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Abstract

This thesis is based on the following observation: while it is a classical result
that the collection [ ], 9,1 of moduli spaces of surfaces with a single bound-
ary curve is an E-algebra (more precisely: it admits an action of the little
2-cubes operad 6;), we need a coloured version of 6, which understands a
cluster of squares as a single input with a certain multiplicity, if we want to
establish an action on the collection of moduli spaces 91, , of surfaces with
multiple boundary curves in a similar way.

Moreover, Bodigheimer introduced a finite multisimplicial model ‘B, ,
for Mo n, which is useful for explicit homological calculations. In order to
construct an operadic action on this specific model, we have to additionally
require a certain coupling behaviour among squares belonging to the same
input. This gives rise to a family of suboperads, called vertical operads.

We analyse these operads from several perspectives: on the one hand, their
operation spaces and free algebras are modelled by clustered and vertical
configuration spaces, whose homology, homological stability, and iterated
bar constructions we investigate in the first chapters. On the other hand, we
study the homotopy theory and the homology of their algebras and use the
arising operations to describe the unstable homology of moduli spaces.

Finally, it turns out that the developed methods are also useful to solve
a problem of a seemingly different flavour: for a space A, the collection of
parametrised moduli spaces ] [, M, 1[A] is itself an Er-algebra, and its group
completion is an infinite loop space. We identify the underlying spectrum in
the spirit of Madsen and Weiss.

KeywoRrbps: coloured operad, configuration space, moduli space,
homological stability, bar construction, homology operation,
group completion, infinite loop space.
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Conventions

The following conventions will be used without any further explanation:

We denote the natural numbers (including 0) by N := {0,1,2,... }, the
integers by Z, the rational numbers by Q, the real numbers by R, and
the complex numbers by C. The set of strictly positive integers will be
denoted by N := {1,2,...}.

For an integer n > 0, we denote the cyclic group with n elements by
Z,, and for a prime p we denote the field with p elements by IF,.

Closed intervals are denoted by [4; b], while open intervals are denoted
by (a;b), and half-open intervals by [4;b) and (a; b], respectively.

We denote the disc, the sphere, and the torus by

DY = {(x1,...,x4) € R 23+ 423 <1},
gi-1.— {(x1,...,x4) € R%; x%+'--+x§ =1},
T? == (81)“.

We abbreviate r := {1,...,r} for each r > 0, and we write &, for the
™ symmetric group, which contains all bijections on the set .

By a space, we mean a topological space which is compactly generated
and has the weak Hausdorff property. Let Top be the category of them.
Moreover, we let Top. be the category of (possibly degenerately) poin-
ted spaces, with pointed maps as morphisms. The space with a single
point is denoted by *.
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Overview

... 10S esse quasi nanos
gigantum umeris insidentes.”

BERNARD DE CHARTRES

This thesis continues a classical approach which has proved very useful: it
exploits the interplay between configuration spaces, operads, and moduli
spaces of Riemann surfaces.

CONFIGURATION SPACES of smooth manifolds have been playing a central
role in algebraic topology since the influential works of [FN62a; FN62b].
There are plenty of perspectives from which configurations can be considered;
let me mention only those which appear in this thesis: firstly, configuration
spaces give geometric models for classifying spaces of Artin’s braid groups
[Art25] and of the symmetric groups. Secondly, their homology has been
extensively studied in [Arn6g; Fucyo; CLM76], and the sequence of unordered
configuration spaces which are related by adding a new particle ‘far away’
takes shape in many classical sequences for which homological stability has
been shown [Naké61; Arn6g; Segy9; Ran13]. Thirdly, for a based space X, one
can consider configuration spaces of particles which come together with a
label, and a particle vanishes if its label reaches the basepoint. These labelled
configuration spaces have been compared to iterated loop spaces [Seg73;
MS76], or, more generally, to section and mapping spaces [Bod87; BCT8g],
and they admit a stable splitting [Snay4; Bod87].

The concept of an OPERAD has its origins in the study of iterated loop
spaces by Boardman, Vogt, and May [BV68; May72; BV73], and has become
an indispensable part of modern homotopy theory since then. The master-
example of a topological operad, the operad 6; of little d-cubes introduced
in [May72], models the homotopy theory of E;-algebras. On the other hand,

... that we are like dwarves perched on the shoulders of giants.
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Overview

it is connected to the aforementioned configuration spaces: the operation
spaces of @, are equivalent to configuration spaces of ordered points in RY,
while their free algebras are equivalent to configuration spaces of unordered
and labelled points. Therefore, studying the homotopy theory of E;-algebras
is closely related to studying the homotopy type of configuration spaces.
The groundbreaking work of [CLM76] classifies all homology operations for
E;-algebras: they are known as the Pontrjagin product [Pon3g], the Browder
bracket [Bro6o], and, in the case of finite characteristic, a collection of divided
power operations called Araki—-Kudo operations or Dyer—Lashof operations [AK56;
DL62]. These operations can be used in order to give a very concise descrip-
tion of the rational and the IF,-homology of unordered configuration spaces
[CLM76; Cohogs].

There is a profound connection between Ej-algebras and iterated loop
spaces: each Ej-algebra M admits an iterated bar construction B?M, intro-
duced in [May72], and comes together with a map M — QBM ~ Q9BM
of H-spaces. It has been shown in [BPy2; May74; MS76] that this map is a
group completion: in particular, if 77o(M) = IN, then the stable space M is
homology equivalent to Q4B?M, the path component of the constant loop.
Finally, I ought to mention that operads have also been considered in purely
algebraic contexts, starting with the works of Ginzburg and Kapranov [GKog4].
However, their work is going to play a minor role in this thesis, since all
algebraic operads we consider are induced from topological ones.

MobuLt srACEs are much older: already Riemann noticed that for g > 2,
there are 3g — 3 complex parameters describing the possible complex struc-
tures that a Riemann surface of genus g can have [Rie57]. A rigorous way to
study these parameter spaces has been established in [Teigo]. In this thesis,
we consider moduli spaces M, of surfaces of genus ¢ > 0 with n > 1
parametrised boundary curves and m > 0 permutable punctures. Since we
have at least one boundary curve, the moduli space My, is a classifying
space for the topological group of orientation-preserving diffeomorphisms
which, by a result of [ESy0], is equivalent to the mapping class group I'y,.
Hence, studying the (co-)homology of moduli spaces is the same as studying
characteristic classes for oriented surface bundles. Here, significant progress
has been achieved over the past fourty years: the stability theorem of Harer
[Har84; Ivago; Bol12; Ran16] states that the map Hj (9, 1) — Hy(Mgi11),
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which is induced by forming the boundary-connected sum with a bounded
torus, is an isomorphism for i < % - (¢ — 1). The rational stable cohomology
H* (M 1; Q) in turn contains a polynomial algebra Q[«1, ko, . . . | generated
by the Mumford-Miller-Morita classes x; in degree 2i, see [Mum83; Mil86;
Mor8y]. The famous Mumford conjecture states that this inclusion is even an
equality, see below.

Secondly, the collection [ [, MM,,1 of moduli spaces with a single bound-
ary curve forms an Ej-algebra [Mil86; Bodgob] by sewing of surfaces. Its
group completion QB [, M, is an infinite loop space [Tilg7], and the celeb-
rated Madsen—Weiss theorem [MWo7] tells us which one: it is the infinite
loop space associated with the affine oriented Thom spectrum MTSO(2).
This shows that the stable moduli space M., 1 is homology equivalent to
QFMTSO(2), which was the key ingredient for the proof of the aforemen-
tioned Mumford conjecture. The homotopical methods of Madsen and Weiss
have been refined in the study of topological cobordism categories [Gal+09]
and admit higher-dimensional analogues [GR14; GR17; GR18]. Finally, the
work of [Tilg7] has been generalised in [Tiloo; Bas+17], where infinite loop
spaces are recognised by operads which do not necessarily have an under-
lying E.-operad, but instead enjoy certain homological stability properties
with respect to their operation spaces. One example of such an operad with
homological stability is the surface operad, whose initial algebra is [ [, M, 1.

While the above results give a comprehensive description of the stable homo-
logy of moduli spaces, their unstable homology is notoriously complicated.
One approach for explicit low-genus calculations uses a finite multisimplicial
model P, for M7, that is based on an old work of Hilbert [Hilog] and has
been established in the context of moduli spaces by Bodigheimer [Bodgoa]. In
recent decades, many explicit unstable homology groups and their generators
have been identified in works of [Ehrg8; Abhos; Godoy; ABEoS; Vis11; Meh11;
Wan11; BH14; Boe18]. Here, the aforementioned homology operations from
[CLMy6] for E;-algebras can be used to describe explicit generators.

This thesis starts with the following idea: for the above operadic description
of the collection of moduli spaces as an Ej-algebra, it was crucial that we
considered surfaces with a single boundary curve. However, even though
the operation of ‘capping off” additional boundary curves becomes stably
irrelevant, the unstable homology of moduli spaces with multiple boundary
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curves requires some further investigation. In order to apply operadic tech-
niques to this problem, we need a coloured version of the little 2-cubes operad
@, which understands a cluster of little squares as a single input with a certain
multiplicity. Secondly, Bodigheimer’s model 7, of parallel slit domains
requires a certain coupling behaviour among squares which belong to the
same input. Several special cases of this approach have already been studied
in [Bodgob], and a unified operadic approach has been suggested in [Bod13].
This is the situation from which our journey starts.

Chapter 1. Vertical configuration spaces Following the classical path, we
start by looking at configuration spaces that model our desired operads:
we consider configuration spaces of points inside R? as in [Seg73; CLM76],
together with the information that some of them form a cluster: for each tuple
K = (ky,...,k:) of integers k; > 1, we obtain an ordered and an unordered
clustered configuration space: Cx(R?) and Cx(IRY). Both have been studied
for their own sake [TP14; Pal21] and in relation to Hurwitz spaces [Tie16].

The aforementioned coupling constraint, which we would like to use later
in order to establish an action on Bg’,, gives rise to a family of subspaces
of Cx(R¥) and Cg(R%): given a decomposition d = p + g, we define the
vertical configuration spaces Vi (IRP7) and Vi(IRP4) as subspaces containing
configurations of clusters of points in R? where points from the same cluster
share their first p coordinates. The adjective ‘vertical” is motivated by the low-
dimensional example (p,q) = (1,1), where the coupling asks all points from
the same cluster to lie on a common vertical line in the plane. These vertical
configuration spaces go back to a construction by Bodigheimer [Bodgob, § 5]
and have been studied in [Her14; Ros14; Lat17].

In joint work with Andrea Bianchi, I calculated the cohomology of the
ordered vertical configuration spaces, see Section 1.2. For K = (1,...,1), this,
of course, recovers the classical result of [Arn6g]. Moreover, we proved a

.....

which generalises the results of [TP14; Lat17; Pal21]:

THEOREM 1.3.3 (Bianchi-K.). If (p,q) # (0,1), then the stabilisation
map VF(RPA) — V| (RP4) induces an isomorphism in homology in
degrees < %.
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Apart from these homological results, a few more things can be said about
the topology of vertical configuration spaces: for the case (p,q) = (1,1), we
establish a cellular decomposition inspired by [FN62b; Fucyo], which, by a
geometric version of Poincaré-Lefschetz duality similar to [Mun84], yields
the following complexity result:

THEOREM 1.4.13. For each K = (ky, ..., k), the spaces Vi (R'') and
Vi (RY) are equivalent to (r — 1)-dimensional cell complexes.

In the last section, we study the relationship between 711 (Vi (IR*!)) and the
classical pure braid groups [Art25], which we recall in Appendix A; here
we use methods from combinatorial group theory. Their higher homotopy
groups remain, except for a few special cases which have been studied in
[Lat17], unknown.

Chapter 2. Clustered configuration spaces as E;-algebras In a second step,
we consider those spaces which are going to model free algebras over the
desired operads, viz. labelled clustered configuration spaces C(R?; X) and
vertical configuration spaces V(R"4; X) for a sequence X = (Xj)s>1 of based
spaces, where each cluster of size k > 1 carries a label in Xj. These spaces
admit the structure of an E,, ;-algebra, and I showed that the p-fold bar
construction resolves the verticality constraint, similar to [Seg73]:

THEOREM 2.2.2. There is an equivalence BPV (RP; X)) ~ C(R7, ZFX)
of E4-algebras, where (XX); := LX.

It remains to understand the iterated bar construction of clustered configura-
tion spaces C(IRY; X) without any verticality constraint. While this question
turns out to be hard in general, the case d = 1 is feasible: using an Eq-cellular
decomposition in the sense of [GKR18; GKR19], we will see:

THEOREM 2.3.4. There is a weak equivalence BC(R; X) ~ X.\/, X"\K(¢),
where e ranges over a countable set and determines K(e) = (kq, ..., k;),
which defines XK == X, A -+ A Xy, In particular, if each Xy is
path connected, then C(IR; X) is equivalent to a free E1-algebra.

xiii
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These results can be used to study the stable homology of the unordered
and unlabelled vertical configuration spaces: to this aim, we show a stable
splitting result similar to [Snay4; Bod87] and employ the Thom isomorphism
for vertical configuration spaces with labels in spheres, as in [BCT89].

Chapter 3. Coloured and dyed operads The main purpose of this chapter
is to set up the operadic language that we are going to use in the remainder
of the thesis: we recall the notion of a coloured operad from [BMoy; Yau16]
and extend many classical constructions for monochromatic operads to the
coloured case.

Secondly, we explicate the idea of ‘clustering inputs’ by combining two
well-known concepts: the PROP associated to a monochromatic operad and
the N-coloured operad represented by a PROP. The result will be called the
dyeing construction IN(6) of a monochromatic operad 6. We study various
properties of the dyeing construction and make some first general observa-
tions regarding the structure of their algebras.

Finally, we consider a suboperad IN°(®) C IN(86), called the connective
part, which, roughly speaking, contains only those operations which yield a
connected result when all its arguments are connected.

Chapter 4. Vertical operads and their algebras This chapter contains the
already announced central construction of the thesis: as suggested by [Bod13],
we introduce, for each decomposition d = p + g, the vertical operad %), as
a suboperad of IN(6;). These operads are closely related to the extended
Swiss cheese operad [Vorgg; Wil17].

The connection to the vertical configuration spaces from the first chapters
is immediate: the operation space %}, ,(X) is equivalent to V(R4 x n), and
the levels of the free cl/p,q—algebra over X are equivalent to V(RPA x n;X), as
we carry out in Proposition 4.1.3. Here RP7 x n = [[" IR/, i.e. we consider
configurations of vertical clusters that are distributed on 7 layers.

It is easy to see that we have a pairing of operads (6,,IN(8,)) — 7, by
forming products of boxes, and, similar to [Dun86], we show by methods of
[Brioo] the following additivity result, where ‘®” denotes the Boardman—Vogt
tensor product:

Xiv



Overview

THEOREM 4.2.2. The induced map 6, © N(€;) — %}, 4 is an equival-
ence of &-cofibrant operads.

This shows that the homotopy theory of ), ;-algebras is equivalent to the
homotopy theory of IN(6,)-algebras, which come equipped with levelwise
and interchangeable 6,-actions.

In a second step, we restrict ourselves to the case (p,q) = (1,1), the one for
which we want to consider the action on Bodigheimer’s model for moduli
spaces, and study the system of homology operations which a % ;- or a
7{-action on a sequence of spaces imposes on their respective homology
groups. Here is a rough summary of these investigations:

SECTION 4.4. If X = (Xu)n>1 is a Vyj-algebra, then its homology
groups A, = Hy(Xy) can be endowed with:

* homomorphisms f: Ay, — Ay for each surjection f: k — n
that comes with total orders of its fibres f~1(¢),

* qunitl € Ay,

* awvertical Pontrjagin product —- —: Ay & Ay w — Antw 1041

* avertical Browder bracket [—, —]: Ay @ Aw i — Apiw—1 i +1-
If we work over ¥y or if h is even, then we additionally have:

* a vertical Dyer—Lashof square Q: A, — Ay 112n-

These operations satisfy various relations (e.g. a coloured Jacobi identity).

This result is very similar to Cohen’s work [CLM76, §111] which treats the
case of the little d-cubes, but its proof is more geometrical: it uses the basic
concepts of discrete Morse theory [Forg8], which we recall in Appendix B, as
well as intersection theory.

Chapter 5. Homology operations on moduli spaces of surfaces At the
beginning of this chapter, we recall explicit models for moduli spaces g,
We then observe that the connective part of the dyed operad IN°(6;) acts
on the collection (Hg,m S)ﬁgn)@l of moduli spaces with multiple boundary
curves, the action given by sewing of surfaces as in [Mil86; Seg88; Bodgob].
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The vertical suboperad 771 C IN(%,) is tailor-made to act on Bodigheimer’s
simplicial model Py’ of parallel slit domains [Bodgoa] for M-

CONSTRUCTION 5.2.14. There is a model for V% acting on the collection
(]_[g/m ‘43?,”)@1 of spaces of parallel slit domains, and this action is a
restriction of the IN®(62)-action on (LT Mgy ) n>1-

This restriction, and its resulting homology operations, are useful for unstable
calculations as in [Ehrg8; Abhos; Godo7; ABEoS; Vis11; Meh11; Wan11; BH14;
Boe18], to which Section 5.3 contributes. Their work comprises, among many
other results, six toric classes a, b, ¢, d, e, and f in H.(imgfl
ad-hoc constructions: a so-called T-operation and an E-operation.

First of all, we introduce classes ¢;, dy, and e, in the homology of moduli
spaces of surfaces with two boundary curves, which differ from the old ones
by gluing a pair of pants. Using these classes, we can describe the 3-torus f
as a composition st [a, €], see Remark 5.3.6, using the bracket which comes
from the olflfl—action, as well as the codegeneracy st:2 1.

Similarly, we lift the T-operation to a map T': Hy (Mg,) — HhH(im?fil),
and in Construction 5.3.10, we introduce a new generator g, € H(M )
which is supported on a 2-torus. Using these constructions, we can fully
describe the generators of He (911 2), here, for example, over FF:

), as well as two

PROPOSITION 5.3.12. The IFo-homology of 9, 5 is generated as follows:

0 1 2 3 4
9:711,2 CyC Czd,dzc dzd,gz Te,de TEb

Chapter 6. Parametrised moduli spaces of surfaces as infinite loop spaces
This last chapter contains a side project which, even though it starts with a
different question, relies on the coloured operadic approach to moduli spaces
of surfaces with multiple boundary curves that has been established in the
previous chapters of this thesis.

Recall that the Madsen—-Weiss theorem [MWo7] identifies the group com-
pletion OB, M1 of the Ey-algebra J], M, 1 with the infinite loop space
associated with the affine oriented Thom spectrum MTSO(2).
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In joint work with Andrea Bianchi and Jens Reinhold, we considered a
generalisation of the problem: for a space A, the moduli space ] [, M, 1[A]
of orientable surface bundles over A is itself an Ej-algebra, and we aim to
understand its group completion QB[ [, M, 1[A]. This question can be seen
as a first step towards the homotopy type of parametrised cobordism categories
studied in [RS17]. Our main result is the following:

THEOREM 6.4.1 (Bianchi-K.—Reinhold). There is a space C[A] with
QB[ Me1[A] = Q*MTSO(2) x QL C[A].

More precisely, we prove that the space C[A] is a union of classifying spaces
of centralisers of certain 0-irreducible mapping classes in mapping class groups
of surfaces with multiple boundary curves.

To this aim, we showed that [ ], M, 1[A] is the first component of a relat-
ively free algebra Fi'(€[A]) over a coloured version of the surface operad
[Tiloo], with base a sequence €[A] := (€[A])>1 of spaces which carries an
action by the sequence T := (T* x &)= of twisted tori.

The second ingredient generalises one of the main statements from [Bas+17]
on operads with homological stability to the coloured and relative case:

THEOREM 6.3.11. Let O be an N-coloured operad with homological
stability and let 1 be a topological category with a map B © 1 — O.
Furthermore, let X := Xq: 1 — Top, be an enriched functor, i.e. a
(B © I)-algebra. Then, under the mild point-set assumptions of 6.3.10,
we have, for each colour n € N, an equivalence of loop spaces

OBFEY 1 (X)n =~ QB6(,) x Q®E*hocolimy(X,).

Here & ©® 1 is precisely the operad whose algebras are enriched functors
I — Top, to based spaces, and F, ; is the derived free algebra.

For 6 = Jl and n = 1, the first factor can be identified with Q®*MTSO(2),
and for I = T and the specific base X = €[A], the derived free algebra is
equivalent to the strict one. This finally tells us which infinite loop space the
group completion of [ [, 9 1[A] is. We end by discussing similar results for
further well-known E;-algebras.
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Parts of this thesis have been published in the following articles, as I will
additionally indicate at the beginning of the corresponding sections:

[BK21] A. Bianchi and F. Kranhold. “Vertical configuration spaces and their
homology’. To appear 2022 in Q. J. Math. 2021. por: 10.1093/gmath/
haab061. arXiv: 2103.12137 [math.AT]

[Kraz1] F. Kranhold. ‘Configuration spaces of clusters as E;-algebras’. 2021.
arXiv: 2104.02729 [math.AT]

[BKR21] A. Bianchi, E. Kranhold, and J. Reinhold. ‘Parametrised moduli
spaces of surfaces as infinite loop spaces’. To appear in Forum Math.
Sigma. 2021. arXiv: 2105.05772 [math.AT]

In these sections, I will leave out those technicalities which have been spelled
out mainly by my coauthors.
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Chapter 1
Vertical configuration spaces

AQXAG glvar TV OAWV ATOPOUG KA KEVOV,
T O’ GAAa mavta vevopioSat.”

DeMocrITUS

The purpose of this chapter is to introduce families of clustered and vertical
configuration spaces and to study their algebraic invariants, such as homology,
homological stability, and homotopy groups.

Our interest in clustered configuration spaces comes from an operadic
perspective on moduli spaces of surfaces with multiple boundary curves;
however, they have also been considered for their own sake [TP14] and in
relation to Hurwitz spaces [Tie16], and they are special cases of spaces of
(disconnected) submanifolds, which have been studied in [Pal21].

The notion of vertical configuration spaces is based on work of Bodigheimer,
who used small examples of them in order to describe symplectic operations
on moduli spaces of surfaces [Bodgob], and who suggested a unified operadic
approach [Bod13], which we carry out in the later chapters.

Vertical configuration spaces are closely related to fibrewise configuration
spaces, which have been studied in [Cno19] in order to formulate an approx-
imation theorem for configurations with twisted labels and labels in partial
abelian monoids. From this viewpoint, vertical configuration spaces can be re-
garded as multi-fibrewise configuration spaces. Additionally, they describe
certain subcomplexes of the Fox-Neuwirth-Fuchs complex [FN62b; Fucyo]
for classical configuration spaces.

Several bachelors” and masters’ theses studied vertical configuration spaces
[Her14; Ros14; Lat1y], in particular their higher homotopy groups and their
homological stability.

1 The beginning of everything is atoms and void, everything else is perception.
8 g ything ythng percep
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1.1. Preliminaries

Let us start with a short reminder on classical configuration spaces: if E is a
space (usually, a smooth manifold) and r > 0 is a non-negative integer, then
we define the ordered configuration space of r points in E as

Cr(E) = {(z1,...,2r) € E'; z; # zj fori # j},

topologised as a subspace of E". The rth symmetric group &, acts freely on
C,(E) by permuting coordinates, and we call the quotient C,(E) := C,(E) /&,
the unordered configuration space of r points in E. Intuitively, the space C,(E)
parametrises subsets of E of cardinality r.

We would like to declare that some of the points within a configuration
‘belong together’. More precisely, given a tuple K = (ky, ..., k,) of integers
ki > 1, we want to consider configurations of |K| := kj + - -- + k, points,
clustered in r blocks, of sizes ky, ..., k;. To this end, we start with a simple
reindexing: we let Cx(E) = C‘ k|(E), but we denote its elements by tuples
z = (Z1,...,2Z,) where Z; = (z;1,...,zix,), and we call Z; a cluster of size k;.

The idea of a vertical configuration space is to consider subspaces of Cx(F)
where points from the same cluster behave similarly in a certain sense. This
is made precise by the following definition.

Definition 1.1.1. Fix a decomposition d = p + g and assume that E is the
total space of a manifold bundle pr: E — B with dim(B) = p, i.e. the fibre F
has dimension g. Then a cluster Z = (z1, ..., z) is called vertical if all of its k
points have the same projection to B, that is pr(z;) = - - - = pr(z).

We introduce the (ordered) vertical configuration space Vi (E) C Ci(E) as the
subspace of all configurations (7, ..., Z,) where each cluster Z; is vertical.

Note that we adopt the usual abuse of notation and denote the entire
bundle datum by the total space E.

Example 1.1.2. For p > 0 and q > 1, the map pry;: RP7 := R x R7 — IR?
leads to vertical configuration spaces which have been considered in [Her14;
Ros14; Lat1y]. For p = 1 and g = 1, we are requiring all points of a cluster to
lie on the same vertical line of R?, whence the terminology.

Slightly more generally, we will consider the trivial bundle RPY x n — R?,
whose total space is given by n copies of R1.
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e23

)
o o
NN

=T

Figure 1.1. A configuration in the ordered configuration space V; ;- - (R"!) and
its image under the projection to the unordered vertical configura-
tion space V34, (RM1).

There is an unordered counterpart of the above construction: we denote
by &k C &|k| the subgroup containing all permutations which preserve the
unordered partition of {1, ..., |K|} into r blocks of sizes k;. If we denote by
r(k) > 0 the number of occurrences of k in K, then Sk is isomorphic to

Gk = HGk l Gr(k) = H(Gk)r(k) X Gr(k)-
k>1 k>1

Definition 1.1.3. The group Sk acts freely on Vi (E) by permuting the labels
1 < i <7 of clusters of the same size and permuting the labels 1 < j < k; of
the points of each cluster. We denote the quotient space by

VK(E) = VK(E)/GK

Roughly speaking, and using the above notation, a point in Vx(E) consists
of a collection of r clusters, of which r(k) have size k; clusters of the same
size are unordered, and points inside a cluster are also unordered.

Notation 1.1.4. We denote elements of Vx(E) and Vi (E) as follows:

e An element of Vi (E) is an ordered collection z = (7, ...,Z,) of clusters
Z; = (Zi,lr e /Zi,k,») with Zi; € E. We also write z = (Z]/], e /Zr,k,)'

¢ For the unordered version, we make use of the suggestive sum notation:
a generic element in Vk(E) is an unordered collection [z] := Y_I_;[Z;] of
unordered (vertical) clusters [Z;] := [zi1,...,Zix,| = {Zi1,- -+, Zik }-
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Note that we use a calligraphic letter y for the index corresponding to points
inside a cluster. We stick to this distinction throughout the entire thesis: this
will be particularly useful in order to differentiate between inputs and layers.

Moreover, we will occasionally restrict to situations where all clusters have
the same size, i.e. K = (k,..., k) for some k > 1. If we let r be the length of
this tuple, we may simplify our notation and write Vrk(E ) == Vi x(E).

Finally, if the base space B is just a point, then the verticality condition is
empty. While in this case the ordered configuration space Vi (E) = C k|(E) is
well-known, its unordered version Vi (E) is a covering of Cix|(E), since we keep
the information which of the points belong together: these spaces have been
studied in [TP14; Tie16; Pal21]. In this case, we also write* Ck(E) := Vk(E),
and in the case where all clusters have size k, we write Ck(E).

Remark 1.1.5. The space Vi(E) is locally an open subspace of B" x F/X| and
hence an orientable smooth manifold of dimension p - r + g - |K|. The action
of & is free, so Vk(E) is again a manifold of the same dimension.

For our main example E = R”¥, the path components of Vi(IRP7) are
readily classified and the question of orientability can easily be answered:

Remark 1.1.6 (Path components). If we fix numbers p > 0 and g > 1, then
the following holds for the ordered vertical configuration spaces Vi (RP4):

* For g > 2, the space Vi (IRP7) is path connected.

* Forg=1and p > 1, the space Vi (IR”!) has one component Vi(RP!),
for each tuple o = (07,...,0;) € []; &, of permutations. This compon-
ent contains all configurations (z11,...,z,%,) with

p+1

p+1
Zi,ffi(l)

i,0:(k;)

forall 1 <i<r,wherez = (z!,...,zP*!) € RPFL

e For g = 1and p = 0, we recall that Vi (R%!) = C|K| (R), whence each
permutation ¢ € &g corresponds to a connected component which
contains all configurations (z11,...,2rt,) = (21,--.,2x|) With z; < z,().

2 Of course, as clustered configuration spaces are special cases of vertical configuration spaces,
it is enough to state the upcoming results for V; however, it feels more natural to call
clustered configuration spaces, where no verticality constraint is involved, C instead of V.
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We have inclusions []; &, € Sk C Sk and the group Sk = []; Sk 1 &,y
acts on 719 (Vk (IRP1)) with quotient equal to 77o(Vk (RP7)). Since the action
is transitive in the first two cases, the space Vi (IRP7) is path connected for
(p,q) # (0,1), whereas for (p,q) = (0,1) we have 7o(Vk(R*)) = & ¢/ Sk.

The latter set can also be identified with the set of unordered partitions of
{1,...,|K|} into subsets of sizes ki, ..., k;.

Remark 1.1.7 (Orientability). The manifold Vi (IR"7) is clearly orientable as
an open subset of (R?)" x (R7)/Kl. However, Vi(IRP1) is non-orientable if
and only if at least one of the following holds:

* g > 3is odd and there is at least one cluster of some size k > 2: then a
path in Vx(RP1) interchanging two points of this cluster, while fixing
all other points, reverses the local orientation.

* p+gq > 2 and there is some k > 1 such that p+ g -k is odd and r(k) > 2:
then interchanging two clusters of size k while preserving their internal
ordering and fixing all other points reverses the local orientation.

In the upcoming parts of this chapter, we study the spaces V and V from
different topological perspectives. Here is a short overview:

§1.2 THE COHOMOLOGY IN THE ORDERED CASE
We give a a complete description of H*(Vk(IR"7)) for all p, g, and K.
This section also appeared as part of [BK21].

§ 1.3 HOMOLOGICAL STABILITY FOR THE UNORDERED CASE
Using methods from [Pal18], we show that for a fixed k, the spaces
(VE(RPA)),>0 satisfy homological stability if (p,q) # (0,1). This gener-
alises results from [TP14; Lat17; Pal21] and appeared as part of [BK21].

§1.4 VERTICAL CONFIGURATION SPACES AS RELATIVE CELL COMPLEXES
We give a cellular decomposition of Vk(IR'!) and Vg (R?!) in the spirit
of [FN62b] and draw some first conclusions from this description. For
example, we show that both Vi (R'!') and Vi (R'!') are homotopy equi-
valent to finite cellular complexes of dimension r — 1 if K = (ky, ..., k).
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§ 1.5 HoMOTOPY GROUPS
This section mainly deals with the fundamental groups of Vi(RP1)
and their relation to Artin’s braid groups. We then close the section by
mentioning results from [Her14; Ros14; Lat1y] on asphericity.

1.2. The cohomology in the ordered case

In this section we calculate the integral cohomology of the spaces Vi (IRP7) for
all dimensions p > 0 and g > 1. In the case p = 0 we recover the calculations
of [Arn6g9; CLM76] for the classical ordered configuration spaces q K| (RY).
This section appeared as a part of the article [BK21].

For simplicity, let us exclude the case (p,q) = (0,1), where all components
are contractible anyway:.

1.2.1. Ray partitions

We fix a partition K = (ky, ..., k,) for the entire section. Before we can state
our main result, we need to introduce a few more combinatorial notions.

Definition 1.2.1. The tableau? associated with the partition K is the set
Y ={(i,i);1<i<rand1<j<k}.

We order Y lexicographically, which means that we write (i, 5) < (7, 7/) if
either i < i’,ori =1 and j < j/ holds.

Notation 1.2.2. For each partition Q of Yk into non-empty subsets Qy,..., 9,
we consider two positive integers: firstly, the number [(Q) := [ is called the
length of the partition, and in general we have 1 < 1(Q) < |K]|.

Secondly, consider on {1, ...,1} the equivalence relation spanned by g ~
if there are 1 <i <rand 1< j,4 <k with (i, 5) € Qg and (i, ;') € Qp
(i.e. the i cluster intersects both Qp and Qg). The number of equivalence
classes s( Q) is called the agility of the partition, see Figure 1.2.

3 The letter Y should remind us a of Young tableau, although our notion is slightly more
general, as the sizes of the columns do not have to be non-increasing.
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5, @
0))
911 1,2 @ 3,2

1,1 2,1 3,1

Figure 1.2. A partition Q of Y3, 3 into four components, i.e. [(Q) = 4. Note
that 2 ~ 3 ~ 4, whence the agility s(Q) is 2.

Definition 1.2.3. A ray partition Q of type K is a partition Qy,..., Q; of Yk,
with a total order < g on each Qﬁ (called ray), such that the following hold:

R1. the components are labelled from 1 to [ according to their minimum
with respect to the global order <;

r2. for each B, the minima of Qg with respect to < and < coincide.

If g =1, then p > 1, since we excluded (p,q) = (0,1), and Vi(R"!') is
disconnected, with components indexed by tuples o € []_; &;,. We would
like to calculate the homology of a single path component. In order to do so,
we assign to each ray partition O of type K such a tuple o as follows:

Definition 1.2.4. Given a ray partition Q, the stacked total order < on
Yx = (Qn, =) U---U(Q1,<1)

is determined by the property that it restricts on each Qg to <g, and that all
elements from Qﬁ+1 are <-smaller than all elements from Qﬁ.

For each i, there is a unique 0; € &, such that (i,0;(1)) < (i,0;( + 1)) for
all 1 < j < kj, and we define 0(Q) = (y,...,0;) € I]; &k,

Theorem 1.2.5. Let K = (kq, ..., k) with k; > 1.

1. The integral cohomology H® (Vi (RP1)) is freely generated by classes ug for
each ray partition Q, and the cohomological degree of ug is

lugl=p- (r—s(Q) +(q—-1)- (K| -1(Q)).

2. For q =1, the class ug is supported on the component Vg (RP!)s(0).
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1.2.2. The weight filtration and the proof of Theorem 1.2.5

Throughout this subsection, we fix K, p, and g as before, and we treat the
cases q > 2 and g = 1 simultaneously, putting in parentheses the differences
needed in the case g = 1. For g > 2 we abbreviate V := Vi (IR"7), while for
q = 1 we fix a path component o € []; &, and abbreviate V := Vg (RP1),.

Notation 1.2.6. We denote by pr: R? =2 R? x R7 — R? the projection to the
first p coordinates. However, in some situations, we make use of the decom-
position R? 2 RP*1~1 x R and write ({,t) for a generic point in IR¥.

Hence, we have two further projections, namely pr;: R? — RP™7! and
pr:: R? - R. Clearly, if g = 1, then pr; and pr coincide.

Definition 1.2.7. Let z = (z11,...,2,% ) € Vk(IRP7). Then we say that a ray
partition Q is witnessed by z if the following conditions hold:

wi. all z; ; with (i, j) € Qp project along pr; to the same point in R,
wz. if (i,7) <g (i, i/) holds in Qg, then pr,(z; ;) < pr,(zi ;) holds in R.

Condition w1 says that the points z; ; with (i, ;) € Qg lie on a line in R?
parallel to the t-axis; condition w2 ensures that the same points are assembled
on this line according to the order <g of their indices. In particular, the points
zj,; with (i, j) € Qp lie on a ray, namely the half-line starting at zpin (g, <)
and running in the positive t-direction; see Figure 1.3 for an example.

Remark 1.2.8 (Poincaré-Lefschetz duality). For a space X, we denote by X
its one-point compactification and denote the point at infinity by co. Since
Vk(IRP7) is an open and orientable manifold of dimension p -7 + g - |K|, we
can apply Poincaré-Lefschetz duality and obtain the isomorphism

HP (V(RP) = Hy g o (Ve(RP)™,00).

Notation 1.2.9. For a positive integer A > 0, we denote by IP(A) the set of all
ordered partitions of A, i.e. sequences A = (Aq,...,A;) of integers A; > 1, for
some 1 < I <A, with Aj +--- 4+ A; = A. The number [ is called the length of
the sequence. We have an injection P(A) < {0,..., A}" by adding a suitable
number of zeros at the end, and consider on IP(A) the inherited lexicographic
order. We denote by IP(K) the set IP(|K|), and by N its cardinality.
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1,3 ®32 @31

33 9 %

o 2,2
1.2 Q4

Figure 1.3. A configuration inside the space V; ; 5 (R?) which witnesses the ray
partition (Qy,...,Qy), where e.g. Q> = {(1,2) < (3,3) < (1,3)}.
The components Qg are numbered according to their smallest label
(r1), and the point carrying the minimal label lies at the bottom
of each ray (r2). The verticality condition demands that all points
belonging to the same cluster have to lie in the same purple plane.

Definition 1.2.10. The weight of a ray partition Q is defined as
w(Q) == (#Q,...,#9;) € P(K).

Lemma 1.2.11. Let z € V. There is a unique ray partition, called QF, which is
witnessed by z and has maximal weight among all ray partitions witnessed by z. (If
q = 1, we have moreover that o ( Q%) agrees with the ¢ to start with.)

We prove Lemma 1.2.11 in [BK21, Lem. 3.10] by constructing Q% inductively:
we let QF contain the minimum (i, j) of Yk \ Up < Qp and all (7', ) such
that z; ; lies on the ray starting at z; ; and running in the positive t-direction,
with <% determined by the condition w2, see Figure 1.4.

Definition 1.2.12. Given any ray partition Q, we denote by Wo C V the
subspace containing all points z with Q% = Q.

We define a filtration F, on V* indexed by the linearly ordered set IP(K):
for each A € P(K), we define the filtration level F, := F, V™ as the subspace
containing o and all z € V with w(Q%) > A. Note that for A < A’ in P(K)
we have an inclusion Fy» C F). It is straightforward [BK21, Lem. 3.12] to
check that the inclusion Fy C V* is a closed cofibration.
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e 21 e 31 e 21 e 31

%O

Figure 1.4. This is how our algorithm proceeds to cover all points.

Notation 1.2.13. We switch our indexing set of the filtration F, from IP(K) to
the natural numbers 1 < v < N as follows: let x: {1,...,N} — P(K) be the
unique order-reversing bijection; then, for 1 < v < N, we define F, := Fy(y).
Moreover, we set Fy := {00} C V* and obtain an ascending filtration

{oob =R CH C---CEy=V".

We also denote F_; := &, and for 0 < v < N we denote by §, the vt filtration
stratum of the filtration F,, i.e. the difference §, := F, ~\ F,_1.

Lemma 1.2.14. The strata satisfy the following properties:

1. For each ray partition Q (with o(Q) = ), the subspace Wy is a contract-
ible open manifold of dimension |K| + p-s(Q) + (9 —1) - 1(Q) and a path
component of the stratum §,, where 1 < v < N satisfies x(v) = w(Q).

2. All connected components of a stratum §, with v > 1 arise in this way.

3. The closure Wg of Wo inside V is also a smooth, orientable submanifold of V,
and of dimension |K| + p-s(Q) + (g —1) - 1(Q) as well.

This lemma is proven in [BK21, Lem. 3.14]; let us here only emphasise
two instructive steps: firstly, in order to calculate the dimension of Wy, note
that the following parameters describe a point inside Wg: on the one hand,
we have, for each 1 < g < I, a parameter {3 = ({3,{3) € RP x R7"! which
corresponds to the value attained by pr,(z; ;) for all (i, j) € Qp. However, if
two rays Qg and Qg share a cluster, then their further projections Qg and Cé/
coincide. Hence, we get for each equivalence class of rays a choice in IR, and

10
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(0,0) xR

12 ‘

31e ® 22

Figure 1.5. The linear interpolation from z to the configuration 2

for each ray a choice in R77}, yielding p - s(Q) + (g — 1) - [(Q) parameters.
On the other hand, we have for each (i, ;) € Yx a parameter pr,(z; ;) € R.

Secondly, in order to see that Wy is contractible, we choose distinct num-
bers f; ; € R such that { ; < f; ; if and only if either g/ > B, or B/ = B and
(i",4") <p (i,i), and define 2; ; :== (0,f;;) € R%. Then £ = (¢1,1,...,2,x,)
lies in Wy, and an explicit contraction can be given by linear interpolation
H(z,s) =s-z+ (1 —s)- 2, see Figure 1.5.

Now we are ready to prove Theorem 1.2.5.

Proof of Theorem 1.2.5. We consider the Leray spectral sequence associated
with the filtered space V* and compute its homology: the E!-page reads

E}//H = HV"’I‘(FVfFV*l) = Hv-l—y(Fv/vaﬂ.

By Lemma 1.2.14, each §, is the disjoint union of the open manifolds Wg for
Q varying in the finite set of ray partitions with w(Q) = x(v), and we have

F/F_1 237> \/ Wg§.
w(Q)=x(v)

Even for v = 0 we have that Fy = Fy/F_1 = {co} is formally homeomorphic
to the empty bouquet. By Lemma 1.2.14, Wy is an open manifold of dimension

11
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d(Q) = |K|+p-s(Q)+ (g—1)-1(Q) for all ray partitions; hence we can
apply Poincaré-Lefschetz duality and obtain for all v, u > 0 an isomorphism

EL,2 @ HyWg o= @ HIQOHW,).
w(Q)=x(v) w(Q)=x(v)

Again by Lemma 1.2.14, Wg is contractible for all ray partitions Q; hence
H4Q)~v=1 (W) contributes to the first page of the spectral sequence only in
the case jt +v = d(Q). We can rewrite, for each v > 0 and by considering all
degrees u at the same time,

EBE;”% P Hyg)(Wg, ).
=0 w(Q)=x(v)

Since F, is a closed filtration and Wy is a path component of §,, we can now,
for all ray partitions Q, replace the relative homology of the pair (Wg, o)
with the relative homology of the pair (F,, F, . Wg) or, using excision, with
the relative homology of the pair (WS’,WS ~ WQ), where we denote by Wg’
the one-point compactification of Wg (which coincides with the closure of
Wg in V* for v > 1); then we obtain

@PE,= D Hio(Ws W3~ Wo).
10 W(Q)=x(v)

Each direct summand in the previous decomposition is isomorphic to Z,
generated by the fundamental class of the relative manifold (Wg, Wg ~\ Wo).

By Lemma 1.2.14, (W&", oo) is also a relative manifold, and its fundamental
class projects to that of (Wg, WS \. Wg) under the natural map

Hy(0) (WG, 0) — Hy(g) (WG, WG ~\ Wg).

The previous analysis shows in particular that for all integers v > 0 the
natural map H,(F,, o) — H.(F,, F,_1) is surjective. This suffices to prove
that the spectral sequence collapses on its first page: any element on the
first page is represented by a genuine relative cycle of a pair (F,, o), so it
must survive to the limit. This shows that He(V®, o) is freely generated
by the fundamental classes of the relative submanifolds (Wg’, c0), so, via

12
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Poincaré-Lefschetz duality, H*(V) is generated by their duals, which we call
ug. For each ray partition Q, we finally see

lug| =p-r+q-[Kl-d(Q)
=p-(r—s(Q))+(q—-1) (K[ -1(Q)).

For ¢ = 1 and a fixed component ¢ € []; &, the entire argument takes
place inside V = Vi (IR7),; more precisely: for each ray partition Q with
o(Q) = o, we have Wg C Vg (RP1),. O

1.3. Homological stability for the unordered case

In this section we prove homological stability for the family (V¥(RP4)),>¢ of
unordered configuration spaces of vertical clusters of size k for all values of
p and g except for the one pair (p,q) where it is obviously false. By doing so,
we extend results by [TP14; Lat17; Pal21]. This section also appeared as part
of the article [BK21].

1.3.1. Setting and results

Throughout the section, we fix a cluster size k > 1 and we save one index
by abbreviating V,(IRP7) := V¥(IRP4). If p and g are fixed and clear from the
context, we may also just write V;.

Construction 1.3.1. For each number r > 0 of clusters and dimensions p > 0
and g > 1, we have stabilisation maps

stab: V,(RP1) — V,11(RPY)

by adding an extra cluster on the far right with respect to the first coordinate
of RP™1, as depicted in Figure 1.6.

If the clusters were ordered, a natural candidate for a topological retraction
of stab would be given by just forgetting the last cluster. In our situation, the
clusters are unordered, but still, we can define a ‘multiretraction” by summing
over all possibilities of forgetting clusters. Such a multiretraction lands in the
symmetric product, so it can, via the Dold-Thom theorem [DT58, Satz 6.10],
be used to construct a map in homology.

13
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Figure 1.6. The stabilisation map stab: V5(R"!) — V4(IR'!), which adds a new
cluster (blue) on the far right; here k = 2.

Proposition 1.3.2. The induced maps in homology
stab,.: Hy(V,(RP7)) — Hj,(V,11(RPT)).
are split injective for each h,v,p > 0 and q > 1.

Proof. We generalise the method of proof from [Pal21, Lem. 5.1], which is
based on the following lemma from [Dol62]:

LEMMA 2. Suppose we are given a sequence (0 = Ao 20 A )
of abelian groups, and assume that thereare Tj,: A, — Ajfor 1 <j<r
such that T,, = id and Tj, — Tj,11 08,1 Ay — Aj lies in the image of
sj_1. Then every s, is split monic.

To do so, we firstly note that Vj = %, whence all spaces V, = V,(IRP7) are
canonically based by stab’(x) € V,, and the stabilisation maps are basepoint-
preserving by definition. For a fixed i > 0, let A, := Hj,(V;); then we have
maps s,: A, — A,41 induced by the stabilisation.

Now recall for I > 0 the I-fold symmetric product SPlV, = (V,)! /&, where
G, acts by coordinate permutation. We denote elements of SP'V, as formal
sums of elements of V;, but we use the symbol @ in order to avoid confusion
with Notation 1.1.4. Using this convention, we consider the maps

T

Yie: Ve =PV, YEl - P YE]
i=1 SC{1,...,r} i€S
#5=j

14
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A priori, 7, is not based, but it can be homotoped to a based map since V;
is well-based. Then 7,, = id and we have a homotopy

Yjr+1 0 stab, >~ 7, & SP() (stabj_l) ©Yj 1,
of maps V, — sp(';) V;. Applying the functor 71, o SP* and using the ‘flatten-
ing’ map ¢;: SP*SP'V, — SP*V,, we obtain the desired system (7;,)1<j<, Of
morphisms for Dold’s lemma by the dashed arrow in the following diagram,

where the vertical identifications are due to the Dold—Thom theorem:

Tir

Ar ************************* 1 > A]
[ [

7, (SP®V,) —— 1, (SP*SPYV)) — & 7, (SP®V)). O
h( 7’) 7T};(SP°°’Y/‘,V) h( ]) 7Th(4’(§)) h( ])

In contrast to this, surjectivity of stab,: Hy(V,(RP1)) — Hj(V,1+1(RP7))
holds only in a certain range. The rest of this section is devoted to the proof
of the following stability theorem:

Theorem 1.3.3. Forall p > 0and q > 1 with (p,q) # (0,1), the induced maps
Hi(Vi(RP)) = Hy (Vi (RPA))
are isomorphisms for h < 5.
Many cases of Theorem 1.3.3 have already been solved:
* We know that 71 (V,(R%!)) = &,,/(6,16,), so there is no stability

result to be expected in the case p =0 and g = 1.

¢ For p = 0, we are in the case without any vertical coupling condition.
This can alternatively be described by embeddings of (disconnected)
o-dimensional manifolds into R7. For these cases, the theorem was
proven for g = 2 in [TP14] and for g > 3 in [Pal21].

¢ In [Lat1y], the case p + g > 3 was considered and proven. To be precise,
Latifi writes down the proof only for p = 2 and g = 1, but her strategy
works whenever p + g > 3.

Hence we only have to prove the single remaining case (p,¢q) = (1,1). How-
ever, since the method is the same, we will provide an argument for arbitrary
pairs (p,1) with p > 1, which uses different techniques than Latifi’s proof.

15



Chapter 1. Vertical configuration spaces

1.3.2. The dexterity filtration

In the remainder of the section, we assume g = 1, so if we use Notation 1.2.6,
then pr and pr; agree. Moreover, each vertical cluster [Z] = {zy,...,2} is
canonically ordered by the last coordinate ¢; := pr,(z;) € R of each point, and
Z] is determined by their common projection { := pr;(z) € R” and by the
real numbers 4, ..., t;. Hence we can write {z1,...,zx} = ({H < -+ < k).

We introduce an invariant which measures, for a given configuration in
VK(RP1), how ‘entangled’ the clusters are, and we want to use this invariant
in order to establish a filtration of V*(IR1).

Definition 1.3.4. Let z := (Z1,...,Z,) € V, be an ordered configuration, where
Zi = (zi1, ..., zix). We define an equivalence relation ~ on the set {1,...,r}.
Firstly, we set i ~ i’ whenever the two following conditions hold:

¢ the clusters Z; and Zy are aligned, i.e. they are contained in the same
t-line, or, equivalently, pr;(Z;) = pry(Zy) in R?;

¢ the clusters Z; and Z are entangled, i.e. their convex hulls (contained in
the vertical line) intersect each other, see Figure 1.7.

Let ~, be the equivalence relation generated by the above relations. We define
the dexterity of z, denoted 6(z), to be the number of equivalence classes of ~..
Since the notion of dexterity is invariant under the permutation action of the
group 6y &,, it descends to unordered configurations in V;.

Figure 1.7. The leftmost two upper clusters are entangled and hence form an
equivalence class. Therefore, the dexterity is 5, while the number of
clusters is 6.
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1.3. Homological stability for the unordered case

Definition 1.3.5 (Dexterity filtration). For s > —1 we let F;V, C V, be the
subspace of all configurations with dexterity at least r — s. Then we have a
chain of inclusions

G=F 1V, CRV,C---CFE 1V, =V,
and we denote by §sV; := EV, \ F;,_1V; the st stratum of the filtration.

Note that each filtration level FV;, is an open subspace of V;; in particular,
it is a manifold of the same dimension 7 - (p + k). The stratum §V; is a closed
subset of F;V,, and one easily checks [BK21, Lem. 4.7] that it is even a closed
submanifold of codimension p - s, i.e. of dimension p - (r —s) +r - k.

Additionally, the stabilisation map stab: V, — V,; is filtration-preserving,
i.e. it restricts to maps F;V; — F;V,4; of filtration components, and even to
maps of strata §sV; — §sViq1.

1.3.3. Coloured configuration spaces

We want to use the dexterity filtration in order to replace vertical configura-
tions by coloured configurations, starting with the following idea: we describe
each point inside the stratum F;V, by a configuration of r — s points in RP*1,
one point for each equivalence class of entangled clusters, carrying as a
colour a combinatorial type which describes the entanglement. This leads
us to the notion of coloured configuration spaces, which we assign to a each
map « telling us how often which combinatorial type appears.

Notation 1.3.6. Let E be an index set. A distribution is a map a: E — IN with
finite support. We write a, := a(e) and a = Y, a, - €.

In particular, for a fixed ey € E, we denote by «a + ¢y the distribution which
coincides with «, except for the fact that «,, is increased by 1.

Definition 1.3.7. Let E be a set and a: E — IN be a distribution. Then we
define |a| == Y .cp e and &(a) = [Locr Ga, € &)y)- Moreover, for a family
X := (X,)eck of spaces, we define the coloured configuration space

Ca(]Rp—H; ) _ C\IX\ ]Rp-‘rl HXag

ecE

In the case X, = * for all e, we just write C, (RP*1) := C}| (IRP*1) /& (a).

17



Chapter 1. Vertical configuration spaces

Informally, C,(IRP™; X) is the space of unordered configurations of ||
unordered points, each equipped with a colour e € E and a parameter in X,,
such that for all e € E, there are precisely a, points with colour e.

For unordered labelled configurations as before, we use again the ‘sum
notation”: for distinct points yq, ... Yla) € RPH1, colours e, . . eq €E and
labels x; € X,,, we denote by Y, i; ® (e;, x;) the unordered labelled configu-
ration in which the point y; carries the colour ¢; and the parameter x;.

Definition 1.3.8. For w > 1, a partition of {1,...,w -k} into subsets Sy, ..., Sy
of size k is called irreducible if there is no 1 < i < w — 1 for which the subset
{1,...,i-k} is a union of some pieces S of the partition.

As usual, we consider a partition e = (Sy,...,S,) as unordered by demand-
ing that min(57) < - - - < min(S,) holds, and we denote by E,, the set of all
irreducible, unordered partitions of {1,...,w - k} into subsets of size k.

We let E := [[,> Ew, and for e € E,, C E, we write w(e) := w for the
weight of e. Note that there is precisely one partition ey € E with w(ep) = 1.

Figure 1.8. We can depict partitions of {1,...,w -k} as in this figure. Here we
see a reducible and an irreducible partition, with k =2 and w = 3.

Remark 1.3.9. The notion of irreducibility is related to the dexterity filtration:
given an irreducible partition e = (Sy,..., Sy) with Sy = {mp1 < -+ < my}
and (j,...,0w € R?, consider the configuration [z] = Y [zp1,...,2Zpk] € Vi
with z ; = ({p,mp,;). Then [z] has dexterity 1 if and only if {1 = --- = {j
holds. This is used, in the following, for the special case {1 = 0, i.e. we vary
the w — 1 coordinates (», ..., {y inside p-dimensional discs ID” C IRP.

Construction 1.3.10. For each ¢ € [E we denote by ID, the product (ID?)®()~1,
and thus obtain a family of discs ID := (D, ).cg. We denote by (3, ..., Cw(e)
the w(e) — 1 parameters of ID,, each taking values in ID?; each parameter &,
consists of p coordinates ¢}, ..., &} € R.

For each distribution «: [E — IN, we obtain a coloured configuration space
C.(RP*1; D). By allowing only coloured configurations with labels in the

18



1.3. Homological stability for the unordered case

centres of the discs, we obtain an inclusion C,(RP*1) C C,(RP*!; D), which
is a closed embedding of a submanifold of codimension p - s(«). We denote
the complement by Ci(IRP*1;1D) := C,(RPFL; D) \ Cy(RPFY).

Definition 1.3.11. For a distribution a: E — IN, we define the degree deg(a)
as the pair of non-negative numbers

deg(a) = (r(a),s(a)) = (Ze e - w(e), Yeae - (w(e) = 1))-

We let C,s := C,s(IRP*1;1D) be the union of all spaces C,(RP*1; D), where
ranges among distributions a: E — IN with deg(«) = (r,s). Moreover, we
define CY; C C, 4 to be the union of all C,(R*!) which satisfy deg(a) = (r,s),
and define its complement C;; := C; s \ CE{S.

A generic point in C, is of the form Y,y ® (e1,€&1), where the points
Yi,oo s Yr—s € RP*! are all distinct, ¢; € E, and the parameter ¢; € D, is
expanded as §; = (G12,- -, Clw(e)) With §;j, € IDP.

There are stabilisation maps C,s — C,+1,s given by placing a new point
with label in ID,, = * on the far right with respect to the first coordinate of
RPTL. The stabilisation increases the parameter r by 1, but leaves s constant.
Along this map, C{, gets sent to C?, ; ; and C;, gets sent to C;, ; ..

1.3.4. The insertion map

As we have already indicated earlier, we want to connect the filtration pairs
(FsV;, Fs—1V;) to the pairs (C, ;, C;'5) of coloured configurations via a so-called
insertion map.

Idea 1.3.12. For each 1 < s < 7, we construct a map of pairs
Prs: (Cr,sl C:,s) — (FsVrr Psflvr)/

which pictorially does the following, see Figure 1.9: given a coloured con-
tiguration in C, s, we draw pairwise disjoint cylinders around each point in
RP*! and place inside each cylinder a small ‘standard configuration” which
corresponds to the given indecomposable partition and is ‘perturbed” by the
w(e) — 1 disc parameters from the label, where in each cylinder, one cluster
stays in the centre.
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Chapter 1. Vertical configuration spaces

By Remark 1.3.9, the dexterity of the resulting vertical configuration is

r — s if and only if all clusters inside each cylinder stay in the centre, i.e. if all
disc parameters are o. Thus, if the labelled configuration to start with lies in

C*

r,87

then the dexterity is at least r — (s — 1), whence we land in the filtration

component F;_1V,.

Construction 1.3.13. The insertion map ¢, s is formally constructed as follows:

20

e For each w > 1, for each subset S C {1,...,w -k} of cardinality k, and

for each ¢ € ID?, we define the unordered standard cluster

Ts(8) = (& (=14 w2 - ™M) mes)-

Pictorially, Ts(&) is the unordered vertical cluster of k points which
projects to ¢ € ID? and whose t-coordinate takes the values correspond-
ing to S, among all values arising from a uniform distribution of w - k
points in the interior of the interval [—1;1].

For a partition e € [E, we write Sy,...,5,) C {1,...,w -k} for the
partition components; recall that min(Sq) < -+ < min(S,). For all
G2, Cuw(e) € DF, we set ¢1 := 0 € DP and define

w(e)

Te(C2r-- -1 Coe)) = Y Ts,(Gb) € Vip(e)-

b=1

Note that S, and Sy are disjoint for b # b’; hence the clusters Ts, ()
and Ts, (§p) are also disjoint, and the sum which defines T, (2, . . ., «jw(e))
is admissible.

Consider on R? x R the product distance

d((Z,1), (7', 1)) = max(d(,7'),d(t, ')

with respect to the Euclidean distances in IR” and R, respectively. This
means that for a radius p > 0, the closed p-ball around ((, t) is given
by the cylinder B,({,t) = ({ +p-IDP) x [t — p; t + p].



1.3. Homological stability for the unordered case

Now we have everything together to define the desired insertion map: given
an element © = Y, y; ® (e, ;) in C, 5, we definet

o(©) = [ 3 minrdp) forr—s>2,
1 forr—s=1.

and, accordingly, the map ¢, s: C;s — F;V; by

r—s

Prs <@ = :fyz ® (€z,§z)> =Y (n+p(@) T, (&)
=1

I=1

Note that the signs ‘+" and -’ in the expression ‘y; + p(®) - T,,(£;)" denote a
translation and a dilation in RP*!, while the sum sign always describes an
unordered collection (of points, or of vertical clusters). The second sum is
well-defined as the configurations y; + p(®) - T, (&;) lie inside the cylinders
B,(y;) and are therefore disjoint. Finally, we have 6(¢,s(®)) > r — s, so the
image of ¢, is actually contained in the filtration level F;V, C V;.

As indicated before, Remark 1.3.9 ensures that the point ¢, +(®) lies in the
stratum 3§V, if and only if §; = 0,, for all 1 <[ < r —s. In particular, ¢,
restricts to maps C;; — F;_1V; and C), — §s V.

Remark 1.3.14. In more abstract language, and up to homotopy, the insertion
map can be described as follows: we define a map ¢: [[, D, — [, V; which
restricts for all e € E to a map D, — V() similar to the map T, above. Then
we use that [], V; is an algebra over the little (p + 1)-cubes operad €, 1, see
Example 3.1.7, and consider the adjoint map of 6, 1-algebras

@: C(RP*; D) ~ Fé+1 (1], D,) — 11, V-

The left hand side decomposes as a disjoint union of the spaces C, s as before,
while the right hand side decomposes into the spaces V;, which are filtered
by F;V;, and the map ¢ is compatible with this decomposition and filtration.

4In order to ensure that ¢, is well-defined, it would have been enough to choose p slightly
smaller than % -mingp d(y;,yp). However, we want to ensure that ¢,s: Crs — FV; is
even an embedding, so we need that ¢,(®) still ’knows” which clusters come from the

same label: these have to be closer to each other than to foreign ones.
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Chapter 1. Vertical configuration spaces

|
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Figure 1.9. An instance of the insertion map ¢73: (C;3,C;73) — (FBV7, V7).
The result even lies in the deeper filtration component F; V5.

Note that the insertion maps respect the stabilisation maps on both sides
up to homotopy: the stabilisation maps can easily be chosen such that the
diagram

(Cr,sfc;’k,s) L (FSVr/stlvr)

stabJ{ lstab

(Crire Crins) 5 (BVerr, FaVin)

commutes on the nose. In order to compare the two stabilisation morphisms

on both sides, we need the following statement:

Proposition 1.3.15. Foreach 1 <'s < r, themap ¢.s: (C,,Cs) = (EsVy, Fs_1V;)
induces an isomorphism in relative homology.

This Proposition is shown in [BK21, Prop. 4.19], and follows essentially
from the excision property of singular homology, since ¢;s: C;s — EV, is an
inclusion of a complement of a subspace W such that ¢, 5(C;;) = F, 1V, \ W,
and the closure of W is contained in the open subspace F;_1V;.

1.3.5. The stability proof

After having translated the filtration pairs (FV;, Fs_1V;) to the pairs (C;s, C/)
of coloured configuration spaces, and after having compared their respective

22



1.3. Homological stability for the unordered case

stabilisations as well, we have to show homological stability for the sequence
of relative coloured configuration spaces with disc parameters. To do so, we
relate our situation to the case of coloured configuration spaces without disc
parameters from [Pal18, Ex. 4.6] via the Thom isomorphism. This leads us to
the following statement:

Lemma 1.3.16. The stabilisation map C,s — C,41,5 induces isomorphisms
Hy, (Cr,sl C;'k,s) — Hy (Cr+1,sl C:—&-l,s)
in homology for h < 5 and all s < 7.

Proof. For each distribution a of degree (r,s), we have a (not always orient-
able) disc bundle C,(RP*!; D) — C,(RP*!) of dimension p - s and structure
group &(w); this gives rise to a Thom isomorphism

Hh (Coc (]RP—H;ID)/ C; (RP—H;]D)) = thp-s (Ctx(IRp—H)/' PT;O(X) = Mh,uu
where pr,: 711 (Co(RPT)) — &() is the projection and O, is of the form

Op: &(a) = {£1},  (00)eck — [ [ sg(0e)? @1,

e

In particular, we have a natural isomorphism pr;O, = stab*pr; +ooOate, fOr

the stabilisation Cy(RPT!) — Cye, (RPF1), which gives us induced stabilisa-
tion morphisms Mj, , — M}, 44¢,- We have a commutative square

Hh (CT,S/ C:,s) = @ Mh,ﬂé

deg(a)=(r.s)
| l

Hy, (Cr+1,5/ C:-l—l,s) = @ Mh,oé+eo @ @ Mh,ou

deg(a)=(r,s) deg(a)=(r+1,)
ey =0

where the left vertical arrow is the desired stabilising map and the right side
is a sum of maps My, , — My, 4¢,- Therefore, we can prove the statement by
showing that, for i < %, we firstly have M}, , = 0 for each distribution « of de-
gree (r+1,s) with a,, = 0, and, secondly, the stabilising map My, , — My, 4,
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Chapter 1. Vertical configuration spaces

is an isomorphism for each distribution « of degree (r,s). For the first part,
we use that w(e) > 2 for all e € [E with a, # 0 to obtain

>p- Lo (wle) 3 -w(e) = p- 51 > 15,

soh—p-s <0, whence Mj,, = 0. For the second part, we are left to check
that Hy,_,.s(Ca(RPT); priO,) — Hyp.s(Coyey (RPF); pri s, Oy, ) is an iso-
morphism for & < 5. To do so, we first observe that § > § - &g, + Yo, e
since w(e) > 2 for e # ey, and, as p > 1, we obtain

h—p-s<f— pZuce )—1) g—l—Zae\%-ago. (*)

As already indicated, we want to use a technique from [Pal18], so we adapt
his notation by writing A := (&¢)e-ze,, i-€. [A| = Yoz, &, as well as A[n] for the
distribution with A[n],, == n — |A| and A[n], = a, for e # ep. Then we have
|A[n]| = n, and in particular, A[r —s] = a and A[r —s + 1] = a + ¢p. We have
a stabilisation map Cj[y) (RP™) — Cajui](RPF!) by placing an additional
point with label ey, which for n = r — s is our map from before.

Next, we construct a signed version of [Pal18, Ex. 4.6]: let PInj be the cate-
gory whose objects are non-negative integers and whose morphisms n — n’
are partially defined injections i7: {1,...,n} --» {1,...,n’'}. Now we define
a functor P, : PInj — Ab to the category of abelian groups: we set

Pr(n) == Z{(Pe)etey; P € {1,...,n}, P.N Py = &, and #P, = A,),

and for each partially-defined injection #: n — n’, we define the homomorph-
ism 77,.: Py(n) — Py(n’) on additive generators P := (P,)..,, by

7:(P) = {He#eo Sg(ﬂ’pB)P-(W(E)*l) . (U(Pe))#eo if 57 is detined on |, P,
0 else,

where in the first case, the restriction #|p,: P. — #(P,) is canonically identified
with a permutation in &,, by using that P, and #(P,) are totally ordered as
subsets of {1 < --- <n}and {1 < --- < n'}, respectively. By the inductive
argument from [Pal18, Lem. 4.7], we obtain that P, is a polynomial coefficient
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1.3. Homological stability for the unordered case

system of degree [A\| =r —s — &, and since Z[S,] ®@g(x[u)) Orjn) and Py (n)
are isomorphic as &,-representations, we have natural identifications

Hao (Ciypy (RFFY); P[] O/\[n]) —— Ho(Cypuiy (RP); prf\[n—i—l]o/\[n—t-l})

H, (Co(RP1); prs Py (1)) ——— Hu(Craa (RP); pry, Py (n 4+ 1)),

where pr, : 711 (C,(RPFY)) — &, is the projection. As p + 1 > 2, the bottom
map is an isomorphism for ¢ < 1 - (n —r+ s+ a,,) by [Pal18, Thm. A]. For
us,n =r—sand e =h — p-s, so we are in the stable range by (x). O

Now we have all tools to prove Theorem 1.3.3.

