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Overview

Let 97", be the moduli space of Riemann surfaces Iy, of genus g with n parametrised
boundary curves and m punctures, cf. [FM12]. In the situation where n > 1, it turns out

that 97", is both a manifold and a classifying space for the mapping class group

Iy, =Diff*(Fy, 0F;,)/ Diff{ (Fy',, OFy",).
Thus, cohomology classes of M, yield characteristic classes for orientable surface bundles.
For technical reasons, we consider a closed surface F' with m marked points P, ..., P, € F
and replace each boundary curve by a point ) € F' and a tangential direction 0 # X € T F

and obtain an isomorphic moduli space. Thus, a modulus in 7", is a conformal class
b

[.F] = [F, (Ql,Xl)a ey (Qn,Xn);Pla . ,Pm]

We consider the space 7", of all conformal classes [F, u] where u: F' — RU{oo} is a map
which is harmonic outside of the points Q; and P;. Then $7°, — M7, [F,u] — [F]
is an affine bundle, in particular $g’, ~ 97", . We restrict ourselves to the case n = 1.
Consider all critical points of v and cut the surface along the flow lines of Vu leaving
these points. The image of each holomorphic completion w = u + v lies in a slitted
complex plane. This translates the bundle $’; into a relative bi-semisimplicial complex
(P, P") where the cells are combinatoric glueing data of a slitted complex plane, called slit
configurations, see [B6d90] and [ABEOS]. Due to [Miil96], there is an orientation system O,
which gives us a notion of Poincaré—Lefschetz duality for the relative manifold (P, P’).
Thus, as decribed in [B6d90], we get an isomorphism

PLy: H*(T7) = H¥(O) — Hyp,i(P, P'; 0).

Using this general framework, this thesis pursues three different approaches to describe
classes in the cohomology of the mapping class group:

In the first place, it turns out that the relative simplicial complex (P, P’) has several
interesting subcomplexes (W, W), called Weierstrafs complezes, which are of dimension
3h + 2 — 2s and contained within each other as W, C W,_1. We construct a simplicial
fundamental class [wg] € Hspio os(P, P'; O) for each subcomplex.

Secondly, for each genus g, there are universal cohomology classes ks_1 € H 25*2(1“9’1),
called Mumford—Miller—Morita classes. They are stable with respect to the canonical
inclusion of mapping class groups I'g; — I'y411, and Madsen and Weiss showed in
[MWO7] that the rational cohomology ring H*(T'w; Q) of the stable mapping class group
Iy = @FQJ is a polynomial algebra in the Mumford classes, which means we have

H*(Tw; Q) = Q[k1, K2y - - -]

The third approach studies the surface bundle F — § — $ and on this the vertical
tangent bundle C — L := T+F — §. We consider the h-fold symmetric fibre product
CP" — SP". —» ¥ and construct a section w: § — SP"L which “scans” for critical
points of u in a geodesic disk around the given point. We show in CONSTRUCTION 3.3.8
that SP"L is homologically trivial, i.e. we get a Leray-Hirsch isomorphism

H*(SP"L) = H*(§) ® Z[x]/x"".
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All three approaches finally yield the same classes in the cohomology resp. homology of Iy ;.
This result is summarised in the main theorem of this thesis:

Theorem 5.2.11. Let m =0 and s > 2. Then

PLg(ks—1) = PLp(m'w*x*) = [ws].

Thus, we found a simplicial description of the Mumford classes by representing subcomplexes
of a triangulation of the moduli space. Similar ideas, using a completely different framework,
can be found in [Igu04].

Organisation of the thesis

The thesis has five parts:

(1) In the first chapter, we introduce the common notation for working with the pre-
viously mentioned bi-semisimplicial complex (P, P’), and we formulate the general
constructions to get the identification between MY and |P|\ |P'].

(11) In the second chapter, we start with a few general remarks concerning explicit
calculations in the complex P and continue in CONSTRUCTION 2.2.2 with the notion
of Weierstraf} cells with respect to a certain partition v F h. Finally, we study the
mentioned subcomplexes (Ws, W!) of (P, P') and their topological properties and
construct a fundamental class [ws] for each of them.

(1) The third chapter contains some general remarks and constructions for treating the
cohomology of real and complex vector bundles and their symmetric fibre products.

(1v) We start the fourth chapter by studying the surface bundle § — 8 homologically
and give a brief survey of the Mumford classes. After this, we perform some geometric
constructions to get the geodesic disks. We finish this chapter by constructing the
section w: B — SP"L and clarifying the relation between 7'w*x® and rs_;.

(v) In the fifth chapter, we compare the constructions: We “complete” the surface bundle
§ and describe the above mentioned version of Poincaré—Lefschetz duality on the
completion. Finally, we show the main theorem using a transversality argument.
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1 Introduction

1.1 Moduli spaces and Teichmiiller theory

We define the mapping class group I'f; of a Riemann surface of genus g with m punctures

and n boundary curves and the corresponding moduli space M7, following [FM12].

1.1.1 Definition. A surface with structure is a tuple F := (F, Q, X', P) where:

(1) F is a connected and closed Riemann surface of genus g.
(n) P={P1,...,Py} C F is an finite unordered set.
(m) Q={Q1 <---<Qp} C F\Pis a finite ordered set.
(v) X ={Xg, <---<Xg,} CTF is a finite ordered set with 0 # X¢, € Tp,F.

We say that F is of type (g, m,n) and call the P sinks and the (Q, X) dipoles for reasons
which we will see soon in CONSTRUCTION 1.3.2.

1.1.2 Definition. A morphism f: (F,Q,X,P) — (F',Q", X', P’) between two surfaces
of type (g,m,n) is a map f: F — F’ such that:

(1) f is an orientation-preserving diffeomorphism of real manifolds.

(11) f induces a (bijective) map P — P’ by restriction.
(1) f induces a monotone map @ — Q" and fulfills df(Xq) = Xy(q)-
The surfaces with structure of type (g, m,n) together with the morphisms form a category
which is a connected groupoid.

1.1.3 Construction (Mapping class group). Let F be a surface of type (g,m,n). The
endomorphisms of F form a group Diff* (F) which, endowed with the C**-~-Whitney topology,
becomes a topological group. The path component of the identity is denoted by Diﬂ“ar (F)
and contains all morphisms isotopic to the identity. The quotient

['(F) := Diff " (F)/ Diff§ (F) = mo Diff *(F)

is a discrete group and called mapping class group. Since the groupoid is connected, the
isomorphism type of I'(F) does not depend on the choice of a surface F and we may just
write I'y",, for the mapping class group of an arbitrary surface of type (g, m, n).

1.1.4 Remark. Instead of looking at a closed surface with structure (F, Q, X, P), we
consider a surface F;, with m removed points Pi,..., P, and parametrised boundary
curves around the @1,...,Q,. We alternatively consider endomorphisms of such surfaces
to be those which keep the boundary pointwise fixed and obtain an isomorphic mapping
class group. Furthermore, we consider the remaining surface

F CF*=F\(PUQ)CF

where all dipoles and sinks are removed. We have F* ~ Fl o~ \/29‘“““'”_1 S!, and thus,
the Euler characteristic of F, is given by x(F7") = 2 —2g —m —n. We restrict ourselves

to the case n =1, so x(Fy4) =1 —2g —m. For x(Fy") <0 we have g > 1 or m > 1.
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1.1.5 Construction (Teichmiiller space). Fix a (g, m, n)-surface F. Let ¢: F — F’ be
a morphism into another (g, m,n)-surface. For each R C F' conformally equivalent to a
rectangle [0, a] x [0, b], the image ¢q(R) C F’ is conformally equivalent to another rectangle
[0,d'] x [0,b]. Call ¢ quasiconformal if there is a 1 < K < oo such that

1 a

a/
— . < K.
K o~ b
holds for all such rectangles. The infimum of all such K is called the dilatation K(q). Let
T(F) be the set of all quasiconformal homeomorphisms. We call ¢; and g2 equivalent if
@ 0q, ! is isotopic to a conformal map. The quotient is called Teichmiiller space T(F).
For x1 and z2 in the Teichmiiller space, we define their Teichmiiller distance

<

SalS]

1 -
d(z1,22) = 5 - log sup (K(qz oqr ) ai € xl) :

Then d is a metric and T(F) has the structure of a (6g — 6 + 2m + 4n)-dimensional
contractible manifold (see [FM12, Thm. 11.17 & Thm. 10.6]).

1.1.6 Construction (Moduli space). We have a right action of Diff ™ (F) on T(F) by
isometries, namely precomposing [q] - f := [g o f]. The kernel of Diff " (F) — Aut(T(F))
is Diff{ (F), which yields an action of I'(F) on T(F). We define the moduli space of F by

M(F) == Z(F)/T(F).

The homeomorphism type of 9", does not depend on the choice of F, and we write 97",
for the moduli space of (g, m,n)-surfaces. The above description yields

Mgy = {(9,m, n)-surfaces} / conformal equivalence,

i.e. the moduli, the elements of M’ , are equivalence classes [F] of (g, m,n)-surfaces

identified with each other if there is a conformal isomorphism f: F — F’.

1.1.7 Example. (1) The mapping class group I'(; is the braid group Br(m), and 9,
is homotopy equivalent to the unordered configuration space Conf,,(R?).

(11) Each conformal class of Flo,o is represented by C/A; where A; :=Z + 7Z C C. Here
(1,7) has to be a positively oriented R-basis, so 7 € Hy. If 7/ = M - 7 under a Mébius
transformation M € SLy(Z), A; and A, yield equivalent conformal structures, thus,

MY o = Ha/ SLa(Z).

1.1.8 Construction. In the case where n > 1, the operation of I';", on the contractible

Teichmiiller space T7°, is free, see [FM12]. This has two crucial consequences:

(1) Since the of Iy, on T, is proper, it is now properly discontinuous and as a quotient,

my, =Ty, /T, is a manifold of dimension 6g — 6 + 2m + 4n.

(1) M, is a classifying space BI')’,. Since Difft — I'y', is a homotopy equivalence,

we get M, ~ B, ~ BDiff ™ and 9", classifies orientable surface bundles.

g7n_ g7n_ 7n

m
g,n’

In particular, since we found a finite-dimensional classifying space for I'7" , the mapping

class group is torsion-free for n > 1.



1.2 Slit configurations

1.2 Slit configurations

We describe the combinatorial and homological structure of the (semi-)simplicial com-
plex of parallel slit configurations, following [B6d90] and [BH14]. Some special notations
for simplicial structures and the symmetric group are explained in the APPENDICES B and C.

1.2.1 Definition. Recall that §p = Sym{0,...,p} is the extended symmetric group.
Atuple ¥ = (0q4:---:00) € @ZJF is called (p, q)-cell (for reasons we will see very soon).
We define the norm and the number of punctures of ¥ by (cf. DEFINITION C.3)

NE)=> N(JjO'j__ll) and  m(X) = ncyc(oq) — 1.
j=1

We sometimes switch the notation of the entries in order to simplify statements:

(1) We call (gq4: -+ : 0g) the homogeneous notation,
(1) We call (aqo';_ll |-~ | o105 ") the inhomogeneous notation.
For a cell (74 | --- | 71) in inhomogeneous notation, we have

N(¥) = N(m) +--- + N(1q).

1.2.2 Construction. Let X, ; be the set of all (p, g)-cells. We define the following vertical
face operators d' and the horizontal face operators d’ by

~

di: Xpg — Xpg1,(0g:---:00) —> (0g: - :5j: - 00),
—

dif: Xpg —> Xp-14,(0g: -+ 2 00) — (Di(og) : -+ : Di(00)),

where D; denotes the skipping of the i*" symbol, see APPENDIX C. This turns (X, d’,d”)
into a bi-semisimplicial complex. We will translate the horizontal faces into inhomogeneous
notation in CHAPTER 2.1. For the vertical face operator, we see

(rq |+ [72) for j =0,
d;-(Tq|"-|’7'1): (Tq|"'|7-j7-jfl""|7-1) for0<j<q,
(rg—1 |-+ 7m1) for j = q.

1.2.3 Remark. We may soon consider the geometric realisation of (X, ,), but instead of
taking the usual barycentric coordinates for our simplices, we may alternatively consider
{(ag,...,a1) € [-00,00]%; ag > --- > a1 }: Let ag+1 = 400 and ag := —oo and consider

™+ 2 - arctan(z)

U:R— [0,1],2 —
27

Then, via (ag,...,a1) — (®(ag+1) — P(ag), ..., P(a1) — ®(ap)), this coordinates can be
translated into the barycentric ones whence the realisations coincide.

1.2.4 Definition. We call a cell ¥ = (o4 :---:00) = (74 | - -+ | 71) inner if:
(1) 00 =1{0,...,p), (1) 7 € 6, =Sym{l,...,p},
(11) 0j #oj_q forall 1 <j<gq, porEQuUIVALENTLY ¢ (1) 7j #id for all 1 < j <g,
() N inert(o;) = {p}. (1) fix(rg,...,71) = 0.

Obviously, since oq is fixed, both notations can be translated into each other.
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1.2.5 Construction. For a given tuple (g, m), we define h := 2g + m and

) p<2hand g <h,
Ppg =2 € Xpg (1) ()<handm()<m, )
() If N(X) = h, then fix(rg,...,71) =0
)

P, =1{X € Pyg; N(X) < h or m(¥) <m or ¥ not inner}.
One can easily see that the boundary operators d’ and d” restricted on these subsets are

well-defined, and we get bi-semisimplicial subcomplexes (P, d'| ,,d"|,) and (P, d'| ,,, d"
We call P the slit complex and P’ the degenerate subcomplez. Finally, we define

[p)-

o1 =PI\ P,

In other words, points in P7" are represented by classes [¥;a,b] where ¥ is an inner cell
with N(X) = h and m(X) = m. We call such an element slit configuration.

1.2.6 Remark. For each cell ¥ € P, the boundaries d,> and d;Z are degenerate since
N(dyX) = N(1g)+ -+ N(r2) = N(X) — N(11) < N(%)

and analogously for d;E. Similarly dj¥ and d;’E are degenerate. Therefore, each cell has
at least four degenerate boundaries in |P|.

1.2.7 Remark. Let [X;a,b] be a slit configuration. We set a1 = by := —o0 as well as
ap = byy1 == +oo and divide [—o00, +00]? into rectangles R;; = [a;+1,a;] X [b;, bi+1]. Now,
we number the top and the bottom edges of each rectangle such that

top(Rj;) = bottom(Rj’Uj(i))

holds for all 0 < i < p. For a more extended formulation, see for example [BH14, p. 29].
Doing this for ¥ = ((2,4) | (1,3)), we obtain the following glueing prescription

FIGURE 1.1: The slit picture for the cell ((2,4) | (1,3)).

1.2.8 Definition. Let [¥;a,b] € B be an inner point of an inner cell ¥ = (7, | --- | 7).
A critical point S of ¥ is a non-trivial cycle of 75, and its multiplicity multg(X) is defined
to be the norm of the cycle (the cycle length decreased by one). We get

Zmults Z Z N(¢ ):ZN(TJ):
j=1

Jj=1 ¢ cycle of 7;

It turns out that this description corresponds to a classical geometric multiplicity of a
critical point, see DEFINITION 1.3.3 and CONSTRUCTION 1.3.8.

10



1.2 Slit configurations

1.2.9 Reminder. A relative n-manifold is a topological pair (X, X') with:

(1) X is a Hausdorff space.
(1) X' C X is closed (potentially empty).
(1) X \ X’ is a manifold of dimension n without boundary.

The classical example is the case where (X, X') = (M,0M) is a manifold with boundary.
We call the relative manifold (X, X’) compact if X is compact, and connected if the
complement X \ X’ is connected. In this situation, we obtain the following version of
Poincaré-Lefschetz duality as presented in [Spa94, ch. 6.2]:

1.2.10 Theorem (Poincaré-Lefschetz). If (X, X’) is a compact and connected relative
n-manifold, there is a local system O (cf. DEFINITION B.10) and a fundamental class, i. e.
a generator [ X, X'] € Hy(X, X'; 0), such that we have an isomorphism

HY(X\ X') — H, (X, X";0),
9 — 9~ [X, X].

1.2.11 Proposition (Bodigheimer). (|P|, |P’]) is a compact connected relative 3h-manifold.
There is a local system O and a fundamental class [P, P'| € Hsp (P, P'; O) such that

PL: H"(B}") — Hs,—x(P, P’ 0),
9 — 9 ~ [P, P'].

is an isomorphism for each 0 < k < 3h.

1.2.12 Construction. The orientation system is constructed in [Miil96] by considering an
m!-fold covering ‘,}A3 — P with orientable total space where the extra information is given
by numbering the punctures. For each cell ¥ from 3, there is a canonical numbering of the
punctures and thus, a cell S in ‘IA3 We now have to track how the ordering of the punctures
is changed if we reach the boundary of 3. This geometric idea gives rise to an explicit
algebraic description of the orientation system (cf. [Mehll, ch. 3.7] and [BH14, ch. 2.6]):
For ¥ = (04 : -+ : 09) € Pp4, we decompose o, into cycles

og="CGCn with  Cp= (1,5 Qkry)s

where we assume that fj, = ap1 < oy and [ < B4 holds, i.e. the cycles are in standard
form and indexed after the smallest start value. Consider the standard puncture numbering

vs: [p] — [m],i — k for i € (.

We want to compare vs; o d; and vgrs.. There are three cases:
k2

(1) If i € fix(og), then m(d/¥) < m(X), and the cell is degenerate and not of interest.
(11) If i # Bk, then vy o d; = vgrs, we set () = 1.

(11) If @ = By, i leaves another f;, = ay; as the smallest element of ;. If we swap ), with
all B such that B, < f; < f3;,, we correct the numerbering of the punctures. Hence,
we set ;(X) = (—=1)!7F where [ is the maximum with 8, < 8 < ;.

Then O = (¢;(X));,x is our local system and the modified differentials are

q p
gy = Z(—l)j . d}Z and 0% = Z(—l)i gi(X) - di X,
j=0 =0

11
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1.3 Hilbert uniformisation

We sketch the concept of Hilbert uniformisation presented in [B6d90] and use it to relate
the homology of M7’ with the simplicial homology of the slit complex (P, P’).
1.3.1 Definition. Let F be a Riemann surface and u: F — R U {oo} C C be smooth.

(1) (Q,X) is called dipole if there is a By > 0, a chart z around @ with z(Q) = 0 and
dz(X) = 0y, and a holomorphic function f: U — C around 0 such that

u(z) = Re <i — By - log(z) + f(z)) :

(11) P; is called logarithmic sink if there is B; > 0 and z around P; with z(P;) = 0 and a
holomorphic function f;: U — C around 0 such that

u(z) = Re (B; - log(z) + fi(2))

1.3.2 Construction (Potential functions). Let F := (F,Q, X, P) be a (g, m, 1)-surface.
A smooth map u: F' — R U {oo} is called potential on F if:

(1) (@, X) is a dipole of u (with a coefficient called By > 0).
(1) Pp,..., P, are logarithmic sinks of u (with coefficients called B; > 0).
(11) w: F* — R is harmonic, i.e. Au = 0 for the Laplace operator A.

