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1 INTRODUCTION

The trace formula is a fundamental tool in the theory of automorphic forms.
In its early form it was developed by Selberg [Sel56], [Sel63] in the setting of
modular forms on the upper half complex plane. Langlands [Lan63] realized
its potential for the study of general automorphic forms. He employed it to the
study base change for the group GL; and the transfer of automorphic forms
between inner forms of GLy and of SL, [JL70], [LL79], [Lan80]. The formula
was greatly generalized and refined by Arthur, and the result is now commonly
referred to as the Arthur-Selberg trace formula, [Art05].

In its most basic shape, the trace formula asserts the identity of two distri-
butions,

Jgeom(f) = Jspec(f)a

each accepting as an argument a smooth compactly supported complex valued
“test” function f on the group G(A) of adelic points of a connected reductive
group G defined over a number field F.

When G is anisotropic, both distributions are rather explicit. Jgeom CONSists
of the integrals of f over the various conjugacy classes in G(A) of elements
of G(F), while Jgpec consists of the traces of f on the various irreducible rep-
resentations of G(A) occurring in L?*(G(F)\G(A)). The formula is obtained
by developing two different expressions for the integration of a certain “ker-
nel” function ky: (G(F)\G(A)) x (G(F)\G(A)) — C over the diagonal copy
of G(F)\G(A). The function ky is the kernel of an integral operator that de-
scribes the action of the test function f by convolution on the Hilbert space
LA(G(P)\G(A)).

When G is isotropic the situation is considerably more complicated. While
the dominant terms on each side of the trace formula are still of the same
shape as before, various supplementary terms appear. On the geometric side,
they correspond to conjugacy classes of elements of G(F') that are not semi-
simple and elliptic. On the spectral side, they are related to the fact that the
Hilbert space L*(G(F)\G(A)) does not decompose as a Hilbert direct sum of
irreducible representations.

The supplementary terms on both sides do not just complicate the picture
by bringing undesired information into the formula. They also bring undesired
behavior: they are not invariant under conjugation. Therefore, even after the
trace formula has been derived, it needs to undergo an additional refinement
step, in which the distributions Jeeom and Jspec are replaced by conjugation-
invariant distributions Igeom and Ispec, leading to the identity

Igeom(f) = Ispec(f)a

called the invariant trace formula. The dominant terms in this formula are the
same as those of the non-invariant trace formula, but the supplementary terms
are different. The price that one pays for the pleasure of working with invariant
distributions is that now the clean separation of geometric and spectral terms
onto each side of the identity has been given up, because the process of making



the distributions invariant involves combining geometric and spectral terms in
order to cancel non-invariance. Nonetheless, the subscripts “geom” and “spec”
have been kept in order to emphasize the nature of the dominant terms in each
distribution.

For many applications of the trace formula, a further refinement is required,
in which lgeom and Ispe. are replaced by distributions Sgeom and Sspec that have
an even stronger invariance property, namely under stable conjugation (which
is closely related to, but not exactly the same as, geometric conjugation, i.e.
conjugation by points of G defined over the separable closure of the base field,
or its adele ring). This leads to the identity

Sgeom(f) = Sspec(f)a

called the stable trace formula. The stabilization of the geometric side of the
trace formula has been a long process, initiated by Langlands [Lan83] for the
geometric terms corresponding to regular elliptic conjugacy classes, continued
by Kottwitz [Kot86] for the singular elliptic conjugacy classes, and completed
by Arthur for general conjugacy classes [Art02], [Art01], [Art03]. The dominant
terms in the distribution Sgeom are the integrals of f over the stable conjugacy
classes of elliptic semi-simple elements of G(A). The distribution Sgpec is in
general rather abstract. The explicit description of its dominant terms requires
the validity of the local and global Arthur conjectures for the group G. Its dom-
inant term was derived conditionally in [Kot84]. Unconditional derivations are
available only in the few cases where (versions) of these conjectures are known,
such as the case of classical groups [Art13].

These notes aim to present an overview of the Arthur—Selberg trace formula
and some of its applications. In preparing them, we have benefitted from many
excellent texts with a similar goal, such as [Whil0], [Gel96], [Art05], [G]79]. We
have attempted to minimize the overlap with these references and provide a
different point of view on the subject.

Acknowledgements: This text has profited greatly from the careful proof-
reading of Hiraku Atobe, who made countless improvements and corrections.
It has also profited from many helpful suggestions by Olivier Taibi. I thank
them both heartily.

2 PRECURSORS

In this subsection we will discuss two well-known elementary formulas that
motivate the general Arthur-Selberg trace formula.

2.1 Poisson summation for locally compact abelian groups

Consider a function f: R — C that is of Schwartz type, i.e. smooth and all of
its derivatives decay faster than polynomials. Then the Fourier transform

Fly) = / f(@)e 2 vy
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is also of this kind. The Poisson summation formula states

Yo Sk) =" F (k).

kEZ kEZ

This is a very useful and important formula. For example, it can be used to
derive the functional equation of the Riemann zeta function.

This formula has a considerable generalization to the setting of locally com-
pact abelian groups. A locally compact abelian group is an abelian topological
group A for which there exists an open set U C A containing 0 whose closure
U is compact.

Example 2.1.1. The additive group R and the multiplicative group R* are lo-
cally compact. Any discrete group is locally compact.

On the other hand, the additive group Q, with its relative topology inher-
ited from R, is not locally compact. Indeed, take an open set U in Q containing
0. It is the intersection with Q of an open set of R containing 0. The latter is
a disjoint union of open intervals, so U itself is a disjoint union of the inter-
sections with QQ of open intervals. If Uy is one such intersection containing 0,
then U being compact would imply that Uy is. But Uy is the intersection of
Q with a closed interval. So it is enough to show that such an intersection is
not compact. For this, let ap < a; < --- < a, < --- be a sequence such that
ag = inf(Uy), a; € Qfori > 0, as = lim,_, a, exists and satisfies ao, ¢ Q and
oo < sup(Up). Then the open intervals (ay, an+1) N Q for n > 0 together with
(oo, sup(Up)) N Q form an infinite disjoint open cover.

Let A be a locally compact abelian group. It carries a regular measure on
its Borel o-algebra that is invariant under the group operation. This measure
is unique up to scalar, and is called the Haar measure. This gives rise to the
spaces LP(A) for any 1 < p < oo in the usual way.

Furthermore we have the Pontryagin dual A* = Homs(A4, Sh. Itis again a
locally compact abelian group, when equipped with the compact open topol-
ogy, that is, the topology with subbase given by the sets V(K,U) = {f: A —
S| f(K) c U} for K C A compactand U C S* open.

For f € L'*(A) we can form its Fourier transform f: A* — C by
fie) = [ s,

The function fis continuous, but need not be integrable. If it is, we can form

~

its Fourier transform f : A** — C. The Pontryagin duality theorem states that
the natural map A — A** is an isomorphism of topological groups. Therefore

we can think of J/E as a function on A.
Note that f depends on the Haar measure da on A, unique up to constant,

and f further depends on the Haar measure da* on A*, again unique up to
constant. For the following basic result see [HR70, Theorem 31.17].



Theorem 2.1.2 (Fourier inversion formula). Given a choice of Haar measure da on
A there exists a (necessarily unique) Haar measure da™* on A*, called the measure dual
to da, such that

~

f(a) = f(_a’)a
provided f € L*(A) and f € L'(A*).

Let B be a closed subgroup of A and set C = A/B. Then0 — B — A —
C — 01is an exact sequence in the category of topological groups, and Pontrya-
gin duality converts it into an exact sequence 0 — C* — A* — B* — 0. Fix
Haar measures db and da and let dc = da/db. Note that C* is the annihilator of
B. For the following result, see [HR70, (31.46)(e)].

Theorem 2.1.3 (Poisson summation formula). If dc* and da* are dual to dc and
da, then da* /dc* = db*. For sufficiently nice functions f: A — C one has

/ fbydb= [ F(c*)dc*.
B Cc*

The classical Poisson summation formula applies to the case where A = R
and B = Z. In that case, A* = A via the bicharacter

R x R — S, (z,y) s e 2™,

and under this bicharacter Z is its own annihilator, so C* = B+ = Z.

Example 2.1.4. Further examples of locally compact groups are the additive
and multiplicative groups of the field Q, of p-adic numbers, as well as the
additive and multiplicative groups of the ring A of adeles. The Poisson sum-
mation formula applied to these groups plays a key role in the analytic study
of L-functions as developed by Tate, cf. [CF86, Chapter XV].

2.2 The trace formula for finite groups

The Arthur-Selberg trace formula can be considered a generalization of the
Poisson summation formula beyond the abelian case. To see what the general
structure might look like, unencumbered by any analytic difficulties, we con-
sider now the case of a finite group.

Let GG be a finite group and I" a subgroup. We consider the representation R
of G on the space of functions

C[I\G] = {¢: T\G — C}

under right translation, i.e. (R(z)$)(g9) = ¢(gx). This representation can be
extended to a representation of the algebra of functions C[G] = {f: G — C},
by the formula

R(f)p(g) = > f(@)p(g).

ze€G



We want to understand the trace of the operator R(f). There are two expres-
sions for it, a spectral and a geometric one. To derive the spectral expression we
remind ourselves that C[G] carries two actions of G, by left and right transla-
tions, respectively, and is thus a representation of G' x G. The natural inclusion

C[r\G] ¢ Cla],

realizes C[I"\G] as the submodule of C[G] with respect to the right action that is
precisely the set of fixed points of I'x {1} C I'xI". Basic representation theory of
finite groups [Ser77, §6.2, Proposition 10] implies that the G x G-representation
C[G] decomposes into irreducible factors as

ClG] = @ﬂ'v X,

where 7 runs over all irreducible representations of GG. Therefore, the G-representation
C[I'\G] decomposes into irreducible factors as

CIN\G] = P dim(x") - .
Consequently, the operator R(f) takes the form
> dim(x")x(f),  w ()= flon(g),
T geG

leading to the desired spectral expression
trR(f) = Z dim(7")tr (7 (f)).

To derive the geometric expression for tr R(f) we observe that C[I'\G] is the
induced representation of G from the trivial representation of I'. The Frobenius
character formula [Ser77, §3.3, Theorem 12] then implies, for g € G

trR(g)= Y 1

zel\G
zgr~telr

Thus, for f € C[G] we obtain

rR(f)=> Y f(g)=T1£|Z > flo)

geG zel'\G geG z€G
1 “Tep
rgx~ el Tgr €

This double sum is taken over the set

{geGrecGyel|zge™ =~}



Of course v is determined by ¢g and z. But in the same way, g is determined by
x and v, and rewriting the sum this way we obtain

tr R(f Zfo’yxl.

’YGF zeG

Writing G, for the centralizer of v in G, it is clear that replacing = by zy with
y € G, does not change the summand, and that replacing v with a conjugate
element does not change the inner sum. With these observations, we arrive at

[v]em‘ 7' 2€G /Gy MG[F]| " zeG/G,

where [I'] denotes the set of conjugacy classes in I'. This is the geometric ex-
pansion of tr R(f). Together with the spectral expansion, we obtain:

Theorem 2.2.1 (Trace formula for a finite group).

spec Zdzm tTﬂ' ) Z ‘ | Z f.’L"}/.’L‘ 1 = Jgeom(f)-

Wem "7 zeG/a,

3 TRACE FORMULA FOR A COMPACT QUOTIENT

As a first step towards generalizing the discussion §2 we will consider here a
locally compact topological group G, not assumed abelian, and a closed dis-
crete subgroup I' C G such that the quotient is compact.

This case includes both Theorem 2.2.1 and the classical Poisson summation
formula, where G = R and I' = Z. It also covers the study of automorphic
representations of anisotropic reductive Q-groups G, where the locally com-
pact topological group G = G(A) is never compact (unless it is trivial), but the
quotient G(Q)\G(A) is compact. An example of such G is given by taking the
group of elements of norm 1 in a division algebra.

3.1 Compact groups

The case that is most immediately analogous to Theorem 2.2.1 is that when
G is itself compact. This forces I' to be finite. This case can be handled by
an argument analogous to the one given in §2.2. In place of C[G] one now
considers the Hilbert space L?(G) and the right regular representation R of
G on L?*(G) given by the same formula as in the case of finite groups. Since
it is infinite-dimensional, one needs to invoke functional analysis in its study.
Nonetheless, the theorem of Peter-Weyl states the identity

-, ur,
s

of representations of G x G, where 7 runs over the (now infinite) set of irre-
ducible representations of G and the hat symbol denotes a Hilbert direct sum



(more precisely, the algebraic direct sum @_ 7 K 7 embeds into L?(G), with
AX v € 7V K 7 being sent to the matrix coefficient g — A(7(g)v), and the im-
age is dense). The closed subspace L?(I'\G) is again the subspace of invariants
under I" x {1} and therefore

L3(T\G) = @ dim

As in the case of a finite group we extend the right regular representation of
G on L*(G) to an action of the algebra of functions on G. Taking the topology
of G into account, we consider only the continuous functions C (G). The algebra
structure is given by convolution, i.e. f1 * f2(g) = [, fi(gz™") fo(a)dx

Any Banach space representation 7 of G can be extended to a representation

of the algebra C(G) by
flv= / f@)n(z)vde,

where we are using the Haar measure normalized so that vol(G;dz) = 1. In
the case of the right regular representation of G on L?(G) this takes the form
R(f)p = ¢ * f~, where f~(g9) = f(g~') and this convention guarantees that
we obtain a usual left action, rather than a right action. More precisely, one has
the formulas

(fixfa)*xfz = fix(faxf3)
(fixf2)” = fo *fr.

We now obtain
tr R(f Z dim (7D tr 7 (f).

Remark 3.1.1. Any irreducible representation 7 of G is finite-dimensional, so
trw(f) is well-defined. On the other hand, the sum is now infinite, and it is a
fair question under what conditions it converges. This is equivalent to asking
the conditions under which the operator R(f) is of trace class, which is a non-
trivial question since L?(I'\G) is generally of infinite dimension.

It is clear that some condition is necessary: if we take G = S' and " = {1},
then the set {7} is the set of characters {¢2™"* | n € Z} and tr(f) = f(n) for
7 = e~ 2" We are thus asking under what conditions on f the Fourier coeffi-
cients of f are summable. It is well known that there exist continuous functions
f on S whose Fourier coefficients are not summable. On the other hand, if f
is continuously differentiable, then the Fourier coefficients are summable.

We will address this question in Remark 3.2.8.

On the other hand, the geometric expansion becomes a bit different. First,
neither G, nor G/G, is finite in general. The term |G,| - |T'y|~* becomes re-
placed with vol(G, /T'y; dz.,/dv), where dz., is an arbitrary choice of Haar mea-
sure on the centralizer G of , and dv is the counting measure on I'. The term



> vecyq. f[(xyz~") becomes replaced by fG/G7 f(zyz=t)dx/dz.,. We see that
the product of both terms is independent of the choice of Haar measure dz.,.
The analog of Theorem 2.2.1 is now as follows.

Theorem 3.1.2 (Trace formula for a compact group). For a sufficiently nice func-
tion f: G — C the following identity holds

S dim(x)ra(f) = 3 vl(Gy /Ty i /) /G o Fere ez,

(Me(r] Gy

We will not give the details of the proof of this formula. They are roghly
analogous to that in the setting of a finite group, and we will derive a more
general formula in the next subsection.

3.2 Compact quotient

Theorem 3.1.2 is not yet powerful enough to be of much use. While it does
cover the case of Fourier series of periodic functions, it is not able to handle
aperiodic functions on R. It is also not able to handle automorphic representa-
tions of anisotropic Q-groups G, because the group G(A) is almost never com-
pact.

However, Theorem 3.1.2 admits a further generalization, which does cover
all these cases, and has an almost identical structure. In this set-up, the topo-
logical group G is no longer assumed compact, and instead I' is assumed to be
cocompact, i.e. it is assumed that the quotient I'\G is compact. Note that, unlike
in §3.1, now I is generally infinite.

Thus, we let G be a locally compact group, but without assuming that it is
abelian. We recall from [HR?79, §15] that there exists, and is unique up to scalar,
a right Haar measure .., as well as a left Haar measure ;. Both are unique up
to a positive scalar multiple and one has R~ - dui(g) = Rso - du-(¢7 1), but in
general R - dy; # Ry - dpy. The failure of this identity is measured by the
modulus function A: G — Ry, which is a continuous homomorphism that can
be described by either of the following equivalent equations

_ du(9)
dpr(9)

where in the first two equalities X is an arbitrary compact subset of G, and in
the third equality both Haar measures are normalized so that A(1) = 1, see
[HR79, (15.11)-(15.15)]. The group is called unimodular, if a right Haar measure
is automatically also a left Haar measure, equivalently A is the trivial homo-
morphism. This is the case with abelian groups (trivial), compact groups (since
R has no nontrivial compact subgroups), but also many other locally com-
pact groups, such as semi-simple Lie groups (since these admit no non-trivial
continuous homomorphisms to Rx).

We assume that G is unimodular and let I be a closed discrete subgroup.
Mimicking the discussion in the case of a compact group G, we consider the

A(g) = pr(g7' X) /1 (X),  Alg) = u(Xg)/m(X), Alg)

10



Hilbert space L?(G), its closed subspace L?(T'\G), and the convolution algebra
C.(G) consisting of those continuous functions on G that have compact sup-
port. The convolution product is given by the same formula, except that now
there is no canonical choice of a Haar measure, so we need to make an arbitrary
choice!. As in the case of a compact group G, the Hilbert space L?(G) is a rep-
resentation of G x G, its closed subspace L*(T'\G) is the subspace of invariants
under I x {1}, and both are representations of C.(G) with Rs(¢) = ¢« f~.

There is however one fundamental difference. The Hilbert space L*(G)
does not generally decompose as a Hilbert direct sum of irreducible represen-
tations of G x G.

Example 3.2.1. The simplest example is the case G = R as an additive group.
Since G is commutative, a G x G-stable subspace is the same as a G-stable
subspace. We claim that the vector space L?(G) has plenty of proper non-zero
closed G-invariant subspaces, but none of them is irreducible.

Indeed, it is known that there is a bijection between the set of closed G-
invariant subspaces of L?(G) and the set of measurable subsets of R taken up
to equivalence, where two measurable subsets A, B C R are considered equiv-
alent (we write A = B) if u(A— B) = 0 = u(B — A), see [Rud64, Theorem 9.17].
This bijection assigns to a measurable subset A the subspace M4 C L?*(G) con-
sisting of those f € L?(G) such that ﬂ 4 = 0 (almost everywhere). It is imme-
diate that Mp C M4 if and only if (A — B) = 0 (we write A < B), {0} = My,
and L?(G) = My. Let us further write A < B for A < B A A # B, which is
equivalent to Mp C My.

If {0} € M4 € L*(G) then A C R is a measurable set such that & < 4 < R,
equivalently p(A) # 0 and u(R — A) # 0. We will produce a measurable set B
such that A < B <R, equivalently (B — A) # 0, uy(A—B) =0, y(R— B) # 0,
which would imply {0} C Mp C My. For this it would be enough to find two
disjoint open intervals Iy, I; C R such that (AN Iy) < p(ly) and p(AN 1) <
w(I1) and set B = AUI, because then u(B—A) = pu(loy—A) = pu(lo)—p(Anly) >
0, (R — B) = p((R — Io) = A) > p(l1 — A) > 0, and u(A — B) = u(@) = 0.
To find Iy, I;, we first choose z < y € R such that (AN (z,y)) < y — 2, which
exists since ;1(R — A) > 0. Then we do a binary search: set z = (z + y)/2 and
check if y(AN(x,2)) < z—zand u(AN(z,y)) < y — 2. If both hold we set
Iy = (z,%) and I; = (#,y) and are done. If only the first holds replace y by z,
and if only the second holds replace x by z. This binary search must terminate
in finite time due to the assumption u(A N (z,y)) # y — .

We have thus shown that the right regular representation of R on L?(R) has
no non-zero irreducible closed subspaces. This precludes the decomposition
of L*(R) into a Hilbert direct sum of irreducible closed subspaces in the most
radical terms. One can still decompose L?(R) into irreducible representations,
but the decomposition is no longer discrete, i.e. a Hilbert direct sum. Instead,

I This is the reason why some authors prefer to work with the convolution algebra of compactly
supported measures, which is a more canonical object.

11



it is purely continuous, i.e. a Hilbert direct integral
@ .
L*(R) = / C - e*™ @Yy,
R
This is just a formalization of the Fourier inversion formula
fla) = [ Fapemmvay, F) = [ Fayezvaa,

Other interesting features to note are that the decomposition of L?*(R) does
not involve all irreducible representations (i.e. characters) of R, but only the
unitary ones, and that moreover none of these irreducible unitary representa-
tions are actually contained in the space L?(RR), because none of the functions
z — €2™7Y are square-integrable on R.

In general, the decomposition of the representation L?*(G) can have both
discrete and continuous pieces. We will have to deal with the continuous part
later. What helps in the current situation is the following result, which states
that the closed subspace L?(I'\G) does decompose discretely.

Theorem 3.2.2 (Spectral decomposition of L?(T'\G)).

—

L*(T\G) = @ﬂm(w) e

where the sum runs over the set of unitary representations of G and m(r) is a natural
number.

The proof will require some functional analysis. We briefly review here
what we need, both for the proof and for the discussion of the geometric ex-
pansion that will follow.

Let H be a separable Hilbert space and F': H — H a bounded operator.

1. If the image under F' of the unit ball in H is relatively compact, then F'is
called a compact operator.

2. For any orthonormal basis B of H, the quantity >, [[F'(b)||? is inde-
pendent of B. If it is finite, then F is called a Hilbert-Schmidt operator. Its

Hilbert-Schmidt norm || F'||2 is defined to be the square root of that number.
3. Any Hilbert-Schmidt operator is compact.

4. Let |F| = VF* o F denote the positive semi-definite Hermitian square
root of F. The sum }, 5 (|F|b,b) € R>o U {oc} does not depend on the
choice of Hilbert basis of H. If it is finite, then F' is called of trace class. In
that case tr X := ), _ 5 (Fb,b) is independent of the orthonormal basis B,
and is called the trace of F.

5. Any trace class operator is Hilbert-Schmidt.

12



6. If Fy, F, are Hilbert-Schmidt operators, then F o F5 is of trace class.

7. In the case H = L?(X) for a locally compact Hausdorff space X and
k € L*(X x X), the integral operator F(¢)(z) = [y k(z,y)d(y)dy is
Hilbert-Schmidt and ||F|j2 = |[|k|l2. Given two ki, ks € L*(X x X),
the composition F' = F; o F; is still an integral operator with kernel
k(xz,y) = [y ki(x, 2)k2(z,y)dz and it follows from the Cauchy-Schwartz
inequality that the restriction of k to the diagonal copy of X in X x X isa
well-defined element of L' (X). Moreover, tr F' = [ k(z,z)dz, which is
checked easily in the case F» = F}, and extended to the general case via
the polarization identity for the Hilbert-Schmidt inner product and the
identity (Fl, FQ)HS = tI'(F; ] Fl)

8. If F' is compact and self-adjoint, then H is the Hilbert direct sum of
eigenspaces

H = @TGRH“ H, ={ve H|F(@)=rv}.

For r # 0 the eigenspace is finite-dimensional. The set of eigenvalues is
discrete and the only possible accumulation point is 0.

The key to proving Theorem 3.2.2 is the following result whose proof will
be given further below; it is a consequence of Lemma 3.2.6.

Lemma 3.2.3. Let f € C.(G). The operator R(f) on L*(T\G) is Hilbert-Schmidt.

Proof of Theorem 3.2.2. By Zorn’s lemma we can choose a maximal set S of or-
thogonal closed irreducible submodules of L?(I'\G). We then claim that the
closure of @, . ¢ 7 cannot be a proper submodule of L?(I'\G), and hence must
equal to it. For this, it is enough to prove that any non-zero closed invariant
subspace of L?(T'\G) contains a non-zero irreducible subspace (this is exactly
what we showed fails in Example 3.2.1). Indeed, when applied to the ortho-
complement of P, . g 7 this would contradict the maximality of S.

To see the claim, let H be a non-zero closed invariant subspace. Then we
have the action of C.(G) on it by the operators R(f). Each R(f) is Hilbert—
Schmidt by Lemma 3.2.3, hence compact. We can choose a sequence f,, € C.(G)
approaching Dirac ¢ such that f,,(g) = f.(¢7"). Then R(f,) is a sequence of
self-adjoint operators approaching the identity operator, thus one of them is
non-zero. The spectral theorem applied to this operator implies the existence
of a non-zero eigenvalue ), and that H () is finite-dimensional.

Among all closed invariant subspaces M of H choose one for which the
dimension of M (A) is minimal but non-zero. We claim that we can arrange
M to be a cyclic module. To see this, let 0 # v € M()\) and let E C M be
the closed invariant subspace of M generated by v. Then M = E & E* is
an invariant decomposition, and M (\) = E(\) @ E+()\). Since v € E()), the
minimality of the dimension of M ()\) shows E+()\) = 0. Thus E is also a closed
invariant subspace of H for which dim F()) is minimal non-zero. We replace
M by E, achieving that M is a cyclic module.

13



We claim that now M is irreducible. To see this, let £ C M be a closed
invariant subspace. Then M = E; @ Ei-, and M()\) = E;(\) ® E{(A\). By min-
imality of dimension, either F;()\) or E{- () is zero. But v € M()\) must then
belong to the non-zero subspace, say Ei(A). But M being cyclic, this implies
M = E;.