Proof of Theorem 1.3.3. Let E(r) denote the Leray spectral sequence associated
with the filtered space F,V;. Then the filtration-preserving stabilisation map
V, — V,41 induces a morphism f: E(r) — E(r + 1) of spectral sequences,
which on the first page is of the form
1 fot 1
E(T)s,t E(T+ 1)s,t
I I

Hs+t(FsVr/ Fs—lvr) T Hs+t(FsVr+1/ Fs—lvr—H)

By Proposition 1.3.15 and Lemma 1.3.16, the bottom map is an isomorphism
for s +t < %, so by a standard comparison argument [Zee57] for spectral
sequences, Hy,(V;) — Hy(V;41) is an isomorphism for /1 < %. O

The strategy of proof of Theorem 1.3.3 generalises to the following case: let
K = (ki,...,k:), and for k > 1 let r(k) > 0 be the number of indices 1 <i < r
with k; = k. If we construct a stabilisation map Vi (RP!) — Vg (RP1) by
placing a new vertical cluster of size k, then the induced map in homology

stab.: Hh(VK(IRV’l)) — Hh(V(K’k)(IRV'l))

is an isomorphism for h < @ We leave to the reader the details of the
straightforward generalisation of the proof.
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Chapter 1. Vertical configuration spaces

Outlook 1.3.17. We believe that the Leray spectral sequence for the filtration
F.V; collapses on its first page and that the extension problem is trivial. This
would then imply that, using the notation from the proof of Lemma 1.3.16,

r—1 r—1
Hy(V,(RP)) = P H,(Co, C) =P B M

s=0 s=0 deg(a)=(r,s)

Our motivation is the description of the stable homology as

Hpy(Veo (RP1)) @MM,

given in Application 2.4.1, where the last direct sum is extended over all
distributions a: E — IN with a,, = 0 and where Mp°, = lim;, My, o te,-

1.4. Vertical configuration spaces as relative cell
complexes

In the spirit of [FN62b; Fucyo], we want to construct (relative, dual) cellular
decompositions of Vi (RP4) and Vi (IRP1), where cells correspond to alloca-
tions of clusters into ‘columns’. For simplicity, we restrict ourselves to the
2-dimensional case, i.e. p + g = 2, although these methods easily generalise
to arbitrary p and 4. The case (p,q) = (0,2) coincides, up to some colouring,
with the classical situation, so we are left with (p,q) = (1,1). The upshot of
this construction is not very surprising: we end up with a subcomplex of the
classical Fox-Neuwirth-Fuchs complex.

Although we have already fully understood the homology He(Vi(R'1))
additively in Section 1.2, the cellular decomposition will still be useful for
us in order to understand H. (Vi (R!)), or, more precisely, the collection
Ho (Vg (RY X 1))k, as an operad in Section 4.3. In the current chapter, we
will just draw some qualitative conclusions from the decomposition; most
importantly, the statement of Theorem 1.4.13: for K = (ky, ..., k;), the spaces
Vk(RY) and Vg (R'!) are equivalent to (r — 1)-dimensional cell complexes.

Before coming to the desired cellular description, we have to introduce a
bit of combinatorial notation.
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1.4. Vertical configuration spaces as relative cell complexes

Definition 1.4.1. Among tuples of positive integers, we have a pushforward
construction: if K = (ky,...,k,) is a tuple of positive integers and c: r — s is
surjective, then we obtain a tuple c.K of length s by

c.K = (Ziewl(l) kij s Yice1(s) ki>~

Recall

Definition 1.4.2. Let K = (ky,...,k,) be a tuple and let 1 < s < r.
i < kl} An

from Definition 1.2.1 the fableau Yy = {(i,5); 1 <i<rand 1<
allocation of K into s columns is encoded by the following datum:

1. another tuple M of length s;

2. amap 7: Yy — r such that each preimage 77 1(i) C Yy is of cardinal-
ity k; and contained in a single column {(a(i),6); 1 <6 < m, ()}

We denote such an allocation by (M, 7r); however, we will sometimes suppress
M and just write 7r. Let g s be the set of all allocations of K into s columns.
Note that each such allocation gives rise to two maps:

¢ the surjection a,: r — s that assigns to each index 1 < i < r the column
inside Yy where its preimage lies; note that M = (a,).K;

¢ the bijection Y, : Yx — Yy which identifies, for each 1 < i < r, the jth
column {(i, 1); 1 < j < k;} of Yx with 7~1(i) in a monotone way.

Notation 1.4.3. To save notation, we abbreviate allocations by the tuple
(m(1,1)--- (1, m),..., (s, 1) - 7(s, mg)),

where the entries are written as formal products of elements from r. For
example, if K = (2,1, 3,2), then one possible allocation of K into two columns
is given by the tuple (1414,3233): for each 1 < i < 4, there are precisely k;
many occurrences of i, and they are all contained in a single entry.

Using this notation, we can describe the cellular structure on the ordered
vertical configuration spaces: for simplicity, let us restrict to the path compon-
ent \7K< (R'') which contains all configurations ({1, ..., t11,-- -, t ) with
ti; <t;+1, and call its one-point compactification V* := V& (RM) U {co}.
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Chapter 1. Vertical configuration spaces

Construction 1.4.4. We have a filtration

where \7|°I‘<’| s contains all configurations on at most s columns. More precisely,
it contains all configurations ({1,...,rt11,- .., bk, ) With #{1,..., (-} <s.
Then V“’Ig‘ ., arises from \7|°I‘<’| +(s—1) by attaching, for each allocation 7 € Ik
into s columns, a (|K| + s)-cell. If we identify the standard n-simplex A"

with {—o0 < #; < -+ < t, < 400}, then the characteristic map of the cell

corresponding to 77 is of the form Fr: A® x A™ x -+ x A — V| with
00 if 1. £, € 9A™a for some a, or
F 2. (Castas) = (Car1, tar1,60) for some a, 6,6, or
(1) = 3. {1 = —o0or {5 = +0o,

(a%C,Y5it) else,

where { = ({1,...,0s) € A and t = (F,...,t) with f, = (ta1, -, tam,)-

Remark 1.4.5. The Short notation 1.4.3 already looks like a configuration of
points in Vg (R!), up to rotating each entry of the tuple anticlockwise by 90°.
However, we intend to save space by denoting the entries horizontally.

Pictorially, the differentials in the corresponding cellular chain complex
capture all possibilities of merging two consecutive columns. In order to
formalise this, we need to introduce the notion of a shuffle.

Definition 1.4.6. For two integers r,7' > 0, a (r,')-shuffle is a monotone
injective map 1: r < r+r’. Each shuffle has a counterpart ': ¢/ — r+ 7
which is the unique monotone inclusion of the complement.

The standard shuffle is defined to be the map 19: r < r + 1 with ip(a) = a.
For each (r,7')-shulffle, there is a unique permutation 7, € &, such that
1=T01and I’ = 7, 01, and we put sg(1) = sg(n,).

We will occasionally write 1: (r,7’) to express that 1 is an (r, r’)-shuffle.

Note that, in principle, an (r,7’)-shuffle contains the same information as
an allocation of (7,7’) on a single column, but we are going to use these two
notions in different contexts; roughly speaking, shuffles ‘act’ on the set of
allocations in the following way:

28



1.4. Vertical configuration spaces as relative cell complexes

Definition 1.4.7. Let (M, 71) be an allocation of K into s columns, pick an
index 1 < a < s—1, and let 1 be an (m,, m,1)-shuffle. Then we have a new
allocation d, ;(M, v) .= (M, i) with M’ := (my, ..., my + My 1, ..., ms) and

n(a,t) fora < a,

7 (a6) = 7t(a,t) ] fora =wand 6 = 1(1‘3—),
n(a+1,6) fora=wand bt =1(6),
n(a+1,6) fora > a.

Construction 1.4.8. Consider the multisimplicial complex

VA — L[ H AS % (Aml X oo X Ams)/(ﬁ;d“g,da,lt) ~ (d“,ln;glt)

s=1(M,m)€ellg s

with d%'t .= (?1, e /?a—lrl*?a/ l/*?ow?pz—o—l/ e ,?5_1) fort = (?1, e ,?5_1). Then
we obtain a subcomplex V2 C V4 which consists of all points that can be
represented by (77; {, t) with {, = £o0 or f, € 0A™ for some 1 < a < s, called
the degenerate subcomplex.

Note that V®° = VA4 /V% and Vg (R'!) = VA \ V2. The differentials in the
relative cellular chain complex of (VA4,V#) can now be calculated simplicially:
for each commutative ring R, the relative cellular chain complex of (V‘, VA)
with coefficients in R is given by C|CI§1|1+5(VA/ V2;R) = R{Ilg,) for 1 <s <r,
no further cells, and with differentials

o = E(—l)“ <Y sg(r) e,
a=1 12 (Mot 1)
Remark 1.4.9. By Poincaré-Lefschetz duality, we get isomorphisms
Ho (V¢ (RYY)) =2 HIKFr=¢(7> o0) =2 HIKIFT=e (74 72),
This has some immediate consequences:

1. The homology He(Vi(IR!)) is of finite type and Vi(IR!) has no non-
trivial homology groups above degree r — 1. This coincides with The-
orem 1.2.5 for the case (p,q) = (1,1).
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Chapter 1. Vertical configuration spaces

2. The Euler characteristic of Vg(R'"!') can be calculated by

XVK IRll I’ s #HKS

(C*K)l! ctt (C*K)s!
i s kql-- k!

surjective

i
Y

Since Theorem 1.2.5 already gives a full description for the homology of
VK(]RM), there is no need for a more explicit inspection of the cellular chain
complex at this point. However, the efficient ray filtration from Section 1.2
behaves poorly with respect to the operadic structure of Chapter 4, in par-
ticular with respect to a permutation of clusters. We will therefore come back
to this cellular chain complex later and simplify it by using methods from
discrete Morse theory.

A similar story can be told for the unordered vertical configuration spaces:
if (k) > 0 denotes, for each k > 1, the number of occurrences of k in the
tuple K = (ky, ..., k,), then the action of &k on Vg (R'!) from Definition 1.1.3
restricts to an action of &% := [[j>; 6, on V& (RY!) and in both cases, the
quotient is given by the unordered Vertlcal Conflguratlon space Vg (RM1).

Remark 1.4.10. The action of &X on V< which exchanges clusters of the same
size extends to a cellular action on V4 which preserves the subcomplex V2
of degenerates. On cells, the action is given by 7- (M, r) = (M, T o 71). Thus,
we get a relative multisimplicial complex (VA, V%) with VA \ V2 = Vi (RM),
and the multisimplices are indexed in ITk/ SK. Likewise, we get for the
cellular chain complex C$&/(V4, V%) = C&(V4,V2) @k R.

However, explicit homology calculations by means of this cellular complex
are complicated: firstly, recall that Vi (R!) is not always orientable, compare
Remark 1.1.7, and secondly, even if we work over [F, a parity trick similar
to the one in [Fucyo] is not quite to be expected, as the combinatorics of the
differentials are much more involved. However, the Euler characteristic is
readily calculated as

r (cxK)p!+ -+ (cK)s!

X(VK(IRLl)) = <H 1’(1k)'> . Z(_l)r—s . Z
k=1 :

s=1 cir—s Kyt k!
surjective
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1.4. Vertical configuration spaces as relative cell complexes

Additionally, it follows immediately that Hj,(Vik(IR'!);Z) vanishes for
h > r and is torsion-free for h = r — 1, and we can calculate the first stable
homology of V¥(IR'!) for each k > 1 as follows:

Corollary 1.4.11. For each number r > 2 of clusters, each cluster size k > 1, and
each a commutative ring R, we have

Zk)

RGO,

1%

Hi (Vf(R');R)

Proof. By the Stability theorem 1.3.3, it is sufficient to show the statement
for r = 2. Here we note that the cell complex of (V*°, o) has only cells
in dimension 2k + 1 and 2k + 2. As there is only a single (2k + 2)-cell and
since H**2(V*,00; 0) = Hy(VF(RY)) = R holds for the orientation system
O, the twisted relative cellular cochain complex C&;(V>, 00; O) has to be
formal. Hence H;(Vy(R!!)) is freely generated by all cells of codimension 1,
and there are precisely #I1; )1/, = 5 (Zkk) many of them. O
Example 1.4.12. We can entirely calculate the integral homology of V¥(R'?)
for arbitrary k > 1 and r € {1,2,3}: in all three cases, it is free abelian, and
the Betti numbers are as in Table 1.1. The last entry in this table comes from

the fact that we know all other Betti numbers and the Euler characteristic.

0 1 2
Vi1
vi 13-
i@ @3-

Table 1.1. The integral/rational Betti numbers of V¥(R'') for r € {1,2,3}

Theorem 1.4.13. For K = (ky,...,k,), the spaces Vg(RY) and Vi(R'1) are
homotopy equivalent to (r — 1)-dimensional cell complexes.

Proof. We want to use from [Mun84, Lem.7o.1] the following geometric
version of Poincaré-Lefschetz duality: let (X4, X?) be a finite relative sim-
plicial complex such that X := X4 \ X* is an open m-dimensional manifold;
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Chapter 1. Vertical configuration spaces

consider the barycentric subdivison of X4 and let X* be the union of all
flags ® = |0y < -+ < 0x| C X4 satisfying ® N X* = &. Then the inclusion
X* < X is a deformation retract, and, on the other hand, X* itself carries
the structure of a finite cell complex: for each p-dimensional cell & which
does not belong to X*, we define the dual cell D(c) to be the union of all
flags which start with ¢. If we define Xﬁ C X* to be the union of all dual
cells D(o) for ¢ of dimension at least m — y, then the chain of inclusions
g = X’fl - Xg c...C Xﬁ; = X* is a cellular filtration, i.e. Xﬁ arises from
Xﬁ_l by attaching (dual) cells of dimension y, one for each simplex ¢ of
dimension m — i which does not belong to X*.

Exactly the same can be done for the multisimplicial complex (V4, V%)
after we have subdivided the multisimplices into simplices: note that in V4,
the attaching maps for each multisimplex are injective on vertices, so after
cutting the multisimplices into simplices, we obtain an honest finite simplicial
complex. Even after the subdivision, there are no cells outside V* which are
of dimension smaller than |K| + 1, and hence, there are no dual cells inside
V* of dimension larger than r — 1.

Finally, the &X-action on V& (R!!) restricts to a cellular action on the
dual complex V*#, which implies that the inclusion V* C V& (R!) is &X-
equivariant and we obtain an induced map V#/&X — Vi (R'1). Since the
action is free on the component \7K< (RY1), its restriction to V* is also free, so
the quotient actually calculates the homotopy quotient on both sides. Hence,
the induced map is still a homotopy equivalence. As the action on V* was
cellular, we get an induced cellular structure on V* /&K which lifts to the
previous one. This proves the claim. O

1.5. Homotopy groups

In this last section, we study the homotopy groups of vertical configuration
spaces, extending the works of [Her14; Ros14; Lat17]. Since Vi (IRP17) is a
covering of Vi (RP7), we have 71, (Vk(IRP1)) = 71, (Vg (RP7)) for e > 2.

We also would like to relate the fundamental groups of Vi (IRP7) to Artin’s
pure braid groups PBr,, see Appendix A for a short reminder on them. Clearly,
11 (Vi (RP1)) is an extension of Sk (or of the stabilising subgroup of the
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1.5. Homotopy groups

corresponding path component) by 7 (Vk(RP1)), so we will focus on the
fundamental groups of Vi (IR”7). In all dimensions apart from (p,q) = (1,1),
these are easy to understand, as the following statement shows:

Proposition 1.5.1. For a tuple K as before and (p,q) # (1,1), the fundamental
groups of Vi (RP4) are as follows:

0 forg>3or(g=1and p > 2),
1 (Vk(RPT)) = ST PBry, forq=2and p > 1,
PBrigy  forg=2and p =0.

Proof. Recall that Vi(RP7) can be regarded as a subspace of RP" x R7 Xl
which is the complement of a polyhedral subcomplex, which we call the
collision subcomplex. Now we can use in the fact that if we remove from a
smooth manifold without boundary a subcomplex of codimension at least 3,
we do not change the fundamental group, compare [Gody1, Thm. 2.3].
Suppose first ¢ > 3: in this case, the collision subcomplex is contained in
the product of R”"" and the ‘fat diagonal’ of (IR7)/Xl; hence it has codimension
at least g and we are done. If instead g = 1, then we can restrict to the open,
convex subspace of RP" x RIXI containing all points ({1,...,{rt11, .., trk,)
with t; ; < t; ;41, as this subspace contains one of the mutually homeo-
morphic path components of Vi (IR?7). This already excludes collisions of
points from the same cluster, and the subspace is of the form R”" x A, for an
open, convex subset A of RIKl. We obtain a path component of Vi (RP'!) if we
additionally exclude collisions of points from different clusters. However, each
condition that two points from different clusters collide ties together p+1 > 3
coordinates, whence the collision subcomplex is again of codimension > 3.
For q = 2, we consider the subspace of R?” x CXl which contains points
(Cl/ .. ~/€r} w11, .- .,w,,kr) with wili 7& wili/ for all 1 < i < and l 7& i/. This
space is homeomorphic to RP" x []; Cx,(C), so its fundamental group is
identified with []; PBry.. In order to describe Vk(RP?), we additionally have
to exclude collisions of points from different clusters as before. Here we
again tie together p 4 2 coordinates, so the collision subcomplex is again of
codimension > 3 for p > 1. If instead p = 0, then we have no verticality
condition and get Vg (R%?) = C x| (IR?). O
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Chapter 1. Vertical configuration spaces

In contrast to this, the fundamental groups of Vk(IR!'!) are more complic-
ated: first of all, let us restrict ourselves again to the path component V& (R!1)
which consists of configurations ({1, ..., t1i1, ..., bk, ) with t; ; < t; ;1. We
fix a standard configuration in this path component as a basepoint and still
write 71 (Vg (R¥!)) for the fundamental group (which only sees the compon-
ent VK< (R'1)). For the case K = (2,...,2), these groups have been given the
name double braid groups in [Bodgob, §5.5].

Consider the relaxation map n: V¢ (RY) — Vg (R%?) = C‘ K‘(]Rz) which
forgets the verticality constraint and induces a map among fundamental
groups 77,: 711 (Vk(R'Y)) — PBr(g|. Our first aim is to understand the image
of this map. Intuitively, points from the same cluster cannot spin around
each other, so we hit only pure braids whose restrictions to a single block
become trivial. The next proposition claims that we hit all of them.

More precisely, recall the tableau Yx := {(i,7); 1 <i<rand 1 < 5 < k;}
from Definition 1.2.1 and consider the flattening bijection

®:Yx —{1,..., K|}, (Gi)—ki+--+ki1+].

We denote its inverse as a pair of maps (i, jx): in particular, the constituent
ix: {1,...,|K|} = {1,...,r} assigns to 1 < u < |K| the unique 1 < i < r
such that u = k1 + - -+ +k;_1 + 7 holds for some 1 < 7 < k;.

Proposition 1.5.2. For each 1 < i < r consider the projection p;: PBr x| — PBry,
which remembers only the strands ®(i,1),..., P (i, k;). Then

(1 (Ve (RM)) = [ Ker(py).

i=1

The proof of Proposition 1.5.2 relies on a structure result for pure braid
groups which, to the best of my knowledge, does not appear in the literature:
recall that the pure braid group PBr(g is generated by pure braids a,,, as
shown in Figure 1.10, for each 1 < u < v < |K|. An explicit presentation
with these braids «,, , as generators can be found in Appendix A. Note that
if ix(u) # ix(v), then its i projection p;(a,,) is trivial for each 1 < i < r.

Proposition 1.5.3. The intersection of kernels (;_, ker(p;) € PBr(x, is generated
by all elementary pure braids w,, , with ix(u) # ix(v).

34



1.5. Homotopy groups

1 u v K|
\.. c e e g
\\
~
_|-
SRRy
1 u v K|

Figure 1.10. The generator &y, inside PBr .

Before proving Proposition 1.5.3, let us prove Proposition 1.5.2 under the
assumption of Proposition 1.5.3:

Proof of Proposition 1.5.2. The inclusion ‘C” is easy: the map p; of groups is
induced by the topological map pr{: Cjx(IR?) — Cy, (R?) which forgets all
points apart from the ones which belong to the i" block. On the other hand,
we have a map pr!: Vg (RMY) — V= (RM!) which forgets all clusters apart
from the i one, and we obtain diag’ram

~ }7K ~
Vg (RY) —— C(R?)

Pr,‘/l lpr?

ka(IRM) T Cr, (R?).
However, the bottom left corner ka (R'1) is contractible.

By using Proposition 1.5.3, the inclusion "2’ can be shown by constructing,
for each 1 < u < v < |K| with ix(u) # ix(v), a loop [0;1] — V& (RY!) which
gets sent to «,, along 1. Here is one possibility to do so: choose as basepoint
the tuple * = ({1,..., 0 t11,-- -, ti,) = (0,...,0;1,2,..., k1 +--- + k), ie.
all clusters have the same first coordinate, namely 0, and the ith cluster stays
completely below the (i + 1)% one. Then we take 7(x) € C| k| (IR?) to be the
basepoint on the right side, and the braids arise by looking ‘from the right’.

For1 < u < v < [K|, let (i, 1) := (ix, 4x)(u) and (7, i) == (ik, jx)(0).
Since ix(u) # ix(v), we have i < i’. Next, we construct a loop  which
consists of seven paths 1, ..., 7 and is depicted in Figure 1.11: intuitively,
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Chapter 1. Vertical configuration spaces

it moves the i cluster to the background, then moves “upper part’ of the
ith cluster, starting with the ith point, upwards, lets the ®(i, i)th strand spin
around the ®(i’, ;') strand, and goes back to the basepoint. More formally,
the seven paths can be described as follows:

1. 1 moves (; from 0 to —1;

2. 7y moves (fie) jr1<e<k; t0 (K| — 4 +€)j11<e<k, and t; ; to D(7', ') + 1;
3. 73 moves {; from —1to 1;

4. va moves t; ; from ®(i', ;') + I to &(7, ;') — §;

5. 5 moves {; from 1 to —1;

6. 76 moves (t; ;) ;<e<k, back to (®(i,€)) j<e<k,s

7. 77 moves (; from —1 to 0.

One can easily see that 77.[7] is not quite a,,, if 7 # k;, but its conjugate by
another element in this image is: in a similar fashion we can construct a
loop 6: [0;1] — V& (RY!) which is depicted in Figure 1.12: intuitively, it lets
the ‘remaining part’ of the i cluster, starting with the (j + 1) point, spin
around everything which lies above it. More formally, it consists of five paths
which can be described as follows:

1. §p moves (; from 0 to 1;

2. b moves (tie¢)j1<e<k; to (K| =44 €)11<e<hs
3. d3 moves (; from 1 to —1;

4. 64 moves (t;¢) j11<e<k; back to ((i,€)) j1<e<ks

5. &5 moves (; from —1 to 0.

Then 77, ([6] - [7] - [6] ™) = a0, as Figure 1.13 shows. O

In order to prove Proposition 1.5.3, we need the following lemma:
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. ° . 0
. ° . .
e5,1 . . . . . . .
[ ]
n42 [] [ [ [ [ [] []
L] u
o4 . . . . . . .
©3,2 . . . . . . .
31 . . . . . . .
24 . . .
23 ° . .
u22 L] [ n
02,1 . . o . . . .
1,1 . . . . . . .
~_~7 ~_~7 ~_~7 ~_~7 ~_~7 ~_~7 ~_~7
gt 72 73 T4 75 6 7

Figure 1.11. The different stages of the loop y. Here we have K = (1,4,2,2,1)
and (i, j) = (2,2) while (7, ;') = (4,2),sou =3 and v = 9.

. °
o .
51e . . . . .
42w [ [ [ ] ]
41 . . . . .
32e . ° ° . .
31e . . . . .
24 e . s o
23 e . 3 °
22m [] ] ] [ ]
21e . . B . o
11e . ° . . .
~_~ ~_~ ~_~ ~_~ ~_~
01 02 %3 [ 05

:§> =039

1 2 3 4 5 6 7 8 9 10 I

Figure 1.13. The conjugate 77.[6] ™ - 77.[y] - 174[6] is the desired generator a;,
here for u =3 and v = 9.
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Lemma 1.5.4. Let G be a group, N C G be a normal subgroup, and let H C G be
another subgroup. Moreover, assume that:

1. the projection p: G — G/ N admits a section s: G/N — G of groups;
2. there is a generating set X C G such that x -s(p(x)) ™! € H forall x € X;

3. there is a subset Y C X such that:
e Y Cs(G/N) is a generating set for s(G/N);
e foreachy € Y and each h € H, we have yhy~1,y~hy € H.

Then the normal subgroup N is contained in H.

The main advantage of Lemma 1.5.4 is that for condition 2, we only have
to check x - s(p(x))~! € H for a generating set. As the proof of Lemma 1.5.4
requires some combinatorial group theory, let us first prove Proposition 1.5.3
and then develop the setting in which we can prove Lemma 1.5.4.

Proof of Proposition 1.5.3. The problem is already very close to the situation
of the lemma: if we define G := PBrx| and let p :=IJ; p;: PBrx| — I; PBry,
as well as N := ker(p) and H = (a,,; ix(1) # ix(v)) C G, then we know
already that H C N holds, and we want to show that N C H holds.

We have a section s: []; PBry, — PBr|g| by forming block sums of pure
braids. As generating set, we take X := {“u,v}1<u<v<| K| and, accordingly,

Y = {ay0; P(i,1) <u < v < P, k) for some i} C X.

Then Y generates the image s(Hi PBrk].) - PBr‘ K| of the s; we only have to
show that, additionally, &, - s(p(ay»)) ' € H holds forall 1 < u < v < |K|,
and that ayo - h- o, L, 0, -l -y € Hholds for all h € H and ix(u) = ix(v).

The first subclaim is easy: if ix (1) = ix(v), then s(p(aun)) = &yp, SO We
obtain that &, , - s(p(aun)) "t = 1. If, however, ig(u) # ix(v), then we have
p(au,) = 1 and obtain a,, - s(p(aus)) ™' = e € H.

For the second part, we have to show that the conjugate a/ -, , - zx;//lv/
lies in H for each ix(u) # ix(v) and i := ig(u’) = ig(¢'): then the mirrored
statement for the second way of conjugating follows analogously, and for
the general case, recall that each 1 € H is a product of elements of the form
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a;-). In order to understand the above conjugate, we first have to understand
which values u,v,u’, v can attain. Note that among these four indices, there
can be at most one equality: either u = u’ or v = v or u = v’ or u’ = v, but
as soon as two of them hold, the cluster condition is violated. This leaves us
with the following nine possible cases:

1. u<v<u <v, 4. u=u' <v <o, 7. u<v=u <v,
2. u<u <v <v, 5. u<u <o =mo, 8. uW <u<v <o,
3. W <V <u<uo, 6. W <v=u<po, 9. u<u <v<v.

Now one verifies in all these cases the following elementary relations among
generators by using the presentation from Appendix A. Here ‘x” abbreviates
the inverted first factor of the term, ie. y ' -h-(x) =y '-h-y:

(

&y for 1, 2, and 3,
(gl -y - () for g,
a by, (%) fors,
Ky By D‘;’,lv’ = 061:/’11, Wyt (x) foré,
(“u,v’ ) “u,v) -1 Xyo” (*) for 7,
(agh ol ay o awy) e, (%) for8,
(b o brooy oy, ) oy, (x) foro.

The important point of these identities is that in each case, the right side
contains only products of a;; where ix(i1) # ix(9); for example 8: Since
u < u < v, wehave ig(u') = ix(u) = ix(u') < ix(u), and thus, all three
generators &y, &/ v, X/ » are contained in H. This concludes the proof. []

To prove Lemma 1.5.4, we need the notion of a Schreier transversal:

Definition 1.5.5. Let F be a free group and M C F be a subgroup. A subset
T C F is called a Schreier transversal of M if the following conditions hold:

s1. for each t,t' € T with t # t' we have Mt # MV,
s2. we have J,cr Mt = F, and

s3. for each f, f' € Fwith f- f/ € T, we have f € T.
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Note that for a given Schreier transversal and for each f € F, there is a unique
element f € F such that f € T and Mf = Mf, and we have f- f~! € M.

Using the notation of a Schreier transversal, we can formulate a special case
of the Reidemeister-Schreier method, which is proven in [LSo1, Prop. 11.4.1]
in much higher generality; we are only interested in free groups and only
care about generators:

Theorem 1.5.6 (Reidemeister—Schreier method, special case). Let F := F(X)
be the free group over a set X, let M C F be a subgroup, and T C F be a Schreier
transversal for M. Then M is generated by elements of the form (tx) - (fx) 1.

Now we can finally come to the proof of Lemma 1.5.4:

Proof of Lemma 1.5.4. We denote by F(X) the free group generated by X and,
correspondingly, by F(Y) C F(X) the free group generated by Y, and denote
the projections by gqx: F(X) — G and gy: F(Y) — s(G/N), respectively.

Consider the Cayley graph for the subgroup s(G/N) with generating set
Y* := {y*!; y € Y} and choose a spanning tree. Then we obtain a map of
sets a: s(G/N) — F(Y) which assigns to each g € s(G/N) the product along
the unique Y*-labelled path inside the spanning tree from 1 to g, and we
clearly have gy o a = id g /n)-

We let N := q3'(N) C F(X) and claim that T := a(s(G/N)) C F(Y) is
a Schreier transversal for N: clearly, s3 is satisfied by construction, as we
took products along a spanning tree. For s1, let t,t' € T be distinct and let
z = qy(t) as well as z/ .= gy (). Then z # 2/, and since NNs(G/N) = {1},
we get Nz # Nz'. This shows that Nt = g' (Nz) # q5'(N2z’) = Nt'. Finally,
we verify s2 by

UteT Nt = Uzes(G/N) [’7;(1<NZ) = q}zl (UZES(G/N) NZ> = q;(l(G) =F.

The Reidemeister—Schreier method tells us that N is generated by elements
of the form (tx) - (fx)~! with t € T and x € X, and thus, N is generated
by elements of the form gy (t) - x - gy(fx) ~!. To understand gy (fx), note that
Ngy(tx) = Ngy(t)x holds by definition, so since gy (tx) € s(G/N), we get
gy (tx) = gy (t) - s(p(x)). Hence, if we put z := gy (t), then N is generated by
products z - x - s(p(x)) "' -z for z € s(G/N) and x € X.
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Now we can apply our assumptions to conclude that these generators lie
in H: each z € s(G/N) is of the form yi!---y:! for some minimal m, and
by induction on this m, we show that z- x-s(p(x))™'-z7! € H: if m = 0,
then z = 1 and assumption 2 can directly be applied. For the induction step
‘m—1— m’, we can write z = yil - zg where zg can be built out of m — 1
generators from Y, and

zoxes(p(0) 2 =y (20 s(p() ozt ) -y

By the induction hypothesis, the inner term lies in H, and by assumption 3,
its conjugate by y enjoys this property as well. O

To summarise, we understood the image of 7. : 71 (Vk(R")) — PBr.
However, the kernel of 77, can be quite large; here is an example which shows
non-triviality:

Example 1.5.7. Consider the loop 7: [0;1] — V2(IRM!) which is depicted at
the left side of Figure 1.14: it consists of four paths, which are painted in red,
green, blue, and yellow. Its image # o v, which is drawn at the right side of
Figure 1.14 from the perspective ‘bottom right’, is a trivial pure braid in PBry.

11 21 1,2 22

12 o/j) \ > \ A
( |
D

l

Figure 1.14. The loop 7 in V55 (R'!) and its image 7 o it is trivial in PBry.

However, [y] is non-trivial in V5, (IR"!): intuitively, each contraction of one
of the two curves would force the other one to touch a point from the second
cluster. A rigorous argument can be given by considering the first homology
of V5(RM): if we use the cellular decomposition of V* from the previous
section, then each intersection of o with a cell of codimension 1 is transverse,
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Chapter 1. Vertical configuration spaces

and 7 touches no cells of lower dimension (as there are none, apart from o).
Thus, under Poincaré-Lefschetz duality, the 5-dimensional cohomology class
dual to the 1-dimensional homology class [7] is represented by a (signed)
sum of all cells which +y crosses, i.e. (1212) —(2112) +(2121) —(1221).
This cocycle is not a coboundary in the cellular chain complex C&;(V®, o)
as there are no cells of dimension 4, and so [y] # 0.

Let us close this section with a short discussion on the higher homotopy
groups of Vg (R!), or, equivalently, of Vi (R'!).

Remark 1.5.8. The ordered configuration spaces C,(R?) of the plane are
aspherical by an application of the Fadell-Neuwirth fibrations: we have a
fibre bundle R? \ {x1,...,x,_1} — C,(R?) — C,_1(IR?) by forgetting the last
point, and now we use that Co(IR?) is just a point and hence aspherical, and
the fibres are homotopy equivalent to a bouquet of circles, in order to prove
asphericity inductively.

However, the natural candidates for Fadell-Neuwirth maps for the vertical
configuration spaces of type R!, namely

Vew, e (R = Vi e
Vklr-~~/k7(R1’1) — Vkl ..... ke—1 (]Rl’l),

which either forget the last cluster or forget a single point from the last cluster,
fail to be fibrations if k, > 2, as the bachelors’ theses by Rosner [Ros14] and
Herberz [Her14] show. Therefore, the problem of asphericity for the spaces
Vi (RY), which was claimed for clusters of size 2 in [Bodgob, Prop. 5.1.6],
remains an intricate question.

So far, we can only repeat what has already been observed in the master’s
thesis of Latifi [Lat17]: one can easily see that forgetting a cluster of size 1
is indeed a fibration, with fibre a perforated plane. In combination with the
fact that, according to Theorem 1.4.13, the space V; y (R!"!) is homotopy equi-
valent to a graph, we can conclude inductively that all vertical configuration
spaces of the form Vj 1 1(R'1) are aspherical.

Therefore, the smallest example for which we do not yet know its higher
homotopy groups is the vertical configuration space V5,2 (IRM).
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I would like to close this chapter with a list of open questions which we
encountered, and which the motivated reader may see as a challenge:

1. Calculate the homology of the unordered vertical configuration spaces
Vi (RY) with coefficients in F, and compare the result to the calcula-
tions of [Fucyo].

2. Show that the spectral sequence associated with the dexterity filtration
F.V, from Subsection 1.3.2 collapses on the first page and that the
extension problems are trivial. Conclude that the homology of V,(IR!)
splits into the modules M}, , from Outlook 1.3.17.

3. Give a description of the kernel N of 711 (Vg (R!)) — PBr | as a group
and understand the extension problem

1—-N—m (VK(IRLl)) — ﬂiker(pi) — 1.

4. Prove or disprove that all spaces Vi (IR'!) are aspherical. As they are
finite-dimensional, this would imply that 7 (VK(]RM)) is torsion-free.
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Chapter 2

Clustered configuration spaces
as Ej-algebras

Ubi materia, ibi geometria.”

JoHANNES KEPLER

After having considered ordered and unordered vertical configuration spaces
in the previous chapter, we now want to turn our attention to labelled vertical
configuration spaces V(R”9; X) for some decomposition d = p + g. These
spaces naturally generalise the classical notation of labelled configuration
spaces [Seg73; McDys5; Snay4] to the clustered and vertical case.

Our interest in labelled vertical configuration spaces has two reasons:
firstly, they model free algebras over the vertical operads which we study in
the later chapters, and secondly, the spaces V(R"7; X) are instances of E -
algebras which, roughly speaking, are ‘close enough’ to being free, whence
we can study their iterated bar construction [May72] by classical scanning
techniques [Segy3] and by recent E;-cellular methods from [GKR18; GKR19].

These results, in turn, can be used to describe the stable homology of
unordered vertical configuration spaces, as we carry out in the last section.
This chapter appeared as the preprint [Kraz1].

2.1. Labelled clusters and a stable splitting result

In this section, we introduce a labelled version V(E; X) of the vertical config-
uration spaces for each manifold bundle E — B, and prove a stable splitting
result in the spirit of [Sna74; Bod87] for them.

* Where there is matter, there is geometry.
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Chapter 2. Clustered configuration spaces as E;-algebras

2.1.1. Labelled vertical configuration spaces

In a first step, we want to define the labelled vertical configuration spaces in
analogy to the configuration spaces C(M; X) of points in a manifold M with
labels in a based space X, as considered in [Segy3; McD75; Bod8y].

One natural generalisation is to assign to each cluster a label and to balance
the internal ordering of each cluster with a given symmetric action on the
labelling space. Therefore, instead of a single based space, we start with a
sequence X = (X, )n>1 of based spaces together with basepoint-preserving
left actions of &, on X, called a based symmetric sequence.

To make the definition precise, we introduce an indexing category, which
is a special case of the Grothendieck construction, generalises the notion of a
wreath product G &, = G" x &,, and which helps us in several situations to
encode the bulk of equivariancies and balancing relations.

Since we will later use a version which involves topological groups as well,
let us give a definition entirely in a topologically enriched setting.

Notation 2.1.1. Let Inj be the category whose objects are non-negative in-
tegers r > 0 and whose morphisms are all injections r < 1/, and let £ C Inj
be the subgroupoid of all bijections.

Then Inj is generated® by all maps from X, i.e. all permutations o: r — 71,
and cofaces d:r—1—rforeachl1<i<r, given by the unique monotone
injective map omitting the i'" element from r.

Definition 2.1.2. Let N be a indexing set and let G := (G,,),en be a family
of topological groups. We define the wreath product G ¢ Inj as the following
small and topologically enriched category:

1. the objects of G 1Inj are tuples K = (ky,...,k;) withr > 0 and k; € N;

2. for two tuples K and K’, we define (G Inj)(ﬁ,) C GX x Inj(!) as the
subspace of pairs w = (v,u) consisting of a tuple ¢y € GX, and of an
injective map u: r — r' satisfying K = u*K' := (k1) -, ki) );

3. welet (7, u') o (y,u) == (u*y'-v,u ou), where u*y’ = (’Y;(l)""/'y;(r))f
and ‘" denotes component-wise multiplication.

2 It is enough to consider permutations and the fop cofaces d": ¥ — 1 — r to generate Inj.
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2.1. Labelled clusters and a stable splitting result

For each tuple K, we define G[K] C G Inj as the full subcategory spanned by
objects of the form 7*K for T € &,. Moreover we let G ! Z be the subgroupoid
with morphism spaces given by G(K) x Z(X,).

If (Gn)nen is the trivial sequence G, = 1 of groups, then we write N { Inj
for the wreath product, and we similarly write N X and NIK].

Construction 2.1.3. If X = (X},)en is a family of spaces, then we obtain a
functor X~ : N1 X — V with XK := Xj, X -+ x Xi . If each X, is based, then
we get an extension N Inj — Top by u.(x1,..., %) == (Xu-1(1), ..., Xu1()),
where we define x4 to be the basepoint.

Finally, if G = (Gy)nen is a family of topological groups and if, in addi-
tion, each X, carries a basepoint-preserving left action of G,, then X can
be extended to a functor G ! Inj — Top as follows: since GX acts on XX
component-wise, we can define (7, 1).(x) = u.(y - x).

Definition 2.1.4. Consider the sequence & := (&,,),>1 of symmetric groups.
For each manifold bundle E — B, the family of spaces Vi (E ) constitutes a
functor (&1 1Inj)°P — Top by declaring that for each 1 < i < r the it face
map d;: Vk(E) — V;x(E) forgets the it cluster. If we are additionally given
a based symmetric sequence X = (X, ),>1, we define V(E; X) to be the coend

V(E; X) :=

Ke&nj
J Vi (E) x XX

_ coeq( L1 Vi (E) x (& 11nj)(K) x x¥ #; ]?[VK(E) x XK>,

K,K’

where a(z,w,x) = (w*z,x) and B(z,w, x) = (z, w.x).

We denote elements in Vg (E) x XX as tuples ® = (Zy,...,2Z,x1,..., %)
and use the sum notation to denote [©] = Y, Z; ® x;, where Z; = (zj1,...,Zi,)
is a cluster, x; € X, and (07Z;) ® x; = Z; ® (0 - x;) for 0 € &,.

Remark 2.1.5. For each indexing set N and each integer r > 0, we have a
right action of the symmetric group &, on N” by coordinate permutation,
and we denote the orbit of a tuple K € N” by [K].

For a tuple K = (ky, ..., k) of positive integers k; > 1 and a permutation

T € S,, we have a canonical isomorphism Vi(E) = V-k(E), whence Vi (E)
depends, up to canonical isomorphism, only on [K].
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Chapter 2. Clustered configuration spaces as E;-algebras

Example 2.1.6. It is perhaps surprising how many different variations of
these spaces can be produced by a suitable choice of the labelling sequence:

1. If all Xj carry a trivial Sg-action, then V(E; X) contains unordered
collections of labelled and internally unordered clusters. If X = 50 ie.
X = 8%, endowed with the trivial S-action for each k > 1, then

V(E;S®) =] [ Vk(E)
K]

2. More generally, if & = (&)= is a sequence of subgroups &, C &y
and if X = (Xj)i>1 is a based &-sequence, then we can consider the
induction (&4 Ae X) = (6k)+ Ne, Xk, where (6y)4 = &, U {x}. For
X = 8% endowed with trivial B-actions, we obtain

V(E} G AgS SO H VK /Athizln] (K)

In particular, the space V(E; &4 A SO) contains unordered collections
of unlabelled, but internally ordered vertical clusters.

3. For a family X = (Xj)s>1 of based spaces, we let (X"); = X\, with &
acting by coordinate permutation. Then V(E; X") contains configura-
tions of clusters where each point inside a k-cluster carries a label in Xj;
and if one of these labels reaches the basepoint, the cluster vanishes.

4. For k > 1 and a based space X with based S-action let X[k] := (X));>1
be the sequence concentrated in degree k, i.e. X := X and Xj = x* else.
Then the space V(E; X[k]) contains only configurations where all clus-
ters have size k. In particular,

V(E;S°[k]) =2 [ JV¥(E)

r=0
We will occasionally use the short notation V¥(E; X) := V(E; X[k]).

Notation 2.1.7. If the base space B is just a point, then the verticality condition
is again empty and V(E; X) is the space of labelled clusters in E.

In this case, we also write C(E; X), and for a based space X, we abbreviate
CK(E; X) := C(E; X[k]) as we did for V. Note that C!(E; X) is the same as
C(E; X), the classical configuration spaces of points in E, with labels in X.
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Definition 2.1.8 (Well-basedness). We will sometimes assume that the la-
belling sequence X = (X )k>1 is equivariantly well-based, i.e. the basepoint
inclusion * < Xj is a Sy-cofibration for each k > 1 as in [Diey9, §8].

2.1.2. The stable splitting

Having constructed the spaces V(E; X) for a manifold bundle E and a based
symmetric sequence X, we want to filter these spaces by the number of
clusters and prove a stable splitting result as in [Snay4; Bod87].

Definition 2.1.9. For two tuples K’ and K, we say that K’ < K holds if there
is an injective map u: r’ < r such that K’ = u*K. For a fixed tuple K, we
let Vk(E; X) C V(E; X) be the subspace of all configurations of at most K
clusters. More precisely, we have a quotient map
[T Vk(E)xx¥ - V(EX),
tuples K’

and we let Vi (E; X) be the union of all images of Vi/(E) x XX with K’ < K.
For each K’ < K, we have inclusions Vi/(E; X) < Vx(E;X), which are
cofibrations if X is equivariantly well-based. We define the filtration quotient
Vk(E; X Vk(E; X
Di(E; X) = k(EX) _ ; k(EX)
Ukr<k Vi (E; X) i=1 VdiK(E} X)
Clearly, the filtration component Vx(E; X) C V(E; X) depends only on the
unordered collection [K], and hence also Dg(E; X) only depends on [K].

If Xy, = for some 1 < i < 7, then V;x(E; X) = Vk(E; X) and Dy (E; X) = *.
As in [BCT89, §2.6], the homology of these filtration quotients can be related
to unlabelled vertical configuration spaces with fixed cluster sizes:

Proposition 2.1.10. Let K = (ky,...,k.) and, for each 1 < i < r, let X, be a
sphere g, for some dy, > 0, endowed with the trivial Sy -action. Then we have

He(Dk(E; X)) = Ho_ (g, 4-4a, ) (VK (E); Ox),

where O is an orientation system of the following form

7T1(VK(E)) 61( {:l:l}

TL (ks - -0 Ok Te) — TTesg(Tic)%.
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Proof. We have a vector bundle over Vi (E) given by

. % dyyr(k
R = <VK(E)/6k1 X oo X Gkr) XHkGr(k) IQ(R k)r( ),
and its Thom space Th(R) is isomorphic to the quotient Dk (E; X) by the same
argument as in [Mil72, Thm. 1.3.2]. Moreover, R has rank Y r(k) - di = Y_; di,
and the associated orientation bundle is exactly the bundle assigned to Ok.
Hence the result is an instance of the (twisted) Thom isomorphism. O

In two special cases, we know that the orientation system is trivial: if
all spheres are of even dimension, or if the monodromy m(Vk(E)) — Sk
attains only even permutations ;. The latter is e.g. the case if E = R%!, as
each component of Vi (R%!) is contractible.

The method of proof shows that it is possible to additionally incorporate
orthogonal representations &; — O(dy) — Aut(S%, *) which would then
yield a further factor [T, IT; det((ox;)«) for the orientation system.

As in [Sna74, Thm. 1.1] and [B6d87, § 3], we can show that the aforemen-
tioned filtration stably splits as a bouquet of filtration quotients:

Theorem 2.1.11 (Splitting theorem). Let X = (Xy)r>1 be a sequence of based
spaces with a left action of &y on X, such that each basepoint is equivariantly
non-degenerate. Then there is a stable equivalence of suspension spectra

ZOOV(E,'X) — X% \/[K}#Q DK(E,X)

Proof. We start by fixing some notation: let us abbreviate Dx := Dg(E; X) and
W := Vg Dk. Recall moreover the classical spaces C(M;Y') of configurations
of points in a space M with labels in a based space Y; we use also here the
suggestive sum notation ) ;{; ® y; for {; € Mand y; € Y.

Now we adapt the strategy of [Bod87, §3] and define a “‘power set map’
P: V(E;X) — C(R%®; W): to do so, we note that all Vx(E) are smooth mani-
folds and pick an embedding 1: [[x Vk(E) < R*® by Whitney’s embedding
theorem. Next, we construct maps Py : Vi (E) x XX — C(IR®; W) as follows:
for each tuple ® = (Z4,...,Z,,x1,...,%) € Vk(E) x XX and each non-empty
indexing subset T C {1,...,r}, we define

[©7] =Y [Z] € Vx,(E) and [O7]:=) Z®x; € V,(EX),
ieT ieT
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where K|r arises from K by removing all entries indexed outside T. Recall
that [Z;] does not know its internal ordering any more, whereas in z; ® x;, the
ordering is balanced with the label. Secondly, since [@"] # [@”'] for T # T/,
the tuple of subconfigurations (1[@7])r lives in Cor_1(IR®). Now consider the
map j: Vi, (E; X) — Dgj, € W and set
Pk(®) =Y 1[0 ®;[O@1] € C(R™;W).

TA0

Finally, the maps Px are continuous and Ik DPx factors over V(E; X) since we
sum over all non-empty subsets T, and since j[@r] is the basepoint if there is
an i € T such that x; = *. Thus, we get the desired map P.

We have a map w: C(R*; W) — Q®Z*W from [Segy3], and by passing
to the homotopy adjoint, we obtain a stable map @: X°C(R*; W) — Z®W.
By precomposing with the power set map P, we reach a stable morphism
@oX®P: X*V(E; X) — X®W, and we claim that it is a stable equivalence.
To this aim, note that the map P is filtered in the following coarse way: for
each r > 0, we let V,(E; X) := Usik)<r Vk(E; X) and W, = Vix)<r Dk Then
P sends V,(E; X) to C(R®; W;), so we get @ o X°P,: X*°V,(E; X) — Z°W,.

We show by induction on r that each @ o X*P; is a stable equivalence,
which yields the statement since stable homotopy groups commute with
filtered colimits. For » = 0, the statement is clear, and for the induction step
‘r—1 — v/, we note that V,_; — V, and W,_; — W, are cofibrations, and
that we have a diagram of cofibre sequences

=2V, (B X) —— E°V,(E;X) —— =% Vy—r Dk (E: X)

wozwa_ll @ozwp,l

TEW, g TOW, 5 T (W, /W),

in the homotopy category of spectra. Thus, the induction step follows by the
five lemma applied to the long exact sequence of stable homotopy groups. [

Example 2.1.12. In the case X = X]k|, the splitting theorem has an easier
form: first of all, note that Dg(E; X[k]) = * whenever K # (k, ..., k), so we
actually have only the filtration quotients D¥(E; X) := Dy (E; X[k]) and
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obtain the more common form, namely a stable equivalence
S°VK(E; X) — 2%V, DE(E; X).

Remark 2.1.13. One can without any further effort consider a relative version
V(E,E’;X) where E' := pr-!(B’) for a cofibration B’ < B. In the same
way, we can define filtration components Vi (E,E’; X) and filtration quo-
tients D (E, E’; X) to prove a corresponding splitting result which claims the
existence of a stable equivalence

S*°V(E,E/;X) — £ /[ Dx(E, E'; X).

However, since we are not going to use it in the remainder of this thesis, we
will not go into more detail.

2.2. Bar constructions of vertical configuration spaces

In this section, we study the spaces V(R”7; X) as algebras over the operad
@, of little d-cubes for d = p 4 q, and we give a geometric model for its
p-fold bar construction.

Construction 2.2.1. If X = (Xj)x>1 is a sequence as before, then V(RP7; X)
admits the structure of a 6;-algebra: recall that elements in 6;(r) are tuples
(c1,...,cr) of rectilinear embeddings c;: [0;1]¢ < [0;1]¢ with pairwise dis-
joint image, see Example 3.1.7 for more details. If we additionally identify
R = (0;1), and hence R¥ =2 (0;1)?, then we can construct the desired struc-
ture maps A,: 6;(r) x V(RP; X)" — V(RP9; X) by

S r Si
/\r (le oo /Cr)/ < Z Z’i,a & xi,a) = Z Z Ci(zi,a) & Xiar
a=1 1<i<r

i=1a=1

where for a cluster Z = (zy, ..., z;) and a rectilinear embedding c: RY — RY,
we write ¢(Z) := (c(z1),...,c(zx)). Here we see that pr(c(z;)) = pr(c(z;)) if
pr(z;) = pr(z,/) holds, since c is rectilinear and the identification R? = (0;1)4
is defined coordinate-wise, whence the verticality constraint is preserved by
the structure maps.
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Agsl[:]{ :l[]I

7 7 7

Figure 2.1. An instance of A3: 6;(3) x V(R";8%)3 — V(RY1;80).

The first p steps of the iterated bar construction can be calculated by the
following theorem, and they gradually ‘resolve’ the verticality constraint,
whence we are left with a clustered configuration space without any verticality
condition:

Theorem 2.2.2. If X is levelwise equivariantly well-based, then there is a homotopy
equivalence of ‘6,-algebras

BPV(RM1; X) ~ C(R7, FX),
where we write (X X))y := XP Xy, endowed with the induced Sy-actions.

If X is levelwise path connected, then also V(IRP7; X) is path connected
and the theorem implies that we have an equivalence of 6;-algebras,

V(RP; X) ~ QPC(RT; 2P X).

The rest of this subsection aims to prove Theorem 2.2.2. As we follow the
strategy of [Seg73], this proof is quite similarly organised: we emphasise the
passages where the usage of clusters makes a difference, but we are short on
those technicalities which go through without any modifications.

We proceed inductively: since there is nothing to show for p = 0, we can
assume that p > 1. Then V := V(RP; X) is in particular a 6;-algebra and
we will construct a weak equivalence

BV ~ V(RP~M; LX)

of 6, ;- 1-algebras, which clearly implies the statement by induction on p.
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Definition 2.2.3. Let M be a partial topological monoid in the sense of [Seg73,
Def. 2.2]. Then M gives rise to a simplicial space NM, the nerve, with

(NM),, := {(my,...,my) € M"; my - - - my, defined},

and face and degeneracy maps

(mo, .. ) for] =0,
di(my,...,my) =< (my,...,m-myq,...,my) for1<I<n—1,
(my, ..., my_1) forl =n,

si(my,...,my) = (ml,...,ml,l,mlﬂ,...,mn).
The bar construction BM = |NM| is the geometric realisation of NM.
The following is the analogue of [Seg73, Prop. 2.3]:

Lemma 2.2.4. Consider the (abelian) partial monoid M := V (RP~14; X) where
two labelled vertical configurations are summable if the clusters are disjoint, and in
that case, their sum is the union. Then BM = V(RP~Y;2X) as 6. 4—1-algebras.

Proof. We define maps ¢,: (NM), x A" — V(RP~1;£X) as follows: we use
the simplex coordinates A" = {0 < t; < --- < t, < 1}, so a generic point in
(NM),, x A" is of the form (my, ..., my, t1,...,t,) with m; = ZZ 1211 @ X1,
each Z; , being a vertical cluster in IRP L4, Then we set, using ZX; = S! A X
with the symmetric action o - (t A x) =t A (0x),

n
Pn(my, ..., My, b, ... 1) = Z Zin @ (b A xpp).

Note that ¢, is well-defined since (my, ..., m,) is summable and the balancing
relation is preserved. Moreover, one readily checks the identities

@n—l(dl(mlr- . -/mi’l)/tll- --;tn—1> = q)i’l(ml/- ..,mn,dl(tl,. . -/tn—1)>/

§0n+1(sl(m1/ .. '/mﬂ>/tl/ . ~/tn+1) - (Pn(mlr . ~/mnrsl(t1/ .. '/tl/l+1))/

so the maps (¢, )0 can be glued together to a map ¢: BM — V(RP~11; £X).
Then ¢ is a homeomorphism as it has a continuous inverse which can be
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constructed as

Ik Vi (RP~19) x XK x [0;1]" —— [[,(NM), x [0;1]"

| J

where on the right side, the cube [0; 1] is subdivided into ! many simplices
AL = {0 < tyq) < -+ < () < 1} for each T € &,, and the top horizontal
map combines the map (Z1,...,Z, x1,...,%) — (Z1 ®x1,...,2Z, ® x,) with
the identity on [0;1]". Finally, it is a straightforward task to check that for
each y = (c1,...,¢) € Gpyqg(r), (M., my;) € (NM), for 1 <i<r, and
0<t; <+~ <ty <1, we have

(Pn()\r(lfl/ ml,l/ e /ml,r)/ e /AI’(,u/ mn,ll e rmn,r)/ tl/ M4 tn)

= /\r(% @n(ml,ll cee, My, f1,.. -/tn)/ ey (Pn(ml,rz e My, tl/ .. -ztn))/

so we indeed have an isomorphism of 6, 1-algebras. O

Construction 2.2.5. An advantage of our inductive procedure is that we can
describe the bar construction elementary: we first ‘thicken’ V = V(RP7; X))
to a true topological monoid V, and then take its classical bar construction.

This true monoid V is constructed as follows: each };Z; ® x; € V has a
support U;[zi] € RP9. Now consider the projection pr,: R”7 — R to the very
tirst coordinate and define

V= {(t,ziz} ®x;) € Rsg x V; pry (Uilz]) € (o;t)},
where (0; t) is the open interval. On V, we define the Moore concatenation
(f, YiZi® xi) : (t/, YiZ® xf) = (t +t, 2 @+ Xish(Z)) ® xf),
where sh;: RP"7 — IRP1 translates the first coordinate by t, here applied to an

entire cluster. This construction coincides with the thickening from [Dun86,
§ 1] for general 6;-algebras, whence BV = |[NV| serves as a model for BV.
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Chapter 2. Clustered configuration spaces as E;-algebras

Figure 2.2. An instance of the map : VP — M

Definition 2.2.6. We have a second projection pr,: RP4 — IRP~ 14 and we call
O] =Y,;Z; ® x; € V(RPI; X) projectable if the restriction

pr, |,z UilZi] — RP-1

is injective. Let VP™ C V be the subspace of pairs (¢, [@]) with projectable [®].
Then VP™ is a partial submonoid with respect to the concatenation, where
two configurations can be multiplied if their product is again projectable.
Moreover, we have a morphism 1: VP™ — M of partial monoids which is
induced by the projection pr,, applied to entire clusters, see Figure 2.2,

p(tTEen) = LipnE) o

The projectability condition is exactly the one we need to ensure that all
clusters pr,(Z;) are pairwise disjoint, and hence 1 is well-defined. Moreover,
VP s also a 6, -1-subalgebra and ¢ is a morphism of 6, ,_1-algebras.
As in [Seg73], the maps (Ny),,: (NVP™), — (NM), between the spaces
of summable tuples are homotopy equivalences and, since X was assumed
to be equivariantly well-based, our simplicial spaces are proper, so we have a
homotopy equivalence among the classifying spaces Byy: BVF™ — BM.

The following is the analogue of [Seg73, Prop. 2.4]:

Lemma 2.2.7. The inclusion «: VP — V induces a homotopy equivalence of
G-+q—1-algebras Bry: BVP™ — BV among classifying spaces.
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2.2. Bar constructions of vertical configuration spaces

Remark 2.2.8. Everything we did so far made no particular use of the fact
that points from the same cluster project to the same value along pr;, and
we might as well define CP™(IR7; X) and a projection morphism as above,
which now is of the form ¢: CP™(R; X) — C(R7!; X) and still induces a
homotopy equivalence of classifying spaces.

However, Lemma 2.2.7 fails to be true if we drop the condition ‘p > 1": we
will highlight the stages of the proof where we need verticality, and we will
give a precise counterexample later in Example 2.4.3.

Before proving Lemma 2.2.7, let us combine all arguments and prove the
main result, Theorem 2.2.2, under the assumption of Lemma 2.2.7.

Proof of Theorem 2.2.2. We obtain a zig-zag of morphisms of €, , 1-algebras
whose underlying maps are homotopy equivalences, given by

B Vproj

BV(RP9; X) = BV BM = V(RP~1; £X). O

Proof of Lemma 2.2.7. There is an equivalent description of BM for a (partial)
topological monoid M, see [Seg73, A1]: consider the category My with object
space M, morphism space (NM)3, domain assignment d (11, my, m3) = my,
and codomain assignment do(mq, my, ms) = my - my - ms, i.e. arrows m — m’
are pairs (m,m) € M x M with m - m -m = m'; then BM = |My|.

We define the space N whose elements are triples v = (a,b, [©]) in which
a<0<band [O] =Y,;Z;®x € V(RP;X) with pr, (U;[Zi]) C (a;0). In
order to give N a partial order, we introduce the following construction: for
L CRand [®] =}, Z; ® x; with pr, [Z;] € oL for all 1 <i < r, we define

[@] N (L X ]Rp_l’q) = Z Z; Q xj.
pry[Zi]eLl

Then pr, [Z;] € 0L ensures that the result projects to the interior of L. Here
we use that pr,[Z;] is a single value in R since all points in [Z;] project to the
same real number. Now we let (a,b, [0]) < (a',V/,[©’]) in N whenever

e [a;b] C [a;V'], and
* a,b & pr(UilZ]) and [0] = [@] N ([a; 6] x RP~11),
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Chapter 2. Clustered configuration spaces as E;-algebras

compare Figure 2.3. Then we can regard N as a topological category and
obtain a functor p: N' — V4 by p(a,b,[®]) = (b —a,—a + [©]), where the
term ‘—a + [©]” denotes a translation by a to the left in the first coordinate.

We can copy [Seg73, Lem. 2.6] verbatim to show that |p|: |N| — |Vy| is
shrinkable, i.e. it admits a section s such that s o [p| ~ id|y/| by a homotopy
which respects |p|. Let M C N be the ordered subspace consisting of all
triples (a, b, [®]) with projectable [®]. Then p(M) = V}'” holds, whence it
is enough to show that |[M| — |V is a homotopy equivalence. In order to
do so, we use from [Segy3] the following tool:

PROPOSITION 2.7. Let N be a good? ordered space such that:

G1. for each vy, v, v € N with vy, v, < v there exists inf(vq,1,);

G2. wherever defined, (v1,v2) — inf(vy, v2) is continuous.
Moreover, let N' C N be open such that:

G3. forv' € N"and v < v/, we have v € N,

G4. there is a numerable cover (W;);e; and maps w;: W; — N such
that w;(v) < v forallv e W,

Then the induced map |N'| — |N| is a homotopy equivalence.

Since X is equivariantly well-based, there are contractible and &y-invariant
neighbourhoods Uy C Xj around the respective basepoints x; and equivariant
homotopies hE: X — X which move Uy into *. If we set U := (L) k>1, then
V(RP1;U) is a contractible neighbourhood around the empty configuration
[@], which witnesses that the topological monoid is good. Moreover, N' — Vj
is shrinkable, whence N is good as well.

Additionally, the assumptions G1 and G2 involving the infimum are clearly
satisfied by the explicit construction of our order. Now we use U to thicken
M to an open subset N/ C N containing all configurations which are
projectable if we ignore clusters labelled in U; we call these configurations
almost projectable. Then | M| — |N”| is a homotopy equivalence, with inverse
induced by (/% );=; from above. Moreover, N satisfies assumption G3 since

3 A good ordered space is a space N such that its nerve is a good simplicial space. A topological
monoid (M, 1) is good if 1 has a contractible neighbourhood, see [Seg73, A2].
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2.2. Bar constructions of vertical configuration spaces

t e &y ’
N

te by ’

| BN

0 0

Figure 2.3. Inside V, the left configuration is smaller than the right one since it
is a restriction of the latter.

restrictions of projectables are still projectable. As a cover for G4, we define

W = {(a,b [@]) € N; +é¢pr,[@)], and }

7 [@]N([—6;0] xRP~14) is almost projectable

for each 6 > 0. Then W5 C N is open, the cover (Wjs)s~¢ is numerable,
and since each [©] has only finitely many clusters, each [®] admits a § > 0
such that [©] N ([—4; 6] x RP~11) projects to a single point in (—4; ), hence
the restriction has to be projectable, and so (Ws)s~¢ is exhaustive. Now we
define the maps w;: W5 — N’ by

ws(a,b, [0]) == (max(a, —6),min(b,8), [©] N ([—8;] x ]Rp—w)),

which is continuous since 9 ¢ pr, (U;[z]) for each [©] =} ;Z; ® x; and a,b
with (a,b,[®]) € Ws. Hence, all four assumptions of [Seg73, Prop. 2.7] are
satisfied and |N’| — |N| is a homotopy equivalence. O

Let us close this subsection by emphasising stages of the proof which break
down if we drop the condition that a cluster projects along pr; to a single
point: we needed that for each (a,b,[0]) € N, thereisana < 4’ < 0and a
0 < V' < b such that [@] N ([a;b'] x RP~1) is projectable. For example, in
V(IR%2;8%), this is not always possible, as Figure 2.4a shows.

One may try to remedy this issue by allowing restrictions which exclude
parts of a cluster, and in that case, we remove the entire cluster. However,
the so-defined order on N\ clearly does not reflect the monoid structure of
V correctly, which formally means that the functor p: N' — Vj cannot be
defined on morphisms, as Figure 2.4b shows.
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Chapter 2. Clustered configuration spaces as E;-algebras

(a) A non-projectable configuration of a (b) If one also removes clusters which are

single 2-cluster in V(]RO'2 ;50), where only partially excluded, p would have to
each restriction which is projectable deal with the above ‘morphism’. How-
would ‘break’ the cluster. ever, the right side is not a concatenation

m - m - m, where m is the left side.

Figure 2.4. Two examples in R? where the proof strategy is not applicable.

2.3. An E;-cellular decomposition

We have already seen that BPV(RP7; X) ~ C(IR7; £ X)) holds for each based
symmetric sequence X. However, the right side is still a ‘6;-algebra which
we want to deloop further. In general, finding a geometric model for the bar
construction of C(IR%; X) appears to be quite complicated, but we can give
an answer to this question for the case d = 1: here we provide a (strictified)
Ej-cellular decomposition in the sense of [GKR18; GKR19].

Let us start with a few combinatorial preliminaries, and then discuss the
easy and instructive example of C(RR;S°).

Notation 2.3.1. We extend Definition 1.3.8: for each A > 0, an unordered
partition of {1,..., A} is a tuple e = (S1,...,S;) such that:

1. the collection {Sy,...,S;} is a partition of {1,...,A};

2. the entries are ordered by their minimum, i.e. min(S;) < min(S;;1).

We write |e| := A and K(e) = (#S1,...,#S;), and we call #e¢ = r the weight.
Moreover, let & be the set of all unordered partitions for varying A > 0.

Construction 2.3.2. We have a product E x & — E by stacking partitions: for
two partitions e = (S1,...,5;) and ¢’ = (S},...,S),), we let

ele == (S1,...,S, le| +S1,....le| + Sy),
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2.3. An Ej-cellular decomposition

where the rear r' components are shifted by |e|, as the notation indicates.
Thus, E becomes a monoid with neutral element the empty partition &.
This monoid is freely generated: we call a partition e irreducible if it is
neither @ nor the product of two non-empty partitions, and we denote the
subset of them by [E C E. Then = is, as a monoid, freely generated by E.
As a notational mnemonic, the letters = and [E were mainly chosen because
& looks like a ‘“decomposable’ version of EE.

Example 2.3.3. We have a morphism x: C(RR;S") — Z of @;-algebras given
by identifying, for each clustered configuration ) ;[Z;] inside C(RR; 50), the set
Ui[Zi] € Rwith {1,...,Y;k;} in a monotone way, see Figure 2.5.

@H{ > 12345678 = ({1,5,7},{2,4},{3,8},{6})

Figure 2.5. An instance of x: V(R%};8%) — =

This map admits a section s: & — C(R;8°) by including {1,..., Y, k;} into
R, and the composition s o x is clearly homotopic to the identity by linear
interpolation. Thus, x is an equivalence of 6;-algebras.

Since E is a freely generated by IE, or, in other words, the (reduced) James
product of E,, we get BC(R;S°) ~ BE = BJE, ~ XE, = \/,.g S

If we replace S° by a general sequence X of labelling spaces, then the bar
construction is calculated as follows:

Theorem 2.3.4. For a sequence X = (Xy)x>1 of well-based spaces (with arbitrary
based &y-actions on Xy), we have a weak homotopy equivalence

BC(R;X) ~x\/ XK,
ecE

where we write XK = Xy N N Xy, for K= (kq,..., k).
Before proving Theorem 2.3.4, let us discuss some remarks and examples.

