ×�ØqÚ Â@Ò
2α Õ Â@Ò;Â(ÄyÊTÞéÃ-ü@Ù¡ÇHÂ(ÏqÒ;ü@Ù�Ã-Âq× Â(Ä&Âô ì;ì�Ã�Þh×HÐ�Ä�Æ Â(Ä	Ã�Ä

AA
ÆHÃTì�Ê Í

�ï=?]ï=BEGO�l
ª1=BE

M
=BEG:<=�	�=B:<;�=ìJsESC

card(M) = α
T<:<Y

A := Sω(M)
 f��IH:<:(;�EGXSC&IHT<P`N

card(A) = α
 ba�
<AnqD=BY<=BO

t ∈ P(M)
Y<=?Á^:<EG=BAQ=

ft : A→ A
Y<T<AQP`N

ft(a) := a ∩ t.
��EG=BOQ=

2α
��©<©<EGXGY<T<:<;�=B:#OQEG:<Y#]ï=BOQ=B:dCFXGEGPRN V =BAQOQPRN<EG=BY<=B:�lnª1=BEG=B: t1, . . . , tk ∈ P(M)² I�IHAD]�=BEGOQ= V =BAQOQPRN<EG=BY<=B:¹ ´��OZ;�EGXSCï>�
<A 1 ≤ i < j ≤ k

(ti \ tj) ∪ (tj \ ti) 6= ∅.��XGO W cMIH:<:�EGPRN)=BEG: aij ∈ (ti \ tj) ∪ (tj \ ti)
]feHN<XG=B:¹ bª1=BE

a := {aij|1 ≤ i < j ≤ k}.
��IH:<:�;�EGXSC

fti(a) = a ∩ ti = {anm|anm ∈ ti}
6= {anm|anm ∈ tj} = a ∩ tj = ftj(a),Y^I�qD=BY<=BO

aij
=B:pC�]�=BY<=BA�EG:

ti
W Y<=BAZEG: tj XGEG=B;HC¥  2ª ² =B¬BE�IHXS>�eHXGXS=�Y<=BO�> W XG;�=B:<Y<=B:wªUIMCF¬B=BOnOQEG:<YÝ©~=BAQ=BESCFO�EG:i� anE�Ù
IH:pC�¨pÃ;�1©~=?]ZEG=BOQ=B:Ý] W A�[Y<=B:��b:^eHJsXGESPRN&Y<EG=
aåeHXGXG=

α = ℵ0

T<:<Y
α = 2ℵ0

 
o�t 2P?D��3qx}RHS�U w+��U�!)5MH)54J:�?
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à¹�U�°Õ#��ÀGµ�ÀG¿ ñ �dØHÐ�Ò× ÈJÏ54768�dØ �:9<; ó�= Âq× Â=ÅaÂ(Ä�Æ Âz× Â(Ï ö ØHÏ+×HÃ�Ä�ØHÞéÃ�Ê/ÉHÊ
α ≥ ω

Â(ÄyÊ�Ù�ÉHÞéÊ
2α

Ð�Ä�Ø�ì�Ù�ÉHÄ�ÆHÃhÆ Â!.eÂ(Ã�ÞéÝiÂ(Ä�Æ Â(Ä Í
�ï=?]ï=BEGO�l

ª1=BE
M
=BEG:<=�	�=B:<;�=�JsESC

card(M) = α
 <ª1=BE

A := Sω(M)
 <	�ESCZªUIMCF¬
m1  ¨U  ±6;�EG©UCï=BO

EG:
AA
JsEG:<Y<=BODCF=B:<O

2α
]ï=BOQ=B:pCFXGEGPRN V =BAQOQPRN<EG=BY<=B:<=Ý��©<©<EGXGY<T<:<;�=B: ft  ª1=BE

B := Sω(A)
T<:<Y

C := A × B
 ���O�;�EGXSC

card(B) = card(C) = α.
aP
<A

t ∈ 2α
Y<=?Á^:<EG=BAQ=

Zt := {(x, y) ∈ C|ft(x) ∈ y}.��IH:<:�;�EGXSC
C \ Zt = {(x, y) ∈ C|ft(x) 6∈ y}.��EG=ìabIMJsEGXSES= {Zt|t ∈ 2α} EGODC&T<:^IH©<N^eH:<;�EG;�l�ª1=BEG=B: p, q < ω

T<:<Y {t1, . . . , tp},
{t′1, . . . , t′q} ⊆ 2α

Y<EGO@qDT<:<cpC¥ ~��I3Y<EG=
ft
]ï=BOQ=B:pCFXGEGP`N V =BAQOQPRN<EG=BY<=B:#OQEG:<Y��b;�EG©UC�=BO�=BEG:

x
�<O W Y^IHÖjY<EG= p+ q

�ïEGXGY<=BA

xi := fti(x)
T<:<Y

x′j := ft′j(x)

>�
<A
1 ≤ i ≤ p

T<:<Y
1 ≤ j ≤ q

IHXGXG= V =BAQOQPRN<EG=BY<=B:«OQEG:<Y¹ ^a�
<A y := {x1, . . . , xp}
;�EGXSC

Y^IH:<:
fti(x) ∈ y

T<:<Y
ft′j(x) 6∈ y,IHXGO W

(x, y) ∈ Zt1 ∩ . . . ∩ Ztp ∩ (C \ Zt′1) ∩ . . . ∩ (C \ Zt′q) 6= ∅.��XGO W ;�EGXSCfY<=BA�ªUIMCF¬�JsESCZ��=BJsJ3Ijm1  ¨U £m1 
2

©¢ª?> @�+A�k²(+ z¶·F¸1´±°CB µD"�½�¯!��°E dµ�¶�,a°
a�
<A�Y<EG=�C W�²~W X W ;�ESOQP`N<=���IHAQODCF=BXGXGT<:<; V�W :)� W1W XG=BOQPRN<=B:&��XG;�=B©<AQ=B:&©~=B:<tHCFEG;HC�J3IH: Y<EG=> W XG;�=B:<Y<=B:L�ï=?;�AQES´=H 
¾ ��¿å���_�M�@¸~����ÀÌÇFÀ��ïä�Ã�Ä&ÂGF ¸bÑ�¸~�@¸b�~�@��ØHÐ(ç�Â(Ã�Ä&Â(ÝIH�ØHÐ�Ý

X
Ã�Ò(ÊOÂ(Ã�Ä&ÂdÅaÂ(Ä�Æ Â

τ ⊆
P(X) Ô ×HÃ-Â�ç�ÈJÞ Æ Â(Ä�× ÂKJ=Âq×HÃ�Ä�ÆHÐ�Ä�Æ Â(Ä�Â(Ï�ç@è�Þ�ÞéÊ�L

 Í ∅, x ∈ τ Ô� Í ç@è�Ï a0, . . . , an ∈ τ

ÆHÃ�ÞéÊ ⋂
0≤i≤n ai ∈ τ

Ð�Ä�×
� Í ç@è�Ï�Ö�Âq× Â@Ò A ⊆ τ

ÆHÃ�Þ�Ê ⋃
A ∈ τ Í
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��EG=
��XG=BJs=B:pCF= V�W : τ N<=BEGÖ�=B: ¸NM��1�  g�=B:<:
τ = P(X)

O W :<=B:<:pC�J3IH: τ Y<EG= Ò���ºBÓ¹���p�°�OF ¸bÑ�¸~�@¸b�~�@�  ª1=BE
(X, τ)

=BEG:wC WH²~W X W ;�ESOQP`N<=BA��IHT<J� ���EG:<=�	�=B:<;�= a ⊆ X
N<=BEGÖHC �<¾��b�1º¥»M¼��@¸~º æºB�1� �~]�=B:<: ¬a ∈ τ

EGODC�~Y¹  N¹ ´Y^IHO�Ù W J ² XG=BJj=B:dC V�W : a EGODC W ´=B:¹ ´��ODC�=BEG:<=w	�=B:<;�=W ´=B:�T<:<YÜIH©<;�=BOQPRN<X W OQOQ=B:���O W :<=B:<:pCjJ3IH:0OQEG= »p�@¸bÑ��1� �@PBX W OQ=BY�IH:<Y W�² =B:e�` å��=BA��©<OQP`N<XGT<Ö V�W : a ⊆ X
ESOQC
Y<EG=wcdXG=BEG:<ODCF=jIH©<;�=BOQP`N<X W OQOQ=B:<= ��©~=BAQJs=B:<;�= VpW : a ��Y^IHO��:<:<=BAQ= VpW : a Y<EG=Z;�AQt�ÖHCF= W ´=B:<=���=BEGXGJj=B:<;�= V�W : a  1a�
<A a ⊆ X

EGODC
ra

�dY^IHO ��:<:<=BAQ=
Y<=BO���©<OQPRN<XGT<OQOQ=BO VpW : a ��Y<EG=QP �d�~���@�<�M��º¥�@�d�M����� VpW : a  p��EG:<=�	�=B:<;H= a ⊆ X

N<=BEGÖHC
���d�~���@�<�3¸NM��1� �^]ï=B:<:

ra = a
 

¾ ��¿å���_�M�@¸~����ÀÌÇFÀG�åä�Ã�Ä&Â�¶6�^º¥��ºf�1�����d�KFï¸bÑ�¸~�@¸b�~�@�
τ
Ã�Ò(Ê�Â(Ã�Ä&Â+.eÂ(Ã�ÞéÝiÂ(Ä�Æ Â

B ⊆ τ ÔÒ;È¢×�ØqÚuÖ�Âq× Â@ÒNä�Þ�Â(ÝiÂ(ÄyÊ�ÇHÈJÄ
τ
ØHÞ Ò±ëyÂ(ÏqÂ(Ã�ÄyÃhÆHÐ�Ä�Æ]ÇHÈJÄ�ä�Þ�Â(ÝiÂ(ÄyÊ$Â(Ä�ØHÐ�Ò

B
×�ØHÏ-Æ Â@Ò(Ê$Â(Þ�ÞéÊ

Õ Â(Ï+×�Â(Ä�Ñ�ØHÄyÄ Í
¾ ��¿å���_�M�@¸~����ÀÌÇFÀGµ Á�Â(Ã

(X, τ)
Â(Ã�Ä�Ê$ÈR�yÈJÞ�ÈqÆHÃ�Ò;ü@ÙyÂ(ÏEH�ØHÐ�Ý Í ä�Ã�Ä&Â�.�Â(Ã�Þ�Ý�Â(Ä Æ Â

S
ÇHÈJÄ

τ
ÙyÂ(Ã ÚFÊ�à���¾�¾��^º¥��º�ÇHÈJÄ

τ ÔLÕ Â(ÄyÄ�×HÃ-Â=ÅaÂ(Ä�Æ Â
S ′ = {s1 ∩ . . . ∩ sn|n ∈ N, si ∈ S}

Â(Ã�Ä&ÂKJ�ØJÒ�Ã�ÒdÇHÈJÄ
τ
Ã�Ò(Ê Í

¾ ��¿å���_�M�@¸~����ÀÌÇFÀÌÇ ô Ä�Æ Â(Ä&ÈJÝ�ÝiÂ(Ä Ô ((Si, τi)|i ∈ I) Ô Ã�Ò(Ê8Â(Ã�Ä&Â]êCØHÝ�Ã�ÞéÃ-Â¢ÇHÈJÄÌÊ$ÈR�yÈ îÞ�ÈqÆHÃ�Ò;ü@ÙyÂ(ÄH�ÉHÐ�ÝiÂ(Ä Í Á�Â(Ã
S = {

∏

I

Wi|Wi = Si
ç@è�ÏzØHÞ�Þ�Â]ì�Ã�ÒzØHÐ(ç�Ù û ü@Ù�Ò(Ê$Â(Ä2Ò]Â(Ã�Ä

i,
Ð�Ä�×

Wi ⊆ Si
È�4�Â(Ä }.

Î ØHÄyÄ Õ Ã�Ï+×�×HÃ-ÂO.eÈR�yÈJÞ�ÈqÆHÃ-Â
τ
ØHÐ(ç ∏

I Si Ô ç@è�Ï¢×HÃ-Â
S

Â(Ã�Ä&ÂzÁeÐ�ì;ì@ØJÒ�Ã�Ò�Ã�Ò(Ê Ô ×HÃ-Â��Ý�°¸ æÒ���Ó´�¥��¸bÑ�¸~�@¸b�~�@��Æ Â(Ä�ØHÄyÄyÊ Ô Ð�Ä�× (
∏

I Si, τ)
ÙyÂ(Ã ÚFÊ�× Â(Ïf����¸�Ò���Ó´�°���^��� × Â(ÏKH�ÉHÐ îÝiÂ

((Si, τi)|i ∈ I) Í
à¹�U�°Õ#��ÀÌÇFÀG¿ Á�Â(Ã ∏

I(Si, τi)
× Â(ÏTS�Ï@È×HÐ�ÑJÊTÏ+ØHÐ�Ý Â(Ã�Ä&Â(Ï£êFØHÝ�Ã�ÞéÃ-ÂåÇHÈJÄUH�ÉHÐ�ÝiÂ(Ä

((Si, τi)|i ∈ I) Í Á�Â(Ê}Ë�Â
B = {

∏

I

Vi|Vi
È�4�Â(Ä	Ã�Ä

Si
Ð�Ä�×

Vi = Si
ç@è�Ï�ç(Ø�Ò(ÊDØHÞ�Þ�Â

i}.

Î ØHÄyÄ	Ã�Ò(Ê
B

Â(Ã�Ä&ÂKJ�Ø�Ò(Ã�Ò�ç@è�Ï
τ Í

�ï=?]ï=BEGO�l
ª1=BE

S
ª1T<©<©^IHOQEGOå>�
<A

τ
]ZEG=�EG:w��=?Á^:<ESCFE W :sm1  ±<  ±< H��IM:<:j=BAQN^IHXSCF=�EGPRNw=BEG:<=f��IHOQEGOn>�
<A τ �EG:<Y<=BJÂEGPRN&IHXGXG=Z=B:<Y<XGEGPRN<=B:�ª1PRN<:<ESCQCF= VpW :&��XG=BJs=B:pCF=B: V�W : S ©<EGXGY<=H 1��:<;�=B: W JsJs=?:��
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U1, . . . , Un
OQEG:<Y«��XG=BJs=B:dCF= V�W : S JsESC Uk =

∏
IWi

JsESC
Wi = Si

>�
<A�IHXGXG=
i ∈ IIHT<Ö�=BA V EG=BXGXG=BESP`NpC i = ik

�
k = 1, . . . , n

 b��IH:<:

U1 ∩ . . . ∩ Un =
∏

I

Vi,

] W ©b=BE Vi = Si
IHT<Ö�=BA V EG=BXSXG=BEGPRNdC�>�
<A i1, . . . , in  U��IHOïN<=BEGÖHC�pY^IHO�qD=BY<=BOf��XG=BJs=?:dCïY<=BA��IHOQEGO��pY<EG= V�W : S IH©<;�=BXS=BESCF=?C�]ZEGAQY��dIHT<PRN3��XG=BJs=B:pC V�W : B EGODC^dIH©b=BA¹qD=BY<=BOï��XG=BJs=B:dCVpW : B EGODC�Y<=BAÝª1PRN<:<ESCQC VpW : =B:<Y<XGEGPRN V EG=BXG=B: ��XG=BJs=B:pCF=B: V�W : S  ���XGO W ESOQC B =BEG:<=��IHOQEGOf>�
<A

τ
 

2



õ z÷ö®�~})�/{WV

X YIY {¹�/�&�#xý� Z {¹ü|�\[y���/v

��:ìY<EG=BOQ=BJyÙ
I ² ESCF=BX�]ZEGAQYìEG:#Y<EG=6�fN<= W AQEG=j� WdW XG=BOQPRN<=BA���XG;�=B©<AQ=B:ì=BEG:<;�=?>�
<N<ADC¥ ´��T<OY<EG=BOQ=B:i]�=BAQY<=B:(EG:(Ù
I ² ESCF=BX�¢�� W1W XG=BOQP`N<= � W CF=B:<¬B=B:Ïc W :<ODCFAQT<EG=BADC¥ �giEGPRNpCFEG;0OQEG:<YY^IM>�
<AZEG:<OQ©b=BO W :<Y<=BAQ=Ý�åIHADCFESCFE W :<=B: V�W :L� W1W XG=BOQPRN<=B:���XG;�=B©<AQ=B:¹ j´T<A�Ù W :<ODCFAQT<cpCFE W :s=BEG:<=BO�;�TUCF=B:3k�XSCFAFIMÁ^XSCF=BAQOå©<AFIHT<PRNdC J3IH:jY<EGO@qDT<:<cpCFESÁ^¬BEG=BAQ©^IHAQ=a^T<:<cpCFE W :<=B:Ì�@��©<OQPRN<:<ESCQC�¢U  ± �` 
� WdW XG=BOQP`N<=j��XG;�=B©<AQ=B: X�IHOQOQ=B:�OQEGPRN Y^IH:<:�=BEG:U>�IHPRN<=BA
N^IH:<Y<N^IH©~=B:���]ï=B:<: OQEG=jY<EG=PBPBP�N^IH©~=B:�^^Y<EG=BOQ=
: 
UCF¬BXGEGPRN<=���EG;�=?:<OFPRN^IM>_C�c W JsJÝCfEGJsJs=BAï]ZEG=BY<=BA V�W AB ��EG=�Ù W :<ODCFAQT<cpCFE W : VpW :«ª1T<©^IHXG;�=B©<AQ=B:Ì��¨U £m�� ]ZEGAQY�N^IHT ² CFOFeHPRN<XGEGPRN�EG:�Ù
I ² ESCF=BX�§©~=?CFAQEG=B©~=B:�^^Y W ADCf]�=?AFY<=?:LEG:<OQ©~=BO W :<Y<=BAQ=ÝÙ�=?CQCF=B: VpW :«ª1T<©^IHXG;�=B©<AQ=B:�;�=B©<EGXGY<=?C¥ a^AQ=BEG=�� W1W XG=?OFPRN<=���XG;�=B©<AQ=B:
]ï=BAQY<=B:6EG:
��©<OQPRN<:<ESCQCå¨U  ¨f=BEG:<;�=?>�
<N<ADC�°T<J+EGJÏ:^eHPRN1[ODCF=B:L��©<OQPRN<:<ESCQC�EGN<AQ=�Æ�=BA V�W XGXGODCReH:<Y<EG;�T<:<;�=B:)©b=?CFAFIHP`NpCF=B:�¬BTLcHt�:<:<=B:¹ Æ�=BA V�W XGXGODCReH:<Y<EG;�T<:<;�=B: V�W :L>@AQ=BEG=B:#� WdW XG=BOQPRN<=B:#��XG;�=B©<AQ=B:��@��©<OQPRN<:<ESCQC�¨U  ± �fXGEG=`[

>@=BAQ:«Y<EG=Ý�ï=BEGO ² EG=BXG=�>�
<A�=BEG:<=6� WdW XG=BOQP`N<=Ý� W CF=B:<¬ÝJsESCZ;�TUCF=BJ¯k�XSCFAFIMÁ^XSCF=BAz��¢U  ± �fT<:<Y
=BEG:<=�=?P`NpCF=
� W1W XG=BOQPRN<=
� W CF=B:<¬H bª1EG=�OQEG:<Y)IHT<P`N&Y<=BOD]�=B;�=B:�O W N<EGXS>@AQ=BEGPRN��d]ï=BEGX´OQEG=�Y<EG=PBPBPÝ=BAD>�
<XGXG=B:Ì�@JsESC�ªUIMCF¬6¨U  ¨U £Ã��` b��IHO�¬B=B:pCFAFIHXG=Ý��AQ;�=B©<:<EGO�EGODC���=BJsJ3Ij¨U  ±< £m1 ~��O�©~=`[
OFIH;HC�~Y^IHÖ3=BEG:<=�O ² =B¬BEG=BXGXG=ÝÙ�=?CQCF= V�W :ìª1T<©^IHXG;�=B©<AQ=B:�]ZEG=BY<=BA�Y<EG=Ýk�AQO ² AQT<:<;�OFIHXG;�=B©<AFI=BAQ;�EG©UC¥ 

�iª�« ] °Q^�½±¶�³F¶(z½_"�½�¯` dµD"�½�¯±²(°E k°O½�¯±°ba�¶� k°N½�·F¸1´�¼�c�³F°N½
¾ ��¿å���_�M�@¸~��µ�À��yÀ��ïä�Ã�Ä&Â�¶6¸¹¸~�@�1º¥»M¼��«½&�@�b�d¾�����Ã�Ò(Ê�Â(Ã�Ä&Â8ÁeÊTÏ�Ð�ÑJÊTÐ�Ï

B = (B,∨,∧,¬, 0, 1)
Ý�Ã�ÊDË Õ Â(ÃNì�Ã�ÄeÉ�ÏqÂ(Äed-�yÂ(Ï+ØHÊTÃ-ÈJÄ&Â(Ä ∨ Ð�Ä�× ∧ Ô Â(Ã�Ä&Â(ÏiÂ(Ã�Ä2Ò(Ê$Â(Þ�ÞéÃhÆ Â(Äed-�yÂ(Ï+ØHÊTÃ-ÈJÄ ¬ Ð�Ä�×Ë Õ Â(Ã]Ð�Ä�ÆHÞ�Â(Ã-ü@ÙyÂ(ÄYä�Þ�Â(ÝiÂ(ÄyÊ$Â(Ä�ffÐ�Ä�× 
 Ô Ò;È¡×�ØqÚYç@è�ÏaØHÞ�Þ�Â

p, q, r ∈ B
ç�ÈJÞ Æ Â(Ä�× Âä�ÃhÆ Â(Ä2Ò;ü@Ù�Ø+ç@Ê$Â(Ä�Æ Â(ÞéÊ$Â(Ä


 Í p ∨ (q ∨ r) = (p ∨ q) ∨ r Ð�Ä�×
p ∧ (q ∧ r) = (p ∧ q) ∧ r.
¡°Ã
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� Í p ∨ q = q ∨ p Ð�Ä�×
p ∧ q = q ∧ p.� Í p ∨ (p ∧ q) = p

Ð�Ä�×
p ∧ (p ∨ q) = p.k Í p ∧ (q ∨ r) = (p ∧ q) ∨ (p ∧ r) Ð�Ä�×

p ∨ (q ∧ r) = (p ∨ q) ∧ (p ∨ r).l Í p ∨ (¬p) = 1
Ð�Ä�×

p ∧ (¬p) = 0.

a�
<A
a, b ∈ B N<=BEGÖHC a ∧ b Y^IHO ����¸�Ò���Ó´� V�W : a T<:<Y b  ��PRN/N^IH©~=LY<EG=«ª1P`N<AQ=BES©d]ï=BEGOQ=«JsESCjX W ;�EGOQPRN<=B:iª g1J6© W XG=B:/;�=?]�eHN<XSC¥  ��O3]ï=BAQY<=B:IHT<P`N

(B,+, ·,−, 0, 1) W Y<=BA (B,∪,∩,¬, 0, 1) W Y<=BA«IH:<Y<=BAQ=�ª g1J6© W XG= ©~=B:dTUCF¬?C¥ ��IH©~=BE�EGODCwY<EG=&Js=B:<;�=B:pCFN<= W AQ=?CFEGOQPRN<=Lª1PRN<AQ=BEG©p]ï=BEGOQ=)OQEGPRN<=BAQXGEGPRN�IHJ OQT<;�;�=BODCFE V ODCF=B:¹ ��=BEGY<=BA c�IH:<: OQEG=�IH©~=BAïIHT<PRN abIHXGOQP`N<=BO OQT<;�;�=BAQEG=BAQ=B:��p]ZEG=ZY^IHOï�ï=BEGO ² EG=BXbY<=BA ��:pCF=BA V IHXÌ[X�IHXG;�=B©<AFIwIHTU>
R
¬B=BEG;HCz�@OB  T¹ ��? 

��J¯> W XG;H=B:<Y<=B:#]ï=BAQY<=jEGPRN#Y<=BA
��EG:U>�IHPRN<N<=BESC�N^IHXG©b=BA�>�
<A�Y<EG=6;�=BOFIHJÝCF=sªdCFAQT<cpCFT<AY<EG=��ï=?¬B=BEGP`N<:dT<:<;
B
Y<=BA�³�AQT<:<Y<Js=B:<;�=�]�eHN<XG=B:¹ 

��TU>
B
cMIH:<:6J3IH:Ý=BEG:<=�r�IHXS© W AQY<:dT<:<; ≤ �@©<¬?]
  ⊆ ��Y<T<AQP`N p ≤ q

;�YU]
 
p∨q = qY<=?Á^:<EG=BAQ=B:¹ �� ≥�#]ZEGAQY)Y^IH:<:�Y<=?Á^:<EG=BADC�Y<T<AQPRN�l p ≥ q

;�YU]� 
q ≤ p

 
a^=BAQ:<=BAfOQP`N<AQ=BEG©b=B:�]ZEGA

p− q
IHXGOf��©<c 
<AQ¬BT<:<;s>�
<A

p ∧ ¬q.��XG=BJs=B:pCF=
b ∈ B

��O W Y^IHÖ b > 0
T<:<Y =BOÝc�=BEG:

a ∈ B
;�EG©UCÝJsESC

0 < a < b
�

N<=BEGÖ�=B: ½6��¸~��� V�W : B  ���EG:<= � W1W XG=BOQP`N<=3��XG;�=B©<AFI)N<=BEGÖHC �U�°¸~���<� ��]ï=B:<:0=BO�>�
<AqD=BY<=BO
b ∈ B \ {0} =BEG:)��C W J a ∈ B ;�EG©UCZJsESC a ≤ b

 j´T<JK�ï=BEGO ² EG=BX¹OQEG:<YLIMXGXG=�=B:<Y<XGEGP`N<=?:L� W1W XG=BOQPRN<=B:���XG;�=B©<AQ=B:LIMC W J3IHAB 
¾ ��¿å���_�M�@¸~��µ�À��yÀG� � Â(ÄyÄ÷Â@Ò�Â+ø�Ã�Ò(ÊTÃ-Â(Ï�Ê Ô Ã�Ò(Ê ∨X := min{a ∈ B|∀x(x ∈ X →
x ≤ a)} ×HÃ-ÂåÓ��@�1����º?�°�Ý¸b¾��d���uà�»�¼����^��Ób�wôb¸~�

X
���
B Í ô Ä�ØHÞ�ÈqÆk×�Ø;Ë�Ð]Ã�Ò(Ê ∧

X :=
max{a ∈ B|∀x(x ∈ X → a ≤ x)} ×HÃ-Â
�b�nmpob�°�����~�°�d���¡à�»�¼��°�^��Ó^�fÇHÈJÄOqùÃ�ÄJ Í ÿ Ò(Ê

X = {Xi|i ∈ I} Ô Ò;È8Ò;ü@Ù�ÏqÂ(ÃTì(Â(Ä Õ Ã�Ï=ØHÐyü@Ù ∧i∈I Xi
Ò(Ê/ØHÊTÊ ∧

X
Ð�Ä�× ∨

i∈I XiÒ(Ê/ØHÊTÊ ∨
X Í

g�=B:<:
B ⊆ P(X)

=BEG:<=«� WdW XG=BOQPRN<=L��XG;�=B©<AFIìJsESC ∧ = ∩ � ∨ = ∪ � 0 = ∅T<:<Y
1 = X

ESOQC��T<:<Y ⋃
M ∈ B

>�
<AÝ=BEG:<=3��=BEGXGJs=B:<;�=
M V�W : B ;�EGXSC��Y^IH:<: EGODC⋃

M =
∨
M
 <giEGAf:<=B:<:<=B:LO W XGPRN<=
��XG;�=B©<AQ=B:L	�=B:<;�=B:^IHXG;�=B©<AQ=B:¹ ��O�cMIH:<:)IH©~=BA�IHT<P`N&OQ=BEG:��1Y^IHÖ ∨

M
=`ÛUEGODCFEG=BADC�UIH©~=BA�:<EGPRNpC�;�XG=BEGP`N ⋃

M
EGODC^1OQ=BE

¬BT<J �ï=BEGO ² EG=BX B = {[x,∞)|x ∈ R} JsESC�Y<=B:3Js=B:<;�=B:pCFN<= W AQ=?CFEGOQP`N<=B:&� ² =BAFIMCFE W :<=B:IHXGO�Æ�=BAQcd: 
 ² >@T<:<;�=B:«=BEG:<=���:dCF=BA V IHXGX�IHXG;�=B©<AFI6IHTU> R
T<:<Y

M := {[x,∞)|x ∈ R, 0 < x}.
��IH:<:ìEGODC ⋃

M
Y^IHO W ´=B:<=w��:pCF=BA V IHXGX (0,∞)

T<:<Y ∨
M
Y^IHO�N^IHXG© W ´=B:<=Ý��:dCF=BA V IHXGX

[0,∞)
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��O EGODC ² AFeH¬BEGOQ=BA ∨BM
¬BT3OQPRN<AQ=BEG©~=B:��dT<J"Y<EG=Z��XG;�=B©<AFI�IH:<¬BT<;�=B©b=B:��1EG:sY<=BA Y^IHO

ª1T ² AQ=BJwT<JÂ;�=B©<EGXGY<=?C ]ZEGAQY¹ <��IHOï]ZEGAQY)IH©b=BA�:1T<AïY^I6;�=BOQPRN<=BN<=B:C�U] W Y<EG=�� WdW XG=BOQP`N<=��XG;�=B©<AFIw:<EGPRNdCZ=BEG:<Y<=BTUCFEG;wEGODC¥ 
¾ ��¿å���_�M�@¸~��µ�À��yÀGµåä�Ã�Ä&ÂKJ=È�ÈJÞ�Â@Ò;ü@ÙyÂ ô Þ Æ Âì�Ï+Ø�JcÙyÂ(Ã ÚFÊ

κæ ô~¸~����º?�°�^��Ò��@� Ô�Õ Â(ÄyÄ]ç@è�ÏÖ�Âq× Â8ÅaÂ(Ä�Æ Â
X ⊆ B

Ý�Ã�Ê
card(X) < κ

Ò;È Õ È;Ù�Þ ∨X
ØHÞ ÒzØHÐyü@Ù ∧

X
Â+ø�Ã�Ò(ÊTÃ-Â(ÏqÂ(Ä ÍJ ÙyÂ(Ã ÚFÊ�ô~¸~����º?�°�^��Ò��@� ÔDÕ Â(ÄyÄiç@è�ÏiØHÞ�ÞhÂ

X ⊆ B
Ò;È Õ È;Ù�Þ ∨X

ØHÞ Ò;È�ØHÐyü@Ù ∧
XÂ+ø�Ã�Ò(ÊTÃ-Â(ÏqÂ(Ä Ô ×�Ø�Ò8ÙyÂ(Ã ÚFÊ Ô�Õ Â(ÄyÄ�Ò(Ã-ÂkÇHÈJÞ�Þ Ò(Ê/ÉHÄ�×HÃhÆNç@è�Ï]ØHÞ}Þ�Â

κ
Ã�Ò(Ê Í

¾ ��¿å���_�M�@¸~��µ�À��yÀÌÇþÁ�Â(Ã
B

Â(Ã�Ä&Â�J=È;ÈJÞ�Â@Ò;ü@ÙyÂ ô Þ Æ Âì�Ï+Ø Ô x, y ∈ B Ð�Ä�×
X ⊆ B ÍPÎ Ã-Âä�Þ�Â(ÝiÂ(ÄyÊ$Â

x
Ð�Ä�×

y
Ò(Ã�Ä�×)Ò���º?rB����Ó´� Ô=Õ Â(ÄyÄ x ∧ y = 0 Í�Î Ã-ÂuÅaÂ(Ä�Æ Â

X
Ã�Ò(ÊzÂ(Ã�Ä&Â

Ñ��<�<� 1 �1��ºB�ìÒ���º?rB����Ó´�°�#È¹�^� �����@� Ô�Õ Â(ÄyÄ�ç@è�ÏzØHÞ�Þ�Â
x ∈ X ÆHÃ�ÞéÊ

0 < x
Ð�Ä�×�Ö�Â=Ë Õ Â(ÃÇHÂ(ÏqÒ;ü@Ù�Ã-Âq× Â(Ä&Â�ä�Þ�Â(ÝiÂ(ÄyÊ$ÂkÇHÈJÄ

X
×HÃ�ÒTÖ@Ð�Ä2ÑJÊ�Ò(Ã�Ä�× Í

¾ ��¿å���_�M�@¸~��µ�À��yÀG¿ ÿ ÄíÂ(Ã�Ä&Â(Ï!J=È;ÈJÞ�Â@Ò;ü@ÙyÂ(Ä ô Þ Æ Âì�Ï+Ø
B

Ã�Ò(Ê¢Â(Ã�Ä&Â ���<�°���_���_¸~� Â(Ã�Ä&ÂÝuØø�Ã�ÝuØHÞ�ÂkÅaÂ(Ä�Æ Âs��Ø�Ø�Ï Õ Â(Ã�Ò;Â�×HÃ�ÒTÖ@Ð�Ä2ÑJÊ$Â(Ï Ô ÄyÃ-ü@Ù�ÊDÄ&Â/Æ�ØHÊTÃ�ÇHÂ(Ïdä�Þ�Â(ÝiÂ(ÄyÊ$Â Ô ×�Ø�ÒkÙyÂ(Ã ÚFÊ Ô
P Ã�Ò(ÊtS�ØHÏ�ÊTÃ�ÊTÃ-ÈJÄ�Æ Â(Ä�ØHÐ�×�ØHÄyÄ Ô�Õ Â(ÄyÄ]ç�ÈJÞ Æ Â(Ä�× Â@ÒOÆHÃ�ÞéÊ

 Í ç@è�ÏzØHÞ�Þ�Â

p ∈ P ÆHÃ�ÞéÊ
p 6= 0,� Í ç@è�ÏzØHÞ�Þ�Â

p, q ∈ P ÆHÃ�ÞéÊ
(p 6= q → p ∧ q = 0)

Ð�Ä�×
� Í ∨P = 1 Í

Á�Â(Ã
M

Â(Ã�Ä&Â�ÅaÂ(Ä�Æ Â Í ä�Ã�Ä&Â�Ã�Ä;Ö�Â@ÑJÊTÃ�ÇHÂ�ê&Ð�Ä2ÑJÊTÃ-ÈJÄ
f : M → B

Ã�Ò(Ê�Â(Ã�Ä&Â����<� æ���_���@¸~��º�Û�����Ó´���@¸~� Ô�Õ Â(ÄyÄ f Â(Ã�Ä&Â�S�ØHÏ�ÊTÃ�ÊTÃ-ÈJÄYØHÐ(ç
B

Ã�Ä�×HÐ�Ë�Ã-Â(Ï�Ê Ô ×�Ø�ÒiÙyÂ(Ã ÚFÊ Ô8Õ Â(ÄyÄ
ran(f) \ {0} Â(Ã�Ä&ÂKS�ØHÏ�ÊTÃ�ÊTÃ-ÈJÄ�Ã�Ò(Ê Íj´T<J¯�ï=BEGO ² EG=BX�©<EGXGY<=?C�Y<EG=w	�=B:<;H= A Y<=BA���C W Js=�=BEG:<=BA�IMC W J3IHAQ=B:#� WdW XG=BOQPRN<=B:��XG;�=B©<AFI6=BEG:<=
�nIHADCFESCFE W :¹ UabIHXGXGOï:^eHJsXGESP`N ∨A < 1

�<O W EGODC ¬∨A 6= 0
�^IHXSO W ;�EG©UCf=BO=BEG:«�fC W J a ∈ A

JsESC
a ≤ ¬∨A

�~EGJKgiEGY<=BAQO ² AQT<PRNì¬BT<A���EGO@qDT<:<cpCFN<=BESC V�W : ∨AT<:<Y ¬∨A
 

�nIHADCFESCFE W :<OD>@T<:<cpCFE W :<=B: ]ï=BAQY<=B: V�W AjIHXGXG=BJ EG:�Ù
I ² ESCF=BXf¢#;�=B©<AFIHT<PRNpC^�OQEG=&OQEG:<Y=BEG:«³�AQT<:<Y<©^IHT<ODCF=BEG:&>�
<A�� WdW XG=BOQPRN<=�� W CF=B:<¬B=B:¹ 
¾ ��¿å���_�M�@¸~��µ�À��yÀG� Á�Â(Ã

X
Â(Ã�Ä&Â8ÅaÂ(Ä�Æ Â Í ä�Ã�Ä&Â8ê�Ð Ä2ÑJÊTÃ-ÈHÄ f : X → B

Ã�Ä
B

ÙyÂ(Ã ÚFÊ
Ò���º?rB����Ó¹� Ô ç(ØHÞ�Þ Ò 0 6∈ ran(f)

Ð�Ä�×
f(x) ∧ f(y) > 0→ x = y Í

lH=BY<=&�åIHADCFESCFE W :�EGODC6EG:<OQ©~=BO W :<Y<=BAQ=&Y<T<AQPRN�=BEG:<=3Y<EGO@qDT<:<cpCF=)a<T<:<cpCFE W :0;H=B;�=B©~=B:�^IHXGXG=BAQY<EG:<;�O�JwT<Ö�=BEG:<=�Y<EGO@qDT<:<cpCF=�a^T<:<cpCFE W :s:<EGP`NpCïT<:d©~=BY<EG:<;HCï=BEG:<=��nIHADCFESCFE W :s=BAQ¬B=BT1[;�=B:¹ 
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¾ ��¿å���_�M�@¸~��µ�À��yÀ ð ä�Ã�Ä&ÂjJ=È;ÈJÞ�Â@Ò;ü@ÙyÂ ô Þ Æ Âì�Ï+Ø
B

Ã�Ò(Ê
κ æ Ò���º?rB����Ó´����¿nÕd�@�d��¾��<� Ô�Õ Â(ÄyÄÂ@ÒdË�Ð�Ö�Âq× Â(Ï8ÅaÂ(Ä�Æ Â

X
Ý�Ã�Ê

card(X) < κ
Ð�Ä�×8Ö�Âq×�Â(Ï8ê�Ð�Ä2ÑJÊTÃ-ÈJÄ

f : X → B
Â(Ã�Ä&Âê�Ð�Ä2ÑJÊTÃ-ÈJÄ

g : X → B
ÆHÃTì�Ê Ô ×HÃ-Âi×HÃ�ÒTÖ@Ð�Ä2ÑJÊNÃ�Ä

B
Ã�Ò(Ê Ô Ò;È�×�ØqÚ�ç@è�ÏiØHÞ�Þ�Â

x ∈ X
ÆHÃ�ÞéÊ

g(x) ≤ f(x) Í
à¹�U�°Õ#µ�À��yÀGÉ Á�Â(Ã

B
Â(Ã�Ä&Â

κ î ÇHÈJÞ�Þ Ò(Ê/ÉHÄ�×HÃhÆ Â!J=È;ÈJÞ�Â@Ò;ü@ÙyÂ ô Þ Æ Âì�Ï+Ø ÍOÎ Ø�Ä�Ä_ÆHÃTì�ÊuÂ@Ò�Ë�ÐÖ�Âq× Â(Ï�êFØHÝ�Ã�ÞéÃ-Â
(aα)α<κ

Ã�Ä
B

Â(Ã�Ä&Â�êCØHÝ�Ã�ÞéÃ-Â
(bα)α<κ Ô ×HÃ-Â�ØHÐ�Ò-��Ø�ØHÏ Õ Â(Ã�Ò;ÂD×HÃ�ÒTÖ@Ð�Ä2ÑJÊ$Â(Ää�Þ�Â(ÝiÂ(ÄyÊ$Â(Ä�ì�Â@Ò(Ê$Â@Ù�Ê Ô Ò;Èi×�ØqÚ�ç@è�ÏzØHÞ�Þ�Â

α < κ
ÆHÃ�ÞéÊ

bα ≤ aα
Ð�Ä�×

∨

α<κ

aα =
∨

α<κ

bα,

ç(ØHÞ�Þ Ò]Â(Ã�Ä&Â@Ò]×HÃ-Â@Ò;Â(Ï=ÁeÐu��ÏqÂ(ÝuØ±Â+ø�Ã�Ò(ÊTÃ-Â(Ï�Ê Í
�ï=?]ï=BEGO�l

ª1=BE�>�
<A
α < κ

bα := aα ∧ ¬
∨

β<α

aβ.

��IH:<:�EGODC
bα ≤ aα

T<:<Y�>�
<A
β < α

;�EGXSC
bα ∧ bβ = 0

�^Y^I
bβ ≤ aα

T<:<Y
bα ≤ ¬aβ

 
��XGOf:^eHPRN<ODCF=BO�¬B=BEG;�=B:)]ZEGA

∨

β<α

bβ =
∨

β<α

aβ
>�
<A�IHXGXG=

α < κ.
��¨U S¡��
�ï=?]�=BEGO V�W :Ì��¨U S¡��8�@��:<Y<T<cpCFE W :�:^IHPRN α ��l
b0 = a0

:^IHPRNL��=?Á^:<ESCFE W : V�W : b0  ³�=BXSCF=¢��¨U S¡�� >�
<A
α
 b��IH:<:�;�EGXSC

∨

β<α+1

bβ =
∨

β<α

aβ ∨ bα

=
∨

β<α

aβ ∨ (aα ∧ ¬
∨

β<α

aβ)

= (
∨

β<α

aβ ∨ aα) ∧ (
∨

β<α

aβ ∨ ¬
∨

β<α

aβ)

= (
∨

β<α

aβ ∨ aα) ∧ 1

=
∨

β<α+1

aβ

ª1=BE
α
=BEG:<=
��EGJs=BO W AQY<EG:^IHXS¬¥IHN<X´T<:<Y�Y<EG=���T<OQOFIH;�=
]�IHN<Af>�
<AZIHXGXG= β < α

 b��IH:<:�EGODC
∨

β<α

bβ =
∨

β<α

∨

γ<β

bγ =
∨

β<α

∨

γ<β

aγ =
∨

β<α

aβ.
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��IHJsESCf;�EGXSCk��¨U S¡��` 
��XGO W N^IH©~=B: {bα|α < κ} T<:<Y {aα|α < κ} Y<EG=3;�XG=BEGPRN<= 	�=B:<;�= V�W : W ©~=BAQ=B:ª1P`N<AFIH:<cH=B:LEG:

B
�U]fIHOZY<EG=�XG=?CF¬?CF=��ï=BN^IHT ² CFT<:<;s©~=`]�=BEGODC¥ 

2

ý ¸b��¸~���@�<� µ�À��yÀGò = Âq× Â κ î ÇHÈJÞ�Þ Ò(Ê/ÉHÄ�×HÃhÆ ÂvJ=È;ÈJÞ�Â@Ò;ü@ÙyÂ ô Þ Æ Âì�ÏqØ�Ã�Ò(Ê
κ î ×HÃ�ÒTÖ@Ð�Ä2ÑJÊTÃ � Ë�Ã-Â(Ï îì@ØHÏ Í

�ï=?]ï=BEGO�l
ª1=BE

B
=BEG:<=

κ
[ V�W XGXGODCReH:<Y<EG;�=å� WdW XG=BOQP`N<=���XG;�=B©<AFIU °ª1=BE X =BEG:<= 	�=B:<;�=�JsESC card(X) <

κ
 kj´T ¬B=BEG;�=B:÷EGODC��Y^IHÖi=BOì¬BTÔqD=BY<=BA a^T<:<cpCFE W : f : X → B

=BEG:<=�a^T<:<cpCFE W :
g : X → B

;�EG©UC� Y<EG=�Y<EGO@qDT<:<cpC&EG:
B
EGODC��O W Y^IHÖ ;�EGXSC g(x) ≤ f(x)

>�
<A IHXGXG=
x ∈ X  ª1=BE�IHXGO W f : X → B

=BEG:<=ja^T<:<cpCFE W :¹ �ª1=BE ψ : card(X) → X
=BEG:<=w©<E qD=BcpCFE V =a^T<:<cpCFE W :¹ ^��=?Á^:<EG=BAQ=�:dT<:�=BEG:<=�a^IHJsEGXSES= (aα)α<κ Y<T<AQP`N

aα :=:=

{
f(ψ(α))

>�
<A
α < card(X)

0
O W :<ODC¥ 

	�ESCïªUIMCF¬�¨U S¡�  Î
;HEG©UC�=BO =BEG:<=ZabIHJsEGXSES=
(bα)α<κ

V�W : ² I�IHAD]ï=BEGOQ=�Y<EGO@qDT<:<cpCF=B:3��XG=BJs=B:1[CF=B:�JsESC
bα ≤ aα

>�
<A
α < κ

T<:<Y
∨

α<κ

aα =
∨

α<κ

bα

��=?Á^:<EG=BAQ=�Y<EG=
a^T<:<cpCFE W : g : X → B
Y<T<AQPRN

g(x) := bψ−1(x).

��IH:<:�;�EGXSC
g(x) ≤ f(x)

>�
<A�IHXGXG=
x ∈ X T<:<Y ran(g)

EGODCZY<EGO@qDT<:<cpC�EG:
B
 

2

¾ ��¿å���_�M�@¸~��µ�À��yÀ��dñ ä�Ã�Ä&ÂwJ=È;ÈJÞ�Â@Ò;ü@ÙyÂ ô Þ Æ Âì�Ï+Ø
B

Â(Ï�ç@è�Þ}ÞéÊ=×HÃ-Â
κ î »M¼��^���+»�¸~��Ò��_��� æ¸~� ÔLÕ Â(ÄyÄ�ÆHÃ�ÞéÊ

card(X) < κ
ç@è�Ï�Ö�Âq× ÂQ��Ø�ØHÏ Õ Â(Ã�Ò;Âz×HÃ�ÒTÖ@Ð�Ä2ÑJÊ$Â=êCØHÝ�Ã�ÞéÃ-Â

X
Ã�Ä
B Íä�Ã�Ä&ÂQ��Ø�ØHÏ Õ Â(Ã�Ò;Âz×HÃ�ÒTÖ@Ð�Ä2ÑJÊ$Â=êCØHÝ�Ã�ÞéÃ-ÂdÃ�Ä

B Õ Ã�Ï+×±ØHÐyü@Ùs½&�~���@Ób�p�¥�°��Æ Â(Ä�ØHÄyÄyÊ Í
B

Â(Ï�ç@è�Þ�ÞéÊL×HÃ-Âf»�¸~���~�°�<¾n�@�)»M¼��^����»�¸~�nÒ��_���@¸~�7xQ»p»p»:y Ô�Õ Â(ÄyÄkÖ�Âq× Â ô ÄyÊTÃ�Ñ�Â(ÊTÊ$Â8Ã�Ä
B

Ù û ü@Ù�Ò(Ê$Â(Ä2ÒzØ�ì@Ë;É�Ù�Þhì@ØHÏ8Ã�Ò(Ê Í
�iªq© $�"!��¼d²� k°E�±µ�°O½
g�=BEGXfOQEGPRN�� W1W XG=BOQPRN<=���XG;�=B©<AQ=B:�IHXGOj��AQ¬B=BT<;�:<EGOs=BEG:<=BAs	L=?:<;�=�Y^IHAQODCR=?XGXG=B:ÜX�IHOQOQ=B:��EGODCZ=BOZ:^IHN<=BXGEG=B;�=B:<Y��<Y^IHOZ��AQ¬B=BT<;�:<EGOZ=BEG:<=BAf��=BEGXGJs=B:<;�=¢� ª1T<©^IHXG;�=B©<AQ=B:e�ï¬BT�©~=?CFAFIHPRN1[
CF=B:¹ �Z=B;�T<X�eHAQ=sª1T<©^IHXG;�=B©<AQ=B: N^IH©b=B:�Y<EG=wOQPRN<t�:<=3��EG;�=B:<OQPRN^IM>_C��Y^IHÖ)OQEG= ∧ T<:<Y ∨
=BAQN^IHXSCF=B:¹ 
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� WdW XG=BOQP`N<=
��XG;�=?©<AF=?:�OQEG:<Y V�W XGXGODCReH:<Y<EG;��d]�=?:<:«IHXGXG=�EGN<AQ=���:UÁ^J3IwT<:<Y«ª1T ² AQ=BJ3I=`ÛUEGODCFEG=BAQ=B:¹ 1abIHXGXSO�=BEG:<=�� WdW XG=BOQP`N<=Z��XG;�=B©<AFI
Y<EG=ZPBPBP�N^IMC�dO W IHT<P`NsEGN<AQ=fÆ�=BA VpW XSXGODC`eM:1[Y<EG;�T<:<;< 
¾ ��¿å���_�M�@¸~��µ�ÀG��À��ïä�Ã�Ä&Â�ÁeÊTÏ�Ð�ÑJÊTÐ�Ï

(A,∨A,∧A,¬A, 0A, 1A)
Ã�Ò(Ê±Â(Ã�Ä&Â�à���¾��^�@�b� æ¾����»× Â(ÏzJ=È;ÈJÞ�Â@Ò;ü@ÙyÂ(Ä ô Þ Æ Âì�Ï+Ø

(B,∨B,∧B,¬B, 0B, 1B) Ô	Õ Â(ÄyÄþÆHÃ�ÞéÊ
A ⊆ B Ô

0A = 0B Ô 1A = 1B
Ð�Ä�×f×HÃ-Â{d-�yÂ(ÏqØHÊTÃ-ÈJÄ&Â(Ä ∨A,∧A,¬A ×HÃ-Â�ä�Ã�Ä2Ò;ü@Ù�Ï+ÉHÄ2ÑJÐ�Ä�Æ Â(ÄÇHÈJÄ ∨B,∧B Ð�Ä�× ¬B ØHÐ(ç

A
Ò(Ã�Ä�× Í

¾ ��¿å���_�M�@¸~��µ�ÀG��ÀG�åä�Ã�Ä&Â�ÁeÐ�ì@ØHÞ Æ Âì�ÏqØ
A

Â(Ã�Ä&Â(Ï|J=È�ÈJÞ�Â@Òü@ÙeÂ(Ä ô Þ Æ Âì�Ï+Ø
B

Ã�Ò(ÊuÂ(Ã�Ä&Â
���d�~���@�<����à���¾��^�@�~�d¾���� ÔLÕ Â(ÄyÄ]ç@è�Ï�Ö�Âq× Â@Ò

M ⊆ A Ô ç@è�Ïz×�Ø�Ò ∨A Â+ø�Ã�Ò(ÊTÃ-Â(Ï�Ê Ô ÆHÃ�ÞéÊ
∨A

M =
∨B

M.

¾ ��¿å���_�M�@¸~��µ�ÀG��ÀGµ Á�Â(Ã
B

Â(Ã�Ä&Â/J=È;ÈJÞ�Â@Ò;ü@ÙyÂ ô Þ Æ Âì�ÏqØ Í ä�Ã�Ä&ÂT.�Â(Ã�ÞéÝiÂ(Ä�Æ Â
X

ÇHÈJÄ
B \ {0} Ã�Ò(Ê�Ò���»M¼b�ÌÃ�Ä

B ÔdÕ Â(ÄyÄ	ç@è ÏdÖ�Âq× Â@Ò
b ∈ B \ {0} Â(Ã�Ä

x ∈ X
Â+ø�Ã�Ò(ÊTÃ-Â(Ï�Ê ÔÒ;È�×�ØqÚ

0 < x ≤ b Íä�Ã�Ä&Â�ÁeÐ�ì@ØHÞ Æ Âì�Ï+Ø
A

ÇHÈJÄ
B

Ã�Ò(Ê¢Â(Ã�Ä&ÂsÒ���»M¼~�°�£à���¾��^�@�b�d¾���� ÔzÕ Â(ÄyÄ A \ {0}×HÃ-ü@Ù�ÊLÃ�Ä
B

Ã�Ò(Ê Í
ó �1� ����µ�ÀG��ÀÌÇ Á&Â(Ã

B
Â(Ã�Ä&Â�J=È;ÈJÞ�Â@Ò;ü@ÙyÂ ô Þ Æ Âì�Ï+Ø Í ä�Ã�Ä&ÂdÅaÂ(Ä�Æ Â

S Ô ×HÃ-Â 0 Â(ÄyÊ�Ù�ÉHÞéÊ ÔÃ�Ò(ÊPÆ Â(Ä�ØHÐ�×�Ø�Ä�Ä	×HÃ-ü@Ù�Ê�Ã�Ä
B Ô�Õ Â(ÄyÄkÖ�Âq× Â@ÒOä�Þ�Â(ÝiÂ(ÄyÊ

b ∈ B ÁeÐu��ÏqÂ(Ý�Ð�Ý ØHÞ�Þ�Â(Ï
s ∈ SÃ�Ò(Ê Ô Ò;È�×�ØqÚ

s < b Í
�ï=?]ï=BEGO�l

��:<;�=B: W JsJs=B:�� S EGODCåY<EGPRNpC�EG: B  pª1=BEU¬BT b ∈ B Y^IHO���XG=BJs=B:pC b′ ∈ B O W �HY^IHÖ s < b′EGODC >�
<A�qD=BY<=BO
s ∈ S �1O W Y^IHÖ s < b

EGODC¥ 1��EG=���ES´=?AF=?:<¬
b− b′ JwT<Ö�Y^IHO�\�T<XGXG=BXG=BJj=B:dCOQ=BEG:��UY<=B:<:)IH:<O W :<ODCF=B:);peH©~=�=BOf=BEG:&��XG=BJs=B:pC s0 ∈ S \ {0}

�1Y^IHO�cdXG=BEG:<=BA�IHXGO
b
IH©~=BA

:<EGP`NpC cdXG=BEG:<=BA IHXGO
b′
]�eHAQ=H 

b− b′ = 0
EGJ ² XGES¬BES=BADC��Y^IHÖ b < b′

EGODC��]fIHO ©~=?]ï=BEGODC�dY^IHÖ
b
Y^IHO�ª1T ² AQ=BJwT<JKIHXGXG=?A s ∈ S EGODC�<O W Y^IHÖj;�EGXSC s < b

 
��EG=
IH:<Y<=BAQ=�ZEGP`NpCFT<:<;j;�EGXSC W ´=B:<OQEGP`NpCFXGEGPRN¹ 

2

ó �1� ����µ�ÀG��ÀG¿ � Â(ÄyÄ S Â(Ã�Ä&Âi×HÃ-ü@Ù�Ê$Â}.�Â(Ã�ÞéÝiÂ(Ä�Æ ÂiÂ(Ã�Ä&Â(Ï~J=È;ÈJÞ�Â@Ò;ü@ÙyÂ(Ä ô Þ Æ Âì�Ï+Ø
BÃ�Ò(Ê Ô ×HÃ-Â¢×HÃ-Â

κ î ü@ü¢Â(Ï�ç@è�Þ�ÞéÊ Ô Ò;ÈiÃ�Ò(ÊCÖ�Âq× Â@Òdä�Þ�Â(ÝiÂ(ÄyÊDÇHÈJÄ
B

ÁeÐu��ÏqÂ(Ý�Ð�Ý»Â(Ã�Ä&Â(Ï8ÅaÂ(Ä�Æ Â
{bt|t ∈ T}

ÇHÈJÄ�×HÃ�ÒTÖ@Ð�Ä2ÑJÊ$Â(Ä�ä�Þ�Â(ÝiÂ(ÄyÊ$Â(Ä	ÇHÈJÄ
S ÔLÕ È�ì�Â(Ã card(T ) < κ Í

�ï=?]ï=BEGO�l
ª1=BE {bt|t ∈ T} =BEG:<=6J3I°ÛUEGJ3IHXS=6	�=B:<;�=wY<EGO@qDT<:<cpCF=BA���XG=BJs=B:dCF= V�W : S >�
<A�Y<EG=Ý;�EGXSC
bt < b

 ^��OZ;�EGXÌC
b =

∨
t∈T bt

�<Y^I
S
Y<EGPRNpCZEG:

B
XGEG=B;HC�T<:<Y {bt|t ∈ T} J3I�ÛUEGJsIHX~EGODC¥ a^=BAQ:<=BAZEGODC

card(T ) < κ
�<Y^I

b
Y<EG=

κ
[�PBP
=BAD>�
<XGXSC¥ 

2

à¹�U�°Õ#µ�ÀG��ÀG� = Âq× Â8×HÃ-ü@Ù�Ê$ÂNÁeÐ�ì@ØHÞ Æ Âì�Ï+Ø¢Â(Ã�Ä&Â(ÏEJ=È;ÈJÞ�Â@Ò;ü@ÙyÂ(Ä ô Þ Æ Âì�Ï+Ø
B

Ã�Ò(Ê1ÏqÂ/ÆHÐ�ÞhÉHÏNÃ�Ä
B Í
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�ï=?]ï=BEGO�l
ª1=BE

A
=BEG:<=�Y<EGPRNdCF=
ª1T<©^IHXG;�=B©<AFI V�W : B T<:<Y M ⊆ A

 1g�=B:<:
a :=

∨AM
=RÛUEGODCRES=BADC;�

Y^IH:<:ÜEGODC
a W ©b=BAQ=«ª1PRN<AFIH:<c�= V�W : M EG:

A
T<:<YÜY^IHJsESCwEG:

B
  ª1=BE

b
=BEG:<= W ©b=BAQ=ª1P`N<AFIH:<cH= V�W : M EG:

B
 

��OZ©<XG=BEG©UCf: W PRN�¬BT�¬B=BEG;�=B:
a ≤ b.

��¨U £m��
�ï=?]�=BEGO V�W :Ì��¨U £m��8�@Y<T<AQPRN�giEGY<=BAQO ² AQT<PRNe��l��:<Y<=BAQ:U>�IHXGXGO�;�EGXSC

a ∧ ¬b > 0
�¹IHXGO W cMIH:<:#J3IH:«=BEG: a′ ∈ A \ {0} ]feHN<XG=B:��~O W Y^IHÖ

a′ ≤ a ∧ ¬b. ��IHJsESC�> W XG;HC
∨A

M ∧ a′ ≤
∨A

M ∧ a ∧ ¬b = 0 ∧ a = 0,

IHXGO W ∨AM ∧ ¬a′ = ∨AM
T<:<Y ¬a′ EGODCZ=BEG:<= W ©b=BAQ=Ýª1P`N<AFIH:<cH= V�W : M EG:

A
 ^��XGO WEGODC�IHT<P`N

a ∧ ¬a′ W ©b=BAQ=jª1P`N<AFIH:<cH= V�W : M EG:
A
�´IH©~=BA�Y^I

a′ ∧ a ∧ ¬b = a′ > 0
�

;�EGXSC ¬a′ ∧ a 6= a,
IHXGO W a ∧ ¬a′ < a

ESJ giEGY<=BAQO ² AQT<PRN�¬BT<A�g IHN<X V�W : a  ���IHJsEÌC;�EGXSCk��¨U £m��` 
2

¾ ��¿å���_�M�@¸~��µ�ÀG��À ð Á�Â(Ã
A

Â(Ã�Ä&Â+J=È;ÈJÞ�Â@Ò;ü@ÙyÂ ô Þ Æ Âì�Ï+Ø Í ä�Ã�Ä&Â����d�°ô~¸~����º?�¥�^��Ò����~�����ÇHÈJÄ
A

Ã�Ò�Ê�Â(Ã�Ä&ÂdÇHÈJÞ�Þ Ò(Ê/ÉHÄ�×HÃhÆ Â�J=È;ÈJÞ�Â@Ò;ü@ÙyÂ ô Þ Æ Âì�Ï+Ø
B Ô ×HÃ-Â A ØHÞ Òz×HÃ-ü@Ù�Ê$Â!.�Â(Ã�ÞéÝiÂ(Ä�Æ ÂÂ(ÄyÊ�Ù�ÉHÞéÊ Í

à¹�U�°Õ#µ�ÀG��ÀGÉ = Âq× Â�J=È;ÈHÞhÂ@Ò;ü@ÙyÂ ô Þ Æ Âì�Ï+ØiÙ�ØHÊOÂ(Ã�Ä&Â�ì�Ã�Ò�ØHÐ(ç ÿ Ò;ÈJÝiÈJÏ��yÙ�Ã�Ò(Ý�Ð�Ò�Â(Ã�Ä�× Â(Ð îÊTÃhÆ Â	ëeÂ(Ï�ÇHÈJÞ�Þ Ò(Ê/ÉHÄ�×HÃhÆHÐ�Ä�Æ Í
a�
<AfY<=B:L�ï=?]ï=BEGO�OB F� Ù W Î�ÄJ�-�bª~ b¢�oU 

¾ ��¿å���_�M�@¸~��µ�ÀG��ÀGò Á�Â(Ã
X

Â(Ã�Ä&Â|.�Â(Ã�ÞéÝiÂ(Ä�Æ ÂkÂ(Ã�Ä&Â(Ï�J=È;ÈJÞ�Â@Ò;ü@ÙyÂ(Ä ô Þ Æ Âì�Ï+Ø
B ÍCÎ ØHÄyÄÃ�Ò(Ê

〈X〉 =
⋂
{A ⊆ B|X ⊆ A

Ð Ä�×
A

Ã�Ò(Ê�ÁeÐ�ì@ØHÞ Æ Âì�Ï+ØuÇHÈJÄ
B}×HÃ-Â±ÑJÞ�Â(Ã�Ä2Ò(Ê$Â�ÁeÐ�ì@ØHÞ Æ Âì�Ï+Ø�ÇHÈJÄ

B Ô ×HÃ-Â
X

Â(ÄyÊ�Ù�ÉHÞéÊ Ô Ð�Ä�×�ÙyÂ(Ã ÚFÊ�×HÃ-Â±à���¾��^�@�b�d¾������
Ò��@�Üô~¸~�

X
���

B
�b�1���d�M�@�d�°� 1 �@�MÒ Í�Î Ã-Âuä�Þ�Â(ÝiÂ(ÄyÊ$Â�ÇHÈJÄ 〈X〉 Õ Â(Ï+× Â(ÄfÇHÈJÄ

X�b�1���d�M�@�d�°� Íä�Ã�Ä&ÂdÅaÂ(Ä�Æ Â
X

Ã�Ò(ÊLÅaÂ(Ä�Æ ÂzÇHÈJÄO�&�1���d���U�°¸b���1��ç@è�Ï¢Â(Ã�Ä&Â�J=È;ÈJÞ�Â@Ò;ü@ÙyÂ ô Þ Æ Âì�Ï+Ø
A ÔLÕ Â(ÄyÄ X ⊆ A

Ð�Äe× 〈X〉 = A Í
¾ ��¿å���_�M�@¸~��µ�ÀG��À��dñ Á�Â(Ã

B
Â(Ã�Ä&Â�J=È;ÈJÞ�Â@Ò;ü@ÙyÂ ô Þ Æ Âì�Ï+Ø Í ê�è�Ï ε ∈ {−1,+1} Ð�Ä�×

x ∈ B × Â � ÄyÃ-Â(ÏqÂz×�Ø�Ò=ä�Þ�Â(ÝiÂ(ÄyÊ
εx

ÇHÈJÄ
B

×HÐ�Ï@ü@Ù
(+1)x := x

Ð�Ä�×
(−1)x := ¬x.

ê�è�Ï
X ⊆ B

Ã�Ò(ÊkÂ(Ã�Ä �1�@�1���1�~�°�<���1º«����¸�Ò���Ó´��è�ì�Â(Ï
X

Â(Ã�Ä÷Â(Ä�×2ÞéÃ-ü@ÙyÂ@Ò�S�ÏqÈ×HÐ�ÑJÊÝ�Ã�Ê�êFØ�ÑJÊ$ÈJÏqÂ(Ä�× Â(Ï�êPÈJÏ�Ý
εx

Ý�Ã�Ê
ε ∈ {−1,+1} Ð�Ä�×

x ∈ X.
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ä�Ã�Ä	ä�Þ�Â(ÝiÂ(ÄyÊ�ÇHÈJÄ
B

Ã�Ò(Ê�Ã�Ä/xD�^Ò�Ò��_���_ô~�d��y � ¸b�M���^��Ûh¸b�M� Ü�¾��d�
X Ô�Õ Â(ÄyÄ�Â@ÒÇHÈJÄa× Â(Ï�êPÈJÏ�Ý

(ε11x11 ∧ . . . ∧ ε1nx1n) ∨ . . . ∨ (εm1xm1 ∧ . . . ∧ εmkxmk)
Ý�Ã�Ê

n,m, k < ω
Ã�Ò(Ê Í

à¹�U�°Õ#µ�ÀG��À��b� ñ8� ÈJÏ�ÝuØHÞ ç�ÈJÏ�Ý�Ê�ÙyÂ@ÈJÏqÂ(Ý ó�Î Ã-Â�ÁeÐ�ì@ØHÞ Æ Âì�Ï+Ø Ô ×HÃ-ÂLÇHÈJÄ X ⊆ B
Æ Â(Ä&Â(Ï�Ã-Â(Ï�Ê

Õ Ã�Ï+× Ô Â(ÄyÊ�Ù�ÉHÞéÊdÆ Â(Ä�ØHÐY×HÃ-Â�ä�Þ�Â(ÝiÂ(ÄyÊ$Â�ÇHÈJÄ
B Ô ×HÃ-Â�Ò(Ã-ü@Ù_Ã�Ä � ÈJÏ�ÝuØHÞ ç�ÈJÏ�Ý è�ì�Â(Ï

X×�ØHÏqÒ(Ê$Â(Þ�Þ�Â(Ä	ÞhØ�Ò@Ò;Â(Ä Í
a�
<AfY<=B:L�ï=?]ï=BEGO�OB F� Ù W Î�ÄJ��ª~ ~Ã�m�>� 

¾ ��¿å���_�M�@¸~��µ�ÀG��À��1� Á�Â(Ã
X

Â(Ã�Ä&Â+.�Â(Ã�ÞéÝiÂ(Ä�Æ Â�Â(Ã�Ä&Â(ÏjJ=È;ÈJÞ�Â@Ò;ü@ÙyÂ(Ä ô Þ Æ Âì�Ï+Ø
B Í2Î ØHÄyÄÃ�Ò(Ê

〈X〉cm =
⋂
{A ⊆ B|X ⊆ A

Ð�Ä�×
A

Ã�Ò(ÊLÇHÈJÞ�Þ Ò(Ê/ÉHÄ�×HÃhÆ Â=ÁeÐ�ì@ØHÞ Æ Âì�ÏqØ¢ÇHÈJÄ
B}

×HÃ-ÂZô~¸~����º?�°�^��Ò��@�b�	à���¾��^���b�d¾�������Ò��@��ô~¸~�
X
�~�1���d�M�@�d�°� 1 �@�MÒ Í ÿ

	LIH:�OQEG=BNpC�XG=BEGPRNdC�UY^IHÖ 〈X〉cm VpW XGXGODCReH:<Y<EG;6EGODC¥ 
à¹�U�°Õ#µ�ÀG��À��1µ Á�Â(Ã

F
Â(Ã�Ä&ÂGJ=È�ÈJÞ�Â@Òü@ÙeÂ ô Þ Æ Âì�Ï+Ø�Ý�Ã�Ê�× Â(Ï�ü@ü@ü Ô B Ã�Ù�ÏqÂ�ëeÂ(Ï�ÇHÈJÞ�Þ Ò(Ê/ÉHÄ î×HÃhÆHÐ�Ä�Æ ÍCÎ ØHÄyÄ�Â(Ï�ç@è�Þ�ÞéÊ
B

×HÃ-Â�ü@ü@ü Í
�ï=?]ï=BEGO�l

��:<;�=B: W JsJs=B:�� B =B:dCFN^eHXSC
=BEG:<= ² I�IHAD]ï=BEGOQ=jY<EGO@qDT<:<cpCF=sabIHJsEGXSES= X = (xi)i<λ
JsESC

card(X) = λ > ω
 

\�IHPRN Y<=BA���=?Á^:<ESCFE W : VpW :#Æ�=BA V�W XGXGODCReH:<Y<EG;�T<:<;&XGEG=B;HC F Y<EGPRNpC
EG: B ��IHXGO W ;�EG©UC=BO�¬BTjqD=BY<=BJ
xi ∈ B

=BEG:
yi ∈ F

JsESC
0 < yi ≤ xi

 ~��I
F
Y<EG=
PBPBPÝN^IMC�b;HEG©UC�=BO�EG:

Y<=B:
(yi)i<λ y`

T<:<Y
yk
�bO W Y^IMÖ 0 < y` ∧ yk ≤ x` ∧ xk

 ´��IHJsESC�OQEG:<YLY<EG=
xi
:<EGPRNpC

² I�IHAD]�=BEGOQ=
Y<ESO�qDT<:<cpC¥ UgiEGY<=BAQO ² AQT<P`N�¬BT<AZ��:<:^IHN<Js=H 
2

�iª�� �uµ�°�¶(°��þ¢k²(°N·F¸�´±°�� ²� k°E�±µ�°N½
��:(Y<EG=BOQ=BJî��©<OQPRN<:<ESCQC)]ï=BAQY<=ìEGP`NiIHTU>ÝY<EG= ³�AQT<:<Y<¬�
<;�=ìY<=BA)�fN<= W AQEG=#Y<=BA >@AF=?EG=B:� W1W XG=BOQPRN<=B:���XG;�=B©<AQ=B:0=BEG:<;�=BN<=B:�^nY^IH©~=BEï]ï=BAQY<=&EGP`N JsEGPRN N^IHT ² CFOFeHP`N<XGEGPRN�IH:0Y<=BA��IHAQODCF=BXGXGT<:<; V�W :«ª~ bÙ W�²<² =BXG©~=BAQ;jEG:a� Ù W Î�ÄJ� W AQEG=B:dCFEG=BAQ=B:¹ \�=B©b=B:�Y<=BAw��=?Á^:<ESCFE W : VpW :�>@AQ=BEG=B:0� W1W XG=BOQPRN<=B:0��XG;�=B©<AQ=B: ]ZESAFY�;�=B¬B=BEG;HC��Y^IHÖOQEG=
Y<EG=�PBPBP
N^IH©~=B:Ì� ªUIMCF¬�¨U  ¨U £Ã��` 

"?��?�MH)5<�*�3-)5.(3C��,!BL�k����9C��,!%(BDG�' )!3-)$�$U
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¾ ��¿å���_�M�@¸~��µ�ÀGµ�À��cÁ�Â(Ã
X

Â(Ã�Ä&Â=ÅaÂ(Ä�Æ Â Í ä�Ã�Ä&ÂOÛh���1�@�L¶6¸�¸~�@�1º¥»M¼��L½&�@�b�d¾�����è�ì�Â(Ï
X

Ã�Ò(Ê�Â(Ã�ÄvS�Ø�ØHÏ
(e, B) Ô Ò;Èz×�ØqÚ

B
Â(Ã�Ä&ÂQJ=È;ÈJÞ�Â@Ò;ü@ÙyÂ ô Þ Æ Âì�Ï+ØzÐ�Ä�×

e
Â(Ã�Ä&Â ô ì;ì�Ã�Þh×HÐ�Ä�ÆÇHÈJÄ

X
Ã�Ä
B

Ã�Ò(Ê Ô Ò;È�×�ØqÚ Â@Ò8ç@è�ÏdÖ�Âq× Â ô ì;ì�Ã�Þh×HÐ�Ä�Æ
f

ÇHÈJÄ
X

Ã�Ä�Â(Ã�Ä&Â|J=È;ÈJÞ�Â@Ò;ü@ÙyÂô Þ Æ Âì�Ï+Ø
A

Â(Ã�Ä&Â(Ä�Â(Ã�Ä�× Â(Ð�ÊTÃhÆ Â(Ä|�kÈJÝiÈJÝiÈJÏ��yÙ�Ã�Ò(Ý�Ð�Ò
g : B → A

ÆHÃTì�Ê Ô × Â(Ï g ◦ e = fÂ(Ï�ç@è�Þ�ÞéÊ Í
X B

A

e

f
g

ä�Ã�Ä&Â+J=È�ÈJÞ�Â@Ò;ü@ÙyÂ ô Þ Æ Âì�ÏqØ
B

Ã�Ò(Ê�Ûh���1� ÔDÕ Â(ÄyÄfÂ@ÒiÂ(Ã�Ä
X

Ð�Ä�×
e : X → B

ÆHÃTì�Ê ÔÒ;È�×�ØqÚ
(e, B)

ç@ÏqÂ(Ã1è�ì(Â(Ï�q Ã�Ò(Ê Í
��=?Á^:<ESCFE W :�m1  ¨U S¡
N^IMCZ>�
<AZ� W1W XG=BOQPRN<=
��XG;�=B©<AQ=B:)> W XG;H=B:<Y<=�a W AQJ�l

¾ ��¿å���_�M�@¸~��µ�ÀGµ�ÀG�åä�Ã�Ä&Â/.�Â(Ã�Þ�Ý�Â(Ä Æ Â
U

Â(Ã�Ä&Â(Ï ñ ì�Â(ÞéÃ-Âì�ÃhÆ Â(Ä ó J=È;ÈJÞ�Â@Ò;ü@ÙyÂ(Ä ô Þ Æ Âì�ÏqØ
B

Ã�Ò(Ê¹�����<¾n¼��^���~�@� Ô1Õ Â(ÄyÄ�ØHÞ�Þ�ÂOÄyÃ-ü@Ù�ÊTÊTÏ�Ã�Ç;ÃTØHÞ�Â(Ä�S�ÏqÈ×HÐ�ÑJÊ$Â�è�ì�Â(Ï
U

ÄyÃ-ü@Ù�ÊPÞ�Â�Â(ÏDÒ(Ã�Ä�× Ô×�Ø�ÒNÙyÂ(Ã ÚFÊ Ô1Õ Â(ÄyÄ8ç@è�Ï8ì�Â(ÞéÃ-Âì�ÃhÆ Â=×HÃ�ÒTÖ@Ð�Ä2ÑJÊ$ÂdÂ(Ä�×2ÞéÃ-ü@ÙyÂ�.�Â(Ã�ÞéÝiÂ(Ä�Æ Â(Ä {u1, . . . , un}
Ð�Ä�×

{v1, . . . , vm}
ÇHÈJÄ

U
ÆHÃ�ÞéÊ
u1 ∧ . . . ∧ un ∧ ¬v1 ∧ . . . ∧ ¬vm > 0.