We have now completed the proof of the existence of a non-zero irreducible
subspace in any non-zero closed invariant subspace H, which implies that
L*(I'\G) decomposes as a Hilbert direct sum of irreducible closed invariant
subspaces. The fact that each isomorphism class of such subspaces only con-
tributes finitely many copies follows from a similar argument: If I denotes an
isotypic component in L*(T'\G), the finite-dimensionality of H()\) discussed
above implies that H is a sum of finitely many irreducible closed subspaces.

O

We can now derive the spectral side of the trace formula.

Corollary 3.2.4. Let f1, fo € C.(G) and let f = f1 x fao. Then the operator R(f) is
of trace class and

trR(f) =Y mr(m)trr(f).

Proof. By Lemma 3.2.3, the operators R(f1) and R(f2) are Hilbert-Schmidt,
hence R(f) = R(f1) o R(f2) is of trace class. The second statement follows
from Theorem 3.2.2. O

Remark 3.2.5. Unlike the case of a compact group, where mr(7) = dim(x"),
the natural numbers mp(7) that appear in the above identity do not have such
a simple interpretation. In fact, it is often the computation of these numbers
that is the goal of applying the trace formula.

We now turn to the derivation of the geometric side of the trace formula,
and the proof of Lemma 3.2.3. For f € C.(G) we have

R(f)elg) = /G f(@)p(gz)dz.

This is an operator on the Hilbert space L*(T'\G) and we can rewrite it as an
integral operator as follows.

R(f)ply) = /G f(@)p(yz)dz
- / fu x)p(a)de
G
= /F\GZf(y‘ v )p(ye)de

~el’

= /F\G (Z fly~ v@) p()dz.

yel’
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In other words, R(f) is the integral operator defined by the kernel

kp(y, ) = fly'va). (3.2.1)

yer
Lemma 3.2.6. The function ky is continuous, and hence square-integrable.

Proof. Let U and V be open neighborhoods of y and = whose closures U and
V are compact. Let K be the support of f, by assumption compact. Then
U-K-V-1isalso compact, hence intersects I' in a finite set. It follows that
the restriction of k¢ to U x V is the sum of f(y~'~yx) for only finitely many
~, and hence continuous. Since I'\G is assumed compact, continuity implies
square-integrability. O

We have now completed the proof of Lemma 3.2.3. Taking again f = fi * f>
with f1, fo € C.(G) we see that R(f) is of trace class. The geometric side of the
trace formula is now derived as follows.

trR(f) = /F\ka(;v,x)dx

" tya)de
ﬁ\ng( ~a)d

vel

—1g-1
/F\G[A/Z Z fle™ 0 ~vox)dx

e[l ser,\I'

Z /F\Gf(x_lfyx)dx

[v]elr]

S vol(Gy/T) /G S

[v]elr] "

Equating the geometric and spectral sides we obtain the main result of this
section.

Theorem 3.2.7 (Trace formula for compact quotient). Let G be a locally compact
unimodular group, I' C G a discrete closed cocompact subgroup. Then

Zmp(ﬂ')trﬂ'(f~dz) = Z vol(G.y/F.y;dx,y/dcmmt)/ f(zyz~Y)dz/dz.,,

[elr) 2€G/Cy
for any function f € C.(G) of the form f = f1 x fo with fi1, fa € C.(G), where dz.,

is an arbitrarily chosen Haar measure on G., and deoun 15 the counting measure on the
discrete group T'.,.

Remark 3.2.8. The class of functions f of the form f = f; * fo may seem a bit
unwieldy. Slightly more generally, we can allow finite sums of such functions.
There are two special cases where one can say more precisely what functions f
have this form.
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(1) Gislocally profinite, f is locally constant and compactly supported.
(2) G isaLie group, f is smooth and compactly supported.

In case (1) we can take a sequence «,, of smooth compactly supported functions
that approximate the Dirac delta distribution. That is, [, a;,, = 1 and supp(a,)
forms a descending sequence of subsets of G with intersection equal to {1}.
For any smooth compactly supported function f the sequence f *«,, converges
uniformly to f. In fact, due to the disconnected nature of the topology of G,
there exists n such that f = f * «a,,.

In case (2) we can apply the Dixmier-Malliavin theorem, which implies that

f= Zgzl fn * gn for some f,,, g, € CX(G).

Remark 3.2.9. The quantity [, ; . f(zy2~!)dz/dz, is commonly referred

to as the orbital integral of f at x, because it is the integral of f over the orbit
through « for the conjugation action of G on itself.

Example 3.2.10. An example in which Theorem 3.2.7 applies is G = R and
I' = Z. Then R/Z = S' with action of R by translation, factoring through the
quotient R/Z = S!. The S'-representation L?(S') decomposes, by the Peter-
Weyl theorem, as the sum of characters ™" with multiplicity 1. The spectral
side of the trace formula then becomes

S (e f) = 37 ).

On the geometric side the abelianness of I' makes the first sum go over I' itself.
The volume factor is trivial for the same reason. The orbital integral becomes
the evaluation of f at . So the geometric side becomes ), f(n). The trace
formula thus recovers the Poisson summation formula.

4 THE TRACE FORMULA FOR ANISOTROPIC REDUCTIVE GROUPS

4.1 Basic notation

Let F' be a number field. For any place v of F' we denote by F,, the completion
of F' at v. If v is finite we denote by P, C O, C F, the maximal ideal and the
ring of integers of the local field F,, and k, = O, /P, the residue field.

LetA = Ap = H; F, be the ring of adeles of F'. Thus A = li s A(s), where
S runs over all finite sets of places of F' containing all archimedean places and
Awsy = [lyes Fo x [,¢5 Ov; we equip A(s) with the product topology, and
A with the final topology. The diagonal embedding of F' into A has discrete
image and compact cokernel, cf. [CF86, Chapter II, §14].

For a finite set of places S of F we will write Fis = []
{(av) S A‘CLU =0WVv e S}, so that A(S) = Fg x AS.

Let A* = A} be the group of units in A, thus the group of ideles. We have
AX = ligA(XS) with A(XS) = [Lyes I % [1,¢s O - Again we equip A(XS) with

ves Fv and AS =
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the product topology and A* with the final topology. Note that this topology
is not the same as the subspace topology coming from the inclusion A* C A.
The diagonal embedding of F'* into A* has discrete image, but the cokernel is
not compact.

Let | — |4: A* — Ry be the idele absolute value, given by |(z,)|a =
1, |zo|F,- It is a surjective continuous group homomorphism. Let A! be the
kernel of this group homomorphism. Then F* C A! and F*\A! is compact, cf
[CF86, Chapter I1,§16].

Let G be a connected reductive F-group. We denote by Ag the maximal F-
split torus in the center Z of G. Let X*(G) = Homgig ¢p (G, Gy, ) be the abelian
group of algebraic characters of G, and let X*(G)r C X*(G) be the subgroup
of those characters that are defined over F. Note that X*(G) is a lattice (a
finitely generated free Z-module) with an action of the absolute Galois group
[, and X*(G)r = X*(G)'. Note further that X*(Ag)r = X*(Ag), since Ag is
a split torus.

Restriction along the inclusion A¢ — G induces an inclusion of lattices
X*(G)r — X*(Ag) of F-rational characters, whose image is of finite index. Let
ac = X.(Ag) ®z R. We have the continuous surjective group homomorphism

Hg: G(A) — ag, (Ha(g),x) =log(Ix(9)la), Yx € X" (G)r. (41.1)

Define G(A)! C G(A) to be the kernel of Hg. Note that, according to the
product formula, G(F) C G(A)*.

If I = Q then the surjective homomorphism | — [4: A* — Ry has a dis-
tinguished splitting, given by the inclusion Ryy — R* — A*. This leads to
the natural direct product decomposition Aj = R x Ag, and more generally
G(A) = Ag(R)° x G(A).

For general F' we consider the embedding

R>0 — H F1;><7 r = (ch)qn Cy = ([Fv : R] . #{U|OO})_1'

v|oo

This embedding is again a section of | — |4 : A — Ry( and leads to the de-
composition A} = R x AL. More generally G(A) = A} x G(A)!, where we
denote by Af, the subgroup of [Lojoo Ac(Fy) = Xu(Ag) ®z [],)00 £, isomor-
phic to X.(Ag) @z Rso.

We could have also more simply considered the diagonal embedding R g —
[1,j £/ i-e. we could have taken ¢, = 1 above. We would again obtain a di-
rect product decomposition A* = R-( x Al, but we need to be mindful that
the diagonal embedding is not a section of the idele norm map. We’d also get
the product decomposition G(A) = G(A)! x AZ, with a slightly different A,

4.2 Decomposition of L?(G(F)\G(Ar)) under the action of A/,

The elements of the Hilbert space L?(G(F)\G(Ar)) are called square-integrable
automorphic forms. The group A, acts on this space and decomposes it as the
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direct integral
[ BN Ga)ax

in analogy with Example 3.2.1, where x runs over the space of unitary char-
acters of Ag. Note that, non-canonically, Ag >~ R", where n = dim(Ag), and
the space of unitary characters of A, is also non-canonically isomorphic to R".
More invariantly, the space of unitary characters of A/, is identified with ia{;,
with A € iaf; serving as the restriction to A5, C G(A) of the unitary character
of G(A) given by

g > etea ), (4.2.1)
Therefore we will write
PGENG®) = [ IGENG(Ar)ir (422)
zu*G

The direct product decomposition G(A) = A}, x G(A)! implies that restriction

along the inclusion G(A)! — G(A) induces an isomorphism L3 (G(F)\G(A)) =

L*(G(F)\G(A)') of G(A)!-representations, for all \. If we transport the G(A)-

action under this isomorphism, it will of course depend on A, but this depen-

dence is described very simply as follows. If we endow L?(G(F)\G(A)!) with

the structure of a G(A)-representation by identifying it with L?(G(F)A5\G(A)),
then the G(A)-structure obtained from the identification with L3 (G(F)\G(A))

for an arbitrary A € iay, is given by twisting by the character (4.2.1). We will

from now on write L3 (G(F)\G(A)*') for this action of G(A) on the Hilbert space

LA(G(F)\G(A)Y).

4.3 Anisotropic groups

Recall that a connected reductive F'-group G is called anisotropic if it does not
contain a split torus. Recall further that an element v € G(F) is called elliptic if
it is contained in a maximal torus of G that is anisotropic modulo A¢.

Proposition 4.3.1. The following are equivalent.
1. G/A¢ is anisotropic.
2. G does not contain a proper parabolic subgroup.
3. Every element of G(F) is elliptic.

Example 4.3.2. 1. Let D/F be a central division algebra and let G be the
connected reductive F-group such that G(F) = D*. Then A¢ = G,, and
G/Ag is anisotropic.

2. Let E//F be a quadratic extension and let (V, f) be an anisotropic Hermi-
tian space over E. Then the unitary group U(V, f) is anisotropic.

3. Let (V, f) be an anisotropic quadratic space over F. Then the special
orthogonal group SO(V, f) is anisotropic.
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The trace formula for groups G for which G/A¢ is anisotropic is much sim-
pler than that for general reductive groups G. The reason is the following result
of reduction theory.

Theorem 4.3.3 ([PR94, §5.3, Theorem 5.5]). The space G(F)\G(Ar)! is compact
if and only if G /A is anisotropic.

4.4 The trace formula

Since the G(A)-representations L3 (G(F)\G(Ar)*') for various X are just char-
acter twists of each other, it is enough to study the case A = 0, i.e. the space
L*(G(F)\G(AF)'). Theorem 4.3.3 allows us to apply the trace formula for co-
compact quotient, as stated in Theorem 3.2.7, and more generally the discus-
sion of §3. It implies that the space of square-integrable automorphic forms
decomposes discretely

—

L(GFN\G(Ar)") = @) mm) -

The sum runs over all irreducible admissible representations of G(Ar)/Af.
Those for which m(w) > 0 are called automorphic. Theorem 3.2.7 gives the

formula
Y_mmurn(f)=Y (GO, (441)

YE[G(F)]
where
O,(f) :/ f(zyz~Y)dz/d.,.
G(8)/G (A)

We have used the canonical Tamagawa measures on G(A) and G (A) reviewed
in Appendix B, and 7(G,) is the Tamagawa number of G,.

Thus the spectral side of the trace formula consists of traces of automorphic
representations weighted by the multiplicities of these representations, and the
geometric side consists of orbital integrals at elliptic elements weighted by the
Tamagawa numbers of their centralizers.

5 THE PROBLEM OF STABILITY

A distribution d is called invariant if d(f) = d(?f) for any test function f €
C*(G(A)) and g € G(A), where 9f(z) = f(9 'xg). Both sides of the trace
formula (4.4.1) are invariant distributions. However, for many applications a
stronger invariance property is required, called stable invariance, or stability.

5.1 Stable conjugacy and stable distributions

The notion of stability of distributions is based on the notion of stable conjugacy.
We introduce it first in a special case that will be sufficient for this exposition,
and refer to [Kal24] for a more general discussion.
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Let F be a field of characteristic zero, F a fixed algebraic closure, and I" the
absolute Galois group. Let G be a connected reductive F-group.

Definition 5.1.1. Let v € G be a semi-simple element and let G., denote its
centralizer. Then v is called regular if G, is a torus, and strongly regular if G., is
a torus.

Thus, a strongly regular semi-simple element is a regular semi-simple ele-
ment with connected centralizer. When the derived subgroup of G is simply
connected, the centralizer of a semi-simple element is automatically connected
(due to a theorem of Steinberg), hence the notions of “regular” and “strongly
regular” coincide.

The study of stability begins with the following definition, which we give
in the simplified context of connected centralizers, and refer to [Kot82, §3] for
the general case.

Definition 5.1.2. Letyy,72 € G(F) be semi-simple elements whose centralizers
are connected. Then 71,7, are called stably conjugate (sometimes denoted by
71 ~ 72) if there exists g € G(F) such that gy1971 = 7o.

It is clear that conjugate elements are stably conjugate. The most basic ex-
ample of stably conjugate elements that are not conjugate is given by the ele-
ments

| cos(z) sin(x) _ |cos(z) —sin(zx)
T | Zsin(x) cos(m)] ’ 2= [sin(az) cos(z)
of SL3(R). These elements are not conjugate in SLy(R), but become conjugate
in SL(C), because they have the same eigenvalues.

The set of elements of G(F') that are stably conjugate to a given v € G(F')
is called the stable (conjugacy) class of . This stable class is a union of G(F)-
conjugacy classes. The latter are sometimes called rational (conjugacy) classes,
in order to distinguish them more easily in language from the stable (conju-
gacy) classes.

Recall that, for two F-groups A, B, an isomorphism f: Az — B is called
an inner twisting if for all ¢ € T the automorphism f~loo(f) == f~loop ofoag1
of Ar is inner, where o4 and o denote the action of o on Ay resp. Byr. The
following is easy to check.

Fact 5.1.3. We continue with the setting of Definition 5.1.2.

1. Ify1,y9 are strongly regular, the isomorphism Ad(g): G, — G, depends only
on -y, and ~y,, but not on the choice of g. It is defined over F. We shall call it

Py1,y2-
2. In general, the isomorphism Ad(g): G, — G, is an inner twisting. It induces
an isomorphism H' (T, G.,, (F)) — H' (T, G, (F)) that sends the class of z €

ZY T, G, (F)) to the class of o — gz(o)o(g) L. It is independent of the choice
of g and will be denoted by ., -,.
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3. 0~ g lo(g) belongs to Z*(T, G, (F)) and its cohomology class is indepen-
dent of the choice of g. We shall call it inv(vy1, y2).

4. The map 2 ~ inv(y1,72) is a bijection between the set of rational conju-
gacy classes inside of the stable class of v, and the set ker(H'(T', G, (F)) —
HY(T,G(F))).

5. Given ~ys stably conjugate to 2, we have
inv(y1,7ys) = 3, (inv(y2,73)).

The set of rational classes in a given stable class can well be infinite. This
happens for example when F is a global field. On the other hand, when F'is a
local field, classical results in Galois cohomology ensure that this set is always
finite, cf. [PR94, §6.4].

Consider now a local field F'. A prototypical example of an invariant distri-
bution the orbital integral

O, :CF(G(F)) —C, O,(f) = /G(F)/G - flzyz™Ydx

for any v € G(F). When v is semi-simple, the conjugacy class of - is closed in
G(F) and intersects the support of f in a compact subset, so the convergence
of this integral is not problematic. These are the orbital integrals that occur
in (4.4.1). For general « the situation is not as transparent, but it has been
established in [Rao72] that the integral does converge.

A prototypical example of a stable distribution is the stable orbital integral
associated to a semi-simple element v € G(F') that is strongly reqular, i.e. its
centralizer in G is a torus:

SO5(f) =D Oy(f), (5.1.1)
¥ E[G(P)
'~y
where ' runs over the set of rational classes in the stable class of v. As dis-
cussed above, this set is finite.
One now defines a distribution to be stable if it is contained in the weak
closure of the distributions SO.,. More precisely, the definition is the following.

Definition 5.1.4. A distribution d: C*(G(F)) — C is called stable if d(f) = 0
forall f € C2°(G(F)) such that SO, (f) = 0 for all strongly regular semi-simple
v € G(F).

This definition mirrors a theorem of Harish-Chandra, which states that a
distribution is invariant if and only if it is contained in the weak closure of
the distributions O, for all strongly regular semi-simple v € G(F'), cf. [Kal24,
Theorem 2.1.7] for an exposition.

It is tautological that SO, is a stable distribution when + is strongly regular
semi-simple. However, if we formed the sum (5.1.1) in the case when 7 is not
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strongly regular semi-simple, the result may not be a stable distribution. We
will take this up again in §6.2.

We need to also consider adelic distributions, i.e. linear functionals on
C°(G(A)) when F is global. Such a distribution is to be considered invariant
if it is invariant in each component f, of a factorizable test function f = ®, f,
and stably invariant again if it is so in each component f,. Again, it is tauto-
logical that the distribution

SO,(f)= > O4(f), (512)
7/ €[G(4)
v~y

is stable. Here we are summing over the adelic rational classes inside of the
adelic stable class of . More precisely, Definition 5.1.2 and Fact 5.1.3 remain
valid in the adelic context, provided we replace all occurrences of F with A,
where A = A®p F =1 R A®r E.

We need to be mindful of the fact that the indexing set of the sum is gen-
erally infinite. But in the cases of interest all but finitely many summands
will be zero. Indeed, we will assume that v has the property that for all but
finitely many places v of F' the local component v, € G(F,) is semi-simple
and 1 — a(v,) € F, is either zero or a unit in O r, for every absolute root a.
This is for example the case for semi-simple elements that are G(A)-conjugate
to an element of G(F). We refer the reader to [Kot86, §7,§8] for more detailed
discussion.

5.2 Rationality of conjugacy classes

According to Definition 5.1.2, the stable conjugacy class of a semi-simple element
v € G(F) with connected centralizer is the intersection with G(F) of its conju-
gacy class in G(F). Thus, one could define the notion of a stable class as being
the intersection with G(F) of a conjugacy class in G(F) consisting of semi-
simple elements (with connected centralizers), provided that this intersection
is non-empty.

It is clear that a necessary condition for non-emptiness is that the conjugacy
class in G(F') be invariant under the Galois group I'. A natural question is then
whether or not this condition is also sufficient. This has been investigated by
Kottwitz [Kot82], based on work of Steinberg, and has become a key tool in the
stabilization of the trace formula, which we will use in §6.

Kottwitz’s result [Kot82, Theorem 4.1] states that I'-invariance is sufficient,
provided G is quasi-split and its derived subgroup is simply connected.

5.3 Instability in the trace formula for anisotropic groups

Assume that G/A¢ is anisotropic. For simplicity, we also assume that the de-
rived subgroup is simply connected. Then G, is connected for any v € G(F)
according to [Ste68a, §8].
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Consider the distribution J(f) = tr R(f). We can check if it is stable by
looking either at the geometric or the spectral expansion. The geometric ex-
pansion is

Jgeom(f) = Z T(GV)OW(f)

YElG(F)]

We can rewrite it as

Z Z T(Gy)Oy(f),
VEllGI] Y elG()]
v~y

where now [[G(F)]] stands for the set of stable classes in G(F'), and 4 runs over
the set of rational classes inside of the stable class of ~.

Given v/ ~ 7 there exists g € G(F) such that gyg~! = 4/. According to
Fact 5.1.3, the isomorphism Ad(g): G, — G, is an inner twisting. The main
result of [Kot88], recalled here as Corollary B.0.5, shows 7(G,) = 7(G,). In
fact, the proof of this identity used Kottwitz’s work on the stabilization of the
trace formula. The geometric expansion of J becomes

1

Jgeom(f) = Z T(ny) Z Oy(f) (5.3.1)
YE[IG()]] v EIGF)]
v~y

Comparing with (5.1.1), we’d be led to believe that the above equals

Z T(G’Y)SO’Y(f)a

YE[[G(F)]]

and therefore the distribution .J is stable. This is not so! There are in fact two
issues at play here.

The first issue is that the inner sum runs over the set of rational classes
inside of the stable class of v in G(F'), and F' is now global, while SO, would
require the sum over the rational classes inside of the stable class of v in G(A),
as in (5.1.2). The latter set is usually larger, and this discrepancy is the reason
for the instability of the inner sum in (5.3.1) in the case of a strongly regular
(automatically semi-simple) ~.

The second issue is posed by the fact that we have not investigated whether
or not SO, is a stable distribution when  is not strongly regular.

6 THE STABLE TRACE FORMULA FOR ANISOTROPIC GROUPS

We continue with a global field F' of characteristic zero, a fixed algebraic clo-
sure F, Galois group I', and a connected reductive F-group G. We assume
that the derived subgroup of G is simply connected; this is a simplifying con-
dition which implies that the centralizer of any semi-simple element of G is
connected, [Ste68a, §8].
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In (4.4.1) we obtained a trace formula when G/A¢ is anisotropic, and in
§5.3 we discussed that this trace formula is not stable. In this section we give
an indication of the stabilization process for this trace formula.

The stabilization of the geometric side involves roughly two steps. The first,
called “prestabilization”, rewrites the geometric side into a sum of so-called
“kappa” terms. The second step, which we may called “transfer”, interprets
each “kappa” term in terms of a stable distribution on a smaller groups, a so-
called “endoscopic group”.

The stabilization of the spectral side involves the Arthur-Langlands conjec-
tures for the automorphic spectrum of GG, and is therefore only conditional.

6.1 Prestabilization assuming the Hasse principle

In this subsection we will assume for simplicity that G satisfies the Hasse prin-
ciple, cf. [PR94, §6]. This makes the definition of a key cohomological ob-
ject (the “obstruction”) more transparent. In the general case the definition
of the obstruction is more complicated and uses the fact that the simply con-
nected cover Gy of the derived subgroup of G does satisfy the Hasse principle,
cf. [Kal24, §5.3] for an exposition of this more general case. We note that the
groups considered in Example 4.3.2 do satisfy the Hasse principle.
We begin with the expression (5.3.1). As we discussed, the distribution

> 0u(f) (6.1.1)

¥ E[G(P)

Y~

where ~/ runs over the set of rational classes inside of the stable class of a fixed
~v € G(F), is not stable, because the intersection with G(F) of the stable class
of v € G(A) is generally larger than the stable class of v € G(F'). In order to
move forward, we need to quantify this difference.

Fact 5.1.3 shows that the set of I'-rational conjugacy classes in the F-stable
class of v is in natural bijection with

A= ker(HY(T',G,(F)) — H'(T,G(F))).

The adelic version of this Fact shows that the set of A-rational conjugacy classes
in the A-stable class of + is in natural bijection with

B = ker(H'(T',G,(A)) — H'(T,G(A))).

Since we now have two notions of rational conjugacy (F'-rational and A-rational),
and also two notions of stable conjugacy (F'-stable and A-stable), we will tem-
porarily write invp(vy,4’) and inva(y,v') to avoid confusion. Eventually we
will drop the subscript, since we will only use the A-version.
The map
a:A— B

induced by HY(I', G, (F)) — HY(T,G,(A)) sends invp(y,7) to inva(y,7').
This map is in general neither injective nor surjective. If v/,~" € [G(F)] are
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such that inva (y,7’) = inva(7y,v”), then 4/ and " are conjugate in G(A) and
hence O,/ (f) = O+~ (f). At the same time, given 7/ € G(A) that is A-stably
conjugate to v € G(F) C G(A), there exists an element of G(F') inside of the
G(A)-conjugacy class of 4" if and only if the element inv (vy,7’) € B lies in the
image of a.. Therefore the distribution (6.1.1) becomes

> o™ (inva(y, )] - Oy (f).
V' E[G(A)]
¥~y
inva (v,7") €im(a)

It is known that the fibers of « are finite; we will describe them more explicitly
in Lemma 6.1.3. On the other hand, we have

SO,(f)= Y Oy(f)
v'ElG@)]
v~y
We have now quantified the difference between (6.1.1) and the stable adelic
orbital integral in terms of the failure of the map « to be injective and surjective.