Remark 2.3.5. The reader should not be surprised by the fact that the sym-
metric actions on X do not occur on the right side: they are also irrelevant
for the left side since we have g = 1. Note that the action of &, x --- X &,
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Chapter 2. Clustered configuration spaces as E;-algebras

on Ck(R) induces a free action on 719, so we can alternatively restrict to the
subspace Cg (R) containing configurations (2, . .., Z,) of clusters where each
cluster Z; is of the form Z; = (z;1,...,zi,) with z; ; < z; ;41 in R: then we
get the coend description, writing N := {1,2,...},

C(R; X) = C(R) x XK,

J'KGNlInj
where X is considered only as a sequence of based spaces. This is also the
reason why we do not have to assume that X is equivariantly well-based.

Example 2.3.6. In some cases, Theorem 2.3.4 recovers old results: for X = SO,
we see that (8”)"K() = 8% and we get precisely Example 2.3.3.

If X = X[1] for a well-based space X, i.e. we only see clusters of size 1, then
C(R; X[1]) is the classical labelled configuration space. On the other hand,
we have X[1]"K(¢) = x whenever K(e) is not of the form (1,...,1). However,
there is only one irreducible partition e = (Sy,...,S,) with #5; = 1 for all i,
namely e = ({1}), so we recover BC(RR; X) ~ XX from [Seg73].

The idea of the proof of Theorem 2.3.4 is the following: we construct a fil-
tration FoC(R; X) of C(R; X) by the maximal weight of irreducible partitions.
Then each F,.C(RR;X) is a sub-Ej-algebra, and, up to homotopy, F,C(R; X)
arises from F,_1C(IR; X) by attaching a free Ej-algebra: pictorially, we have
to add one letter for each irreducible partition e of weight r, and each such
letter comes with a parameter domain XX(¢), corresponding to the labels of
the involved clusters. If at least one coordinate of the parameter attains the
basepoint, then the letter breaks apart and we land in F,_;C(IR; X). Finally,
we have to understand bar constructions of such attachments.

In order to make this idea precise, it is convenient to discard the contractible
information which tells us how far apart the particles are, and to switch from
the category of Ej-algebras to the category of topological monoids. To do so,
we first consider again the thickened version C of C(IR; X) as in Construction
2.2.5, which is now of the form

C:={(tLiZi®x) € Ry x C(R; X); U;[Zi] € (0;1)},

again endowed with the Moore concatenation as product. Then BC(RR; X)
and BC are equivalent. Subsequently, we construct a cellular monoid M,
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2.3. An Ej-cellular decomposition

which arises from the trivial monoid by attaching free topological monoids
(or, in other words, reduced James products), and give an explicit monoid ho-
momorphism ¢: C — M whose underlying map is a homotopy equivalence.
Finally, we calculate BM cellularly.

Definition 2.3.7. Let X = (X\)>1 be a sequence of well-based spaces and let
K = (ky,...,k;) be a tuple of positive integers. We denote the basepoint of
X by * and define the thick bouquet

Xg = {(x1,...,x,) e XK x; = *i. for some 1 <i<r} c xK

as the subspace of degenerated tuples. For T C {1,...,r}, we let X*T C XX be
the subspace of all tuples (x1,...,x,) with x; = %, for i ¢ T. Then we have

XX = colim XXT ~ hocolim X*T,
T#{1,...r} T#{1,...,r}

where the last equivalence comes from the fact that in the diagram X%, all
arrows are cofibrations since X is assumed to be levelwise well-based.

Given a topological monoid M, we write UM for its underlying based
space, and, conversely, given a based space Y, we write JY for the James
product, i.e. the free topological monoid over the based space Y.

Construction 2.3.8. We construct the topological monoid M inductively:

* we give a sequence (1,: Ay <= Y;),>1 of based cofibrations,
e we start with the trivial monoid My =1,

¢ given M,_1, we give a based map f,: A, — UM,_1, consider its adjoint
fr: JA, = M,_1, and define M, to be the pushout of monoids
fr
]Ar E— Mr—l

ol

Y, —— M,.

* finally, we let M := lim, M, be the colimit of topological monoids.
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Chapter 2. Clustered configuration spaces as E;-algebras

As cofibrations A, < Y;, we choose \/y,_, XK(©) < \/u,_, XK(¢), and we write
points in Y; as e A (x1,...,x,) where e € E and x; € X..

In order to construct f,, we provide maps ] : XXT — UM, ; for each
e=(Sy,...,S) € Eand each T C {1,...,r}: consider the partition e’ where
we have removed all components S; for which i ¢ T. Then there are unique
irreducibles ey, . .., es € E such thate” =e; - --LUe,, and by construction, we
have #e; < r —1 for each 1 <1 < s. If we write e = (S4,...,S;,,), then there
is a unique bijection ®:Y,, , — T such that Scp(l/h) inside e corresponds
to S inside e;, where Y, , denotes the tableau from Definition 1.2.1. We
write X}, := Xg(;;) and define the map I by

S
fo(xa,.oox) =]TeaA (..., x,) € UM, 1.
1=1

Then we have £ |gker = fI for T C T' by the already existing attaching
maps fi,..., fr—1, 50 we get an amalgamated map f.: X(If(e) — UM, _1.

Similar to the classical proof that the thickening of the free Eq-algebra over
a well-based space X is equivalent to the reduced James product over X, we
show that the monoids C and M are equivalent.

Lemma 2.3.9. There is a homomorphism ¢: C — M of topological monoids, whose
underlying map is a homotopy equivalence.

Proof. We construct for each tuple K a map ¢x: Cg (R) x XX — M as follows:
given a configuration (Z1,...,Z,) € CE (R), we define:

e the partition e = (Sy,...,S;) = x(¥;[zi]) as in Example 2.3.3,

* a permutation T € &, with z(1)1 < -+ < z¢(y),1, which means that the

clusters Zr(1), ..., Z¢(r) are ordered by their minimum.

The pair (e, T) only depends on the path component of Cg (R), so the assign-
ment is continuous. We proceed as above and decompose e = e LI - - - Lleg into
irreducibles. Again we write ¢; := (S;1,...,5;,,) and consider the bijection
®:Y,, . — rfromabove. For (x1,...,x,) € XK, we define

s
(PK(ZL e ,Zr, X1,+-- ,xr) = Hel N (x(To<I>)(l,1)/ . /x('rofb)(l,r;))'
I=1
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2.3. An Ej-cellular decomposition

Then one readily checks that [ [x ¢k factors through ¢: C(RR; X) — M. Finally,
we define ¢: C — M by ¢(t,Y;Z; ® x;) = $(¥;Z; ® x;), which clearly is a
homomorphism of monoids.

In order to see that ¢ is a homotopy equivalence, we use that all X are well-
based, so they admit Urysohn functions uy: X; — [0;1] with u;1(0) = {#¢}.
Now for each ¢ € [E, we write K := K(¢) and define maps &.: XX — UC as
follows: writee = (Sy,...,S,) and K = (kq, ..., k;), which means k; = #S; and
le] = ¥_; ki. There are tuples Z; = (z;1, ..., 2, ) of positive integers which are
uniquely determined by the properties z; ; < z; ;41 and {z;1,...,zix} = Si.

Moreover, the partition determines a map 7: {1,...,|e[} — r such that
S; = (i), and for each tuple (x1,...,%,) € XK, we stretch {1,..., e[} C R
such that each j is the mid-point of a segment of length uy_, (. (;)), see
Figure 2.6: formally, we define str: XX x {1,...,]e|} = R by

j—1
str(x1, ..., Xp, 4) = 5 - k) (Xn(i)) + ) i (X))
j=1

and, applying str to an entire cluster, we put

T r
Xo(x1,..., %) = <Eki g (i), ) str(xy, ..., X, Z) ® xi> e C.
i=1 i=1

Let a;: JY; — C be the adjoint of \/g._, &.: ¥; — UC. These maps can be
used to inductively define a system (Yr: My — C),>p of homomorphisms
satisfying ¢ o j, = ¢,_1 and &, 41 © (Ji,41) = ¢y © fr41 as follows: we define
Yy to be the trivial map, and for the induction step ‘r —1 — r’, we define 1,
to be the pushout map of the diagram

Xy
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et

({1,3},{2,4,5}) uz(x1)=1 us(x2)=

Figure 2.6. An instance of &.: XX — C for e = ({1,3},{2,4,5}).

using that we already know &, o (J1;) = 1,1 o f,. To complete the induction
step, assume that #e = r + 1 and let K := K(e) and (x1,...,x,41) € XX. By
construction, if x; = * for some 1 < i < r + 1, its corresponding Urysohn
map attains o and the k; segments are entirely removed, which means that
the maps &, o 7, and Uy, o f, coincide for each ¢, and so do their bouquets
(V. &) ot,+1 and U, o f,11, and their adjoints a,1 0 (Ji,41) and ¢, o f,1.
Finally, we let ¢ := lim, ¢,: M — C. Then ¢ o ¢ is the identity on M, and
1 o @ is homotopic to the identity on C, again by linear interpolation. O

Since both topological monoids, C and M, are well-based, the homomorph-
ism ¢ induces a weak equivalence Bp: BC — BM, so we can equivalently
study the homotopy type of BM.

To this aim, we use that the bar construction respects such attachments
and hence have to understand how for each tuple K, the suspension XX K can
be attached with respect to the subspace ZXJ. Here we use that the cofibre
sequence associated with Xg — XK splits after a single suspension step in
order to reach the following statement:

Lemma 2.3.10. Let X be as before. For each tuple K, there are homotopy equivalences
,,,,, r YX"Klo and py: XK — Vo > X"Klo, where Q ranges
over non-empty subsets of {1,...,r}, such that

XK rxK

VK/Ol JVK (©)

Vorq,.np 2X Ko —— Vo mx Ko,

commutes up to homotopy.
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2.3. An Ej-cellular decomposition

Proof. Since each Xj is well-based, the inclusion Xé< — XK is a cofibration,
and we have a cofibre sequence X — XX — X"K. Recall for each subset
T C{1,...,r} the subspaces XKT C XX from Definition 2.3.7, and note that
we have an isomorphism XXT = XKIr| For each non-empty subset Q C T,
we have a map pr(gz XKT — X"Klo, and the coproduct of them,

#T
yIT< = (\/Q Zpré) o VZT Loy xkT \/@#QQT ZXAK|Q,

is a homotopy equivalence by an inspection of the corresponding cofibre
sequence. For each subset T C T/, the inclusion map ZXXT < XK is a
morphism of co-H-spaces, so by counitality, the diagram
XK < rxKT
) | (00)
Vorocr EXMKle —— Vo ZX e,

commutes up to homotopy. We obtain a map between homotopy colimits

. . KT : AK
o ORI BX > Bggplng Vaer =X
which is an equivalence since the morphism of diagrams is a levelwise equiva-
lence. On the other hand, since X is well-based, both diagrams are cofibrant,
whence the two homotopy colimits are equivalent to the honest amalgama-
tions XX and Vo1, »X"Klo, If we finally define pug := y1{<1""’r}, then the
H-commutativity of (¢) follows from the H-commutativity of (¢©). O]

Now we have everything together to prove Theorem 2.3.4.

Proof of Theorem 2.3.4. Recall that it is enough to see that BM has the weak
homotopy type of \/, ZX"K(€). First of all, since B commutes with filtered
colimits, we obtain BM = lim, BM,. Moreover, we have BM, = * and, by a
variation of [KM18, Prop. 98], BM, arises from BM,_; as the pushout

K KM, ,© (Z‘fV)
\/#e:r z“)(0 (© M—> BMrfl

i |

V#e:r Z‘XK(E) ” BMr/
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where x: ZU = B is the natural inclusion. We aim to show that the inclusion
BM, 1 < BM, is equivalent to BM, 1 <+ BM, 1V Vy_, ZX"K(), which
implies the statement. To do so, we pick for each tuple K a homotopy inverse
VK0t Vo1, . rX"\Kle — XX and define

ftf = KM, © (Zfi’) © (V#e:r 1/K(e),O> * Vie—r VQ#{L...J} X KO@lo — BM; 1.
Then we obtain a morphism of spans

o(Xfy
BMrfl M V#e:r z“)((I)<(6) € \/#e:r ZXK(E)

H Vite=r VK(B),O\L Vie=r MK(L’)\L

BMy—1 —— Vie—r Vor(1,..1} X KEle Vie—r Vo X Ko,

where the right square commutes by Lemma 2.3.10, while the left square
commutes by definition, using that vk o ug is homotopic to the identity
on ZXKX. Moreover, all three morphisms are homotopy equivalences, so we
obtain a homotopy equivalence between their induced homotopy pushouts.
Finally, the homotopy pushout of the bottom span is equal to the bouquet of
BM,_; with those summands ZX"K()lo where Q = {1,...,r}. O

Corollary 2.3.11. Let X be a sequence of well-based spaces with based Sy-actions.
1. If X is equivariantly well-based, then we have a weak equivalence

Bp+1V(IRp’1;X) ~ \/e Zl+p-#ex/\K(e)'

2. If X is levelwise connected, then C(IR; X) is equivalent to a classical labelled
configuration space

C(R;X) ~ QX V, XK ~ C(R; \, X K©).

Outlook 2.3.12. The proof of Theorem 2.3.4 is obviously a peculiarity of
dimension 1: in order to switch from one combinatorial type to another one,
at least one label has to meet the basepoint.

The easiest case for which we do not have a geometric model of its (iterated)
bar construction is the Ep-algebra C?(IR?;S°) of unordered configurations of
unordered pairs in the plane.
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2.4. Applications and calculations

2.4. Applications and calculations

In this short section, we discuss a few applications of the results from the
previous sections, which mainly show how understanding the homotopy
theory of labelled vertical configuration spaces helps us to understand the
homology of the unlabelled ones.

Application 2.4.1 (Stable homology). For each p, g,k > 1, we see

Vk(RP;80) = 11 VE(RPT).

=0

Since all spaces V¥(IRP7) are connected, the monoid 7to(V*(IRP4;S°)) with
the addition induced by the 6, 4-action is isomorphic to IN.

Moreover, we saw in Theorem 1.3.3 that the sequence (VF(IRP7)),> is
homologically stable, so since Vk(lRW ; SO) is at least a ‘6,-algebra, we calcu-
late the stable homology by the group completion theorem [MS76, Prop. 1],

Hy, (VE(RPT)) = H, (Qf BPV*(RP1;S%)) = H,, (QFCH(RY;SP)),

where () denotes the path component of the constant loop. In the case g =1,
we obtain, summing over all irreducibles of the form K(e) = (k, ..., k),

Hy, (VE(RPY)) = Hy, (Qp T Ertty, gp((e)-1))
>~ Hy, (Coo (RPTL;V, sp-(zv(e)fl))),

where w(e) denotes the weight as in Definition 1.3.8. For the last identific-
ation, we use that \/, 87" (@(€)-1) = Vw(e)»2 sp-(@(©)=1) || {ey} has exactly two
path components, and we stabilise by adding a point with label e.

This is very similar to our method of proof of the Stability theorem 1.3.3,
and indeed, we can say a bit more: if we let C; C C(IRP*1;\/, 7" (®(©)=1)) be the
component which has exactly t points with label ey, then by [Snay4, Thm. 1.1],
we obtain a stable splitting £*(Cy); ~ X%/, D,, where a ranges over all
distributions a: E — IN with a,, = t, and D, is the quotient of the subspace
of C(RP*1;\/, 87 (@(€)=1)) having for each e at most a, points with labels in
the sphere corresponding to e, quotiented by the subspace where at least one
of these labels is the basepoint. Note that if & = ¢ - eg, then D, = C;(RP*1) ..
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Chapter 2. Clustered configuration spaces as E;-algebras

As in [BCT89, §2.6] and Proposition 2.1.10, D, is a Thom space, whence we
get Hy,(D,) = Hy_p.s(a)(Cos 1y O, ) =: My, where s(a) =}, . - (w(e) — 1)
as in Definition 1.3.11, C, := C,(RP*!) is the coloured configuration space
from Definition 1.3.7, and pr; O, is the sign system from Lemma 1.3.16. In
other words, we have Hj,(C;) & Hy,((Ct)+) & @, My, o, where a ranges over
all distributions with a,, = t.

Under this identification, the stabilisation maps Hj,(C;) — Hj(Cis1) split
into maps My, , — Mj, 4., which eventually become isomorphisms, as we
saw in the proof of Lemma 1.3.16. For a given distribution a: E — IN, which
is normalised, i.e. a,, = 0, we define the stable summand My, = lim, My a4 te,-
Then we finally can calculate the stable homology of V¥(IR?!) by

Hy(VERPFY) = P My,

« normalised

Application 2.4.2. Similarly, we can take as labelling space the 2-sphere S?,
whose main merit is to be connected and of even dimension. By the Splitting
theorem 2.1.11, we have a stable equivalence

L°VK(RPA;82) ~ £*V/,- DF(RPI;S2).

In combination with the Thom isomorphism in the form of Proposition 2.1.10,
and by noticing that the orientation system is trivial as the labelling sphere is
even-dimensional, we get

D Hy—or(VF(RPT)) 2 @D Hy (DE(RPA;S%)) = Hy (VE(RP1;S8%)).  (©)
r>1 r=1
Since S? is connected, we have V¥(RP7;S2) ~ QPCK(R7;SP*2). For q = 1, the
homology of C¥(IR; SP*?2) is easy to understand: we can apply the splitting

theorem and the Thom isomorphism again (now the orientation system is
trivial since each component of Cf(IR) is simply connected) to get

Ay (CK(R;$P™2)) = @ Hy(py2)-(CE(R)).

r>1

The space C¥(IR) is homotopy discrete and the path components are indexed
by partitions e of type (k, ..., k). If we let ZX C Z be the set of them, then
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Hy, (CF(R)) = Z(EF) if h = 0 and is trivial else. Therefore, we get, including
the empty partition in degree o,

Z(Zk) ifh=(p+2)-rforsomer >0,

H (C(R;87%)) = {0 else

If also p = 1, we can say a bit more: firstly, we know from Theorem 1.4.13
that VF(R') is equivalent to an (r — 1)-dimensional cell complex, which
means that in the decomposition (o), the direct summand Hj,_,,(V}(R")) is
non-trivial only if 2r < h < 3r — 1. This is visualised in Table 2.1.

o 1 2 3 4 5 6 7 8 9 10 11 12 13 14

vE z

V¥ z 7

%3 z 7 7

V¥ z ? 7

vk z ? ? 7 2

Table 2.1. The shifted homology groups He_2,(V}(R!!)), where ‘>’ denotes an
unknown summand. The columns sum up to H, (V¥(R"!;S?)).

Moreover, we have a path space fibration V¥(R"1;S?) — x — CK(R;S?),
and the homology of the base of this sequence is as easy as described above.
One could now invoke the Serre spectral sequence assigned to it, in order to
get information about the homology of the fibre, which decomposes into the
homology of the spaces V¥(R'1).

Finally, we provide the counterexample that we promised in Remark 2.2.8
and which shows that, in general, for p = 0, the inclusion CP™ — C from
Lemma 2.2.7 does not induce an equivalence among classifying spaces.

Example 2.4.3. Consider the space X := {—1,0,+1} with basepoint 0 and
with &, acting on X by sign. Then C2(R? X) = [[, Y, with ¥, = C»(R?)/&,,
where &, C &y, permutes blocks of size 2. In other words, Y; is the space of
unordered configurations of ordered pairs in the plane.
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Chapter 2. Clustered configuration spaces as E;-algebras

We want to show that the inclusion C?P™(IR?; X) — C?(IR%; X) does not
induce an equivalence among classifying spaces, and we do so by showing
that the induced map in Hy(QoB(—)) cannot be injective.

Exactly as in Section 1.3, one sees that the stabilisation Y, — Y, induces
split monic maps in homology. Moreover, Y; is aspherical (as a covering of
the configuration space of 2r points in the plane) and if we put G, := 11 (Y;),
then we obtain a short exact sequence

1—PBry, - G, — 6, —>1,

where PBry, denotes the pure braid group on 2r strands. By a careful in-
spection of the Lyndon-Hochschild-Serre spectral sequence assigned to this
short exact sequence, we see that Hy(Y;) & H; (PBry,)s, & Z* for r > 2, the
four generators being orbits of elementary pure braids «,,, in PBry,, compare
Appendix A. In particular, the stabilisation maps induce isomorphisms in H;
for r > 2, so we see by the group completion theorem [MS76, Thm. 1.1] that
H;(QBC?(R?% X)) & Hy(Ys) = Z* holds.

On the other hand, the projection C>P™(IR?; X) — C?(RR; X) induces an
equivalence of classifying spaces BC*P(IR?; X) ~ BC?(R; X) = C*(R; £X),
where C?(R; X) is treated as a partial monoid. Now X = S! vV S!, with &,
acting by permuting the two summands of the bouquets. Hence we get

BC*(R;£X) ~ \/ #EZ-£(S' vSH)" = \/ (2" - #E7) - S,
r>1 r>1
where we write a - Z := \/{_; Z for each based space Z and each non-negative
integer a > 0. The right side contains 8 - $3 as a summand, since #]E% =2;in
particular, 713 of the right hand side has Z® as a direct summand. Since X
is connected, we have C?(R; ZX) ~ QBC?(R;ZX), and thus,

H; (QoBC*P™(R?%; X)) = Hy(QoQBC*(R; £X)).
Since 711 (QQBC?(IR; X)) is abelian, we have
H; (QBC*P(R%; X)) =2 1 (QoQBC*(R; X)) = 13(BC(R; X)),

and we saw that the right side has Z8 as a direct summand. We conclude
that the inclusion C>P™(IR%; X) < C?(IR%; X) from Lemma 2.2.7 does not
induce a homotopy equivalence among classifying spaces.
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Again, we close this chapter with a short list of open problems:

1. Find a geometric model for the d-fold delooping of C(R%; X) for d > 2.
Prove or disprove that C(IRY; X) is free if X is levelwise path connected.

2. Approximate C(IRY; X) by an E -cellular algebra, as we did for the case
d = 1. A possible higher-dimensional analogue of irreducibility might
have something to do with non-trivial intersections of the convex hulls
of the clusters.

3. Understand the Serre spectral sequence of V¥(R!;S?) — x — CK(IR;S?)
and how it can help us understanding the homology of V¥(IR!). The
cup product structure on the cohomology of the base can easily be
described and might be useful for these calculations.
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Chapter 3

Coloured and dyed operads

The inputs are numbered red, yellow, and green;
and their colours are three, two, and four!

FORSCHUNGSSEMINAR BONN

The purpose of this chapter is mostly foundational: it aims to establish the
operadic setting we want to use, and claims no ingenuity; however, I am not
aware of any textbook or treatise which presents these concepts in sufficient
generality and exhaustiveness. Wherever possible, references to the standard
literature are given.

Roughly speaking, an operad © contains operations u, which have several
inputs and a single output. However, there are situations in which we need a
type distinction for the inputs and the output: one way to formalise this is
the concept of a coloured operad. From this viewpoint, a classical operad is
an operad with a single colour, and hence is called monochromatic.

Given a monochromatic operad 6, we want to construct a coloured op-
erad IN(€), in which several inputs of @ are allowed to form a common
input of higher multiplicity: we call this the dyeing (, Farbung”) of €. This
construction is straightforward, and it combines several ideas from [LV12].

3.1. The notion of a coloured operad

3.1.1. Prolegomena on monoidal categories

We have to fix some basic axioms and conventions for working with monoidal
and enriched categories. To do so, we assume that the reader is familiar with
the basic concepts of enriched category theory, as it is for example presented
in the standard textbook [Kel82].
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Chapter 3. Coloured and dyed operads

For us, the following closed symmetric monoidal categories are relevant:

1. the category (Set, x, x) of sets, together with the cartesian product and
the singleton as monoidal unit;

2. the category (Top, x, *) of compactly generated and weak Hausdorff
spaces, together with the k-fied product and the singleton space as
monoidal unit, the internal hom given by mapping spaces;

3. for a commutative ring R, the category (R-Mod, ®, R) of R-modules,
together with the tensor product of R-modules, and R, regarded as a
module over itself, as monoidal unit;

4. Similarly, the category (Chg, ®, R[O]) of chain complexes of R-modules,
together with the graded tensor product of chain complexes, and R,
concentrated in degree o, as monoidal unit. This contains the mon-
oidal subcategory R-Mod? of Z-graded R-modules, regarded as chain
complexes with trivial differentials.

Setting 3.1.1. Let us collect various conventions for a general treatment:

* A nice monoidal category (V, ®, 1) is a bicomplete closed symmetric mon-
oidal category, and we will only consider nice ones. The isomorphisms
X®Y — Y ® X coming from the symmetric structure are called twists.
We denote the isomorphism type of the initial object by @.

¢ For a V-enriched category I, we denote by I(’;) the V-object of morph-
isms from k to n. A single morphism k — n in I'is a map 1 — I(fl) and
the identity of an object 7 is denoted by 1,,. As V is closed, V is enriched
over itself and we denote the evaluation by evx y: V(if) KX =Y.

e Since V is closed, the bifunctor ® preserves colimits in both arguments,
and since V is cocomplete, we have a copowering [—]: Set — V by
[S] = I1ses 1, which is strong monoidal: [*] = 1 and [S x T| = [S] ® [T].
If I is a locally small category, then it can be enhanced to a V-enriched
category IV by IV(¥) == [1(F)].

n

e For a V-enriched functor F: I — J, we write F (ﬁ) : I(fl) — ](}i]fl) for the
induced V-morphism among morphism objects.
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3.1. The notion of a coloured operad

We continue with a minimalistic reminder on the enriched coend construc-
tion, which generalises the classical one from Definition 2.1.4.

Construction 3.1.2. Let (V,®,1) be a nice monoidal category and let I be
V-enriched and small. Moreover, let H: I°P x I — V be an enriched functor.
Then we define the enriched coend to be the coequaliser

kel o
J H(k k) == coeq(HI(ﬁ) ®H(n,k) —= [ [H(k, k)>,
kn B k

where the two parallel morphisms are given by
o= eVH(n,k),H(k,k) [e) (H(z',];() X H(?’l, k)) o <I(Z> X ﬂk X H(Tl, k)),

B = eV, i) © (H() @ Hn,K)) o (L@ 1(5) @ H(n k) ).

3.1.2. Examples of classical operads

We assume that the reader is familiar with the basic notion of a (symmetric,
monochromatic) operad 6 in a nice monoidal category and the notion of an
algebra over 6, as it is for example presented in [MSSo2]. Before coming
to the formal definition of a coloured operad in full generality in the next
subsection, let us start with a few examples of well-known operads in sets.

If V is nice in the sense of Setting 3.1.1, then each operad € in sets gives
rise to an operad €Y in V with 8V (r) := [6(r)].

Example 3.1.3 (The trivial operad .¥). We define an operad .¥ with operations
1} forr=1,
F(r) = {{ b forr
%} else,

which means that . has only a single operation, namely the identity 1. Then
FV-algebras are objects in V without any extra structure.

Example 3.1.4 (The operad of based sets %). We define an operad % by

{v} forr=0,
B(r) =4 {1} forr=1,
g else,
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Chapter 3. Coloured and dyed operads

where we additionally have a single nullary operation v. The fraktur letter
v stands for ‘void’ (,, Leere”) for reasons which will become apparent soon.
A BV-algebra is an object X which comes together with a map 1 — X. For
example, if V = Top, then %B-algebras are the same as based spaces.

Example 3.1.5 (The commutative operad Gom). We define an operad Gom
with operation sets

Gom(r) == {p,} forallr >0,

again with the only possible structure maps, and 1 := p;. The fraktur letter
p stands for ‘product’, and we often write p := p, for the binary one. Then
Gom" -algebras are the same as commutative monoid objects in V. Note that
the commutativity comes from the fact that &, = (T | %) acts trivially on
®om(2), and hence p(x,x") = (t*p)(x,x) = p(¥/, x).

Example 3.1.6 (The associative operad s453). We define an operad 33 by
sias(r) =&, forallr >0,

with 1 := id;, input permutation 7 := g o T for ¢ € oss(r) and T € &,, and
with composition given by cabling: let r > 0 and s4,...,s, > 0:

e foroc € 6, weletoy,, s, € Gs +...ts, be the block permutation

(Usl,...,s,)(sl + -+ 5i +]) = ] + Z Si-

(i) <o(i)
e foro; € G, weletoy U---Uoy € &g ...y, be the block sum
(0-1|_|...|_|0-r)(51_|_..._|_5i71_|_]') = 51+"‘+5i—1+0'i(j)-

Then we put oo (01,...,07) == 05, s, 0 (1 U---Uoy) € sod(sy + -+ +5).
Then g5 -algebras are precisely monoid objects in V, with multiplication
given by x - " == ida(x ® x’).

We will now turn to the perhaps most important example of a topological
operad, which has already appeared in Construction 2.2.1, namely the little
d-cubes operad, which goes back to [BV68; May72].
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Example 3.1.7. For 1 < d < oo we consider the little d-cubes® operad 6;: we
let 6,;(r) be the space of tuples (cy, ..., ¢,) of rectilinear embeddings

41 al4(bl—al)-z!
¢ [0;1]9 < [0;1]%, < ; > — : ,
2z af-l—(bf’—u'f)zd

such that the interiors of their images ¢;((0;1)4) are disjoint. We topologise
®,(r) as a subspace of [0; 1) containing the parameters a%, o.,ad, b%, b
The symmetric action is given by renumbering the boxes, and the composition
is given by placing boxes inside each other and shift the numbers of the
boxes accordingly, as in Figure 3.1, formally

(c1,.oorcr)o((c11s--sClsy)sees(CrisevesCrs,))

= (cl ©C1,1,--+-,€19C,5/+--,CrOCr1,.--,Cr OCr,s,)

Note that 6,(0) contains exactly one configuration of boxes, namely the
empty one. This configuration deserves the name void v.

A variation of 6;, called the little d-discs operad @, uses discs instead of
cuboids: we define &;(r) to be the space of tuples (cy, ..., c,) of embeddings
¢i: D — D4, which are of the form ci(z) = Z; + ¢&; - z, such that the interiors
of their images c;(ID?) are disjoint. Pictorially, 2; € ID? is the midpoint and
g; > 0 is the radius of the i" small disc, and we topologise @,(r) as a sub-
space of (ID?)" x R, containing these parameters. The operadic structure is
defined in exactly the same way as for 6.

It is an expectable and classical result, see for example [MSSo2, §1.4.1],
that 6; and 9, are equivalent as topological operads, i.e. there is a zig-zag
of operad morphisms which consist of weak equivalences among operation
spaces for each arity. Thus, we may freely swap between both models.

There are embeddings €; — 6,;,1 and we obtain a limit operad €... For
1 < d < oo, algebras over €, (or, equivalently, @,) are called E;-algebras.
It is a classical result [May7y2] that d-fold loop spaces are E;-algebras, and
conversely, each Ej-algebra X admits a d-fold bar construction B?X which
comes with a map 29X — B?X such that the adjoint X — Q?B?X is a group
completion in the sense of [MS76].

* The name “little d-cuboids operad’ would be more adequate, as all images im(c;) C [0;1]¢
are cuboids, rather than honest cubes.
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1 .
3

° ! = ’

Figure 3.1. The composition 6,(3) x (6(2) x €2(0) x 62(1)) — 62(3)

3.1.3. Coloured operads in symmetric monoidal categories

Here we give the formal definition of a coloured operad in a general symmet-
ric monoidal category (V, ®,1). We stick to the notation of [Yau16; BMo7y],
but we try to be less technical.

Notation 3.1.8. If L; = (l;1,...,li5;) € N¥ is a tuple of elements in N for each
1 < i < r, then define the concatenation

Ll o Lr = (11,1,. . .,11,5],. . -/lr,lz- . -1lr,s,) € NSIJF"'JFS'.

Definition 3.1.9. Let (V,®, 1) be a nice monoidal category as in Setting 3.1.1
and let N be a set. Let N X be as in Definition 2.1.2; then an N-coloured
operad © is a family (0(,): (N2X)°P — V),cy of functors, equipped with:

1. identities 1,,: 1 — O(]) for each n € N;

2. composition maps for each n € N and tuples K, Ly, ..., L, in N, which
are of the form

.
K:0() @@ 6(;) — 6",
i=1

such that the expectable axioms of unitality, associativity, and two-sided
equivariancy from [Yau16, § 11.2] are satisfied. When considering @(I,f), we
call K the input profile, n the output colour, and r the arity. The induced maps
T: 6(5) — ®(T;K) are called input permutations.

We call 6 monochromatic if N = * is just a singleton. In this case, we also
write O6(r) := 6(*;*) for the object of r-ary operations. For an N-coloured
operad 6 and a subset N’ C N, we consider the restriction Oy to those
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operation spaces where all input colours and the output colour live in N'.
In particular, for n € N, there is a monochromatic operad 0|, := ®|{n} with

For a fixed colour set N, a morphism of N-coloured operads p: 6 — &P
is a collection of natural transformations (o, : () = %(,,))nen Which
commutes with units and compositions in the obvious way. This gives rise to
a category Opy (V) of N-coloured operads in V.

In principle, as functors between categories do not have to fix the object sets,
there is a more general notion of morphisms between differently coloured
operads, which we will not use in this thesis.

Example 3.1.10. A small enriched category I is the same as an ob(I)-coloured
operad with I(kl"r'l"k’) = @ for r # 1, where @ is the initial object. Conversely,
coloured operads can be seen as categories in which morphisms have multiple
inputs and hence are sometimes called (symmetric) multicategories.

Remark 3.1.11. An operation y € @(I;) isamap p: 1 — 6(X), and we call y a
nullary, unary, or binary operation if r is o, 1, or 2, respectively. For a collection
of operations y; € @(i?), we consider 11 ® - - - ® iy € Q; @(i?) and denote the
composition by p o (;4[1 ® @ Uy). l
We also use a short notation for partial composition: for each u € 6(%) and
W € 6(;), we write poj ' = po(ly, @ @l @p @y, ©--- @ Ty,).
In some sense, operads are ‘designed’ to act on other objects. This can be

formalised in the definition of an algebra over a given operad.

Definition 3.1.12. Let © be an N-coloured operad in (V,®,1). An O-algebra
is an N-indexed family X := (X, ),en of objects in V, together with maps

A @(kl"ﬁ"k’) (%) (Xkl R Xky) — X,

such that the expectable axioms of unitality, associativity, and equivariancy
from [Yau16, § 13] hold. We call X, the n"" level of X.

A map f: X — Y of O-algebras is a compatible family (f,: X, — Yy )uen
of maps: this gives rise to the category 0-Alg of ©G-algebras.

Example 3.1.13. For each N-coloured operad O, the family (0(,,))scn of
nullaries constitutes an ©-algebra, which is initial in the category 0-Alg by
construction, and hence is called the initial ©-algebra.
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Construction 3.1.14. Each ©-algebra has an underlying N-indexed family of
objects. If we denote by VN the category of them, then the forgetful functor
U°®: 6-Alg — VN admits a left adjoint F®, called the free 6G-algebra functor:
each family X = (X,,),en in V gives rise to a functor X~ : N{Z — V as in
Construction 2.1.3, and we define F°(X) levelwise for each n € N by

KeNZ
FO(X), = J o(%) @ XK.
The 6-action is given by the top horizontal arrow in

0f) & (FO(X)g, ® - @FO(X)y,) ------------ » FO(X),
[l
o(}) @@ [ o) @ X°h
[l
J-Ll,...,Lr @(5) ® ®l®(£;) ® x®LiLy J‘LG(ﬁ) 2 XL,

Construction 3.1.15. Each map p: & — © of N-coloured operads gives rise
to a base-change adjunction p;: P-Alg — 0-Alg :p* as follows: each 0-algebra
is an -algebra by restriction; conversely, note that each %-algebra X is the
reflexive coequaliser of FPU?F?U?X = F?U”X, so p:X is the reflexive
coequaliser of FOU? F?U?X = FOU” X: see [BMoy, §4] for details.

When p is clear from the context, we also write F5: P-Alg = 0-Alg :US,
for the base-change adjunction.

Let me point out that the adjunction p, - p* is monadic, i.e. it is equivalent
to the free—forgetful adjunction for algebras over the monad p*p; on the
category P-Alg. To see this, note that p* reflects isomorphisms and preserves
reflexive coequalisers (since both monads U°F® and U?F? are sifted [GKR18,
Cor. 4.12]), and invoke the ‘crude’ monadicity theorem [BW85, §3.5].

Construction 3.1.16. Let H: (V,®,1) — (V’,®’,1’) be a lax monoidal functor
between nice monoidal categories.

If we are given an N-coloured operad 0 in V, then we obtain an induced
an N-coloured operad HO inside V' by transferring the structure along H.
Similarly, for each O-algebra X = (X,),en, we get an HO-algebra HX.
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Example 3.1.17. The functor 77p: Top — Set is even strong monoidal. Thus,
if 6 is a topological operad, then 779(6) is an operad in sets. For example, it
is an easy exercise to see that for the little d-cubes operad, we have

s ford =1,

mo(6y) =
(%) {C@om ford > 2.

Example 3.1.18. The singular chain complex functor
Cs"8(—; R): (Top, X, *) — (Chg, ®,RI%)

from the category of topological spaces to the category of chain complexes in
R-modules is lax monoidal by the Eilenberg—Zilber transformation. Thus, if
0 is a topological operad, then Ci"8(6; R) is an operad in Chg, and if X is
an G-algebra, then C3"8(0; R) acts on C5"8(X; R). This action gives rise to a
collection of homology operations on ©-algebras, see Subsection 3.3.1.

By the Kiinneth theorem, taking homology is a lax monoidal functor from
Chg to the category R-Mod? of graded modules. Thus, H,(0; R) becomes
an operad in R-Mod? acting on H,(X;R) for each ©-algebra X.

3.2. Presentation of operads

In this section, we describe how to present a coloured operad 0. By this, we
roughly mean a description of 6 via generators and relations, which helps us
to understand what extra structure an 0-algebra carries.

Before coming to these notions, we give a short introduction to the lan-
guage of trees. For details we refer to [LV12, Apx.C] and [MSSo2, §11.1.5].

Definition 3.2.1. A graph is a pair I' = (V, E) where V is a finite set and E is
a subset of the power set of V, such that each e € E has exactly two elements.

We call each v € V a vertex and each e € E an edge, and we say that e is an
adjacent edge for v if v € e. For each v € V, we define the degree of v to be the
number of adjacent edges #v := #{e € E; v € ¢}.

Note that I" can be regarded as a 1-dimensional simplicial complex and we
can consider its geometric realisation |I'|. We call T a tree if |I'| is contractible,
or, in other words, if the graph is connected and has no cycles.
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Definition 3.2.2. An admissible tree is a tuple Y = (V,E, 0, V,), where:

1. (V,E) is a tree with at least one edge;
2. 0 € V is a distinguished vertex of degree 1, called the root;

3. V. is a subset of the vertex set whose elements all have to be of degree 1
and have to be different from the root. A vertex in V; is called a leaf.

All vertices which are neither the root nor a leaf are called internal vertices,
and we let V, be the set of them, i.e. V =V, UV, U {7}.

Standing at a single vertex, an adjacent edge is called incoming if we
increase the distance towards the root when following it, and outgoing if we
come closer to the root when following it. By definition, the root vertex has
only one adjacent edge, which is incoming and which deserves the name ey,
and each other vertex v has a unique outgoing edge e,. While a leaf has no
incoming edges, an internal vertex may have several. For each internal vertex
v eV, letr, :=#v —1 > 0 be the number of incoming edges, called the arity
of v. Moreover, we let E, C E be the subset of incoming edges at v.

While admissibility only describes the shape of the trees we are interested
in, we want to systematically label parts of a tree in order to endow it with
all information we need in order to describe operadic structures. This is
captured by the following definition:

Definition 3.2.3. An N-tree is an admissible tree Y = (V, E, 3, V,), with:
1. for ry = #V,, a bijection A: {1,...,ry} — V., called the leaf numbering;

2. for each internal vertex v € V,, a bijection A,: {1,...,7r,} — E,, called
the input ordering at v;

3. a labelling of the edges ¢: E — N, called the typification.
The input profile of Y is given by Ky = (e(ex(1)), - --,€(ex(r))) and the output

colour is given by ny = ¢(ey). Likewise, for each internal vertex v, we define
its input profile K, := (eAy(1),...,€eA,(ry)) and its output colour n, = (ey).
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a1
|68}

root

Figure 3.2. An IN-tree: the numbering A of the outer leaves is written in red,
the labels ¢ of the edges are written in blue. Accordingly, we have
K = (18,3,1,2,41,5) as well as n = 3. There are five internal vertices,
depicted by a bullet. If we call the green vertex v, then K, = (1,18,3)
and n, = 12. Moreover, A,(1) is the , Ap(2) the violet, and
Ay (3) the edge. Finally, the other end of the edge
is 1-valent, but no outer leaf: it is an internal vertex of arity o.

Remark 3.2.4. One typically replaces the input orderings at each internal
vertex by an isotopy class of an embedding |Y| < IR2. These definitions can
be translated into each other: given an N-tree Y, we embed |Y| inductively:
at each internal vertex, we place the r(v) incoming edges on top, ordered as
it is prescribed by A, from left to right. Then we continue with the branches
starting at A,(1),...,Ay(r), see Figure 3.2 for an example.

Conversely, given an isotopy type of an embedding |Y| < IR?, we can read
off the input ordering at each internal vertex v from the image of |Y]|.

The final combinatorial ingredient we need before coming back to operads
is the notion of grafting. 1 ought to point out that this English word may
only be common among arborists and mathematicians (a German translation
would be , Pfropfung”): in horticulture, it desribes a technique to place parts
of a tree—or, more generally, a plant—onto another one, such that they
continue their growth together. This is precisely what we are going to do.

Definition 3.2.5 (Grafting). If Y, Y3, ..., Y, are N-trees with Ky = (ny,,...,ny,),
then we can form a new N-tree Y o (Yy,...,Y;) as follows: we remove for
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Figure 3.3. A grafting Y o (Y1, Y2, Y3) of N-trees

each Y; the root and the edge adjacent to the root, and place the remaining
tree which starts at the first internal vertex of Y; at the i outer leaf of Y,
as we see in Figure 3.3. Then the outer leaves of Y o (Y3,...,Y;) are exactly
the joint outer leaves of Y7, ..., Y;, and we number them by cabling the old
numberings: A(ry, +---+ry,_, +]) = Ay, (j).

The internal vertices of Y o (Y, ..., Y;) are exactly the joint internal vertices
of Y,Y1,...,Y;, having the same input profile and output colour.

In order to present an operad, we need a reasonable notion of freeness, and
we choose our bases to be collections of operation spaces which, heuristically,
already carry the information how to permute inputs, but lack neutral ele-
ments and compositions. The following definition makes this precise:

Definition 3.2.6. Let N be a set and (V, ®, 1) a symmetric monoidal category.
An N-coloured quiver o is a family of functors (s(,): (N2E)P — V),cn.
A morphism ¢: o — o’ of quivers is a family (&,: 9(,) = o4'(},))nen of
natural transformations; this gives rise to the category Quy (V) of quivers.
Each N-coloured operad 6 has an underlying quiver by forgetting compos-
itions and identities, and we get a forgetful functor U: Opy (V) — Quy (V).

This forgetful functor admits a left adjoint ¥': Quy (V) — Opy(V), which
generalises the monochromatic construction from [MSSo2, § 1.9]:

Construction 3.2.7. Let o be an N-coloured quiver in V. Then we define
an operad ¥ as follows: for each N-tree Y, we write (Y) = ®v&4(5:),
where v ranges over all internal vertices of Y. If T is a family of permutations
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Ty € 6, then we let 7Y be the N-tree which arises from Y by replacing the
input ordering A, at each internal vertex by A, o 7, !. We define

(¥si)(5) = coeq( Ly L sh(z.Y) =3 Llysi(Y) ),

where Y ranges over all N-trees with Ky = K and ny = n, where T ranges
over all families of permutations 7, € &,,, and where the summand 9 (t,Y)
indexed by (Y, T) gets sent along the upper arrow via @, 7, to s(Y) and
along the lower arrow via the identity to /(7.Y). The operadic structure on
Yol is declared as follows:

1. Y is again an N-coloured quiver: given an N-tree Y and a permutation
T € &,,, then we let T"Y be the N-tree which arises from Y by replacing
the global input ordering A by A o 7. Since permuting the outer leaves
does not affect the internal vertices, there are canonical identifications
s(Y) = s(7"Y) that assemble into a map *: (YA)(X) — (¥A)("5).

2. For each colour n € N, there is a distinguished N-tree I, which has a
single outer leaf and no internal vertex, and the single edge between the
root and the outer leaf carries the label n. Then K;, = (n) and nj, = n;
the product s(I,) is empty and hence equals the monoidal unit 1. We
putl,: 1= d(I,) — (Yod)(})-

3. For the composition, we use that ® commutes with colimits in each
argument, so it is enough to describe the composition consistently on
the union (ITy 9(Y)) ® ®; (Lly, 4(Y:)) = Lyy,,..x, (4(Y) © @; 9(Y;))
where Y ranges over all N-trees as before and Y; ranges over all N-trees
with Ky, = L; and ny, = k;. This is the point where we graft trees: as
Yo (Yy,...,Y,) has exactly the joint internal vertices of Y, Y1, ...,Y;, we
have a map #(Y) ® ®; A(Y;) Z (Yo (Yy,...,Y,)) — (Fod) (b0,

n

Remark 3.2.8. We give some intuition what Yo looks like for V = Top:
elements of (¥d)(X) are N-trees Y, together with an element of 91(5) for
each internal vertex v with K, = K and n, = n, called an sd-labelled N-tree.
Note that we have an inclusion of N-coloured quivers  — UYd by
identifying each a € w(kl';l"k’) with the dl-labelled N-tree having only a single
internal vertex labelled by a. Clearly, this is the unit of the adjunction.
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Figure 3.4. The balancing relation pictorially: here Y7, ...,Y; are the incoming
branches at T¥a.

The balancing relation which is coequalised can be described as follows:
if one internal vertex is labelled with T*a for some a € d, then we might as
well change its label to a and instead alter the order in which the incoming
branches enter the vertex, see Figure 3.4.

In order to present an operad, we need the correct notion of an operadic
‘kernel’. Here it makes sense to give two separate definitions; one for the
category of topological spaces and one for algebraic categories:

Definition 3.2.9. Let 6 be an N-coloured topological operad. An operadic
relation I on O is a system of equivalence relations I (5) on each operation
space 0(X), which we just denote by ‘~’, such that:

1. if p ~ p/ for p, ' € 6(X), then T ~ T/ for each 7 € &,
2. if y~p and p; ~ i, then po (g, ..., 1) ~w o (ul, ..., 1.

If p: 6 — P is a morphism of operads, then the system of relations, which
declares y to be related to y’ if and only if p(u) = p(y’) holds, is an operadic
relation. Conversely, given an operadic relation I, we can form the quotient
6/Iby (6/1)(%) = 6(%)/1(X), together with the induced input permutations,
neutral elements, and composition maps. This quotient operad enjoys the
obvious universal property: each morphism p: 6 — % of operads satisfying
p(u) = p(y') for all u ~ u’ extends uniquely to a map p: 6/ — 2.

Clearly, the intersection of a family of operadic relations is again an op-
eradic relation; hence, given a system | of relations on 0, there is a minimal
operadic relation (J) which contains J. One way of describing an operad is to
present it; that is: providing an N-coloured quiver ¢ and a family of relations
J on ¥di. Then we define (d | J) :== (¥d)/(]).
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Example 3.2.10. The first four examples from Subsection 3.1 admit an easy
presentation: note that a monochromatic quiver is just a symmetric sequence
d: X°P — V, and we write its constituents as o (7).

1. The trivial operad .7 is freely generated by the empty quiver.

2. The operad % of based spaces is freely generated by </(0) = {v} and
d(r) =@ forr > 1.

3. The commutative operad 6om is generated by the symmetric sequence
with #(0) = {v} and 4(2) = {p}, and related by the identifications
poip~poryp and poiv~1 ~ poyv, where we use the o;-notation
from Remark 3.1.11. The relations can be expressed in trees as follows:

2 3 1 2
N/ N/ o 1 1 1 o
1 p - p Cod N o N/
N\ / \ / p p
p p \ \
| \

4. The associative operad s3s is generated by a quiver with #/(0) = {v}
and (2) = {p,p’}, where &, permutes the two points in ¢/(2). The
relations are the same as for ‘Gom; it is enough to state them for p, then
we can conclude e.g. p’ o1 p’ = (13)*(poap) ~ (13)*(por1p) =p' o2 p'.

We will see further advantages of presenting topological operads in Subsec-
tion 3.3.2. Let us now come to presentations of algebraic operads. We restrict
ourselves to the category of graded R-modules R-Mod? for a commutative
ring R and we follow [LV12, § 5.2], who discussed the monochromatic case.

Definition 3.2.11. Let O be an N-coloured operad in R-Mod?. An operadic
ideal I C © is a system of submodules I (I;) - 6(5), such that:

1. if p € I(X), then vy € I(".) for each T € &,;

2. if out of y, 1, ..., yr, at least one operation lies in I, then so does the
composition po (1 ® - - - @ py).
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If p: 6 — P is a morphism of operads, then its kernel ker(p), given by the
family of submodules {s € 6(X); p(1) = 0}, is an operadic ideal. Conversely,
given an operadic ideal I C 6, we can form the quotient operad 0/1 with
operation modules (6/1) (Ig) = 6(5) /1 (I;), together with the induced input
permutations, neutral elements, and composition maps. This quotient has the
obvious universal property: each morphism p: 6 — & of operads satisfying
I C ker(p) extends uniquely to an operad map p: 6/1 — P.

Clearly, the intersection of a family of operadic ideals is again an operadic
ideal; hence, given a system | of submodules | (5) C @(I;), there is a minimal
operadic ideal (J) C © which contains J. One way of describing an algebraic
operad is to present it, that is: providing an N-coloured quiver 9 and a family
of submodules | of ¥d. Then we define (o | J) = (¥d)/(]).

Remark 3.2.12. The main purpose of presenting an algebraic operad is to gain
a better description of its algebras: if a presented operad © = (d | J) acts on
an algebra X = (X, )xen, then the action can equivalently be given as follows:
each sﬂ(ﬁ) is a graded R-module, with the grading components ﬂ(ﬁ)s. If
we denote the grading components of X, by (X, )sez, then each generator
a € d(X); can be regarded as a map a: Xy, 5, @ -+ @ Xy, — Xosth oo thy
and we have the relation

() (1 @ -+ 0 3) = S8, (1) 0y @+ @ X)),

where sgy, . x (T) is the sign weighted by the degrees of x3, ..., x,. Moreover,
for each relation in |, we get relations among these multilinear maps, and
morphisms of O-algebras are equivariant with respect to them.

We close this section with an example which relates an interesting topolo-
gical operad to an interesting algebraic operad.

Example 3.2.13 (The Poisson d-operad). The Poisson d-operad Pois} is a mono-
chromatic operad in R-Mod# whose algebras are Poisson d-algebras. A full
presentation starts with the following three generators:

1. a void b € Pois§(0)p in arity o and degree o,

2. a product p € Pois}(2)g in arity 2 and degree o, and

3. a bracket b € Pois§(2)4_1 in arity 2 and degree d — 1,
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where &, = (7| 7?) acts on the two binary generators by t*p = p and
b = (—1)? - b. The Poisson d-operad is related as follows:

=

unitality of the product: pojv ~T1 ~poyv,

2. associativity of the product: po;p ~poyp,

3. annihilation of the bracket by the void: bo; v ~ 0,

4. the Jacobi identity: (14 (123)* + (132)*)(boy b) ~ 0,

5. the Leibniz rule: boyp ~ poy b+ (12)*(poab).
This fully explains what a Poisson d-algebra is: in order to align with the
literature, we put n := d — 1, and in order to save space, we put a’ = n + |4
for a homogeneous element. For each Pois}-algebra A, we write 1 := v(),
a-b:=pa®b)and? [a,b] = (—-1)""-b(a®Db).

Then the symmetric action on the generators yields a-b = (—1)* - (b - a),
i.e. the product is graded commutative, and [a,b] = —(—1)*" - [b, a]. The five
relations look as follows (relation 5 is the usual Leibniz rule for [a, —]):

1. unitality of the product: a-1=a=1"4a,

N

associativity of the product: a- (b-c) = (a-b) -,
. annihilation of the bracket by the unit: [a,1] =0,

S

4. the Jacobi identity:
(=) [, [b,c] + (=1)"" - [b, e, al] + (=1)*"" - [e, [a,b] = 0,

5. the Leibniz rule: [a,b-c] = [a,b] - c+ (=1)" - b - [a,c].

It is well-known (by old work of [Arn6g] and [CLM76, §111.6], reformulated
in the language of operads in [Sino6, Thm. 6.3]) that the homology of the little
d-cubes operad H,(%6;; R) is isomorphic to the Poisson d-operad Pois: the
void is given by the ground class of 6;(0) =~ *, and product and bracket are
given by the ground class and a choice of fundamental class of 6;(2) ~ S*~1,
respectively (for d = 1, the product is a choice of path component of 6;(2)

2 This additional sign has only cosmetic reasons and aims to produce nicer formulae. Our
convention coincides with the one in [Cohgs] and differs from the one in [CLM76] by a
constant single (—1)-factor, which does not effect the relations.
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v € Hy(62(0)) p € Ho(€2(2)) b e Hi(62(2))

Figure 3.5. The three generators of He(6)).

and the bracket is a choice of difference between the path components), see
Figure 3.5. Thus, if X is a 6-algebra, then H.(X; R) is a Poisson d-algebra.
We call 1 the unit, the induced product Pontrjagin product after [Pon3g], and
the induced bracket Browder bracket after [Bro6o].

3.3. Coloured topological operads

In this section, we turn our attention to (coloured) topological operads and
the homotopy theory and homology of their algebras.

3.3.1. Homology operations

One important feature of topological operads is the fact that they endow the
homology of their algebras with a variety of extra structure: for example, the
homology of each ‘6;-algebra carries the structure of a graded, unital algebra.

Sometimes, it even happens that this structure fully describes the homology
of free O-algebras; for example, if [F is a field, then the homology of the free
6;-algebra F® (X) ~ [[, X" with coefficients in FF is the free graded, unital
algebra over H,(X;F) by the Kiinneth theorem.

Definition 3.3.1. Let 6 be an N-coloured topological operad and R a com-
mutative ring. Then we have, for each k € N and each h > 0, a functor

Hk,h: @-Alg — Set, (Xn)neN — Hh(Xk;R).

An 6-homology operation of degree s € Z. and of profile (kl"ﬁ"k’) is just a natural
transformation of functors Hg, n, X - -+ X Hk, n, = Husthy4-th,-

Note that, as usual, we do not require (multi-)linearity, and we also require
no dependency among the colours k,...,k;,,n € N.
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Example 3.3.2. One straightforward way to construct ©-homology operations
has been described in Example 3.1.18: if an N-coloured operad acts on a se-
quence X = (X, )qen, then for each commutative ring R, the algebraic operad

can, for a given collection hy, ..., h, > 0, be regarded as a map
m: Hy, (Xi,) @ - @ Hy, (Xx,) = Hsny oo, (X)),

and this construction is clearly natural with respect to maps of 6-algebras.
Note that all operations which arise in this way are by construction multi-
linear. We call these 6-homology operations Kiinneth operations, as the lax
monoidality of He(—; R) uses the Kiinneth map.

Recall from Example 3.2.13 that in the case of the little d-cubes operad €;,
the operad H.(6;; R) is, for each commutative ring R, generated by only
three classes, namely the void v € Hy(6;; R)(0), the product p € Hy(84; R)(2)
and the bracket b € H; 1(64 R)(2); hence the Kiinneth operations on the
homology of a €;-algebra X are entirely captured by the Poisson d-algebra
structure on He(X; R).

For special coefficient rings, these are all operations in the following sense,
compare with [MKg5, Thm. 1.5.2] for the monochromatic case:

Proposition 3.3.3. Let [F be a field of characteristic o and let X = (Xy)uen be a
family of spaces, as well as © an N-coloured topological operad. Then Ho(F®(X);TF)
is isomorphic to the free Hq(O;F)-algebra over the graded family Hq(X;TF).

However, the story is more complicated over arbitrary coefficient rings:
just as cup powers give rise to interesting cohomology operations, we can
evaluate an operation m € H;(0O; R) (kl"ﬁ"kf) multiple times at the same class,
if the input colours coincide; for example, a class m € H;(O; R) (k];k) gives rise
to my: Hy(Xg; R) — Hgyon(Xy; R) with mp(x) = m(x ® x). Of course, each
H,(0; R)-algebra A contains these formal powers, but if A is the homology of
some (topological) O-algebra, then it happens that these powers are divisible;
for example, in the case of €;-algebras, b(x ® x) is divisible by 2 if x is a
class of even dimension.

To systematically construct their indivisible variant, called divided power op-
erations, we have to switch to the symmetric monoidal category (Chg, ®, R[O})
of chain complexes of R-modules. Let us start with a sign correction.
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Definition 3.3.4. Let & C &; be a subgroup and let i € Z. Then, for each
left R[&]-chain complex A, we define A(h) to be the R[&]-chain complex
whose underlying R-chain complex is A itself, but on which we consider the
‘disturbed” action that identifies T.a in A(h) with sg(7)" - T.a in A for T € ®.

Note that A(h) = A(h + 2). Moreover, if char(R) = 2, or if & is even, or if
® contains only even permutations, then A(h) = A. In this case we call the
combination (R, &, h) admissible.

Definition 3.3.5. If P is a right R[&]-chain complex, we write Py := P ®¢ R
for the R-chain complex of coinvariants. Moreover, we write ji := yu ®g 1 for
each p € P, and we write d for the differential in both P and Pg. Note that if
P = C"8(Y; R) for some right &-space Y, then Pg = Ci"8(Y/&; R).

Reminder 3.3.6. In the classical, monochromatic case, the divided power
operations are concisely constructed by using from [May7o] the following:

LEMMA 1.1(4). Let & C &, and let P be a non-negative, right R[&]-
free chain complex and X a chain complex of R-modules. If yu € P such
that dji = 0 and if &o, &1 € Xy, are homologous cycles, then p Qg &'
and p ®@g ¢y are two homologous cycles in P ®g X! (h).

Moreover, if ' € P such that ji" is homologous to ji, and & € X, is a
cycle, then y' @¢ ¢ is homologous to y ®¢ £

If P is a non-negative, right R[®]-free chain complex and X is a chain complex
of R-modules, then each ¢ = [ji] € H;(Pg) gives rise to a map

Qc: Hy(X) = Hopn (P @6 X¥H (1)), (2] — [n®e %)

If P = O(t) holds for some operad © and if X is an O-algebra, then the action
of 6 on X gives rise to a chain map A: P ® X®' — X, and since this map is
&;-equivariant, it factors through a chain map A: P ®¢ X®' — X. Thus, if &;
acts freely on O(t) and the triple (R, &, ) is admissible, then we obtain maps
in homology Q.: Hy(X) — Hg.y,(X), called divided power operations, which
are natural with respect to maps of ©-algebras.

The first example of such divided power operations are the Dyer—Lashof
squares which are operations on the IF,-homology of E;-algebras. The case
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S5

Figure 3.6. A path u: [0;1] — 6,(2) with [fi] = ¢ € H1(62(2)/ &)

p = 21is due to Araki and Kudo [AK56], while the construction for odd primes
is due to Dyer and Lashof [DL62]. We will use the name ‘Dyer—Lashof” in all
cases, and restrict for the moment to the case p = 2.

Example 3.3.7 (Dyer-Lashof squares). Let R = IF, and let 6 := C5"8(6;Fy)
be the singular chain complex of the little d-cubes operad with [F-coefficients.
Note that 6;(2)/&; is equivalent to the real projective space RP/~!, so
H;(0(2)es,) = Fa(cs) for each 0 < s < d — 1. If B, acts on a space X, then each
of these generators gives rise to an operation Q.. : Hy(X;F2) — Hs 2 (X; F2).
If 4 € 6(2),_1 represents the top generator c;_1, then y + t*u € 6(2);_1
is a cycle representing the fundamental class b of 6,;(2) ~ S?~1. Pictorially,
u parametrises how the first box moves in a single hemisphere around the
second one. For d = 2, the top generator c; can be represented by a path
i [0;1] — 62(2) parametrising the two boxes spinning around each other,
performing a half-rotation and, thus, changing places, see Figure 3.6.
Usually, one defines Q° := Q,,_: Hy(X) — Hp4s(X) forh <s<h+d—1,
which is an operation of degree s. In [CLMy6, §111.1], many formulee among
these operations Q° have been proven, which are very similar to the ones
for Steenrod squares in Fo-cohomology. If one defines a Wy-algebra to be
a Poisson d-algebra A over FF, together with operations Q°: A, — Ajs
for h < s < h+d—1 satistying all relations from [CLMy6, §ur1], then a
statement similar to Proposition 3.3.3 holds: the IFo-homology H. (F % (X);Fy)
of the free E;-algebra over a space X is isomorphic to the free W;-algebra over
the graded F,-vector space Ho(X;F»). This entirely describes the homology
of unordered configuration spaces over IF,, see [CLM76, §111.4].
One should point out that in some situations, these Dyer-Lashof squares
can equally well be defined over arbitrary commutative rings R: for even d,
we have H;_1(64(2); R) = R{c;_1), and if also & is even, then (R, &y, h) is ad-
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missible and we consider the top operation Q, ,: H(X; R) — Hg_1,21(X; R).
Again, if cg_1 = [fi] for some u € C;"§(®64(2);R), then p + 7"y represents
the bracket b € H; 1(6;(2); R). Hence we see for x = [{] € H,(X;R)

= (=D A ((n o+ T) ®e (E©8))]

=2 ()0, ()

so the Browder bracket [x, x] is indeed divisible by 2.

[x, 2]

Remark 3.3.8. In the case d = 2, one can give a bit more intuition what Qx
looks like geometrically: if x € H,(X) is supported on an h-dimensional
closed manifold M, then Qx is supported on the mapping torus S! x M? of
the twist tw: M?> — M? with tw(p,p’) = (p/, p) as follows:

Consider the map v: [0;1] x X? — X with (¢, x,x") = u(t)(x,x), where
y is the path from Figure 3.6. Then we have (0, x,x") = (1, %/, x), whence
7 factors over 7: S! x X> — X, and for each map a: M — X, we obtain the
description Q(a,[M]) = ¥.(idg x a2).[S! x M?], where [M] and [S! x M?]
are the fundamental classes mod 2.

If we work integrally and M is oriented, then S! x M? is orientable if and
only if h = dim(M) is even: this explains our earlier restrictions.

We want to generalise this construction to the case of coloured operads.
Note that in the coloured setting we can only permute inputs of the same
type if we want to stay in a single operation complex. This forces us to work
with a slightly more complicated version of May’s lemma: let ¢,...,t, > 0
and let &; C &y, be subgroups. We write & := &1 x -+ - X &, C & 4...44,.

Lemma 3.3.9. Let P be a non-negative, right R[&|-free chain complex and let
Xi,..., X, be arbitrary chain complexes of R-modules. If u € P such that dji =0
and if ¢;o and ;1 are are homologous cycles in X; . for each i, then y ¢ Q; C%i
and p ®e @; & are homologous cycles in P @¢ @; X (h;).

Moreover, if 4’ € P such that fi’ is homologous to fi, and if &; € X;, are cycles,
then p' ®¢ ®; ¢' is homologous to 4 Qe ®; &l

The proof is a straightforward generalisation of [May7o0, Lem. 1.1] and left
to the reader. Now we can define homology operations for algebras over
coloured operads in the same way as for the monochromatic case.
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3.3. Coloured topological operads

Construction 3.3.10. Again we fix numbers ti,...,t, > 0 and subgroups
®; C &y, and we write & := & X --- X &,. Given aset N and ky,...,k, € N,
then we write (t; X ky, ..., t, X k,) € N1t T for the tuple where the entry
k; is repeated t; times.

If 6 is an N-coloured operad in R-chain complexes, then & acts R-linearly
on the operation complex 6 (" Xkl""'t’Xk'), and if this action is R[&]-free, then

n
Lemma 3.3.9 enables us to construct for ¢ = [f1] € Hy(6(""**1-17k") ) a map

by Qc([&1], .-, [&]) = [t ®s (" @ -+ ® &)]. The (equivariant) operadic
action gives rise to a chain map A: O("F--k) @ @ XPH — X, and if

each (R, ®;,h;) is admissible, then X'i(h;) = X' and postcomposing Q.
with A defines the desired divided power operation

r
QC: :[_IHI/ZI (Xk,) — Hs+t1h1+---+tyh,,(Xn)'
i=1

Remark 3.3.11. If O is an N-coloured topological operad which is G-free,
i.e. for each tuple K and each n € N, the action of &K := Auty,z(K) is free
on 6(X), then the operad C5$(0; R) in the category R-chain complexes has
R[&]-free operation complexes for each choice of subgroup &.

Definition 3.3.12 (Transfer). Let & be a finite group and P be a right R[®]-free
chain complex. We write pr,: Ho(P) — Ho(Pg) for the map induced by the
projection to the coinvariants. There is also a map pr': He(Ps) — He(P) in
the other direction, called the transfer, and it is induced by the chain map

Ps =P, i— Y

T€ed
Note that, by construction, we have pr, o pr' = #& - idy, (py)-

The following observations are not particularly deep; they follow directly
from the construction. However, I have not found them in the literature, and
they turn out to be quite useful for concrete calculations.
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Chapter 3. Coloured and dyed operads

Remark 3.3.13. For each N-coloured operad 6 in R-chain complexes with
sufficiently free operation complexes, and for each 0-algebra X, the divided
power operations satisfy the following relations:

Quesare (X1, .., %) =a-Qe(x1, ..., %) +a" - Qu(xy, ..., %),
#S - Qc(x1, ..., %) (pr!c)(x?t1 ® - ®x%h),
Qpr*m(xll---rxr) = m(xi@tl K- ® X?t’),

Qc(x1,...,a-xi, ..., %) :ati-QC(xl,...,x,).