By the Residue theorem, we get Bg = By + - - - + By, and by the Riemann—Roch theorem,
By,..., B, determine the map u uniquely up to an additive constant C' € R.

1.3.3 Definition. A point S € F* = F\{Q, P1,..., P} is called critical if du(S) = 0.
After a choice of a Riemannian metric on the tangential bundle T'F*, we get a vector field
Vu : F* — TF”* and define the multiplicity of the critical point

multg(u) == —ind(Vu, S)

by the negative index of Vu at S. Since the index of the dipole is 2 and the index of each
sink is 1, we get by the Poincaré—Hopf index theorem

> multg(u) =2+m — x(F) =2g+m=h.
SeF*

1.3.4 Construction. Let u be a potential on F. An integral curve v: R — F* of —Vu
is called critical if there is a 1 < ¢ < k such that ~ starts in S;, which means

lim ~(t) = S;.

t——00

We define the critical graph K C F whose vertices are given by the dipole ), the sinks
Py, ..., P, and the critical points Si, ..., S and the edges are given by the critical curves.

1.3.5 Construction. The gradient flow of Vu yields a contraction of F'\ K to a small
area in front of the dipole. Therefore, F'\ K is contractible, and since u is harmonic on
F\ K, there is a completion v: F'\ K — R such that we get a holomorphic map

w=u+i-v: F\K—C

The completion v is unique up to an additive constant D € R, and Im(w) is the complex
plane C with some left half rays removed. If we number the flow lines along which we cut
the surface, we get a slit picture H(F,u, D) € |P|\ |P'|.

12



1.3 Hilbert uniformisation

1.3.6 Example. In the case of one sink P and one critical point S of multiplicity 1, we
get the following picture as presented in [BH14, Fig. 2.6]:

FI1GURE 1.2: The gradient flow of a potential function and the slit picture.

1.3.7 Construction. For a given tuple (g, m), we consider on the set of tuples
Ngfl = {(F,u, D); F is an (g, m, 1)-surface, u is a potential, D € R}

the equivalence relation where (F,u, D) ~ (F',u/, D) if there is a complex isomorphism
f+F — F' with u= o f and if moreover D' = D. Define the quotient 7" := 5;’?1/”~
The projection (F,u, D) — F factors through $ — 9, which we call potential bundle.
The elements N = [F, u, D] are called potential classes. For the fibres we have a bijection

Am = (R>0)m X ]R2 — f)[]:},
(Bh v 7Bm707 D) — [‘F7u(31,.A.,Bm,C)7D]'

The above process assigning to each such tuple (F,u, D) a slit picture, factors through
what Bodigheimer calls Hilbert uniformisation H: $g'y — By

1.3.8 Construction. The Hilbert uniformisation # has an inverse: Let [X;a,b] be a slit
configuration. We define the rectangles R;; C [—o0, oc]? as above and consider

_ q p
F = H H Rj,i-
j=01i=0

Now we construct the surface by identification (here we only sketch the geometric idea, we
will give an explicit cellular decomposition in CONSTRUCTION 5.1.1).
(1) For 0 <14 < g —1, the right edge of Rj;1,; with the left of R;;.
(1) For 0 <i < p—1, the top edge of R;; with the bottom edge of R, (.
(1x) All top edges from Rj,, bottom edges from R;o and right edges from Ry; are
contracted to Q. If k := v5(i) = 0, contract the left edge from R, ; to @, else to P.
We obtain a closed surface F with marked points @, Py, ..., P, which is triangulated into
rectangles, triangles and digons. It carries a canonical structure, see [B6d90]:
(1) A complex atlas is given by the rectangles which are glued together.
(11) The real coordinate of each point in the slit picture yields the potential w.
(111) The y-coordinate of the first slit yields an additive constant.
The critical points of [3,a,b] correspond to those of u and their notions of multiplicity
coincide. By the Poincaré-Hopf index theorem, the surface is of genus g. This glueing

construction finally yields a map G: Bg"y —> Hg';, which is inverse to H. We endow 97"
with the induced topology from B .

13



1 Introduction

1.3.9 Example. An easy case is the following slit picture, from which we can read off the
slit configuration and see that we have m(X) =1 and N(X) =1, i.e. g(X) = 0.

Py

: o b
———. ]

S = (0,2)(1) : (0,1,2)
(0)(1,2)

FIGURE 1.3: The glueing construction for the case m =1 and g = 0.

Q

1.3.10 Example. Consider the following two slit configurations with two distinct critical
points with multiplicity 1 (the underlined 2-cycles in 7;): In the first situation, we have
two sinks and genus 0, and in the second situation, we have no sink and genus 1.

P> P
1 S S
B Py
3 _Sz
4 P2
4 :5'2
13 o
2 IS4 S —0—
1 NS
(0,4)(1,3)(2) (0,4)(1,2,3):(0,1,2,3,4) Q Q@

(0)(1)(2,3)(4)[(0) (1,4)(2)(3)

S1

4
52 S2
Sl <
S
S2 - - Q
3 Sy
Q

(0,3,2,1,4) :(0,1,4)(2,3): (0,1,2,3,4)
(0)(1,3)(2)(4) [ (0)(1)(2,4)(3)

[t

1
P
3
4
2
1
4
3

FIGURE 1.4: The two possibilities for configurations with two critical points of multiplicity 1.

1.3.11 Theorem (Bédigheimer, [B6d90]). The map $7' — INT is a fibre bundle with
contractible fibre A,,, hence a homotopy equivalence. In particular, we get for 0 < k < 3h

HYmy) = H*(9)") & Hsp_ (P, P'; 0).
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2 Weierstral3 constructions

2.1 Calculations in the slit complex

We want to understand the horizontal boundaries d3 and the situations in which these
are shared by two cells given in inhomogeneous notation.

2.1.1 Definition. Recall that a cell ¥ = (7, | --- | 71) is called inner if all 7; are non-trivial
and have no common fixed point. We furthermore define:

(1) X is called vertically separated if the 7; have pairwise disjoint support. In terms of
the potential, this means that there are no two critical points on the same v-level.
Note that in this case, 7, 71 = Tr(g) - Tr(1) for each m € &,;.

(11) X is called horizontally separated if all 7; are cycles. In terms of the potential, this
means that there are no two critical points on the same u-level.

(1r) X is called a separated if it is both horizontally and vertically separated.
Let (74| -+ | 71) be a vertically separated inner (p, g)-cell. Then for each 1 <1 < p, there
is a unique 1 < j(i) < ¢ such that i € supp(7(;))-

2.1.2 Reminder. Let X be an inner cell, so 3 is non-degenerate in a given (P, P') with
fixed m. The boundary d/¥ is called degenerate if one of the following situations occurs:

(1) N(d/Y) < N(X).
(1) m(d/¥) < m(%).
(1) d/¥ is not inner.

2.1.3 Reminder. As in the APPENDIX B, we denote the cosimplicial maps by

di: [p—1 —1[p] and s;:[p] — [p—1].
2.1.4 Proposition. Let ¥ := (1, | --- | 71) be a separated inner (p, q)-cell and let 0 < i < p.
(1) We have d% = (7, | --- | 7') where for each 1 < j < q, we have
T]/-/ =s;0(i,0(i)) otjo (i,0j-1(i)) o d;.
In particular, if j # j(i), we obtain 7] =s; o 7j0d;.
(1) Ifi=0ori=p orj(i)=j(i+1), then d]¥ is degenerate.
(111) In all other cases, d!'Y is non-degenerate. Let j = j(i) # j(i + 1) and define
a=0j1(i) = (Tj—1-- 1) (i + 1).

Obviously, a & supp(t;). Consider the modified cycle T; == (i,a) o 7 o (i, ) where
the symbol i is replaced by . Then the above formula becomes

1
T, =

Fi Sl-o?jodi.

15



2 Weierstrall constructions

Proof. For the first statement, see [BH14, Prop. 2.3.10]. The third statement follows from
oj—1(i) = 0j(i) = o, so we are left with showing the second: Since ¥ is an inner cell, 1
is part of a non-trivial cycle of some 7;. Then Tj’/ = sg o 75 o dp has a non-trivial cycle
containing 0. Moreover, p is in the support of some 7;. Since o;(p) = gj_1(p) = 0, we get

TJ/'I =s;0(p,0)o Tj © (,0) o d;.
Thus, TJ/-/ has a non-trivial cycle containing 0. Now consider the case where ¢ and i + 1 lie
in the same cycle of some 7;, so we may assume that 7; is of the form (i, 1,..., a7 +

L,B1,...,B8s). Then o;_1(i) =i+ 1 and 0;(i) = 7j0;-1(i) = B1 and we can calculate 7']’/ by

TJ/'I =85;0 <i7/81><i7a17"'7a7’7i+17517"'7/88><i7i+1> odi
= (i,8;01,...,8;07)(8;81,...,8i0s)
Thus, we get N(7/) =r+s—1<r+s+1= N(7;) and d/'¥ is degenerate. O
2.1.5 Definition. Let ¥ = (7, | --- | 71) be a (p, ¢)-cell. There are two systematic ways to

get other (p, g)-cells, as described in [Sch03] and [ABEO0S]:

(1) For p € &,, we have the entry conjugation

0% = (org0 ! |-+ | oo™
(11) For m € &, we have the entry permutation
En = (T | [ 7e)

Both actions commute with each other, which means ¢-(3;) = (0-X)r =t 0- 2. Moreover,
both actions fix the norm, but may change the puncture number. However, in the special
case where X is vertically separated, we know that 7, -+ 71 = Tr(g) - - - Tr(1) and hence,

m(EW) = IleC(Tﬂ.(q) cee 7'71.(1)00) —1

=m(X).

2.1.6 Corollary. Let X be a separated inner cell and let 1 < i < p such that d]¥ is
non-degenerate. Now distinguish between the following cases as in FIGURE 2.1:

CASE 1: Ifj(i) > j(i+ 1), let CASE 2: Ifj(i) < j(i+1), let
o= T (i +1). B = T]?Z.l) ().

There are two possible cases: There are two possible cases:

(1) If a > i+ 1, we get the coinciding
boundaries d¥ = d,_,(o-X) where

0= (i, —1,...,0+1).

(1) If a < i, we get the coinciding bound-
aries ¥ = dl (o - X) where

o={(a+1l,a+2...,i—1,1).

16

(1) If B < i, we get the coinciding bound-
aries di ¥ = djg(o - %) where

0= <57B+1772az+1>

(1) If B > i+ 1, we get the coinciding
boundaries di¥ = dj_,(0- %) where

o=0G+1,-1,6—2,...,i+2).



2.1 Calculations in the slit complex

@ ——e i+1 i+1
a-11] ] it
o —ea—1 i _
— et —ea+1
it | o[T3
1 1 «@ «@
I eit1 i+1 B B
-1
il d ; _ _B _.TT B—1
B B+1 ——e it1 - :
s[1 71 [T , ,
3 ) —— —————e

FIGURE 2.1: The four possibilities for coinciding horizontal boundaries.

2.1.7 Definition. Let W be a set of (p,q)-cells in (P, P"). A pairing is an involution
O: W x {1,...,p} — W x {1,...,p}, which means ®? = id, without fixed points.

2.1.8 Proposition. For each boundary d% of a separated inner (p, q)-cell there is exactly
one other (X,i) # (3,4) where X is a separated inner (p,q)-cell and 1 < i < p such that

&S = &S

and this other pair is given by the above cases. It might occur that ¥ = X, but not i = i.
This gives rise to a pairing (X,1) — (3,4) on the set of all separated inner (p, q)-cells.

Proof. The existence of another cell ¥ sharing a different boundary with ¥ is clear from
the last corollary because in all cases, the face index differs from ¢. For the uniqueness,
note that there is exactly one symbol 1 < a < p — 1 occuring twice in the inhomogeneous
notation of d¥, e.g. in 7/ and 77" with k > [. There are two possibilities:

(1) i = « and d}'¥ is a boundary of the above case 2.
(1) i = (7')"1(a) and d}¥ is a boundary of the above case 1.

In both cases, the original cell is reconstructed by > = (Tq | -+ | 71) where
d;oT] os; for j # k,
T: =
J <’L, d@Oé) (e] dZ o TI;/ 08S§; 0 <Z7 dla> for j = k.

It is readily verified that this reconstruction really yields the original cell 3. Clearly, the
other cell (¥,4) has to be given by the corresponding other possibility. O

2.1.9 Remark. The situation for vertical boundaries of separated cells is easier: If ¥ and
Y share a vertical boundary, i.e. if there are 1 < j,j < g with

Aty = d.y,
7 J

then j = j and ¥ = Y(j,j—1y, which means the entries 7; and 7;_; are switched. We get a
pairing with the explicit description (3, ) — (£(;-1),4)-

17



2 Weierstrall constructions

2.2 WeierstraB cells

Based on ideas of [Bod18], we introduce the notion of Weierstrafs' cells for a partition of h.
In particular, we are interested in Weierstrafl cells with a prescribed puncture number.

2.2.1 Definition. A non-increasing tuple v := (hy > --- > hq) of positive integers is called
partition of h, write v = h, if hg +---+ h1 = h. We define for a partition v I~ h:

(1) The length |v| == k of the partition.

(11) For each 1 <i < h the incidence number c(v,i) = #{1 < j < q; h; = i}.
(111) We call the partition primitive if ¢(v,i) <1 for each i.
(1v) We call the partition homogeneous if all h; are equal.

Obviously, ¢(v,1) + - -+ + ¢(v, h) = |v| and the only primitive homogeneous partition is (h).
Furthermore, for v - h and v/ - I/, there is a canonical sum v @ v/ + h + R/.

2.2.2 Construction. Let v := (hy > --- > hy) F h. An inner (p,q)-cell ¥ = (7, | --- | 71)
is called Weierstraf§ cell of type v if it has k critical points with multiplicities hg, ..., h1.

(1) If ¥ is a horizontally separated, then ¢ = k and each 7; is (up to index permutation)
a cycle of length h; + 1, in particular, N(7;) = h;.

(1) If X is vertically separated, then p = h + k.

(1) If X is separated, then dim(X) = (h + ¢, q). We call these Weierstraf$ top cells. Let
W be the set of all Weierstrafl top cells of type v (neglecting m).

2.2.3 Proposition. Let v = (hi,...,hy) = h. We define kj == j+h1+...+hj_1. We
have a canonical inner Weierstraf$ top cell ¥ = (14 | --- | 71) of type v given by

T = <kj,...,kj+hj>€6p.

Let Z .= Z(1y---11) C &), be the centraliser of 7,---11. Choose a system p1,...,0r € &)
of representatives of &,/Z. We obtain a bijection (depending on the choices of o1, ..., 0r)

Q: 6, x6,/Z — W,
(m,01) — 01 - .
Proof. 1t is clear that ® is well-defined since all cells g; - ¥, are inner Weierstrafl top cells
of type v. We show surjectivity and injectivity separately:

(1) Let ¥ = (7, | --- | 71) be an inner WeierstraB top cell. Clearly, there is a m; € G,
and a ¢ € 6, such that Y = ¢ ¥,. Furthermore, thereisa 1 <i<randa«a € Z
such that o = gja. Since conjugation with a can only permute cycles of the same
length, there is a m2 € G, with o - X = X,. Now consider 7 := mom. Then

i:Q'Eﬂj:(Ql04)'27r1:£)l'27r~

(11) Let ®(n', o) = ®(m, 0;). Then gy and g; differ only by an element of Z since

q q
—1 —1 —1 —1
otg-mop = [[eamwger =11 e = arg- - ot -
=1 j=1

!The idea to name these constructions after KARL WEIERSTRASS steems from the conjecture that the
arising complexes might have something to do with the Weierstrafl points of Riemann surfaces.

18



2.2 Weierstraf3 cells

2.2.4 Corollary. We get a formula for the number of Weierstrafl top cells

LW — P-4 _ . (h+e q
YT (k4 1R (v k) TR (k4 1)k \e(v,1),...,c(vh) )

2.2.5 Example. Consider v := (1,1) and the cell ¥ := ((3,4)|(1,2)). The centraliser of
(3,4)(1,2) can be calculated explicitly and we get

Z ={id, (1,2), (3,4), (1,2)(3,4), (1,3)(2,4), (1,4)(2,3) }.

There are different possibilities for a representative system of &4/7, e.g. {id, (1,4),(1,3)}
or {id, (2,3), (1,3)}. We get two different bijections ®:

id (1,2) id (1,2)
id ((3,4)[(1,2)) ({(1,2) ] (3,4)) id ((3,4)[(1,2)) ((1,2) | (3,4))
(L4) ((1,3) [(2,4)) ((2,4)(1,3)) (2,3) ((2,4)[(1,3)) ((1,3)](2,4))
(1,3) ((2,3)[(1,4) ((1,4)](2,3)) (1,3) ((2,3) [ (L,4)) ((1,4)](2,3))

We see that a different choice of representatives may yield a permutation inside a row. It
is clear that the common centraliser Z(7,) N--- N Z(7) also fixes the order of each row, so
the relevant choice of representatives is made inside Z(7,---71)/Z(1y) N --- N Z(11). Thus,
if v is primitive, then the bijection does not depend on the choice.

2.2.6 Construction. There is a second way to index all Weierstraf top cells: Choose a
system of representatives 71, ..., ms of &4/(S(p1) X -+ X &gy py). Then we get a bijection

h q
G} (G} *
/T S &0/ () 2(ry) — Wi,
i=1 j=1
(m1, [0]) — ¢+ .
Note that we do not have to choose representatives in the second factor, whence we just
denote equivalence classes. In this description, we also see our special cases:

(1) If v is primitive, then ¢(v, k) = 1 for all k and the left side becomes &,/ (N Z(7;) x &,.

(1) If v is homogeneous, then there is exactly one k such that ¢(v, k) = ¢ and the left
side becomes &,,/Z (7, ..., T1).

2.2.7 Problem. For a given (v,m), we want to consider Weierstraf} top cells inside P;.
Obviously, the norm N(X) = h is prescribed by the partition, the problem is to find the
Weierstra$ cells with the correct puncture number m(3). We see:

(1) Our “canonical” cell from above has a very specific m = #{1 < j < ¢; h; is odd}.

(11) Under both bijections above, the puncture number does not depend on the index
permutation 7, but only on the conjugation permutation g;.

(11) Since the choice of representatives only change the order of the 7, ..., 71, the puncture
number does not depend on the representatives, only on the cosets of &,/Z.

2.2.8 Definition. Let v+ h and m < h with h —m even. A cell ¥ is called of type (v, m),

write X : (v,m), if ¥ is a Weierstrafl cell of type v having the correct puncture number.
Let W C W5 be the set of all Weierstra$l top cells of type (v, m).
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2 Weierstrall constructions

2.2.9 Proposition. For each v+ h and m < h having the same pairity as h, there is a
non-degenerate Weierstrafy cell ¥ with the correct puncture number, i.e. W) # (.