Î Ã-ÂiÁeÐ�ì@ØHÞ Æ Âì�Ï+Ø�ÇHÈJÄ
B Ô ×HÃ-Â�ÇHÈJÄ

U
Æ Â(Ä&Â(Ï�Ã-Â(Ï�Ê Õ Ã�Ï+× Ô ÙyÂ(Ã ÚFÊk×�ØHÄyÄ������<¾n¼��^���~�@�

�b�1���d�M�@�d�°��È× Â(ÏNÛ ���1�ï�b�1���d�M�@�d�°��ÇHÈJÄ
U Í

à¹�U�°Õ#µ�ÀGµ�ÀGµ Î ØHÝ�Ã�ÊNÂ(Ã�Ä&ÂGJ=È;ÈJÞ�Â@Ò;ü@ÙyÂ ô Þ Æ Âì�Ï+Ø�Ý�Ã�Ê
κ � Â(Ä&Â(Ï+ØHÊ$ÈJÏqÂ(Ä¢ç@ÏqÂ(Ã�Ã�Ò(Ê Ô Ã�Ò(ÊNÂ@ÒÄ&ÈJÊ Õ Â(Ä�×HÃhÆ�Ð�Ä�×�Ù�Ã�ÄyÏqÂ(Ã-ü@ÙyÂ(Ä�× Ô ×�ØqÚ£Ò(Ã-Â�ÇHÈJÄcÂ(Ã�Ä&Â(Ï�Ð�Ä�Ø�ì�Ù�ÉHÄ�ÆHÃhÆ Â(Ä¡ÅaÂ(Ä�Æ Â�Ý�Ã�Ê

κä�Þ�Â(ÝiÂ(ÄyÊ$Â(ÄaÂ(Ï+Ë�Â(Ð�ÆHÊ Õ Ã�Ï+× Íj´T<J �ï=?]�=?EGO�OB &� ª)¢�Ä���ª~ 1±p¨U 1��Oï;�EGXSCïIHXGO W �pY^IHÖÝ>@AQ=BES=�� WdW XG=BOQPRN<=���XG;�=B©<AQ=B: JsESCY<=BAZ;�XG=BEGPRN<=B:)��:<¬¥IHN<X�IH:)T<:^IH©<N^eH:<;�EG;�=B:L³�=B:<=BAFIMC W AQ=B:�EGO W J W A ² N&OQEG:<Y¹ ��EG=�>@AQ=BEG=Z� WdW XG=BOQP`N<=Z��XG;H=B©<AFI
IHTU> κ ³�=B:<=BAFIMC W AQ=B:�� Fκ �pc�IH:<:sJ3IH:wC W�²~W X W ;�EGOQPRN> W XG;�=B:<Y<=BAQJ3IHÖ�=B:)©b=BOQP`N<AQ=BEG©b=B:�la�
<A qD=BY<=BO
α < κ

OQ=BE
Tα := {0, 1} � V =BAQOQ=BN<=B: JsESC�Y<=BA�Y<EGOQcdAQ=?CF=B:ì� W�²~W X W ;�EG=H ´ª1=BE

T :=
∏

α<κ Tα
 ¹��=?Á^:<EG=BAQ=Ý>�
<A

α < κ
Y<EG=w	�=B:<;�=

uα := {x ∈ T |x(α) = 1} �´Y<EG=	�=B:<;�=ÝIHXGXG=���T<:<cpCF=�EG:
T
�^Y<=BAQ=B:

α
CF=�Ù WdW AQY<EG:^IMCF=�;�XG=BEGPRN 1 EGODC¥ ª1=BE

F
Y<EG=
� WdW XG=BOQP`N<=���XG;�=B©<AFIjIHXGXS=BA�PBX W�² =B:���=?EGXGJs=B:<;�=B: V�W : T  ^��Of> W XG;HCZIHT<OY<=BA���=?Á^:<ESCFE W :)Y<=BA�� WH²~W X W ;�EG=�EGJ ��IHADCF=BOQEGOQPRN<=B:#��A W Y<T<cpC T �^Y^IHÖ F Y<EG=
cdXG=BEG:<ODCF=� W1W XG=BOQPRN<=
��XG;�=B©<AFIwEGODC�<Y<EG=
IHXGXG=
	�=B:<;�=B: uα, α < κ

�^=B:pCFN^eHXSC¥ 
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��EG=�	�=B:<;�=B:
uα
OQEG:<Y T<:^IH©<N^eH:<;�EG;��1Y<=B:<:&]ï=B:<:

α1, . . . , αn, α
′
1, . . . , α

′
m
² I�IHA�[]�=BEGOQ= V =BAQOQP`N<EG=BY<=B:0OQEG:<Y���O W ;�=BN<t�ADC�qD=BY<=BA6��T<:<cpC {aτ}τ<κ ∈ T

JsESC
at = 1

>�
<A
t ∈ {α1, . . . , αn}

T<:<Y
at′ = 0

>�
<A
t′ ∈ {α′1, . . . , α′m}

¬BT

uα1 ∧ . . . ∧ uαn ∧ uα′1 ∧ . . . ∧ uα′m .
ª W JsESC�EGODC U := {uα|α < κ} =BEG:<=j	�=B:<;�= V�W :#T<:^IH©<N^eH:<;�EG;�=B:ì³�=B:<=BAFIMC W AQ=B: V�W :
F
 b��IHJsESCfEGODC

F
EGO W J W A ² N&¬BT Fκ  

à¹�U�°Õ#µ�ÀGµ�ÀÌÇþÁ�Â(Ã
κ

Â(Ã�Ä&ÂiÏqÂ/ÆHÐ�ÞhÉHÏqÂ Ô è�ì�Â(Ï+Ø�ì@Ë;É�Ù�Þhì@ØHÏqÂ ö ØHÏ+×HÃ�Ä�ØHÞ Ë;Ø�Ù�Þ Í�� Â(ÄyÄ A Â(Ã�Ä&Âç@ÏqÂ(Ã-Â�J=È;ÈJÞ�Â@Ò;ü@ÙyÂ ô Þ Æ Âì�Ï+Ø�Ã�Ò(Ê8Ð�Ä�×
X ⊆ A ö ØHÏ+×HÃ�Ä�ØHÞéÃ�Ê/ÉHÊ

κ
Ù�ØHÊ Ô Ò;È�Ù�ØHÊ

X
Â(Ã�Ä&ÂÐ�Ä�Ø�ì�Ù�ÉHÄ�ÆHÃhÆ Â!.eÂ(Ã�ÞéÝiÂ(Ä�Æ Âk× Â(Ï � Ï û Ú1Â κ Í

�ï=?]ï=BEGO�l
ª1=BE

A
T<:^IH©<N^eH:<;�EG;�;�=B:<=BAQEG=BADC VpW : U T<:<Y/N^IH©~= X ⊆ A

³�AQt�Ö�=
κ
 ïa�
<A
qD=BY<=BO

x ∈ X ]�eHN<XG=Ý=BEG:<=Ý=B:<Y<XGEGPRN<=���=BEGXGJs=B:<;�= Ux ⊆ U
�~Y<EG=

x
;�=B:<=BAQEG=BADC�~Y^IHO�N<=BEGÖHC�b=BO

;�EGXSC
x ∈ 〈Ux〉

 
��IsY<EG=6ª1T<©^IHXG;�=B©<AQ=B: 〈Ux〉 �~Y<EG= V�W : Ux ;�=B:<=BAQEG=BADC�]ï=BAQY<=B:��´=B:<Y<XGEGPRNLOQEG:<Y��bN^IMC

X
=BEG:<=���=BEGXGJs=B:<;�=

X ′ Y<=BA�³�AQt�Ö�= κ �<O W Y^IHÖ Ux 6= Uy
>�
<AZIHXGXG=

x 6= y
EG:
X ′  	�ESCïY<=BJ

∆
[Dª g1ODCF=BJw[��¹=BJsJ3I6m1 £m1 £m�N^IMC

X ′ =BEG:<=���=BEGXGJs=B:<;�= X ′′ Y<=BAf³�AQt�Ö�= κ �O W Y^IHÖjY<EG= Ux � x ∈ X ′′ �<=BEG: ∆
[Dª g1OQCF=BJu`Z> W AQJs=B:�^<:<=B:<:<=
Y<EG=�g�T<AQ¬B=BX V  ª1=?CF¬B=

Wx := Ux \ V
>�
<A

x ∈ X ′′ T<:<Y�OQ=BE S := 〈V 〉   S EGODC�=B:<Y<XGEGPRN¹ nª1=BEG=B:
s1, . . . , sn

Y<EG=���C W Js= V�W : S  lH=BY<=BO
x ∈ X ′′ ]ZEGAQY VpW : Ux = V ∪Wx ⊆ S ∪Wx

;�=B:<=BAQEG=BADC��IHXGO W ;�EG©UC
=BO
a1x, . . . , anx ∈ 〈Wx〉

�^O W Y^IHÖ
x = (a1x ∧ s1) ∨ . . . ∨ (anx ∧ sn)

g�=B;�=B:
s1 ∨ . . . ∨ sn = 1

;�EGXSC

(a1x ∧ s1) ∨ . . . ∨ (anx ∧ sn) ∨ (¬a1x ∧ s1) ∨ . . . ∨ (¬anx ∧ sn)
= [((a1x ∧ s1) ∨ (¬a1x ∧ s1)] ∨ . . . ∨ [(anx ∧ sn) ∨ (¬anx ∧ sn)]
= s1 ∨ . . . ∨ sn = 1

T<:<Y�Y^IHJsESC
¬x = ((¬a1x) ∧ s1) ∨ . . . ∨ ((¬anx) ∧ sn).��=?Á^:<EG=BAQ=
=BEG:<=�a<T<:<cpCFE W : f : X ′′ → Sω(ω)× Sω(ω)

Y<T<AQPRN

f(x) := ({i ∈ {1, . . . , n}|aix > 0}, {i ∈ {1, . . . , n}|¬aix > 0}).o�����9F:;< )j�P)!sJ4�< 3-< %(48:;)+*
∆
{�S��;*�3-)5B�*�A�4J:=*T)5< 4�)59��zA�9-65)5' *5U��;U �;U w(U
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g�=B;�=B:
card(Sω(ω) × Sω(ω)) = ℵ0

��IHXGO W ;�EG©UC#=BO IH©<¬¥eHN<XG©^IHA V EG=BXS=Ü	�=B:<;�=B:
f−1”{(K,L)} JsESC (K,L) ∈ Sω(ω) × Sω(ω)   X ′′ =

⋃
(K,L) f

−1”{(K,L)} T<:<YY^I
κ
AQ=B;�T<X�eHA��

κ > ω
T<:<Y

κ = card(X ′′)
�^;�EG©UCf=BO�IHXGO W =BEG:��nI�IHA (M,N)

JsESC

card(f−1”{(M,N)}) = κ.

ª1=BE
Y := f−1”{(M,N)}  b��IHJsESCf;�EGXSC card(Y ) = κ

T<:<Y)>�
<AåqD=BY<=BO
x ∈ Y

{i ∈ {1, . . . , n}|aix > 0} = M,
{i ∈ {1, . . . , n}|¬aix > 0} = N.

��OZ;�EGXSC
M ∩N 6= ∅ �<Y<=B:<:L©~=`CRAFIHPRNpCF= x, y ∈ Y, x 6= y

 ~��N<:<=���EG:<OQPRN<AFeH:<cdT<:<;
;�=BXSCF=

x∧¬y > 0
 p\�IHP`N W ©<EG;�=B:u �©b=BAQXG=B;�T<:<;�=B:sX�eHÖHC

x∧¬y OQEGPRNsY^IMAFODCF=BXGXS=B:jY<T<AQP`N

x ∧ ¬y =
∨
{aix ∧ ¬aiy ∧ si|1 ≤ i ≤ k}.

��OZ> W XG;HC�UY^IHÖ aix ∧ ¬aiy > 0
>�
<AZ;H=?]ZEGOQOQ=

i
�bIHXGO W i ∈M ∩N  ��O�©<XG=?EG©UC�Y<EG=Ýk�:^IH©<N^eH:<;�EG;�cH=BESC V�W : Y ¬BT«¬B=BEG;�=B:¹ ´ª1=BEG=B:LY^IH¬BT E T<:<Y F Y<EGO�[qDT<:<cpCF=�=B:<Y<XGEGPRN<=���=BEGXGJs=B:<;�=B: V�W : Y  b�ï=?CFAFIHPRNpCF=�Y^IHOZ=BXG=BJs=B:pCRIHAQ=
��A W Y<T<cpC

p =
∧

e∈E

e ∧
∧

f∈F

¬f.

a�
<AåqD=BY<=BO
i ∈ {1, . . . , k} ;�EGXSC

p ≥ si ∧
∧

e∈E

aie ∧
∧

f∈F

¬aif .
��¨U  ¨��

a�
<A
i ∈ M ∩ N

EGODCLY<EG= AQ=BPRNpCF=�ª1=BESCF= V�W : ��¨U  ¨��&:<EGPRNpC«\�T<XGX-�fY^I
si ∈ 〈V 〉,

0 < aie ∈ 〈We〉, 0 < ¬aif ∈ 〈Wf〉
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x ∈ F
T<:<Y

y ∈ B
�´Y^IH:<:L> W XG;HC�IHT<O

x ∧ y = x ∈ F �^Y^IHÖ
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a1, . . . , an ∈ E
ÆHÃ�ÞéÊ ∧

1≤i≤n ai 6= 0.j´T<JÅ�ï=BEGO ² EG=BX¹N^IMC�qD=BY<=BA�anEGXSCF=BAïY<EG=
=B:<Y<XGESP`N<=
��T<AQPRN<OQP`N<:<ESCQCFOQ=BEG;�=B:<OQPRNbIM>_C¥ 
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E
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F
Ã�Ò(ÊP× Â(ÏLÁ�ü@Ù�ÄyÃ�ÊTÊè�ì�Â(ÏzØHÞ�Þ�Â8ê�Ã�ÞéÊ$Â(ÏzØHÐ(ç

B Ô ×HÃ-Â E Â(ÄyÊ�Ù�ØHÞéÊ$Â(Ä½L
F =

⋂
{F ′|E ⊆ F ′

Ð�Ä�×
F ′

Ã�Ò(Ê�ê�Ã�ÞéÊ$Â(ÏkØHÐ(ç
B}.

	LIH:)OFES=BNdCZO W > W ADC�^Y^IHÖsIHT<PRN F =BEG:�anEGXSCF=BAfIHTU> B EGODC¥ 
à¹�U�°ÕLÇFÀ��yÀÌÇþÁ�Â(Ã

E
Â(Ã�Ä&Âw.�Â(Ã�ÞéÝiÂ(Ä�Æ ÂDÇHÈJÄ

B
Ð�Ä�×

F
× Â(ÏLê�Ã�ÞéÊ$Â(Ï Ô × Â(ÏDÇHÈJÄ E Â(Ï+Ë�Â(Ð�ÆHÊ

Õ Ã�Ï+× ÍCÎ ØHÄyÄ±ÆHÃ�ÞéÊ

 Í F Ã�Ò(ÊD×HÃ-Â=ÅaÂ(Ä�Æ Â]ØHÞ�Þ�Â(Ï

X ∈ B Ô ç@è�Ïz×HÃ-Â�Â(ÄyÊ Õ Âq× Â(Ï X = 1
ÆHÃ�ÞéÊ�È× Â(Ï�ç@è�Ïz×HÃ-ÂÂ@Ò

Y1, . . . , Yn ∈ E
ÆHÃTì�ÊLÝ�Ã�Ê

Y1 ∧ . . . ∧ Yn ≤ X.

� Í F Ã�Ò(Ê�Æ Â(Ä�ØHÐi×�ØHÄyÄ�Â(Ã�Ä�Â@ü@Ù�Ê$Â(Ï�ê�Ã�ÞéÊ$Â(Ï ÔFÕ Â(ÄyÄ E ×HÃ-Â=Â(Ä�×2ÞéÃ-ü@ÙyÂ Î Ð�Ïqü@Ù�Ò;ü@Ù�ÄyÃ�ÊTÊ�Ò îÂ(ÃhÆ Â(Ä2Ò;ü@Ù�Ø+ç@Ê1Ù�ØHÊ Í
�ï=?]ï=BEGO�l
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¡� �ª1=BE
F ′
Y<EG=f	�=B:<;�=fIHXGXS=BA

X ∈ B ��>�
<AnY<EG=
X = 1 W Y<=BA�>�
<AnY<EG= =BO Y1, . . . , Yn ∈

E
;�EG©UCfJsESC

Y1 ∧ . . . ∧ Yn ≤ X
 

��O�EGODC�IHXGO W ¬BT�¬B=BEG;�=B:��^Y^IHÖ F ′ = F
 

1 ∈ F ′  ª1=BEG=B:
X,X ′ ∈ F ′ T<:<Y Y1, . . . , Yn, Y

′
1 , . . . , Y

′
m ∈ E

�^O W Y^IHÖ
Y1 ∧ . . . ∧ Yn ≤ X

T<:<Y
Y ′1 ∧ . . . ∧ Y ′m ≤ X ′.

g�=B:<:
X ≤ Z ≤ 1

�^Y^IH:<:�EGODC
Y1 ∧ . . . ∧ Yn ≤ Z,

IHXGO W EGODC Z ∈ F ′  ��T<Ö�=BAQY<=BJK;�EGXSC

Y1 ∧ . . . ∧ Yn ∧ Y ′1 ∧ . . . ∧ Y ′m ≤ X ∧X ′,

IHXGO W X∧X ′ ∈ F ′  ���IHJsESCnEGODC F ′ anEGXSCF=BAnIHTU> B �MY<=BA
E
T<Jj>�IHÖHC�HIHXGO W F ⊆ F ′

 
�ï=?CFAFIHPRNdCF=Ý:dT<:«=BEG:<=B:«anEGXSCF=BA

G
IHTU>

B
�bY<=BA

E
=B:dCFN^eHXSC¥ b��O�;HEGXSC

1 ∈ G T<:<Y>�
<AåIHXGXG=
Y1, . . . , Yn ∈ E

;�EGXSC
Y1∧. . .∧Yn ∈ G

 H��IHJsESCn;�=BN<t�AQ=B:jIHXGXG=
X ∈ B �

Y<EG=�;�AQt�Ö�=BAf;�XG=BEGP`N
Y1 ∧ . . . ∧ Yn

OQEG:<Y��^¬?T
G
 ^��XGO W F ′ ⊆ G

 
��:<OQ©~=BO W :<Y<=BAQ= F ′ ⊆ F

�bIHXGO W F ′ = F
 

m1 �g�=B:<:
E
:<EGPRNpC�Y<ES=Ý=B:<Y<XGEGPRN<=Ý��T<AQPRN<OQP`N<:<ESCQCFOQ=BEG;�=B:<OQPRN^IM>_C�N^IMC�~Y^IH:<:

0 ∈ F �
IHXGO W F = B

 
g�=B:<:

E
Y<EG=3=B:<Y<XGEGP`N<=&��T<AQPRN<OQPRN<:<ESCQCFOQ=BEG;�=B:<OQP`N^IM>_CjN^IMC�nEGODC

0
:<EGP`NpCs��©b=BA�[

Js=B:<;�=
=BEG:<=BOZ=B:<Y<XGEGPRN<=B:Lª1P`N<:<ESCQCFO VpW :«	�=B:<;�=B:LIHT<O E �bIHXGO W 0 6∈ F  
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E ⊆ B

Â(Ï+Ë�Â(Ð�ÆHÊ$Â]ê�Ã�ÞéÊ$Â(Ï
F
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B
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x, y ∈ B ÆHÃ�ÞéÊ
x ∨ y → x ∈ F ∨ y ∈ F.

F
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 Í F Ã�Ò(ÊLÝuØø�Ã�ÝuØHÞ Í� Í F Ã�Ò(Ê�Â(Ã�Ä7¿FÞéÊTÏ+Ø � ÞéÊ$Â(Ï Í� Í F Ã�Ò(Ê���Ï�Ã�Ý Í
�ï=?]ï=BEGO�l

a�
<AåqD=BY<=B:LanEGXSCF=BA
F
IHTU>

B
EGJ ² XGES¬BEG=BADC�qD=BY<=�Y<=BAfY<AQ=BE���EG;H=B:<OQP`N^IM>_CF=B:L��PRNdCFN<=BESC¥ ª1=BE

F
J3I�ÛUEGJ3IHXT^�]ZEGAÝ¬B=BEG;�=B:��nY^IHÖ

F
=BEG:0k�XSCFAFIMÁ^XSCF=BA�EGODC¥ �ª1=BE

x ∈ B
 å��I

F=BP`NpC�EGODC�´cHt�:<:<=B: :<EGPRNdC
x
T<:<Y ¬x ©~=BEGY<=wEG: F OQ=BEG:¹ ¹��:<;�=B: W JsJs=B:�� x 6∈ F

 ���I
F
J3I�ÛUEGJ3IHX¹EGODC�b=B:pCFN^eHXSC�Y<=BA�anEGXSCF=BA��<Y<=BA V�W : F ∪ {x} =BAQ¬B=BT<;HC�]ZEGAQY��bY<EG=Ýo2�~IHXGO W;�EG©UCZ=BOZJsESCf±< S¡� £Ã6=BEG:

a ∈ F �<O W Y^IHÖ a ∧ x = 0
 b��IHJsESC

a ≤ ¬x T<:<Y ¬x ∈ F  lH=BY<=BA�k�XSCFAFIMÁ^XSCF=BAZEGODC ² AQEGJ�lb��:<;�=B: W JsJs=B:�� x 6∈ F T<:<Y y 6∈ F  bgiEGA�J]
<OQOQ=B:
¬B=BEG;�=B:���Y^IMÖ

x ∨ y 6∈ F
 ���EG=BO�> W XG;HC
Y^IHAFIHT<O���Y^IHÖ ¬x ∈ F

� ¬y ∈ F
T<:<Y�Y^IHJsESC

¬x ∧ ¬y = ¬(x ∨ y) ∈ F  ª1=BE
F ² AQEGJ� b��:<;�=B: W JsJs=B:�� x 6∈ F

 Cj´T«¬B=BEG;�=B:#EGODC�´Y^IHÖ
F ∪ {x} Y<=B:#:<EGPRNdC=BP`NpCF=B:0anEGXSCF=BA�=BAQ¬B=BT<;HC¥ ���I

1 = x ∨ ¬x EG: F =B:pCFN^IHXSCF=B:�EGODC��IH©~=BA x :<EGPRNpC��;�EGXSC
¬x ∈ F  b��XGO W =?:dCFN^eHXSC�Y<=BA�a�EGXSCF=BA��<Y<=BA V�W : F ∪ {x} =BAQ¬B=BT<;HC�]ZEGAQY�� x ∧ ¬x = 0
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ª1=BE
E ⊆ B

EG:i=BEG:<=BJîk�XSCFAFIMÁ^XSCF=BA
D
=B:pCFN^IHXSCF=B:¹ 

D
N^IMC�Y<EG=#=B:<Y<XGEGPRN<=ì��T<AQPRN1[

OQP`N<:<ESCQCFOQ=BEG;�=B:<OQPRN^IM>_C�bIHXGO W EG:<OQ©~=BO W :<Y<=BAQ=ÝIHT<PRN E  	LIH:«:<=BN<Js=6T<Js;�=BcH=BN<ADC
IH:��´Y^IHÖ
E ⊆ B

Y<EG=Ý=B:<Y<XGEGPRN<=6��T<AQP`N<OQPRN<:<ESCQCFOQ=BEG;�=B:1[
OQP`N^IM>_C�N^IMC¥ ���=BA VpW : E =BAQ¬B=BT<;HCF=3anEGXSCF=BA F EGODC�JsESC�±< S¡� £Ã =BEG: =BPRNpCF=BAÝanEGXSCF=BAB ¹��EG=	�=B:<;�=

P
IHXGXG=BA =BPRNdCF=B:�anEGXSCF=BA VpW : B �UY<EG=

F
=B:pCFN^IHXSCF=B:��UEGODCf:<EGPRNpCfXG=B=BA�T<:<Y)Y<T<AQPRN

��:<cdXGT<OQE W : ² IHADCFEG=BXGXd;�= W AQY<:<=?C¥ H��T<Ö�=BAQY<=BJ|N^IMC~qD=BY<=�:<EGP`NpCFXG=B=BAQ=�Ù�=?CQCF= C EG: P Y<T<AQPRN⋃
C
=BEG:<= W ©b=BAQ=6ª1PRN<AFIH:<cH=�EG: P  ⋃
C
EGODC�anEGXÌCF=BA�l

1 ∈ ⋃C
�^Y^I

1
EG:ÝqD=BY<=BJ9anEGXSCF=BAfIMT<O

C
=B:pCFN^IHXSCF=B:�EGODC¥ 

g�=B:<:
a, b ∈ ⋃C

�bY^IH:<:L;�EG©UCZ=BO
C1, C2 ∈ C

JsESC
C1 3 a

T<:<Y
C2 3 b

 ´��N<:<=
��EG:<OQP`N<AFeH:<cdT<:<;sOQ=BE

C1 ⊆ C2
�bIHXSO W a ∧ b ∈ C2 ⊆

⋃
C
 

ª1=BE
a ∈ ⋃C

T<:<Y
a ≤ b

 ´��IH:<:#;�EG©UC�=BO�=BEG:
C ′ ∈ C

�~O W Y^IHÖ a ∈ C ′
 ¹��IHJsESC

EGODC�IHT<P`N
b ∈ C ′ ⊆ ⋃C

 
��:<;�=B: W JsJs=B:�� ⋃C

EGODC cH=BEG:3=BP`NpCF=BA�anEGXSCF=BA���Y^IHO N<=BEGÖHC�
0 ∈ ⋃C

 d��XGO W ;�EG©UC =BO
C1

IHT<O
C
JsESC

0 ∈ C1

 b��IH:<:�EGODC�IH©b=BAZOQPRN W : C1

cH=BEG:�=BPRNpCF=BA�anEGXÌCF=BAB 
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��T<AQPRN_j W AQ:<Ow��=BJsJ3I)]ZEGOQOQ=B:0]ZEGA���Y^IHÖ#=BO6=BEG:0J3I�ÛUEGJ3IHXS=BOÝ��XG=BJs=B:dC D VpW :
P
;�EG©UC¥ b��IH:<:«EGODC

D
=BEG:LJ3I�ÛUEGJ3IHXS=BAZanEGXSCF=BAfT<:<Y«=B:pCFN^eHXSC

E
^bJsESCZ±< S¡� £§jEGODC

D
=BEG:

k�XSCFAFIMÁ^XSCF=BAB 
2

ý ¸b��¸~���@�<�sÇFÀ��yÀGòåä�Ã�Ä	ä�Þ�Â(ÝiÂ(ÄyÊ
a
Â(Ã�Ä&Â(ÏGJ=È;ÈJÞ�Â@Ò;ü@ÙyÂ(Ä ô Þ Æ Âì�Ï+Ø

B
Ã�Ò(ÊLÆ Â(ÄeØ�Ð�×�ØHÄyÄÃ�Ä�Â(Ã�Ä&Â(Ý�¿FÞéÊTÏ+Ø � ÞéÊ$Â(Ï]Â(ÄyÊ�Ù�ØHÞéÊ$Â(Ä Ô�Õ Â(ÄyÄ a > 0 Í

�ï=?]ï=BEGO�l
��EG=�	�=B:<;�= {a} N^IMC�;�=B:^IMT�Y^IH:<:)Y<EG=�=B:<Y<XGEGP`N<=
��T<AQPRN<OQPRN<:<ESCQCFOQ=BEG;�=B:<OQP`N^IM>_C�^]ï=B:<:
a > 0
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ó �1� ���ìÇFÀ��yÀ��dñþÁ�Â(Ã
F

Â(Ã�Ä�ê�Ã�ÞéÊ$Â(Ïuè�ì�Â(Ï�Â(Ã�Ä&Â(Ï¢ÅaÂ(Ä�Æ Â
I
Ð�Ä�×

f : I → J
Â(Ã�Ä&Âê�Ð�Ä2ÑJÊTÃ-ÈJÄ ÍCÎ ØHÄyÄ	Ã�Ò(Ê

E := {Y ⊆ J |f−1”Y ∈ D} Â(Ã�Ä�ê�Ã�ÞéÊ$Â(Ïdè�ì�Â(Ï
J ÍêCØHÞ�Þ Ò

F
Â(Ã�Ä7¿FÞéÊTÏ+Ø � ÞéÊ$Â(ÏdÃ�Ò(Ê Ô Ò;ÈuÃ�Ò(ÊDØHÐyü@Ù

E
Â(Ã�Ä7¿FÞéÊTÏ+Ø � ÞéÊ$Â(Ï Í

�ï=?]ï=BEGO�l
E
EGODCZ=BEG:�anEGXSCF=BA�l
• f−1”J = I ∈ D �bIHXGO W EGODC J ∈ E  
• ª1=BEG=B: X,Y ∈ E  ^��IH:<:�EGODC f−1”(X ∩ Y ) = f−1”X ∩ f−1”Y ∈ D  

• ª1=BE X ∈ E,X ⊆ Y
 b��IH:<:�EGODC

f−1”X ⊆ f−1”Y
T<:<Y�Y^I

D
=BEG:LanEGXSCF=?AfEGODC�

f−1”Y ∈ D  

E
EGODCZ=BEG:�k�XSCFAFIMÁ^XSCF=BA�l^ª1=BE

X ⊆ J
 

abIHXGXSO
f−1”X ∈ D �^Y^IH:<:);�EGXSC

I \ f−1”X = f−1”(J \X) 6∈ D  abIHXGXSO
f−1”X 6∈ D �^Y^IH:<:);�EGXSC

I \ f−1”X = f−1”(J \X) ∈ D   2

¾ ��¿å���_�M�@¸~��ÇFÀ��yÀ��b�ïê_Ã�Ò(ÊLÂ(Ã�ÄsÑ��M����Õd�@Ñ��^�@�d�6Èf���_�°�d� Ô ç(ØHÞ�Þ ÒdÂ@ÒkÂ(Ã�Ä
p ∈ B ÆHÃTì�Ê1Ý�Ã�Ê

F = {q ∈ B|p ≤ q} Í
��� T<E V IHXG=?:dCZ¬BT�Y<EG=BOQ=BA��ï=BY<EG:<;�T<:<;jEGODC�<Y^IHÖj;�EGXSC ∧F ∈ F  ��AQEG:<¬BE ² IHXG=�k�XSCFAFIMÁ^XSCF=BA ]�=BAQY<=B:LEGJsJj=BA V�W :L��EG:<=BAQJs=B:<;�=B:�=BAQ¬B=BT<;HC¥ ��XGXG=�EG:dCF=BAQ=BOQOFIH:pCF=B:�anEGXSCF=BA OQEG:<Y&:<EGP`NpC ² AQEG:<¬BE ² IHX  1��EG:)�ï=BEGO ² EG=BX~>�
<A�=BEG:<=B:&:<EGPRNpC

² AQEG:<¬BE ² IHXG=B:#anEGXSCQ=BA�EGODC�Y<=BA È¹�nÅ1»M¼��p�¿å�_�°�d� l¹ª1=BE I =BEG:<=j	�=B:<;�=wT<:<=B:<Y<XGEGPRN<=BA�Ù
IHA�[Y<EG:^IHXGESCRe�C�åY^IH:<:ÜEGODCsY<=BA VpW : {X ⊆ I|card(I \ X) < ω} =BAQ¬B=BT<;HCF=«anEGXÌCF=BAwY<=BAa^A�ÆBP`N<=?CQÁ^XSCF=BA�
<©~=BA
I
 

a W XG;�=?:<Y<=���=?Á^:<ESCFE W :sEGODCï:dT<A�>�
<AïanEGXSCF=BA�IHTU>�� W CR=?:<¬BJs=B:<;�=B:^IHXG;�=B©<AQ=B: OQEG:<: VpW XGX-l
¾ ��¿å���_�M�@¸~��ÇFÀ��yÀ��1�åä�Ã�Äaê�Ã�ÞéÊ$Â(Ï

F
è�ì�Â(ÏiÂ(Ã�Ä&Â(ÏkÅaÂ(Ä�Æ Â

I
ÙyÂ(Ã ÚFÊ ������Ûh¸b�M� Ô�Õ Â(ÄyÄØHÞ�Þ�Â8ä�Þ�Â(ÝiÂ(ÄyÊ$Âz× Â@Ò=ê�Ã�ÞéÊ$Â(ÏqÒz×HÃ-Â=ÆHÞ�Â(Ã-ü@ÙyÂ ö ØHÏ+×HÃ�Ä�ØHÞéÃ�Ê/ÉHÊ1Ù�Ø�ì�Â(Ä Í



V�á=W�ÞBãnç�â0¢�Z£nÞ�â�ãnç�è ¨H±

g�=B:<:
F
=BEG:ìT<:<ES> W AQJs=?A�anEGXÌCF=BA�
<©~=BA�=BEG:<=BA�	�=B:<;�= I EGODC�´O W N^IH©~=B: IHXGXG=6��XG=`[Js=B:dCF= VpW : F Ù
IHAQY<EG:^IHXSEÌCReMC card(I) �@Y^I

I ∈ F �` 
��EG:��ï=BEGO ² EG=BX >�
<A6=BEG:<=B:�T<:<ES> W AQJs=B:�� ² AQEG:<¬BE ² IHXG=B:0anEGXSCF=BAz
<©~=BA

ω
EGODCwY<=BA VpW :Y<=BA�	�=B:<;�= {{2n|n ∈ ω}} =BAQ¬B=BT<;HCF=janEGXÌCF=BAB ´r�IMC�=BEG:ìanEGXSCF=BA�qD=BY W PRN#Y<EG=wk�XSCFAFIMÁ^XÌ[CF=BAQ=BEG;�=B:<OQP`N^IM>_C�^O W cMIH:<:�=BAZ:<EGPRNpC�;�XG=BEGPRN<¬B=BESCFEG;6T<:<ES> W AQJËT<:<Y ² AQEG:<¬BE ² IHX´OQ=BEG:�l

à¹�U�°ÕLÇFÀ��yÀ��1µ = Âq× Â(Ï�Ð�ÄyÃ ç�ÈJÏ�ÝiÂÇ¿FÞéÊTÏ+Ø � ÞéÊ$Â(Ï�è�ì�Â(Ï�Â(Ã�Ä&Â(Ï�Ð�Ä&Â(Ä�×2ÞéÃ-ü@ÙyÂ(ÄïÅaÂ(Ä Æ ÂaÃ�Ò(ÊÑ�Â(Ã�Äv�&Ï�Ã�Ä�Ë(Ã �yØHÞ�Â(ÏOê�Ã�ÞéÊ$Â(Ï Í
�ï=?]ï=BEGO�l

ª1=BE
D
=BEG:�T<:<ES> W AQJs=BA
k�XSCFAFIMÁ^XSCF=BAd
<©~=BA�=BEG:<=BAÝT<:<=B:<Y<XSEGP`N<=B:0	�=B:<;�= I  n��IH:<:�;�EGXSC>�
<AåqD=BY<=BO
e ∈ D card(e) = card(I)

 jn  ¬H hl ⋂
D 6∈ D.a�
<A�qD=BY<=BO
i ∈ I XGEG=B;HCZY<EG=Ý	�=B:<;�= ei := I \ {i} EG: D �bY^I

D
k�XSCFAFIMÁ^XSCF=BAfEGODC¥ ^��XGO W

⋂
i∈I ei = ∅ 6∈ D

 
2��EG=
k�JscH=BN<AQT<:<;s;�EGXSCf:dT<Af>�
<AZanEGXSCF=BAD
<©b=BA�IH©<¬¥eHN<XG©^IHA�T<:<=B:<Y<XGEGP`N<=B:L	�=B:<;�=B:¹ 

à¹�U�°ÕLÇFÀ��yÀ��pÇþÁ�Â(Ã
D

Â(Ã�Ä�ÄyÃ-ü@Ù�ÊÈ��Ï�Ã�Ä�Ë�Ã ��ØHÞ�Â(Ï}¿FÞéÊTÏ+Ø � ÞéÊ$Â(Ï�è�ì�Â(Ï
I
Ý�Ã�Ê

card(I) = ω ÍÎ ØHÄyÄ	Ã�Ò(Ê
D

ØHÐyü@Ù�Ð�ÄyÃ ç�ÈJÏ�Ý Í
�ï=?]ï=BEGO�l

g�=B:<:
D
:<EGPRNdC ² AQEG:<¬BE ² IHX�EGODC�bcMIH:<: D cH=BEG:<=Ý=B:<Y<XGEGPRN<=B:ì	�=B:<;�=B:#=B:pCFN^IHXSCF=B:¹ ~��XGO WN^IH©~=B:jIHXGXG=ï��XG=BJs=?:dCF= V�W : D Ù
IHAQY<EG:^IHXGEÌCReMC ≥ ω

 ���I
card(I) = ω

�MEGODC
D
T<:<ES> W AQJ� 

2

>±ªq© �ík²(²�·�³��k½�¯±¶� k°��f¶(²�³F°�µ
��EG=BOQ=BA ��©<OQPRN<:<ESCQC�>�
<N<ADC V�W XGXGODCReH:<Y<EG;�=fanEGXSCF=BAåT<:<Y3EGN<AQ=B:ij´T<OFIHJsJs=B:<N^IH:<;
¬BTsJs=BÖM[
©^IHAQ=B:)Ù
IHAQY<EG:^IHXG¬¥IHN<XS=B:3=BEG:¹ U��IHA+
<©b=BAQN<EG:^IHT<Oï]ZEGAQY ;�=B¬B=BEG;HC�1Y^IHÖ6OQEGPRN3Æ W XGXGODCReH:<Y<EG;M[c�=BESCsIHTU>�a^T<:<cpCFE W :<OQ©<EGXGY<=BA�
<©b=BADCFAFeH;HC	�@±< £m1  ± �ÝT<:<Y�Y^IHÖì=BOs=BEG:<=)J3I�ÛUEGJ3IMXG=3Æ W XGXÌ[ODCReH:<Y<EG;�c�=BESCf;�EG©UC�<O W X�IH:<;�=�Y<=BA�anEGXSCQ=BA�:<EGP`NpC ² AQEG:<¬BE ² IHX´EGODCz�@±< £m1 £§��` 
¾ ��¿å���_�M�@¸~��ÇFÀG��À��cÁ�Â(Ã

δ
Â(Ã�Ä&Â ö ØHÏ+×HÃ�Ä�ØHÞ Ë;Ø�Ù�Þ Í ä�Ã�Ä�ê�Ã�ÞéÊ$Â(Ï

F
ØHÐ(ç�Â(Ã�Ä&Â(ÏtJ=È;ÈJÞ�Â@Ò;ü@ÙyÂ(Äô Þ Æ Âì�Ï+Ø

B
ÙyÂ(Ã ÚFÊ	É

δ æ ô~¸~����º?�°�^��Ò��@� Ô�Õ Â(ÄyÄ�ÆHÃ�ÞéÊ
∀A ⊆ F

(
card(A) < δ →

(∧
A

Â+ø�Ã�Ò�Ê-Ã-Â(Ï�Ê�Ð�Ä�× ∧
A ∈ F

))
.

ê_ÙyÂ(Ã ÚFÊ�ô~¸~����º?�°�^��Ò��@� Ô ç(ØHÞ�Þ Ò=ê�ç@è�ÏzØHÞ�Þ�Â
δ ∈ Card < δ î ÇHÈJÞ�Þ Ò(Ê/ÉHÄ�×HÃhÆ¢Ã�Ò(Ê Í

F
ÙyÂ(Ã ÚFÊ

< δ æ �n�bô~¸~����º?�°�^��Ò��@� Ô�Õ Â(ÄyÄ F ÄyÃ-ü@Ù�Ê
< δ î ÇHÈJÞ�Þ Ò(Ê/É�Äe×�ÃhÆ¢Ã�Ò(Ê Í

¾ ��¿å���_�M�@¸~��ÇFÀG��ÀG�åä�Ã�Ä_ê�Ã�ÞéÊ$Â(Ï
F

ØHÐ(ç�Â(Ã�Ä&Â(Ï�J=È;ÈJÞ�Â@Ò;ü@ÙyÂ(Ä ô Þ Æ Âì�Ï+Ø
B

ÙyÂ(Ã ÚFÊ��<¾ æÕp�^¼��@¾��<�&���~ô~¸~����º?�°�^��Ò��@� Ô�Õ Â(ÄyÄaÂ(Ï
< ω1 î Ð�ÄyÇHÈJÞ�Þ Ò(Ê/ÉHÄ�×HÃhÆ¢Ã�Ò(Ê Í
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lH=BY<=BAZa�EGXSCF=BA EGODC
ω
[ V�W XGXGODCReH:<Y<EG;±���ï=BY<EG:<;�T<:<;w¨6EG: Y<=BAZ��=?Á^:<EÌCRE W :&Y<=BOZanEGXÌCF=BAQO@�` a�
<A

λ < δ
EGODC qD=BY<=BA

< δ
[ VpW XGXGODCReH:<Y<EG;�=ÝanEGXSCQ=BA�IHT<P`N < λ

[ VpW XGXGODCReH:<Y<ES;< ~k�Js;�=`[c�=BN<ADC�EGODCf>�
<A
δ < µ

qD=BY<=BA
< δ
[�T<: VpW XGXGODCReH:<Y<EG;H=�anEGXSCF=BAfIHT<PRN < µ

[�T<: VpW XGXGODCReH:<Y<ES;< g�=B:<:�=BEG:�anEGXSCF=BA
F VpW XGXGODCReH:<Y<EG;&EGODC��O W EGODC ∧F ∈ F

��IHXSO W EGODC F ² AQEG:<¬BE ² IHX  a�
<AjanEGXSCF=BAz
<©~=BA
I
EGODCj=BEG: ² AQEG:<¬BE ² IHXG=BAwanEGXÌCF=BAwIHT<PRN VpW XGXGODCReH:<Y<EG;2^�>�
<AwanEGXSCF=BA6IHTU>=BEG:<=BA�� WdW XG=BOQP`N<=B:���XG;�=B©<AFI B :dT<AZY^IH:<:��<]ï=B:<: B IHT<PRN V�W XGXGODCReH:<Y<EG;6EGODC° ��O�;�EG©UC�IHT<P`N)×
α
[ V�W XGXGODCReH:<Y<ES;�=�k�XSCFAFIMÁ^XSCF=BA��HY<EG=�c�=BEG:<= ² AQEG:<¬BE ² IHXG=B:wanEGXSCF=BAnOQEG:<Y��:1T<AfOQEG:<Y�Y<EG=BOQ=�]ï=BOQ=B:pCFXGEGP`N�OQPRNp]ZEG=BAQEG;�=BAZ¬BT)Á^:<Y<=B:¹ 

ó �1� ���ìÇFÀG��ÀGµ Á&Â(Ã
D
¿FÞéÊTÏ+Ø � ÞéÊ$Â(Ï�è�ì�Â(ÏOÂ(Ã�Ä&Â(ÏLÅaÂ(Ä Æ Â

I Í�Î ØHÄyÄuÃ�Ò(Ê
D

Æ Â(Ä�ØHÐu×�ØHÄyÄÊ
α î ÇHÈJÞ�Þ Ò(Ê/ÉHÄ�×HÃhÆ Ô�Õ Â(ÄyÄ±ç@è�ÏNÖ�Âq× Â�S�ØHÏ�ÊTÃ�ÊTÃ-ÈJÄ�ÇHÈJÄ

I
Ã�Ä Õ Â(ÄyÃhÆ Â(ÏuØHÞ Ò

α
.eÂ(Ã�Þ�Â±Â(Ã�Ä&Â(Ï× Â(Ï!.eÂ(Ã�Þ�Â�Ë�Ð

D
Æ Â@Ù û Ï�Ê Í

�ï=?]ï=BEGO�l� ⇒�@lH��:<;�=B: W JsJs=B:�� D EGODCf× α [ V�W XGXGODCReH:<Y<EG;U �ª1=BE^:dT<: I =
⋃
η<β Iη

=BEG:<=Z�nIHADCFESCFE W :
VpW : I EG: β V EG=BXG=���=?EGXG=H�<JsESC β < α

 b��IH:<:�EGODC
⋂

η<β

(I \Xη) = ∅ 6∈ D.

��XGO W ;�EG©UCZ=BO η < β
�^O W Y^IHÖ I \Xη 6∈ D

�bIHXGO W ;�EGXÌC Xη ∈ D
 � ⇐�@l´��:<;�=B: W JsJs=B:�� V�W : qD=BY<=BA
�åIHADCFESCFE W :«EG: I EG:«]�=?:<EG;�=BA
IHXGO α ��=BEGXG=6XGEG=B;HC=BEG:���=BEGX�EG:

D
 

ª1=BE
E
=BEG:<=���=BEGXGJs=B:<;�= V�W : D VpW :«	LeHPRNpCFEG;�c�=BESC β < α

 ~ª1=BE
E = {eη|η < β}=BEG:<=
��TU>@¬¥eHN<XGT<:<; V�W : E  ��=?Á^:<EG=BAQ=
=BEG:<=�a<T<:<cpCFE W : f : I → β + 1

]ZEG=�> W XG;HCl

f(i) =

{
β

>�
<A
i ∈ ⋂E,Y^IHOZcdXG=BEG:<ODCF=

η < β,
O W Y^IHÖ i 6∈ eη >�
<A

i ∈ I \⋂E

	�ESCfY<=BA���:<:^IHN<Js=�;�EG©UC�=BOf=BEG:
η < β + 1

�UO W Y^IHÖ f−1(η) ∈ D  <a�
<A�qD=BY<=BO η < β> W XG;HC IH©~=BA IHT<O f(i) = η
�pY^IHÖ

i 6∈ eη
�dIHXGO W f−1(η)∩eη = ∅

 d��I
eη ∈ D

;�EGXSC��H> W XG;HC
f−1(η) 6∈ D  ^��XGO W J6T<Ö f−1(β)

EG:
D
OQ=BEG:¹ 

f−1(β) =
⋂
E
�bIHXGO W ;�EGXSC ⋂E ∈ D  ^��IHJsESCfEGODC D × α [ V�W XGXGODCReH:<Y<EG;U  2��O)> W XG;HC)=BEG:7Z=BOQT<XSCRIMC�Y^IHA+
<©~=BA��ZY^IHÖÜOQEGP`NÏY<EG=#Æ W XGXGODCReH:<Y<ES;�cH=BESC�IHTU>j�ïEGXSY<=BA
<©~=BADCFAFeH;HC¥ 

ó �1� ���ìÇFÀG��ÀÌÇ Á&Â(Ã
D
Ê
α î ÇHÈJÞ�Þ Ò(Ê/ÉHÄ�×HÃhÆ Â(Ï\¿FÞéÊTÏ+Ø � ÞéÊ$Â(Ï	è�ì�Â(Ï

I
Ð�Ä�×

f : I → JÂ(Ã�Ä&Â±ê�Ð�Ä�ÑJÊ-Ã-ÈJÄ Í�Î ØHÄyÄ÷Ã�Ò(Ê
E = {Y ⊆ J |f−1”Y ∈ D} Â(Ã�Ä Ê

α î ÇHÈJÞ�Þ Ò(Ê/ÉHÄ�×HÃhÆ Â(Ï¿FÞéÊTÏ+Ø � ÞéÊ$Â(Ïkè�ì�Â(Ï
J Í
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�ï=?]ï=BEGO�l
	�ESC���=BJsJ3I6±< S¡� S¡°owEGODC

E
=BEG:�k�XSCFAFIMÁ^XSCF=BAB 

��O�©<XG=BEG©UC�Y<EG=�×
α
[hÆ W XGXGODCReH:<Y<ES;�cH=BESC V�W : E ¬BT
¬B=BEG;�=B:¹ �ª1=BE Z ⊆ E

T<:<Y
card(Z) =

δ < α
 ~ª1=BE

(zi)i<δ
=BEG:<=���TU>@¬¥eHN<XGT<:<; V�W : Z  b��IH:<:

f−1”
⋂

i<δ

zi =
⋂

i<δ

f−1”zi ∈ D,

IHXGO W ⋂Z ∈ E   2��O ;�EG©UC =BEG:sJ3I�ÛUEGJ3IHXS=BO
α
�dO W Y^IHÖ�=BEG:3anEGXSCF=BA F 
<©~=BA

I V�W XGXGODCReH:<Y<EG;
T<:<Y3:<EGPRNpC² AQEG:<¬BE ² IHX¹OQ=BEG:)cMIH:<:��^:^eHJsXGESP`N&Y<EG=
Ù
IHAQY<EG:^IHXGEÌCRe�C V�W : I  
à¹�U�°ÕLÇFÀG��ÀG¿ Á�Â(Ã

F
Â(Ã�Ä�ê�Ã�ÞéÊ$Â(ÏOè�ì�Â(Ï

I Ô card(I) = α Ís� Â(ÄyÄ F < α+ î ÇHÈJÞ}Þ Ò(Ê/ÉHÄ�×HÃhÆÃ�Ò(Ê Ô Ò;ÈuÃ�Ò(Ê
F

Â(Ã�Äv�&Ï�Ã�Ä�Ë(Ã �yØHÞ�Â(ÏOê�Ã�ÞéÊ$Â(Ï Í
�ï=?]ï=BEGO�l

ª1=BE
E
Y<EG=�	�=B:<;�=ÝIHXGXG=?A�EG:

F
XGEG=B;�=B:<Y<=B:�Ù W J ² XG=BJs=B:dCF= V�W :L��EG:<=BAQJs=B:<;�=B:

E = {I \ {i}|I \ {i} ∈ F}.
��I

I
	LeHPRNdCFEG;�cH=BESC

α
N^I�C;�~EGODC

card(E) ≤ α < α+   F EGODCw× α+ [ VpW XGXSODCReH:<Y<EG;3T<:<Y
E ⊆ F

�^IHXGO W ;�EGXSC ⋂E ∈ F  ��:<Y<=BAQ=BAQOQ=BESCFOnEGODC^qD=BY<=BO
X ∈ F =BEG:<=���©~=?AFJj=B:<;�= VpW : ⋂E

l���=B:<:Ý]ï=B:<:
i 6∈ X �

Y^IH:<:)EGODC
X ⊆ I \ {i} �^IHXGO W > W XG;HC I \ {i} ∈ F �

I \ {i} ∈ E T<:<Y i 6∈ ⋂E
 ^��IHJsESC

EGODC
F
Y<=BA ² AQEG:<¬BE ² IHXG=�anEGXSCF=BA��UY<=BA V�W : ⋂E

=BAQ¬B=BT<;HCZ]ZEGAQY¹ 
2

¾ ��¿å���_�M�@¸~��ÇFÀG��ÀG�åä�Ã�Ä&Â ö ØHÏ+×HÃ�Ä�ØHÞ Ë;Ø�Ù�Þ
δ

Ã�Ò(Êw���Ëo~¾��<� Ô±Õ Â(ÄyÄþÂ@Ò¡Â(Ã�Ä&Â(Ä Ä�Ã-ü@Ù2Ê��Ï�Ã�Ä�Ë�Ã ��ØHÞ�Â(Ä Ô Ê δ î ÇHÈJÞ�Þ Ò(Ê/ÉHÄ�×HÃhÆ Â(Äe¿FÞéÊTÏ+Ø � ÞéÊ$Â(ÏzØ�Ð�ç
δ
ÆHÃTì�Ê Íj´T<J÷�ï=BEGO ² EG=BX1EGODC ω Js=BÖ�©^IHA���Y^I�OQEGPRN6Y<=BA�a^A�ÆBPRN<=?CQÁ^XSCF=BAQO�IHTU> ω :^IHPRNsªUIMCF¬�±< S¡�  Î¬BT�=BEG:<=BJKk�XSCFAFIMÁ^XSCF=BA�=BAD]ï=BESCF=BAQ:�X�eHÖHC¥ 

��:<Y<=BAQ=BAQOQ=BESCFO�EGODCåqD=BY<=BO
n < ω

:<EGPRNpC�Js=BÖ�©^IHA��<Y^IsIHTU>å=B:<Y<XGEGPRN<=B:«	�=B:<;�=B:«IHXGXG=
k�XSCFAFIMÁ^XSCF=BAfIHT<PRN ² AQEG:<¬BE ² IHXG=�anEGXSCF=BA�OQEG:<Y¹ ��EG=
�ï=B¬B=BEGPRN<:1T<:<;���Js=BÖ�©^IHA!�#=BAQ;�EG©UCZOQEGPRN�Y<T<AQPRN�> W XG;�=B:<Y<=d �©b=BAQXG=B;�T<:<;�=B:�lg�=B:<:

D
=BEG:�k�XSCFAFIMÁ^XSCF=BAD
<©b=BA�=BEG:<=BA�	�=B:<;�=

I
EGODC�<Y^IH:<:�EGODCZY<EG=���©<©<EGXGY<T<:<;

µ : P(I)→ {0, 1}
Y<=?Á^:<EG=BADC�Y<T<AQPRN

µ(x) :=

{
1,

]ï=B:<:
x ∈ D

0,
]ï=B:<:

x 6∈ D
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=BEG:3¬?]ï=BES]�=BADCFEG;�=BOf	LIHÖ6IHTU>
I
�dY^IHOï:<EGPRNpCQCFAQE V E�IHXh` EGODC�p]ï=B:<: D :<EGPRNpC ² AQEG:<¬BE ² IHX�b EGODC�T<:<Y�Y^IHO

β
[�IHY<Y<ESCFE V � EGODC�U]ï=B:<: D × β [ V�W XGXGODCReH:<Y<EG;6EGODC¥ ��EG:<=�Ù
IHAQY<EG:^IHXG¬¥IHN<X

α
EGODC�IHXGO W ;�=B:^IHT
Y^IH:<:�Js=BÖ�©^IHA��B]ï=B:<:Ý=BO�=BEG:
:<EGPRNpCQCFAQE V E�IHXS=BO¬?]�=BES]ï=BADCFEG;�=BO�	LIHÖsIHTU>

α
;�EG©UC�UY^IHO

β
[�IHY<Y<ESCFE V ESOQC�>�
<A�IHXGXG= β < α

 
��>_C
]ZEGAQY�EG:�Y<=BAÝ��=?Á^:<ESCFE W : V�W :�	�=BÖ�©^IHAQcH=BESC ω IHT<OQ;�=BOQPRN<X W OQOQ=B:��nY^I)>�
<A�Y<EG=�nÛUEGODCF=B:<¬�=BEG:<=BO�:<EGPRNpCD[ ² AQEG:<¬BE ² IHXS=B:(k�XSCFAFIMÁ^XSCF=BAQO�IHTU> ω :1T<A)Y^IHO���T<OD]fIHN<X�I°ÛUE W J©~=B:<tHCFEG;HCï]ZEGAQY��1]�eHN<AQ=B:<Y)Y<EG=��nÛUEGODCF=B:<¬ V�W :);�AQt�Ö�=BAQ=B:&Js=BÖ�©^IHAQ=B:)Ù�IHAQY<EG:^IHXG¬¥IHN<XG=B::1T<A�JsESC�ODCReHAQc�=BAQ=B:�j´T<OFIMCF¬¥IH:<:^IHN<Js=B:#©~=?]ZEG=BOQ=B:#]�=?AFY<=?: cMIH:<:¹ �ª1P W CQCFO��fN<= W AQ=BJ©~=BOFIH;HCw©~=BEGO ² EG=BXGOD]ï=BEGOQ=H�nY^IHÖ ω ;�=B:^IHT0Y^IH:<:0Y<EG=3=BEG:<¬BEG;�= Js=?Ö�©^IHAQ=&Ù
IHAQY<EG:^IHXG¬¥IHN<XEGODC�U]�=B:<:�Y^IHOZ�ZÛUE W JÅY<=BAZÙ W :<ODCFAQT<cpCFEG©<EGXGEÌCReMC�;�EGXSC¥  Ì

à¹�U�°ÕLÇFÀG��À ð Á�Â(Ã
D

Â(Ã�Ä±ÄyÃ-ü@Ù�Êp��Ï�Ã�Ä�Ë�Ã ��ØHÞ�Â(Ï�¿FÞéÊTÏqØ � ÞéÊ$Â(ÏOè�ì�Â(Ï8Â(Ã�Ä&Â(ÏDÅaÂ(Ä�Æ Â
I Í�Î ØHÄyÄÂ+ø�Ã�Ò(ÊTÃ-Â(Ï�Ê�Â(Ã�Ä&Â�ÆHÏ û ÚFÊ$Â ö ØHÏ+×HÃ�Ä�ØHÞ Ë;Ø�Ù�Þ

α Ô Ò;Èi×�ØqÚ
D
Ê
α î ÇHÈJÞ�Þ Ò(Ê/ÉHÄ�×HÃhÆ¢Ã�Ò(Ê ÍÎ ØHÏ�è�ì�Â(Ï�Ù�Ã�Ä�ØHÐ�ÒdÃ�Ò(Ê

α
ÝiÂ-Ú�ì@ØHÏ Í

�ï=?]ï=BEGO�l
��I

D
cH=BEG: ² AQEG:<¬BE ² IHXG=?AfanEGXSCF=BA�ESOQC�U;�EG©UCZ=BOZ=BEG:<=�cdXG=BEG:<ODCF=
Ù
IHAQY<EG:^IHXG¬¥IHN<X β �^O W Y^IHÖ

D
:<EGPRNpC
×

β
[ VpW XGXSOQCReH:<Y<ES;6EGODC¥  β cMIH:<:)c�=BEG:<=
��EGJs=BOQc�IHAQY<EG:^IHXG¬¥IHN<X~OQ=BEG:��<Y<=B:<:)]ï=B:<:

D
×
γ+ [ VpW XGXGODCReH:<Y<EG;w>�
<A�IHXGXG= γ < β

EGODC�bY^IH:<:«EGODC
D
IH©<;�=BOQPRN<X W OQOQ=B:#T<:pCF=BA�IHXGXG=B:ª1P`N<:<ESCQCF=B: V�W :)]ï=B:<EG;�=BA�IHXGO β 	L=?:<;�=B:LT<:<Y�Y^IHJsESC�× β [ V�W XGXGODCReH:<Y<ES;< ��XGO W EGODC β \�IHPRNU> W XG;�=BAQcMIHAQY<EG:^IHXS¬¥IHN<X-� β = α+ ��T<:<Y α EGODC�Y<EG=s;�AQt�ÖHCF=sÙ
IHAQY<EÌ[:^IHXG¬¥IHN<X-�UO W Y^IHÖ D × α [ V�W XGXGODCReH:<Y<EG;6EGODC¥ ��OZ©<XG=BEG©UCf¬BT�¬B=BEG;�=B:��^Y^IHÖ

α
Js=BÖ�©^IHAfEGODC¥ 

D
EGODCf:<EGPRNdC�×

α+ [ V�W XGXGODCReH:<Y<EG;2�UIHXGO W ;�EG©UC�=BOZJsESCf��=BJsJ3IÝ±< £m1  ¨6=BEG:<=
�nIHADCFESCFE W :
I =

⋃
η<αXη

V�W : I EG: α ��=BEGXG=H�<O W Y^IHÖjcH=BEG:<=
Y<=BA�	�=B:<;�=B: Xη
¬BT

D
;�=BN<t�ADC¥ 

ª1=BE
f : I ³ α

;�=B;�=B©~=B:LY<T<AQPRN
f(i) = η

;�YU]
 
i ∈ Xη

 ´	�ESC���=BJsJ3Iw±< £m1  ±sEGODC
Y<EG=Ý	�=B:<;H=

E = {Y ⊆ α|f−1(Y ) ∈ D}
=BEG:Ô×

α
[ V�W XGXGODCReH:<Y<ES;�=BA6k�XSCFAFIMÁ^XSCF=BAk
<©~=BA

α
 
E
EGODCwcH=BEG: ² AQEG:<¬BE ² IHXG=BA6anEGXSCQ=BA���Y<=B:<:O W :<ODC�]�eHAQ= {η} ∈ E >�
<A�=BEG: η < α

�b] W JsESC�;�t�XSCF= Xη = f−1({η}) ∈ D. ��IHJsESCEGODC
α
Js=BÖ�©^IHAB 

2o��LU . U�����9pÍ})+:;)+*
J ⊆ I

BD< 3
card(J) < card(I)

I(< ' 3
µ(J) = 0

U�5�F4J*T%(4J*�3-)54�7���9-)
D
Q(%(4�)5< 4�)59C�e< 4�)59-BD)54�I()

{a}
)59-65)5A�I�3�A�4J:

µ(x) = 1
I�:;7�U

a ∈ x
U� �LU . U�����9

η < β
A�4J:8:;<�*´Í�A�4���3-)

xi, i < η
RJI(< ' 3

µ(
⋃
i<η xi) =

∑
i<η µ(xi)

U���?�MH)5<��@?�4�4�����9.nÎ�,-.J*�3-)54J*P)5< 4
xi

I()5' 3-)54 R�:�?�Ï
µ(xi) = 1

R�:�?O:;< )
xi

:;<�*´Í�A;4���3�*T< 4J:dA;4J:
D

)5< 4zEF' 3-9/?@sJ' 3-)59�<�*�3+U
β
{���:�:;< 3-< Q< 3/�@3P<�*�3C4�<�,/.�3F65A�Q()59-7&)+,-.J*T)5' 4�BD< 3P:;)59F�C:�:;< 3-< Q< 3/�@3F)5< 4�)59-��A�4���3-< %(4 UÐ!QI('�U1t Ñ&~1)Lv(v5x}RHS;?@3-61�JU �;U w+��U



V�á=W�ÞBãnç�â0¢�Z£nÞ�â�ãnç�è ¨�Î
>±ª�� Ò °E ~"±²��8µ�°��f¶(²�³F°Dµ
Z=B;�T<X�eHAQ=fanEGXÌCF=BAnO ² EG=?XG=B:w=BEG:<=�;�A W Ö�=f W XGXS=ï©b=BE<Y<=BA�Ù�IHAQY<EG:^IHXGEÌCReMCFOQ©~=?CFAFIHPRNpCFT<:<; VpW :k�XSCFAFI ²~W CF=B:<¬B=B:ìT<:<Y � W1W XG=BOQPRN<=B:�� W CF=B:<¬B=B:¹ �ª1EG=wXGEG=?>@=BAQ:#OQ=BN<A�;�A W Ö�=jk�XSCFAFI ²bW CF=B:1[¬B=B:��åOQEG:<Y0IH©b=BAÝ>�
<AÝY<=B:�\�IHPRNp]�=BESO V�W :0k�XSCFAFI ²~W CF=B:<¬B=B: OFES:<;�T<X�eHAQ=BA6³�AQt�Ö�=3:<EGPRNpC;�=B=BEG;�:<=?C¥ 
Z=B;�T<X�IHAQESCFeMC�
<©b=BADCFAFeH;HC#OQEGPRN IHTU>sZT<Y<EG:1[�Ù�=BEGOQXS=BA�[�;�AQt�ÖH=BAQ= anEGXÌCF=BAÌ�@±<  ¨U  ¢��` ���:

ªUIMCF¬w±U  ¨U  Î3]ZEGAQY#Y<EG=6�nÛUEGODCF=B:<¬ VpW :#AQ=B;�T<X�eHAQ=B:ìanESXSCF=BAQ:«:^IHPRN<;�=?]ZEG=BOQ=B:¹ �ªUIMCF¬6±<  ¨U  ÄAQ=BP`NpCQ>@=BADCFEG;HCZY<EG=�ª ² AQ=BPRNd]ï=BEGOQ=�AQ=B;�T<X�eHA�>�
<A (ω, card(I))[�AQ=B;�T<X�eHAB 
¾ ��¿å���_�M�@¸~��ÇFÀGµ�À��cÁ�Â(ÃNêåê�Ã�ÞéÊ$Â(Ï±ØHÐ(ç�Â(Ã�Ä&Â(Ï�J=È;ÈJÞ�Â@Ò;ü@ÙyÂ(Ä ô Þ Æ Âì�Ï+Ø

B Í Á�Â(Ã-Â(Ä λ, τö ØHÏ+×�Ã�ÄeØ�Þ Ë;Ø�Ù2ÞhÂ(Ä Í ê÷ÙyÂ(Ã ÚFÊ
(λ, τ) æ ���d�~���@�<�iÆ�× ÕLÍ Â(Ã�Ä&Â8êFÈJÞ Æ Â (Xα|α < τ)

Â+ø�Ã�Ò(ÊTÃ-Â(Ï�ÊÝ�Ã�Ê
Xα ∈ F

Ð�Ä�×
∧

α∈B′

Xα = 0

ç@è�ÏzØ�Þ}Þ�Â
B′ ⊆ τ

Ý�Ã�Ê
card(B′) ≥ λ Í

F
ÙyÂ(Ã ÚFÊ

δ æ ���d�~���@�<� ÔLÕ Â(ÄyÄ F (ω, δ) î ÏqÂ/ÆHÐ�ÞhÉHÏ8Ã�Ò(Ê ÍêCØHÞ�Þ Ò
B = P(I)

ç@è�ÏOÂ(Ã�Ä&ÂLÅaÂ(Ä�Æ Â
I Ô Ò;È Õ Ã�Ïq×zÂ(Ã�Ä

(ω, card(I)) î ÏqÂ/ÆHÐ�ÞhÉHÏqÂ(Ï�ê�Ã�ÞéÊ$Â(Ï���d�~���@�<�iÆ Â(Ä�ØHÄyÄyÊ Í
g�=B:<:�=BEG:�anEGXSCF=BA

δ
[�AQ=B;�T<X�eHA¹EGODC�¥Y^IH:<:�EGODC�=BA�IHT<PRN

λ
[�AQ=B;�T<X�eHA´>�
<A�IHXGXG=

ω ≤ λ < δ
l

g(eHN<XG=6IHT<O
(Xα|α < δ)

=BEG:<=Ý©~=BXGEG=B©<EG;�=���=BEGXGJs=B:<;�=H�~¬H  �� 
(Xα|α < λ)

IHXGO8j´=BT<;�=
>�
<AZY<EG=

λ
[�Z=B;�T<X�IHAQEÌCReMC¥ 

ª1=BE
F λ
[�AF=?;�T<X�eHAZ>�
<A�=BEG:

λ ≥ ω
 ´��IH:<:«;�EGXSC ∧

F = 0 6∈ F  ~��XGO W EGODC F :<EGP`NpC² AQEG:<¬BE ² IHX  
à¹�U�°ÕLÇFÀGµ�ÀG� Á�Â(Ã

F
ê�Ã�ÞéÊ$Â(ÏuØHÐ(çuÂ(Ã�Ä&Â(Ï+J=È;ÈJÞ�Â@Ò;ü@ÙyÂ(Ä ô Þ Æ Âì�Ï+Ø�Ð�Ä�×

δ î ÏqÂ/ÆHÐ�ÞhÉHÏ Í1Î ØHÄyÄÃ�Ò(Ê
F
Ê
δ+ î Ð�ÄyÇHÈJÞ}Þ Ò(Ê/ÉHÄ�×HÃhÆ Í

�ï=?]ï=BEGO�l
ª1=BE

(Xα|α < δ)
=BEG:<=3a W XG;�=jEG: F ��O W Y^IHÖ ∧

α∈B′ Xα = 0
>�
<A6IHXGXG=

B′ ⊆ δ
JsESC

card(B′) ≥ ω
 ���IH:<: EGODC {Xα|α ∈ B′} j´=BT<;�=j>�
<A�Y<EG=�×

δ+ [�k�: VpW XGXGODCReH:<Y<EG;�cH=BESC
VpW : F   2��EG=Zk�JscH=BN<AQT<:<;�Y<EG=BOQ=BA���T<OQOFIH;�=Z;�EGXSCå:<EGPRNdC�EGJsJj=BA�lHOQ=BE

F
=BEG:sanEGXSCF=BAåIHTU>´=BEG:<=BA

VpW XGXGODCReH:<Y<EG;H=B:&� W1W XG=?OFPRN<=B:&��XG;�=B©<AFI B �
F
×
δ+ [�T<: VpW XGXGODCReH:<Y<EG;U 1��IH:<:);�EG©UC�=BOf=BEG:

E ⊆ F
JsESC

card(E) < δ
T<:<Y ∧

E
=`ÛUEGODCFEG=BADCZT<:<Y ∧

E 6∈ F.
ª1=BE

λ = card(E)
 �abIHXGXSO
:dT<:

F
=BEG: k�XSCFAFIMÁ^XSCF=BA�EGODC��cMIH:<:�J3IH:

E
¬BT =BEG:<=BJ

E ′=BAD]�=BESCF=BAQ:��nO W Y^IHÖ ∧E ′ = 0
�n:^eHJsXGESPRN

E ′ := E ∪ (1 − ∧E)
�åIH©b=BA6Y^IHJsESCÝEGODC

: W PRN�:<EGP`NpCFON
<©b=BA�ª1P`N<:<ESCQCF= VpW :���=BESXGJs=B:<;�=B: V�W : E ′ ;�=BOFIH;HC¥ 



V�á=W�ÞBãnç�â0¢�Z£nÞ�â�ãnç�è ¨�Ä

��EG= Z=B;�T<X�IHAQESCReMCQOF©b=BY<EG:<;�T<:<;ZX�eHÖHC�OQEGPRN6IHXGXG=BAQY<ES:<;�O�EG:
> W XG;�=B:<Y<=BJ7=BEG:U>�IHPRN<=B:6abIHXGX=BAD>�
<XGXG=B:�l
abIHXGXSO�:dT<:

λ = ω
T<:<Y

F
k�XSCFAFIMÁ^XSCF=BA��UY^IH:<:)OQ=BE

(e′n)n∈ω
=BEG:<=
��TU>@¬¥eHN<XGT<:<; VpW :

E ′
 bª1=?CF¬B=

e′′0 := e′0
e′′n :=

∧
m<n e

′′
m ∧ e′n.��IH:<:0EGODC

E ′′ := {e′′n|n ∈ ω} ⊆ F
T<:<Y

card(E ′′) = ω
��T<:<Y >�
<A

B′ ⊆ ω
JsESC

card(B′) = ω
;�EGXSC ∧

n∈B′ e
′′
n = 0

 
��XGO W EGODC F ω

[�AQ=B;�T<X�eHAB 
	�ESC�Y<=BA�> W XG;�=B:<Y<=B:«e � T<E V IHXS=B:dCF=B:«a W AQJ6T<XGES=BAQT<:<; V�W :#Z=B;�T<X�IHAQESCRe�C�c�IH:<:«J3IH:JsESCZanEGXSCF=BAQ:)IHTU>å� W CF=B:<¬BJs=B:<;�=B:^IHXG;�=B©<AQ=B:Lc W Jj> W ADCRIH©<XG=BAfIHAQ©b=BESCF=B:¹ 

à¹�U�°ÕLÇFÀGµ�ÀGµåä�Ã�Ä�ê�Ã�ÞéÊ$Â(Ï
F

è�ì�Â(ÏdÂ(Ã�Ä&Â(Ï�ÅaÂ(Ä�Æ Â
I
Ã�Ò(ÊFÆ Â(Ä�ØHÐ±×�ØHÄyÄ

δ î ÏqÂ/ÆHÐ�ÞhÉHÏ Ô�Õ Â(ÄyÄÂ@Ò�Â(Ã�Ä
E ⊆ F

ÆHÃTì�Ê Ô Ò;Èi×�ØqÚ
card(E) = δ

Ð�Ä�×OÖ�Âq× Â@Ò
i ∈ I Ã�Ä	ÄyÐ�Ï]Â(Ä�×2ÞéÃ-ü@Ù±Ç;Ã-Â(Þ�Â(Ä

e ∈ E ÞéÃ-Â/ÆHÊ Í
�ï=?]ï=BEGO�l

ª1=BE
F δ
[�AQ=B;�T<X�eHAB ï��IH:<:i=`ÛUEGODCFEG=BADC =BEG:<=#a W XG;�= (Xα|α < δ)

JsESC
Xα ∈ F

T<:<Y
⋂
α∈B′ Xα = ∅ >�
<A�IHXGXG= B′ ⊆ δ

JsESC
card(B′) ≥ ω

�´IHXGO W EG:<OQ©~=BO W :<Y<=BAQ=Ý>�
<A�qD=BY<=BOIH©<¬¥eHN<XG©^IHAQ=
B′
 ^��IH:<:Lc�IH:<:wqD=BY<=BO

i ∈ I EG:):dT<AZ=B:<Y<XGEGPRN V EG=BXG=B: Xα
XGEG=B;�=B:¹ 

ª1=BE�T<Js;�=BcH=BN<ADC
F
O W ��Y^IHÖ#=BOj=BEG: E ⊆ F

;�EG©UC�nO W Y^IHÖ card(E) = δ
T<:<Y

qD=BY<=BO
i ∈ I EG: :1T<Af=B:<Y<XGEGPRN V EG=BXG=B: e ∈ E XGEG=B;HC¥ <ª1=BE (Eα|α < δ)

=BEG:<=���TU>@¬¥eHN<XGT<:<;
VpW : E  nª1=BE B′ ⊆ δ

JsESC
card(B′) ≥ ω

 ���IH:<:�;�EGXSC ⋂
α∈B′ Eα = ∅  ���XGO W EGODC F

δ
[�AQ=B;�T<X�eHAB 

2��EG:<=«]ï=BESCF=BAQ= e � T<E V IHXG=B:dCF=ì�ï=BY<EG:<;HT<:<;�>�
<A α [�Z=B;�T<X�IHAQESCRe�C)IHTU>6� W CF=B:<¬BJs=B:1[;�=B:^IHXG;�=B©<AQ=B:)> W XG;HCl
à¹�U�°ÕLÇFÀGµ�ÀÌÇ ä�Ã�Ä�ê�Ã�ÞéÊ$Â(Ï

F
è�ì�Â(Ï

I
Ã�Ò(Ê�Æ Â(Ä�ØHÐ�×�ØHÄyÄ

α î ÏqÂ/ÆHÐ�ÞhÉHÏ Ô&Õ Â(ÄyÄ�Â@ÒOÂ(Ã�Ä&Â�ê�Ð�Ä2Ñ îÊTÃ-ÈJÄ
f : I → Sω(α)

ÆHÃTì�Ê Ô Ò;Èi×�ØqÚ�ç@è�Ï�Ö�Âq× Â@Ò
β ∈ α

{i ∈ I|β ∈ f(i)} ∈ F.
�ï=?]ï=BEGO�l� ⇒�@l~ª1=BE

F α
[�AQ=B;�T<X�eHAZT<:<YLY<EG=

α
[�Z=B;�T<X�IHAQEÌCReMCf]�=BAQY<= V�W : (eδ)δ<α

©b=B¬B=BT<;HC¥ ¹��=`[
Á^:<EG=BAQ=

f : I → Sω(α)
Y<T<AQPRN

f(i) = {δ < α|i ∈ eδ}.ª1=BE
β ∈ α  ^��IH:<:

{i ∈ I|β ∈ f(i)} = {i ∈ I|i ∈ eβ} = eβ ∈ F.� ⇐�@lbª1=BE
E = {{i ∈ I|β ∈ f(i)}|β ∈ α}. ��IH:<:�EGODC card(E) = α

T<:<Y)>�
<A
i ∈ IEGODC {β ∈ α|β ∈ f(i)} =B:<Y<XGEGPRN��<Y^IHOZN<=BEGÖHC� i EGODCZ:1T<AZEG:&=B:<Y<XGEGP`N V EG=?XG=B: e ∈ E   2��EG=j:^eHP`N<ODCF= ��=?Á^:<ESCFE W : XGES=?>@=BADC�=BEG:<= ² IHADCFEG=BXSXG=s��AQY<:dT<:<;«IHTU>fY<=BA6	�=B:<;�=3Y<=BAanEGXSCF=BAB 



V�á=W�ÞBãnç�â0¢�Z£nÞ�â�ãnç�è ±po

¾ ��¿å���_�M�@¸~��ÇFÀGµ�ÀG¿ Á�Â(Ã
F

Â(Ã�Ä�ê�Ã�ÞéÊ$Â(Ï�ØHÐ(ç
P(I) Ô G Â(Ã�Ä�ê�Ã�ÞéÊ$Â(Ï�ØHÐ(ç

P(J) Í2Î ØHÄyÄuÃ�Ò(Ê
G ≤RK F

Ã�ÄÌ× Â(Ï P ��Ò���� æ ý �1��º¥�@�d� æ � �MÒ��¹����� ÔDÕ Â(ÄyÄ�Â@ÒiÂ(Ã�Ä&ÂkÒ(Ð�Ï�Ö�Â@ÑJÊTÃ�ÇHÂkê�Ð�Ä2Ñ îÊTÃ-ÈJÄ
f : I → J

ÆHÃTì�Ê Ô Ò;È�×�ØqÚ
G = {x ⊆ J |f−1(x) ∈ F} Í

��O�]feHAQ=�OQPRN<t�:��d]ï=B:<:&J3IM:3=BEG:s¬BT&�¹=BJsJ3I
±< £m1  ±ÝIH:^IHX W ;�=BO Z=BOQT<XSCRIMC�IHT<PRNs>�
<AAQ=B;�T<X�eHAQ=�anEGXSCF=BAïN^eMCQCF=H^<XG=BEGY<=BAD
<©b=BADCFAFeH;HCZOQEGPRN)Y<EG=�Z=B;�T<X�IHAQESCReMC�:dT<Af©~=BE¹EG:MqD=BcpCFE V =B:a^T<:<cpCFE W :<=B:&IHTU>�EGN<AQ=��ïEGXGY<=BAB d��EG:&�ï=BEGO ² EG=BXb>�
<Aï=BEG:<=�a^T<:<cpCFE W :��dY<EG=�cH=BEG:<=�Z=B;�T<X�I�[AQESCReMC�©~=?]�IHN<ADC�¹EGODC
f : I → J

�´O W Y^IHÖ&=BO�=BEG: j ∈ J
;�EG©UC�bO W Y^IHÖ3>�
<A�IHXGXG= i ∈ I;�EGXSC

f(i) = j
 

à¹�U�°ÕLÇFÀGµ�ÀG� Á�Â(Ã
α

Â(Ã�Ä&Â ö ØHÏ+×HÃ�Ä�ØHÞ Ë;Ø�Ù�Þ Í Á�Â(Ã F ′ Â(Ã�Ä (λ, τ) î ÏqÂ/ÆHÐ�ÞhÉHÏqÂ(Ï�ê�Ã�ÞéÊ$Â(ÏNè�ì�Â(Ï αÝ�Ã�Ê
F ′ ≤RK F Ô F ê�Ã�ÞéÊ$Â(Ï8è�ì�Â(Ï

δ ≥ α ÍFÎ ØHÄyÄ	Ã�Ò(ÊDØHÐyü@Ù
F (λ, τ) î ÏqÂ/ÆHÐ�ÞhÉHÏ Í

�ï=?]ï=BEGO�l
ª1=BE

F ′ ≤RK F
��Y^IHOsN<=BEGÖHC��=?O3;�EG©UCs=BEG:<=�OQT<A@qD=BcpCFE V =«a<T<:<cpCFE W : f : δ → α

��O WY^IHÖ
F ′ = {M ⊆ α|f−1”M ∈ F}  åª1=BE (X ′

η|η < τ)
=?EG:fj´=BT<;�=3>�
<AÝY<EG=

(λ, τ)
[

Z=B;�T<X�IHAQESCReMC VpW : F ′  ^��=?Á^:<EG=BAQ=
>�
<A η < τ

Xη := f−1”X ′
η.

��IH:<:�;�EGXSC
Xη ∈ F

T<:<Y)>�
<A
B′ ⊆ τ

JsESC
card(B′) ≥ λ

;�EGXSC
⋂

η∈B′

Xη =
⋂

η∈B′

f−1”X ′
η =

⋂

η∈B′

{ξ < δ|f(ξ) ∈ X ′
η}.

a�
<AnqD=BY<=BO
ξ < δ

;�EG©UCf=BOZ=BEG:
η ∈ B′ �^O W Y^IHÖ f(ξ) 6∈ X ′

η

�^Y^I ⋂
η∈B′ X

′
η = ∅

 ^��XGO W> W XG;HC
⋂

η∈B′

X ′
η = ∅.

��IHJsESCfEGODC
F (λ, τ)

[�AQ=B;�T<X�eHAB 
2

ý ¸b��¸~���@�<�sÇFÀGµ�À ð Á�Â(Ã
DI

Â(Ã�Ä
α î ÏqÂ/ÆHÐ�ÞhÉHÏqÂ(Ï{¿FÞéÊTÏ+Ø � ÞéÊ$Â(Ïiè�ì�Â(Ï�Â(Ã�Ä&Â(Ï¢ÅaÂ(Ä�Æ Â

I
Ð�Ä�×

f : I → J
Â(Ã�Ä&Â¢Ã�Ä;Ö�Â@ÑJÊTÃ�ÇHÂ�ê&Ð�Ä2ÑJÊTÃ-ÈJÄ Í�Î ØHÄyÄÌÃ�Ò(Ê

DJ := {Y ⊆ J |f−1”Y ∈ DI}Â(Ã�Ä
α î ÏqÂ/ÆHÐ�ÞhÉHÏqÂ(Ï=ê�Ã�ÞéÊ$Â(ÏkØHÐ(ç

J Í
�ï=?]�=BEGO�l
ª1=BE

E ⊆ DI
j´=BT<;�=#>�
<A&Y<EG=

α
[�Z=B;�T<X�IHAQESCReMC VpW : DI

 Z��=?Á^:<EG=BAQ=
G := {Y ⊆

J |f−1”Y ∈ E}  ���IH:<:ìXGEG=B;HC qD=BY<=BO j ∈ J
:1T<A�EG:#=B:<Y<XGEGPRN V EG=BXG=B: Y ∈ G

l¹��:<;�=`[
: W JsJs=B:��^=BO�;�EG©UC�=BEG: j ∈ J JsESC card({Y |j ∈ Y }) ≥ ω

 ~ª1=BE
i := f−1(j)

�@Y^IHO
iEGODCZ=BEG:<Y<=BTUCFEG;��U]ï=BEGX

f
EG:MqD=BcpCFE V EGODC��` ^��IH:<:�;�EGXSCfIHT<P`N

card({X ⊆ I|f−1”Y = X ∧X ∈ E}) ≥ ω.
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��©~=BA�=BOÝ;�EGXSC
i ∈ X

>�
<A
X = f−1”Y 3 j

 ���IHO�ODCF=BNdCÝEGJ giEGY<=BAQO ² AQT<P`N ¬BT<A α [Z=B;�T<X�IHAQESCReMC V�W : DI
 ´��IHJsESC�ESOQC

G ⊆ DJ
=BEG:�j´=BT<;�=�>�
<A�Y<EG=

α
[�Z=B;�T<X�IHAQESCReMC VpW :

DJ
 

2��=BA�:^eHPRN<ODCF=sªUIMCF¬wOQEGPRN<=BADCu�@T<:dCF=BA��ï=B:1TUCF¬BT<:<;)Y<=BO���T<OD]fIHN<XGI�ÛUE W JsO��´Y^I J3IH:Y^IHO
k�XSCFAFIMÁ^XSCF=BADCFN<= W AQ=BJ¯±< S¡�  Î ©<AFIHT<PRNdC���Y<EG=w�nÛUEGODCF=B:<¬ V�W : α [�AQ=B;�T<X�eHAQ=B:ìk�XÌCRAFIMÁ^X [CF=BAQ:LIHTU>�	L=?:<;�=B:LY<=BA�	LeHPRNdCFEG;�cH=BESC
α
 

à¹�U�°ÕLÇFÀGµ�ÀGÉåê�è�ÏdÖ�Âq× Â�ÅaÂ(Ä�Æ Â
I

Ð�Ä&Â(Ä�×2ÞéÃ-ü@ÙyÂ(ÏiÅ�É ü@Ù�ÊTÃhÆ�Ñ�Â(Ã�Ê
α

ÆHÃTì�Ê�Â@Ò�Â(Ã�Ä&Â(Ä
α îÏqÂ$ÆHÐ ÞhÉHÏ@Â(Ä7¿FÞéÊTÏ+Ø � ÞéÊ$Â(Ï

D
è�ì�Â(Ï

I Í
�ï=?]ï=BEGO�l

��O�;�=B: 
<;HC�°=BEG:<=B:�O W XGPRN<=B:Ýk�XSCFAFIMÁ^XSCF=BA�IHTU><=BEG:<=BA�©~=BXGEG=B©<EG;�=B:�	�=B:<;�= J Y<=?Aå	LeHPRNpCFEG;M[c�=BESC
α
¬BTwÁ^:<Y<=B:¹ dª1=BE<:^eHJsXGESP`N

DJ
Y<EG=BOQ=BA�k�XSCFAFIMÁ^XSCF=BAB Hª1=BE

(iδ)δ<α
=BEG:<=���©<¬¥eHN<XGT<:<;

VpW : I T<:<Y (jδ)δ<α =BEG:<=Z��©<¬¥eHN<XGT<:<; V�W : J ^pY^IH:<:3EGODC�Y<T<AFPRN DI := {K ⊆ I|∃L ∈
DJ iδ ∈ K ↔ jδ ∈ L}

=BEG:
α
[�AQ=B;�T<XGeHAQ=BAZk�XSCFAFIMÁ^XSCF=BAfIHTU>

I
;�=B;�=B©~=B:¹ 

g(eHN<XG= :dT<:
J = Sω(α).

a�
<A
β < α

Y<=?Á^:<EG=BAQ=
β̂ := {j ∈ J |β ∈ j} T<:<Y

E := {β̂|β ∈ α}. ��O EGODC card(E) = α
T<:<Yj>�
<A¹qD=BY<=BO

j ∈ J EGODC card(j) < ω
�dIHXGO W

card({β|β ∈ j}) < ω
�¹Y^IHO
N<=BEGÖHC

card({β̂|j ∈ β̂}) < ω
 ���IHJsESC�EGODC
=BEG: anEGXÌCF=BA��

Y<=BA
E
=B:pCFN^eHXSC�

α
[�AQ=B;�T<X�eHAB 

E
N^IMC�Y<EG=6=B:<Y<XGEGPRN<=w��T<AQP`N<OQPRN<:<ESCQCFOQ=BEG;�=B:<OQP`N^IM>_Cl�ª1=BES=B:

β̂1, β̂2 ∈ E
 ���IH:<:ìEGODC

{β1, β2} ∈ β̂1 ∩ β̂2

�bIHXGO W EGODCZY<=BA�ª1P`N<:<ESCQCZ:<EGPRNdCZXG=B=BAB 	�ESC�Y<=BJýk�XSCFAFIMÁ^XSCF=BADCFN<= W AQ=BJ9±< S¡�  Î X�eHÖHC�OQEGP`N E ¬BT#=BEG:<=BJýk�XSCFAFIMÁ^XSCF=BA�=BAD]ï=BEÌ[CF=BAQ:¹ 
2��EG=BO&EGODC)IHT<P`NiY<EG=#J3I�ÛUEGJ3IMXS=#Z=B;�T<X�IHAQESCRe�C�ïY<ES=#OQEGPRNi=BAQAQ=BEGP`N<=B:iX�eHÖHC^ïOQPRN W :

α+ [�Z=B;�T<X�IHAQEÌCReMC�>�
<N<ADC�IHTU>n=BEG:<=B:)giEGY<=BAQO ² AQT<PRN¹ 
à¹�U�°ÕLÇFÀGµ�ÀGò Á�Â(Ã

I
Â(Ã�Ä&ÂzÅaÂ(Ä�Æ Âu× Â(ÏzÐ�Ä&Â(Ä�×2ÞéÃ-ü@ÙyÂ(Ä�Å�É ü@Ù�ÊTÃhÆ�Ñ�Â(Ã�Ê

α Í1Î ØHÄyÄ	ÆHÃTì�Ê�Â@ÒÑ�Â(Ã�Ä&Â(Ä
α+ î ÏqÂ/ÆHÐ�ÞhÉHÏqÂ(Ä�ê�Ã�ÞéÊ$Â(Ïdè�ì�Â(Ï

I Í
�ï=?]ï=BEGO�l

��:<;�=B: W JsJs=B:��<=BO�;peH©b=
Y W PRN�=BEG:<=B:�O W XGPRN<=B:LanEGXSCQ=BA F  ��IH:<:�;�EG©UCZ=BO�=BEG:
E ⊆ F, card(E) = α+ �^O W Y^IHÖj>�
<AåqD=BY<=BO i ∈ I Y<ES=Ý	�=B:<;�=

Ei = {e ∈ E|i ∈ e} =B:<Y<XGESP`NìEGODC¥ ���O
;�EGXSC ⋃i∈I Ei = E
��IH©~=BA

card(
⋃
i∈I Ei) =

card(I) < α+ = card(E)
 <giEGY<=BAQO ² AQT<PRN¹ 

2
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�f¶(²�³F°�µ

r�IHT ² CF¬BEG=BXbY<EG=BOQ=BO ��©<OQP`N<:<ESCQCF=BOïEGODC =BO��dY<EG= �N� T<E V IHXG=B:<¬ V�W :&ªUIMCF¬�±<  ±<  ¨
T<:<Y Ù W A W XÌ[X�IHA
±<  ±<  Î)¬BT ¬B=BEG;�=?:¹ na^=?AF:<=?A�]ZEGAQY ªUIMCF¬s±<  ±< £Ã)=BAQJst�;HXGEGPRN<=B:�� V�W : ¬B=BAQXG=B;�©^IMAF=?: ¬BT
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T<:<ES> W AQJs=B: k�XSCFAFIMÁ^XSCF=BAQ:i
<©~=BAQ¬BT<;�=BN<=B:�^<=BEG:&r�EGXS>@OQJsEÌCQCF=?X-�pY^IHO�OQEGPRN&EG:<OQ©b=BO W :<Y<=BAQ=�EG:Ù
I ² ESCF=BX�§1 £mwIHXGOf: 
UCF¬BXGEGP`N&=BAD]�=BEGODC¥ 
I

Õ�Õ�Õ
︸ ︷︷ ︸

X0

︸ ︷︷ ︸

X1

︸ ︷︷ ︸

X2

︸ ︷︷ ︸

X3 ÖÖÖ

��©<©<EGXGY<T<:<;j±< £m�l<��©<ODCF=BEG;�=B:<Y<=�k�: VpW XGXGODCReH:<Y<EG;�cH=BESC V�W : F
¾ ��¿å���_�M�@¸~��ÇFÀÌÇFÀ��cÁ�Â(Ã

F
Â(Ã�Ä�ê�Ã�Þ�Ê!Â(Ïuè�ì�Â(Ï�Â(Ã�Ä&Â(Ï�ÅaÂ(Ä�Æ Â

I Í F ÙyÂ(Ã ÚFÊ
δ æ �<¾nº?�°�1� æ�b�1��Ò ���~ô~¸~����º?�°�^��Ò��@� ÔOÕ Â(ÄyÄ÷Â@Ò�Â(Ã�Ä&Â¢êFØHÝ�Ã�ÞéÃ-Â

(Xξ)ξ<δ
Ã�Ä
F

ÆHÃTì�Ê Ô Ò;È�×�ØqÚ�ç@è�ÏØHÞ�Þ�Â
ξ, η Ô Ý�Ã�Ê

ξ < η < δ
ÆHÃ�ÞéÊ�L
Xξ ⊇ Xη

Ð�Ä�× ⋂
ξ<δ

Xξ = ∅.

��©<ODCF=BEG;�=B:<Y<=&k�: V�W XGXGODCReH:<Y<EG;�cH=BESC V =BAQ=BAQ©UCjOQEGP`N ]ï=BY<=BAjIHTU>ZcdXG=BEG:<=BAQ= : W PRN�IHTU>;�AQt�Ö�=BAQ=�Ù
IHAQY<EG:^IHXS¬¥IHN<XG=B:¹ 
g�=B:<:s=BEG:3anEGXSCQ=BA

F δ
[�IH©<ODCF=BEG;�=B:<YsT<: V�W XGXGODCReH:<Y<EG;�EGODC�pO W OQEG=BNpC J3IH:jXG=BEGPRNpC��Y^IHÖ

F
IMT<P`N ×

δ+ [�T<: V�W XGXGODCReH:<Y<EG;6EGODC¥ �ï=BEUY<=BA�k�JscH=BN<AQT<:<;�Y<EG=BOQ=BO�Z=BOQT<XSCRIMCF=BO�N^IMC�J3IH:6Y^IHO���A W ©<XG=BJ��MY^IHÖ�Y<EG=Z	�=B:1[
;�=

E ⊆ F
��Y<EG=wY<EG=)×

δ+ [�k�: V�W XGXGODCReH:<Y<EG;�cH=BESC�©~=B¬B=BT<;HC��cH=BEG:<=sIH©<ODCF=BEG;�=B:<Y<=3Ù�=?CQCF=
VpW :«	�=B:<;�=B:�¬BT�OQ=BEG:�©<AFIHT<PRNpC¥ ��J abIHXGXG=

δ = ω
;�EGXÌC Y<ES=�k�Jsc�=?N<AFT<:<;2�1Y^I�EGPRN3:1T<A =B:<Y<XGEGPRN<=�ª1PRN<:<ESCQCF=�©<AFIHT<PRN<=H�

T<JÅY<EG=�	�=B:<;�=B:«IHT<O
E
¬BT�=BEG:<=BAZIH©<ODCF=BEG;�=B:<Y<=B:LÙ�=?CQCF=
¬BT�J3IHPRN<=B:¹ 

��XGO W EGODC ω [�IH©<ODCF=BEG;�=B:<Y T<: VpW XGXGODCReH:<Y<EG;�e � T<E V IHXG=B:pC�¬BT IH©<¬¥eHN<XG©^IMA
T<: VpW XSXGODC`eM:1[Y<EG;< ���I =BEG:�anEGXSCF=BAjIHT<Ö�=BAQY<=BJ ;�=B:^IHT�Y^IH:<:
ω
[�AQ=B;�T<XGeHAjEGODC�å]ï=B:<:/=BA3IH©<¬¥eHN<XG©^IHA

T<: V�W XGXGODCReH:<Y<EG;wEGODC�<;�EGXSCï> W XG;�=B:<Y<=BO�Z=BOQT<XSCRIMCl
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ó �1� ���ìÇFÀÌÇFÀG� ä�Ã�Äaê�Ã�ÞéÊ$Â(Ï
F

è�ì�Â(Ï�Â(Ã�Ä&Â(ÏzÅaÂ(Ä�Æ Â
I
Ã�Ò(Ê

ω î ÏqÂ/ÆHÐ�ÞhÉHÏkÆ Â(Ä�ØHÐÌ×�ØHÄyÄ ÔÕ Â(ÄyÄaÂ@Ò�Â(Ã�Ä&ÂzØ�ì@Ë;É�Ù�Þhì@ØHÏqÂkØ�ì�Ò(Ê$Â(ÃhÆ Â(Ä�× Â ö Â(ÊTÊ$Â
I = I0 ⊇ I1 ⊇ I2 ⊇ . . .

ÇHÈJÄ�ä�Þ�Â(ÝiÂ(ÄyÊ$Â(Ä
In ∈ F

ÆHÃTì�Ê Ô Ò;È�×�ØqÚ ⋂
n∈ω In = ∅.

à¹�U�°ÕLÇFÀÌÇFÀGµ ñ ö Ð�Ä&Â(ÄåÐ�Ä�×\S�Ï�Ã�ÑJÏ�õ�6 ö Ð�S�Ïv× 
�; ó Á�Â(Ã
δ

ÏqÂ/ÆHÐ�ÞhÉHÏ�Ð�Ä�×
D

Â(Ã�Ä
δ+ îØ�ì�Ò(Ê$Â(ÃhÆ Â(Ä�×kÐ�Ä�ÇHÈHÞ}Þ Ò(Ê/ÉHÄ�×HÃhÆ Â(Ï�¿FÞéÊTÏ+Ø � ÞéÊ$Â(Ï�ØHÐ(ç

P(I) Ô ×�ØHÄyÄ�Ã�Ò(Ê
D

ØHÐyü@Ù
δ î Ø�ì�Ò(Ê$Â(ÃhÆ Â(Ä�×Ð�ÄyÇHÈJÞ�Þ Ò(Ê/ÉHÄ�×HÃhÆ Í

a�
<AfY<=B:L�ï=?]ï=BEGO�OB bÙ�T<:<=B:�T<:<YL��AQEGcdA5g�� Ù�T^��A�§1¡(�  
¾ ��¿å���_�M�@¸~��ÇFÀÌÇFÀÌÇþÁ�Â(Ã ÿ Â(Ã�Ä&Â8ÅaÂ(Ä�Æ Â Ô F Â(Ã�Ä�ê�Ã�ÞéÊ$Â(ÏzØHÐ(ç

P(I) Í F Ã�Ò(Ê
δ æ Õp�d�M�@�d� æ¾��<�_ØHÐ(ç

I ÔdÕ Â(ÄyÄïÂ@Ò	Â(Ã�Ä&Â|S�ØHÏ�ÊTÃ�ÊTÃ-ÈJÄ {Iη|η < δ} ÇHÈJÄ
I
ÆHÃTì�Ê Ô Ò;È�×�ØqÚfç@è�Ï�ØHÞ�Þ�Â

M ⊆ δ, card(M) < δ,
ÆHÃ�ÞéÊ�L ⋃

η∈M Iη 6∈ F.
Á�ÈJÄ2Ò(ÊLÃ�Ò(Ê

F δ î ����Õp�d�M�@�d�b¾��<� Í
I

Ø�Ø�ØI0 I1 I2 I3 I4

��©<©<EGXGY<T<:<;w±<  ¨2lej´=BAQXG=B;�©^IHAQc�=BESC V�W : I
à¹�U�°ÕLÇFÀÌÇFÀG¿ Á�Â(Ã-Â(Ä

α
Ð�Ä�×

δ ö ØHÏ+×HÃ�Ä�ØHÞ Ë;Ø�Ù�Þ�Â(Ä Í Á�Â(Ã F Â(Ã�Ä�ê�Ã�ÞéÊ$Â(ÏOè�ì�Â(Ï
α Í�Î ØHÄyÄ±Ã�Ò(Ê

F
Æ Â(Ä�ØHÐ�×�ØHÄyÄ

δ î Ë�Â(Ï�Þ�Â/Æ�ì@Ø�Ï ÔFÕ Â(ÄyÄ�Â@ÒdÂ(Ã�Ä&Â(Ä±Ð�ÄyÃ ç�ÈJÏ�ÝiÂ(Äiê�Ã�ÞéÊ$Â(Ï
F ′

è2ì(Â(Ï
δ
ÆHÃTì�Ê�Ý�Ã�Ê

F ′ ≤RK F Í
�ï=?]ï=BEGO�l

ª1=BE
F δ
[�¬B=BAQXG=B;�©^IHA�
<©~=BA

α
�bY^IHOZN<=BEGÖHC�=BO�;�EG©UCZ=BEG:<=��nIHADCFESCFE W : {αη|η < δ} VpW : α �O W Y^IHÖw>�
<A�IHXGXG= M ⊆ δ

JsESC
card(M) < δ

;�EGXSC ⋃
η∈M αη 6∈ F

 
��=?Á^:<EG=BAQ=
=BEG:<=�a<T<:<cpCFE W : f : α→ δ

Y<T<AQP`N

f(β) := η
>�
<A

β ∈ αη.
ª1=BE

F ′ := {x ⊆ δ|f−1(x) ∈ F}  M��:<;�=B: W JsJs=B:�� F ′ EGODCå:<EGPRNpCåT<:<ES> W AQJ� ���IH:<:6;�EG©UC=BOf=BEG:
y ∈ F ′ JsESC card(y) < δ

 1��©~=BA
f−1(y) =

⋃
η∈y αη 6∈ F

�1Y^I
F δ
[�¬B=BAQXG=B;�©^IHA

EGODC¥ 
ª1=BE�:1T<: T<Js;�=BcH=BN<ADC

F ′
T<:<ES> W AQJýIHTU> δ ��JsESC F ′ ≤RK F

 ���IHO�N<=BEGÖHC�¹=BO�;�EG©UC
=BEG:<=
OQT<A@qD=BcpCFE V =Ýa^T<:<cpCFE W : f : α→ δ

JsESC
F ′ = {x ⊆ δ|f−1”x ∈ F}  
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��=?Á^:<EG=BAQ=
=BEG:<=��nIHADCFESCFE W : {αη|η < δ} Y<T<AQPRN

αη := f−1”{η} >�
<A η < δ.

ª1=BE�:dT<:
M ⊆ δ

JsESC
card(M) < δ

�^Y^IH:<:�;�ESXSC
⋃

η∈M

αη =
⋃

η∈M

f−1(M) 6∈ F,

Y^Iw]ï=B;�=B:LY<=BA�k�:<ES> W AQJsEÌCRe�C V�W : F ′ ;�EGXSC M 6∈ F ′   2

à¹�U�°ÕLÇFÀÌÇFÀG� Á�Â(Ã
D

Â(Ã�Ä
δ î Ø�ì�Ò(Ê$Â(ÃhÆ Â(Ä�×�Ð�ÄyÇHÈJÞ�Þ Ò(Ê/ÉHÄ�×HÃhÆ Â(Ï{¿FÞéÊTÏ+Ø � ÞéÊ$Â(Ï ÍDÎ ØHÄyÄ¡Ã�Ò(Ê

D
cf(δ) î Ë�Â(Ï�Þ�Â/Æ�ì@ØHÏ Í
�ï=?]ï=BEGO�l

ª1=BE
D δ
[�IH©<ODCF=BEG;�=B:<Y T<: VpW XGXGODCReH:<Y<EG;��dY^IMO�N<=BEGÖHC�U=?Of;�EG©UCï=BEG:<=�abIHJsEGXSES= (Xξ)ξ<δ

]ZEG=
W ©~=B:�©~=BOQPRN<AQEG=B©~=B:¹ ��EG=
abIHJsEGXSES=

(X ′
ξ)ξ<δ

OQ=BE�Y<=?Á^:<EG=BADCZY<T<AQP`N

X ′
0 := I,

X ′
n+1 := Xn

>�
<A
n < ω,

X ′
η := Xη

>�
<A
ω ≤ η.

��=?Á^:<EG=BAQ=
=BEG:<=��nIHADCFESCFE W : {I ′η|η < δ} Y<T<AQPRN I ′η := X ′
η \X ′

η+1
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I
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��©<©<EGXGY<T<:<;j±<  ±�l^��=?Á^:<ESCFE W : V�W : {I ′η|η < δ}
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ª1=BE
(f(ν))ν<cf(δ)

=BEG:<=Lc W :UÁ^:^IHXG=La W XG;�=)EG: δ   ��=`Á^:<EG=BAQ=«:dT<:/=BEG:<=L�nIHADCFESCFE W :
{Iν |ν < cf(δ)} Y<T<AQP`N

Iν+1 :=
⋃

f(ν)<η≤f(ν+1)

I ′η

Iν := I ′f(ν)

>�
<A
ν
��EGJs=BOB 

��O�;�EGXSCï>�
<AZIHXGXG=
η < δ

I ′η 6∈ DT<:<Y
Iν+1 =

⋃

ν<η≤ν+1

I ′η ⊆
⋃

η≤ν+1

I ′η = I \Xν+2 6∈ D.

��XGO W =BAD>�
<XGXSCfY<EG=
�åIHADCFESCFE W :&Y^IHO�³�=?]N
<:<OQPRNdCF=Hl
• a�
<AZIHXGXG= ν < cf(δ)

;�EGXSC
Iν 6∈ D

 

• ª1=BE M ⊆ cf(δ)
�
card(M) < cf(δ)

 nª1=BE
µ
ª1T ² AF=?JwT<JyY<=BAÝ��XG=BJs=B:dCF= VpW :

M
 b��IH:<:�EGODC

µ < cf(δ)
�^Y^I

cf(δ)
AQ=B;�T<X�eHAfEGODC�<T<:<Y

⋃

η∈M

Iη ⊆
⋃

η≤µ

I ′η = I \Xµ+1 6∈ D.
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�ï=?]ï=BEGO�l
ª1=BE

D δ
[�¬B=BAQXG=B;�©^IHAB �ª1=BE {Iη|η < δ} Y<EG=j�nIHADCFESCFE W : V�W : I �¹Y<EG=wY<EG=uj´=BAQXG=B;�©^IHAQcH=BESC

©~=B¬B=BT<;HC¥ ~��=?Á^:<EG=BAQ=�>�
<A
η < δ

Xη := I \
⋃

ξ<η

Iξ.

��IHJsESC�EGODC
Xη ∈ D
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ξ < η < δ

�¹Y^IHÖ
Xη ⊆ Xξ

T<:<Y ⋂
ξ<δXξ =
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f : Sω(β)→ F
ÙyÂ(Ã ÚFÊ���¸~��¸^�°¸~� Ô�Õ Â(ÄyÄzç@è�Ï

u, v ∈ Sω(β) Ô Ý�Ã�Ê
u ⊆ v ÔÆHÃ�ÞéÊ

f(v) ≤ f(u) Íç=Ã�Ò(Ê��^Ò�Ò��_���@ô Ô ç(ØHÞ�Þ Ò f(u ∪ v) = f(u) ∧ f(v) Íä�Ã�Ä&ÂOê�Ð�Ä2ÑJÊTÃ-ÈJÄ
g : Sω(β)→ B

ô~�d��Ûh�1�����d�°�
f Ô�Õ Â(ÄyÄzç@è�ÏdØHÞ�Þ�Â

x ∈ Sω(β)
ÆHÃ�ÞéÊ

g(x) ≤ f(x) Í
��:)J3IH:<P`N<=B:���
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f : Sω(λ) → D
Â(Ã�Ä&Â	Ø�×�×HÃ�ÊTÃ�ÇHÂëeÂ(Ï�ç�Â(Ã�Ä&Â(Ï�Ð�Ä�Æ

g : Sω(λ)→ D
Ù�ØHÊ Í
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D

ÙyÂ(Ã ÚFÊ
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ó �1� ���ìÇFÀG¿�ÀÌÇ Á&Â(Ã
D
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α
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f : Sω(α)→ D

Â(Ã�Ä&ÂzØ�×�×HÃ�ÊTÃ�ÇHÂ�ëyÂ(Ï�ç�Â(Ã�Ä&Â(Ï�Ð�Ä�Æ
g : Sω(α)→ D

ÆHÃTì�Ê Í
�ï=?]ï=BEGO�l
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<A�Y<EG=3N
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f : Sω(β) → D

=BEG:<=)J W : W C W :<=)a^T<:<cpCFE W :¹ ���=?Á^:<EG=BAQ=�=BEG:<=�a<T<:<cpCFE W :
f ′ : Sω(α)→ D

Y<T<AQPRN
f ′(u) := f(u ∩ β).

f ′
EGODCÅJ W : W C W :¹ Ü\�IHPRNîÆ W AFIHT<OQOQ=?CF¬BT<:<; ;�EG©UCË=BOK=BEG:<=ýIHY<Y<ESCFE V =ýa^T<:<cpCFE W :

g′ : Sω(α) → D
JsESC

g′ ≤ f ′
 �ª1=BE

g
Y<EG=L��EG:<OQPRN<AFeH:<cdT<:<; V�W : g′ IHTU> Sω(β)  ��IH:<:�;�EGXSC

g : Sω(β)→ D
�
g
EGODC�IHY<Y<ESCFE V T<:<Y g ≤ f

 ^��IHJsESCfEGODC
D α+ [�;�TUC¥  2
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=BEG:ÔIH©<¬¥eHN<XG©^IHA T<: V�W XGXGODCReH:<Y<EG;�=BA k�XSCFAFIMÁ^XSCF=BAB �j´TÔ¬B=BEG;�=B:ÔEGODC�ïY^IHÖ D ;�TUC

EGODCÝ>�
<A
ω
 �ª1=BE�IHXGO W f : Sω(ω) → D

=BEG:<= J W : W C W :<=3a^T<:<cpCFE W :¹ n��=?Á^:<EG=BAQ=&=BEG:<=a^T<:<cpCFE W : g : Sω(ω)→ D
Y<T<AQPRN

g(a) := f(max a+ 1).

��O6;�EGXSC
a ⊆ (max a + 1)

�nIHXGO W f(a) ≥ f(max a + 1) = g(a)
 na^=BAQ:<=BA6;�EGXSC
>�
<A

a ⊆ b
�<Y^IHÖ

g(a) ≥ g(b)
�bIHXSO W

f(max(a ∪ b) + 1) = f(max a+ 1) ∧ f(max b+ 1)

= g(a) ∧ g(b).
��IHJsESCfEGODC

g
IHY<Y<ESCFE V  
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<AIHXGXG=

i ∈ I ;�EGXSC f(i) ∈ Ai.j~]ï=BE¹a^T<:<cpCFE W :<=B: f T<:<Y g IHT<O ∏i∈I Ai
OQEG:<Y

D æ �yß¹���_ô<�^�@�1�b� � f =D g
�1]ï=B:<:

{i ∈ I|f(i) = g(i)} ∈ D.
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∏

Ai/D = {fD|f ∈
∏

i∈I

Ai}.

Î Ø�ì�Â(ÃPÙyÂ(Ã ÚFÊ
I
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Ai/D

EGODCZY<EG=
Z=BX�IMCFE W : R �^O W Y^IHÖ
R(f 1

D . . . f
n
D)
;�YU]
  {i ∈ I|Ri(f

1(i) . . . fn(i))} ∈ D.
¨U �ª1=BE

Ḟ n
[�ODCF=BXGXGES;�=BO)a^T<:<cpCFE W :<OQO5g1J6© W X V�W : L
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EG: ∏
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a^T<:<cpCFE W : F EG:pCF=BA ² AQ=?CFEG=BADCZY<T<AQPRN

F (f 1
D . . . f

n
D) = 〈Fi(f 1(i) . . . fn(i))|i ∈ I〉D.
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ċ
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k�JË¬BT)¬B=BEG;�=B:��<Y^IHÖwY<EG=BOQ=���=?Á^:<ESCFE W :&c W :<OQEGODCF=B:pC�EGODC�UJ6T<ÖwJ3IH:&: W PRN ² A+
U>@=B:��Y^IHÖ
F
T<:<Y

R
:1T<A VpW :�Y<=B: ��� T<E V IHXG=B:<¬BcdX�IHOQOQ=B:LIH©<N^eH:<;�=B:¹ 

ó �1� ����¿�À��yÀG� Á&Â(Ã-Â(Ä
I,D,Ai Õ Ã-ÂzÈ�ì(Â(Ä Ô f 1, . . . , fn, g1, . . . , gn ∈∏Ai Í ô Ä Æ Â îÄ&ÈJÝ�ÝiÂ(Ä Ô f 1 =D g1, . . . , fn =D gn. Î ØHÄyÄ�ÆHÃ�ÞéÊ



V�á=W�ÞBãnç�â\è Z_[�â�ãnèZá=W�èGiEé±[PV3ãnç [�ß�é [�â�ãnèZá=Wsi�ãnç�ß�é¹ç�ß ÃHo


 Í {i ∈ I|Ri(f
1(i) . . . fn(i))} ∈ D Æ�× ÕLÍ {i ∈ I|Ri(g

1(i) . . . gn(i))} ∈ D Ð�Ä�×
� Í 〈Fi(f 1(i) . . . fn(i))|i ∈ I〉 =D 〈Fi(g1(i) . . . gn(i))|i ∈ I〉.
�ï=?]ï=BEGO�l
¡� Za�
<A�	�=B:<;�=B:

X
T<:<Y

Y
;�EGXSC

X ∩ Y ∈ D ;�YU]
  X ∈ D T<:<Y Y ∈ D �bIHXGO W
{i ∈ I|Ri(f

1(i) . . . fn(i))} ∈ DT<:<Y {i ∈ I|f 1(i) = g1(i) ∧ . . . ∧ fn(i) = gn(i)} ∈ D
⇔ {i ∈ I|Ri(f

1(i) . . . fn(i)) ∧ f 1(i) = g1(i) ∧ . . . ∧ fn(i) = gn(i)} ∈ D
⇔ {i ∈ I|Ri(g

1(i) . . . gn(i)) ∧ f 1(i) = g1(i) ∧ . . . ∧ fn(i) = gn(i)} ∈ D
⇔ {i ∈ I|Ri(g

1(i) . . . gn(i))} ∈ DT<:<Y {i ∈ I|f 1(i) = g1(i) ∧ . . . ∧ fn(i) = gn(i)} ∈ D
m1 f=BAQ;�EG©UCZOQEGPRNLIHT<PRN�Y<EGAQ=BcpC�IHT<OZY<=B:L��=?Á^:<ESCFE W :<=B:�l

〈Fi(f 1(i) . . . fn(i))|i ∈ I〉D = F (f 1
D . . . f

n
D)

= 〈Fi(g1(i) . . . gn(i)|i ∈ I〉D.

2

à¹�U�°Õ#¿�À��yÀGµ ñ ä1ø���ØHÄ2Ò(Ã-ÈJÄ2Ò(Ê�ÙyÂ@ÈJÏqÂ(Ý óÁ�Â(Ã
L′

Â(Ã�Ä&ÂNä1ø���ØHÄ2Ò(Ã-ÈJÄ±ÇHÈJÄ
L Í Á�Â(Ã I Â(Ã�Ä&Â�ÄyÃ-ü@Ù�ÊTÞ�Â@Â(ÏqÂNÅaÂ(Ä Æ Â=Ð�Äe×�ç@è�Ï�Ö�Âq× Â@Ò

i ∈ IÒ;Â(Ã
Ai

Â(Ã�ÄaÅaÈ× Â(Þ�Þ2ç@è�Ï
L

Ð�Ä�×
Bi

Â(Ã�Ä&Âzä�Ï Õ Â(Ã�Ê$Â(Ï�Ð�Ä�Æ�ÇHÈHÄ
Ai

ØHÐ(ç
L′ Í Á�Â(Ã F Â(Ã�Äê�Ã�ÞéÊ$Â(Ïdè�ì�Â(Ï

I ÍÎ ØHÄyÄ	Ã�Ò(ÊD×�ØJÒdÏqÂq×HÐ�Ë�Ã-Â(Ï�Ê$Â�S�ÏqÈ×HÐ�ÑJÊ ∏
Bi/F

Â(Ã�Ä&Â8ä1ø���ØHÄ2Ò(Ã-ÈJÄ�× Â@ÒdÏ@Âq×HÐ�Ë�Ã-Â(Ï�Ê$Â(ÄS�ÏqÈ;×HÐ�ÑJÊ$Â@Ò ∏
Ai/F

ØHÐ(ç
L′ Í

�ï=?]ï=BEGO�l
a�
<AwqD=BY<=?O

i ∈ I
N^IH©~=B:ÏY<EG=�	 W Y<=BXGXG= Ai

T<:<Y
Bi
Y<EG=ì;�XG=BEGP`N<= ³�AQT<:<Y<Js=B:<;�=H�

Ai = Bi

 å��XGO W N^IH©b=B:ÜY<EG= AQ=BY<T<¬BEG=BADCF=B:���A W Y<T<cpCF=)Y<EG=&;�XG=?EGP`N<=B:Ü³�AQT<:<Y<Js=B:<;�=B:
∏
Ai/F =

∏
Bi/F

 ���I
Bi
=BES:<=f��AD]ï=BESCF=BAQT<:<; V�W : Ai

EGODC�MN^IMC~qD=BY<=BO�ª g1Jw© W X VpW :
L
Y<EG=�;�XG=BEGPRN<= ��:pCF=BA ² AQ=?CRIMCFE W :�EG: Bi

]ZEG= EG:
Ai
 H�ï=BEdY<=BAn��=?Á^:<ESCFE W :�Y<=BOnAQ=BY<T<¬BEG=BADCF=B:��A W Y<T<cpCF=BOnN^eH:<;HC^qD=BY<= ��:pCF=BA ² AQ=?CRIMCFE W :�=BEG:<=BOåª g1J6© W XG=BO VpW : L

EG: ∏
Ai/F

:dT<A VpW :Y<=B:0��:pCF=BA ² AQ=?CRIMCFE W :<=B: EG:�Y<=B:�	 W Y<=BXGXG=B: Ai
� V�W : Y<=B:Ü³�AQT<:<Y<Js=B:<;�=B:�T<:<Y VpW JanEGXSCF=BA

F
IH©¹ 

��O�> W XG;HC��Y^IHÖjqD=BY<=BOwª g1J6© W X VpW : L
EG: ∏

Bi/F
Y<EG=s;�XG=BEGP`N<=j��:pCR=?A ² AQ=?CRIMCFE W :]ZEG=
EG: ∏

Ai/F
N^IMC^^IHXGO W EGODC ∏Bi/F

=BEG:<=
��AD]�=?ESCF=BAQT<:<; V�W : ∏Ai/F
 

2

à¹�U�°Õ#¿�À��yÀÌÇ ñ ê&Ð�Ä�×�ØHÝiÂ(ÄyÊ/ØHÞéÊ�ÙyÂ@ÈJÏ@Â(Ý ÇHÈJÄì�Èuí ó Á�Â(Ã
A

×�Ø�Ò¿FÞéÊTÏ+Ø���Ï@È×HÐ�ÑJÊ ∏
Ai/DÐ�Ä�×¢Ò;Â(Ã

I
×HÃ-Â=Ë�Ð�Æ Â@Ù û Ï�ÃhÆ Â ÿ Ä�× Â+ø�ÝiÂ(Ä�Æ Â Í�Î ØHÄyÄ�ÆHÃ�ÞéÊ
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 Í ê�è�Ï�Ö�Âq× Â(Ä\.eÂ(Ï(Ý t(x1, . . . , xn)
ÇHÈJÄ

L
Ð�Ä�×¢ä�Þ�Â(ÝiÂ(ÄyÊ$Â

f 1
D, . . . , f

n
D ∈ A

ÆHÃ�ÞéÊ
tA[f

1
D . . . f

n
D] = 〈tAi

[f 1(i) . . . fn(i)]|i ∈ I〉D.�=Ã-Â(Ï�ì�Â(Ã�Ã�Ò(Ê
tA

×�Ã-Â ÿ ÄyÊ$Â(Ï���ÏqÂ(Ê/ØHÊTÃ-ÈJÄ�× Â@Ò!.�Â(Ï�ÝzÒ
t
Ã�Ä�× Â(Ï8ÁeÊTÏ�Ð�ÑJÊTÐ�Ï

A î� Í Á�Â(Ã ϕ(x1, . . . , xn)
Â(Ã�Ä&ÂzêFÈJÏ�ÝiÂ(ÞPÇHÈJÄ

L
Ð�Ä�×�Ò;Â(Ã-Â(Ä

f 1
D, . . . , f

n
D ∈ A. Î ØHÄyÄÆHÃ�ÞéÊ

A |= ϕ[f 1
D . . . f

n
D]

Æ�× ÕLÍ {i ∈ I|Ai |= ϕ[f 1(i) . . . fn(i)]} ∈ D.� Í ê�è�Ï�Ö�Âq× Â(Ä�Á&ØHÊ}Ë
ϕ

ØHÐ�Ò
L

ÆHÃ�ÞéÊ
A |= ϕ

Æ�× ÕLÍ {i ∈ I|Ai |= ϕ} ∈ D.
�ï=?]ï=BEGO�l

¨U ´> W XG;HC�Y<EGAQ=BcpC�IHT<Ow¡� ¹T<:<Y�m1 ���=BA
�ï=?]�=BEGO VpW :�¡� ´T<:<Y m1 ~]ZEGAQY�
<©~=BA���:<Y<T<cpCFE W ::^IHP`N���=?AFJ6[ï©<¬`]
 ~a W AQJs=BX�IHTU>@©^IHT ;�=?>�
<N<ADC¥ 
¡� �ª1=BE

t(x1, . . . , xn)
=BEG:
��=BAQJ V�W : L

 �	�ESC�Y<=BA���=?Á^:<ESCFE W : V�W :�k�XSCFAFI ² A W Y<T<cpCF=B:OQEG=BNpC�J3IH:��¥Y^IHÖ
¡� ¥;�EGXSC�?]ï=B:<:
t(x1, . . . , xn)

V�W :�Y<=BA�a W AQJ F (x1 . . . xn)
W Y<=BA=BEG:�Ù W :<ODCRIH:pCF=B:<O5g1J6© W X W Y<=BAZ=BEG:<=�Æ IHAQE�IH©<XG=�EGODC¥ 

��:<;�=B: W JsJs=B:��
t(x1, . . . , xn) = F (t1(x1, . . . , xn) . . . tm(x1, . . . , xn)),] W ©~=BE FL

=BEG:La^T<:<cpCFE W :<OQO5g1J6© W X V�W : L
EGODC�T<:<YLY<EG=
��=BAQJs=

t1, . . . , tm
IHXGXG=

¡� d=BAD>�
<XGXG=B:¹ 1��IH:<: ;�EGXSC�JsESC�Y<=BA���=?Á^:<ESCFE W :3Y<=BAï��:pCF=BA ² AQ=?CRIMCFE W : V�W : ��=BAQJs=B:
tA[f

1
D . . . f

n
D] = F (t1A[f

1
D . . . f

n
D] . . . tmA[f

1
D . . . f

n
D]),] W ©~=BE F Y<ES=���:pCF=BA ² AQ=?CRIMCFE W : V�W : Ḟ EG: A

OQ=BE  <	�ESC�¡� d>�
<A
t1, . . . , tm

;�EGXSC�>�
<A
k ∈ {1, . . . ,m}

tkA[f
1
D . . . f

n
D] = gkD,] W ©~=BE gk = 〈tkAi

[f 1(i) . . . fn(i)]|i ∈ I〉. 	�ESC���T<:<cpC�¨U ^©~=BE�Y<=BA���=?Á^:<ESCFE W :VpW :Lk�XSCFAFI ² A W Y<T<cpCF=B:�;�EGXSC
F (g1

D . . . g
m
D ) = 〈F1(g

1(i) . . . gm(i))|i ∈ I〉D.	�ESCZY<=BA���=?Á^:<ESCFE W :)Y<=BAZ��:pCF=BA ² AQ=?CRIMCFE W : VpW :)��=BAQJs=B:�=BAQ;�EG©UCZOQEGPRN
tAi

[f 1(i) . . . fn(i)] = Fi(g
1(i) . . . gm(i)).

��:<OQ;�=BOFIHJÝC�;�EGXSCZIHXGO W
tA[f

1
D . . . f

n
D] = F (g1

D . . . g
n
D)

= 〈tAi
[f 1(i) . . . fn(i)]|i ∈ I〉D.��XGO W =BAD>�
<XGXSC t(x1 . . . xn)

��T<OQOFIH;�=j¡� 
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m1  • ϕ
EGODC�IMC W J3IHAB 

��I��
ϕ ≡ r1 = r2

�<] W ©~=BE r1 T<:<Y r2 ��=BAQJs= V�W : L
OQEG:<Y¹ b	�ESC

1.
> W XG;HCl

A |= ϕ[f 1
D . . . f

n
D]

⇔ rA
1 [f

1
D . . . f

n
D] = rA

2 [f
1
D . . . f

n
D]

⇔ 〈rAi

1 [f 1(i) . . . fn(i)]|i ∈ I〉D = 〈rAi

2 [f 1(i) . . . fn(i)]|i ∈ I〉D
⇔ 〈rAi

1 [f 1(i) . . . fn(i)]|i ∈ I〉 =D 〈rAi

2 [f 1(i) . . . fn(i)]|i ∈ I〉
⇔ {i ∈ I|rAi

1 [f 1(i) . . . fn(i)] = rAi

2 [f 1(i) . . . fn(i)]} ∈ D
⇔ {i ∈ I|Ai |= ϕ[f 1(i) . . . fn(i)]} ∈ D.

�@©e�
ϕ ≡ R[r0, . . . , rn−1]

�^] W ©~=BE r0, . . . , rn−1
��=BAQJs= V�W : L

OQEG:<Y¹ ~��O
;�EGXSC

A |= R[r0(f
0
D . . . f

m
D ), . . . , rn−1(f

0
D . . . f

m
D )]

⇔ {i ∈ I|RAi(r0(f
0(i) . . . fm(i)) . . . rn−1(f

0(i) . . . fm(i)))} ∈ D
⇔ {i ∈ I|Ai |= Ri[r0(f

0(i) . . . fm(i)) . . . rn−1(f
0(i) . . . fm(i))]} ∈ D.

• ϕ ≡ ¬ψ T<:<Y 2.
;�EGXÌC�>�
<A

ψ
 b��OZ;�EGXSC

A |= ϕ[f 1
D . . . f

n
D]

⇔ :<EGPRNpC;l
A |= ψ[f 1

D . . . f
n
D]

⇔ {i ∈ I|Ai |= ψ[f 1(i) . . . fn(i)]} 6∈ D
��I

D
=BEG:�k�XSCFAFIMÁ^XSCF=BA�EGODC�<EGODCZY<EG=�XG=?CF¬?CF=kj´=BEGXG=�e � T<E V IHXG=B:pCZ¬BT

{i ∈ I|¬Ai |= ψ[f 1(i) . . . fn(i)]} ∈ D
⇔ {i ∈ I|Aiϕ[f

1(i) . . . fn(i)]} ∈ D.

• ϕ ≡ (ψ ∧ χ) T<:<Y 2.
;�EGXÌC�>�
<A

ψ
T<:<Y

χ
 

��I
D
IHXSO�anEGXSCF=BA&;�=B;�=B:7ª1P`N<:<ESCQCF=ìT<:<Y+��©~=BAQJs=B:<;�=B:d©<EGXGY<T<:<;�IH©<;�=`[

OQPRN<X W OQOQ=B:LEGODC�<;�EGXSCï>�
<AåqD=
¬`]�=BE���=BEGXGJs=B:<;�=B: x, y V�W : I
(x ∈ D ∧ y ∈ D)⇔ x ∩ y ∈ D.

��IHJsESC�> W XG;HCl
A |= ϕ[f 1

D . . . f
n
D]

⇔ A |= ψ[f 1
D . . . f

n
D]
T<:<Y

A |= χ[f 1
D . . . f

n
D]

⇔ {i ∈ I|Ai |= ψ[f 1(i) . . . fn(i)]} ∈ DT<:<Y {i ∈ I|Ai |= χ[f 1(i) . . . fn(i)]} ∈ D
⇔ {i ∈ I|Ai |= ψ[f 1(i) . . . fn(i)]}

∩{i ∈ I|Ai |= χ[f 1(i) . . . fn(i)]} ∈ D
⇔ {i ∈ I|Ai |= ψ[f 1(i) . . . fn(i)] ∧ Ai |= χ[f 1(i) . . . fn(i)]} ∈ D
⇔ {i ∈ I|Ai |= ϕ[f 1(i) . . . fn(i)]} ∈ D.
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• ϕ ≡ ∀xψ T<:<Y 2.
;�EGXSCï>�
<A

ψ
 

�ï=BN^IHT ² CFT<:<;�lb��EG=�> W XG;�=B:<Y<=B:)��T<OQOFIH;�=B:LOQEG:<Y�e � T<E V IHXG=?:dCl
��I��&a�
<A�IMXGXG=

fD ∈ A
;�EGXSC��1>�IHXGXGO

f
Z= ² AFeHOQ=B:pCRIH:dC V�W : fD EGODC�

{i ∈ I|Ai |= ψ[f(i)f 1(i) . . . fn(i)]} ∈ D.
�@©e� {i ∈ I|∀a ∈ Ai Ai |= ψ[af 1(i) . . . fn(i)]} ∈ D.�ï=?]ï=BEGOZY<=BA��ï=BN^IHT ² CFT<:<;�l��I�� ⇒ �@©e��l¹��:<;�=B: W JsJs=B:�����I���;�EGXSC�T<:<Y Y<EG=s	�=B:<;�=sIHT<Ou�@©e��EGODC
:<EGPRNpC
EG:
D
 b��I

D
=BEG:�k�XSCFAFIMÁ^XSCF=BA�EGODC�<EGODCZY^IH:<:

Z := {i ∈ I|∃a ∈ Ai : ¬Ai |= ψ[af 1(i) . . . fn(i)]} ∈ D.
��=?Á^:<EG=BAQ=#JsEÌC&r�EGXS>@=�Y<=BO&��T<OD]�IHN<X�I�ÛUE W JsO3=BEG:<=#a^T<:<cpCFE W : f : I →⋃
i∈I Ai

Y<T<AQP`N

f(i) :=

{ =BEG:
a ∈ Ai

JsESCf:<EGPRNdCl
Ai |= ψ[af 1(i) . . . fn(i)],

>�IHXGXGO
i ∈ Z,=BEG:)©~=BXGEG=B©<EG;�=BO

a ∈ Ai
O W :<ODC¥ 

g�=B;�=B:
Z = {i ∈ I|¬Ai |= ψ[f(i)f 1(i) . . . fn(i)]} EGODC

{i ∈ I|¬Ai |= ψ[f(i)f 1(i) . . . fn(i)]} ∈ D.
\�IHPRN#Æ W AFIHT<OQOQ=?CF¬BT<:<;)XGEG=B;HC�IH©~=BA�Y^IHO
Ù W J ² XG=BJs=B:pC�Y<EG=BOQ=BA�	�=B:<;�=wEG:
D
 <��XGO W J6T<ÖjY<EG=�	�=B:<;�=ÝIHT<Oz�@©e�ïY W PRN�EG: D OQ=BEG:¹ �@©e� ⇒ ��I���l~ª1=BE

f ∈∏i∈I Ai
©~=BXGES=B©<EG;< 1g�=B;�=B:

{i ∈ I|Ai |= ψ[f(i)f 1(i) . . . fn(i)]} ⊇� Ã1 S¡��
{i ∈ I|∀a ∈ Ai Ai |= ψ[af 1(i) . . . fn(i)]}� Ã1 £mH�

;�EGXSC�JsESCk�@©e�fIHT<PRNÌ��I��` 
��IHJsESCf;�EGXSC�Y<EG=
�ï=BN^IHT ² CFT<:<;< 
\�T<:)> W XG;HC

A |= ϕ[f 1
D . . . f

n
D]

⇔ ∀a ∈ A A |= ψ[af 1
D . . . f

n
D]

⇔ ∀fD ∈ A A |= ψ[fDf
1
D . . . f

n
D]

⇔ ∀fD ∈ A{i ∈ I|Ai |= ψ[f(i)f 1(i) . . . fn(i)]} ∈ D
⇔ {i ∈ I|∀a ∈ Ai Ai |= ψ[af 1(i) . . . fn(i)]} ∈ D
⇔ {i ∈ I|Ai |= ϕ[f 1(i) . . . fn(i)]} ∈ D.
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��IHJsESCfEGODCZY<EG=
��:<Y<T<cpCFE W : VpW XGXGODCReH:<Y<EG;< 
2

ý ¸b��¸~���@�<� ¿�À��yÀG¿ Á�Â(Ã
AI/D

Â(Ã�Ä&Â¿FÞéÊTÏ+Ø��yÈJÊ$Â(Ä�ËzÇHÈJÄ
A ÍCÎ ØHÄyÄ

AI/D ≡ A.

ý ¸b��¸~���@�<� ¿�À��yÀG� ñ ö ÈJÝ���Ø�ÑJÊ�ÙyÂ(Ã�Ê�Ò@ÒØHÊ}Ë ó ñ ê&Ï+ØHõJÄ&Â Ô ÅaÈJÏqÂ(Þ�Ð�Ä�×8Á�ü@ÈJÊTÊN6Tê1Å�Á 9î�Ü; ó Á�Â(Ã
Σ

Â(Ã�Ä&Â=ÅaÂ(Ä�Æ Â8ÇHÈJÄ�Á&ÉHÊ}Ë�Â(Ä Ô Ò;Èi×�ØqÚ±Ö�Âq× Â]Â(Ä�×2ÞéÃ-ü@ÙyÂ|.eÂ(Ã�ÞéÝiÂ(Ä�Æ Â8ÇHÈJÄ
Σ

Â(Ã�Ä�ÅaÈ× Â(Þ�ÞÙ�ØHÊ ÍFÎ ØHÄyÄ�Ù�ØHÊ
Σ

Â(Ã�Ä�ÅaÈ× Â(Þ�Þ Í
�ï=?]ï=BEGO�l

��N<:<=Z��EG:<OQP`N<AFeH:<cdT<:<;
cHt�:<:<=B:j]ZEGA�IM:<:<=BN<Js=B:���Y^IHÖ
Σ
T<:dCF=BAå=B:<Y<XGEGP`N<=B:jÙ W :MqDT<:<c�[CFE W :<=B:�IH©<;�=BOQP`N<X W OQOQ=B:LEGODC¥ ª1=BE

Σ = {ϕi|i ∈ I}
 d\�IHP`NjÆ W AFIHT<OQOQ=?CF¬BT<:<;6;�EG©UC�=BO�ªdCFAQT<cpCFT<AQ=B: Ai

�pO W Y^IHÖ
>�
<AqD=BY<=BO
i ∈ I Ai

=BEG:L	 W Y<=BXGX¹>�
<A ϕi EGODC¥ giEGAf] W XGXS=B:L=BEG:<=B:«k�XSCFAFIMÁ^XSCF=BA D IHTU> P(I) c W :<ODCFAQT<EG=BAQ=B:��~O W Y^IHÖ ∏i∈I Ai/D=BEG:«	 W Y<=BXGX V�W : Σ
EGODC¥ 

ª1=BE�Y^IH¬BT)>�
<AnqD=BY<=BO
j ∈ I

Jj = {i ∈ I|Ai
EGODC�	 W Y<=BXGX V�W : ϕj}.

��I
j ∈ Jj

�bEGODC
Jj 6= ∅

�^T<:<Y
Jj ∩ Jk = J`

�<] W ©~=BE ` O W ;�=?]�eHN<XSC�OQ=BE-�bY^IHÖ ϕj ∧ ϕkY<=BA�ªUIMCF¬
ϕ`
EGODC¥ 

��XGO W ;�EG©UCZ=BO�=BEG:<=B:«k�XSCFAFIMÁ^XSCF=BA D �bY<=BA�IHXGXG=
Jj
=B:dCFN^eHXSC¥ ~	�ESC�ªUIMCF¬6Ã1 S¡�  ±j> W XG;HC�Y^IHÖ�qD=BY<=BO

ϕj
]�IHN<AZEGODCZEG: ∏

i∈I Ai/D
^^IHXGO W EGODC ∏

i∈I Ai/D
=BEG:«	 W Y<=BXGX V�W : Σ

 
2ª1=BE

I 6= ∅, D k�XSCFAFIMÁ^XSCF=BA�
<©~=BA I T<:<Y A =BEG:&	 W Y<=BXGX  d��EG:<=�:^IMCq
<AQXGEGPRN<=���EG:1©b=?CD[CFT<:<; V�W : A
ES:

AI/D
EGODCïY<EG=�a^T<:<cpCFE W : d �1O W Y^IHÖ d(a) Y<EG= ��� T<E V IHXG=B:<¬BcdX�IHOQOQ=�Y<=BAc W :<ODCRIH:pCF=B:«a^T<:<cpCFE W :<=?:�JsESC�g�=BADC a EGODC

d(a) = 〈a|i ∈ I〉D.
��=BAjg =BADCF=B©~=BAQ=BEGPRN V�W : d ]ZEGAQY�JsESC d(A) ©b=B¬B=BEGP`N<:<=`C3T<:<YÜY<EG=)��EG:<OQP`N<AFeH:<cdT<:<;VpW : AI/D

IHTU>
d(A)

JsESC
d(A)

 
ý ¸b��¸~���@�<� ¿�À��yÀ ð Á�Â(Ã

A
Â(Ã�Ä�ÅaÈ× Â(Þ�Þ&Ð�Ä�×

D
Â(Ã�Äe¿FÞéÊTÏ+Ø � ÞéÊ$Â(Ï ÍCÎ ØHÄyÄ�Ã�Ò(ÊL×HÃ-Â8Ä�ØHÊTè�Ï îÞéÃ-ü@ÙyÂOä�Ã�Ä�ì�Â(ÊTÊTÐ�Ä�Æ�ÇHÈJÄ

A
Ã�Ä�×HÃ-Â!¿FÞéÊTÏ+Ø��yÈJÊ$Â(Ä�Ë

AI/D
Â(Ã�Ä&ÂdÂ(Þ�Â(ÝiÂ(ÄyÊ/ØHÏqÂNä�Ã�Ä�ì�Â(ÊTÊTÐ�Ä�Æ Í

�ï=?]ï=BEGO�l
ª1=BE

ϕ(x1, . . . , xn)
a W AQJs=BX V�W : L

T<:<Y
a1, . . . , an ∈ A

 U��IH:<: ;�EGXSC�JsESC�ªUIMCF¬�Ã1 S¡�  ±�l
AI/D |= ϕ[d(a1) . . . d(an)];�YU]
  {i ∈ I|A |= ϕ[a1 . . . an]} ∈ D;�YU]
 
A |= ϕ[a1 . . . an].