Remark 3.3.14. Considering sums in one of the entries is a bit more intricate:
one easily sees that for c = [ji], x; = [i], and x} = [7], if &; = &, for some j,
then Q. (x1,..., xj+ x;, ..., X;) is represented by the cycle

ki
Y, Y Tu®e("e---effedte---efh).
=1 TEGt]/GIXGt/,l

In the easiest case r = 1 and t; = 2, this expression boils down to

Qe(x +y) = Qe(x) + (pric) (x ® y) + Qe (y).

There is another class of “universal” formulee which hold for all sufficiently
free operads in chain complexes: let us restrict to the case where the groups
& are the entire respective symmetric group, so either char(R) = 2 or the de-
grees of all arguments are even. Then the coinvariants 6 (" Xll"lg’tsﬂs)gtl XXy,
assemble into a specific 0-algebra on their own: if we endow the colour set
N with a total order and if we let R := (R[O])HGN, then

F@(B)k ~ @ @ @ @(f1><11,~];-,ts><ls)6,
§30 t e ts >0 1 <<y
where we abbreviate & = ISy The following lemma explains how the

H,.(6)-action on He(F°(R)) interacts with the divided power operations:

Lemma 3.3.15. Let [y < -+ < be colours in N and let t;; > 0 for 1 <i < rand
1 < j < s. Moreover, let m € Hy(0(*1;%)) and ¢; € H, (@(t’?lXll’,'(‘i"t’?s“s)g). Note
that m(c1 @ -+ @ ¢,) € Ho(O("WhtXE) o) for t = ¥ ti . Then, for each class
xj € He(X};), we have the equality

Qui(eyooe) (X1, -, Xs) = m(Qey (X1, .., %) @ -+ @ Qe (x1,..., X5)).
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3.3. Coloured topological operads

Proof. We find u € @(kl"ﬁ"k’) and v; € @(ti'“ll’]'('i"t’?sﬂs) such that m = [p] and
c; = [7;]. If we let T € Sy, 4...4+, be the permutation that identifies [ ]; I_[j ti;
with LI; LTt then 7" (¢ o ®; v;) has input profile (t; x I,...,ts X I5), and if
xj is represented by the cycle ¢; € X, then we get

Quieyeroey) (X1, -, Xs) = [T*(y 0 ®:11)(®, 5]@”)]
= (1o @)@ ®; )]
= [m(@iw(®;")]
= m(Qey (31, 1) @ @ Qe (1, 7).

Note that there is no Koszul sign appearing since we only exchange instances
of &; with something else, and either char(R) = 2 or |¢j| is even. O

Let me point out that, although it looks as if cy, ..., ¢, all have the same
input colours Iy, . . ., I5, the multiplicities ¢; ; can be very different; in particular,
we allowed ¢t; ; = 0 as well, whence the profiles can be entirely disjoint.

3.3.2. The Boardman—Vogt tensor product

In this subsection, we repeat the contruction of the Boardman—Vogt tensor
product of two topological operads, which has originally been introduced by
[BV73, §11.3] in a different language.

As we need this notion in higher generality at several occasions, let us give
a short survey which mainly follows [Wei11, §2.2].

Notation 3.3.16. We form exterior products of tuples and permutations:

* LetK = (ky,...,k;) beatuplein N and K = (k},...,k},) a tuple in N'.
Then we define the tuple product K x K' € (N x N')"" by

Kx K = ((ky, Ky, (g, ), - (kK)o (K KD)).

e Let 7 € &, and T/ € G, be two permutations. Then we put

/

TXT =7Tog(T,...,7) € G,

If 7: T"K — Kisamap in N!Z and 7": 7*K’ — K’ isamap in N1 I,
then we getamap T x 7': (T X 7)*(Kx K') = Kx K'in (N x N') 1 L.
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Chapter 3. Coloured and dyed operads

Definition 3.3.17. Let 6 be an N-coloured, 6’ be an N’-coloured, and % be
an (N x N’)-coloured topological operad. A pairing (6,0") — % is declared
by a family of maps
£ 00) X O'(y) = P (o)

such that the following properties hold:

1 L(15,15) = 17,0,

2. {(tu, ) = (T x ), i),

3 C(uo (oo pir) i o (o i) = CQ W) (C (s 1), -+, G (s i)
Remark 3.3.18. Let { be a pairing as above.

e For each n’ € N’ we have a map {(—,1,): 0 — P|nx -

e For each n € N we have a map { (1, —): 0" — P| -

Thus, if X = (X, )nenwen' is a P-algebra, then each X, v = (X, 1 )nen is
an O-algebra and each X, ¢ := (X, ;) wen is an O'-algebra.

Construction 3.3.19. If © is an N-coloured operad and 6’ is an N’-coloured
operad, then we define its Boardman—Vogt tensor product © ® 60’ as an (N x N')-
coloured operad that comes with a pairing x: (6,06’) — 6 ® 6’ which is
initial in the following sense: for each pairing {: (6,6") — P, there is a
unique morphism {“: 6 ® 6’ — P of (N x N’)-coloured operads such that
C(x(m, ")) = C(p, ') holds, i.e. for all K, K’, n, and n’, the triangle

/ 4 /
0(5) x 0'(K) L5 (KK
PR
X /// -~
lK;?
(o0 ((nfn/))
commutes: this clearly determines © ® 6" uniquely up to unique isomorphism.

An explicit construction can be given in form of a presentation: we start with
the (N x N’)-coloured quiver 6 * 6’ := (6 x N’) LU (N x 0'), where
q
(@ « N/)((kl,n/),...,(kr,n/)) — @(kl,...,kr),

(nn') n

(N % ®/)((1’l,k,l) ,,,,, (ﬂ,k;r)) — ®/(ki,...,k/,/),

(nn') n'
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3.3. Coloured topological operads

together with the induced structure maps. This means that elements in the
free operad ¥ (0 x ©') are trees with two types of internal vertices: those
labelled in 6 and those labelled in 6’. For those of the first type, all incoming
edges and the outgoing edge have the same second colour component, and
for those of the second type, all incoming edges and the outgoing edge have
the same first colour component. Now we divide out the following relations:

1. the already existing identities 19 and ]lf,/ can be skipped:

(nn")

(nn")
~ ~

10 (') 1@’

n n!

(nn")

(nn")

2. two neighboured internal vertices of the same type can be composed:
if 4 and v both come from 6 or both come from 6, then

\/ SR

3. the interchange law: if y comes from 6 and y’ from 6, then we relate

lyll""‘ylr’ Yoa || Yo ‘Yl,l"" Y1 ‘er’ Y

klk’\ /klk’ (k, k’\ /k ) (kl,kﬁ\ /k,k1 klk’\ /k )
~ T \ / ,
klx % (n,k} (n,kp

(nn')

(nn)

where T € Sy, ., is the (ry,,,...,7y,,)-block version of 1 € &,.,» that
changes the reading direction from ‘row-wise” to ‘column-wise’.
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Chapter 3. Coloured and dyed operads

Given a pairing : (6,0') — %, we obtain a map 6 ©® 6’ — P of (N x N')-
coloured operads in a canonical way: the pairing ¢ induces morphisms of
quivers [ [,y {(—,1%9): 6 x N’ — @ and likewise [], (1%, —): N x 6’ — P,
and their union 6 * 6’ — % has an adjoint map {: ¥ (6 x6’) — %. Now the
properties of a pairing ensure that { factors over the operadic relation above.

This construction is bifunctorial: if p: 6 — % and p’: 6’ — %’ are morph-
isms of operads, then we get a morphism p @ p': 6 © 0" — P © P'. It is even
possible to use the Boardman—Vogt tensor product in order to construct a
monoidal structure on the category of coloured operads with varying colour
set, and the trivial operad .¥ serves as a monoidal unit, see [Wei11, Thm. 2.22].

Remark 3.3.20 (Nullaries). Let {: (0,0") — 9 be a pairing. If v € O(,) and
v’ € 0'(,,) are nullary operations, then

C(v,0") = Z(Lyov,0"0 () = {(1y, 07) () = Z(1, '),

and for symmetry reasons, we get {(v,1,/) = {(v,v") = {(1,,v"). Employing
this equality multiple times, we can identify all nullaries of the form {(v,1,,)
with all nullaries of the form {(1,,v"). In particular, if O(,) # @, then all
elements of the form {(1,,v’) with v’ € ©'(,,) coincide, and the same holds
mutatis mutandis if 0'(,,) # @.

This behaviour is reflected by the explicit construction of the tensor product:
if 6(,) and ©'(,) are both non-empty, then (6 © 6)(,, ) is a singleton.

In many cases, this construction has an easier form: one situation which
is important for us is the case where one factor is monochromatic and the
second factor is a small, enriched category, i.e. it has only unaries:

Remark 3.3.21. Let € be a monochromatic operad and I be a topologically
enriched category with object set N. Then 6 © I has operation spaces

(© O 1)(“H) = (1) x fp(if'),

together with the obvious input permutations, identities, and compositions.
For each n € N, we also abbreviate y ©n:= p© (1,...,1,) € (8O I)("").
Note that (€ © I)-algebras are the same as enriched functors I — 6-Alg.
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3.3. Coloured topological operads

Example 3.3.22. If N is the discrete category with object set N, then we get

G(r) forky=---=k =mn,

C@ @ N kl,...,kr —
( JE) { 1%} else,
and (6 ® N)-algebras are just N-indexed families of 6-algebras.

We close this subsection with a reminder on Dunn’s additivity theorem
which studies the Boardman—-Vogt tensor product of two little cubes operads.

Example 3.3.23. There is a pairing {: (€,, €;) — 6,44 of monochromatic
operads given by forming products of cuboids

C((cryeeaey), (hyoscp)) = (g X €y O X Cpiyea ) Cp X €Yy, Cp X Chr)

as depicted in Figure 3.7. It was shown by [Dun86; Brioo] that the induced
map 6, © 6; — 6, is a weak equivalence.

A@\:

]

N

Figure 3.7. An instance of : 61(2) x 62(2) — 63(4)

3.3.3. Base-change for topological operads

In this last subsection, I would like to discuss the base-change adjunction
from Construction 3.1.15 for a given operad morphism p: & — 0 in the
special case of topological operads.

Without spending too much time on model-categorical subtleties, let me
point out that one important property of the base-change adjunction is the
fact that it helps us comparing the homotopy theory of algebras over different
operads. This is made precise in the following way:
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Chapter 3. Coloured and dyed operads

Remark 3.3.24. As done in detail in [BMo3; BMo7], one can transfer the Quil-
len model structure on Top" along the adjunction F°: TopN = 6-Alg :U° to
the category of O-algebras: then the equivalences are exactly the morphisms
of O-algebras whose underlying maps are (levelwise) weak equivalences.

An N-coloured operad 0 is called G-cofibrant if all operation spaces @(IZ)
are cofibrant as GX-spaces, where GX := Auty,z(K). This is for example the
case if & acts freely on @(5), i.e. if O is G-free as in Remark 3.3.11, and if,
additionally, @(5) /&K is a retract of a cell complex. Moreover, 6 is called
well-based if the inclusions {1, } < O(7)) are cofibrations. We call a morphism
p: P — 0 of N-coloured operads a weak equivalence if all p(X): (%) — 0(¥)
are weak equivalences.

Then [BMoy, Thm. 4.1] tells us that if p: 9 — 0 is a weak equivalence
between &-cofibrant and well-based operads, then the corresponding base-
change adjunction p;: %-Alg = 0-Alg :p* is a Quillen equivalence. In other
words, the homotopy theory of 06-algebras coincides with the homotopy
theory of P-algebras.

If the operad & is sufficiently small, then the base-change adjunction is
easy to understand, as we see in the following examples.

Example 3.3.25 (Free algebras over based spaces). Recall the monochromatic
operad % of based spaces. Then a map 9B — O is the same as a monochro-
matic operad O together with a choice of void v € 6(0). Since %-algebras are
the same as based spaces, the adjunction is of the form

ES: Top, = 0-Alg :UJ,

and for a based space (X, *), the relatively free G-algebra F),(X) is given by
quotienting [ [,-¢O(r) X, X" by the usual basepoint relations.

In the case of the little d-cubes operad 6,;, we have a unique void v € 6;(0)
given by the empty configuration of boxes, and for a based space X, the free
G,-algebra F%¢(X) is equivalent to the space C(R% X) of labelled configura-
tions as considered in [Seg73; Snay4; McD75; Bod8y].

A similar story can be told in the coloured setting: note that (% ® N)-
algebras are the same as N-indexed families of based spaces; in particular,
each (% ® N)-algebra X = (X )ken gives rise to a functor X~ : NInj — Top
with XK = Xj, X -+ x Xk, as in Construction 2.1.3.
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3.4. Dyeing of monochromatic operads

On the other hand, a morphism % © N — © is the same as a choice of void
v, € 0(,) for each colour n. This can be used in order to ‘block” inputs by
precomposing with them: thus, we obtain cofaces

d;: @(Irf) — @(d;K), Ho— 1o by,
each O( ;) can be enhanced to a functor (N ¢Inj)°? — Top, and we have

KENnj
Foon(X)a [ 0(8) x X¥,
Example 3.3.26 (Free algebras over G-spaces). If G = (Gy,)nen is a family of
topological groups, regarded as a topologically enriched groupoid, then a
G-algebra is the same as a family X = (Xj,),en of spaces, with an action of
G, on X,,. As in Construction 2.1.3, we obtain a functor X~ : G X — Top.

On the other hand, a morphism p: G — © gives rise to a right action of
GX on each operation space @(5) by precomposition: this defines a collection
of functors 6(): (G1Z)°P — Top, and the functor FQ has the description

FS(X), = JKGGZZ®(K) x XK= TT6(5) x g XX
G n — n = n GK .
K]

In combination with Example 3.3.25, we note that (% © G)-algebras are the
same as families X = (X,),en of based spaces, together with a basepoint-
preserving action of G, on X, for each n € N. As in Construction 2.1.3, we
obtain a functor X~ : G!Inj — Top. Similarly, a morphism 8 ® G — ©
gives rise to O(,,): (G 1Inj)°P — Top and the functor Fj, _; is of the form

o(%) x xX.

o KeGInj
Faoc(X)n = J

3.4. Dyeing of monochromatic operads

In this section, we construct operads with colour set N = {1,2,...} out of
monochromatic ones, in a way that, heuristically, allows us to ‘bunch’ several
inputs together to a single one, whose colour then agrees with the number of
inputs it comprises. Moreover, we give a description of their algebras.
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3.4.1. A motivating example

We still owe the reader a convincing example of an honest coloured operad.
This subsection aims to give at least some visual impression of which operads
we are going to need in Chapter 5 when dealing with moduli spaces of
Riemann surfaces. By doing so, we anticipate some notions, which will be
made precise later, for dramaturgical reasons. The reader who prefers a con-
cise and formal treatise may skip this subsection without compunction.

Our example starts with the following classical result [Mil86; Bodgob]: if
9, denotes the moduli space of Riemann surfaces of genus ¢ > 0 with
n > 1 parametrised boundary curves, then the collection ]_[820 9N, 1 carries,
up to equivalence, the structure of an E;-algebra. We will encounter several
comparable ways of making this action precise; for the moment, the following
description shall suffice: let Mg .o be the moduli space of Riemann surfaces
with a parametrisation of a collared neighbourhood of each boundary curve;
it is easy to see that Mg .o ~ M, ,. Given collared surfaces C; € My, 1., and
a configuration y € P, (r) of discs, we can form a new compound surface
u(C,...,Cr) € Mg, ... ¢,1.0 out of it by removing the r discs from the large
disc and by gluing in the given surfaces at the emerging holes, using the
parametrisations of the collars.

Figure 3.8. An instance of @,(3) x (M1 1. X X My1.0) = M3 1.0

It is conspicious that for this construction, we have to restrict to the case of
precisely one boundary curve. While it is not surprising that closed surfaces
have to be treated differently, we would like to incorporate surfaces with
multiple boundary curves into the picture. To do so, we need a version of
Dy, which is coloured in N = {1,2,...}, which we call N(2;), the dyeing
(,Farbung”) of 9,, and whose operation spaces look as follows: the space
N(@;) (¥~*) contains configurations of k; + - - - + k, small discs on # large

n
discs: the first k; discs form a common input, the next k, discs form a common
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input, and so on. If we are given such an operation y, we can, in the same
fashion, glue in Riemann surfaces C; € 9. k-0 and obtain a Riemann surface
#(Cy,...,Cr) with n boundary curves. The result may be disconnected, but
in fact there is a suboperad IN®(2;), called the connective suboperad, which
enjoys the property that if the inputs are connected, the output is connected
as well. This gives us an action of IN°(2;,) on the sequence of moduli spaces
M := (L0 Mg n-0)n>1, Which is depicted in Figure 3.9. The genus grading
is a bit more complicated: the genera do not add up, but for the Euler
characteristic, we have x(u(Cy,...,Cr)) = Yi(x(Ci) — ki) + n.

Here we follow a different approach than [GKg8], who encapsulated the
combinatorical difficulties arising from the genus grading in a concept called
a modular operad. Roughly speaking, we follow a more classical approach in
order to attack more classical questions with it.

sl i

Figure 3.9. An instance of NC(%z)(Z’Z'l) x (Mp .0 X XMy 1.0) = Ma.o.

The remainder of this section aims to formally construct N(€) out of a
monochromatic operad € and to understand its properties.

3.4.2. PROPs associated to operads

Before coming to the dyeing construction IN(—), we recall a classical construc-
tion, which can be found in standard textbooks [Leiog; LV12], namely the
PROP (‘products and permutations category’) assigned to a monochromatic
operad. The notion of a PROP is comparably old and goes back to [Mac65].

Definition 3.4.1. Let (V,®,1) be a nice monoidal category as in Setting 3.1.1.
A PROP is a strict symmetric monoidal V-enriched category (P,LJ,0) with
object set N = {0, 1, ... }, where the monoidal sum on objects is given by the
usual addition of natural numbers. For a morphism a: k — n, we call k the
arity (,Stelligkeit”) and n the valency (, Wertigkeit”) of a.

107



Chapter 3. Coloured and dyed operads

Morphisms of PROPs F: P — Q are strict monoidal functors, i.e. functors
which satisfy ob(F) = idn and F(aUa’) = Fa U Fa'.

Remark 3.4.2 (Twists). Let (P,L,0) be a PROP. The twist maps in P which
come from the symmetric structure can be expressed as a collection of right
S-actions and left G,-actions on the morphism objects P(ﬁ), which are in-
terchangeable and satisfy the following compatibility properties, compare
[Macé6s, § 24], for which we abbreviate ta := 1.4 and at := 7%4, and denote
by (12), € S,4, the block transposition assigned to n,n’ > 0:

bo(at) = (b1)oa, (ta)U (t'd’) = (zUT)(aUd),
(boa)t = bo (at), (at)U (a'7t) = (alUd)(TUT),
T(boa) = (1b) 0a, (12),w(alia’) = (aUa)(12)yp.

Example 3.4.3. Many well-known categories with object set IN carry the
structure of a PROP in the symmetric monoidal category of sets:

1. The discrete category IN, which has as objects the natural numbers and
has no morphisms apart from the identities, carries a unique structure
of a PROP. Note that IN is initial among PROPs in sets.

2. Consider the category Fin whose morphisms k — n are all maps of the
form k — n, where we abbreviate n := {1,...,n} as before. Then Fin
carries the structure of a PROP by forming the disjoint sum of maps.
The same applies to the subcategories Inj and X.

3. An example of a slightly different flavour is given by the 2-dimensional
(homotopy) cobordism category hCob,, where morphisms k — n are
given by isomorphism classes of (possibly disconnected) orientable
surfaces with k incoming and 7 outgoing numbered boundary curves.
The composition is given by sewing surfaces and the monoidal sum is
given by the disjoint union of surfaces. There is a topological analogue,
which is called M and which we encounter in Construction 5.1.11.

4. The terminal PROP is given by the category EIN, with morphism sets
(EN) (Z) = x for all natural numbers k and n. This category is some-
times called the chaotic category.
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Again we can use the canonical copowering [—]: Set — V to construct, for
each of the above examples P, a V-enriched version PV by Pv(ﬁ) = [P(fl)] If
it is clear which category we consider, then we skip the decoration (—)V.
The notion of a PROP is closely related to the notion of a monochromatic
operad, as the following construction from [LV12, Def. 5.3.11] shows:

Construction 3.4.4. Each PROP (P, LJ,0) gives rise to a monochromatic operad
P(7) = (P(}))r=0, with input permutations given by the twists in (P,L],0),
identity given by the identity on the object 1, and compositions induced by
the monoidal sum and the composition in P as follows:

P()@ (PG ®---@P(%)) —2= P()@P( oy 2y p(rt ),

If V is cocomplete and ® commutes with colimits in both arguments, then
the functor P — P(7) from the category of PROPs to the category of mono-
chromatic operads admits a left adjoint, which is called the associated PROP:
given an operad 6, we construct the associated PROP cat(®) by setting

cat(®)(y) = [] G#f (1))@ @BH "(n)),

fik—n

endowed with the following extra structure: the monoidal sum is given on
summands indexed by f: k — n and f': k' — n’ via the identification

n+n'

®C@#f ®®‘@*‘ﬂ*f'l ®C@ (FUF)THED).

t'=1

For the description of the twists, note that &y right acts on cat(6) (f;) by map-
ping the summand indexed by f to the (canonically isomorphic) summand
indexed by f o 7 for each T € &y, and similarly, &, left acts on cat(®) () by
mapping the summand indexed by f to the summand indexed by 7 o f for
each T € 6,.

The composition is defined on each summand: for g: n — m, we write
g Hh) = {1 < <upt C{l<---<n}foreach 1 < A < m; then,
given f: k — n, we send the summand of cat(®)(; ) ® cat(®) ('1;) indexed by
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the pair (g, f) to the summand of cat(6)(, ) indexed by g o f via

) ()
( ’Oﬁ ®%(€ #f ff“)))
C@

o f)"H(R)),

>
’[\
)
IR

] (X)s i @s

where we use the operadic composition for the last step. By construction,
cat(€)(;) is the same as € itself. The running index ¢ is called the layer
parameter, and the upcoming examples will justify this name.

Remark 3.4.5. The morphism objects in cat(6) can also be written as

at(®)() = [ (6w)@: - @6un) e, xxen, E (1 5 in),
up+--+up=k

and this description gives a little bit more intuition: for y¢ € 6(u¢) and a
bijection ¢: k — w3 U - - - U u,, we get an element (Q, pe) Qs ¢ € Cat(%)(ﬁ),
and we depict this element as a tuple (Y3, ...,Y,) of admissible trees, each Y
with a single internal vertex of arity u¢, which is labelled by p¢, together with
a bijection between the outer leaves of all trees and the set {1,...,k}. For
example, if we have y; € €(3), p2 € 6(4), and p3 € 6(0), then we declare
an element of cat(8)(3) by

2 7 6 4 3 1 5
NS ~N\ /7

Example 3.4.6. It is an easy exercise to check the following identifications:

cat(.f) = X%,
cat(%) = Inj,
cat(6om) = Fin.
In particular, as .¥ is the initial operad, each operad € gives rise to a map

L — cat(®) of PROPs, and if 6 comes with a preferred void v € €(0), i.e. an
operad morphism % — 6, then we obtain a preferred map Inj — cat(86).
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Example 3.4.7 (Non-commutative finite sets). The PROP cat(s43) has a similar
description: it is the PROP whose morphisms k — n are maps f: k — n that
come together with a total order < on each fibre. The composition is given
as follows: for f: k — n, g: n — m, and # € m, we have an identification

(g0 f)7H(h) = ]_I {e} = f71(e),

teg1(h)

and we endow the right side with the lexicographic order with respect to
the existing orders on ¢~ !(%) and f~!(¢). This category was introduced in
[FLg1] and is called the category of non-commutative finite sets AL, see [RPo2].

The symbol ‘AX” comes from the fact that this category is the bicrossed
product of the simplex category? A with L, see [Kasgs, §1x]. In particular,
AL is generated by A and L, i.e. by three classes of morphisms:

1. permutations 0: n — n,

2. cofaces d’: n—1 — n for 1 < € < n, where d¢ is the unique monotone
injective map omitting the ¢ th alement, and

3. codegeneracies s': n — n —1 with (s*)71(¢) = {¢ < ¢+1} for each
1<e<n—-1,

Example 3.4.8. For 1 < d < oo, we let Fin, := cat(6,) be the PROP associated
to the little d-cubes operad (or, equivalently, cat(%,), the PROP associated to
the little d-discs operad).

Then Find(’y‘l) contains configurations of k numbered, small boxes on n
large cubes [0;1]? x 1, and the composition is given by placing boxes inside
each other. Formally, an arrow in Find(ffl) is a map ¢: [0;1) x k < [0;1]¢
of the following form: if d < co and if we write ¢ = (cy,...,¢ck), each ¢;
being a map [0;1]7 < [0;1]¢ x n, then for each 1 < j <k, there is, as a layer
parameter, an integer 1 < ¢; <n and there are coordinates 0 < a¥ < b;’ <1
for each 1 < w < d, such that for each z = (z!,...,z%) € [0; 1]d, we have

aj—i—(bj—a})-zl
ci(z) = F LU .
e ((ﬂfﬂbfaf)-zd) ‘1>

3 More precisely, the augmented and shifted simplex category.
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0/ G00[S LG/

Figure 3.10. An instance of the composition sz ) x sz ) — sz ) if we
use the equivalent little 2-discs descrlptlon Intultlvely, each large
disc is interpreted as a ‘layer” on which content can be placed.

If d = oo, then a similar description holds true: again we have for each index
1 < j < kalayer parameter 1 < ¢; < n, and for each w > 1, we require
that there are 0 < a¥% < b;’ < 1, only finitely many a:l" different from o and
only finitely many by’ different from 1, such that ¢;(z)¥ = ay + (b —ay’) - z¢
holds for each coordinate w.

The composition in Fin, is given by composing the rectilinear embeddings
¢ as maps. Finally, the terminal map 6; — 6om of operads induces a map
Fin; — Fin of PROPs, which is given by remembering only on which of the n
discs each of the k discs is placed.

3.4.3. Representable operads

In this subsection, we describe how each PROP P gives rise to an IN-coloured
operad rep(P). This straightforward construction is well-known for general
symmetric monoidal categories.

Construction 3.4.9. Let (P,L,0) be a PROP in V. Then we construct an IN-
coloured operad rep(P), called the representable operad underlying P, with

rep(P) (“147) i= P( ),

with input permutation given by permuting blocks of sizes kq, ..., k,, with
identities 1,,: 1 — P(}}) = rep(P)(’), and with composition induced by the
monoidal sum and the composition in P, where |K| :=kj 4 - - - + k;:

1ep(P)(X) © @;1ep(P) (}) -----------nmomonono > rep(P)(“; 1)
I I

Pt ® @ P(i) —— PO e p(hl ) — p(h ),
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Remark 3.4.10. The term ‘representable operad’ is due to [Heroo, § 1] and has
the following reason: note that the operad rep(P) contains a distinguished
class of morphisms

Ug,,., =T U+ - U, € rep(P) (174 ),

called universal morphisms, and every operation f € rep(P) (kl"r'l"k’) can be

written uniquely as f o Uy, ...k, where fe P(kﬁ'ﬁ*k’) is a unary. In this way,
as Hermida puts it, the multiary structure is “universally represented by
multi[ary] classifying tensors’.

Remark 3.4.11. It may be surprising that we decided to skip the monoidal
unit o as a colour. This has two reasons: firstly, we want to avoid redundancy,
and an extra colour o would cause many coinciding operation spaces, e.g.

rep (P)(“14145) = rep(P)(F10425) = rep () (0R200) =

n

and secondly, we have as a desired application the collection ([Ig>0 .1 )n>1
of moduli spaces in mind, and we want to avoid closed Riemann surfaces.

Remark 3.4.12. Here are some immediate observations:

1. If we denote by P the full subcategory of P with object set IN, regarded
as an operad with only unaries, then we obtain a morphism of N-
coloured operads P — rep(P).

2. By construction, if we restrict rep(P) to the colour 1, then we obtain the
monochromatic operad P(7).

3.4.4. Dyeing of operads

Now we have everything at hand to dye an operad, as we wanted to do in
Subsection 3.4.1. Even though this construction is just a composition of two
well-known ones, I am not aware of any appearance in the literature.

Definition 3.4.13 (Dyeing of operads). Let 6 be a monochromatic operad
inside V. Then we define its dyeing to be the N-coloured operad

IN(8) = rep(cat(8)).
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Chapter 3. Coloured and dyed operads

Since both constructions, cat and rep, are functorial, this gives rise to a functor
N: Op(V) — Opg(V) from the category of monochromatic operads in V
to the category of IN-coloured operads in V.

Before coming to the properties of the dyeing construction, let us convince
ourselves that for € = 9, this is exactly the construction we motivated in
Subsection 3.4.1.

Example 3.4.14 (Dyeing of 6;). Let 1 < d < 0. Then IN(6,) = rep(Fin,),
and we saw in Example 3.4.8 what operations in Fin, look like. Consequently,
operations in N(C@d)(kl';l"k’) are tuples (i, ...c,) of rectilinear embeddings
it [0;1]7 x k; < [0;1]? x n with mutually disjoint interiors, and the operadic
composition is given by

(51,...,5,») (0] ((51’1,. . .,51,51),. ey (57,1,. . -/Er,sy))

= (¢1oC11,---,C10C1s,---,CrOCr1, ..., CrOCrs,).

The same holds for %,;: we only have to replace rectilinear embeddings by
embeddings of discs, see Figure 3.11.

If 6 is a general monochromatic operad, then we can visualise operations
in N (%) in a similar way by using trees as in Remark 3.4.5; we only have to
refine our input assignment:

Remark 3.4.15. Operations in N (%) (“~*") can be given by tuples (Y1, ..., Y,)
of admissible trees, each Y; with a single internal vertex of arity u¢ which
is labelled in 6 (1), together with a bijection between the outer leaves of all
trees and the tableau Y}, _, from Definition 1.2.1.

For example, if y1 € B(3), u2 € 6(4), and pu3 € 6(0), then we obtain an

operation in N(€)(*';"") by

33 1,2 1 3,1 41 32

1,
~N 7 ~N\ /_
H2

H1

\ , \ s
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)

O @ S
©
o

9©

G
()

1 1

Figure 3.11. N(@Z&z)(z’3’2) x (N(22)(3) x 6(%") x N(22)(,)) — N(@bz)(z’é'l).
Note that, in contrast to Figure 3.9 and Figure 3.10, we draw the
multiple large discs of a given operation from bottom to top.

Remark 3.4.16. Note that I is the same as the sequence of symmetric groups
S = (6,)u>1, and hence, we will use the abbreviation & instead.

For each monochromatic operad 6, we get a pairing {: (6,8) — N(8)
as follows: if y € €(r) and ¢ € G, then we put

Lo (1) -+ 1o (1) Lo t(n) -+ r,o(n)

€(y,0) = o~ u — ™~ ” — c N(%)(”"ﬁ"”).
! \

This gives rise to a map of IN-coloured operads 1: € ©® & — IN(%), whence
each IN(%)-algebra has an underlying functor & — 6-Alg. In other words,
if X = (X;)n>1 is a N(®)-algebra, then each X, is a 6-algebra, together with
a left G,-action by ‘6-automorphisms.

If € has a preferred nullary operation v € 6€(0), then we can extend the
above pairing ¢ to (€,Inj) — IN(€) by filling, for each f: k < n, the ¢t
entry of the tuple {(u, f) € N(€)(*:") with v whenever f~1(¢) = @.
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The following paragraph shows how the dyeing construction in different
symmetric monoidal categories can be compared via lax monoidal functors.

Construction 3.4.17. Let H: (V,®,1) — (V/,®',1’) be a lax monoidal functor
and let € be a monochromatic operad in V. Then there is a natural morphism
%: N(H®) — HIN(®) of N-coloured operads in V', which is comprised of
maps of the form

L é'H‘@(#fl(f))%H( L1 é%(#fl(ﬁ))>

frk—=ne=1 frk—ne=1

Clearly, if H commutes with finite coproducts and if, for all uy,...,u, >0,
the transformation ®; H6 (1u¢) — H(Q®, 6 (1¢)) is an isomorphism, then 7¢
is an isomorphism of N-coloured operads. Note that the second condition is
a fortiori satisfied if H is strong monoidal.

Example 3.4.18. The functor 7rp: Top — Set is strong monoidal and pre-

_ ~ T

serves coproducts. Thus, 77o(IN(€)) = IN(7p(6)); for example, we get
ro(N(%5)) = {N(sﬁm) ford =1,
IN(Gom) ford > 2.
For a principal ideal domain R, the functor Hy(—; R): Top — R-Mod? is
lax monoidal and also preserves coproducts. If FF is a field, then H,(—;F)
is even strong monoidal, whence we get He(IN(6);F) = N(H.(%;F)) for
each monochromatic operad 6.

For a general principal ideal domain R, this is not the case, but if He(6; R)
is degreewise and aritywise free, then the torsion terms in the Kiinneth
theorem vanish and we obtain again H.(IN(®); R) = IN(H,(%6; R)). This is
for example the case for € = 6, as [Arn6g] shows. Therefore, we obtain

H.(N(@y); R) = N(Ho (83 R)) 2= N(Poiog).

Let us close this subsection with a collection of examples for which we aim
to understand algebras over their dyed operads.

116



3.4. Dyeing of monochromatic operads

Example 3.4.19 (Dyeing of Gom). Using that cat(6om) = Fin, the operation
spaces of IN(Gom) are readily identified as

IN(®Bom) (kl"ﬁ"k*) = Fin( kﬁ +k HFln

and the composition is given entrywise by

(gl/"-/gi’) o ((fl,l/"‘lfl,sl)/'“/(f}’,l/"'/fl’,sy))
= (gl Ofl,l/"'/gl Ofl,sll-"/gl’Ofr,lr'“/grofr,sy)'

One readily checks that the pairing {: (Bom, &) — IN(Gom) from Remark
3.4.16 extends to an isomorphism Bom © Fin — IN(Gom) of operads, whence
IN(Bom)-algebras are the same as functors Fin — Bom-Alg into the category
of (topological) commutative monoids.

3.4.5. Connective operations

The last general construction, which we promised in Subsection 3.4.1, is the
one of the connective suboperad IN°(6): for € = D, the suboperad IN¢(2,)
should contain only those configurations of discs which yield connected
surfaces if we start with connected surfaces as arguments. Pictorially, an
operation in ]N(i%z)( ) is connective if we can reach each of the n large discs
by jumping along discs which belong to the same input. This is a purely
combinatorial property, which can be formalised as follows:

Construction 3.4.20. Recall from Example 3.4.19 that IN(®Bom) () consists
of tuples f = (fi1,..., fr) of maps f;: kj — n. We call such a tuple connective
(,,verbindend”) if the equivalence relation on n, which is spanned by ¢ ~ ¢ !
if there is a 1 < i < rsuch that ¢,¢’ € im(f;), is full. This property is clearly
invariant under input permutation and we denote the IN-coloured quiver of
these operations by IN¢(Gom) C IN(Gom.).

Moreover, 1, = (id,) € N(C@om)(;l) is clearly connective for each n, and it
is straightforward to check that the composition of two connective operations
is again connective. This shows that IN®(6om) C IN(Bom ) is a suboperad.
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1,2 11 3,1 32 31 11 12 32

NN N~
M1 H2 H2

\ , \ \ ’ \

Figure 3.12. Two operations in IN(€)(“,”), with y; € €(3) and pa € €(4). The
left one is connective, while the right one is not.

Construction 3.4.21. For each monochromatic operad 6 there is a unique
(terminal) morphism of operads p: € — Gom", and we define the connective
suboperad IN¢(6) as the pullback of N-coloured operads (i.e. for each colour
profile, the pullback in V, together with the induced structure maps)

N(6) — N(Gom").

N(p)

If V = Top, then IN(Bom") consists of discrete operation spaces, so IN°(®)
is, topologically, just a restriction to certain connected components.

Remark 3.4.22. We have N¢(§) = N(¥), i.e. each operation with output
colour 1 is connective. On the other hand, note that N°(,) = @ if n > 2, as
the equivalence relation imposed on 7 is discrete.

Moreover, there is a replacement for Remark 3.4.16, where we skip the
nullaries of 6: if we denote by €° the monochromatic operad with operation
spaces 6°(r) = 6(r) for r > 1 and 6(r) = &, then the aforementioned
pairing corestricts to (8¢,&) — IN°(6) and we obtain a map of N-coloured
operads €° ® & — IN‘(86).

Put differently, each IN“(6)-algebra has an underlying sequence (X;),>1
of ‘G°-algebras, and each X,, carries an &,-action by 6“-automorphisms.
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Vertical operads and their algebras

First recall what trees themselves are.

Tom LEINSTER

For d = p + g, we define the vertical operad 7, as a suboperad of IN(%6;).
As mentioned earlier, this operad is related to the extended Swiss cheese
operad from [Wil17] and generalises ideas from [Bodgob; Bod13].

Using methods from [Dun86; Brioo], we show that %}, ; splits, up to equi-
valence of operads, as the Boardman-Vogt tensor product of 6, and N(%;),
which implies that the homotopy theory of 7, ;-algebras is equivalent to the
one of IN(%,)-algebras with compatible 6,-structures on each level.

In a consequent section, we extend our cellular calculations of Section 1.4
and construct a Morse flow similar to the one in [Bia21] in order to calculate
the homology of 7 cellularly: on the one hand, this recovers Theorem
1.2.5 for the case (p,q) = (1,1), but in addition, the cellular decomposition
behaves well with respect to the operadic structure. This allows us to give a
presentation of the algebraic operad He(741) in the spirit of [Sino6] and to
classify all (binary) divided power operations as in [CLM76, § 111].

4.1. Definition and first observations

are tuples (c1,1,...,¢,x,) where ¢; ;: [0;1] < [0;1]9 x n is a rectilinear em-
bedding for each 1 < i < r and each 1 < 7 < k;, such that the interiors of
im(c; ;) are mutually disjoint.

Now fix a decomposition d = p + g with p > 0 and 4 > 1 and consider
for each n > 1 the projection pr): [0;1]7 x n = [0;1]P x [0;1]7 x n — [0;1]7
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which forgets the rear q coordinates and layer parameter. The vertical operad
%,,q is then defined to be the suboperad of IN(6,;) where °l/p,q(k1"r‘l"k’) contains
only those configurations (c1,1, ..., ¢y, ) of boxes where pry o ¢ ; = prj o c;
holds forall1 <i<randeach1< j,j <k.

Pictorially, this condition requires that boxes which belong to the same
input share their first p coordinates. Clearly, this condition is invariant under
input permutation, 7}, contains the identities 1,, and it is an easy task to
check that 7, is closed under composition in IN(6;), see Figure 4.1. Hence
%,,q is a suboperad of N(6;).

This operad %),; will play a central role throughout the rest of this chapter
and the next one. Let us start by highlighting the connection to a variation of
the so-called ‘Swiss cheese operad’.

Remark 4.1.2 (Extended Swiss cheese operad). The operad 7, is related to
a version of the Swiss cheese operad [Vorgg], namely the extended Swiss cheese
operad Swq4 which is due to [Wil17] and can be described as follows:

The operad Swy,4 has two colours: a (for ‘arbitrary’) and m (for ‘middle’),
and we define, using the notation from Construction 3.3.10, Swq("* "7 *™)
to be @,(r) for s = 0, and empty for s > 1, while we let Swyq4("**"*™) be
the subspace of @;(r + s) containing configurations (c;,...,c,,cj,...,c.) of
discs such that all discs c;: D? < D7 are centred inside DY, i.e. if we write
cl(z) = 2+ ¢ -z, then we require that Z € {0}” x ID9. Composition is given by
placing discs inside each other as usual, and one easily sees that the colour
distinction ensures that the new centring constraint is preserved. There are
several variations of these operads, see [PT21, § 4] for an overview.

Now we see that, up to equivalence, these operation spaces are special
cases of our vertical operad %), ;. More precisely, we construct an equivalence

qu,d (r>< a;rslxm) ~ oyp/q(rxll,S)

(r><a,s><m) r><a,s><m)

as follows: there is a deformation retract Swy 4 = Swy ("%

containing those configurations where all discs ¢} have the same radius. For
each embedded disc c: ID? < D9, there is a maximal rectilinear embedding
¢: [0;1]% < [0;1]¢ such that im(¢) C im(c), and for each (c,c’) € Sw},4, the

corresponding tuple (¢,¢’) can be regarded as an element in IN(%,)("").
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Moreover, all boxes 5{, o, project to the same first p coordinates, as they
are maximal inside equally sized discs centred at {0}” x D7 C ID?. This
gives rise to a map Swy 4(" ™) < TV, ("), which is again a deformation
retract, the retraction given by shrinking boxes to cubes which are contained
in mutually disjoint discs, and by recentring the configuration such that the
last cluster projects down to a mid-centred cube in [0; 1]7.

It is worth pointing out that, although some operation spaces of 7, ; coin-
cide with the ones from Sw, 4, a crucial difference between the two operads
lies in the combinatorics of their respective compositions: roughly speaking,
in 7,4, clusters from different inputs can never be merged, while in Sw, 4,
different inputs can contribute central discs.

We continue by establishing a connection between vertical operads and
vertical configuration spaces from the previous chapters. To do so, note that
the pairing : (64, &) — IN(6,) from Remark 3.4.16 is of the following form:
if u=(c1,...,cr) € B4(r) and o € &,, then we have

L(n,0)=(c1 x0,...,c, X ).

In particular, {(y, o) is contained in the suboperad %, for all p +¢q = d, so if
X = (Xu)n>1 is an 7}, 4-algebra, then each X, is a €;-algebra, together with a
left &,-action on X,, by 6;-automorphisms.

We want to focus on the suboperad B © & — 6; © &. A fortiori, each
Vp,q-algebra is a (B © &)-algebra by restriction; that is, it has an underlying
based symmetric sequence.

Proposition 4.1.3. If we denote by RP7 x n := RP x (R7 x n) — RP? the trivial
fibre bundle, then there are two sorts of homotopy equivalences:

1. For each colour profile K = (ky, ..., k) and each n > 1, we have a homotopy
equivalence
Vo (X) = Vi(RPT x ).

2. For an equivariantly well-based symmetric sequence X = (Xy)n>1 and each
colour n > 1, we have a based homotopy equivalence

Fia(X)n — V(RP x 1; X).
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Proof. A choice of homeomorphism R = (0;1) gives rise to an isomorphism
of bundles R x n = (0;1)P7 x n, so we can equally well work with the
interior of a cube instead.

Similar to the classical monochromatic case [May72, Thm. 4.8], we have a
map ® = ®K: 7,,(X) — Vk((0;1)77 x n) by taking mid-points, i.e.

D(c11,--s0rp) = (c1p (3o 8), e (B0 0).

It admits a homotopy inverse ¥ : Vi((0;1)P7 x 1) — ¥y,4(X) that determines,
for each vertical configuration (z11,...,z.x,) on (0;1)P7 x n, the largest box
diameter such that boxes which are centered in z1 1, . . ., 2, are still contained
in [0;1]? x n and have disjoint interior. Then ® o ¥ = idy and a homotopy
Y o ® = idy is given by rescaling boxes.

The second equivalence uses the same maps ®X: if we invoke the coend
description for Fp1s from Example 3.3.26, then we obtain an induced map

NG o — s V(RP % 13 X)

KeSnj 7 (RPA % 1) x XK
IK (135 xidyx j K ( 7)
Since each Autg,nj(K) acts freely on both Wp,q(f) and Vi (IRP4 x n) and each
coface d': X4K — XK is a cofibration, the bottom horizontal map agrees, up
to equivalence with the map induced among the respective homotopy coends,
which is an equivalence as each constituent ®X x idy« is. O

In light of the previous Proposition, the results from Chapter 2 can be
interpreted as an attempt to study the E;-algebra structure which underlies
the free 7, -algebra F;’ffcgge (X) levelwise: the statement of Theorem 2.2.2
can without any difficulties be pushed a bit further, stating that the p-fold
bar construction BPV(RP4 x n; X) is E;-equivalent to C(R7 x n; £X), one
just has to additionally entrain the projection n — 1 throughout the entire
proof. While this completely describes the 6,-algebra structure in the case
where X is levelwise path connected, the next delooping steps are still hard
to understand. Our second delooping result Theorem 2.3.4 gives a partial
answer, by describing the first level of the 6, 1-algebra Fgfspéle (X)1 entirely.
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3,1
1,1 1,1
] ; O
3 3
= ]
I;, 11 31
] =
12
2,1
2 2
2 2
11 2,1
oy : :
1 1

Figure 4.1. %1 (7y") x (Th,1(%) x Vi1(%7) x h1(,)) = Fi1(7'57)

4.2. Dunn additivity for vertical operads

In this section, we show that 7, ; splits, up to equivalence, into easier operads:
the pairing among the little cubes operad which gave rise to Dunn’s additivity
theorem, see Example 3.3.23, has a coloured analogue as follows:

Construction 4.2.1. If we denote elements in 6,(r) as tuples (cy, ..., c,) with
ci: [0;1]7 < [0;1]” a rectilinear embedding, and elements of N(‘@q)(kl"ﬁ”ks)
by (¢y,...,Cs) with ¢;: [0;1]7 x k; < [0;1]7 X n a rectilinear embedding, then

we have a pairing : (€,,IN(€;)) — 7, with
C((c1,eeever), (Crye ) Cs)) = (€1 X C1yevn €1 X Cape Cp X Chyee, Cp X Cs).
Theorem 4.2.2. The induced map of N-coloured operads
6, ©N(6;) = Vg
is an equivalence of &-cofibrant operads.

The proof of Theorem 4.2.2 is inspired by the method from [Brioo] and will
occupy the rest of this section.
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o
]/2

Figure 4.2. An instance of {: €;(2) x N(@;) (%) — 711(*%")

Notation 4.2.3. During the proof of Theorem 4.2.2, we will occasionally argue
for a general pairing {: (6,0) — & of operads, where € is monochromatic
and both 6 and % are N-coloured. In all these cases, we assume that these
operads are reduced, i.e. €(0) = 0(,) = P(,,) = *.

4.2.1. Decomposable operations

In order to prove Theorem 4.2.2, we show two substatements: firstly, the
induced map {: 6, © N(6;) — V), is an isomorphism onto its image, and
secondly, the inclusion of the image into 7, ; is an equivalence of operads.

While the first statement needs some further preparation, we prove the
second statement in this subsection.

Notation 4.2.4. Let {: (6,0) — P be a pairing. For each pair of suboperads
6 C 6 and 6’ C 6, we denote by €' ® 6’ C P = {9(6€’ ® ') the image of
@’ ® 6’ under the induced operad map {“; it is a suboperad of .

Using this notation, the precise statement we want to prove in this subsec-
tion is the following:

Proposition 4.2.5. The inclusion 6, ® N(%q) — Vp,q is an equivalence.

The proof of Proposition 4.2.5 is rather similar to the proof of [Dun86,
Prop. 2.3]; however, we need a slightly more involved notion of decomposab-
ility, with respect to a system of binary operations.
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4.2. Dunn additivity for vertical operads

Definition 4.2.6. Let 6 be an N-coloured topological operad. A family of
subspaces Qﬁ(k],;kz) C @(kl;lkz) of binary operations is called a decomposer if, for
each unary p € 6(”) and & € s1(*%2), there is an operation & € Qﬂ(kﬁjé) and
unaries ; € O(}i) such that o = a’ o (1, p2) holds.

Let s C 6 be a decomposer. We define what it means for an operation y
to be decomposable by induction on the arity r == r(p): if r < 1, p is called
decomposable without any requirement; and if » > 2, we call 4 decomposable
if there is a permutation T € &,, a binary operation « € o and decomposable
operations y; with r(p;) < r, such that g = T (a o (y1, 12)) holds. We denote
by d@(f) - @(I;) the subspace of all decomposable operations.

Lemma 4.2.7. The collection d© of operation spaces forms a suboperad of ©, and if
p: 6 — O is an operad morphism and sl C © and o4’ C ©' are decomposers with
p(d) C o', then p(d0) C A6’ and we obtain an induced map dp: d6 — dO’.

The proof of Lemma 4.2.7 is straightforward and left to the reader.

Example 4.2.8. For the little p-cubes operad 6,, we let the decomposer be
the system of all binary operations. Then d'6, C 6, is exactly the suboperad
of decomposables which was considered in [Dun86, Def. 2.1].

For the dyeing IN(;), we again let the decomposer be the system of all bin-
ary operations. Then we get dN(®,) = N(%,), since each v € N(®,) (**)
can be written as v/ o Uy, __,, where v’ is a unary and Uy, are the universal
morphisms from Remark 3.4.10; these universal morphisms, in turn, decom-
pose into a binary tree, as Uy, = Uk, jyt+-tk, © (Liy, Uy, i, )-

..... r

Example 4.2.9. For the vertical operad, the pairing {: (6,,IN(8;)) = T},

gives rise to operad maps {(1, —): IN(6;) = T},4 and {(—,1,): By = Ty qln
for each n > 1. We define (") to be

{20 0)s 1 € 6@} U,y v e NG} forky =k =n
{21, v); v e N(8,) (")} else.

One easily checks that o indeed forms a decomposer.

The pairing (: (6,,IN(6;)) — %, behaves nicely with respect to the
suboperads of decomposable operations, as the following Lemma shows.

125



Chapter 4. Vertical operads and their algebras

Lemma 4.2.10. We have d6, ® N(6;) = d7},,.

Proof. In order to show ‘C’, it is sufficient to show that { sends pairs of de-
composable operations to decomposable ones: recall that dN(6,) = N(%,).
By construction, the operad morphism (1, —): N(6;) — %},; maps the
decomposer of N(%;) into the decomposer of ¥}, ,; and thus, by Lemma 4.2.7,
it corestricts to an operad map IN(C@q) — d°l/p,q. Likewise, for each n > 1, the
operad map {(—,1,): 6y — Vjq|n corestricts to dB, — (dV}q)|n-

Now let 1 € d6, and v € IN(6;) be two operations. Then the previous
paragraph shows that {(u,1,) € d7),, and {(1,v) € d%},4, and we obtain the
equality (p,v) = C(i, 1) o (C(A,v),...,L(L,v)) € dV),.

The inclusion ‘2’ is shown by induction on the arity r: clearly, the map
29(,): (B, ©IN(By))(,,) — Fpq(,) = * is surjective, and for each & € ¥}, ,(¥),
thereisa y € 6,(1) = (d€,)(1) andav € N(C@q)(i) such that § = {(u,v). If
r>2and ¢ € de,q(kl"ﬁ"k’) is an r-ary operation, then, by construction, there
is a decomposition § = (a0 ({1, ¢2)) with a inside the decomposer and §;
of smaller arity and decomposable. By the induction hypothesis, {; and ¢»
lie in the suboperad d8, ® N(%,), and « is either of the form {(u,1,) with
pe 6,(2) = (de,)(2) or {(1,v) withv € N(C@q)(lljz), and in both cases, «
lies in d6, ® IN(8,). Since B, ® N(6,) forms a suboperad, the composition
¢ =1"(wo(1,82)) lies in the image as well. O

In [Dun86, Prop. 2.3], it is shown that the inclusion map d6, — 6, is an
equivalence of operads. We can adjust Dunn’s proof to show the analogue
for the case of the vertical operad.

Lemma 4.2.11. The inclusion d%),; — V), is an equivalence of operads.

Proof. For each 0 < t < 1, we let ug,: [0;1]9 — [0;1]? be the map which
shrinks the square by the factor ¢t ‘towards the mid-point”: formally, we let

ud1t<%—|—zl,...,1—i—zd) = (%—l—t-zl,...,l—kt-zd).

Now consider, for each input profile K = (ky, ..., k,) and each output colour
n > 1, the deformation H: 7},(X) x (0;1] — %,4(%) given by

H(C1,1, «oesCrs,; l‘) = (01,1 OUftse-,Crs, O Md,t),
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4,1
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Figure 4.3. An operation in %} 1 (* ’3’2'1 ), as well as a possible decomposition as

(243)* (¢ (11, 12) 0o (0 (L, v1)0(G(p2, L2)0(C1, Ca), C2), (L, v2)0(E5,C5)))
with pq, 4y € €1(2) and 11 € ]N(%l)(zzfz) and 1y € ]N(‘@l)(zél), and
¢1,--.,85 € 74,1 are unaries.

which leaves all boxes at their place, but makes them smaller for ¢ < 1.

The following argument shows that for each ¢ € CI/p,q(lrf), thereisane > 0
such that H(¢,¢) € d°l/p,q(5): we write § = (Cy,...,C) with & = (ci1,...,Cix,)-
Let pry: [0; 1] x n — [0;1]” be again the projection to the first p coordinates
and let 77,,: [0;1]7 =2 [0;1]7 x {0}7 < [0;1]? be the obvious inclusion. For each
i, we define the p-cube ¢; := prf oc;1 01,: [0;1]7 — [0;1]7 and we denote its
mid-point by z; := ¢;(3,...,3) € [0;1]7. We say that two indices 1 <i,i’ <r
are equivalent if z; = zy, and we write Sy, ..., 5, for the equivalence classes,
ordered by their minimum. For each 1 <[ < h we write s; := #5;, and we
let ¢;: [0;1]7 < [0;1]? be the smallest little p-cube which contains all boxes
c; with i € S;. Then there clearly is an ¢ > 0 such that (¢ oy, ..., ¢ 0 )
is a tuple of little p-cubes with mutually disjoint interior, i.e. an element of
6,(h), and by the argument in [Dun86, Lem. 2.2], there is an 0 < & < ¢’ such
that y := (¢1 o, ...,y 0 Ue) is even a decomposable operation in €, (1).

On the other hand, let pr,: [0; 1]4 — [0;1]7 be the projection to the last g co-
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2

1

Figure 4.4. An indecomposable configuration in 7} 4 (> éz’l): clearly, a decompos-
ition cannot start with a vertical cut, and the only possible horizontal
cut would separate the first input from the third one; however, they
are ‘entangled’ on the second layer.

ordinates and let ,: [0;1]7 = {0}* x [0;1]7 = [0;1]“ be the obvious inclusion.
Foreach 1 <1 < h, we write §; = {iu < < il,sl}, and for each 1 < m < s,
we let ¢, := (pry X 1) oGy, © (14 X ki, ). Since these boxes share their mid-
point with respect to the first p coordinates, v} := (¢j1,...,Cl;, ) is a tuple of
clusters of little g-cubes in [0;1]7 x n with disjoint interior, i.e. an element of
N(%,), and the same applies to v; := (1 0 g, ..., Cls © Uge). Finally, for
each 1 <1 < hand each 1 < m < s, there is a unary p;,, = (cim) € 6,(1)
with ¢; ,,: [0;1]P < [0;1]P measuring the difference between the maximal box
¢; and the individual one ¢; . Now it is an easy task to see that

H(Z,e) = (C(n, 1) o (C(%,v1),..., LW v)) o ((paa, 1), L (pinsy 1)),

where T € &, compares the total order on r with the lexicographic one on
L1;{!} x S;, and all operations in the above expression are decomposable.
For each ¢ € 7,,(X), we define ez == sup(e; H(E, s) € d‘%q) The previ-
ous paragraphs ensure that ez > 0. Moreover, d"VM( ) C qu( ) is closed,
whence we have H(¢, ez) € d%},,("). Finally, it is a tedious, but straightfor-
ward exercise to check that the assignment ¢ — &z is continuous. Since ez = 1
for all ¢ € A7, q( ), this gives rise to a retraction of 1: d7},4(X) — 7, ,(X) by

p: ol/pq( )_>d°l/pq< ), ¢ H(G, e).

and we have a homotopy H: idy = 1opby H(&,t) := H(§, 1 —t+t-e). O
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Corollary 4.2.12. The inclusion d€, ® N(8;) — 6, ® N(G,) inside the sur-
rounding operad V,,; is an equivalence of operads.

Proof. Recall that we saw in Lemma 4.2.10 that d6, ® N(€,) = d7},;. Now
for each 0 < t < 1, the map H(—,t): ¥4(X) = %,,(X) is given by precom-
posing with the unaries u4; x k;, and 6, ® IN(%,) contains all unaries, so we
obtain that H(Z,t) € (6, ® N(%,))(X) holds for all ¢ € (€, ® N(%,))(}),
whence both the retraction p and the homotopy H restrict to (6, ®IN(€,))(X),
leaving the subspace d°l/p,q(ff) fixed. O

Proof of Proposition 4.2.5. Lemma 4.2.10 identifies d6, ® N(%,) and d7},, as
suboperads of 7}, ;. Altogether, we have a square of suboperad inclusions

- jg

Gy ®N(C6q) — Vg,

where the two vertical maps are equivalences of operads by Lemma 4.2.11
and Corollary 4.2.12. By the 2-out-of-3 property, the bottom inclusion is an
equivalence as well. O

4.2.2. A combinatorial interlude

In order to proceed with the proof of Theorem 4.2.2 in the way we indicated
before, we need a few combinatorial tools which apply to general operads.
Let us quickly recall from Construction 3.2.7 and Construction 3.3.19 how
the Boardman-Vogt tensor product of two operads is constructed, here in a
slightly simpler way, as we can assume one factor to be monochromatic:

Reminder 4.2.13. Let 6 be a monochromatic operad and 6 be an N-coloured
operad. We define the N-coloured quiver € * 0 := (€ x N) U (x x 0) and
consider the free operad ¥ (6 * 6) over 6 * 0: as done in Construction 3.2.7,
we define (€ * 0)(Y) := [T,(® * 0)(X?), using the notation of Definition 3.2.3.
Then the operation space ¥ (€6 * 0)(X) is given by quotienting [ [y (€ * 0)(Y)
by the relation which equalises the formal and the given input permutation
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at each internal vertex, where Y ranges over all N-trees with input profile K
and output colour n.

In this section, it is convenient to use a more visual language: a two-parted
tree is an N-tree Y, together with a decomposition V, = V, UV, of the set of
internal vertices, such that for each v € V,, we have K, = (ny,...,1n,); then
we can rewrite (€ *0)(Y) = [Toev, €(r0) X [Twer, O(¥). Accordingly, we
call an internal vertex red if it belongs to V., and green if it belongs to V., and
we call this distinction the domain of v. Moreover, we call the vertex which is
next to the root the crotch.

In a second step, we quotient the free operad ¥ (€ * 0) by the operadic
relation from Construction 3.3.19: we abridge internal vertices labelled by 1°
or 19, we compose adjacent internal vertices of the same domain, and we

employ the interchange law.

For the remainder of the proof of Theorem 4.2.2, it is necessary to bring
these representatives into certain normal forms, and this subsection aims to
introduce them properly. Let us start with the notion of a reduced two-parted
tree, which is similar to [Brioo, Def. 5.2]:

Definition 4.2.14. We call a two-parted tree reduced if it is either the stump,
i.e. the tree with a single internal vertex of arity o, or its arity is at least 1 and
the following holds:

R1. there are no adjacent internal vertices of the same domain;
R2. there is no vertex of arity o;

R3. there are no two adjacent internal vertices of arity 1, which are both not
adjacent to an outer leaf.

The following elementary Lemma is proven in [Brioo, Lem. 5.3]:
Lemma 4.2.15. Let 6 and © be operads and let ¢ € 6 © O be an operation.

1. For each domain (red or green), & can be represented by a reduced two-parted
tree whose crotch has the chosen domain.

2. If the arity of O is at least 2, then & can be represented by a reduced two-parted
tree whose crotch has at least arity 2.
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Figure 4.5. Here are three two-parted trees: the i" example violates the condi-
tion Ri (coloured in yellow) and none of the others.

In the special case where the underlying colour set is N, we are additionally
interested in a property which affects the labels of the edges.

Definition 4.2.16. We call a reduced two-parted IN-tree bounded if the follow-
ing holds: let v be a red internal vertex which is neither adjacent to the root
nor to an outer leaf. By r1, all incoming edges start at a green internal vertex,
and we let wy, ..., ws be the collection of them. In this case, we require that

Kooy | 4+ -+ Ko, | = 110,
where for K = (ky,...,k;), we write |K| :== k; + - - - + k, as in Section 1.1.
The main merit of this property is captured by the following Lemma.

Lemma 4.2.17. For each input profile K and each output colour n > 1, there are
only finitely many bounded two-parted N-trees of type (X).

Proof. If we ignore the labels for a moment, then [Brioo, § 5] gives an element-
ary argument why there are only finitely many reduced trees.

We are left to label the edges by positive integers. Note that the output
colour n and the input profile K, together with the numbering of the outer
leaves, already determines the label of the edge ending at the root and the
labels of the edges which start at an outer leaf. Now we proceed ‘from top to
bottom’: it is sufficient to show that at each internal vertex, given all labels of
the incoming edges (there is at least one, as we do not have nullaries), we
have only finitely many possibilities to label the outgoing edge.

If the respective internal vertex is red, this statement is clear, as red internal
vertices come from the monochromatic factor. Else, if the respective internal
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vertex w is green, then the outgoing edge is either the root or it has to end
in a red internal vertex v. If v is adjacent to the root, then the global output
colour n determines the label n, = n, = n. If v has an adjacent outer leaf
with input number i, then we already know the label of their incoming
edges n, = n, = k;. If not, we make use of the bounding property: we let
w = wy, ..., ws be the neighbours of w, i.e. the green internal vertices whose
outgoing edges land in v. Since we proceed from top to bottom, we have
already chosen the labels of all incoming edges of wy, ..., ws; in particular,
we have already determined |Ky,|, ..., |Ky,|. Now the bounding property
tells us that 1, = n, can be at most |Ky, | + - - - + |Ke, |- O

Lemma 4.2.18. Let ‘6 and & be two monochromatic operads. Then each operation
¥ €  ©IN(D) can be represented by a bounded N-tree.

Proof. By Lemma 4.2.15, we can find a representative for ¢ which is a reduced
two-parted tree Y. We call a red vertex v of Y bad if it violates the bounding
condition, and let [ be the sum of all distances from a bad red vertex to the
crotch. Clearly, Y is bounded if and only if / = 0 holds. We give an inductive
procedure how to make / smaller as long as | > 1, see Figure 4.6:

We pick a bad vertex v and let wy, ..., ws be the green vertices above v,
with labels v; € N(9) (I;’Z) If we define k; := |Ky,|, then each v; encodes a
map fi: ki — n,. Let k be the cardinality of |J;im(f;). Then clearly k < }_; k;.
Moreover, let f: k — n, be the monotone inclusion of the image into n,,
which can be regarded as a unary operation in IN(2)( fv ) by using the pairing
(2,Inj) — N(2) from Remark 3.4.16.

Then we can write v; = fov] with v/ € N(%)(Kﬁ’) for each 1 <7 <s.
Thus, we can split each green vertex w; into two green vertices, the lower one
w; being a unary labelled by / and the upper one labelled by v;. Applying
the interchange law, we can exchange @y, ..., @s, which are all labelled by
f, and v, resulting in a single green vertex @ below v. Finally, since v was
not the root, @ is adjacent to a green vertex and we can compose them. The
modified tree has the same shape as the old one; in particular, it is again
reduced, and moreover, the vertex v does not violate the bounding property
any more. It may happen that we have caused a single new bad red vertex
below by moving f downwards, but this one is now strictly nearer to the
root; hence we succeeded in making / smaller. O
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o

1 L'{ P P ,,/’
v/ L Y

1

b4 ,
K( / \/\ / k(\ / K(L\
Figure 4.6. An inductive step in order to become bounded: here we are given

explicit operations 11 € N(6;)(%") and 1, € ]N(C@z)( ). This gives
rise to f € IN(6,)(¢) covering all layers attained by 17 or v».
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4.2.3. Brinkmeier’s compactification

In order to prove Theorem 4.2.2, we are left to show that the induced map
{%: 8, ©IN(8;) = V), is a homeomorphism onto its image. Although we
in principle could show injectivity ‘by hand’, we have to deal with the fact
that the operation spaces are not compact.

To remedy that, we invoke a compactification ‘%p of @y, which is due to
[Brioo, § 4]: the subtlety which prevents 6, (r) from being compact is the fact
that all boxes must have positive size. A possible compactification would
allow “degeneracies’ in some directions.

Construction 4.2.19. For a fixed r > 0, let [J” be the space of pairs (a,b) with
a,b € [0;1]7", with coordinates by 4’ and b’ for 1 <i<rand 1 < w < p,
satisfying the condition a5’ < b{". Note that [J? is compact.

Recall that 6,(r) is topologised as a subspace of [J¥: each tuple (a,b) € [J?
gives rise to a collection (c,...,c,) of maps ¢;: [0;1]7 — [0;1]” which are
defined coordinate-wise by ¢;(z)“ = a’ 4 (b —a$) - z*. We call (a, b) non-
degenerate if a’ < b}’ holds strictly for each i and w, or, equivalently, if each
¢ is an embedding. An element (a,b) belongs to 6,(r) if and only if it is
non-degenerate and the interiors (a;;b;) = [, (a; b’) are mutually disjoint.

Each rectilinear embedding c; determines 2p exterior sectors, namely

AY = [0;1]971 x [0;a%] x [0;1]P~%
BY == [0;1] "1 x [b¥;1] x [0;1]P ¢
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and [0;1]7 \ Uy (AY U BY) is the interior of c;. Note that for p = 2, these
exterior sectors are exactly ‘above’, ‘below’, ‘left’, and ‘right’.

For a pair of input indices 1 < i < i’ < r, we define D; ; C [ to contain all
non-degenerate pairs (a,b) such that the corresponding boxes ¢; and c¢; have
disjoint interior. Then clearly €,(r) = ;- D; . The disjointness condition
can be dismantled further: if ¢; and ¢y have disjoint interior, then ¢y has to
lie in one of the exterior halves of c;: if we put

w

iil = (Cl,..., )GDU/ 11‘n( )CA }
Zji’ = (Cl,..., ) € D”/ 1rn( ) Bw}
then we get D; = U, (A{} U B{%). Note that the closure Al ', inside (07 is
compact and contains boxes (a, b) which are possibly degenerate, but still ¢

lies inside one of the exterior sectors of c;; and similarly for Bl . We let

Bp(r) = Micr (Uu( A% UBE))

and write elements in 6,(r) as tuples (c1, ..., ¢,) of maps ¢;: [0;1]7 — [0;1]7,
which are rectilinear, but possibly degenerate, and for each pair of boxes,
each one lies in one of the exterior sectors of the other.