2.2.10 Lemma. For a given h > 0 and 1 < k < h consider p := h+ 1 and the (1,p)-cell
Y= (rMF) with 7" = (1,--- k,p,... . k+1). Then

h—k+1 or k odd,
m(X) = &p = { !

h—k for k even.
2.2.11 Lemma. Let ¥ = (74 |-+ | 1) be a (p,q)-cell, X' = (7, | --- | 71) be a (¢, q')-cell.
(1) Define the Whitney sum X/ x X = (7' | -+ |70 | 7q | -+ | 1) € Ppip q+q where
. i fori<p,
Tj(Z) =9 . .
Tj(Z—p)+p fori>p+1.

The diagonal product is additive with respect to the puncture number:
m(X x X) =m(¥) + m(2).

(11) Define the twisted sum X' x X arising from X' x ¥ by conjugating all permutations
with (p,p+1), i. e. switching the top slit of ¥ and the bottom slit of ¥'. In the special
case where X' = ((1,...,p")) and ¥ = ((1,...,p)) with p and p' even, we get

m(X x X) = 0.

For ¥/ := % := ((1,2)), we can visualise ¥’ x ¥ and X’ x ¥ as follows:

Y x ¥y . DIENID)

FIGURE 2.2: The diagonal cell ¥’ x ¥ and the twisted cell ¥’ x X.

Proof of Proposition 2.2.9. We forget the order hy > --- > hq and assume that hi,..., hy
are odd and hy1,...,hq are even. Now we explicitly construct a top cell recursively:

(1) Let m; :=m and jy == k.
(1) For j =1,...,q do the following:
e Let h; :== min(hj, m;).
e The difficult case is m; = 0 and h; odd. Then, we choose 7; := (1,...,hj +1).

If this occurs for the first time, k — j is even and there is an even number of
remaining odds hj, ..., hg; set jo = j. Finally let m; 1 == m; = 0.
e [Else, thereisa 1 < k < h; with ﬁhj,k = Ej. Set T = 7hik and Mjp1 = mj—ﬁj.
We finally build the desired cell by
Yi=Tg X o X Tpy1 X (Tl X Tpo1) X oo X (Tjo41 X Tjo) X Tjo—1 X+ =+ X T1.
Since m < h, we get mg41 = 0 and finally conclude
Jo—1 .
m(3) = hj + Z hj =m —mgq1 =m.
j=1 j=k+1 [
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2.3 Weierstrafi complexes and classes

2.2.12 Example. Consider the partition v := (3,3,1,2) - 9 and let m = 1. We want to
construct a non-degenerate WeierstraB cell in Pj"j. First, we re-order the tuple such that
the odd elements are on the right side, v := (2,3, 3, 1).
(1) hy =min(1,1) = 1. Since &1 =1, we let 71 = 711 = (1,2) and mg :=m — hy = 0.
(11) mg = 0 and hy odd for the first time, so jo := 2 and 79 := (1,...,4). Set mg = 0.
(1) Again, we have mz = 0 and hg odd, so we set 73 := (1,...,4) and m4 = 0.
(1v) Finally, ms = 0 and hy4 even and we find that &2 = 0. Therefore, set 74 == (1,2, 3).

Hence, we get ¥ =74 X (T3 x T2) x 71 = ((11,12,13) | (6,8,9,10) | (3,4,5,7) | (1,2)).

Y
Y
Y

FIGURE 2.3: A Weierstraf cell for the partition (3,3,1,2) with m = 1.

2.3 WeierstralB complexes and classes

Given a partition v - h and a puncture number m, we are interested in subcomplexes
(W,,W)) of (P, P") and study their geometric realisation 207" := |W*|\ |W"| topologically.
Finally, we construct simplicial fundamental classes [w,] € Hpy24(P, P'; O).

2.3.1 Construction (Weierstra3 complex). Let v = h and m a puncture number. We
define the Weierstrafy complex W' C Py of type (v, m) generated by all Weierstraf cells
in P, i.e. by adding all boundary cells. We get a subcomplex W' = W N P of all
degenerate cells in the Weierstral complex. Define the geometric realisation

Wy = (WP W] C B

2.3.2 Definition. Let v F h. A partition u - h is called subpartition of v, write u < v,
if the entries of u arise from those of v by adding up at least two entries. u < v is called
direct subpartition if it arises from adding up exactly two entries.

2.3.3 Example. For (1,1,1,1,1) F 5, we have the following lattice of subpartitions:

(1, 1,1,1, 1)
|
(2, 1,1, 1)
/ \
(3,1,1) (2.2.1)
Nl
(4,1) (3,2)
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2 Weierstrall constructions

2.3.4 Proposition. If p < v, then W, € W,.. More precisely, the cells of W are exactly
the Weierstraf$ cells of type (u, m) where p < v. Thus, 07" consists of all slit configurations
where the multiplicities of the critical points form a subpartition of v.

2.3.5 Lemma. (1) For each 7 € &, there is a unique v(t) = (hy > --- > hy) = N(7)
such that T is decomposed into cycles of lengths h, +1,...,h1 + 1.

(1) Let 7,7" € &, and let h :== N(7) and h' .= N(7'). Furthermore, we assume that
N(t-7")=N(r)+ N(v') =h+h'. Then v(r-7') is a subpartition of v(t) ® v(7’).

Proof of the Lemma. The first statement is clear and for the second statement, we can

write 7 = (y - - - ¢, for the decomposition into non-trivial cycles, i.e. §; = (a;1,...,ais,)-
! A !/ : ! / !/ :
Analogously, we decompose 7' = (j -+ - (; with (; = (aiyl, e ai7ti> and obtain
rosi—1 1 t—1
7= I Il (aijaijer) and 7" =] [](ai:ai;41)-
i=1 j=1 i=1 j=1

Then N(7) = 30 (s; — 1) as well as N(7') = 32k, (t; — 1). Since (7, 7') is a geodesic pair,
there is no transposition contained in both decompositions above. Therefore, either the
decompositions are disjoint or some cycles are glued together at one symbol. O

Proof of Proposition 2.3.4. It is enough to show “W,, C W,” for direct subpartitions u < v,

so let = (hq,...,h1) = h be a partition and v = (hg,...,...,hj1, A, B,hj_1,...,h1)
with A+ B = hy. Let ¥ = (7, | --- | 71) be a Weierstra3 top cell of type p, in
particular, 74, ..., 71 have pairwise disjoint support. After permutation of indices, we may
assume that 7; = (aj1,...,;jp,41) is a cycle of length h; + 1. Now let ¢ := aj 441 and
define the cell = (7y | -+ | 1 |70 |70 [ Fyia |-+ | n) by
e Forj 75 J let T = diTj = <diOéj71, .. 'adiaj,h]-+1>-
_(
e Define TS) = <diOéJ71, PN ,diOéJ7A+1>
_(2 .
o Define TS) = (i,diagav2, ., diagp 1)
It is clear that this new cell Y is a Weierstra$ cell of type v. Moreover, by LEMMA 2.1.4,
di¥ = (rq |- |7y [ 7 |7 | 71 |-~ | 71) where 7{' = (ay1,..., aja41) and
. _(2
5 =s;o (i,d;a 1) o TS) od; = (a1, Q7A42, -, QAJh;+1)-

In particular, 75'7{ = 7; and d;d/¥ = X. It remains to show that m(¥) = m(X). Since the
vertical differential d’; preserves m, the only possibility is that d; decreases the puncture
number by deleting a trivial cycle from @,. However, since the norm is preserved, the
puncture number can only decrease by an even number which is not possible. To see that
all cells in (W], W) are of the prescribed from, we have to show that if ¥ = (7, | --- | 1)
contains a 7; with a cycle of length h; + 1, then d;,3 and d]/¥ also do if they are non-
degenerate. We show this in both cases separately:

(1) dy¥ arises from ¥ by eliminating one element from a cycle or connecting two cycles.
Since the norm is preserved, it is not possible to eliminate an element from a
non-trivial cycle. Thus, all cycles are preserved.

(11) We know that dj,> and d;E are degenerate, so we only have to consider 0 < j < ¢
and d;3 = (74 | -+ | 7j7j—1 | - | 71). Since the norm is preserved, we have that
N(TjTj_l) = N(Tj) + N(Tj_l). Now apply LEMMA 2.3.5. ]

22



2.3 Weierstrafi complexes and classes

2.3.6 Remark. We already know that the non-degenerate Weierstrafl top cells are of
bidimension (h + ¢, q), so dim(W.*, W) = h + 2q. For a direct subpartition pu < v, the
relative inclusion (W[, W) C (W*, W) is of codimension 2 since

dim(W,, W) =h+2- (¢ — 1) = dim(W,, W}) — 2.

2.3.7 Construction. We have Weierstrafl complexes assigned to special partitions:

(1) For 1 < s < h, we consider the special partition v := (s,1,...,1) F h. We sometimes
say that the Weierstrafl top cells are of type (s, h,m). Denote the corresponding
Weierstral complex by (W[, W™). It has the relative dimension 3h + 2 — 2s.

(1) We have a sequence vg X vs_1 = -+ X vy, yielding a filtration
(P, P) = (W™, W) 2 - 2 (Wi, W)
with relative codimension 2. This gives rise to a filtration
Py, =W D Dy

(1) The non-degenerate cells in (W, W) are exactly those containing at least one
critical point of at least multiplicity s.

2.3.8 Definition. Let v = (h; > --- > hy) F h. Let X" + C[X],_1 = C" be the space of
all normed complex polynomials of degree exactly h.

(1) Define the polynomial p, € X" + C[X];,_; assigned to v by

q

pv = [[(X=5)".

J=1

(11) Define the variety U, C X" 4 C[X];_; assigned to v by

q
U, = { (X—zj)hj;ZjG(C} th+C[X]h—1-
j=1

2.3.9 Remark. We see that deg(p,) = h and p, € U,, more general p, € U, for p < v.
Furthermore, we have a surjective parametrisation

q
¢: CT— Uy, (21,...,2¢) — H(X—zj)hj,
j=1

which is a local isomorphism around (z1,...,%,) with z; # z; for i # j by the implicit

function theorem since D<I>|(Z1 2) is invertible.
g

2.3.10 Lemma. Let N := [Z;a,b] € W!'. There is a subpartition p < v such that the
distribution of critical points of N is of type p. Then around N, the realisation 207" is
locally homeomorphic to R? x U, where N corresponds to (0, pu).

Proof. Consider the slit picture and let u be of the form (hl, > --- > h}). The possibilities
of splitting and joining the critical points of A is exactly described by the behaviour of
polynomials in U, lying in the neighbourhood of p, and their roots of zero. The missing
coordinates are at each critical point the h;- degrees of freedom to place the remaining
copies of the critical point vertically. These sum up to h real degrees of freedom. ]
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2 Weierstrall constructions

2.3.11 Example. Let N := [X;a,b] be in the interior of a Weierstral top cell. Then
around N, the geometric realisation is locally homeomorphic to R” x U, around (0,p,).
Since p, = ®(1,...,q) and ®: C? — U, is a local isomorphism around (1,...,q) the
realisation is, as expected, around A locally homeomorphic to R? x C? = R?*24,

2.3.12 Proposition. If v is a homogeneous partition, then 207} is a manifold.

Proof. Since v is homogeneous, there is a divisor d | h of h with v = (d,...,d) and ¢ == %.
Note that Uy .. 1 is just the space of all normed complex polynomials of degree ¢ and hence
homeomorphic to C4. Furthermore, we have an isomorphism

U1 — Upyp— p?
Therefore, U, = C? and each neighbourhood is euclidean as desired. O

2.3.13 Example. In general 207" is not necessarily a manifold: Consider v = (2,1, 1) and
m = 0 and the cell ¥ = ((1,2,3)](4,5,6)). Then ¥ is a Weierstra$l cell of type (2,1 + 1)
and around an interior point [X;a, b], the complex QU%LI is homeomorphic to

R x Up11 € R x {(X = 21) - (X = 29) - (X — 25)? € C[X]}

and in the second factor, we are in the neighbourhood of pa g == (X — 1)?- (X —2)%. It is
now readily verified that (X — 1)?- (X — 2)? is a singularity: The explicit parametrisation

(OF C3 — UQ’Ll, (21,22,23) — (X — Z1) . (X — 2’2) . (X — 23)2

has the property ®(1,1,2) = ®(2,2,1) = pa 2, but Im(Dq)|(1 12)) # Im(D<I>](2 9 1)).

2.3.14 Construction. The direct boundaries of a Weierstrafl top cell are those Weierstrafl
cells where exactly two critical points share either a u- or a v-line. We may assign to each
v F h and puncture number m a coloured multigraph in the following way:

(1) The vertices are given by all Weierstrafl top cells W".
(11) Draw an edge between X and ¥ for each shared non-degenerate horizontal boundary.
(111) Draw a red edge between X and X for each shared non-degenerate vertical boundary.

2.3.15 Example. The multigraph assigned to v = (2,1) and m = 3 is of the form

(2,3,4)|(1,5)
(1,2)](3,5,4) <1,5>|<|2,4, 3) (4,5)](1,3,2)
<3,5,4|>y<1,2> (1,3, 2|><4, 5)
<1,5,4|>y<2,3> <175,2|><374>
<2,3>|<|1,5,4> <3,4>y<|1,5,2>

FIGURE 2.4: The multigraph assigned to v = (2,1) and m = 3.

24



2.3 Weierstrafi complexes and classes

2.3.16 Corollary. Let v be homogeneous. Then 207" is connected if and only if the above
multigraph assigned to the pair (v,m) is connected.

Proof. Obviously, if the multigraph is connected, the complex is connected, since all top
cells are directly connected via boundaries of codimension 1. Conversely, since 207" is a
manifold, its top cells can not be connected only via boundaries of codimension > 2. [J

2.3.17 Example. Not all Weierstrafl complexes 207" are connected:

(1) Consider the partition v = (h) and m arbitrary. Each Weierstra$ top cell ¥ : (v, m)
has only degenerate boundaries (since j(i) = j(i + 1) for each 1 < i < p) and
therefore, the (open) Weierstraf top cells are exactly the path components of 257".
For example, in the case v = (4) and m = 0, we have eight Weierstrafl top cells

(11) Consider v = (2,2) and m = 0, then COROLLARY 2.3.16 applies. It is easily verified
that there are 24 Weierstrafl top cells and the assigned multigraph splits into two
components, one containing 22 cells and one component of the form

83”2’6’4) — <2,6,4>|<1,@
FIGURE 2.5: One component in the multigraph assigned to v = (2,2) and m = 0.

In [Bial8], Bianchi presented an algorithm to find a path in the multigraph from each
WeierstraB top cell to a base cell for the case ¢(v, 1) > 1 (i. e. one critical point of multiplicity
1 is allowed) and m = 0. Hence 202 is connected and even more, the assigned multigraph
is connected. In particular 209 is connected for s < h — 1.
2.3.18 Preparation. Consider our multigraph assigned to (v, m) and give the edges signs:
(1) The edge representing a vertical pairing (X, j) with (X, j) gets the sign —1.
(11) The edge representing a horizontal pairing (¥,4) with (3,4) gets the sign

(1)L gy(R) - g5(5),

where (g;); are the coefficients of the orientation system from CONSTRUCTION 1.2.12.
Due to [Miil96], the orientation system corrects all signs in such a way that the signed
multigraphs are consistent, i.e. every cycle in the graph has the sign product +1.

O

(2,3,4)| (1, 5)
4

(1,2)](3,5,4) ——— (1,5)[(2,4,3) — = (4,5)[(1,3,2)

-1 |-
(3,5,4)[(1,2) (1,3,2)] (4, 5)

1] |+1
(1,5,4)[(2,3) - (1,5,2)(3,4)

1| | |
(2,3)[(1,5,4) (3,4)[(1,5,2)

+1Q Q—H

FI1GURE 2.6: The multigraph from EXAMPLE 2.3.15 with signs.
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2 Weierstrall constructions

2.3.19 Construction. For each pair of v = h and m > 0, there is a system of signs
§: {X: (v,m)} — {£1} such that the following fundamental chain is a cycle

wy i =w) =Y ()8 € Chygq(P,P;0).
3:(v,m)

The system ¢ is unique (up to one global sign) if the corresponding multigraph is connected
(e.g. if 207" is a connected manifold, see COROLLARY 2.3.16). We obtain classes

[wy] = [w}"] € Hpy2q(P, P'; O)

which are called Weierstraf$ classes and can be described as fundamental classes for the
subcomplex (W, W), as explicitly done in REMARK 5.2.6.

Proof. (1) Since 0'wy, € Chyqq—1(P, P';0) and 0"w, € Chyq—1,4(P, P'; O), we need to
choose § such that &’w, = 0 and 8"w, = 0. Recall from PROPOSITION 2.1.8 and
REMARK 2.1.9 that sharing non-degenerate horizontal boundaries resp. sharing non-
degenerate vertical boundaries yield two pairings among separated inner (h+gq, q)-cells
in the sense of DEFINITION 2.1.7. It is clear that if two such cells ¥ and 3 are paired
(horizontally or vertically) and one is a Weierstra$ cell of type v, then also the other
one is a Weierstrafl cell of type v. Therefore, the edges on the assigned multigraph
cover all boundaries of Weierstrafl top cells and each boundary cell occurs exactly
twice in the sum &w, resp. 0"w,.

(11) We choose in each component of the multigraph one cell Xy, set §(Xp) = 1 and for
each other cell ¥ in this component, choose a path e --- e, from ¥y to ¥ and set
d(X) =sg(e1) - - -sg(er). The sign consistency guarantees that J is well-defined. By
construction, the two coinciding summands in d'w, and 0"w, get a different sign
and therefore cancel each other out.

(1) Note that the only freedom lies in the choice of the base cell in each component of
the graph. Hence, if the graph is connected, two choices yield the same sign system
up to one global sign. O

2.3.20 Remark. The explicit description of the fundamental class [P, P'] € Hap (P, P’; O)
of the whole slit complex (P, P') as described in [ABEO0S] coincides with the above con-
struction of the Weierstra$ class [wi] (i.e. for the partition v = (1,...,1)). Hence, if we
consider the induced Poincaré—Lefschetz duality isomorphism

PLq:; H.(mgjl) — HSh—o(P7 P/;O)a
99 ~ [P, P,

we get PL ™ [w;] = +1 € HY(T) (only one choice of sign is involved, since 27" = on is
connected). We are interested in the Poincaré-Lefschetz duals of other Weierstra$l classes.
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3 Symmetric fibre products

3.1 Vector and sphere bundles

We repeat some basic facts about real vector bundles and their orientability as in [Bre93]
and, following [Hat03], continue with some complex clutching constructions for S!-bundles
and their correspondence to Mayer—Vietoris sequences. We use the methods for working
with fibre bundles presented in APPENDIX A.

3.1.1 Reminder. Let (M,0M) — E — B be a fibre bundle where M is a compact and
orientable m-dimensional manifold. We call the bundle orientable if m1(B) acts trivially on
Hp(M,0M), i.e. if the fundamental class [M] is fixed by all transition functions.

3.1.2 Construction. Let R¥ — E — B be a vector bundle. Applying the one-point
compactification (—)* fibre-wise on F — B, we get an Sk-bundle, the Thom bundle

(S*,00) — (ET, By) — B,

where so: B — ET is the oo-section and Bo, = 850(B) C E™ is its image. We have an
obvious bundle inclusion j3: E — (E™, B) over B.