Our next goal is to understand the failure of surjectivity of the map «. For
this we recall two useful bits of Galois cohomology: Borovoi’s algebraic fun-
damental group 71 (H), and Kottwitz’s map H'(T', H(A)) — 71 (H)r tor, both
associated to a connected reductive F-group H, which in our applications will
be H = G,

Borovoi’s algebraic fundamental group 7 (H) is a finitely generated abelian
group equipped with a I'-action and functorial in H, see [Bor98, §1] or [BGA14,
§3]. For any maximal torus 7' C H we have the free abelian group X, (7") and
the subgroup QY (T') C X,(T) spanned by the coroots. If 77, T5 are two maxi-
mal tori, any element of H(F') conjugating T} to T induces the same isomor-
phism X, (71)/QY(T1) — X.(T»)/QY(T%). In this way, X.(T)/Q" (T) becomes
a compatible system indexed by the set of maximal tori in H. Its limit is by
definition 71 (H). Since I" acts on the system, it acts on 71 (H).

Kottwitz’s map HY(I', H(A)) — 71 (H)r tor, whose range is the torsion sub-
group of the I'-coinvariants in 71 (H), is constructed in three steps, see [Kot86,

§21.

1. When H = T is a torus, then 7 (T) = X, (T') and therefore 71 (T)r tor =
H™'(Tg/r,X.(T)), where E/F is any finite Galois extension splitting
T and T'g/r is the Galois group of E/F. We begin with the the map
HY(T,T(A)) — HYT,T(A)/T(F)) induced by the projection T(A) —
T(A)/T(F). Due to the vanishing of H!(I', AX /F*) inflation induces an
isomorphism H'(T'g/r, T(Ag)/T(E)) — HY(I',T(A)/T(F)). We com-
pose the inverse of this isomorphism with the inverse of the isomorphism
H'Tg/p, X (T)) = H'(Cg/r,T(Ag)/T(E)) of Tate-Nakayama. The
result is the desired map of Kottwitz, which in this case is a group homo-
morphism.
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2. When the derived subgroup of H is simply connected, set D = H/Hge;.
Then 71 (H) = m1(D) and the desired map is the composition of the nat-
ural map H(T', H(A)) — HY(T', D(A)) and the homomorphism of step 1
appliedtoT = D.

3. When H is general one chooses a z-extension of H, i.e. an extension 1 —
K — Hy - H — 1, where H; has simply connected derived subgroup,
and K is an induced torus. Then Kottwitz shows that the map of step 2
applied to H; descends to a map for H that is independent of the choice
of H 1.

The key result is now the following.
Theorem 6.1.1 ([Kot86, Proposition 2.6]). The sequence of pointed sets
HYT,H(F)) - H'(L, H(A)) = 71 (H)r tor
is exact.

Kottwitz’s map applied in the case of H = G, providesamap B — 71 (G,)r tor-
Using the assumption that G satisfies the Hasse principle we obtain immedi-
ately the following result.

Corollary 6.1.2. The sequence of pointed sets A — B — w1 (G~ )t tor IS exact.

Since m1(G) is a finitely generated abelian group, the group 7 (G )r or iS
abelian and finite. We denote its Pontryagin dual by £(G,). Then

R@G)IT YD w

KER(GH)

is the characteristic function of the identity element of the group m1(G~)r tor,
and pulling this back to B it becomes the characteristic function of the image
of a.. With this, (5.3.1) becomes

> (G, AN e inva(y,7)] - s(inva(y, 1) Oy (£)-
YE[[G(F)]] KER(G~) ~' G[G( )]
v~y

We can refine this discussion slightly. Since elements of B map trivially to
HY(T',G(A)) by definition, the image of B — m1(G,)r or lands in the kernel
of the group homomorphism 7 (G4)rtor = T1(G)rtor- Let () denote the
Pontryagin dual of this kernel. Thus £&(v) is a quotient of £(G,), and is equal
to the group R(I/F) of [Kot86, §4.6]. The same discussion as above leads to

DOREL(EN TN Y e (inva(y,y)) ] slinva(v,9) Oy (£).
YEG(F)]] KER(Y) v E[G(A)]
vy

(6.1.2)
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We have thus fully explored the failure of surjectivity of « and have rewrit-
ten the geometric side of the trace formula accordingly. The reader might ob-
ject that we have worked too hard, because the condition inv, (vy,7") € im(«),
which we have now managed to remove, was also encoded in the fact that
la=t(inva(y,7'))] = 0 when it fails, so this condition was in fact redundant
from the start. However, we will now quantify the failure of injectivity of
«a, and this quantification will only apply under the assumption inv(y,v’) €
im(a), i.e. v € G(F) up to G(A)-conjugacy.

Lemma 6.1.3. Forany ~' € G(F) that is stably conjugate to y the following identity
holds

7(Gy) - [RM)IT' - a7 (inva(v,7))| = 7(G).

Proof. Write ker' (F, H) = ker(H(T', H(F)) — H'(T', H(A)) for any connected
linear algebraic group H. The Hasse principle for G is ker' (F, G) = {1}. There-
fore we see that a~1(1) = ker' (F,G,). This is known to be finite, cf. [PR94,
Theorem 6.15]. Applying the method of Serre twisting (see [Ser97, §5.3]) we
see a~!(invy(v,7')) = ker'(F,G,/). However, since ker' (F, H) is invariant
under inner twisting (see [Kot84, §4]), we are left with proving

T(G)7(Gy) ™! = [ker (F,G,)| - |8(y)| 7.

According to Theorem B.0.4 the left hand side equals |1 (G)r tor||m1 (G~ )1 tor| 1
|ker' (F,G.,)|. The map 1 (G.,,) — m1(G) is surjective and remains so after tak-
ing I'-coinvariants. The kernel of 71 (G.,)r — 71 (G)r is finite, because G /A is
anisotropic (in fact, it is enough that v is contained in a maximal torus 7' C G
such that T'/A¢ is anisotropic, for then the kernel of 71 (G,) — m1(G) can be
described as QY /QY, where Q¥ C Q¥ C X.(T) are the lattices spanned by the
coroots for G, C G, and we have (QV)'' = {0}), and therefore 71 (G-)r tor —
71(G)r tor remains surjective. Since its kernel is the Pontryagin dual of &(v) the
proof is complete. O

It is remarkable how the failure of injectivity of « fits perfectly into the sta-
bilization process. With this lemma, (6.1.2) becomes

TG Y, > D wlinva(rn))0y(f). (6.1.3)
VE[GUN] kER(Y) v €[G(A)]
v~y

This is the first step of the stabilization of the geometric side of the trace for-
mula for an anisotropic group, or more generally of the elliptic part of the ge-
ometric side of the trace formula for a general reductive group. The result is
an expression in which the contribution of each stable class in G(F') is decom-
posed into its x-parts. One can think of these parts as the Fourier-coefficients
of that contribution. The x = 1 part equals SO, (f), and is the stable part of
the trace formula, which we will discuss in §6.2. The parts for x # 1 will be
discussed in §6.3.
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The discussion of the next section will require one further modification of
(6.1.3), whose utility will not be obvious at this stage. This modification is
that, instead of summing over stable classes in G(F'), one should sum over
stable classes in G (F'), where G| is the quasi-split inner form of G. Recall that
there is an isomorphism &: (GO) 7 — Gp that is an inner twisting, i.e. for all
o € T the automorphism £~ o o() of (Go)z is inner. It allows us to make the
identification G(F) = Go(F), but we need to be mindful that the Galois-actions
on both sides are not the same.

By Definition 5.1.2, a stable class in G(F) is simply the intersection with
G(F) with a conjugacy class in G(F'). The same holds for Gy. Any conjugacy
class in G(F) that intersects G(F) is I'-stable. The result of Kottwitz discussed
in §5.2 guarantees that the converse is true for Gy. This provides a canonical
embedding [[G(F)]] — [[Go(F)]]. Given v € [[G(F)]] let o € [[Go(F)]] be its
image. Going forward, we will write inv(ry, ') for inv4 (v, ).

We now exploit the fact that Kottwitz’s map H*(T', H(A)) — w1 (H)p tor fac-
tors through HY(T', H(A)/Zy (F)). Letinv(vy,~) € HY(T, G, (A)/Zg(F)) be the
image of inv(v,7’). Then s(inv(y,7")) = s(inv(y,7’)). We can now define an
element inv(vy,v') € Hl(I‘ Go,o(A)/Zg,(F)) as the class of the 1-cocycle o +—
g 1z,0(g), where 2, € Z1(T',Go(F)/Zg,(F)) is given by ¢! oa(g) = Ad(z,)
and g € Go(A) = G(A) is any element such that gyog~* = +'. Since both

70 and v lie in Go(F) = G(F) and are conjugate in Go(A) = G(A), they are
also conjugate in Go(F') = G(F'), which according to Fact 5.1.3 gives the inner
twist ¢+, 41 Go,4y — G- and the corresponding bijections H* (T, G, (F)) —
HYT,G,(F)) and H' (T, Go ,(F)/Zc,(F)) — HYT,G(F)/Z(F)), as well
as their analogs with A-coefficients, and finally the isomorphism 1 (Gg ) —
m1(G), which in turn induces an isomorphism R(vy) — R(v). If we let kg €
£(v0) corresponds to k € £(v) under ., -, then the identity inv(yo,7') =
@1 (inv(y,7)) of (the adelic version of) Fact 5.1.3 implies

k(inv(3,7)) = (v (3,7)) = ko(inv(30,7"))-

This allows us to rewrite the summand in (6.1.3) corresponding to v in terms
of «p. We claim that then (6.1.3) becomes

(C)N > >~ k(inv(70,7)) O (f)- (6.1.4)
Y E[[Go(F)]] KER(70) v G,[ (A)]
Y ~7o

The only thing remaining to prove is the following.

Lemma 6.1.4. If vy € [[Go(F)]] doesn’t come from v € [[G(F)]], then inv(~o,') is
a non-zero element of w1 (Go ~, )1 tor for any '.

Proof. We will prove the contrapositive. Assume that there is some 7' € G(A)
stably conjugate to 7o such that inv(vo, ') becomes zero in 1 (Go ~, )1 tor- We
invoke a slight variation of Theorem 6.1.1, namely [Kot86, Theorem 2.2], which
states that the sequence of pointed sets

HYT,H(F)/Zy(F)) — HYT,H(A)/Zy(F)) = 7 (H)r tor
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is exact for any connected reductive F-group H. Applied to H = G, this
shows the existence of g € Go(A) such that gypg~! = 7' (under the identi-
fication Go(A) = G(A)) and g~1%,0(g) takes values in Gy -, (F), where 2, €
CHT, Go(F)) is any lift of the cocycle z, € ZX(T, Go(F)/Za, (F)).

We have been writing o(g) for the image of g € Go(A) under the action
of the Galois element. We will now use the identification (Go) 7 = G given
by ¢ as in the above discussion. In order to distinguish the actions of ¢ € T
on these two groups we will write o for the action on Go(A) and oy for the
action on G(A). By definition of z, we have o1(z) = %, - og(z) - 2, ! for
any ¢ € Go(A) = G(A). With this, we see that g~'2,00(g)%, ' belongs to
ZYT',G(F)) and is trivial in H*(T', G(A)), because it equals g !0y (g). Accord-
ing to the Hasse principle, this element is already trivial in (", G(F)), which
guarantees the existence of h € Go(F) such that 1 = (gh)~'o1(gh). In other
words, gh € G(A). Thus v = (gh)~14/(gh) € G(A) is an element that is G(A)-
conjugate to v/, while at the same time vy = h'yoh € G(F)NG(A) = G(F). O

6.2 The stable part of the geometric side of the trace formula

Our next goal is to express (6.1.4) in terms of stable distributions. Consider first
a regular semi-simple 7y € Go(F) and 1 = k € R(7p). Then the sum over ~/
gives the stable adelic orbital integral SO, (f), i.e. the integral over the stable
adelic class indexed by . This distribution is stable, by definition.

Consider next an arbitrary semi-simple 79 € Go(F) and 1 = k € R(y).
Again, the sum over 7' represents the integral of f over the stable class indexed
by 7o. Is this a stable distribution?

It turns out that the answer is no, in general. The problem reduces immedi-
ately to the local case. Let v be a place of F' and consider a semi-simple element
Yo € G(Fy). The distribution v O, (fv), where the sum runs over the set of
G(Fy)-conjugacy classes in the stable class of v,, is in general not stable. This
problem was examined by Kottwitz, who proved that in order to obtain a sta-
ble distribution, one must insert certain signs in the above sum. More precisely,
it is shown in [Kot88, §3, Proposition 1] that

Z e(G% )O’y{, (fo)

Vo

is a stable distribution, where ¢(G.,/ ) is the so-called “Kottwitz sign” of the re-
ductive group G, as defined in [Kot83]. We recall that for a connected reduc-
tive group H over a local field F, the sign e(H) equals (—1)"#)="(H) when
F, is non-archimedean, and (—1)?/")~4(#) when F, is archimedean, where
H* is the quasi-split inner form of H, r(H) is the split rank of H, and ¢(H)
is one half of the dimension of the symmetric space for Hy.. The proof of the
stability result proceeds by examining the Shalika germ expansion of orbital
integrals at regular semi-simple elements near +,, using a result of Rogawski
that relates the Shalika germs on elliptic maximal tori to Euler-Poincare mea-
sures, and showing that the Euler-Poincare measures on inner forms differ by
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the signs e(H).

According to the last proposition in [Kot83], if H is defined over F' then
[I, e(HF,) = 1. Returning to (6.1.4), the centralizer G- is a connected reduc-
tive A-group that is quasi-split at almost all places, so e(G,/) = [],e(G,;)
makes sense, and equals 1 if 7’ is G(A)-conjugate to an element of G(F). There-
fore (6.1.4) can also be written as

Jgeom(f)=7(G) > DY > k(inv(y0,7))e(G1)O04(f). (6.2.1)
YoE[[Go(F)]] kER(Y0) v el[G(A)]
Y~

Note that, while the summands in (6.2.1) are different from those in (6.1.4)
for those 7/ whose G(A)-class does not meet G(F'), the middle sum ensures
that these summands do not contribute, because for those summands the term
inv(70,v") is a non-trivial character of the finite abelian group £(vo).

We have achieved that, for each 7, the summand for 1 = k € () of the
middle sum of a stable distribution. We write it as

Sgeom(f) =7(G) Y S04 (f),  SO,(f)= > elGy)Oy(f).

Yo€E([[Go(F)]] 7' E[G(A)]

6.3 Transfer of x-terms to endoscopic groups

We must now reinterpret the difference between (6.2.1) and (6.2.2). In vague
terms, each ~ will correspond to an endoscopic group, and the corresponding
term of (6.2.1) will be reinterpreted as the stable trace formula, i.e. (6.2.2), for
the endoscopic group. This is just a heuristic, since « is an element of £(~y) and
this group depends on . Slightly more precisely, there is a bijection

(’YOa '%) A (H7 '7H)a (631)

where on the left are pairs consisting of an elliptic semi-simple element vy €
Go(F) and k € R(7o), taken up to stable conjugacy, and on the right are pairs of
an elliptic endoscopic datum (H, s, H,§) of Gy, abbreviated simply as H, and
an elliptic (G, H)-regular semi-simple element vz of H(F') determined up to
stable conjugacy, all taken up to isomorphism. Before we discuss this bijection
we review the relevant notions.

6.3.1 Review of endoscopic data

The standard definition of an endoscopic datum is given in [LS87, §1.2], and

involves the dual group G of G. We present here a slight reformulation and
take advantage of the simplification afforded by the Hasse principle that we
are assuming holds for G.  An endoscopic datum is a tuple (H,s,H,§), where

H is a quasi-split F-group, s € Z(H)', H is a split extension of Wy by H
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such that the homomorphism I" — Out(H) induced by H coincides with the
homomorphism I' — Out(H ) induced by the rational structure of H under

the canonical identification Out(ﬁ ) = Out(Hp), £ is an L-embedding H — LG
that identifies H with the identity component of the centralizer of £{(s) in G.
We have simplified [LS87, §1.2, Condition (a)] using

ker'(Wr, Z(@)) = ker (T, Z(G)) = ker' (F, G)* = {1},

where the first identity is [Kot84, Lemma 11.2.2], the second is [Kot84, (4.2.2)],
and the third is the validity of the Hasse principle for G.

Other equivalent variants of the same notion can be considered. For ex-
ample, one can ignore H, and instead consider an embedding &: H > G
that is an isomorphism onto Cent(£(s), G)° and whose G-conjugacy class is
I'-equivariant, where we are using the natural actions of I' on H and G. This

leads to the notion of an endoscopic triple (H, s, &) from [Kot84, §7.4]. The group
‘H can be recovered as

H={z e G|Ad(x) o =Eoa,}-£(H),

where o, € I' is the image of « under the natural projection Ig 5T,

In a different direction one can consider pairs (s, ) consisting of a semi-
simple element s € Ganda subgroup H C LG that maps onto I and centralizes
s, and such that H N G is precisely the identity component of the centralizer
of s in G. This is the notion of an endoscopic pair. One can recover H as the
unique quasi-split '-group dual to H = # N G with F-structure given by the
homomorphism I' — Out(H) = Out(H) coming from the conjugation action
of H on H. One also recovers ¢ as the tautological inclusion.

Finally, one can also reinterpret an endoscopic datum without referring to
the dual groups G or H, as is for example suggested in [Lab04, §IL.4]. Then s is
seen as a character of 71 (H)r via the I'-equivariant isomorphism X*(Z (H)) =
71(H), and in place of ¢ one is given an isomorphism 7¢ — T# from the
universal maximal torus® of G to the universal maximal torus of H which
identifies the I'-action on T# with a twist of the I'-action on T by an ele-
ment w, € Z(T, WY (T%)), where W (TY) C Aut(T%) is the absolute Weyl
group of G. It is required that when the character s is pulled back under
X (T = m(TY) — m(TH) - m(TH)r — 71 (H)r, the coroot system
of H is the subset of the coroot system of G specified by (s,a¥) = 1. One
can obtain an endoscopic pair from this by identifying s with an element of
Hom(X,(T¢),C*) =T c G and letting H = H - T, where H = Cent(s, G)°
and R

T={eclGlzecTC w,, 0.}

2The universal Borel pair of G is the limit of the diagram of all Borel pairs of G ;» with transition
maps Ad(g) : (T,B) — (979~ ', gBg™ '), g € G(F). It carries a natural F-structure, and the
torus part of it is the universal maximal torus.
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This concludes our brief review of the various equivalent notions of endoscopic
data. When dealing with groups that are not quasi—split one needs a slight
refinement of that notion, in which a lift of s € @ is chosen to an element $ of
the universal cover G of the complex Lie group G. The resulting (H, $,H,€)
will be referred to as a refined endoscopic datum, cf. [Kall6b, §5.3].

Given an endoscopic datum we obtain a natural I'-equivariant injection
Z(G) — Z(H). Noting that X*(Z(G)) = m(G), the dual of this injection is a
I'-equivariant surjection (H ) = m1(G). The endoscopic datum is called ellip-
tic if the quotient Z(H)' /Z(G o), equivalently the kernel of 71 (H)r — m1(G)r,
is finite.

We now recall Kottwitz’s result discussed in §5.2. It can be used to transfer
stable semi-simple classes between G and an endoscopic group H as follows.
The I'-stable G (F')-conjugacy classes in Gy (F) are in bijection with the I'-stable
WY (T%)-orbits of elements of T“(F'), again by intersection. The same is true
for H in place of Gy. Via the identification T# = T'“ a I'-stable W (T")-orbit
in TH gives a T'-stable W (T%)-orbit in T¢. This leads to a transfer of stable
classes in H(F') to stable classes in G(F'). Since maximal tori are centralizers
of strongly regular semi-simple elements, this also leads to transfer of tori: any
maximal torus T' C H comes equipped with a stable class of embeddings into
G, called admissible. In particular, we have a finite I'-stable set R(T,G) C
X*(T) containing R(T, H). Moreover, H is elliptic if and only if the transfer of
one, hence any; elliptic maximal torus of H to G is elliptic. We refer to [Kall9,
§5.1] for more details.

A semi-simple element vy € H(F) is called (G, H)-reqular if for one, hence
any, maximal torus 7' C H containing vy, we have {a € R(T,G) | a(vH) =
1} C R(T, H). This implies that if v € Go(F) is a transfer of v then HY, and
G, are inner forms of each other, where HY, denotes the identity Component
of the centralizer of vy in H, see [Kot86, §3.1].

6.3.2 The bijection (6.3.1)

We can now state more precisely how the bijection (6.3.1) works, following
[Kot86, Lemma 9.7].

Given a pair (H, vy ) on the right hand side of (6.3.1), let v9 € Go(F’) repre-
sent the unique stable class that is the transfer of . Since Gy -, and HY, are
inner forms of each other we have the identification 71 (Go,,,) = ™1 (H. SH ), and
the latter surjects onto 7 (H). Pulling back s under this surjection we obtain a
character x of R(vyy) = ker(m1(Go o )1,tor = T1(G)r tor)-

Conversely, given a pair (7, k) choose an elliptic maximal torus T' C Gg
containing 7. Then T C Gy -, and we have the map 71 (T") — 71(Go,4,). In-
side of m1(T)) = X.(T) we have the lattice Q" spanned by the set of coroots
RY(T,Go) C X.(T). The ellipticity of T implies that (QV)"" = {0}, hence that
QY. is torsion. This provides a homomorphism QY — 71 (T)r tor. Since the
composition Q¥ — m1(T) — m1(G) is zero by definition, the composition of
QY — m(T)rtor with 71 (T)rtor — 71 (G~ )1 tor takes image in R(vg), so we
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can pull back the character « to a character of Q.. We let RY (T, H) be the sub-
set of RY(T,Gy) C Q" distinguished by the condition (x,a¥) = 1, and we let
R(T,H) C R(T,Gy) be the set of roots whose coroots lie in RV (T, H). Then
(X*(T),R(T,H),X.(T),RY(T, H)) is a root datum. The natural I'-action on T’
endows this root datum with a I'-action, which need not preserve any basis
of R(T, H). We will modify it so that it does, in order to obtain a quasi-split
group, as follows. Let W# (T)) ¢ W&(T') be the subgroup generated by the re-
flections along all roots in R(T, H). We fix arbitrarily a basis of R(T, H) and let
wl € ZYT,WH (T)) be the unique element such that w/, - ¢ preserves that basis
for all 0 € I'. Let T be the torus obtained from T by twisting the T'-action
by w! . The root datum (X*(TH), R(TH, H), X.(T*), RV(TH", H)), which is the
same as the one above but now with a modified I'-action, is the root datum of
a quasi-split reductive group H with minimal Levi subgroup T#. To obtain
an identification of TH with the universal maximal torus T¢ of G we need to
choose a Weyl chamber for R(T,G) that is contained in the chosen chamber
for R(T, H). This identifies T with T¢, and hence T with T¢. Note that
wh € ZYT,WH(TH)) obtained here is not the same as w, € Z'(I', W (T%))
used in the definition of endoscopic datum above. The first measures the differ-
ence of Galois structures between TH and T, while the second between TH and
TC. Finally, vo € T(F) C T(F) = TH(F) is an element whose W (T )-orbit
is I'-fixed, hence corresponds to a stable class in the quasi-split group H(F'). To
check that this stable class is (G, H)-regular, consider o € R(T, Gy) such that
a(y) = 1. Thisis equivalent to o € R(T, Gy ~,), and henceto o” € RV (T, Go,,)-
The map 7 (T') — m1(Go,,) kills RY(T, Go.4,), 50 (k,a¥) =1,ie. « € R(T, H).

We have thus given the maps in the bijection (6.3.1) in both directions. We
should now mention the equivalence under which both sides are taken. A
pair (7o, ) is taken up to stable conjugacy, meaning that another pair (v(, x’)
is equivalent if vy and ~, are stably conjugate and the canonical isomorphism
R(v0) = R(v)) transports « to x'. A pair (H,yg) is taken up to isomorphism,
meaning that another pair (H’, v};) is equivalent if there exists an isomorphism
H — H' (where the letters stand not just for the endoscopic groups, but for
the full endoscopic data, and the isomorphism is one of endoscopic data) that
identifies vy with ~4;. Kottwitz moreover shows that such an isomorphism is
unique up to inner automorphism, i.e. an element of Hyqy(F).

6.3.3 Reducing global transfer to local transfer

The bijection (6.3.1) allows us to rewrite (6.2.1) as

Tgeom (/) =7(G) Y N5 3. > w(Iv0,7)e(Gy)Oy (),
H v €[[H(F)§F )7 E[GA)]
Y ~Y0
(6.3.2)
where the first sum runs over (a set of representatives for) the set of isomor-
phism classes of elliptic endoscopic data for G and the second over the set of

stable classes of elliptic (G, H)-regular semi-simple elements of H(F'). We have
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set Ay for the cardinality of the finite quotient of the group of automorphisms
of the endoscopic datum modulo inner automorphisms (this number comes
about from the nature of the two sides of the bijection (6.3.1)). Note that the
term x = 1 corresponds to G = H and hence Ay = 1. Finally 7o € G(F) is any
representative of the stable class in G (F) that is the transfer of vy.

The final step in the stabilization process is the following major theorem.

Theorem 6.3.1. There exists a function f* on H(A) with the property that

>- w(0(10.9))e(G) 0 (1) = S04, (7).
¥ e[G(a)]
Y ~7Yo

The proof is the combined effort of many people and spans many papers.
We give a brief summary of the various steps.