2
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d
EGODC�IMXGO W =BEG:3��O W J W A ² N<EGOQJ6T<O VpW : A

IHTU>
d(A)

T<:<Y
d(A)

EGODCï=BEG:s=BXG=BJs=B:pCRIHAQ=BO
ª1T<©<J W Y<=BXGX V�W : AI/D

 
��:0Ù
I ² ESCF=BXïÃ1 £m1 £m)©b=BOQP`N^eM>_CFEG;�=3EGPRN�JsEGP`N�IHT<PRN0: W P`N JsESC�Y<=BA6a^AFIH;�=H��]�IH:<: d=BEG:<=
=BPRNpCF=Ý��EG:d©~=?CQCFT<:<;sEGODC¥ 

Û¢ªq© B µ�ï+ðk° ( z½#� ²�³Cµ1¼�A�k³F°N½!&D°N½
��Jî> W XG;�=B:<Y<=B:Ô]ï=BAQY<=B:7=BEG:<EG;�=#��AQ;�=B©<:<EGOQOQ=a
<©~=BA�Jst�;�XSEGPRN<=ìÙ
IHAQY<EG:^IHXSEÌCReMCF=B: VpW :k�XSCFAFI ² A W Y<T<cpCF=B:)T<:<Y�k�XSCFAFI ²~W CF=B:<¬B=?:)¬BT<OFIHJsJs=B:<;�=BODCF=BXGXSC¥ <��IH©~=BE¹©~=BOQPRN<AFeH:<cH=�EGP`NJsEGP`N �@©<EGO�IMTU>jªUIMCF¬ Ã1 £m1 £m�� IHTU>wk�XSCFAFI ²~W CF=B:<¬B=B: VpW :ÏT<:<=B:<Y<XGEGPRN<=B:+ªdCFAQT<cpCFT<AQ=B:¹ \�IHP`N&Y<=BAZIHXGXG;�=BJj=BEG:<=B: ��©<OQPRN^eMCF¬BT<:<;sEG:)ªUIMCF¬�Ã1 £m1 S¡�T<:<Y&=BEG:<=BJKªUIMCF¬ V�W :�ª1N<=BX�IHN� Ã1 £m1 £m���]ï=B:<Y<=�EGPRN JsEGPRN3Y<=BJÅª ² =B¬BE�IHXGXS>�IMXSX V�W :)k�XÌCRAFI ²bW CF=B:<¬B=B: JsESCïAQ=B;�T<X�eHAQ=B:&k�X [CFAFIMÁ^XSCF=BAQ:3¬BT¹ <	LIH:3cMIH:<: ©b=BXGEG=B©<EG;�;�A W Ö�=�k�XSCFAFI ²bW CF=B:<¬B=B:3Á^:<Y<=B:���Ù W A W XGX�IMAïÃ1 £m1 £Ã���^IHXGXG=BAQY<EG:<;�O�:<EGP`NpCwEG: Y<=BJ ª1EG:<:<=H�åY^IHÖ#JsIH:0=BEG:<=B: VpW AF;H=B;�=B©~=B:<=B:�g�=BADCw=BAQAF=?EGP`NpC¥ ��OsEGODCj:1T<AjJst�;�XSEGPRN��n=BEG:<=B:ÜO W XGPRN<=B:�¬BT¡
<©~=BAQOQPRN<AQ=BESCF=B:¹ ïªUIMCF¬LÃ1 £m1  ¢#©~=BOFIH;HC��Y^IHÖ
AQ=B;�T<X�eHAQ=)k�XSCFAFIMÁ^XSCF=BA�>�
<AwY^IHO6Æ W AQN^IH©~=B:��å=BEG:<=)k�XSCFAFI ²~W CF=B:<¬&JsESC6T<:<=BAQAQ=BEGPRN1©^IHAQ=BAÙ
IHAQY<EG:^IHXGEÌCReMC�¬BT)Á^:<Y<=B:��b:<EGPRNdCZ;�=B=BEG;�:<=?CZOQEG:<Y¹ 
��J9:^eHP`N<ODCF=B:#��©<OQP`N<:<ESCQC�;�=B©~=6EGPRN«=BEG:<EG;�=Ý��EG;�=B:<OQPRN^IM>_CF=B: VpW :#k�XSCFAFI ²~W CF=B:<¬B=B:JsESC8��×

δ
[5� V�W XGXSOQCReH:<Y<ES;�=B:3k�XSCFAFIMÁ^XSCF=BAQ: IH:¹ dg�=B:<:)anEGXSCF=BA�¬BT VpW XGXGODCReH:<Y<EG;�OQEG:<Y��d]ï=BA�[Y<=B:)Y<EG=�JsESC EGN<:<=B:&=BAQ¬B=BT<;HCF=B:�k�XSCFAFI ²bW CF=B:<¬B=B: CFAQE V E�IHX� UªUIMCF¬�Ã1 £m1 S¡�m�;�EG©UC�=BEG:<=���EG:1[;�AQ=B:<¬BT<:<; V�W :ÜJst�;HXGEGPRN<=B:�Ù
IHAQY<EG:^IHXGEÌCRe�CF=B: V�W :Ük�XSCFAFI ²~W CF=B:<¬B=B: V�W : ω �@OB �IHT<P`N

ªUIMCF¬�¢U  ¨U  ¢�
<©~=BA�Ù
IHAQY<EG:^IHXGEÌCRe�CF=B: V�W :L� WdW XG=BOQP`N<=B:L� W CF=B:<¬B=B: V�W : ω �? 
à¹�U�°Õ#¿�ÀG��À��cÁ�Â(Ã

F
Â(Ã�Ä�ê�Ã�ÞéÊ$Â(Ïdè�ì�Â(Ï

I ÍFÎ ØHÄyÄ�ÆHÃ�ÞéÊ

 Í�� Â(ÄyÄ card(Ai) = card(Bi)

ç@è�ÏzØHÞ�Þ�Â
i ∈ I Ô ×�ØHÄyÄ�ÆHÃ�ÞéÊDØHÐyü@Ù

card(
∏

Ai/F ) = card(
∏

Bi/F ).

� Í�� Â(ÄyÄ card(Ai) ≤ card(Bi)
ç@è�ÏzØHÞ�Þ�Â

i ∈ I Ô ×�ØHÄyÄ�ÆHÃ�ÞéÊ�Ø�Ð�ü@Ù
card(

∏
Ai/F ) ≤ card(

∏
Bi/F ).

� Í card(∏Ai/F ) ≤ card(
∏

i∈I Ai) Ík Í card(A) ≤ card(AI/F ) ≤ card(A)card(I).

�ï=?]ï=BEGO�l
¡� Z��I

card(Ai) = card(Bi)
>�
<AïIHXGXG=

i ∈ I �1;�EG©UC =BO��ïE qD=BcpCFE W :<=B: fi : Ai → Bi
 

��EG=BOQ=
EG:<Y<T<¬BEG=BAQ=B:�=BEG:<=
�ïE qD=BcpCFE W : f :
∏
Ai/F →

∏
Bi/F

 



V�á=W�ÞBãnç�â\è Z_[�â�ãnèZá=W�èGiEé±[PV3ãnç [�ß�é [�â�ãnèZá=Wsi�ãnç�ß�é¹ç�ß ÃH¢

m1 Z��I
card(Ai) ≤ card(Bi)

>�
<A�IHXGXG=
i ∈ I �1;�EG©UCï=BOï��:MqD=BcpCFE W :<=B: fi : Ai → Bi

 
��EG=BOQ=
EG:<Y<T<¬BEG=BAQ=B:�=BEG:<=���:MqD=BcpCFE W : f :

∏
Ai/F →

∏
Bi/F

 
¨U Z�ï=BE�Y<=BA3�ïEGXGY<T<:<;ìY<=BO k�XSCFAFI ² A W Y<T<cpCFOj>�IHÖHCsJ3IH:���XG=BJs=B:pCF= VpW : ∏Ai

¬BT
��� T<E V IHXG=B:<¬BcdX�IHOQOQ=B:Ï¬BT<OFIHJjJs=B:¹ Z��O)cMIH:<:ÏIH©~=BA):<EGPRNpC)Js=BN<A ��� T<E V IHXG=B:<¬`[cdX�IHOQOQ=B:L;�=B©b=B:«IHXGO�=BO���XG=BJs=B:pCF=�;�EG©UC¥ 

±< Za�
<A qD=BY<=BO
a ∈ A

;�EG©UC�=BO�=BEG:<=6c W :<ODCRIH:pCF=ja^T<:<cpCFE W : fa : I → {a}  ´��:<OQ©~=`[O W :<Y<=BAQ=&EGODC�qD=BY<=BO fa ∈ AI
 åa�
<A

a 6= b
;�EGXSC {i|fa(i) = fb(i)} = ∅ �åIHXGO WXGEG=B;�=B:�Y<EG= a^T<:<cpCFE W :<=B:�EG:�Y<EGO@qDT<:<cpCF=B: ��� T<E V IHXG=B:<¬BcdXGIHOQOF=?:6©~=B¬�
<;�XGEGPRN F ��Y¹  N¹ 

Y<T<AQP`N
a 7→ faF

EGODC =BEG:<=�EG:MqD=BcpCFE V =���©<©<EGXGY<T<:<; V�W : A :^IHP`N AI/F ;�=B;�=B©~=B:¹ ��EG=
¬?]ï=BESCF=�k�:<;�XG=BEGPRNdT<:<;jEGODCZ=BEG:Lª ² =B¬BE�IHXS>�IHXGX VpW :L¨U h�<Y^I
card(AI) = card(A)card(I).

2��IHO > W XG;�=B:<Y<=�Z=BOQT<XSCRIMCï]�IHAïY^IHOï=BAQODCF=���AQ;�=B©<:<EGO�
<©~=BAïY<EG=���EG;�=B:<OQPRN^IM>_CF=B: VpW :Ù
IHAQY<EG:^IHXG¬¥IHN<XG=B:��HY<EG=�³�AQt�Ö�=B: V�W :3k�XSCFAFI ²bW CF=B:<¬B=B:sOQEG:<Y¹ p��O ©b=BN^IH:<Y<=BXSC :dT<A k�XSCFAFI�[
² A W Y<T<cpCF= V�W :)=?:<Y<XGEGP`N<=B:�	�=B:<;�=B:�^U>�
<Afk�XSCFAFI ²bW CF=B:<¬B=B:±
<©~=BAfT<:<=B:<Y<XGESP`N<=B:�ªdCFAQT<c�[
CFT<AQ=B:�JsESCfAQ=B;�T<X�eHAQ=B:�k�XSCFAFIMÁ^XSCF=BAQ:&;�EG©UCZ=BO�IH©~=BAf=BEG:LeHN<:<XGEGPRN<=BOZZ=BOQT<XSCRIMCz� Ã1 £m1 £§��` 
à¹�U�°Õ#¿�ÀG��ÀG� ñ Á�ÙyÂ(ÞhØ�Ù}6-Á�Ùñ×îf ; ó Á�Â(Ã Î Â(Ã�Äò¿FÞéÊTÏ+Ø � ÞéÊ$Â(Ï±è�ì�Â(Ï�Â(Ã�Ä&Â(ÏuÅaÂ(Ä�Æ Â

I
Ð�Ä�×

ni ∈ ω
ç@è�Ï

i ∈ I Ô Ò;È�×�ØqÚ
ω ≤ λ = card(

∏
ni/D). Î ØHÄyÄ�ÆHÃ�ÞéÊ

λω = λ Í
�ï=?]ï=BEGO�l

��IHOZ]ZEGAQY)©b=?]ZEG=BOQ=B:��bEG:<Y<=BJÅJ3IH:
λω
EG:MqD=BcpCFE V IHTU> λ IH©<©<EGXGY<=?C¥ abIHXGXSO

D
×
ω1
[ V�W XGXGODCReH:<Y<EG;sEGODC�bO W ;�EGXSC card(∏ni/D) < ω

�@OB ~¬H  �� 1� �ï=°ª1X�¢�ÄJ�-�
Ù W A W XGXGIHA�¨U  Ä��` <��XGO W EGODC D × ω1

[�T<: V�W XGXGODCReH:<Y<EG;< <ª1=BE

A := 〈ω,<,+, [ 4
√
.], ·1

2
, ()2, ()4〉. ÿ

�ïEGXGY<=�Y<EG=�k�XSCFAFI ²~W CF=B:<¬ M := AI/D
 M	�ESCnªUIMCF¬�Ãd S¡� £ÃfEGODC

M
=BXG=BJs=?:dCRIHA�e � T<E V IHXG=?:dC¬BT

A
�dO W Y^IHÖ
Y<EG=N
<©<XGEGPRN<=B:3Z=BPRN<=B:<AQ=B;�=BXG: IHT<PRN3EG: M

;�=BXSCF=B:¹ £	�ESCïªUIMCF¬Z±< £Ã1 £Ã�> W XG;HCIHT<O�ªUIMCF¬ÝÃ1 £Ã1 S¡��<Y^IHÖ
M ℵ1

[�OFIMCFT<AQEG=BADCfEGODC¥ 
ª1=BEG=B:):1T<:

m,n ∈ ω  bª1=BE b := 〈ni|i ∈ I〉D  b��=?Á^:<EG=BAQ=
card(b) := card({a|a < b}).

��IH:<:�;�EGXSC
card(b) = card({a|a < 〈ni|i ∈ I〉D})

= card(
∏

ni/D)

= λ."?��?�MH)5<�*T)5<
[.]
:;< ) � ?�AnÏ(�'�?�BDBD)59T��A�4;�3-< %(4 U
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��XGO W ;�=B:�
<;HCZ=BO��^> W XG;�=B:<Y<=
�ï=BN^IHT ² CFT<:<;s¬BT�¬B=BEG;�=B:�l
card(b)ℵ0 = card(b).

� Ã1  ¨��
�ï=?]�=BEGO V�W :Ì� Ã1  ¨���l
��=?Á^:<EG=BAQ=�=BEG:<=
a W XG;�= (bn)n∈ω Y<T<AQP`N�l

b0 := [
4
√
b]

bn+1 := [ 4
√
bn]

��OZ;�EGXSC
b2n+1 <

bn
2

� Ã1  ± �
T<:<Y�Y^IHJsESC�>�
<A

n1 < n2 ∑

n1<n<n2

b2n < bn1 ,

]�=BEGX ∑∞
n=1

1
2n
< 1

�<T<:<YLIHT<Ö�=BAQY<=BJ
card(bn) = card(b) = λ,

]�=BEGX
card([ 4

√
b]) = card(b)

>�
<AZT<:<=B:<Y<XGEGPRN);�A W Ö�=BO b  ª1=BE
C := {(cn)n<ω|∀n < ω cn < bn}��O�;�EGXSC

card(C) = card({(cn)n<ω|∀n < ω cn < bn}) =
∏

n<ω

card(bn) = λℵ0 .

a�
<AåqD=BY<=BO
c̄ := (cn)n<ω ∈ C

Y<=?Á^:<EG=?AF=

p(c̄) :=

{
∑

n≤m

cnbn < x <
∑

n≤m

cnbn + bm|m < ω

}
.

	�ESC
m1 < m2

> W XS;HC
∑

n≤m1

cnbn ≤
∑

n≤m2

cnbn <
∑

n≤m2

cnbn + bm2 ≤
∑

n≤m1

cnbn + bm1 .

��EG=
XG=?CF¬?CF=
k�:<;�XG=BEGPRN1T<:<;j;�EGXÌC�UY^I

bm2 = 4m2−m1
√
bm1 ≤

bm1

2m2−m1



V�á=W�ÞBãnç�â\è Z_[�â�ãnèZá=W�èGiEé±[PV3ãnç [�ß�é [�â�ãnèZá=Wsi�ãnç�ß�é¹ç�ß ÃHÎ

T<:<Y�Y^IHJsESC
∑

m1<n≤m2

cnbn + bm2 ≤
∑

m1<n≤m2

b2n + bm2

≤
∑

m1≤n<m2

bm1

2m2−n
+ bm2 ,

Y<T<AQPRNLESCF=BAQEG=BADCF=���:p]�=BY<T<:<; V�W :Ì� Ã1  ± �

≤
∑

m1≤n<m2

bm1

2m2−n
+

bm1

2m2−m1

≤ bm1 .

��XGO W EGODCsqD=BY<= =B:<Y<XGEGPRN<=���=BEGXGJs=B:<;�= V�W : p(c̄)
=BAD>�
<XGXG©^IHA)EG:

M
 ���I

M ℵ1
[

OFIMCFT<AQEG=BADCZEGODC�<]fEGAQY
p(c̄)

EG:
M VpW :�=BEG:<=BJË=BEG:<Y<=BTUCFEG;�=B: a(c̄) AQ=¥IHXGEGOQEG=BADC¥ ��OZ;�EGXSCï>�
<A�IHXGXG=

m < ω

a(c̄) <
∑

n≤m

cnbn + bm,

IHXGO W EG:<OQ©~=BO W :<Y<=BAQ=

a(c̄) <
∑

n≤0

cnbn + b0 = c0b0 + b0 = (c0 + 1)b0 ≤ b20 = [
4
√
b] < b

��EG= V�W AQXG=?CF¬?CF=�k�:<;�XG=BEGPRNdT<:<;j;�EGXSC�1]ï=BEGX c0 < b0
:^IHP`NL��=?Á^:<ESCFE W : VpW :	�� 

��EG=
a^T<:<cpCFE W : a : C → M
EGODCZEG:MqD=BcpCFE V  � Ã1 £Ã��

�ï=?]�=BEGO V�W :Ì� Ã1 £Ã���l
��:<;�=B: W JsJs=B:�� c̄1 6= c̄2, c̄1 = (c1n)n<ω, c̄

2 = (c2n)n<ω.
��O6;�EG©UC

m < ω
�nO W Y^IHÖ

c1n = c2n
>�
<A

n < m
T<:<Y

c1m 6= c2m.
��N<:<=w�ï=BOQPRN<AFeH:<cdT<:<;)Y<=BA���XGXG;�=BJs=BES:<N<=BESC�OQ=BE

c1m > c2m.
��XGO W EGODC

a(c̄1) ≥
∑

n≤m

c1nbn =
∑

n<m

c1nbn + c1mbm ≥
∑

n<m

c2nbn + (c2m + 1)bm > a(c̄2).

��EG= V�W AQXG=?CF¬?CF=�k�:<;�XG=BEGPRN1T<:<;j;�EGXSC��UY^I ∑
n≤m c

1
nbn =

∑
n≤m c

2
nbn
:^IHP`N)Æ W AFIHT<OQOQ=?CD[¬BT<:<;sT<:<Y

c1m ≥ c2m + 1
 

��IHJsESC
a(c̄1) 6= a(c̄2)

�^IHXGO W � Ã1 £Ã��` 
��XGO W > W XG;HC

λ = card(b) = card({a|a < b}) ≥ card({a(c̄)|c̄ ∈ C}) = card(C) = λℵ0 .

��IHJsESCf;�EGXSCk� Ã1  ¨��` 
2



V�á=W�ÞBãnç�â\è Z_[�â�ãnèZá=W�èGiEé±[PV3ãnç [�ß�é [�â�ãnèZá=Wsi�ãnç�ß�é¹ç�ß ÃHÄ
óEôöõEô�÷

. . . øòù�ú δ ûnüªý�þjÿ����tüªý�������ú:ü
	����ú�ý�ü
�
��=BA6��EG:��^T<Ö VpW :�AQ=B;�T<X�eHAQ=B: k�XSCFAFIMÁ^XSCF=BAQ:�IHTU>fY<EG=3³�AFtHÖ�=sY<=BA6k�XSCFAFI ²bW CF=B:<¬B=B: EGODCAQ=BX�IMCFE V ;HTUC6©~=Bc�IH:<:dC¥ ���XGXG=BAQY<EG:<;�O
¬B=BEG;HCwªUIMCF¬&Ã1 £m1  ±���Y^IHÖ«k�XSCFAFI ²~W CF=B:<¬B=B: JsESC
AQ=`[;�T<X�eHAQ=B:sk�XSCFAFIMÁ^XSCF=BAQ:jcH=BEG:<=ZOQEG:<;�T<X�eHAQ=ZÙ�IHAQY<EG:^IHXGEÌCReMC�N^IH©b=B:3cHt�:<:<=B:��dEG:<OQ©~=BO W :<Y<=BAQ=c�=BEG:<=ïT<:<=BAQAQ=BEGPRNd©^IHAQ=d� ªUIMCF¬fÃ1 £m1  ¢��` H	�ESCnAQ=B;�T<X�eHAQ=B:6k�XSCFAFIMÁ^XSCF=BAQ:Ý=BAQN^eHXSCnJ3IH:ZqD=BY W P`N;�A W Ö�=
k�XSCFAFI ²~W CF=B:<¬B=B:�EGJKª1EG:<:<= V�W :LÙ W A W XGXGIHAfÃ1 £m1 £Ã1 j´T<A
��AQEG:<:<=BAQT<:<;�: W PRN�=?EG:<J3IHXåY<EG=s��=?Á^:<ESCFE W : V�W : AQ=B;�T<X�eHAQ=B:�anEGXÌCF=BAQ:ìEG:ìY<=BAe � T<E V IHXG=B:pCF=B:)Æ�=BAQOQE W :)>�
<A�	�=B:<;�=B:�����=?Á^:<ESCFE W :)±<  ¨U  ¨���l
¾ ��¿å���_�M�@¸~��¿�ÀG��ÀGµåä�Ã�Äaê�Ã�ÞéÊ$Â(Ï

F
è�ì�Â(ÏuÂ(Ã�Ä&Â(ÏzÅaÂ(Ä�Æ Â

I
ÙyÂ(Ã ÚFÊ

α î ���d�~���@�<� Ô�Õ Â(ÄyÄÂ@ÒzÂ(Ã�Ä
E ⊆ F

ÆHÃTì�Ê Ô Ò;Èu×�ØqÚ
card(E) = α

Ð�Ä�×NÖ�Âq× Â@Ò
i ∈ I Ã�Ä�ÄyÐ�ÏkÂ(Ä�×2ÞéÃ-ü@Ù�Ç;Ã-Â(Þ�Â(Ä

e ∈ E ÞéÃ-Â/ÆHÊ Í
à¹�U�°Õ#¿�ÀG��ÀÌÇþÁ�Â(Ã

F
Â(Ã�Ä

α î ÏqÂ/ÆHÐ�ÞhÉHÏqÂ(Ï�ê�Ã�ÞéÊ$Â(ÏOè�ì�Â(Ï I Ô card(I) = α Í êCØHÞ�Þ Ò A Ð�Ä&Â(Ä�× îÞéÃ-ü@Ù�ÆHÏqÈ+Ú�Ã�Ò(Ê Ô ×�ØHÄyÄ
card(AI/F ) = card(A)α.

�ï=?]ï=BEGO�l
card(AI/F ) ≤ card(A)α

;�EGXSC�JsESC�Ã1 £m1 S¡
i)
 

��OZ©<XG=BEG©UCf¬BT�¬B=BEG;�=B:�l
card(A)α ≤ card(AI/F ).

� Ã1  ¢��
ª1=BE�Y^IH¬BT

B
Y<EG=
	�=B:<;�=
Y<=BAZ=B:<Y<XGEGPRN<=B:Lª1= � T<=B:<¬B=¥: V�W :L��XG=BJs=B:pCF=B:�IHT<O A  b��I AT<:<=B:<Y<XGEGP`N);�A W ÖjEGODC�<;�EGXSC card(A) = card(B)

 
F
EGODC

α
[�AQ=B;�T<X�eHA���Y^IHO)N<=BEGÖHC��=BO);�EG©UC

E ⊆ F, card(E) = α
T<:<Yi>�
<A�IHXGXG=

i ∈ I
EGODC

card({e ∈ E|i ∈ e}) < ω
 ���XGO W ;�=B:�
<;HC�=BO���=BEG:<=jEG:MqD=?cpCRE V =ja^T<:<cpCFE W :

π : AE →∏
B/F

¬BT)Á^:<Y<=B:��bT<J�� Ã1  ¢��ï¬BT�¬B=BEG;�=B:¹ 
a�
<AnqD=BY<=BO

g : E → A
Y<=?Á^:<EG=BAQ=
=BEG:

g′ : I → B
�^O W Y^IHÖ πg = g′F

l
ª1=BE ≤ =BEG:<=�g W N<X W AQY<:dT<:<;&IHTU> E  �j´TsqD=BY<=BJ i ∈ I OQ=BEG=B: e1(i), . . . , en(i)

Y<EG=
��XG=BJs=B:dCF= V�W : E �^EG:)Y<=B:<=B:

i V�W AQc W JsJÝC^UY<EG= ej(i) OQ=BEG=B:�JsESC ≤ ;�= W AQY<:<=?C¥ ª1=BE
g ∈ AE  ^��=?Á^:<EG=BAQ= g′ : I → B

Y<T<AQPRN

g′(i) := (g(e1(i)), . . . , g(en(i)))
T<:<Y)Y<=?Á^:<EG=BAQ=

π
Y<T<AQP`N

πg := g′F
 <��O�©<XG=BEG©UC�¬BT&¬B=BEG;�=B:��UY^IHÖ

π
EG:MqD=BcpCFE V EGODC¥ <ª1=BEG=B:IHXGO W g, h ∈ AE, g 6= h

 b��IH:<:�;�EG©UC�=BO�=?EG:
e ∈ E �^O W Y^IHÖ g(e) 6= h(e)

 ba�
<AåqD=BY<=BO
i ∈ e =`ÛUEGODCFEG=BADCZY^IH:<:�=BEG: k(i) JsESC e = ek(i)(i)

 bª W JsESCf;�EGXSC

g′(i) = (. . . , g(ek(i)(i)), . . .) 6= (. . . , h(ek(i)(i)), . . .) = h′(i)
>�
<A�IHXGXG=

i ∈ e  ��O�;�EGXSC
e ∈ F �~IHXGO W {i ∈ I|g′(i) 6= h′(i)} ∈ F T<:<Y«Y^IHJsESC πg = g′F 6= h′F =

πh
 ^��XGO W EGODC π EG:MqD=BcpCFE V T<:<YÌ� Ã1  ¢��ï;�EGXSC¥ 

2
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ý ¸b��¸~���@�<� ¿�ÀG��ÀG¿ Á�Â(Ã
κ
Â(Ã�Ä&Â ö Ø�Ï+×HÃ�Ä�ØHÞ Ë;Ø�Ù�Þ Ô A Â(Ã�Ä&Â�ÁeÊTÏ�Ð�ÑJÊTÐ�ÏDÐ�Ä&Â(Ä�×2ÞéÃ-ü@ÙyÂ(Ï � Ï û Ú1Â ÍÎ ØHÄyÄ�ÆHÃTì�Ê�Â@Ò]Â(Ã�Ä&Â�¿FÞéÊTÏ+Ø��yÈJÊ$Â(Ä�Ë

AI/D
ÇHÈJÄ

A Ô Ò;Èi×�ØqÚ
card(AI/D) ≥ κ Í

�ï=?]ï=BEGO�l
g(eHN<XG=

α
O W �<Y^IHÖ card(A)α ≥ κ

T<:<Y)]ï=B:<Y<=wªUI�CR¬�Ã1 £m1  ±sIH:¹ 
2

��IHJsESC�EGODCÝ:<EGPRNpC6;�=BOFIH;HC��Y^IHÖ«J3IH: Y<EG=3EG:pCF=B:<Y<EG=BADCF= ³�AQt�Ö�=sY<=BA6k�XSCFAFI ²~W CF=B:<¬©~=BXGEG=B©<EG;)]feHN<XG=B: cMIH:<:��nO W :<Y<=BAQ:0Y^IHÖ«J3IH: ¬BTLqD=BY<=BAwÙ
IHAQY<EG:^IHXS¬¥IHN<X�=BEG:<= JsEG:<Y<=`[ODCF=B:<OÝO W ;�A W Ö�=jk�XSCFAFI ²~W CF=B:<¬wÁ^:<Y<=?C¥ ���JyIHXGXG;�=BJj=BEG:<=B:#cMIH:<:�J3IH:ìO W =BEG:<=3³�AQt�Ö�=IHXGXG=BAQY<EG:<;�O�:<EGPRNpC V�W AQ;�=B©~=?:¹ 
à¹�U�°Õ#¿�ÀG��ÀG� Á�Â(Ã

κ
Ð�Ä&Â(Ï�ÏqÂ(Ã-ü@Ù�ì@ØHÏ Ô ℵ0 ≤ card(A) ≤ κ Í�Î ØHÄyÄ�ÆHÃTì�Ê8Â@Ò]Ë�Ð�Ñ�Â(Ã�Ä&Â(Ï

ö ØHÏ+×�Ã�ÄeØ�Þ Ë;Ø�Ù2Þ
α

Â(Ã�Ä&Â(Ä
α î ÏqÂ/ÆHÐ�ÞhÉHÏqÂ(Ä�ê�Ã�ÞéÊ$Â(Ï

F
è�ì�Â(Ï

α
Ý�Ã�Ê

card(Aα/F ) = κ Í
�ï=?]ï=BEGO�l

��:<;�=B: W JsJs=B:��¹=BO
;peH©~=wO W =BEG:<=sÙ
IHAQY<EG:^IHXS¬¥IHN<X α �¹Y^IHÖ κ = card(Aα/F )
 ���IH:<:

;�EGXSC
card(Aα/F ) = card(A)α

JsESC�ªUIMCF¬ÝÃ1 £m1  ±< 
abIHXGXå¡�l

α < κ
 ~��IH:<:LOQEG:<Y�O W ] W N<X card(A) < κ

IHXGO�IHT<PRN
α < κ

�bEGJËgiEGY<=BA�[
O ² AQT<P`N�¬BT<A�k�:<=BAQAQ=BEGP`Nd©^IHAQcH=BESC V�W : κ  abIHXGXïm�l

α ≥ κ
 �	�ESC6Y<=BJ Ù W A W XGXGIHAÝIMT<OwY<=BJ ��=BJsJ3I V�W :ÜÙ�t�:<EG;#m1 £m1  ±«;�EGXSC

cf(card(A)α) > α
�^IHXGO W EG:<OQ©~=BO W :<Y<=BAQ= α < card(A)α = κ

 UgiEGY<=BAQO ² AQT<P`N¹ 
2a�
<A6Y<=B:Ü:^eHPRN<ODCF=B:/ªUIMCF¬&EGODCw¬BTÜ©b=¥IHP`NpCF=B:���Y^IHÖ#>�
<A

α ≥ ω
=BEG:

α
[�AQ=B;�T<X�eHAQ=BA

anEGXSCF=BA�EGJsJj=BAfIHT<P`N
ω
[�AQ=B;�T<X�eHA�EGODCz�@OB ^��©<OQPRN<:<ESCQC�±<  ¨��` 

à¹�U�°Õ#¿�ÀG��À ð Á�Â(Ã
F

Â(Ã�Ä
ω î ÏqÂ/ÆHÐ�ÞhÉHÏqÂ(Ïzê�Ã�ÞéÊ$Â(Ï Í~� Â(ÄyÄ A Ð�Ä&Â(Ä�×2Þ�Ã-ü@Ù�ÆHÏqÈ+ÚYÃ�Ò(Ê Ô ×�ØHÄyÄÃ�Ò(Ê

card(AI/F ) = card(AI/F )ω.
�ï=?]ï=BEGO�l

ª1=BE
B
Y<EG=3	�=B:<;�=sY<=BA�=B:<Y<XGEGP`N<=B: ª1= � T<=B:<¬B=B: V�W : ��XG=BJs=B:pCF=B: IHT<O A ��Y^IH:<:�;�EGXSC

card(A) = card(B)
 

giEGAåOQT<P`N<=B:3=BEG:<=fOQT<A@qD=BcpCFE V =�a^T<:<cpCFE W : ϑ V�W :s=BEG:<=BA���=BEGXGJs=B:<;�= V�W : BI/F
IHTU>

(AI/F )ω
 b��IM>�
<Af;�=B:�
<;HCZ=BO��b=BEG:<=
a^T<:<cpCFE W : σ : (AI)ω → BI ¬BT)Á^:<Y<=B:��bO W Y^IHÖ

g�=B:<:
g, h ∈ (AI)ω

T<:<Y
σg =F σh,Y^IH:<:�;�EGXSC

g(n) =F h(n)
>�
<AZIHXGXG=

n ∈ ω.
� Ã1 £§��
��=B:<:�Y^IH:<:
Y<=?Á^:<EG=BAQ=

ϑ
Y<T<AQPRN�lBg�=B:<:

σg = f
�¥Y^IH:<:

ϑ(fF ) := (g(0)F , g(1)F , . . .)
 

ϑ
EGODC�] W N<XGY<=?Á^:<EG=BADC�pY^I ϑ ;�=BAFIHY<=N
<©~=BA�OQ=BEG:<=��ïEGXGY<=BA�Y<=?Á^:<EG=BADC�]ZEGAQY��pT<:<Y F �N� T<EÌ[
V IHXG=B:<¬BcdX�IHOQOQ=B:�©<EGXGY<=?C^^IHXGO W EGODCZY<EG=���EG:<Y<=?TUCRES;�c�=BESCf;�=?]feHN<AQXG=?EGODCR=`C° 

ϑ
EGODC�OQT<A@qD=BcpCFE V ldª1=BE gD ∈ (AI/F )ω

 Mg(eHN<XG=f=BEG:<=B:jZ= ² AFeHOQ=B:dCRIH:pCF=B: g ∈ (AI)ω>�
<A
gF

�^Y^IH:<:
f := σg

T<:<Y
ϑ(fF ) = gF

 
��XGO W EGODCZ: W P`N σ ¬BT�OQT<PRN<=B:¹ 
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��I
F ω
[�AQ=B;�T<X�eHA�EGODC�¹;�EG©UC�=BO

I = I0 ⊇ I1 ⊇ I2 ⊇ . . .
�¹JsESC

In ∈ F
�¹O W Y^IHÖ

⋂
n In = ∅ ����=BJsJ3I�±<  ±< £m��` <��IH:<:&;�EG©UC�=BO�>�
<AfIHXGXG=

i ∈ I =BEG: =BEG:<Y<=BTUCFEG;�=BO k(i) �UO WY^IHÖ
i ∈ Ik(i) \ Ik(i)+1.a�
<AåqD=BY<=�a^T<:<cpCFE W : g ∈ (AI)ω
Y<=?Á^:<ES=BAQ=

(σg)(i) := 〈g(1)(i), . . . , g(k(i))(i)〉.

σ
=BAD>�
<XGXSCk� Ã1 £§���l
ª1=BEG=B:

g, h ∈ (AI)ω
��O W Y^IHÖ σg =F σh

��Y^IHO�N<=BEGÖHC�
X = {i ∈ I|(σg)(i) =

(σh)(i)} ∈ F
 �a�
<A�qD=BY<=BO

n ∈ ω
;�EGXSC

X ∩ In ∈ F.
g�=B:<:

i ∈ X ∩ In
�åY^IH:<:

n ≤ k(i)
�bIHXGO W g(n)(i) = h(n)(i).��XGO W g(n) =F h(n)

>�
<A�IHXGXG=
n < ω

 b��IHJsESCfEGODCz� Ã1 £§��ï;�=B¬B=BEG;HC¥ 
2	�ESC�Y<=BJýÙ W A W XGXGIHA�IHT<O�Y<=BJ ��=BJsJ3I V�W :ìÙ�t�:<EG;�� m1 £m1  ± �f> W XG;HC�bY^IHÖ JsESC�Y<=B:Æ W AFIHT<OQOQ=?CF¬BT<:<;�=B:«Y<=BO�ªUIMCF¬B=BO�;�EGXSC card(AI/F ) > ω.

óEôöõEôöõ
. . . øòù�ú�� δ û�����������ú�������ù<þjý�������ú:ü
	����ú�ý�ü
�

Æ W XGXGODCReH:<Y<EG;�=�k�XSCFAFIMÁ^XSCF=BA�XGEG=?>@=BAQ: V =BAQ;�XG=BEGPRN<OD]ï=BEGOQ=ïcdXG=BEG:<= k�XSCFAFI ²~W CF=B:<¬B=B:�^�Y<EG=�ªUeMCF¬B=Ã1 £m1  Ä�©<EGO Ã1 £m1 S¡�¡f;�=B©~=B:s�ï=BY<EG:<;�T<:<;�=B:jY^IM>�
<A�IH:��M]fIH:<:jY<EG=fk�XSCFAFI ²~W CF=B:<¬�JsEG:<EGJsIHXS=³�AQt�Ö�=	�@Y¹  N¹ å³�AQt�Ö�=sY<=?AÝ¬BT<;�AQT<:<Y<=BXGEG=B;�=B:<Y<=B:�ªdCFAQT<cpCFT<A@�
N^IMC¥ åªUIMCF¬ Ã1 £m1 S¡�m)XGEG=?>@=BADC
��AQ;�=B©<:<EGOQOQ=k
<©~=BA�³�AQt�Ö�=B: V�W :Lk�XSCFAFI ²~W CF=B:<¬B=B: VpW : ω  ��OïOQ=BE´: W P`N =BEG:<J3IMX~IH: ��=?Á^:<ESCFE W :3±< £m1 S¡��@EG:3Y<=BA Æ�=BAQOQE W :s>�
<A�� W CF=B:<¬BJs=B:<;�=B:e�=BAQEG:<:<=BADCl
¾ ��¿å���_�M�@¸~��¿�ÀG��ÀGÉåä�Ã�Äaê�Ã�ÞéÊ$Â(Ï

F
è�ì�Â(Ï�Â(Ã�Ä�Â(ÏzÅaÂ(Ä�Æ Â

I
ÙyÂ(Ã ÚFÊ�É

δ æ ô~¸~����º?�°�^��Òn�@� ÔÕ Â(ÄyÄ]ç@è�ÏzØHÞ�Þ�Â
A ⊆ F

ÆHÃ�ÞéÊ
card(A) < δ →

⋂
A ∈ F.

êfÙyÂ(Ã ÚFÊ¹ô~¸~����º?�°�^�nÒ��@� Ô ç(ØHÞ�Þ Ò�ê�ç@è�ÏkØHÞ�Þ�Â ö ØHÏ+×HÃ�Ä�ØHÞ Ë;Ø�Ù�Þ�Â(Ä
δ
Ê
δ î ÇHÈJÞ�Þ Ò(Ê/ÉHÄ�×HÃhÆ]Ã�Ò(Ê Í

à¹�U�°Õ#¿�ÀG��ÀGò Á�Â(Ã
A

ÁeÊTÏ�Ð�ÑJÊTÐ�ÏO× Â(ÏLÅ�É ü@Ù�ÊTÃhÆ�Ñ�Â(Ã�Ê
α
Ð�Ä�×=Ò;Â(Ã

D
Â(Ã�Ä{¿FÞéÊTÏ+Ø � ÞéÊ$Â(Ï Í�Î ØHÄyÄì�Ã�Þh× Â(Ê�×HÃ-ÂNÄ�ØHÊTè�Ï�ÞéÃ-ü@ÙyÂDä�Ã�Ä�ì�Â(ÊTÊTÐ�Ä�Æ

d A
Æ Â(Ä�ØHÐi×�ØHÄyÄ¢Ò(Ð�Ï�Ö�Â@ÑJÊTÃ�ÇdØHÐ(ç

AI/D
Ø�ì ÔFÕ Â(ÄyÄ

D
Ê
α+ î ÇHÈJÞ�Þ Ò(Ê/ÉHÄ�×HÃhÆuÃ�Ò(Ê Í
�ï=?]ï=BEGO�l� ⇐�@l���:<;�=B: W JsJs=B:�� D EGODC × α+ [ VpW XGXGODCReH:<Y<ES;< �ª1=BE fD ∈ AI/D

JsESC6Z= ² AFeHOQ=B:1[CRIH:dCF=BJ
f
 

��I
card(A) = α

�´]ZEGAQY
I
Y<T<AQPRN

I =
⋃{f−1(a)|a ∈ A} EG:«]ï=B:<EG;�=BA
IHXGO α+

V EG=BXG=���=BEGXG=�;�=?CF=BEGXSC¥ 
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	�ESC���=BJsJ3I3±< £m1  ¨ ;�EG©UC�=BO
a ∈ A

�´O W Y^IHÖ f−1(a) ∈ D
 ���IHJsESC�;�EGXSC

d(A) =
AI/D

 � ⇒�@l<��:<;�=B: W JsJs=B:�� d ©<EGXGY<=?C A
OQT<A@qD=BcpCFE V IHTU> AI/D

IH©¹ 
ª1=BE

I =
⋃
η<βXη

=BEG:<=��nIHADCFESCFE W : V�W : I EG: β < α+ ��=BESXG=H ���I β ≤ α =
card(A)

�pcHt�:<:<=B:s]ZEGA�Y<EG=�	�=B:<;�=B:
Xη
JsESC���:<Y<EG¬B=BO VpW : A T<Js:dT<JsJs=BAQEG=BAQ=B:���¬H  �� 

I =
⋃

a∈B

Xa,

JsESC
B ⊆ A

 
ª1=BE

f : I → A
;�=B;�=B©~=B:ÜY<T<AQPRN

f(i) = a
;�YU]
 

i ∈ Xa

 ���IHJjESCwEGODC
fD ∈

AI/D = d(A),
O W Y^IHÖ fD = d(a)

>�
<A
a ∈ A  ��IHOïN<=BEGÖHC�dY^IHÖ

f−1(a) ∈ D  d��©~=BA f−1(a) = Xa

�UIHXGO W Xa ∈ D
 <	�ESC��¹=BJsJ3I

±< £m1  ¨wEGODC
D
×
α+ [ V�W XGXGODCReH:<Y<EG;<  2��EG=�EG:pCF=BAQ=BOQOFIH:pCF=B:)k�XSCFAFI ²~W CF=B:<¬B=B: OQEG:<Y Y<EG=H�d>�
<AïY<EG= d =BEG:<=�=BP`NpCF=���EG:d©~=?CQCFT<:<;EGODC¥ p��I
=BO IHT<PRNsEG:pCF=BAQ=BOQOFIH:dC EGODC��¬BTw]ZEGOQOQ=B:��p]ï=BXGPRN<=�k�XSCFAFI ²~W CF=B:<¬B=B:sT<:<EG:pCF=BAQ=BOQOFIH:pCOQEG:<Y��^OQ=BE�IHTU>åY<EG=�> W XG;�=B:<Y<=B:)¬?]ï=BE���AQ;�=B©<:<EGOQOQ=
N<EG:<;�=?]ZEG=BOQ=B:¹ 

ý ¸b��¸~���@�<� ¿�ÀG��À��dñ � Â(ÄyÄ A Â(Ä�×2ÞéÃ-ü@Ù¢È× Â(Ï
D

Â(Ã�ÄG��Ï�Ã�Ä�Ë�Ã ��ØHÞ�Â(Ï+¿FÞéÊTÏ+Ø � ÞéÊ$Â(Ï�Ã�Ò(Ê Ô ×�ØHÄyÄì�Ã�Þh× Â(Ê
d A

Ò(Ð�Ï�Ö�Â@ÑJÊTÃ�ÇuØHÐ(ç
AI/D

Ø�ì Í
��EG=BOf> W XG;MCfY<EGAQ=BcpC�IHT<PRN«ªUIMCF¬ÝÃ1 £m1  ÄU 

ý ¸b��¸~���@�<� ¿�ÀG��À��b� � Â(ÄyÄ card(A)
ÑJÞ�Â(Ã�Ä&Â(ÏNØHÞ Ò�×HÃ-Â=Â(ÏqÒ(Ê$ÂNè�ì�Â(ÏqØ�ì@Ë;É�Ù�Þhì@ØHÏqÂDÝiÂ-Ú�ì@Ø�ÏqÂ

ö ØHÏ+×�Ã�ÄeØ�Þ Ë;Ø�Ù2ÞyÃ�Ò(Ê ñ È× Â(Ï Õ Â(ÄyÄ�Â@ÒdÂ(Ã�Ä&ÂOÒ;ÈJÞ�ü@ÙyÂ�ÄyÃ-ü@Ù�ÊCÆHÃTì�Ê ó;Ô Ð�Ä�× Õ Â(ÄyÄ D Â(Ã�Ä Ê
ω1 îÇHÈJÞ�Þ Ò(Ê/ÉHÄ�×HÃhÆ Â(Ï ¿FÞéÊTÏ+Ø � ÞéÊ$Â(ÏuÃ�Ò(Ê Ô ×�ØHÄyÄfì�Ã�Þh× Â(Ê

d
×�ØJÒ]ÅaÈ× Â(Þ�Þ

A
Ò(Ð�Ï�Ö�Â@ÑJÊTÃ�Ç�ØHÐ(ç

AI/DØ�ì Í
�ï=?]ï=BEGO�l

g�=B:<:)=BO�c�=BEG:<==
<©~=?ARIM©<¬¥eHN<XG©^IHAQ=�Js=BÖ�©^IHAQ=�Ù
IHAQY<EG:^IHXG¬¥IMN<X~;�EG©UC�dO W EGODC D =BEG: ² AQEG:1[¬BE ² IHXG=BAZanEGXÌCF=BA�T<:<Y�Y^IHO�Ù W A W XGX�IHAï;�EGXSC�:^IHP`NLÙ W A W XGXGIHAZÃ1 £m1 S¡°oU g�=B:<:Ï=BO�
<©~=BAFIH©<¬¥eHN<XG©^IHAQ=ìJs=BÖ�©^IHAQ= Ù
IHAQY<EG:^IHXG¬¥IHN<XS=B:
α
;�EG©UC�fO W EGODC D α

[
VpW XGXGODCReH:<Y<EG;j>�
<A�=BEG:«O W XGP`N<=BO α T<:<Y#EG:<OQ©~=BO W :<Y<=BAQ= γ [ V�W XGXGODCReH:<Y<ES;s>�
<A�Y<EG=ÝcdXG=BEG:<ODCF=
<©~=BAFIH©<¬¥eHN<XG©^IHAQ=jJs=?Ö�©^IHAQ=jÙ
IHAQY<EG:^IHXG¬¥IHN<X

γ
 ���I

card(A) < γ
�¹EGODC

D card(A)+
[

VpW XGXGODCReH:<Y<EG;U <��EG=
�ï=BN^IHT ² CFT<:<;s> W XG;HCf:dT<:�JsESCZ��A W�²bW OQESCFE W :�Ã1 £m1  ÄU 
2

à¹�U�°Õ#¿�ÀG��À��1� � Â(ÄyÄ�Â(Ã�Ä	ê�Ã�ÞéÊ$Â(Ï
F

è�ì�Â(Ï¢Â(Ã�Ä&Â(Ï8ÅaÂ(Ä Æ Â
I
Ê
ω1 î ÇHÈJÞ�Þ Ò(Ê/ÉHÄ�×HÃhÆiÃ�Ò(Ê Ô Ò;ÈÆHÃ�ÞéÊ

card(ωI/F ) = ω.

� Â(ÄyÄ F Ê
ω1 î Ð�ÄyÇHÈJÞ�Þ Ò(Ê/ÉHÄ�×HÃhÆ¢Ã�Ò(Ê Ô Ò;È]ÆHÃ�ÞéÊ

card(ωI/F ) ≥ 2ω.
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ÿ Ä2Òì�Â@Ò;ÈJÄ�× Â(ÏqÂOÆHÃ�ÞéÊ ÔLÕ Â(ÄyÄ card(I) = ω
Ð�Äe×

F
Ê
ω1 î Ð�ÄyÇHÈJÞ�Þ Ò(Ê/ÉHÄ�×HÃhÆ Ô ×�ØqÚ

card(ωI/F ) = 2ω.

�ï=?]ï=BEGO�l
��EG=
=BAQODCF=��ï=BN^IHT ² CFT<:<;3;�EGXÌCfJsESC�ªUIMCF¬ÝÃd £m1  ÄU ��EG=w¬?]ï=BESCF=s�ï=BN^IHT ² CFT<:<;)> W XG;HC
IHT<O�ªUIMCF¬3Ã1 £m1  ±��¹Y^I&=BEG:�× ω1

[�T<: V�W XGXGODCReH:<Y<EG;�=BAanEGXSCF=BAfIHT<PRN
ω
[�AQ=B;�T<X�eHA�EGODCZT<:<Y

card(I) ≥ ω
;�EGXSCB 

��EG=�Y<AQESCQCF=
�ï=BN^IHT ² CFT<:<;s;�EGXSCZIHT<PRN�JsESC�ªUIMCF¬ÝÃd £m1  ±< 
2

ý ¸b��¸~���@�<� ¿�ÀG��À��1µ � Â(ÄyÄuç@è�Ï
i ∈ I ×HÃ-Â ö ØHÏq×HÃ�Ä�ØHÞ Ë;Ø�Ù�Þ�Â�Ä

αi
ØHÞ�Þ�ÂzÐ�Ä&Â(Ä�×2ÞéÃ-ü@Ù�Ò(Ã�Ä�×Ð�Ä�×

F
Ê
ω1 î Ð�Ä�ÇHÈHÞ}Þ Ò(Ê/ÉHÄ�×HÃhÆ Ô ÆHÃ�ÞéÊ

2ω ≤ card(
∏

αi/F ).

��XGO W EGODC�=BEG:ìk�XSCFAFI ² A W Y<T<cpCu��IHT<Ö�=BA�EG:«CFAQE V E�IHXS=B:#aåeHXGXG=B:e�ZEGJsJj=BA�
<©~=BAFIH©<¬¥eHN<XÌ[©^IHAB 

Û¢ª�� B µ�+ðk°`$vA±µ1¼k¸1´±°N½ "�½�¯  dµ�+ðk°���¼8µ1¯±¶�½�¼d²�&�¼k´±²�°N½
a�
<A

α
[ VpW XGXSODCReH:<Y<EG;�= k�XSCFAFIMÁ^XSCF=BAÝ;�EG©UC6=BOj=BEG:<= ODCReHAQcH=BAQ=&Æ�=BAQOQE W :0Y<=BOsa^T<:<Y^IHJs=B:1[CRIHXSCFN<= W AQ=BJsO�� Ã1  ¨U £m��ÝT<:<YÜ=BEG:<=B:Ü=BAD]ï=BESCF=BADCF=B:/Ù W J ² IHcpCFN<=BESCFOQOFIMCF¬a� Ã1  ¨U  ¨��` ��ï=BEGY<=

]�=BAQY<=B:«>�
<A�ª ² AFIHPRN<=B:#©~=BXGEG=B©<EG;�=BA�³�AQt�Ö�=
> W AQJwT<XGES=BADC�^Y<EG=�=BEG:<=Ý:^IMCq
<AQXGEGP`N<=
Æ�=BAFIHXGXÌ[;�=BJs=BEG:<=BAQT<:<; VpW : IH©<¬¥eHN<XG©^IHAQ=B: ª ² AFIHP`N<=B:ì©<EGXGY<=B:¹ �	�ESC
r�EGXS>@=6Y<EG=BOQ=BA�ªUeMCF¬B=wcMIH:<:J3IH:#¬B=BEG;�=B:��¹Y^IHÖ&=BO
¬BTì=BEG:<=BA�Js=BÖ�©^IHAQ=B:ìÙ
IHAQY<EG:^IHXG¬¥IHN<X�T<:<=BAQAQ=BEGPRN1©^IHA V EG=BXG=6cdXG=BEÌ[:<=BAQ=�T<:<=BAQAQ=BEGPRNd©^IHAQ=�Ù
IHAQY<EG:^IHXG¬¥IHN<XG=B:&;�EG©UCk� ªUIMCF¬ÝÃ1  ¨U £Ã��` j´T<=BAQODC�©<AFIHT<PRN<=B:�]ZESAZ: W PRN�=BEG:L��AQ;�=B©<:<EGO�
<©~=BA Σ1
1

[�a W AQJs=?XG:¹ ��EG:<=
Σ1

1 æ È�¸b�M���1� 
<©~=BA L
EGODCZ=BEG:<=
a W AQJs=BX ψ Y<=BAf> W XG;�=B:<Y<=B:�a W AQJ�l
∃P1 . . . PmF1 . . . Fnϕ,

� Ã1  Î��
] W ©b=BE Pi ©<¬?]
  Fj Z=?X�IMCFE W :<O�[s©<¬?]
 �a^T<:<cpCFE W :<OQO5g1J6© W XG=ìOQEG:<Y��fY<EG= ES: L

:<EGPRNpC
IHTU>_CRIHT<P`N<=B:��^T<:<Y

ϕ
=BEG:<=�a W AQJs=BX´Y<=BAZ=BAD]ï=BESCF=BADCF=B:#ª ² AFIHPRN<=s¡� bªdCFTU>@=

L′ := L ∪ {Ṗ1, . . . , Ṗm, Ḟ1, . . . , Ḟn}
EGODC¥ 
��IHJsESCåEGODC�=BES:<=

Σ1
1

[�a W AQJs=BX1=BEG:<=Za W AQJs=BXU¬?]ï=BESCF=BA ªdCFTU>@=H�pY<=BAQ=B:3Z=BX�IMCFE W :<O�[�T<:<Ya^T<:<cpCFE W :<O � T^IH:dC W AQ=B:LIHXGXG=�IHJÅ��:U>�IH:<;jODCF=BN<=B:LT<:<Y�=`ÛUEGODCF=B:dCFEG=BXGX¹OQEG:<Y¹ ��AD>�
<XGXGT<:<;6>�
<A
Σ1

1

[�a W AQJs=BXG: ]ZEGAQY&> W XG;�=B:<Y<=BAQJ3IHÖ�=B:&Y<=?Á^:<EG=BADCl
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• g�=B:<: ϕ =BEG:)ªUIMCF¬�EGODC�1Y^IH:<:&;�ESXSC ψ EG: =BEG:<=BJÅ	 W Y<=BXGX A >�
<A L
;�=B:^IHT&Y^IH:<:��

]ï=B:<:L=BO�=?EG:<=���AD]ï=BESCF=BAQT<:<;

A′ = 〈A, P1, . . . , Pm, F1, . . . , Fn〉
VpW : A

¬BT
L′
;�EG©UC�UO W Y^IHÖ ϕ EG: A′

;�EGXSCB 

• g�=B:<: ϕ >@AQ=BEG=ZÆ IHAQE�IH©<XG=B: x0, . . . , nn−1
N^IMC�dY^IH:<: ;�EGXSC

A |= ψ[a0, . . . , an−1];�=B:^IHT/Y^IH:<:���]ï=B:<:Ô=BO3=BEG:<=«��AD]ï=BESCF=BAQT<:<;
A′ VpW : A

¬BT
L′
;�EG©UC��O W Y^IHÖ

A′ |= ϕ[a0, . . . , an−1]
 

ó �1� ����¿�ÀGµ�À��
Σ1

1 î êFÈJÏ�ÝiÂ(ÞéÄ Õ Â(Ï+×�Â(Ä�Ð�ÄyÊ$Â(Ïw¿FÞéÊTÏ+Ø���ÏqÈ×HÐ�ÑJÊ$Â(Ä±Â(ÏqÙ�ØHÞéÊ$Â(Ä Ô ×�Ø�Ò�ÙyÂ(Ã ÚFÊ Ôç@è�Ï¡Â(Ã�Ä&ÂT¿FÞéÊTÏ+Ø��yÈJÊ$Â(Ä�Ë
B =

∏
Ai/D, f

1
d , . . . , f

n
D ∈ B

Ð�Ä�×cÂ(Ã�Ä&Â
Σ1

1 î êFÈJÏ�Ý�Â(Þ
ψ(x1, . . . , xn)

ÆHÃ�ÞéÊ�L1êFØHÞ�Þ Ò {i ∈ I|Ai |= ψ[f 1(i) . . . fn(i)]} ∈ D Ô ×�ØHÄyÄ�ÆHÃ�ÞéÊ�ØHÐyü@Ù
B |= ψ[f 1

d . . . f
n
D] Í�ï=?]ï=BEGO�l

ª1=BE
ψ
]ZEG=�EG:�� Ã1  Î��ïT<:<Y�OQ=BEG=B:

f 1
D, . . . , f

n
D ∈

∏
Ai/D

 

X := {i ∈ I|Ai |= ψ[f 1(i) . . . fn(i)]}.
a�
<AåqD=BY<=BO

i ∈ X OQ=BE A′i =BEG:<=���AD]ï=BESCF=BAQT<:<; V�W : Ai
¬BT

L′
�^O W Y^IHÖ

A′i |= ϕ[f 1(i) . . . fn(i)].

��I
X ∈ D �^;�EGXSC�JsESCfY<=BJKa^T<:<Y^IHJs=B:pCRIHXSCFN<= W AQ=BJKÃ1 S¡�  ±

∏
A′i/D |= ϕ[f 1

D . . . f
n
D].

	�ESC�Y<=BJ �nÛ ² IH:<OQE W :<ODCFN<= W AQ=BJÂÃ1 S¡�  ¨�EGODC ∏A′i/D
=BEG:<=���AD]ï=BESCF=BAQT<:<; V�W : ∏Ai/D¬BT

L′
 ^��XGO W ∏Ai/D |= ψ[f 1

D . . . f
n
D]. 2

ª1=BE<:1T<:
Lα

=BEG:<=fT<:<=B:<Y<XGEGPRN<=�ª ² AFIHPRN<=ZJsESC α V EG=BXG=B:w��:<Y<E V EGY<T<=B: V IHAQE�IH©<XG=B:¹ ���EG=a W AQJs=BXG: V�W : Lα
=BAQ;�=B©b=B:)OQEGPRN&Y^IHY<T<AQPRN��<Y^IHÖ6J3IH: Y<=B:)Z=B;�=BXG: Y<=BAfIH©<¬¥eHN<XG©^IHAQ=B:

ª ² AFIHP`N<= L
¬?]ï=BEUZ=B;�=BXG:�N<EG:<¬BTU>�
<;HC�°Y<EG= T<:<=?:<Y<XGEGP`N<= Ù W :MqDT<:<cpCFE W :�T<:<YÝT<:<=B:<Y<XGEGPRN<=� T^IH:dC W AQ=B:)¬BT<X�IHOQOQ=B:�l

g�=B:<:
Φ
=BEG:<=Ý	�=B:<;�= V�W :La W AQJs=BXG: V�W : Lα

EGODCZJsESC
card(Φ) < α,

� Ã1  Ä��
Y^IH:<:�EGODC ∧

Φ
=BEG:<=
a W AQJs=BX V�W : Lα.

g�=B:<:
ϕ
=BEG:<=
a W AQJs=BX V�W : Lα

EGODCZT<:<Y
V
=BEG:<=Ý	�=B:<;�= VpW :� Ã1 S¡°o��



V�á=W�ÞBãnç�â\è Z_[�â�ãnèZá=W�èGiEé±[PV3ãnç [�ß�é [�â�ãnèZá=Wsi�ãnç�ß�é¹ç�ß ¢pÃ

Æ IHAQE�IH©<XG=B:&JsESC
card(V ) < α

�^Y^IH:<:)EGODC ∀V ϕ =BEG:<=
a W AQJs=BX VpW : Lα.

Lω
EGODCZ;�=BAFIHY<=
Y<EG=�: W AQJ3IHXG=�� W ;�EGc L

 
��EG=�	 W Y<=BXGXG=�>�
<A Lα

OQEG:<Y�;�=B:^IHT�Y<EG=�;�XG=BEGP`N<=B:&]ZEG=�Y<EG=Ý	 W Y<=BXGXG=�>�
<A L
 Ug�=B:<:

α
=BEG:<=�AQ=B;�T<X�eHAQ=�Ù
IHAQY<EG:^IHXS¬¥IHN<X~EGODC�UY^IH:<:&N^IMCnqD=BY<=
a W AQJs=BX V�W : Lα

]ï=B:<EG;�=BAfIHXGO
αª g1Jw© W XG=H ��=BA��ï=B;�AQES Y<=BA&g IHN<AQN<=BESC�=BES:<=BA�a W AQJs=BX VpW : Lα

EG:i=BEG:<=BJ 	 W Y<=BXGX�cMIH:<:
² AFeH¬BEGOQ=�Y<=?Á^:<EG=BADCå]ï=BAQY<=B:��pEG:<Y<=BJ÷JsIH:6Y<EG=f��=?Á^:<ESCFE W : V�W :6g IHN<AQN<=BESCn>�
<A�a W AQJs=BXG:
VpW : L

=BAD]ï=BESCF=BADCl���EG:<=�a W AQJs=BX σ EGODCå;�=B:^IHTwY^IH:<:Ý]fIHN<AåEG:6=BEG:<=?J 	 W Y<=BXGX A �M]ï=B:<:
A |= σ[x0x1 . . .]

>�
<AZ=BEG:<=�ª1= � T<=B:<¬ x0, x1, . . .
V�W : A ;�EGXSC¥ ��IH©b=BE�EGODCZY<EG=
Z=BX�IMCFE W : A |= ϕ

> W XG;�=B:<Y<=BAQJ3IHÖ�=B:)Y<=?Á^:<ES=BADC;l
¡� Za�
<AZIMC W J3IHAQ=
a W AQJs=BXG:3]ZEG=d
<©<XGEGPRN¹ 
m1 �g�=B:<:

ϕ ≡ ∧Φ
��Y^IH:<: ;�EGXSC

A |= ϕ
;�=B:^IHT Y^IH:<:���]ï=B:<:

A |= ψ
>�
<AÝIHXGXG=

ψ ∈ Φ
 

¨U �g�=B:<:
ϕ ≡ ¬ψ �^Y^IH:<:�;�EGXSC A |= ϕ

;�=B:^IHT�Y^IH:<:��<]ï=B:<:L:<EGPRNpC
A |= ψ

 
±< �g�=B:<:

ϕ ≡ ∀V ψ JsESC V = {xi|i < λ} ��Y^IH:<: ;�EGXSC A |= ϕ
;�=B:^IHT Y^IH:<:��

]ï=B:<:�>�
<A�IHXGXS=
ai ∈ A, i < λ,

;�EGXSC
A |= ψ[. . . ai

xi
. . .].k�:<=B:<Y<XGEGP`N<=���EGO@qDT<:<cpCRE W :�� ∨Φ

�1T<:<Y&�nÛUEGODCF=B:<¬ � T^IH:pC W AQ=B:�� ∃V ϕ �1OQEG:<Y3Y<EG=���©<c 
<A�[¬BT<:<;�=B:�>�
<A ¬∧¬Φ T<:<Y ¬∀V ¬ϕ  
à¹�U�°Õ#¿�ÀGµ�ÀG� Á�Â(Ã

B =
∏

Ai/D
Â(Ã�Ä\¿FÞéÊTÏ+Ø���ÏqÈ×HÐ�ÑJÊ�Ý�Ã�Ê ÿ Ä�× Â+ø�ÝiÂ(Ä�Æ Â

I
Ð�Ä�×iÂ(Ã�Ä&Â(Ý

α î ÇHÈJÞ�Þ Ò(Ê/ÉHÄ�×HÃhÆ Â(Äe¿FÞéÊTÏ+Ø � ÞéÊ$Â(Ï D ÍFÎ ØHÄyÄ�ÆHÃ�ÞéÊ�L

 Í ê�è�Ï]Â(Ã�Ä&Â=êPÈJÏ�ÝiÂ(Þ

ϕ(x1x2 . . .)
ÇHÈJÄ

Lα
Ð�Ä�×

f 1
D, f

2
D, . . . ∈ B

ÆHÃ�ÞéÊ
B |= ϕ[f 1

Df
2
D . . .]

Æ�× ÕLÍ {i ∈ I|Ai |= ϕ[f 1(i)f 2(i) . . .]} ∈ D.� Í ê�è�Ï�Ö�Âq× Â(Ä�Á&ØHÊ}Ë
ϕ

ÇHÈJÄ
Lα

ÆHÃ�ÞéÊ�L
B |= ϕ

Æ�× ÕLÍ {i ∈ I|Ai |= ϕ} ∈ D.
�ï=?]ï=BEGO�l

m1 ^EGODCZ=BEG:Lª ² =B¬BEGIHXS>�IHXGX V�W : ¡� \�IHPRN)Y<=BJKªUIMCF¬ V�W :�� W�� � Ã1 S¡�  ± � ;�EGXSC�dY^IHÖ&¡� 1>�
<Afa W AQJs=BXG: VpW : L
T<:<Y)EG:<OQ©b=`[

O W :<Y<=BAQ=
>�
<AZIMC W J3IHAQ=
a W AQJs=BXG: ;�EGXSC¥ ��:<;�=B: W JsJs=B:�� ψ(x1x2 . . .)
EGODC�=BEG:<=Za W AQJs=BX V�W : Lα

T<:<YsN^IMC�Y<EG=Z��EG;�=B:<OQPRN^IM>_C
¡� ^T<:<Y

ϕ(x1x2 . . .) = ¬ψ(x1x2 . . .).
��IH:<:�;�EGXSC

B |= ϕ[f 1
Df

2
D . . .];�YU]
  :<EGPRNdC

B |= ψ[f 1
Df

2
D . . .];�YU]
  {i ∈ I|Ai |= ψ[f 1(i)f 2(i) . . .]} 6∈ D;�YU]
  {i ∈ I|Ai |= ϕ[f 1(i)f 2(i) . . .]} ∈ D.
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��:<;�=B: W JsJs=B:�� Φ EGODCÝ=BEG:<=3	L=?:<;�= VpW : a W AQJs=BXG: V�W : Lα

�
card(Φ) < α

T<:<Y/¡� 
;�EGXSC�>�
<AZIHXGXG=

ϕ ∈ Φ
 b��IH:<:�EGODCf>�
<AZIHXGXG=

f 1
D, f

2
D, . . . ∈ B

> W XG;�=B:<Y<=BOZe � T<E V IHXG=B:pCl
B |= ∧Φ[f 1

Df
2
D . . .];�YU]
  >�
<AZIHXGXG=

ϕ ∈ Φ B |= ϕ[f 1
Df

2
D . . .];�YU]
  >�
<AZIHXGXG=

ϕ ∈ Φ {i ∈ I|Ai |= ϕ[f 1(i)f 2(i) . . .]} ∈ D.
��I

D α
[ V�W XGXGODCReH:<Y<EG;6EGODC�<EGODCZY<EG=�XG=?CF¬?CF=zj´=BEGXG=�e � T<E V IHXG=B:pCZ¬BT

{i ∈ I|∀ϕ ∈ Φ Ai |= ϕ[f 1(i)f 2(i) . . .]} ∈ D,
T<:<Y�Y^IHOZEGODC�e � T<E V IHXG=B:pCZY^IH¬BT��^Y^IHÖ

{i ∈ I|Ai |=
∧

Φ[f 1(i)f 2(i) . . .]} ∈ D.
��:<;�=B: W JsJs=B:��p=BEG:<=�a W AQJs=BX ψ(x1x2 . . . y1y2 . . .)

VpW : Lα
N^IMC Y<EG=���EG;�=B:<OQP`N^IM>_C�¡� h�

{y1, y2, . . .}
EGODCZ=BEG:<=Ý	�=B:<;�= V�W :)]�=B:<EG;�=BAZIHXGO α Æ IHAQE�IH©<XG=B:&T<:<Y ϕ = ∃y1y2 . . . ψ.��IH:<:�=BAQ;�EG©UCZOQEGP`N

B |= ϕ[f 1
Df

2
D . . .];�YU]
  =BO

g1
D, g

2
D . . . ∈ B

;�EG©UC�<O W Y^IHÖ B |= ψ[f 1
Df

2
D . . . g

1
Dg

2
D . . .];�YU]
  =BO

g1
D, g

2
D . . . ∈ B

;�EG©UC�
O W Y^IHÖ {i ∈ I|Ai |= ψ[f 1(i)f 2(i) . . . g1(i)g2(i) . . .]} ∈ D;�YU]
  {i ∈ I|Ai |= ϕ[f 1(i)f 2(i) . . .]} ∈ D.

��IHJsESC ;�EGXSC«¡�  >�
<A&IHXGXG=«a W AQJs=BXG: V�W : Lα

�ï]ï=BEGX ∀ ]ZEG=�
<©<XGEGPRN/Y<T<AQP`N ∃ T<:<Y ¬IHT<OQ;�=BY<A+
<P`cpC�]ï=BAQY<=B:LcMIH:<:¹ 
2

à¹�U�°Õ#¿�ÀGµ�ÀGµ ñ Á�ü@Ù Õ Ø ü@ÙyÂ(Ï ö ÈJÝ���Ø�ÑJÊ�ÙyÂ(Ã�Ê�Ò@ÒØHÊ}Ë ó Á�Â(Ã α Â(Ã�Ä&ÂNÝiÂ-Ú�ì@ØHÏqÂ ö ØHÏ+×HÃ�Ä�ØHÞ Ë;Ø�Ù�Þ Í� Â(ÄyÄ Σ
Â(Ã�Ä&ÂOÅaÂ(Ä�Æ Â=ÇHÈJÄ�Á&ÉHÊ}Ë�Â(Ä�ÇHÈJÄ

Lα
Ã�Ò(Ê Ô Ò;È¢×�ØqÚ

card(Σ) = α
Ã�Ò(Ê�Ð�Ä�×�Ö�Âq× Â.�Â(Ã�ÞéÝiÂ(Ä�Æ Â

Σ0
ÇHÈJÄ

Σ
Ý�Ã�Ê

card(Σ0) < α
Â(Ã�Ä]ÅaÈ× Â(Þ�Þ�ÙyØHÊ Ô ×�ØHÄyÄ]Ù�ØHÊ

Σ
Â(Ã�Ä�ÅaÈ× Â(Þ�Þ Í

�ï=?]ï=BEGO�l
��I

α
Js=BÖ�©^IHA�EGODC�~;�EG©UC�=BO�=BEG:<=B:

α
[ V�W XGXGODCReH:<Y<EG;�=B:��^:<EGPRNpC ² AQEG:<¬BE ² IHXG=B:Lk�XSCFAFIMÁ^XSCF=BA

D
IHTU>

α
 U��I

D
cH=BEG:<=���EG: ² T<:<cpCFJs=B:<;�=?:&=B:dCFN^eHXSCïT<:<Y α [ V�W XGXGODCReH:<Y<EG;�EGODC�d=B:dCFN^eHXSC

D
IHT<PRN�cH=BEG:<=Ý	�=B:<;�=B: V�W :«	LeHPRNdCFEG;�cH=BESC < α

 <��XGO W ;�EGXSC�>�
<AnqD=BY<=BO γ < α

{β|γ < β < α} ∈ D.
ª1=BE

Σ = {σβ|β < α} =BEG:<=3��TU>@¬¥eHN<XGT<:<; VpW : Σ
 åa�
<AZqD=BY<=BO

β < α
;�EG©UC6=BO6=BEG:

	 W Y<=BXGX Aβ
Y<=BA
	�=B:<;�= {σγ|γ < β}  �ª1=BE B Y^IHO�k�XSCFAFI ² A W Y<T<cpC ∏Aβ/D

 ¹��IH:<:
;�EGXSC�>�
<AnqD=BY<=BO

σγ ∈ Σ

{β < α|Aβ |= σγ} ⊃ {β|γ < β < α} ∈ D.
	�ESC�ªUIMCF¬ÝÃ1  ¨U £m6EGODC

B
=BEG:«	 W Y<=BXGX V�W : Σ

 
2
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ó �1� ����¿�ÀGµ�ÀÌÇ Á&Â(Ã
α

Â(Ã�Ä&Â±è�ì�Â(Ï+Ø�ì@Ë;É�Ù�Þhì�ØHÏqÂ�ÝiÂ-Ú�ì@Ø�ÏqÂ ö ØHÏ+×HÃ�Ä�ØHÞ Ë;Ø�Ù�Þ�Ð�Ä�×�Ò;Â(Ã
DÂ(Ã�Ä±ÄyÃ-ü@Ù�ÊN��Ï�Ã�Ä�Ë�Ã ��ØHÞ�Â(Ï Ô α î ÇHÈJÞ�Þ Ò(Ê/ÉHÄ�×HÃhÆ Â(Ï�¿FÞéÊTÏ+Ø � ÞéÊ$Â(ÏOè�ì�Â(Ï α Í JNÃ�Þh× Â�×HÃ-Â�¿FÞéÊTÏ+Ø��yÈJÊ$Â(Ä�Ë

B = 〈α,<〉α/D. Î ØHÄyÄ�ÆHÃ�ÞéÊ

 Í B

Ã�Ò(Ê�Â(Ã�Ä&Â Õ È;Ù�Þ Æ Â@ÈJÏ+×HÄ&Â(Ê$Â=ÁeÊTÏ(Ð�ÑJÊ-Ð ÏkÇHÈJÝ dDÏ+×HÄyÐ�Ä�Æ�Ò(ÊTõR�
> α

Ð�Ä�×
� Í ç@è�Ï�Ö�Âq× Â@Ò γ < α

Ã�Ò(Ê
d(γ)

×�Ø�Ò
γ
Ê$Â8ä�Þ�Â(ÝiÂ(ÄyÊLÇHÈJÄ

B Í `
�ï=?]ï=BEGO�l
¡� k�@=BAQODCF=BA���=BEGX}�

B
EGODC�] W N<XG;�= W AQY<:<=?C�:^IHP`NìÃ1  ¨U £m1 ~��I d =BEG:<=�EGO W J W A ² N<=Ý��EG:1[©~=?CQCFT<:<;sEGODC�<N^IMC
B
IHXGO W JsEG:<Y<=BODCF=B:<O���AQY<:1T<:<;�ODC$g ² α  

m1 Za�
<AnqD=BY<=BO
γ < α

OQ=BE
γ̄
Y^IHO

γ
CF=���XG=BJs=B:pC V�W : B

 
ª1=BE�:1T<:

γ < α
>@=BODC�;�=?]�eHN<XSC¥ ~\�IHPRN«��:<Y<T<cpCFE W :<OFIH:<:^IHN<Js=Ý;�EGXSC 2. >�
<A�qD=BY<=BO

δ < γ
 

a�
<;�=&>�
<A�qD=BY<=BO
δ < α

=BEG:<=�Ù W :<ODCRIH:pCF= cδ ¬BT Lα

N<EG:<¬BT¹  ��IH:<:�]ZEGAQY
cδEG:(Y<=BJ 	 W Y<=BXGX 〈α,<, δ〉δ<α Y<T<AQP`N δ T<:<YÏEG: (B, d(δ))δ<α

Y<T<AQPRN
d(δ)EG:pCR=?A ² AQ=?CFEG=?AQC¥ 

��:�Y<=BJ9	 W Y<=BXGX 〈α,<, δ〉δ<α ;�EGXSCfY<=BA Lα

[DªUIMCF¬

∀x(x < cγ ↔
∨
{x ≡ cδ|δ < γ}).� Ã1 S¡�¡��

	�ESC�ªUIMCF¬6Ã1  ¨U £mj;�EGXÌCz� Ã1 S¡�¡��fIHT<PRN«EG:
(B, d(δ))δ<α.