3.1.3 Reminder. Let R¥ — E — B be a real vector bundle. A Riemannian metric is
a section g: B — E* ®p E* such that g(z) € E ®@gr E} is a scalar product for all z € B.
Every real vector bundle over a paracompact space B admits a Riemannian metric.
(1) The set R C T' (E* ®r E*) of all Riemannian metrics is convex, in particular con-
tractible, since every convex combination of scalar products is a scalar product.

(11) For a given metric, we use the Gram—Schmidt process to find local trivialisations
of E — B such that the transition functions lie in O(n). This means that the
transition functions are norm- and angle-preserving.

3.1.4 Construction. Let R¥ — E — B be a real vector bundle, endowed with a
Riemannian metric. Then we obtain subbundles of £

(1) We get a disk bundle (D*, S*~1) — (DE, SE) — B, the induced disk bundle. Going
to the quotient bundle, we get an S¥-bundle (S¥, 00) — (D/S)E — B.

(11) We have a natural isomorphism /S — (=)™ by rescaling the radius [0, 1] = [0, c0].
Hence, we obtain a bundle isomorphism (D/S)E — E*.

3.1.5 Reminder. We call a real vector bundle R¥ — E — B orientable, if one of the
following equivalent conditions is satisfied:

(1) (S¥,00) — (E*, Bs) — B is orientable.
(1) After a choice of a Riemannian metric, (D*,S¥=1) — (DE,SE) — B is orientable.

(1i1) The structure group of E — B is given by the orientation preserving linear
automorphisms R*¥ — R¥ (i.e. those with positive determinant).
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3 Symmetric fibre products

3.1.6 Reminder. Let R* —s E — B be an orientable real vector bundle.

(1) A Thom class of E — B is a class 7 € H¥(E™T, By) such that for all fibre inclusions
10 (Ef,00) — (E™, Bo), the pullback %7 is a generator. Such a Thom class
always exists for orientable vector bundles and is determined up to sign.

(11) We define the Euler class e(E) := siy*t € H¥(B) where so: B — E is the zero
section and j: E — (E™, By) is the fibre-wise inclusion. The Euler class is natural,
i.e. for amap f: A — B, we have e(f*E) = f*e(F).

3.1.7 Remark. (1) If Ck — E — B is a complex vector bundle, it is orientable since
the transitions are C-linear and in particular orientation preserving as R-linear maps.

(11) Let R?> — E — B be an oriented vector bundle with a metric on it. We choose the
trivialisations such that the transition functions lie in SO(2) and obtain a complex
structure by defining multiplication by 7 to be a rotation counterclockwise by 7.
This turns £ — B into a complex line bundle.

3.1.8 Example. A smooth surface bundle is a bundle M — E -5 B whose fibre is a
smooth surface and where the structure group is given by Diff (M). Consider its associated
principal bundle Diff(M) — P — B and the vector bundle

TYE = P xpigny TM — P xpigary M = E

which we call vertical tangent bundle. If m: E — B itself is a smooth map between
manifolds, then it is a submersion and T+ E = Ker(T'r) C TE. If the bundle is orientable,
the structure group is given by Diff™ (M) and vertical tangent bundle T*E — E is an
orientable 2-dimensional real vector bundle and therefore also a complex line bundle.

3.1.9 Reminder. As a special case of ExXAMPLE A.8, we have a 1:1-correspondence
between complex line bundles and principal S'-bundles, explicitly given as follows:

(1) Let C — L — B be a complex line bundle. We choose a Riemannian metric on it
and can achieve by Gram-Schmidt that the structure group is given by U(1) = S’
Hence, the restriction to the subfibre S' — SL — B is a principal S!'-bundle.

(11) Let S — S — B be a principal S'-bundle. Since S' = U(1), we can form the
balanced product IS := S X (1) C and obtain a complex line bundle C — LS — B.

Thus, we can define the Euler class of a principal S!-bundle by e(S) := e(LS) € H*(B).
Moreover, we define the following two operations for two principal S'-bundles S, S8’ — B
where their associated complex line bundles are given by L, L’ — B:

(1) Consider their tensor product C — L ® p L' — B and restrict it again to
St — SepS =S(Leg L) — B.

(1) Consider their Whitney sum C — L @&p L' — B and restrict it again to
S — SaepS =S(Lopl) — B.

For a paracompact space B, we can identify H?(B;Z) = Pring: (B) via the Euler class.
This behaves well with respect to the above operations, see [Hat03]:

(1) e(S®pS") =e(S)+ e(S'), so sums of classes are tensor products of vector bundles.
(1) e(S@pS’) =e(S) — e(S'), so cup products are Whitney sums of the bundles.
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3.1 Vector and sphere bundles

3.1.10 Construction. Call (B;U,V) ezcisive triad if U,V C B are open and B=UUV.
Let m: S — B be a principal S'-bundle. Then S is a right S'-space and we get a bijection

1 .
{maps UNV — 8"} «— {bundle automorphisms S|, ., — S|, }»
v o= [y — T y(o())].

For a section s: UNV — S ‘UﬁV’ the inverse of this map can be explicitly given by using
the comparison map (see A.5) C: S xg S — St:

9@y = 20D ofy(a), 0, (s(a)) € 5.

Each map v: UNV — S! gives us an S'-bundle S, — B as the pushout

q>’Y
S’UOV S’UOV S’V
{ |
S|, S,

In this situation, we apparently have the following properties:
(1) Forv: UNV — S, we get S, |, = S|, and S,|,, = S/,
(1) If v ~ 4/, then @, and @,/ are isotopic and thus, S, = S..
(1) Let S, 8" — B be two S'-bundles and assume that there are bundle isomorphisms
Dy S| —>S’}U and <I>V:S|V—>S’ Then S’ = S, where

U |V'

-1
Py = (@U}Uﬁv) ° <¢V|Uﬂv) :Slyay — Slyav
3.1.11 Lemma. Let S'y be the trivial S'-bundle over B and S, == (Sp),. Then for each
principal S'-bundle S — B, we get Sy = S ®p S,, which means e(S,) = e(S) + e(S,).

Proof. For each x € U, let 17, € S'; be the complex 1 in each fibre and analogously 1.
Then 1f; ~ 1{, - y(x) in S,. Thus, we can define the isomorphism ¥: S, — S ®p S, by

(0]
S’Uﬂ\/ - S’Uﬂ\/ S’V

! |

S’U Sy SUEA 4
Ms
id® 1y S®p Sﬂ/ O

3.1.12 Remark. Recall that Pring: (B) is the set of all isomorphism classes of principal
St-bundles over B and that Pring: (B) = H?(B). Now let (B;U, V) be an excisive triad.
Then LEMMA 3.1.11 translates a part of the Mayer—Vietoris sequence:

HY(UNV) & H2(B) H2(U) @ H2(V)

[UNV,S$1] ——————— Pring1(B) ———— Pring (U) x Pring: (V)
[ [S4]
] (181, 181,.1)-
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3 Symmetric fibre products

3.2 Symmetric products and polynomials

Following [HatO1, ch. 4.K], we introduce the notion of symmetric products of based topo-
logical spaces and discuss their correspondence to polynomials via their roots of zero for
complex vector spaces. This gives rise to the notions of degree and multiplicity.

3.2.1 Construction. Let (X, 00) be a based topological space and h > 0. Then &, acts
on X" by permuting the components and we define the h-fold symmetric product by

SP"X = X"/&,,.
Obviously, SP' X = X. In contrast to configuration spaces, the action of &}, is not free here.

The elements of SP" X are formal sums, denoted in two equivalent ways:

(1) Ypex Voo With v, € Z>g and Y cx Ve = h,
(1) 3 ytoo Vo - @ With vy € Zxo and 3, cx va < h.

In the second notation, we write () for the empty sum. We have natural inclusions

SP"X «— SPhtl X, Z Vp * T — Z Vg T.

TF#00 T#00

3.2.2 Definition (Degree and multiplicity). Let © == 3" vz -7 € SP"X. We define
the degree of © and for oo # x € X the multiplicity of © at x by

O] = Z vy, <h and multe(z) =v, <h.

THO

Intuitively speaking, the multiplicity is the number how often a point is seen and the degree
is the number of points (counting multiplicity) distinct from oo.

3.2.3 Construction. We have a graded addition SP*X x SP'X — SP** X by

Z Uy X+ Z vhoox= Z(Vx—f-u;)‘x.

This motivates the definition of the infinite symmetric product

SP*X = lim SP"X.
h

Its elements are formal sums © := ) .y v, - & with finite degree. The above addition turns
SP*° X into a graded abelian topological monoid. In fact, it is the free abelian topological
monoid over the space X, which means for every based map f: (X,00) — (M, 1) into an
abelian topological monoid, there is a unique homomorphism SP*°X — M extending f.

3.2.4 Construction (Functoriality). Let 1 < h < oo and let f: X — Y be a map
between based spaces. We obtain a morphism

for SPPX — SPMY, > vy rae— > vy fla).
zeX zeX

Thus, SP” becomes a functor Top, — Top,. The functor preserves homotopy, which
means if f ~ g, then also f, ~ g.. We can extend the functors on the category Top? of
topological pairs by setting SP*(X, A) := SP"(X/A) with basepoint [A].

30



3.2 Symmetric products and polynomials

3.2.5 Motivation. Let C[X], be the space of all polynomials of degree at most h.
Then C* acts on C[X]; by scaling the coefficients and we identify C[X],/C* = CP".
Furthermore, every [p] € C[X];,/C* has uniquely determined roots of zero z1,...,z € C
with multiplicities v1, ..., v, € Z>o, such that vy + - -+ + v, = deg(p) < h. This describes
an element in the h-fold symmetric product of the compactification (CT,00). We get

r
P CPh —)SPh(CJr,[ah e :ao] — Zl/k-zk.
k=1

It is easy to see that ® is an isomorphism, e.g. [Hat01, Expl. 4. K4]. Furthermore:
(1) By the fundamental theorem of algebra, the degree of © is the degree of the corre-

sponding polynomial, e.g. |©| = k means agy1,...,a, =0 and aj # 0.
(11) For z € C, the multiplicity of © := ®([ay, : ... : ag]) at z is exactly the multiplicity of
the polynomial at z. Hence, multg(0) = s means ag, ...,as—1 = 0 and as # 0.

3.2.6 Construction. The above ideas can be generalised to complex vector spaces:

(1) Let V be a finite-dimensional C-vector space. We form the space of polynomials in V
as the symmetric algebra over V*, so PolV := Sym V*. We have an evaluation

i k
(PolV)®V — C, (p = Z@Uzjav> — p(v) = Z H uij (V).
i>0 j=1 >0 j=1

Thus, we get a notion of degree and of roots of zero. The vector space of polynomials
of degree at most h is given by the first A + 1 graduation components

h
Pol"V := P Sym’ V*.
=0

(1) For notational reasons let Pol*V := PolV and 1 < h < co. Then Pol” becomes a
covariant functor: Let ¢: V' — W be a linear isomorphism. Then we get

Oy = Sym(gp_l)*: Pol" vV —s Pol” W, ®Uij —> ®(u” o 80_1)-
j=1 j=1

(1) Consider the category C of 1-dimensional complex vector spaces together with linear
isomorphisms and let [P be the projectivation. We have two functors C — Topy,

PoPol® and  SP"o(-)*.
For V € C and [p] € PPol" V, we have roots of zero v1, . .., v, € V with multiplicities
ViyoooyVp > 0 with v + ...+ v, = deg(p) < h. We get a natural isomorphism

9 PPol"V — SP"VY [p] — > i v
=1

Proof. 1t is clear that 19}{/ is a homeomorphism. The naturality law follows since

h g

h i
(=) (0(v) = > [T (wij 0o () =D ] uiz(v) = p(o).

i=0 j=1 =1 j=1 O
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3 Symmetric fibre products

3.3 Homology of symmetric fibre products

We study the homology of symmetric fibre products of compactified complex line bundles,
which are CP"-bundles. It turns out that they are homologically trivial.

3.3.1 Construction. Let (F,o00) — (E, Bo) — B be a bundle with based fibre. We
consider the h-fold symmetric fibre product o: SP"E — B.

(1) We have natural inclusions SP" < SP"*1 which give rise to bundle morphisms
SP'E < ... — SP™E.
(11) We have a fibre-wise multiplication induced by the monoid structure on SP*FE

w: SPYE x5 SP'E —s SPME,
(z,y) — =D y.

Note that in order to avoid confusion with addition in homology, we denote the sum
in the symmetric product sometimes by “®”. If s: B — SP*E and t: B — SP'E
are two sections, we can add them fibre-wise and get s @ ¢ :== po (s xpg t).

3.3.2 Construction. Let C — L — B be a complex line bundle. We can use the two
functors from the previous section to get a CP"-bundle:

(1) Applying .Z" .= P o Pol", we get a CP"-bundle CP" — PPol" L — B.

(1) Applying 4" := SP"o(—)*, we get a CP"-bundle CP* — SP"L* — B.
The natural isomorphism 9" from the previous section yields a bundle isomorphism between
them. Furthermore, let w": . #" — Z"*1 and u": 4" — @"*1 be the natural inclusions.
They commute with the 9" and we get the following diagram of bundle morphisms:

=

PPol, — ", gph+

wz{ j

h+1
PPoltt [ — T SphtiLt

1%

Summing up, after putting a Riemannian metric on L — B, we have three isomorphic
CP"-bundles, which we often denote only by SP"L, given by

PPol" L = SP"L* =~ SPYDD/S)L.

3.3.3 Remark. Let (t;;: U;; — Homeo(C)) be the transition maps of the complex line
bundle C — L — B. Then the transitions of CP" — E := SP"L. — B are given by

Z UV, 2 +—> Z v, - tij(x)(2)

zeC zeC

Since the transitions t;;(x) are all linear, they fix 0 and thus, the transitions of SP" L fix
the multiplicity of 0. For 0 < s < h, we get subbundles CP"~% — E* — B defined as

E® :={(z,0) € E; multg(0) > s} C E.

Thus, we get a filtration E = E° D ... D E5 =~ B.
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3.3 Homology of symmetric fibre products

3.3.4 Proposition. The bundle o: SP*°L — B is fibre-homotopically trivial.

Proof. STEP 1: Since L — B is a complex line bundle, it is orientable and w1 (B) acts
trivially on H2(L;) = H*(S?). Now [y] € (B, z) yields vl : Hy(SP"S?) — Hy(SP"S?)
and for the bundle inclusion u: LT = SP'L «—— SP®L, we get a diagram

=id
Hy(S?) T# Hy(S?)
Hy (um)l le (ua)
Ho(SP>S?) — Ho(SP>S?)
#

Since u,: S? = CP! — CP*> = SP*S? is the usual inclusion, Ha(u,) is an isomorphism
and 73 = id. By the Hurewicz isomorphism, m1(B) acts trivially on mo(CP>).

STEP 2: We are in the special situation that the fibre CP*> is a K(Z,2)-space. Since
m1(B) acts trivially on mo(K(Z,2)), there is a map f: B — K(Z,3) such that we get
SP"L ~ f*#K(Z,3) for the path space fibration

OK(Z,3) — PK(Z,3) > K(Z,3),

see [MP12, Lem. 3.4.2]. Now consider the zero section s: B — L. We get the diagram

L—— Lt =8SP'L —— SP*L —“+ ZK(Z,3)

R

B ———— K(Z,3)

vy
—
o —

Then pos=idg and f = fopos=cowuos and f is null-homotopic since it lifts over the
path space K (Z,3). Hence, SP*L ~ f*F#K(Z,3) is homotopically trivial. O

3.3.5 Reminder (Leray Hirsch). Let F — E -2 B be a fibre bundle and 1,: F — E
a fibre inclusion and we have the following properties:

(1) H'(F) is free and finitely generated for each i > 0.

(11) For each ¢ > 0 there are classes 3;1,. .. vﬂi,m € H'(E) such that for o, j =130 ; the
family (i1, ..,q;r,) is a Z-basis of H'(F).

Then we have an isomorphism in cohomology
LHg: H(B) @z H*(F) — H*(E),
VO @i — 0"y~ i

This isomorphism is natural: Let (u, f): (F — E — B) — (F' — E' — B’) be a

morphism of bundles satisfying the above properties. For z € B, consider u, : F, — E}(x).

After identifying F' = E, via 1, and F’ = E}(x) via Z/f(x), we get a commuting square

H*(Bl) ®7 H*(F/) LH g H*(El)

f*®uzl lu*

H*(B) @z H*(F) ——5—— H*(E).
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3 Symmetric fibre products

3.3.6 Reminder (Tautological line bundle). Let V' be an (h + 1)-dimensional complex
vector space. Then we have a tautological line bundle

AV = {(v,A) €V xPV; v € A} — PV = CP",
This bundle is a complex line bundle and its Euler class ¢ € H2(PV) 2 Z is a generator.

3.3.7 Construction. Let C"*!' — E — B be a complex vector bundle. The fibre-wise
tautological line bundle C — A\E — PE, defined as

AE = {(v,A) € ExpPE; v e A},

is a complex line bundle. If we choose a fibre inclusion 2, : PV — PE, we get A\V = 1;\E,
which means we have a pullback of bundles

AV ——— A\E

| |

PV ———— PE.

Let x(E) € H?(PE) be the Euler class of AE — PE and identify the cohomology ring of
the fibre H*(PV) = H*(CP") = Z[¢]/¢"*1. Then up to sign, 1% x(E) = &.

3.3.8 Construction. By identifying P Pol” L = SP" L, we obtain the universal classes
xn(L) == x(Pol" L) € H*(SP"L).

A system of classes as occuring in Leray-Hirsch is given by powers xp,(L)* € H*(SP"L).
This yields the desired natural isomorphism in cohomology
LH: H*(B) ®z H*(CP") — H*(SP"L),
VR & — 0" — xp(L)°.

3.3.9 Corollary. (1) The inclusion u: SPPL «— SP" L induces an isomorphism in
cohomology in degree up to 2h and w*xpy1(L) = xp(L). Thus, we just write x(L).

(n) Let f: A — B be a morphism and u: f*SP"L — SP"L the morphism induced
from the pullback. Then u*x(L) = x(f*L).

Proof. Both statements are immediate consequences of the naturality of the Leray—Hirsch
isomorphism. The first statement uses the naturality in the following form

=

H*(CP") @y H*(B) ————— H*(SP"*'L)

pr® idl lu*

H*(CP") @z H*(B) ———— H*(SP"L).

1R

For the second statement, we note that f* SP*L = SP" f*L and use the naturality

H*(CP") @7 H*(B) H*(SP"L)

id®f*l lu*
H*(CP") @z H*(A) ———— H*(f*SP"L) = H*(SP"f*L)

R |
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3.3 Homology of symmetric fibre products
3.3.10 Proposition. Consider the infinity section soo: B — LT and the Thom class
7€ H*(L*, By) as well as the inclusion 7: LT — (L, Bs). Then
7T = +x(L) € H*(L").