First, the problem is reduced to the case of local fields. While the right
hand side is already of local nature, because the adelic stable orbital integral
of a decomposable test function f# = [, fF is the product of the local stable
orbital integrals, the left hand side is not yet of local nature due to the occur-
rence of the term r(inv(vp,7)). For a moment let us simplify the exposition
by assuming that G is quasi-split, i.e. G = Gy (this essentially contradicts the
earlier assumption that G is anisotropic, but the two assumptions are used for
separate purposes; in particular, all of the structure we are using now is avail-
able without assuming that G is anisotropic, with the same definitions). This
allows us to use the element inv(vo,7") € HY(I', G,,(A)), rather than the more
cumbersome inv(vo,v') € HY (T, Go, (A)/Zc, (F)). To form x(inv(vo,7)), the
element inv(~o,v’) is then mapped to 71 (Go,~, )1t Via the Kottwitz homomor-
phism. Its image lands in the kernel of the map to 71 (Go)r tor, which is the dual
of (7).

The global Kottwitz homomorphism is equal to ([Kot86, 2.5 Corollary]) the
composition of the total localization map H*(T', G, (A)) — @, H*(T, Go ., (Fy)),
the local Kottwitz homomorphisms H*(T', G, (F,,)) — 71(G~)r, tor, and the
summation map @ 71 (G, )r, tor = T1 (G~ )1 tor- Letting &y, : m1(G)r, tor — C*
be the pull-back of x under the natural map 71 (G+,)r, tor = T1(G~o )T tor WE
obtain

k(inv(50,7)) = [ [ o (inv(70,0,75))-
It would appear that this reduces the problem to the local problem of finding
for a test function f, on G(F,) a test function f on H(F,) such that

Z m,(inv(fy@,’y:,))e(G%)O%(f,,) = S0, ( f)
“/LG/[G(FU)]
Yo ™~Y0

But this is not the correct identity. Indeed, already considering the asymp-
totic behavior as 7y and g approach the identity shows that both sides cannot
possibly be equal, because each is asymptotic to the Weyl discriminant in the
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corresponding group Gy or H, and these two discriminants have different be-
haviors due to the different number of roots in each group. Another problem
is that the above local identity, unlike its global counterpart, does depend on
the choice of 7y, and is therefore not even well-defined.

This problem was solved in [LS87], where the notion of transfer factor is
introduced. It is a function

A H(E;)sr X G(E})sr — (Cv

where the subscript “sr” denotes the set of strongly regular semi-simple ele-
ments. This function is the product of a number of factors. One of them, called
Arrr,, is the term &, (inv(vo, 7, )) that we see in the above identity. Another one,
called Ay, is the quotient of the two Weyl discriminants for Gy and H and
aligns the asymptotic behaviors of both sides. Yet another one, called Ayyy,,
compensates for the way the L-group structure changes as we pass from H
to G, or from maximal tori of these groups to the groups themselves. Finally,
two terms A; and Aj; synchronize the finer properties of harmonic analysis
between G and H. For example, when F;,, = R orbital integrals have certain
discontinuities as the strongly regular orbits degenerate towards a singular
orbit, and these pieces of the transfer factor compensate for the difference in
discontinuity between G and H. This is the work of Shelstad, and we refer
to [She08a] for an exposition on these matters, as well as to the original paper
[She82]. When F), is non-archimedean, the analog of these discontinuities is
recorded in the Shalika germ expansion. The terms A; and A;; align the germ
expansions between G and H; the fact that this works for regular germs was
verified in [LS87, §5].

The transfer factor defined in [LS87] has undergone a series of refinements.
In its original definition, it was unambiguously constructed only when G is
quasi-split, and depended on a choice of a pinning for G. When G is not quasi-
split, the fact that one can only define inv(vp,v') € H*(Ty, G~y (Fy)/Za, (Fy)),
rather than inv(vo,v’) € HY(I',, G+, (F,)) caused problems, which were han-
dled in a minimalistic way, yielding a construction of A(vyz,~’) that is ambigu-
ous up to a uniform scalar constant. In [KS99, §5.3] a second way to normalize
A was introduced, again only in the case when G is quasi-split, by fixing a
Whittaker datum for G. This normalization has a spectral interpretation, see
[Tai22, Conjectures 4.7,4.12], and is therefore preferable. Going beyond the case
of quasi-split G, in [Kall1] it was shown how to normalize the transfer factor
when G is a pure inner form of Gy. Since not all inner forms are pure, the
problem of normalizing the transfer factor in general remained open, and was
solved in [Kall6b] for local fields of characteristic zero, and in [Dil20] for lo-
cal fields of positive characteristic. Another refinement of the transfer factor
was brought by [KS], which suggest that it is better to invert the pieces A;
and Ajrr,. We will not go into these refinements here, in order not to detract
from the main thrust of our discussion, and refer the interested reader to Taibi’s
article [Tai22] in these proceedings, as well as to [Kall6a] and [Kal24].

35



Remark 6.3.2. There is one further refinement that can be made. If (H, s, H, £)
is an endoscopic datum, our assumption Gger = Gy implies in [Lan79] that
there exists an isomorphism # — ©H. The transfer factor depends on a choice
of such isomorphism, and generally there are many such choices. If one drops
the assumption Gger = Gsc, then such an isomorphism may not exist, and one
must choose a so-called z-pair (Hy,&1), cf. [KS99, §2.2]. The transfer factor
again depends on this choice, and moreover its first variable is now an ele-
ment of H; (F), not of H(F). However, matters can be made canonical, and in
some sense simpler, in the following way. It turns out that there is a canoni-
cal non-algebraic double cover H (F) . of the topological group H(F). It comes
equipped with an L-group © H_ that satisfies an appropriate formulation of the
local Langlands conjecture, provided this is true for algebraic groups closely re-
lated to H. The L-group “H has a canonical embedding into “G. There is a
canonical transfer factor Ay : H(F)i o X G(F)s — C that does not depend
on any choices. It is the product of pieces A; +, Arrr .+, and Ary. Unlike the
original definition, where the individual terms of the transfer factor depend on
auxiliary choices, called a-data and x-data, these terms are themselves canon-
ical. The term Ay 4 can be understood as an invariant measuring the relative
position between a pinning of Gy and an element of a cover of a maximal torus
in G, while the term A;;; + can be understood as an invariant between various
canonical L-embeddings. For more details we refer to [Kal22a].

The local transfer factors, suitably normalized, satisfy the following global

product formula:
120w, 7)) = k(inv(10,7"),

where vy € H(F') is strongly regular, and vy € Go(F) and « are obtained
from (H,~yg) via (6.3.1). This comes down to the fact that each of the pieces
Ar, Arr, Arrr,, and Apy, as well as the normalization constants used, satisfy
global product formulas that result in 1, while the pieces Ay, are the local
components of the right hand side. For Arr, Arr,, and Ajy, this is discussed
in [LS87, Theorem 6.4.A], while for the normalizing constants it is the subject
of [Kal18] and [Dil21]. In this way Theorem 6.3.1 finally does reduce to the
following local statements.

Theorem 6.3.3. There exists a smooth compactly supported function fH on H(F,)
with the property that

Y AGE)e(Gyr)Oq (fu) = SO, (1)
'y,{,E[G(FU)]
Vo~YVH

for all (G, H)-regular semi-simple elements vy € H(F,).

Definition 6.3.4. A pair of functions (f, f) as in Theorem 6.3.1, or a pair of
functions (f,, f) as in Theorem 6.3.3, are called matching.
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Theorem 6.3.5. In the setting of above theorem, assume that H and G are unrami-
fied at v and that f, is the characteristic function of a hyperspecial maximal compact
subgroup. Then fE can also be taken as the characteristic function of a hyperspecial
maximal compact subgroup.

Theorem 6.3.5 is famously known as the “Fundamental Lemma”, or more
precisely the “Fundamental Lemma for the unit element”.

6.3.4 A discussion of the local transfer theorem

We continue with the brief summary of the proof of Theorem 6.3.1, which has
now been reduced to Theorems 6.3.3 and 6.3.5. This is where the hard work
really begins.

Let us first note that Theorem 6.3.3 involves values of the transfer factor
at non-regular semi-simple elements, but in [LS87] it was only defined for
strongly regular semi-simple elements. For general elements the value is ob-
tained as a limit, but one has to show that this limit exists. Since the value at
a regular element involves subtle data of the particular torus centralizing the
regular element, and since a singular element can be approached through mul-
tiple different tori, the fact that this limit exists is highly non-trivial, and is the
subject of [LS90]. There it is proved not only that the limit exists, but a descent
step is performed which reduces the proof of Theorem 6.3.3 to the case when
the elements are strongly regular and close to the identity, cf. [LS90, Theorem
2.3.A, Lemma 2.4.A]. With this, the proof of Theorems 6.3.3 and 6.3.5 is reduced
to an analogous statement for the Lie algebras of G and H.

Initially it was believed that these two theorems, although clearly related,
are to be proved independently of each other. But Waldspurger showed in
[Wal97] that Theorem 6.3.5 implies Theorem 6.3.3, using a global argument
based on the trace formula for the Lie algebra and its stabilization developed
in [Wal95]. For details on this development we refer to [Chal1].

Theorem 6.3.5, the “Fundamental Lemma for the unit element”, in the case
of G = SL; was stated in [LL79], where it was proved by a short argument.
In its general form it was stated in [Lan83, §II1.3], but no proof was given. It
turned out to be one of the most difficult parts of the theory to establish. It
was ultimately proved by Bao Chau Ng6 [Ngo10a] for local fields of positive
characteristic using algebraic geometry and analyzing the Hitchin fibration, a
method used earlier by Laumon and Ngo to treat the special case of unitary
groups [LNO8]. The geometric approach to the fundamental lemma was in-
troduced earlier by Goresky-Kottwitz-MacPherson [GKM04]. One can then
“transfer” the validity of the Fundamental Lemma from local fields of positive
characteristic to local fields of characteristic zero, either by a direct argument
[Wal09] or by techniques from model theory [CHL11]. A result of Hales [Hal95]
shows that the validity of Theorem 6.3.5 at almost all places implies the valid-
ity at all places of a stronger theorem, known as “the Fundamental Lemma for
the spherical Hecke algebra”, which shows that in the unramified situation the
transfer map f, — fI is realized by the homomorphism of unramified Hecke
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algebras H(G) — H(H) naturally obtained from the endoscopic datum. For
exposition on these matters we refer to [Ng610b] or [Hal12].

6.3.5 Completion of the stabilization of the geometric side

Applying Theorem 6.3.1 to (6.3.2) leads to

Jgeom(f) = T(G) Z Al}l Z SO'YH (fH) (633)
H

vl (E)G ]
The inner sum seems rather close to (6.2.2) but for the group H in place of G.
But there are two important differences. First, while the group G was aniso-
tropic modulo Ag, the group H is quasi-split. This means that H (F) will have
elements that are not semi-simple, and semi-simple elements that are not el-
liptic. And second, even as far as elliptic semi-simple elements are concerned,
those that happen to not be (G, H)-regular are missing from (6.3.3). For this
reason, the inner sum in (6.3.3) is, for a general test function f, only a part of
the stable trace formula for H (whatever that may be). But the test function we
are using here is the endoscopic transfer of a test function on G, and for this
particular test function the remainder of the stable trace formula for H will
turn out to be zero. Admitting that, and setting (G, H) = 7(G)r(H) "'\ we
obtain
Tgeom(F) =Y (G, H)Sptom(f), (6.3.4)
H

where we have emphasized in the superscript the group for which the distri-
bution is being taken.

This is the stabilization of the geometric side of the trace formula when G
is anisotropic modulo Ag.

6.4 Stabilization of the spectral side

The “trace formula” for a connected reductive F-group G, such that G/A¢ is
anisotropic, is the identity (4.4.1), which expresses the trace of the operator
R(f) in two different ways: one more immediate, as the sum of traces of f on
the various irreducible constituents 7 of R, and one less immediate, namely the
sum of orbital integrals. It can be interpreted as giving a formula that expresses
the sum of traces in geometric terms.

We have now defined a new geometric distribution Sgeom by (6.2.2), again
assuming G/Ag is anisotropic. But as of yet we do not have an analog of the
identity (4.4.1) that expresses this distribution in spectral terms.

In this subsection we will perform a stabilization of the spectral side of
(4.4.1), following [Kot84], and arrive at an equation similar to (6.3.4), but where
on the right the summands will be certain stable distributions Sspec defined in
spectral terms. It would then be natural to conjecture that

Sgeom(f) = Sspec(f)v
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and this can then be seen as the stable form of the trace formula (4.4.1).

A big difference between the geometric and spectral stabilization is that the
geometric stabilization is unconditional, given that the transfer theorem 6.3.3
and the Fundamental Lemma 6.3.5 have been established, while the spectral
stabilization is based on Arthur’s conjecture [Art89b, Conjecture 8.1] and the
local spectral transfer conjecture [Tai22, Conjectures 4.7, 4.12], and hence is con-
ditional. But one can turn things around and use the stabilization identity in
order to prove these conjectures. This is the approach taken in [Art13], which
we will review in §8.

Recall that Arthur’s conjecture gives a decomposition

LA(G(F)AL\G(4) = D P m(v, m)m.
) o

The first sumis over (A;’-conjugacy classes® of “global Arthur parameters”, which
are L-homomorphisms Lz x SLy(C) — LG involving the hypothetical Lang-
lands group Lr of the global field F' that are continuous on L, algebraic on
SLy(C), and do not factor through a proper Levi subgroup. The group Lg
should come equipped with homomorphisms £z, — Lp, where the Lang-
lands group L, of the local field F), is unconditionally defined in terms of the
absolute Weil group Wy, of F,, as

oW if F/R,
o Wg, x SLo(C), else.

Composing 1 with such a homomorphism provides a local Arthur parameter
Vy: L, X SLa(C) — LG. The local Arthur conjecture (cf. [Tai22, Conjectures
4.1, 4.3, 4.11] for the tempered case) predicts the existence of a local Arthur
packet I1,, (G), equipped with a map Il (G) — Trr(mo(Sy) )); here Sy, is the
centralizer of v, in @, and S;“U is the preimage of Sy, in the universal cover
of G. Write (my, §) for the value at § € SJU of the character of the irreducible
representation of 7T0(S;};v) associated by this map to 7, € IL,, (G). The second
sum runs over adelic representations 7 = ®/1,, where 7, € II,, (G) for all v,
and (m,, —) = 1 for almost all v. The latter condition should imply that 7, is
unramified for almost all v, so that 7 is an admissible representation of G(A).
Write (m, 5) = [, (7, 3) for s € S. Then (r,2) = 1 for z € [Z(G)]*, so (m,—)

~

descends to S, = S} /[Z(G)]* = 8y/Z(G)", cf. [Kall8, Propositions 4.1, 4.2].
The integer m(3, 7) is then defined as (cf. [Art89b, (8.5)]%)

m(p, ) = mult(ey, (1, =) = [Sy| 7" D ey(s)(m, s), (6.4.1)

SESy

3We are using again the Hasse principle here. When it doesn’t hold, the notion of equivalence
of global parameters is slightly more complicated, cf. [Kot84, §10.4].

4The superscript + in S;L' in loc. cit. has a different meaning from the superscript + used here:
in loc. cit. it refers to the possibility of G being a disconnected reductive group, while for us it
refers to the universal cover of G that is needed to treat general non-quasi-split groups.
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where €,,: S — {1} is a certain explicit but rather subtle sign character,
defined in [Art89b, (8.4)]. Recalling it would be beyond the scope of this note.
While in general this character can be non-trivial, conjecturally it is trivial at
least when all local components of 7 are tempered, so the reader is welcome to
focus on that case initially. For a motivation on the definition of €,, we refer to
[Art90, Proposition 5.1].

Remark 6.4.1. When the group Sy, as well as its local analogs (S, ), are
abelian, which happens for example when G is a classical group, then the above
sum is either 0 or 1, and it is 1 precisely when the character (m,—): Sy —
C* equals the character ¢,. Therefore Arthur’s conjecture can be stated in the
following shorter form

PGFANGA)) = &
¥ mim—)=ey

Assuming these conjectures, the spectral side of (4.4.1) becomes

ZZ|3w| P euls)(ms)rm(f), (6.4.2)

SESy

where again ¢ runs over the set of @—conjugacy classes of discrete Arthur pa-
rameters, and 7 runs over all members of the global A-packet

Iy, = {r = &7, | T € Uy,, (my,—) =1 for almost all v}.

Consider the element
Sy sy =1 (1, {_1 _1D . (64.3)

If ¥|s1, = 1 then ¢ is called “generic”, or “tempered”. In that case the element
sy 1is trivial, but for general 1) it can be non-trivial. We use a factorizable test
function f = [[, fu, shift the summation by s,, and switch the sums over s
and 7, to turn (6.4.2) into

SISyl D enlssy) [ D (mo, 8- sy)trmu(fo). (6.4.4)
P vV Ty

SESy
There is a spectral analog of (6.3.1) that takes the form
(¢, ) & (H,s,H, "¢ 9™). (6.4.5)

On the left we have pairs consisting of an Arthur parameter ¢ and an element
s € Sy, while on the right we have tuples consisting of an elliptic endoscopic
datum (H, s, H, &), an extension® of ¢ to an L-isomorphism “¢: # — L H and

5We are using here the assumption that G e, is simply connected, which guarantees the exis-
tence of ¢, cf. [Lan79]
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an Arthur parameter ¢! for H. The correspondence between both sides is
obtained as follows. Given (H, s, H, L&, ) we set p = L& ot
According to [Tai22, Conjecture 4.12] we have

D (o, dyhtrmy(fo) = SOyu (f21)

Ty

for a stable distribution S©,» on H(F,) associated to the parameter Yl called
the stable character of 1! ; here f, and fH are matching functions as in Defini-
tion 6.3.4, and s is a certain refinement of s on which the normalization of the
transfer factor, and hence the notion of matching, depends.

In addition, it is expected that the identity

ey(s - sy) = epn(syn)

holds, and this identity is known by [Art13, Lemma 4.4.1] for the case of clas-
sical groups. With this, (6.4.4) becomes

S UG H)Y |Syn| T ey (spn)SOun (f1). (6.4.6)
H HH

We have not discussed here how the quantity «(G, H)|S,«|~" arises from the
quantity |Sy|~!. The two are not equal, and their discrepancy accounts for the
failure of the correspondence (6.4.5) to be bijective. We are also being vague
about the equivalence up to which the parameters 1/ are to be taken, which
as we have already mentioned is more subtle than H -conjugacy when H does
not satisfy the Hasse principle. Details can be found in [Kot84, §11], espe-
cially Proposition 11.2.1 there. We will content ourselves with understanding
the special case when H does satisfy the Hasse principle (in addition to G,
which has been assumed earlier), which happens for example when G is a
classical group, for then H is itself a product of classical groups. In that spe-
cial case, ¥# runs over the set of H -conjugacy classes of discrete Arthur pa-
rameters. The quantity «(G, H) = 7(G)7(H) ' |Out(H, s, H,£)|~* can be com-
puted using the formulas 7(G) = |11 (G)r tor| and 7(H) = |71 (H)r tor|, which
hold by Theorem B.0.4 and the assumed Hasse principle for G and H. Since
m(G)rsor = m0(Z(G)F)* and Sy = S,/ Z(G)T, we see that 7(G)r(H) ™! ac-
counts for the difference in size between Sy, and S,,» (by ellipticity of H we
have Z(G)'° = Z(H)"Y), while Out(H, s, H,¢) accounts for the different H-

conjugacy classes ¢ that become the same G-conjugacy class .
Comparing (6.3.4) and (6.4.6) we arrive at the following.

Conjecture 6.4.2.

Seon(£) =D I8p ey (54)50u(f).
"

This is a simplified version of Arthur’s “stable multiplicity formula”, cf.
[Art13, Theorem 4.1.2] in the case of classical groups. The main simplification
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comes from the assumption that GG/ A is anisotropic. This implies that only
discrete Arthur parameters ¢ contribute. In particular, the group 57, i.e. the

identity component of S, = S,,/Z (G)T, is trivial. Since G is also assumed to
satisfy the Hasse principle, the sum runs over G-conjugacy classes of discrete
Arthur parameters.

The argument that we just summarized shows that Conjecture 6.4.2 follows
from the local and global Arthur conjectures for G, as well as the validity of
Conjecture 6.4.2 for all proper endoscopic groups of &, which can be assumed
by induction on the dimension of G. This argument is reversible, in the sense
that one can obtain (a version of) the global Arthur conjecture from knowing
Conjecture 6.4.2 for all endoscopic groups of G, and the local Arthur conjec-
tures. This was done in [Ta119] for certain inner forms of classical groups.

It is however clear that this argument alone cannot prove both Conjecture
6.4.2 for G and Arthur’s conjectures for G, even if all of these are known for all
proper endoscopic subgroups of G. In that situation one needs additional in-
put. In the case of classical groups this input comes by considering the twisted
trace formula for GL y and its stabilization, and will be discussed in §8 (as well
as various supplementary local and global results), see the proof of Proposition
8.2.9 and the argument in §8.4 in particular.

7 THE STABLE TRACE FORMULA FOR A GENERAL REDUCTIVE GROUP

We now consider a connected reductive F-group G' whose derived subgroup
is not anisotropic. For simplicity, we still assume that the derived subgroup is
simply connected, and that G satisfies the Hasse principle.

The trace formula for a reductive group whose derived subgroup is not an-
isotropic is vastly more complicated. On the geometric side, the group G(F')
now contains elements that need not be semi-simple and elliptic. The usual
terms in the trace formula — orbital integrals and volumes of centralizers — no
longer make sense. On the spectral side, the space L?(G(F)\G(A)) need not
decompose as a discrete Hilbert direct sum any more, and the operator R(f)
need not be of trace class. Handling these difficulties takes considerable ef-
fort. The survey [Art05] gives a detailed account of this, and we encourage the
reader to consult it carefully. In this chapter, we have tried to give a survey
that is as disjoint from [Art05] as possible while maintaining readability. For
example, we have omitted many technical details, while adding the running
example of G = SL, as well as various further remarks and clarifications. We
hope that the reader will find it fruitful to consult this text alongside [Art05].

The derivation of the trace formula goes through a number of stages, begin-
ning with the larval stage of the non-invariant trace formula, mutating through
the pupal stage of the invariant trace formula, and ending with the adult stage
of the stable trace formula. Each of these stages consists of a distribution that
comes along with two expressions for it, that could loosely be described as a
“geometric” and “spectral” expression.

We will use the notation J for the distribution of the non-invariant trace
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formula, I for the distribution of the invariant trace formula, and S for the
distribution of the stable trace formula. It will be often convenient to empha-
size the group G we are working with, because in the course of working other
groups, such as Levi subgroups of GG, or endoscopic groups of G, will enter
the picture, and their trace formulas will also play a role. For this purpose,
we will write J¢, I¢, and S¢, in place of just J, I, and S, respectively. We
will also use this notational device for other distributions associated with the
trace formula, such as the discrete part Igisc = Igsc, or the weighted orbital
integrals/weighted characters Jy; = J§, and ther invariant analogs I,y = I§,
which will be introduced in the course of this section.

The rough order of development is the following. One first obtains the
distribution J by integrating along the diagonal a modification of the original
automorphic kernel, the so-called truncated kernel. Two expansions of the ker-
nel, one geometric and one spectral, lead to the first form of the corresponding
expansions for J, which takes the form

PRAGED PN

and is called the “coarse expansion”, see (7.3.1) below. Developing explicit
formulas for the geometric distributions .J, and spectral distributions .J, takes
significant effort, and leads to the “fine expansion”, in which the weighted
orbital integrals Jys (7, f) and the weighted characters Jy (7, f), both indexed
by Levi subgroups M of G, are the main terms.

The distribution J and its various pieces Jy; are generally not invariant
under conjugation by the group G(A). This necessitates a further develop-
ment, in which the distribution J is replaced by a distribution I that is G(A)-
invariant and has two expansions, one in terms of invariant distributions I,
of geometric nature, and one in terms of invariant distributions I, of spectral
nature, each an invariant analog of the distribution Jj;. The relationship be-
tween J = J% and I = I is roughly that J = },, I, the sum being over
all Levi subgroups of G containing the fixed minimal Levi subgroup M, see
(7.7.3) for the more precise statement.

The distribution I and its pieces I; are invariant under conjugation by
G(A), but for many applications a stronger invariance, called stable invariance
and already discussed in §6 in the setting of anisotropic groups, is required.
This leads to replacing I by yet another distribution, called S, which is stably
invariant, and again has two expansions, one in terms of stable distributions
Swm of geometric nature, and another in terms of stable distributions Sy, of
spectral nature. The relationship between the distributions I = I¢ and S = S¢
is roughly that I¢ = 3", S%, where the sum runs over the elliptic endoscopic
groups G’ for G, see (7.8.1) for the more precise statement.

7.1 Non-compactness and the continuous spectrum

As we just mentioned, there are two key difficulties in deriving the trace for-
mula for the isotropic group G. On the geometric side, the group G(F') contains
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elements that need not be semi-simple and elliptic, and the usual terms in the
trace formula — orbital integrals and volumes of centralizers — no longer make
sense. On the spectral side, the space L?(G(F)\G(A)) need not decompose as
a discrete Hilbert direct sum any more, and the operator R(f) need not be of
trace class.

We will now discuss this in a bit more detail and consider the example of
G = SL;. One has the preliminary orthogonal decomposition

LA(GFN\G(A)') = L (GING(A)) & LE(GFNGA)'),

where L3 (G(F)\G(A)') is the so-called discrete spectrum, the sum of all irre-
ducible subrepresentations of L?(G(F)\G(A)!), and LZ,(G(F)\G(A)!) is the
continuous spectrum. By definition, we have the Hilbert direct sum decomposi-
tion

—

Lie(GIFNG(8)) = €D _m(x) -,

where 7 runs again over all admissible irreducible representations of G(A),
and those with m(m) > 0 are called discrete automorphic representations. A major
problem in the theory of automorphic forms is to describe m(w) for all irre-
ducible admissible representations 7 of G(A).