Then 6,(r) is compact, and the operadic structure given by composing
maps from 6, extends to 6,; hence we obtain an operad ‘6, with compact
operation spaces containing the little p-cubes operad 6, as a suboperad.

The same can be done with the dyeing construction and the tensor product
of the two operads:

Construction 4.2.20. Consider the dyeing IN(%,): operations in IN(6,) are
given by tuples (ci, ..., ¢,) where each ; is a rectilinear, but possibly degen-
erate map [0;1]7 x k; — [0;1]7 x n, and if we write ¢; = (¢j1,...,Cix,), then
for each two pairs (i, 1), (i, ;') with ¢; ; and ¢y ;» landing on the same layer,
the box ¢y ;» lies in one of the exterior sectors of c; ;.

Again we obtain a pairing {: (6,,N(6;)) — N(6;) by concatenating
the coordinates, i.e. ((c1,...,¢;), (C1,...,C)) = (c1 X @, ...,¢; X Cs). Then
extends the old pairing, which we write as {: (6,,IN(8,)) = 7}, € N(€;),
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and if we corestrict these maps to their respective images, we obtain a square
of operad maps

J— C@ J—
By ON(B;) —— B, ®N(%,)

| /

€ ON(%) —— & oN(8,),

where the horizontal maps are by construction levelwise surjective and the
right vertical map is levelwise an inclusion of subspaces. Moreover, the left
vertical map is levelwise injective, with image the preimage of 6, ® N(%,)
along (. It is even levelwise an inclusion of subspaces; in particular, if we
can show that ¢ is an isomorphism onto its image, the same is true for (.

Proof. The suboperads 6, C 6, and N(6,;) C IN(6,) are levelwise open.
Therefore, [Ty (6, * IN(6,))(Y) C 11y (8, *IN(€;))(Y) is the inclusion of an
open subspace, and one easily checks that it is also saturated with respect to
the relation to be quotiented out: the requirement that all internal vertices
are labelled by non-degenerate configurations of boxes is preserved by input
permutation, adjacent composition, inserting units, and the interchange law.
This shows that the canonical map from the quotient of the subspace to the
subspace of the quotient is a homeomorphism. O

The rest of this section aims to show that the map {® from the above
square is levelwise a homeomorphism. This is achieved in two steps: firstly,
we show that the domain 6, © IN(6,) is levelwise compact. Since the right
side is clearly Hausdorff, it then only remains to show that {“ is levelwise
bijective. Let us start by showing the compactness of 6, © IN(%,):

Proposition 4.2.21. For each input profile K and each output colour n, the operation
space (€, ©IN(B,)) (%) is compact.
Proof. By Lemma 4.2.18, the composition

LI (8 N@@)(Y) = [I (8 *N(@))(Y)

Y of type (}) Y of type (})
and bounded

— (B, ©N(%))(})
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is surjective, and by Lemma 4 2.17, there are only finitely many bounded
two-parted IN-trees Y of type ( ). Finally, the space

(B «IN(8g)) (Y) = [ Gplro) x T] N(B) ()

veV, weV,

is compact: we have already seen that %p(rv) is compact, and for the second
factor, recall from Construction 3.4.4 that for k := |Ky|, we have

7(%6,)(51) = cat(6y)( nw f y G,(f - X ‘éq(f’l(nw)).

z

For the right side, we see that the indexing set is finite and each summand is
compact, as a product of compact spaces. [

4.2.4. An injectivity criterion for pairings

In order to prove Theorem 4.2.2, we still have to show that the induced map
{9: 8, ©IN(8;) = N(Bp44) is levelwise injective. To this aim, we establish
an injectivity criterion for pairings.

This follows essentially [Brioo, Def. 6.1]; however, we phrase it in terms of
a general pairing {: (6,0) — P of reduced operads, where 6 is monochro-
matic, and we close a small gap in Brinkmeier’s argument, see below. Since
all our operads are reduced, {“(,,) is trivially bijective and we can exclude
nullaries at this stage of the proof, as there is nothing to show for them.

The idea the following: given an element { € 6 ® 6, we want to inductively
build a labelled tree (Y, a) € [Ty (€ *0)(Y) such that each subtree starts with
a ‘minimal’ crotch in the sense that it factors over all other potential crotches
of the same domain, and that all subtrees represent elements in 6 ® 6 which
are maximal among all potential arguments which, after composition, yield
the original element ¢. We call a pairing trackable, if such a procedure is
possible, and we will show that, in this case, the element &' € € ® 0 which is
represented by such a tree is uniquely determined by these properties. Finally,
we show that, under mild further assumptions, the assignment ¢ — (_fﬁ is a
left inverse for {©.

Definition 4.2.22. The core core(€) of an operad €6 is the subcategory that
contains all invertible unaries. E.g. core(6,) = {1}, while core(IN(%6,)) = &.
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Definition 4.2.23. A pairing is called trackable if the following holds for both
domains, red and green, here formulated only for red:

T1.

T2.

T3.

Minimal crotches
For each ¢ € (6 ® ©)(f), there is a y € 6(r) such that:

A. there are §y,...,G, € € ® O, each one of arity at least 1, such that
¢=1C(p,1y)0(&1,...,¢) holds up to input permutation;

B. for each other ji € 6(s) satisfying A, there are y1, ..., ys € 6 such
that = fio (uy, ..., us) holds up to input permutation.

We call such a p a minimal red crotch. Moreover, we require the following:

T1°. for each other minimal red crotch y/, there are a4, ..., a, € core(6)
such that y/ = p o (ay,...,a,) holds up to input permutation.

b

11°. if py, ..., 4, are minimal red crotches for ¢y, ...,¢, and u € 6, then

po(p,..., 1) is a minimal red crotch for {(u,1,) o (&1,...,&r).
T1 let s; be the arity of ¢;, define S := (s1,...,s;), and for T € &,,
let Ts € Gyx be the corresponding block permutation. Then we
require that 73¢ = ¢ in € ® O implies Ty = p in 6.
Maximal arguments
If p is a minimal red crotch for ¢, then there are ¢y, ..., ¢, € 6 ® O with:
A. E=1C(u1y)0 (..., Cr) holds up to input permutation;
B. for each other collection {j, ..., ¢, satisfying A, there are &;; and
T €&, with 'y =pand ¢ri) =Cio (Cit, .-, Cis,)-
We call such a collection ¢y, . .., §, maximal arquments for u to get ¢. In
addition, we require the following;:
122, for each other maximal collection {7, ..., ¢}, there are a; € core(8)
and T € &, with Ty = po (ay,..., ) and ¢7(;) = {(a;, 1y) 0 ;.
12°. if §1,..., G, are maximal arguments for y to get ¢ and if, moreover,
vi € core(€ ®0), then 1 0 ¢y, ...,y o §, are maximal arguments
for pto get C(u,y) o (y108&1,...,7r 0 &r).
Uniqueness for unaries
If ¢ has arity 1, then there is a minimal red crotch p which has a maximal
argument { (1, v); this property determines both p and v uniquely.
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Remark 4.2.24. Let {: (€,0) — P be a trackable pairing and ¢ € € ® O.

1. If a; € core(6) and ¢y, ..., ¢, are maximal for po (aq,...,a,) to get g,
then {(aq,1,) 0 ¢&1,...,¢(ar,1,) o &, are maximal for p to get ¢.

2. If v is a minimal green crotch for ¢ and if « € core(6), then v is also a
minimal green crotch for {(a,1,) o ¢.

Given an operation ¢ € 6 ® 0, we would like to construct a two-parted
tree representing it. This is formalised as follows:

Definition 4.2.25. Recall that for each profile (5), we have a chain of maps
pr g(:)
Ly of type (%) (€ ¥ 0)(Y) —— (B © 0)(*) = (B®0)(*) c2(%).

If ¢ is trackable and ¢ € € ® O, then we call a labelled two-parted tree (Y, a)
with (% o pr)(Y, a) = ¢ an optimal representative if the following holds:

M1. Y is a reduced two-parted N-tree with a red crotch;

M2. each internal vertex is a minimal crotch of the element in € ® © which
is represented by the subtree starting at that vertex;

M3. at each vertex, the incoming subtrees represent maximal arguments.

Lemma 4.2.26. If {: (8,0) — P is a trackable pairing, then each { € € ® © has
such a minimal representative (Y, a) and the element & := pr(Y,a) € € ©0 is
uniquely determined by ¢.

Proof. We build (Y, a) inductively: we choose a minimal red crotch, and then
consider its maximal arguments. For each of them, we find minimal green
crotches. If a subtree has arity 1, then we choose the two unary vertices by
property 13. In order to show that this process terminates, we have to see
that if an element ¢’ represented by a subtree has arity at least 2 and if a
minimal crotch of ¢’ is of arity 1, then the next crotch is of higher arity: by
Lemma 4.2.15, {’ has either a green or a red crotch of arity at least 2. Now
note that a minimal crotch is always of maximal arity among all crotches of
the same domain. It may happen that we have to choose the ‘wrong” domain,
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say ‘green’, i.e. there are only red crotches of arity 1. In this case, we have
&' =7(1,v)od" for a unary v € O. If {" had a green crotch of arity at least 2,
then this would also apply to ¢’, which is not possible. Therefore, ¢’ has a
red crotch of arity at least 2, and hence, the minimal red crotch of ¢’ is of
higher arity. We end up with a tree having the properties m2 and m3. Its
crotch is red and the tree is reduced, where R1 and R2 are immediate, while
Rr3 follows from the previous paragraph, hence m1 holds as well.

We are left to show that pr(Y,a) € € ® 0 is uniquely determined by ¢,
and we do so by induction on the arity r > 1 of ¢: the case r = 1 is clear
by 13. For r > 2, let y and p’ be two choices of red minimal crotches of ¢
and let &;,...,¢, and {1, ..., &, be the chosen maximal arguments for y and
1, respectively, to get {. Moreover, we pick minimal green crotches v; for ¢;
and ¢; for vj, and let ¢;; and ¢;; be their maximal arguments to get ¢; and
Gi, respectively. Then the arity of each ¢;; has to be strictly smaller than
r, and, by the induction hypothesis, all optimal representatives for ¢; ; and
‘31,',]' encode the same elements C?,j and éj;,ﬁj, respectively, inside € © 6. Since
within the two optimal trees, the subtrees are optimal as well, we only have
to show that inside € ® 6, we have, writing 1 © v := x(y, v) for the pairing
X:(6,6) >6OO0,

(W ol)olov)ofl,=nol)olev.)od,,

where we shorten v, := (v, ...,1,) and similarly cﬂl..

To this aim, we note that by property 11?, there are w; € core(6) and
T € &, such that Ty = ' o (ay,...,a,). Since T is uniquely determined up
to those permutations whose respective block permutations fix ¢, and since
those, in turn, fix u by 11°, we can without loss of generality assume that
T = id. Then {(a1,1) 0 &y,...,{(ar, 1) o {, are maximal arguments for y’ to
get ¢. By axiom T2?, this implies that there are ! € core(®) and T € &, such
that p’ o (af,...,a;) = p' and ¢7(;) = {(&;, 1) o §; for &; == aj o a;, and again,
we can assume T to be trivial. Moreover, we see that p’ o (&,...,& ) = .

Since ¢} and ¢; differ only by postcomposition with {(&;,1,), we see by
Remark 4.2.24 that the minimal green crotches of §; and ¢! coincide, i.e.
v; = v/ and s; = s;. Hence we obtain by the interchange law

& =@, 1) ol(L,vi) 0 (&, -, Cis,)
=L, vi) o ((&;, 1) 0 Gia,- .., 0(@;, 1) 0 Gist)-
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As {(@;,1) is invertible, {(&;,1) 0 ;1,...,{(&;, 1) o ;s are maximal arguments
for v; to obtain ¢;. By 127, there are f3;; € core(0) with v;o (B;1,...,Bis;) = Vi
and {(a;, 1) og;; = ¢(1, Bij) o Gj,- A tedious, but straightforward check shows
that there is an optimal representative for {(1, 3;;) o {; ; which is equivalent
to an optimal representative for &j ;, postcomposed with a single green vertex
labelled by B, ;, and thus, (1© ,Bl]) §’ﬂ (¢, Bij)o Cw)

Moreover, we have ({(&;,1 ) (fl])’ti (; ®1)o (;"Z], which, altogether, im-

plies the equality (1® B;;) o g% = (&; © 1) o Ci/]. As desired, we get
(Wol)e@ov)od —(y’®11)o(11®v.>oc’.ﬁ,.
= (1 ©1) 0 (1O (ve 0 Pus)) 0 ZLs
= o1 o Moo (1O Bee) 0 8d)
= onle(don)o ((“-Gﬂl) Gie)
= ((Wor)oOn)o(lov.)o
= (#O1)o (L) oG, m

Remark 4.2.27. I believe that the analogous statement in [Brioo, Prop. 6.10]
for the special case of the (monochromatic) compactified little cubes operad
misses the maximality assumption in order to guarantee the uniqueness of
the optimal representative: if i is degenerate, then the operations y1,..., u,
are not uniquely determined by p o (yy, ..., y,) and p; however, the weaker,
and—in the end—sulfficient, property T2 still holds.

Next, we want to show that, under mild extra assumptions, the assignment
(—)* is indeed a left inverse for {©:

Proposition 4.2.28. Let {: (6,0) — 9P be a trackable pairing, and assume that:
p1. for all colours k,n € N, the map (: 6(1) x @(ﬁ) — 95(7;) is injective;

p2. if 9 € B © O such that {©(9) has a minimal red crotch ofarzty 2, then ¢
itself has a reduced representation with a red crotch of arity >

Then for each © € € © 6, we have ({°(9))* = 0; in particular, the induced map
{“ is levelwise injective.
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Proof. This proof essentially follows the one of [Brioo, Thm. 6.12]; however, I
think that in the general setting, we need to additionally assume p2.

Let ¢ := {®(8), and we aim to show that & = ¢. To do so, we proceed by
induction over the arity of ¢: if ¢ is a unary, then ¢ is of the form u © v with
peB(l)andv e @(’;), and similarly, & = u’ ® v/ holds. Since (&%) = ¢,
we get {(,v) = {(y',v'), whence, by P1, we get both y = y/ and v = 1/; in
particular, ¢¥ = 9.

For the induction step, we have so switch between red and green crotches.
Clearly, we can define optimal representatives with a green crotch in the same
way, and we define & = pr(Y, a) for (Y, a) being an optimal representative
with a green crotch, and show that & is uniquely determined by ¢. The
start of the induction works equally well, showing that ¢ = & if there is an
optimal representative with a green crotch having only one internal vertex.

Now assume that ¢ has arity at least 2. By Lemma 4.2.15, there is a reduced
representative for ¢, which has either a green or a red crotch of arity at least 2.
If we find a red crotch of arity at least 2 and with label u € 6, then we write

=(pue1)o(d,... ,19,). If we put ¢; == {“(9;) and let y; be a minimal red
crotch of ¢;, then, by T1%, o (y1, ..., jtr) is @ minimal crotch of ¢. Moreover,
letg;q,...,Cis, be maximal arguments for y; to get ¢;, and let 191 ] = gl Smce
each 9; has strictly less inputs than @, we see that ;o (0;1,...,0;5,) = (fj
and we therefore get, using the same notation as before,

= ((pops) ®1) 0 b..
=(pol)o V.@Il)oﬁ..
= (pel)o

=4

However, if ¢ only admits a reduced representative which has a green crotch
of arity 2, then we have to argue differently: as in the previous paragraph,
we can inductively show that & = . Moreover, by p2, the minimal red crotch
p of ¢ has arity 1 as well. Hence, if (Y, a) is an optimal red representative for
¢, we can employ the interchange law and exchange the unary crotch and its
adjacent green internal vertex (and reduce the tree again), which has to be of
arity at least 2. Hence we reached a representative for ¢* which has a green
crotch of arity 2, and we see, as above, that & = ({O(¢%))" = & = 0. O
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4.2.5. Injectivity of the compactified pairing

In order to finish the proof of Theorem 4.2.2, we are left to prove that the
compactified pairing {: (6,,IN(6;)) — IN(6p4,) meets the requirements of
the injectivity criterion from Proposition 4.2.28. It is clear that { satisfies p1,
as the two inclusions affect disjoint coordinates of [0;1)7 ™7 x n, but we still
have to show trackability and p2:

Proposition 4.2.29. The pairing {: (6,,IN(6;)) — N(€,14) is trackable and
satisfies property p2.

In order to prove Proposition 4.2.29, we adapt the framing argument from
[Brioo, § 4] to the coloured situation.

Preparation 4.2.30. Let F, be the set of tuples u = (cy,...,c,) of (possibly
degenerate, possibly overlapping) rectilinear maps [0; 1] — [0;1]¥. Then we
have a preorder on F, by declaring (c;,...,c,) < (c},...,cy) whenever there
is a surjection 7t: r — 1/ with ¢; C c'ﬁ(i) for each i. Likewise, we let F; ,;, be the
set of tuples v = (c1,1,...,¢,x,) of rectilinear maps ¢; ;: [0;1]7 — [0;1]7 x n,
and we have a preorder on Fy, by letting (c; ;)i jex < (¢; ;) (i )ex if there is
a column-preserving surjection 77: Yx — Yy of tableaux with ¢; ; C c7(; ;-

Although we do not need to give F, and (F,,),>1 the formal structure of
an operad, we can compose elements by composing rectilinear maps, and
permute their inputs by permuting the boxes. Clearly, if u = ' o (y1,..., pty)
holds up to input permutation, then y < 3/, and similarly for v and v'. The
converse also holds, see [Brioo, Cor. 4.8].

We have inclusions F,, := I, 6,(r) C F, and F,, == [Ix N(%,)(5) C F,
and for y, i’ € F,, we have u < p/ < p if and only if y and p’ differ by an
input permutation, compare [Brioo, Lem. 4.5]. Similarly, for v,v" € Fp’,,n, we
have v < v/ < v if and only if v and v/ differ by an input permutation and a
layer permutation, i.e. precomposition with elements from the core.

Construction 4.2.31. For each p € F, there is a smallest fi € F, with y < 1,
and similarly, for each v € F,,, there is a smallest 7 € Férn with v < 7. We
give details for the construction of ji; for 7 see Figure 4.7:

* We define an equivalence relation on r that relates i and i’ if # does not

lie in U,, A%, U B, from Construction 4.2.19.
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\/2

N
N
[~
N

1 1 1

Figure 4.7. The inductive procedure which starts at an arbitrary configuration
(c1,1,-..,cap) of squares and ends up with a configuration that lies

in IN(62)("’), where the colours indicate the equivalence relation.

¢ For each equivalence class, we find the smallest rectangle that contains
all ¢; from this class: it is given by the intersection of all rectangles with
this property, and we order these two new rectangles by the minimum
of their respective equivalence classes.

¢ If the new collection of boxes does not lie in Fr’,, then we repeat the
previous two steps.

In each step, the number of boxes decreases, so this procedure terminates
after finitely many steps and gives the desired collection ji. By the previous
paragraph, ji is determined, up to input permutation, by the property of
being a smallest upper bound.

While we use the previous construction to produce minimal crotches, the
following construction is necessary to construct maximal arguments:

Construction 4.2.32. Let ¢ =[], [a%;b¥] be a box and ¢’ =[], [a"“; b'“] C c.
Then we define the inverse rescaling c=* - ¢’ := ], [a%;b] as follows: for all
1 < w < pwith a® # b, we let

a/w aw b/w _ aw

=W . LW .
a“ = P and b¥ = o a0

and for each other coordinate w, we set 4 := 0 and Ef" =1.
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41

2,1

2,1

4

Figure 4.8. Calculating v - & for v € N(®) (') and & € N(%2)("'""), res-
ulting in ¢; € F, 5 and ¢y € F,». Both ¢; and ¢, have overlaps, but
still § = ¢(1,v) o (¢1,¢2) holds up to input permutation. The map
Yy 01 — Yapletsm(1,1) = (1,3) and (1,4) = 7(3,1) = (1,1).

For & = (c11,--,Csx.) € N(Bpig)(X), if = (c1,...,¢r) € By(r) is a red
crotch for &, then we have ¢ < {(y,1,), so there is a surjection 77: #K — r with
Cij C Cr(i) X [0;1]7 x n for all (i, ). For each explicit choice of 7r, we define
ut &=(&,...,&), where & = ((¢; x [0;1]9)~} *Ci ) n(i)=1- Similarly, we
define v - & for v € N(8,)(X) and 7: Yk — Yy, see Figure 4.8.

Then we clearly have ¢ = {(y,1,) o (p71 &) and & = {(L,v) o (v ! ¢)
up to input permutation.

The collection 3~ ! o, & should play the role of a collection of maximal argu-
ments; however, in general, ¢; does not lie inside N(%p+q): as we insisted that
if the w'h coordinate of c; is degenerate, the respective coordinates of Cfl “Cij
are scaled to full size, there might be overlaps. Furthermore, the operations
¢1,...,Cr depend on 7, see Figure 4.8. The following criterion impedes this:

Construction 4.2.33. Let u € 6,(r) and let 1 < i < r such that the i box of
# has a degenerate coordinate, and let ¢; € (€, ® N(,)) (“5).

n

* Let y’ € 6,(r +s — 1) be the operation where we have s boxes at the
same place as the original i box. They are numbered i,...,i +s—1,
and all successors get shifted by s — 1.
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Figure 4.9. Two operations v € N(® )(
their refinements v’ € IN(6 1)

e For 1 < h<s, let ¢y, € €, ®N(%,)) (") be the operation that arises
from ¢; by keeping only the i cluster, and in all directions 1 < w < p
in which the i box of y is flat, each of the k; boxes are scaled to full
size (this does not produce any overlap, since all boxes in ¢;) share
their first p coordinates, and if two boxes in (; , are at the same place,
then they are degenerate in a direction p +1 < w < p + g as well).

Then §(u,1n) 0i i = C(p', Un) i, ivs—1) (Gis- -+, Gis). For ¢ € 6, @ IN(Gy),
we call y optimal for ¢ if there are &q,...,& with & = {(p, 1) 0 (&1,...,8r)
up to input permutation, and for each 1 <7 < r, the operation y cannot be
refined any more as above, i.e. if c; is degenerate, then ¢; is a unary.

A similar construction can be done for v € IN(6,), by putting all boxes
that are to be placed into a degenerate box on separate layers, see Figure 4.9.

Remark 4.2.34. If y is optimal for &, then =1 - & = (&1,...,& ) does not
have the aforementioned problems any more: each ¢; lives in 8, ® IN(6,),
since whenever we want to rescale a box to full size, there is enough space;
and secondly, all surjections 71: s — r which satisfy ¢; ; C ¢ differ only
by precomposition with a permutation. Hence we write ! - & without the
index 7t: the collection (¢y,...,&) = u~! - ¢ is uniquely determined up to
input and layer permutation.
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Now we have everything together to prove Proposition 4.2.29.

Proof of Proposition 4.2.29. We start by showing the trackability of : given
E=(c11,-+,Cx,) € (€ ®N(By))(X), with ¢; ;1 [0;1]PF7 — [0;1]P+1 x 1, we
want to construct minimal crotches for ¢, and maximal arguments for them.
To do so, we consider again the projections prZ: [0;1]P71 x n — [0;1]? and
pr,: [0;1]P*7 — [0;1]P*9. Then prjoc;; = prjoc;; holds forall 1 <i <r
and 1 < j, ' < k;, as the pairing lands in the suboperad of N(%Hq) where
clusters satisfy this condition. Now we consider the two configurations

=i

(€)= (pryociy,...,pryoc) € By,
7(¢) = ((pr, xm)ocia,..., (pry x n)ocry,) € Fou.

The operation ji(§) contains r boxes, while 7(¢) consists of |K| boxes, tied
together into r inputs. Clearly, fi(¢) and #(¢) do not have to lie in F, and
F; ,, respectively, but we can consider their smallest upper bounds, y and v,
as in Construction 4.2.31: see Figure 4.10. Then u and v are by construction
optimal for &, and we put (¢1,...,&) = u~! - &, and similarly for v.

We are left to show that y is a minimal red crotch and (&,...,¢&;) is a
collection of maximal arguments: if there is fi € 6,(s) and ¢y,...,&s with
¢(j1,1,) o (&1,...,8) = ¢ up to input permutation, then clearly (&) < fi.
Then we have u < i, whence there are yy, ..., us with u = jio (y1,..., pis)
up to input permutation. The maximality of (¢3,...,¢,) can be checked in
the same way. Moreover, both y and (&3, ...,¢,) are uniquely determined
up to (input or layer) permutation, showing 11% and 127, and similarly, T2°
holds, using that core(€, ® IN(6,)) C core(N(6,+4)) = &, so we only have
to deal with layer permutations.

For T1° we use that, for u € @, and {1,...,8 € 6, ® N(G,), we have
A1) 0 (@1, &)) = o (&), ., fi(2)). The property T1° is imme-
diate from the construction, see the two degenerate black intervals 3 and 4 in
Figure 4.10, which can be permuted since swapping the above clusters 5 and
6 fixes the operation. If ¢ is a unary, then it is of the form {(u,v), and this
decomposition is unique, showing T3.

To show p2, let ¥ € 6, ©IN(6,) be an operation such that ¢ := {®(9) has
a red crotch p with arity at least 2, and we choose a reduced representative
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Figure 4.10. An element ¢ € (€ ® N(%;)) (> ;") and its minimal red crotch
§ € ©1(4) and minimal green crotch v € IN(®1) ().

for ¢ with a red crotch. Standing at a green vertex without adjacent leaves,
we denote the labels of the red vertices directly above it by yj, ..., us, and let
i be their smallest common upper bound inside F}, as in Construction 4.2.31.
Then we can write y; = fio (i1, ..., tis;), and by the interchange law, we
can move ji down and compose it with the next red ones. In this way, we
inductively reach a reduced representative for ¢ where each red vertex is
maximal with respect to its neighbours. For this representative, the (modified)
red crotch y’' can be at most i, as for each input 1 < i < r of ¢, the box
inside [0; 1] which is given by composing the respective entries inside the
red vertices along the unique path from the leaf numbered by i down to
the root, has to lie in one of the boxes of y, and for each input 1 < h <'s
of 3/, the collection of boxes arising in the same way, for the inputs of the
subtree starting with the " incoming edge at 3/, fill the entire cube [0;1]?
by the maximality property. Therefore, the arity of ' is at least as large as
the arity of y, and we have constructed a reduced representative for ¢ with a
red crotch p’ of arity at least 2. O

147



Chapter 4. Vertical operads and their algebras

This concludes the long proof of Theorem 4.2.2, and it additionally shows
the &-cofibrancy of 6, © IN(6;) as follows: since {“: 6, © N(6;) — V)4
is levelwise injective, the input permutation acts freely on 6, ® N(%,), and
moreover, we saw that the subspaces of decomposable operations are retracts
of the larger ones, and these, in turn, are open manifolds.

Therefore, the category of 7, ;-algebras is Quillen equivalent to the category
of IN(%,)-algebras which are levelwise 6,-algebras in a compatible way.

Let me finally point out that, by restricting to appropriate connected
components, we can show in the same way that the connective suboperad
Vg © Vp,q is equivalent to the Boardman-Vogt tensor product 6, © IN“(6;).

4.3. A cellular description of 7,

From now on, we restrict our attention to the vertical operad 7 := 7} . In
this section, we want to see how the operadic structure of 7 is related to
the cellular decomposition from Section 1.4. These results will be exploited
further in the next section in order to describe the algebraic operad He (74 1).

4.3.1. Path components of U 1 and their decompositions

Recall that, by Proposition 4.1.3, the space 7, (Irf) is homotopy equivalent
to the ordered vertical configuration space Vg(R'"! x n). Let us start by
understanding its path components, extending Remark 1.1.6:

Remark 4.3.1. Recall from Example 3.4.7 the category AZ of non-commutative
finite sets, whose arrows k — n are maps f: k — n, together with a total
order < on each fibre. Let K = (ky,...,k,) be a tuple of positive integers
k; > 1 and let n > 1. Then we have

0(Th1 (%)) = mo(Vr(RY x 1)) = AR(") x -+ - x AZ(*).

The identification is done in the following way: given a tuple f = (f1,..., f;)
of arrows f; € AZ(’:{), we let Vy C Vg(RM x n) be the subspace of all tuples
(z11,- .., 2rk,) such that, if we write f;*(€) = {41 < -+ < jm}, then the ¢
layer contains the points z; ;,, ...,z ;,, and, if we write z; ; = ({;,t; ;), then
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tij < -+ <ti;,. One readily checks that V; is path connected and that
Vk(RM x 1) decomposes as the disjoint union [ V.

This identification is operadic in the following sense: we let AL™ be the
N-coloured operad with AZ* (I;) =TT AZ(];’), with T f = (fe1), -, fe(r)
and with entrywise composition as usual. Then the operad 7o(74,1) of sets is
isomorphic to the operad AZ™.

The map 719(7,1 — IN(@62)) of operads is of the form AZ* — IN(Gom)
and forgets, for each arrow f;: k; — n in AL, the order of the fibres.

Notation 4.3.2. An explicit arrow f € AZ(’;) can be denoted as follows: if
ffl(t’) ={je1 < ... < 1em,}, then we represent f as the tuple

(il,l .. ‘il,ml | | ln,l .. ‘ll,mn)'

For each element f € AZ*(X), we want to calculate the homology of the
corresponding component V¢. Note that for n = 1, all these components
are isomorphic and we calculated their integral homology in Theorem 1.2.5.
The case of arbitrary n would be just an easy generalisation; however, this
description does not behave nicely with respect to the operadic structure.
Instead we employ a multi-layered version of the cellular description from
Section 1.4. We want to emphasise the similarity between these constructions
and advice the reader to compare them.

Definition 4.3.3. Fix K, n, and f, and let 1 < s < r. An allocation of f into s
colums is given by a pair (M, 7r) where:
1. M= (Ml,. . .,Mn) with Mf = (ng, - .,ms,g), where My e 2 O;
2. m=(m,..., ;) with e: Yar, — 1,
such that the following holds:
e foreachi € r, thereis an ax(i) €s such that for each ¢ € n, the fibre
7'(5_1(1') is contained in the column YZ”(/’I;(’) ={(an(i),6); 1 <6 <mye};

e we have #7, ! (i) = #f,(¢).

We usually suppress M and just write 7 for a given allocation. Let Il be
the set of all allocations of f into s columns. Note that I1¢, only depends on
the tuple of maps which underlies f, not on the orders on the fibre.
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Chapter 4. Vertical operads and their algebras

Notation 4.3.4. Given an explicit allocation 77 of f into s columns, it will turn
out to be convenient to denote 7t by the matrix

(nn(l,l).-.nn(l,ml,n) n,,(s,l).--nn(s,ms,n)>

m (1,1)“'7‘(1(1,7’?11,1) e T (S,l)"‘ﬂ.’] (S,msll)

Example 4.3.5. Let f = (4]|213,1]3]2,|12]) € AX* (4’2’2). Then a possible
allocation of f into two columns is given by the matrix

2 111
7T:<332 )
2 1

Note that, with regards to the type of an allocation, f only prescribes how
many instances of 1, 2, and 3 are on which layer, and pictorially, each entry
of f has to be rotated anticlockwise by 9o° in order to ‘fit" into the matrix.

Construction 4.3.6. Let 7 € Ilfsand 1 <a <s—1,and let: = (11, 1)
with 1, an (mye, myy1,¢)-shuffle. Then we define d,,(7) := (711, ..., 7T,) with
7T, = dqy,, (71¢) as in Definition 1.4.7. Consider the simplicial complex

r

n
A . s Me ,
v L L1 ala / (G, (@ te)een) ~ (Aaa L, (1)),
i=1 melly, =1

where AM¢ = [T, A" and t, € AM¢, and with d**t, as in Construction 4.3.6.
Again, we have a degenerate subcomplex V2 C VA and, for each 7, a map
fri A8 X TT, AMe — Vf"" to the one-point compactification of Vy:

o let Yy, : Yk — [1{€} X Ypm, =: Yy be the unique bijection that identi-

fies, for fi_l(f) ={j1 <"+ <jm}, thesubset {(i,71) < -+ < (i, im)}
with the fibre 77, (i) C Yj, in a monotone way.

¢ elements in Vf can be written as ({1,...,{rt11,---,t k) With {; € R
and t; ; € R; they are identified with tuples (z1,1,...,2,x,) of points in
R? x 1 via z; ; = (Li, b5, fi(4)) € R* x n.
Now we put again A® = {—oco < t; <+ < ts < o0}, write elements in the
multisimplex [T, AM¢ as t = (t¢,4), and define

(a0, Yft) if (I,t) € V°,

fﬂ(glt) = {00 if (g,t) c VA_
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4.3. A cellular description of 7/ 1

Then the union [ [; [ f~ factors through f.: VA — Vf"o. Moreover, we get
f+ (o) = V%, and the corestriction V4 \ V — Vj is an isomorphism. By
Poincaré-Lefschetz duality, we get

H.(Vf(IRl’l % E)) ~ H|K|+r—o(VA,VA)_

Remark 4.3.7. The relative cellular chain complex Cs¢"'(V4, V2) is generated
by Iy, in degree |K| + s, and the differential is of the form

s—1 n
om=Y (-1 Y [Isgle)- du:(m).
a=1 1=(11,...00) €=1
1¢: (M0, May1,0) t:g(j/

Example 4.3.8. If we let f = (23]1,1]2) € AZ*(*), then (3 1,) €TIs isa
7-dimensional multisimplex in (V4, V#), and we get
8(% %1) = _(%%1) + (%%1) - (ﬂz) + (%%1) - (%%1)
Similarly, if f = (1]32,2]1, |1,1]) € AZ*(*%4""), then (3% , 11) € ;5 is
a 10-dimensional multisimplex and we get
(P =B+ @@ -F ).
As in Remark 1.4.5, these matrices for 7 already look like a configuration

f=(L,t) € Vy, one just has to rotate all entries anticlockwise by 9o° and add
the internal order for each cluster as prescribed by the order of the fibres.

+
—
e
— N
N

SN—

4.3.2. The operadic structure through simplices

Using the equivalences ®: 71 (%) 2 Vk(RY x n) :'¥ from Proposition 4.1.3,
the operadic structure on 7, more specifically the input permutation and the
composition law, gives rise to several maps of the form

o: ILV;, —— L)y —— (Tha)g —— Vg

~

for some f; € AL (If,l’) and g € AL* (Tﬁ) If we choose a commutative ring R
and consider (co-)homology over R, then our aim is to find a combinatorial
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Chapter 4. Vertical operads and their algebras

construction ¢: @; R(Iy ) — R(Ilg;) that reflects the map ¢ in homology
in the following sense: after identifying R(ITy,,) = Cyéﬁ‘*'sf (Vﬁ, Vﬁ) as well

as R(ITg,) = CILI*F (V& V§), the following square commutes:

®i [Zu ni,u]'_}[qo(®i Zu ni,Ll)]

®; H|1<,-|+s,-(‘7f14,17f14) H|L\+t(‘7gA,‘7:gA)
Poincaré—LefschetzlE Ell’.—L.
Qi Hak,—s; (fo) o~ H#L*t(vg)'

Our approach is differential-topologically flavoured: if we denote by 7°
the interior of a cell 7r, then we will show, in several cases, that for each
collection of (|Kj| + s;)-cells 71;, there is a specific (|L| + t)-cell 7’ such that
for each transversal intersection S C [T; Vy, with [; 7y C [1; Vy,, the image
¢(S) is a single transversal intersection with 77/°.

Calculating the correct signs of these intersections, however, turns out to be
a rather lengthy, yet completely straightforward task. Therefore, we decided
to skip a general sign discussion and to calculate the sign by hand in all
situations where it is necessary: in this subsection, we just write ‘+’, which
is justified by a single transversal intersection.

If the reader gets wearied by the heaviness of the upcoming combinatorial
details, the author, who felt the same way, invites them to start with the
Examples 4.3.13 in order to get a feeling for what the lemmata aim at.

Lemma 4.3.9 (Input permutation). Let f € AT (I,f) and T € &,. Then the input
permutation T*: H,_s(Vy) — Hy—s(Vy-¢) is reflected by the map

T R(Ilgs) = R(Ilpgs), 7 (T o).

Proof. The map 7*: Vf — Ve 7 is an isomorphism, with inverse given by
(t~1)*, in particular an open embedding.

Let 7t € Iz, be a simplex. Then for each point z’ € (77! o 77)°, the fibre
(t*)~1(z') C 7° contains a single point. Additionally, for each transversal
intersection S C Vy through z € 71°, the image 7*(S) is a single transversal
intersection with the interior (77! o 77)°.

Thus, if ) ; 71 is a representing cocycle for the Poincaré-Lefschetz dual of a
class & € H,_s(Vy), then ¥y w; - (T~ ! o 77) is a representing cocycle for the dual
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4.3. A cellular description of 7/ 1

of T*¢, where wj is the sign comparing the orientation of the tangent space
T,° @ T,S with the one of T+, (T~ 0 7)° ® T+ (T*S) for any transversal
intersection S and a choice of orientation of T,S. O

The next two lemmata are shown in exactly the same way, using again that
the maps we consider are open embeddings; hence we omit their proofs.

Lemma 4.3.10 (Postcomposing with unaries). Let f € AL™ ( )and g € AL(,)).
Then the map g.: Hy_s(Vy) — H,_s(Vgop) induced by postcomposing with an
arbitrary operation § inside the contractible component Vi1 (,),)q is reflected by

- R(Hf,s) — R(Hgof,s>, m— £(mog"),

where (§+M)ae = Y jcq1(¢) Ma,j and (g7 Yy — Yo, M sends (4,a,6) with
g(4) =€ to(¢,a,m~+6) wherem =7y, ;mj,.

Lemma 4.3.11 (Universal morphisms). Let f c AZX( ) and ' € AL ( )
Consider the universal morphisms U, v € T1,1(,1 1,y ) from Remark 3.4.10. Then
the postcomposition Uy, : Hy—s(Vy) @ Hy_g (V) = Hp_g)4 (- )(Vun Lolff)
is reflected by the map
un,n/: R<Hf,s> ® R<Hf’,s’> — R<Hun,n10(f,f’),s+s’>/
n@n — £(munr),

where U T Yo E YUYy — rUr & r+ 7, with

Mg ¢ fora <sand € <
(MUM ) = my_ o, fora>sandt>n,
0 else.

Lemma 4.3.12 (Single columns). Letg € AL” ( )and f; € AL” ( ") with #K = r
and #L; = s;. Then the map H,_1(Vg) @ ®; Hs,— (sz) — Hg .. +sy_1(V o(firfs))
induced in the top-dimensional homology is reflected by the map of cells

(=) og (=): R{Ilg1) ® ®; R(If 1) — R(Tlgo(p,,. £)1)
TR (M- Q) 1,
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Chapter 4. Vertical operads and their algebras

where 7' is defined as follows: if M = (my, ..., my) is the partition that underlies 7t
and Q; = (qin, - - -, qix,) is the partition that underlies 7t;, then we use the bijection
¢ =Yg Yx — Y from Construction 4.3.6 and put mj, := Y ;*, Qo-1(e,5)- We
obtain ®: Ypy — [1; Yg, and let 7' := (I_[i ﬁi) o ® with 7t; = 11; + Y i Sir-
Proof. The main difference to the previous three lemmata is the obstacle that
the map Vg X [T; Vs, = Vgo(f,,....f,) is not an embedding. To remedy this, we
replace both sides by slightly different relative multisimplicial complexes:
for each f € AZ*(X), we define V;o C V; to be the subspace containing
all configurations of clusters in RY! x n where the horizontal coordinate
{1 of the first cluster is 0. Then j¢: Vyo < Vy is a deformation retract, the
retraction py given by shifting the entire configuration horizontally by —{;.
Moreover, Vy, is the interior of a relative simplicial complex (VA), V) where
we have a multisimplex A*~! x [T, AM for each 7 € Il ; here we omit the
parameter for the horizontal coordinate of the column which contains the
tirst cluster.

Via Poincaré-Lefschetz duality, the maps in homology which are induced
by jp: Vio = Vy :pf correspond to the maps in cohomology induced by the
canonical identification

Ki+s=1/ma way o ~ KIS 7a
Clal ™ (W V) = R(L.) = CL (U2, 77)

cell
up to sign. In the same fashion, the product Vs, x R is the interior of the
relative simplicial complex (VA), V) x ([—co; c0]?,d[—0c0; 00]?), where we
have a multisimplex AS™1 x [T, AM¢ x [—o0; 00]? for each 7 € Ilj,;. The maps
J§: Vo x RY = Vy : p; enlarging the aforementioned ones by R? = {0}, are,
via Poincaré-Lefschetz duality, again induced by the canonical identifications
of relative cellular cochain complexes.

Now we consider the map «: Voo X IT; V0 = Vgo(fi,...f.)0 X RIXI, which
consists of the composition map and the map which remembers the vertical
coordinates from the first factor. Then jgo(f,,..,1,) © k 0 (0g % IT; pf,) is the com-
position map, and we can alternatively give a cellular description for «.

It is a straightforward task to check that « is indeed an open embedding.
Moreover, if S C Vo x [[; V5,0 intersects the (|K|+ ¥;|L;|)-dimensional
multisimplex 77° x []; 7t} transversally, then «(S) intersects the multisimplex
7’ from the statement transversally. Now the strategy of proof for Lemma

4.3.9 applies. O
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4.3. A cellular description of 7/ 1

Example 4.3.13. Here are some examples for the four previous lemmata:

1. Input permutation
(142)7(32 1) ==(12* 3?)

2. Postcomposition with unaries

(3% 3

s1(342 31) = £(42242 131)
’ 242 31
¥ %1):i(42 1)

3. Universal morphisms

78 66
Up1((33% 2° 1M @ (23 11)):i(314212 35 1 )

4. Cells with a single column
Letg=(|1],[2]1,2||13) € AL*("3?). Then

() e (0o G o () = (55°)

4.3.3. A Morse flow for V(R x n)

In this subsection, we fix a commutative ring R, a profile K = (ky,...,k;),
an output color 1 > 1, and a path component f = (f1, ..., f,) € AZ*(X), let
(V4, V%) be the relative simplicial complex with Vy = V4 \ V#, and declare
a discrete Morse flow on the relative cellular chain complex Cﬁeu(V‘, V2;R),
or, equivalently, the reversed cochain complex CIK|*=*(V4, 74, R).

We assume that the reader is familiar with the techniques of discrete Morse
theory; we give a short summary of them in Appendix B.

Remark 4.3.14. We have a preferred basis C‘CEI‘LS (V4, V2 R) = R(Ilz), so we
can write the chain complex as a based complex R((), ¢), with Q|45 = T
and incidence numbers €, » = (—1)* - sg(1) if 77’ = d,, 71, and o else.

The pair (77,d,,77) determines the parameters a and 1 uniquely, whence

there is no ambiguity in the above expression.
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Notation 4.3.15. Let (M, 1) be a cell. Let us abbreviate Yy :== (Yum,, ..., Yu,)
and Yj; == (Yg, ..., Y}y, ) for the a™ column, and write C,(i) := Y””( ) for
the one that contains the i cluster, and P (i) := (7, *(i),. .., 7, ' (i) C Cx(i)
for the actual points of the it" cluster inside the a, (i)™ column.

There should be no confusion with the prior definition Ya; := [ [, {¢} x Yas,,
which contains exactly the same information as the tuple (Y, ..., Y, ).

Definition 4.3.16. Let 1 <s<raswellas t € [Ig;and 1 <a <s. Aray (in
the at" column) is a system of subsets Q=(Q1,...,Qy) with Qg - YXM such
that the following holds:

1. there are 1 < iy,..., iy < rsuch that Q = Pr(i1) U - -+ U Pr(i;) holds, i.e.
Q is a union of clusters;

2. each Q¢ is an upper half ray: if (a,6) € Q¢ and 6’ > 6, then (a,6') € Q.

Example 4.3.17. Here are four examples of families Q = (Q1,Q2,Q3) of
subsets for the same cell 77, depicted by dyeing a number in red if and only
if it lies in Q. The first two examples violate the first condition of being a
ray (in the first column), as the red collection is not a union of clusters. The
third example violates the second condition, as in the bottom line, there is a
black number on the right side of a red one. However, the last example is an
honest ray (in the second column):

1 2 1 2 1 2 1 2
(331 244) (331 244) (331 244) (33 244)
3113 24 3113 24 3113 24 3113 24
For each i, we want to consider the smallest ray containing all clusters of
number i’ < i inside the same column. This is formalised as follows:

Construction 4.3.18. For two rays Q and Q' inside the a'h column, the intersec-
tion QN Q" == (Q1NQY,...,Q,NQ,) is again a ray, and moreover, the entire
column Y}, itself is a ray. Hence, for each collection S = (Sy,...,5,) € Yy
of subsets, there is a smallest ray containing S.

For each 1 < i < r, we let Qx(i) be the smallest ray that contains the
(levelwise) union U «; Pr(i") N Cx(i), i.e. that contains all clusters in the same
column as i, which have a number at most i.

Note that P (i) C Qx(i) C Cx(i) and for i’ < i, we have Q(i") C Qx(i).
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Example 4.3.19. If 7t € Il 3 is as below, then we have for example

1 6 4

1) = (3?1 662 45)

Q= (1) 3131 227 5.)7
1 6 4

2) = (331 662 45)

Q= (2) 3131 22 5 /7
1 6 4

5) = (331 662 4:).
Qn(5) 3131 22 5

The idea for the Morse flow on (0}, ¢) is the following: if Q,(1) C Cr(1),
then we declare 7 to be redundant, and we construct its collapsible partner 7t*
by putting the ray Q,(1) in a new column on the right side of C(1) \ Q(1).
If not, and if 7t is not exhibited as a collapsible cell by the first step, we look at
the second ray Q. (2). If Q»(2) € Cx(2), then we declare 7t to be redundant,
and we proceed as above. This is done until we reach the highest cluster
number r. This idea is formalised as follows:

Definition 4.3.20. For a cell 7r, we define the two numbers, which attain
valuesin {1,...,r,00}:

ired(77) == min (1 < i <7 Qr(i) € Cr(i)),
Qr (i) =Cr(i)
icon(77) == min (1 <i<r; a(d)# )

ar(i )#aﬂ() 1 for i'<i

We call 7t redundant if ipeq(71) < icon(7r), and collapsible if iqop(77) < ipeq(77).

The bijection (—)*: Qf*d = Ol :(—)” is defined as follows:

e If 7t is redundant, then we let i := i oq(77) < o0 and & := a,(i), as well
as Q = Qx(i) € Cx(i), and we define

M§ = (mye, ..., Mue —#Qe, #Qe, ..., Msy).

Then there is a unique (levelwise) map ¢: Yp: — Yy that identifies
Yiy: with Y\ Qr (i), Yﬁ?l with Q (i), and the other columns as they
are in a monotone way, and we put mhi=ro Q.

e If 7t is collapsible, let i := iy (77) < o0 and « = ax(i) — 1. We define the
shuffle 1 := (14,...,1,) to be the tuple of standard (1, ¢, m,1 ¢ )-shuffles
that put the respective left components entirely under the right ones,
and we set 7° := Ao, 7T.
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Proposition 4.3.21. The previous definition declares a Morse flow A\ and the derived
chain complex R(Q), ¢)™ is formal, i.e. 9™ = 0.

Proof. Huge parts of the proof are straightforward combinatorial arguments,
which we leave to the reader: let me say a word on acyclicity of the modified
graph and on formality of the derived chain complex.

In order to show acyclicity, we consider, for each cell 7 € (), and each
1 < i <, the integer 0;(7) = #Uy<; Qr (i) and 6(71) := (61(7) ..., 0, (m)).
Then one can show that 6(7r) < §(7') holds if e, # 0, and &(7t*) = 6(7r)
for all redundant cells 7. Therefore, it is enough to exclude cycles inside the
subgraph where all cells attain the same value along 6.

To do so, we consider the assignment v(71) = (a(1),...,ax(r)) € Z", and
we show that for each two-step path 7/ \, 7t 7 inside the subgraph with
fixed 8, the difference v(7t*) — v(7r’) lies in the subset of tuples which are of
the form (0,...,0,1,a,,...,a,) € Z'. As this subset is positively linearly
independent, no cycles can appear.

In order to show formality, we fix an essential cell 77 and consider all
column-permuted cells 717: we consider the partition M" with m , := m1(4) ¢,
and if Y": Yy« — Yy describes the permutation of columns, then we set
7t == o Y". One easily shows that 7" is collapsible if T # id. Now for each
1<t <nletty, € Gu,+..tm,, be the block permutation with respect to
Mg, and consider the chain

7im Ysglr) ﬁsgm» € R(O,E) ks

Under the chain map ®*: R(Q, &) — R(Q,€)", the chain 7 gets sent to the
single essential cell 77 € R(Q,e)f}q s as all other summands are collapsible.
We claim that 7t is a cycle in R((), ¢), which implies that also 7 = ®"(7) is a
cycle, and, thus, concludes the proof.

To this aim, note that each boundary 7’ of some 71" occurs exactly twice
as a summand in 07, since dy,T" = d, » 77 holds if and only if « = &’ and
7' = (« a+1) - 7, and the shulffle 7’ is complementary to 1 as in Definition 1.4.6.
In this case, the signs cancel out: if we put y := M¢1(,) and v := Mr-1(a41),
then we see sg((a a+1)yz) = (—1)¥" and sg(1') = (—1)#"* - sg(1). Hence
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we get the calculation

n

(=1)% - sg(7") 'HSg(TMQ -sg(1¢)

= (=1)"-sg(7) - [ [ sg((a a+1)arp) - sg(Taa,) - (1) - sg(ae)

t=1

— —(~1)*-sg(v) -fIISgwMg) sgie). .

By Remark B.8, the dual discrete Morse flow on the dualised and mirrored
chain complex C‘Cfl‘l”*'(V‘, V%;R) yields again a formal derived complex,
generated by the (dual) essential cells. Using once again Poincaré-Lefschetz
duality, we obtain the following statement:

Corollary 4.3.22. H,_s(Vy;R) = H,_s(C/K[7"=*(V4, V2, R)) is freely generated
by the essential cells in 11,

This result can be compared with the homology calculations from Theorem
1.2.5 in the following way:

Remark 4.3.23. A cell 7t € Tl is essential if and only if Q (i) = Cx(i) holds
for all i, and for all i with a,(i) # 1, there is an i’ < i with a,(i") = a,(i) — 1.

For n = 1, this recovers Theorem 1.2.5: if (Q1,..., Q) is a ray partition
of agility 1 < s < r with ¢(Q) = id, then we can construct an essential cell
out of it: we can write {1,...,1} = {B1,1,...,Bsn, } such that f17 < --- < Bs1
and Bus < Bag and that ({Ba1,- .., Ban, })i<a<s are exactly the equivalence
classes with respect to the agility relation in Notation 1.2.2.

Then we let M == (my, ..., ms) with m, := Y, #Qp, , and for each a, we let
@a: 11s Qp,, — Y}, be the unique bijection that stacks Qg , below Qg ...
Moreover, consider 7tg: Qg — r with 715(1', j) =i for each B. Then we let

T = (L[a]_[ﬁ 7'[‘13”,6) o (Ha goa_l) : YM — T.

It is easy to see that 7t is essential, and that this construction gives a bijection
between ray partitions Q of agility s with ¢(Q) = id and essential cells with
s columns, yielding a generator in homology of degree r — s.
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4.4. The homology of 7/ ;-algebras

In this section, we describe the algebraic operad Ho(7;R) for ¥ := 7, in
terms of generators and relations in the sense of Section 3.2. By doing so, we
classify all Kiinneth operations (with coefficients in R) that 7" imposes on
all its algebras. The result will be quite similar to the classical calculations
[CLMy6, §11] for the little d-cubes operad.

4.4.1. Generators

The aim of this subsection is to give an explicit system of generators for the
algebraic operad H,(7'). While nearly all generators are ground classes of
certain path components, there is a single family of generators in degree 1,
which generalises the idea of a Browder bracket from Example 3.2.13.

Definition 4.4.1 (Vertical Browder bracket). For each n,n’ > 1, we consider
the circle of vertical configurations

Ynn - Sl — Vn,n’ (IRLl X %/—1),
(x,y) = ((x,y,1),...,(x,y,1);(0,0,1),(0,0,n+1)...,(0,0,n+n"—1)).

If we choose the standard orientation on S! and let [S'] € H;(S!) be its funda-
mental class, then (v, ,/)+[S'] generates the first homology of the respective
path component of V, ,,(R" x n+n" —1).

Using the equivalence ¥: V,, (R xn+#n' —1) —» ¥, f;l'fl_l), we define

the vertical Browder bracket b, v := (Y o 7, v)«[S!], see Figure 4.11.
Now we can already formulate the main theorem of this subsection:
Theorem 4.4.2. The operad He (V') is generated by the following classes:
1. the ground class vy € Ho(V/ (;)), called the “void’;
2. foreach f: k — nin AL, the ground class f € Ho("l/(ﬁ)f);

nn'
n+n'

3. for each n,n’ > 1, the ground class w, ,» € Ho(V (")) of the component

containing the universal morphism;

4. for each n,n’ > 1, the vertical Browder bracket b, ,» € Hy(V(,, j;;fll)).
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1

Figure 4.11. The loop ¥ 0 722: S' — ¥ (%)

This formally means the following: we consider the free symmetric quiver
d over the set of these classes, e.g. &fl(nf;l’f/_l) = R{by, v, (12)*by, ). Then we
get a map of quivers 9l — H(7'), and the theorem claims that its adjoint
Y (d) — He(V) is surjective for each colour profile.

In order to prove the theorem, we make use of the Morse flow from the
previous subsection. Therefore, we have to relate the cellular description of
the operadic structure from Subsection 4.3.2 to the derived complex coming

from the Morse flow from Subsection 4.3.3.

Notation 4.4.3. Throughout the subsection, we write C, := C/K/77=*(V4,72)
whenever it is clear which input profile, which output colour, and which
path component we consider.

Moreover, we let (), be the set of all (dual) cells of codimension &, which
we shall denote by 7t as well. By Remark B.8, the Morse flow from Subsection
4.3.3 gives rise to a dual Morse flow on ()., which we denote by A as well,
and where the roles of collapsible and redundant cells are switched.

The derived complex C2 is formal and we have a pair of chain homotopy
equivalences ¢p”*: Co =2 C2 19 Since C. is formal, the chain map * attains
values in the cycles of C,.
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For a cycle ¢ € Cj, we denote by [c] € H,(7') the induced homology class,
and for an essential cell 7 € O, we denote by [17] := [¢"*#] the homology
class represented by ¢y € C,. If 7t is collapsible, then we set [7] := 0.

Let us start with a general observation which actually holds for each based
chain complex, together with a discrete Morse flow on it:

Remark 4.4.4. Let 7 € Of be an essential cell and let ¢ € C; be a linear
combination of collapsible cells such that 7 + ¢ € Cj, is a cycle. Then we see

[7+c] = oty +cl =[] = .

Now we can start with the first ingredient of the proof of Theorem 4.4.2,
which decomposes homology classes which are not of the highest dimension
into classes of smaller arity:

Proposition 4.4.5. Let r > 2 and h < r — 2 and let x € H, (W(ﬁ)) be an additive
generator. Then there are:

1. a decomposition {1,...,r} = AU A’ into two non-empty subsets,
2. integers k,kK' > Tand y € Hya 1(V (X)) and v € Hy_sa (W (X)),
3. amap f: k+k' — nin AL, and
4. a permutation T € &,,
such that T™*x = £f ougp o (y ®y') holds.

The proof of Proposition 4.4.5 requires some preparing lemmata, for which
it may be useful to repeat the constructions from Subsection 4.3.2.

Lemma 4.4.6. Let f: k+ k' — n be a map in AX such that the two restrictions f|
and f|y are injective. Let 1 be an essential cell of W(I;) and n’ be an essential cell of

CI/(I,f,,). Then (nUn') o f* is an essential cell in °I/(K;1K,) and we have

fougpo([nl®[n']) =xl(nun’) o f].
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Proof. Since f|x and f|x are both injective, the columns of 77 := (y U#y') o f*
agree, up to layer permutation, empty layers, and shifts of all cluster numbers
inside the rear columns, with the ones of 17 and 7’. Therefore, there is no
1 <i<r+7 with Qs(i) € Cy(i). Secondly, if a;(i) # 1, then there is an
i" <iwith az(i") = az(i) — 1: the only interesting situation is the case where
the ith cluster lies in the first column that comes from 1’; however, in this
case, a;(i) — 1 is the last column that comes from 7 and, thus, contains at
least one cluster with number i’ < r < i. This shows that 7] is essential.

Moreover, we can write 17 = 17 + Y, p - 71, and p2y" =5 + Yy p} - 7T,
where 71, and 71}y are collapsible, and y;, and pjy are non-trivial coefficients.
It is now easy to see that cells of the form (r U 7tj,) o f* or (7, U#y') o f* or
(7, U ) o f* are again collapsible, as in all these cases, there is an index
1 <i < r+ 1 such that the corresponding ray is not the entire column.

By Lemma 4.3.10 and Lemma 4.3.11, we obtain that f o w0 ([#] ® [#'])
is represented by the cocycle f. Uy (™7 ® p™5'), which is of the form

7+ Y - (U )+ Y Euy - (qU )+ ) £ (upy) - (U mg) £
D v bb

=:c

Now note that c is a linear combination of collapsible cells. By Remark 4.4.4,
we get [£77 + ¢] = £[7j], as desired. O
Lemma 4.4.7. Let 17 be an essential cell and let a,;l(l) ={l1=i <--- <it}. Now
we consider the permutation T := (ip ip—1---2)--- (it i4—1---t) € &,. Then
il := T ! o is essential with a,;l(l) ={1,...,t}, and we have T*[y] = £[7].

Before proving Lemma 4.4.7, let us prove Proposition 4.4.5 with the help
of Lemma 4.4.7.

Proof of Proposition 4.4.5. There is an essential dual cell # of codimension h
such that x = £[r]. Since we have h < r — 2, the cell # must have at least
two columns. Let A = a,?l(l) and A’ = {1,...,r} ~ A and define T € S, as
in the previous Lemma 4.4.7, as well as 77 := 7! o57. By Lemma 4.4.7, 7] is
again essential and "x = £1*[] = £[7].

By looking only at the first column of 77 and removing empty layers, we
obtain an essential cell ¢ of °I/(K]‘(A), as well as an injective map g: k — n.
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Similarly, we look at the remaining columns of 77 and shift all cluster numbers
down. By removing empty layers, we obtain an essential cell 9’ of CI/(K o "), as
well as an injective map ¢': k' — n.
If welet f:==gUg :k+k = kUK — n, then both restrictions f|x and
f|i are injective and we get 7 = (¢ UL 9') o f*. If we finally set y := [¢] and
= [0'], then by Lemma 4.4.6, we get x = £[f] = £fowpo(y®y). O

In order to prove Lemma 4.4.7, we need a further auxiliary statement,
which describes what "7 looks like for an essential cell 7:

Lemma 4.4.8. Let 17 be an essential cell and let 7t be a summand of the cycle ™.
Then we have a; = ay.

Proof. Let (T, A™) be the modified graph from Definition B.4. Using the nota-
tion from Construction B.6, we show yUAﬂ =Y poort AN (y) = 0 for ay # ay.
To do so, let T be the set of all collapsible cells p with a, # a, such that
there is a path y1: = 7o \, - -+ /" Mo = p with an, = a, for | < m. For
each p € M, we let P(p) be the set of all such paths. If 7 is any cell with
ar # ay, then there is a bijection between the set of all paths y: 7 ~» 77 and
the set of all triples (p,v1,72) with p € T, 71 € P(p), and 72: p ~» 7, by
setting p to be the first collapsible cell along 7 with a, # a,. Then we see

M Z(ZAA"rl)(ZAsz)

peT Ny1€P(p) P>

=:A(p)

It hence suffices to show that A(p) = 0 holds for each p € T. To this aim, we
construct a pairing on P(p) that matches two paths with a different sign: for
each path 71 € P(p), consider its final two segments 7,—2 \, Tom—1 /" p-
We let (M, 7t) := 7p;,—1 and let i := ieq(71), as well as « = a,(i) —1 > 1. Be
aware that the notions of being redundant and being collapsible have been
toggled when passing to the dual complex, i.e. we have Q (i) = Cx(i). Then
p = dy, 71, where 1 is the tuple of standard shuffles, see Definition 1.4.6.
Moreover, there is an index 1 < B < s and an (Mg, Mg, 1)-shuffle ; with
Tom—2 = dp,;7t. We argue that p = a — 1: as ar,, , = ay # a,, we have B # a.
If 8 =a+1, then min(a;l(ﬁ)) = i, while min(a;l(ﬁ —1)) > i. Moreover,
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Qy (i) = Cy(i), since 7 is not collapsible, and a, (i) = a +1 > 2, whence 7
is redundant: this is not possible. The same issue occurs if two completely
different neighboured columns are merged, which excludes the remaining
cases in which B # « — 1.

In order to simplify the notation a bit, let us denote the columns of the cell
by A: Y}’({l —1,B: Y}, = rand C: Y]'(‘A“ — r. Then, schematically, the
path 1 looks as follows:

1 (*,7(A,B),C, %) (x, A, §, %)
\ / . P
. (x,A,B,C,x)

We call 1 of type 1 if  is the complementary standard shulffle, i.e. it puts A on
top of B, and of type 2 otherwise, compare Definition 1.4.6.

Consider the cell @ = (x,B, A, C, %) which arises from 7t by switching the
(x —1)%t and the a'™ column. We claim that 7t is again redundant: let i’ be the
minimum of im(A) Uim(B) C r. Since a; = ay,, , holds and 7 is essential,
we have i’ < i. However, i’ cannot lie in B, as otherwise, ioq(77) < i’ < i.
Therefore, i’ is the minimum of im(A). Moreover, Qz(i’) = Cz(i’) holds, as
otherwise, Q (i) C Cx(i") and i () < 7' < i. As no further columns are
affected, 77 is indeed redundant and its collapsible partner can be written as
it = (x, 4,C,%).

If v is of type 1, then 72,2 = 7* holds; in particular, 71,3 = 7. Since
Ay y = Ay, ,, there is a shuffle 7 with 71y, 4 = dg ;7T = (%,7(B, A),C, *). In
this case, we can shorten the path ; as follows:

(%,7(B,A),C,*) (%, 4,C, %) (x,A,§, %)
(x,B, A, C %) (x,A,B,C,x)

One checks that the green arrow carries the sign (—1)* ! -sg(j) - [T, (—1)*4¢#B¢

while the alternative concatenation of three black arrows has exactly the op-
posite sign, using that the signs of the arrows which go upwards are toggled
in the Morse graph T'*. Conversely, if 1 is of type 2, then 715, » # 7% and
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we can prolongate the path 7; as follows:

n (*,7(A,B),C, %) (%, 4,C, %) (%, A, S, %)
N, S T
. (x,B,A,C,x) (x,A,B,C,x)

These constructions are clearly inverses of each other, yielding the desired
pairing on P(p). O

Now we can give the outstanding proof of Lemma 4.4.7, which then also
concludes the proof of Proposition 4.4.5.

Proof of Lemma 4.4.7. Recall that we wrote 77 :== T~ o 1; hence a; = 4, o T and
one readily checks that 7(I) = i; for 1 <1 < t, and so a,;l(l) ={1,...,t}.
Now let 7t be any cell with a;l = {iy <--- <it}. Then, in tlonm, every
cluster number outside the first column stays as it is or increases by one. In
particular, the rays stay as they are, and the ordering of the columns by their
minima remains. This shows that if 7 is essential, then also 7' oy = 7 is
essential, and if 7t is collapsible, then tlomis collapsible as well.

We have ¢y = 1 + ¢, where ¢ = Y, yp - 71} is a linear combination of
collapsible cells. By Lemma 4.4.8, we have a,, = a, for each summand 71,
in particular, a;' = {ij <--- <i} holds. Moreover, T[] = T*[¢p"y] is
via Lemma 4.3.9 represented by 7 + Y, () - (7! o 7). By the previous
paragraph, T~ ! o 7t is again essential. Finally, by Remark 4.4.4, the homology
class represented by the above cycle coincides with £[7]. O

We are left to decompose top-dimensional cells into our desired generators.
Here we have to deal only with a single column, which facilitates some of
our combinatorial considerations.

Remark 4.4.9. If we have a single column, then the multi-layered Yy can be
written as a usual tableau

Yy ={(£,4);1<€<nand1<j<me},

and for each cell 7t of W/(Irf) and each S = {i; < --- < i}, we have a map
fsn € AZ(k"#'ﬁ'*k’?), where the ordering of the fibres reflects the ordering of
the points inside the single column.
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In order to run inductive arguments, we have to partially order the set of
cells, and therefore introduce a measure for them:

Construction 4.4.10. For each path component f € AL (5), there is a specific
top-dimensional cell urs Yy — 7 such that, for each 1 < 6 < 6’ < me, we
have 71¢(¢,6) < 71¢(¢,6'). For an arbitrary cell 77 in °I/(I,f)f, we define its height

ht(rr) == #{(¢,6,6"); 6 <6’ and 7(¢,6) > n(¢,6')}.

Intuitively, the height of 77 measures the distance from 7 to 77¢, and we have
m = 1y if and only if ht(7r) = 0. We note the following:

1. It is easy to see that 7i¢ is essential if and only if, for each 1 < i <7,
there is an i’ < i and a layer ¢ containing both i and 7.

2. Let T # 715 be a cell. Then there is a smallest pair (¢,6’), with respect
to the lexicographic order on Yy, such that there is a 6 < ¢’ satisfying
n(€,6) > m(¢,6"), and in this case, 6 can be chosen to be 6’ — 1, since
if 7(¢,6' —1) < 7t(¢,6'), then ' would not have been minimal.

Our strategy is as follows: given a top-dimensional essential cell # of height
t, we want to write [#] as a sum of [7] and an element in the operadic span,
such that 77 has height t — 1.

For the induction start, we have to write [71/] itself as an element in the
operadic span. To do so, we construct a family of toric classes, which can be
decomposed into the vertical Browder brackets from Definition 4.4.1.