Proof. The Thom class is (up to sign) determined by the property that the restriction
15 9*T € H?(S?,00) is a generator. This is satisfied by y, see CONSTRUCTION 3.3.7. O

3.3.11 Corollary. We can pull back x(L) via the two canonical sections sg, Soo: B — LT:

(1) For the zero section so: B — LT C SP"L, we get six(L) = e(L).
1) For the infinity section soo: B — LT C SPPL, we get s* x(L) = 0.
o0

3.3.12 Proposition. Let s: B — SP*L and t: B —» SP'L be sections and denote the
addition in the symmetric product by “®”. Then for x = x(L), we get

(s@t)'x =s"x+t"x.

Proof. Consider the multiplication in CP>, which we denote ¢: CP* x CP! — CPk+,
Furthermore, denote the generators by &, € H?(CP*). Then we know that

e 6 = (€ x 1) + (1 x &) € HY(CP* x CP).

Now back to our sections s and t. Since the bundles are homologically trivial, there are
¢: H*(CP*) — H*(B) and : H*(CP') — H*(B) such that

H*(B) @ H*(CP*) 2, F+(SPFL) H*(B) @ H*(CPY) ™ H*(SP'L)
idvcpl ls* and idv¢l lt*
H*(B) =——— H*(B) H*(B) =———— H*(B)

We know that s @t = po (s xpt) and we furthermore have the diagram

LHg 4

H*(B) ® H*(CP*) H*(SP*L)

id® E*J( lu*

H*(B) ® H*(CP*) @ H*(CP) LA X LH: H*(SP*L x 5 SP'L)
idv@viﬁl J,(S x5 )"
H*(B) H*(B).

Thus, we can finally calculate the class by

(8 ® ) Xkt = (5 XB ) W Xk+1
= (¢ — ) (" Ek11)
=(@—Y)((Gx1)+(1x&))
= (&) + (&)
=s"xk+ 5 x-
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4 Scanning critical points

4.1 The universal surface bundle

We study the universal surface bundle F' — §p"y — P;"; and define some subvarieties.
Moreover, we give a short survey on the Mumford—Miller—Morita classes ks_1 € H 23*2(F9’1)
following [Til12] and [Hat14]. Finally, we discuss the cohomology of §7";.

4.1.1 Construction. Recall that Diff™ = Diff*(F) is the group of orientation preserving
diffeomorphisms on the closed surface F' fixing the dipole and permuting the sinks, and
Py = Ny is a classifying space for Diff *. We define the universal surface bundle

vy = EDiff* x g+ F — BDIfft ~ 57",

4.1.2 Remark. There are two facts we already know about F:

(1) The bundle is a smooth surface bundle in the sense of EXAMPLE 3.1.8, so we can
consider its vertical tangent bundle T+§. Since it is orientable, it carries the structure
of a complex line bundle. We often refer to it as in CHAPTER 3:

C T+3 5
Il i i

C L B.

(11) The structure group of the surface bundle is given by Diff " (F) and
P (u,¢) = (uo g™, 0(())-

Hence, subsets of § defined by properties of u are fixed by the transpositions and
therefore yield well-defined subbundles of §.

4.1.3 Construction. For each 0 < s < h, we have two interesting subspaces
U ={WV, Q) multy(¢) < s}  and Yy :={(N,(); multy(¢) > s}

Of course, these subspaces are well-defined since the condition is fixed by the transitions.
However, they are in general not subbundles. We can conclude some properties for them:

(1) The images of Y, under 7 are exactly the geometric realisations of the Weierstrafl
complexes (W, W); this means we get m(Us) = Wy = |Wy| \ |W!|. Therefore, we
call these subspaces lifted Weierstrafi complexes.

(11) The subspaces are complementary to each other, s = §\ V1, and both filter the
surface bundle in the following way:

=4, D+ Dty and F=VyD---2Y,

(1) We saw in REMARK 2.3.6 that 20, is a subvariety of dimension 3h+2 —2s. Moreover,
the fibres of U, — W are discrete for s > 1. Therefore, U C § is a subvariety of
codimension 2s for s > 1; in particular, all YU, C § are closed.
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4 Scanning critical points

4.1.4 Construction. Consider the Serre spectral sequence (E?) of m: Fg1 — Bg1.
Since the bundle is orientable, the top and the bottom row of the second page equal the
cohomology with integral coefficients. We get the corresponding edge maps

ER? — EF? = HMT, ).

There is a filtration 0 = FOH C F'H C F?H = H**2(§) of the cohomology of § such that
F?H/F'H = E*2. This yields the fibre transfer morphism in cohomology

7' H¥) — EE22 — HY2(Dy4).

Let e := e(T+3) € H%(F) be the Euler class of the vertical tangent bundle 71§ — §.
Then we define the (s — 1) Mumford-Miller-Morita class' ks_1, short Mumford class,

Foo1 = (—1)-7'e® € H*3(T,1).

4.1.5 Survey. (1) The above construction is possible for each smooth orientable surface
bundle F' — F — B of genus g. Because of the naturality of the Euler class, these
classes are characteristic classes of orientable surface bundles.

(11) The classes were traditionally defined in [Mum83] for the surface bundle over i,
i.e. for surfaces without a fixed dipole. However, the first part of HARER’s stability
theorem, see [Har84], improved by Ivanov, Boldsen and Randal-Williams, see [Wah13],
yields that the canonical map I'y; — I'y induces isomorphisms

o 2g
Hk(FgJ) — Hk(l“g) for k< ?
and thus, by the universal coefficient theorem, also in cohomology for k < 2?9 —1.
Under this isomorphism, the two notions for the Mumford classes coincide.

(111) So far, each genus has its own Mumford classes as characteristic classes. However,
the second statement of Harer’s stability theorem, see [Har84] and [Wah13], yields
that the canonical inclusion 2: I'y 1 — I'g411 (by extending the diffeomorphisms
trivially on the complement) induces isomorphisms in homology

= 29 — 2
Hip(Ty1) — Hp(Lgp11) for k< 93 ,

(g+1)

and thus, by the universal coefficient theorem, also in cohomolo(g;r. The Mumford
classes are stable with respect to this inclusion, i.e. 1*kg =k,

(1v) Using the above inclusions, we obtain the stable mapping class group by
I = ligll“g,l.
g

By Harer’s stability theorem, the stable Mumford classes are classes in H*(I'o).
The Madsen—Weiss theorem, see [MWO07], states that the rational cohomology ring
H*(T'x; Q) is a polynomial algebra generated by the Mumford classes,

H*(Tw; Q) = Q[k1, K2y - - -]

In the literature, various versions of aligning the names can be found. We use the chronological order in
which the relevant papers appear: Mumford [Mum83], Miller [Mil86] and Morita [Mor87].
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4.1 The universal surface bundle

4.1.6 Construction. There is another interesting subspace of §: Since the structure group
fixes the set {Q, Pi,..., Py} in each fibre, we can consider the subbundle where the fibre
is restricted to F* := F\ {Q, P, ..., Py}. We call this subbundle the open surface bundle

F*— ¢ —p.
4.1.7 Proposition. Consider the action of I' on the first homology group Hi(F*). Then
Hy(€) = Hy(T') & Hp— (T Hi (F7)).

Proof. We choose a Riemannian metric on 7-¢ — ¢ and in each fibre a geodesic
neighbourhood around Q. We get a continuous map ¢ : P8 — R such that e(N) is
smaller than the injectivity radius for each [N] € 9. Thus, we obtain a section

5: P — €, [N]+— expg(e- X)

and conclude that Hy(€) = Hy(T') @ Ker(m,). The fibre F* is homotopy equivalent to a
bouquet and therefore, Hy(F*) = 0 for k > 2. Since the action of 71 () on Hy(F™*) is
trivial, the E2-page of the corresponding Serre spectral sequence is of the form

Ho(T; Hy(F*))  Hi(T; Hi(F™))  Ho(D5 Hi(F™))  Hs(I's Hi(F))

Ho(T') Hy(T) Hy(T') H3(T')

Because of the section, the bottom row survives and the differentials of the E2-page are 0.
Thus, the E%-page is already the E>®-page and we get a short exact sequence

0 —— Hy_1(I; Hi(F*)) —— Hp(¢) —— Hp(I') —— 0.
With the above section, the sequence splits, yielding the desired identity. ]
4.1.8 Remark. To the bare result from the spectral sequence, we can add the following;:
(1) The cohomological version works completely analogously and we get
H*(¢) = gHT) @ HY(T; H (F*)).

(11) In the case m = 0, the action of I';; on H'(F*) = Z29 corresponds to the well-known
symplectic representation of the mapping class group, so H k_l(FgJ;H L)) is
isomorphic to the group cohomology H k_l(I‘gJ; 729) with symplectic coefficients.

(111) We know that H'(F*) = Z29+™ is a I'yl-module without invariants since to each
generating curve a, we can add a curve b intersecting a via a Dehn twist in T'(%;.
Therefore, H(T'; H;(F*)) = 0 and we conclude the identity

HY(¢) = HYI') = Homgy(I', Z).
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4 Scanning critical points

4.1.9 Example. The above result helps us to understand the cohomological relation
between § and € in small degrees, i.e. we see what the dipole “changes” homologically:

(1) The inclusion § \ € — § is a smooth embedding of a subbundle of codimension 2.
Therefore, the Thom isomorphism yields

HF2(F\ ¢) = H*F, ©).

In particular, H2(§, €) & H(F \ €). The remaining bundle § \ ¢ — 3 is the sum
of two coverings of P: One 1-sheeted covering for ) and for m # 0 one m-sheeted
covering for P, ..., P,,. Hence, we get for the 2" relative cohomology

Z for m =0,

H*(F,¢) =2 HY(§\ ¢) =

(5. €) E\¢) {22 for m > 1.

(11) Again by the Thom isomorphism, we get that H (g, €) = H~1(F\ €) = 0. Therefore,
HY(F) — H'(€) is injective, since the long exact sequence of (F, ) becomes

0=H'\(F, ¢ — HY(F) — H(¢).

(111) POWELL showed that I'y ; is perfect? for g > 3, [Pow78]. Hence, there is no non-trivial
morphism Iy — Z and H(§) — H'(€) = 0. Our long exact sequence becomes

0=HY¢) — H%(F,¢) 27 — H2(F) — H2(e).

In particular, the kernel of H?(§) — H?(€) is given by Z.

4.1.10 Motivation. We want to consider for each point [N, (] € § in the surface bundle
a small closed disk G(¢) C F around ¢ which forms a disk bundle & C § X § such that
“scanning for critical points of v in G(()” becomes a section

k
§ — SP"®, [N, (] — > v+ S; € SPHFY, F*\ G(Q)).
=1

The canonical approach would be to choose a Riemannian metric on L := T+F — § and
consider geodesic disks coming from this metric. We furthermore get an exponential map

exp: (DL,SL) — (8,08)

which is a bundle isomorphism. However, in order to get a better control over the form
of the disks in terms of our slit coordinates, we go a slightly different way and give a
construction of small disks in terms of the harmonic function wu, provisionally only for
points in €. It turns out that they are polygons and the number of vertices depends on
the number of seen critical points counting multiplicities. Since the concrete form of the
disks is not relevant for our homological studies, this can be seen as a little digression.
We continue with studying the above scanning section homologically in CHAPTER 4.3.

2The author and his advisor do not like the rather characterless and vacuous word “perfect” and endorse
the usage of the phrase “cainian” instead, in order to emphasise the contrast to abelianity.
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4.2 Geodesic disks via u

4.2 Geodesic disks via u

For each class [F,u, D] € PBy1, we give a combinatorial description of a metric on F* and
for ¢ € F*, there is a maximal radius o(¢) > 0 such that B((;r) is a disk for all r < o(().
This yields a disk bundle &} — €7*;. The crucial geometric idea is due to [Bod18].

4.2.1 Construction. Let [F,u, D] € B be a potential class. A path v: [0,1] — F* is
called u-path if it follows piecewise the gradient flow of w or its contour lines, i.e. piecewise,
we have du(+/(t)) = 0 or du(i-~+/(t)) = 0. Then, v is piecewise smooth and we define

Aulr) = /01

Now define the length of v by L(7) := max(Ay(7), Ay(7)) and let

1
MWMﬂMPtam AWQ:A

dul )6+ ()|

d(¢,n) == inf (L('y); v is a u-path from ¢ to 77).

4.2.2 Remark. We can consider this distance function to define disks around a point
¢ € F*. This turns out not to be what we want: Consider the simple case g = 0 and m =1,
so we have one critical point with multiplicity 1. If we choose ( € F* as in the picture
below, the closed disk with radius 2 is of the following form:

—7
a3 N
s, " 1
\%\ \ —f—
\ \ o [
[ ) ; f \
i |1 f / \’ J_‘_“
|

FIGURE 4.1: The disks induced by d do not behave well.

The boundary with respect to the metric (coloured black) is not the topological boundary
of the actual disk (coloured yellow). Therefore, we are going to modify the notions of disks.

4.2.3 Construction. Let ¢ € F* and r > 0. We define B¥({;r) recursively:
(1) Let sg :==r and B°(¢;r) == {(}.

(11) In the (k4 1) step, we extend the disk B¥(¢;7) to B¥T1(¢;r) until the next critical
point is seen or the radius is exhausted. More formally, define the set of remaining

critial points by Cy := Cr[F,u, D]\ B*(¢;r) and the temporary radius
s == min (J(Bk(g‘;r),Cr),sk) < sg.
Now let sgt1 == s — s > 0 and extend the disk to the next filtration component
B*Y(¢r) = BR(Gr) U{n € F*5 d(BF(¢r),m) < s}
Since Cr[F,u, D] is a finite set, s # 0 until s; = 0 and in each step the set C}, of possible

critical points in the neighbourhood of ¢ becomes smaller. Thus, B C B' C --- becomes
stationary after sx = 0 and we define the k-disk by B((;r) == BX(¢;r).
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4 Scanning critical points

4.2.4 Example. We want to construct B((;3) in the example above. In the first step, we
obtain a critical point with distance 2 to our ¢, so B*((;3) looks as follows:

FIGURE 4.2: The first component B* of the disk B((;3).

In the second (and last) step, we see no other critical point and add a strip of width
3 —2=1to BY((;3). Therefore, we get the final disk B((;3) = B?((;3) by

FIGURE 4.3: The final disk B(¢;3) = B%((;3) as described above.

4.2.5 Lemma. The disks define, a posteriori, a metric which induces the disks,

d(¢,n) = inf (r; ne B(C;r)).

Then d(¢,n) < d(¢,n) and the topology of F* is induced by the metric. Furthermore,
B(Gr)={ne F*d(¢,n) <r} and 0B((r)={ne F*d((mn)=r}

Proof. The proof is just an easy and straight-forward checking of many little assertions,
e.g. that d is symmetric: We have to show that n € B({;r) implies ( € B(n;r) for all
¢,n € F* and r > 0. By induction, we may assume that B(n;r) contains exactly one

critical point and let s :=d(n,S) < r. Then d(B(n;s),n) <r —s and ¢ € B(n;r). O

4.2.6 Lemma. Let ( € F* and r > 0. The boundary components of a disk B((;r) can be
parametrised by a u-path and are in particular piecewise smooth.

Proof. Since (B¥(¢;7))g>0 becomes stationary, it is enough to show the statement for
each OB*(¢;r). We do this by induction over k. Here, the case “k = 0” is clear and for
“k — k + 17 we see that the boundary dB**1(¢;r) is given by curves piecewise parallel
(in the slit picture) to the boundary dB¥(¢;r), and therefore also a u-path. O
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4.2 Geodesic disks via u

4.2.7 Remark. Denote by B? := D? \ S! the open 2-dimensional disk. If the considered
radius 7 > 0 becomes “too big”, it can occur that B((;r) is no longer homeomorphic to B2,
e.g. for r = 4 in the following case:

FIGURE 4.4: A disk with large radius which is no longer homeomorphic to D?.

4.2.8 Lemma. There are minimal and maximal radii in the above sense:

(1) There is a r > 0 such that for each ( € F*, we have B((;r) = B2.
(11) For each ¢ € F*, there is a R > 0 such that B((; R) % B2.

Proof. (1) Consider the slit coordinates (a,b) and we may assume b; < b;41 for each
0 < i <p. Now let r := min(b;11 — b;) - 271. Then B((;r) is a square.

(1) Since h = 1 — x(F*) > 1, there is a critical point S € F*. Now for ( € F* let
R :=d(¢,S) + b, — b1 + 1. By the triangular inequality, B(S;b, — b1 + 1) € B((; R)
and this disk contains a loop based in S which is not contractible in F™. O

4.2.9 Lemma. Let ( € F* and s > 0. Then the following statements are equivalent:

(1) B(¢;s) % B2

(11) B((;s) contains a loop which is not contractible in F*.

Proof. We only have to show “(1) = (11)”: Define the radius
s = inf(r > 0; B(¢;r) 2 B?).

Then s’ < s and we conclude B((;s’) C B((;s). Moreover, there is n € B((; s") which is
both a top and bottom point. We want to consider a loop based in 7 as follows:

) For 0 < ¢ < s’ we have B((;s' —¢) = D?. Now consider the
s | loop v = 71 * -+ x5 from 7 to n along one side of the boundary
e of B((;s" —¢) as shown in FIGURE 4.5. This path 7 cannot be
Co v | null-homotopic in F* since u: F* — R is harmonic, but
] = /u:</ +/)u+ u # 0.
: ¥ 1 I 3
n —_———
<[, 70 O

FI1GURE 4.5: The loop 7.

4.2.10 Corollary. Let (,n € F* and r,s > 0 with B(n,s) C B((,r). Then we have
B(G;r) =B = B(n;s) = B’
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4 Scanning critical points

4.2.11 Construction (Geodesic disck). For [N, (] € €, we define the injectivity radius

sup(r; B(¢;r) = B?)
D

o(¢) = eV, (] =

and the geodesic disk by G(¢) .= B((; 0(¢)). We obtain a disk bundle, the geodesic bundle
(D%, SY) — (&,08) — €, where we define the space ® by

G ={N,(,ne€xp&neG)} CExyt.

Proof. (1) By LEMMA 4.2.8, there are minimal and maximal radii with B((;r) = B2
and o(¢) > 0. Since G(¢) € B((,2- 0(¢)) = B2, we get G(¢) = D? and 9G(¢) = S!.
(11) The subbundle & C €& xq € is well-defined since the transitions preserve values of u,

as we mentioned in REMARK 4.1.2.

(111) We see that the fibre varies continuously: For ¢,n € F™*, consider r := 2-9(¢) —d({,n).
By the triangular inequality, we get B(n;r) C B((;2- 0(¢)). By COROLLARY 4.2.10,
B(n;r) 2 D? and thus r < 2 - o(n). We conclude

d(¢,
Q) ~ o) < X&)
For symmetry reasons, |0(¢) — o(n)| < @ and g: € — Ry is continuous. O

4.2.12 Construction. We call e € 0G(() vertex of the disk if the u-path describing it
changes the direction (from du(y") =0 to du(i-~") = 0 or vice versa). Let vert({) be the
number of vertices. If G(¢) contains v critical points (counting multiplicity), then

vert(¢) =4- (v +1).