��IHJsESCZEGODC
d(γ)

Y^IHO
γ
CF=

��XG=BJs=B:pC V�W : B
�´Y^I Y<EG=j	�=B:<;�=wY<=BA���XG=BJs=B:pCF=

< d(δ)
;�=BAFIHY<= {δ̄|δ < γ}EGODC¥ 

2.
> W XG;HC�:1T<: ² =BAZ��:<Y<T<cpCRE W :¹ 

¡� k�@¬?]ï=BESCF=BAs��=BEGX��
D
EGODCjcH=BEG: ² AQEG:<¬BE ² IHXG=BAjk�XSCFAFIMÁ^XSCF=BA��åIHXGO W EGODC D :<EGPRNpC α+ [

VpW XGXGODCReH:<Y<EG;wT<:<Y�Y^IHJsESCfEGODC d JsESC�ªUI�CR¬�Ã1 £m1  Äw=BEG:<=
=BPRNpCF=Ý��EG:d©~=?CQCFT<:<;< 	�ESC
2.
EGODC

d(α)
=?EG: ��:U>�IH:<;�OQODCq
<PRc VpW : B

 ���XGO W EGODC d(α) =BEG: =BPRNpCF=BOÝ��:1[>�IH:<;�OQODCq
<P`cb 
2

à¹�U�°Õ#¿�ÀGµ�ÀG¿ Á�Â(Ã
α

Â(Ã�Ä&Âdè�ì�Â(Ï+Ø�ì@Ë;É�Ù�Þhì@ØHÏqÂ8ÝiÂ-Ú�ì@ØHÏqÂ ö ØHÏ+×HÃ�Ä�ØHÞ Ë;Ø�Ù�Þ Í�Î ØHÄyÄ±ÆHÃ�ÞéÊ

 Í α Ã�Ò(ÊLÐ�Ä&Â(Ï�ÏqÂ(Ã-ü@Ù�ì@ØHÏ8Ð�Ä�×
� Í α Ã�Ò(ÊD×HÃ-Â

α
Ê$ÂkÐ�Ä&Â(Ï�ÏqÂ(Ã-ü@Ù�ì@ØHÏqÂ ö ØHÏ+×HÃ�Ä�ØHÞ Ë;Ø�Ù�Þ Ío

d : α→ B
<�*�3F:;< )�4J?@3ö��9-' <�,/.�)1�e< 4MH)!3T3-A�4�IJRH*5U�?�AJ,/.=�FMJ*-,/.�4�< 3T3��;U w(U
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�ï=?]ï=BEGO�l
ª1=BE

D
=BEG:�j´=BT<;�=�>�
<AfY<EG=�	�=BÖ�©^IHAQcH=BESC V�W : α  �ï=?CFAFIHPRNpCF=&Y^IHOj	 W Y<=BXGX A = 〈α,<, b〉b<α

T<:<Y0©<EGXGY<=3Y<EG=&k�XSCFAFI ²~W CF=B:<¬ B =
Aα/D

 �ª1=BE
β
Y<=BA
��AQY<:dT<:<;�ODC!g ²#V�W : B

T<:<Y#>�
<A
γ < β

OQ=BE
γ̄
Y^IHO

γ
CF=w��XG=BJs=B:pC

VpW : B
 ~\�IHP`N«��=BJsJ3IsÃ1  ¨U  ±sEGODC

α < β
T<:<Y

γ̄ = d(γ)
>�
<A�IHXGXG=

γ < α
^~IHXGO W ]ZEGAQYqD=BY<=ÝÙ W :<ODCRIH:pCF= cγ � γ < α

�<EG:
A V�W : γ T<:<Y�EG: B V�W : d(γ) = γ̄

EG:pCF=BA ² AQ=?CFEG=BADC¥ 
¡� f��XGOf=BAQODCF=BO�¬B=BEG;�=B:)]ZEGA

α
EGODCZAQ=B;�T<X�eHAB � Ã1 S¡�m��

�ï=?]ï=BEGO V�W :Ì� Ã1 S¡�m���l
��:<;�=B: W JsJs=B:�� α EGODC�OFES:<;�T<X�eHAB U��IH:<:);�EG©UC�=BOf=BEG: γ < α

JsESCï=BEG:<=BA�EG:MqD=BcpCFEÌ[
V =?:«a^T<:<cpCFE W : F : γ → α

�^O W Y^IHÖ ran(F ) c W :UÁ^:^IHX�EG: 〈α,<〉 EGODC¥ ��=?Á^:<EG=BAQ=
F (δ) = 0

>�
<A
γ ≤ δ < α

T<:<Y�©<EGXGY<=�Y^IHO�	 W Y<=BXGX (A, F ) T<:<Y�Y<EG=k�XSCFAFI ²~W CF=B:<¬ (B, G) := (A, F )α/D
 

a�
<AnqD=BY<=BO
δ < α

N^IH©~=B:)]ZEGA

G(δ̄) = G(d(δ)) = d(F (δ)) = F (δ) < ᾱ.
��XGO W ;�EGXSCfEG: (B, G)

Y<=BA�ªUIMCF¬

∃x∀y(y < cγ → F (y) < x)
� Ã1 S¡°¨��
JsESC

ᾱ
>�
<A

x
 
F
©<EGXGY<=?C

γ
c W :UÁ^:^IHX�EG: α IH©��^IHXGO W ;�EGXSCfIHT<P`N
∀x∃y(y < cγ ∧ x < F (y))

� Ã1 S¡¥± �
EG:

(A, F )
� IHXGO W IHT<PRNÔEG: (B, G)

 ï��T<AQPRNÔY<EG=BOQ=B:�giEGY<=BAQO ² AQT<PRNÔEGODC�� Ã1 S¡�m��
©~=?]ZEG=BOQ=B:¹ 
\�T<:�EGODCZ¬BT�¬B=BEG;�=B:

α
EGODCZ=BEG:<=�ODCRIHAQc�=���EGJs=BOQ¬¥IHN<X  � Ã1 S¡�Ã��

�ï=?]ï=BEGO V�W :Ì� Ã1 S¡�Ã���l
��:<;�=B: W JsJs=B: α EGODCwcH=BEG:<=&ODCRIHAQcH=���EGJs=BOQ¬¥IHN<X  n��IH:<:�;�EG©UC6=BO γ < α

JsESC
α ≤ 2γ

 ^��XGO W ;�EG©UCZ=BOZ=BEG:<=
EG:MqD=BcpCFE V =
a^T<:<cpCFE W : F : α→ P(γ).ª1=BE
R ⊆ α×γ Y<EG=�Z=BX�IMCFE W :��°Y<EG= F AQ= ² AFeHOQ=B:pCFEG=BADC�MY^IHOåN<=BEGÖHC� R(η, δ) ;�=B:^IHTY^IH:<:��<]ï=B:<:

δ ∈ F (η)  ^�ïEGXGY<=�Y<EG=�k�XSCFAFI ²bW CF=B:<¬ (B, S) := (A, R)α/D
 

ª1=BE
F̄
IHTU>

β
Y<=?Á^:<ES=BADC
Y<T<AQPRN

F̄ (η) := {δ < β|S(η̄, δ̄)}. j´T<:^eHP`N<ODC
¬B=BEG;�=B:]ZEGA�> W XG;�=B:<Y<=
�ï=BN^IHT ² CFT<:<;�l
F̄
EGODCZ=BES:<=
EG:MqD=BcpCFE V =�a<T<:<cpCFE W : VpW : β EG: P(γ).

� Ã1 S¡°¢��
�ï=?]ï=BEGO V�W :Ì� Ã1 S¡°¢���l
��EG=
©b=BEGY<=B:)> W XG;�=B:<Y<=B:LªUeMCF¬B=
;�=BXSCF=B:�EG: (A, R) T<:<Y�Y^IHJsESC�EG: (B, S)

l
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��I��
∀xy(R(xy)→ y < cγ)�@©e�

∀xy(x 6≡ y → ∃z¬(R(xz)↔ R(yz))).

a W XG;�=B:<Y<=���AQ;�T<Js=B:pCRIMCFE W :&©~=?]ï=BEGODC�bY^IHÖ���I��ïT<:<YÌ�@©e�ïEG:
(A, R)

;�=BXSCF=B:�l
R(η, δ)

;�EGXSC�;�=B:^IHT�Y^IH:<:��<]ï=B:<:
δ ∈ F (η) ^bIHXGO W δ < γ

 
a�
<A

η 6= ζ
;�EGXSC

F (η) 6= F (ζ)
�HIHXGO W ;HEG©UCn=BOå;�=B:^IHT6Y^IH:<:6=BEG: λ �MO W Y^IHÖ ¬(λ ∈

F (η) ↔ λ ∈ F (ζ))
;�EGXÌC��]�=B:<:Ü=BOw=BEG:

λ
;�EG©UC�nO W Y^IHÖ#;�EGXSC ¬(R(ηλ) ↔

R(ζλ)).��EG=���EG:1©b=?CQCFT<:<;
d
©<EGXGY<=?C

(A, R)
EGO W J W A ² N3EG: (B, S)

IH©��<IHXGO W ;�EGXSC�>�
<A�IHXGXG=
η < α

> W XG;�=B:<Y<=BO�l
F̄ (η) = {δ < β|S(η̄, δ̄)}

= {δ < γ|S(η̄, δ̄)}, Y^Iw]ZEG= W ©~=B:�;�=B¬B=BEG;HCZ;�EGXSC ran(F̄ ) ⊆ P(γ);
= {δ < γ|(A, R)α/D |= S[d(η), d(δ)]}, Y^Iw>�
<A η < αT<:<Y

δ < γ < α
;�EGXSC

η̄ = d(η)
T<:<Y

δ̄ = d(δ);
= {δ < γ|(A, R) |= R[η, δ]}
= {δ < γ|δ ∈ F (η)}
= F (η) ∩ γ
= F (η),

Y^I
F (η) ⊆ γ.

��IHJsESCfEGODCz� Ã1 S¡°¢��ï;�=B¬B=BEG;HC¥ 
��EG= 	L=?:<;�=

X = F̄ (α)
;�=BN<t�ADCÝ:<EGP`NpCÝ¬BT

ran(F )
�@Y^I

F̄
EG:MqD=BcpCFE V EGODCÝT<:<YT<:dCF=BAQN^IHXS© V�W : α JsESC F ;�XG=BEGP`N<=?:wg�=BADCF= V =?AQX�IHTU>¹N^IMC����H]feHN<AQ=B:<Y X ∈ P(γ)

 
��IHJsESCfEGODCZY<=BA�ªUIMCF¬

ϕ

∃x∀y(R(xy)↔
∨
{y ≡ cδ|δ ∈ X})

]�IHN<AZEG:
(B, S)

�bIH©~=?Af>�IHXGOQPRN�EG:
(A, R)

JsESC
ᾱ
>�
<A

x

(A, R) |= ϕ ⇔ ∃x∀y(y ∈ F (x)↔ ∨{y = δ|δ ∈ F̄ (α)})
⇔ ∃x(F (x) = F̄ (α))
⇔ ⊥

��XGO W EGODC α =BEG:<=
ODCRIHAQcH=���EGJs=BOQ¬¥IHN<X�T<:<Y 1.
;�EGXSC¥ 

m1 Z��EG=BOQ=BA���=BEGX�Y<=BO��ï=?]ï=BEGOQ=BO�©b=B:1TUCF¬?C�~Y^IHÖ
Σ1

1

[�a W AQJs=BXS:�T<:pCF=BA�k�XSCFAFI ² A W Y<T<c�[CF=B:�=BAQN^IHXSCF=B:&]�=BAQY<=B:��@OB bÙ W A W XGXGIHAZÃ1  ¨U S¡��` 
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ª1=BE
X
Y<EG= Ù�X�IHOQOQ=ïIHXGXG=BA�T<:<=BAQAQ=BEGPRNd©^IHAQ=B:wÙ
IHAQY<EG:^IHXG¬¥IHN<XS=B:��

Y
Y<EG=ïÙ�X�IHOQOQ=ïIHXGXG=BA

��AQY<EG:^IHXG¬¥IHN<XG=B:��¹Y<EG=s:<EGPRNpCÝAQ=B;�T<X�eHA
OQEG:<Y T<:<Y
Z
Y<EG=3Ù�X�IHOQOQ=3IHXGXS=BAÝ��AQY<EG:^IHXÌ[

¬¥IHN<XG=B:��^Y<EG=�cH=BEG:<=
ODCRIHAQcH=B:«��EGJs=BOQ¬¥IHN<XG=B:&OFES:<Y¹ 
��IHJsESCf;�EGXSC�>�
<AZIHXGXG=
��AQY<EG:^IHXG¬¥IHN<XS=B:

γ
l
γ ∈ X ↔ γ 6∈ Y ∪ Z.j´T/¬B=BEG;�=B:ÔEGODC&IHXGO W ��Y^IHÖ X ∩ α c W :UÁ^:^IHX�EG: α XGEG=B;HC¥ ���I α AQ=B;�T<X�eHAsEGODC�©~=BY<=BTUCF=?C�Y^IHO��^Y^IHÖ

card(X ∩ α) = α
�U] W AFIHT<O 2. > W XG;HC¥ ��I

α ⊆ X ∪ Y ∪ Z EGODC�<;�=B: 
<;HC�=BO��bY^IMÖj>�
<AnqD=BY<=BO γ < α

=BEG:
δ
=`ÛUEGODCFEG=BADC�^O W Y^IHÖ γ ≤ δ < α

T<:<Y
δ 6∈ Y ∪ Z.� Ã1 S¡�§��

��:<;�=B: W JsJs=B:��P� Ã1 S¡�§���;�EGXSCZ:<EGPRNpC�>�
<AZ=BEG: γ < α
 ~��IH:<:L;�EGXSCf>�
<A�IHXGXG=

δ < α> W XG;�=B:<Y<=BO�l

δ < γ W Y<=BA δ ∈ Y W Y<=BA δ ∈ Z.� Ã1 S¡¥Î��
��EG=�a W AQJs=?X

ψY (u) := ∃F∃x(x < u ∧ F : x→ u ∧ ∀y < u ∃z < x(y < F (z))

EGODCZ=BEG:<=
Σ1

1

[�a W AQJs=BX~T<:<Y)>�
<AnqD=BY<=BO�	 W Y<=BXGX 〈α′, <〉 ] W ©~=BE α′ =BEG:<=���AQY<EG:^IHXÌ[¬¥IHN<X�EGODC�<T<:<Y)>�
<AåqD=BY<=BO
δ < α′

;�EGXSC

δ ∈ Y ;�YU]
  〈α′, <〉 |= ψY [δ].
� Ã1 S¡°Ä��
ψY (u)

EGODCZY<EG=
a W AQJ3IHXSEGOQES=BAQT<:<; V�W :
n ��OZ;�EG©UC

y < u
T<:<Y�=BEG:<=�a^T<:<cpCFE W : F : y → u,O W Y^IHÖ ran(F ) c W :UÁ^:^IHX�EG: u XGEG=B;HC¥ hn

��©~=B:<O W EGODCZY<EG=
a W AQJs=BX

ψZ(u) := ∃R∃v < u(∀x, y(R(xy)→ (x < u ∧ y < v)))
∧∀i, j < u(¬(i = j)→ ∃k < v(R(ik)↔ ¬R(jk)))

=BEG:<=
Σ1

1

[�a W AQJs=BX-�¹T<:<Y�>�
<A�qD=BY<=BOw	 W Y<=BXGX 〈α′, <〉 JsESC α′ ��AQY<EG:^IHXG¬¥IHN<X�T<:<Y>�
<AåqD=BY<=BO
δ < α′

;�EGXSC

δ ∈ Z ;HYU]
  〈α′, <〉 |= ψZ(δ).
� Ã1 £mHo��
ψZ(u)

EGODCZY<EG=
a W AQJ3IHXSEGOQES=BAQT<:<; V�W :
n ��OZ;�EG©UC

y < u
T<:<Y�=BEG:<=�Z=BX�IMCFE W : R ⊆ x× y,O W Y^IHÖ R =BEG:<=�EG:MqD=BcpCFE V =
a^T<:<cpCFE W : V�W : u EG: P(γ)

AQ= ² AFeHOQ=B:dCFEG=BADC¥ hn
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	�ESCz� Ã1 S¡°Î��h[(� Ã1 £mHo���> W XG;HC
x < cγ ∨ ψY (x) ∨ ψZ(x)

� Ã1 £m1¡��
]ZEGAQY)EG: 〈α,<〉 V�W :LIHXGXG=B: x ∈ α =?AQ>�
<XSXSC¥ ��:<Y<=BJÍJ3IH:/Y<ES= � T^IM:dC W AQ=B:/¬?]�=BESCF=BA)��AQY<:dT<:<;0:^IHPRN V�W AQ:<=«A+
<P`cpC�ïOQEG=BNpCJ3IH:��¹Y^IHÖa� Ã1 £m1¡���e � T<E V IHXG=B:pC
¬BTì=BEG:<=BA Σ1

1

[�a W AQJs=BX�EGODC¥ �����IHO ∃F ©<¬?]�  ∃RIHT<O
ψY (x)

©<¬?]
 
ψZ(x)

X�eHÖHCfOQEGP`N VpW AfY<EG=�;�=BOFIHJ6CF=
a W AQJs=BX¹¬BEG=?N<=B:¹ ��
��XGO W EGODC�>�
<AbqD=BY<=BO fD ∈ B Y<EG=ïa W AQJs=BX&� Ã1 £m1¡���EG: 〈B,<〉 VpW : fD =BAD>�
<XGXSCD��Ù W [A W XGX�IHAfÃ1  ¨U S¡��` b��I 〈B,<〉 ¬BT 〈β,<〉 EGO W J W A ² N&EGODCz�

β
ESOQCZY<=BA���AQY<:dT<:<;�ODC$g ²

VpW : B
���<]ZEGAQY)Y<EG=
a W AQJs=BX�� Ã1 £m1¡�� EG: 〈β,<〉 V�W :LIHXGXG=B: x ∈ β =BAD>�
<XGXSC¥ ª1=?CF¬B=
x = α

�^Y^IH:<:)=BAQ;�EG©UCZOQEGPRN
α < γ W Y<=BA 〈β,<〉 |= ψY [α]

W Y<=BA 〈β,<〉 |= ψZ [α].
	�ESCz� Ã1 S¡°Ä��ïT<:<YÌ� Ã1 £mHo��ïT<:<Y

β = α′
OQ=BN<=B:�]ZEGA��<Y^IHÖ

α < γ W Y<=BA α ∈ Y W Y<=BA α ∈ Z.
giEGY<=BAQO ² AQT<PRN ¬BT<A���:<:^IHN<Js=H��Y^IHÖ γ < α

T<:<Y
α
T<:<=BAQAQ=BEGPRNd©^IHAB ���XGO W ;�EGXSC� Ã1 S¡�§��` 

2

Û¢ª?> a���¶�·�³F°N½!&�°�¶�½±°N·  ~"�³F°N½#� ²�³Cµ1¼G^�²(³F°�µ1·
a�
<A Ù�T<:<=B:<O�Ù W :<ODCFAQT<cpCFE W :s=BEG:<=BO ;�TUCF=B:3k�XSCFAFIMÁ^XSCF=BAQOO� ªUIMCF¬�Ãd  ±< £Ã��åOQEG:<YsT<:^IH©<N^eH:1[;�EG;�= a^T<:<cpCFE W :<=B:0¬B=B:pCFAFIHX  ���J®> W XG;�=B:<Y<=B:0;�=BNpCw=BOwY^IHN<=BA6N^IHT ² CFOFeHPRN<XGEGPRN0Y^IHAQT<J��
]ZEG=
J3IH:&Y<EG=BOQ=�a^T<:<cpCFE W :<=B:)Á^:<Y<=B:�cMIH:<:¹ 
¾ ��¿å���_�M�@¸~��¿�ÀÌÇFÀ�� � Â(ÄyÄ δ ⊆ II

Ð�Ä�×
F

Â(Ã�Ä�ê�Ã�ÞéÊ$Â(Ïkè�ì�Â(Ï
I
Ã�Ò(Ê Ô Ò;ÈuÙyÂ(Ã ÚFÊ

δ
��� æ�<¾n¼��^���~���0xQ��¸�Ò

F
y=Æ�× ÕLÍ ç@è�Ï8ØHÞ�Þ�Â i1, . . . , in ∈ I Ð�Ä�×uØHÞ�Þ�Â ��Ø�ØHÏ Õ Â(Ã�Ò;ÂOÇHÂ(ÏqÒ;ü@Ù�Ã-Â î× Â(Ä&Â(Ä

f1, . . . , fn ∈ δ
ÆHÃ�ÞéÊ

I \ {j|f1(j) = i1 ∧ . . . ∧ fn(j) = in} 6∈ F.
g�=B:<:

δ
T<:^IH©<N^eH:<;�EG;��@J W Y {I} �ZESOQC�T<:<Y ∅ ⊂ J ⊂ I

T<:<Y
card(I \ J) ≥ ω

�
Y^IH:<:«EGODC {f−1(J)|f ∈ δ} =BEG:<=�T<:^IH©<N^eH:<;�EG;�=ÝabIHJsEGXSES= V�W :ì	�=B:<;�=B:¡�@¬BT<A���=?Á^:<EÌ[
CFE W : V�W :Lk�:^IH©<N^eH:<;�EG;�cH=BESC V�W :«	�=B:<;�=B:LOB ~m1  ¨U S¡���lª1=BEG=B:

f1, . . . , fn, g1, . . . , gm ∈ δ ² IHIHAD]�=BEGOQ= V =BAQOQPRN<EG=BY<=B:¹ °g�=BAQY<=B: j1, . . . , jn ∈
J, i1, . . . , im ∈ I \ J

;�=`]feHN<XSC�<O W =BAQ;�EG©UCfOQEGP`N
f−1

1 (J) ∩ . . . ∩ f−1
n (J) ∩ (I \ g−1

1 (J)) ∩ . . . ∩ (I \ g−1
m (J)) ⊇

{j ∈ I|f1(j) = j1 ∧ . . . ∧ fn(j) = jn ∧ g1(j) = i1 ∧ . . . ∧ gm(j) = im} 6= ∅.
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à¹�U�°Õ#¿�ÀÌÇFÀG� ñ ä�Ä�Æ Â(Þ ÑJÃ�Ä�ÆYÐ�Ä�× ö ØHÏ! !È Õ Ã-üqË 6Tä ö ØHÏ 9�l�; ó ê�è�Ï±Ö�Âq× Â�ÅaÂ(Ä�Æ Â
I

× Â(ÏÅ�É ü@Ù�ÊTÃhÆ�Ñ�Â(Ã�Ê
κ ≥ ℵ0

ÆHÃTì�Ê]Â@Ò�Â(Ã�Ä
δ ⊆ II Ô Ò;Èa×�ØqÚ

card(δ) = 2κ
Ð�Ä�×

δ
Ð�Ä�Ø�ì îÙ�ÉHÄ�ÆHÃhÆ ñ ÝiÈ× {I}ó Ò(Ã�Ä�× Í

�ï=?]ï=BEGO�l
ª1=BE A Y<EG= a^IHJsEGXSES=�IHXGXG=BA�ª1= � T<=B:<¬B=¥: (i1, . . . , in, s1, . . . , sn)

JsESC
n ∈ ω, i1, . . . , in ∈

I
T<:<Y

s1, . . . , sn ∈ Sω(I)
 

��I
card(I) = κ ≥ ℵ0

�^;�EG©UCf=BOZ=BEG:<=��ïE qD=BcpCFE W : h : I → A  ª1=BE R =BEG:<=�abIHJsEGXSES=ZY<=BAf	LeHPRNpCFEG;�c�=BESC 2κ V�W : T<:^IH©<N^eH:<;�EG;�=B:3��=BEGXGJs=B:<;�=B: VpW :
I
�@OB åªUIMCF¬)m1  ¨U £Ã��
T<:<Y

i0 ∈ I
©~=BXGEG=B©<EG;< �a�
<AZqD=BY<=BO

R ∈ R Y<=?Á^:<EG=BAQ=B: ]ZEGAÝ=BEG:<=a^T<:<cpCFE W : fR : I → I
Y<T<AQPRN�lbª1=BE

i ∈ I T<:<Y h(i) = (i1, . . . , in, s1, . . . , sn)
 ^ª1=?CF¬B=

fR(i) :=





ik
=BOZ;�EG©UCZ=BEG:

k ≤ n,
O W Y^IHÖ h(i) 3 sk ⊆ RT<:<Y

sj 6⊆ R
>�
<A

j 6= k,
i0

O W :<ODC¥ 
ª1=BE

δ = {fR|R ∈ R}
 

��IZY<EG=�a^T<:<cpCFE W :<=B: fR T<:<Y fR′ >�
<A R 6= R′ V =BAQOQPRN<EG=BY<=B:6OQEG:<Y��B> W XG;HC card(δ) =
card(R) = 2κ

 
��OZ©<XG=BEG©UCZIHXGO W : W PRN�Y<EG=
k�:^IH©<N^eH:<;�EG;�cH=BESC V�W : δ ¬BT�¬B=BEG;�=B:¹ ª1=BEG=B:ìY^IH¬BT

fR1 , . . . , fRn
∈ δ V =BAQOQPRN<EG=BY<=B: T<:<Y i1, . . . , in ∈ I

 ���ES=3	�=B:<;�=B:
EG: R OQEG:<Y)T<:^IH©<N^eH:<;�EG;��^IHXGO W ;�EG©UCf=BO���XG=BJs=B:dCF= ijk ∈ I �^O W Y^IHÖ

ijk ∈ Rj ∩ (I \Rk)
>�
<A

j, k ∈ {1, . . . , n} T<:<Y j 6= k.

ª1=?CF¬B=
Fj = {ij1, . . . , ijj−1, ijj+1, . . . , ijn}

 <��IH:<:)=BAQ;�EG©UC�OQEGPRN
Fj ⊆ Rj

T<:<Y
Fk 6⊆

Rj

>�
<A
j 6= k

 �ª1=BE
i := h−1((i1, . . . , in, F1, . . . , Fn)).

��IH:<:
I \ {j|fR1(j) =

i1 ∧ . . . ∧ fRn
(j) = in} ⊆ I \ {i} 6= I

 
2

ó �1� ����¿�ÀÌÇFÀGµ Á&Â(Ã
F

Â(Ã�Ä	ê�Ã�ÞéÊ$Â(Ïzè�ì�Â(Ï�Â(Ã�Ä&Â(Ï8ÅaÂ(Ä�Æ Â
I Ô δ ⊆ II Í�� Â(ÄyÄ δ Ð�Ä�Ø�ì îÙ�ÉHÄ�ÆHÃhÆ ñ ÝiÈ×

F ó Ã�Ò(ÊNÐ�Ä�×
A ⊆ I Ô ×�ØHÄyÄ	ÆHÃTì�Ê=Â@Ò

δ′ ⊆ δ
Ð�Ä�×

F ′ ⊇ F Ô Ò;È�×�ØqÚ
δ′Ð�Ä�Ø�ì�Ù�ÉHÄ�ÆHÃhÆ ñ ÝiÈ×

F ′ ó;Ô δ \ δ′ Â(Äe×2ÞéÃ-ü@Ù�Ð�Ä�×�Â(ÄyÊ Õ Âq× Â(Ï A È× Â(Ï
I \ A Ã�Ä

F ′
Ã�Ò(Ê Í

�ï=?]ï=BEGO�l
¡� ZabIHXGX-l

δ
EGODC6T<:^IH©<N^eH:<;�EG;f�@J W Y ((F ∪ {A})) �` å��IH:<:0=BAD>�
<XGXG=B: δ′ = δ

T<:<Y
F ′ = ((F ∪ {A})) Y^IHO�³�=?]N
<:<OQPRNpCF=H 

m1 ZabIHXGX-l´��O
;�EG©UC ² I�IHAD]�=BEGOQ= V =BAQOQPRN<EG=BY<=B:<= f1, . . . , fn ∈ δ
T<:<Y

i1, . . . , in ∈ I
�

O W Y^IHÖ

I \ {j|f1(j) = i1 ∧ . . . ∧ fn(j) = in} ∈ ((F ∪ {A})).
ª1=BE

δ′ = δ \ {f1, . . . , fn}
T<:<Y

F ′ = ((F ∪ {{j|f1(j) = i1 ∧ . . . ∧ fn(j) =
in}})).

��IHJsESCfEGODC
δ′ ⊆ δ

�
δ \ δ′ EGODCZ=B:<Y<XGEGPRN)T<:<Y F ⊆ F ′
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• ∅ 6∈ F ′ lHgiEGAQYjIH:<;�=B: W JsJs=B:��MY^IHÖ ∅ ∈ F ′ �HO W ;�EGXSC {j|f1(j) = i1∧ . . .∧
fn(j) = in} 6= ∅

�^Y^I
δ
T<:^IH©<N^eH:<;�EG;��@J W Y F �ïEGODC¥ ^��©~=B:<O W ∅ 6∈ F �^Y^I

F
=BEG:�anEGXSCF=BA�EGODC¥ <��XGO W J6T<Öj=BOZ=BEG: a ∈ F ;�=B©~=B:��^O W Y^IHÖ

a ∩ {j|f1(j) = i1 ∧ . . . ∧ fn(j) = in} = ∅.
ª W JsESCfcMIH:<: {j|f1(j) = i1 ∧ . . . ∧ fn(j) = in}

:<EGPRNpC�EG:
F
XGEG=B;�=B:��<Y^I

Y<=BA�ª1PRN<:<ESCQC V�W : ��XG=BJs=B:pCF=B:#Y<=BO�anEGXÌCF=BAQO�:<EGP`NpC�XG=B=BA�EGODC¥ ´��©b=BA�=BO�;�EGXSCIHT<PRN
I \ {j|f1(j) = i1 ∧ . . . ∧ fn(j) = in} 6∈ F,IHXGO W a 6⊆ {j|f1(j) = i1 ∧ . . . ∧ fn(j) = in}

T<:<Y
a 6⊆ I \ {j|f1(j) =

i1 ∧ . . . ∧ fn(j) = in}
 ^��IHJsESC�> W XG;HC

a ∩ {j|f1(j) = i1 ∧ . . . ∧ fn(j) = in} 6= ∅.
giEGY<=BAQO ² AQT<PRNL¬BT<AZ��:<:^IHN<Js=H 

• δ′
T<:^IH©<N^eH:<;�EG;��@J W Y F ′ ��lbª1=BEG=B: g1, . . . , gm ∈ δ′ V =BAQOQP`N<EG=BY<=B:��

k1, . . . , km ∈ I
 ^��T<OZY<=BAZ��:<:^IHN<Js=

I \ {j|g1(j) = k1 ∧ . . . ∧ gm(j) = km} ∈ F ′
> W XG;HC

{j|f1(j) = i1∧. . .∧fn(j) = in} ⊆ I\{j|g1(j) = k1∧. . .∧gm(j) = km}.
��XGO W
{j|f1(j) = i1∧. . .∧fn(j) = in}∩{j|g1(j) = k1∧. . .∧gm(j) = km} = ∅,
IH©~=BA�Y^IHO�EGODCf=BEG: giEGY<=BAQO ² AQT<PRN)¬BT<AZk�:^IH©<N^eH:<;HEG;�c�=BESC V�W : δ �@J W Y F �` 

• I \ A ∈ F ′ l
I \ {j|f1(j) = i1 ∧ . . . ∧ fn(j) = in} ∈ ((F ∪ {A}))

T<:<Y
I \ {j|f1(j) = i1 ∧ . . . ∧ fn(j) = in} 6∈ F,IHXGO W ;�EG©UCZ=BOZ=BEG: b ∈ F �^O W Y^IHÖ

b ∩ A ⊆ I \ {j|f1(j) = i1 ∧ . . . ∧ fn(j) = in},
Y^IHO�N<=BEGÖHC�

I \ (b ∩ A) ⊇ {j|f1(j) = i1 ∧ . . . ∧ fn(j) = in}
 ���IHJsESC

;�EGXSC
I \ (b ∩ A) ∈ F ′

�¹IHXGO W IHT<P`N I \ b ∪ I \ A ∈ F ′
 ´��T<AQP`N ª1PRN<:<ESCQC

JsESC
b
=BAQN^eHXSCfJ3IH:

(I \ A) ∪ b ∈ F ′ T<:<YLY^IHJsEÌCZIHT<P`N

(I \ A) ∩ b ⊆ I \ A ∈ F ′.



V�á=W�ÞBãnç�â\è Z_[�â�ãnèZá=W�èGiEé±[PV3ãnç [�ß�é [�â�ãnèZá=Wsi�ãnç�ß�é¹ç�ß §M±

��IHJsESCf;�EGXSCfY^IHO���=BJjJ3IjIHT<PRN�EGJË¬?]ï=BESCF=B:LabIHXGX  
2

ó �1� ����¿�ÀÌÇFÀÌÇ Á&Â(Ã
F

Â(Ã�ÄYê�Ã�ÞéÊ$Â(Ï�ØHÐ(ç�Â(Ã�Ä&Â(Ï�Ð�Ä&Â(Ä�×2ÞéÃ-ü@ÙyÂ(Ä÷ÅaÂ(Ä�Æ Â
I Ô δ ⊆ II Í� Â(ÄyÄ δ

Ð�Ä�Ø�ì�Ù�ÉHÄ�ÆHÃhÆ ñ ÝiÈ×
F ó Ã�Ò(ÊkÐ�Ä�×

p : Sω(I) → F
ÝiÈJÄ&ÈJÊ$ÈJÄ Ô ×�ØHÄyÄfÆHÃTì�ÊÂ@Ò

δ′ ⊆ δ, F ′ ⊇ F
Ð�Ä�×�Â(Ã�Ä&Â	Ø�×�×HÃ�ÊTÃ�ÇHÂ�ê&Ð�Ä2ÑJÊTÃ-ÈJÄ

q : Sω(I) → F ′ Ô ÒÈÌ×�ØqÚ
δ′Ð�Ä�Ø�ì�Ù�ÉHÄ�ÆHÃhÆ ñ ÝiÈ×

F ′ ó Ã�Ò�Ê Ô δ \ δ′ Â(Ä�×2ÞéÃ-ü@Ù�Ð�Ä�×
q ≤ p Í

�ï=?]ï=BEGO�l
g(eHN<XG=

g ∈ δ >@=BODC¥ ª1=BE
δ′ = δ \ {g}  ^a�
<AåqD=BY<=BO t ∈ Sω(I) OQ=BE

qt(s) =

{
p(t) s ⊆ t,
0

O W :<ODC .
ª1=BE

(ti)i∈I
=BEG:<=
��TU>@¬¥eHN<XGT<:<; V�W : Sω(I)  ~ª1=BE

q(s) :=
⋃
{qti(s) ∩ g−1({i})|i ∈ I}

T<:<Y
F ′ := ((F ∪ AFIH: (q))).

��IH:<:�EGODC
δ \ δ′ =B:<Y<XGEGPRN¹ 

• ∅ 6∈ F ′ l<��:<;�=B: W JsJs=B:�� ∅ ∈ F ′  
∅ 6∈ F �bIHXGO W ;�EG©UCZ=BO�=BEG: si ∈ Sω(I) T<:<YL=BEG: a ∈ F �bO W Y^IHÖ a ∩ q(si) = ∅  \�IHPRNL��=?Á^:<ESCFE W : V�W : q EGODC

a ∩ q(si) ⊇ a ∩ p(si) ∩ g−1({i}).
��I

p(si) ∈ F
;�EGXSC

b := p(si) ∩ a ∈ F
 
g−1({i}) cMIH:<:�:<EGPRNdCZEG: F OQ=BEG:��^Y^IO W :<ODC b ∩ g−1({i}) ∈ F 63 ∅  ´��XGO W ;�EGXSC g−1({i}) 6∈ F

 ¹��I
δ
T<:^IH©<N^eM:<;�EG;�@J W Y F ���n;�EGXSC

I \ g−1({i}) 6∈ F
��Y^IHJsESCÝEGODC

b 6⊆ g−1({i}) T<:<Y b 6⊆ I \
g−1({i}) �^Y^IHOZN<=BEGÖHC� b ∩ g−1({i}) 6= ∅  <giEGY<=BAQO ² AQT<PRN�¬BT<AZ��:<:^IHN<Js=H 

• q
EGODC�IMY<Y<ESCFE V lbª1=BEG=B: s, s′ ∈ Sω(I)  ��O�;�ESXSC

q : Sω(I)→ F ′
:^IHPRNL��=?Á^:<ESCFE W : V�W : F ′  a�
<AnqD=BY<=BO

ti ∈ Sω(I)
;�EGXSCl

qti(s) ∩ qti(s′) =

{
p(ti) s ⊆ ti

T<:<Y
s′ ⊆ ti,

0
O W :<ODC

= qti(s ∪ s′),
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IHXGO W
q(s) ∩ q(s′)

=
⋃{qti(s) ∩ g−1({i})|i ∈ I} ∩⋃{qti(s′) ∩ g−1({i})|i ∈ I}

=
⋃{qti(s) ∩ qti(s′) ∩ g−1({i})|i ∈ I}

=
⋃{qti(s ∪ s′) ∩ g−1({i})|i ∈ I}.

• δ
T<:^IH©<N^eH:<;�EG;��@J W Y F ′ ��l��:<;�=B: W JsJs=B: δ EGODCZ:<EGPRNpCZT<:^IH©<N^eH:<;�EG;��@J W Y F ′ �` ^��IH:<:);�EG©UCf=BO V =BAQOQP`N<ES=`[Y<=B:<=

f1, . . . , fn ∈ δ′
T<:<Y

i1, . . . , in ∈ I
�^O W Y^IHÖ

I \ {j|f1(j) = i1 ∧ . . . ∧ fn(j) = in} ∈ F ′.
��©~=BA

I \ {j|f1(j) = i1 ∧ . . . ∧ fn(j) = in} 6∈ F
�¹IHXGO W ;�EG©UC�=BO�=BEG: a ∈ FT<:<Y�=BEG:

si ∈ P(I)
�^O W Y^IHÖ

a ∩ q(si) ⊆ I \ {j|f1(j) = i1 ∧ . . . ∧ fn(j) = in}.
\�IHPRNL��=?Á^:<ESCFE W : V�W : q ;�EGXSC

a ∩ p(si) ∩ g−1({i}) ⊆ a ∩ q(si),
IHXGO W JsESC b := a ∩ p(si) ∈ F

b ∩ g−1({i}) ∩ {j|f1(j) = i1 ∧ . . . ∧ fn(j) = in} = ∅.
	�ESC

g−1({i}) = {j|g(j) = i} ]ZEGAQY W ©<EG;�=�³�XG=BEGPRNdT<:<;j¬BT

b ∩ {j|f1(j) = i1 ∧ . . . ∧ fn(j) = in ∧ g(j) = i} = ∅.
��=BA�¬?]ï=BESCF=���=BAQJ9c�IH:<:«:<EGPRNpC���XG=BJs=B:pC V�W : F OQ=BEG:��bY^IjO W :<ODC�Y<=BA�ª1PRN<:<ESCQC:<EGPRNdCZXG=B=BA�]feMAF=M b��XGO W ;�ESXSCfO W ] W N<X

{j|f1(j) = i1 ∧ . . . ∧ fn(j) = in ∧ g(j) = i} 6∈ F,
IHXGOZIHT<PRN

I \ {j|f1(j) = i1 ∧ . . . ∧ fn(j) = in} 6∈ F.��IHJsESCfEGODC
b VpW :�c�=BEG:<=BAZY<=BAZ©b=BEGY<=B:«	�=B:<;�=B:L=BEG:<=���=BEGXGJs=B:<;�=H�^IHXGO W
b ∩ {j|f1(j) = i1 ∧ . . . ∧ fn(j) = in ∧ g(j) = i} 6= ∅,

EGJÂgiEGY<=BAQO ² AQT<PRNL¬BT<AZ��:<:^IHN<Js=H 
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• q ≤ p
l ª1=BE

s ∈ Sω(I)
 Lj´TÜ¬B=BES;�=B:�l

q(s) ⊆ p(s)
 
p(s) ⊇ qti(s)

>�
<AsIHXGXG=
ti ∈ Sω(I)

 <��XGO W
q(s) ⊆ qs(s) ⊆ p(s),

Y^I
p
J W : W C W :&EGODC° 

2

à¹�U�°Õ#¿�ÀÌÇFÀG¿ ñ ö Ð�Ä&Â(Ä}6 ö Ð/× �R; ó ê�è�ÏNÖ�Âq× Â]ÅaÂ(Ä�Æ Â
I
Ý�Ã�Ê

card(I) = κ ≥ ℵ0
ÆHÃTì�ÊÂ@Ò�Â(Ã�Ä&Â(Ä

κ+ î ÆHÐ�Ê$Â(Äß¿FÞéÊTÏ+Ø � ÞéÊ$Â(Ïdè�ì�Â(Ï I Í
�ï=?]ï=BEGO�l

giEGAf¬B=BEG;�=B:��^Y^IHÖj=BOZ=BEG:<=B:Lk�XSCFAFIMÁ^XSCF=BAD
<©b=BA
I
;�EG©UC�<Y<=BAf;�TUCZ>�
<A

κ
EGODC¥ 

ª1=BE
((si, ri))i∈I

=BEG:<=&��TU>@¬¥eHN<XGT<:<; VpW : {(s, r)|s ∈ Sω(I) ∧ r ∈ IP(s)}. ª1=BE
δ0 = {fA|A ⊆ I} �H] W ©~=BE fA Y<=?Á^:<EG=BADC�OF=?E^Y<T<AQPRN fA(i) = ri(A∩si)

 pª1=BE
(Aη)η<2κ=BEG:<=#��TU>@¬¥eHN<XGT<:<; V�W : P(I)

 Zª1=BE
(pη)η<2κ

=BEG:<=#��TU>@¬¥eHN<XGT<:<;�IHXGXG=BA3J W : W C W :<=B:a^T<:<cpCFE W :<=B: Sω(I)→ P(I)
�^O W Y^IHÖ
qD=BY<=BO�J W : W C W :<= p : Sω(I)→ P(I) 2κ

[�J3IHX
IHTU>@;�=B¬¥eHN<XSCf]ZEGAQY¹ 
�ï=BN^IHT ² CFT<:<;�l

δ0
EGODCZT<:^IH©<N^eH:<;HEG;jJ W Y {I}.� Ã1 £m�m��

�ï=?]�=BEGO V�W :Ì� Ã1 £m�m���l
ª1=BEG=B:

f1, . . . , fn ∈ δ0
² I�IHAD]ï=BEGOQ= V =BAQOQP`N<EG=BY<=B: T<:<Y i1, . . . , in ∈ I

 ´g(eHN<XG= ² I�IHA�[]�=BEGOQ= V =BAQOQPRN<EG=BY<=B:<= A1, . . . , An
�^O W Y^IHÖ f1 = fA1 , . . . , fn = fAn

 
g(eHN<XG=)=BEG:<=L	�=B:<;�=

s ∈ Sω(I)
��Y<EG=�IHT<O�qD=BY<=BA 	�=B:<;�=

Ak
JsEG:<Y<=BODCF=B:<Os=BEG:

��XG=BJs=B:dCÝ=B:pCFN^eHXSC��O W Y^IHÖ Ak ∩ s 6= A` ∩ s
>�
<A

k 6= l
 n��OÝ;�EG©UCÝ=BEG:<= a<T<:<cpCFE W :

r : P(s)→ I
�^O W Y^IHÖ

r(Ak ∩ s) = ik
>�
<A

1 ≤ k ≤ n.

��XGO W ;�EGXSC
{j|fA1(j) = i1 ∧ . . . ∧ fAn

(j) = in} 6= ∅T<:<Y�Y^IHJsESC
I \ {j|fA1(j) = i1 ∧ . . . ∧ fAn

(j) = in} 6= I.
��IHJsESCf;�EGXSCk� Ã1 £m�m��` 
��=?Á^:<EG=BAQ=
=BEG:<=�a<T<:<cpCFE W : f : I → I

Y<T<AQPRN

f(j) := rj(sj).

\�T<:�¬B=BEG;�=B:&]ZEGA

δ0 ∪ {f}
EGODCZT<:^IH©<N^eH:<;�EG;wJ W Y {I}.� Ã1 £mH¨��
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�ï=?]�=BEGO V�W :Ì� Ã1 £mH¨���l
ª1=BEG=B:

fA1 , . . . , fAn
∈ δ0

² I�IHAD]�=BEGOQ= V =BAQOQPRN<EG=BY<=B:+T<:<Y i0, . . . , in ∈ I
 fgieHN<XG=

s ∈ Sω(I)
O W �^Y^IHÖw>�
<A 1 ≤ k ≤ n

;�EGXSC ∅ 6= s ∩ Ak 6= s
T<:<Y

Ak ∩ s 6= A` ∩ s
>�
<A

k 6= `
 b��IH:<:�;�EG©UCZ=BOZ=BEG:<=
a^T<:<cpCFE W : r : P(s)→ I

�^O W Y^IHÖ
r(Ak ∩ s) = ik

T<:<Y
r(s) = i0.

��XGO W EGODC

I \ {j|f(j) = i0 ∧ fA1(j) = i1 ∧ . . . ∧ fAn
(j) = in} 6= I.

��IHJsESCf;�EGXSCk� Ã1 £mH¨��` 
k�J7Y<=B:wªUIMCF¬�¬BT�¬B=BEG;�=B:��°c W :<ODCFAQT<EG=BAQ=B:
]ZEGA�T<:pCF=B: Fη(η < 2κ)

T<:<Y
δη(η < 2κ)

�
Y<EG=�> W XG;�=B:<Y<=BOZ=BAD>�
<XGXG=B:�l
¡� Za�
<A�qD=BY<=BO

η < 2κ
EGODC

Fη
anEGXSCF=BA�
<©~=BA

I
�
δη ⊆ II

T<:<Y
δη
T<:^IH©<N^eH:<;�EG;±�@J W Y

Fη
�` 

m1 Za�
<A
ξ < η < 2κ

;�EGXSC
Fξ ⊆ Fη

T<:<Y
δξ ⊇ δη

 
¨U Za�
<AnqD=BY<=BO

η < 2κ
;�EGXSC

card(δη) = 2κ
 

±< �g�=B:<:
η
=BEG:<= ��EGJs=BO W AQY<EG:^IHXS¬¥IHN<X EGODC��Y^IH:<:�;�EGXSC Fη =

⋃{Fξ|ξ < η} T<:<Y
δη =

⋂{δξ|ξ < η}  
Ã1 Za�
<AnqD=BY<=BO

η < 2κ
EGODC

δη \ δη+1
=B:<Y<XGEGPRN¹ 

¢U 
F0
]ZEGAQY VpW :«	�=B:<;�=B: Bn(n < ω)

=BAQ¬B=BT<;HC�bO W Y^IHÖ ⋂
n<ω Bn = ∅  

§1 Za�
<A
η < 2κ

EGODCZ=?:dC�]ï=BY<=BA
Aη
W Y<=BA I \ Aη EG: Fη+1

 
ÎU Za�
<A´qD=BY<=BO

η < 2κ
;�EGXSClMg =B:<:

pη : Sω(I)→ Fη
��Y^IH:<:j;�EG©UC�=BO�=BEG:<=ZIHY<Y<ESCFE V =a^T<:<cpCFE W : q : Sω(I)→ Fη+1

�^O W Y^IHÖ q ≤ pη
 

��:<;�=B: W JsJs=B:��<Y<EG=�a W XG;�=B:)OQ=BEG=B:�c W :<ODCFAQT<EG=BADC¥ ª1=BE
D =

⋃
η<2κ Fη

T<:<Y
δ =

⋂
η<2κ δη

 
	�ESC�§1 U]ZEGAQY

D
¬BT<J9k�XSCFAFIMÁ^XSCF=BAB 

g�=B:<:
p : Sω(I)→ D

J W : W C W :ÝEGODC��Y^IH:<:Ý;�EG©UCn=BO��@Y^I cf(2κ) > κ
�@OB HÙ W A W XGXGIHAm1 £m1  ± �+�n=BEG:

ξ < 2κ
�pO W Y^IHÖ p : Sω(I)→ Fξ

 Hg�=B:<Y<=?CïJ3IH:jÎU pIHTU>¹=BEG:
η > ξ

IH:��pO WY^IHÖ
pη = p

�^=BAQ;�EG©UCZOQEGPRN��<Y^IHÖs=BOZ=BEG:<=
IHY<Y<ESCFE V =
a^T<:<cpCFE W : q : Sω(I)→ Fη+1 ⊆ D;�EG©UC�<O W Y^IHÖ q ≤ p
 

	�ESCf¢U <=BAQAQ=BEGPRNpCZJ3IH:��1Y^IHÖ
D
IH©<¬¥eHN<XG©^IHA�T<: V�W XGXGODCReH:<Y<EG;6EGODC¥ <��IHJsESC�EGODC D κ+ [;�TUC¥  j´T<AZÙ W :<ODCFAQT<cpCFE W :)Y<=BA δη, Fη lk�J+¢U °¬BT�=BAQN^IHXSCF=B:��¥OQ=BE

Bn := {i ∈ I|n < f(i) < ω} T<:<Y F0 := (({Bn|n < ω}))  
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δ0
EGODCfT<:^IH©<N^eH:<;�EG;��@J W Y F0

��l^ª1=BEG=B:
f1, . . . , fn ∈ δ0 ² I�IHAD]ï=BEGOQ= V =BAQOQP`N<EG=BY<=B:�T<:<Y

i1, . . . , in ∈ I.
��IH:<:�;�EGXSC�JsESCk� Ã1 £mH¨�� >�
<AZIHXGXG=

i ∈ I

{j|f(j) = i ∧ f1(j) = i1 ∧ . . . ∧ fn(j) = in} 6= ∅,
IHXGO W ©<EGXGY<=B:)Y<EG=BOQ=�	�=B:<;�=B:L=BEG:���AQ¬B=BT<;�=B:<Y<=B:<O+g1OQCF=BJ V�W : F0

T<:<Y�Y^IHJsESC

{j|f1(j) = i1 ∧ . . . ∧ fn(j) = in} 6∈ F0.

a�
<A�Ã1 h�¹§1 ~T<:<YìÎU ~]ï=B:<Y<=B:#]ZEGA�IH:sqD=BY<=BJýª1P`N<AQESCQC
η
¬BT<=BAQODC
��=BJsJ3I Ã1  ±<  ¨ IH:

T<:<Y&=BAQN^IHXSCF=B:
F ′
T<:<Y

δ′
^1T<:<Y&Y^IH:<: ]ï=B:<Y<=B:)]ZEGA���=BJjJ3IwÃ1  ±<  ±wIHTU>

F ′
T<:<Y

δ′
IH:

T<:<Y�=BAQN^IHXSCF=B:
Fη+1

T<:<Y
δη+1
 

�ï=BY<EG:<;�T<:<; ±< ´c�IH:<:ìJ3IH:#IHXGO���=?Á^:<ESCFE W :L>�
<A�Y<=B:ì��EGJs=BOQOQPRN<AQESCQC�:<=BN<Js=B:�l�ª1=BE
η
=BEG:<=6��EGJs=?O W AFY<ES:^IHXG¬¥IHN<X¹T<:<Y«OQ=BE Fη :=

⋃{Fξ|ξ < η} T<:<Y δη :=
⋂{δξ|ξ < η}.��IH:<:�;�EGXSC

• card(δη) = 2κ
��Y^I

δη =
⋂{δξ|ξ < η} = δ0 \

⋂
ξ<η(δξ \ δξ+1)

 
δ0
N^IMC

	LeHPRNdCFEG;�cH=BESC
2κ
T<:<Y�Y<=BAZXG=?CF¬?CF=���=BAQJKN^IMCZ:1T<A�	LeHP`NpCFEG;�cH=BESC

η
 

• δη
EGODC)T<:^IH©<N^eH:<;�EG;£�@J W Y Fη ��l�ª1=BEG=B: f1, . . . , fn ∈ δη

V =BAQOQP`N<EG=BY<=B:7T<:<Y
i1, . . . , in ∈ I

 b��IH:<:�;�EGXSCï>�
<A�IHXGXG=
ξ < η

f1, . . . , fn ∈ δξ,
IHXGO W I \ {j|f1(j) = i1 ∧ . . . ∧ fn(j) = in} 6∈ Fξ,

Y^IHJsESCZIHT<PRN

I \ {j|f1(j) = i1 ∧ . . . ∧ fn(j) = in} 6∈
⋃

ξ<η

Fξ = Fη.

��IH:<:�OQEG:<YL�ï=BY<EG:<;�T<:<;�=B: ¡� <T<:<Y«m1 <=BAD>�
<XGXSC¥ 
δ0
=BAD>�
<XGXSCZ¨U h�bIHXGO W IHT<P`N�Y<EG=�AQ=BODCFXGEGPRN<=B: δη  

2

Û¢ªÜÛ $i¼8³-"�µ�¶(°Dµ�³P´±°�¶(³
��:�Y<EG=BOQ=BJÅ��©<OQPRN<:<ESCQCZ]�=BAQY<=B:�=`ÛU=BJ ² X�IHAQEGOQP`N)¬?]ï=BE���:p]ï=B:<Y<T<:<;�=B: V�W :�;�TUCF=B:Lk�X [CFAFIMÁ^XSCF=BAQ:�IH:<;�=B;�=B©~=B:¹ 
à¹�U�°Õ#¿�ÀG¿�À��cÁ�Â(Ã

α
Â(Ã�Ä&Â8Ð�Ä&Â(Ä�×2Þ�Ã-ü@ÙeÂ ö ØHÏ+×HÃ�Ä�ØHÞ Ë;Ø�Ù�Þ�Ð�Ä�×

D
Â(Ã�Ä�Ø�ì@Ë;É�Ù�Þhì@Ø�Ï�Ð�ÄyÇHÈJÞ�Þ îÒ(Ê/ÉHÄ�×HÃhÆ Â(Ï

α î ÆHÐ�Ê$Â(Ïw¿FÞéÊTÏ+Ø � ÞéÊ$Â(ÏDè�ì�Â(ÏNÂ(Ã�Ä&Â(Ï�ÅaÂ(Ä�Æ Â
I Í ô Ä�Æ Â(Ä&ÈJÝ�ÝiÂ(Ä Ô card(L) < α ÍÎ ØHÄyÄ¡Ã�Ò(Ê�ç@è�Ï=Ö�Âq× ÂiêCØHÝ�Ã�ÞéÃ-Â

Ai, i ∈ I Ô ÇHÈJÄfÅaÈ× Â(Þ�Þ�Â(Ä�ç@è�Ï
L Ô ×�Ø�Ò�¿FÞéÊTÏ+Ø��&ÏqÈ×HÐ�ÑJÊ

∏
Ai/D α î ÒØHÊTÐ�Ï�Ã-Â(Ï�Ê Í



V�á=W�ÞBãnç�â\è Z_[�â�ãnèZá=W�èGiEé±[PV3ãnç [�ß�é [�â�ãnèZá=Wsi�ãnç�ß�é¹ç�ß §HÄ

�ï=?]ï=BEGO�l
ª1=BE

A :=
∏

Ai/D.
ª1=BE

Y ⊆ A
JsESC

card(Y ) < α
 �ª1=BE

Γ(x) ⊆ LY
T<:<Y

Th(A, Y )∪
Γ(x)

c W :<OQEGODCF=B:pC¥ j´T)¬B=BEG;�=B:�EGODC�<Y^IHÖj=BOZ=BEG:
x ∈ A

;�EG©UC�<O W Y^IHÖ (A, Y ) |= Γ[x].lH=BY<=BO
y ∈ Y

X�eHÖHC)OQEGPRNÏOQP`N<AQ=BEG©b=B:+IHXGO
y = 〈(yi)i∈I〉D

 �³�=BN<= V�W : Ai
¬BT

A′i := (Ai, (yi)y∈Y )

<©~=BAB d��IH:<:j;�EGXSCn>�
<A�Y^IHO�¬BT

y
;�=BN<t�AQ=B:<Y<=�Ù W :<ODCRIH:pCF=B:<O5g1Jw© W X

ẏ
ẏ

∏
A′i/D = 〈(yi)i∈I〉D = y = ẏ(

∏
Ai/D,(z)z∈Y ),IHXGO W ∏

A′i/D = (
∏

Ai/D, (z)z∈Y ).��XGOZ:^eHPRN<ODCF=BO�¬B=BEG;�=B:)]ZEGA�>�
<Af=BEG:<=�ª ² AFIHP`N<= K
l

abIHXGXSO
card(K) < α

T<:<Y
(Bi)i∈I

=BEG:<=�abIHJsESXSES= VpW :� Ã1 £mM± �
K
[DªdCFAQT<cpCFT<AQ=B:�EGODC;�<Y^IH:<:);�EGXSC�>�
<AnqD=BY<=Ý	�=B:<;�=

Σ(x) V�W :La W AQJs=BXG: V�W : K
l

g�=B:<:wqD=BY<=
=B:<Y<XGEGPRN<=
��=BEGXGJs=B:<;�= V�W : Σ(x)
EG: ∏

Bi/D
=BAD>�
<XGXG©^IHA�EGODC�

Y^IH:<:)EGODC�IHT<P`N
Σ(x)

=BAD>�
<XGXG©^IHA�EG: ∏
Bi/D

 
��:<;�=B: W JsJs=B:��?qD=BY<=Z=B:<Y<XGEGP`N<=f��=BEGXGJs=B:<;�= V�W : Σ(x) EGODC�EG: ∏Bi/D

=BAD>�
<XGXG©^IHAB ���I
D
IH©<¬¥eMN<XG©^IHAfT<: V�W XGXGODCReH:<Y<EG;wESOQC�<cHt�:<:<=B:�]ZEGA�=BEG:<=�IH©<ODCF=BEG;�=B:<Y<=�Ù�=?CQCF=

I = I0 ⊇ I1 ⊇ I2 ⊇ . . .

]feHN<XG=B:��°O W Y^IHÖ In ∈ D T<:<Y ⋂n∈ω In = ∅  ���O�;�EGXSC card(Σ) < α
��Y^I

card(K) < α
 

��=?Á^:<EG=BAQ=
=BEG:<=�a<T<:<cpCFE W : f : Sω(Σ)→ D
]ZEG=�> W XG;HCl<a�
<A σ ∈ Sω(Σ) OQ=BE

f(σ) := Icard(σ) ∩ {i ∈ I|Bi |= ∃x
⋂

σ},� Ã1 £m�Ã��
JsESCsY<=BA Ù W : V =B:dCFE W :���Y^IHÖ f(∅) = I.

lH=BY<=BO
σ ∈ Sω(Σ)

EGODC3=B:<Y<XGEGPRN�T<:<YÔY^I�[
JsESC�:^IHP`Nì��:<:^IHN<Js=w=BAD>�
<XGXG©^IHA�EG: ∏

Bi/D
^�IHXGO W ∏Bi/D |= ∃x∧ σ

 �	�ESC�Y<=BJ
a^T<:<Y^IHJs=B:pC`IMXSCFN<= W AQ=BJKÃ1 S¡�  ±j;�EGXSC f(σ) ∈ D  ba�
<A σ ⊆ τ ∈ Sω(Σ)

;�EGXSC

Icard(τ) ⊆ Icard(σ)

T<:<Y ` ∃x∧ τ → ∃x
∧

σ,

IHXGO W ;�EGXSC f(τ) ⊆ f(σ)
T<:<Y

f
EGODCZJ W : W C W :¹ ��I

D α
[�;�TUCÝEGODC��;�EG©UC�=BO6=BEG:<=3IHY<Y<ESCFE V =3a^T<:<cpCFE W : g : Sω(Σ) → D

��O W Y^IHÖ
g ≤ f

 ba�
<AnqD=BY<=BO
i ∈ I OQ=BE

σ(i) :=
⋃
{ϑ ∈ Σ|i ∈ g({ϑ})}.� Ã1 £mH¢��

g�=B:<:
card(σ(i)) ≥ n

� Y^IH:<:/EGODC
i ∈ In

l�g�=B:<:/:^eHJsXGESP`N
σ(i)

JsEG:<Y<=BODCF=B:<O
nV =BAQOQPRN<EG=BY<=B:<=6��XG=BJs=B:pCF= ϑ1, . . . , ϑn

N^IMC�<O W ;�EGXSCï>�
<A s ≤ n

i ∈ g({ϑs}),
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IHXGO W ;�EGXSC�JsESCfY<=BAZ�fY<Y<ESCFE V ESCReMC V�W : g
i ∈ g({ϑ1}) ∧ . . . ∧ g({ϑn}) = g({ϑ1, . . . , ϑn})

⊆ f({ϑ1, . . . , ϑn})
⊆ In.

��I ⋂
n∈ω In = ∅ �<EGODC σ(i) >�
<AnqD=BY<=BO i ∈ I =B:<Y<XGEGPRN¹ g(eHN<XG=f:1T<:s=BEG:<=�a^T<:<cpCFE W : hD �pY<EG= Σ(x) EG: ∏Bi/D

=BAD>�
<XGXSCl�a�
<A¹qD=BY<=BO
i ∈ I;�EGXSCf:^IHPRNÌ� Ã1 £m�Ã����F� Ã1 £mH¢��ïT<:<Y��fY<Y<ESCFE V ESCReMC

i ∈
⋂
{g({ϑ})|ϑ ∈ σ(i)} = g(σ(i)) ⊆ f(σ(i))

T<:<YLY^IHJsESC
i ∈ f(σ(i)). 	�ESC]� Ã1 £m�Ã��ïc�t�:<:<=B:�]ZEGAZ=BEG:L��XG=BJs=B:pC

h(i) ∈ A ]�eHN<XG=B:��O W Y^IHÖ

Bi |=
∧

σ(i)[h(i)].
� Ã1 £m�§��
g�=B:<:Ï:dT<:

ϑ ∈ Σ
T<:<Y

i ∈ g({ϑ}) �fO W ;�EGXSC ϑ ∈ σ(i)
T<:<Y(JsESCa� Ã1 £m�§��3;�EGXSC

Bi |= ϑ[h(i)]
 

a^=BAQ:<=BA
g({ϑ}) ∈ D �^IHXGO W ;�EGXSC�JsESCfY<=BJKa^T<:<Y^IHJs=B:pCRIHXSCFN<= W AQ=BJKÃ1 S¡�  ±

∏
Bi/D |= ϑ[hD]

>�
<A�IMXGXG=
σ ∈ Σ.

��EG=BOZ¬B=BEG;HC�<Y^IHÖ
hD Σ

EG: ∏
Bi/D

=BAD>�
<XGXSC¥ <��IHJsESCf;�EGXSCd� Ã1 £mM± �` 
ª1=?CF¬B= :dT<:

Bi := A′i,Σ(x) := Γ(x).
\�IHPRN�Æ W AFIHT<OQOQ=?CF¬BT<:<;#EGODC Th(A, Y ) ∪

Γ(x)
c W :<OQEGODCF=B:pC�~IHXGO W ;�EG©UCZ=BO B, Z ⊆ B

�<O W Y^IHÖ
(B, Z, x) |= Th(A, Y ) ∪ Γ(x).

ª1=BE�:dT<:
Γ′(x) ⊆ Γ(x)

=B:<Y<XGEGP`N¹ ^��=?Á^:<EG=BAQ=
ϕ(x) :=

∧
Γ′(x).