Construction 4.4.11. For each n > 1 we consider the map

Yu: St = Vi u(RY x 1),
(x,y) — ((0,0,1),...,(0,0,n); (x,y,1),...,(x,y,n)),

and under the homotopy equivalence ¥: V,,,(R"! x n) — ¥ (""), we let
by == (¥ 0 vn)+[S'] € Hi(V("")). Then b, can be decomposed into vertical
Browder brackets as follows: if we let b, :== ¢z 0b,, 0 ((1---€)®(1---¢))
with g¢ := (n+1 2|+ |n+€—1 €|1[€+1 n+€|---|n 2n—1) € AL(*" ),
then we have b, = bl + --- + b, as one can check ‘by hand’, by tracking
which edges of the dual cell complex are crossed.
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2 2
1 1

Figure 4.12. The two-dimensional toric class by, once for f = (132, [1,321)
and once for f = (12|, |1, 3[21). The cell 7t is crossed when all
boxes are aligned at the bottom of their respective circles. In the
first case, the cell T is essential, while in the second case, the ray
Qn; (1) does not include the box

For each f € AL™ (5) we define a class by € Hr,l(W(I;) f) recursively by
bfl = fl,
0fi, o = n 0 (bfi,f @ for1)-

Then by lies by construction in the operadic span and can geometrically be
realised by an embedding ¢: (5')"~! < V; which has 2"~ transversal inter-
sections with cells of codimension r — 1, namely at 7,((0, £1),...,(0,£1)).

It is an easy (and actually quite satisfying) exercise left to the reader to
check that there is only one intersection with a cell which has a chance to be
essential, namely 7t¢, which is hit in ’yf((O, 1),...,(0,1)), see Figure 4.12. We
therefore obtain [71¢] = +by.
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Now we can carry out the advertised inductive argument:

Proposition 4.4.12. Let #K = r and x € H,_l("V(I,f)). Then x lies in the operadic
span of the generators from Theorem 4.4.2.

Proof. We proceed by induction on the arity r. For r = 1, the statement is
clear since H0(°l/(',§)) = R(AZ(ﬁ)).

For the induction step ‘r — 1 — 7’ we do the following: we can assume that
x = [y] for an essential cell in W(I;) 7- Now we start a second induction on
the height ¢ := ht(1). For t = 0, we have 7 = 777, and we have already seen
that [7r¢] = +by. For the induction step ‘t —1 — t', let (¢o, 6;)) be the minimal
pair from Construction 4.4.10, and let 77 be the cell where 7(¢, 6, — 1) and
7(€o, 6) are toggled. Then ht(77) = ht(y7) — 1, so either 7 is collapsible and
[7] = 0, or 7j is essential, and by the (inner) induction hypothesis, [7] lies in
the operadic span.

Now let i’ := (€, 6() and i := 5(¢y, 6, — 1), i.e. i’ < i, and consider the
permutation T := (i'+1---i) € &,. Then one readily checks that 7! o7 is
again essential and 7*[57] = [t ! o 7] holds, and moreover, T~ o 7j is essential
if and only if 77 is, and in this case we have [t~! o 77] = T*[7].

There are 1 < ;7 < kj and 1 < ;' < ky such that (€, 6)) corresponds to
(i',4") and (o, 6 — 1) corresponds to (i, 7). Welet o’ := (1--- ;') € &, and
o:=(1---4) € &, and we let g := (g1,...,8r-1), Where g; = fyij for j # 7,
and g € AZ(k"’ﬁlj"—l) is determined by g; o (1---k;) osk" o (¢/ Uc) = figiiy
as in Remark 4.4.9.

Now we let K’ := (ky,..., ki1, ki+ki —1,ki_q,.. ki ,k,) and define
a top-dimensional cell 8 of ¥ (X'),: we decrease m;, by 1 and let

(s" oTon)(ty,d%6) ift =,

be.6) = {(si’ oton)(t,6) else.

Pictorially, the two problematic points are fused into a single one, all points
with cluster number i’ or i now carry the number 7/, and all cluster numbers
above i are shifted down by 1.

One readily checks that ¢ is again essential, mainly because we merged
two clusters. Since the arity of @ is r — 1, the outer induction hypothesis tells
us that [0] is contained in the operadic span.
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Now we employ Lemma 4.3.12: the circle b := by, , o (¢’ ® o) intersects
two cells, called 6 and &, of 7 ( ki,’j:;{'f’;l) transversally. Furthermore, the cellular
composition ¢ o, (1971 ® § @ 197" 1-7") agrees, up to sign, with 7~ o 77, and
the same holds for § and 77! o 77. If we write 28 = & + Y, yp - 715, then
one readily checks that all cells of the form 7, o (197! ® 6 @ 197" 1~7) are
again collapsible, and the same holds for 6. This shows by Lemma 4.3.12

that, abbreviating s := r — i’ — 1, we have

[0]0 (1% @ b @ 1%)
_ [i B0, (19" 1 05 @1%°) + 9o, (1971 © 5 @ 1%°)
+ Tt (£ 0g (19715 @1%%) + m, 00 (1971 05 ® 1@5))]
=£[t o] £ [r " o]
= =7 [y] = T [7].

Since both 7*[7] and [0] o (1% ! ® b ® 1%%) lie in the operadic span, the
same applies to T*[#], and hence also to [#] = x. O

This concludes the proof of Theorem 4.4.2 as well:

Proof of Theorem 4.4.2. We show that each additive generator x € Hj, ("Z/(S)),
can be written as a linear combination of operadic compositions applied to
our generators, and we procced by induction over the arity r := #K of x.

For r = 0, we have to deal with the ground class v,, of 7 (,). Here we see
v, = f ovy, where f: 1 — n is an arbitrary map. For r = 1, note that °I/(f§)
has contractible components and HO(W(E)) = R(AZ(Z;)), so x is, up to sign,
one of the maps f: k — n.

For the induction step ‘r —1 — 1/, we use the previous results: if h =r —1,
then we can directly apply Proposition 4.4.12, and if h < r — 2, then we first
apply Proposition 4.4.5 in order to decompose T*x = £fowp o (Y ®y'),
where both y and y’ have strictly smaller arity. By the induction hypothesis,
both y and y' lie in the span of our generators. O

Let us close this long subsection with a similar statement for the homology
Ho(7°) of the connective suboperad.
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Theorem 4.4.13. The operad Ho (V) is generated by the following classes:
1. the void vy € Ho(:(;));
2. for each surjective f: k — n in AL, the ground class f € Ho(V<(%));

3. the ground class p,, v = st o (2---n+1)ou, » € Hy (W/C(nf;l’f/_l)),for each
n,n" > 1, called the ‘vertical Pontrjagin product’;

4. for each n,n’ > 1, the vertical Browder bracket b, ,, € Hy(V*(, f%’le)).

In principle, we could have put s” ou, , for the vertical Pontrjagin product;
however, we wanted it to be a class in the same path component as b,, .

The main reason for us to call the classes p,, ,» “vertical Pontrjagin products’
is the fact that p1; € HQ(WC(lil)) = Hp(62(2)) is the ground class for the
classical Pontrjagin product.

Proof. One can show ‘by hand’ that all classes x € Hh(“Y/C(I;)) with arity
#K < 2 can be expressed in terms of the above generators; here all occurring
spaces CVC(I;) are equivalent to graphs. We are left to show that He(7¢) is
generated by classes of arity at most 2.

For each x of arity at least 3, an iterated application of Proposition 4.4.5
gives rise to a permutation T € &, which satisfies T*x = £f o (x1,...,x,_y),
where f = (f1,..., fr—n) € Ho(V (k/l""r’lk/’*")), and each x; is a top-dimensional
class without empty layers. It is now easy to see that the decomposition of
Proposition 4.4.12 does not create empty layers, and moreover, only path
components without empty layers have non-vanishing top homology. Hence,
each x; is connective and of arity strictly smaller than r, so by induction, x;
lies in the span of the above generators.

We are left to study the o-dimensional class f. Here we can see that, by the
construction of f in Proposition 4.4.5, f itself is connective, and it is an easy,
purely combinatorial exercise to check that 77o(%) is indeed generated by
unaries, i.e. surjective maps in AX, and the vertical Pontrjagin products. [

4.4.2. Relations

In the previous subsection, we gave a system of generators for H,(7') and
H.(7°); now we want to find a system of relations between them. Let us
start by fixing some notation.
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Notation 4.4.14. Let 0 € &; be a permutation and let ny,...,1n; > 0 be a
collection of non-negative integers. Then we denote by 7y, n, € Suytoitn,
the corresponding block permutation.

Secondly, we use the short notation p; := (1---j) € Sy foreach1 < 7 <k
whenever it is clear from the context what k is.

Remark 4.4.15 (Relations among ground classes). Recall that all generators
of He(7'), apart from the vertical Browder brackets, are ground classes of a
certain path component. Hence, it is a purely combinatorial task to show the
following relations:

1. the composition of unaries g o f, i.e. the AL-maps in He(7), equals
the actual composition gf in the category AZ. Since this is already
suggested by the notation, we will not mention this any more;

2. if we write v, = d' o v, for the empty configuration on 7 layers, then
fovr=v, foreachmap f: k — n;

3. the universal morphisms are associative:
un+n/,n// o (un,n/ ® :[ln//) = un’n/+n// O (]]_n ® un/,n//),‘

4. the universal morphisms are commutative up to layer permutation:
(1 2)*un,n’ = (1 z)n’,n O Uy p;
5. using the void as one of the arguments for the universal morphism 1, ;
is the same applying a coface: u,1 o (1, ® v1) = d"*;

6. unaries can be ‘pulled out” of a universal morphism: for f: k — n and
f'i k' — n’, we have

tnw o (f&f) = (fUSf) o u;

7. precomposing with u, ,» equalises some of the AL-maps, as we do not
remember the entire order of each fibre, but only its restrictions to n
and n'. Formally, if f: n+#n" — mis a map in AX and 0 € &, is
a permutation such that |, and ¢|,y are monotone, and if fo and f
coincide in Fin (though perhaps not in AX), then foou,,, = f ou, .
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The relations involving the vertical Browder brackets are slightly more
complicated, mainly because there is one layer which contains two arguments.
Let us start with the relations in arity 2.

Proposition 4.4.16 (Relations including Browder brackets in arity 2). The
following relations hold inside He(V'):

1. the Browder brackets are commutative up to layer permutation:
(1 2)*bn,n’ = (2 3)1,11/—1,11—1 o bn’,n}

2. the Browder brackets are cancelled by the void:

b1 0 (1 ®01) =0;
3. Browder brackets and codegeneracies are related in the following way:

slo by + slpz oby 0 (Pz ® lln,) ift =1,

by—1,m © (Sf ®Ly) = { ¢

s" o by else;

4. Browder brackets and cofaces are related in the following way:

0 ife =1,

b o(df ®1,) =
n+1,n ( n ) {d€ o bn,n’ else;

5. Browder brackets and layer permutations are related in the following way:
bpyo(c®1,) = ap;,ll(l) 0 by 0 (05-1(1) ® L );

6. if n,n’ > 2, then there are several ways to produce loops as in Example 1.5.7,
This is captured by the “loop interchange relation’

(s2 —s%(23))(3---n+1)ob, .
= (12)(s* = 5%(23))(3- - - n+1) 0 by 0 (02 ® p2).
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Figure 4.13. (s> —5%(23))(34) 0 b3p = (12)(s* —5*(23))(34) 0 bzp 0 (02 ® p2).

Proof. Since all relations are proven in the same way, let us prove the loop
interchange relation, as it is the most unexpected one. First of all, we see
that all four summands in the formula live in the same path component of
V (/) namely f = (fi, f2) with fi(5) = j, while fo(1) =1, £(2) =2,
and fo(j) =n—2+ j else.

Now recall that 7 (,, J:’;l'flz) 7 is equivalent to a graph with two vertices vy,
and v, 1, which are dual to the top-dimensional cells where the first cluster is
on the left or right side of the second cluster (hence the indexing), respectively.
In this easy situation, we do not have to care about the simplicial sign system
and can just orient each edge such that it points from v, towards v; ;.

We have one edge for each shuffle of the two clusters subordinate to the
distribution f of boxes to the layers. Since the only layers with more than
one box are the two bottom ones, there are exactly four edges, which we may
call (%%), (ﬁ), (%;), and (%%), in accordance to Notation 4.3.4.

Then all four summands are represented by loops in the graph, which start
at v1, and cross one of the edges in positive and one of the edges in negative
direction, see Figure 4.13. Hence, if we abbreviate ¢ := (3---n+1), then the
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brackets are represented by the following cellular cycles:

2 12y _ (12
sfoobyy = 1(12) — (1)

2 21y _ 21

s7(23)a o byw = |(12) — (31

(12)s%0 0 by 0 (02 @ p2) =

(12)52(23)0 0 by 0 (2 @ p2) = |

Therefore, we finally get

(s =52 (23))7 0 by = |(13) = 3D = G2 + G})]
= (12)(s* — 5%(23))7 0 by, 0 (02 @ p2). O

There are clearly analogues of the formulee 2 -5 with nullaries and unaries
in the second argument; here we use formula 1 in order to deduce them from
the given ones. Similarly, formula 6 can be phrased for other boxes than only
the first and the second one of each cluster, using formula 4.

Since all AZ-maps can be written as d o s o 0, where 4 is a composition of
cofaces, s is a composition of codegeneracies, and ¢ is a permutation, we can
nearly ‘pull out” AL-maps as arguments of Browder brackets: it may happen
that we are left with a single permutation of the form p;. This is the reason
why the following proposition takes these permutations into account.

Proposition 4.4.17 (Relations including Browder brackets in arity 3). The
following relations hold inside He(V'):

1. the Browder bmcket and the universal morphisms are related in the following
way: for each 1 < 5 < n', we have

bn,n’—i—n” e} (]ln ® (pl e} un/,nu))
e un+n’fl,n” (@] ((bn,n’ (@] (]]-Vl ® pl)) ® ]]_n//),

while for all 1 < 5 < n”, we have for o := (23)yw—1w € Spiwinr—1

bn,nurn// (0] (ﬂn ® Pn/+iun’,n/’)
= (23)" (g oty —1,u((bppr o (1, ®p;)) @Lyr));
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2. if we compose two Browder brackets in a way that the two spinning layers do
not meet, then we obtain an associativity property: for 2 < j < n’, we obtain

by, 110 (1 @ (05 0 by 1))
e —pz (@] bn+n’71,n” (e] ((PZ (@] bn’n/ (@] (I]_n ® pl)) ® ]]-1’1”)1

while for 2 < j < n”, we have for 0 == (23), yr—1w-1 € Spipnr—2

b”/”"f‘n”—l © (ﬂfl ® (pn’—l-i-i © bn’,n”))
= (23)" (02 0 by -1, ((02 © by (1n @ p;)) @ L) );

3. if in a composition of two Browder brackets, two spinning layers meet, we
obtain a generalised Jacobi identity. Formally, this means

0= bn,n’+n”—1<]ln ® bn’,n”)
+ (1 23)*((234)1,11’—1,71”—1,11—1 © bn’,n”+n—1 © (]ln’ ® bn”,n))
+ (1 32)*((243)1,11”71,1171,11’71 © bn”,n+n’71 © (]1;1” & bn,n’))-

Proof. Again, the proofs are very similar to each other, whence we prove, as
an example, the generalised Jacobi identity: first of all, note that all three
summands xi, x and x3 appearing in the formula lie in the same path
component of ¥ (,, +':1’,"J/F’Z,/,/_2), namely f = (f1, fa, f3) with f1(4) = j being
the inclusion of the first block, f,(1) =1 and f,(j) = n — 1+ j else, while
fa(j) =1and f3(4) =n+n"—2+¢ else.

Moreover, each summand is by construction represented by a smoothly

1,1

embedded 2-torus 8! x 8! < V' (, "7, )¢, where the first factor paramet-
rises the outer bracket and the second one the inner bracket. Each of these
tori intersects exactly four cells of codimension 2 transversally. Note that
since all layers apart from the first one carry only a single box, the cells are
determined by the vertical alignment of the three boxes on the first layer, i.e.
we have six cells of codimension 2, which we may call (¢(1) ¢(2) ¢(3)), for each
permutation ¢ € &3. Calculating the signs of the transversal intersections by

hand, we obtain that, under Poincaré-Lefschetz duality, the three classes x1,
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x7, and x3 are represented by the dual cocycles

x1 = (=1)" 1 [(123) + (132) — (321) — (231)],
xp = (=1)" 1 [(231) + (213) — (132) — (312)],
x3 = (=1)" "1 [(312) + (321) — (123) — (213)].

This shows that x; 4 x2 4+ x3 = 0 holds, since each permutation occurs twice
among these twelve summands, with mutually different signs. O

Remark 4.4.18. One can show that we have actually found all relations in
order to give a full presentation in the sense of Section 3.2.

The proof is lengthy, but straightforward: one can introduce a ‘normal form’
for trees with internal vertices labelled by our generators (e.g. all unaries
are gathered near the root, we only have permutations of the form p; inside
brackets, etc.), show that all trees can be written as a linear combination of
trees which are in normal form, and finally give a surjection from the set of
essential cells to the set of trees in normal form. However, as we will at no
point need that our list of relations is exhaustive, we omit the details.

This presentation can be translated into a structure result for algebras over
Ho(): an H (% )-algebra is the same as a functor A,: AL — R-Mod?, that
comes together with:

* aunit1 € A induced by vy,
® unions — U —: A, ® Ay y — Ay induced by u,, ,r,
e brackets [—, —]: A,y ® Ay w — Apiw—1p+w+1 induced by by, ./,

such that the above relations hold with respect to the Koszul sign rule: for
example, we have

alb= (_1)ub ’ (1 z)n(b),n(a)(b = a)/
all =gr@+iy
[a,bUc] = [a,b]Uc,
0= (=1)""[a,[b,c]] + (=1)" - a1[b, [c,a]] + (=1)"* - oa[c, [, D],
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where we write n(a) := n and (—1)* := (—1)" for a € A, ;,, and where we
put 01 := (234)1,u(b)~1,n(c)-1,n(a)—1 and 02 := (243)1 u(c)—1,n(a)—1,n(b)—1-

I would like to point out that, apart from layer permutations that enter
quite often, these formulee are very close to the ones in Example 3.2.13.

This structure result holds in particular for the homology of a 7-algebra.
Furthermore, by Proposition 3.3.3, we see that if we work over a field F
with characteristic o, then the homology He(V (R x 1; X);F),>1 of the free
%/ -algebra over a sequence X = (X,),>1 of spaces is isomorphic to the free
H, (7 )-algebra over Hq(X).

Remark 4.4.19. The induced map ¢: He(7') — Ho(IN(62)) of operads is not
injective: for example, the map H (W(z)) — Hy (N(‘@z)(ﬁ)) is induced by
the map AZ(]:Z) — Fin(fl) which forgets the ordering of the fibres.

One can show that the entire kernel of ¢ is, as an operadic ideal, generated
by the differences f' — f of AX-maps whose underlying maps in Fin are
equal. Along ¢, the unexpected loop interchange relation becomes trivial, as

already the difference s> — s?(23) is o inside R(Fin) (ZiZt;)

A similar story can be told for the connective suboperad He (7). Here we
keep all relations that do not contain the symbols d’ or u, ,, since all other
generators are connective. In addition to them, we have further relations in-
volving the vertical Pontrjagin product p, ,/. Let us start again with relations
among ground classes:

Remark 4.4.20 (Relations among connective ground classes).

1. the vertical Pontrjagin products are associative:
Prn 1 © (P © ) = P10 (I @ Py );
2. the Pontrjagin products are commutative up to layer permutation:
(12)"ppw = (23)1,w—1,1-1 © P s

3. using the void as one of the arguments in a vertical Pontrjagin product
pn,1 does not change anything: p, 10 (1, ® v1) =1,,;
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4. degeneracies can be ‘pulled out’ of one argument of a vertical Pontrjagin

product: pj,_1, © (s€ ®@1y) = st o Pun's

. as for the Browder brackets, permutations can be ‘pulled out” up to a

cyclic remainder:

Pun © (c@ly) = O-P;}l(l) © P © (p‘fl(l) ®1y)

precomposing with p,, ,» equalises some AX-maps: if f: n+n'—1 — m
is a map in AX and 0 € &, ,/_1 is a permutation such that ¢|, and
U|{1,n+1,...,n+n/—1} are monotone, and if fo and f coincide as maps in
Fin (though perhaps not in AX), then we have foop, v = f op, ..

Finally, there are relations between vertical Browder brackets and vertical
Pontrjagin products, which are captured in the following proposition:

Proposition 4.4.21. The following relations hold in He(V°):

1.

without any cyclic permutation, the Browder bracket and the vertical product
are related as follows: if we write 0 := (23), 11 ,-1 € Sppp4nr—2, then
we have a generalised Leibniz rule

bn,n’+n”71 o (]In X pn’,n”)
= Putn'—1,n" © (bn,n/ ® ﬂn”) + (2 3)*(‘70 Putn’—1,m © (bn,n“ ®ﬂn/));

. if2 < g < 1/, then we have

bn,n’+n”—l © (ﬂn ® (p.l © p”’r"”))
= P2°Puyn'—1,n" © ((PZ 0 by, 0 (Il” ® P;)) ® ]1””);

L 1f2 < 5 < n”, then we have for o = (23)y—1w-1 € S/ 4nr—2

bn,n/+n/’—1 e} (]ln X (pn/Jrifl o pn/,n”))
— (23)*(0’p2 (¢] pn—i—n”—l,n’ o ((PZ (¢] bn,n// o (]ln ®pl)) ®]ln/))
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Proof. We show the first formula by using p,s v = s'(2---n'+1) oy ,» and
the relations from H, (7). First we calculate that

by 0 (1, ®s")
= (12)*((23) 101010 by o (s' ®@1,))
= (23)1w-1n-10(12)*(s" 0 byi1, + 5020 by 1150 (02® 1))
=s'(2---n4+1) 0 (12)*((23) 1,001 © b 11,0

+ S Pn+1 0 (1 2)*((2 3)1,n’,n—1 o bn’-i—l,n o (Pz ®ﬂn))
= 51(2 T 1’l—|—1) 0 byui1+ Slpn—l—l 0 by i1 0 <]ln ® pz)

Similarly, we see that b,y o (1, ® 0) = G ob,, holds if c(1) = 1, where
d(n—14j4) =n—1+0(4). This can be used for the remaining calculation:

bn,n/+n/’—1 © (]ln X Pn/,n//)
= bn,n’«kn”fl o (Iln (0% sl (2 e n/—|—1) o un’,n”)
= 31(2 cee n+1) (¢} bn,n’—i—n”—l [¢) (]ln X ((2 s 1’l/+1) Oun/,nn))
+ Slpn-i-l e} bn,n’-i—n”—l o (]ln ® (Pn—H o un’,n”))
= 51 (2 “e n+nl) o bn,n’+1’l”*1 o (]1}’1 [} un/,n//)
+ San+1 O by 41 © (]171 ® (pn+1 © un’,n”))
= Sl (2 e 1’1—|—1’l,) O Uytp/—1n" © (bn,n’ [ ]]_n//)
+ (2 3)* (SanJrl (2 3)n,n”71,n’ O Uyyn’—1,n © (bn,n” ® ﬂn’))
= pn+n1_1,n// o (bﬂ,n’ X ]ln//) —+ (2 3)*<0'O pn—i—n”—l,n’ (@) (bn,nu & ]lw)) OJ

Remark 4.4.22. Again, one can show that this list of relations is exhaustive,
and again, this can be rephrased as a structure result for H, (7 “)-algebras:
if we denote by ALy, C AX the subcategory of surjective AZ-maps, then
H.(V¢)-algebras are the same as functors A, : Esurj — R-Mod?, with:

* aunit1 € A induced by vy,
e products —- —: A, ® Ay — Ayrw—1p+w induced by p,, .,

e brackets [—, —]: Ay ® Ay = Apiw—1p+w+1 induced by b, 1,
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such that the aforementioned relations hold with respect to the Koszul sign
rule, for example

a-(b-c)y=(a-b)-c
(_1)ab ’ (2 3)n(b)—1,n(a)—l(b ) El),

7

a-b
a-1
[a/b ’ C] = [a/ b] CF (_1)bc ’ (23>n(a),n(c)—1,n(b)—1([arc] b)

Note that the subfamily (Aj;)n>0 carries an action of He(7([1) = Poisa,
and in this description, the vertical Pontrjagin product p;; and the classical
Pontrjagin product p, as well as the vertical Browder bracket b;; and the
classical Browder bracket b agree: this justifies the notation *-" and ‘[—, —]".

In particular, we recover the classical® Jacobi identity and Leibniz rule for
the Pontrjagin product and the Browder bracket as the special case in which
all arguments are supported on a single layer.

Finally, I would like to point out that the Cartan formula for expressions of
the form [a-a’,b - V'] is easily established by applying the Leibniz rule twice
and by using the (graded) commutativity of the bracket.

4.4.3. Squaring operations

In this last subsection, we describe a system of divided power operations in
the sense of Construction 3.3.10 that arise from the operad 7.

We start by constructing a sequence of classes ¢, € H; (7 ("/")) which give
rise to operations Q: Hy,(X,) — Hy 04 (X,) for each ¥ -algebra (X,),>1, and
we study relations among them. Afterwards, we show that Q, together with
the Kiinneth operations, exhausts all squaring operations, i.e. divided power
operations with one input of multiplicity 2.

Remark 4.4.23 (Unordered operation spaces). For K = (kq,...,k;) and k > 1,
let 7(k) be the number of occurrences of k inside K. Recall that the symmetric
group &K = [Tj=; &, acts freely on both ¥ (};) and Vk (R x 1) by exchan-
ging clusters of the same size.

* Note that, in contrast to Cohen’s work, which was summarised in Example 3.2.13, we use a
different sign convention by defining [a, b] to be by, , (2 ® b) instead of (—1)? - b, ,y (2 ® D).
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The homotopy equivalence ¥: Vk(R' x n) < ¥ () :® from Proposition
4.1.3 is &X-equivariant, whence we get for each subgroup & C GX an induced
homotopy equivalence ¥: V(R x n)/& = V(X) /& : ®.

The path components of ¥ (X) /& are given by equivalence classes of tuples
[f] = [f1,..., fr] with f; € AX(%), and two tuples are identified if they differ
only by an index permutation from &. We occasionally use the short notation
(V/&)(4 for the respective path component.

Since the action of & on Vi (IR x 1) preserves the (relative, dual) cellular
structure, we get an induced cellular structure on Vg (R"! x n)/®, with cells
given by equivalence classes [71] of maps Yy — r, where two such maps 7
and 7’ are identified if they differ by postcomposition with a permutation in
&. We depict such a cell as in Notation 4.3.4 by a matrix, but we use square
brackets to indicate that we speak of 7] instead of 7.

Construction 4.4.24 (Vertical Dyer—Lashof squares). For a fixed n > 1, we
consider the path component 17 := (1,1) € AZ*("") and the loop

0;1] ———— Vp

| |

Stz (V(31)/&2) 2
which is defined by
a(t) = ((€™1),..., (e n); (7,1, ..., (7Y, n)).

Pictorially, on the ¢™ layer, the ¢! box from the first cluster and the ¢ box
from the second cluster change places, as in Figure 4.14.

We define ¢, = (¥ o a).[S'] € Hi((7/S)p2))- As &, acts freely on ¥/ ("),
this gives rise to an operation, which we call vertical Dyer—Lashof square

Q= Qc,: Hy(Xy) = Hiton(Xn),

for each ¥/ -algebra (X, ),>1, whenever & is even or we work mod 2, compare
Construction 3.3.10.
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Figure 4.14. Yoa: [0;1] — ¥ (%%) with (Y 0&).[S'] = c2 € Hy (¥ (") /&2).

Proposition 4.4.25. For each V -algebra (X, ),>1, the following formula hold inside
the Fa-homology (Hp(Xu;F2))n>1n>0:

1.

2.

Q commutes with cofaces: Q(d?x) = d*Qx;

Q commutes with permutations: Q(ox) = cQx;

. Q interacts with codegeneracies in the following way: define g € AZ(Z” b

as (2 n+1|---|€ n+€=1¢4+1 1 n+€|€4+2 n+€+1|---|n 2n—1)
and write p¢ == (1---€) € &, as before. Then

Q(sx) = s"Qx + glpes1x, pexl;

Q commutes with unifiers: Q(x L x") = Qx L Qx/;

. Q inside a Browder bracket can be translated into a sum of Browder brackets:

if x € Ho(Xy) and x' € Ho(X,), then we let gg € AX(* 1) as in Construc-
tion 4.4.11 and g == g¢ UN,y_q € AZ(%:’;“J ). Then we get

n

[Qx, x'] Z [oex, pe[x, x']].

the Browder bracket measures to what extend Q fails to be additive:

Q(x+x') = Qx + Qx'+ Y _ gelpex, pex'];
=1
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7. Q and the vertical Pontrjagin product satisfy a generalised Cartan formula:

Q(x-x') = Qx - Qx' + %% . 224 (x . [x, x] - ).

Proof. The relations 1 -5 are all proven in the same way; thus, we exemplarily
show 5. Let E = (Ey)y>1 be the free ¥ -algebra over two points, which we
consider as charges: a point called ‘4" of colour 1, and a point called ‘'~ of
colour n’. If we abbreviate K(r,7') = (r x n,¥' x n’) and &, := &, x &, for
r,v" >0, then, for each w > 1, the level E,, decomposes, up to equivalence, as

Eyp >~ L[ VK(T,T’) (]Rl’l X @)/Qir,r’-

7,1’ >0

Each of the summands splits again into (V/&)s,#, with f] = [f1, -, fr]
and [f'] = [f{,..., f,], with f; € AL(})) and f/ € AL(])), and each of these
components has a (relative, dual) cellular decomposition as in Remark 4.4.23.
Since we work over [F», we do not have to care about orientations, whence
each homology class of (V /&), has, via Poincaré-Lefschetz duality, a
representation as a cellular cocycle.

With this in mind, we show relation 5 first for the special case where:

* x is the ground class e of (V / Qi)[]l],@ C E,, the space of configurations
of a single cluster of positive charge, which has one point on each layer;

* x'is the ground class ¢’ of (V/ 6)&[11] C E,, the space of configurations
of a single cluster of negative charge, which has one point on each layer.

Then [Qe, ¢'] is represented by an embedded 2-torus S' x S' < (V/&) 11,11,
where f € AZ(,,,,_,) is the inclusion of the first block and f'(1) = 1, while
f'(€) =n+¢—1for2 < ¢ <n'—1. This 2-torus intersects two dual cells of

codimension 2 transversally, namely

3 3
3 3

o= |12 and 7= |12
12 12
123 312
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Therefore [Qe, ¢'] is represented by the cellular cocycle 711 + 715. Exactly the
same holds for y := Y, g} [pce, pele, €]]: there are four intersections, with

3 3 3
3 3 3
mo=m, M= |21 | =m, myi= |12 |, and my= |21 | =7
21 12 21
321 132 231

Hence y is represented by 7} + 7 + 714 + 1) = 111 + 7.

The case of a general ¥'-algebra X = (X,),>1 and of general homology
classes x € Hy(X,) and x' € Hj/(X,/) now follows from abstract considera-
tions: if we write © := C5"8() for the corresponding operad in F-chain
complexes and consider the formal (coloured) chain complex B = Fo(B, B’),
where f is of degree h and colour n, while ' is of degree I’ and colour #’,
then F°(B), the free G-algebra over B, decomposes into chain complexes
CS8 (U1, )) @ (F2(B) ™" @ Fa(B')*") for varying (f,f') € AR (""*")
with 7,7 > 0and w > 1, and & C &, being the isotropy group of (f, f).
Similarly, for a fixed pair (f, f’), the singular chain complex of the compon-
ent (V' /®)g,() is of the form C"8(V (1)) @ (F2(e)®" @ Fa(e')*"'), where
both ¢ and ¢’ are of degree o. By sending ¢ to  and €' to p/, we obtain a chain
map @y C3M((V/&)(s,15) — FO(B) of degree r-h+1"-I'.

If we choose representing singular cycles ¢ for x and ¢’ for x’, then the map
B — C5"8(X) sending B to ¢ and B’ to ¢’ has an adjoint ¢: FO(B) — C3"8(X),
and altogether, we obtain, for each (f, f') € AL* (™™ *"), a map

w

(¢m )

(1)«
CI)frf’: H’(<CV/6)[f]r[f’}) AR H-+rh+r’h’(F®(B)W) —— Hepmpprw (Xa),

It is straightforward to check that ®3 5 (e) = x and Py 3(e’) = x/, and that ®
commutes with Kiinneth operations and Q in the sense that

m(Pe; @ -+ - @ Des) = P(m(er @ Des)),
Q(®e) = @(Qe),

for each operation m € H,(7') and for each collection ey, . .., e;, € of fitting
classes in Hq(E). This proves the claim.
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Relation 6 follows from Remark 3.3.14 and the observation that the homo-
logical transfer pr'(c,) is given by Yy ¢¢ 0 by, 0 (o ® p¢), while relation 7
follows from the previous ones and the equality x - x" = s!(2---n+1)(x U x'):

Qx-x) =Q(s'(2- - n+1)(xuUx))
=512 n+1)(Qx LU QxX)
4 glonsa (rUX), (2 1) (rU)]
=Qx-Qx +g(n+n'+1--2n+n")[op1(x Ux"), x Ux']
=Qx -Qx' +gn+n"+1---2n+n")(Jous1(x U x"), x] Ux")

— Qx . Qxl —|—SZS4 . .SZn’+2n—4(x X [x’x/] X xl) D

Remark 4.4.26. If the homology classes to which we want to apply Q lie in
the colour-1 part of He(X), then the operation Q coincides with the classical
Dyer-Lashof operation coming from the suboperad 7|1 = 6. In this case,
our formulee recover many classical relations from [CLM76, §111], e.g.

[Qx,x'] = [x, [x,x]],
Q(x+x") = Qx4+ Qx' + [x,«'],
Q(x-x") = Qx-Qx' +x-[x,x] x.

The reader should not be surprised by the first formula: in some sources, e.g.
[Bodgob, § 4.5] and [BH14, Prop. 4.1.12], one can find the formula ‘[Qx, x| = 0
for Q being the top operation for E>-algebras. This is a misquote of [CLMy6,
§11, Thm. 1.2], where the ‘top Dyer-Lashof operation” is given another name,
whence the correct formula was included in another list.

Indeed, consider the E-algebra F®({+, —}) ~ 1, Cyr(R?)/ (S, x &)
and let x and x’ be the two ground classes of the components of configurations
consisting of a single point. Then, by the same methods as in the previous
proof, [Qx, x'] is represented by a relative cellular cocycle, which is not o, and
hence also not a boundary, as it is of maximal codimension.

Let me point out that since all Dyer-Lashof squares we consider are either
Pontrjagin products or top-dimensional, there are no Adem relations similar
to [CLM76, Thm.1r.1.1] to be expected; though they might enter in the
description of the homology of 7/, ;-algebras for p +¢q > 3.
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Finally, we want to point out that this sole construction Q exhausts all
squaring operations.

Proposition 4.4.27. Let c € Hy, (Cl/(k,;k) /G2). Then Q. can be expressed in terms
of Q and Kiinneth operations.

Proof. We can assume that c is subordinate to a single path component 7y /&,
with f = (f1, f2), as otherwise, c decomposes as a sum of classes. If f1 # f,
then pr: U — ¥ /&, restricts over the component [f] to a trivial covering,
and there is a class m € Hh(W(k,;k)) with ¢ = pr.m, whence Q.(x) = m(x ® x)
by Remark 3.3.13. Thus, we only have to consider the map f1 = f» = f.

We can write f = d o s o o with d a composition of cofaces, s a composition
of codegeneracies and ¢ a permutation. Then there is a class ¢’ € Hj, (7/(’;{‘))
such that ¢ = dc¢’ and we get Q. = dQ~ by Lemma 3.3.15. Thus, we can
assume that f = s o ¢ is surjective.

Note that & € {0,1}, and if i = 0, then again, there is a m with ¢ = pr.mc
and Q.(x) = m(x ® x). Hence, we only have to deal with i = 1. Here we see
that Hy ((7'/&)5)) = Fa(ll,1 /&), so we may assume that ¢ corresponds to
a cell [7'[] S Hf/l /Go.

There is maximal colour n” > n such that we find a factorisation of f into
a surjective f’': k — n’ and an iterated codegeneracy s’: n’ — n, and a class
¢’ € Hi((V/S)s]) such that ¢ = s'c’. If we write a, := #f'~1(¢) for each
1 < ¢ </, then there are 0y, ..., 0,y € &, such that ¢’ corresponds to the cell

Ay X0y (1) ay X0y (2)

d =

leX(Tz(l) .u2><¢72(2) ’

a1 X1 ap;x2
as otherwise, ¢’ can be decomposed further, contradicting the maximality of
n'. (Here the term ‘a x j’ denotes an a-fold repetition of the symbol j.) This
means that ¢’ = Q. (f’) for some ¢ € Hi((7/&2)p2)). In particular, we get
Qc(x) =sQq(f'x) for each x € Hq(Xj), so we only have to deal with Q.
Therefore, we can assume that c lies in the component [12] = [1,1]. Again
there are 0y, ...,0, € &5 such that
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Chapter 4. Vertical operads and their algebras

and we prove that Q. can be expressed via Q and via Kiinneth operations, by
downwards induction on % = ht(c) == min(¢; oy # 1) € {2,...,n+ 1}. For
h =n+1, we have ¢ = ¢, and for the induction step ‘n +1,..., A +1 = #/,
we consider the AX-map

g=(2 n+1|--- | n+h—1|1]0; 1(A+1 n+h)|--- |on(n 2n—1)),

where 0*(; ;') interchanges the two symbols j and j' if ¢ # 1. Then
¢ = c+ goby,, corresponds to a cell that differs from c by swapping the
entry in the 2" row. Hence we get ht(¢) > ht(c) and the induction hypothesis
applies. Moreover, we see that Q.(x) = Qz(x) — g[x, x| holds, as desired. [

Again, I would like to close this long chapter with a list of open questions:

1. Classity, up to equivalence, all levelwise path connected %), ;-algebras
X = (X;)n>1. We already know that each X, is a connected E,-algebra,
whence it is by May’s recognition principle [May72] equivalent to a
p-fold loop space. For the remaining g directions, a combinatorial en-
hancement of the recognition principle seems to be necessary. As a first
task, one should try to find an adjunction £: TopN 2 Top™N : Q) such
that for each based sequence X, the sequence ()(X) carries the structure
of an IN(%; )-algebra, and such that the arising natural transformation
UN(G)FN(&) = (3% is an equivalence for connected spaces.

2. Provide a presentation of the algebraic operads He(%},9) and He(7;,)
for general p and g. I assume that the same cellular methods can be
used here; one just has to be more patient than I have been.

3. Prove or disprove that, over IF,, all higher divided power operations can
be expressed in terms of Q and Kiinneth operations. After having found
all such power operations and all relations between them, we should
end up with a result similar to [CLM76, §111]: for each (based, symmet-
ric) sequence X, the IFo-homology of the free 4 j-algebra F711(X) is the
free W’-algebra over H,(X), where a W’-algebra is a Ho(741)-algebra,
together with all power operations and satisfying all relations: here we
most likely will have to include coloured Nishida relations, describing
how Q interacts with the (dual) Steenrod squares. Finally, one should
understand what the situation looks like mod p for odd primes.
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Homology operations on moduli spaces
of surfaces

Es soll das Innere von () auf eine
von einem geradlinigen Schlitz begrenzte
Ebene konform abgebildet werden.

Davip HILBERT

As already anticipated in Subsection 3.4.1, we aim to apply the operadic tech-
niques from the previous chapters in order to gain a better understanding of
moduli spaces and mapping class groups of surfaces with multiple boundary
components and their homology.

In order to pursue this aim, we start this chapter by making the action of
dyed Ej-operads on models of 9t precise in two mutually comparable ways;
this extends the classical construction [Mil86; Bodgob] in a straightforward
way and involves a coloured version of Tillmann’s surface operad [Tiloo],
which is related to Segal’s conformalcobordism PROP [Seg88].

Secondly, we turn our attention to a specific simplicial model [Bodgoa;
ABEO08] of M. The idiosyncrasy of this model makes it necessary to restrict
ourselves to the vertical suboperad 77, C IN(6,); this construction extends a
description from [Bodgob, § 5]. As a consequence, the homology of 91 can be
endowed with the operations which we described in Section 4.4. Moreover,
we will encounter several ad-hoc constructions of homology operations which
involve multiple boundary components.

In the third and last section of this chapter, we apply these constructions
to explicit low-genus calculations in the unstable range and, by doing so,
contribute to the map of the world (,,Weltkarte”) which has been initiated and
developed by our working group over the last decade.
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Chapter 5. Homology operations on moduli spaces of surfaces

5.1. Moduli spaces and classical operadic actions on them

This section explicates which models for moduli spaces of Riemann surfaces
we want to use and what the E,-actions look like in these cases.

5.1.1. Surfaces, mapping class groups, and moduli spaces
Definition 5.1.1. A surface with parametrised boundary is a pair (S, ®) where:

1. S is a smooth, compact, oriented, possibly disconnected surface with
boundary dS C S, together with a decomposition 0S = 9"S LI 9°S
into incoming and outgoing boundary curves, such that each component
of § has non-empty outgoing boundary.

2. @ = (O™, 0°) is a pair of diffeomorphisms @": k x ' — 9'"S and
O°: n x §1 — 9°US, where k = #719(9""S) and n = #71(9°US).

To save notation, we sometimes treat © as a single map, which then is the dis-
joint sum k 4+ n — 9S of the parametrisations. Each path component of the
boundary dS is endowed with fwo orientations: one induced from the ori-
entation of S, by using an inwards-pointing normal vector field, and one
coming from the parametrisation. For a component of 0°"'S we require them
to coincide, whereas for a component of oS we require them to differ.

ons . ——— —— ——

aout S
1 4 2 3

Figure 5.1. A surface S with five incoming and four outgoing boundary curves,
where the arrows indicate the orientations of the parametrisations.
The components of S receive a canonical ordering by their minimal
outgoing boundary curves.
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5.1. Moduli spaces and classical operadic actions on them

Definition 5.1.2 (Surface types). A diffeomorphism ¥: (S,0) — (S',0’) of
surfaces with parametrised boundary is a diffeomorphism ¥: S — S’ which
preserves the parametrisations, i.e. ® = ¥ 0 ©.

A surface type is an isomorphism class X of surfaces with parametrised
boundary curves. In particular, let X¢ , be the isomorphism class of connected
surfaces with genus ¢ > 0 and n > 1 outgoing parametrised boundary curves
and no incoming boundary curve.

Remark 5.1.3. We write ¥: k — n if X is a surface type with k incoming and
n outgoing boundary curves. Then X is determined by the following data:

1. a number 1 </ < n of path components;

2. genera gj, ..., = 0 for each path component;

3. a partition n = n; U - - - Un; into non-empty subsets nj, which has no
additional order, which means min(n;) < min(#n;): if we number the
components of X by their minimal outgoing boundary curve, then the

j component has all outgoing boundary curves indexed in nj;

4. a partition k = k; U - - - Uk; into possibly empty subsets: the j" com-
ponent has all incoming boundary curves numbered in k;.

Then these surface types assemble into a PROP (hCobZ,a, LI,0), which is a
subcategory of hCob, from Example 3.4.3, containing only isomorphism
classes of cobordisms where each component has at least one outgoing
boundary curve, called the positive boundary subcategory.

Definition 5.1.4. Given a surface (S, ©), we denote by Diff(S) the group of
automorphisms in the sense of Definition 5.1.2: it is the group of diffeomor-
phisms ®: § — § which satisfy ® 0 @ = ©. Note that this is equivalent to
the condition ®|3s = idys, whence Diff(S) does not depend on ©.

We endow Diff(S) with the C*-topology of uniform convergence of differ-
entials of all orders and define the mapping class group I'(S) := mo(Diff(S)) to
be the group of isotopy classes of diffeomorphisms. We denote isotopy classes
by small Greek letters and use capital Greek letters for diffeomorphisms.

The isomorphism type of I'(S) depends only on the surface type of S:
each diffeomorphism & — S’ gives rise an isomorphism I'(S) — I'(S’) by
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Chapter 5. Homology operations on moduli spaces of surfaces

conjugating diffeomorphisms. We denote by I'(X) the isomorphism type of
I'(S) for some S of type X; particularly, we write I' , := T'(Xg).

We assume that the reader is familiar with the basic properties of mapping
class groups, as it is for example presented in [FM12], and hence forgo a
collection of foundational examples.

Remark 5.1.5. Since each component of § has non-empty boundary, [ESyo,
Thm. 1D] tells us that the group Diff(S) is homotopy discrete, so the projec-
tion Diff(S) — T'(S) to path components is a homotopy equivalence.

As Diff(S) is an innate structure group for surface bundles, the group
cohomology of Diff(S)—or, equivalently, the cohomology of I'(S)—encodes
characteristic classes for them.

This is the main reason why we are interested in models for the classifying
spaces BI'(S) ~ BDiff(S) and their (co-)homology, which leads us to the
definition of a moduli space 9M(X) of Riemann surfaces of a certain type.
Here is one way of giving a precise model:

Definition 5.1.6. For each ¢ > 0, we define the two e-half-annuli

AN =z C 1< |z| <1+¢},
A= {zeC2—e<|z| <2}

Both come with an embedding of the unit circle 8! C C into them as follows:
we have al": S! < AN 7+ z and a%: S — A%,z 2.z,

Definition 5.1.7. Let X be a surface type. A Riemann surface of type ¥ is a pair
(F,®), where F is a Riemann surface with underlying surface UF, such
that (UF,®) is a surface with parametrised boundary of type X, and the
boundary parametrisations respect the complex structure as follows: there
is' an ¢ > 0 and there are holomorphic embeddings ®": k x A" < F and
O°ut: 1 x A — F such that

@in — @in o (k % a;n),

®out — @out o (ﬂ % lxgut)'

! Since there are only finitely many boundary curves, requiring a common constant £ > 0
for all curves does not make the condition stronger.
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5.1. Moduli spaces and classical operadic actions on them

An isomorphism (F,®) — (F/,@') is a complex isomorphism ¥: F — F’
that satisfies @ = UY o ®. We denote by Mt(X) the moduli space of Riemann
surfaces of type X, and particularly, we abbreviate 9, ,, := M (L ). Elements
in M(X) are conformal classes C = [F, O] of Riemann surfaces of type X.

We topologise M(X) as follows: for each surface (S, ®) of type X, we can
consider the classical Teichmiiller space T(S, ®), see [Teiqo], of marked Riemann
surfaces, whose elements are equivalence classes of triples (F, A, g), where
(F,A) is a Riemann surface and ¢q: (S,0) — (UF, A) is a diffeomorphism
of surfaces, and where two triples (F, A, q) and (F',A’,q") are identified if
the map g’ o g~ ': UF — UF is isotopic to a complex isomorphism F — F’.
The Teichmiiller space T(S,®) can be given a metric which measures the
dilatation of ¢’ 0 g7, and it is a classical result that with respect to this metric,
(S, ®) is contractible [Teigo].

Moreover, Diff(S) right acts on T(S, ®) by ®*[F, A, q] = [F, A, g0 D], and
this action factors through an action of I'(S). The map

T(S,0) > M), [F,Aq]—|[F A

is T'(S)-invariant and the induced map ¥(S,©)/T'(S) — M(X) is a bijection.
Now we endow M (X) with the quotient topology from the left side. This
way of topologising M(X) does not depend on the choice of (S, ©) inside X.

Recall that every connected component of S has non-empty boundary.
Thus, the action of I'(S) on ¥(S, ®) is free and proper [EE69, § 5], whence
IM(X) is indeed a classifying space for the group I'(S).

We should point out that there are many useful models for BDiff(S); for
example, the space Emb, (S, R®) of embeddings S < R*, which restrict to
a fixed standard embedding at the boundary, is contractible, and the group
Diff(S) acts freely and properly on it by precomposition. In fact, this model
can equally well be used in order to describe the Er-structure on [ g~ Bl'g1;
however, the generalisation to the case with multiple boundary curves would
become very technical; so we decided to stick to the other one.

Construction 5.1.8 (Punctures). The previous constructions can be repeated
mutatis mutandis in combination with a finite subset P = {P;,..., P} C S,
whose elements are called punctures.
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Chapter 5. Homology operations on moduli spaces of surfaces

A punctured surface with parametrised boundary is a triple (S, ®, P) where
(S,0) is a surface as before, and P C S is a finite subset of the interior of S.

A diffeomorphism ¥: (S,0,P) — (S',0',P’) of punctured surfaces with
boundary is required to additionally satisfy ¥(P) = P’. A punctured surface
type is an isomorphism class of punctured surfaces; in particular, let X/,
be the isomorphism class of connected surfaces with genus ¢ > 0, n > 1
outgoing boundary curves, no incoming boundary curves, and m > 0 disjoint
points (arbitrarily distributed over the single component of S).

We define the group Diff(S, P) to be the automorphism group of (S,®, P)
in the aforementioned sense; i.e. the group of diffeomorphisms ®: § — &
which satisfy ®|ys = idys and ®(P) = P; note that P is allowed to permute
the punctures. We define the mapping class group T'(S,P) := mo(Diff(S, P))
and write I'(X) for the isomorphism type of I'(S, P) for some (S, P) of type
%, particularly, we write I'y’, := T'(£{',,). The projection Diff(S, P) — I'(S,P)
to path components is again a homotopy equivalence.

A punctured Riemann surface of type ¥ is a tuple (F,©,P) where F is a
Riemann surface and (UF, P) is a punctured surface of type X, such that
the parametrisations respect the complex structure in the above sense. An
isomorphism of punctured Riemann surfaces (F,®,P) — (F',©,P’) is a
biholomorphism ¥: F — F’ such that UY is a diffeomorphism of punctured
surfaces. We denote by 9t(X) the moduli space of punctured Riemann sur-
faces of type X: elements are conformal classes C = [F, ©, P]. Particularly,
we write M, == M(LY,). Again, M(X) is a classifying space for I'(Z).

5.1.2. The coloured surface operad

In this subsection, we rebuild the conformal cobordism category from [Seg88,
§ 4], with a few technical modifications which give rise to an honest (strictly
unital) PROP in the sense of Subsection 3.4.2. By our general machinery from
Section 3.4, we then obtain a coloured surface operad ./l which generalises
the construction from [Tiloo].

Let us start by making the sewing construction precise, using collared
Riemann surfaces in the following way:

Definition 5.1.9. Define the standard half-annuli A™ := A" and A% := A,
and write a'" := ai" and a®%t := a{ut,
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5.1. Moduli spaces and classical operadic actions on them

A Riemann surface (F,©) is called regularly collared if there are holomor-
phic embeddings ®™": k x A™ < F and ®°: n x A% — F which restrict
at the boundary to @™ and @°%, respectively. For a punctured Riemann
surface (F,©, P), we additionally require that P avoids the image of ®. Note
that if there are holomorphic extensions @ and ©°%, then they are uniquely
determined by @™ and ©@°"! via the Cauchy-Riemann equations.

We denote by M, (X) C M(X) the subspace of all conformal classes of
regularly collared Riemann surfaces. This inclusion is a deformation retract,
a retraction given by making incoming boundary curves small enough and
outgoing boundary curves large enough: formally, there is an € > 0 such
that ®™ can be extended to O™: k x Aig’“ — F and P avoids the image of
OM. Let 0 < A < 1 be the supremum of these ¢, capped by 1, and glue in
the collars k x {z € C; 132 < |z| < 1+ A}, amalgamated over k x AX. Then
proceed similarly for the outgoing boundary curves.

This shows that 9, (X) is another (slightly smaller) model for BI'(X).
Particularly, we abbreviate My, , :== Mo (E7,).

gn-o

Example 5.1.10. Let ¥ be the class of connected surfaces of genus ¢ = 0,
one incoming and one outgoing boundary curve, and no punctures. Then
the moduli space M(X) is homeomorphic to ! x (1;00) as follows: to each
pair (w,r) € S! x (1;00), we assign the surface A(r) = {z € C; 1 < |z| < r},
together with the incoming boundary 0" A(r) = S!, the outgoing boundary
9 A(r) = r - 8!, and the parametrisations ®"(z) = z and @°%(z) = r-w - z.
Clearly, these parametrisations can be extended to the standard half-annuli
if and only if A(r) is ‘thick enough’, which means that r > 2. Hence, under
the above identification, M, (%) corresponds to the subspace [2; ) x S.

The main merit of introducing collared versions of moduli spaces is that we
gained the possibility of sewing two of them in a strict way. This is formalised
by the construction of the following topologically enriched PROP.

Construction 5.1.11. We define a topological PROP M3, called the conformal
cobordism category, with morphism spaces

M3(5) = ] (D),

2 k—n
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Chapter 5. Homology operations on moduli spaces of surfaces

where X ranges over all surface types of (possibly punctured) surfaces. The
structure of a PROP is defined as follows:

1. Identity. For each nn > 0, the identity 1, is given by the conformal class
of n disjoint standard annuli

F=nx{zeC 1< |z|] <2}

2. Composition. If C = [F,0,P] and C' = [F',©’, P’| are two conformal
classes of collared Riemann surfaces, where C: k - nand C': n — m,
then we define C’ o C by sewing of surfaces as follows: its underlying
Riemann surface is given by the pushout

nx (A Aty 0, T ginF

o]

FNPUF s FUya F,

together with the amalgamated conformal structure: it is well-defined
as the two constituents form an open cover; the new set of punctures is
defined to be P UP’, using that the punctures do not touch the collars.
Finally, the new boundary parametrisations of C' o C: k — m are given
by the incoming one from C and the outgoing one from C'.

3. Monoidal sum. For two conformal classes C and C’ of collared Riemann
surfaces, their monoidal sum C LI C’ is defined to be the conformal class
of their disjoint union, together with the disjoint union of parametrisa-
tions and puncturing subsets. The twists are given by permuting the
boundary curves, that is: precomposing @ with the automorphism on
k x S! induced by the permutation on the left factor; similarly for @°U.

There is a subcategory My C M3 which allows only unpunctured surface
types, and in fact, this is the more common one.

Remark 5.1.12. This construction deserves some remarks:

1. Morphisms in M and M are called (conformal) cobordisms. Nowadays,
topological cobordism categories are modelled in a slightly different
way, see for example [Gal+o9].
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2. The subscript 0 comes from the fact that there is also a category M
where one drops the condition that each component of a cobordism C
needs at least one outgoing boundary curve. Classically, My C M is
called the positive boundary subcategory. Note that the homotopy category
110(M) is the discrete cobordism category from Example 3.4.3.

3. The only cobordism which ends in o is the empty one. On the other
hand, the moduli space 9/, , is a component of Mg(g): they describe
exactly the components indexed by connected surface types. Since all
cobordisms in M} ((1)) have to be connected, we obtain

Ma((l)) = Hgﬁg,l-o and Ms((l]) = H m?,l-o'

8§20 g,m=0

Definition 5.1.13. We define the coloured surface operad Jl := rep(M;) to be
the operad represented by M; as defined in Construction 3.4.9, i.e. it is an
N-coloured operad with ‘/%(kl"y'l"k’) = M\t Ttk

n
If we restrict J to the colour 1, then we obtain a model for the classical
monochromatic surface operad which was introduced in [Tiloo] and which,
in our language, will consistently be called .l |;. Note that this coincides with
the valency-1 part Mj(;) of the PROP Mj as in Construction 3.4.4.

Example 5.1.14. In contrast to the little d-discs operads, the initial ./(-algebra
is non-trivial: for instance, its colour-1 part .0l (;) homotopy equivalent to the
familiar collection of moduli spaces

M(y) =Ma(9) = T ] Mg
8§20

Remark 5.1.15. There is a connective suboperad M C L, similar to Subsection
3.4.5, which contains only those conformal cobordisms F, together with input
assignments, such that the equivalence relation on 77o(F), which relates two
components if both have an incoming boundary curve from the same input
block, is full. Then the initial /(°-algebra is given by J°(,) = I, Mg n-o.

The same can be done with punctures, resulting in a coloured operad J(*®
with connective part M*¢ C JM° satisfying () = Lgn MG,.o-

Corollary 5.1.16. A map © — ¢ of N-coloured operads endows (Lgm MG .0)n=1
with the structure of an ©-algebra, which contains ([ 1, Mg .0 )n>1 as a subalgebra.
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@in 12 3,1 32 1,1

O O oo —

0000~ & S 3

Figure 5.2. An operation in M(2’4/2), represented by a Riemann surface together
with parametrisations of the incoming and the outgoing boundary
curves, and their unique extension to the standard half-annuli.

5.1.3. Coloured actions of the little 2-discs operad

Definition 5.1.17. We make the little 2-discs operad 9, a bit smaller: recall
that operations in &, are tuples (cy,...,¢,) of embeddings ¢;: D? — ID?
which are of the form c;(z) = 2; + ¢; - z, with 2; € D? and ¢; > 0, and we
require that the images c;(ID?) of the interior of the disc are mutually disjoint.

These embeddings c; can easily be extended to ¢;: C — C by the same
prescription, and we define the subspace @5 (r) C P (r) to contain all config-
urations y = (c1,...,¢,) of discs such that even the images ¢;(2 - ]IDDZ) of the
interior of the disc of radius 2 are mutually disjoint. In this case, we say the
configuration y is 2-disjoint.

Clearly, 25(1) = @(1), so the identity is contained in %}, and moreover,
this stronger disjointness condition is preserved by composition, whence &%)
is a suboperad of @,. The inclusion D} — P, is clearly an equivalence of
G-cofibrant operads, and in order to save notation, we might as well write
9, for the smaller substitute.

Construction 5.1.18. There is an inclusion of operads 1: &, < Jl|; as follows:
given a 2-disjoint configuration y = (cy,...,¢,) with ¢;(z) = 2 +¢; - z, we
assign to it the connected collared Riemann surface i(y) = [F, ©] which has
r incoming boundary curves, a single outgoing boundary curve, genus o and
no punctures, with

F={z€C |z| <2} (a(DH)U -+ U, (D?)),
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Co 9(O)

1 i
@.@ ‘ o

Figure 5.3. An instance of @, (2) x (22(2) x D,(1)) — 92(3) and its transform-
ation via 1 to Jl|;.

together with the boundary parametrisations @: §! — UF,z — 2z and
@": r x S! — UF, (i,z) — c;i(z). Then the 2-disjointness condition ensures
that ©' can be extended to a holomorphic embedding r x A™ < F. One
readily checks that 7 is indeed a map of operads, i.e. it is strictly unital and
commutes with the compositions, see Figure 5.3 for an example.

Construction 5.1.19. Since ./l |; = Mj(7 ), the operad morphism 1: 9, — |y
is adjoint to a map of PROPs 7: cat(2,) — Mj, and by passing to representable
operads, we obtain a map of IN-coloured operads

rep(7): N(2,) — M.

This gives in particular a map @, ® & — UM, so for each Jl-algebra (X,),>1,
the constituent X, is a &,-algebra together with an &,,-action by @,-automor-
phisms. Since the initial ./(-algebra has the property J(;) = ][], My 1.0, this
recovers the classical E;-structure on moduli spaces of Riemann surfaces with
a single outgoing boundary curve from [Mil86; Bodgob].

Moreover, the connective suboperad IN®(2;,) gets sent to the connective sub-
operad J(¢; in particular, by Corollary 5.1.16, the sequence (I, Mg.,1.0 ) n>1
is an IN“(9,)-algebra which contains (][, Mg n.c)n>1 as a subalgebra.
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Remark 5.1.20. The IN‘(2,)-action respects the bigrading by the genus and
the number of punctures in the following way: let u € NC(QZ)Z)(kl';l"k’) and

C = u(Cy,...,Cr). Then clearly, the punctures add up, i.e. m(C) = Y_; m(C;),
and a quick Euler characteristic calculation shows that for the genus, we get

8(C) = (1 —n) + Lilki —1) + L 8(Cy)-

Example 5.1.21. This construction generalises the one from [STo8] as well:
they studied the space X := [[o>_1 Mgo, where M_ == M(Xo1 UXo1), as
an algebra over @, and this action is exactly the restriction of the . |,-action
on[Js. g M(X) along the aforementioned map @, — Jl|,, by finally noting
that {¥01 U1} U {Xs2; ¢ >0} is a submonoid of {X: 0 — 2}.

To be more precise, Segal and Tillmann use the framed little 2-discs operad
i, which allows, for each little disc, a rotation; clearly D! can equally well
be included into Jl|; = My(7); we just have to additionally rotate ®™. Then,
again, we obtain a map @i © & — J that restricts to D — L |,.

Apart from some strictifications and combinatorial generalisations, nothing
surprisingly new has happened in this chapter so far. However, to the best of
my knowledge, the generalisation to the case of multiple boundary curves
has not yet been exploited for either homological calculations or questions of
group completions and deloopings, and this is what we will pursue in the
remainder of this chapter and the next one. Let me additionally point out
that the questions of Chapter 6 and their answers relie only on the material
which we have already presented, and are independent of the remainder of
the current chapter.

5.2. Operadic actions on Bodigheimer’s simplicial model

From now on, we want to focus on a particular model ‘,Bg,'fn for the moduli
spaces 9y, that is based on an old work of Hilbert [Hilog], has been
established by Bodigheimer [Bodgoa], and admits a (relative) multisimplicial
description [ABE08; BH14], which is useful for unstable calculations.

The aim of this section is to formally establish an operadic action of a
variation of U} on (I, g )n>1 which is, up to homotopy, a restriction of
the previously described action of N“(22) on (g m Mg.0 ) n>1-
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5.2.1. Different shapes of the collars

For technical reasons, we first of all have to introduce two slightly different
models for M’ namely MY, , and M, : pictorially, we replace annuli by
square-shaped frames, or, more generally, by square-shaped frames where
the length of the left face may be disturbed.

In order to save digits and brackets, let us abbreviate 1% := [~1;1]> C C
for the centred unit square, and we write 7> := [—r;r]? for the scaled one.

Moreover, we define the (outgoing) frame £°%t := 2112 \ 12

Construction 5.2.1. Let MY, , be the moduli space whose elements are con-
formal classes C = [F, ©, P] of punctured Riemann surfaces (with corners?),
together with a holomorphic parametrisation @: £°" x n — F which sends
9E° X n to dF and avoids the punctures.

Then we clearly have a map Mg, , — MY, ; by gluing 212 \. 2ID? at each
boundary circle, with homotopy inverse given by gluing (21/2)D? \. 212 at
each boundary square. Hence, I,  is another model for My, .

In a similar way as IN°(2;,) acts on (LLg,m MG,1.0)n=1, We can construct an

nil g,n-o
action of N“(6;) on (L[g,m ?mgfn.g)n;li

Construction 5.2.2. We modify the little 2-cubes operad by defining 6;(r) to
contain tuples (cy, ..., c,) of conformal rectilinear embeddings

P12 ze 2 +4¢ -z

such that the images ¢;(2?) of the interior of the squares with double size
are mutually disjoint.

There is an inclusion 6, — 6, by relaxing the conditions of being disjoint
and conformal and by rescaling the square I? to [0;1]?: this is an equivalence
of &-cofibrant operads, compare [MSSo2, Prop.11.4.5]. Again, we might as
well write 6, for the smaller and origin-centred substitute.

In the same fashion as above, IN°(%,) acts on (LLgm MG )n=1: given an
operation y := (¢1,...,&) with &: I2 x k; — 1> x n,and C; € W?iki.m, we can

17

construct a new surface (Cy, . .., C,) by considering (212 x 1) \ U; E}(]P x ki),

2 One way to formalise this is to consider instead the moduli space of closed Riemann surfaces
F, together with a holomorphic embedding @: (CP! \ I?) x n — F which avoids the
punctures; then 7 = F . O((CP! \ 2I?) x n) and © = O|gout -
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Chapter 5. Homology operations on moduli spaces of surfaces

and by gluing in Cy, ..., C, at the arising k1 + - - - + k; square-shaped holes.
The resulting surface is connected since y was connective.

We have an equivariant family of equivalences @, (r) < 6,(r) by taking,
for each configuration of » small discs, the configuration of maximal squares
inside these discs. This gives rise to an equivariant family ¢ of equivalences
IN¢(22) (K) — IN“(%2) (), and we easily see that the square

NE(22) (47) > T My o —— MG

n .

IN¥(62) (17577 5 T M o —— Mgnls™™™

is H-commutative, where g is determined as in Remark 5.1.20. Furthermore,
although ¢ is not a strict operad morphism, all necessary diagrams commute
up to homotopy. Hence, the homology operations arising from both actions

are comparable via the induced isomorphism He(9M,,.) = He(MZ,.0)-

We therefore may use squares instead of discs from now on. However, in
order to use the advertised model B, we need a slightly more flexible boun-
dary behaviour: for each small square, we focus on the left vertical strip of
its frame; then, roughly speaking, the following happens in the context of slit
pictures: firstly, each puncture ‘steals” a segment of positive height from the
left strips, and secondly, the boundary squares can ‘steal from each other’. In
this way, the size of the left vertical strip can become larger or smaller, and
the sum of their differences is o if there are no punctures, and negative else.
Formally, this is captured by the following definition:

Definition 5.2.3. For a real number w > —2, we define the w-frame E°"(w)
as the Riemann surface that arises from gluing S := [-2;1) x [-1;1 + w]
into £°U' \ [-2;1) x (—1;1) by identifying both copies of (x, —1), as well as
(x,1+ w) from S with (x,1) from the remainder of £°"; then £°"t(0) = £°ut.

For technical reasons, we also define £(w), which additionally contains
the inner boundary, i.e. we start with 212 < 12, remove the left strip, and glue
in [-2;1] x [-1;14 w]. We call £(w) \ E2"(w) the inner boundary.

Now we are ready to define the space Mg, :
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5.2. Operadic actions on Bodigheimer’s simplicial model

Figure 5.4. The three square frames £°", £°Ut(—1/2), and £°U(1/2).