Proof. By induction over the number k of critical points without multiplicity. Here, the
case “k = 07 is clear, because G(¢) has obviously four vertices. For “k — 1 — k” consider
k critical points Si, ..., Sk with mult(S;) = v, and we assume our formula to be true for
the case where G({) contains Si, ..., Sk_1. Now if we add the critical point Sk, there are
exactly v + 1 copies of S, in the slit picture. Since G(¢) is homeomorphic to D?, on the
part of the boundary around each of these copies, we have four vertices. The disk around
one copy of Si is not new since it comes from the old disk. Therefore,

k—1 k
vert(() =4 (v +1) —4+4- (Zm—l—l) =4 (Zul—l—1>.
=1 =1

O]

4.2.13 Example. Consider ¢ = 0 and m = 2 and the slit configuration ((2,3) | (1,4)).
Then the following maximal disk (r = 2 — ¢) has 12 vertices:

.

S

FIGURE 4.6: A disk containing two critical points of multiplicity 1 has 12 vertices.
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4.2 Geodesic disks via u

4.2.14 Construction. We can give the construction of an explicit contraction
H: 6 x[0,1] — &, ([N, n],t) — He(n,t) = ven(t)

with the following useful properties:

(1) The contraction ends in ¢, i.e. H¢(¢,1) = ¢,
(11) The contraction has constant speed, i.e. H-(0G(¢),1 —t) = 0B((;t - 0(C)),
(111) ¢y [0,1] — G(() is piecewise smooth.

FIGURE 4.7: The paths of the explicit disk contraction constructed below.

STEP 1. Let 7 > 0 and ¢ € F'*. The construction of the disk B((;r) yields a sequence
¢(=B%C ... C BE = B((;r) such that B¥! \ B* does not contain any critical point.
Since B* is compact, for each € B*¥+1\ Bk, there is a nearest ¥ € B* satisfying

d(¢,n) = d(¢,9) +d(0,n).

If we add that, if possible, u(J) = u(n) or v(¥) = u(¥), then J[n] = J, becomes unique
and we get a continuous function B¥*+1\ Bk — 0Bk n+— ¥,

STEP 2. We may assume that u(n) < u(d,) and v(n) < u(J,). Consider the rectangle
Ri={u(n) <u<u@,)}n{om) <v <o)} €GO
Then ¢ = (u,v) is a homeomorphism R — [u(n), u(dy)] x [v(n),v(d,)]. We define
ay: [0,1] — Ryt — o7 (£ () + (1= 1) - ()

and parametrise o, by arc-length with respect to the metric on T' ¢ and rescale it again
linearly to [0,1]. Then we get [|ay || = d(n, ).

STEP 3. Now let n € G(¢) be arbitrary. There is a k > 0 with n € B \ BF. Now we
recursively define 91 := 1 and 9,1 == J[¥;] and furthermore, let t; := d(n,9;41) - d~1(n, ).
Then Y41 = Cand 0 =ty < --- <t} = 1. Define ¢, = ay, x--- x ay,; each ay, linearly
rescaled to the intervall [t;_q,%;]. Then 7, is parametrised by distance, which means
17¢.nll = d(n, ). This gives rise to the desired global fibre-wise disk contraction

He: ® x [0,1] — &, (N, (0] ) — (D).
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4 Scanning critical points

4.2.15 Construction. We choose a Riemannian metric on L| €= T+¢& — ¢ and consider
the vertical tangential disk bundle (D? §') — (DL|,SL|,) — €. There is a bundle
morphism ®: (&,98) — (DL|,,SL|,) such that for each 1 € G({), we have

nedG(() <= ®(¢n) €S,
n=¢ < @(,n) =0.

We construct the morphism @ explicitly in separate steps, starting with a preliminary map
® which has nearly the correct property, but have some direction “jumps”.

STEP 1. We consider the derivative of the contraction paths

=~ (M)
®: & — DL, N, n] — “o(e)

which gives us the negative velocity of the contraction path when arriving ¢. This morphism
has the nice property that ||®(¢,n)|| = d({,n) (in particular, ||®|| is continuous), but is not

continuous near critical points. The area “behind” a critical point always yields the same
direction until finally the critical point is arrived; then suddenly everything is visible:

(2)
RS
O w

FIGURE 4.8: A range of directions is not seen until we arrive the critical point.

The basic aim of the following construction is to artificially correct our visible field behind
the critical points in order to achieve a different schematic picture:

()
RS
¢ w

FIGURE 4.9: The corrected visible field behind the critical point extends continuously.
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4.2 Geodesic disks via u

STEP 2. For [N, S] € € there is a maximal disk Dp/(S) C F* and a rx(S) > 0 such that
exp: TsF* 2 B(0;rn(C)) — Dar(€)

is an isomorphism. Note that r and D depend continuously on (N, S). For each ¢ € D(S)
there is a unique Riemannian geodesic 3g¢: [0,1] — F* from S to ¢. Since the Riemannian
metric induces a Levi-Civita connection on T @, this construction gives us a parallel
transport between the corresponding tangent spaces of S and of ¢ by

P[S,(]: Tg€ — T €.

STEP 3. In each fibre €xr = F™, let Si,. .., Spn) be the critical points without multiplicity.
There are maps @1, ..., 9wy € — [0,1] with the following properties (recall that
= $ly C € is the subspace of all points [N, (] where ( is not critical):

e supp(p;) € D(S;)
e The map ¢: € — [0,1], [N, (] — ng}[) i(C) is continuous and | = 1.

An explicit way to construct them is the following: For ¢ € D(S) let driem (S, () be the
length of the Riemannian geodesic with respect to the Riemannian metric. For each
1 <i < k(N) define the preliminary functions @; by

3i(¢) = {1 B M%W for 2 - dRiem (Si,n) < ra(Si),

0 else.

Since D depends continuously on [N, S], the set ® = [\ Ufgy) Dnr(S;) € € is an open
neighbourhood of ;. Therefore, (4, D) is an open covering and there is a partition (g¢,ep)
of unity subordinated to (4, D). Finally, define ¢;: €y — [0, 1] by

i €D
01+ P

wi =

STEP 4. For each N € P define the scaling functions @i,...,ayn): Ex — [0,1] by

1
_ max (0, Lem=dES)) - for §; € G(()°, \ T /
al(c777) = { ( 0(¢)—d(¢,S:) ) ‘ ‘

0 else,

FIGURE 4.10

which detects everything behind the critical point S;. Now set the actual factor to be
a;(¢,n) = ¢i(¢) - a;({,n) and the morphism ¥: & — L‘e to be

k(N) _ k(WN) _
WG = (1 -3 ai(C,n)) SB(Cm) + Y ai(Com) - PISi, ] (8(5:,0))
=1

i=1

Then W is continuous and since only 1 behind the 5; are affected, the summands cannot
cancel each other. Hence, we can rescale ¥ by ® and finally obtain the desired ®.
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4 Scanning critical points

4.3 The scanning section

As suggested in MOTIVATION 4.1.10, we want to scan for critical points lying inside G(().
This finally gives a section w: § — SP"T§ and we are interested in w*y € H2(F).

4.3.1 Construction. For the disk bundle (D?,S!) — (6,96) — € we have transitions
tij: Uij — Homeo(ID?,S'). For each ¢ € Uij, we get homeomorphisms s;;(¢) defined by

SPM(F, F\ G(¢)) () SP'(F, F\ G(¢))
[ [
SP'(G(¢)/9G(0)) SPYG(¢)/0G(C))

SP(ti(¢))
Since SP" is a continuous functor, this yields new transitions s;;: U;; — Homeo(CP¥)

and we obtain a new fibre bundle SP"® — & with fibre SP(F, F\ G(¢)) = CP".

4.3.2 Remark. The morphism ¢: & — ]D)L’G from CONSTRUCTION 4.2.15 yields
SP"®: SP"®& — SP"(D/S)L|, = SP"L|{,

which inherits the following two crucial properties from &:
(1) Since ®(¢,n) = 0 if and only if = ¢, the map SP"® preserves the multiplicity of
the center of the disk, which means we get

(11) Since ®(¢,n) € S if and only if n € dG(¢), the map SP"® preserves the degree of
the considered configuration in SP?@®, which means we get

[SP"®(0)| = |6].

4.3.3 Construction (The scanning section). We have the interesting section

k
¢ — SP"®, (N, (] Y ;- S; € SPHE,F\ G(C))
=1

where S1,...,5) are the critical points of the potential u, with multiplicities v4, ..., V.
Postcomposing with SP"® gives us &: ¢ —» SPhL|@, which can be extended on § by
w(Q) = w(P;) = 0. This finally gives us the scanning section

w: § — SPML.

Proof. We show that for each [N] € B, there is a neighbourhood U C F around @ resp.
P; such that w(¢) = () for each ¢ € U: For each critical point S;, there is a radius r; > 0
such that B(S;;r;) contains a non-trivial loop in S;. Consider r := max(ry,...,7x). Since
{S1,..., S} is finite, there is a (y € F* and a R > 0 such that Si,..., S C B({o; R) and

d(S;,0B(Co; R)) > r. Let ¢ € F*\ B((p; R). If there is a S; € G((), then
2-0(¢) 2 2-d(S5;,¢) > r+d(Si C)

and B(S;;r;) € B(Si;r) € B((;2-0(¢)). Then B((;2-0(¢)) would contain a non-contractible
loop, which is not possible. Hence G(() contains no critical point. ]
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4.3 The scanning section

4.3.4 Remark. The initial idea for the scanning section w : § — SP" L comes from
Carl-Friedrich Bédigheimer and has the following geometric interpretation:

(1) Since G(() is contractible, there is a new holomorphic completion v of v in G({) and
pc :=u+1i-v: G(¢) — C is holomorphic. In fact it is a branched covering of the
square [—0(¢), 0(¢)]? € C with the critical points as branch points.

(11) By an adequate choice of a chart for G((), we may consider p¢ as a complex polynomial
with p¢(0) = 0 whose critical points (i.e. roots of zero of the derivation) are exactly
the critical points of u. By identifying SPthF >~ P Pol® T¢F, we have w(() = p’c.

The interpolating polynomial has contour lines corresponding to our metric grid. In our
EXAMPLE 4.2.4, after identifying T F' = C via the chart, we want p; with one a critical
point S € C of multiplicity 1 such that p:(S) =2 —i. A possible polynomial is given by

pel(z) = /Oz(w —1)dw = 2% -2z and pe(z) = 2]3(_1; - pe(2).

The contour lines of the real and the imaginary parts of p; are shown in FIGURE 4.11.

Im
\

FIGURE 4.11: The contour lines of the polynomial interpolating our above conditions.
4.3.5 Preparation. Let S' — S - B be an S!-bundle. Consider the RP-bundle
styz* — sjz* 2+ B

If o has a global section v: B — S/Z*, then the Euler class e(S) € H?(B) has order 2:
Consider the fibre-wise cone (D% /S') — (D,S) — B and the two-fold zero section
5= 850 ® s9: B — SP?(D,S). We have a homotopy between s and the empty section.

H: B x [0,1] — SP%*(D, S),
(2,8) — t- (v(@) ® (~v(2)).

Therefore, 0 = s*x = sjx + s5x = 2 - e. The crucial point here is the fact that v is only
well-defined up to sign, but the section always uses the combination of both possibilities.
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4 Scanning critical points

4.3.6 Lemma. Let M be a manifold and N — M a subvariety of codimension k. Then
the inclusion 7: M \ N — M induces an isomorphism in H® for i < k — 2.

Proof. (1) Let i < k — 1, |X| an i-dimensional polyhedron and let f: |X| — M be a
morphism. By induction on the skeleta of X, there is a homotopy f ~ f’ such that

Im(f") € M\ N. By the homotopy invariance of the homology groups we get that
g5 Hi(M \ N) — H;(M) is surjective for n < k — 1.

(1) Let n < k—2and o,0’: A" — M be homologous, i.e. there is a chain ¢ € S;11(M)
with dc = o —o’. As before, there is a chain ¢ € S;1(M \ N) homologous to ¢, which
means O¢ = o — o’. We conclude that j.: H;(M \ N) — H;(M) is also injective.

(1) Let ¢ < k — 2. We get by the universal coefficient theorem the diagram

0 — Exth(H; 1(M),Z) —— H*(M) — Homgz(H;(M),Z) — 0
Ext(j*,idz)l ]*l Hom(]*,idz)l
0 — Exty(H;_{(M\ N),Z) — H'(M\ N) — Homgz(H;(M),Z) — 0

where the both rows are exact. Now the statement follows from the five lemma. O

4.3.7 Proposition. As usual, let L == T*F and x := x(L) € H?(L). Recall that, after a
choice of a Riemannian metric, we have a section Vu: § — LT. Then

w'xy = —Vu'y.

Proof. Consider 4 := 41 and the restriction SPhL| o« In 4, it is not possible that two critical
points meet in (. By a rescaling of the injectivity radius o¢ by some e: § — (0, 1) we may
assume that w sees no critical point of higher multiplicity. Hence we can homotopically
replace Vu and w such that there are small charts ¢; around each [N, S;] € Y with:

e In the chart 9, corresponds to the outgoing, 9, to the incoming gradient line in S;.
e OQOutside the charts, nothing is seen, neither from Vu nor from w.
e Inside the charts, both Vu and w yield exactly one point in SPhLC.

There is no canonical choice of the direction 9, in ¢, it is only well-defined up to sign. In

2 2
this chart, ¢;(S;) = 0 and w is in halfed normal form, this means v = Re (%) =27,
Hence, we have as local coordinates for the sections w and Vu

w(w,y) = P(pi(Si) — ¢i(C)) = —x0x — y0y,
Vu(z,y) = 20y — yOy.

FIGURE 4.12: Vu and w.

Now consider the section s .= Vu @ w: 4 — SP2L| « There is a homotopy from s to the
empty section by moving w(¢) and Vu(() away from each other along 0,. Note that, as in
PREPARATION 4.3.5, we use the direction 9, only up to sign. By PROPOSITION 3.3.12,

Vu"“x|u + w*x|u = (Vud cu)*x|}J = S*)<|u =0.

Since § \ 4 = Yy — F is a subvariety of codimension 4, the restriction H?(F) — H?(4)
is injective by LEMMA 4.3.6 and we get the desired result w*y = —Vu*y. O
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4.3 The scanning section

4.3.8 Remark. We want to compare Vu*x and e := e(L), the Euler class of L. We
restrict ourselves to the case where m = 0, so have no punctures. We already know:

(1) Let so: § — L be the zero section. Then sy = e by COROLLARY 3.3.11.

1) Let U = €& C §. We know that Vu|,, >~ sg|,, since Vu does not attend the empty
U U
configuration here. Therefore, we get for the restrictions

Vu*x|, = soxly = el

(m) K = §\ U is a subbundle of § with the single point @ as the fibre and thus
homeomorphic to 3. We find a tubular neighbourhood V' C § of K which is geodesic
around @ in each fibre. Then (V — K) = (DL|x — §|x) and since the dipole
direction is a non-vanishing section, V' — K is trivial. Thus, V = x D? and

UNnV e~V =pxsS' — HY(UNV) = HY) @ Z(SY).

(1v) Since we are near the dipole, Vu|v is homotopic to the infinity section, but on the
other hand, L|,, is trivial since we have a global section V- — L|,, [N, (] — P¢(X)
by the parallel transport of the dipole direction. Therefore, we get

Vu*x|,, = 0= spx|, = el -
Obviously, § = U U V. If we denote the inclusions by ny: U «— § and ny: V — §,
the Mayer—Vietoris sequence of the excisive triad (§;U, V) is of the form

nG;eny
U \%

H\T) & Z([s")) —"— H*3) H(U) ® HX(V)

We call the class D := §*[S!] dipole class, since it is induced by a loop around the dipole.
Since (n}; & i) (Vu* — s§)x = 0, there is a 9 € HY(I') & Z([S']) with Vu*y = e + §*9.

4.3.9 Proposition. For m = 0 and using the above notation, we get Vu*xy =e=£2-D.
In particular, we get w*x = —e+2- D.

Proof. Recall that (L) € H?(L") is the Euler class e(E) of the tautological line bundle
E = ALt — LT. After translating the above Mayer—Vietoris situation into isomorphism
classes of bundles as done in REMARK 3.1.12, we have to compare the two S'-bundles
given by the pullbacks S := SL = s§SE and S’ := Vu*SE over §.

(1) Since Vu]U ~ SOIU, we know that their pullbacks are isomorphic, whence S ’U >~ g
We denote the isomorphism by ®r: S|, — S’

7
|
(1) We know that S |V is trivial, since the parallel transport FP: X of the dipole direction

is a global section. Furthermore, S’
S \V =

‘V is trivial since Vu]v ~ soo|v. Therefore,

We denote the isomorphism by @y : S|, — 5’|,

v
On the intersection U NV, let ® = (Py|,;,,) " o (Pv|;o): Slyay — Slyay as in
CONSTRUCTION 3.1.10. We have two interesting sections of S|U0V’ namely the parallel
transport of the (normed) dipole direction and the normed gradient of u,

Vu(()

s(()=PX and t(¢):= INGIR
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4 Scanning critical points

Note that the above trivialisation of .S |V was induced by s, whereas the above trivialisation
of S’ |V restricts over U NV to the trivialisation induced by the section ®¢; ot. Since @y is
given by the composition of these two trivialisations, it translates these sections into each
other, which means ®y o s = ®;; ot. Thus, Pos=1¢ and & = &, where

(s(0)) _ 1(0)
$Q SO

Recall that UNV ~ 9V = P x S!. Apparently the map v just compares the indices
ind(s,Q) = 0 and ind(¢,Q) = 2 of the dipole and thus factors, up to homotopy, through

v:UNV — S ¢ —

PxS —=—Unv 258!
gl z—22

FIGURE 4.13: The two vector fields s and ¢.

Therefore, under the correspondence [UNV,S!] = HY(UNV) = HY(T) @ Z([S']), the above
v is identified with 2 - [S!]. Since S’ = S ® S, we finally get as in REMARK 3.1.12

Vu*y =e(S) =e(S®S,) =e(S) +e(Sy) =e+2-D. O

4.3.10 Lemma. Let (X;U,V) be an excisive triad, « € H(UNV) and B € HI(X) with
B|V =0. Then 6*a— B =0 where §* is the Mayer—Vietoris connecting homomorphism.

Proof. Denote the following homomorphisms:

Let :: UNV — U and j3: U — X be the inclusions.

Let n: U — (U,UNV) and ¥: X — (X, V) be the inclusions.

Let p: (U,UNV) — (X, V) the excisive inclusion, i.e. ¢* is an isomorphism.
Let e*: HH/(UNV) — H™HYU,U N V) be the connecting homomorphism.