In contrast, the continuous spectrum L2 (G(F)\G(A)!) does not contain
any closed irreducible subrepresentation. It is described by Langlands” work
on Eisenstein series. We give a brief summary in Appendix A.3.

The problem is that, while the restriction of R(f) to L3, .(G(F)\G(A)') is of
trace class and can be used to compute the numbers m(7) in the decomposition
of this space, the restriction of R(f) to L2 (G(F)\G(A)) is not of trace class.

We now give simple examples for the various issues in the trace formula
using the group G = SL,/Q.

1. Consider the semi-simple but non-elliptic element v = diag(a,a™!) €
SL2(Q). Then the orbital integral at ~y still converges. However, G, = G,,,,
and G,(Q)\G,(A) = Q*\A* has infinite volume.

2. Consider an upper-triangular unipotent element . Its centralizer is the
product G, = ZN, where Z = {£1} and N = G,. Then G,(Q)\G,(A) =
(Q\A) x ({£1}\[],{=£1}) is compact, in particular has finite volume. But
the problem is with the orbital integral. While at each place the local or-
bital integral does converge (a special case of the general result of Ranga
Rao, cf [Rao72]), the adelic orbital integral does not.

Let us consider the special case where the test function is the characteris-
tic function of G(Z,,). Then the value of the local orbital integral at a finite
place pis (1 — 1/p)~! = ¢,(1), provided the measures are chosen appro-
priately, see Theorem B.0.6 and Definition B.0.7. Therefore the product
over all p, which together with the local orbital integral at co would be
the adelic orbital integral, diverges.
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3. The Hilbert space L?(G(Q)\G(A)) decomposes as the direct sum of three
pieces L (G(Q)\G(A)) & C & L, (G(Q)\G(A)). The middle part is
spanned by the constant function, which is square-integrable because the
quotient G(Q)\G(A) has finite volume. The space L, (G(Q)\G(A)) is
spanned by the cusp forms. It decomposes as a Hilbert direct sum of ir-
reducible representations. The operator R(f) is of trace class on both of
these summands. The space L%,(G(Q)\G(A)) is the orthocomplement of
the other two. It is spanned by Eisenstein series. It does not have any
irreducible subquotient (as an analogy, recall Example 3.2.1), and in fact
decomposes as a continuous direct integral. The restriction of R(f) to
this factor is not of trace class.

7.2 Truncation

The way to obtain a trace formula despite these difficulties is to perform a
truncation, as explained in [Art05, §6] and [Cha22, §3.1.3]. One replaces the
kernel ky of the operator R(f) (cf. (3.2.1)) with a truncated kernel k?, which is
absolutely integrable along the diagonal and one can develop a geometric and
spectral expansion for its integral. This process takes time and goes through
various steps. We will review the cornerstones here, referring the reader to
[Art05] and [Cha22] for more details, as well as to [Gar] for a discussion of SLs.

The definition of the truncated kernel is given in [Art05, (6.1)] in the setting
of the standard trace formula discussed here, and in [Cha22, (3.1.3.8)] in the
more general setting of the relative trace formula. The truncation is controlled
by a parameter 7', which is a point in the positive cone af = a}’,o associated to
a minimal parabolic pair (M, Py) of G, and is supposed to be sufficiently reg-
ular, i.e. lie sufficiently deep in the cone. We will discuss the linear algebra of
these cones in more detail in the next subsection, and give the definition of the
cone in (7.3.6). Integrating this kernel along the diagonal produces a distribu-
tion J7. The trace formula is obtained by providing geometric and spectral de-
scriptions of the distribution J7. Unlike the case of anisotropic (modulo center)
groups, the spectral expansion of J7(f) does not give the trace of the operator
R(f) on L?*(G(Q)\G(A)), since the latter doesn’t have a trace. But the usage
of the words “trace formula” is still justified, because the spectral expansion
does contain the trace of R(f) on the discrete part of L?(G(Q)\G(A)). It also
contains other terms, coming from the continuous part of L?(G(Q)\G(A)). The
difference between the geometric expansion and the contribution of the con-
tinuous part of L?(G(Q)\G(A)) to the spectral expansion does give a formula
for the trace of R(f) on the discrete part of L?(G(Q)\G(A)).

The dependence of the distribution J” on T is resolved by setting T equal
to a specific preferred value Typ. While for many groups 7j is simply equal
to 0, this is not true for all groups. The precise definition of Ty is given in
[Art05, (9.4)]. Note that Ty will usually not be a sufficiently regular point in
the cone a7, and in fact may not even lie in that (open) cone. Therefore a
preliminary result to establish is that the function T — J7(f), a-priori defined
for a sufficiently deep subcone of af, is polynomial in 7', and therefore can be
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evaluated at any T' € ay, cf. [Art05, Theorem 9.1].

7.3 The coarse expansions and fine expansions

The first step in developing a geometric and spectral expansion for the distri-
bution J = J7° takes the form

PR AGEDBPAI! (7.3.1)

The left sum runs over the set O of equivalence classes of elements of G(Q),
where two elements are deemed equivalent if their semi-simple parts are con-
jugate. The right sum is over conjugacy classes of pairs (M, o) where M is a
Levi subgroup of G and ¢ is a cuspidal automorphic representation of M (A)?.

The left sum is called the “coarse geometric expansion”. It is obtained (cf.
[Art05, §10]) by decomposing the truncated kernel as a sum k7 = Y~ _ kI over
the set O of equivalence classes of elements of G(Q) and letting J, be the inte-
gral of k1" over the diagonal.

The right sum is called the “coarse spectral expansion”. It is obtained (cf.
[Art05, §14]) by writing £ = 3~ k] and defining J, as the integral of k) over
the diagonal. This process is more involved than for the geometric expansion,
because the interplay of truncation with the spectral data is less transparent
than with the geometric data. It involves a variation of the truncation operator,
reviewed in [Art05, §13].

The distribution J, is of geometric nature, and the distribution J,, is of spec-
tral nature. The “coarse expansion” (7.3.1) is a first step towards the trace
formula. It must now be refined by providing more useful formulas for the
distributions J, and J, . These formulas constitute the “fine expansions”.

The simplest cases of the fine expansions are those that we have already
encountered in the case of an anisotropic (modulo center) group. Namely, on
the geometric side, if o is the conjugacy class of a semi-simple element  that is
not contained in a proper Levi subgroup, then

Jo(f) = vol(G,(Q\G,(A)) / f(z™ yx)d. (7.3.2)

G (A\G(A)

On the spectral side, if x = (G,0) and meusp(o) is the multiplicity of ¢ in
Liup(G(F)\G(A)), then

Jx(f) = mcusp(o')tr U(f) (733)

However, the general distributions J, and J, are not as easy to describe. We
will now attempt to describe some of them.

On the geometric side, consider the case where o is the conjugacy class of
a semi-simple element v that is contained in a Levi subgroup M C G but in
no smaller Levi subgroup, and such that G, C M. Then (cf. [Art05, Theorem
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11.2])
Jo(f) = vol(My(Q\M,(A)") - Jar(v, f) (7.34)
JM(’Yv f) = / f(%il’yx)vM(x)dx.
Gy (A\G(A)

The distribution Jas(7, f) is an example of a weighted orbital integral, and
vps is a scalar function called the “weight factor”, defined as the volume of a
certain polytope in the real vector space, ay; = X, (Ay) ®z R, whose dual we
denote by a}, = X*(An) @z R.

On the spectral side, consider x = (M, o) such that the stabilizer of ¢ in
Ng(M)(F), which necessarily contains M (F'), equals exactly M (F'). Then (cf.
[Art05, Theorem 15.4])

Jx(f) = mcusp(U)JJW(J, f) (7.3.5)
Tu(o.f) = / e (Mp()Zp(02, )N

The distribution Jas (o, f) is an example of a weighted character, and the “weight”
here is the operator M p(cy), constructed in terms of intertwining operators,
on the space of the parabolically induced representation Zp (o), where oy =

o ® elHM(=)A) see (4.2.1) for the character e((=)-A) and Appendix A.1 for
parabolic induction.

The scalar weight function vy, and the operator weight function M p are in-
stances of an abstract combinatorial construction, called a (G, M)-family, and
discussed in [Art05, §17]. We will now very briefly recall the relevant defini-
tions.

First, we need to recall the hyperplane structure in the vector spaces a;; and
a},, following [Art05, §5] and [GKM97, §5]. The adjoint action of A; on Lie(G)
decomposes the latter vector space into a direct sum of weight spaces (with
multiplicities), and we write &), C X*(Ays) for the set of non-zero weights.
In general @), is not a root system, but we can nonetheless introduce some
concepts familiar from root systems. For example, for each o € ®,; we can
consider its vanishing hyperplane in a,;. The complement of the union of these
hyperplanes is a union of cones in a,s, called chambers. The set of chambers is
in bijection with the set of parabolic subgroups P which admit M as a Levi
factor. Writing a}, for the chamber corresponding to P, we have

af ={z € ay|(z,0) > 0, v € D} }, (7.3.6)

where <I>*1; C @y is the set of weights of the adjoint action of Aj; on Lie(Np),
with Np the unipotent radical of P. More generally, if ) is a parabolic sub-
group that contains M, there is a unique Levi factor L of () containing M, and
we have a;, C ajpy, so we can consider ag C ar, C apz. This leads to the disjoint
union decomposition
ay = H aga
Q
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where @) runs over the set of parabolic subgroups that contain M.

At this point it is useful to recall that the natural inclusion a; C ays has
a natural retraction. This comes from the fact that A, — L — L/[L, L] is an
isogeny of tori, hence leads to an isomorphism after applying X, (—) ®z R. The
inclusion a;, — a; comes from the inclusion A;, — Ajs, while its retraction
comes from the inclusion M — L. The kernel of the retraction is denoted
by ak, and we have the direct sum decomposition ay; = a; @ af; and the
corresponding dual direct sum decomposition. The set ®; lies in (a§,)* =
X*(Am/Ag) @z R.

A hyperplane structure similar to that of a,; is also present in the dual space
a4, For each “root” a € ®); C aj}; one can define a “coroot” a¥ € ay. We
have placed quotation marks to remind ourselves that ®;; is generally not a
root system, and as a result there is no classically defined dual root system.
Nonetheless, we can argue as follows. Choose a minimal Levi subgroup M, C
M. Then @), C aj, = ag is an actual root system and « is the image of
some ag € Py, under the restriction map aj,, — aj,. We have a dual root
system CIDXIO C apg,, hence a (bona fide) coroot oy € apg, = ag, which we can
map under the retraction map an;, — ap. The result is independent of the
choices of Mj and ag. We can now define the analogous hyperplane structure.
In particular, we have the chamber

(ap)T = {z € a}|(z,a") >0, a € L}

In the formulas for a}, and (a},)" one can replace @}, with the subset Ap C 7}
of “simple roots”, which can be defined either as the subset of elements of ¢ p
that are not non-trivial sums of other elements, or as the image under a3, —
a3, of an actual set of simple roots in ®,/, corresponding to the chamber for a
minimal parabolic subgroup P, contained in P with Levi factor M.

We can now return to the short review of the definition of a (G, M)-family.
It is a collection (cp(N))p, indexed by the set of parabolic subgroups P that
admit M as a Levi factor. The term cp()) is a smooth function of the real
vector space iaj},. In the case of the weight factor, the values of this function
are complex numbers. For the (G, M)-families that occur in the spectral side,
the values will be operators on the space of the induced representation Zp (o).
The condition that makes the collection (cp(A))p into a (G, M)-family is that,
when the chambers (a}, )™ and (a},)* in a}; are adjacent and iX lies in the
hyperplane separating these chambers, then cp, (A) = cp, (A).

Given a (G, M)-family (cp(X)) p one defines the function

ex(N) = S epWvol(af/ziag)) T Ma*) .

P aEAp

We recall that a§; = X.(Ax/Ag) ®z R and Ap C (a§,)* is the set of “simple
roots” associated to P, cf. [Art05, §5]. A basic but important result ([Art05,
Lemma 17.1]) is that the function cps () is smooth on ia},, i.e. it does not have
singularities at the hyperplanes A\(«) = 0. In particular, one can define the
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constant
Cp = Cpp (0) .

One sees easily that the product (cp(A)cp(A)) p of two (G, M)-families (cp(N)) p
and (cp(N))p is again a (G, M)-family. The resulting function (cc’)ar(A) can
then be expressed in terms of the functions ¢y (A) and ¢, (), and such an ex-
pression is called a “splitting formula”. We refer the reader to [Art05, Lemmas
17.4, 17.6] for a precise statement. Splitting formulas are important in writing
the global distributions in the trace formula in terms of local distributions.

Besides taking a product we will need to describe another operation on
(G, M)-families, called restriction. It will not be needed for the description of
the term (7.3.5), but will be needed for the more general term (7.3.9) to be de-
scribed below. If (cp(N))p is a (G, M)-family, and M C L C G is a larger
Levi subgroup, we can consider the collection (dg(A))g indexed by the set of
parabolic subgroups that admit L as a Levi factor, and defined as

dg(A) = cp(X),

where P is any parabolic subgroup of G that admits M as a Levi factor and is
contained in @, and A € iaj, C ia},. One can show that this is well-defined, i.e.
independent of the choice of P, and that (dg(\))g is a (G, L)-family.

After reviewing the basic definitions surrounding a (G, M )-family we re-
turn to the discussion of the weight factors vy, and Mp. The scalar weight
factor is obtained as the constant cj;, now seen as a function of the variable
z € G(A), associated to the (G, M)-family

(efA(HP(w)))P,

where Hp is the function

Hp: G(A) — aur, Hp(nmk) = H]y[(m), n e Np(A)/ﬁL S M(A), keK,
(7.3.7)

defined in terms of the Iwasawa decomposition G(A) = Np(A)M(A)K (see
[GH24, Appendix A]) and H)y is the function (4.1.1) for the group M. One can
show that v () is the volume of the convex hull of the set of points {—Hp(x)}
in the real vector space a$;, where P runs over the set of parabolic subgroups
with Levi factor M, cf. [Art05, Lemma 17.2] and the discussion thereafter.

The operator weight factor M p(cy) is obtained as the “constant” ¢ of the
operator-valued (G, M )-family

Mq(A, 05, P) = Mgp(02) " Mg|p(or+a),

where Mg p denotes the global unnormalized intertwining operator discussed
in Appendix A.2. The notation can be a little confusing here. The parabolic
subgroup P and the vector A are treated as constant parameters for this (G, M )-
family. The role of the parabolic subgroup denoted by P in the definition of a
(G, M)-family is played here by the parabolic subgroup @, and the role of the
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variable X in the definition of a (G, M)-family is played here by A. Therefore,
the resulting “constant” ¢y = M p(o,) depends on the parameters P and \.

It is important to note that the (G, M)-family for the global weight factor
vm(x) can be described as the product of the (G, M)-families for the local
weight factors at all places. The splitting formulas then describe the global
weight factor as a sum of local weight factors, and this leads to an expres-
sion of the global weighted orbital integrals in terms of local weighted orbital
integrals, again called a “splitting formula”. We will see an example of this
behavior below.

On the other hand, the (G, M)-family for the global weight factor Mp (o)
is not a-priori a product of local (G, M)-families. Therefore the global weighted
character is not readily expressed in terms of local weighted characters. This
problem will be rectified in §7.5 by using normalized intertwining operators.

The cases of the distributions J, and J,, treated so far can be termed (G, M)-
regular, in the sense that the centralizer of the M-object (being either a conju-
gacy class or a representation) in G is equal to the centralizer in M. In [Art05]
Arthur uses the term “unramified” instead, but this word already has a well-
established meaning of a different nature, so we prefer to avoid it.

The description of the remaining, non-(G, M )-regular cases, is more com-
plicated. On the geometric side, we now consider an arbitrary equivalence
class 0. The most (G, M)-singular case is that of the class consisting of all
unipotent elements, and the general case can be reduced to it. In order to
treat this case, Arthur defines a generalization Jys (7, f) of the concept of a
weighted orbital integral, for elements v € M (F) that are not (G, M)-regular.
The definition, which is reviewed in [Art05, §18], is not the same as that for
the (G, M)-regular case. Indeed, that definition would not make sense, since
the weight factor vy is not a well-defined function on G (A)\G(A), but only
on M, (A)\G(A), but the integrand may not converge on M., (A)\G(A). Instead,
the definition of Jys (7, f) in this more general case is obtained from the (G, M)-
regular case by a limiting process. One examines the limit lim,_,; Jas (a7, f),
where a € Zy(Fy) is an element in general position, so that ay € M (FYs) is
(G, M)-regular; here S is a finite set of places. It turns out that this limit does
not converge, but that by combining the various distributions Jy, (a7, f) for all
Levi subgroups L containing M and forming a suitable linear combination,
the limit does converge and provides a well-defined distribution Ja (v, f), cf.
[Art05, Theorem 18.2].

Once the general weighted orbital integrals Jas (7, f) have been defined,
the distribution J, ( f) for a general equivalence class o € O takes the following
form, cf. [Art05, Theorem 19.2].

To(f) =D WM - IWg |7 > a™ (S,7) Tu (v, )- (7.3.8)

M bl

Here M runs over the set of standard Levi subgroups, W = Ny, (My)/Mo,
W§ = Ng(My)/My, and v runs over the set of elements of M (F) that lie in
0, up to conjugation by M (Fg), where S is a finite but sufficiently large set
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of places of F. The global factor a*(S,~) is defined in [Art05, (19.5)] and is
generally of inductive nature. It vanishes unless the semi-simple part of v is
M (F)-elliptic, and equals vol(M.,(F)\M, (A)') if - is semi-simple (we are us-
ing here that G is simply connected).

Consider now a possibly non-(G, M )-regular contribution x to the spectral
side. This means that x = (M, o) for a cuspidal automorphic representation o
of M(A)'. Then (cf. [Art05, Theorem 21.6])

L) = > Rt wE ! (7.3.9)
M'’,L,m,s
jdet(s el [t (MuO,PIMp(s, 01Zpcn O )N
iay [iag,

There is a good amount of new notation in this expression, which we will now
briefly explain. Before we do that, we alert the reader that there is a typo in
[Art05, Theorem 21.6], where a,, is replaced by a$;..

The sum runs over standard Levi subgroups M’ (we have placed a prime
to distinguish from the Levi subgroup M in the datum x = (M, o)), Levi sub-
groups L containing M’, s € W¥(M’);g, and unitary representations 7 of
M'(A)', where

WE (M )eg = {5 € WE(M")[ker(s — 1ar) = ap}.

The representation Zp, () is the restriction of Zp () (see Appendix A.2) on
the following invariant subspace Hp,y - of Hp =I5 (L3, (M(F)\M(A)')). We
consider the o-isotypic subspace L3, .(M (F)\M (A)")[c] of L3, (M (F)\M (A)*)
and write Hp, = Z§ (L3 (M(F)\M(A)")[o]) C Hp. Recall from §A.2 that
this space consists of functions ¢: Np(A)M(F)\G(A) — C. Welet Hp. C
Hp be the subspace consisting of those functions ¢ for which the function
¢p € LI (M(F)\M(A)'), ¢(m) = ¢(mz), is a matrix coefficient of 7 for all
T € G(A) We let Hpyx=Hpry N Hpx

The operator Mp(s,0) = Mp|p(s,0) is a special case of the operator Mg p(s, \)
discussed in Appendix A.2.

Finally, the operator M (A, P) is defined similarly to the operator M p (o)
defined above that was part of (7.3.5). Namely, one considers the (G, M )-family

M@ (A, A, P) := Mqp(A) ™" Mgp(A + A),

where as above P and ) are fixed parameters, the role of the parabolic sub-
group denoted by P in the definition of a (G, M)-family is played by @, and
the role of the variable X in that definition is played by A. But, unlike in the
definition of M p(oy) above, we will now not directly take the associated con-
stant function called ¢;; above. Rather, we will first restrict the (G, M )-family
to a (G, L)-family, by the restriction process described above, and then take the
corresponding constant function, denoted now by M (A, P). This is possible,
because A € iaj .
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Let us note that, when x is (G, M)-regular, the sum over (M’, L) in term
(7.3.9) collapses to the single summand L = M’ = M. The reason for this is
implicit in Langlands’ description of the discrete spectrum via residues of cus-
pidal Eisenstein series and a brief discussion is given following [Art05, (15.14)].
The sum over s then collapses to the term s = 1 and the term |det(s — 1|a}?)| ™!
is to be interpreted as 1. The sum over 7 can be absorbed into the full in-
duction #Hp,, which is the parabolic induction (see Appendix A.1) of the o-
isotypic component of L3, (M (F)\M(A)'). That component is isomorphic to
o®mas(9) Using these arguments one can identify the terms (7.3.9) and (7.3.5).

We return to a general cuspidal data x. It is possible to slightly condense
the presentation of the fine spectral expansion. At the moment, it consists of
asum ), J,, and then each J, is given by (7.3.9), which is a further sum
over (M',L,n,s). One can condense the pair (x,7) in this sum into a single
real number ¢ > 0 as follows. Consider a unitary representation o of M (A)*.
Its infinite component o, has an infinitesimal character v,,, an element of the
complex vector space it /iaf,, where t¢ = X, (T') ® C for an arbitrary maximal
torus 7' C G. This vector space has a Weyl-invariant real structure X, (7') ® R.
Using that we can write v, = Re(v,) + {Im(v,,), where Re(v,),Im(v,) are R-
valued linear forms on X, (T'/A¢) ® R. Fixing a Weyl-invariant norm on the
vector space tc we can consider the non-negative real number [Im(v,)|. Then
we can define for ¢t € R>( the distribution

Ji= Yy

x=(M,o)
[Im(ve)|=t

We also define
HeiN) = B Hryn

x=(M,o),m
Im(ve)|=t

and denote by Zp(\) the restriction of the representation Zp(\) of G(A) on
Hp(A) to the invariant subspace H p . (). It can be shown that the summand for
(x, ™) vanishes unless |Im(v, )| = t. Then we obtain from the above discussion
the spectral decomposition J = ", J; with

L) = D> WM wE! (7.3.10)
M,L,s

det(s — 1lak)| ™ [t (ML PYM(5.0)Zes (0, )N
ia} /iag
cf. [Art05, Corollary 21.7]. We have dropped here the prime decoration from

M, since we are not using the cuspidal datum yx of which M denoted a compo-
nent.

7.4 The discrete part of the spectral side

We have seen that the spectral side of the trace formula is the sum over x of
the contributions (7.3.9), of which the contributions (7.3.5) are a special case.
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We have further condensed the sum over x to a sum over ¢ € R>( of the terms
(7.3.10).

Thus, the spectral side is an explicit sum of integrals. Each integral has a
“continuous” nature, except for the special case L = G, where the domain of
integration is a single point. Therefore, the part of the spectral side that is of
“discrete” nature is the part where L = G, thus

Icﬁsc(f) = Z Icﬁsc,t(f) (741)
teRZO
I () = D W[ W~ - [ det(s — 1]afy)| ™ tr (Mp(s,0)Zp,(0, f)),
M,s

where we recall that the second sum runs over the set of Levi subgroups M
contained in a fixed minimal Levi subgroup My, and the set s € W (M )req
consisting of those elements of N¢g(M)(F')/M(F') whose action on a,; fixes
precisely a¢. This distribution contains the contributions to the spectral side of
the discrete spectrum, as well as contributions from the continuous spectrum
coming from non-(G, M)-regular points. Strictly speaking it is not yet estab-
lished that the sum over ¢ converges, but one can work with an individual
t-summand Igisc,¢-

The fact that this is a discrete distribution means that it can be written as a

sum
I§e(f) =) agee(m)trn(f),

where 7 runs over the set of admissible unitary representations of G(A)! (with
infinitesimal character constrained by ¢ if we are considering Igsc’t), and the
coefficients a§,.(r) are certain complex numbers. The sum is finite for any
fixed f. When 7 is cuspidal and regular then a$, () equals the multiplicity of
7 in the discrete spectrum, which we denoted previously by mcusp () (see the
discussion after (7.3.9)).

7.5 The refined non-invariant trace formula

The fine expansions discussed so far provide a trace formula which is an equal-
ity of a geometric and spectral side, and on each side we have some informa-
tion about the distributions that occur. However, the two sides have somewhat
different structures, with the geometric side being a sum over Levi subgroups
M and over certain elements v of M (Q), see the general term (7.3.8), while the
spectral side is a sum over quadruples (¢, M, L, s) as well as an integral, see
the general term (7.3.9). Another problem is that, while the distributions on
the geometric side are of local nature — they are weighted orbital integrals and
satisfy splitting formulas coming from the splitting formulas satisfied by the
weight factors vy, the distributions on the spectral side do not satisfy similar
splitting formulas, because the spectral weight terms M, (A, P) do not. This
in turn comes from the fact that the standard global intertwining operators do
not generally factor as products of standard local intertwining operators.
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A further refinement remedies these problems, by rewriting the fine spec-
tral expansion in a different way. The resulting trace formula takes the follow-
ing form, cf. [Art05, Corollary 22.1],

S EWE S M ()T ) = S W WS / oM () Jag (, f)d.
M 7 M a

(7.5.1)

Here both sums are over Levi subgroups containing in a fixed minimal Levi
subgroup M. The geometric side is the one discussed in the previous subsec-
tion, but the spectral side has been rewritten.