��XGO W ;�EGXSCfIHT<PRN

(B, Z, x) |= Th(A, Y ) ∪ {ϕ(x)}.
��IHJsESCfEGODC

Th(A, Y ) ∪ {∃xϕ(x)} c W :<OQEGODCF=B:pC¥  Th(A, Y )
EGODC V�W XGXGODCReH:<Y<EG;��UIHXGO W

Th(A, Y ) |= ∃xϕ(x) W Y<=BA Th(A, Y ) |= ¬∃xϕ(x).
	�ESCZY<=BJ V�W AQEG;�=B:&> W XG;HC

Th(A, Y ) |= ∃xϕ(x),IHXGO W
(A, Y ) |= ∃xϕ(x)T<:<Y�Y^IHJsESC
(A, Y ) |= Γ′(x).��XGO W EGODC Σ(x)(= Γ(x))

EG:
(A, Y )

=B:<Y<XGEGP`N =BAD>�
<XGXG©^IHAB å	�ESC�� Ã1 £mM± ��EGODCwIHXGO W IHT<P`N
Γ(x)

EG: ∏
A′i/D = (A, Y )

=BAD>�
<XGXG©^IHAB 
2
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à¹�U�°Õ#¿�ÀG¿�ÀG� Á�Â(Ã
α

Â(Ã�Ä&Â ö ØHÏ+×HÃ�Ä�ØHÞ Ë;Ø�Ù�Þ Í � Â@Ù�ÝiÂ ØHÄ Ô ×�ØqÚ
2α = α+ Í Á�Â(Ã

card(L) ≤ α
Ð�Ä�×ÌÒ;Â(Ã-Â(Ä

A
Ð�Ä�×

B
ÅaÈ× Â(Þ�Þ�Â�ç@è Ï

L
Ý�Ã�Ê

card(A) ≤ α+ Ð�Ä�×
card(B) ≤ α+ Í Á�Â(Ã D Â(Ã�Ä

α+ î ÆHÐ�Ê$Â(ÏkØ�ì@Ë;É�Ù�Þhì@ØHÏ=Ð�ÄyÇHÈJÞ�Þ Ò(Ê/ÉHÄ�×HÃhÆ Â(Ï!¿FÞéÊTÏ+Ø � ÞéÊ$Â(Ïdè�ì�Â(ÏÂ(Ã�Ä&Â(Ï=ÅaÂ(Ä�Æ Â
I Ô card(I) = α ÍFÎ ØHÄyÄ	Ã�Ò�Ê�×�Ø�Ò�ç�ÈJÞ Æ Â(Ä�× ÂkÉ���Ð�Ã�ÇJØHÞ�Â(ÄyÊ�L
 Í A ≡ B� Í ∏A/D ∼=
∏

B/D.�ï=?]ï=BEGO�l
1.→ 2.

l1��:<;�=?: W JsJs=B:��~¡� U	�ESCfªUIMCF¬�Ã1 £Ã1 S¡�OQEG:<Y3Y<EG=�k�XSCFAFI ²~W CF=B:<¬B=B: ∏A/D
T<:<Y

∏
B/D

©~=BEGY<=
α+ [�OFIMCFT<AQEG=BADC¥ åa^=BAQ:<=BAwN^IH©~=B:�OQEG=&©~=BEGY<=&N<t1PRN<ODCF=B:<O3Ù
IHAQY<EG:^IHXSESCFeMC

(α+)α = 2α = α+  �	�ESC�Y<=B: �N� T<E V IHXG=B:<¬B=B: ∏A/D ≡ A ≡ B ≡ ∏B/D
T<:<Y

Y<=BJ¯��O W J W A ² N<EG=BOFIMCF¬wm1 £m1 £Ãw>�
<A�OFIMCFT<AQEG=BADCF=w	 W Y<=BXGXG=�N^IH©~=B:L]ZEGA�Y<=B:«��O W J W A ² N<EGO�[JwT<O ∏
A/D ∼=

∏
B/D

 
2.→ 1.

l~��´=B:<OQEGPRNpCFXGEGP`N¹ 
2

Û¢ª#" ] ¶�·�$�"�·F·C¶(z½�·F·�³P¼k½�¯
��EG=Ýa^AFIH;�=H�<]ZEG=
;�A W Ö3k�XSCFAFI ²bW CF=B:<¬B=B:LT<:<Y«� W1W XG=BOQPRN<=Ý� W CF=B:<¬B=B:«OQ=BEG:LcHt�:<:<=B:��~EGODC©<EGOQN<=BAÝ:<EGPRNdCÝT<Jj>�IHOQOQ=B:<Y ;�=BcdX�eHADC¥ ��ïN^IH:<;«T<:<Y0Ù�=BEGOQXG=BA�ODCF=BXGXG=B:�EG:÷� ��Ù�=Ý§�§�� Y<=B:
ª ² =B¬BE�IHXS>�IHXGX~¬BT<A���EGOQcdT<OQOQE W :�� W ©)=BO�k�XSCFAFI ²~W CF=B:<¬B=B: V�W : ω ;�EG©UC�UY<EG=¡� fOQEG:<;�T<X�eHAQ=
Ù
IHAQY<EG:^IMXGEÌCReMCfN^IH©b=B:�^
m1 fT<:<=BAQAQ=BEGPRN1©^IHAQ=�Ù
IHAQY<EG:^IHXGEÌCReMC�N^IH©~=B:¹ 
a�
<A�� W1W XG=BOQPRN<=6� W CF=B:<¬B=B:#OQEG:<Y«Y<EG=BOQ=6a^AFIH;�=B:LEG:<¬?]ZEGOQPRN<=B:#;�=BcdX�eHADC¥ ´	LIH:<ODÁ^=BXGY� 	LI3§1¡���c W :<ODCFAQT<EG=BADC&=BEG:<=#� W1W XG=BOQPRN<=#� W CF=B:<¬H��Y<EG=LT<:<=BAQAQ=BEGP`Nd©^IHAQ=ìÙ
IHAQY<EG:^IHXSESCFeMCN^IMC=�@OB 1Ù W A W XGX�IHA�¢U  ±< £Ã��` d��IM:<;�=�XGt�ODC�Y^IHOï��A W ©<XG=BJ"IHXGXG;�=BJj=BEG:<=BA�^�;�=B:^IHTsY<EG=�Ù
IHAQY<EÌ[:^IHXG¬¥IHN<XG=B:

µ
JsESC

µω = µ
OQEG:<Y)Ù
IHAQY<EG:^IMXGEÌCReMCF=B: VpW :)� W1W XG=BOQPRN<=B:�� W CF=B:<¬B=B: V�W : ω�@OB ~ªUIMCF¬�¢U  ¨U  ¢��` ^a<=BAQ:<=BAZ¬B=BEG;HC���IH:<;�=¢� ��I3§HÎ��-�^Y^IHÖw>�
<AZIHXGXG=�� WdW XG=BOQP`N<=?:L� W CF=B:<¬B=B:JsESC

ω
[�AQ=B;�T<X�eHAQ=BJËk�XSCFAFIMÁ^XSCF=BA

D
IHTU>�=BEG:<=BA VpW XGXGODCReH:<Y<EG;H=B:&� W1W XG=BOQPRN<=B:)��XG;�=B©<AFI B;�EGXSC�UY^IHÖ

card(M (B)/D)ω = card(M (B)/D).��IH:<;�=¢j´=BESC�]ZT<AQY<=6>�
<A�kZXSCFARI ²~W CF=B:<¬B=B:#c�=BEG:ìIH:^IHX W ;�=BO�Z=BOQT<XSCRIMC�¬BTìY<=BJ VpW :	LIH:<ODÁ^=BXGYÜ;�=?>@T<:<Y<=B:���©<EGOslHEG:0T<:<Y/ª1N<=BX�IHNï� lHE_ª1N�Ä�ÄJ�fT<:pCF=BAwÆ W AFIHT<OQOQ=?CF¬BT<:<;�Y<=BA�nÛUEGODCF=B:<¬ V�W :0OQT ² =BAQc W J ² IMcpCR=?:ÜÙ
IHAQY<EG:^IHXG¬¥IHN<XS=B:�=BEG:<= k�XSCFAFI ²~W CF=B:<¬ V�W : ω >�IH:1[Y<=B:��bY<EG=�T<:<=BAQAQ=BEGPRNd©^IHAQ=6³�AQt�Ö�=�N^IMC¥ <Æ W AFIHAQ©b=BESCf>�
<AfY<EG=BOQ=BO�Z=BOQT<XSCRIMCf]ZT<AQY<=
;�=BXG=BEÌ[ODCF=?C�dEG:<Y<=BJ J3IH:jT<:pCF=BA���:<:^IHN<Js= V�W :s;�A W Ö�=B:3Ù
IHAQY<EG:^IHXS¬¥IHN<XG=B:wT<:<ES> W AQJs=H�H:<EGP`NpCD[AQ=B;�T<X�eHAQ=jk�XSCFAFIMÁ^XSCF=BA�c W :<ODCFAQT<EG=BADCF=��@Y^I&>�
<A�=BEG:<=B: AQ=B;�T<X�eHAQ=B: k�XSCFAFIMÁ^XSCF=BA
D
IHTU>

ω;�EGXSC
card(ωκ/D) = 2κ

� ªUIMCF¬3Ã1 £m1  ± >�
<A
ω ≤ κ

�+�` �lHEG:#T<:<Y ª1N<=BX�IHNì¬B=BEG;�=B:ìEG:#EGN1[
AQ=BJ ��ADCFEGc�=BX~IHT<PRN��1Y^IHÖÝJ3IH:3=?EG:<=�k�XSCFAFI ²~W CR=?:<¬ZÁ^:<Y<=B:&c�IH:<:��1Y<=BAQ=B:)Ù
IHAQY<EG:^IHXSESCFeMC=BEG:<=3ODCRIHAQcH=&��EGJs=BOQc�IHAQY<EG:^IHXG¬¥IHN<X�EGODC¥ ���IHJsESC�©~=¥IH:pC�] W ADCF=B:0OQEG=s©~=BEGY<= a^AFIH;H=B:0IHT<O� ��Ù�=6§�§;� ²bW OQESCFE V  



õ z÷ö®�~})�/{&%

X YIY {¹�/�&�#xý� ¦%Y })�/vý���/v

��EG=BOQ=BOåÙ
I ² ESCF=BXpEGODCåIM:^IHX W ;�¬BT<J V�W AQN<=BAQEG;�=B:6IHTU>@;�=B©^IHTUC¥ M��©~=B:<O W ]ZEG=�Y W ADC�]ZEGAQY�¬BT1[:^eHP`N<ODC�Y<EG=ï¬BTw©~=?CFAFIHPRNdCF=B:<Y<=�ªdCFAQT<cpCFT<Aå=BEG:<;�=?>�
<N<ADCåT<:<Yj=BES:ja^T<:<Y^IHJs=B:pCRIHXSCFN<= W AQ=BJ©~=?]ZEG=BOQ=B:¹ �k�J¯Y<=B:aj´T<OFIHJsJs=B:<N^IH:<; ¬?]ZEGOQPRN<=B: k�XSCFAFI ²~W CF=B:<¬B=B:#T<:<Yì� WdW XG=BOQP`N<=B:� W CF=B:<¬B=B:�Y<=BTUCFXGEGPRN ¬BT0J3IHP`N<=B:���]ZEGAQY EG: ��©<OQPRN<:<ESCQCj¢U £mL;�=B¬B=BES;HC�nY^IHÖ«OQEGP`NLqD=?Y<=k�XSCFAFI ²~W CF=B:<¬
IHXGOZ� W1W XG=BOQPRN<=�� W CF=B:<¬�Y^IHAQODCF=BXGXG=?:)X�eHÖHC¥ ³�AQt�Ö�=B:d©~=?CFAFIHPRNpCFT<:<;�=B:�OQEG:<Y�©~=BEZ� W1W XG=BOQPRN<=B:/� W CF=B:<¬B=B:Ü>@AQT<PRNdCF©^IHAQ=BAsIHXGOw©~=BEk�XSCFAFI ²~W CF=B:<¬B=B:�^�]�eHN<AQ=B:<Y(>�
<A&XG=?CF¬?CF=BAQ=ì:1T<A);�=`]ZEGOQOQ= =BEG:<OQPRN<AFeH:<c�=B:<Y<=�abIHcpC W AQ=B:¬BT�Jst�;�XGESPRN<=B:�³�AQt�Ö�=B:ÜIH:<;�=B;�=B©~=B:Ü]ï=BAQY<=B:�c�t�:<:<=B:���N^IMC3��IM:<;�=)Y<EG=)Jst�;�XGESPRN<=B:
Ù
IHAQY<EG:^IHXGEÌCReMCF=B: VpW :L� W1W XG=BOQP`N<=B:L� W CF=B:<¬B=B: V�W : ω V�W XGXGODCReH:<Y<EG;jIH:<;H=B;�=B©~=B:�� ªUIMCF¬
¢U  ¨U  ¢��` ba�
<A�� WdW XG=BOQPRN<=Ý� W CF=B:<¬B=B: V�W :�;�AQt�Ö�=BAQ=B:«ªdCFAQT<cpCFT<AQ=B:LcMIH:<:LJ3IH:�eHN<:<XGEGPRN<=ªUeMCF¬B=
¬B=BEG;�=B:)]ZEG=�>�
<A�k�XSCFAFI ²bW CF=B:<¬B=B:¹ ��: ��©<OQPRN<:<ESCQCZ¢U  ±�]ZEGAQY)	LIH:<ODÁ^=BXGY<OfÙ W :<ODCFAQT<cpCFE W : =BEG:<=BAïT<:<=?AFAQ=BESP`Nd©^IHAï;�A W Ö�=B:� W1W XG=BOQPRN<=B:L� W CF=B:<¬
Y^IHAQ;�=BODCF=BXGXSC¥ ��©<OQPRN<:<ESCQCZ¢U £ÃÝODCF=BXGXSC�¬?]ï=BE�ªUIMCFT<AQEG=BADCFN<=BESCFOQ=BAQ;�=B©<:<EGOQOQ= V�W :�	«IM:<OQÁ^=?XGY<O��ï=?EGO ² EG=BX
VpW AB 

"iª�« ] °Q^�½±¶�³F¶(z½_"�½�¯` dµD"�½�¯±²(°E k°O½�¯±°ba�¶� k°N½�·F¸1´�¼�c�³F°N½
��:�Y<=BA���IHAQODCF=BXGXGT<:<;jY<=BA�� W1W XG=BOQPRN<=B:L� W CF=B:<¬B=B:LAQEGP`NpCF=�EGP`N)JsEGPRN&EGJÂ]�=BOQ=B:pCFXGEGPRN<=B::^IHP`N«	LIH:<ODÁ^=BXGYÌ�5� 	LIs§1¡����` 
ª1=BE

B
=BEG:<= VpW XGXGODCReH:<Y<EG;H=�� WdW XG=BOQPRN<=Ý��XG;�=B©<AFIU b��EG: B [h]ï=BADCFEG;�=BO�	 W Y<=BXGX�=BAQODCF=BA��AQY<:1T<:<;&©~=?OQCF=BNpC�IHT<O�=BEG:<=BA
	�=B:<;�=

M
¬BT<OFIHJsJs=B:«JsESC�a<T<:<cpCFE W :<=B: VpW :ì=B:<Y<XGEÌ[P`N<=B:L� W CF=B:<¬?=B: VpW : M EG:)Y<EG=
� W1W XS=BOQP`N<=
��XG;�=B©<AFI B  a�
<A�Y<=B:3O ² =B¬BEG=BXGXG=B:3abIHXGX-�HY^IHÖÝ;�ESXSC B = {0, 1} �pOQEG:<Y3Y<EG=BOQ=�a^T<:<cpCFE W :<=B:s;�=BAFIHY<=Y<EG=�Z=?X�IMCFE W :<=B:&Y<=BO�	 W Y<=BXGXG=BOB ��JÂIHXGXG;�=BJs=BES:<=BAQ=B: abIHXGXbOQEG:<Y Y<EG=�a^T<:<cpCFE W :<=B: Y<EG= B [h]ï=BADCFEG;�=B:&Z=BX�IMCFE W :<=B: IHTU>

M
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V�á=W�ÞBãnç�â�'�ZhGi�ifâ�ç ä¹êåà�çYWsi�ãnç�ß�é¹ç�ß Î�¨

��EG=s��=?Á^:<ESCFE W :ìY<=BA
g IMN<AFN<=?ESC�X�eHÖHC
OQEGPRN�IHTU> B [h]�=BADCFEG;�=s	 W Y<=BXGXG=jIHT<OD]ï=BESCF=B:�lª1=BE
M
=?EG:<=�ªdCFAQT<cpCFT<A¥ d��EG=��ï=?]ï=BADCFT<:<;�OD>@T<:<cdCFE W : ‖.‖ : M → B

]ï=BEGODC�qD=BY<=BJÂªUIMCF¬
ϕ(m1, . . . ,mn)

=BEG:<=B:)g�=BADC�EG:
B
¬BT�T<:<Y)]ZEGAQY&]ZEG=�> W XG;HCfY<=?Á^:<EG=BADCl

‖R(m1, . . . ,mn)‖B := RM(m1, . . . ,mn),
‖ϕ ∨ ψ‖B := ‖ϕ‖B ∨ ‖ψ‖B,
‖¬ϕ‖B := ¬‖ϕ‖B,
‖∃xϕ(x)‖B :=

∨
m∈M ‖ϕ(m)‖B.

g�=B:<:iY<EG=#©b=?CFARIMP`NpCF=?CF=�ªdCFAQT<cpCFT<A)T<:<Y(� W1W XG=BOQPRN<=#��XG;�=B©<AFI =BEG:<Y<=BTUCFEG;0OQEG:<Y��]�=BAQY<=
EGP`N)Y^IHO B EGJÂ> W XG;�=B:<Y<=B:&]ï=B;�X�IHOQOQ=B:¹ ª1=BE
M
=BEG:<=)¬?]ï=BES]ï=BADCRES;�=«ªdCFAQT<cpCFT<AB �giEGAjc W :<ODCFAQT<EG=BAQ=B:�=BEG:<= B [h]ï=BADCFEG;�=)=BXG=`[Js=B:dCRIHAQ=���AD]ï=BESCF=BAQT<:<;

M(B)  ~��EG=6³�AQT<:<Y<Js=B:<;�= V�W : M(B) EGODC�Y<EG=Ý	�=B:<;�= M (B)IHXGXG=BAfa^T<:<cpCFE W :<=B: VpW : M :^IHPRN
B
�^Y<EG=

B ² IHADCFESCFE W :<ES=BAQ=B:��<Y¹  N¹ 

M (B) := {f :M → B|
∨

m∈M

f(m) = 1

∧ ∀m,n ∈M(m 6= n→ f(m) ∧ f(n) = 0}.
��EG:<= :1[�ODCF=BXGXGEG;H= Z=BX�IMCFE W :�IHTU> M =BAD]ï=BESCF=BAQ:Ý]ZEGA�¬BT6=BEG:<=BA

B
[h]ï=BADCFEG;�=B:6IHTU>

M (B)Y<T<AQP`N

‖R(f1, . . . , fn)‖ =
∨
{f1(m1) ∧ . . . ∧ fn(mn)|〈mi〉 ∈Mn ∧R(m1, . . . ,mn)}

=
∨

m∈M :M|=R(m1,...,mn)

f1(m1) ∧ . . . ∧ fn(mn).

r�EG=BAQ©b=BEH]ZEGAQY
Y<EG=�³�XG=BEGPRN<N<=BESC¹;�=B:^IHT<O W ]ZEG=�Y<EG=�IH:<Y<=BAQ=B:ÝZ=BX�IMCFE W :<=B:�©~=BN^IH:<Y<=BXSCl

‖f = g‖ =
∨

m,n∈M :M|=m=n

f(m) ∧ g(n)

=
∨

m∈M

f(m) ∧ g(m).
ÿ

g�=B:<: ‖f = g‖ = 1
�^OQEG:<Y

f
T<:<Y

g
Y<EG=
;�XG=BESP`N<=
a<T<:<cpCFE W : VpW : M EG:

B
l

��:<;�=B: W JsJs=B:�� f 6= g
 ´��IH:<:#=`ÛUEGODCFEG=BADC�=BEG:

m ∈ M JsESC
f(m) 6= g(m)

�´IHXGO W
f(m) ∧ g(m) < f(m)

T<:<Y�Y^IHJsESC ∨
m f(m) ∧ g(m) <

∨
m f(m) = 1

 
"$EFB�'�?�4�I()�SA�M�*T�;9-< G;3-)�65AzQ�)59-BD)5<�:;)54 R�7&)59/:;)�<�,/.z< B÷��%(' I()54J:;)54]*�3/?@3T3

m1, . . . ,mn ∈ M :
M |= ϕ(m1, . . . ,mn)

4�A�9
ϕ(m1, . . . ,mn)

*-,/.�9-)5< MH)54 U



V�á=W�ÞBãnç�â�'�ZhGi�ifâ�ç ä¹êåà�çYWsi�ãnç�ß�é¹ç�ß ÎH±

à¹�U�°Õ#��À��yÀ��ïê�è�Ï�Ö�Âq× Â=êFÈJÏ�ÝiÂ(Þ
ϕ

ØHÐ�Ò
L

ÆHÃ�ÞéÊ
‖ϕ(u1, . . . , un)‖B =

∨

ϕ(m1,...,mn)

u1(m1) ∧ . . . ∧ un(mn).

�ï=?]ï=BEGO�l
• ϕ

IMC W J3IHA�lUOQEG=BN<=���=?Á^:<ESCFE W :¹ 

• ϕ = ψ ∨ χ :

‖ϕ(u1, . . . , un)‖ = ‖ψ(u1, . . . , un)‖ ∨ ‖χ(u1, . . . , un)‖
= (

∨

ψ(m1,...,mn)

u1(m1) ∧ . . . ∧ un(mn))
��¢U S¡��

∨(
∨

χ(m1,...,mn)

u1(m1) ∧ . . . ∧ un(mn))

=
∨

ψ∨χ(m1,...,mn)

u1(m1) ∧ . . . ∧ un(mn)
��¢U £m��

��¢U S¡�� ≥ ��¢U £m���l
��:<;�=B: W JsJs=B:�� a EGODC W ©~=BAQ= ª1P`N<AFIH:<cH= V�W :i��¢U S¡��` °abIHXGXSO

M |= ψ(m1, . . . ,mn)∨
χ(m1, . . . ,mn)

�<O W ;�EGXSC
a ≥ u1(m1) ∧ . . . ∧ un(mn).

g�=B:<:«IMXGO W M |= ψ ∨ χ(m1, . . . ,mn)
;�EGXSC�1O W EGODC

a ≥
∨

ψ∨χ(m1,...,mn)

u1(m1) ∧ . . . ∧ un(mn).

��¢U £m�� ≥ ��¢U S¡���l
��:<;�=B: W JsJs=B:�� a EGODC W ©~=BAQ=Ýª1PRN<AFIH:<cH= VpW :Ì� ¢1 £m��` ba^IHXGXGO

M |= ψ ∨ χ(m1, . . . ,mn),

O W ;�EGXSC
a ≥ u1(m1) ∧ un(mn),]ï=B:<:«IHXGO W M |= ψ(m1, . . . ,mn)

�^O W ;�EGXÌC
a ≥

∨

ψ(m1,...,mn)

u1(m1) ∧ . . . ∧ un(mn),



V�á=W�ÞBãnç�â�'�ZhGi�ifâ�ç ä¹êåà�çYWsi�ãnç�ß�é¹ç�ß ÎpÃ

T<:<Y)]�=B:<:
M |= χ(m1, . . . ,mn)

�<O W ;�EGXSC
a ≥

∨

χ(m1,...,mn)

u1(m1) ∧ . . . ∧ un(mn).

• ϕ ≡ ¬ψ :

‖ϕ(u1, . . . , un)‖ = ¬‖ψ(u1, . . . , un)‖
= ¬

∨

ψ(m1,...,mn)

u1(m1) ∧ . . . ∧ un(mn).

��EG=Ý	�=B:<;�=ÝIHXGXG=?A�g =BADCF= V�W : B Y<=BA�a W AQJ u1(m1) ∧ . . . ∧ un(mn)
EGODCZ=BEG:<=

�åIMAQCFESCFE W : V�W : B �bIHXGO W
¬

∨

ψ(m1,...,mn)

u1(m1)∧ . . . ∧ un(mn) =
∨

¬ψ(m1,...,mn)

u1(m1)∧ . . . ∧ un(mn).

• ϕ ≡ ∃x1, . . . , xkψ :

‖ϕ(u1, . . . , un)‖
=

∨

v1,...,vk∈M(B)

‖ψ(u1, . . . , un, v1, . . . , vk)‖

=
∨

v1,...,vk∈M(B)

∨

ψ(m1,...,mn,q1,...,qk)

u1(m1) ∧ . . . ∧ un(mn)

∧v1(q1) ∧ . . . ∧ vk(qk)
=

∨

ψ(m1,...,mn,q1,...,qk)

∨

v1,...,vk∈M(B)

u1(m1) ∧ . . . ∧ un(mn)

∧v1(q1) ∧ . . . ∧ vk(qk)a�
<Af=BEG:)>@=BODCF=BO
m ∈M Y<=?Á^:<EG=BAQ=

m̆ ∈M (B) IHXGO

m̆(x) :=

{
1
>�
<A

x = m,
0
>�
<A

x 6= m
��IHJsESCf=BAQN^eHXSCZJ3IH:

‖ϕ(u1, . . . , un)‖ ≥
∨

ψ(m1,...,mn,q1,...,qk)

u1(m1) ∧ . . . ∧ un(mn)

∧q̆1(q1) ∧ . . . ∧ q̆k(qk)
=

∨

ψ(m1,...,mn,q1,...,qk)

u1(m1) ∧ . . . ∧ un(mn).
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��O�;�ESXSCZIH©~=BAZIHT<P`N
∨

v1,...,vk∈M(B)

u1(m1)∧. . .∧un(mn)∧v1(q1)∧. . .∧vk(qk) ≤ u1(m1)∧. . .∧un(mn),

T<:<Y�Y^IHJsESC

‖ϕ(u1, . . . , un)‖ =
∨

ψ(m1,...,mn,q1,...,qk)

u1(m1) ∧ . . . ∧ un(mn)

=
∨

∃x1,...,xnψ(m1,...,mn,x1,...,xn)

u1(m1) ∧ . . . ∧ un(mn).

2

ý ¸b��¸~���@�<� ��À��yÀG�
m→ m̆

Ã�Ò(Ê�Â(Ã�Ä&Â]Â(Þ�Â(ÝiÂ(ÄyÊ/ØHÏqÂ=ä�Ã�Ä�ì�Â(ÊTÊTÐ�Ä�ÆiÇHÈJÄ
M

Ã�Ä
M (B) Í

��IHO�N<=BEGÖHC�b=BEG:#ªUIMCF¬
ϕ(m̆1, . . . , m̆n)

N^IMC�¬BT<J9=BEG:<=B:Lg�=BADC6¡ÝEG:
M (B) ;�=B:^IHTY^IH:<:���]ï=B:<:

ϕ(m1, . . . ,mn)
]�IHN<A
EGODC
EG:

M
��T<:<Y ¬BT<J®IH:<Y<=BAQ=B:ìg�=BADCÝo);�=B:^IHT

Y^IH:<:��<]�=B:<:
ϕ(m1, . . . ,mn)

>�IHXGOQPRN)EGODCZEG:
M

l
¡�  ‖ϕ(m̆1, . . . , m̆n)‖ = 1

;�YU]
  ∨
M|=ϕ(x1,...,xn) m̆1(x1) ∧ . . . ∧ m̆n(xn) = 1.\�IHPRN3��=?Á^:<ESCFE W : V�W : m̆ ;�EGXSCnY^IHO�;�=B:^IHTjY^IH:<:��H]ï=B:<: M |= ϕ(m1, . . . ,mn).

m1  ‖ϕ(m̆1, . . . , m̆n)‖ = 0
;�YU]
  ∨

M|=ϕ(x1,...,xn) m̆1(x1) ∧ . . . ∧ m̆n(xn) = 0;�YU]
 
M 6|= ϕ(m1, . . . ,mn).

��:<OQ©b=BO W :<Y<=¥AQ=wOQEG:<Y«Y<EG=w³�XG=BEGP`N<N<=BESCFOFI�ÛUE W Js=
;�
<XSCFEG;< <g�=B:<:#J3IH:«Y<EG=Ý��XGX � T^IH:1[C W AQ=B:)]ï=B;�X�eHÖHCZT<:<Y a→ b = 1
Y<T<AQPRN

a ≤ b
=BAQOQ=?CF¬?C�b=BAQN^eHXSCZJ3IH:

¡�  ‖f = f‖ = 1,

m1  ‖f = g‖ = ‖g = f‖,
¨U  ‖f = g‖ ∧ ‖g = h‖ ≤ ‖f = h‖,
±<  ‖f = g‖ ∧ ‖ϕ(g)‖ ≤ ‖ϕ(f)‖.
��EG:<= IH:<Y<=BAQ= =BEG:U>�IHPRN<=3�nIMCFOFIHPRN<=&EGODC��Y^IHÖ ‖f = m̆‖ = f(m)

 n��EG=BO6EGODCÝX�IHTUC
	LIH:<ODÁ^=BXGY�Y<=BA�Ù�=BAQ:�Y<=BA�	 W CFE V IMCFE W : >�
<A M (B)   `a�
<A

f ∈ M(B) 
<©~=BAQOQ=?CF¬?C
OQEGPRN#Y<EG=6�ï=?Y<EG:<;�T<:<;��´Y^IHÖ f(m) = 1
�~¬BT ∃m(m ∈

M ∧ f = m)
 

��XGO W ©b=B;�EG:<:dC�J3IH:��bT<J M(B) ¬BT#=?AFN^IMXSCF=B:��~JsESC�Y<=BA�	�=B:<;�= M T<:<Y#IHY<Y<EG=BADC
IHXGXG=ÝIH©<ODCFAFIHcpCF=B: ��©UqD=BcpCF=

x
JsESC ‖x ∈ M‖ = 1

 �	�ESC�Y<EG=BOQ=BA���:dCF=BA ² AQ=?CRIMCFE W :«OFIH;HC
o5*5U�t rd?Ovw$x2S�UJ����w!��U
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ªUIMCF¬
¢U S¡� S¡��<Y^IHÖjY<EG=�a W AQJs=BX ϕ(f, g) e � T<E V IHXG=B:pCZEGODCf¬BT ∃m,n ∈ M(f = m ∧ g =
n ∧ ϕ(m,n))  ��=BA�> W XG;H=B:<Y<=�ªUIMCF¬f¬B=BEG;HC��Y^IHÖ�]ZEGAå]ZEGAQcdXGEGPRNjIHXGXG= B [���XG=BJs=B:pCF= V�W : M

¬BT
M(B)N<EG:<¬BT<;�=?>�
<;HC�N^IH©b=B:�l

à¹�U�°Õ#��À��yÀGµ Á�Â(Ã {bi}i∈I Â(Ã�Ä&Â���Ø�ØHÏ Õ Â(Ã�Ò;Â	×HÃ�ÒTÖ@Ð�Ä2ÑJÊ$Â±êFØHÝ�Ã�ÞéÃ-Â�Ã�Ä
B

Ð�Ä�× {fi}i∈IÃ�Ï-Æ Â(Ä�× Â(Ã�Ä&Â=êCØHÝ�Ã�ÞéÃ-ÂdÃ�Ä
M(B) ÍÎ ØHÄyÄ�Â+ø�Ã�Ò(ÊTÃ-Â(Ï�Ê�Â(Ã�Ä
f ∈M(B) Ý�Ã�Ê ‖f = fi‖ ≥ bi Í� Â(ÄyÄaØHÐ�Ú1Â(Ï+× Â(Ý ∨
i bi = 1

Ã�Ò(Ê Ô Ò;ÈuÃ�Ò(Ê
f

Â(Ã�Ä�× Â(Ð�ÊTÃhÆuÐ�Ä�× Õ Ã�Ï�Ò;ü@Ù�Ï@Â(ÃTì�Â(Ä�Â@Ò]ØHÞ Ò
∑

i bi · fi Í�ï=?]ï=BEGO�l
giEGAw©b=?CFAFIHP`NpCF=B:ÜY<=B:�abIHXGX ∨

i bi = 1
 �abIHXGXGOÝ:^eHJsXGEGPRN ∨

i bi 6= 1
�åY<=?Á^:<EG=BAQ=)=BEG:<=

:<=BT<=Ý��:<Y<=`ÛUJs=B:<;�=
J = I ∪ {I} T<:<YLOF=`CR¬?= bI := ¬∨i bi

T<:<Y�]feHN<XS=
fI
©~=BXGEG=B©<EG;

IHT<O
M(B)  ª1=BE�:dT<:

f(m) =
∨
i bi ∧ fi(m).�ï=BN^IHT ² CFT<:<;�l f ∈ M(B)  �ï=?]ï=BEGOZY<=BA��ï=BN^IHT ² CFT<:<;�la�
<A

m 6= n
;�EGXSC
f(m) ∧ f(n) = (

∨
i bi ∧ fi(m)) ∧ (

∨
j bj ∧ fj(n))

=
∨
i,j bi ∧ bj ∧ fi(m) ∧ fj(n).

g�=B:<:
i 6= j

�<O W EGODC bi ∧ bj = 0
 Ug�=B:<:

i = j
�<O W EGODC fi(m) ∧ fj(n) = 0

 <��XGO W> W XG;HC f(m) ∧ f(n) = 0
 

��T<Ö�=BAQY<=BJÅ;�EGXSC
∨
m f(m) =

∨
m

∨
i bi ∧ fi(m)

=
∨
i

∨
m bi ∧ fi(m)

=
∨
i bi = 1.

��IHJsESCfEGODCZY<EG=��ï=?N^IHT ² CFT<:<;3©~=?]fEG=BOQ=B:¹ �ï=BN^IHT ² CFT<:<;�l bi ∧ ‖f = fi‖ = bi.�ï=?]ï=BEGO�l
bi ∧ ‖f = fi‖ = bi ∧

∨
m f(m) ∧ fi(m)

=
∨
m

∨
j bi ∧ bj ∧ fi(m) ∧ fj(m)

=
∨
m bi ∧ fi(m)

= bi.��IHJsESCf;�EGXSCfY<EG=
�ï=BN^IHT ² CFT<:<;< a�
<A�Y<EG=w��EG:<Y<=BTUCFEG;�cH=BESC�:<=BN<Js=B:#]ZEGA�IH:��´Y^IHÖ >�
<A qD=BY<=BO
i
;�EGXSC ‖f = fi‖ ≥ biT<:<Y ‖g = fi‖ ≥ bi

 b��IHJsESCf=BAQN^eHXSCZJ3IH:

‖f = g‖ ≥ ‖f = fi‖ ∧ ‖fi = g‖ ≥ bi,
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Y^IHOZN<=BEGÖHC�
‖f = g‖ ≥

∨

i

bi = 1.

giEG= W ©~=B:L©~=BJs=BAQcpC�bOQEG:<YL¬?]ï=BEåa<T<:<cpCFE W :<=B:L;�XG=BEGP`N��<Y<EG=�JsESCfg�=BADCÝ¡Ý;�XG=BEGPRN�OQEG:<Y¹ 
2

à¹�U�°Õ#��À��yÀÌÇ ê�è�Ï�Ö�Âq× Â=êFÈJÏ�ÝiÂ(Þ
ϕ(x)

ÆHÃTì�Ê�Â@Ò]Â(Ã�Ä
f ∈ M(B) Ý�Ã�Ê

‖∃xϕ(x)‖ = ‖ϕ(f)‖.
�ï=?]ï=BEGO�l

	�ESC�r�EGXÌ>@=åY<=BO���T<OD]�IHN<X�I�ÛUE W JsO¹cHt�:<:<=B:
]ZEGA¹=BEG:<=åg W N<X W AQY<:dT<:<; 〈gα〉α<λ VpW : M (B)IH:<;�=B©~=B:¹ b��IHJsESCf=BAQ;�EG©UCZOQEGP`N

‖∃xϕ(x)‖ =
∨

α<λ

‖ϕ(gα)‖.

ª1=BE
bα = ‖ϕ(gα)‖ −

∨
β<α ‖ϕ(gβ)‖

 ���IH:<:�;�EGXSCw>�
<A
α 6= β bα ∧ bβ = 0

T<:<Y
∨
α<λ bα = ‖∃xϕ(x)‖  g(eHN<XG=

f ∈M (B) JsESC ‖f = gα‖ ≥ bα
 b��IHJsESCf;�EGXSC

‖ϕ(f)‖ ≥ ‖f = gα‖ ∧ ‖ϕ(gα)‖ ≥ bα

T<:<Y
‖ϕ(f)‖ ≥

∨

α<λ

bα = ‖∃xϕ(x)‖.

2

¾ ��¿å���_�M�@¸~����À��yÀG¿åê�è�ÏOÂ(Ã�Ä&Â(Ä/¿FÞéÊTÏ+Ø � ÞéÊ$Â(Ï
D

ØHÐ(ç
B

Ñ û ÄyÄ&Â(Ä Õ Ã�ÏNÂ(Ã�Ä]Ë Õ Â(Ã Õ Â(Ï�Ê-ÃhÆ Â@ÒÅaÈ× Â(Þ�Þ
M(B)/D

× Â � ÄyÃ-Â(ÏqÂ(Ä��O×HÃ-Â�¶6¸¹¸~�@�1º¥»M¼�� ��¸^�°�1��ÕÌÇHÈJÄ
M

ÝiÈ×HÐ�Þ�È
D Í�Î Ã-Â

B î$Õ Â(Ï(ÊTÃhÆ Â(Ä�HNÂ(ÞhØHÊTÃ-ÈJÄ&Â(Ä�ØHÐ(ç
M (B) Õ Â(Ï+× Â(Ä�×HÐ�Ïqü@Ù±× Â(Ä0¿FÞéÊTÏ+Ø � ÞéÊ$Â(Ï�ç(Ø�ÑJÊ$ÈJÏ�Ã�Ò(Ã-Â(Ï�Ê Í ÿ ÄÁeõJÝuì�ÈJÞ�Â(Ä½L

M(B)/D |= R(f1, . . . , fn)
Æ�× ÕLÍ ‖R(f1, . . . , fn)‖ ∈ D.

j´T<JÅ�ï=BEGO ² EG=BX-l
M(B)/D |= fD ≤ gD

;�YU]
  ‖f ≤ g‖ ∈ D.
à¹�U�°Õ#��À��yÀG�

ϕ(f1, . . . , fn)
Ã�Ò�Ê�Æ Â(Ä�ØHÐ�×�ØHÄyÄ Õ Ø�Ù�Ï8Ã�Ä M(B)/D ÔLÕ Â(ÄyÄ
‖ϕ(f1, . . . , fn)‖ ∈ D.

�ï=?]ï=BEGO�l



V�á=W�ÞBãnç�â�'�ZhGi�ifâ�ç ä¹êåà�çYWsi�ãnç�ß�é¹ç�ß Î�Ä

• a�
<AZIMC W J3IHAQ= ϕ ;�EGXSCfY<EG=
�ï=BN^IHT ² CFT<:<;s:^IHPRNL��=?Á^:<ESCFE W :¹ 
• ϕ ≡ ϑ ∨ ψ l

‖ϕ‖ ∈ D ;�YU]
  ‖ϑ‖ ∈ D ∨ ‖ψ‖ ∈ D;�YU]
 
M(B)/D |= ϑ ∨M(B)/D |= ψ;�YU]
 
M(B)/D |= ϕ.

• ϕ ≡ ¬ψ l
‖ϕ‖ ∈ D ;�YU]
  ¬‖ψ‖ ∈ D��I

D
k�XSCFAFIMÁ^XSCF=BA�EGODC�<;�EGXSC�Y^IHOZ;�=B:^IHT�Y^IH:<:��<]ï=B:<:

‖ψ‖ 6∈ D ;�YU]
 
M(B)/D 6|= ψ;�YU]
 
M(B)/D |= ϕ.

• ϕ ≡ ∃xψ(x) lb	�ESC�ªUIMCF¬�¢U S¡�  ±w> W XG;HC

‖ϕ‖ ∈ D ;�YU]
  ∃f(‖ψ(f)‖ ∈ D);�YU]
  ∃f(M(B)/D |= ψ(f));�YU]
 
M(B)/D |= ∃xψ(x).

2

ý ¸b��¸~���@�<� ��À��yÀ ð
M(B)/D

Ã�Ò(Ê�Â(Ã�Ä&Â]Â(Þ�Â(ÝiÂ(ÄyÊ/ØHÏqÂ=ä�Ï Õ Â(Ã�Ê$Â(Ï�Ð�Ä�ÆiÇHÈJÄ
M Í

"iªq© � ²�³Cµ1¼�A�k³F°N½!&D°N½ ¼d²�·I�þuk²(°N·F¸�´±°)(�d³F°N½!&D°N½
��:(Ù
I ² ESCF=BX�Ã ]ZT<AQY<=B:Ïk�XÌCRAFI ²bW CF=B:<¬B=B:(IHXGO3AQ=BY<T<¬BEG=BADCF=ì� W CF=B:<¬B=B:(J W Y<T<X W =BEG:<=BOk�XSCFAFIMÁ^XSCF=BAQO�Y<=?Á^:<EG=BADC¥ d��:3Y<EG=BOQ=BJ"��©<OQPRN<:<ESCQC ]ï=BAQY<=B:3]ZEGA�¬B=BEG;�=B:��pY^IHÖ�J3IH:3k�XSCFAFI�[
²~W CF=B:<¬B=B:#IHT<PRN«IHXGO�ª ² =B¬BE�IHXS>�IHXGX VpW :«� WdW XG=BOQPRN<=B:#� W CF=B:<¬B=B:«OQ=BN<=B:«cMIH:<:�^b:^eHJsXGESP`NIHXGOfY<EG=�qD=B:<EG;�=B:��U>�
<AZY<EG=�Y<EG=
� WdW XG=BOQP`N<=
��XG;�=B©<AFI6=BEG:<=�� W CF=B:<¬BJs=B:<;�=B:^IHXG;�=B©<AFIwEGODC¥ ª1=BE

I
=BEG:<=w	�=B:<;�=ÝT<:<Y

M
Y<EG=w³�AQT<:<Y<Js=B:<;�=�=BEG:<=BA�ªdCFAQT<cpCFT<A

M = (M ; . . .)
 j´T�¬B=BEG;�=B:)EGODC�<Y^IHÖ

M (P(I))/D ∼= M I/D.��=BA
anEGXSCF=?A
D
EGODC�IHTU> ©b=BEGY<=B: ª1=BESCF=B:#Y<=BA�;�XG=BEGP`N<=H^~=BEG:<J3IHX�IHXGO�anEGXSCF=BAO
<©~=BA

I
T<:<Y

=BEG:<J3IHX�IHXGOfanEGXSCF=BAfIHTU>
P(I)

;�=BOQ=BN<=B:¹ 
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a�
<A
f ∈M I OQ=BE f ∗ :M → P(I)

Y<=?Á^:<EG=BADCZY<T<AQP`N
f ∗(m) := {i ∈ I|f(i) = m}.

��IjY<=BA���=?Á^:<ESCFE W :<OQ©~=BAQ=BEGPRN VpW : f Y<EG=�	�=B:<;�= I EGODC�<=BAQ;�EG©UCZOQEGPRN ∨m∈M f ∗(m) =
1. f ∗

EGODC)ES:MqD=BcpCFE V �ï]ï=BEGX f =BES:<=ìa^T<:<cpCFE W :iEGODC¥ ���IHJsESC ;�EGXSC f ∗ ∈ M (P(I)).
ª1=BE

T<Js;�=Bc�=BN<ADC
g ∈M (P(I))  b��=?Á^:<EG=BAQ= g̃ : I →M

Y<T<AQPRN
g̃(i) := a,

] W ©b=BE i ∈ g(a).
ª1=BE

i ∈ I  U��IH:<: ;�EGXSC f̃ ∗(i) = m
�d>�
<A

i ∈ f ∗(m) = {j ∈ I|f(j) = m} �1Y^IHO�N<=BEGÖHC�
f̃ ∗(i) = m = f(i).ª1=BE

m ∈M  ^��IH:<:�;�EGXSC

(g̃)∗(m) = {i ∈ I|g̃(i) = m}
= {i ∈ I|i ∈ g(m)} = g(m).

ª W JsESCf;�EG©UCZ=BOZ=BEG:<=
�ïE qD=BcpCFE W :)¬?]ZEGOQPRN<=B: M I T<:<Y M (P(I))  ��OZ©<XG=BEG©UCf¬BT�¬B=BEG;�=B:��^Y^IHÖw>�
<A
g1, . . . , gn ∈M (P(I)) ;�EGXSC

{i ∈ I|ϕ(g̃1(i), . . . , g̃n(i))} = ‖ϕ(g1, . . . , gn)‖.

‖ϕ(g1, . . . , gn)‖ =
∨

ϕ(m1,...,mn)

g1(m1) ∧ . . . ∧ gn(mn)

=
∨

ϕ(m1,...,mn)

{i ∈ I|i ∈ g1(m1)} ∧ . . . ∧ {i ∈ I|i ∈ gn(mn)}

=
∨

ϕ(m1,...,mn)

{i ∈ I|i ∈ g1(m1) ∧ . . . ∧ gn(mn)}

= {i ∈ I|i ∈
∨

ϕ(m1,...,mn)

g1(m1) ∧ . . . ∧ gn(mn)}

= {i ∈ I|ϕ(g̃1(i), . . . , g̃n(i))}.

"iª�� B µ�ï+ðk° ( z½#�þ¢k²(°N·F¸�´±°N½*(�d³F°N½!&D°N½
��EG:<EG;�=ì��EG;�=B:<OQP`N^IM>_CF=B: V�W :Ïk�XSCFAFI ²~W CF=B:<¬B=B:(X�IHOQOQ=B:ÏOQEGPRNÏIHTU>w� W1W XG=BOQPRN<=�� W CF=B:1[¬B=B:�
<©~=BADCFAFIH;�=B:�^UCF=BEGXS]ï=BEGOQ=�OQEG:<Y�IHT<PRN)Y<EG=
�ï=?]ï=BEGOQEGY<=B=B:�
<©b=BADCFAFIH;�©^IHAB ^��EG=BOQ=BAf��©1[
OQP`N<:<ESCQC�ODCF=BXGXSC�IH:^IHX W ;�=Ý��AQ;�=B©<:<EGOQOQ=w¬BT#±< £msY^IHA�^´¢U  ¨U S¡6=B:pCFO ² AQEGP`NpC�Ã1 £m1 S¡6T<:<Yì¢U  ¨U  ¨=B:dCFO ² AQEGPRNpC�Ã1 £m1 £§1 p��IHA+
<©~=BA�N<EG:^IHT<O�c�IH:<:sJ3IH:jY<EG=fJst�;�XGESPRN<=B:sÙ
IHAQY<EG:^IHXGEÌCReMCQ=B: VpW :� W1W XG=BOQPRN<=B:L� W CF=B:<¬B=B: V�W : ω V�W XGXGODCReH:<Y<EG;wIH:<;�=B©~=B:Ì� ªUIMCF¬�¢U  ¨U  ¢��` 
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ó �1� ������ÀGµ�À��£Á&Â(Ã
F

Â(Ã�Ä�ê�Ã�ÞéÊ$Â(ÏkØHÐ(çzÂ(Ã�Ä&Â(Ï�J=È;ÈJÞ�Â@Ò;ü@ÙyÂ(Ä ô Þ Æ Âì�Ï+Ø
B ÍFÎ ØHÄyÄ�ÆHÃ�ÞéÊ


 Í�� Â(ÄyÄ card(M) = card(N) Ô ×�ØHÄyÄ�ÆHÃ�ÞéÊDØHÐyü@Ù
card(M (B)/F ) = card(N (B)/F ).

� Í�� Â(ÄyÄ card(M) ≤ card(N) Ô ×�ØHÄyÄ�ÆHÃ�ÞéÊDØHÐyü@Ù
card(M (B)/F ) ≤ card(N (B)/F ).

� Í
card(M) ≤ card(M (B)/F ) ≤ card(M (B)) ≤ card(B)card(M).

�ï=?]ï=BEGO�l

¡� 
card(M) = card(N)

�HY^IHOåN<=BEGÖHC�M=BO�;�EG©UCå=BEG:<=ï©<E qD=BcpCFE V =�a^T<:<cpCFE W : ϑ :M →
N
 ej´T�=BEG:<=BJ

g ∈M (B) Y<=?Á^:<EG=BADC

g̃(n) := g(ϑ−1(n))

Y<EG=
a^T<:<cpCFE W : g̃ ∈ N (B) T<:<Y

ψ(g) := g̃

=BEG:<=�a^T<:<cpCFE W : ψ :M (B) → N (B)  

• ψ
EGODC6EG:MqD=BcpCFE V låª1=BEG=B: g, h ∈ M (B) �nJsESC g 6= h

 n��IHO6N<=BEGÖHC��=BO6;�EG©UC
m ∈M JsESC

g(m) 6= h(m)
 ~ª1=BE

n = ϑ(m)
 ^��IH:<:

g̃(n) = g(ϑ−1(n)) = g(m) 6= h(m) = h̃(n).

• ψ
EGODCZOQT<A@qD=BcpCFE V l´ª1=BE f ∈ N (B).

��IH:<:�;�EGXSCï>�
<A
f ′ ∈M (B) JsESC

f ′(m) = f(ϑ(m)),

Y^IHÖ
f̃ ′(n) = f ′(ϑ−1(n)) = f(ϑ(ϑ−1(n))) = f(n).

��=?Á^:<EG=BAQ=�=BEG:<=
a^T<:<cpCFE W : ϕ :M (B)/F → N (B)/F
Y<T<AQPRN

ϕ(gF ) := g̃F .



V�á=W�ÞBãnç�â�'�ZhGi�ifâ�ç ä¹êåà�çYWsi�ãnç�ß�é¹ç�ß Äpm

• ϕ
EGODC�] W N<XGY<=?Á^:<EG=BADC�T<:<YìEG:MqD=BcpCFE V l¹ª1=BEG=B: gF , hF ∈ M (B)/F

JsESC�Z=R[
² AFeHOQ=B:pCRIH:pCF=B: g, h ∈M (B).

��IH:<:�;�EGXSC

‖ψ(g) = ψ(h)‖ = ‖g̃ = h̃‖,
IHXGO W g =F h

;�=B:^IHT�Y^IH:<:��<]ï=B:<:
g̃ =F h̃.

• ϕ
EGODC�OQT<A@qD=BcpCFE V l�ª1=?E fF ∈ N (B)/F

JsESC�Z= ² AFeHOQ=B:dCRIH:pCF=BJ f ∈ N (B)  ��=?Á^:<EG=BAQ=
f ′ ∈M (B) Y<T<AQPRN

f ′(m) := f(ϑ(m)).

��IH:<:�;�EGXSC
ϕ(f ′F ) = f̃F = fF .

m1 Z��=BA��ï=?]ï=BEGO V =BAQX�eHTU>_C�]ZEG=ZY<=BA VpW :L¡� h�dIHT<Ö�=BA��dY^IHÖÝJ3IH:j:1T<A Y<EG=Z��:MqD=BcpCFE V ESCReMCY<=BA�a^T<:<cpCFE W :<=B:�©b=B:dTUCR¬`C�T<:<Y�:^IHPRNd]ï=BEGODC¥ 
¨U Oj´T<A���AQEG:<:<=BAQT<:<;
: W PRN<J3IHXGOåY<EG=f��=?Á^:<ESCFE W :6Y<=BA�a^T<:<cpCFE W : m̆ IHT<O ªUIMCF¬Z¢U S¡� S¡Hl

m̆(x) :=

{
1
>�
<A

x = m
0
>�
<A

x 6= m.

��=?Á^:<EG=BAQ=�=BEG:<=
a^T<:<cpCFE W : ϕ :→M (B)/F
JsESCQCF=BXGO

ϕ(m) := m̆F .

ϕ
EGODCZEG:MqD=BcpCFE V lbª1=BEG=B: m,n ∈M  ^��IH:<:�;�EGXSC

‖ϕ(m) = ϕ(n)‖ = ‖m̆ = n̆‖ =
{

1
>�IHXGXGO

m = n
0
O W :<ODC¥ 

��IHJsESCf;�EGXSC
card(M) ≤ card(M (B)/F ).a�
<A�Y<EG=Ý¬?]ï=BESCF=wk�:<;�XG=BEGPRN1T<:<;s]feHN<XG=�>�
<A�qD=BY<=BO

g ∈ M (B)/F
=BEG:<=B:ìZ= ² AFe�[OQ=B:dCRIH:pCF=B:

g∗ ∈ M (B).
��=?Á^:<EG=BAQ=L=BES:<=La^T<:<cpCFE W : ϕ : M (B)/F → M (B)Y<T<AQP`N

ϕ(g) := g∗.

ϕ
EGODC3EG:MqD=BcpCFE V ��Y^I g, h ∈ M (B)/F

JsESC
g 6= h

EG:<OQ©~=BO W :<Y<=BAQ=«T<:<;�XG=BEGPRN<=Z= ² AFeHOQ=B:pC`IM:dCF=B: g∗, h∗ N^IH©~=B:¹ ��EG=ZY<AQESCQCF=ZkZ:<;�XG=BEGP`NdT<:<;
;�EGXSC�MY^I�>�
<A
f ∈M (B) EG:<OQ©~=BO W :<Y<=BAQ=�;�EGXSC f ∈ BM �

T<:<Y
card(BM) = card(B)card(M)  
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��IHJsESCfEGODCZY^IHO���=BJsJ3I6;�=B¬B=BEG;HC¥ 
2

��IHO6> W XG;�=B:<Y<=&��=BJsJ3I�]ZEGAQY�EG:�ªUIMCF¬)¢U  ¨U  ¨«T<:<YÜEG:�	LIH:<ODÁ^=BXGY<Oj��:p]�=B:<Y<T<:<;
VpW : ;�TUCF=B:�k�XSCFAFIMÁ^XSCF=BAQ: IHTU>fªUIMCFT<AQEG=BADCFN<=BESCi� ªUIMCF¬s¢U £Ã1 £m���©b=B:<tHCFEG;HC¥ �k�AQO ² A+
<:<;�XSEGP`NODCRIHJsJ6CfY<EG=
Ù W :<ODCFAQT<cpCFE W :�IHT<Ok� 	LI3§1¡��  
ó �1� ������ÀGµ�ÀG� Á&Â(Ã

A
Â(Ã�Ä&Â�Ð�Ä&Â(Äe×2ÞéÃ-ü@ÙyÂ�ÅaÂ(Ä�Æ Â Ô D Â(Ã�Äñ¿FÞéÊTÏ+Ø � ÞéÊ$Â(Ï�ØHÐ(çDÂ(Ã�Ä&Â(ÏLÇHÈJÞ�Þ îÒ(Ê/ÉHÄ�×HÃhÆ Â(ÄJ=È;ÈJÞ�Â@Ò;ü@ÙyÂ(Ä ô Þ Æ Âì�Ï+Ø

B
Ð�Ä�×

g : Sω(A)→ D
Â(Ã�Ä&ÂzØ�×�×HÃ�ÊTÃ�ÇHÂ=ê�Ð�Ä2ÑJÊTÃ-ÈJÄ ÔÒ;È�×�ØqÚ

∧

n∈ω

∨

card(u)≥n

g(u) = 0

Ð�Ä�×
g(∅) = 1 Í�Î ØHÄyÄ	ÆHÃTì�Ê�Â@ÒiÂ(Ã�Ä&Âkê�Ð�Ä2ÑJÊTÃ-ÈJÄ

hg : Sω(A) → B Ô Ò;È�×�ØqÚ
ran(hg)Â(Ã�Ä&ÂKS�Ø�Ï�ÊTÃ�ÊTÃ-ÈJÄ	ÇHÈJÄ

B
Ã�Ò(ÊLÐ�Äe×

g(v) =
∨
{hg(u)|v ⊆ u}.

�ï=?]ï=BEGO�l
ª1=BE

hg(u) := g(u)−∨{g(v)|card(u) < card(v)}  ^��IH:<:�;�EGXSC

0 < hg(v) ∧ g(u)→ u ⊆ v.
��¢U  ¨��
�ï=?]�=BEGO V�W :)¢U  ¨2lU\�=BN<Js=�IH:��UY^IHÖ u 6⊆ v

 U��IH:<: > W XG;HC card(v) < card(u∪ v) T<:<Y

hg(v) ∧ g(u) ≤ (g(v)− g(u ∪ v)) ∧ g(u)
≤ (g(v)− g(u) ∧ g(v)) ∧ g(u) = 0.

��IHJsESCfEGODC�¢U  ¨j;H=B¬B=BEG;HC¥ 
abIHXGXSO

hg(u)∧hg(v) > 0
�1Y^IH:<:

hg(v)∧ g(u) > 0
T<:<Y

hg(u)∧ g(v) > 0
�1��XGO W;�EGXSC

0 < hg(v) ∧ hg(u)→ u = v.
��¢U  ± �
a^=BAQ:<=BAZ;�EGXSC

∨
{hg(v)|u ⊆ v} = g(u).

��¢U £ÃH�
ª1=BE�Y^IM¬BT

b = g(u)−∨{hg(v)|u ⊆ v}  ��:<;�=B: W JsJs=B:�� 0 < b
 ^giEGA�OQT<PRN<=B:ì=BEG:

v ⊇ u
JsESC

hg(v) ∧ b > 0
�~T<J9=BEG:<=B:

giEGY<=BAQO ² AQT<P`N�¬BT�=BAQN^IHXSCF=B:¹ ª1=BE
cn =

∨{g(v)|card(v) = n}   〈cn〉n∈ω EGODCZJ W : W C W :3>�IHXGXG=B:<Y�l g EGODCZIHY<Y<ESCFE V �IHXGO W g(v ∪ {j}) = g(v) ∧ g({j}) �´Y¹  N¹ ´>�
<A qD=BY<=BO��nI�IHA u ⊆ v
JsESC

card(u) = nT<:<Y
card(v) = n+ 1

;�EGXÌC
g(u) ≥ g(v)

 ^��IHJsESCf> W XG;HC�UY^IHÖ
g(u) ≥ g(u) ∧

∨
{g({j})|j ∈ v \ u} =

∨
{g(v)|u ⊆ v, card(u) + 1}.
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��XGO W ;�EGXSC
∨
{g(v)|card(v) = n} ≥

∨
{g(v)|card(v) = n+ 1}.

∧

n∈ω

cn =
∧

n∈ω

∨
{g(v)|card(v) = n}

=
∧

n∈ω

∨

card(v)≥n

g(v) = 0.

��OZ;�EGXSC
b ≤ ccard(u)

l
b = g(u)−

∨
{hg(v)|u ⊆ v}

≤ g(u) ≤
∨
{g(v)|card(u) = card(v)} = ccard(u).��XGO W ;�EG©UC6=BOw=BEG: k ∈ ω
�nO W Y^IHÖ b − ck < b − ck+1

�
cn
EGODC6=BEG:<= J W : W C W :>�IHXGXG=B:<Y<=s\�T<XGXS> W XS;H=H��IMXGO W ;�EG©UC�=BO k ��O W Y^IHÖ ck > ck+1

��T<:<Y
b ≤ ccard(u)

��Y^IHJsESC
N^IMC

b
=BEG:<=B:s:<EGPRNdCFXG=B=BAQ=B:3ª1P`N<:<ESCQC�JsESC�EGAQ;�=B:<YU]ï=BXGP`N<=B:

ci
���pY¹  N¹ 

(b∧ck)−ck+1 > 0
 

��I
ck =

∨{g(v)|card(v) = k} ��;�EG©UC#=BOì=BEG: v
JsESC

card(v) = k
T<:<Y

(b ∧ g(v))− ck+1 > 0.\�IHPRNL��=?Á^:<ESCFE W : V�W :±� [-��;�ESXÌC
(g(v) ∧ b)− ck+1 = (g(v)− ck+1) ∧ b

 
�ï=BN^IHT ² CFT<:<;�l g(v)− ck+1 = hg(v).��OjEGODC

hg(v) = g(v) − ∨{g(w)|card(v) < card(w)} �åIHXGO W EGODCw¬BT�¬B=BEG;�=B:��nY^IHÖ
ck+1 =

∨{g(w)|card(w) > k}  \�IHP`N���=?Á^:<ESCFE W : ;�ESXSC ck+1 =
∨{g(w)|card(w) = k + 1}. g EGODC�J W : W C W :���IHXGO WEGODCZY<EG= W ©~=BAQ=�ª1P`N<AFIH:<cH= VpW : ∨{g(w)} Y<T<AQPRN�Y<EG=�cdXG=BEG:<ODCF=B: w ©b=BODCRESJsJ6C¥ U��IHJsESC;�EGXSCfY<EG=
�ï=BN^IHT ² CFT<:<;< �ï=BN^IHT ² CFT<:<;�l g(u) ∧ hg(v) ≥ b ∧ hg(v) > 0.� ≥ �@l<cdX�IHA�:^IHP`NL��=?Á^:<ESCFE W : VpW : b  �

>
�@l
0 < g(v) ∧ b− ck+1 = (g(v)− ck+1) ∧ b = hg(v) ∧ b.��IHAFIHT<O3> W XG;HC3JsESC���¢U  ¨��

u ⊆ v
 �giEGY<=BAQO ² AQT<P`NÔ¬BT<A)��=?Á^:<ESCFE W : VpW : b ��IHXGO W

b = 0
 ^��IHJsESCf;�EGXSCk��¢U £Ã��` 

hg
EGODCZ=BEG:<=��nIHADCFESCFE W : V�W : B.��¢U  ¢��

	�ESCz��¢U  ± �ïEGODC
hg
Y<EGO@qDT<:<cpC�T<:<Y�JsESCk��¢U £Ã��ï;�EGXSC ∨{hg(u)|u ∈ Sω(A)} = 1

l
∨{hg(u)|u ∈ Sω(A)} =

∨{hg(u)|∅ ⊆ u}
= g(∅)
= 1.

2
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à¹�U�°Õ#��ÀGµ�ÀGµ ñTú ØHÄ�Æ Â~6 ú Ø�×�+ ; ó Á�Â(Ã
D

Â(Ã�Ä
ω î ÏqÂ/ÆHÐ�ÞhÉHÏqÂ(Ïñ¿FÞéÊTÏ+Ø � ÞéÊ$Â(Ï�ØHÐ(ç�Â(Ã�Ä&Â(Ï¢Ð�Ä îÂ(Ä�×2ÞéÃ-ü@ÙyÂ(Ä Ô ÇHÈJÞ�Þ Ò(Ê/ÉHÄ�×HÃhÆ Â(Ä/J=È;ÈJÞ�Â@Ò;ü@ÙyÂ(Ä ô Þ Æ Âì�Ï+Ø

B ÍLÎ ØHÄyÄ�ÆHÃ�ÞéÊ�ç@è�Ï±ØHÞ�Þ�ÂiÐ�Ä&Â(Ä�×2ÞéÃ îü@ÙyÂ(Ä�ÁeÊTÏ�Ð�ÑJÊTÐ�Ï@Â(Ä
M

Ý�Ã�Ê
κ := card(M(B)/D) Ô ×�ØqÚ κω = κ.

�ï=?]ï=BEGO�l
��EG=BOQ=BA �ï=?]�=BESO�]ZEGAQYjEG:6>�
<:U>�ª1P`N<AQESCQCF=B:j;�=?>�
<N<ADC¥ HgiEG=f©~=BEGJ"ªUIMCF¬ V�W : ª1N<=BX�IHN3Ã1 £m1 £m©<EGXGY<=?CZJ3IH:

κω
EG:MqD=BcpCFE V EG: κ IH©¹ ª1PRN<AQESCQC
¡�l

��T<O�Y<=BA
ω
[�Z=B;�T<X�IHAQEÌCReMC VpW : D > W XG;HC

��OZ;�EG©UCZ=BOZ=BEG:<=�a<T<:<cpCFE W : g : Sω(ω)→ D
��¢U £§��

T<:<Y�=BEG:)Y<EGO@qDT<:<cpCF=BO
hg : Sω(ω)→ B,

O W Y^IHÖw>�
<A�IHXGXG= u ∈ Sω(ω) ;�EGXSC
g(u) =

∨

v≥u

hg(v).

�ï=?]�=BEGO V�W :Ì��¢U £§���l
D
EGODC

ω
[�AQ=B;�T<X�eHA��<IHXGO W ;�EG©UCZ=BO en ∈ D,n ∈ ω �<JsESC

∧

n∈ω

en = 0.

��=?Á^:<EG=BAQ=
g : Sω(ω)→ D

Y<T<AQP`N

g(u) :=
∧

n≤maxu

en.

g
EGODC�IHY<Y<ESCFE V l^ª1=BEG=B: u, v ∈ Sω(ω). ��IH:<:�;�EGXSC

g(u) ∧ g(v) =
∧

n≤maxu

en ∧
∧

n≤max v

en =
∧

n≤max(u∪v)

en = g(u ∪ v).

a^=BAQ:<=BAZ;�EGXSC
∧

k∈ω

∨

card(u)≥k

g(u) =
∧

k∈ω

∨

card(u)≥k

∧

n≤maxu

en

≤
∧

k∈ω\{0}

∨

card(u)≥k

ek−1

=
∧

k∈ω\{0}

ek−1

=
∧

k∈ω

ek

= 0.
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	�ESC���=BJsJ3I3¢U  ¨U £ms=BAQN^IHXSCF=ÝEGPRN#IHXGO W =BEG:<=6a^T<:<cpCFE W : hg �´Y<EG=ÝY^IHO
³�=?]�
<:<OFPRNpCF=w=BA�[>�
<XGXSC¥ <��IHJsESCfEGODCz��¢U £§��ï;�=B¬B=BEG;HC¥ 
ª1=BE

µ := card(M)
 

ª1P`N<AQESCQC�m�l j´T
σ : ω → µ(B) ;�EG©UCf=BOZ=BEG:<=
;�=BJs=BEG:<OFIHJs=��¢U  Î��
Æ�=BAD>@=BEG:<=BAQT<:<;

P
Y<=BA

ran(σ(n)), n ∈ ω.
�ï=?]�=BEGO V�W :Ì��¢U  Î���l
��=?Á^:<EG=BAQ=

P
Y<T<AQPRN

P := {hg(v) ∧
∧

n∈v

qn|v ∈ Sω(ω)
T<:<Y)>�
<A

n ∈ v ;�EGXSC qn ∈ ran(σ(n))} \ {0}.

a�
<A
u, v ∈ Sω(ω)

T<:<Y
qn, q

′
n ∈ ran(σ(n))

>�
<A
n ∈ ω ;HEGXSC

(hg(v) ∧
∧

n∈v

qn) ∧ (hg(u) ∧
∧

n∈u

q′n) = 0,

>�IHXGXGO
u 6= v

�@Y^I
hg
Y<EGO@qDT<:<cpC�� W Y<=BA�>�IHXGXGO qn 6= q′n

>�
<AÝ=BEG:
n ∈ u = v

;�EGXSC��@Y^I
ran(σ(n))

=BEG:<=3�nIHADCFESCFE W :ìT<:<Y�O W JsESC�Y<EGO@qDT<:<cpCÝEGODC��` ���XGO W EGODC P =BEG:<=s��:pCFEGcH=?CQCF=T<:<Y
v
T<:<Y

qn, n ∈ v,
OQEG:<Y)Y<T<AQPRN

hg(v) ∧
∧
n∈v qn ∈ P

=BEG:<Y<=BTUCFEG;w©~=BODCFEGJsJÝC¥ 
a^=BAQ:<=BAf;�EGXSC

∨
P =

∨
{hg(v) ∧

∧

n∈v

qn|v ∈ Sω(ω)
T<:<Y)>�
<A

n ∈ v ;�EGXSC qn ∈ ran(σ(n))}

=
∨

v∈Sω(ω)

{hg(v) ∧
∧

n∈v

qn|qn ∈ ran(σ(n))}.

��O�;�EGXSC
∨

v∈Sω(ω)

{hg(v) ∧
∧

n∈v

qn|qn ∈ ran(σ(n))} =
∨

v∈Sω(ω)

hg(v) :

ª1=BE
a
cdXG=BEG:<=BA0IHXGO�Y<EG=/XGEG:<cH=iª1=BESCF=H 6��IH:<: ;HEG©UC0=BO =BEG:

v ∈ Sω(ω)
�ÝO W Y^IHÖ

a < hg(v) ∧
∧
n∈v qn ≤ hg(v).

ª1=BE
a
cdXG=?EG:<=BAwIHXGOÝY<EG=3AQ=BPRNpCF=�ª1=BESCF=H å��IH:<:0;�EG©UC

=BO =BEG:
v ∈ Sω(ω)

� O W Y^IHÖ a < hg(v)
 ïa�
<A
qD=BY<=BO

n ∈ ω
EGODC

ran(σ(n))
=BEG:<=

�åIHADCFESCFE W :��¹IHXGO W > W XG;HC
IHT<O a < 1
��Y^IHÖ

a <
∨

ran(σ(n))
�¹Y^IHO
N<=BEGÖHC�¹=BO
;�EG©UC
=BEG:

p ∈ ran(σ(n))
�~O W Y^IHÖ a < p

 ^g(eHN<XG=ÝIHXGO W >�
<A n ∈ v ��XG=BJs=B:pCF= qn ∈ ran(σ(n))JsESC
a < qn

 ^��IH:<:L;HEGXSCZIHT<PRN
a <

∧
n∈v qn

�bIHXGO W
a < hg(v) ∧

∧

n∈v

qn.
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��IHJsESCf;�EGXSC
∨

P =
∨

v∈Sω(ω)

{hg(v) ∧
∧

n∈v

qn|qn ∈ ran(σ(n))}

=
∨

v∈Sω(ω)

hg(v)

= g(∅)
= 1.

��XGO W EGODC P =BEG:<=��nIHADCFESCFE W :¹ <��IHJjESCZEGODCz��¢U  Î��ï;�=?¬B=BEG;HC¥ 
��=?Á^:<EG=BAQ=
:dT<:)>�
<A

n ∈ ω a^T<:<cpCFE W :<=B: ζn : P → ran(σ(n))
Y<T<AQPRN

ζn(hg(v) ∧
∧

n′∈v

qn′) :=

{
qn

>�IHXGXGO
n ∈ v,

0
O W :<ODC° 

��IH:<:�;�EGXSC�>�
<A
n ∈ ω

∨

p∈P

(p ∧ ζn(p)) ≥
∨
{hg(v) ∧

∧

n′∈v

qn′ |v ∈ Sω(ω)
JjESC

n ∈ v
T<:<Y)>�
<A

n′ ∈ v qn′ ∈ ran(σ(n′))}
=

∨

n∈v

hg(v)

= g({n}) ∈ D.
ª1=BE¹Y^IH:<:&>�
<A

n ∈ ω T<:<Y)>�
<A α < µ
Y<EG=
a<T<:<cpCFE W : σ̃n : µ→ B

> W XG;�=B:<Y<=BAQJ3I�[Ö�=B:�Y<=?Á^:<EG=BADC
σ̃n(α) :=

∨
{p ∈ P |ζn(p) = σ(n)(α)}.

ª1P`N<AQESCQC�¨2l
σ̃n
EGODCZ=BEG:<=��nIHADCFESCFE W :<OD>@T<:<cpCFE W :¹ ��¢U  Ä��

�ï=?]�=BEGO V�W :Ì��¢U  Ä���l
• ª1=BEG=B: α, β < µ

JsESC
α 6= β

 b��IH:<:�;�EGXSC

σ̃n(α) ∧ σ̃n(β) =
∨{p ∈ P |ζn(p) = σ(n)(α)}
∧∨{p ∈ P |ζn(p) = σ(n)(β)}

= 0,

Y^I
ran(σ(n))

=BES:<=��nIHADCFESCFE W :&EGODC¥ 
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•
∨

α<µ

σ̃n(α) =
∨

α<µ

∨
{p ∈ P |ζn(p) = σ(n)(α)}

=
∨
{p ∈ P |∃α < µ ζn(p) = σ(n)(α)}

=
∨
{p ∈ P}

= 1.

��IHJsESCfEGODCz��¢U  Ä��ï;�=B¬B=BEG;HC¥ 
a^=BAQ:<=BAf;�EGXSC

‖σ̃n = σ(n)‖ =
∨
{p ∧ σ(n)(α)|p ∈ P ∧ ζn(p) = σ(n)(α)}

=
∨

p∈P

(p ∧ ζn(p)) ∈ D,

]ZEG= W ©b=B:�;�=B¬B=BEG;HC¥ ª1=BE�:dT<:
N :=

⋃
u∈Sω(ω) µ

u.
a�
<A

σ ∈ (µ(B))ω
T<:<Y

f ∈ N OQ=BE

ϕ(σ)(f) := hg(dom(f)) ∧
∧

i∈dom(f)

σ̃i(f(i)).

ª1P`N<AQESCQCZ±�l
ϕ(σ)

EGODCZ=BEG:<=��nIHADCFESCFE W :<OD>@T<:<cpCFE W :¹ ��¢U S¡°o��
�ï=?]�=BEGO V�W :Ì��¢U S¡°o���l
• ϕ(σ) : N → B

Y<EGO@qDT<:<cpCl~ª1=BEG=B:
f1, f2 ∈ N, f1 6= f2.

��IH:<:�;�EGXSC

ϕ(σ)(f1) ∧ ϕ(σ)(f2)

= hg(domf1) ∧ hg(domf2) ∧
∧

i∈domf1

σ̃i(f1(i)) ∧
∧

i∈domf2

σ̃i(f2(i)).

¡� �abIHXGXTl
domf1 6= domf2

 ^��IH:<:�;�EGXSC

hg(domf1) ∧ hg(domf2) = 0,

Y^I
hg
Y<EGO@qDT<:<cpC�EGODC¥ 
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m1 �abIHXGXTl
domf1 = domf2 = u

 ~��IH:<:L©<EGXGY<=B:
f1

T<:<Y
f2

JsEG:<Y<=BODCF=B:<O�=BEG:
i ∈ u IHTU> V =BAQOQP`N<EG=BY<=B:<= α, β < µ

IH©��^OQ=BE
i′
O W =BEG: i  b��IHJsESCfEGODC

∧

i∈u

σ̃i(f1(i)) ∧
∧

i∈u

σ̃i(f2(i)) =
∧

i∈u

(σ̃i(f1(i)) ∧ σ̃i(f2(i)))

= σ̃i′(α) ∧ σ̃i′(β) ∧∧

i∈u\{i}

(σ̃i(f1(i)) ∧ σ̃i(f2(i)))

= 0,

Y^I
σ̃i′
=BEG:<=
�åIHADCFESCFE W :<OD>@T<:<cpCFE W :&EGODC¥ 

•
∨

f∈N

ϕ(σ)(f) =
∨

f∈N

(hg(domf) ∧
∧

i∈domf

σ̃i(f(i)))

=
∨

u∈Sω(ω)

∨

f∈µu

(hg(u) ∧
∧

σ̃i(f(i)))

=
∨

u∈Sω(ω)

(hg(u) ∧
∨

f∈µu

∧

i∈u

σ̃i(f(i)))

=
∨

u∈Sω(ω)

(hg(u) ∧
∧

i∈u

∨

α<µ

σ̃i(α))

=
∨

u∈Sω(ω)

(hg(u) ∧
∧

i∈u

1)

=
∨

u∈Sω(ω)

hg(u) ∧ 1

= g(∅)
= 1.

��IHJsESCfEGODCz��¢U S¡°o��ï;�=B¬B=BEG;HC¥ 
P
EGODC�=BEG:<=åÆ�=BAD>@=BEG:<=BAQT<:<; VpW : σ̃i �°IHXGO W EGODC ran(hg)∧P = {a∧b|a ∈ ran(hg)

T<:<Y
b ∈

P} =BEG:<=�Æ�=BAD>@=BEG:<=BAQT<:<; V�W : ran(ϕ(σ))
 

��XGO W ;�EGXSC
ϕ : (µ(B))ω → N (B).

��O�©<XG=BEG©UC�ª1PRN<AQESCQC�Ãw¬BT�¬B=BEG;�=B:�l
ϕ
EGODCZEG:MqD=BcpCFE V  ��¢U S¡�¡��



V�á=W�ÞBãnç�â�'�ZhGi�ifâ�ç ä¹êåà�çYWsi�ãnç�ß�é¹ç�ß ¡°o�o

�ï=?]�=BEGO V�W :Ì��¢U S¡�¡���l
ª1=BEG=B:

σ, τ ∈ (µ(B))ω
T<:<Y

u ∈ Sω(ω)
 ^��IH:<:�;�EGXSC

hg(u) ∧ ‖ϕ(σ) = ϕ(τ)‖��¢U S¡�m��
= hg(u) ∧

∨

f∈µu

∧

i∈u

(σ̃i(f(i)) ∧ τ̃i(f(i)))

= hg(u) ∧
∧

i∈u

∨

α∈µ

(σ̃i(α) ∧ τ̃i(α))

= hg(u) ∧
∧

i∈u

‖σ̃i = τ̃i‖.
��¢U S¡°¨��
g�=B:<:«J3IH:L:dT<:LEG:�j´=BEGXG=u��¢U S¡�m��fT<:<Y���¢U S¡°¨��fY^IHO�ª1T ² AQ=BJ6T<J 
<©~=BA�IHXGXG=

u
©<EGXGY<=?C�

Y<EG=
i
=B:dCFN^IHXSCF=B:��<O W =BAQN^eHXSCZJ3IM:
∨

u:i∈u

(hg(u) ∧ ‖ϕ(σ) = ϕ(τ)‖) =
∨

u:i∈u

(hg(u) ∧
∧

j∈u

‖σ̃j = τ̃j‖)

≤ ‖σ̃i = τ̃i‖T<:<Y�O W JsESC
‖σ̃i = τ̃i‖ ≥

∨

u:i∈u

(hg(u) ∧ ‖ϕ(σ) = ϕ(τ)‖)

= g({i}) ∧ ‖ϕ(σ) = ϕ(τ)‖.
��ODC�IHXGO W ϕ(σ) =D ϕ(τ)

�^O W ;�EGXSC�>�
<AZIHXGXG= i ∈ ω
σ(i) =D σ̃i =D τ̃i =D τ(i).