There is a v € H/ (X, V) with 8 = 9¥*y. Moreover, see [May99, ch. 14.5], we have a diagram

HUNYV) - H*(X)

.| T
HtY (U, UNV) T) H*tY(X,V)

Let v == ¢*y € H/(U,UNV) and ' = n*y € HI(U). We know that 7*9* = n*¢* and
thus, 5’ = 7% 8. According to [Bre93, ch. VI.4], the connecting homomorphism £* satisfies

efa— v =" (a—1"n*y) =0,
where the last identity follows from +*n* = 0. On the other hand, we get

19*(80*)_1 (E*Oé — ,7/) — 5*04 — (19*(80*)_17/> — 6*04 — B
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4.3 The scanning section

4.3.11 Corollary. Let m =0, i. e. we have no punctures. Then we get

W = (=1)°-€e*  fors>2,
—e+2-D  fors=1.

In particular, we obtain for the fibre transfer

| v s JBs—1  fors=>2,
ko+2 fors=1.

Proof. Consider the above cover § = U UV and let D := §*[S'] € H?(F). Then
*. 8 s __ s s - S s—k k s—k k
W= (—e+2-D)* = (-1)"-¢e+ Y <k> S(=1)k 2 (emk = DF).
k=1

We see D|V = 0 since the Mayer—Vietoris sequence is exact, and e|V = 0 since T+§ |V
is trivial. By LEMMA 4.3.10, D? = 0 and e — D = 0. This yields the first statement.
Moreover, applying the fibre transfer yields

Ks—1 for s > 2,
Twx® = \
ko+2-mD for s=1.

We finally see 7T|!Umv(1 x [SY]) =1 € HO(T) for the transfer 7T|!UQV: HY(UNV)— HT)
of the S'-subbundle U NV ~ S! x P — P and conclude that

D = x'6* (1x [8Y) = [,y (1% [8']) = 1. -

4.3.12 Remark. We identify H°(I') & Z and know that ro = —x(Fy) = 2g — 2 € H(T).
Thus, we know that 7'w*y = 2¢. We want to use the geometric description of our section
w in order to understand the other classes 7'w*x® and thus, the Mumford classes s_1.
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5 Weierstral3 complexes in cohomology

5.1 Duality on the surface bundle

We complete the surface bundle § — P to a pair (T, ?) and extend the structure of
(P, P') on it in order to get a notion of Poincaré-Lefschetz duality for §.

5.1.1 Construction. We know that every ¥ € P yields a prescription how to glue a
2-dimensional complex. An explicit bi-cellular decomposition is constructed as follows:

(1) The (0,0)-skeleton is given by the following points:
e Let m =m(X). Consider points Q, Py, ..., Py.

e Foreachl < j<gand1 <i<p—1 consider two points (j,4)* and (j, %), which
are the “top right” and the “bottom right” corner of the rectangle R;; resp.
the “top left” and the “bottom left” corner of the rectangle ;1 ;. Consider
also (7,p)« and (7,0)*. Now we write [j, 4], resp. [i,j]* by identifying

(4, 05-1(8))« ~ (3,1) ~ (4, 0(0)) -

(11) The (0, 1)-skeleton is given by the following edges:

e Forl<j<gandl<j<p-—1, we have vertical edges v;; from [j, ], to [j,]*
which are considered as the “right” edge of R;; resp. the “left” edge of R;_1;.

e Define vertical edges v;, from [j,p]« to @ and vj( from Q to [7,0]*.
(1) The (1,0)-skeleton is given by the following edges:

e Consider edges (h;;)* from [j+1,]* to [4,i]* and (h; ;). from [j+1,4], to [4, ]«
which are the “top” and “bottom” edge of R;;. Write [h;;]* resp. [hj;]« by

(hji)™ ~ (B () )

e We have certain horizontal edges outside our grid:
— From [1, 1], to @ (which is the same as from [1,7 — 1]* to Q).
— From @ to [g, 1]« if vs(i) = 0.
— From Py to [q, ]« if vs(i) = k.
(1v) The (1, 1)-skeleton is given by the following rectangles (resp. triangles and digons):
e For1<j<g—1land1l<i<p-—1,glue R;; canonically along

[hj,l™

Vit1,i Vi

[hj,ilx

e [Else, contract at least one of the faces of R;; to Q or Py, e.g. for Ry y:

[h1,p]x
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5 Weierstrafl complexes in cohomology

5.1.2 Remark. The above construction turns the glued surface F'(X) into a “generalised”
bi-semisimplicial complex 3 = 3[X] where some of the boundaries are lower-dimensional.
Our boundary operators are of the following form:

We will call the face operators €’ and €” (in contrast to d’ and d” in the complex P) and
denote the general cells in 3 by II. The unusual point is that we may lose more than one
dimension when taking the face of a 2-cell. However, the usual formulae for simplicial
homology work if we use the boundary operators (analogously for n”)

fl= > (-1)F el
e/, TT| =TT~ 1

This is immediately clear if we consider the complex as a finite cell complex and calculate
their cellular chain using the factors prescribed by the mapping degree of the glueing maps.
Note that for each two (p, ¢)-cells ¥ and ¥’ in P, there is a canonical identification between
the (r, s)-cells of 3[X] and 3[X'] (e.g. there are always (p+ 1) - (¢ + 1) rectangles to glue,
indexed canonically.) Only the glueing depends heavily on the entries of ¥ resp. ’. Hence,
we may write 37¢ for the (r, s)-cells and note that an explicit (p, g)-cell ¥ has to be given
in order to determine the faces ¢’ and €” of a given cell ¥ x Ry;.

5.1.3 Construction. We can complete the surface bundle § to a (3h 4 2)-dimensional
4-semisimplicial complex § in the following way:

(1) The set §pqrs of (p,q,7,5)-cells is given by P, 4 x 34

(11) The last two boundary operators are canonically given the face operators ¢’ and e
using the glueing structure given by the cell 3:

e,(ExM) =Y xe,ll and ¢/ (X x ) =3 x €Il

(1ir) The first two boundary operators are a bit more complicated, we have to say what
d;Il € 3P4~1 is and then let d3 (3 x II) = d;¥ x d; Ry, (analogously for d;). It is
geometrically clear what to do; the explicit term for (1,1)-cells Ry is given by

Rs (), for j #k,

d:Ry; =
gk {Uk,l for j = k.

5.1.4 Remark. The complex § has several properties similar to the completion P of :

(1) We have a simplicial map 7: § — P, given by the projection onto the first two
factors. This gives rise to a map between the geometric realisations 7: § — |P|.

(11) Cloris/ider the subspace § = 7 Y(|P'|) CF. Then §\ F2Fand = ﬂg' Thus,
(&, ) is a relative manifold of dimension 3h + 2.

(111) The pair (3,3 ) is compact and connected in the sense of REMINDER 1.2.9.
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5.1 Duality on the surface bundle

5.1.5 Construction. We can extend the semisimplicial orientation system O from P to §
by ignoring the second two factors, i.e. g;(X x II) = ¢;(X). We get a fundamental cycle by

Us = = Z (%) - Z (X ® Ryy) € C2h,h,1,1(§a §/;O)~

$:(1,h,m) kel
This gives a fundamental class [@, ?] € Hsp o (@, §/) and a Poincaré—Lefschetz isomorphism

PLg: H*(§) — Hano(3,5:0),
09—~ [3.5].
Proof. We have to show that u = u=~ is a cycle, i.e. that &u,d"u,nu,n"u = 0. The

last two differentials are easy since here we fix the configuration cell ¥ and we know that
>k Rry = 0is a cycle in Cy1(3[X]). We show that 0'u = 0 as 9"u follows analogously:

Fu=> (-1 > ) DD (dTod;Ryy) = > .
l

j $:(1,h,m) I kj
Now we use the definition of d;Rk,l to get
> diRgy =Y Rpi+> Ri_1,=> Rp; =R
k3 k<j k>j k<q
The crucial point is that this term no longer depends on j. Therefore, we get

w=Y (-1 Y %) (e R)=0upp @R
J 3:(1,h,m) T 0

5.1.6 Construction (Lifted Weierstral constructions). Let (s, h,m) be a triple.

(1) Let X be a Weierstraf} cell of type (s, h, m). Since all critical points are corners of
our rectangles Ry ;, we can look at cells X ® ¢ € T where mult(¢) = s.

(1) Let Vi C T be the subcomplex spanned by all those cells and let V! =Vsn F. Then
(Vs,V!) C (3,3) is a relative subcomplex of dimension (2h 41— s,h+1—s,0,0).

(11) Consider the simplicial cycle

Vs = Z 5(%) - Z (X®() e C2h+1fs,h+1fs,0,0(§7§j; 0).

3:(s,m) mult(¢)>s

This yields to homology classes [vs] € Hspyo 24(F, §I; O) and we obtain

7. [vs] h-[ws] fors=1,
Ta|Us] =
[ws] for s > 2.

Proof. Tt is clear that vs is a cycle: d'vs = 0 and d'vs = 0 because of our sign system and
n'vs = 0 and n'vs = 0 for dimensional reasons. Moreover, we consider Weierstrafl top cells
for the partition (s,1,...,1), so over X, there are h critical points of multiplicity s for s = 1
and only one critical point of multiplicity s for s > 2. Thus, the statement follows from

= Y a®)- Y wEed= Y %) #{mult(C) = s} .

3:(s,h,m) mult({)=s 3:(s,h,m) [
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5 Weierstrafl complexes in cohomology

5.2 WeierstralB and Mumford classes

We want to understand the Poincaré-Lefschetz duals PL%1 [ws] of the WeierstraB classes.
It turns out that they equal the m'w*x* € H?*~2(T) studied in CHAPTER 4.3.

5.2.1 Reminder. For a complex line bundle C —s L — B, the transitions of E := SP"L
preserve the multiplicity of 0, REMARK 3.3.3. We get subbundles CP"~* — E% — B by

E® :={(z,0) € E; multg(0) > s} C E.
We obtain a filtration E = E° D --- D E5 & B.

5.2.2 Motivation. As usual, let L := T+§ — §. The crucial idea of this chapter is the
combination of two simple observations:

(1) For our scanning section, we have w™!(E*) = .
(11) For each x € §, the class 2%[E®] € Haj,_o4(E;) is dual to &5 € H*(E,).

We want to deduce a homological statement from this fact.

5.2.3 Remark. Let M be an m-dimensional complex and let N —— M be a closed and
oriented n-dimensional submanifold and subcomplex of M. For a simplex X, write ¥ : N if
dim(X) =n and ¥ C N. There is a sign system 0 such that

D () € Cu(M)

SN
is a cycle and then the fundamental class [N]y; € H,(M) is represented by it up to sign.
If N is connected, then § is uniquely determined up to one global sign.

5.2.4 Reminder (Transversality). Let M be a closed and oriented m-dimensional manifold
together with a fundamental class [M]| € H,,(M) and Poincaré duality isomorphisms

PDy: HY(M) — H,p_ (M),
U — 0~ [M].
Due to [Bre93], we introduce the concept of the intersection product:

(1) Let a € H;(M) and b € H;(M) be two homology classes. Then we can define their
intersection product, dual to the cup product, by

aeb:= (PD,} a— PD}}b) ~ [M] € Hipjm(M).

(1) Let N —— M a closed and oriented submanifold. We define the Thom class of the
embedding by 74 = PDy/[N]y € H™ "(M). We obtain

[N]ar o [K]ar = (i — i) ~ [M].

(1i1) Let M be smooth and two submanifolds N, K < M smoothly embedded. N and K
intersect transversally, write N h K, if T, M = T,N+1T,K for each p € NNK. In this
case, N N K is again a submanifold, now of dimension dim (V) + dim(K) — dim (M),

and we have 7 = (1A)*7. In particular, we get for the intersection product

[NﬂK]M = [N]MO[K]M
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5.2.5 Lemma. Let C — L — B be a line bundle over a closed, oriented m-manifold B.
Then o: E == SP"L — B is a closed and oriented (m + 2h)-manifold.

(1) E® — SP"L is a (m + 2h — 2s)-dimensional submanifold and PDg(x®) = [E*|g.

(1) Let N C E be a smooth n-dimensional submanifold and w: B — E be a section
such that w(B) th N. Then w=Y(N) is an (n — 2h)-dimensional submanifold and

(PDgow* o PDL!) [N]p = [w™ (N)]5.

Proof. STATEMENT “(1)”: Consider the infinity section so: B — E and B = Soo(B).
Since s x* = 0 for s > 1, we get PD'[Bo] = X" € H?*(E). We show “PDp(x) = [E']”:
Let 1,: E, — E be a fibre inclusion. Then obviously, E, h E' and we get

—1r1 E, E

After applying LerayHirsch, +: H*(B) ® H?>(CP") — H?*(CP") is just the projection.
Thus, there is a o € H?(B) with TEEl = x + o*a. Since E' and B, are disjoint, we get

LH(a® ") =o'a — X"=715 — X"=PD;'[BL NE =0

Hence, o = 0 and PD'[E!] = Tgl = x. Now consider E' and E*. Obviously, £ C E!,
in particular, they do not intersect transversally. However we can alternatively consider
the image E° := D(E?®) of the fibre-wise s'" derivative, defined as

(Z,[as -+ :ap]) (E,[s!-asz---:ﬁth:O:---:OD
S x Cph=s S x CpPh
| l
E?® 5 E

where S := SL is the principal S'-bundle associated to L and we identify £ = S xg1 CP".
We have [E*] = [E*] and E* intersects E' transversally and moreover, E*N E' = D(E*T1).
Thus, we get [E*] @ [E'] = [E*T!] and the main statement follows by induction as

PDp(x*™!) = PD(x* — X) = PDEp(x*) ¢ PDE(x) = [E*] ¢ [B'] = [E*71].

STATEMENT “(11)”: Consider the inclusion ¢: w(B) — E. Then w: B — F lifts over
w =101 where n: B — w(B) is a homeomorphism (in particular, deg(n) = 1) and

Z*/ Hm+2hfn(E) \*
Hm+2h—n(w(B)) Hm+2h—n(B)
PDw(B)l lPDB
Hy-on(w(B)) Hy_on(B).

*

3

1%

3
*

R

Finally, we see for the left vertical path in the diagram
* — * w(B
(PDu) 0" 0 PD) [N] = (PDyys) 01" ) 7§ = PDus) s = IV Nw(B)lus).

Thus, (PDpow* o PD')[N] = nu[N Nw(B)]wp) = [w™ (V)]s O
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5.2.6 Remark. Instead of B being a closed manifold, B is the interior of a compact
relative manifold (X, X’). We have to change the following subtleties, cf. [Spa94]:

(1) A subspace (S,85") C (X, X’) is called relative n-dimensional submanifold if SNB C B

is an n-dimensional submanifold. Then we have:

e (5,5') is a relative manifold itself and (after installing an orientation system)
we get an embedded relative fundamental class [S, S'] € H, (X, X'; O).

e Let X be triangulated, X’ C X be a subcomplex of codimension at least 1 and
(S,5") C (X, X') be a relative submanifold such that S C X is a connected
subcomplex. Then there is a (up to one global sign) unique sign system 4 such
that the following u € C,,(X, X’; O) is a cycle and [u] = [S, 5]

u = Z&(E) Y e Cn(X,X";0)

e Let B carry a smooth structure and let (S,5), (T, T") C (X, X’) be smoothly
embedded. We say S and T intersect transversally if SN B and T'N B intersect
transversally. Then (S NT,S" NT') is again a relative submanifold and the
above formulae for transversality hold.

(11) The bundle o: E = SP"L — B can be extended over X to the contracted extension
(which is no longer a fibre bundle): Consider Y := E U A with the topology where

there is U C X open and V C E open

C :
WEYopen i<= i UAB = o(V) and W = V U (U N X').

We get a subspace Y/ := A CY and amap g: (YV,Y') — (X, X') with:

e E CY open, @\E = g and for x € X’ the fibre o~ !(x) has one point.
e Y is compact and (Y,Y”) is a relative manifold with interior F.
e Every section w: B — E can be uniquely extended to w: X — Y.

(1) Let O be an orientation system for (X, X’). Since E — B is an orientable bundle,
this extends to an orientation system for (Y,Y”) and we get Poincaré-Lefschetz maps

PLEZ H.(E) — Hm+2h70(Y7 Y,7 O))
PLp: H*(B) — Hpo(X, X5 0).

LEMMA 5.2.5 can now be generalised without any problems to the relative case:

5.2.7 Lemma. Use the notion of (X, X') and (Y,Y') resp. B and E from above.

(1) We can complete E* C E trivially to (T*,T%) C (Y,Y') with T* N E = E* and get
classes [T, T*'| € Hpypyon—2s(Y,Y';0). Then

PLy(x%) = [T°, T*).

(1) Let (T, T") C (Y,Y') be a smooth submanifold meeting (w(X),w(X")) transversally.
If (S,8") C (X, X') is a submanifold with S\ S~™!' = w=Y(T'\ T"), then

(PLpow* o PLL!) [T,7] =[S, 5.
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5.2.8 Proposition. We have the dual correspondence PLg(w*x*) = [vg].

Proof. STEP 1. Consider our subcomplex (V;, V) C (3, ¥). Unfortunately, the interior
Vs \ V] = U, C § is not a submanifold since it has branch points. However, all such
branch points lie in V4 and V1 C § is a subcomplex of codimension 2s + 2. Hence, by
LEMMA 4.3.6, the inclusion 4 := 8, ; — § induces isomorphisms in cohomology up to
degree 2s and we may equivalently show for the restrictions

PL: " [v,]

_ *_ S
ﬂ—wX|u

STEP 2. Consider the slightly altered situation where the base is (X, X') := (F, Ju Vit1)
and B := X \ X’ = {. The bundle g: (Y,Y’) — (X, X’) is the contracted extension of
SP"TLB — B and w: X — Y is the unique extension of our scanning section on X.
We have a submanifold given by (S,5") = (V5, V! U Vs1) C (X, X’). By REMARK 5.2.3,
its fundamental class [S, '] is given by . [vs] where 1: (3,F) — (X, X') is the relative
inclusion. Let j: B — § be the inclusion. Since PLp o j* =1* o PLg, we get

PL ' [v]

L= PL:'[vs] = PL" w[vs] = PL5'[S, 5.

STEP 3. Consider the embedded relative submanifold (@w(X),w(X")) C (Y,Y”). On the
interior, we have w(4l) which intersects E* transversally: Let p € w(l) N E*. The space
of all directions in il where the critical point of multiplicity s is preserved has dimension
3h + 2 — 2s since we cannot move the point on the surface, but we are in the interior of a
Weierstraf simplex A2H1=s 5 Ah+1=s Thus, dim(Tpw() N TpE*) = 3h + 2 — 2s and

dim (Tpw(8) + TpE®) = (3h + 2) + (3h + 2+ 2h — 2s) — (3h + 2 — 25)
= dim(T,E).

Since we restricted everything on i, we know that (w|u)_1(E5) =Y, UU=5\5" Now,
we finally combine both parts of LEMMA 5.2.7 and get the identity

—

b

* — S S ( ) - -
((w|y)" o PLEIT®, %] = PLE'[S, 8] = PLy ' [us]|,

W*X8|u

5.2.9 Corollary. The intersection product of the lifted Weierstrafi classes is given by

[vs] ® [v] = [vs44] € Han o925 (T, F;O).