The integral over 7 runs over the set II(M)? consisting of representations
induced from discrete automorphic representations of Levi subgroups of M,
with infinitesimal character bounded by T'. This set stratifies according to pairs
(L, o) consisting of a Levi subgroups L of M and a discrete automorphic rep-
resentation ¢ of L, and on each stratum one has the Lebesgue measure coming
from ia} /ia%,, normalized by |[WM |[|[W{E|~L. The coefficient o™ (), evaluated
on the stratum corresponding to (L, o), is the product of the number a%, (o)
coming from the expression (7.4.1) for I%  and a function r}/ (o), while the
weighted character Jy (, f) is defined as

/ tr (Rag (mr, PYZp (mr, £))dA.

*
a5

The two functions 7 (o)) and Ry (7y, P) come from (G, M)-families involv-
ing normalized intertwining operators, which we now briefly review.

The global standard intertwining operator Jp(w, A) acting on the space of
the induced representation Zp (7)), was reviewed in Appendix A.1. It is de-
fined by an integral that converges absolutely when ) is sufficiently positive.
One of Langlands’ fundamental results is that this operator has an analytic con-
tinuation to a function of all A\. The analogous definition for Jp(w, A) can also
be made locally. When A is sufficiently positive, the local integral again con-
verges absolutely. Moreover, the global integral decomposes as the product of
the local integrals. In other words, the global operator Jp(w, A) is of local na-
ture, in that it equals the product of the local operators. But unlike the global
operator, its local counterpart does not have analytic continuation to all A. It
has a meromorphic continuation, but this meromorphically continued operator
may well have poles at certain values of A. These poles reflect the reducibility
of the induced representation. In particular, the global standard intertwining
operator Jp(w, \), evaluated at A = 0, is not necessarily the product of local
standard intertwining operators.

A further study of the properties of local standard intertwining operators
reveals that their poles are of scalar nature. In other words, one can find a
scalar function 7| p () whose poles mirror those of the operator-valued func-
tion Jo p(mx): Zp(ma) — Zg(my) that is the main part of the self-intertwining
operator Jp(w, A), in the sense that the product

Rgip(my) = roip(ma) " Jgp () (7.5.2)
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has analytic continuation to a function of all A. The operator Ry p(my) is
called a “normalized intertwining operator”, and the scalar function 7¢g|p(7y)
is called a “normalizing factor”. In addition to canceling the poles of the stan-
dard intertwining operator, the normalizing factor can be (and is) chosen so
that the product behavior Rp, p, = Rp,p, © Rp, p, holds for all triples of
parabolic subgroups with common Levi factor M. The analogous product be-
havior holds for the standard intertwining operator only when the triple of
parabolic subgroups satisfies the property that the number of hyperplanes that
separate the chambers of P; and P; is the sum of the analogous numbers for
Ps3, Py and P», P;. We refer to [Art05, Theorem 21.4] for a more detailed discus-
sion.

The product over all places of the local normalized intertwining operators
is called the “global normalized intertwining operator”. It is of course just
the product of the global standard intertwining operator and the global nor-
malizing factor obtained as the product of the local normalizing factors. The
global normalizing factor is an analytic function, because the same is true for
the global standard intertwining operator. The global normalized intertwining
operator has the local property that it is (by definition) equal to the product of
the local normalized intertwining operators, for all values of ), in particular
for A = 0.

We return to the discussion of the functions 7 (o) and Ry, (7, P) that
enter the description of the fine spectral expansion. Given global normalizing
factors rgp(mx) and corresponding global normalized intertwining operators
Rq|p(mx) we can form the (G, M)-families

TQ(A, T, P) = TQ|P(7T)\)_17"Q“D(7T)\+A)

and
Ro(A,mx, P) = Rop(ma) " Rgp(Taga).

We recall that, just as in the case of the (G, M )-family M(A, oy, P) encountered
earlier, the parabolic subgroup P and the value of A are fixed parameters, while
the variable parabolic subgroup denoted by P in the definition of a (G, M)-
family is now the parabolic subgroup @), and the variable denoted by A in that
definition is now A. We form the constant c;; for each of these two (G, M)-
families and denote the results as ré\f (mx, P) and Rys(ma, P). Both of these
constants now become functions of A. The first of them is independent of P
and can thus be denoted by 7Y (7). We can of course apply this discussion
with G replaced by any Levi subgroup L of G that contains M and obtain the
function (7).

7.6 The example of SL,

We will now describe in some detail the distributions occurring in the non-
invariant trace formula in the example of G = SL3/Q.

Consider first the geometric side. There are two expressions for it. The first
expression is the left hand side of (7.3.1), which is the sum ) J,(f), where
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in this specific case o is either a regular semi-simple elliptic conjugacy class,
a regular semi-simple hyperbolic conjugacy class, the set of all unipotent ele-
ments, or the set of all unipotent elements multiplied by the non-trivial central
element —1.

The second expression is the left hand side of (7.5.1), which in this specific
case is

LR DI 00 F e FERD S RN S oR))

YE€T(Q)/T(Fs)—conj vyeG(Q)/G(Fs)—conj

where we have fixed here a sufficiently large finite set S of places of Q. Let us
discuss the various summands in both expressions and how they relate to each
other.

1. Consider an equivalence class o that is a conjugacy class of regular semi-
simple elliptic elements in G(Q), i.e. elements with two distinct non-
rational eigenvalues. The conjugacy class o is associated to a quadratic
field extension E/Q, and G,(Q) is the subgroup of norm-1 elements in
E*, while G, (A) is the subgroup of norm-one elements in A} = (A ®g
E)*. Then J,(f) = a®(S,7)Jc(7, f) with a®(S,7) = vol(G,(Q)\G(A)1)
and Jg (v, f) = fGW(A)\G(A) f(z7'yz)dx. The orbital integral is an invari-
ant distribution. Moreover, it is local, in the sense that when f = [], fu
is a factorizable test-function, the orbital integral is the product of the
corresponding local orbital integrals. This is an example of (7.3.2).

2. Consider an equivalence class o that is a conjugacy class of regular semi-
simple hyperbolic elements in G(Q), i.e. elements with two distinct ra-
tional eigenvalues. Then J,(f) = a”(S,7)Jr (7, f), where a”(S,7) =
vol(T(Q)\T'(A)') depends on «y only through its centralizer T, and Jr (v, f) =
fGW(A)\G(A) f(z7 'yx)vp(x)dz. This is an example of (7.3.4), and Jr here

is a “weighted orbital integral” in the simple case of a (G, M )-regular ele-

ment. The weight factor vy (x) is the volume of the convex hull of the set
of points {—Hp(z), —Hg(z)}, where B is the standard Borel subgroup of

G and B is its opposite. We have Hg(z) = w 'Hp(wz) = —Hp(wz),

where
10 1
w=1_7 ol

This volume is thus —Hp(z) — (—Hp(x)) = —(Hp(x) + Hg(wx)), which
one can check to be non-negative by a direct matrix calculation. With
this, we see

Tr(n f) = — / fla ) (H (2) + Hws))dz,
G (A\G(A)

The weighted orbital integral is again of “local nature”, albeit in a some-
what different sense than its unweighted cousin. While the latter is the
product of local unweighted orbital integrals when the test function f is
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factorizable, the weighted integral has a slightly more complicated be-
havior. It comes from the identity v(z) = ), v(x.), where the sum runs
over the set of places of Q. This leads to the following “splitting formula”
for the adelic weighted orbital integral: When f =[], fw, J7(7, f) equals

l‘il Lo )JU( Ly ) AT oy w’ -T_/l w! T’ )AL’ | -
Z(Gv(fwu% Jo(a)d )H(/G Fur (@) )

w Qu)\G(Qu) w' #w 7 (Qu\G(Qyr)

. There are only two equivalence classes o that remain, indexed by the
two non-regular semi-simple elements, namely the central elements, of
G(Q). Thus, one equivalence class consist of all unipotent elements, and
the other is the product of that with the non-trivial central element. Fix
a € {£1}. Then the corresponding equivalence class is the union of the
conjugacy classes represented by the matrices

_la 0O _la wu X 7y X,2
Z_[O a}’ 7_[O a]’ue(@/@ ’
The contribution of o is

Jo(f) = vOUG(Q\G(A)) f(2) + Y fp-s=0Z-(s).

The first summand is a“ (S, 2)Jg(z, f). The second summand is the “fi-
nite part” (that is, the constant term) of the Laurent expansion at s = 0 of
the complex valued function

Zy(s) = / f(:zs_l’yac)e_SHB(””)dac7
Gy (A\G(A)

where the integral converges for Re(s) > 0. Notice that the “value” at
s = 0, should it exist, would be equal to the adelic orbital integral of
f at v. However, this integral does not converge. In order to make it
converge, the convergence factor e ~*#5(*) is added.

This finite part can be expressed more explicitly as follows. The local
counterpart of the adelic orbital integral does converge. When the local
test function at a finite place p is the characteristic function of G(Z,,), this
integral has the value (,(1) = (1—1/p)~!. This shows that the divergence
behavior of the adelic integral, being the product of the local integrals,
mirrors exactly the divergence behavior of the Euler product expansion
of ¢(1). Therefore the function

017, f1(s) = C(1+5) 7" Zy(s)
is regular at s = 0. Using the Laurent expansion

Cl+s)=st+ X+
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the finite part above can then be expressed as

0L, f1(0) + Aoy, £1(0).

We can relate this to the second expression of the geometric side of the
trace formula as follows. Instead of multiplying Z.,(s) by ¢(1 + s)™! to
compute the finite part, we can take the derivative at s = 0 of s - Z(s).
Let S be a sufficiently large finite set of places of F'. Decompose Z,(s) =
Zs(s) - Z9(s) according to the decomposition A = Fg x A°. Note that
Zs(s) is regular at 0, being the product of finitely many local unipotent
orbital integrals, while Z°(s) has a pole at s = 0. Applying the product
rule, the derivative at 0 of s - Z,(s) equals
s:O) ’

(#,.0) (&

Now Zs(0) = Jg (v, f) is the usual unipotent orbital integral of fg at «y
in the group G(F's). The number % \SZO(SZ:f (s)) is the global coefficient
a®(S,7); it does not depend on f because S is chosen so large that for
any place outside of S the components of f is the unit in the spherical
Hecke algebra. The term |, Zs equals Jr(z, f), while %|5:0(st(s))
is the global factor a”'(5,1) = vol(Q*\A!). For more details on these
calculations we refer the reader to the work of Chaudouard [Chal7] (in
particular Theorem 8.5.1 and §12.7), [Chal8] (in particular Theorems 5.1.1
and 6.2.1).

(25) + (&

Zs) - ((s2%(s))

s=0 s=0

We have thus discussed all equivalence classes o in the left hand side of
(7.3.1) for G = SL,/Q, and have seen how they contribute to summands in the
left hand side of (7.5.1). In this way we have accounted for all summands of
the latter. Indeed, the elliptic o correspond to the elliptic regular semi-simple
elements in G(Q)/G(Qg)-conj, while two classes o consisting of unipotent (up
to center) elements correspond to the central and regular unipotent elements
in G(Q)/G(Qg)-conj, as well as to the G-central elements in T'(Q). The regular
hyperbolic equivalence classes o correspond to the non-G-central elements in
T(Q). The regular hyperbolic elements of G(Q)/G(Qs)-conj do not contribute,
because the global factor a“ (.S, y) vanishes for them.

Next, we turn to the spectral side of (7.3.1). It is indexed by pairs x = (M, o)
of a Levi subgroup M and an irreducible cuspidal automorphic representation
o of M(A)L.

1. When x = (G, n) with 7 cuspidal, this is the special case (7.3.3) and
S (f) = Meusp(m) - tr(f).
2. When x = (T, u), where T is the group of diagonal elements of G, this

T(A) = A%, and pu: A' — C* is a character. Since the Weyl group of
(G,T) is Z/2Z and the non-trivial element acts on 7' by inversion, the
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datum (T, ) is (G, T)-regular if and only if pu # p~1, i.e. u? # 1. We shall
assume this for now and deal with the case p? = 1 later. Then (ignoring
positive normalization constants)

T == [ 0 (M) My ), )

—00

Here p, = po-| — |%, z € C. The induced representation Zp(4,) can be
realized on a vector space #(u) independent of z, cf. Appendix A.1. For a
second Borel subgroup B’ containing 7" we have the standard intertwin-
ing operator Mp/p(2): Hp(p) — Hp () that intertwines the represen-
tations Zp (11,) and Zp/ (), as recalled in Appendix A.2. It can be seen as
a meromorphic function of z, and Langlands has proved that it has ana-
lytic continuation to all z € C. We have denoted by M;(z) the derivative
of this function, which is again an operator Hg(u) — Hp/(1). Therefore
Mp B (z)‘lMg,‘B(z) is a self-operator on H g (u). Another such operator
is Zp(us, f), and we can take the trace of the composition of these two
operators.

To see that this is the weighted character (7.3.5), we need to check that
the operator —MB‘B(it)’lMélB (it) is the result of the (G, M)-family
MB’ (A, ity B) = MB/lB(it)_lMB/|B(it + ZA)

This family has the two members, one for B’ = B and one for B’ =
B. When B’ = B the operator equals the identity, and when B’ = B
the operator equals the composition of the self-intertwining operators
Mp,5(it)~ ' Mp, g (it +iA). Ignoring normalizations and volumes, the op-
erator valued “constant” c¢); associated to the (G, M)-family is by defini-
tion

lim (iA) =" (id — Mg p(it) =" Mp (it +iA))

A=0
= Mp(it)™ Jim (i)™ (M (i) — Mpyp(it +iA))
= —Mpp(it)" Mpp(it).

To see how this relates to the weighted characters defined in terms of nor-
malized intertwining operators we recall the identity Mg 5 (it) = 73 5 (it) R g (it)
from (7.5.2), where again we have abbreviated p;; by simply it. Differen-

tiating in it we obtain

M/B\B<it) = T/B|B(it)RB|B(it) + TB|B(it)R,B|B(it)
and hence
5 5 (it)
o . BB\, o .
M (it) " My (it) = 22 Sid + R (it) " Rlg, 5 (it).
755(it)
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This leads to

oo

rs (it
Jy(f) = —/R BIB(‘ )’fl‘ (IB(Mit,f))dt—/ tr (RB|B(it)flRﬂg\B(it)IB(Mmf))dt-

TB|B(Zt) —o00

The second term is the weighted character defined in terms of the global
normalized intertwining operator Rp. Using the fact that the global nor-
malized intertwining operator decomposes as a product of local normal-
ized intertwining operators R z(it) = @, Rp p(it,v), we obtain

RB|B(7't) B\B ZRB‘B Zt U B\B ’Lt ’U X ®Idw7
w#v

the sum running over all places v of F'. This leads to the expression

_Z/Rtr(RB\B(itVU)_lRB|B(7’t ’U)IB Mztva H tr IB ,uzhfw)))
v wH#v

for the normalized weighted character.

Consider now x = (T, u) with u? = 1 and p # 1; this is a non-(G, T)-
regular term. Then (again ignoring positive normalization constants ,

Jy(f) equals

—/ tr (M p(it) ™ M, 5 (i) Zp (s, f))dt + itl‘ (Mg p(w,0)Z5(1, f))-
To see that this is the weighted character (7.3.9), we note that the first
summand corresponds to the pair (M’, L) = (T,T), where it is derived
as in the previous point, while the second summand corresponds to the
pair (M’, L) = (T, G) and is the contribution of y to I§, . There is no term
for (M, L) = (G,G), (T, 1) does not contribute to the discrete spectrum
of G.

. Consider finally x = (7', 1). Then J, (f) equals
- - ‘ 1
- / tr (Mo (0)™ M 0 s )40 (Mg 00T 0 D) | (@)

The argument is as above, except that now we also have a term corre-
sponding to the pair (M, L) = (G, G), because (T, 1) does contribute to
the discrete spectrum of G via a residue of an Eisenstein series. This con-
tribution is the unique residual automorphic representation of G = SLy,
namely the trivial representation. The terms for (M,L) = (T,G) and
(M, L) = (G, G) are the contributions of x to I§

isc*
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7.7 The invariant trace formula

While (7.5.1) provides a useful trace formula, it still has one major flaw: the dis-
tributions that occur in it are not invariant under conjugation by G(A). In fact,
it is not just the individual distributions that often fail to be non-invariant, but
both the geometric and the spectral side of the trace formula are non-invariant
distributions. The reason this is a problem is that often times the test function f
is not explicitly given as a function, but is rather described abstractly by some
process of local harmonic analysis that specifies it only up to conjugation.

The fact that neither the geometric nor the spectral side are invariant distri-
butions means that, in order to obtain a trace formula that consists of invariant
distributions, one has to mix geometric and spectral terms in an effort to cancel
the non-invariance behavior. The result will be an identity in which at least
one of the sides will not be of purely geometric or purely spectral nature, but
rather a mix of both. Of course, the task is to do this mixing in a minimalistic
way, in order to preserve as much as possible the original structure. Indeed,
if we brought both sides of the trace formula to the same side of the equation
sign, we would trivially obtain an invariant formula, but it will not be of much
use.

The basis of the invariant trace formula are the “variation formulas” which
quantify the non-invariance of weighted orbital integrals and weighted charac-
ters. These formulas take the following form. Given a test function f on G(A)
and y € G(A) we have (cf. [Art05, Lemma 18.1])

TGO 1) =3 T (s fa): (7.7.1)
Q

where f¥(z) = f(yzy~') and we have now used superscripts on the distribu-
tions Jjs in order to denote the ambient group, which varies in this formula.
The sum runs over all parabolic subgroups containing M, Mg, is the Levi fac-
tor of () containing M, and f — fg, is a continuous linear map from smooth
compactly supported test functions on G(A) to those on Mg(A) that is given
by an explicit formula, cf. the discussion surrounding [Art05, Theorem 9.4].

In the above sum on the right, the summand for Q = G is simply J$; (v, f).
The formula can thus be seen as expressing the difference J§;(f¥) — J$(f),
which measures the failure of invariance of the distribution Jﬁ, in terms of the
distributions J%Q associated to proper Levi subgroups of G.

Note that the failure of invariance of J§; gets worse the smaller M becomes,
because then the sum on the right has more terms. The simplest case is when
M = G, in which case the distribution J§ is actually invariant. This is not
surprising, since this distribution is then a usual, i.e. unweighted, orbital in-
tegral. One proves the above formula first for (G, M)-regular v by examining
the non-invariance of the weight factor va,, which is captured by the general
splitting formulas for (G, M )-families. One then reduces the case of general
to the (G, M)-regular case.

In principle, the weighted character satisfies the exact analog of this for-
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mula, namely
AN OED AN P) (7.72)
Q

The reason this is not literally true is that weighted characters are distribu-
tions on a slightly smaller space of test functions, namely the space H(G) of
smooth compactly supported functions on G(A) that are K-finite, i.e. their left
as well as right translates under the fixed maximal compact subgroup K span
a finite-dimensional subspace. Since H(G) is not invariant under conjugation
by arbitrary elements of G(A), the above formula does not make literal sense.
It can be made sense of by replacing conjugation by G(A) with convolution by
H(G), cf. [Art05, (22.11), (22.12)], but we will ignore this technical point here.

We have already discussed that, since neither of the geometric and spec-
tral side of the trace formula are invariant, we’ll have to achieve invariance by
mixing them. The parallel form of the variation formulas (7.7.1) and (7.7.2) sug-
gests that one should be able to modify a weighted orbital integral by weighted
characters, or vice versa, in order to cancel the failure of invariance. There are
two possible ways to do this: modify the geometric side by subtracting spectral
terms, or modify the spectral side by subtracting geometric terms. Both have
been used in the literature, and each comes with analytic technical difficul-
ties stemming from the asymptotic properties of the respective distributions.
Arthur has found that, for general groups, subtracting spectral terms from the
geometric side presents more manageable difficulties. This is the way he has
obtained the invariant trace formula. For more discussion on this we refer to
[Art05, §22].

To explain the process in a bit more detail, we first formulate the goal.
We want to modify the non-invariant distribution J§ (v, f) in such a way as
to obtain an invariant distribution I{; (7, f), and we want to modify the non-
invariant distribution J§; (r, f) in such a way as to obtain an invariant distri-
bution I§;(r, f), and both modifications need to be parallel, in the sense that
the identity relating the various J§; (v, f) to the various J§;(m, ), i.e. the trace
formula, continues to hold with the new distributions I{; (v, f) and I, (n, f).

The process involves a space Z(G(Fs)) that we will briefly describe. Roughly
speaking, it is the space of orbital integrals of test functions, and at the same
time the space of tempered characters of test functions. More precisely, given
a test function f on G(Fs), we can form the set of its strongly regular orbital
integrals { fa(7) | v € G(Fs)}, as well as the set of its tempered character val-
ues {fg(m) |7 € Ilemp(G(Fs))}. Here Gy denotes the set of strongly regular
elements of G, Iliemp denotes the set of isomorphism classes of tempered rep-
resentations, and we have the formulas

fe(r) = / Fa— ) de,
G+ (Fs)\G(Fs)

fa(m) =trn(f).

and
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Those two sets determine each other, cf [Kaz86, Theorem 0] for an argument in
the p-adic case. In particular, one of the sets consists entirely of zeroes if and
only if the other does. We can define Z(G(FYs)) as the quotient of H(G(F's)) by
the subspace of functions for which f(7y), or equivalently fo(7), is identically
zero. We can then interpret this space as a subspace of the space of functions
on strongly regular semi-simple conjugacy classes of G(Fy), or as a subspace of
the space of functions on the set of tempered representations of G(Fs). For the
latter interpretation, the Paley-Wiener theorem ([BDK86], [CD90]) describes
the subspace by precise conditions on the functions on Iliemp (G (Fs)).

A distribution on G(Fs) that factors through the quotient Z(G(Fy)) is said
to be supported on characters. It is clear that any such distribution is invariant.
The opposite implication is conjectured, and has been established for p-adic
groups in [Kaz86], but is not yet known for real groups.

Returning to the process of making the trace formula invariant, the analytic
difficulties that arise can be overcome by replacing (yet again) the space of test
functions with a suitable modification, called H..(G(Fs)) in [Art05, §23]. Since
we are trying to get the basic idea across, we will ignore this point, and instead
formulate the following result, which is a key tool in the process, but becomes
correct (cf. [Art05, Proposition 23.1]) only when using the appropriate spaces
of test functions.

Proposition 7.7.1. The map ¢$;: f — J$;(w, f) is a continuous linear transforma-
tion from the space of test functions H(G(Fs)) to the space Z(M (Fg)).

We are using here the interpretation of Z(M (Fs)) as a space of functions on
the set of tempered characters of M (Fs). That is, we are thinking of J{ (7, f)
as a test function ¢§;(f) on M(Fs) specified by the identity tr 7 (6§, (f)) =
JG (m, f) for all m € Hiemp (M (Fs)).

The process of making the trace formula invariant is then encapsulated in
the following result.

Theorem 7.7.2 ([Art05, Theorems 23.2, 23.3]). There exist invariant distributions
IS (v, f) and I, (7, f), that are supported on characters, such that

IS £) = TS50 ) =D I (1,68 (F))
L

and

IJ?/I(Tr7f) = J]%;(ﬂ-a f) - 211%4(7T7¢§(f))
L

In both cases the sum runs over the set of proper Levi subgroups of G con-
taining M. The existence of the distributions is immediate, because the right-
hand sides provide the definition by induction on dim(G). The content of the
theorem is that they are invariant, which follows easily from the variance for-
mulas above, and that they are supported on characters, which takes more
work to show.

Our notation is slightly simpler than that of [Art05, Theorem 23.3]. We
have not placed hats on / L which Arthur uses to indicate the factorization
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of I, through the quotient Z(M(Fs)) whose existence is guaranteed by the
claim that I%, is supported on characters. We have also not used the variable
X, which is tied to the modified space of test functions.

The invariant distributions 1§ (v, f) and I$;(r, f) satisfy splitting formu-
las that are analogous, and implied by, those of their non-invariant analogs
JS$ (7, f) and J (7, f). In this sense, they are local in nature.

The invariant trace formula now follows from its non-invariant analog. Let
us decorate the distribution J by a superscript denoting the ambient group,
just as we did with the distributions Jj;.

Theorem 7.7.3 ([Art05, Theorem 23.4]). The distribution

I9(f) = JO(f) = > W |- WS | T (65 (f))

L#G

is invariant and supported on characters. It has the “geometric” expansion
I9() = 2 W |- IWE 7 D2 aM (N5 (7, )
M v
and the “spectral” expansion

19(7) = 30 W) Wl / oM () IS, (m, f)d.

M

The term “invariant trace formula” can refer to both the distribution 79 (f),
as well as to the equality of the two expressions given for it by Theorem 7.7.3.
The first identity in that theorem can be rewritten as

TO(f) =D W] - W T (5 (1)), (7.7.3)

L

where now L runs over all Levi subgroups of G containing the fixed minimal
Levi subgroup M. This identity expresses the non-invariant trace formula
JY(f) as a sum of invariant trace formulas of all Levi subgroups of G. We will
see a very analogous identity connecting the invariant trace formula and the
stable trace formula in (7.8.1).