Definition 5.2.4. For n > 1 and m > 0, we define the parameter spaces

qn - J @ wn) € (=2;00) wr - Fwy =0} ifm =0,
! {(w1,...,wn) € (=2,00)"; w1+ - +w, <0} ifm>0,

and for technical reasons, we also define )% := Q0 and Q" = Q7 ~ QY.
Now we let MY, , be the moduli space whose elements are conformal classes
C = [F,0,P] of punctured Riemann surfaces which come together with
(wr,...,wy) € QM and holomorphic parametrisations @: [[, £ (w¢) — F
that avoid the punctures.

Then we have a bundle map pr: M, , — Q) which assigns to each C the

gn-a
tuple (w1, ...,wy), and the subspace M0 € fmé”,n_d is the fibre of (0,...,0).

Since the base space ()] is contractible, the inclusion is an equivalence. We
call the parameters wy, ..., w; the deviation of the boundary curves.

5.2.2. The space of slit domains

Here we give a short survey on the relative simplicial model of slit domains
[Bodgoa; ABE08], which has been extended to the case of multiple boundary
curves in [BH14]. We omit a complete description of the combinatorics of the
simplicial boundary maps and refer to [BH14, § 2.3] instead.

Definition 5.2.5. For each parameters g,m > 0 and n > 1, there is relative
(1 + n)-semisimplicial complex (Py,, Py%,) whose interior |Py), | \ [Pg| we
denote by B¢, and whose non-degenerate (q, p1, ..., pa)-cells are given by

tuples 7w = (0y, ..., 00), where 0; is an automorphism of the augmented tableau

Y ={(6,4); 1< € <nand 0 < j < pel,
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Chapter 5. Homology operations on moduli spaces of surfaces

and where 7 has to satisfy the properties of [BH14, Def. 2.3.3]:

ST1.

S2.

s3.

4.

s5.

s6.

oo =TI1.((¢,0)--- (¢, pe)), where ((¢,0) - -- (¢, pe)) denotes a cycle;
0i(€, pe) = (¢£,0) foreach0<i<gand 1< ¢ < n;

0y has n + m cycles (including fixed points), and no cycle contains two
different symbols of the form (¢,0).

if N denotes the word length norm with respect to the generating set
of all transpositions, then y_; N(0; - 0;2}) = 2¢ +m +2n — 2;

the relation on 5, which is spanned by ¢ ~ ¢’ if there are i, j, 7/ with
0i(¢,4) = (¢',4"), is full;

the tuple is ‘minimal” in two ways: we have ¢; # 0;_1, and there is no
(¢, ) such that 0;(¢, ) = (¢, 4 + 1) for all i.

Construction 5.2.6. If we use the coordinates A" = {-1< #H < --- <t <1},
then each slit domain B € By, is represented by a tuple

(7'(;—1 < Xg << x1 < 1,'(—1 <Yep < -+ < Ye,pe < 1)1§€§n)/

where 77 is a non-degenerate cell in the above sense. We can visualise B in
the following way, see Figure 5.5:

e subdivide I? x 1 into rectangles R; ¢ ; := [xi11; ;] X [e,7; Ve 1] % {€},

where xo = y¢p,+1 = 1 and xg11 = yeo = —1;

* glue the left face of R; ¢ ; to the right face of R;1,¢ ;;

e if 0;(¢, 1) = (¢, + 1), then we glue the top face of R; ¢ ; to the bottom

face of R; ¢ +1;

* if not, then we mark the top face of R; ¢, ; and the bottom face of R; ;¢ ;)
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with the same colour. In this case, the top face of R; ¢ ; and the bottom
face of R;¢ ;41 form a slit, see Figure 5.5.
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1

Figure 5.5. The visualisation of the slit domain (77; x,y1,y2) with coordinates
x = (—1/4,0,12), y; = (=12,—1/4,1/2), and y, = (—1/2,0,1/2), and
the simplex 7 = (03,09, 0’1,(70) with 03 = (01 2121, 31>(11) (0, 32),
abbreviating j, := (¢, 7). We have m = 1 and g = 0, as well as the
deviations w; = 3/4 and w, = —1.

Construction 5.2.7. Given B € P, we can form an element G(B) € My,
by continuing the above gluing recipe as follows:

* identify faces of the same marking colour, i.e. the top face of R; ¢ ; with
the bottom face of R; ¢, ;), and call the result G(B);

e for each layer 1 < ¢ < n, if ((€1,41)--- (€, 4s)) is the cycle of o; with
(t1,41) = (£,0), then we define the deviation

S

(Uf = Z yﬁa/iu‘i’l - yfaria'

a=1

* note that G(B) has n +m boundary curves, and for each 1 < ¢ < n, the
boundary curve of G(B) which contains the bottom face of Ry¢p0 can
be identified with the inner boundary of £(w¢). Thus, we can attach
the we¢-frame £(wy) to it.
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* to the remaining m boundary curves, we attach a fixed Euclidean disc
which contains a single puncture.

¢ the complex structure is given by noticing that each point has a neigh-
bourhood that is canonically identified with an open subset of C, apart
from the endpoints of a slit; here we obtain a branching point, with
ramification index the length of the cycle of ¢; - ¢;} which contains the
respective point.

In this way, we have reached a Riemann surface G(B), which is connected by
s5, and a quick Euler characteristic check shows that it has genus g by the
norm condition s4. Now a key result of [Bodgoa, § 5.2] tells us that the arising
map G: By, — M, ,, called the gluing construction, is not only continuous,
but a homotopy equivalence.

Remark 5.2.8. Bodigheimer models the gluing construction in a slightly
different manner: he uses the coordinates A" = {—oco < t; < --- < £, < +o00},
constructs an open surface by discarding 9[—o0; c0]? x 1, and closes each end
with a single point. Those ends which correspond to boundary curves come
with a choice of tangent vector, by pointing from +oco leftwards. The result
lies in ﬁgn, another model for My, where boundary curves are replaced
by ordered punctures Qq, ..., Q, on a closed surface F which come together
with tangential directions.

An inverse of the gluing construction is based on a uniformisation method
of Hilbert [Hilog] and uses a harmonic function u: F — R U {oo} in order to
reach a normal form for the given Riemann surface. The crucial point of the
construction is the observation that this harmonic function is unique up to a
contractible (even affine) choice [Kocg1, Thm. 11.3], whence the inverse of
the gluing construction is defined on an affine bundle over 9318”7,”.

In this description, the parameters wy, ..., w, correspond, up to rescaling
[—o00; 00] to [—1;1], to the residues of u at Q1 ..., Q.

Recall that N“(62) acts on (LI, s My'y.0)n>1. We want to construct a similar
description for (1, Mg..0)n=1, and (g Bgu)n>1, by the implantation of
slit domains in the spirit of [Bodgob, § 3], such that the actions are comparable

via the zig-zag My,  — Mg, , < P, of homotopy equivalences.

206
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Here, two independent problems arise:

* As one can see in Figure 5.5, the lengths of corresponding slits are
coupled, even if they lie on different layers. Hence, if we want to pro-
duce a larger slit domain by placing the existing squares into new ones,
the layers from a single slit domain have to stay vertically aligned. This
condition is exactly the one captured by the suboperad 7}, C N¢(6y).
However, there is no need to assume this for S)ﬁgfn,d. We therefore expect
an action of 7% on (L., Bgn)n>1 that extends, via G: Py, — MY, .,
to an action of N°(6z) on (L, 9MZ,..)n>1- One special case’ of these
operations using verticality has been described in [Bodgob, § 5] where
pairs of vertically aligned boxes have been considered.

¢ In both situations, we have to deal with the fact that the boundary of the
arguments we want to glue in is not quite the boundary of a square, but
has a deviated left face. To make this precise, we need an enlargement
of both IN°(€;) and 7", in which each operation already ‘knows’ the
deviation of its arguments, and if the argument has k boundary curves,
then the deviation ranges in a contractible subspace of (—2; o)k,

Note that the second issue does not appear in the case which is considered
in [Bodgob]: if n = 1 and m = 0, i.e. we have a single boundary curve and no
punctures, then all occurring deviations are trivial.

5.2.3. Interlude: Operads with a colour space

This subsection provides a setting in which the second of the aforementioned
problems can be addressed: we have to enlarge the colour set N to a colour
space [ ,,>1(—2;00)", and this is formally captured by the notion of an internal
operad, which generalises the concept of an internal category from [Gro61]
in a straightforward way. We only need the following special case, which is
homotopically well-behaved.

3 To be precise, Bodigheimer did not consider slit domains describing surfaces with two
boundary curves, but so-called ‘partitioned slit domains’, which, in our language, are slit
domains in P15, identified with the moduli space 97, 1 by gluing a pair of pants.
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Definition 5.2.9. Let N be a set and let ((),),en be a family of contractible
spaces. Then an [ [, Q,-coloured operad © is given by the following data:

1. for each n € N, a functor 6(,)) := (N X)° — Top,

2. foreach ky,...,k,,n € N, a source map* dy and a target map dy as in

d d
Moy, < o)~ 0,

3. foreachn € N,amap 1,: Q, — @(Z), called the unit,

4. for K = (kq,...,k;) and tuples Ly, ..., L,, a composition map
r
o) xIE% TTo() = o),
i=1

where “xIli Q" denotes the fibre product of spaces,

which have to satisfy the obvious axioms. An 0-algebra is given by a collection
of maps (do: X, = Qy)nen, together with maps

,
Az O (Frkny S IO TT X, — Xy,
i=1
satisfying the obvious axioms. We additionally require the following two
properties, which ensure a homotopically nice behaviour:

* we require that the source assignment d; : @(IZ) — OF is a fibre bundle,
and that for each path component P C @(I;), the subspace do(P) C ),
is contractible and dy: P — do(P) is a fibre bundle;

¢ for an algebra, we require that for each component P C X,,, the sub-
space do(P) C Q) is contractible and dy: P — do(P) is a fibre bundle.

If we fix, for each n € N, a basepoint 0, € (2, and regard N as a discrete
subspace of [ [,, (), via the inclusion of basepoints, then the restriction 0|y is
a usual N-coloured operad, to which all our constructions from Chapter 3
apply. The following proposition shows that the same applies, homologically,
to O-algebras.

4 The symbols dy and d; are borrowed from the simplicial description of the corresponding
topological nerve.
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Proposition 5.2.10. Let © be an | [, (,-coloured operad and X be an ©-algebra.
1. the family (He(X,))nen carries the structure of an He (O |N)-algebra.

2. if &, acts freely on @(k,;k), and we work over Fy or h is even, then we have,
for each class ¢ € Hy(O| N(k;lk) /S3), a divided power operation

Qc: Hy(Xx) = Hsyon(Xan),
and all relations for the homology of ©|n-algebras hold in He(X) as well.

Proof. Let P; C Xj, be a path component and write doP := []; doP;. Then the
inclusion di!(doP) — 6(12) is a restriction of the bundle d; : @(f) —0Oftoa
contractible subspace of the base, and hence is itself an equivalence.

Secondly, the subspace inclusion d; ! (dgP) x P [T; P; = dy*(doP) x [1; P;
is a homotopy equivalence since the fibre product is taken over a contractible
space and both structure maps are fibrations. We obtain a zig-zag

O|n)(5) < TL; P;
~]
o(%) x IT; P
~7
d (doP) x TT; Py N
:T N

d; ! (doP) x P T]; P ————— X,

where the dashed arrow is an arrow in the homotopy category. In particular,
after applying the homotopy functor H,, we reach the desired morphism
Ho((0|8) (%)) ® ®; Ho(Pi) — Ho(X,) for each choice of path components
P; C Xi,. A lengthy diagram chase now shows that these maps satisfy the
compatibility requirements for an operadic action, essentially because there
are no choices of inverses involved.

For the divided power operations, choose a path component P C X;. By
Lemma 3.3.9, each choice of representative u € CSSi“g(®|N(k;lk)) C Cging(®(k;j‘))
gives rise to a map Q.: H;(P) — Hs+2h(®(k1’1k) X &, P?) by sending [¢] to the
class [y ®g, £¥2]. Secondly, the inclusion : d;*(doP?) x P2 p2 s @(k,;k) x P?

209



Chapter 5. Homology operations on moduli spaces of surfaces

is a G2-equivariant homotopy equivalence and &, acts freely on both sides.
Hence the induced map H,(d;*(doP?) xé’fz P?) — H.(6(") xg, P?) is an

n
isomorphism and we obtain the upper arrow in the square

Q!
S 0 o) . — > Hyyon(Xn)
ch THH—Zh(/\Gz)
Hq oy (0(%)) xe, P?) ¢———— Hy1(dy * (doP?) xéﬂﬂ p?).
n Hs+2h(l€>2) ’

Finally, in order to define Q. on Hj,(Xy) = @p H;,(P), we employ the sum
formula from Remark 3.3.14: let x = x1 + - - - + x; € Hy,(Xj) be a class with
x; € Hy(P,;), then we define Q.(x) by induction on ¢, with Q.(0) = 0 and

Qc(x) = Qg (x — x1) + Qe(x) + (prie) ((x — x1) ® xp),

where pr' is the homological transfer. Again, the compatibility requirements
are easily checked as there are no choices of inverses involved. O

Let me point out that the above construction for the divided power opera-
tions works in higher generality, i.e. for higher arity and not only over I,
compare Subsection 3.3.1. However, as we will make no use of it, we skipped
this generalisation in order to save notation.

5.2.4. Operadic actions on the space of slit domains

Construction 5.2.11. We define the (—2; co)-coloured little 2-cubes operad B3
by constructing, for each r > 0, the operation space 65(r) in several steps:

* For each integer u > 0, we define €5°(u) to be the space of all tuples
vi=1(c1,...,Cuw1,..., wy) with:
- w € (=2;00) for1 <1 < uy;
- ¢;: I2 < [~1;1] x [~1;0) is a rectilinear and conformal embed-
ding, and the images of cy, ..., c, have disjoint interiors;
- we additionally require ¢j (1) = c}(1), where ¢} : I' < T! is the
restriction to the first coordinate. This means that the u squares
may have different size, but they are ‘right-justified’.
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e From each v € 65°(u), we extract the following data:
— its joint interior image im(v) := {J; ¢;(1?);
- the common right border x, := c%(l) ;then —1 < x, < 1;

— if &y > 0 denotes the scaling factor of the embedding c;, then we
putw, =¢e1- w1+ -+, wy;

- the automorphism ¢, of [—1;c0) that scales the vertical segment
attained by c; by the factor 1+ 5. We write ¢, 1= id[_1,,,] X @y

¢ For each surjection 7: v — s with u, := #r! (a), we construct a space

d . S [e) . im(vﬁ) c [71;3(“1} X [71;1+Za’<a wl/a/}/
()= { (e)is € TLER ) ) 0 imi) = )
e For each surjection a: s — s’, we get a cofibration a*: B3(1)xr — 65 (7)x

by permuting box labels and by splitting entries v, into several neigh-

boured ones. We use these maps to glue 65 (r) together as

es(r):= LI {7} x ngd(”)”/(om,v) ~ (T, a*v):

T r—»s

For each surjective map 7: r — s with u, := #71(a), we have a canonical
identification 7t4: r — [, 7 1(a) 2 Y, and for each u == [r;v] € B3(r),
we can write v = (y1, ..., H4s) with u, = (ca1, -+, Cauyr War, - - -, Wau,). We let
Wi = Wy, ;) and ¢; == Cp,(;), and define

dop i= Wy, + - + Wy,
dip = (w1, ..., wy).

Input permutation is given 7*[7r, v] = [71T, v], the unit 1: (—2;00) — B5(1)
assigns to each w the pair (idp, w), and composition is given by composing
rectilinear embeddings. For this, it is important that during this process, the
deviation does not change, see Figure 5.6.

Finally, note that the maps dy and d; are indeed fibre bundles and that the
monochromatic operad 65|01, in which all parameters w are o, is exactly the
classical little 2-cubes operad 6,.
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DB by, )

Figure 5.6. An instance of 65(3) x (B5(1) x 65(2) x B5(2)) = 65(5). If we
denote the outer operation by y, then dyu = (4/3, —1/2,0), and since
the scaling factors are r; = r3 = 3/10 and ro = 2/5, we get dop = 1/5.
The grid illustrates where area is gained or lost.

Next, we want to consider a dyed version of 65 that extends IN°(6;). We
give a general recipe how to dye an operad with contractible colour space.

Construction 5.2.12. Let () be contractible and let 6 be an (2-coloured operad.
Then, as in Section 3.4, we can define a dyed version N (%) with colour space
[1,>1 Q)" and operation spaces

N(@) (") = T BH#f1(1) x - x B(#f ' (n))

fik—=n
=~ T (B(w)x-xB(un)) xe, Z(LIT0).

Uyeeestby 20

where k := ki 4 - - - + k;, with source and target assignments

dO[,ulz- ~~/l’ll’l/ (P] = (d(),ulr- ~-/d0,un) E Q?’l/
dilpa, .- pn, @) = @ (dapn, . .., drpn) € [1; Q5.

Then d; is indeed a fibre bundle, as it is a product of fibre bundles, and the
image of a path component of N(6) (kl",;l"kr) under dy is a product of images
of path components of € (#f!(¢)) and hence again contractible.

The rest of the construction is exactly as in Section 3.4, and in addition,
each choice of basepoint 0 € () defines a family 0, = (0,...,0) € Q" of
basepoints and it is straightforward to check that N(8)|x = IN(%6|{0}).

Finally, there is a connective suboperad IN°(6) C IN(€6) for which we sum
only over those maps f: k — n such that if we put f;: k; — k — n, then the
tuple (fi,..., f) is connective in the sense of Subsection 3.4.5.
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If we insist again that in €5, even the double-sized images of the interiors
are mutually disjoint, then the dyed operad IN‘(65)) acts on the collection
(LLg,m MG,1.0)n>1 from Definition 5.2.4 as follows:

Construction 5.2.13. Abbreviating () := (—2;00), we endow (I L, 9M5.0)n>1

gi’ld

with the structure of an IN¢(65)-algebra:

* we have maps do: [, Mg, — Q” the image of M’ , is the con-
tractible space Q) C ()", and dy: I — Q" is a fibre bundle.

gi’ld

o fory € N°(65) (") and C; € My, withdype = (doCy, . .., doCr), we
can form a compound Riemann surface u(Cy,...,C) € mtg,f%;"'mr with
g as in Remark 5.1.20 and dou(Cy, . ..,C,) = dop, in the same way as in
Construction 5.2.2, using that a neighbourhood of the boundary of each
input box can be canonically identified with the fitting w-frame &(w).

This construction clearly extends the IN°(%;)-action on (Lgm MG1.0)n>1, in
the sense that the following diagram commutes:

IN¢ (%2)( ) X Hzm i ko mg}i-'i-[;“-i-my

:j jg

INF(65) (1) x T Mgty —— Mgl

Secondly, we finally have sufficiently addressed all obstacles in order to
formally define an operadic action on the collection of slit domains:

Construction 5.2.14. As in Chapter 4, let 7,4" C IN(65) be the suboperad
containing all operations where boxes from the same cluster have the same
behaviour with respect to their first coordinate, i.e. they lie above each other
and have the same width (though maybe different deviations).

Then we can construct an action of ¥’1” on (I, By )u>1 by implanting
slit domains exactly as in [Bodgob, § 3]: here we skip those technical details of
the construction which are exactly the same as in Bodigheimer’s work, but
emphasise where we need the new apparatus.

Firstly, note that we have maps do: [, By, — (2", the image of each path
component ‘Bgn is the contractible subspace () C )", and the restriction
do: By, — ()" is a fibre bundle.
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BNENE
|

Figure 5.7. An instance of 7,7 (* 5" x 2 (B x X P X Pip) = B3,
Here we simplified the visualisation: if there are only slit pairs, i.e.
transpositions in o; - 0;_}, then it is clear how to reglue them and
we can just draw a single line for each slit, and if all slit pairs have
different lengths, then we do not need to distinguish them by colour.

If ue °l/1ff(k1",'1"k") and B; € Pyiy, such that dip = (doBy, . .., doB;), then
we can form a compound slit domain u(By,...,B;) € ‘Bgm}f"'mr, where g is
again determined as in Remark 5.1.20. To do so, we implant slit pictures,
as depicted in Figure 5.7: the operation y yields a surjective map w: r — s
as before, i.e. there are —1 < x1 < -+ < x5 < 1 such that c}/i(l) = x, for
each i € 771(a). Now we build up the new slit domain by proceeding from
right to left: for 7=1(s) = {i,...,i,}, we start with an empty slit domain on
I? x n and place the slit pictures B;, ..., B;, on them. There is no ambiguity,
since all boxes are on top of each other. Here we heavily use the verticality
condition in order to get a proper slit domain, as there may be corresponding
slits from the same input in different boxes.

In order to continue with the next stage and to add all slit domains B; with
i € 1 1(s — 1), we reglue the layers according to the already implanted slits.
Now we use that the operation p anticipates the deviations that arise from
this step, and thus, we have a canonical identification of the reglued area left
of the implanted slit domains, and the area in which the remaining boxes
from u dwell. Hence we can proceed as in the first step and, finally, build
the slit domain u(B;, ..., By) inductively.
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Finally, the gluing construction G: Py, — MY, , translates by definition
implanting of slit pictures into gluing in Riemann surfaces with deviated

square frames, i.e. we even have an—even strictly—commuting square

C ke k : et
T Cr) < LRy ———— B

NC(C@E)(kl'ﬁ"k') X TLMGikg — 971;%2“*’"’,

where g is determined as in Remark 5.1.20. Moreover, the action of 75" on
the sequence (I_Ig,m ‘Bgfn)@l extends the (monochromatic) action of 6, on
L1 *Bg,1 that has been described in [Bodgob, §3].

Let us close this subsection with a conceptual remark: the reader may be sur-
prised that the restriction to the vertical suboperad 77" is necessary. Roughly
speaking, elements in B, do not only encode conformal classes of Riemann
surfaces F, but come with an additional continuous map u: F — [—1;1],
that has a certain boundary behaviour, (or—as in Bodigheimer’s work—a
harmonic function u: F — R U {co} starting from a closed surface) by pro-
jecting down the slit domain to the first coordinate. Although this additional
datum ranges in a contractible domain, there is no canonical choice for a
compound surface if the boundary curves from the same input are not glued
to the same level of u.

The reason why we deliberately accept this ‘artificial” restriction is the
following: Bodigheimer’s simplicial model of slit domains has been proved
useful for explicit homology calculations in the unstable range [ABE0S;
Meh11; Wan11; BH14; Boe18], and we want to exploit our operadic descrip-
tion for a reformulation and an enhancement of their results: this is what we
carry out in Section 5.3.

5.2.5. Homology operations on the space of slit domains

In the previous subsection, we saw that the [ [,,~;(—2; o0)"-coloured operad
Wflff acts on the collection ([, ‘13?,”)@1. Now we want to understand the
homology operations that arise from this construction.
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Construction 5.2.15. Since ;7’| = 7}, we obtain, by Proposition 5.2.10,
a (graded) action of the algeb,raic operad He(7;) on the family of graded
modules Ho (Py,). Using the presentation of He(7}") from Section 4.4, we
obtain the following five fundamental types of operations:

1. the unit 1 € Hy(Po,1), which is the ground class of P 1;

2. for each o € &, a permutation

216

o: Hy(Byn) = Hu(Rign),

which is induced by the map o: By, — B¢, that permutes the layers
of the slit domain, or, in terms of Sﬁgn, permutes the boundary curves.
The map ¢ clearly is an isomorphism.

. foreach 1 < ¢ < n —1 a codegeneracy

s" Hy(Bgn) = Hu(Bgs10-1),

which is induced by the map s¢: PBen = Pgl1,n—1 that unites the eth
and the (€ 4 1)% layer of a slit picture on a single layer, or, in terms of
Mg, glues a pair of pants joining the ¢™ and the (¢ + 1) boundary
component. By Harer’s stability theorem [Har84; Ivago; Bol12; Ran16],
s is an isomorphism if h < % - (¢ — 2) and surjective if 1 < - (g +1).

the vertical Pontrjagin product

- H]’l (mgﬂ) ® Hh, (m?’,n’) - Hh+h/ (m;’l-:_gn/fn-l,-n’—l)/
which is induced by the map — - —: B¢’ x ‘ngin/ — ‘B?jg”f;l -1 that
merges, on the first layer, the respective first layers of both arguments,
or, in terms of Mg, combining two surfaces by forming the boundary-

connected sum along their respective first boundary curves.

. the vertical Browder bracket

!

(= =1t Hy(Bgn) © Hi (Bg,) = Hiew1 (Bt 1),

which is induced by [—, —]: B, x &Bg%in/ — map(Sl,‘B?jg”/f;ﬁn/_l), that

lets the first layer of the first argument spin around the first layer of the
second argument.
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Figure 5.8. Instances of s?: Bg3 — P1, and [—, —]: &B}m X ‘,13(1),2 — map(Sl,fB%,3).

Remark 5.2.16. We saw in Theorem 4.4.2 that H, (°Z/1C1) is, as an algebraic op-
erad, generated by these operations, whence these are all Kiinneth operations
which arise from the action of 7,}” on the spaces of slit domains.

Additionally, all relations we developed in Subsection 4.4.2 hold here; we
can even say a little bit more: since the 7;’{™-action on (L m Ben)n=1 factors,
up to homotopy, through the IN°(65)-action on (LI, , Mg.,...)n>1, all relations
inside the operadic kernel of He(7";) — He(IN°(62)) hold: these are spelled
out in Remark 4.4.19.

Construction 5.2.17. If we work over [F; or if /i is even, then the class ¢, from
Construction 4.4.24 gives rise to a vertical Dyer—Lashof square

Q: Hy(Bign) = Hiron(Bogn—1,0),

and all relations from Subsection 4.4.3 hold. We give a geometric description
of Qx if x is supported on an h-dimensional manifold M as in Remark 3.3.8:
in this case, Qx is supported on the mapping torus S! x M? of the twist:

Consider the map v: [0;1] X (iBgfn)z — ‘,B%;"Hlil’n which takes two slit do-
mains on 7 layers, puts the ¢ layers of the first and the second argument on
the ¢'" layer of the new one and lets them switch places on all layers simul-
taneously, performing a rotation around each other by 180°. Then we have
v(B,B,0) = y(B',B,1), whence «y factors over 7: 8" x (B5,)> = B3 n_1,s
and for each map a: M — B¢, we get Q(a.[M]) = 7. (idg: X a?),[S! x M2,
where [M] and [S! x M?] are the fundamental classes.
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—|

Figure 5.9. Qu := 7o (idg1 x a?): S' x T2 — Py, for a: S! — Poo

5.2.6. Further ad-hoc constructions

In this last subsection, we want to discuss two further ad-hoc constructions
for homology operations on moduli spaces, which will turn out to be useful
for the upcoming calculations, and make a final remark on a slightly more
general model of slit domains.

The first construction lifts the T-operation T: Hj,(9,) — Hy (S)ﬁ;:ll,n)
from [Meh11] over the pair-of-pants gluing s": S)Jt;,’f;il = M e

Construction 5.2.18 (T-operation). Let ¢ > 0 and m,n > 1, i.e. we have
at least one puncture. Then there is an m-fold covering a: Mg, 1 me,
which marks one of the punctures.

We also have a projection Mg, R Mg ! which forgets the chosen punc-
ture, and this bundle is a subbundle of the universal surface bundle over
Mg !, where points in the fibre have to avoid the boundary curve and the
given m — 1 punctures. Over this space, we can consider the vertical unit
tangent bundle p: Wr := S(T+my, 1) — ongl, 11 which is a 1-dimensional
sphere bundle. Then Wr is oriented, as the structure group Mg, U1 contains
only orientation-preserving diffeomorphisms.

We construct a map ¢: Wr — Sﬁg;il, which exploits the observation that
a chosen puncture together with a unit tangential direction carries the same
information as a parametrised boundary curve.

Explicitly, we do the following: via the exponential map, a point in Wt
is given by a conformal class of a Riemann surface F, a subset P C F of
cardinality m — 1, a point x € F with a small disc D C F P around it, and

a point x’ on dD. If we remove D and parametrise dD such that the angle 0°
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is mapped to x’, then we have reached a new parametrised boundary curve.
Finally, we use the homological transfer maps and define

A ! - P 9. -
T: Hy(y,) —— Hy(Mgy ') —— Hyy1(Wr) —— Hya (O 1).

Under the gluing construction By, — Mg, the map ¢ can also be visualised

in terms of slit domains: if Wr denotes the pullback of the bundle Wr along
the equivalence 5, R Moy 11 then an element in W is given by a slit do-
main, together with the choice of one of the cycles of ¢; containing no letter of
the form 0¢, and, on the circle given by regluing the left faces of the rectangles
inside the chosen cycle, a marked point. We can turn this left face into an
honest boundary curve by providing a new layer for it: we draw a small slit at
the given position and pair it with a single slit on a new layer, see Figure 5.10.
This gives rise to a map ¢: Wy — ‘13?,,;}1, covering @ up to homotopy.

We define T :=s"oT: Hy (Mg,) — HhH(imgf;ll,n), which is exactly the
T-operation defined in [Meh11, Def. 84].

Secondly, we want to remind the reader of the so-called E-operation from
[Meh11, Def. 86], which we do not intend to lift:

Reminder 5.2.19 (E-operation). Let ¢ > 0, n > 1, and m > 2. Then we
consider the (7)-sheeted covering f: Mg, 22 Mg, where two punctures
are separated from the other ones, but they are not ordered.

Next, consider the torus bundle g: Wg — Mg, 22 given by the fibre product
of the two vertical tangent bundles at the two punctures.>

There is a map 1: Wg — Sﬁgﬂr_ﬁn as follows: note that an element in WEe
is defined by a conformal class of a Riemann surface F, a subset P C F of
cardinality m — 2, two (unordered) punctures x1, x, € F with small disjoint
discs Dy, Dy C F ~. P around them, and points x! € oD;. If we cut along
the two straight lines from x; to x] and from x; to x} and reglue, then we
have identified the two punctures and increased the genus by 1. Finally, we

5 Formally, we consider the double covering Mg, 211y Mg 22 where the two points are
ordered. Then, over B := Dﬁmﬁ 2’1’1, there are two unit vertical tangent bundles L and L’ and
the fibre product L xB L" — amy, 211 is &,-equivariant. The induced map on quotients is
the desired bundle.

219



Chapter 5. Homology operations on moduli spaces of surfaces

i

Figure 5.10. The two ad-hoc constructions T': Hh(‘,ph) — Hj 1 1(B12) as well as
E: H, (‘Bil) — Hh+2(‘,]3%,1), here applied to ground classes. Here
the first toric factor is drawn in red, while the second toric factor
is drawn in green. In the second picture, a homotopy between the
drawn class and the one where red and green are toggled is given
by interchanging the positions of the two black slit pairs.

forget that the joint puncture is special among the other ones. Again, this
construction can be visualised in terms of slit pictures, see Figure 5.10.

The torus bundle g: Wg — zmg,f; 22 is not orientable, but if we work over
IF,, then we still have a homological transfer, which can be used to define

E: Hy(,) —" Hy(s2%) —" Hya(We) —" Hypa(001).
Let us point out that the E-operation can also be applied integrally to ground
classes x € Ho(9M,): here the class x is of the form 1[], where 1: * < MY,
is any basepoint inclusion, and 1*WFE is just a 2-torus. Hence we can define
Ex = ¢.[T?] € Hy(My'+,), where ¢: T? = *Wg — We — My'!,. The sign
of Ex depends a priori on the choice of identification T? = 1*Wg; however, if
tw: T? — T? denotes the twist, then ¢ is homotopic to ¢ o tw, the homotopy
given by a path exchanging the two punctures; hence 2 - Ex = 0.

We close this section with a remark on a combinatorially enhanced model:

Remark 5.2.20. As already indicated in Definition 5.2.5, there is a more
general model Py'[o] for MY, , where p € &, is a permutation with exactly n
cycles (including fixed points), for some A > n: here, the slit domains take
place on A layers and oy is allowed to contain cycles which have more than
a single symbol of the form 0¢, and if we remove all other symbols from o,
then we obtain p. We call these objects slit domains with multiplicities, and we
clearly have By, = Pg'[id,]. Note that the equivalence By'[o] ~ MY, is not
canonical, but depends on a choice of ordering of the cycles of p.
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It is not possible to extend the 7/ -action on (1, Byn)n>1 to these more
enhanced models just by implanting slit domains; this already fails on the
level of path components: for the transposition T = (12) € &,, the two opera-
tions below would induce maps between the given path components, while
they themselves lie in the same component of 7|, (zéz):

22
(R[] > i : (pB[))? > ],

In particular, the result of these operations once lies in a model for 90,
and once in a model for im(l)/l. I think this issue has been overseen in [BH14,
Prop. 4.2.2]. Here we see that the combinatorial type of the result does not
only depend on the orders on the fibres of each AX-map f;: k; — n, but
merely on a single large map f € AZ(kﬁ'ﬁ'*k’) ; this would also distinguish
the two above operations.

More formally, one can define an action of the smaller operad IN¢(6;)
on ([pes, Lgm g [p])1>1: given a connective configuration of clusters of
intervals on A large intervals, then we can cross [—1;1] with everything and
then implant slit pictures with multiplicities into the arising boxes. The three
examples from [BH14, §4.2] are indeed instances of this smaller action.

A more elaborated approach, which we have not pursued to a meaning-
ful end, enlarges the combinatorics of 7}, ending up with an operad §
with colour set [],~; &) and with operation spaces §(™*") containing
configurations of vertically aligned slitted boxes, together with a regluing
prescription that resembles the colours 7y, ..., 71;, such that the global per-
mutation arising from the regluing of slits equals p. Such an operad deserves
the name slit operad; it is possible, yet very technical, to define it, and the
collection (LI, Py [p]), is an algebra over .

5.3. Low-genus calculations

In this last section, we want to employ the previously established structure
results in order to describe some very concrete generators. By doing so, we
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contribute to a long project which involves results of [Ehrg8; Abhos; Godoy;
ABEO08; Vis11; Meh11; BH14; Boe18]. We start by recalling parts of their work.

5.3.1. Current ‘state of the art’

This subsection is a mere summary of low-genus calculations which have
already been performed: let us start by describing six toric generators in the
homology of moduli spaces with a single boundary curve, which have been
given the names a, b, ¢, d, e, and f.

Definition 5.3.1 (Toric generators). We consider the following classes:

1. the ground class a € HO(SD?}M), represented by a single puncture inside
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a disc, i.e. a single slit pair on a single layer. Note that the product
a-—: Hy(IMg,) — Hy(Mg)

is the same as forming the boundary-connected sum with a punctured
disc at the first boundary curve of the given surface. In [BTo1, Thm. 1.3],
it was shown that this (topological) map admits a stable retraction, and
hence, the induced map in homology is split monic;

the circle b := Qa € Hj(9Mj,), represented by two punctures switching
places, or a small slit pair inside a large one, performing a half-rotation,
see Figure 5.11;

. the ground class ¢ € Hy(91). Note that the product

¢ —: Hy(Mgy) — Hy(M'y )

is the classical genus stabilisation, and Harer’s (improved) stability
theorem [Har84; Ivago; Bol12; Ran16] tells us that it is an isomorphism
for h < %-(g—l);

the circle d := Ta € H;(911), which is depicted in Figure 5.11;

. the 2-torus e := EaZ € Hz(fmh)?

the 3-torus f € Hg(imil) which is due to [Boe18] and is depicted in
Figure 5.11 as well (we will decompose f into smaller classes soon).
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|
|
1A

a b c d e

Figure 5.11. The six generators, depicted as maps from tori into the space of slit
domains. Here the first toric factor is drawn in red, the second one
in green, and the third one in blue.

There are a few relations between these toric classes, that are either imme-
diate or have been calculated in previous work.

Remark 5.3.2 (Relations). Since e = Ea?, we already know that e must have
2-torsion, whence 2 - e = 0. Moreover, if x € Hh(?mg,n) is any class in some
moduli space without punctures, then we obtain T(x-a) = (—=1)"- (x - d),
simply because the T-operation effects only the newly added puncture.

The relation Qc = 3 - c¢d is due to [Godoy, Ex. 6] and also appears in [Meh11,
§1.2]. In particular, [¢,c] =2 Qc = 6 - cd # 0, showing that the E,-structure
on Hg M, 1 cannot be enhanced to an Ez-structure [FSg6, Thm. 2.5], although
the group completion OB ]], 90, 1 has the homotopy type of an infinite loop
space [Tilgy, Thm. A].

Let me finally mention that [Meh11, § 1.2] also claims that [c,d] = d? holds,
a relation which we are going to disprove in the next subsection.

As we can see in the Tables 5.1 and 5.2, these toric generators describe
much of the homology of low-genus moduli spaces; only a few generators
are unknown. An empty field means that the respective homology group is
trivial, and all homology groups that are not listed are trivial.

These tables contain two generators that have not been explained yet and
which both are due to [Boe18]: on the one hand, he found a rational generator
s € H3(My,1;Q), which means that for some rational number A # 0, the
class As is an integral generator of the free summand. On the other hand,
there is a class w € Hy (9, 1) which has 3-torsion and is obtained from the
Segal-Tillmann map C4(RR?) — My — My 1, see [STo8], where the latter
arrow is given by capping with a disc. However, both generators will play
no further role in the upcoming discussion.
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0 1 2 3 4
M1 Z{c) z(d)
M, Z{ac) Z(ad) Z(e)
M3, Z(a’c) Z(a’d)®Zy(bc) Zp(aebd) Z,(f)
M1 Z(*)  Zyp(cd) Z5(d?) Z(As) & Zo(Te) Zz(w) D Zs(?)

Table 5.1. Generators for the integral homology of low-genus moduli spaces.
Only a single generator of Hy (9, 1) with 2-torsion is missing.

0 1 2 3 4 5
93?1,1 C d
Dﬁ%,l ac ad e Eb

smil a’c a?d,bc ae,bd,? aEb,f? ?

My & cod d?,? As,Te,Qd ?,TEb ?

Table 5.2. Generators for the IF,-homology of low-genus moduli spaces. Here
some more gaps appear, which arise from the torsion part in the uni-
versal coefficient theorem; however, some other generators could have
been described via the Dyer-Lashof square Q and the E-operation.

In order to complete the survey, I ought to mention that calculations for
genus 3 have been made in [Wan11]; however, no explicit generators have
been described yet.

5.3.2. Two folklore statements

Before considering explicit classes in the homology of moduli spaces with
multiple boundary curves, let us take the time to spell out two statements
which I believe are well-known to the experts, but, to the best of my know-
ledge, have never been written down explicitly so far.

The first one claims that a single genus stabilisation step cancels the
(vertical) Browder bracket. Let me point out that, in the case of a single
boundary curve, it follows from abstract considerations that the Browder
bracket [x, x'] of two classes x € He(Mg,1) and x’ € He (Mg 1) vanishes after
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finitely many stabilisation steps: the group completion [ [, M1 — Mooy X Z
is given by iterated stabilisations and respects the E;-structure on both sides.
Furthermore, the right side has the homology® of an infinite loop space [Tilgy,
Thm. A], so its Ex-Browder bracket vanishes. Here is a stronger statement.

Proposition 5.3.3. For each pair of classes x € He(My,,) and x' € H, (zmg n/)
we have ¢ - [x,x'] = 0.

Proof. We use the (connective) coloured surface operad (¢ from Definition
5.1.13 and consider the loop 7y: S — (. ;) which is depicted as follows:

n+n'—1
Then clearly ¢ - [x,x'] = [y](x ® 1), so it suffices to show that [y] is trivial

in the first homology of JiL°(, J’r’n,fl). To do so, we recycle an argument from

[Bia2o]: let I C S! be a small closed interval on the standard circle. Then we
define a map §: T2~ 12 — (/" 1) wWhose source is a bounded 2-torus
and which is depicted as follows:

@"'Q'-'Q

Here the excluded square [> parametrises the situation in which both discs
live inside the blue region, and this is exactly the case where the disjointness
condition is violated.

Now one readily checks that, after identifying 01> 22 S!, the boundary of ¥
is homotopic to 7. Hence, the cycle -y is a boundary, as desired. 0

6 And, after applying the Quillen plus construction, also the homotopy type.
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The previous proof provides a stronger result: for each Jl-algebra X, we
have a genus stabilising operation ¢ - — and a Browder bracket [—, —] in
homology, and their composition ¢ - [—, —] is trivial in He(X).

The second statement I would like to mention concerns the generator b.

Remark 5.3.4. As in the work of [BTo1, Thm. 1.3] on the injectivity of a- —, i.e.
adding a single puncture, we can ask if the map Hj,(9g,) — Hj11 (93} 2),
which is given by multiplication with b, is injective.

Integrally, this statement is wrong, as one can already see in the case of a
single boundary curve and genus o: the class b itself is a free generator of
Hi(9MF ) = Z, while by the Koszul sign rule, we get b*> = —b?.

Over the field IF, and in the case of a single boundary curve, the situation
looks different: based on work of [BCT89], Bianchi [Bia2o, Thm. 6.5] recently
has established an isomorphism

P H.( e1) = IF2[Q'a)i>o ® Ho(Tgq1;Sym(H))

m=0

of modules over the Dyer—Lashof algebra IF»[Q'a);~o, where Sym (%) is the
symmetric algebra over the symplectic representation of I'y ;. This implies
that the homology of punctured moduli spaces is a free F»[Q'a];>o-module,
whence not only the multiplication with the classes a and b, but with any
iterated Dyer—Lashof square Qlais injective.

5.3.3. Generators with multiple boundary curves

Next, we will describe several toric classes in the low-genus homology of
moduli spaces of surfaces with multiple boundary curves. Our approach starts
with the observation that the previously described generators x; € {c,d, e}
are of the form s!x, for certain lifted homology classes x; € H, (M) for
suitable g,m > 0, and we want to understand the lifted ones.

We give these lifted classes an index corresponding to the number of
boundary curves of their respective moduli space, and in all cases, we will
reach the relation x,,_1 = s'x,. For the sake of consistency, our old six toric
generators silently carry an index 1, which we decided to skip for the sake of
continuity and simplicity.
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o) d; e

Figure 5.12. The generators ¢y, dy and ey, depicted as maps from tori into the
space of parallel slit domains on two layers.

Construction 5.3.5. We consider the following three toric classes, which have
been depicted in Figure 5.12:

1. the ground class ¢; € Ho(9Mpp) of the moduli space of a cylinder. Note
that the vertical product

- —: Hy(MG,) — Hy(Mg, 1),

is the same as forming the boundary-connected sum with a cylinder, or,
in other words, gluing in an ‘inverse’ pair of pants at the first boundary
curve. Again, a part of Harer’s stability theorem [Har84; Ivago; Bol12;
Ran16] tells us that this map is an isomorphism for < 3 - (¢ — 1), and
an epimorphism for i < % - g. We clearly have ¢ = s'c,.

2. thecircled, := Ta € H;i(9Mp2). By construction, sldy =slTa=Ta=d,
which is a generator of H; (9 1) = Z. Therefore, d, is a generator of
H1(9Mp,2), that is: the standard Dehn twist on the cylinder.

3. the 2-torus e; € Hz(imcl),z) which is depicted in Figure 5.12. Note that e,
can be constructed by applying the E-operation to the ground class of
93?(2(1)’1 U Z(l],l), the moduli space of two punctured discs” (but we have
not introduced the E-operation for these cases). However, this does not
imply that e, has 2-torsion, as the two punctures on 2(1)’1 L 2(1),1 cannot
be interchanged by a path. Indeed, Dﬁ(l),z ~ T?, as we see in the proof
of Proposition 5.3.12, whence its homology is torsion-free.

7 In this disconnected situation, the genus does not increase. This is similar to the grading in
[STo8, § 3], where the sum of two discs has been given the genus —1.
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Remark 5.3.6. Here are some first observations:

1. If x € Hy(My,,) is a class in the homology of a moduli space without
punctures, then we clearly have T(x-a) = (—1)" - x - dy, for the same
reason as in Remark 5.3.2, and similarly, T[x,a] = (—1)"+1 - [x, d].

2. the 3-torus f can be lifted to a class in f; € Hg(i)ﬁ%,z), but we can also
express f, through a vertical Browder bracket (12)]a, ez]. In particular,
we can describe f itself as s'[a, e;]; here we use that s!(12) = s!, as the
7;-action factors, up to homotopy, through IN°(63).

Finally, we can use these enhanced generators in order to show certain
divisibility properties of the classical Browder bracket.

Proposition 5.3.7. For each class x € He(MY,), we have

[c,x] =2- st [c2, x],
[d,x] =2-s'[dy, x].

Proof. We prove the first relation, since the second one follows in the same
way. Note that s'c; = c and (12)c; = ¢ holds, as well as s = s1(12), since
the action of 7}’ factors through IN‘(65). Employing the relations among
codegeneracies and vertical Browder brackets from Proposition 4.4.16, we get
[c,x] = [stcp, x] = s'[ep, x] + 51 (12)[(12)ca, x] = 2 sl[e, x]. O

Remark 5.3.8. Note that the previous Proposition 5.3.7 implies that [c, d] is
divisible by 2 (even by 4), and since it lives in Hy(9M,1) = Z,, it has to be
trivial, and not, as [Meh11, § 1.2] claimed, the generator d2.

5.3.4. The homology of M o

In this last subsection, we give a complete list of generators of He (911 2), both
integrally and over IF». To do so, we relate 9; » to 9)?%/1.

Remark 5.3.9. For each ¢ > 0, we have a map cap: M;> — zm;l given by
capping the second boundary curve with a punctured disc. Up to homotopy,
this map coincides with the vertical unit tangent bundle S(TLDﬁéll) over the
surface bundle Qﬁé’l — M, 1, the homotopy equivalence being precisely the
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82 83 d3

Figure 5.13. Left: the 2-torus gy € Hy (9 2): the two (unpaired) green slits move
together inside the black pair, keeping a constant distance. Right:
the class g3 € Hy(Mp3) and a homotopy to the 2-torus (13)d3.

map Or: S(Tii)ﬁél) — M, » from Construction 5.2.18. Under this identific-
ation, the fibre inclusion S! — 9N, > parametrises the Dehn twist about the
second boundary curve.

For g € {0,1}, this sphere bundle is trivial: one way to see this is by noting

that the corresponding second integral cohomology groups H?(T'}j1; Z) and
HZ(F%J ; Z) vanish, compare Table 5.1 for the second one. Hence we may
choose a section ,‘Jﬁé’l — S(TLSDT;]), and, postcomposing with the equival-
ence U7, we obtain a section 7: sméll — M, for ¢ < 2.
Construction 5.3.10. We consider a new toric generator g, := 77.e € Hy (9 5)
which is depicted in Figure 5.13: the section sm;,J — S(Tlﬁﬁéll) marks a
fixed point on the circle around the puncture, and at this position, the new
slit pair starts. Clearly g, again has 2-torsion: we see 2- g, = #,(2-e) = 0.

The class g, can be lifted to gz € Hy(9Mg3), which means g, = s'gs, and
this class g3 can, in turn, be identified with (1 3)d%, see Figure 5.13. Note
that g3 has no 2-torsion, as Mgz ~ B3 = T3; indeed g3 is one of the free
generators of Hy(9Mg3) = Z3: the group I3 is generated by the Dehn twists
about the three boundary curves and each of the tori d3, (12)d3, and (13)d3
parametrises two of them.

On the other hand, one may ask which class from H (1) = Z,(d?) the 2-
torus g itself lifts. Here we easily see that s'g, = s's!(13)d3 = sls'd3 = d2.

Now we have all classes at hand to describe the generators of He(9117).
Since we already know 91, ~ S)ﬁil x 8!, the previous results, together with
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the Kiinneth theorem and the universal coefficient theorem, tell us that

He(Wy 0, Z) = (Z,7%,2 ¢ Z2,7,),
Ho (9% 2;F2) = (Fp, F3,TF3,F3, IFy).

Proposition 5.3.11. The integral homology of M » is generated as follows:

0 1 2 3
ml,z Z<C2C> Z<C2d,d2€> Z<d2d>@Zz<g2> ZQ<T9>

Proof. Clearly, the ground class cyc generates Hy(911,). Secondly, 2- g, =0
and s'g, = d? # 0 inside Hp("My1), whence g, generates the Z,-summand
of Hy(M;15). Similarly, s'Te = Te # 0, whence Te generates Hs (9 ,) = Z,.

For the first homology, the product cod = 7. (ad) generates the summand
Hy (im%l) in the Kiinneth decomposition of He (91 ,) = H, (?Jﬁh x S1), and
djc is exactly the Dehn twist about the second boundary curve.

For the free part of the second homology, we note that d,d is supported
on a 2-torus 8! x 8! — My 5 ~ 8! x M7 ;, which is of the form f x f», where
fi: 81 — Sl s the identity and f,: sl im%/l is ad; hence it is the homology
cross product of the two generators of H (9 ;) and Hy(S'). O

If we consider instead homology over IF», then we encounter an occurrence
of a vertical Dyer—-Lashof square, applied to the fundamental Dehn twist dj:

Proposition 5.3.12. The IFp-homology of 9 » is generated by the following classes:

0 1 2 3 4
ml,z CC C2d,d2€ dzd,gz Te,de TEb

Proof. Nearly each generator can be taken, via the universal coefficient the-
orem, from the previous integral result; we only need a second generator
for H3(9M ; F») and a generator of Hy (9 5; F»). The latter generator is easy
to find, as we know that s!TEb = TEb # 0 in H3(9,1;TF,). To identify the
second generator of H3 (9 ;F») with the vertical Dyer-Lashof square Qd,,
it suffices to show that s'Qd, is neither o nor s' Te inside Hz (9 1;TF>).

To this aim, we start by showing that s![dy, a] = e holds (even integrally):
note that 57)1(1)/2 fibres over My, as the universal surface bundle, with fibre a
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cylinder. In this description, we have iy, ~ 81, where the fundamental loop
corresponds to the Dehn twist on the cylinder, and 9)?(1),2 is the mapping torus
of the Dehn twist D on S! x [0;1]. Since D is isotopic to the identity (though
not isotopic relative the boundary), 93?(1),2 is equivalent to a 2-torus, whose
two fundamental loops are given by the loop of the base, i.e. the Dehn twist,
and the loop of the fibre, i.e. the single puncture rotating once inside the
cylinder. This is exactly what the 2-torus of [dy, a] parametrises up to sign.
Hence, [dy, a] is a generator of Hy(M{,) = Z, and thus e, = k- [d, a] for
some k € Z. Since k - s'[d,,a] = s'e; = e # 0, we conclude that s'[d,a] # 0
inside Hy(9M] ;) = Z,(e), which proves the subclaim. From that, it follows
that Te = s!Ts! [dy,a] = slslf[dz, a] = s's![dy, d,]; here we have used that
the relation T o f = (f LI1;) o T holds by construction.

Coming back to the statement, we can employ the relations from Propos-
ition 4.4.25 and obtain that s'Qd, = Qs'd, + s's'[dy, d2] = Qd + Te holds
inside Hp(9M,1; F,). Finally, we use from Table 5.2 that Qd is neither Te nor
0, whence ledz is neither Te = s!Te nor o. O

Let us close this chapter again with a few open questions to the reader:

1. I am convinced that the factor in the relation e; = k - [dy, a] is a unit,
or, in other words, that e; is a generator of Hz(?m[l)lz) as well. So far, we
only know that k is odd, as s'e; # 0 holds inside Zo.

2. Some of these explicit calculations are useful in order to improve the
slopes for higher-order homological stability [GKR19]. One aim is to
calculate H3(9141; Z): rationally, this group vanishes by calculations of
[Tomos]; however, it is integrally unknown. If we could show that it
vanishes, we would be able to improve the slope for integral secondary
homological stability for the sequence (I'y 1)¢>0-

3. Similarly, it would be useful to determine Hy (94 1; Q) or Hy(Ms1;Q):
understanding these two vector spaces would help us to improve the
slope for rational secondary homological stability for (I'q1)¢>0. Maybe
it is possible to construct a vertical Browder bracket that does not vanish
in Hy(9M41;Q).
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Chapter 6

Parametrised moduli spaces of surfaces
as infinite loop spaces

One would like to characterize its homotopy type,
but in reality one must settle for less.

IB MADSEN, ON THE MODULI SPACE img

The methods which we developed so far can be applied to a problem of a
different kind: for a space A, we study the E-algebra 9, 1[A] := [, Mg 1[A]
of surface bundles over A and compute the homotopy type of its group com-
pletion QOBM, 1 [A]: it turns out to be the product of the infinite loop space
associated with the two-dimensional oriented tangential Thom spectrum
MTSO(2) as in the Madsen—-Weiss theorem, with a certain free infinite loop
space depending on the family of all ‘9-irreducible’ maps from 71 (A) into
mapping class groups I'y , with ¢ > 0 and n > 1.

This is joint work with Andrea Bianchi and Jens Reinhold which culminated
in the eponymous article [BKR21]. I decided to summarise the key steps of
[BKR21, § 2+3+6] in Section 6.2. However, as the main result heavily relies on
operadic techniques which are based on my own work and are deeply related
to the previous chapters of this thesis, I decided to give [BKR21, § 4+5] a full
treatise in Section 6.3.

6.1. Formulation of the problem

In this foundational first section, we give a short survey on classical results
and formulate the generalisation we aim to make. Let us start with recalling
the concept of group completing an H-monoid, and the theorem of Madsen
and Weiss.
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6.1.1. The Madsen—Weiss theorem

Very often, we work with E;-algebras whose homotopy type or homology is
hard to understand, but its group completion is more accessible.

Construction 6.1.1 (Group completion). Let M be an E;-algebra. We can form
its bar construction BM, which comes with a natural map *XM — BM, and
we are interested in the adjoint M — QQBM.

If the submonoid 779(M) of the Pontrjagin ring He(M; Z) satisfies the Ore
condition [Ore31] (which is e.g. satisfied if M is H-commutative), then this
map behaves like a group completion in the sense of [MS76]: the induced map
in integral homology is isomorphic to the localisation of the Pontrjagin ring
H.(M;Z) at the submonoid 71o(M) C Hy(M;Z) of path components.

By basic obstruction theory, being a group completion determines the weak
homotopy type uniquely among simple spaces. In particular, if M itself is
grouplike (which means that the monoid 7o(M) is a group) then the map
M — QOBM is a weak equivalence.

Secondly, we need a concise definition of the two-dimensional oriented
tangential Thom spectrum [Gal+09].

Definition 6.1.2 (Oriented tangential Thom spectrum). We consider on R*
the standard Euclidean scalar product; then all R” C IR* are isometrically
included. For each dimension d > 0, we have the orthogonal tautological bundle
R" — 71, — Gy, over the oriented Gramannian G, := Gr;(le*”).

Now if we consider the inclusion tn: Gan — Ggpne1 which is induced by
R*" = R¥*" x {0} — R¥*"+1, then we have an isomorphism of (1 + 1)-di-
mensional vector bundles z,’;'yd%n n= %lL,n @ R, where R denotes the trivial
line bundle. In particular, we have a morphism of vector bundles

/yd%n & B ’Yin—&-l

l !

Gd,n—H ” Gd,n/

yielding a map of Thom spaces Th('yd%n) A Sl = Th('yd%n ®R) — Th(’yinﬂ).
Thus, we obtain a spectrum MTSO(d), with MTSO(d) 4., = Th('yd%n), which
we call the d-dimensional oriented tangential Thom spectrum.
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With these facts at hand, the Madsen—Weiss theorem [MWo7] can be for-
mulated as follows: we have seen that the collection 9, 1 := ], M, ; carries’
the structure of an E,-algebra, more precisely an algebra over the little 2-discs
operad @,. Secondly, there is a scanning map M, 1 — Q*MTSO(2) which
enjoys the property of being a group completion. Thus, the group completion
of M, 1 can be identified with the infinite loop space Q*MTSO(2):

QBM, 1 ~ QO°MTSO(2).

This theorem was the key ingredient for the proof of the Mumford conjecture:
if we fix a binary operation u € P,(2) and a conformal class C; € M 1, then
we get a stabilisation map p(Cy, —): M1 — Mg 1,1, and we define the stable
moduli space Mo, 1 as the homotopy colimit of the tower of stabilisation maps.
Then M. is a classifying space for the stable mapping class group I's;1, and
hence its cohomology encodes stable characteristic classes for surface bundles.
There is a family of rational cohomology classes x; € H* (9 1;Q) for
i > 1, called Mumford—Miller—Morita classes [Mum83; Mil86; Mor87], which
was known for a long time to be algebraically independent [Mil86, Thm. 1.1];
in particular, there is an inclusion of Q-algebras Q[x1, k2, ...] = H*(Me1; Q).
The famous Mumford conjecture states that this map is an isomorphism.
This statement was provable by means of the Madsen-Weiss theorem:
it is not hard to see that the homology of the group completion Q2B 9, 1
coincides with the homology of the product space Z x 9, 1; one copy of the
stable moduli space for each integer. Therefore, we obtain an isomorphism
in homology He (M 1) =2 He (QFMTSO(2)), where QFMTSO(2) denotes
the path component of Q®MTSO(2) containing the constant loop. The right
side, in turn, is accessible by standard methods, see e.g. [Hat11, Apx.C].

6.1.2. Our generalisation of the problem

We consider the analogous problem with 91, ; replaced by the space 9, 1 [A]
of surface bundles over some path connected space A, called parametrised
moduli space, which is topologised by being identified with the space of maps

! In this chapter, we decided to skip decorations indicating a regular collaring. The reader is
free to choose their preferred model from the previous chapter.
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Chapter 6. Parametrised moduli spaces of surfaces as infinite loop spaces

from A to M, 1. This parametrised moduli space is again an Ej-algebra by
extending the action pointwise, and it is our goal to understand its group
completion OB, 1[A]

Remark 6.1.3. There are two immediate facts which we can observe:

1. Note that 9, ; is not only a Ej-algebra, but also an algebra over the
(monochromatic) surface operad .|, so the same applies to e 1[A]
by pointwise action. The main theorem of [Tiloo] then tells us that the
homotopy type we wish to understand is an infinite loop space.

2. We have a map 9,1 — MM, 1[A] which assigns to each conformal class
C the constant map with value C. Conversely, each choice of basepoint
in A gives rise to an evaluation map MM, 1[A] — DM, 1, which is a left
inverse of the former one. Moreover, both maps are morphisms of J( |-
algebras, so when passing to group completions, we recover the infinite
loop space (0BM, ; as a rectract of the infinite loop space QBM, 1[A].
This shows that Q®*MTSO(2) is a direct factor of QBM, 1[A].

Thus, there is a spectrum E[A] such that OB, 1[A] has the homotopy type
of O®*MTSO(2) x O®E[A], and we aim to understand E[A].

Remark 6.1.4. For any discrete group I' and each path connected space A,
one can describe the homotopy of the mapping space as

BI'[A] ~ 11 BZ(im(w),T),
[w]€Conj(rr—T)
where 77 := 711(A) and Conj(rt — TI') is the set of conjugacy classes of homo-
morphisms w: 1 — I', where two homomorphisms w and w’ are conjugate
if there exists a ¢ € T with w’ = ¢ - w - ¢!, and where Z(I1,T) is the cen-
traliser of a subgroup I1 C I'. Note that the isomorphism type of the group
Z(im(w),T) only depends on the conjugacy class of w.

Therefore, the problem we address is strongly related to analysing the
structure of centralisers of elements of mapping class groups: recall that
if we fix a surface S, 1 of type X1, then 90, ; is a classifying space for the
mapping class group I'(S, 1), whence we have a homotopy equivalence

My 1[A] ~ ]_[ BT (Sgq1)[A] ~ ]_[ H BZ(im(w),T(Sg1))-

g=0 820 [w]€Conj(m—T(S,1))
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Therefore, the answer to our problem will necessarily involve a structure
result for centralisers of mapping classes.

6.1.3. Results and outline

It may be surprising at first glance that for the advertised structure result
for centralisers of mapping classes, we have to widen our view and pass to
mapping class groups of surfaces with multiple boundary curves.

The parametrised moduli space 9, ,[A] of surfaces of genus g with n
parametrised boundary circles admits an action by the isometry group of the
disjoint union of n oriented circles, i.e. by the topological group T" x &,,. We
introduce, for each n > 1 and ¢ > 0, a conjugation-invariant irreducibility cri-
terion for subgroups of I'(Sy,,), and consider the subspace €, ,[A] C M, ,[A]
of connected components whose corresponding conjugacy classes of maps
m(A) = m (M) = Ty, have an irreducible image. Then the pointwise
action of T" x &, on My ,[A] restricts to an action on €, ,[A], and our main
result is the following identification, where ;/ denotes the homotopy quotient:

THEOREM 6.4.1. For every path connected space A, there is a weak
equivalence of loop spaces

QBM,1[A] ~ Q®MTSO(2) x QCZL [ [ [ [ €enlA] / (T" % &S5).

n>1g>0

The proof of this theorem relies on two ingredients: in a first step, which
constitutes Section 6.2, we describe centralisers of subgroups of mapping class
groups. As a result, we will obtain that 91, 1[A] is the first level of a relatively
free Jl-algebra, relative to a suboperad built out of the groups T" x &,
and the generators being precisely the aforementioned spaces € ,[A], which
assemble into an algebra over this suboperad.

Secondly, we develop in Section 6.3 an operadic machinery to compute the
homotopy type of group completions of relatively free algebras over coloured
operads, provided that the operad in question is homologically stable in a
meaningful sense. This part of the work is a generalisation of [Tiloo; Bas+17]
to the coloured and relative case.
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6.2. Parametrised moduli spaces as free algebras

The aim of this section is to study centralisers of subgroups of mapping class
groups of surfaces, culminating in a description of 91, 1[A] as the first level
of a relatively free Ji(-algebra. As already announced in the introduction, we
only highlight the main steps and refer to [BKR21, § 2+3+6] for details.

6.2.1. Fixed-arc complexes and o-irreducibility

Here we introduce the notion of 0-irreducibility for subgroups of mapping
class groups. This summarises the content of [BKR21, §2.2+2.3] and uses the
notation from Subsection 5.1.1.

Idea 6.2.1. Let us fix a surface S of type X ,, with ¢ > 0 and n > 1, and focus
on the mapping class group I'(S). Given a subgroup IT C I'(S), we construct
a system of simple closed curves on S which cuts S into two subsurfaces W
and Y, where the subsurface W C § is, up to isotopy, the maximal subsurface
of S satisfying the following conditions:

1. all connected components of W touch 9S;

2. each ¢ € IT can be represented by a diffeomorphism of S fixing W
pointwise.

We start by recalling some standard facts about embedded arcs in surfaces.
The material of this subsection is taken, up to minor changes, from [FM12];
for the following definition see [FM12, § 1.2.7].

Definition 6.2.2. An arcin § is a smooth embedding «: [0;1] < S such that
we have a~1(d8) = {0,1} and «a is transverse to dS. Two arcs are disjoint if
their images are disjoint (also at the endpoints). An arc is essential if it does
not cut S in two parts, one of which is a disc.

Two arcs « and «' are directly isotopic if a(0) = a/(0), (1) = a’(1), and
there is an isotopy of embeddings [0;1] < S which is stationary on {0,1}
and connects « to a’. Two arcs are inversely isotopic if the previous holds after
reparametrising one of the two arcs in the opposite direction. Two arcs are
isotopic if they are directly or inversely isotopic: we then write & ~ «’.

238



6.2. Parametrised moduli spaces as free algebras

Figure 6.1. A maximal collection of six pairwise non-parallel arcs ay, ..., &5 on
a surface of type X 5.

Two arcs « and B are in minimal position if they are disjoint at their end-
points, intersect transversely, and the number of intersection points in a U 8
is minimal among all choices of &’ ~ « and p’ ~ B with &’ and p’ disjoint at
the endpoints and transverse.

Note that we only consider isotopy classes of arcs relative to their endpoints;
two arcs sharing one endpoint are never considered in minimal position (and,
by convention, cannot be isotoped to be in minimal position).

If x(S) < 0, then the following holds, see [FM12, § 1.2.7]: given a collection
of essential arcs wy,...,a; in S which are pairwise non-isotopic and have
all distinct endpoints, one can replace each a; with an arc a] ~ «; so that
wy,..., 0 are pairwise in minimal position. Among all connected surfaces
with non-empty boundary, the only one with positive Euler characteristic
is the disc X3, for which the statement holds vacuously, as there are no
essential arcs in X 1.

Definition 6.2.3. Two arcs « and a' in S are directly parallel if they are disjoint
and there is an embedding [0;1] x [0;1] < S restricting to a« on [0;1] x {0} and
to &’ on [0;1] x {1}, and restricting to an embedding {0,1} x [0;1] < 9S.

Two arcs « and «' are inversely parallel if the previous holds after repara-
metrising one of the two arcs in the opposite direction. Two arcs « and «’ are
parallel if they are directly or inversely parallel.

Let us fix a subgroup IT C I'(S) and study the isotopy classes of arcs and
curves that it fixes.
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Definition 6.2.4. The fixed-arc complex of I1 is an abstract simplicial complex
whose vertices are isotopy classes of essential arcs a in S which are fixed by
all ¢ € I1. A collection of isotopy classes of arcs ay, ..., aj, spans an h-simplex
if a, ..., &, can be isotoped to disjoint, pairwise non-parallel arcs «j, ..., "‘;r

The subgroup I1 is called o-irreducible if its fixed-arc complex is empty and
if § is not of type X ;. Being o-irreducible is a conjugation invariant.

Example 6.2.5. Here are some examples of fixed-arc complexes:

1. Every isotopy class of essential arcs in S is fixed (up to isotopy) by the
identity 1 € T'(S). Therefore, the trivial subgroup is not 0-irreducible,
provided that S admits some essential arc; otherwise, S is a disc X1
and in this case, {1} =TIy is not d-irreducible by definition.

2. The fixed-arc complex of (¢) C T'gp = Z is empty if ¢ # 1, and consists
of uncountably many vertices, joined by no higher simplex if ¢ = 1.

3. For ¢ > 1 the subgroup spanned by the boundary Dehn twist Dy € T’
is d-irreducible, though there are plenty of isotopy classes of simple
closed curves in X ; that are fixed by D;. Nevertheless, o isotopy class
of essential arcs is fixed by Djy: here it is crucial to consider isotopy
classes of arcs relative to their endpoints, which lie at the boundary:.