��IHJsESCf;�EGXSCk��¢U S¡�¡��` 
��IHN<=BA�EG:<Y<T<¬BEG=BADC

ϕ
=BEG:<=���:MqD=BcpCFE W : V�W : (µ(B)/D)ω

EG:
N (B)/D

 ���I
card(N) =

card(µ<ω) = µ
> W XG;HCfY<EG=
�ï=BN^IHT ² CFT<:<;sY<=BO�ªUIMCF¬B=BOB 

2ªUIMCF¬�¢U  ¨U  ¨�ODCF=BPRcpCf:dT<A =BEG:<=B: �IHN<Js=B:s>�
<A Y<EG=�Jst�;�XGESPRN<=B:3Ù
IHAQY<EG:^IHXGEÌCReMCF=B: VpW :� W1W XG=BOQPRN<=B:«� W CF=B:<:<¬B=B:#IH©¹ b��EG=�Ù
IHAQY<EG:^IHXSESCFeMCF=B: V�W :L� W1W XG=BOQPRN<=B:«� W CF=B:<¬B=B: VpW :
ω
cMIH:<:0J3IH: N<EG:<;�=B;�=B: V�W XGXGODCReH:<Y<EG;LIH:<;�=B©~=B:¹ �j´T<A�Æ W AQ©~=BAQ=BESCFT<:<;«Y^IM>�
<A6Y<EG=B:<=B:Y<EG=�> W XG;�=B:<Y<=B:�©b=BEGY<=B:L��=BJsJ3IMCRIU 

ó �1� ������ÀGµ�ÀÌÇ ñ�ú ØHÄ�Æ Ât6 ú ØO×,+ ; ó Á�Â(Ã Bµ
×HÃ-ÂuëyÂ(Ï�ÇHÈJÞ�Þ Ò(Ê/ÉHÄ�×HÃhÆHÐ�Ä�Æz× Â(Ï�ç@ÏqÂ(Ã-Â(Ä�J=È;È îÞ�Â@Ò;ü@ÙyÂ(Ä ô Þ Æ Âì�Ï+Ø�ØHÐ(ç

µ � Â(Ä&Â(Ï+ØHÊ$ÈJÏqÂ(Ä Í Á�Â(Ã (Bα)α<µ
Â(Ã�Ä&ÂkØHÐ(ç+Ò(Ê$Â(ÃhÆ Â(Ä�× Â�êFÈJÞ Æ Â8ÇHÈJÄÁeÐ�ì@ØHÞ Æ Âì�ÏqÂ(Ä	ÇHÈJÄ

Bµ Í ê�è�Ï α < µ
Ò;Â(Ã

Qα
Â(Ã�Ä&ÂKS�ØHÏ�ÊTÃ�ÊTÃ-ÈJÄ�ÇHÈJÄ

Bα+1
Ð�Ä�×

Eα := {¬
∨

p∈P

(p ∧ ζ(p))|P S�ØHÏ�ÊTÃ�ÊTÃ-ÈJÄ�ÇHÈJÄ
Bα

Ð�Ä�×
ζ : P → Qα}.

Î Â � ÄyÃ-Â(ÏqÂ
E :=

⋃
α<µEα.êCØHÞ�Þ ÒFç@è�ÏFÖ�Âq× Â@Ò
α < µ

Ð�Ä�×LÖ�Â@× Â@Ò
b ∈ Bα\{0}

×HÃ-ÂDÅaÂ(Ä�Æ Â {q ∈ Qα|q∧b > 0}Ð�Ä&Â(Ä�×2ÞéÃ-ü@Ù�Ã�Ò(Ê Ô Ù�ØHÊ E ×HÃ-Â]Â(Ä�×2ÞéÃ-ü@ÙyÂ Î Ð�Ïqü@Ù Òü@Ù2Ä�Ã�Ê-Ê�Ò;Â(ÃhÆ Â(Ä�Ò;ü@Ù�Ø+ç@Ê Í
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�ï=?]ï=BEGO�l
��T<OïY<=BA�Æ W AFIHT<OQOQ=?CF¬BT<:<;��1Y^IHÖ {q ∈ Qα|q∧ b > 0} T<:<=B:<Y<XGEGP`NsEGODC��> W XG;HC�¬BT<:^eHPRN<ODC�Y^IHÖj>�
<A

α < µ, b′ ∈ Bα \ {0}
T<:<Y

e1, . . . , en ∈ Eα
;�EGXSC

b′ ∧
∧

1≤i≤n

ei > 0.
��¢U S¡¥± �

�ï=?]�=BEGO V�W :Ì��¢U S¡¥± ��l
g�=B;�=B:

ei ∈ Eα
=`ÛUEGODCFEG=BAQ=B:��nIHADCFESCFE W :<=B: Pi VpW : Bα

�
p ∈ Pi

T<:<Y�a^T<:<cpCFE W :<=B:
ζi : Pi → Qα

�^O W Y^IHÖ ei = ¬∨p∈Pi
(p ∧ ζ(p)) >�
<A 1 ≤ i ≤ n

 ´ª1=BE
b′ ∈ Bα \ {0}

 
��IH:<:«;�EG©UCZ=BO�>�
<A

1 ≤ i ≤ n pi ∈ Pi
JsESC

b := b′ ∧∧1≤i≤n pi ∈ Bα \ {0}
 ~\�IHPRN

Æ W AFIHT<OQOQ=?CF¬BT<:<;3;�EG©UCZ=BO q ∈ Qα \ {ζi(pi)|1 ≤ i ≤ n} JsESC q ∧ b > 0.a�
<A
1 ≤ i ≤ n

;�EGXSC

pi ∧ q ∧
∨

p∈Pi

(p ∧ ζ(p)) = pi ∧ q ∧ ζi(pi) = 0,

Y^IHOZN<=BEGÖHC�
pi ∧ q ≤ ¬

∨

p∈Pi

(p ∧ ζi(p)).

��XGO W EGODC

0 < q ∧ b = b′ ∧
∧

1≤i≤n

(pi ∧ q) ≤ b′ ∧
∧

1≤i≤n

¬
∨

p∈Pi

(p ∧ ζi(p)).

��IHJsESCfEGODCz��¢U S¡¥± �ï;�=B¬B=BEG;HC¥ 
\�T<:&¬B=BEG;H=B: ]ZEGA ² =BAï��:<Y<T<cpCFE W :��UY^IHÖÝ>�
<AfIHXGXG= α < µ

Y<EG=�	�=B:<;�= ⋃
β<αEβ

Y<EG=
=B:<Y<XGEGP`N<=
��T<AQPRN<OQP`N<:<ESCQCFOQ=BEG;�=B:<OQPRN^IM>_C�N^IMCl
ª1=BEZY<EG=BOj©~=BAQ=BESCFOw>�
<A

α < γ
;�=B¬B=BEG;HC¥  ª1=BEG=B:

β1, . . . , βn ∈ γ
T<:<Y

ei ∈ Eβi
>�
<A

1 ≤ i ≤ n
 ~ª1=BE

η := max{β1, . . . , βn}.
\�IHPRN���:<Y<T<cpCFE W :<O V�W AFIHT<OQOQ=?CF¬¥T<:<;3EGODC

b′ :=
∧

1≤i≤n

βi<α

ei ∈ Bα \ {0}

T<:<Y�Y^IHN<=BAZ;�EGXSCf:^IHPRNÌ��¢U S¡¥± �
∧

1≤i≤n

ei = b′ ∧
∧

1≤i≤n

βi=α

ei > 0.

��IHJsESCfN^IMC
E
Y<EG=�=B:<Y<XGEGP`N<=
��T<AQPRN<OQP`N<:<ESCQCFOQ=BEG;�=B:<OQPRN^IM>_C¥ 

2
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ó �1� ������ÀGµ�ÀG¿ ñ�ú ØHÄ�Æ ÂK6 ú Ø�×,+ ; ó Bµ Ô ×HÃ-Â�ëyÂ(Ï�ÇHÈJÞ�Þ Ò(Ê/ÉHÄ�×HÃhÆHÐ�Ä�Æ�× Â(Ï�ç@ÏqÂ(Ã-Â(ÄOJ=È�ÈJÞ�Â îÒ;ü@ÙyÂ(Ä ô Þ Æ Âì�Ï+Ø�ØHÐ(ç
µ � Â(Ä&Â(Ï+ØHÊ$ÈJÏqÂ(Ä Ô Ù�ØHÊ�Â(Ã�Ä&Â(Ä ¿FÞéÊTÏ+Ø � ÞéÊ$Â(Ï

D Ô Ò;ÈÌ×�ØqÚfç@è�Ï	ØHÞ�Þ�ÂÐ�Ä&Â(Ä�×2ÞéÃ-ü@ÙyÂ(Ä�ÅaÂ(Ä�Æ Â(Ä
M

ÆHÃ�Þ�Ê
card(M (Bµ)/D) ≥ µ.

�ï=?]ï=BEGO�l
��I

µ
T<:<=B:<Y<XGEGPRN«EGODC�b;�EG©UC�=BO�=BES:<=6�ïE qD=BcpCFE W : ϕ : µ × ω → µ

 ´ª1=BE
U
=BEG:<=w	�=B:<;�=

VpW :�T<:^IH©<N^eH:<;�ES;�=B:L��AQ¬B=BT<;�=B:<Y<=B: VpW : Bµ

T<:<Y)>�
<A
α < µ

OQ=BE

Bα := 〈
⋃

β<α

⋃

n<ω

Uϕ(β,n)〉cm.

T<:<Y
B̃α := 〈

⋃

n<ω

Uϕ(α,n)〉cm.

a�
<A
α < µ

OQ=BE
Qα
=BEG:<=
T<:<=B:<Y<XGEGPRN<=��åIHADCFESCFE W : V�W : B̃α

 
B̃α
N^IMC�IHXGO�Æ�=BA VpW XSXGODC`eM:1[Y<EG;�T<:<;�=BEG:<=BA�>@AQ=BEG=B:3� W1W XG=BOQPRN<=B:3��XG;�=B©<AFI
Y<EG=ZPBPBPH�1IHXGO W EGODC Qα

IH©<¬¥eHN<XG©^IHAB �g(eHN<XG=
>�
<A

α < µ
=BEG:<=3a^T<:<cpCFE W : σα ∈ M (Bµ) JsESC ran(σα) = Qα

 nª W =BEG:<=3a^T<:<cpCFE W :;�EG©UCZ=BO��^Y^I
card(M) ≥ ω = card(Qα)

 
a�
<A

β < α < µ
OQ=BE

ζ : Qβ → Qα
Y<=?Á^:<EG=BADC�Y<T<AQP`N

ζ(σβ(m)) := σα(m).

��O�;�EGXSC�Y^IH:<:

‖¬σβ = σα‖ = ¬
∨

m∈M

(σβ(m) ∧ σα(m))

= ¬
∨

q∈Qβ

(q ∧ ζ(q)) =: eβ,α.

\�IHP`N ��=BJsJ3I ¢U  ¨U  ±);�EG©UC�=BO
=BEG:<=B: k�XSCFAFIMÁ^XSCF=BA
D
IHTU>

Bµ

JsESC
eβ,α ∈ D

>�
<A
IHXGXG=
β < α < µ

�¹Y<=B:<:�Y^I
Bα
T<:<Y

B̃α
T<:^IH©<N^eH:<;�EG;&OFES:<Y���EGODC�>�
<A

b ∈ Bα \ {0}
Y<EG=

	�=B:<;�= {q ∈ Qα|q ∧ b > 0} = Qα
T<:<=B:<Y<XGEGPRN¹ ^��XGO W ;�EGXÌC

card(M (Bµ)/D) ≥ {σαD|α < µ} = µ.

2

à¹�U�°Õ#��ÀGµ�ÀG� ñTú ØHÄ�Æ Â�6 ú Ø�×,+ ; ó�Î Ã-Â ö ØHÏ+×HÃ�Ä�ØHÞéÃ�Ê/ÉHÊ$Â(Äu× Â(ÏDJ=È;ÈJÞ�Â@Ò;ü@ÙyÂ(Ä+SNÈJÊ$Â(Ä�Ë�Â(Ä�ÇHÈJÄ
ω

Ò(Ã�Ä�×�Æ Â(Ä�ØHÐ
ω

Ð�Ä�×±×HÃ-Â
µ
Ý�Ã�Ê

µω = µ Í
�ï=?]ï=BEGO�l

ª1=BE(¬BT<:^eHPRN<ODC
D
k�XSCFAFIMÁ^XSCF=BA IHTU>+=BEG:<=BAË� W1W XG=BOQPRN<=B:î��XG;�=?©<ARI B

T<:<YÍOQ=BE
µ := card(ω(B)/D)
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¡� ZabIHXGX-l
D
EGODCL×

ω1

[ V�W XGXGODCReH:<Y<ES;���Y¹  N¹  D EGODC ω [�T<:<¬?=BAQXG=B;�©^IHAB �ª1=BE σ ∈ ω(B)  
ran(σ)

EGODCf=BEG:<=
�nIHADCFESCFE W : VpW : B �^IHXGO W ;�EG©UCf=BOZ=BEG: M ⊆ ω
�
card(M) < ω

�
O W Y^IHÖ ⋃

m∈M

σ(m) ∈ D.
ª1=BE

M ⊆[�JsEG:<ESJsIHXïJsESCwY<EG=?OF=?As��EG;�=B:<OQP`N^IM>_C¥ �abIHXGXGO M cH=BEG:<=���EG:<=BAQJs=B:<;�=
EGODC�1O W ;�EGXSC�>�
<A�IHXGXG= m ∈M �1Y^IHÖ

σ(m) 6∈ D  U��I D =BEG:&k�XSCFAFIMÁ^XSCF=BA EGODC�1;�EGXSCY^IHJsESCå>�
<A�IHXGXG=
m ∈M �pY^IHÖ

I \σ(m) ∈ D �pIHXGO W EGODC ⋂
m∈M(I \σ(m)) ∈ D �

T<:<Y�O W JsESC�> W XG;HC ⋃
m∈M σ(m) 6∈ D  UgiEGY<=BAQO ² AQT<PRN¹ ��XGO W =`ÛUEGODCFEG=BADCÝ=BEG: nσ ∈ ω

JsESC ‖σ = n̆σ‖ = σ(nσ) ∈ D
 ���=`Á^:<EG=BAQ=3=BEG:<=

a^T<:<cpCFE W : ϕ : ω(B)/D → ω
Y<T<AQP`N
ϕ(σD) := nσ.

ϕ
EGODC�EG:MqD=BcpCFE V l´ª1=BEG=B: σD, ρD ∈ ω(B) JsESC σD 6= ρD

 ~��IH:<:«;�EGXSC ‖σ = ρ‖ 6∈
D
�MIHXGO W > W XG;HC�IHT<O ‖σ = n̆σ‖ ∈ D

��Y^IHÖ ‖ρ = n̆σ‖ 6∈ D.
��IHJsESC�;�EGXSC

nσ 6= nρ
 

��XGO W EGODC ϕ EG:MqD=BcpCFE V T<:<Y µ = ω
 

m1 ZabIHXGX-l
D
EGODCZ×

ω1
[�T<: VpW XGXGODCReH:<Y<EG;U p��IHJjESC�EGODC D ω

[�AQ=B;�T<X�eHA���IHXGO W µω = µ
:^IHP`N

ªUIMCF¬�¢U  ¨U  ¨U 
k�Js;�=Bc�=BN<ADC�EGODC

card(ω(2)/{1}) = ω
T<:<Y«>�
<A

µ
JsESC

µω = µ
;�EG©UC�=BO�:^IHP`N#��=BJw[

J3IÜ¢U  ¨U £Ã0=BEG:<=B:7k�XSCFAFIMÁ^XSCF=BA
D V�W : Bµ

JsESC
card(ω(Bµ)/D) ≥ µ

^ZIH©~=BALIHT<PRN
card(ω(Bµ)/D) ≤ card((Bµ)

ω) ≤ µω = µ. 2
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IHAQY<EG:^IHXG¬¥IHN<XS=B:�©~=`[:<tHCFEG;HC¥ 
��EG=BOQ=BOÝÙ
I ² ESCF=BX W AQEG=B:pCFEG=BADC�OQEGP`N IH: 	LIH:<ODÁ^=BXGY÷� 	LIs§1¡��-����©<OQPRN<:<ESCQC�±< �	LIH:<O�[

Á^=BXGYs¬B=BEG;HC�>�
<A�=BEG:<=ZT<:<=BAQAQ=BEGP`Nd©^IHAQ=�Ù
IHAQY<EG:^IHXS¬¥IHN<X
κ
�pY^IHÖ�J3IH:w>�
<A�=BEG:<=

κ
[�Y<EGO@qDT<:<c�[

CFESÁ^¬BEG=BAQ©^IHAQ= � W1W XG=BOQPRN<=&��XG;�=B©<AFIL=BEG:<=B: κ [�;�TUCF=B:�k�XSCFAFIMÁ^XSCF=BA
Á^:<Y<=?C�� ªUIMCF¬&¢U  ±<  ± �` 
��IHAFIHT<OïX�eHÖHC OQEGPRNs> W XG;�=BAQ:��pY^IHÖÝ=BOï=BEG:<=�� W1W XG=BOQPRN<=�� W CF=B:<¬�Y<=BAf³�AQt�Ö�= κ ;�EG©UC=��Ù W [A W XGX�IHA�¢U  ±< £Ã��` 
¾ ��¿å���_�M�@¸~����ÀÌÇFÀ��ïä�Ã�Äß¿FÞéÊTÏ+Ø � ÞéÊ$Â(Ï

D
ØHÐ(çkÂ(Ã�Ä&Â(ÏKJ=È;ÈJÞ�Â@Ò;ü@ÙyÂ(Ä ô Þ Æ Âì�Ï+Ø

B
Ã�Ò(Ê��~���Û$Ü��

λ ÔLÕ Â(ÄyÄ�Â(ÏzØ�ì@Ë;É�Ù�Þhì@ØHÏ8Ð�ÄyÇHÈJÞ�Þ Ò(Ê/ÉHÄ�×HÃhÆuÃ�Ò(Ê�Ð�Ä�×�Ö�Âq× ÂkÝiÈJÄ&ÈJÊ$ÈJÄ&Â=ê�Ð�Ä2ÑJÊTÃ-ÈJÄ�ÇHÈJÄ
Sω(λ)

Ã�Ä
D

Â(Ã�Ä&ÂOØ�×�×HÃ�ÊTÃ�ÇHÂuëyÂ(Ï�ç�Â(Ã�Ä&Â(Ï�Ð�Ä�Æ8Ù�ØHÊ Ô × Â(ÏqÂ(Ä � Â(Ï�Ê$Âì�Â(ÏqÂ(Ã-ü@ÙiÂ(Ã�Ä&Âw.eÂ(Ã�ÞéÝiÂ(Ä îÆ ÂkÇHÈJÄ
D

Ã�Ò(Ê Í
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¾ ��¿å���_�M�@¸~����ÀÌÇFÀG�åä�Ã�Äò¿FÞéÊTÏ+Ø � ÞéÊ$Â(Ï
D

ØHÐ(ç�Â(Ã�Ä&Â(Ï�J=È;ÈJÞ�Â@Ò;ü@ÙyÂ(Ä ô Þ Æ Âì�Ï+Ø
B

Ã�Ò(Ê
κ æ�~��� ÔLÕ Â(ÄyÄ D Ø ì@ËÉJÙ�Þhì@ØHÏ=Ð�ÄyÇHÈJÞ�Þ Ò(Ê/ÉHÄ�×HÃhÆuÐ�Ä�×]ÆHÐ�Ê�Ã�Ò(Ê�ç@è�Ï�Ö�Âq× Â@Ò

λ < κ Í
ó �1� ������ÀÌÇFÀGµ ñ Å�Ø�Ä�Ò � Â(Þh×w6TÅ�ØO× 
�; ó�� Â(ÄyÄ B Â(Ã�Ä&Â

κ î ×HÃ�ÒTÖ@Ð�Ä2ÑJÊTÃ � Ë�Ã-Â(Ï�ì@ØHÏqÂKJ=È;È îÞ�Â@Ò;ü@ÙyÂ ô Þ Æ Âì�Ï+Ø�Ã�Ò(ÊkÐ�Ä�×
C ⊆ B

Ý�Ã�Ê]× Â(Ï	Â(Ä�×2ÞéÃ-ü@ÙyÂ(Ä Î Ð�Ïqü@Ù�Ò;ü@Ù�ÄyÃ�ÊTÊ�Ò;Â(ÃhÆ Â(Ä2Ò;ü@Ù�Ø+ç@ÊÐ�Ä�×
card(C) < κ

Ð�Ä�×
f : Sω(λ)→ C

Â(Ã�Ä&Â=ÝiÈJÄ&ÈJÊ$ÈJÄ&ÂNê&Ð�Ä2ÑJÊTÃ-ÈJÄkç@è�ÏkÂ(Ã�Ä
λ < κ Ô×�ØHÄyÄaÑ�ØHÄyÄ

C
Ë�ÐÌÂ(Ã�Ä&Â(ÏzÅaÂ(Ä�Æ Â

C ′
Â(Ï Õ Â(Ã�Ê$Â(Ï�Ê Õ Â(Ïq× Â(Ä Ô ×HÃ-Âi×HÃ-Â�Â(Ä�×2ÞéÃ-ü@ÙyÂ Î Ð�Ïqü@Ù îÒ;ü@Ù�ÄyÃ�ÊTÊ�Ò;Â(ÃhÆ Â(Ä2Ò;ü@Ù�Ø+ç@ÊNÙ�ØHÊ Ô × Â(Ä � Â(Ï�Ê$Âì�Â(ÏqÂ(Ã-ü@Ù¡Â(Ã�Ä&Â(Ï�Ø�× ×HÃ�ÊTÃ�ÇHÂ(Ä ëyÂ(Ï�ç�Â(Ã�Ä&Â(Ï�Ð�Ä�Æ�ÇHÈJÄ

f
Â(ÄyÊ�Ù�ÉHÞéÊLÐ�Ä�×

card(C ′) < κ Í
�ï=?]ï=BEGO�l

��N<:<=���EG:<OQPRN<AFeH:<cdT<:<;�;�=BXSCF=
1 ∈ C  pa�
<A y ∈ C T<:<Y x ∈ Sω(λ) ;�EGXSC y∧f(x) > 0

�
IHXGO W N^IMCZY<EG=
a^T<:<cpCFE W : x 7→ y ∧ f(x) =BEG:<=�Y<EGO@qDT<:<cpCFE V =�Æ�=BAD>@=BEG:<=BAQT<:<; h(x, y)  ��=?Á^:<EG=BAQ=

g : Sω(λ)→ B
Y<T<AQP`N

g(x) :=
∨
{h(z, y)|x ⊆ z

T<:<Y
y ∈ C}.

a�
<A
x ⊆ z

;�EGXSC
h(z, y) ≤ y ∧ f(z) ≤ f(z) ≤ f(x),

IHXGO W EGODC g =BEG:<=�Æ�=BAD>@=BEG:<=BAQT<:<; V�W : f  �ï=BN^IHT ² CFT<:<;�l
g
EGODC�IHY<Y<ESCFE V  ��¢U S¡�Ã��

�ï=?]�=BEGO V�W :Ì��¢U S¡�Ã���l
g(x1) ∧ g(x2)

=
∨
{h(z1, y1) ∧ h(z2, y2)|x1 ⊆ z1

T<:<Y
x2 ⊆ z2

T<:<Y
y1 ∈ C

T<:<Y
y2 ∈ C}.

��I
h
Y<EGO@qDT<:<cpC�EGODC�<EGODCZY^IHOf;�XG=BEGP`N

∨
{h(z, y)|x1 ⊆ z

T<:<Y
x2 ⊆ z

T<:<Y
y ∈ C}

=
∨
{h(z, y)|x1 ∪ x2 ⊆ z

T<:<Y
y ∈ C}

= g(x1 ∪ x2).

��IHJsESCfEGODCz��¢U S¡�Ã��ï;�=B¬B=BEG;HC¥ 
��=?Á^:<EG=BAQ=
:dT<:

C ′
Y<T<AQPRN

C ′ := {y ∧ g(x)|y ∈ C T<:<Y x ∈ Sω(λ)}.
C ′
=BAD>�
<XGXSCfY^IHO�³�=?]N
<:<OQPRNdCF=Hl

g�=B;�=B:
y ∧ g(x) ≥ h(x, y) > 0

>�
<AZIHXGXG=
y ∈ C T<:<Y x ∈ Sω(λ) �<EGODC 0 6∈ C ′  
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a�
<A
y1, y2 ∈ C

T<:<Y
x1, x2 ∈ Sω(λ)

;�EGXSC

y1 ∧ g(x1) ∧ y2 ∧ g(x2) = y1 ∧ y2 ∧ g(x1) ∧ g(x2)

= y1 ∧ y2 ∧ g(x1 ∪ x2) ∈ C ′,
Y^I

C
Y<EG=�=B:<Y<XGEGP`N<=
��T<AQPRN<OQP`N<:<ESCQCFOQ=BEG;�=B:<OQPRN^IM>_C�N^IMC¥ 

a^=BAQ:<=BAfEGODC
card(C ′) ≤ card(C) · λ < κ · λ = κ. 2

giEGAjOQT<PRN<=B:/:dT<:/=BEG:<=�� W1W XG=BOQPRN<=���XG;�=B©<AFI B ��Y<EG=
κ
[�Y<EGO@qDT<:<cpCFESÁ^¬BEG=BAQ©^IHAwEGODC° 

\�IHP`N�Ù W A W XGX�IHAï¨U S¡�  ÄwEGODCfY<EG=BOnqD=BY<= κ[ V�W XGXGODCReH:<Y<EG;�=�� W1W XG=BOQPRN<=���XG;�=B©<AFI2�<¬H ^��  Bκ
�

Y<EG=�Æ�=BA VpW XGXGODCReH:<Y<EG;�T<:<;6Y<=BAf>@AQ=BEG=B:L� WdW XG=BOQPRN<=B:L��XG;�=B©<AFIwIHTU> κ ³�=B:<=BAFIMC W AQ=B:¹ 
Bκ
N^IMC�>@=BAQ:<=BA Y<EG=fPBPBP�IHTU>@;�AQT<:<YsY<=BAï�ï=BJs=BAQcdT<:<;�:^IHPRN&ªUIMCF¬�¨U  ¨U £Ã�T<:<Y3Y^IHJsESC

:^IHP`N«ªUIMCF¬
¨U  ±< £mwÙ
IHAQY<EG:^IHXGEÌCReMC
κ
 

à¹�U�°Õ#��ÀÌÇFÀÌÇ ñ Å�ØHÄ2Ò � Â(Þh×�6TÅ�ØO× 
�; ó ä�ÒLÆHÃTì�Ê1Â(Ã�Ä&Â(Ä κ î ÆHÐ�Ê$Â(Ä Ô Ø�ì@Ë;É�Ù�Þhì@ØHÏ�Ð�ÄyÇHÈJÞ�Þ Ò(Ê/ÉHÄ î×HÃhÆ Â(Ä7¿FÞéÊTÏ+Ø � ÞéÊ$Â(Ï
D

ØHÐ(ç
Bκ Í

�ï=?]ï=BEGO�l
a�
<AåqD=BY<=BO

λ < κ
;�EGXSC

card(B
Sω(λ)
κ ) = κ

�^IHXGO W IHT<PRN card(
⋃
λ<κB

Sω(λ)
κ ) = κ.ª1=BE�:dT<: {fi|i < κ} =BES:<=
��TU>@¬¥eHN<XGT<:<; V�W : ⋃λ<κB

Sω(λ)
κ

 
ª1=BE

E0 ⊆ Bκ

O W ��Y^IHÖ card(E0) < κ
T<:<Y

E0

Y<EG=s=B:<Y<XGEGPRN<= ��T<AQP`N<OQPRN<:<ESCQCFO�[
=BEG;�=B:<OQP`N^IM>_C6N^IMC6T<:<Y0=BO6=BEG:<=3��=BEGXGJs=B:<;�=

Ē ⊆ E0
;�EG©UCÝJsESC

card(Ē) = ω
T<:<Y

∧
Ē = 0

 
Ù W :<ODCFAQT<EG=BAQ=�> W XG;�=B:<Y<=
Ù�=?CQCF=Hla�
<AZY<=B:«ª1PRN<AQESCQC

i+ 1
:<=BN<Js=�IH:��<Y^IHÖ

Ei
OQP`N W :�c W :<ODCFAQT<EG=BADC�EGODC¥ g�=B:<:

Ei ∪ ran(fi)
:<EGPRNpCZY<EG=
=?:<Y<XGEGP`N<=
��T<AQPRN<OQP`N<:<ESCQCFOQ=BEG;�=B:<OQPRN^IM>_C�N^IMC�^Y^IH:<:

OQ=?CF¬B=
Ei+1 := Ei

 
��:<O W :<ODCF=B:ìN^IMC E ′i := Ei ∪ ran(fi)

Y<EG=Ý=B:<Y<XGEGPRN<=6��T<AQP`N<OQPRN<:<ESCQCFOQ=BEG;�=B:<OQPRNbIM>_C¥ 
��I

card(E ′i) < κ
�pcMIH:<:&ªUIMCF¬�¢U  ±<  ¨�Y^IHAFIHTU>�IH:<;�=?]ï=B:<Y<=?Cï]ï=BAQY<=B: T<:<Y3J3IH:s=BAQN^eHXSC

Ei+1
�^O W Y^IHÖ fi =BEG:<=�Æ�=BAD>@=BEG:<=BAQT<:<; gi N^IMCZJsESC ran(gi) ⊆ Ei+1

 
abIHXGXSO

δ < κ
=BEG:<=L��EGJs=BO W AQY<EG:^IHXS¬¥IHN<X�EGODC��Y<=?Á^:<EG=BAQ= E ′δ :=

⋃
i<δ Ei

  ��Os;�EGXSC
card(E ′δ) < κ

T<:<Y
E ′δ
N^IMCZY<EG=
=B:<Y<XGEGPRN<=
��T<AQPRN<OFPRN<:<ESCQCFOQ=BEG;�=B:<OQPRN^IM>_C¥ 

g�=B:<:
E ′δ ∪ ran(fδ)

:<EGP`NpC�Y<EG=�=B:<Y<XGEGPRN<=���T<AQPRN<OQPRN<:<ESCQCFOF=?EG;�=B:<OQP`N^IM>_CZN^IMC�UY^IH:<:
OQ=?CF¬B=

Eδ := E ′δ
 

��:<O W :<ODCF=B:�c�IH:<: EGPRN�ªUIMCF¬s¢U  ±<  ¨)IHTU> E ′δ IH:p]�=B:<Y<=B:�T<:<Y =BAQN^IHXÌCR= Eδ �¹O W Y^IHÖ
fδ
=BEG:<=�Æ�=BAD>@=BEG:<=BAQT<:<;

gδ
N^IMCZJsESC

ran(gδ) ⊆ Eδ.ª1=BE
E =

⋃
i<κEi. E

N^IMC�Y<EG=
=B:<Y<XGEGPRN<=���T<AQP`N<OQPRN<:<ESCQCFOQ=BEG;�=B:<OQPRNbIM>_C�~IHXGO W c�IH:<:EGP`N
E
JsESC�ªUIMCF¬
±< S¡�  Îw¬BT�=BEG:<=BJKkZXSCFARI�Á^XSCF=BA

D
=BAD]ï=BESCF=BAQ:¹ 

D
EGODC IH©<¬¥eHN<XG©^IHA�T<: V�W XGXGODCReH:<Y<EG;��HY^I E0 ⊆ D

 1ª1=BE
λ < κ

T<:<Y
f : Sω(λ)→ D

 
��IH:<:3;�EG©UC�=BO =BEG:

i < κ
�pO W Y^IHÖ f = fi

 d��XGO W ;�EG©UC =?O =BEG:<=�IHY<Y<ESCFE V =�Æ�=BAD>@=BEG:<=BAQT<:<;
gi : Sω(λ)→ Bκ

V�W : f �<O W Y^IHÖ ran(gi) ⊆ Ei+1 ⊆ D
 ^��IHJsESCfEGODC

D κ
[�;�TUC¥ 

2
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ý ¸b��¸~���@�<� ��ÀÌÇFÀG¿ ñ Å�ØHÄ2Ò � Â(Þh×�6TÅ�ØO× 
�; ó� Â(ÄyÄ card(M) < κ
Ð�Ä�×

D
Â(Ã�Ä

κ î ÆHÐ Ê!Â(Ï ÔØ�ì@Ë;É�Ù�Þhì@ØHÏDÐ�ÄyÇHÈJÞ�Þ Ò(Ê/ÉHÄ�×HÃhÆ Â(Ïw¿FÞéÊTÏ+Ø � ÞéÊ$Â(ÏOØHÐ(ç
Bκ

Ã�Ò(Ê Ô ×�ØHÄyÄiÃ�Ò(Ê
card(M (Bκ)/D) = κ Í

�ï=?]ï=BEGO�l
ª1=BE

α := card(M)
 ^��IH:<:L;�ESXSCk�@JsESC�ªUIMCF¬
¢U  ¨U S¡��

card(M (Bκ)/D) ≤ card(M (Bκ)) ≤ card(M)card(Bκ) = ακ ≤ κ.

	�ESCf¢U £Ã1 £m�EGODC
M(Bκ)/D κ

[�OFIMCFT<AQEG=BADC�1IHXGO W JwT<Ö M(Bκ)/D
JsEG:<Y<=BODCF=B:<O

κ
[ V EG=BXG=��XG=BJs=B:dCF=�=B:pCFN^IHXSCF=B:¹ 

2

��Oå;�EG©UC�IHXGO W � W1W XG=BOQPRN<=f� W CF=B:<¬B=B:sT<:<=BAQAQ=BEGPRNd©^IHAQ=BA�Ù
IHAQY<EG:^IHXGEÌCRe�C¥ M��IHO�:^eHPRN<ODCF=Z=BOQT<XSCRIMC�EGODCï=BEG:<=���:d]ï=B:<Y<T<:<; V�W :)	LIH:<ODÁ^=BXGY<OfÙ W :<ODCFAQT<cpCFE W :&IMTU>nªUIMCFT<AQEG=BADCFN<=BESC�EGJÂÆ W AQ;�AQES#IHTU>nY<=B:�> W XG;H=B:<Y<=B:���©<OQPRN<:<ESCQC¥ 
ý ¸b��¸~���@�<� ��ÀÌÇFÀG� ñ Å�ØHÄ2Ò � Â(Þh×G6TÅ�ØO× 
�; óñ� Â(ÄyÄ card(M) < κ

Ð�Ä�×
D

Â(Ã�Ä
κ î ÆHÐ�Ê$Â(Ï¿FÞéÊTÏ+Ø � ÞéÊ$Â(Ï]ØHÐ(ç

Bκ
Ã�Ò(Ê Ô ×�ØHÄyÄ	Ã�Ò(Ê

M
ÒØHÊTÐ�Ï�Ã-Â(Ï�Ê Í

�ï=?]ï=BEGO�l
Bκ

EGODCZ=BEG:<= VpW XGXSOQCReH:<Y<ES;�=�� W1W XG=BOQPRN<=
��XG;�=B©<AFI2�<Y<=BA W ©~=?:Lc W :<ODCFAQT<EG=BADCF=�k�XSCFAFIMÁ^XSCF=BA
D
EGODC

κ
[�;�TUCïT<:<Y)IH©<¬¥eHN<XG©^IHA T<: VpW XGXGODCReH:<Y<EG;��1IHXGO W c�IH:<:&EGPRN)ªUIMCF¬�¢U £Ã1 £mÝIH:p]ï=B:<Y<=B:¹ 

2

"iªÜÛ $i¼8³-"�µ�¶(°Dµ�³P´±°�¶(³
\�IHP`N�=BEG:<=BJKIHXGXG;�=BJj=BEG:<=BAQ=B:LªUIMCF¬d
<©b=BA�ªUIMCFT<AQEG=BADCFN<=BESC V�W :L� W1W XG=BOQPRN<=B:L� W CF=B:<¬B=B:]ZEGAQY�EG:�ªUIMCF¬�¢U £Ã1 £m6=BEG:<=���:d]ï=BY<T<:<;s>�
<Af;�TUCF=�k�XSCFAFIMÁ^XSCF=BA�;�=B;�=B©b=B:¹ 
ó �1� ������ÀG¿�À�� ñ Å�Ø�Ä�Ò � Â(Þh×T6TÅ�ØO× 
�; ó�= Âq× ÂßJ=È;ÈJÞ�Â@Ò;ü@ÙyÂ\SNÈJÊ!Â(Ä Ë M(B)/D

Ý�Ã�ÊÂ(Ã�Ä&Â(Ï�Ð�Ä&Â(Ä�×2ÞéÃ-ü@ÙyÂ(ÄfÁeÊTÏ�Ð�ÑJÊTÐ�Ï
M

Ð�Ä�×ÌÂ(Ã�Ä&Â(Ý Ø�ì@Ë;É�Ù�Þhì@ØHÏiÐ�ÄyÇHÈJÞ�Þ Ò(Ê/ÉHÄ�×HÃhÆ Â(Ä ¿FÞéÊTÏ+Ø î� ÞéÊ$Â(Ï Î Ã�Ò(Ê ℵ1 î ÒØHÊTÐ�Ï�Ã-Â(Ï�Ê Í
�ï=?]ï=BEGO�l

ª1=BE {ϕn(x)|n ∈ ω} =BEG:<=�IH©<¬¥eHN<XG©^IHAQ=H�1EG: M(B)/D
=B:<Y<XGEGP`N =BAD>�
<XGXG©^IHAQ=�	�=B:<;�= VpW :a W AQJs=BXG:j=?EG:<=BA�Æ�IHAQE�IH©<XG=B:¹ ���:<Y<=BJ ]ZEGA�;�=B;�=B©b=B:<=B:U>�IHXGXGO Ù W :MqDT<:<cpCFE W :<=B:s©~=B:dTUCF¬B=B:��c�t�:<:<=B:w]ZEGA�IH:<:<=BN<Jj=B:���Y^IHÖ

ϕn
=BEG:<=�X W ;�EGOQPRN<=fa W XG;�=�IHT<O ϕn+1

EGODC��IHXGO W ‖ϕn+1‖ ≤
‖ϕn‖

 ^��O�EGODCZ¬BT�¬B=BEG;�=B:��<Y^IHÖ {ϕn|n ∈ N} EG: M(B)/D
=BAD>�
<XGXG©^IHA�EGODC¥ 

ª1=BEå:dT<:
(bn)n∈ω

=BEG:<=jIH©<ODCF=BEG;�=B:<Y<=sa W XG;H=6EG: D JsESC ∧ bn = 0
T<:<YìOQ=BE

an =
bn ∧ ‖∃xϕn(x)‖

 ���IH:<:Ô;�EGXSCs>�
<A�qD=BY<=BO
n ∈ ω an ∈ D

T<:<Y ∧
n an = ∅  fª1=BE

cn := an \ an+1

^<]�eHN<XG=
fn
EG:

M(B) JsESC ‖ϕn(fn)‖ = ‖∃xϕn(x)‖ T<:<Y�]�eHN<XG=
=BEG:
f ∈ M(B) JsESC ‖f = fn‖ ≥ cn

�@O W =BEG: f =`ÛUEGODCFEG=BADCZ:^IHP`N«ªUI�CR¬
¢U S¡�  ¨��` 
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��IH:<:�;�EGXSCï>�
<A
k ≥ n

‖ϕn(f)‖ ≥ ‖f = fk‖ ∧ ‖ϕn(fk)‖ ≥

‖f = fk‖ ∧ ‖ϕk(fk)‖ ≥ ckT<:<Y�Y^IHJsESC
‖ϕn(f)‖ ≥

∨

n≤k

ck = an ∈ D.

2

à¹�U�°Õ#��ÀG¿�ÀG� ñ Å�ØHÄ2Ò � Â(Þh×+6TÅ�ØO× 
�; ó Á�Â(Ã
M

Â(Ã�Ä&ÂdÐ�Ä&Â(Äe×2ÞéÃ-ü@ÙyÂ8ÁeÊTÏ�Ð�ÑJÊTÐ�Ï ÍG� Â(ÄyÄ�Â(Ã�Ä¿FÞéÊTÏ+Ø � ÞéÊ$Â(Ï
D

ØHÐ(ç=Â(Ã�Ä&Â(ÏNÇHÈJÞ�Þ Ò(Ê/ÉHÄ�×HÃhÆ Â(ÄvJ=È�ÈJÞ�Â@Ò;ü@ÙyÂ(Ä ô Þ Æ Âì�Ï+Ø
B κ î ÆHÐ�Ê�Ð�Ä�×¢Ø�ì@Ë;É�Ù�Þ îì@ØHÏdÐ�ÄyÇHÈJÞ�Þ Ò(Ê/ÉHÄ�×HÃhÆuÃ�Ò(Ê Ô ×�ØHÄyÄ	Ã�Ò(Ê

M(B)/D κ î ÒØHÊTÐ�Ï�Ã-Â(Ï�Ê Í
�ï=?]ï=BEGO�l

ª1=BE
Γ
=BEG:<=ja W AQJs=BXSJs=B:<;�=Ý=BEG:<=BA�>@AQ=BEG=B:#Æ IHAQE�IH©<XG=H� card(Γ) < κ

 �a�
<A
I ⊆ Γ

T<:<Y
card(I) < ω

�^Y<=?Á^:<EG=BAQ=
ϕI(x) =

∧
I(x)

 j´T«¬B=BEG;�=B:#EGODCl´abIHXGXSOZ>�
<A qD=BY<=BO
I M(B)/D |= ∃xϕI(x)

�~Y^IH:<:#=`ÛUEGODCFEG=BADC�=BEG:
fEG:

M(B)/D
�<O W Y^IHÖ M(B)/D |= ϕI(f)

>�
<AnqD=BY<=BO
I
 

ª1=BE~Y^IH¬BT
(an)n∈ω

=BEG:<=�ODCFAQ=B:<;6J W : W C W :s>�IMXGXG=B:<Y<=�a W XG;�=ZEG: D JsESC a0 = 1
T<:<Y

∧
n an = 0

 b��=?Á^:<EG=BAQ=

f̃(I) := acard(I) ∧ ‖∃xϕI(x)‖.

f̃
EGODCZJ W : W C W :�lbª1=BE I ⊆ J

�^Y^IH:<:�;�EGXSC
acard(J) ≤ acard(I)

�^Y^I
an
ODCFAQ=B:<;sJ W : W C W :>�IHXGXG=B:<Y�EGODC�MT<:<Y6=BOn;�EGXSC ‖∃xϕJ(x)‖ ≤ ‖∃xϕI(x)‖ �MY^I ϕI(x) = ∧ I(x) ≤ ∧ J(x)

 
��O�;�EGXSC

f̃ : [Γ]<ω → D
l¹\�IHPRN ��=?Á^:<ESCFE W :«;�EGXSC acard(I) ∈ D

T<:<Y
M(B)/D |=

∃xϕI(x)
�bIHXGO W IHT<PRN ‖∃xϕI(x)‖ ∈ D  ��O�;�EGXSC
card(Γ) < κ

T<:<Y
D
EGODC

κ
[�;�TUC��IHXGO W N^IMC f̃ =BEG:<=ZIHY<Y<ESCFE V =ïÆ�=BAD>@=BEG:<=BAQT<:<;

g
 
��=?Á^:<EG=BAQ=

g̃
Y<T<AQPRN

g̃(I) :=

{
g(I)

>�
<A
I 6= ∅

1
>�
<A

I = ∅��XGOZ:^eHPRN<ODCF=BO�EGODCZ¬BT�¬B=BEG;�=B:

g̃
EGODCZ=BEG:<=
IHY<Y<ESCFE V =�Æ�=BAD>@=BEG:<=BAQT<:<; V�W : f̃ .��¢U S¡°¢��

��OÝEGODC
XG=BEGP`NpC
¬BT�OQ=BN<=B:���Y^IHÖ
g̃
=BEG:<=jÆ�=BAD>@=BEG:<=BAQT<:<; V�W : f̃ EGODC��Y^I)>�
<A I 6= ∅ ;�EGXSC

g̃(I) = g(I) ≤ f̃
 

a�
<A
I = ∅ ;�EGXSC g̃(∅) = 1 = f̃(∅) �<Y^I acard(∅) = 1

T<:<Y ‖∃xϕ∅(x)‖ = 1.



V�á=W�ÞBãnç�â�'�ZhGi�ifâ�ç ä¹êåà�çYWsi�ãnç�ß�é¹ç�ß ¡°o�Î

��O�©<XG=BEG©UC
¬BT�¬B=BEG;�=B:���Y^IHÖ
g̃
IHY<Y<ESCFE V EGODCl�abIHXGXSO I = J = ∅ ��;�EGXSC g̃(I ∪ J) =

g̃(∅ ∪ ∅) = 1 = g̃(∅) ∧ g̃(∅).abIHXGXGO
I 6= J

T<:<Y
I = ∅ �1;�EGXSC g̃(I ∪ J) = g̃(J) = g(J) = g(J)∧ 1 = g̃(J)∧ g̃(I).abIHXGXGO

I 6= ∅ 6= J
�<;�EGXSC

g̃(I ∪ J) = g(I ∪ J) = g(I) ∧ g(J) = g̃(I) ∧ g̃(J).��IHJsESCf;�EGXSCd��¢U S¡°¢��` 
��OZ;�EGXSC
∨
{g(I)|card(I) = n} ≤

∨
{f̃(I)|card(I) = n}

=
∨
{acard(I) ∧ ‖∃xϕI(x)‖|card(I) = n}

=
∨
{an ∧ ‖∃xϕI(x)‖|card(I) = n}

≤ an

T<:<Y ∧
n an = 0

�^O W JsESC�> W XG;HC
∧

n∈ω

∨
{g̃(I)|card(I) = n} = 0.

��T<O���=BJsJ3Ij¢U  ¨U £m6=BAQ;�EG©UC�OQEGPRN��^Y^IHÖs=BO�=?EG:<=�a^T<:<cpCFE W : hg̃ : Sω(Γ)→ B
;�EG©UC�

O W Y^IHÖ hg̃ =BEG:<=��nIHADCFESCFE W :<OD>@T<:<cpCFE W : EGODCZT<:<Y�>�
<A I ⊆ Γ
;�EGXSC

g̃(I) =
∨
{hg̃(J)|I ⊆ J}.

g(eHN<XG=Z>�
<A�qD=BY<=BO
I
=BEG:

fI
ES:

M(B)/D
JjESC ‖∃xϕI(x)‖ = ‖ϕI(fI)‖ �@O W =BEG: fIÁ^:<Y<=?CZJ3IH:)IMTU>@;�AQT<:<Y)Y<=BA�=B:<Y<XGEGPRN<=B:)��AD>�
<XGXG©^IHAQc�=BESC��` U	�ESCZªUIMCF¬
¢U S¡�  ¨Ýc�t�:<:<=B:&]ZEGA

:1T<:�=BEG:<=
a^T<:<cpCFE W : f Y<=?Á^:<EG=BAQ=B:�Y<T<AFPRN f =
∑

I hg̃(I) · fI .j´T)¬B=BEG;�=B:�l
f
=BAD>�
<XGXSCnqD=BY<=BO

ϕI
 

a�
<A
I ⊆ J

;�EGXSCl
‖ϕI(f)‖ ≥ ‖f = fJ‖ ∧ ‖ϕI(fJ)‖

≥ ‖f = fJ‖ ∧ ‖ϕJ(fJ)‖
≥ hg̃(J) ∧ f̃(J)
= hg̃(J).��IHJsESCfEGODC

‖ϕI(f)‖ ≥
∨
{hg̃(J)|I ⊆ J} = g̃(I) ∈ D.

2
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\�IHP`N<Y<=BJ¯	LIH:<ODÁ^=BXGY�¡°Äp§1¡
EG:�� 	LIs§1¡���=BEG:<=���EG:U>�
<N<AQT<:<;sEG:L� W1W XS=BOQP`N<=�� W CF=B:<¬B=B:;�=B;�=B©~=B:6N^IMCQCF=H�¥]fIHA�X�IM:<;�=�T<:<cdX�IHA�� W ©Ý� W1W XG=BOQPRN<=ï� W CF=B:<¬B=B:6:<EGPRNpCn:dT<A�=BEG:<= IH:<Y<=BAQ=ª1P`N<AQ=BEG©p]ï=BEGOQ=�>�
<Ask�XSCFAFI ²~W CF=B:<¬B=B:ÜOQEG:<Y¹ ï	LIH:<ODÁ^=BXGY�OQ=BXG©<ODC V =BAQJ6TUCF=?CF=H��Y^IHÖ Y<=BJ:<EGP`NpC6O W OQ=BE-��c W :<:pCR=&IH©b=BA6cH=BEG:��ï=BEGO ² EG=BXïIH:<;�=B©b=B:¹ ���EG=BOQ=BOÝ]ZT<AQY<=#¡°Äp§H¢ V�W :��� Ù W�²<² =BXG©~=BAQ;jT<:<Y«ª~ bÙ W�²<² =BXG©~=BAQ;j;�=BXGEG=?>@=BADC¥ ��=BAf> W XG;�=B:<Y<=���©<OQPRN<:<ESCQC�EGODCZ=BEG:<=
��T<OFIHAQ©b=BESCFT<:<;sEGN<AQ=BOf��ADCFEGc�=BXGOd� Ù�©^Ù W §H¢J�  ��=BAÝ¬?]�=BESCF=3��©<OQP`N<:<EÌCFC6©~=BOQPRN^eM>_CFEG;HC6OQEGPRN Y^IHJsESC�¹]ZEG=3J3IH:���IHXGXS=BAQY<EG:<;�O
T<:dCF=BAj´T<N<EGXS>@=B:^IHN<Js=
ODCReHAQcH=BAQ=BA�Æ W AFIHT<OQOQ=?CF¬BT<:<;�=B:e��OQPRN<t�:<=BAQ=j³�=B;�=B:d©~=BEGO ² EG=BXG=��@Y¹  N¹ bO W XÌ[P`N<=H�^Y<EG=
IHTU>
ω
©<¬?]
 

ω1
©b=BAQT<N<=B:e��Á^:<Y<=B:Lc�IH:<:�^^=BAZ©^IHOQEG=BADC�IHTU>�� Ù�©�Î�oJ�  

1 ª�«
. . .

¼+"!c÷°�¶�½±°Dµ  dµ�+ðk°N½ $¢³CµD".$¢³-"�µ
ó �1� ��� ð À��yÀ�� ñ J Í�ö ÈR���yÂ(Þhì�Â(Ï-Æ�Ð�Äe×¢Á Í�ö ÈR���yÂ(Þhì�Â(Ï-Æ�6 ö ì ö È× 9�; ó Á�Â(Ã

I
Â(Ã�Ä&Â=Ð�Ä îÂ(Ä�×2ÞéÃ-ü@ÙyÂdÅaÂ(Ä�Æ Â Í Á�Â(Ã-Â(Ä µ, λ Ð�Ä&Â(Ä�×2ÞéÃ-ü@ÙyÂ ö ØHÏq×HÃ�Ä�ØHÞ Ë;Ø�Ù�Þ�Â�Ä�Ð�Ä�× Î Â(Ã�Ä ¿FÞ�Ê-Ï+Ø � ÞéÊ$Â(ÏØHÐ(ç

P(I) Ô × Â(Ï δ î Ð�Ä�Ë�Â(Ï�Þ�Â/Æ�ì@ØHÏ]Ã�Ò(ÊFç@è�ÏiØHÞ�Þ�Â
δ
Ý¢Ã�Ê

µ < δ < 2(λµ)+ Í�Î ØHÄyÄ�ÆHÃTì�Ê8Â@ÒÂ(Ã�Ä
ν ≤ µ

Ð�Ä�×�Â(Ã�Ä&Â(Ä7¿FÞéÊTÏ+Ø � ÞéÊ$Â(Ï � ØHÐ(ç
P(ν) Ô Ò;Èi×�ØqÚ

λI/D ∼= λν/G Íô Ð�Ú1Â(Ï+× Â(ÝùÃ�Ò(Ê
G ≤RK D Ô × Í Ù Í Â@Ò�ÆHÃTì�Ê�Â(Ã�Ä&Â8ê&Ð�Ä2ÑJÊTÃ-ÈJÄ�ÆuÇHÈJÄ ÿ ØHÐ(ç

ν Ô Ò;Èi×�ØqÚ
G = {X ⊆ ν|g−1(X) ∈ D}.
�ï=?]ï=BEGO�lj´T<:^eHP`N<ODC�¬B=BEG;�=B:&]ZEGA
a�
<AåqD=BY<=�a^T<:<cpCFE W : f : I → 2(λµ)+ ;�EG©UCZ=BOZ=BEG: J ⊆ I,

O W Y^IHÖj;�EGXSC� §1 S¡��
J ∈ D T<:<Y card(ran(f ¹ J)) ≤ µ.�ï=?]ï=BEGO VpW :�� §1 S¡���l

ª1=BE
f : I → 2(λµ)+ =BEG:<=�a^T<:<cpCFE W :¹ bª1=?CF¬B=�>�
<A η ∈ ran(f)

l
Iη := f−1({η}).

¡°o�Ä
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��=?Á^:<EG=BAQ=�=BEG:<=
a W XG;�= (Mn)n<ω
JsESCl

• Mn+1 ⊆Mn
�

• Mn ⊆ 2(λµ)+ �
• ⋃η∈Mn

Iη ∈ D
�

• ]�=?:<: card(Mn) > µ
�^Y^IH:<:

card(Mn+1) < card(Mn)
�^T<:<Y

• ]�=?:<: card(Mn) ≤ µ
�^Y^IH:<:

Mn+1 =Mn

 
j´T<A�Ù W :<ODCFAQT<cpCFE W :�lª1=BE

αn = card(Mn)
 

ª1=?CF¬B=
M0 := ran(f)

 
��:<;�=B: W JsJs=B:�� Mn

EGODCZOQPRN W :�Y<=?Á^:<EG=BADC¥ 
¡� ZabIHXGXGO

card(Mn) ≤ µ
�<OQ=?CF¬B=

Mn+1 :=Mn

 
m1 ZabIHXGXGO

card(Mn) > µ
�<©~=?CFAFIHPRNdCF=�> W XG;�=B:<Y<=
�nIHADCREÌCRE W :�l

{Iη|η ∈Mn} ∪ {Iηn},
] W ©~=BE Iηn := I \ (⋃η∈Mn

Iη)
 
αn
EGODC3Y<EG=«	LeHP`NpCFEG;�cH=BESC3Y<EG=BOQ=BA �nIHADCFESCFE W :

T<:<Y/]ï=B;�=B:
µ < αn ≤ 2(λµ)+ EGODC D αn

[�T<:<¬B=BAQXG=B;�©^IHAB ���XGO W ;�EG©UC3=BO =BEG:
M ′

n+1 ⊆Mn ∪ {ηn}
JsESC

card(M ′
n+1) < αn

T<:<Y ⋃
η∈M ′

n+1
Iη ∈ D

 
��I��)abIHXGXSO

ηn 6∈M ′
n+1

�<OQ=?CF¬B=
Mn+1 :=M ′

n+1

 
�@©e�)abIHXGXSO

ηn ∈M ′
n+1

�<OQ=?CF¬B=
Mn+1 :=M ′

n+1 \ {ηn}
 

��IH¬BT�EGODCZ¬BT�¬B=BEG;�=B:��^Y^IHÖ
⋃

η∈M ′
n+1\{ηn}

Iη ∈ D.

�ï=B:dTUCF¬B=H��Y^IHÖ IHT<O
a ∪ b ∈ D

T<:<Y
b 6∈ D

> W XG;HC�nY^IHÖ a ∈ D
�åJsESC

a :=
⋃
η∈M ′

n+1\{ηn}
Iη
T<:<Y

b := Iηn
 

��T<O
card(Mn+1) < card(Mn)

>�
<A
card(Mn) > µ

> W XG;HC�¹Y^IHÖ�=BO�=BEG: n ∈ ω;�EG©UCZJsESC
card(Mn) ≤ µ.ª1=?CF¬B=
J :=

⋃
η∈Mn

Iη ∈ D
 ���IHJsESC÷;�EGXSC

f”J = Mn
� IHXGO W > W XG;HC

card(ran(f ¹ J)) ≤ µ
 

��IHJsESCfEGODCz� §1 S¡��ï©b=?]ZEG=BOQ=B:¹ 
ª1=BE

κ := card(λI/D)
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\�T<:�¬B=BEG;�=B:&]ZEGA
��OZ;�EG©UCZ=BES:<=�a W XG;�= (fα|α < κ)

EG:
λI ,
O W Y^IHÖ λI/D = {fαD|α < κ},� §1 £m��

>�
<A
α < β < κ

;�EGXSC
fαD 6= fβDT<:<Y

card(ran(fα)) ≤ µ
>�
<AZIHXGXG=

α < κ.
�ï=?]ï=BEGO VpW :�� §1 £m���l

��I
κ = card(λI/D)

EGODC�<X�eHÖHCfOQEGP`N
λI/D

IHXGO
λI/D = {gDα|α < κ} OQPRN<AQ=BEG©~=B:¹ ª1=BE

gα
=BEG:®Z= ² AFeHOQ=B:pCRIH:dC VpW : gDα

 #ª1=BE
J ∈ D

JsESC � §1 S¡��iO W �LY^IHÖ
ran(gα ¹ J) ≤ µ

 Ug(eHN<XG=
j ∈ J >@=BODC¥ b��=?Á^:<EG=BAQ= fα Y<T<AQPRN

fα(i) :=

{
gα(i)

>�
<A
i ∈ J,

gα(j)
O W :<ODC¥ 

��IH:<:�;�EGXSC
fα : I → λ, fα =D gα

T<:<Y
card(ran(fα)) ≤ µ.

〈fα|α < κ〉 =BAD>�
<XGXSCfY^IMO�³�=?]N
<:<OQP`NpCF=H ´��IHJsESCfEGODCz� §1 £m��ï;�=?¬B=BEG;HC¥ 
�ï=BN^IHT ² CFT<:<;�l

κ ≤ λµ.
� §1  ¨��
�ï=?]ï=BEGO VpW :�� §1  ¨���l

��:<Y<=BAQ:U>�IHXGXGO�OQ=BE�>�
<A
α < (λµ)+ Pα

Y<EG=w�nIHADCFESCFE W : VpW : I �´Y<EG=ÝY<T<AQP`N fα : I → λ=BAQ¬B=BT<;HC3]ZEGAQY���T<:<Y/OQ=BE P Y<EG=�;�AQt�ÖHCF=);�=BJs=BEG:<OFIHJs=&Æ�=BAD>@=BEG:<=BAQT<:<;�Y<=BA Pα, α <
(λµ)+

 ^��I
card(Pα) ≤ µ

>�
<AnqD=BY<=BO
α
�<;�EGXSC

card(P) ≤ µ(λµ)+ = 2(λµ)+ ,

IHXGO W cMIH:<:�EGP`N P IHXGO P = {Iη|η < 2(λµ)+} OQP`N<AQ=BEG©b=B:¹ �	�ESC�� §1 S¡��6;�EG©UCs=BOs=BEG:
M ⊆ 2(λµ)+ �åO W Y^IHÖ ⋃

η∈M Iη ∈ D
T<:<Y

card(M) ≤ µ
 �a�
<A

η < 2(λµ)+ T<:<Y
α < (λµ)+

EGODC
fα ¹ Iη

=BEG:<=
c W :<ODCRIH:pCF=Ýa^T<:<cpCFE W :��@Y^I
fα
=BEG:<=�Æ�=BAQ;�AQt�©b=BAQT<:<; VpW :

P =BAQ¬B=BT<;HC��` ��=?Á^:<EG=BAQ=
JsESCZr�EGXS>@= V�W : fα =BEG:<=�a<T<:<cpCFE W : f ′α Y<T<AQPRN

f ′α(i) =

{
fα(i)

>�
<A
i ∈ J :=

⋃
η∈M Iη

0
>�
<A

i ∈ I \ J.
��I

J ∈ D EGODC�<;�EGXSC f ′α =D fα
 

��=BAfg�=BADC V�W : f ′α ¹ Iη
EGODCZc W :<ODCRIH:pC¥ b��O�;�EG©UCZIHXGO W >�
<AnqD=BY<=BO f ′α =BEG:<=���IHAQODCF=BXÌ[XGT<:<;#IHXGO6abIHJsEGXSES=

(αη|η ∈ M) ∈ λM
 å��O6;�EGXSC

card(λM) = λcard(M) ≤ λµ.
��O

> W XG;HC
card({fα|α < (λµ)+}) = card({〈αη|η ∈M〉}) ≤ λµ.

giEGY<=BAQO ² AQT<P`N¹ ^��XGO W ;�EGXSCk� §1  ¨��` 
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ª1=BEZ>�
<A
α < κ Pα

Y<EG=«�nIHADCFESCFE W : V�W : I � Y<EG=LY<T<AQPRN fα : I → λ
=BAQ¬B=BT<;HC

]ZEGAQY��ïT<:<YiOQ=BE P Y<EG=L;�AQt�ÖHCF=«;�=BJs=BEG:<OFIHJs=�Æ�=BAD>@=BES:<=BAQT<:<;�Y<=BA Pα � α < κ
 ���I

card(P) ≤ µ(λµ)+ = 2(λµ)+ EGODC��c�t�:<:<=B:�]ZEGAsJsESC	� §1 S¡��j=BEG:
ν ≤ µ

T<:<Y/=BEG:<=
EG:MqD=BcpCFE V =ja W XG;�= (Iη|η < ν)

EG: P ]�eHN<XG=B:��¹O W Y^IHÖ ⋃η<ν Iη ∈ D
 �ª1=BE

g : I → ν=BEG:<=�a^T<:<cpCFE W :)JsESC

g(i) :=

{
η
>�
<A

i ∈ Iη,
0
>�
<A

i ∈ I \⋃η<ν IηT<:<Y�Y<=?Á^:<EG=BAQ=
G := {X ⊆ ν|g−1(X) ∈ D}.ª1=BE

gα(η) ∈
⋃
fα”Iη

>�
<A
η < ν

 
�ï=BN^IHT ² CFT<:<;�l

��T<AQPRN
ϕ : λI/D → λν/G

JsESC
ϕ(fαD) = gαG

>�
<A
α < κEGODCZ=BEG:)��O W J W A ² N<EGOQJ6T<Of;�=B;�=B©b=B:¹ � §1  ± �

�ï=?]�=BEGO V�W :Ì� §1  ± ��l
• ϕ

EGODCf] W N<XGY<=?Á^:<EG=BADCZT<:<Y�EG:MqD=BcpCFE V lbª1=BEG=B: fαD, fβD ∈ λI/D. ��IH:<:�;�EGXSC
fαD 6= fβD

⇔ {i ∈ I|fα(i) = fβ(i)} 6∈ D
⇔ {i ∈ I|fα(i) 6= fβ(i)} ∈ D
⇔ g[{i|fα(i) 6= fβ(i)}] ∈ G
⇔ {g(i)|fα(i) 6= fβ(i)} ∈ G
⇔ {η|fα”Iη 6= fβ”Iη} ∈ G
⇔ {η|gα(η) 6= gβ(η)} ∈ G
⇔ gαG 6= gβG.

• ϕ
EGODC�OQT<A@qD=BcpCFE V l^ª1=BE gαG ∈ λν/G JsESC�Z= ² AFeHOQ=B:pCRIH:pCF=BJ gα ∈ λν

 U��=?Á^:<EG=BAQ=
=BEG:<=�a^T<:<cpCFE W : f : I → λ

Y<T<AQPRN

f(i) :=

{
gα(η)

>�
<A
i ∈ Iη

>�
<AZ=BEG:
η < ν,

0
>�
<A

i ∈ Iη \
⋃
η<ν Iη.ª1=BE

gβG := ϕ(fD)
JsESC�Z= ² AFeHOQ=B:pCRIH:dCF=BJ gβ

 ´��O�EGODC�¬BT«¬B=BEG;�=B:��~Y^IHÖ
gβ =G

gα
 ~ª1=BE

η < ν
 b��IH:<:�;�EGXSC

gβ(η) ∈
⋃

f”Iη,

] W ©~=BE f IHTU> Iη c W :<ODCRIH:pC�EGODCZJsESC f(i) = gα(η)
>�
<A

i ∈ Iη
�bIMXGO W > W XG;HC

{η < ν|gβ(η) = gα(η)} = ν ∈ G.
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��IHJsESCf;�EGXSCk� §1  ± �ïT<:<Y�Y^IHO���=BJsJ3I6EGODCZ;�=B¬B=BEG;HC¥ 
2

ª1=BEb>�
<AïY<=B:)Z=BODC�Y<=BO���©<OQP`N<:<ESCQCFO
κ ∈ Card

O W �1Y^IHÖ κω = κ
T<:<Y

κ > 2ω
 <ª1=BE

Fκ
Y<EG=�>@AQ=BEG=
� W1W XG=BOQPRN<=
��XG;�=B©<AFIjIHTU> κ ³�=B:<=BAFIMC W AQ=B:¹ ª1=BE

Bκ
Y<EG=�Æ�=BA VpW XGXSOQCReH:<Y<ES;�T<:<; VpW : Fκ  

Bκ

=BAD>�
<XGXSCfY<EG=�PBPBPH�bY^I
Fκ
Y<EG=�PBPBP
=BAD>�
<XGXSCk�@OB ~ªUIMCF¬�¨U  ¨U £Ã��` 

ó �1� ��� ð À��yÀG� ñ J Í�ö ÈR���yÂ(Þhì�Â(Ï-Æ�Ð�Ä�×�Á Í�ö ÈR���eÂ(Þhì�Â(Ï-Æ	6 ö ì ö È�× 9<; ó Á�Â(Ã-Â(Ä ô Ô J¡Ð�Ä�×À ÇHÈJÞ�Þ Ò(Ê/ÉHÄ�×HÃhÆ ÂsJ=È;ÈJÞ�Â@Ò;ü@ÙyÂ ô Þ Æ Âì�ÏqÂ(Ä Ô Ò;Èi×�ØqÚ ô Ð�Ä�×�J£ÇHÈJÞ�Þ Ò(Ê/ÉHÄ�×HÃhÆ Â�ÁeÐ�ì@ØHÞ Æ Âì�Ï@Â(ÄÇHÈJÄ À Ò(Ã�Ä�× Ô J Ð�Ä&Â(Ä�×2ÞéÃ-ü@Ù�Ã�Ò(ÊNÐ�Ä�× ô Ð�Ä�×!JþÐ�Ä�Ø�ì�Ù�ÉHÄ�ÆHÃhÆ�Ò(Ã�Ä�× ñ × Í Ù Í ç@è�Ï a ∈ AÐ�Ä�×
b ∈ B Ý�Ã�Ê

a > 0
Ð�Ä�×

b > 0
ÆHÃ�ÞéÊ

a ∧ b > 0 ó�Í Á�Â(Ã Î Â(Ã�Ä7¿FÞéÊTÏ+Ø � ÞéÊ$Â(Ï]ØHÐ(ç ô ÍÎ ØHÄyÄ�ÆHÃTì�Ê8Â@Ò±Â(Ã�Ä&Â(Ä�¿FÞéÊTÏ+Ø � ÞéÊ$Â(Ï
F

ØHÐ(ç
C Ô Ò;È	×�ØqÚ

F ∩ A = D
Ð Ä�×aÂ@Ò]ÆHÃTì�Ê

g ∈ ω(B) Ô Ò;È�×�ØqÚ±ç@è�Ï�Ö�Âq× Â@Ò
f ∈ ω(A)

〈ω,<〉(C)/F |= fF < gF .

�ï=?]ï=BEGO�l
ª1=BE

g ∈ ω(B) �~O W Y^IHÖ g(n) > 0
>�
<A�IHXGXG=

n ∈ ω �~T<:<YLOQ=BE F k�XSCFAFIMÁ^XSCF=BAZIHTU> C �bO WY^IHÖ
D ∪ {‖f < g‖C |f ∈ ω(A)} ⊆ F.

\�T<:�EGODCf> W XG;�=B:<Y<=BOZ¬BT�¬B=BEG;�=B:�l
F
=`ÛUEGODCFEG=BADC�� §1 £Ã��

F ∩ A = D
T<:<Y� §1  ¢��

>�
<AZIHXGXG=
f ∈ ω(A) ;�EGXSC 〈ω,<〉(C)/F |= fF < gF .

� §1 £§��
� §1 £§��ï;�EGXSCf:^IHPRNLÙ W :<ODCFAQT<cpCFE W : VpW : g  �ï=?]ï=BEGO VpW :�� §1  ¢���l
��OZ;�EGXSC

D ⊆ F ∩A  U��T<Ö�=BAQY<=BJÅ=BAQ;�EG©UCf=BES:�k�XSCFAFIMÁ^XSCF=BAïIHTU>n=BEG:<=BAf� W1W XG=BOQPRN<=B:)��XÌ[;�=B©<AFIw;�=BOQPRN<:<ESCQCF=B:�JsESC�=BEG:<=BA�ª1T<©^IHXG;�=B©<AFIw=?EG:<=B:Lk�XÌCRAFIMÁ^XÌCR=?AfIHTU>�Y<=BA�ª1T<©^IHXG;�=B©<AFIU 
��Isk�XSCFAFIMÁ^XSCF=BA�J3I�ÛUEGJ3IMX´OQEG:<Y��^EGODC

D
Y<EG=BOQ=BA�anEGXSCQ=BAB 

�ï=?]ï=BEGO V�W :��h§d £Ã���l j´Tj¬B=BEG;�=B:jEGODC��Y^IHÖ
D∪{‖f < g‖C |f ∈ ω(A)} Y<EG=f=B:<Y<XGEGPRN<=��T<AQOQP`N<:<ESCQCFOQ=BEG;�=B:<OQPRN^IM>_C�N^IMC¥ 

��:<;�=B: W JsJs=B:�� W ©<EG;�=�	�=B:<;�=ÜN^IMCìY<EG=0=B:<Y<XGEGPRN<=���T<AQP`N<OQPRN<:<ESCQCFOQ=BEG;�=B:<OQP`N^IM>_C:<EGP`NpC¥ ^��IH:<:�;�EG©UCZ=BO
d ∈ D T<:<Y f1, . . . , fn ∈ ω(A) �^O W Y^IHÖ
d ∧ ‖f1 < g‖C ∧ . . . ∧ ‖fn < g‖C = 0.