5.2.10 Corollary. We have in the relative complex (P, P')

1% s\ _ h[wl] fO?"S:L
PLp(me™x?) = {[ws] for s > 2.

Proof. We use the previous PROPOSITION 5.2.8 and apply the diagram

HQS(S) L H3h+2—25(§, §/; 0)

N Jr

H>72() B T P— Hspyo2s(P, P O). -
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This finally leads immediately to the central theorem of this thesis as a combination of
COROLLARY 4.3.11 and COROLLARY 5.2.10: Let m = 0. We have the easy case

PLy(ro +2) = PLy(r'w*x) = (2 = x(Ey)) - [wn] = 2¢ - [wi].
and for the other Mumford—Miller—Morita classes, we get the main result:
5.2.11 Theorem. Let m =0 and s > 2. Then

PLy(ks—1) = PLyp(m'w*x®) = [ws).

5.2.12 Outlook. There are several interesting questions arising from this duality:

(1) We can study the divisibility of the Mumford classes or, equivalently, the divisibility
of the Weierstraf} classes. There are some famous results for the divisibility of the
Mumford classes in [Ebe08] and [GMT06].

(11) We may study the intersection products [w,] e [w,] of Weierstral classes. These
correspond to cup products of the Mumford classes. One conjecture is that

[ws] @ [we] = [ws]
where (s,t) means the partition (s,¢,1,...,1). It has the correct degree since

dim[ws ] = 3h +4 — 25 — 2t = dim[w,] + dim[w¢] — 3h.

(1) Some Weierstral cycles w,, may be boundaries and hence [w,] = 0. If, as conjectured
in (11), cup products of Mumford classes correspond again to Weierstrafl classes [w,],
we may find algebraic relations which the Mumford classes fulfill for g < oc.
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Appendix

A General bundle constructions

Following [Hus66] and [Ste99], we present the basic tools for working with fibre bundles,
principal G-bundles as well as real and complex vector bundles.

A.1 Reminder. Let C be a subcategory of Top? and let B be a topological space. If
E — B is a fibre bundle with fibre F' in C, there is a cover (U;);c; of B and trivialisations
Vit E]U_ — U; x F. For 4,5 € I consider U;; := U; N U; and the map

-1

A (2
wij: Uy x F E Ui x F

Ui

Its adjoints t;;: U;; — Homeo(F) are called transition functions. If Im(t;;) C Autc(F),
we say, the bundle is of type C. The transition functions fulfill the transition identities
(I) tu(.CU) = idF,
(11) tjn(z) otyj(x) = tip(x) for all i, j,k € I and = € U;; N Uj.
Conversely, every system (t;;: U;; — Homeo(F)); ; fulfilling the transition identities yields
a fibre bundle by glueing the charts together along the adjoints ¢;;.

A.2 Construction (Subfibre). Let F — E — B be a fibre bundle with transitions
(tij)i; and let FY C F be a subset of the fibre which is fixed by all transitions, i.e.
tij(z)(F') = F'. Then we obtain a subbundle, the induced subfibre bundle

j— S CAN )
r€EB
A.3 Construction. Let C and D be subcategories of Top?. .Z: C — D is called
continuous if for each X,Y € C the map Fxy: C(X,Y) — D(Z X, #Y) is continuous
in the compact—open topology. Now let p: E — B be a fibre bundle of type C with
transitions (¢;;); ; and let .#: C — D be a continuous functor. Then the functions

Sij - Uij — D(fF, gF),SC — ﬁ‘F,F(tij(m))

fulfill the transition identities and therefore define a new fibre bundle .%gFE — B with
fibre FF, called the fibre-wise application of % . Very often, we suppress the index B, do
not confuse this with the application of .% only on the total space F.

A.4 Remark. Let #,9: C — D be two continuous functors. A natural transformation
n: ¥ — 9 is called continuous if all nx: FX — 4 X are continuous. In this case, we
get a bundle morphism 7, : #pFE — ¥pE given locally by

77*|U

FpEl, GuEl,

=| =

Ux FF ——— UxYF
idy xnp
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A.5 Construction (Principal G-bundles). Let G be a topological group. For a continuous
map 7: P — B, the following statements are equivalent:

(1) = is a fibre bundle with fibre G and structure group G where the action of G on
itself is given by right translation.

(11) P is a free right G-space, 7 is isomorphic to the projection pr: P — P/G, we have
a local sections and a continuous comparison map detecting the action of G:

C:PxpP— G, (2,2-9)—g.

In this case call m: P — B principal G-bundle. Let Pring(B) be the set of all isomorphism
classes of principal G-bundles over B. By the pullback, Pring becomes a contravariant
homotopy functor, which is represented by the classifying space BG, i.e. there is a natural
bijection between Pring(B) and [B, BG] for all CW complexes B.

A.6 Construction (Balanced products). Let G be a topological group. Let X be a right
and Y a left G-space. Then we can form their balanced product

X xY
(x-9,y)~(x,9-y)

XXGYIZ

The projection pry: X x Y — X is equivariant. Thus, we get 7: X xg Y — X/G.
A.7 Construction. Let P — B be a principal G-bundle and F a left G-space. Then

m: PxqF — B

is a fibre bundle with fibre F' and structure group G, called the associated fibre bundle.
Conversely, we call P — B its associated principal bundle.

A.8 Example (Classification of vector bundles).
(1) Let V be a real k-dimensional vector space. Then define the space of frames
Fr(V) = {(v1,...,v1) € V¥ (v1,...,v3) is a basis of V}.

Each linear isomorphism ¢: V' — W yields a morphism ¢, : Fr(V) — Fr(W) by

(P*(Ul, cee ,’Uk) = (@(Ul), cen 790(1}16))
This turns Fr into a continuous functor of finite-dimensional vector spaces.

(1) If E — B is a k-dimensional vector bundle, then the fibre-wise application Fr(E)
is a principal GL(k, R)-bundle and E = Fr(E) Xqrk,R) R* i.e. Fr(E) is the asso-
ciated principal bundle. This yields a 1:1-correspondence between Vecty(B), the
isomorphism classes k-dimensional vector bundles over B, and Pringy, r)(B)-

(1) We know that BGL(k,R) ~ BO(k) ~ Gri(R*) where Gri(R>) denotes the real
(k, c0)-GraBmannian. Thus, we get a bijection between Vect¥(B) and [B, Gry,(R>)].

(1v) The same holds for complex vector bundles since BGL(k, C) ~ BU(k) ~ Gry(C*),
where Gry(C*°) denotes the complex (k, 00)-Grafimannian. Thus, we get a bijection
between Vect (B) and [B, Grj(C>)]. In particular, we have for complex line bundles

Vect$(B) = [B,CP*] = H%(B; 7).
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B Simplicial and semisimplicial structures

B.1 Definition. Define the simplicial category A, whose objects are finite cardinals
[n] = {0,...,n} and whose morphisms are order-preserving maps «a: [n] — [m].

B.2 Construction (Coface maps). For n > 1 and 0 < ¢ < n, there is a unique injective
morphism d;: [n — 1] — [n] in A not attaining ¢ € [n]. For every injective morphism
d: [n] — [m], there are unique indices 0 < ip41,...,0, < j— 1 with

d=d™ ... qntD

im 7:n-',-l '

We call the d; coface maps. They generate the injective morphisms in A.

B.3 Construction (Codegenerace maps). For n > 0 and 0 < ¢ < n, there is a unique
surjective morphism s;: [n + 1] — [n] in A repeating ¢ € [n]. For every surjective
morphism s: [n] — [m], there are unique indices 0 < 4y, ..., ip—1 < j with

s — S(m) o S(nfl)

im in—1 "

We call the s; codegenerace maps. They generate the surjective morphisms in A.

B.4 Proposition (Cosimplicial identities).

(1) The codegenerace and coface maps fulfill the simplicial identities

djdi = didj_l fori < j,
SjS; = SiSj11 Jori <j,
diSj_l fori <j,
s;d; = ¢ id fori=yj3,7+1,
diflsj fori>j+1.
(11) Every morphism ac: [n] — [m] can be written uniquely as o = ds with d injective and
s surjective; therefore, the coface and the codegenerace maps generate the morphisms.
In particular s;d; = id and d;s;(j) = j for j # i.
B.5 Definition. We define the semisimplicial category A, to be the subcategory contain-
ing all injective morphisms, i.e. all strictly order preserving maps. We see:

(1) We have the inclusion functor Z: Ay — A.
(1) The morphisms in A are exactly the compositions of coface maps.

The following constructions can be done either over the simplicial or the semisimplicial
category. For our purposes, it is enough to restrict ourselves to the semisimplicial case.

B.6 Construction. A semisimplicial set is a contravariant functor
X: AP — Set.

A morphism f: X — ) of two semisimplicial sets is a natural transformation. Hence
the category of semisimplicial sets is exactly the functor category [Aip, Set]|. Note that
defining a semisimplicial set X is equivalent to defining a family (X,,),>0 together with
d;: Xy, — Xy fulfilling djd; = d;d; 1 for @ < j. We call the d; face maps.
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B.7 Construction. A k-semisimplicial set is a functor

X AP x - x A% s Set.

k

We restrict ourselves to the case k = 2 and call the 2-semisimplicial sets bi-semisimplicial sets.
In other words, a bi-semisimplicial set is a family (X, 4)p.q>0 together with maps

d;-: Xpg — Xpg—1 and dg': Xpg — Xp_14
such that d;d] = djd; and d’ and d” are face maps.
B.8 Remark. We have a covariant functor

(_)*: A+ — T0p7
[n] — Ay,

d+— [d*: Zak-ek — Zak-ed(k)
k=0 k=0

B.9 Construction. Let X: Aip X Aip — Set be a bi-semisimplicial set. We define the
geometric realisation to be the quotient

e TTTT o % A % A, / (3 (di)ea, b) ~ (S50,b),
& p>0q>0 (Z;a,(dj)«b) ~ (dj%;a,b).

For a morphism f: X — 9) of bi-semisimplicial sets, we have a continuous map

£ D] — DI, [5;a,0] — {f[p]x[q](z);a, b} :
This gives rise to functors |-|: [AT” x AP, Set] — Top.

B.10 Definition (Local system). Let X be a bi-semisimplicial set and C be a category.
By abuse of notation, denote by X = ][, ;¢ X4 also the set of all simplices. A local
C-system is a family O := (Fx)xex of objects from C together with isomorphisms

8;-(2): By — Ed;.E and 8{/(2): Ey — F 5y

)

fulfilling the semisimplicial identities. For us, the following examples are important:
(1) The constant family Ex, = E and € (X) = &/ (¥) = idg is a local C-system.

(11) An orientation system is a local Ab-system with Ey, = Z. In this case, the morphisms
e/(¥) and €%(X) can be identified with signs +1.

(2

B.11 Construction. Let X be a bi-semisimplicial set and O an orientation system. The
simplicial double chain complex C, o(X) can be modified by using the following differentials

0" Cpg(X) — Cpq 1(X), " Cpg(X) — Cp 1,4(X),

Zb—>z d’ E,_>Z z‘ 'S
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C Special notation for the symmetric group

C.1 Definition. We define the standard symmetric group &, = Sym{l,...,p} and the
extended symmetric group &, = Sym[p] = Sym{0,...,p}. Most of the time, we are dealing
with &,. Furthermore, we use the convention -7 :=0o07.

C.2 Definition. For a permutation o € &,, we define the set of fized points, set of inertia
and the support to be the following subsets of [p]:
fix(o) = {k; o(k) = k},
inert(o) :={k; o(k) =k+1 mod p+ 1}
supp(0) := {k; o(k) # k} ={0,...,p} \ fix(o).
For 0 < i < p, define cyc(o,i) € &, as the (possibly trivial) cycle of o containing .
Moreover, for a collection o1,...,0, € @p of permutatons, we define
fix(oy,...,0.) = fix(o1) N---Nfix(oy),
supp(1, . .., o) = supp(o1) U - - Usupp(ay).

C.3 Definition (Cycle number and norm). Let p > 1 and let o € &,,.

(1) For 1 <k <p+1let Tx(o) be the number of k-cycles. The cycle number (counting
trivial cycles) is then defined by ncyc(o) = T1 + - - - + T,11 and we obtain

p+1

p+1=> k-Tp.
k=1

(1) The norm N(o) is the minimal number of transpositions needed to generate o.
Then ncyc(o) + N(o) = p + 1, more precisely

p+1

N(o) =Y (k—1)-Ty.

k=1

C.4 Example. For 0 € S, consider its decomposition into non-trivial cycles

r

o= H(am, ce Qg )
i=1
Then supp(c) = {a;j}ij and sg(o) = (—1)V(?) and moreover,
N(o) = zr:(sl —-1) = —r—l—isi.
i=1 i=1
C.5 Remark. We have the triangular inequality
N(o-7) < N(o)+ N(1).

We call a pair (o, 7) of permutations geodesic pair if N(o-7) = N(o)+ N(7). Obviously,
if supp(o) and supp(7) are disjoint, then (o, 7) is a geodesic pair.
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C.6 Definition. For 0 < i < p, define the skipping
D;: &, — &p_1,0 —>s;0 (i,0(i)) oo od;,

where d;: [p— 1] — [p] resp. s;: [p] — [p— 1] are the i*" coface resp. codegeneracy maps
(see B.2 and B.3). In other words, we remove the element ¢ from the cycle decomposition
and apply the (now injective) morphism s; on the remaining elements.

C.7 Remark. Obviously, D; is surjective, but not a homomorphism. However, we have

Di(a_l) -Di(0) =s;0(i,o(i)) o o lod;os; o (i,0(i)) oo od;
=s;00 lood,

=id

and we obtain D;(c)~! = D;(c~!). Furthermore, we have D;D; = D;_1D; for i < j which
turns [p] — &, into a semisimplicial set.

C.8 Remark. For a permutation o € &, and 0 < i < p, we have

N(Di(0)) = {N(U) for i € fix(o),

N(o)—1 else,

since in the first case, the cycle number and p is decreased by one and in the second case,
no cycle is removed.
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&

3.7)
em
Sgn
fix(o)
o
o,

AV
N4
ind(X, p)

inert(o)

The universal classes (L) € H*(SP"L), page 34

The cycle number of a parallel cell X, page 9

The incidence number for a given partition, page 18

The simplicial double chain complex of a bi-semisimplicial set, page 66
A system of signs, page 26

The simplicial category, page 65

The i*" simplicial coface maps, page 65

The i*" skipping of a permutation, page 68

The completion of the universal surface bundle, page 56
The open surface bundle over ", with fibre F*, page 39
The universal surface bundle over PB7, page 37

The set of fixed points of a permutation, page 67

The surface F'\ {Q, P, ..., P} with removed dipole and sinks, page 7

m

The geodesic disk bundle over €7,

page 44

The tautological bundle over PV, page 34

The potential bundle over 97", with contractible fibre, page 12
The index of a vector field X : M — T'M at a point p € M, page 12
The set of inertia of a permutation, page 67

The (s — 1)"" Mumford class, page 38

The number of punctures of a parallel cell ¥, page 9

A point [F,u, D] € ) resp. a point [¥;a,b] € |P|., page 13

v is a partition of the number h, page 18

The norm of a parallel cell 3, page 9

The one-point compactification functor, page 27

The multiplicity of € X with respect to a © € SP" X, page 30

The orientation system for (P, P’), page 11
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w The scanning section §'; — SP'T J-%gfl, page 48
RO The geometric realisation |P)3|\ [P} [, page 10
PL The Poincaré—Lefschetz duality isomorphism, page 11

Pol" v The space of all polynomials of degree at most h over V', page 31

m The cohomological fibre transfer, page 38

0 The injectivity radius of an element [N, (] € €', page 44
S; The i*" simplicial codegenerace maps, page 65

S, The extended symmetric group Sym{O0, ..., p}, page 67
Sph The h-fold symmetric product, page 30

supp(c)  The support of a permutation, page 67

pI A permuted cell (Tr(g) | - [ Tx(1)), Page 16

02 A conjugated cell (07,071 |-+ | oT1071), page 16

T+E The vertical tangent bundle, page 28

38 A special open subspace of the surface bundle §, page 37

(W,,W/) The relative Weierstral subcomplex of a given type, page 21

W, The set of all Weierstraf cells of a given type, page 18
U The lifted Weierstrafl complex, a closed subspace of §, page 37
2 The geometric realisation of the Weierstrafl complex, page 21

X XgY  The balanced product of two G-spaces, page 64

Z(T) The centraliser of 7, page 18
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associated fibre bundle, 28, 64

balanced product, 28, 64
bundle
geodesic disk, 44
potential, 13
surface, 28, 37
tautological line, 34
vertical tangent, 28

cell
conjugation, 18
degenerate, 15
inner, 9
permutation, 16, 18
separated, 15
Weierstraf3, 18
centraliser, 18
class
Euler, 28, 38, 51
Mumford, 38, 53, 62
Thom, 28, 58
classifying space, 8
critical graph, 12
critical point, 12, 15, 18, 40, 44
cycle number, 67

degree, 30
dipole, 7, 12, 40, 51

Euler class, see class, Euler
excisive triad, 29, 51

face operator

horizontal, 9, 15, 16

vertical, 9, 17
fibre-homotopically trivial, 33
fundamental theorem of algebra, 31

geodesic
disk, 44
pair, 22, 67

Gram—Schmidt, 27

Harer’s theorem, 38
Hilbert uniformisation, 13
Hurewicz isomorphism, 33

incidence number, 18
inertia, 67

injectivity radius, 44
interpolation, 49
intersection product, 58

Leray—Hirsch, 34, 59

Levi—Civita connection, 47

local system, see orientation system
logarithmic sink, 12

mapping class group, 7, 38
stable, 38
Mayer—Vietoris sequence, 29, 51
metric, 42
moduli space, 8
multigraph, 24
multiplicity, 12, 30, 44
Mumford class, see class, Mumford

norm, 9, 67
notation
homogeneous, 9
inhomogeneous, 9
number of punctures, 9

one-point compactification, 27
order, see multiplicity
orientability, 27, 57
orientation system, 11, 66

parallel transport, 47, 51
partition
homogeneous, 18
primitive, 18
sub-, 21
Poincaré—Hopf index theorem, 12, 13
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Poincaré—Lefschetz, 11, 57
polygon, 44

potential function, 12
principal G-bundle, 64

quasiconformal map, 8

relative manifold, 11
Residue theorem, 12
Riemann—Roch theorem, 12
Riemannian metric, 27, 39

scanning section, 48
Serre spectral sequence, 38
simplicial
category, 65
set, 65
skipping, 68
slit complex, 10
degenerate subcomplex, 10
support, 67
surface bundle, see bundle, surface
surface with structure, 7
symmetric group, 67
extended, 67
symmetric product, 30
fibre-wise, 32
infinite, 30

tautological line bundle, 34
Teichmiiller space, 8

Thom class, see class, Thom
Thom isomorphism, 40
transfer, 38, 53

transition function, 63
transversality, 58

vertical tangent bundle, see bundle, verti-
cal tangent

Weierstraf
cell, 18
complex, 21
lifted classes, 57
lifted complex, 37
top cell, 18
Whitney sum, 28
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