Now we turn to the decomposition of § into Y and W from Idea 6.2.1,
which we formalise as follows:

Construction 6.2.6. Let S be a connected surface which is not of type X1,
let IT C T'(S), and let wy, ... a;, be disjoint, essential, pairwise non-parallel
arcs in S, representing a maximal simplex in the fixed-arc complex of I1.

Let U be a closed, small neighbourhood of the union ag U ---Uaj, UJS,
and let W C S be the union of U and all components of S \ U that are discs.
Then W is a closed, possibly disconnected subsurface of S, and we denote by
Y the closure of S\ W.

If W denotes the union of all boundary components of W, and dY denotes
the union of all boundary components of Y, then 0W = 0S Ucq U - - - U, for
some k > 0 and some curves cy,...,cx C S; similarly oY = ¢; U - - - Uc. The
curves cy, ..., cx inherit a canonical boundary orientation from Y, which is
oriented as subsurface of S.
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3 1 2 1

Figure 6.2. Two examples of a decomposition of § into Y and W, according
to the subgroup spanned by a single mapping class ¢. In the first
case, ¢ is given by the product of the Dehn twists along the curves
dy,...,d7, and in the second case, ¢ is just the Dehn twist along the
single green curve d. In the second case, (¢) is 0-irreducible, the cut
locus consists only of the isotopy class of d, oriented as an outgoing
boundary Y, while W is merely a collar neighbourhood of dS. The
cut loci are drawn in red.

Definition 6.2.7. For IT and &y, . ..« as above, we define the cut locus of IT as
the isotopy class of the multicurve cy, ..., ¢k, denoted [cy, ..., ¢]. Here and in
the following, a multicurve is an unordered collection of disjoint and oriented
simple closed curves, and an isotopy moves all curves simultaneously. We
declare the cut locus of I'g ; to be empty and W to be the entire surface X .

A priori, the cut locus depends on both a choice of a maximal simplex in
the fixed-arc complex of I1, and on a choice of arcs «y, . .., &) representing it.
In [BKR21, Lem. A.5], we show that the cut locus only depends on I1. When
referring to the cut locus of a subgroup IT C T'(S) we mean the cut locus of
IT with respect to any maximal simplex in the fixed-arc complex of I1.

Remark 6.2.8. The cut locus of behaves well under conjugation: let € IT'(S)
be a mapping class, IT C T'(S) be a subgroup, and let [cy, ..., ¢k] be the cut
locus of IT; then [¢(c1), ..., ¥(ck)] is the cut locus of ¢ - IT- ¢~ 1.

Thus, if i lies in the centraliser of I, then ¢ preserves the cut locus of IT as
an unordered collection of isotopy classes of oriented simple closed curves.
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6.2.2. Centralisers of mapping classes

In this subsection, we want to use the decomposition of S which we assigned
to a subgroup IT € I'(S) in order to describe the centraliser Z(IL,T'(S)) of IT.
By doing so, we summarise the content of [BKR21, §3]. As a first ingredient,
we need the notion of an extended mapping class group.

Definition 6.2.9. Let (S, ) be a surface with parametrised boundary, of
type X: k — n and let $ C &, x &, be a subgroup. We let Diff” (S, ®) be
the topological group of orientation-preserving diffeomorphisms ®: S — &
such that there is a permutation (o, T) € $ with

®o@" =@M o(r xidg),
Do @M =@ o (T x idg1),

and we define the extended mapping class group T (S, ®) := m(Diff”(S, ®)).
If the parametrisation is clear from the context, we write I'?(S).

We have a map I'7(S) — §, whose kernel is given by the usual mapping
class group I'(S).

Next, we fix a surface S of type X, a subgroup I1 € I'(S) and oriented
simple closed curves cy, ..., cx C S representing the cut locus of I1. Moreover,
we let WU Y be the associated decomposition of S.

Recall from Construction 6.2.6 that the curves ¢y, ..., ¢, inherit an orienta-
tion from Y, and in this way;, ¢y, ..., ¢y become incoming curves for W and
outgoing curves for Y. In fact, we have Y = 0°'Y = ¢y U---U¢y = oW,
whereas 0°'W = 9S.

For each ¢ € II, we choose a representative ®: & — S which fixes W
pointwise. In particular, ® decomposes into diffeomorphisms ®|y: Y — Y
and @|: W — W that fix the respective boundaries pointwise.

Construction 6.2.10. Let ¢y € I'(Y) be the mapping class represented by
®|y and let Z(ITy, TS+ (Y)) be the centraliser of Iy := {@y; ¢ € I1} inside
I'St(Y). Secondly, we can regard &y as a subgroup of &y x &,, and consider
the extended mapping class group T'Sx(W).

The crucial observation is the fact that, given mapping classes iy € TS+(W)
and ¢y € Z(ITy,I'®(Y)) inducing the same boundary curve permutation in
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Sy, we can build out of it an element in the desired centraliser Z(I1,T'(S)) as
follows: we pick representatives ¥y : W — W and ¥y: Y — Y; then the fact
that ¥y and ¢y project to the same permutation of 77o(3""W) = 75 (9Y) =k,
together with the fact that both ¥y and ¥y preserve the boundary paramet-
risation (up to permutation), implies that ¥y |yy = ¥Yw|zinw, and hence we
can glue the two diffeomorphisms together to a diffeomorphism of S.

It is easy to see [BKR21, Lem. 3.5] that the resulting mapping class com-
mutes with each ¢ € I1. Thus, we have constructed a homomorphism

e: TSH(W) x® Z(T1y, T (Y)) — Z(ILT(S)),

where “x " denotes the fibre product of groups. It turns out [BKR21, § 3.4]
that ¢ is surjective, and the kernel of ¢ has the following description:

Construction 6.2.11. For each 1 < 7 < k, we can consider the Dehn twist
D, about the ;™ curve c; of the cut locus. Then D; is clearly an element
in T'S(W), but it also lies in Z(ITy,['®¥(Y)), since it is central in the non-
extended mapping class group I'(Y), to which each ¢y belongs.

Hence, (D;, D; ') lies in the fibre product I'®(W) x© Z(ITy,I'®(Y)), and
its image &(D,, D;” 1) is trivial, as the two Dehn twists cancel each other out
when they are amalgamated over the cut locus.

In [BKR21, §3.3] we show that these diagonally embedded Dehn twists
generate the kernel of e. As they mutually commute and satisfy no further
relation, they generate a subgroup which is free abelian of rank k.

Corollary 6.2.12. We have an isomorphism of groups

IS (W) xSk Z(TTy, T®x(Y))

Z(ILT(S)) = -

We still need to get a deeper understanding of the centraliser Z (ITy, [®(Y)).
To do so, we start by fixing for each ¢ > 0 and n > 1 a standard surface S,
and, for each conjugacy class of subgroups in I'(S, ), a representative.

Notation 6.2.13. For each path component P C Y, the subgroup I1 restricts
to a subgroup Ilp of I'(P). Two path components P and P’ of Y are called
similar if there is a diffeomorphism Z: P — P’ preserving the boundary
parametrisation (up to permutation), such that [Tp = & - T1p - E~L.
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We write Y = [[; L[]» Y;;, where Yi1,...,Y;s, C Y are the connected com-
ponents of Y, and Y;; is similar to Yy » if and only if i = i’ holds. We also
define Y; := L1, Yi; and abbreviate I1; ; := Iy,

For each 1 < i < 7, there are unique g; > 0 and k; > 1 such that Yj; is of
type X, x,, regardless of j. We fix a diffeomorphism E;;: Y;; — S, x, which
respects the boundary parametrisation. This gives rise to an isomorphism
I(Y;;) = T(Sy,,), under which IT; ; corresponds to IT; ; := E - (IT; ;) :El_f Up
to replacing Z; ; by another diffeomorphism, we can assume that I1;; coin-
cides with the chosen representative inside the conjugacy class. Under this
assumption, we also have 1=Ii/j = I=Ii,]-/ foreachl <i<rand1<jj <sj
and we write II; :==11;;.

Remark 6.2.14. It is not hard to see that the subgroup I1;; is d-irreducible,
essentially because W emerged from a maximal simplex; for details, see
[BKR21, Lem. 3.3]. Secondly, we show in [BKR21, Lem. 3.6] that the centraliser
Z(I1y, TS (Y)) splits as the product of wreath products

7
Z(Hy, TSk (Y)) & HZ(ﬁi, TSk (8g1,k1)> ! 651.,
i=1

as each 1y € I'®(Y) which commutes with ITy has to preserve the subsur-
faces Yi,...,Y;, and each ¢y, € ISk (Y;) which commutes with I1y, can be
written as a permutation of similar components, followed by a tuple of auto-
morphisms ; ;, one for each component Y; j, and ¢;; has to commute with
I1; ;. Finally, we use the diffeomorphisms Z; ; to identify the latter centralisers
with the centralisers of I'; inside I'®% (Sg, 1. ).

We finish this subsection by mentioning a technicality: when forming the
fibre product I'Sx (W) x  Z(I1y, ['®x(Y)), only the subgroup of & containing
permutations which are hit by both factors is relevant. In general, this sub-
group depends on the topological type of W, but if W is connected (which
e.g. is the case if S has only a single outgoing boundary curve) then ['®x(W)
surjects onto &, so we only have to deal with the left side.

Here we see that if we denote by ; C &y, the image of Z(I1;, T (S,,,))
under the projection I'® (S, ) — &, then the image of Z(Ily,I'®(Y))
under TS+ (Y) — & is given by [; $; 1 &,. This yields the following result:
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6.2. Parametrised moduli spaces as free algebras

Corollary 6.2.15. If W is connected, then we have an isomorphism

[TL9iSs (W) xIi9itSs TT, Z(171;) 1 &,
[T; Zki=: ‘

Z(ILT(S)) =

6.2.3. Twisted tori and an operadic description

In this subsection we use the structure result for centralisers of mapping
class groups from the previous subsection in order to describe 91, 1[A] as the
tirst level of a relatively free Jl-algebra. By doing so, we use the model for
moduli spaces of collared Riemann surfaces from Subsection 5.1.2 and we
summarise the results from [BKR21, §6].

Construction 6.2.16. For each n > 1, the Lie group T" x &, is denoted by
T, and called the twisted k-torus; it is the isometry group of [ [, S'.

We can embed T, in the endomorphism space M;(;,) as follows: given an
element (w1, ..., wy, o), we assign to it the conformal class C = [F, ©®] with

F=nx{zeC1<|z] <2},

together with the inherited complex structure, and the two parametrisations
@": n x S — S and @°%: n x S! — S given by

ON(¢,z) == (0(t),z),
O°(¢,z) == (€, we - z).

This assignment in fact embeds T, as a group into the automorphisms of #;
in particular, the identity of n can be described as the image of the unit of T,
along the embedding. If we put T := (T,),>1, considered as an IN-coloured
operad with only unaries, then this gives an inclusion of operads j: T — J,
whose image lies in the connective suboperad /¢, as T contains only unaries,
and all unaries are connective.

Lemma 6.2.17. The group Ty acts freely on the space Ma(ﬁ) by precomposition.

This statement is shown in [BKR21, Lem. 4.14]; however, as we use a slight-
ly refined model for the conformal cobordism PROP, let us repeat the proof.
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1 2 3

Figure 6.3. An instance of the inclusion j: T3 x G5 < Ma(g): the little black
ticks show the points ®°4(¢, 1), while the little red ticks show the
points @"(¢,1), for ¢ € {1,2,3}.

Proof. Let C = [F,®]: k — n be a morphism in My and (wy, ..., wy;0) € Ty
be an element in the twisted k-torus. The morphism C o j(wy, ..., wy;0) is
represented by (F,®’) with ©@°" = @°", while
O"(j,2) = @"(0(4),w; " - 2).

If Coj(ws,..., wg,0) = C, then there is a biholomorphism ¥: § — S such
that ¥ 0 © = @'. The same applies to the unique extension to the standard
half-annuli, i.e. ¥ 0 ® = ©’. In particular, ¥ restricts to the identity of the
image of ®°". Since ¥ is a holomorphic map, it must be the identity on a
closed and open subset of F; and since each connected component of S has
non-empty outgoing boundary, and hence intersects the image of ©°, we
conclude that ¥ must be the identity of F.

It follows that the automorphism of k x S! given by (4,z) — (¢(4), w; - z)
is the identity, and this implies that (ws, ..., wy, o) is the identity of Ty. [

Recall from Remark 6.1.4 that since 9, ,, is a classifying space for I'(Sg ),
we have, for 7 := 111(A), a decomposition

Mg n[A] ~ ]_[ BZ(im(w),T(Sgn))-

[w]€Conj(m—Tg,u)

Construction 6.2.18. For each homomorphism w: m — I'(Sg,,), we denote
by Mg »[w] the corresponding connected component of 91, ,[A].

Now recall that the colour-n part of the connective surface operad Jl°|, acts
on [ [, Mg »[A] by extending the action from Subsection 5.1.2 pointwise. By
restriction, the twisted n-torus T, acts on ]_[g Mo n [A], and it clearly preserves
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6.2. Parametrised moduli spaces as free algebras

Figure 6.4. If we denote by D; the Dehn twist about the curve d; for each i, then
the mapping classes D1D;Dy4 and D1D3D, are both d-irreducible in
I'(S37) and not conjugate to each other, but they are conjugate in
the extended mapping class group I'®2(S;35).

the summands M, ,[A]. Even better, the component 9, ,[w] C M, ,[A] is
invariant under the action of T" C T, but not necessarily under the action
of &,. We denote by &, - M, ,[w] € M, ,[A] the orbit of My ,[w] under the
action of &;, or, equivalently, under the action of T,. Then we have

Gn . mg,n [(U] — U mg’n [C(Jl],
w/

where ' ranges over all conjugates of w in the extended mapping class group
I'S1(S,,). These conjugates still lie in the subgroup I'(S,,,), which is normal.

Now we have everything at hand to define a T-algebra ¢[A] which enjoys
the property that F{* (€[A])1 ~ M, 1[A] holds.

Construction 6.2.19. For each n > 1 and g > 0, we define the space

@g,n [A] = H mg’n [w:l .
[w]€Conj(mr—T(Sg,n))
im(w) o-irreducible

Then the action of T, on 91, ,[A] restricts to an action on those components
with constitute &g ,[A], simply because for every d-irreducible subgroup
IT C T'(Sg,n), all conjugates by elements from the extended mapping class
group are still 0-irreducible.
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We define &, [A] := [ ], €gu[A] and obtain a T-algebra C[A] := (€4[A])n>1.
As the sequence (M, ,[A])n>0 is an M -algebra, the inclusion of T-algebras
C[A] < (M [A])us0 gives rise to a morphism x: Fit' (€[A]) — (M n[A])nz0
of Jll*-algebras by considering the adjoint. Since J°(X) = (), the first level
of « is of the form F;'(¢[A]); — M. 1[A] and a morphism of .t |;-algebras.

Proposition 6.2.20. The first level iy : F{*(€[A])1 — M4 1[A] is an equivalence
of Jl|1-algebras.

This is the content of [BKR21, Thm. 6.5], but we highlight the main steps
of the proof to emphasise the connection to the result from Subsection 6.2.2.

Proof. Since k; is already a map of Jl|1-algebras, it suffices to show that it
is a weak equivalence on the level of spaces. To do so, let us first compare
the path components on both sides. The coend formula for F¥#(€[A]); is an
instance of Example 3.3.26: we have

p (k1,0 k) ENIE
Fi (el = |

M)y, (C [A] X - x € [A])
Given a homomorphism w: 71 — I'(Sg1), we consider its image IT := im(w)
and the decomposition of Sg; into W and Y. We denote by I1; the d-irreduci-
ble subgroup in I'(S, ) induced by IT, and write ); C &, for the image of
Z(I1;, T (S, ,)) under the projection to &y, as before. We have an induced
group homomorphism @;: 7 — T(Sg, x,), and My, i [@;] ~ BZ(IT;, T (S, x,))-

If we denote by Xy : k — 1 the surface type of W, then M(XZy) can be
regarded as a connected component of (' *"+* "), using the notation of
Construction 3.3.10. If we define

Flw] == M(Zw) X11,1718, [Ti(Sk, - My, 1, [@i])*

= M(Zw) XL s (59,2065,) ITi Mgk, [@i]*,
then there is an obvious map F[w] — Fi(¢[A]);, which is an isomorphism
onto its image [BKR21, Lem. 6.6], which in turn is a connected component.
Even more: if we regard Fw] as a subspace of F;%(€[A]);, then we obtain

a decomposition Fyi'(€[A]); = [, [1j.] F[w], where [w] ranges over all con-
jugacy classes of maps 7 — I'(S,,1) with d-irreducible image.
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On the other hand, we already know that 91, 1[A] decomposes into con-
nected components M 1 [w], where [w] ranges over the same index set, and
it is not hard to see that x; decomposes into maps x[w]: Flw] — Mg 1[w].

In [BKR21, Prop. 6.7], we finally show that these constituents «[w] are ho-
motopy equivalences: here we use that the summands 921, ; [w] are classifying
spaces for the centraliser Z(im(w),I'(Sg1)), and invoke Corollary 6.2.15. By
a careful inspection of the associated fibre sequences, we see that forming the
fibre product of extended mapping class groups causes, for the respective
classifying spaces, a balancing relation on the product of classifying spaces
of non-extended mapping class groups, and similarly, quotienting out the
diagonally embedded free abelian group Z**i translates to a balancing of
the induced toric actions on classifying spaces. O

This last result tells us that we have an equivalence among group comple-
tions QBM, 1[A] ~ QBF;(¢[A])1, and the upcoming section shows that the
right side is easier to understand.

6.3. Algebras over coloured operads with homological
stability

In this section, we would like to study the open problem from the last section
more systematically: if © is an N-coloured operad with homological stability
(which is to be made precise soon), I is a topological category together with
amap BOI — 0, and if X = (X;;)en a (B © I)-algebra, what can we say
about the levelwise homotopy type of the relatively free algebra F3,.;(X)? By
answering this question, we extend [Bas+17, § 5], where the monochromatic
and non-relative case was treated, i.e. I = N = *%,50 B0 = A.

Let us briefly summarise the strategy of [Bas+17, §5]: in a first step, the
authors introduce the notion of a (monochromatic) operad with homological
stability. Such an operad © comes in particular with a morphism of operads®
1: D1 — O, satisfying the weak homotopy commutativity condition, which
demands that 1(21(2)) C 0(2) lies in a single path component; hence it
makes sense to consider group completions of ©-algebras.

2 In principle, any A-operad would suffice; we restrict to &, for simplicity.
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In a second step, the authors of [Bas+17] focus on operads with homological
stability © which come with a map 71: 6 — @« of operads under @;. Thus,
we have, for each based space X, two interesting maps of 0-algebras:

1. FS(X) = F5(x) = 6(0) induced by X — x;
2. F§(X) — m*F2~(X), the unit of the base-change adjunction.

Intuitively, the first map forgets the space X, while the second map forgets
the operad O. In [Bas+1y, Thm. 5.4], it is shown that the product map induces
a weak equivalence QBFS(X) — QB6(0) x Q®X®X on group completions.
Finally, an operad with homological stability © admits a replacement by an-
other operad with homological stability 6’ := 6 x @ which additionally has
a comparison map 77: 0" — D, and, under mild extra point-set assumptions
(e.g. O is G-free and X is well-based), the free algebras FS(X) and FJ (X) are
equivalent as A-algebras, and hence have equivalent group completions.

6.3.1. Coloured operads with homological stability

In this subsection, we introduce the notion of an N-coloured operad with
homological stability for each colour set N. Here we heavily use the operadic
framework established in Chapter 3.

Recall from Example 3.1.4 the monochromatic operad % of based spaces,
and recall from Example 3.3.25 that for each colour set N, the Boardman—-Vogt
tensor product B © N models N-indexed families of based spaces.

Definition 6.3.1. A based N-coloured operad is an operad map B © N — 0.
This is the same as an N-coloured operad © with a choice of nullary operation
v, € 6(,,) for each colour n € N. A morphism of based operads is an operad
morphism p: 6 — P with p(v9) = p(v7).

The operations v, of a based operad can be used to block inputs by pre-
composition with them: more precisely, for each input profile K = (ky, ..., k)
and 1 < i < r, we have a face map d;: @(I}f) — @(d;'f() by dip == po;vr,. In
this way, the functors O(): (N X)°" — Top, which are part of the operadic
structure, can be extended to O(,,): (N ¢Inj)°® — Top as in Example 3.3.25.
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6.3. Algebras over coloured operads with homological stability

Moreover we have the capping morphism which places the preferred nullary
at each input, and hence produces an element in the initial algebra,

B: (A = 0(,), e u(vg, ..., o).

Example 6.3.2. 1. The little d-discs operad 9%, has precisely one nullary
operation and hence is canonically based. The same applies to &; © N
for each colour set N.

2. For each small and topologically enriched category I, the tensor product
B © I differs from I by the single nullary operation v, € (BOI)(,)
for each colour 7, and (% ® I)-algebras are the same as topologically
enriched functors I — Top. to the category of based spaces.

Definition 6.3.3. An operad under @; is an N-coloured operad O, together
with an operad morphism 1: @ ©® N — 0 satisfying the weak homotopy
commutativity condition levelwise, meaning that 1((2; ® N)("")) € 6("")
is contained in a single path component.

If 6 is an operad under &, then O is canonically based by v, :=1(b © n),
where v € 9;(0) is the unique nullary. Secondly, each 0-algebra (X, )ucn is
levelwise an H-commutative &1-algebra, so for each n € N, the set (X}, is
an abelian monoid, whose (unique) binary operation we denote by ‘v’. There
is a bar construction of X, and by the group completion theorem [MS76], we
have an isomorphism He(QBX,,) & He(X,)[70(X,) 1.

A morphism p: © — 6’ of operads 1: 1 ©N — O and /: 1 © N — ¢
under & is a morphism of operads such that po1 = 1’ holds. In that case, for
each O'-algebra X, the levelwise group completions of the ©’-algebra X and of
the 0-algebra p*X coincide, as they only depend on the (2; ® N)-structure.

Notation 6.3.4. Let 1: @1 © N — O be an operad under &;. Then we fix a bin-
ary operation p € @;(2) and abbreviate y vy’ :==1(p©n)o (u,u') € @(K'nK,)
for operations u € @(I}f) and y' € @(Ifl/). If (X,)nen is an O-algebra and if
x,x' € X,, then we also write x vy X' == 1(p ©® n)(x, x’).

The notation "y’ is pictorially inspired by the following example.

Example 6.3.5. The map @, < Jl|; from Construction 5.1.18 gives rise to
t: D1 O N — Dy ©N — N(D,) — M, turning M into an operad under 9.
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@@ o\ LD

1

Figure 6.5. The three generators e}, €3 and e}? of 7o (JML(,)).

The capping maps : (%) — .t(,) are induced by—literally—capping
each incoming boundary curve with a disc. The abelian monoid 77 (JL(,,))
contains all surface types X: 0 — n, and the addition is defined by gluing n
pairs of pants; the neutral element is given by an ordered collection of n discs.
Thus, 7o (0L(,,)) is finitely generated as an abelian monoid: for instance, it
is generated by the following elements e/, and e’*’, see Figure 6.5:

1. For1 < ¢ < n, we let ez be the isomorphism type of surfaces with n
path components, such that the component carrying the ¢! boundary
curve has genus 1, whereas all others components are discs.

2. Foreach1 < ¢ < ¢ < n, we let eﬁ'f/ be the isomorphism type of
surfaces with n — 1 path components, all of genus o, such that one
component is a cylinder carrying the ¢ and the ¢/ boundary curve.

Construction 6.3.6 (Stable operation space). We call an operad © under <,
admissibly graded if each of the abelian monoids 71(0(,,)) is finitely generated
and, for each input profile K, the degree map

205 £ 0(,) = m(0(,), e u] = [B(w)]

that assigns to each operation y the path component of its capped version
B(nu) is surjective. In this case we write, for each ¢ € 719(0(,)),

o) = {neo();ln=6} #2.

3 In the monochromatic setting, the degree map is automatically surjective: by the weak
homotopy commutativity condition, we obtain an operad map Gom — 7 (0) and if we
write @om(r) = {p,}, then B(p,1016) =p;06="108 =6 for each § € 71y(6(0)). For the
coloured case, though, it seems necessary to additionally assume this property.
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Note that 0(X)? is a union of connected components of 6(X). Now we choose,
for each n € N, a finite generating set E,, C 710(O(,,)) and let e, € 719(O(,,)) be
the sum of all elements from E,,. If we fix a nullary operation &, € O(,) with
|| = ey, called propagator, then we obtain, for each component § € 7p(6(,,))
and each input profile K, a stabilisation map

stab: @(5)‘5 — 6(5)‘”3”, [T TR
From this, we can form, for each K and n, the stable operation space

0(X)* == hocolim ( 0(£)° 5 () Sy o()2n S, .. ),
Definition 6.3.7. Let © be an operad under @; which is admissibly graded. By
the associativity of the operadic composition, capping inputs and stabilisation
commute, i.e. for each ¢ the square

@(K)é stab @(K)éwn

n n

| L

@(n)é W @(n)éwzn_

commutes. We therefore obtain a stable capping map gK: 6(X)® — 0(,)>
for each input profile K, which depends, up to homotopy, only on the com-
ponent from which the propagator is chosen, i.e. on the generating set E,,.

We call 6 an operad with homological stability if there is a choice of generating
sets such that all stable capping maps X induce isomorphisms in integral
homology.

Example 6.3.8. The coloured surface operad Jl is admissibly graded, and we
may use the generating sets from Example 6.3.5.

It is even an operad with homological stability: here we use that mul-
tiplying with a propagator automatically yields a connected cobordism and
increases the genus by at least one, see Figure 6.6, so the stable capping map
is given, on each component, by the capping map Me, 1k, +-.+k, — Moo
between stable moduli spaces of Riemann surfaces: this map is a homology
equivalence by Harer’s stability theorem [Har84].
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1 2

Figure 6.6. A single stabilisation step on /#L(léz). Note that [&3| = e} v €3 v e}? is

the isomorphism class of surfaces of type X .

6.3.2. Derived base-change and a splitting result

Recall that we want to establish an analogue of [Bas+17, Thm. 5.4] for the
coloured and relative case, i.e. we want to consider relatively free algebras,
relative to a map % — O of based operads, where we will soon restrict to the
case P = B O I for an enriched category I.

The most convenient setting for such a discussion does not use the strict
functor FS, but a homotopically better behaved one, which we denote by
FS. This simplifies many point-set issues, and, with regard to our original
problem, it will turn out to be equivalent to the space we want to understand.

The functor [, can be constructed by considering the model structure on
the categories of ©- and P-algebras as in [BMo7y], but we decided to give
an explicit description in the fashion of [Bas+17]. Here we assume that the
reader is familiar with monads and their two-sided bar constructions, as it
was discussed in [May72].

Construction 6.3.9. Let % — 0 be a map of based N-coloured operads. Then
we obtain monads O = U, yFSon and P := U,y Fopon on TopY, and O
is a left P-functor by the transformation OIP = O? = O. For each %-algebra
X, we consider the two-sided bar construction B.(O, P, X), with p-simplices
B,,((D, P, X) := OPP? L@@NX, which is an N-coloured simplicial space, and
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define the derived free algebra F$(X) := |B+(O, P, X)| to be its levelwise* geo-
metric realisation. Then S (X) is itself an G-algebra with multiplication

O|B.(0O,PP,X)| = |B.(0% P,X)| — |B.(O, P, X)|,

where the first identification is due to [May72, Lem. 9.7] and the last map
is given by |B.(x,IP, X)| for the operadic composition x: O? = O. Secondly,
we have a map F5(X) — F5(X) of 6G-algebras, by noticing that F5(X) is the
reflexive coequaliser® of B1(O, P, X) =% By(O, P, X), see Construction 3.1.15.

Before stating our main theorem, let us fix, once and for all, the point-set
requirements we want to assume:

Setting 6.3.10. Throughout this section, we consider the following:

1. Let © be an N-coloured S-free operad (Remark 3.3.11) with homological
stability, such that the inclusions {1, } < O(}) are cofibrations.

2. Let I be a topologically enriched category with object set N, such that
the inclusions {1,} < I(}) are cofibrations. We assume that there is a
map B © I — O of based N-coloured operads.

3. Let X = (X,;)nen be an (B © I)-algebra, or, in other words, an enriched
functor X,: I — Top., and we assume that each X,, is well-based.

Moreover, we assume that all involved spaces are Hausdorff.

Of course, the example we have in mind is O being the surface operad J,
I being the family T of twisted tori, and X being the family ¢[A], with a
levelwise extra basepoint. We want to show the following statement:

Theorem 6.3.11 (Splitting theorem). In the above Setting 6.3.10, we have, for
each n € N, a weak equivalence of loop spaces

QBFG, (X)), ~ QBO(,) x Q* X hocolimy(X,).

4 For us, levelwise always refers to the N-grading, not to the spaces of simplices.

5 To be pendantic, we saw in Construction 3.1.15 only that X is the reflexive coequaliser of
FPUPFPU?X = FPU? X, but the same holds relative to B ® N, and in fact for each mon-
adic adjunction [GKR18, § 3.2]; here we consider the monadic adjunction F5. x - U -

255



Chapter 6. Parametrised moduli spaces of surfaces as infinite loop spaces

The proof of Theorem 6.3.11 will occupy the rest of this section. Let us
start by establishing a map which compares the two sides.

To do so, we start by constructing an N-coloured version of the E.-operad
P, and show that we can, without loss of generality, assume that there is a
comparison map from O to it.

Construction 6.3.12. For each colour set N, recall from Example 3.4.3 the
chaotic category EN with object set N and morphism spaces (EN )(fl) = x for
all k,n € N. Then we consider the N-coloured operad @ ® EN.

Lemma 6.3.13. For the proof of Theorem 6.3.11, we can without loss of generality
assume a map 10: O — Do © EN such that the diagram

BON — BOI

| |

D1 ON —— 0O

\\i
Do © EN

commutes, where all arrows apart from 7t are either given or induced by the canonical
maps B — D1 — Do and N — I — EN.

Proof. The commutativity of the square is part of the general setting: recall
that we assumed that 8 © I — 0 is a map of based operads, and 0 is cano-
nically based as an operad under <.

To establish the map 77, we replace © by a slightly larger operad: if we
consider the product operad 0’ := 0 x (@« ® EN), together with:

e the diagonal inclusion %1 ® N — ¢/,
e the diagonal inclusion 801 — ¢/,

e the second projection 77: 0’ — D, ® EN,
then the above diagram clearly commutes with © replaced by ©’. Moreover,
note that each operation space of @« @ EN is contractible: hence 0’ is again

admissibly graded with 719(0'(,))) = mo(0(,,)) and O’ is again an operad with
homological stability, satisfying 6'(,) = 0(,)).
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6.3. Algebras over coloured operads with homological stability

Finally, the first projection 6’ — © induces a map of monads O’ = O and
hence a map F§.;(X) — USFS.1(X) of ©'-algebras, which is in particular a
morphism of A-algebras. If we denote the monad for 9% © I by I, then, for
each p > 0, the map B, (0,1, X) — B,(O, I, X) is an equivalence, since O is
G-free, each X, is well-based, and every space is Hausdorff. Secondly, both
simplicial spaces are proper in the sense of [May72, § 11], using that the in-
clusions of the identities are cofibrations. By [May74, Thm. A.4], the induced
map F9.1(X) — ES.1(X) among geometric realisations is an equivalence as
well, so their levelwise group completions are equivalent as loop spaces. [I

Using the lemma, we obtain, as in the monochromatic case, two maps:

1. the map X — * to * = (x),en induces a map F5.(X) — FG.1(*) of
O-algebras, which is in particular a map of A-algebras.

2. the morphism 6 — @« ® EN induces a map £5.(X) — FZ53EV(X)
of A-algebras.

The two targets can be identified with the following spaces:

Lemma 6.3.14. For each n € N, we have equivalences of A-algebras

FQ%@I(*)” = 6(71)/
Fog9 N (X)), =~ F~ (hocolimy(Xa)).

Proof. For the first equivalence, we note that, since (8 © I)(,) = *, we have
FE2X (*%)n = * for each n € N. Now consider the natural map

Faer(*) = Faon(FEon (%)) = Faor(FEEN(+)) = Faon(x) = (0(,)) en-

This map arises from the augmentation B, := Bo(O, I, I(*)) — B_1 := O(x),
which has an extra degeneracy s_1: B, — By 1 induced by the unit of I, and
hence is an equivalence by [Rie14, Cor. 4.5.2].

For the second equivalence, we start with the general observation that,
for a sequence @ — % — O of N-coloured operads, we have a levelwise
equivalence of G-algebras among the derived algebras F§ (X) ~ FS(FZ (X)):
by construction, the left side is the geometric realisation of the bisimplicial
space with B, ; := OPPT1QX. If we first realise each B, ., then we obtain a
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simplicial space B, with B, := |B.(OP”*!,Q, X)|. Again, we have an augmen-
tation map Be — B_1 := |B.(O,Q, X)|, that admits an extra degeneracy by
the unit of IP, whence the induced map |Bae| =~ |Bs| — B_1 is an equivalence,
as desired. In our case, we get for each n € N an equivalence of 9..-algebras

Fogat™ (X)n = FAgCN (Fger™ (X))
~ F2=(hocolimy(X,)),

where for the last equivalence, we use that FE2FN (X) is, when regarded as

a functor EN — Top., the constant diagram with value hocolim;(X,), and
applying FZ52EN is the same as postcomposing with F&= objectwise, using
that the natural map FZ~(X) — F2~(X) is an equivalence for each based

space X, as the underlying simplicial space is constant. O
Putting everything together, we get, for each n € N, a map of A-algebras
FSo1(X)n — 0(,) x F=(hocolim;(X.)),

which, after group completion, gives us the map from Theorem 6.3.11. In the
next subsection, we will show that it is an equivalence.

6.3.3. Proof of the splitting theorem

For the proof of Theorem 6.3.11, let us first consider the strict and absolute
case: we denote the monads associated with 6 and %, ® EN by O and D,
respectively, and we also write O(X), and ID(X), for the n" levels.

Since permuting and capping inputs preserve the degree of the operations,
we obtain, for each colour n € N and each degree 6 € 7p(0(,,)), a functor
6()°: (N Inj)°P — Top. This gives rise to a decomposition

n

J'KGNZInj

O(X), =]JO(X); with O(X):= 0(%)° x xX.
)

We denote by %, := [¢,; ()] € O(X);" the image of the propagator and define,
in analogy with Construction 6.3.6,

O(X)y = hocohm(O(X)g S, (X))l P, o(x) X T, )
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6.3. Algebras over coloured operads with homological stability

Again, we have two relevant maps:

1. The map f: O(X) — O(x) decomposes into maps f2: O(X)) — O(*)$,
which are compatible with stabilisations. Therefore we obtain a map
between the mapping telescopes f;°: O(X)y — O(x*)5.

2. Similarly, the map of 6-algebras 1: O(X) — ID(X) restricts to maps of
spaces 75: O(X) — ID(X),,, and the triangle

—Y Xy (X)ian

O
X)n

O(

X);
I

ID(

is H-commutative, whence we obtain a map from the mapping telescope
M+ OX)7 = D(X)-

Lemma 6.3.15. For each colour n € N, the product map
(') O(X)y" = O(x)y" X D(X)n
is a homology equivalence.

Let us first prove Theorem 6.3.11 using Lemma 6.3.15:

Proof of Theorem 6.3.11. Let us abbreviate O := F§.; and D := FZ52FN. Then
we have to show that the map (f,7): O(X) — O(x) x D(X) from the previ-
ous section is levelwise an equivalence.

To this aim, we study the stabilisations for O: as before, restricting the
operation spaces of O gives rise to a grading of each level B,(O, I, X),; we
denote the components by B.(O,T, X) and their realisations by O(X)?.
Adding the propagator gives rise to maps Bo (O, 1, X)3 — B.(O,1, X),"" of
simplicial spaces, and, thus, also to maps O(X)J — O(X)}"*". We denote the
colimits by B, (O, 1, X)% and O(X)%; then clearly O(X)3 ~ |B.(O, T, X)3|.

Again, we obtain a product map (f,77): O(X)F — O(x)F x D(X),,
and we claim that it is a homology equivalence: since we have already seen
that the simplicial spaces are proper, we can invoke the spectral sequence for
the geometric realisation from [Seg74, Prop. a1], whence it is enough to see
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that for each dimension p > 0 and each colour n € N, the map of p-simplices
B,(O,I, X))y — By(O,1, %)Y x B,(ID,I, X), is a homology equivalence. As
we have B, (O, 1T, x);7 = O(x)5’, the map in question is exactly the map from
Lemma 6.3.15 for the sequence I X. This shows the subclaim.

The rest of the proof is a combinatorially enhanced variation of the first part
of the proof of [Bas+17, Thm. 5.4] which uses the classical group completion
theorem: let us denote by e, € (O (*), x D(X),) the component of the o-
simplex (&, [v; @]), i.e. the propagator and the unit, and by x, € 719(O(X),,)
the component of the o-simplex &,. By a classical telescope argument, the
subclaim implies that the map

Ho(fu, 1n): Ho(O(X)n) %, '] = Ha(O()n x ID(X))[e;, ']

induced by the map of Pontrjagin rings is an isomorphism.

Next, recall that all our capping morphisms BX: @(5) — 1p(6(,)) are
assumed to be surjective. Then (fy, 17x)+: 70 (O(X)y) — 0(O(x), x D(X),)
is surjective as well, so under the above map, the multiplicative submon-
oid 71p(O(X),) is sent surjectively onto the submonoid 7ro(O(*), x D(X),).
Therefore, we can localise further, with respect to the multiplicative submon-
oids of all path components on both sides, still obtaining an isomorphism.

We get a diagram

Ho(O(X)) [ 1] —— 0 (O(4) x D(X)) ey ]

! |

L)y Hy(© ()0 x D(X)) 5]

Ho(QBO(X),) — = QPUwi)  p (QBO(), x QBD(X)y),

o

~

o

where the vertical isomorphisms between the second and the third row follow
from the group completion theorem [MSy6, Prop. 1] for @;-algebras. This
shows that QB(f,;, 7,,) is a homology equivalence of loop spaces and, thus, a
weak equivalence. O

The pending proof of Lemma 6.3.15 requires some further preparation.
Recall that, for each tuple K, we denote by N[K] C N Inj the full subgroup-
oid spanned by objects of the form 7*K. For an input profile K and an output
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6.3. Algebras over coloured operads with homological stability

n € N, recall the stable operation spaces @(5)"". Since input permutation and
precomposition commute with stabilisation, these spaces assemble, for each
n and each K, into a functor 6(,)*: N[K]°? — Top.

Now let Q: N[K] — Top be any functor. Again, we have two maps: firstly,
for each tuple L = 7*K and each n € N, we have the stable capping map
6(1)> x Q(L) — 6(,)®, which in addition discards the factor Q(L). These
maps define a natural transformation of functors N[K]°P x N[K] — Top,
from O(,)® x Q(—) to the constant functor with value 6(,)*, so we get

LeN[K]
a0 J 6(1 x QL) — 6(,)>.

Secondly, the morphism 7: 6 — @« © EN gives, for each n € N, rise to a
natural transformation 0 () = (@« ® EN)(},) of functors N[K]°? — Top,
so we obtain a morphism, where L ranges in N[K],

L

L
Ay J 0(1) x Q(L) —>J (Do ®EN)(5) x Q(L) = Doo(r) xe, [] Q(L).
L

=1*K
The following lemma is a coloured version of [Bas+17, Lem. 5.2].

Lemma 6.3.16. The product map ag = (x1,a2) is a homology equivalence:

LeNI[K]
wor [ 007 x Q) 0(,)" x D) xe, 1] QUL

LeN[K]
Proof. Since P« (r) is contractible, the sequence

6(h)® —— 6(5)™ x Q(L) = B(r) x Q(L)

n

induces a split long exact sequence of homotopy groups for each L = 7K
and each choice of basepoint. If we take for the total space and the base space
the disjoint union over all such L, the common fibre for each component
is 6(2)"" = @(5)‘”. If we moreover quotient by the free and compatible &,-
actions on total space and base space, we finally obtain a long exact sequence
of homotopy groups which is assigned to

L
6(%)= - J 6(1)™ x Q(L) = Duo(r) xs, [] QUL).

L=1*K
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Now the product map ag is the composition of the two middle vertical maps
in the following (3x3)-diagram, where we abbreviate & := &,,

0(5)® ———— JPo(H)® x Q(L) ————— Deo(r) xe, 11 Q(L)

*(id,m) xid

0(5) = [M(0(5)® x (Do @ EN)(5)) x Q(L) — Deo(r) xs, 11, Q(L)

ﬁgl H(BE xid) xid
0(,)* — 0(,)° X Deo(r) X, 111 QL) —— Deo(r) xs, [Tr Q(L).

Here the top left square commutes up to homotopy, and all other squares
commute strictly. We have already seen that the top row induces a long exact
sequence on homotopy groups, and the second row is clearly a fibration. By
the five lemma, the first middle vertical map is a weak equivalence. Similarly,
we know that both, the second and the third row, are fibrations, so we obtain
a morphism between the associated Serre spectral sequences in homology.
Since 6 is an operad with homological stability, the map BX between the
fibres is a homology equivalence, so by a standard argument [Weigy, 5.2.12],
also the second middle vertical map is a homology equivalence. O

Now we have everything together to prove Lemma 6.3.15.

Proof of Lemma 6.3.15. Recall that, after identifying the stable spaces O(x)5,
and O(,)*®, our aim is to show that the map

q:=(fa' 1) OX)y” = 0(,)% x D(X)
induces isomorphisms on homology. If we denote by (N ?Inj)<, the full
subcategory of N ! Inj whose objects are tuples of length at most r, then the
two sides of g are exhaustively filtered by F_; := F’; := % and

®<K)oo % XK,

n

KE(N?Inj)gy
F = J

F:=0(,)% x

KG(N?Inj)gr % K
J (Do ® EN) () x XK,
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6.3. Algebras over coloured operads with homological stability

and the map g is filtration-preserving. Now let us fix a system S, C N of
representatives for unordered tuples and set Q(K) := X, A --- A Xi,. Then
the filtration quotients are of the form

LEN[K]
RiEa= V| edraew),

KeS,
F//F 12\ 6(,)7NDw(r)+hs, \/ Q(L),
KeS, L=t*K

and the map ¢,: F,/F,_1 — F//F/_, between the filtration quotients splits as
a bouquet g, = Vs, gx. We show that each gk is a homology equivalence; it
then follows that also the map g, between the filtration quotients is a homo-
logy equivalence, so by applying the comparison argument [Weig4, 5.2.12]
to the morphism of spectral sequences assigned to the filtration-preserving
map g, we get that g itself is a homology equivalence.

In order to see that each gk is indeed a homology equivalence, we use that
X is well-based and obtain that the induced maps

LeNIK] LeNIK]
[ el [ e x o)

and Deo(r) xe, [K] = Deo(r) xe, [[ Q(L)
L=1*K

are cofibrations, where we write [K] := {T*K; T € &,}. If we write ag for the
product map from Lemma 6.3.16 and «( for the analogous one for * = (*),en,
then we obtain a morphism of cofibre sequences (written vertically)

J‘LEN[K} @(ﬁ)oo * G(n)oo X 92300(7') X, [K]

| |

JENK (L x QL) —2 6(,)° X Deo(r) X, 11, Q(L)

l |

J‘LEN[K] @(bio A Q(L) L @(ﬂ)i_o A 9500(7’)+ Ne, VLQ(L)r

where L ranges in N[K]. By Lemma 6.3.16, &y and &g induce isomorphisms in
homology, so by the five lemma applied to the long exact sequence associated
to the cofibre sequence, we obtain that also gk is a homology equivalence. [J
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6.4. The main result and two outlooks

Combining the ingredients of the previous two sections, we have everything
together to prove the already announced main theorem of the chapter:

Theorem 6.4.1. For each path connected space A, there is a weak equivalence of
loop spaces

QBM,1[A] ~ Q®MTSO(2) x QCEL [ [ [ €enlA] / (T" x &,).
n=1g>0

Proof. The point-set requirements of Setting 6.3.10 are clearly satisfied in
the case 6 = M, I = T, and X = €[A]+ = (€,[A]+)u=0, where for each
colour n > 1, a disjoint basepoint is added, on which the twisted torus acts
trivially. Note that the map 8 ©® T — Jl combines the map B © N — L from
Example 6.3.5 with the map T — Jl from Definition 6.2.16: these obviously
interchange. Secondly, note that F\. . (€[A] ) = F'(¢[A]).

If we apply Theorem 6.3.11, then we obtain, for each n > 1,

QBFY 1 (€[A]4)n =~ QBUL(,) x Q*Z hocolimt (€. [A]4).

Consider the left side first: we claim that ¢: FA' (€[A]1) = F& 1 (€[A]4),
the map of Jl-algebras from the derived relatively free algebra to the actual
one, is an equivalence: here we use that the basepoints are isolated, whence
the map splits into [ [xcg ¢k for a system S C ], IN” of representatives of
tuples with respect to coordinate permutation. If we denote again by r(k) > 0
the number of occurrences of k in the sequence K, then the compact Lie group
G =l Tk 1S, actson Y := ./M(I;) x [T; € [A], and ¢ is exactly the map
that compares the homotopy quotient of this action with the actual quotient.
However, Y is a Hausdorff space and G acts freely on Y, since J/l is &-free and
Ty acts freely on Jl by precomposition, see Lemma 6.2.17. In this situation,
[K6r18, Thm. A.7] tells us that the map comparing the homotopy quotient
with the actual quotient is an equivalence. In particular, for n = 1, the left
side is equivalent, as a loop space, to QOBM, 1[A] by Proposition 6.2.20.
Let us now look at the right side: here we see that

hOCOlll’nT @. \/ Ck + J Ty = { }|_| H@k //Tk,
k>1 k>1
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where // denotes the homotopy quotient. If we focus again on the case n =1,
then we saw in Example 5.1.14 that the first level of the initial J(-algebra,
JM(;), coincides with the old Jt|;-algebra ] |, M, 1, whose group completion
is accessible by the Madsen-Weiss theorem. Hence, we can replace the factor
QB (;) by Q*MTSO(2). This proves the claim. O

Note that both sides of the equivalence depend only on the fundamental
group 7 := 711(A). I would like to emphasise two special cases:

~

1. If m = Z, then conjugacy classes of maps m — Iy, are just con-
jugacy classes of mapping classes, and our irreducibility criterion for
subgroups translates to an irreducibility criterion for single mapping
classes ¢ by considering the subgroup (¢) spanned by ¢.

2. If 7 is a torsion group, then there are no non-trivial homomorphisms
7 — D¢, since I' , is torsion free. As the trivial subgroup will turn
out to be non-irreducible, we obtain QBM, 1[A] ~ Q®MTSO(2).

Let us close this chapter by showing two directions into which one might
wish to go from here:

Outlook 6.4.2. We can consider parametrised versions of further well-known
E;-algebras. In [BKR21, Apx. B], we studied the following two cases, which
are much easier and do not need the coloured operadic setting.

On the one hand, the Ej-algebra [, BBr,[A] of parametrised braid spaces:
again, we can introduce an irreducibility criterion for subgroups I1 C Br,,
where I1 is irreducible if it is not conjugate to the block sum of subgroups
of smaller braid groups. If we put €¥7[A] := ], . BZ(im(w), Br;), where
[w] ranges again over all conjugacy classes of maps 7w — Br, with irreducible
image, then one can show that [ [, BBr,[A] is equivalent to the free E;-algebra
over €PT[A]; thus, we obtain

QB] [ BBr,[A] ~ Q*%2 ¢P'[A].

r=0

On the other hand, consider the E-algebra [ [, BS,[A]: again, we have an
irreducibility criterion for subgroups Il C &,, where I1 is irreducible if it
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is not conjugate to the block sum of subgroups inside smaller symmetric
groups, i.e. if IT is transitive. If we define €°[A] :=I[, [}, BZ(im(w), &,),
where [w] ranges again over all conjugacy classes of maps m — &, with
irreducible image, then one can show that [ [, B&,[A] is equivalent to the free
E-algebra over €°[A]; hence we obtain

QB] [ B&,[A] ~ Q¥ET€C[A].

r=0

In the special case m = Z, we consider cyclic and transitive subgroups of
S;; these are spanned by a long cycle. Up to conjugation, there is one such
subgroup for each r > 0, and its centraliser is the subgroup itself, and hence
isomorphic to Z,. In this way, we recover the result of [Rei1g, Cor. 4.32]: for
m1(A) = Z, we have QOB]], B&,[A] ~ Q®X ], BZ,.

As in the case of the Mumford conjecture, one might try to understand the
homology of the stable parametrised spaces BI'«,1[A], BBreo[A], or BS[A]
in terms of the homology of A.

One further aim is to understand the group completion of the E-algebra
L1, BGL,(R)[A] for a ring R; this can be seen as the parametrised algebraic
K-theory of R over A. Once again, the infinite loop space OB, BGL,(R)[A]
contains the classical algebraic K-theory QB]], BGL,(R) as a direct factor,
and it would be interesting to understand the remainder.

Outlook 6.4.3. In [Gal+09], the authors introduced a topological category
Cob,; of (oriented) cobordisms and identified its homotopy type BCob, with
Q®~!MTSO(d). For d = 2, this result can be related to the Madsen—Weiss
theorem, by showing that the inclusion of the positive boundary subcategory
Cob, 5 — Cob> induces an equivalence on classifying spaces and by identi-
fying the map [ [, Mg, = Cob,5(&) — QBCob; as a group completion.

Similarly, we can consider a category Cob;[A]| of parametrised cobordisms,
formally defined as the topological category of maps from A to Coby. This is
a special case of the construction from [RS17], where additionally, tangential
structures are allowed to vary over A. Our result can be seen as a first step
towards understanding BCob;[A].
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A. Artin’s braid groups

The theory of braids goes back to the works of Artin from 1925 [Art25]. In
our topological setting, the most concise definitions of the pure braid group on
r strands, called PBr,, and the braid group on r strands, called Br,, are given by

PBr, := 1 (C,(R?)),
Br, := m (C,(R?)),

where we choose as basepoints the standard configurations ((1,0),...,(r,0))
and {(1,0),...,(r,0)}, respectively. Since C,(IR?) arises from C,(R?) by quo-
tienting out the free &,-action on C,(IR?), these groups assemble into a short
exact sequence

1— PBr, - Br, - &, — 1.

Elements in Br, are called braids, and a braid is called pure if it belongs to
PBr;, i.e. if it projects to the trivial permutation of points. We can visualise
braids by drawing the union of the trajectories of the r points, as a subset of
R? x [0;1] for some representing path 7y: [0;1] — C,(IR?), see Figure A.1.

1 3

] \/
2%

—

Figure A.1. Two braids on three strands. The left one is pure, but the right one
is not; its corresponding permutation interchanges 1 and 3.

2 3 1

267



Appendices

Thinking of braids as being built out of strands of hair, we prefer to read
them from top to bottom, i.e. the time coordinate increases when we move
downwards. Consequently, we form the product [y] - [Y/] of two braids by
placing the braid [y] below the braid [v/].

Let us now restrict ourselves to the pure braid group PBr,. As in Section
1.5, we want to consider, for each 1 < u < v < r, a specific ‘elementary’ pure
braid «,,, which is depicted in Figure A.2.

1 u v r

Figure A.2. The generator «, , inside PBr,.

As done in [Lamoo, p. 276], one can give a full presentation of PBr, which
uses the collection of these braids a,,, for 1 < u < v < r as generating set,
and a sufficient set of relations is given by the following equalities, where “x’
abbreviates first factor of the corresponding term: y=1-h-(x) =y~ '-h-y.
The relations identify the conjugate a,/ , - &,, ,, - ;7% with

ifo<uoru<u <v <v,

&y
agt (%) ifu <v=u<o,
Ry " yp) Lot (%) fu<v=u <7,
(g draglooy ooy ) oy, (%) ifu<iu <v<v.

Lambropoulou uses a ‘mirrored” generating set a,,, = ay_,,—», and she com-
poses braids from bottom to top; hence her formulee look slightly different.

B. Discrete Morse theory

In this Appendix, we repeat the basic notions of discrete Morse theory in the
sense of [Forg8], a technique which is very useful for homological calculations.
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B. Discrete Morse theory

As we use the theory basically only in Chapter 4, we will be very short; in
particular, we will forgo a survey on the geometric background, and refer to
[Hef312] for a comprehensive treatment.

Remark B.1. Let R be a commutative ring. A finite and non-negative R-chain
complex (C,, ), together with a choice of bases for each Cj, is the same as
a sequence Q) = (0, 2y, ... ) of sets such that [ [, (3, is finite, together with
a labelling e: O, x Q1 — R, (71, 1") — €, v for each h > 1, such that for
each 7w € O, and 7" € ();,_,, we have

E €nn € = 0.

ey, 1

We call such a collection ((,¢) a based complex, and we recover the chain
complex (C,,9) = R(Q, ¢) by linearising C;, :== R(Q,) and 9t = Y/ €, v - 7.
Moreover, we call the elements 7t € (), the h-cells of (), ¢) and €, » € R the
incidence number of 7t and 7.

Definition B.2. A (finite) directed graph is a tuple T = (Q), A,d) where Q and
A are finite sets and d: A — Q x Q) is injective. If 2 € A with d(a) = (7, '),
then we interpret a as an arrow from 7 to 7/, write a: © — 7.

For r, 7’ € Q, a path from 7 to 77/, write y: 7T ~» 77, is a finite sequence
of arrows 7w = 119 — - -+ — 1y = 77, and we call ¢ the length of . A cycle is a
path : 7T ~~ 7T of positive length.

An R-valued labelling of T' is a map A: A — R, and we call the pair (I',A) a
labelled directed graph. For each a: m — 7/, we write A v := A(a), which is
well-defined as d was assumed to be injective. If y: 7w ~~ 77’ is a path, given
by t=my — -+ — m =77, thenwelet A(y) == Any,my - Amy_y,m € R

Construction B.3. Each based complex (), ¢) has an underlying labelled
directed graph (I', A) with vertex set Q) :=[[;, (), and arrows © — 7’ with
label A, v == &, » whenever 7T € (), and 77’ € ), with e, # 0.

Definition B.4. Let (), ¢) be a based complex. Then a matching A on (Q,¢)
is given by declaring, for each 1 > 0:

1. a decomposition (O, = Qs U Qred U !l and

2. a bijection (—)*: Qed = Ol (=),
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such that for each 1 € Qred the incidence number ¢, » € R is invertible.

We call a cell © essentzal redundant, or collapsible if it lies inside (°%, Qred
or O, respectively. Let T be the underlying directed graph of (0, ¢) and let
I'A be the directed graph arising from T by inverting all arrows of the form
7t — 71. We call the matching A a discrete Morse flow if T has no cycles.

Notation B.5. Inside I'*, we denote an inverted arrow by ‘¥, as it raises the
degree, while we denote a usual arrow by "N/, as it lowers the degree.

Construction B.6. Let ((), ¢) be a based complex and A be a discrete Morse
flow on (Q,¢).

* On the modified directed graph T'* as above, we define a labelling A"

A 1 ; /
where we put A7, = —A_, for all inverted arrows 7’ 7 7.

» We define the derived based complex (Q), &)™ with vertices only the essen-
tial cells, and for 7 € Q% and ;' € Q5%,, we let

Yo A7)

i
where 7y ranges over all paths from 7 to 7’ inside T'*.

One readily checks that we have again } el et fy\’,n” = 0 forall 7 € (37* and
n" € OF%*,, whence (Q ¢)" is indeed again a based complex. Moreover, we
have chain maps ¢**: R(Q),¢) S R(Q,¢)” 19" by

ZAA -y and 9 ZAA

LTl DT

where the first sum ranges over all paths inside I'* from 7 to a critical cell 7
of the same dimension, and the second sum ranges over all paths inside rA
from 7 to a cell 7r of the same dimension. Note the following:

* if 77 is essential, then ¢ (17) = 7; if 7t is collapsible, then ¢”(7r) = 0.
o ¢’ (n) differs from 5 only by collapsible cells.

The main result of [Forg8, Thm. 7.3] is the following statement.
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Theorem B.7. The chain maps ¢*: R(Q), e) = R(Q, &)™ 19" are chain homotopy
inverses of each other.

Let me make a few remarks about this statement:

1. We immediately see that ¢** o ¥ is the identity on the derived complex
R(Q,e)?, as p”(n) differs from 7 only by collapsible cells, and these
vanish again when applying ¢*.

2. To be historically precise, [Forg8, Thm.7.3] only shows that the induced
maps in homology are inverses for each other. An explicit chain homo-
topy ¥ o ¢ = idg(q) is constructed e.g. in [Hefs12, Thm. 1.1.13].

3. In many sources, the derived complex R(Q,¢)" has a different de-
scription: it is defined as a subcomplex of R((), &) containing so-called
invariant chains. It is then an additional observation that this subcom-
plex is isomorphic to R(Q), ¢)*, see for example [Forg8, Thm. 8.2].

Finally, the entire construction behaves nicely with respect to dualising, as
the following remark shows.

Remark B.8. If ((),¢) is a based complex of dimension d (i.e. there are no
cells of dimension larger than d), then we define its dual (Q),€)* := (Q*, €¥)
with Qf .= Q_,and &), v ==¢,  for m € Qf and 7’ € Qf_;.

On the side of chain complexes, this corresponds to the dualised and
mirrored chain complex (Cj_,,9%), together with the dual basis.

If A is a discrete Morse flow for (), ¢), then we obtain a discrete Morse
flow A* for (Q),€)* by exchanging the roles of redundant and collapsible cells.
Additionally, the two chain complexes (R(Q,¢)*)i_, and (R(Q, e)5_,)" are
isomorphic: clearly, the 1 level of both sides is freely generated by Q°,,
and for an essential cell v of dimension d — h, and an essential cell v’ of
dimension & + 1, we have

()aw= 2 M= Y A =er= ()5

v T~ v~
. . * . .
inside I'* inside A
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Symbol Index

AL™

EN

associative operad, 78

Browder bracket, 91

braid group on r strands, 269

operad of based sets (or general objects), 77
Boardman-Vogt tensor product of 6 and 6’, 100
PROP associated to the monochromatic operad 6, 109
little d-cubes operad, 79

category of chain complexes of R-modules, 76
cellular chain complex, 29

singular chain complex, 83

partial composition inside an operad, 81
commutative operad, 78

configuration space of r ordered points in E, 2
configuration space of r unordered points in E, 2
little d-discs operad, 79

category of non-commutative finite sets, 111

chaotic category with object set N, 258
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Symbol Index

Fin skeletal category of finite sets with all maps, 108

Fin, PROP associated to 6;, 111

ro free 6-algebra, 82

£S5 free O-algebra over a given %-algebra, 82

FS, derived free O-algebra over a given %-algebra, 257

I mapping class group of surfaces of type X¢',, 191

G Inj wreath product of G = (G,,)nen and Inj, 47

G[K] connected subgroupoid of G!Inj spanned by objects of the
form K, 47

hCob; 2-dimensional homotopy cobordism category, 108

F trivial (monochromatic) operad, 77

counterpart of the shuffle 1, 29
Inj skeletal category of finite sets with injections, 46

IkEI H(k,k) coend construction for a functor on I°P x I, 77

M conformal cobordism category, 196
J coloured surface operad, 197
Mgy moduli space of surfaces of type ¢, 193

Mg 1[A] moduli space of X, ;-bundles over A, 237

MTSO(d) d-dimensional oriented tangential Thom spectrum, 236

N(®) dyeing of the monochromatic operad 6, 113
N¢(®8) connective suboperad of N(86), 117
6-Alg category of 0O-algebras, 81

284



Symbol Index

PBr,
B
Poisy
Qe
rep(P)
R-Mod

o

pure braid group on r strands, 269

space of parallel slit domains of type ¢, 204
Poisson d-operad in R-modules, 90

divided power operation induced by the class c, 97
representable operad underlying the PROP P, 112
category of R-modules, 76

isomorphism class of connected surfaces of genus g >0, n > 1
boundary curves, and m > 0 punctures, 191

skeletal category of finite sets with bijections, 46

block permutation, for o € &, and K = (ky,...,k,), 78
sequence (S,),>1 of symmetric groups, 47

subgroup of & k| preserving the unordered partition K, 3
automorphism group Auty,x(K), 104

n™ twisted torus T" x &, 247

configuration space of ordered vertical clusters in E, 2
configuration space of unordered vertical clusters in E, 3
short notation for Vx(E) with K = (k, ... k), 4

component of Vi(IRP!) in which points within a cluster are
ordered in accordance to their last coordinate, 28

configuration space of labelled vertical clusters in E, 47
vertical operad, 120

based sequence (X )r>1 with X, = X and Xy = * else, 48
tableau of type K, 6

centraliser of a subgroup IT C T, 238
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Dicta index

... N0s esse quasi nanos gigantum umeris insidentes.

Bernard de Chartres, quoted by John of Salesbury (‘Dicebat Bern-
ardus Carnotensis nos esse quasi nanos gigantum humeris in-
sidentes, ut possimus plura eis et remotiora videre, non utique
proprii visus acumine, aut eminentia corporis, sed quia in altum
subvehimur et extollimur magnitudine gigantea”) in Metalogicon,
Vol. 1v, 1159. Transl. ed. by J. B. Hall, K. S. B. Keats-Rohan, in
Corpus Christianorum Continuatio Mediaevalis 98, por: 10.1484/
M.CCT-EB.5.105892

Apxag elvat T@v 8Awv &tdpoug kad kevov, T 8 &AAa vt vevouioSau.

Democritus, quoted by Diog. Laértius in Vitae Philosophorum, 9:44.
Transl. Lives of Eminent Philosophers, ed. by S. White. Cambridge:
Cambridge University Press, 2021. por: 10.1017/9781139047111

Ubi materia, ibi geometria.

Johannes Kepler, De fundamentis astrologie certioribus, Thesis xx,
1601. In: Joannis Kepleri astronomi opera omnia 1. Ed. by C. Frisch.
Frankfurt a. M., Erlangen: Heyder & Zimmer, 1858.

The inputs are numbered red, yellow, and green;
and their colours are three, two, and four!

Spoken by either Andrea Bianchi or myself in one of our weekly
‘Forschungsseminar’ meetings in Carl-Friedrich Bodigheimer’s
office, Bonn, 2019.
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Dicta index

First recall what trees themselves are.

Tom Leinster. Higher Operads, Higher Categories, §7.3. London
Mathematical Society Lecture Note Series 298. Cambridge: Cam-
bridge University Press, 2004. poI: 10.1017/CB09780511525896.

Es soll das Innere von () auf eine
von einem geradlinigen Schlitz begrenzte
bene konform abgebildet werden.

David Hilbert. “Zur Theorie der konfirmen Abbildung’. In: Nachr.
Konigl. Ges. Wiss. (1909), pp. 314—323.

One would like to characterize its homotopy type,
but in reality one must settle for less.

Ib Madsen. ‘Moduli spaces from a topological viewpoint’. In:
Proceedings of the International Congress of Mathematicians 2006 1,
Ed. by M. Sanz-Solé¢, J. Soria, ]. L. Varona, and J. Verdera. Madrid:
European Mathematical Society, 2007, pp. 385—412.
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Index

Algebra over an operad, 81
derived free, 255
free, 82, 121, 238
initial, 81, 251

Arc complex, 240

Bar construction, 53, 61
two-sided, 254

Base-change, 82, 249, 254

Boardman-Vogt tensor product,

100, 129, 250

Braid group, 32, 265, 267

Browder bracket, 92, 225
vertical, 160, 216

Cabling, 78, 86
Capping morphism, 251
Cellular monoid, 63-68
Centraliser, 236, 242
Chaotic category, 108, 256
Cobordism category
conformal, 195
homotopy, 108
parametrised, 266
positive boundary
subcategory, 191
Coend, 47
enriched, 77

Configuration space
coloured, 17
labelled vertical, 47-73, 121
vertical, 2—43, 48, 69, 121, 148
Connective suboperad, 117, 197

Discrete Morse flow, 155, 270
Dunn additivity, 103, 123
Dyeing, 113, 125, 134, 199
Dyer-Lashof square, 94
vertical, 182, 217

Grafting, 85
Group completion, 69, 234, 250

Harer stability, 216, 222, 227, 253

Interchange law, 101, 130, 135, 147
Internal operad, 207

Jacobi identity, 91, 175
James product, 63

Kiinneth operation, 93, 160, 187

Leibniz rule, 91

Little d-cubes/discs operad, 79, 83,
91, 95, 103, 104, 111, 125,
160
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Index

Madsen—-Weiss theorem, 235
Mapping class group, 191
extended, 242
stable, 235
Moduli space of Riemann surfaces,
193
parametrised, 235-266
stable, 235, 253
Monad, 82, 254
Monoidal category
nice, 76
Mumford conjecture, 235
Mumford-Miller—-Morita class, 235

Non-commutative finite sets, 111,
148, 221

Operad

based, 250

coloured, 80-103, 250

vertical, 120-188, 207

with homological stability,

250263

Operadic ideal, 89
Operadic relation, 88
Operation

divided power, 93—99

E-, 219

T-/T-, 218

Pairing of operads, 100, 121, 123,
124, 136

Poincaré-Lefschetz duality, 8, 29,
151, 154, 176, 184

Poisson d-operad, 9o, 116, 181
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Pontrjagin product, 92
vertical, 171, 216

PROP, 107, 191, 195

Propagator, 253

Quiver, 86, 129
Reidemeister-Schreier method, 40

Schreier transversal, 39
Shuffle, 28
Slit domain, 203
Stabilisation map, 13, 222, 253
Stable homology, 69, 235
Stable splitting, 49-52
Surface operad

coloured, 197
Surface type, 191
Swiss cheese operad, 120

Tableau, 6, 27, 34, 64, 166
augmented, 203
Teichmiiller space, 193
Thom isomorphism, 23, 50, 70
Thom spectrum, 234
Torus
mapping, 96, 217
twisted, 245-249
Transfer, 97, 210, 219
Tree, 84, 129, 136

Universal morphism, 113, 155, 160

Well-based, 49
Wreath product, 46
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