We return to our running example of the group G = SLy/Q. The relevant
variance formulas were established in [LL79, Lemma 3.2, 3.3, 3.4]. The regular
hyperbolic weighted orbital integral is denoted in this reference by A;(v, f)
and Lemma 3.2 of loc. cit. expresses the difference A; (v, f¥) — A1(7, f) as the
difference H (v)—H ("), where w is the non-trivial Weyl element. Here H is the
function on the split adelic torus T'(A) = A* that is the Fourier transform of the
function H(n) defined on the character group of T(A) by H(n) = tr(Z§(n, f) o
N(g)), where N(g) is the operator on the space of the induced representation
Z§(n) defined by (N(g)¢)(k) = (o, Hg(kg)) - ¢(k), where a € X*(T) is the
unique B-positive root. Explicitly, (N(g)¢)(k) = B(kg) - ¢(k) for g € G(A) and
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k € K, where nja;(k, g)k1 is the Iwasawa decomposition of kg, we identify
ai(k,g) € T(A) = A%, and set 3(kg) = log|a1(k, g)|*. The Fourier transform is
defined as H(vy) = fn H(n)n(v)dn.

According to Lemma 3.4 of loc. cit. the variance of the normalized weighted
character is exactly parallel to that, namely (note n* = 1)

tr (Rp(n) ' Rp(nI5 (0, f) — tr (Rp(n) " Rp(m)Z5 (n, f)) = H(n) — Hn™).

In other words, the variance of the normalized weighted character is the Fourier
transform of the variance of the regular hyperbolic weighted orbital integral.
The Poisson summation formula for the locally compact group T'(A) = A* and
its discrete subgroup 7'(Q) = Q* then implies that if we combine the regular
hyperbolic weighted orbital integrals and the normalized weighted characters,
the result will be an invariant distribution. To be more explicit, the function
H on T(A) and its Fourier transform are related by the Poisson summation
formula (Theorem 2.1.3)

Y H(= > H{(n).

YET(Q) ne(T(A)H/T(Q))*

Note however the following asymmetry. If we take the sum of all normalized
weighted characters, then this sum runs over all n € (T(A)!/T(Q))*, and the
variance formula for this sum will produce the full right hand side of the above
identity. However, if we take the sum of all regular weighted hyperbolical in-
tegrals, then this sum runs over all v € T(Q) except v € {£1}, because these
are exactly the non-regular elements. Therefore, the variance formula for this
sum produces the left hand side of the above identity up to the two missing
summands for v € {+1}. As a result, we cannot apply the Poisson summa-
tion formula and obtain the required cancellation before we have supplied the
missing summands for v € {£1}.

It turns out that the missing summands for y € {1} will be contributed by
the variance formula for the unipotent orbital integrals, i.e. the distributions
Jo for the equivalence classes 0 = (7,1) and o = (T, —1). This is the content
of Lemma 3.3 of loc. cit. Thus, combining the regular hyperbolic weighted
orbital integrals, the normalized weighted characters, and part of the unipotent
contribution, results in an invariant trace formula. For further exposition we
refer to [Kal24], §6.4, especially §6.4.3.

7.8 The stable trace formula

The discussion of this section is philosophically analogous to that of the previ-
ous section, and follows closely [Art05, §29]. Initially we had obtained a trace
formula for the group G, by which we meant a distribution J(f) together
with two different expressions for it, one of geometric nature and one of spec-
tral nature. We discussed the problem that this distribution was not invariant,
and we modified it so that we obtained an invariant distribution I¢, together
with two different expressions for it, again one of geometric and one of spectral
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nature, at least in some sense. The two distributions J& and I¢ were related
by the identity (7.7.3), which we recall expresses the non-invariant distribution

JC as asum
TOf) =D W] - W T (5 (1)),
L

of the invariant distributions I'” over the various Levi subgroups L of G.

The main motivation to replace J¢ by I¢ is that often times the test function
to be used in the distribution is not given explicitly as a function, i.e. an element
of #(G), but only via its orbital integrals or character values, i.e. only as an
element of Z(G).

In fact, many applications of the trace formula require an even stronger in-
variance, namely stable invariance, that was discussed in §5. Such applications
involve the computation of the Hasse-Weil zeta function of Shimura varieties
[Kot90], or the comparison of spectra of inner forms [LL79], or the classification
of representations of classical groups [Art13].

The outcome we desire is formally analogous to that of making the trace
formula invariant. We would like to construct a stable distribution S¢ by mod-
ifying the invariant distribution /¢ by terms “of lower order”. Thus we are
going to have

1°(£) =Y _ UG, 68 (1), (7.8.1)
G
where the sum runs over the set of elliptic endoscopic data G’, «(G,G’) are
certain positive coefficients, described in §6.3, and S G is the stable distribution
on the group G'.

We are using here Arthur’s notation G’ for endoscopic data, instead of Kot-
twitz’s notation H. This allows the systematic usage of “prime” for endoscopic
objects. The function f’ is the “endoscopic transfer” of the function f. The map
f ~ f’ can be seen as an analog of the map ¢%: H(G) — Z(L) used in the
process of making the trace formula invariant. It is the map H(G) — SZ(G’)
determined by the transfer theorem (Theorem 6.3.1), where the target space
SZ(G') is a stable analog of the space Z(G') and will be discussed below. It is
a quotient of Z(G"), and the property of S being a stable distribution means
that it factors through this quotient.

The above stabilization identity was already obtained in the case when G is
anisotropic modulo center in (6.3.4). These arguments still apply to an arbitrary
group G, but only treat the part of I“ that consists of orbital integrals at elliptic
elements. The general case is, as with the trace formula itself, significantly
more complicated. We'll give just a broad outline of the process, and discuss
the example of SL;.

The desired identity (7.8.1) provides an inductive definition of the distribu-
tion SY(f) when G is quasi-split, namely as

SC) =1°(f) = Y S9).

G'#G
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The restriction to G quasi-split comes from the fact that the summands G’ in
(7.8.1) are all quasi-split, by definition.

The question then becomes to show that the invariant distribution S (f)
defined as above is stable. When G is not quasi-split, it does not occur as a
summand on the right hand side of (7.8.1); what occurs is its quasi-split inner
form. Therefore, both sides of the identity are now defined, and the identity
needs to be proved.

Neither of these tasks seems possible by a direct approach. Instead, one
defines “endoscopic” and “stable” versions of each of the terms of the two ex-
pansions of the invariant trace formula, by a process similar to the one that
defines the distribution S¢. Assembling these terms, one obtains an “endo-
scopic” distribution I%¢ and a “stable” distribution S, and the task is again
to show that I%¢ = I¢ and that the identity (7.8.1) holds. Here the words
“endoscopic” and “stable” are used just as labels to refer to the distributions;
they do not (yet) have mathematical content. Of course, this is just a reformu-
lation of the original problem, and is completely formal. But what it allows
for is the use of the structure of these distributions, namely as a sum over Levi
subgroups, which opens the possibility for an inductive argument.

Before we go deeper into this process we need to discuss two technical
points. The first concerns a stable analog SZ(G) of the space Z(G) of orbital
integrals. It is defined as the quotient of the space of test functions by the sub-
space consisting of those test functions whose strongly regular stable orbital
integrals vanish. By definition, a stable distribution is one that factors through
the space SZ(G). That space has an obvious interpretation as a space of func-
tions on the set of strongly regular semi-simple stable orbits. Just like Z(G),
it should also have a spectral interpretation, namely as the space of tempered
stable characters. According to the local Langlands conjecture, the latter space
should be indexed by tempered Langlands parameters. Since this is only con-
jectural, but the spectral interpretation of SZ(G) is needed in the arguments
of the stabilization of the trace formula, Arthur has produced [Art96] a formal
replacement of the space of tempered Langlands parameters that does provide
a basis for SZ(G) and has enough formal properties to support that process.

The second technical point concerns the endoscopic transfer of functions,
and transfer factors. The Langlands—Shelstad transfer factor A is defined as a
function that takes a pair of strongly regular semi-simple elements, one of G
and one of the endoscopic group G, or rather a z-extension of it. This in turn
provides a characterization of a transfer of functions f +— f’ via matching of
orbital integrals. While this transfer is not a map between spaces of functions,
it does induce a well-defined map Z(G) — SZ(G’). Arthur puts these transfer
maps for the various endoscopic groups together into a total transfer map

7(G) = [ [ ST(@), (7.8.2)
G/

where the product runs over the (finite) set of isomorphism classes of endo-
scopic data. He then proves that this map is injective, and denotes its image
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by Z¢(G), so that it induces an isomorphism Z(G) — Z¢(G). In fact, Z¢(G)
can be characterized as the subspace of [[., SZ(G’) consisting of tuples that
are compatible with parabolic descent (a Levi subgroup M’ of an endoscopic
group G’ of G is itself an endoscopic group of GG, and the transfer from G to M’
is the composition of the transfer to G’ and the usual parabolic descent from G’
to M').

This transfer map can in turn be used to extend the definition of the trans-
fer factor beyond the setting of strongly regular semi-simple elements. Indeed,
any such element provides an invariant distribution via its orbital integral, and
a stable distribution via its stable orbital integral. The total transfer map in-
duces dually a surjective map

P sz - 1(G), (7.8.3)
)t

with the same indexing set as above. Since the transfer of functions and the
transfer factor contain the same information, this map can be interpreted as a
formal extension of the Langlands—Shelstad transfer factor; therefore Arthur
denotes it by the same letter A.

We now return to the process of stabilization, which is developed in [Art02].
Let us say a bit more about the definitions of ¢ and S¢. Consider first the
geometric expansion

190f) = Y IWWEI™ Y- a™ (I (. f).
M o’

One defines inductively the “endoscopic” and “stable” analogs a™+¢(v) and

bM (8) of aM (), as well as the corresponding analogs IS¢ (v, f) and 5SS, (5, f)
of I§;(7y, f). The definition of S$; (6, f) is similar to that for S¢ given above:
Assuming that G is quasi-split, one sets

SGOn ) =I5 1) = . ww(G.G)SSH (),
G'#G

where G’ runs over the set of elliptic endoscopic data for G that admit a Levi
subgroup M’ that is elliptic endoscopic for M, and the coefficients ¢t (G, G”)
are analogs of «(G, G’). Assuming G is not quasi-split, one sets

IS5 ) =3 e (G, G S (8, f).

lel

The goal is to show that S§/ (v, f) is a stable distribution, and that 1 ﬁ’g(fy, =
157 (3, f)-

In a similar manner, one defines endoscopic and stable analogs of the global
coefficient a* () (that occurs in the refined geometric expansion, see (7.3.8)
and note that the coefficient a* (S, ) stabilizes for large S). The endoscopic
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analog of the coefficient a® is denoted by a“¢(7) and is defined trivially as
a%€(y) = a%(y) if G is quasi-split, and via

a%E(y) =D UG, G (8)A( )

G &

if G is not quasi-split, where G’ runs over the set of elliptic endoscopic data
and §’ over the set of stable regular semi-simple classes. This presupposes that
the coefficients b% have already been defined for all the quasi-split groups G’
occurring in the sum, one of which is the quasi-split inner form of G.

The stable analog of the coefficient a“ is denoted by b“(5), and is defined
when G is quasi-split. Informally we would like to think of it as a function
on the set of stable regular semi-simple conjugacy classes. However, it is first
defined as a function on an a-priori larger set, namely the image of (7.8.3) via
the identity

Y HOAGY) =a%() = Y Y UG ENT (AW, ), Y,
§

G'£G &

where on the left the sum runs over an (somewhat arbitrarily chosen) basis
A¢(QG) for that image, while on the right G’ runs over the set of proper elliptic
endoscopic data of G, and ¢’ runs over the set of stable classes in G’.

The claims to prove are now that a®¢ () = a®(y) for all v, and b%(5) = 0
for all § € A®(G) that do not come from the set A(G) of stable regular semi-
simple classes in G via the map A(G) — SZ(G)* — []o SZ(G')* — Z(G)*.

In a similar fashion, one defines endoscopic and stable analogs of the spec-
tral terms of the expansion of I¢, and asserts similar statements.

With all these definitions in place, an inductive argument can be under-
taken whose ultimate purpose is to prove all the statements made so far. The
main induction is on the rank of the derived subgroup of G, although further
supplementary inductions are taking place, such as on the dimension of the
split center of (. The main induction allows to treat all statements as known
for all proper Levi subgroups of G, as well as all proper endoscopic groups of
G. This argument is carried out in the papers [Art01] and [Art03].

The base of the induction is the term M = G of the invariant trace formula.
This argument is still very complicated, and is one of the main tasks of the
manuscript [Art03]. It is a combination of endoscopic considerations together
with the analytic considerations involved in the comparison of the invariant
trace formulas of inner forms of GLy, that is the subject of [AC89] and is re-
viewed in [Art05, §25]. We encourage the reader to study [Art05, §25] before
going to [Art03].

Here we will only give an example in the setting of the group SL;. The
term M = G of the invariant trace formula, which we denote by I,4, following
Arthur, consists of the elliptic regular term, whose stabilization is very similar
to the discussion of §6, and the parts of the unipotent term that are left over
after the process of making the trace formula invariant.
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In §6 we had established the stabilization of the geometric side of the trace
formula under the assumption that G/A¢ is an anisotropic group. The same
arguments apply to a general group and provide a stabilization of the elliptic
part of 1€, i.e. the distribution I§ = J§ that is obtained by taking in the defini-
tion of J¢ only those summands that are indexed by elliptic conjugacy classes.
We can thus interpret (6.3.4) as the idenity

1500 = SG(D + 3 UG, G)SG g1,
G'#G
where the notation is as follows. Consider the inner sum of (6.3.3), i.e. the sum
of stable orbital integrals of (G, G’)-regular elliptic elements. When G = &,
the condition of (G, G')-regularity is vacuous, and we will denote this sum by
Sgl. In the current special case of G = SLy, when G # G, then G’ is a torus,
and (G, G")-regular is the same as G-regular, and we denote the corresponding
sum by S&’ 'reg. The function f’ is what was denoted by f# in (6.3.3).

In the setting of (6.3.4) the group G/A¢ was anisotropic, so I§ = I¢ = J¢
and we had mentioned that the properties of the transfer f’ of f implied that
all the complicated terms of S¢ vanished on f’. For a general group this is
not the case, and can be seen in the special example of G = SL, as follows.
The fact that G’ is a torus when G # G’ means that both f’ and S¢ must be
very simple, because the conjugation action of G’ on itself is trivial. In fact,
since SO,/ (f") = f'(7') we see that the transfer theorem 6.3.3 fully determines
the function f’ on the set of G-regular elements in G’. But this theorem also
stipulates that f’ be smooth, which means that the values of f’ on the non-
regular elements of G'(A) are determined by continuity. It turns out that those
values are generally non-zero and do contribute to SE (f’).

This turns out, as it must, to be related to the difference between I eGu and
I¢. More precisely, the answer lies in understanding how regular semi-simple
orbital integrals degenerate towards singular elements. This is governed by
the unipotent orbital integrals of f. If we were treating an anisotropic inner
form of SL,, the lack of unipotent orbits would imply that f’ is zero at {£1},
and the above identity is already the full stabilization of the trace formula. But
in the setting of SL, the value of f” at {£1}, which a-fortiori is determined by
continuity of f/, equals the unipotent x-orbital integral of f. For more details
on this point we refer to [Kal24, §6.4.1]. This observation leads to the identity

Ton(f) = > (G, GSSH(F).

Gl

7.9 The stable multiplicity formula

As a result of the stabilization process, one obtains not just the identity (7.8.1),
but also an identity that gives two equal expression for the stable distribution
5S¢, namely the equality of

SO WIS M (8)S5i(6, f)
M )

70



and

SO W wE / DM (6)S5, (6, F)do.
M [l

In both expansions the first sum runs over Levi subgroups of G containing the
fixed minimal Levi subgroup M. In the first expansion § runs over the set
of stable classes, while in the second expansion ¢ runs over the set of formal
parameters.

We could regard these as “geometric” and “spectral” sides, and their iden-
tity as a stable analog of the trace formula. However, while the “geometric”
side does indeed have some geometric nature, the nature of the “spectral” side
is not clear. After all, the set of formal parameters is only conjecturally related
to the actual Langlands parameters, and S, (¢, f) is only conjecturally related
to stable characters.

Recall the distribution I$

disc

of (7.4.1). The above “spectral” expansion of S¢

does at least allow us to define in a similar fashion the distribution Sc%sc’ as the
M = G summand. The identity (7.8.1) then implies the identity
TG (f) =D G, G)SG (). (7.9.1)

el

This is the key identity that is used in many applications of the trace formula,
such as the classification of representations of classical groups that we will dis-
cuss in §8. But it has to be supplemented with an expression for S§_(f) that is
more explicit than its formal definition. This expression is given by the follow-
ing important conjecture.

Conjecture 7.9.1 (Stable multiplicity formula, cf. [Art13, Theorem 4.1.2]).

Siee(F) = YISyl o(S9)e ()9 (v).
v

This is the general version of Conjecture 6.4.2. The sum is over conjectural
global Arthur parameters 1). We are using Arthur’s notation f(¢) for the
associated stable distribution, i.e. the stable character of the associated Arthur
packet, evaluated at f (which was denoted by SO, (f) in (6.4.6)). We have writ-
ten €% (1)) = €,(sy) with €, and sy, as in (6.4.1) and (6.4.3), following Arthur’s
notation. The new term, that did not appear in Conjecture 6.4.2, is the complex
number o(SY). It is a non-conjectural quantity, defined more generally for any
connected complex reductive group, cf. [Art13, Proposition 4.1.1].

Not only the claimed identity in this formula is conjectural, but in fact the
objects 1) and f (1)) are themselves conjectural. Thus, in order to prove it, one
must first define what these terms mean. This can only be done once sufficient
understanding of the situation has been established, as was done for example
in the setting of classical groups in [Art13], and will be discussed in §8.
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8 CLASSIFICATION OF REPRESENTATIONS OF QUASI-SPLIT CLASSICAL
GROUPS

In this section we will give a rough summary of [Art13]. Due to the length
of this reference, it is clear that we cannot reproduce the arguments precisely.
Our summary will necessarily be impressionistic, with many subtle points ig-
nored®. It will also be uneven, with some arguments provided in detail, while
others only alluded to or entirely ignored. We hope that our summary will pro-
vide a map that will help the interested reader navigate [Art13], and possibly
provide some complementary information.

8.1 Summary of results

The results of the endoscopic classification involve local and global Arthur pa-
rameters. These are defined as certain kinds of homomorphisms £ xSLy(C) —
LG for a local or global field F, where L is the Langlands group of F. When
F is local archimedean, Lr = Wp, and when F is local non-archimedean,
Lp = Wp xSLy(C). Here W is the Weil group of F. The fact that there are two
copies of SLy(C) in the source of a local non-archimedean Arthur parameter
provides a symmetry that will be important in the treatment of non-tempered
packets.

When F is global, the group Lr is not yet known to exists, so this defini-
tion of Arthur parameters is only conjectural. In §8.1.1 we will review Arthur
parameters for classical groups, admitting the existence of £r. This will make
their structure clear without burdening the discussion. In §8.1.2 we will add
the additional layer needed to define global parameters unconditionally.

8.1.1 Local and global parameters for classical groups

Let F be a local or global field of characteristic zero. Arthur defines sets

Ueusp(N) C Wa(N) = Wi (N) € W(N), (8.1.1)
N
Beysp(N) = Bo(N) = D (N) C D(N),

of parameters for GLy, as well as subsets of self-dual parameters

Ueusp(N) € To(N) = U (N) € Ten(N) C U(N), (8.1.2)
1
(i)cusp(N) = 62(N) = gbsim(N) - gbell(N) C @(N%

6For example, we will often ignore a case called “N even and 7, = 17, which causes addi-
tional technical complications. We will also ignore, both in the arguments and in the notation, the
complications caused by the outer automorphism of SOz, .
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and finally the corresponding sets

\Ijsim(G) C \IJQ(G) c \I/ell(G) C \deisc(G) - \II(G)v (813)

|
(I)sim(G) C (I)Q(G) C cI)ell(G') C (I)disC(G) C CI)(G)

of parameters for a quasi-split symplectic or special orthogonal group G.

We begin with (8.1.1). The set ¥(NV) consists of continuous complex N-
dimensional representations ¢: Lp x SUy — GLx (C) that are unitary, i.e. have
bounded image. These are taken up to isomorphism, i.e. up to conjugation
in GLy(C). Note that SU is the maximal compact subgroup of SL,(C) and
that restriction along the inclusion SU; — SL1(C) induces a bijection between
the irreducible continuous representations of SU; and the irreducible algebraic
representations of SLy(C). Therefore, using SUs is equivalent to using SL»(C),
but SU, is more convenient here because it accommodates the unitarity hy-
pothesis.

The set ¥4(N) consists of the irreducible representations in ¥(N). Any
1 € W3(N) has the form ¢ = X v, with an irreducible unitary representation
p: Lr — GLj(C) and an irreducible (automatically unitary) representation
v: SUy — GLy/(C), for some M|N. The set Weusp(N) consists of those ¢ =
p X v e ¥y(N) for which v is the trivial representation, equivalently M = N.

The set ®(N) consists of continuous complex N-dimensional representa-
tions ¢: Lr — GLy(C) that need not be unitary. Inside we have the subset
Peusp(N) = P2(N) = i (V) of irreducible representations. The intersection
®(N) N T(N) is the set of unitary representations ¢: L — GLx(C), called
generic Arthur parameters.

Next we turn to (8.1.2). We have the duality operation on V() that sends
any 1 to its contragredient )", and

U(N) ={v € U(N)|¢¥ =}

consists of the self-dual elements in ¥(N). Intersecting ¥ () with the various
sets in (8.1.1) produces the corresponding member of (8.1.2). Finally, \I~leu(N )
consists of those ¢ € U(NV) that are multiplicity-free direct sums of irreducible
self-dual representations, i.e. 1 = 1); @ - - - © 1, with 1),,, pairwise inequivalent
self-dual representations of £z x SUj. Note that a self-dual member of ®gjm (V)
is automatically unitary.

We now turn to (8.1.3). The set ¥U(G) is defined as the set of é—conjugacy
classes of continuous homomorphisms ¢: Lr x SUy — L@ with bounded im-
age. Note that, when F is global, G satisfies the Hasse principle, hence G-
conjugacy is the correct notion of equivalence of global parameters. Given such
¢ € ¥(G) one can define the centralizer

Sy = Cent(s), G),
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of the homomorphism 1), equivalently of its image. Then

W3(G) = (¥ € W(G) |[Sy] < oo}, (5.1.4
Ui (G) ={¢ € ¥(GQ) |Is € (Sy)ss : |Cent(s, Sy)| < oo}, (8.1.5)
Vaise(G) = {¢ € ¥(G) | [Z(Sy)| < o0} (8.1.6)

The elements of U5(G) are often called discrete Arthur parameters, and the el-
ements of U (G) elliptic Arthur parameters (we have written (Sy)ss for the set
of semi-simple elements of the complex group S). We caution the reader that
some authors use the word elliptic in place of discrete to denote the set ¥5(G),
and do not give a name to the set U (G). The elements of ¥g;s(G) do not usu-
ally have a specific name attached to them. Note 1 lies in ¥ (G) if and only if
it comes from ¢’ € ¥,(G") for an elliptic endoscopic group G’ of G.

We note here that Arthur mainly uses the notation ¥(G) in place of ¥(G).
This is to accommodate the action of the outer automorphism of SOz,,. We will
ignore this complication and work with ¥(G) instead.

For Arthur’s arguments it is very important to understand the relationship
between (8.1.3) and (8.1.2). This relationship arises from the standard represen-
tation “G' — GLy(C). When G = Sp,,_ then G = “G = S04, 11(C) C GLx(C)
with N = 2n + 1; when G = SOy, 1 then G = LG = Sp, (C) € GLx(C)
with N = 2n; when G = SOs,, then G = SOs,,(C) and “G = SO, (C) % L/ =
02,(C) € GLx(C) with N = 2n, where E/F is a quadratic extension that splits
G (if G is split we take an arbitrary quadratic extension).

Composing with the standard representation induces a map

U(G) — W(N) C U(N).

When G = Sp,, or G = SOgz, this map is injective. When G' = SOy, this
map is not injective. That’s because elements in the source are taken up to G-
conjugacy, while those in the target up to GLy (C)-conjugacy, and in the first
two cases the stabilizer of G in GLy (C) equals G, while in the third case it
equals LG, which contains G of index 2. The image ¥(G) C W(N) of this map
represents parameters for the disconnected group O,,, (cf. [Kal22b]), or equiv-
alently orbits of parameters under the outer automorphism of G. Arthur’s
arguments can only describe ¥(G), and not ¥(G), which makes his results
slightly less precise than desired. In this summary we will ignore this subtlety
to streamline the exposition, and thus drop the tilde from ¥(G) and pretend
that the map ¥(G) — ¥(N) is always injective.

Next we explore some more structure connected to 1/ € ¥(N) which will
give more precise information about (8.1.3) in terms of linear algebra, in par-
ticular a description of Sy, for ¢ € ¥(G). Consider the decomposition of
into irreducible representations, ) = @, Ky Ly, with all ¢y, € Uy (M) irre-
ducible and pairwise inequivalent, and ¢, the multiplicity of ¢x. Then ¢y, — 1)/
induces an involution on the set K. Set I, = {k € K, | ¢, = v} and choose
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arbitrarily a set of representatives Jy, C Ky \ I, for the orbits of that involution.
Then Ky, = Iy Ul Jy, U J)f, resulting in

EB L) @ @ Ly @1y ),

i€l jedy

where ¢); = 1) are irreducible self-dual, and v; # wjv are irreducible non-self
dual.