ª1=BEG=B:
P1, . . . , Pn

Y<EG= VpW : f1, . . . , fn
EG:<Y<T<¬BEG=BADCF=B:ì�nIHADCFESCFE W :<=B:«IHTU> A  ¹ª1=BE P Y<EG=;�AQt�©<ODCF=L;�=BJs=BEG:<OFIHJs=&Æ�=BAD>@=BEG:<=BAQT<:<; VpW : P1, . . . , Pn

  ��I�Y<ES=
Pi
Y<EG=

1 ∈ A
EG:
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qD=?]�=BEGXGO
ω
��=BEGXG=Ý¬B=BAQXG=B;�=B:��~]ZEGAQY«Y<EG=BO�IHT<PRN V�W : P ;�=BXG=BEGODCF=?C¥ ¹ª1=BE f : ω → A

=BEG:<=
a^T<:<cpCFE W :��<Y<EG= P EG:<Y<T<¬BEG=BADC¥ ^��IH:<:�;�EGXSC

‖f < g‖C ≤ ‖f1 < g‖C ∧ . . . ∧ ‖fn < g‖C ,
IHXGO W

d ∧ ‖f < g‖C = 0.
��IHJsESCf;�EGXSC

d ≤ ‖g ≤ f‖C =
∨

m,n∈ω
m≤n

g(m) ∧ f(n).

g�=B;�=B:
d > 0

T<:<Y ∨
n∈ω f(n) = 1

�´;�EG©UC�=BO
n0 ∈ ω

JsESC
d ∧ f(n0) > 0

 ¹��IHJsESC
;�EGXSC

d ∧ f(n0) ∧ g(n0 + 1) > 0
�^Y^I

A
T<:<Y

B
T<:^IH©<N^eH:<;�EG;wOQEG:<Y¹ ^��T<Ö�=BAQY<=BJÅEGODC

d ∧ f(n0) ∧ g(n0 + 1) ≤ d ≤
∨

m,n∈ω
m≤n

g(m) ∧ f(n)

T<:<Y
d ∧ f(n0) ∧ g(n0 + 1) ≤

∨

m∈ω
m≤n0

g(m) ∧ f(n0),

Y^I
f(n0) ∧ f(n) = 0

>�
<A
n 6= n0

 
ª1=BE

m ≤ n0
�<Y^IH:<:

m 6= n0 + 1
T<:<Y

g(n0 + 1) ∧ g(m) = 0
 ^��XGO W

0 < d ∧ f(n0) ∧ g(n0 + 1)

=
(
d ∧ f(n0) ∧ g(n0 + 1)

)
∧
( ∨

m∈ω
m≤n0

g(m) ∧ f(n0)
)
= 0.

giEGY<=BAQO ² AQT<P`N¹ 
2

ó �1� ��� ð À��yÀGµ ñ J Í1ö ÈR���yÂ(Þhì�Â(Ï-Æ±Ð�Ä�×±Á Í�ö ÈR���yÂ(Þhì�Â(Ï-Æ�6 ö ì ö È× 9<; ó ä�ÒkÆHÃTì�Ê�Â(Ã�Ä&Â(Ä¿FÞéÊTÏ+Ø � ÞéÊ$Â(Ï
D

ØHÐ(ç
Bκ Ô Ò;È�×�ØqÚ

cf(〈ω,<〉(Bκ)/D) = cf κ
Ð�Ä�×

card(ω(Bκ)/D) = κ Í
�ï=?]ï=BEGO�l

ª1=BE
U
=BEG:<=�	�=B:<;�=
>@AQ=BEG=BA�³�=B:<=?ARI�C W AF=?: VpW : Fκ  ^��IHJsESCfEGODC card(U) = κ

 
ª1=BE {Uα|α < κ} =BEG:<=��nIHADCFESCFE W : V�W : U �åO W Y^IHÖ card(Uα) ≥ ℵ0

>�
<A�qD=BY<=BO
α < κ

 
a�
<A

α < κ
OQ=?CF¬B=

Bα := 〈⋃ξ<α Uξ〉cm
�@OB ´IHT<P`N#��=?Á^:<ESCFE W :«¨U £m1 S¡�m��fT<:<Y«Y<=?ÁU[:<EG=BAQ=
=BEG:<=B:�k�XSCFAFIMÁ^XSCF=BA

Dα
IHTU>

Bα
Y<T<AQPRN���:<Y<T<cpCFE W :��^O W Y^IHÖ

• Dβ ∩Bα = Dα

>�
<A
α < β < κ

T<:<Y
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• =BOZ>�
<AnqD=BY<=BO α < κ
=BEG:

gα+1 ∈ ω(Bα+1) ;�EG©UCfJsESC

〈ω,<〉(Bα+1)/Dα+1 |= fDα+1 < (gα+1)Dα+1

>�
<AåqD=BY<=BO
f ∈ ωBα

 
j´T<A�Ù W :<ODCFAQT<cpCFE W :�la�
<A

B0 = {0, 1}, OQ=?CF¬B= D0 := {1}  ��:<;�=B: W JsJs=B:�� Dα
EGODCZOQPRN W :�Y<=?Á^:<EG=BADC¥ 

Dα+1

T<:<Y
gα+1 ∈ ω(Bα+1) =BAQN^IHXSCF=�EGPRN&Y<T<AQPRN)��:p]ï=B:<Y<T<:<; V�W :)��=BJsJ3Iw§1 S¡� £mJsESC

A := Bα, B := 〈Uα〉cm
T<:<Y

C := Bα+1
 

abIHXGXSO
β
=BEG:<=���EGJs=BO W AQY<EG:^IHXS¬¥IHN<X´EGODC�<OQ=?CF¬B= Dβ :=

⋃
η<βDη.

〈Uα〉cm
EGODCZT<:<=B:<Y<XGEGPRN);�A W Ö��<Y^I Uα T<:<=B:<Y<XGEGPRN);�A W ÖjEGODC¥ ��OZ;�EGXSC

Bα+1 = 〈
⋃

ξ<α+1

Uξ〉cm = 〈Bα ∪ 〈Uα〉cm〉cm,
� §1  Î��
�ï=?]�=BEGO V�W :Ì� §1  Î���l
Bα+1

EGODCÝY<EG=jÆ�=?A V�W XGXGODCReH:<Y<EG;�T<:<;�Y<=BA
>@AQ=BEG=B:0� WdW XG=BOQP`N<=B: ��XG;�=B©<AFI�IHTU> ⋃
ξ≤α Uξ

�
Bα
Y<ES=3Y<=BA�>@AQ=BEG=B: � W1W XG=BOQPRN<=B: ��XG;�=B©<AFILIHTU> ⋃

ξ<α Uξ
T<:<Y 〈Uα〉cm Y<EG=jÆ�=BA V�W XGXÌ[ODCReH:<Y<EG;�T<:<;jY<=BAf>@AQ=BEG=B:L� WdW XG=BOQPRN<=B:L��XG;�=?©<ARIwIHTU> Uα  b��OZ;�EGXSC

〈
⋃

ξ≤α

Uξ〉 = 〈〈
⋃

ξ<α

Uξ〉 ∪ 〈Uα〉〉.

��EG=3=?EG:<¬B=BXG:<=B:0��AQ¬B=BT<;�:<EGOQOQ=3Y<=BA6��IHOQEGOQJs=B:<;�=B:�XGEG=B;�=B:&qD=?]�=?EGXGO�Y<EGP`NpCÝEG: Y<=BA V�W XGXÌ[ODCReH:<Y<EG;�=B:�� WdW XG=BOQPRN<=B:Ü��XG;�=B©<AFI2�åY^IHOjN<=BEGÖHC�bqD=BY<=BO b ∈ Bα+1

X�eHÖHCwOQEGPRN�IHXGOjª1T1[
² AQ=BJwT<J|=BEG:<=BA�IH©<¬¥eHN<XG©^IHAQ=B:sY<EGO@qDT<:<cpCF=B: 	�=B:<;�=B: VpW :s��XG=BJs=B:dCF=B: V�W : 〈⋃ξ≤α Uξ〉Y^IHAQODCF=BXGXG=B:�^<JsESC W ©<EG;�=BA�³�XG=BEGPRNdT<:<;jIHXGO W IHT<PRN�Y<T<AQP`N 〈〈⋃ξ<α Uξ〉 ∪ 〈Uα〉〉

 
k�Js;�=BcH=BN<ADCÝX�eHÖHC�OQEGPRN�qD=BY<=BO6��XG=BJs=B:pC V�W : 〈Bα ∪ 〈Uα〉cm〉cm

IHXGOÝª1T ² AQ=BJwT<J=BEG:<=BA3IH©<¬¥eHN<XG©^IHAQ=B:ÜY<EGO@qDT<:<cpCF=B:/��=BEGXGJs=B:<;H= VpW : 〈〈⋃ξ<α Uξ〉 ∪ 〈Uα〉〉
Y^IHAQODCF=BXGXG=B:

T<:<Y�Y^IHJsESCZIHT<PRN VpW : 〈⋃ξ≤α Uξ〉
 

��IHJsESC�EGODC8� §1  Î��å;�=B¬B=BEG;HCïT<:<Y
Bα
T<:<Y 〈Uα〉cm OQEG:<Y V�W XGXGODCReH:<Y<EG;�=�ª1T<©^IHXG;�=B©<AQ=B:VpW : Bα+1

 
U
EGODC�=BEG:<=�	�=B:<;�=ì>@AQ=BEG=BA��@Y¹  N¹ ZT<:^IH©<N^eH:<;�EG;�=BA@�)³�=B:<=BAFIMC W AQ=B: V�W : Fκ T<:<Y

Bα = 〈⋃ξ<α Uξ〉cm
�^IHXGO W OQEG:<Y Bα

T<:<Y 〈Uα〉cm T<:^IH©<N^eH:<;�EG;< ��:pCFO ² AQ=BPRN<=¥:<Y«��=BJsJ3Ij§1 S¡� £mw=?AFN^IMXSCF=
EGPRN)=BEG: gα+1 ∈ ω(〈Uα〉cm) ⊆ ω(Bα+1)
 

Bκ
=BAD>�
<XGXSCfY<EG=�PBPBP��@OB ~ªUIMCF¬
¨U £m1 S¡°¨��ïT<:<Y�Y^I

κℵ0 = κ
�<;�EGXSC ℵ0 < cf(κ)

 
��IHY<T<AQPRNLEGODCZ:^IHPRN«ªUIMCF¬�¨U  ±< S¡

Bκ =
⋃
α<κBα

 
D :=

⋃
α<κDα

EGODCZ=BEG:�k�XSCFAFI�[
Á^XSCF=BAZIHTU>

Bκ

T<:<Y
ω(Bκ) =

⋃
α<κ ω

(Bα).��EG=�	�=B:<;�= {(gα+1)D|α < κ} EGODCj=BEG:<=&��=BEGXGJs=B:<;�= V�W : ω(Bκ)/D
JsESCs��AQY1[

:1T<:<;�ODC$g ² κ T<:<Y XGEG=B;HC
c W :UÁ^:^IHX�EG: 〈ω,<〉(Bκ)/D
 ���IHJsESC
EGODC

cf〈ω,<〉(Bκ)/D =
cf(κ)

;�=B¬B=BEG;HC¥ 
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��On;�EGXSC
κℵ0 = κ

�HIHXGO W card(Bκ) = κ
�@O¥ �ªUIMCF¬�¨U  ±< £m���T<:<Y

card(ω(Bκ)) ≤ κℵ0 =
κ.
��IHJsESCf;�EGXSC

card(ω(Bκ)/D) = κ
 

2

ª1=BE
τ = 2(2ω)+ ,L = {<} ∪ {Rα|α < τω}, Rα

=BEG:#=BEG:<ODCF=BXGXGES;�=BO���AFeHY<EGc�IMC�>�
<A
α < τω

T<:<Y
M := 〈τ, <,Mα〉α<τω , <

=BEG:<=f��AQY<:1T<:<;�IHTU>
τ
T<:<Y {Mα|α < τω} =

{X ⊆ τ |card(X) ≤ ω} ��IHXGO W IHXGXG=
N<t1PRN<ODCF=B:<O
IH©<¬¥eHN<XG©^IHAQ=B:«��=BEGXGJs=B:<;�=B: VpW : τ �` r�EG=BAQ©~=BE�OQ=BE
Mα

Y<EG=
��:pCF=BA ² AQ=?CRIMCFE W : V�W : Rα

EG:
M
 

	�ESCZY<EG=?OF=?:�Æ W AFIHT<OQOQ=?CF¬BT<:<;�=B:L=BAQN^eHXSCZJ3IH:�l
à¹�U�°Õ ð À��yÀÌÇ ñ J Í2ö ÈR���yÂ(Þhì�Â(Ï-Æ=Ð�Ä�×8Á Í2ö ÈR���yÂ(Þhì�Â(Ï-ÆE6 ö ì ö È× 9�; ó Á�Â(Ã-Â(Ä�J_Ð�Ä�× ÎcÕ Ã-ÂÃ�Ä ú Â(Ý�ÝuØ�× Í 
 Í � Í�Î ØHÄyÄ�Ã�Ò(Ê

M(B)/D
ÄyÃ-ü@Ù�Ê�Ã�Ò;ÈJÝiÈJÏ��yÙuË�Ð	Â(Ã�Ä&Â(Ï�¿FÞéÊTÏ+Ø��yÈJÊ$Â(Ä�ËkÇHÈJÄ

M Í
�ï=?]ï=BEGOz�@Y<T<AQP`N)giEGY<=BAQO ² AQT<PRNe��l��:<;�=B: W JsJs=B:��~=BO�;peH©~=Ý=BES:<=B:#k�XSCFAFIMÁ^XSCF=BA F IHTU>�=BEG:<=BA�	�=B:<;�= I T<:<Y«=BEG:<=B:«��O W [J W A ² N<EGOQJwT<O ψ VpW : M(B)/D

IHTU>
MI/F

 
a�
<A

g ∈ τ I ]�eHN<XG= f ∈ τ (B) �<O W Y^IHÖ ψ(fD) = gF .
��I

B
Y<EG=�PBPBP
=BAD>�
<XGXSC�U;�EG©UC

=BO�=BEG:
αg < τω

�^O W Y^IHÖs;�EGXSC
{m ∈ τ |f(m) > 0} =Mαg ,T<:<Y�=BO�=BAQ;�EG©UCfOQEGP`N

M(B)/D |= Rαg(fD)
T<:<Y

MI/F |= Rαg(gF ).��XGOf:^eHPRN<ODCF=BO�¬B=BEG;�=B:)]ZEGA

F
EGODC

δ
[�T<:<¬B=BAQXG=B;�©^IHA�>�
<AnqD=BY<=BO

δ
JsESC

ω < δ < 2(2ω)+ = τ.
� §1  Ä��
�ï=?]ï=BEGO VpW :a� §1  Ä���l^ª1=BE~>�
<A

ω < δ < τ
Y<T<AQP`N {Im|m < δ} =BEG:<=��åIHADCFESCFE W : V�W :

I
;�=B;�=B©~=B:¹ ���=?Á^:<EG=BAQ=ï=BEG:<=�a^T<:<cpCFE W : g : I → τ

Y<T<AQPRN
g(x) = m

��>�IHXGXGO
x ∈ Iη

 �ª1=BE
f ∈ τ (B) Y<EG=ï¬BT g ;�=?]�eHN<XSCF=fa^T<:<cpCFE W :¹ H��IH:<:j;�EGXSC ∨m∈τ f(m) =

∨
m∈Mαg

Im = 1T<:<Y
MI/F |= Rαg(gF )

 ���EG=BO�EGODC
e � T<E V IHXG=B:dC�¬BT {i ∈ I|M |= Rαg(g(i))} ∈ F
�

IHXGO W ;�EGXSC�IHT<PRN X := {i ∈ I|g(i) ∈ Mαg ∩ δ} ∈ F
�bY<=B:<:

g(i) ∈ δ >�
<A�IHXGXG= i ∈ I:^IHP`NL��=?Á^:<ESCFE W : VpW : g  ^��IHJsESCf> W XG;MC
⋃

m∈Mαg∩δ

Im =
⋃

m∈Mαg∩δ

g−1{m} = X ∈ F

T<:<Y�O W JsESCf;�EGXSCk� §1  Ä��` 
ª1=?CF¬B=

λ = µ = ω
]ZEG=
EG:L��=BJsJ3Is§1 S¡� S¡� ~��IHJsESCZ=BAQN^IHXSCF=B:)]ZEGA

ωI/F ∼= ων/G>�
<AZ=BEG:
ν ≤ ω

T<:<Y�=BEG:<=B:�k�XSCFAFIMÁ^XSCF=BA
G
IHTU>

ν
 

��XGO W EG:<Y<T<¬BEG=BADC ψ =BEG:<=B:���O W J W A ² N<ESOFJ6T<O V�W : ω(B)/D
IHTU>

ωI/F
�^IH©~=BA

card(ω(B)/D) = κ > 2ω��Ù W A W XGXGIHAf§1 S¡�  ¨��ïT<:<Y card(ων/G) ≤ 2ω
 UgiEGY<=BAQO ² AQT<PRN¹ 

2
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1 ªq©

. . .
¼+"!c�$u²(°�¶�½±°N½ $¢³CµD".$¢³-"�µ�°N½

��J XG=?CF¬?CF=B:���©<OQP`N<:<ESCQC�]ZT<AQY<=ï=BEG:<= � W1W XG=BOQPRN<=ï� W CF=B:<¬ c W :<ODCFAQT<EG=BADC��Y<EG=�:<EGPRNdCne � T<EÌ[
V IHXG=B:pC�¬BTL=BEG:<=BA�k�XSCFAFI ²~W CF=B:<¬
EGODC¥ b��J W ©<EG;�=B:L�ï=?]�=BESO�OQEG:<YLY<EG=6ªdCFAQT<cpCFT<A�T<:<Y«Y<EG=ª ² AFIHP`N<=�IHXGXG=BAQY<EG:<;HOf: W PRN�OQ=BN<A�;�A W Ö��

τ = 2(2ω)+ �` ��J÷> W XG;�=B:<Y<=B:6]ZEGAQYwY<EG=Z³�AFtHÖ�=�AQ=BY<T<¬BEG=BADClHg�=B:<:jJ3IH:w;�=?]ZESOFOQ=fJs=B:<;�=B:pCFN<= W AQ=`[CFEGOQP`N<=�Æ W AFIHT<OQOQ=?CF¬BT<:<;�=B:LJ3IHPRNpC�UcMIH:<:)J3IH:&Y<EG=
³�AQt�Ö�=�Y<=BA�ªdCFAQT<cpCFT<AZIHTU> ω W Y<=BA
ω1

��N<=BAQT<:pCF=BAQY<A+
<P`cH=B:��R j´T<=BAQODC�=BEG:<EG;�=���=?Á^:<ESCFE W :<=B:)T<:<Y«ªUeMCF¬B=H�^Y<EG=
EGPRN)N<EG=BAf:dT<AZ¬BESCFEG=BAQ=H ��EG=j�nÛUESOQCF=B:<¬ V�W : 0]
EGODC
e � T<E V IHXS=B:dC�Y^IH¬BT���Y^IHÖ&=BO�>�
<AïqD=BY<=�
<©~=BAFIH©<¬¥eHN<XG©^IHAQ=

Ù
IHAQY<EG:^IHXG¬¥IHN<X
κ
=BEG:<=�:<EGP`NpCQCFAQE V E�IHXS=���EG:d©~=?CQCFT<:<; j : Lκ → Lκ

;�EG©UC¥ U��IH©b=BE¹EGODC�JsESC
Lκ
Y<EG=

κ
CF=ÝªdCFTU>@=
EG:)Y<=BAZc W :<ODCFAQT<cpCFEG©<XG=B:Lr�EG=BAFIHAQPRN<EG=�;�=BJs=BEG:pC¥  ÿ

à¹�U�°Õ ð ÀG��À�� ñ ö Â(Ê$ÈJÄ&Â(Ä{6 ö Â(Ê�× 9<; ó ô Ä�Æ Â(Ä&ÈJÝ�ÝiÂ(Ä Ô ¬0] Í|� Â(ÄyÄ α Â(Ã�Ä&Â � Ø ü@Ù(ç�ÈJÞ îÆ Â(ÏqÑ�ØHÏq×HÃ�Ä�ØHÞ ËØJÙ Þ&Ã�Ò(ÊLÐ�Ä�×
F

Ð�ÄyÃ ç�ÈJÏ�Ýùè�ì�Â(Ï
α Ô ×�ØHÄyÄ�ÆHÃTì�Ê�Â@Ò]Â(Ã�Ä

τ < α Ô Ò;Èi×�ØqÚ
F

(τ, α) î ÏqÂ/ÆHÐ�ÞhÉHÏdÃ�Ò(Ê Í
a�
<AZY<=B:L�ï=?]ï=BEGOZOB F� Ù�=?C�§H¢J�  
¾ ��¿å���_�M�@¸~� ð ÀG��ÀG�

f ∈ αα Ã�Ò(Ê�Â(Ã�Ä&Âï�d�Mº?�°�)È�����Ó´���@¸~�Yì�ÂqË�è�ÆHÞéÃ-ü@Ù�Â(Ã�Ä&Â@Ò�ê�Ã�ÞéÊ$Â(ÏqÒ
Fè�ì�Â(Ï

α ÔLÕ Â(ÄyÄ]ç@è�Ï�Ö�Âq× Â@Ò
ξ ∈ α ÆHÃ�ÞéÊ

{i ∈ α|ξ < f(i)} ∈ F
Ð�Ä�× Õ Â(ÄyÄ]ç@è�Ï�Ö�Âq× Â@Ò

g ∈ αα Ô Ý�Ã�Ê {i ∈ α|ξ < g(i)} ∈ F ç@è�ÏLÖ�Âq× Â@Ò
ξ ∈ α Ô ÆHÃ�ÞéÊ

{i ∈ α|f(i) ≤ g(i)} ∈ F.
à¹�U�°Õ ð ÀG��ÀGµ ñ = Â(Ä2Ò;Â(Ä|6 = Â ö ì ; ó ô Ä Æ Â(Ä&ÈJÝ¢ÝiÂ(Ä Ô ¬0] ÍK� Â(ÄyÄ α Â(Ã�Ä&Â8ÏqÂ/ÆHÐ�ÞhÉHÏqÂ ö ØHÏ î×HÃ�Ä�ØHÞ Ë;Ø�Ù�Þ1Ã�Ò(ÊNÝ�Ã�Ê

2<α = α Ô Ð�Ä�× F Ð�ÄyÃ ç�ÈJÏ�Ý è�ì�Â(Ï
α Ô ×�ØHÄyÄ�ÆHÃTì�Ê8Â@Ò]Ñ�Â(Ã�Ä&Â�Â(ÏqÒ(Ê$Âê�Ð�Ä2ÑJÊTÃ-ÈJÄ�ì�ÂqË�è�ÆHÞéÃ-ü@Ù

F Í
a�
<AZY<=B:L�ï=?]ï=BEGOZOB F� lH=¥Ù�©��  
à¹�U�°Õ ð ÀG��ÀÌÇ ñ ö ØHÄ�ØHÝiÈJÏ�Ã�6 ö Ø�× 9�; ó/� Â(ÄyÄ α ÏqÂ/ÆHÐ�ÞhÉHÏ8Ã�Ò(Ê Ô F Ð�ÄyÃ ç�ÈJÏ�Ý è�ì�Â(Ï

α
Ð�Ä�×Â@Ò8Ñ�Â(Ã�Ä&Â]Â(ÏqÒ(Ê$Â8ê&Ð�Ä2ÑJÊTÃ-ÈJÄ�ì�ÂqË�è�ÆHÞéÃ-ü@Ù

F
ÆHÃTì�Ê Ô Ò;ÈuÃ�Ò(Ê

F λ î ÏqÂ/ÆHÐ�ÞhÉHÏ�ç@è�Ï�Ö�Âq× Â@Ò λ < α Í
a�
<AZY<=B:L�ï=?]ï=BEGOZOB F� Ù
I3§H¢��  
ý ¸b��¸~���@�<� ð ÀG��ÀG¿ ô Ä�Æ Â(Ä&ÈJÝ�ÝiÂ(Ä Ô ¬0] Í�� Â(ÄyÄ α

ÏqÂ/ÆHÐ�ÞhÉHÏ�Ã�Ò(Ê Ô 2<α = α
Ð�Ä�×

FÐ�ÄyÃ ç�ÈJÏ�Ýùè�ì�Â(Ï
α Ô ×�ØHÄyÄ	Ã�Ò(Ê

F λ î ÏqÂ/ÆHÐ�ÞhÉHÏ�ç@è�Ï�Ö�Âq× Â@Ò λ < α Í" QI('�U�?�AJ,-.]t �P)����@x}U
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à¹�U�°Õ ð ÀG��ÀG� ñ J Í�ö ÈR���yÂ(Þhì�Â(Ï/Æv6 = Â ö ì ; ó ô Ä�Æ Â(Ä&ÈJÝ�ÝiÂ(Ä Ô ¬0] Í�� Â(Ä�Ä α ÏqÂ/ÆHÐ�ÞhÉHÏ¢Ã�Ò(ÊÐ�Ä�×
F

Ð�Ä�Ã ç�ÈHÏ�Ý è�ì�Â(Ï
α Ô ×�ØHÄyÄ	Ã�Ò(Ê

F δ î Ë�Â(Ï�Þ�Â$Æ�ì@ØHÏ1ç@è�Ï�Ö�Âq× Â@ÒdÏqÂ/ÆHÐ�ÞhÉHÏqÂ δ ≤ α Í
a�
<AZY<=B:L�ï=?]ï=BEGOZOB F� lH=¥Ù�©��  
à¹�U�°Õ ð ÀG��À ð ñ = Â(Ä2Ò;Â(Ä\6 Î Â = Âv× l�; ó ô Ä�Æ Â(Ä&ÈJÝ�ÝiÂ(Ä Ô ¬0] Í Á�Â(Ã κ Â(Ã�Ä&Â�Ð�Ä&Â(Ä�×2ÞéÃ-ü@ÙyÂÒ(Ã�Ä�ÆHÐ�ÞhÉHÏqÂ ö ØHÏq×HÃ�Ä�ØHÞ Ë;Ø�Ù�Þ&Ð�Ä�×

λ = 2<κ. Î ØHÄyÄ	Ã�Ò(Ê

2κ =

{
λ Õ Â(ÄyÄ 2γ = λ

ç@è�Ï]Â(Ã�Ä
γ < κ

λ+ Ò;ÈJÄ2Ò(Ê Í
a�
<AZY<=B:L�ï=?]ï=BEGOZOB F� ��=°lH=6§�Ã��  
ó �1� ��� ð ÀG��ÀGÉ Á&Â(Ã

τ
Â(Ã�Ä&ÂDÏqÂ/ÆHÐ�ÞhÉHÏqÂ ö ØHÏ+×HÃ�Ä�ØHÞ Ë;Ø�Ù�Þ Ô A = (τ, <)

Ð�Ä�×
F

Â(Ã�Ä
(τ, λ) îÏqÂ$ÆHÐ ÞhÉHÏ@Â(Ï�ê�Ã�ÞéÊ$Â(ÏzØHÐ(ç

κ ÍÎ ØHÄyÄ�Ã�Ò(Ê
cf(Aκ/F ) > λ Í

�ï=?]ï=BEGO�l
ª1=BE

E ⊆ F
��O W Y^IHÖ card(E) = λ

T<:<Y ⋂
E0 = ∅ >�
<AÝqD=BY<=BO E0 ⊆ E

JsESC
card(E0) ≥ τ

 
��:<;�=B: W JsJs=B:�� G ⊆ τκ

N^IMCsÙ
IHAQY<EG:^IHXGEÌCRe�C
λ
 �ª1=BEG=B:

E = {eξ|ξ < λ} T<:<Y
G = {gξ|ξ < λ} ��TU>@¬¥eHN<XGT<:<;�=B: V�W : E ©<¬?]
  G �~O W Y^IHÖ eξ 6= eη

>�
<A
ξ < η < λ;�EGXSC¥ <��=?Á^:<EG=BAQ=

f ∈ τκ O W �<Y^IHÖ
gξ(i) < f(i)

>�
<A
i ∈ eξ.

��EG=BO«EGODCLJst�;�XGESPRN��fY^I
card({ξ ∈ λ|i ∈ eξ}) < τ

T<:<Y
τ
AQ=B;�T<X�eHAB Z��XGO W EGODC

eξ ⊆ {i ∈ κ|gξ(i) < f(i)} T<:<Y&Y^IHJsESC gξF < fF
>�
<A�qD=BY<=BO

ξ < λ
�UY^IHO�N<=BEGÖHC�1Y^IHÖ

{gξF |ξ < λ} EGODCZ:<EGP`NpCZc W :UÁ^:^IHX�EG: Aκ/F
 

2

ó �1� ��� ð ÀG��ÀGò ñ Á Í�ö ÈR���yÂ(Þhì�Â(Ï-Æv6 ö ì3+:f ; ó Á�Â(Ã-Â(Ä
κ, β

Ð�Ä&Â(Ä�×2ÞéÃ-ü@ÙyÂ ö ØHÏ+×HÃ�Ä�ØHÞ Ë;Ø�Ù îÞ�Â(Ä Ô A = 〈ω,<〉 ÍOÎ ØHÄyÄ¡ÆHÃTì�Ê�Â@Ò�Â(Ã�Ä&Â�ÇHÈJÞ�Þ Ò(Ê/ÉHÄ�×HÃhÆ Â|J=È;ÈJÞ�Â@Ò;ü@ÙyÂ ô Þ Æ Âì�Ï+ØñJ Ð�Ä�×Â(Ã�Ä&Â(ÄiØ�ì@Ë;É�Ù�Þhì�ØHÏ�Ð�ÄyÇHÈJÞ�Þ Ò(Ê/ÉHÄ�×HÃhÆ Â(Ä ¿FÞéÊTÏqØ � Þ�Ê!Â(Ï Î Ø�Ð�çtJ Ô Ò;Èd×�ØqÚ κ = card(ω(B)/D)Ð�Ä�×
β = cf(A(B)/D)

Æ�× ÕLÍ κω = κ Ô β ÏqÂ/ÆHÐ�ÞhÉHÏdÃ�Ò(ÊLÐ�Ä�×
ω1 ≤ β ≤ κ Í4 Ð�ÒÉHÊ}Ë�ÞéÃ-ü@Ù�ÞhÉqÚFÊ�Ò(Ã-ü@Ù|J£Ò;È Õ É�Ù�Þ�Â(Ä Ô ×�ØqÚÌÒ(Ã-Âz×HÃ-Â]ü@ü@ü�Â(Ï�ç@è�Þ�ÞéÊ Í

�ï=?]ï=BEGO�l� ⇒�@l�ª1=BE
κ = card(ω(B)/D)

T<:<Y
β = cf(A(B)/D)

^nN<EG=BAQ©~=BE�OQ=BE
D ω

[�AQ=B;�T<X�eHAB 
��IHJsESCsESOQC

β
AQ=B;�T<X�eHAwT<:<Y

β ≤ κ
 ���T<O3��=BJsJ3Iì¢U £Ã1 S¡�> W XG;HC��Y^IHÖ A(B)/D ℵ1

[
OFIMCFT<AQEG=BADCZEGODC¥ ^��XGO W EGODC β ≥ ω1

 
\�IHPRN«ªUIMCF¬�¢U  ¨U  ¨w;�EGXÌC

κω = κ
 � ⇐�@l�ª1=?CF¬B=

κω = κ
T<:<Y

ω1 ≤ β = cf(β) ≤ κ V�W AFIHT<OB  ª1=BE B = Bκ
Y<EG=

Æ�=BA VpW XGXSOQCReH:<Y<ES;�T<:<;w=BEG:<=BAf>@AQ=BEG=?:L� WdW XG=BOQP`N<=B:���XG;�=B©<AFI F �U] W ©b=BE F >@AQ=BE¹;�=B:<=BAQEG=BADC
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OQ=BE V�W : U ⊆ F
JsESC

card(U) = κ
 ~��XGO W =BAD>�
<XGXSC B Y<EG=ÝPBPBP��@OB �ªUIMCF¬6¨U £m1 S¡°¨��ZT<:<Y

Y^IHJsESCfEGODC
card(B) = κ

�@OB ~ªUIMCF¬
¨U  ±< £m��` 
ª1=BE

U =
⋃
ξ<β Uξ

T<:<Y N<EG=BAQ©b=BE
(Uξ)ξ<β

=BEG:<=3IHTU>@ODCF=BEG;�=B:<Y<= Ù�=?CQCF= V�W : ��=BEGXÌ[Js=B:<;�=B: V�W : U �
card(U0) = κ

T<:<Y
Uξ+1 \Uξ

T<:<=B:<Y<XGEGPRN¹ <ª1=BE
Bξ

Y<EG=�ª1T<©^IHXG;�=B©<AFI
VpW : B �<Y<EG= VpW XGXGODCReH:<Y<EG; V�W : Uξ ;�=B:<=BAQEG=BADCf]ZEGAQY¹ 

B =
⋃
ξ<β Bξ

;�EGXSC�JsESCZ��=BJsJ3Iw¨U  ±< S¡� 
g(eHN<XG=&EG:<Y<T<cpCFE V =BEG:<=)IHTU>@ODCF=BEG;�=B:<Y<=�Ù�=?CQCF= V�W :�IH©<¬¥eHN<XG©^IHAwT<: VpW XSXGODC`eM:<Y<EG;�=B:k�XSCFAFIMÁ^XSCF=BAQ:

Dξ
IHTU>

Bξ
T<:<Y�OQ=?CF¬B=

D :=
⋃
ξ<βDξ

^^Y^IH:<:�EGODCf>�
<AnqD=BY<=BO
ξ < β

Y<EG=
k�XSCFAFI ²~W CF=B:<¬ A(Bξ)/Dξ

=BEG:<=�=BXG=BJs=B:dCRIHAQ=�ª1T<©<ODCFAQT<cpCFT<A V�W : A(B)/D
 

ª1=BE¹>�
<A
ξ ≤ ζ < β

=BEG:<=���©<©<EGXGY<T<:<;

Πξζ : A(Bξ)/Dξ → A(Bζ)/Dζ

Y<T<AQP`N
Πξζ(fDξ

) := fDζ

Y<=?Á^:<EG=BADC¥ 
Πξζ

EGODC�] W N<XGY<=?Á^:<EG=BADC6T<:<Y�>�IHXGXGO fDξ
< gDξ

�
O W ;�EGXSC ‖f < g‖Bξ ∈ Dξ ⊆ Dζ

�nIHXGO W ;�EGXSC6IHT<PRN ‖f < g‖Bζ ∈ Dζ
T<:<Y0Y^IHJsESC

Πξζ(fDξ
) = fDζ

< gDζ
= Πξζ(fDξ

)
 ���IHJsEÌC3EGODC

Πξζ

=BEG:Ôr W J W J W A ² N<ESOQJ6T<OB a^=BAQ:<=BA�EGODC�>�
<A
ξ < β

;�EGXÌC
Πξξ(fDξ

) = fDξ

��IHXGO W EGODC Πξξ
Y<EG=6��Y<=B:dCFESCReMCFOD>@T<:<cpCFE W :

IHTU>
A(Bξ)/Dξ

 ~ª1=?E�:dT<:
ξ ≤ ζ ≤ η < β

 b��IH:<:�;�EGXSC

Πζη(Πξζ(fDξ
)) = Πζη(fDζ

) = fDη
= Πξη(fDξ

).

��IHJsESCfEGODC
A := {A(Bξ)/Dξ|ξ < β} ∪ {Πξζ |ξ ≤ ζ < β}

=BEG:�;H=BAQEGP`NpCF=?CF=BO�ª g1ODCF=BJ VpW :«	�=B:<;�=B:¹  `ª1=BE¹>@=BAQ:<=BAf>�
<A
ξ < β

=BEG:<=���©<©<EGXGY<T<:<;

Πξ : A(Bξ)/Dξ → A(B)/D

JsESCQCF=BXGO
Πξ(fDξ

) := fD
Y<=?Á^:<EG=BADC¥ 

Πξ
EGODCZ] W N<XGY<=?Á^:<EG=BADC�T<:<Y)>�
<A fDξ

< gDξ

;�EGXSC ‖f < g‖Bξ ∈ Dξ ⊆ D
�bIHXGO W EGODC

‖f < g‖B ∈ D T<:<Y�Y^IHJsESCf> W XG;MC Πξ(fDξ
) = fD < gD = Πξ(gDξ

)
 b��IHJsESCZEGODC

Πξ=BEG:Lr W J W J W A ² N<EGOQJ6T<OB a�
<A
ξ ≤ ζ < β

;�EGXSC

Πξ(fDξ
) = fD = Πζ(fDζ

) = Πζ(Πξζ(fDξ
)).

ª1=BEn:dT<:
B
=BEG:<=wªdCFAQT<cpCFT<A��´O W Y^IHÖ =BO�>�
<A�qD=BY<=BO ξ < β

=BEG:<=B:#r W J W J W A ² N<ESOQJ6T<O
Σξ : A(Bξ)/Dξ → B

;�EG©UC�1>�
<AZY<=B:�;�EGXSC�d>�IHXGXGO
ξ ≤ ζ < β

�^O W
Σζ(Πξζ(fDξ

)) = Σξ(fDξ
).

o!QI('�U�?�AJ,-.G�P)!sJ4�< 3-< %(4��;U �;U Â�U
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��=?Á^:<EG=BAQ=w=BEG:<=6��©<©<EGXSY<T<:<;
Σ : A(B)/D → B

> W XG;�=B:<Y<=BAQJ3IHÖ�=B:�l~��I A(B)/D
Y<EG=

PBPBPwN^IMC�´;�EG©UC�=BO�>�
<A�qD=BY<=BO
f ∈ A(B) =BES: ξ(f) < β

�~O W Y^IHÖ ran(f) ⊆ Bξ(f)

 �ª1=BE
:1T<:

Σ(fD) := Πξ(f)(fDξ(f)
).

��IH:<:�;�EGXSC
Σ(Πξ(fDξ

) = Σξ(fDξ
).

��IHJsESCfEGODC B := {A(B)/D} ∪ {Πξ|ξ < β} =BEG:)Y<EGAQ=BcpCF=BAZ��EGJs=BO V�W : A   ba^=BAQ:<=BA&;�EGXSC
ω(B)/D =

⋃
ξ<β ran(Πξ)

lZª1=BE�Y^IH¬BT
x ∈ ω(B)/D

 f��IM:<:(;�EGXSC
x = fD

>�
<Aï=BEG:
f ∈ ω(B)  <	�ESC�Y<=BA�PBPBP�> W XG;HC�dY^IHÖ f”ω ⊆ Bξ

>�
<A�=BEG:
ξ < β

 U��XGO WEGODC
fDξ

∈ ω(Bξ)/Dξ
T<:<Y�=BOZ;�EGXSC

Πξ(fDξ
) = x.j´T<A�Ù W :<ODCFAQT<cpCFE W :ìY<=BA Dξ

l���I
card(U0) = κ

�´EGODC
B0
EGO W J W A ² N«¬BT B ��IHXGO Wc�t�:<:<=B:�]ZEGA

D0

O W ]�eHN<XG=B:�� Y^IHÖ card(ω(B0)/D0) = κ
�_]ZEG=�EG:/��=BJsJ3I�§1 S¡�  ¨2�

IH:<;�=?]�=B:<Y<=?C�IHTU>
B0

�` ^��IHJsEÌC�=BAQN^IHXSCF=B: ]ZEGA
κ ≤ card(ω(B)) ≤ card(Bω) = κω =

κ
T<:<Y

card(ω(B)/D) = κ
 �	�ESC
��=BJsJ3I&§1 S¡� £m3T<:<Y

A := Bξ, B := 〈Uξ+1 \ Uξ〉T<:<Y
C := Bξ+1

cHt�:<:<=B: ]fEGA
Dξ+1

O W ]�eHN<XG=B:��1Y^IHÖ ω(Bξ+1)/Dξ+1
=BEG: ��XG=BJs=B:pC

fξ=B:dCFN^eHXSC�<Y^IHOZ;�AQt�Ö�=BAZIHXGO�qD=BY<=BO
g ∈ ω(Bξ)/Dξ

EGODC¥ 
��EG=�a W XG;�= (Πξ(fξ))ξ<β

XGEG=B;HCnc W :UÁ^:^IHXUEG: A(B)/D
��IHXGO W EGODC β = cf(A(B)/D)

 
2

à¹�U�°Õ ð ÀG��À��dñ ñ J ÍLö ÈR���yÂ(Þhì�Â(Ï-Æ|6 ö ì5+:f ; ó ô Ä Æ Â(Ä&ÈJÝ¢ÝiÂ(Ä Ô 2(2ω)+ < ℵω Í Á�Â(Ã A =
(ω1, <)

Ð�Ä�×
A(B)/D

Â(Ã�Ä&Â~J=È;ÈJÞ�Â@Ò;ü@ÙyÂ+SNÈJÊ$Â(Ä�Ë Ô Ò;È�×�ØqÚ
card(ω(B)/D) > 2ω

Ð�Ä�×J ×HÃ-Â±ü@ü@ü�Â(Ï�ç@è�Þ�ÞéÊ ÍLÎ ØHÄyÄaÆHÃ�ÞéÊ�ç@è�ÏOÖ�Âq× Â ö ØHÏ+×HÃ�Ä�ØHÞ Ë;Ø�Ù�Þ
α

Ð�Ä�×]Ö�Âq× Â(Ä�¿FÞéÊTÏ+Ø � ÞéÊ$Â(Ï¢êè�ì�Â(Ï
α Ô

A(B)/D 6∼= Aα/F.
�ï=?]ï=BEGO�lj´T<:^eHP`N<ODC�¬B=BEG;�=B:&]ZEGA

cf(A(B)/D) = ω1.
� §1 S¡°o��
�ï=?]�=BEGO V�W :Ì� §1 S¡°o���lj´T<A���AQEG:<:<=BAQT<:<;(: W PRN<J3IHXGOìY<EG=Ü��=?Á^:<ESCFE W :÷Y<=BA�a^T<:<cpCFE W : m̆

IHT<O ªUIMCF¬�¢U S¡� S¡
m̆ : ω1 → B

JsESC
m̆(x) :=

{
1
>�
<A

x = m
0
>�
<A

x 6= m.��O�;�EGXSC
‖ᾰ = β̆‖ =

{
1
>�
<A

α = β
0
O W :<ODC�

T<:<Y�O W JsESCf;�EGXSC�>�
<A α 6= β
ᾰ 6=D β̆.�5*5U�?�AJ,/.K�P)!sJ4�< 3-< %(4��;U �;U w���U
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�ï=BN^IHT ² CFT<:<;�l~��EG=
a W XG;�= (ᾰD)α<ω1

XGEG=B;HCfc W :UÁ^:^IHX�EG: A(B)/D.��:<;�=B: W JsJs=B:��åY<EG=&a W XG;�= EGODCj:<EGPRNdCjc W :UÁ^:^IHX  ���IH:<:Ü;�EG©UCw=BOs=BEG:<=)�nIHADCFESCFE W :
h : ω1 → B

�^O W Y^IHÖ
A(B)/D |= ᾰD < hD

>�
<AZIHXGXG=
α < ω1.

��XGO W ;�EGXSC�>�
<AZIHXGXG= α < ω1

∨

x<y<ω1

ᾰ(x) ∧ h(y) ∈ D.

h
EGODC�=BEG:<=��åIHADCFESCFE W : T<:<Y B N^IMCfY<EG=�PBPBPH�^IHXGO W ;�EG©UC�=BOf=BEG: x0 ∈ ω1

�UJsESC
h(x) = 0>�
<A�IHXGXG=

x ≥ x0.
��IHJsESCfEGODC

∨

x<y<x0

x̆0(x) ∧ h(y) ∈ D,

IH©~=BA
x̆0(x) = 0

>�
<A
x < x0

 <giEGY<=BAQO ² AQT<PRN¹ ��IHJsESCf;�EGXSCd� §1 S¡°o��` 
�ï=BN^IHT ² CFT<:<;�l

F
EGODC

δ
[�T<:<¬B=BAQXG=B;�©^IHA�>�
<AåqD=BY<=BO

δ
JsESC

ω < δ ≤ 2(2ω)+ < ℵω.
� §1 S¡�¡��
�ï=?]�=BEGO V�W :Ì� §1 S¡�¡���l
abIHXGXGO

F ωn
[�¬B=BAQXG=B;�©^IHAÝ>�
<A6=BEG:

n ∈ ω \ {0} EGODC�nO W EGODC F JsESCjªUIMCF¬)§1 £m1  ¢#IHT<PRN
ω1
[�¬?=BAQXG=B;�©^IHAB �	�ESC
ªUIMCF¬6±<  ±< £Ã3;�EG©UC�=BO
IHXGO W =BEG:<=B:#T<:<ES> W AQJs=B:#anEGXÌCF=BA F ′ 
<©b=BA ω1

�
JsESC

F ′ ≤RK F
 

k�J|Y<=B:3�ï=?]�=BEGO V�W :	� §1 S¡�¡���]�=BESCF=BAQ¬BTU>�
<N<AQ=B:��pJ�
<OQOQ=B:j]ZEGA�=BAQODC =BEG:<J3IHX1> W XG;�=B:1[Y<=BO�¬B=BEG;�=B:�l
F ′
EGODC

(ω1, ω1)
[�AQ=B;�T<X�eHAB � §1 S¡�m��

�ï=?]�=BEGO V�W :Ì� §1 S¡�m���l
ª1=BE

X0 ∈ F ′
©~=BXGEG=B©<EG;< <��=?Á^:<ES=BAQ=
>�
<A

η > 0

Xη :=
∧

γ<η

Xγ \ {η}.

ª1=BEï:dT<:
B′ ⊆ ω1

JsESC
card(B′) ≥ ω1

��Y^IHO6N<=BEGÖHC��>�
<A6IHXSXG=
η ∈ ω1

;�EG©UCÝ=BO6=BEG:
ξ ∈ B′ �^O W Y^IHÖ η < ξ.

��IHJsESCf;�EGXSC
η 6∈ Xξ

T<:<Y
∧

η∈B′

Xη = 0.

��XGO W ;�EGXSCk� §1 S¡�m��` 
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��IHJsESCZEGODC
F
:^IHPRNìªUIMCF¬�±<  ¨U  ¢sIHT<PRN

(ω1, ω1)
[�AQ=B;�T<X�eHAB b	�ESC���=BJsJ3I3§1 £m1  Îj;�EGXSC

cf(Aα/F ) > ω1
 ^��©b=BA

cf(A(B)/D) = ω1
:^IHPRNÌ� §1 S¡°o��` 

��IHJsESCfEGODCz� §1 S¡�¡�� ;�=B¬B=BEG;HC¥ 
	�ESC���=BJsJ3I §1 S¡� S¡Ý>�
<A

λ = ω
T<:<Y

µ = ω
;�EG©UC�=BO�=BEG:<=B:ìk�XSCFAFIMÁ^XSCF=BA

F ′

<©~=BA

ω
JsESC

(ω,<)α/F ∼= (ω,<)ω/F ′.
��XGO W EGODC card(ωα/F ) ≤ 2ω.

��©~=BAnqD=BY<=BAf��O W J W A ² N<EGOQJ6T<O V�W : A(B)/D
IHTU>

Aα/F]N
<AQY<=
ω(B)/D

EGO W J W A ² N)IHTU> ωα/F IH©<©<EGXGY<=B:¹ UgÔEGY<=BAQO ² AFT<PRN¹  2

	�ESC r�EGXS>@= VpW :sODCReHAQcH=BAQ=B:3Æ W AFIHT<OQOQ=?CF¬BT<:<;�=B:3X�eHÖHC�OQEGPRNsY<EG=�³�AQt�Ö�=fY<=BA�ªdCFAQT<cpCFT<A>�
<A�Y<EG=�=BPRNpCF=�� W1W XG=BOQPRN<=Z� W CF=B:<¬�IMTU> ω V =BAQcdXG=BEG:<=BAQ:��H]ZEG=�EG:wY<=B:w> W XG;�=B:<Y<=B:w©~=BEGY<=B:ªUeMCF¬B=B:�l
à¹�U�°Õ ð ÀG��À��b� ñ J Í ö ÈR���yÂ(Þhì�Â(Ï-Æ	6 ö ì5+:f ; ó ô Ä Æ Â(Ä&ÈJÝ¢ÝiÂ(Ä Ô ¬0]. Á�Â(Ã A = (ω,<)

Ð�Ä�×
A(B)/D

Â(Ã�Ä&ÂKJ=È;ÈJÞ�Â@Ò;ü@ÙyÂ�SNÈJÊ$Â(Ä�Ë Ô Ò;È�×�ØqÚ
card(ω(B)/D) = κ

Ð�Ä�×
cf(A(B)/D) =

ω1 Ô�Õ È�ì�Â(Ã κ Â(Ã�Ä&Â=Ò(Ê/ØHÏqÑ�Â ú Ã�ÝiÂ@Ò@Ñ�ØHÏ+×HÃ�Ä�ØHÞ Ë;Ø�Ù�ÞyÒ;Â(Ã�Ý�Ã�Ê
κ > cf(κ) > ω ÍÎ ØHÄyÄ±ÆHÃ�ÞéÊ�ç@è�Ï�Ö�Âq×�Â ö ØHÏ+×HÃ�Ä�ØHÞ Ë;Ø�Ù�Þ

α
Ð�Ä�×�Ö�Âq× Â(Ä7¿FÞéÊTÏ+Ø � ÞéÊ$Â(Ï

F
è�ì�Â(Ï

α Ô ×�ØqÚ
A(B)/D 6∼= Aα/F.

�� UÙ W�²<² =BXG©~=BAQ;6ODCF=BXGXSC�IHXSCF=BAQ:^IMCFE V Y<EG=��ï=BY<ES:<;�T<:<;jIH: κ �1Y^IHÖ 2κ = κ+n >�
<A�=BEG:
n ∈ ω

 ¹��IHJsESC�>@T<:<cpCFE W :<EG=BADC�IH©~=BA�Y<=BA�> W XG;�=B:<Y<=6�ï=?]�=BEGO�:<EGPRNpC�~]�=BEGXåÙ W�²<² =BXG©b=BAQ;Y<EG=�Æ W AFIHT<OQOQ=?CF¬BT<:<; cf(κ) > ω
=`Û ² XGEG¬BESCz�@T<:<Y)>�
<A�©b=BEGY<=ÝaåeHXGXS=;�ï;�=B©<AFIHT<PRNpC�T<:<YL¬H 

�� ´T<:dCF=BA
³k��r|;�EGXSC
2ℵω = ℵ+

ω

�@Y¹  N¹ ´Y<EG=ÝÆ W AFIHT<OQOQ=?CF¬BT<:<;�EGODC�JsESC n = 1
=BAD>�
<XGXSC����

IH©~=BA
cf(ℵω) = ω

 
�ï=?]ï=BEGO�l

��:<;�=B: W JsJs=B:�� =BO3;�EG©UC3Y W PRNÔ=BES: α T<:<YÔ=BEG:<=B:Ôk�XSCFAFIMÁ^XSCF=BA F 
<©~=BA
α
� O W Y^IHÖ

A(B)/D ∼= Aα/F
 ~	�ESC�md £m1 £§w;�ESXSC

κω = κ.

• g�=B:<: F δ
[�¬B=BAQXG=?;�©^IHA&EGODC >�
<A&=BEG:

δ
JsESC

cf(δ) > ω
�fY^IM:<:(EGODC

F cf(δ)
[

¬B=BAQXG=B;�©^IHAwJsESCsªUIMCF¬&±<  ±< £§«T<:<Y/ªUIMCF¬)±<  ±<  ¢#T<:<Y�=BOs;�EG©UCw=BEG:<=B:�T<:<ES> W AQJs=B:anEGXSCF=BA
F ′ ≤RK F


<©b=BA
cf(δ)

�@JsESCZªUIMCF¬
±<  ±< £Ã��` 
	�ESC)ªUIMCF¬L±<  ±<  Î�EGODC

F ′ ω1
[�¬B=BAQXG=B;�©^IHA��ïIHXGO W ;�EG©UC3=BO JsESC ªUIMCF¬«±U  ±< £Ã =BEG:<=B:anEGXSCF=BA

F ′′ ≤RK F ′
�<Y<=BAZT<:<ES> W AQJ 
<©~=BA

ω1

EGODC¥ 
	�ESC�ªUIMCF¬3§1 £m1 S¡wEGODC

F ′′ ω1
[�AQ=B;�T<X�eHA��¹IHXGO W EGODC F JsESC
ªUIMCF¬w±<  ¨U  ¢ ω1

[�AQ=B;�T<X�eHAB 
��XGO W ;�EGXSCfJsESCf��=BJsJ3Ij§1 £m1  Î6>�
<A τ = ω, λ = ω1

T<:<Y
α = α

�<Y^IHÖ
cf(Aα/F ) > ω1.

��IHJsESCf;�EGXSCfY<=BA�ªUIMCF¬�>�
<A
δ
[�¬B=BAQXG=B;�©^IHAQ=

F
>�
<Af=BEG:

δ
JsESC

cf(δ) > ω
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• ��:<Y<=BAQ:U>�IHXGXGOfN^IMCåqD=BY<=BO δ �U>�
<AZY^IHO F δ
[�¬B=BAQXG=B;�©^IHA�EGODC;�^Ù W :UÁ^:^IHXGESCReMC ω  giEGAf¬B=BEG;�=B:�:dT<:

��O�;�EG©UCf=BEG:<=�a W XG;�= (fξ|ξ < κ)
EG:
ωα,

� §1 S¡°¨��
O W Y^IHÖj>�
<A ξ < η < κ

;�EGXSC
fξ 6=F fηT<:<Y)>�
<A

ξ < κ
T<:<Y

n < ω
;�EGXSC {i ∈ α|fξ(i) = n} 6∈ F.�ï=?]ï=BEGO V�W :Ì� §1 S¡°¨���l

��I
A(B)/D ∼= Aα/F

�^;�EGXSCfIHT<PRN
ω(B)/D ∼= ωα/F

 ^��XGO W card(ωα/F ) = κ
�

Y^IHOfN<=BEGÖHC�U=BOf;�EG©UC
κ
[ V EG=BXG= F [ V =BAQOQP`N<EG=BY<=B:<=�a^T<:<cpCFE W :<=B:&EG: ωα  bª1=BE (f ′ξ|ξ <

κ)
=BEG:<=
��TU>@¬¥eHN<XGT<:<;sY<ES=BOQ=BA�a^T<:<cpCFE W :<=B:Ì� W N<:<=�giEG=BY<=BAQN W XGT<:<;�=B:e�` ba�
<AnqD=`[Y<=BO
n ∈ ω cMIH:<:�=BOZ:1T<AZ=?EG: ξ = ξ(n)

;�=B©b=B:��bO W Y^IHÖ
{i ∈ α|f ′ξ(i) = n} ∈ F,

Y^IjY<EG=
f ′
IHXGXG=�J W Y F V =BAQOQPRN<EG=BY<=B:«OQEG:<Y¹ ª1=BE

(fξ|ξ < κ)
=BEG:<=w��TU>@¬BeHN<XGT<:<; VpW : {f ′ξ|ξ < κ

T<:<Y ∀n < ω ξ 6= ξ(n)}  ��IHJsESCf;�EGXSC�>�
<A
ξ < κ

T<:<Y
n ∈ ω

{i ∈ α|fξ(i) = n} 6∈ F.
��XGO W ;�EGXSCk� §1 S¡°¨��` 
ª1=BE¹>�
<A

ξ < κ Pξ
Y<EG=
�åIHADCFESCFE W : V�W : α �^Y<EG=�Y<T<AQPRN fξ ;�=B;�=B©b=B:LEGODCl
Pξ = {{i ∈ α|fξ(i) = n}|n ∈ ω}

T<:<Y
OQ=BE
P
Y<EG=å;�AQt�©<ODCF=�;�=BJs=BEG:<OFIHJs=nÆ�=BAD>@=BEG:<=BAQT<:<;ZY<=BA

Pξ
 ?g�=B;�=B:

card(Pξ) =
ω
EGODC

card(P ) ≤ ωκ = 2κ.ª1=BE
τ
Y<EG=wcdXG=BEG:<ODCF=jÙ
IHAQY<EG:^IHXG¬¥IHN<XT�~O W Y^IHÖ&=BO
=BEG:<=wEG:MqD=BcpCFE V =ja W XG;�= (xν)ν<τEG:

P
;�EG©UCfJsESC ⋃

ν<τ xν ∈ F.�ï=BN^IHT ² CFT<:<;�l
τ ≥ ω.

� §1 S¡¥± �
�ï=?]ï=BEGO V�W :Ì� §1 S¡¥± ��l
��:<;�=B: W JsJs=B:�� τ < ω

 ���IH:<:j;�EGXSC ⋃
xν = x0∪ . . .∪xn−1.

��I
F
k�XSCFAFIMÁ^XSCF=BA

EGODC�<;�EGXSC�1]ï=B:<:
a ∪ b ∈ F �^Y^IH:<:

a ∈ F W Y<=BA b ∈ F  <��XGO W > W XG;HCfEG:<Y<T<cpCFE V l
a0 ∪ . . . ∪ an−1 ∈ F → ∃i < nai ∈ F.

ª W JsESCfEGODC n = 1 W Y<=?AZ=BOZ;�EG©UCf=BEG: j < n
JsESC

xj ∈ F.
��I

xj
¬BT<A��nIHADCFESCFE W :

P
;�=BN<t�ADC�¹;�EG©UC
=BO

ξ
JsESC

xj ⊆ {i ∈ α|fxi(i) = n}. IH©~=BA {i ∈ α|fξ(i) =
n} 6∈ F. ��XGO W cMIH:<: τ :<EGPRNpC�=B:<Y<XGESP`N)OQ=BEG:¹ ^��IHJsESCf;�EGXSCk� §1 S¡¥± �` 
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��O�;�ESXSC
F
EGODC

τ
[�¬B=BAQXG=B;�©^IHAB � §1 S¡�Ã��

�ï=?]ï=BEGO V�W :Ì� §1 S¡�Ã���l
ª1=BE

(xν)ν<τ
=BEG:<= EG:MqD=BcpCFE V = a W XG;�=sEG: F �nO W Y^IHÖ x :=

⋃
ν<τ xν ∈ F

 n��EG=
	�=B:<;�=

{α \ x} ∪ {xν |ν < τ}
EGODC�=BEG:<=��nIHADCFESCFE W :sY<=BAf��eH:<;�= τ V�W : α  ^ª1=BE B ⊆ {α \ x}∪ {xν |ν < τ} JjESC
card(B) < τ

T<:<Y�OQ=BE
B′ := {ν|xν ∈ B}.abIHXGXGO

α \ x 6∈ B �^O W ;�EGXSC ⋃B =
⋃
ν∈B′ xν 6∈ F

:^IHPRN)g IHN<X VpW : τ  abIHXGXGO�;�EGXSC
α \ x ∈ B �<Y^IH:<:�EGODCZ¬BT�¬B=BEG;�=B:

α \ x ∪⋃ν∈B′ xν 6∈ F.��:<;�=B: W JsJs=B:��<:<EGPRNdC¥ ^��IH:<:�;�EGXSC
F 3 x ∩ (α \ x ∪

⋃

ν∈B′

xν) = x ∩
⋃

ν∈B′

xν

=
⋃

ν∈B′

x 6∈ F.

giEGY<=BAQO ² AQT<PRN¹ ~��IHJsESCf;�EGXSCk� §1 S¡�Ã��` 
abIHXGXGO

cf(τ) > ω
�p]ZT<AQY<=�Y<=BAïabIHXGX<OQPRN W : W ©~=B:3©~=BN^IM:<Y<=BXSC¥ d��J IH:<Y<=BAQ=B: abIHXGX-�Y¹  N¹ 

cf(τ) = ω
�^;�EGXSC�JsESC

τ ≤ card(P ) ≤ 2κ
T<:<Y

cf(κ) > ω
�^Y^IHÖ

τ < κ
 

g�=B:<:
ξ < κ

T<:<Y
ν < τ

�åO W EGODC fξ ¹ xν
=BEG:<=)c W :<ODCRIH:pCF=La<T<:<cpCFE W :��åY^I

xν ∈ P
 ^��=?Á^:<EG=BAQ=�=BEG:<=
a W XG;�= (gξ|ξ < κ)

EG:
ωτ
Y<T<AQPRN

gξ(ν) ∈ fξ”xν .
a�
<A

ξ < η < κ
]feHN<XG=

i ∈ (
⋃

ν<τ

xν) ∧ {i ∈ α|fξ(i) 6= fη(i)} ∈ F

�@Y^Ij©b=BEGY<=�abIHcpC W AQ=B:�IHT<O F OQEG:<Ye���^¬H  ��  i ∈ xν  ��IH:<: ;�EGXSC
gξ(ν) 6= gη(ν)

T<:<Y�Y^IHJsESC
gξ 6= gη

 ���XGO W ;�EG©UC�=BO κ [ V EG=BXG= V =BA�[OQP`N<ES=BY<=B:<=3a^T<:<cpCFE W :<=?:ìEG: ωτ �´Y^IHO�N<=BEGÖHC� κ ≤ ωτ
EGJ9giEGY<=BAQO ² AQT<PRN Y^IH¬BT��Y^IHÖ

κ
ODCRIHAQcH=Ý��EGJs=BOQ¬¥IHN<X¹T<:<Y

τ < κ
 

2

ª1=BEb�P��r/Y<EG=f��T<OQOFIH;�=H�dY^IHÖ�IHXGXG=f��EGJs=BOQc�IHAQY<EG:^IHXG¬¥IHN<XS=B:wODCRIHAQcH=���ESJs=BOQcMIHAQY<EG:^IHXÌ[
¬¥IHN<XG=B:�OQEG:<Y¹ 
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à¹�U�°Õ ð ÀG��À��1� ñ J Í�ö ÈR���yÂ(Þhì�Â(Ï-Æ�6 ö ì3+:f ; ó ô Ä�Æ Â(Ä&ÈJÝ�ÝiÂ(Ä Ô ¬0] Ð�Ä�× úQÀ � ÍyÎ ØHÄyÄuÃ�Ò(Êç@è�Ï�Ö�Âq× ÂzÐ�Ä&Â(Ä�×2ÞéÃ-ü@ÙyÂ ö ØHÏ+×HÃ�Ä�ØHÞ Ë;Ø�Ù�Þ
α

Ð�Ä�×=Ö�Âq× Â(Äß¿FÞéÊTÏ+Ø � ÞéÊ$Â(Ï
F

ØHÐ(ç
α

×HÃ-Â ö ØHÏ+×HÃ îÄ�ØHÞ Ë;Ø�Ù�Þ
card(ωα/F )

Ï@Â/ÆHÐ�ÞhÉHÏ Í�� Â(ÄyÄ α Â(Ã�Ä&ÂiÒ(Ã�Ä�ÆHÐ�Þ�É�ÏqÂ ö ØHÏq×HÃ�ÄeØ�Þ Ë;Ø�Ù2Þ�Ã�Ò(Ê Ô ×�ØHÄyÄÆHÃ�ÞéÊ�Â(ÄyÊ Õ Âq× Â(Ï card(ωα/F ) < α
È× Â(Ï

card(ωα/F ) = α+ Í
�ï=?]ï=BEGO�l

��:<;�=B: W JsJs=B:��ï=BO&;peH©b=«=BEG:<=«OQEG:<;�T<X�eHAQ=«Ù
IHAQY<EG:^IHXG¬¥IHN<X λ T<:<Yi=BEG:<=«T<:<=B:<Y<XGEGPRN<=Ù
IHAQY<EG:^IHXG¬¥IHN<X
α
JsESCf=BEG:<=BJKk�XSCFAFIMÁ^XSCF=BA

F
�^O W Y^IMÖ

card(ωα/F ) = λ.

��:<;�=B: W JsJs=B:�� F ESOQC�× ω1
[ V�W XGXGODCReH:<Y<ES;< <��IH:<:�;�EGXSC�JsESC�ªUIMCF¬ÝÃ1 £m1 S¡�m

card(ωα/F ) = ω

T<:<Y�Y^IHJsESCfY<EG=
�ï=BN^IHT ² CFT<:<;3Y<=BO�ªUIMCF¬B=BOB ��:<Y<=BAQ:U>�IHXGXGO�EGODC
F
×
ω1

[�T<: VpW XGXGODCReH:<Y<EG;2�´Y¹  N¹  ω [�AQ=B;�T<X�eHAB ¹��IH:<: ;�EGXSC�JsESC
ªUIMCF¬¢U  ¨U  ¨
λω = λ

 <��XGO W ;�EGXSCfJsESCfÙ W A W XGXGIHAfm1 £m1  ± cf(λ) > ω
 

��=?Á^:<EG=BAQ=

τ := sup{δ|δ EGODCZ=BEG:<=
AQ=B;�T<X�eHAQ=
Ù
IHAQY<EG:^IHXS¬¥IHN<X´T<:<Y F EGODC δ [�¬B=BAQXG=B;�©^IHA }.
¡� ZabIHXGX-l

τ < λ
 

F
EGODC

µ
[�T<:<¬B=BAQXG=B;�©^IMAf>�
<A

τ < µ < 2(2τ )+ .
� §1 S¡°¢��
�ï=?]ï=BEGO V�W :ï� §1 S¡°¢���l

τ
EGODC6=BEG:<=&Ù
IMAFY<ES:^IHXG¬¥IHN<X-��IHXGO W ;�EG©UC6=BO6=BEG: δ �nO W Y^IHÖ

τ = ℵδ
 H��EG=�:^eHPRN<ODCF;�AQt�Ö�=BAQ=Z��EGJs=BOQc�IHAQY<EG:^IHXG¬¥IHN<XdEGODC ℵδ+ω  p	�ESC��P��r�EGODCåY<EG=BOIHT<PRN�=BEG:<=wODCRIHAQc�=s��EGJs=BOQcMIHAQY<EG:^IHXS¬¥IHN<X  ¹��IHJsESC�OQEG:<Y

τ+, 2τ , (2τ )+, 2(2τ )+ <
ℵδ+ω

 ^��XGO W XGEG=B;�=B:&:dT<AZAQ=B;�T<X�eHAQ=
Ù
IHAQY<EG:^IHXG¬¥IHN<XS=B:&¬?]ZEGOQPRN<=B: τ T<:<Y 2(2τ )+  
��IHJsESCfEGODCz� §1 S¡°¢��ï;�=B¬B=BEG;HC¥ 
	�ESC���=BJsJ3I&§1 S¡� S¡6;�EG©UC�=?O
IHXGO W =BEG: α′ ≤ τ < λ

T<:<Y#=BEG:
F ′ ≤RK F


<©b=BA
α′
�^O W Y^IHÖ

ωα/F ∼= ωα
′

/F ′.
��I

λ
OQEG:<;�T<X�eHAïEGODC�1EGODC

λ
=BEG:<=���EGJs=BOQcMIHAQY<EG:^IHXS¬¥IHN<XbT<:<Y)JsESC��P��r+IHT<PRN&=BEG:<=

ODCRIHAQc�= ��EGJs=?OFc�IHAQY<EG:^IHXG¬¥IHN<X� ¹��XGO W ;�EGXSC
JsESC α′ < λ
IHT<PRN

2α
′

< λ
 n��IHAFIHT<O

> W XG;HC
card(ωα/F ) = card(ωα

′

/F ′) ≤ 2α
′

< λ.

m1 ZabIHXGX-l
τ ≥ λ

 

A := {β < λ|β EGODCZ=BEG:<=�ODCRIHAQc�=���EGJs=BOQc�IHAQY<EG:^IHXG¬¥IHN<X }� §1 S¡�§��
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ª1=BE
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 b��=?Á^:<EG=BAQ=
=BEG:<=�a W XG;�= (δn|n ≤ ω)

Y<T<AQPRN

δ0 := δ

δn+1 := 2δn

δω :=
∨

n<ω

δn

g�=B;�=B:s�P��r�;�EGXSC
δn < λ

>�
<A�IHXGXG=
n < ω

 H��©b=BA�IHT<PRN
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�HY^I
cf(λ) > ω

 
δω
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�ï=?]ï=BEGO V�W :Ì� §1 S¡°Î���l
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��Ow;�EGXSC
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IHTU>

δ
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IHTU>
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�UEGODC

F
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β+ [�¬B=BAQXG=B;�©^IHAB ^��IHJsESCf;�EGXSCd�h§d S¡°Î��` 
��O�;�ESXSC

2<β
+

=
⋃

η<β+

2η = 2β = β+ >�
<AZIHXGXG= β ∈ A.
��EG=
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<A�qD=BY<=BO
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 b��IHJsESC�EGODC
F δ
[�AQ=B;�T<XGeHAf>�
<AåqD=BY<=BO

δ < λ
� ªUIMCF¬
±<  ¨U  ¢��` ~	�ESC���=BJsJ3I

§1 £m1  Îw;�EGXSC�>�
<AZIHXGXG=�AQ=B;�T<X�eHAQ=B:
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�<Y^IHÖ
cf((ω,<)α/F ) > δ.

��IHJsESCf;�EGXSC

card(ωα/F ) ≥ cf((ω,<)α/F ) ≥ λ+,
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λ ≤ cf((ω,<)α/F )

T<:<Y
cf((ω,<)α/F )
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k�JKY<=B:L¬?]�=BESCF=B:L��=BEGX�Y<=BO�ªUIMCF¬B=BO�¬BTL¬B=BEG;�=B:��bOQ=BE

α
=BEG:<=�OQEG:<;�T<X�eHAQ=
Ù
IHAQY<EG:^IHXG¬¥IHN<X

T<:<Y
F
=?EG:Lk�XSCFAFIMÁ^XSCF=BA�
<©~=BA

α
�^O W Y^IHÖ
card(ωα/F ) ≥ α.
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ωα = 2α
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α+ ≤ card(ωα/F ) ≤ 2α = α+.

��EG=
XG=?CF¬?CF=�³�XG=BEGPRN<N<=BESCf;�EGXSCfJsESCZªUIMCF¬Ý§1 £m1 £§1 
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B
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D
ØHÐ(ç

B Ô Ò;È�×�ØqÚ�ç@è�Ï�Ö�Âq× Â ö ØHÏ+×HÃ îÄ�ØHÞ Ë;Ø�Ù�Þ
α

Ð�Ä�×OÖ�Âq× Â(Ä7¿FÞéÊTÏ+Ø � ÞéÊ$Â(Ï
F

è�ì�Â(Ï
α

ÆHÃ�Þ�Ê
κ = card(ω(B)/D) 6= card(ωα/F ).

�ï=?]ï=BEGO�l
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��Y^IHÖ
κω = κ
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card(ω(B)/D) = κ

 �	�ESC�ªUIMCF¬f§1 £m1 S¡�mZcMIH:<:
ωα/F

IH©~=BAn:dT<AnAQ=B;�T<X�eHAQ=�Ù
IHAQY<EG:^IHXSEÌCReMC
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