To any ¢ € W5(N) one can associate a type, which is either symplectic, or
orthogonal. This type comes from taking an isomorphism f: ¢» — 9" of repre-
sentations and noting that its dual fV is also an isomorphism ) — ¢V, hence
fY =c- f for some ¢ € C* (Schur’s lemma). Now (f¥)V = f implies ¢* = 1,
and thus ¢ € {£1}, which is the sign of self-duality of ). We say that 1 is
symplectic if ¢ = —1, and orthogonal if ¢ = +1. Note that, if ¢y = p X v with
p € Psim(M) and v an irreducible representation of SU; of dimension N/M,
then both p and v have a type defined in the same way (one can check that v is
of symplectic type if and only if N/M is even), and the type of ¢ is orthogonal
if and only if ;¢ and v have the equal type (both symplectic or both orthogonal),
while the type of 1 is symplectic if and only if » and v have opposite types (one
symplectic and one orthogonal).

The type of 7 corresponds to the type of the complex group G such that ¢
comes from ¥(G) — @(N ), with G classical. For example, if N is odd, the sign
is automatically +1 and ¥»(N) C ¥(G) for G = Sp,,, N = 2n + 1, in which
case G = SO2,41(C) € GLN(C). If N is even, the sign can be either —1 or +1,
and v comes from ¥(G) where G is either the split group SOg,,+1, in which
case G = Sp,,,(C) € GLy(C), or G is a (split or quasi-split) SO2,,, in which case
G = S0, (C) C GLy(C); in both cases N = 2n.

Consider now 1) € ¥(G) € ¥(N). We can further decompose I, = IJ ur,,
where [ J (resp. I)) is the set of all i € I, for which ; is of the same (resp.

opposite) type (symplectic or orthogonal) as G. Then

+
Sy = ( 11 o ((C))w x I Sp.,(C) x J] GL,(C), (8.1.7)
ier) il jEJTy
where in the first factor (—)lt denotes the kernel of the character g 1L ert i —

[T, (det(g;))*™ ¥+, The multiplicity ¢; for i € I,; must be even.
With this we can give the following description of (8.1.3). For an element
¢ € ¥(G) we have

Y€ Vim(G) & Sy =2(G) < Y =1,
Q/JG\IIQ(G) = |S¢,|<OO & Y=Y P DYy,
(XS \Ilell(G) & dse (Slb)sw |S¢,s| <X <= (*)7

(RS \deisc(G) < |Z(S¢)‘ < oo < ‘]1/1 =,

where on the right each v, € @sim(Nk) for suitable Ni, and in the first three
lines the type of each 1), is the same as that of G; we have denoted by (x) the
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following condition:

/l/):le@...@21/}(1@17&(1_‘_1@...@1/}"“

and either ¢ # m or 2|#{i : 2 { N;}. We denoted by S, , the centralizer of s in
Sy

Note that now we recognize the set \i/eu(N ) as the union of U5(G), as G
runs over the elliptic twisted endoscopic groups of GLy, where such a group
is a product of at most two factors, each of which is a symplectic or special
orthogonal group.

When F is global and v is a place of F', there should be a homomorphism
Lrp, — Lp. Restriction along this homomorphism provides maps ¥(N) —
T, (N) and ¥(G) — ¥,(G), where the sets on the left are for the field F', and
the sets on the right are for the field F,. These are called localization maps, and
written as ¢ — ,,. Note that localization need not respect the various subsets
in (8.1.2) and (8.1.3). For example, if 1) € ¥5(G), then 9, need not (and usually
will not) lie in ¥,, o(G).

8.1.2 Formal global parameters

In §8.1.1 we reviewed Arthur parameters for classical groups, but this review
was based on the assumption that Ly exists. When F' is local this assump-
tion holds, but when F' is global it does not (yet). To circumvent the cur-
rent non-existence of L, Arthur defines [Art13, §1.4] a formal replacement
of these parameters. The idea is that, conjecturally, the set of irreducible uni-
tary N-dimensional representations of £y, which by definition is the set of
discrete generic Arthur parameters for GLy, should be in bijective correspon-
dence with the set of unitary cuspidal automorphic representations of GLy (A).
The latter set is certainly mysterious, but at least its existence is not conjectural.
Therefore, it can be used as a replacement for discrete generic global Arthur
parameters valued in GLx (C).

Thus, Arthur defines W5, (V) to be the set of isomorphism classes of uni-
tary cuspidal automorphic representations of GLy (A).

As discussed in §8.1.1, a conjectural element ) of ¥4 (N') should decompose
(uniquely) as ¢ = pMv, with p € Weusp(M) and v an irreducible representation
of SU; of dimension N/M. Led by this, Arthur defines U5(V) to be the set of
pairs (u, v), with 4 a unitary cuspidal automorphic representation of GLjs(A)
and v an irreducible representation of SU, of dimension N/M, and uses the
notation p X v for such a pair.

A conjectural element ¢ of ¥(N) decomposes as a direct sum ¢ = 1); @
o @ Yy, with ¢, € Uo(My). This leads to a definition of ¥(N) in the current
context, in which the direct sum is again taken formally, i.e. ¢ is identified with
the tuple (¢4, ..., ¥.,), but the direct sum notation is used in a formal manner.
With this, the sets in (8.1.1) have been unconditionally defined.

Note that we have a tautological bijection between Wy, (V) and the set
of unitary cuspidal automorphic representations of GLx(A). We also have a
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bijection between ¥2(N) and the set of unitary discrete automorphic represen-
tations of GLy (A), as well as between ¥(N) and the set of all unitary automor-
phic representations of GLy (A) that contribute to the L?-spectrum. The latter
two bijections are not tautological, but rely on results of Mceglin-Waldspurger
for the discrete automorphic spectrum, and Langlands for the continuous spec-
trum. More precisely, Moeglin—-Waldspurger show [MgW89] that a unitary dis-
crete automorphic representation of GLy (A) is the unique irreducible quotient
of the parabolic induction of the representation (1 ® |det |*) X (u® | det [*~1) K
K (p®]|det| =) of the Levi subgroup (GLM)N/M, where M|N, ;1 is a unitary
cuspidal automorphic representation of GL;(A), and ¢ = (N/M —1)/2. Thus,
it corresponds bijectively to the pair (u,v), where v is the unique irreducible
representation of SU, of dimension N/M. Moreover, a unitary automorphic
representation of GLy (A) contributing to L?(GLx (F)\GLy (A)) is obtained as
the parabolic induction of a representation 7y X- - -X,,,, where each 7; is a uni-
tary discrete automorphic representation of GL v, (A), and the product [ [, GLy,
is understood as a standard Levi subgroup of GLy. This parabolic induction
is irreducible [Ber84]. Such a representation corresponds bijectively to the tu-
ple (¢1,. .., %), where ¢, € U5(N;) corresponds to m;. We will denote 7, the
automorphic representation corresponding to 1) € ¥(XV).

Next we come to the sets in (8.1.2). They rely on the duality operation 1 —
¥ on the set W(N). It is easy to define this operation in the current formal
context. It sends 1 € Weusp(N) to the contragredient cuspidal automorphic
representation pV, it sends pXv € Wo(N) to u¥ XY (where we again note that
vV =v), and it sends ;1 & - - D Py, to Yy & -+ & ¢y, This defines all sets in
(8.1.2).

Finally we come to the sets in (8.1.3), where G is a quasi-split symplectic
or special orthogonal group. We recall that, conjecturally, the standard repre-
sentation “G' — GLy(C) provides a map ¥(G) — ¥(N) and that we identify
¥(@) with its image, even though when G = SOx this map will not be injec-
tive. Thus, the elements of ¥(G) are understood as those elements of W(N)
which factor through the standard representation.

The obvious difficulty with this definition is that it relies on elements of
U(N) being homomorphisms valued in GLy(C), which is not what the for-
mal definition of ¥ (V) supplies. Arthur resolves this difficulty by creating for
each ¢ € U(N) a group Ly, that is a crude approximation of £ tailored to the
specific 1, and a homomorphism ¢: L, x SUs — GLy(C). The set ¥(G) is
then defined as the set of those 1) € W(N) for which the corresponding v fac-
tors through the standard representation of ZG. This is done via the following
three-step procedure.

First, Arthur creates a relationship between ¥(N) and GLy(C). Given ¢ €
U(N) consider the automorphic representation 7, of GLy(A) associated to it
by the above discussion. This representation is unramified outside of a finite
set S of places. For v ¢ S let ¢(¢), € GLn(C) be the Satake parameter of the
unramified representation m,, ,, of GLy(F,), well-defined up to conjugation.
Thus, we have the family (¢(v),) of conjugacy classes in GLy(C), defined for
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almost all places v.

Second, recall from §8.1.1 that each ¢ € \ilsim(N ), defined in terms of the
conjectural group L, has a type (symplectic or orthogonal), which is the type
of G for the unique “G C GLx/(C) through which it factors. Arthur defines
an analog of this notion for the formal definition of the set @sim(N ) via the
following “seed” theorem [Art13, Theorem 1.4.1]. For its statement, we recall
that G; = SOgy,41 and G5 = SOs,, are precisely the two kinds of simple twisted
endoscopic groups for GLy(C) for N = 2n, and G = Sp,,, is the unique simple
twisted endoscopic group for GLy (C) for N = 2n + 1.

Theorem 8.1.1. Let 1) be an element of W, (N), thus a simple generic formal param-
eter (i.e. a self-dual unitary cuspidal automorphic representation of GLy (A)). Then
there is a unique simple twisted endoscopic group G that admits a unitary discrete
automorphic representation w with ¢(m), = c(¢)y.

Here ¢(r), € G x Frob, is the Satake parameter of the unramified repre-
sentation m, of G(F,), a semi-simple element of G x Frob,, well-defined up to
(Al—conjugation, regarded as an element of GLx (C) via the embedding G —
GLxn(C). The actual seed theorem is in fact stronger, and distinguishes G not
just among the simple, but even among the elliptic endoscopic groups, but we
can ignore this for the purposes of the current discussion. We note that this
theorem is significant, and its proof is part of the long induction argument that
stretches the entire length of [Art13].

This seed theorem allows us to define the notion of type for elements of
Ugim(N) as the type (symplectic or orthogonal) of the group G dual to the
group G in the theorem; it leads, as discussed in §8.1.1, to the notion of type
for elements of ¥5(N), namely the type of ¢ = ;X v is orthogonal if y and v
have equal types, and symplectic if © and v have opposite types. With this we
already have a characterization of ¥5(G).

Third, Arthur defines the approximation Ly, of Ly and the L-homomorphism

1;: Lw X SU2 — GLN((C)

as follows. As in §8.1.1, the duality operation on ¥(N) endows the set K, of
irreducible constituents of ¢ with the disjoint union decomposition

Kwi]wUJwUJQZ,

where [, = IUV) and Jy N Juv) = (). To each p; K v; for i € I, with p; € @sim(mi)
the seed theorem assigns a classical group G;, and we have the standard em-
bedding ji;: “G; — GL,,, (C). To each p; K v, for j € Jy with p; € ®gm(m;)
set G; = GL,,, and let fi;: GL,,,(C) — GLgy,, (C) be given by h — (h,h™"),
where ™" is the transpose-inverse of h. Let L, be the fiber product over I" of
LGy for all k € I, U Jy. Then 1) is defined as the product

Ly xSLa(C) - GLy(C) x T, =P uovie P i ev;.

€1y i€ Jy,
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This completes the formal construction of the set U(G). One can define
® (@) as before, namely the set of those 1) in whose decomposition all represen-
tations of SUs are trivial. To each ¢ € ¥(G) Arthur defines S, as the centralizer
in G of the image of the homomorphism 4. Using the decomposition of K,
and the notion of type of an element of ¥»(NN), this group can be computed in
the same way as in §8.1.1 and the result is (8.1.7). This in turn allows for the
definitions of the various sets in (8.1.3).

We have thus reviewed the formal definitions of the parameter sets in (8.1.1),
(8.1.2), and (8.1.3). But there is one more issue to discuss, namely localization
of parameters. These are maps ¥(N) — ¥, (N) and ¥(G) — ¥, (G), which, in
the conjectural framework of §8.1.1, arise by composition with the conjectural
homomorphism L, — Lp.

Let us begin with ¢ € Vg, (N) = Pgim(N), thus ¢ = p with p a unitary
cuspidal automorphic representation of GLy (A). Then u = &/ p,,, with u, an
irreducible admissible unitary representation of GLy (F,). Via the local Lang-
lands correspondence for GLy, which has been established by Harris-Taylor
and Henniart, there is an associated local parameter ¢, : Ly, — GLx(C), a not
necessarily irreducible N-dimensional representation of Lr,. However, it is
not known that this representation is unitary. This would be a consequence of
the generalized Ramanujan conjecture, which asserts that the local components
{1ty are tempered, but this is not known in full generality. Therefore, ¢, has to be
taken in the larger set @ (V) of semi-simple representations Lz, — GLx(C)
that are not assumed unitary.

The extension of the map Pgim(N) — @7 (N) to a map U(N) — ¥ (N)is
now a formal matter: a formal tensor product ¢ = ¢ X v is sent to the actual
tensor product 1, == ¢, XM v, and a formal direct sum ;1 @ - - - ® 9y, is sent to
the actual direct sum ¢1 , © - - - B Yy m.-

We now come to the localization map ¥(G) — ¥ (G). Again we are forced
to work with the set U} (G) of not necessarily bounded homomorphisms £, x
SU, — LG, taken up to conjugation by the full £G. The formal nature of the el-
ements of ¥(G) now presents a second obstacle: given ¢ € ¥U(G) C U(N),
the roundabout definition of ¢, € ¥} (N) makes it unclear why it should
factor through the standard representation of “G. This obstacle is significant
enough to warrant the formulation of a second “seed” theorem ([Art13, Theo-
rem 1.4.2]), whose proof is again part of the long induction argument of [Art13].

Theorem 8.1.2. Let ¢ € Py (G). Then the element ¢, € ®F (N) lies in the subset
OF(G).

Assuming the validity of this theorem, the localization map ¥(G) — ¥} (G)
is now constructed formally using the structure of the elements of V(G) as
formal direct sums of formal tensor products.

8.1.3 Statements of the main results

We will now discuss the statements of the main results proved in [Art13]. These
statements involve many details, and in an effort to make the presentation
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clearer and shorter, we will suppress some of them. For example, there is an
integer m(1) defined for each ¢ € ¥(G) as the number of orbits of Ginthe LG-
conjugacy class of the homomorphism v : L, x SUs — “G discussed in §8.1.2.
Since this is an artifact of the formal substitutes of global parameters, we will
ignore it, just like we are ignoring the distinction between G and LG-conjugacy
of parameters.

The main theorems proved in [Art13] are the following.

First, we have the local classification result. Assume F' is local. Given
Y € W(N) there is an associated representation m,;, of GLy(F'), by applying
the local Langlands correspondence to the Langlands parameter ¢,, obtained
from ¢ by composing with the inclusion Lr — Lp x SL2(C) given by w
(w, diag(|w|'/?, [w|~/2)). If ¢» € U(N), then the representation 7y, is self-dual
and there is a natural extension to the semi-direct product GLy (F') x (6) where
0 is a pinned outer automorphism. This extension is denoted by 7,. Given
a test function f on GLy(F) x (f) one can consider the distribution charac-
ter of 7y, evaluated at f. Arthur denotes this distribution by f— fN (v), and
specializes it to functions supported on the coset G(N, F) := GLy(F) x 6.

Theorem 8.1.3 (Local classification result: Theorems 1.5.1 and 2.2.1 of [Art13]).
Let i) € U(G).

1. There exists a stable linear form f v+ f&(x)) on the space of test functions that is
the twisted transfer of the distribution f (), that is, f¢ () = fN (v) for any
test function f on G(N, F) with twisted transfer f, a test function on G(F).

2. Thereis a finite set 11, = I1,(G) of irreducible unitary representations of G(F')
(with possible repetitions) and a map 1L, — (Sy)* such that for any semi-simple
element s € Sy, and any test function f on G(F)

@ =Y (syps,m) falm).

melly

Let us explain the notation. As before S;, = mo(Sy/Z (@)T) and the hat
denotes the group of characters of this finite abelian group. The pairing (—, 7)
is the character of Sy, associated to m under the map IT,, — (Sy)* asserted in the
theorem. The element s,, was reviewed in (6.4.3). The map f +— fg () is the
distribution character of 7. The pair (s,) leads to a tuple (G’,¢’) consisting
of an endoscopic datum G’ and a parameter ¢’ via the bijection (6.4.5). The
function f’ is the endoscopic transfer of f to G’ (as usual only well-defined in
terms of its stable orbital integrals), and f’(¢’) is the value of the stable linear
form associated to G’ and the parameter ¢’ by the first part of the theorem:
indeed G’ is a product of classical and linear groups.

The set II, is called the Arthur-packet (A-packet for short) associated to
¥. When ¢ is generic, i.e. lies in ®(G) N ¥(G), the theorem further asserts
that IL,, consists of tempered representations and has no repetitions, that ev-
ery tempered representation lies in exactly one such packet, and that the map
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I, — (Sy)* is injective when F' is archimedean, and bijective when F' is non-

archimedean. The packet I, is then also-called an L-packet; thus A-packets and

L-packets are the same thing for generic ¢). When v is not generic, Moeglin has

proved [Mg11] that II;, has no repetitions when F is non-archimedean. When

F'is archimedean, Adams—Arancibia-Robert-Mezo have shown [AARM24] that
the packets defined by Arthur coincide with those constructed many years ear-

lier by Adams—Barbasch-Vogan using entirely different methods.

The statement of this theorem in [Art13] allows also products of classical
groups and has an additional part about compatibility with such products, but
we have omitted it for clarity.

Next we come to the global classification result, for which we take F' global.
It uses the local classification result and the localization maps ¥(G) — U (G)
to obtain from a parameter ¢ € ¥(G) a global packet

Hw = {@;ﬂ'v ‘ Ty € va},

where the notation ®!, denotes a restricted tensor product: We have fixed an
integral model of G away from a finite set of places of F', which endows for
each such place the group G(F,) with a hyperspecial compact subgroup G(O,).
Then for each 7w € II, and all but finitely many places v, the local component
Ty is the unique G(O, )-spherical representation in IT,;, , and 7 is generated by
simple tensors ®,, f,,, where f, € 7, is the unique (up to scalar) vector in WUG (©v)
for almost all places.

The reader will note that the local theorem applies as stated only to param-
eters in the set ¥, (G), rather than the larger set ¥} (G). According to the gener-
alized Ramanujan conjecture v, should lie in ¥,,(G), but the lack of knowledge
of its validity necessitates the use of U} (G). The local theorem can easily be
extended to the set U7 (@) in a formal manner and this is done in [Art13, §1.5].
We will not review this here.

Theorem 8.1.4 (Global classification result: Theorem 1.5.2 of [Art13]). The dis-
crete spectrum of a quasi-split symplectic or special orthogonal group G decomposes

as
Lgisc(G) = @ @ WL(”LZ), 7T)7Tv
P ™

where 1 runs over the set Vo (G),  runs over I1, and

m(e, ) = [Sy| ™" Y eu(s)(s,m).

SESy

Here (s, m) =[], (s, my) and e, : Sy — {£1}is a character defined in [Art13,
(1.5.6)]. Since Sy, = Sy/Z (@) is abelian, in fact a 2-group, the number m(1, )
is 1 if (m,s) = ey(s), and 0 otherwise, and one can state the decomposition

equivalently as
L glisc (G) = @ @ T,

b melly(ey)
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where Iy (ey) = {m € II, | (—, m) = €y}, cf. §6.4.

In addition to the two main theorems, one local and one global, there are
a number of additional theorems proved in [Art13]. They can be regarded as
supplementary, but are essential for the proof of the two main theorems, and
are also of independent interest.

We have already stated two of them, namely the two seed theorems 8.1.1
and 8.1.2, which enable the use of the formal global parameters. The next
supplementary theorem is related to the seed theorems, and gives an alter-
native way to detect the classical group G through which a given parameter
¥ € Ugm(N) factors. It is used in the handling of compound parameters in the
trace formula. More precisely, it is used in the two key sign calculations states
as [Art13, Lemma 4.3.1, 4.4.1] and proved in [Art13, §4.6], which in turn flow
into the proofs of [Artl3, Lemma 4.3.2, 4.4.2], stated here as Theorems 8.2.3,
8.2.5. The latter, which will be discussed below, make the core of the trace
formula comparison that Arthur calls the “standard model”.

Theorem 8.1.5 (Theorem 1.5.3 of [Art13]). 1. Let ¢ € ®gip(N) and let G be the
unique classical group such that ¢ € g, (G) according to Theorem 8.1.1. Then
G is orthogonal if the symmetric square L-function L(s,¢,S?) has a pole at
s =1,and G is symplectic if the exterior square L-function L(s,$, \*) has a
poleat s = 1.

2. Given ¢; € i)sim(Gi)fori = 1,2 the Rankin—Selberg factor ¢(1/2, $1 X ¢2)
equals 1 if Gy and G are of the same type.

The next supplementary theorem has both a local and a global form, and
goes by the name of the “intertwining relation”. We will state only the local
form, the global form [Art13, Corollary 4.2.1] taking the analogous form and
being a direct corollary of the local form. For this, one begins with a parabolic
subgroup P = MN C G and a parameter ¢y € ¥(M). Let M C G be the
dual Levi subgroup. Then Ag; = Z (]\/4\ )I© is a torus contained in Sy = Sy (G).
The analog Sy, (M) of Sy, relative to M is then equal to Cent(Az, Sy (G)). Let
Ny (M) = Norm(Ayz, Sy (G)). Let n € Ny (M) C Sy (G).

The local intertwining relation is an identity of two distributions, one re-
lated to G and one to an endoscopic group G’ of G, like the identities of The-
orem 8.1.3. In fact, one of the main purposes of the local intertwining relation
is to reduce the proof of Theorem 8.1.3 to the case of discrete parameters. But
unlike the case of Theorem 8.1.3, the G-distribution is more complicated and
involves normalized intertwining operators.

More precisely, let w € Wﬁ(@) = W (G) be the image of n. One can con-
struct a normalized self-intertwining operator Rp (i, mar, w) on the paraboli-
cally induced representation Z§ () for mys € I, (M). This construction is
rather intricate and performed in [Art13, §2.3]; we will not review it. One can
also extends the pairing (—, ms) from Sy (M) to its product with n and thus
define a complex number (n, 7). There is some ambiguity in the construc-
tion of both Rp (¢, mpr, w) and (n, wpr), but Arthur argues that their product
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(n,mpm)Rp (Y, mar, w), considered in [Art13, (2.4.4)], is unambiguously defined.
The G-distribution is then

fa@,n) =Y (n,ma)te(Re(v, mar, w)IE (mar, f))-

s €11y, (M)

For the endoscopic distribution, the pair (n,) leads via (6.4.5) to an endo-
scopic datum G’ for G and a parameter ¢’ for G’, hence a stable linear form
"~ f'(¥') by Theorem 8.1.3. Arthur denotes by f/. (¢, s) this distribution,
where s is the image of n in Sy (G).

Theorem 8.1.6 (Local intertwining relation, Theorem 2.4.1 of [Art13]). For every
test function f on G(F') with transfer f' to G'(F') the following identity holds

fa(,n) = fG(1, sy - 5).

The final supplementary theorem that we will mention is the stable mul-
tiplicity formula, which was already stated as Conjecture 7.9.1, and is [Art13,
Theorem 4.2.1].

8.1.4 Assumptions on which the results are conditional

The results of [Art13] are not completely unconditional, but some assumptions
on which they were based have been established since the book was written.
The main tool employed in [Art13] is the ordinary (i.e. untwisted) and twisted
trace formula, and their stabilization. The stabilization of the untwisted trace
formula was obtained by Arthur, culminating in [Art02], [Art01], [Art03]. The
stabilization of the twisted trace formula was not yet complete at the time of
writing of [Art13], and was listed as a forthcoming manuscript [A24] in the
bibliography. It has since been obtained by Mceglin-Waldspurger [MW16a],
[MW16b]. This work itself is conditional on the weighted fundamental lemma
and its twisted variant [Art02, Conjecture 5.1]. Just like the ordinary funda-
mental lemma, the twisted fundamental lemma is not a “lemma”, but rather a
deep conjecture. While the unweighted untwisted fundamental lemma was
proved by Ngo [Ngo10a] and its twisted variant was derived from that by
Waldspurger [Wal08], the weighted and twisted weighted fundamental lem-
mas have not been proved in general, despite initial work by Chaudouard-
Laumon [CL10], [CL12].

At the time [Art13] appeared, the results were further conditional on a num-
ber of technical statements that are involved in key parts of the arguments of
[Art13], and whose proofs had been relegated to further forthcoming papers,
referred to as [A25], [A26], [A27] in [Art13]. These statements have since been
proved in [AGI*24].
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8.2 Applying the trace formula
8.2.1 A remark about the twisted trace formula

The main vehicle used by Arthur to prove both the local and global results is
the trace formula and its stabilization. However, as we have reviewed in §6.4,
this vehicle can either transport one from knowledge of the stable multiplicity
formula to knowledge of the global Arthur conjecture, or vice versa, but cannot
establish both at once. The additional input needed for this is provided by the
twisted trace formula for the group GLy and its stabilization.

The twisted trace formula arises from the fact that an automorphism 6 of a
connected reductive group G acts on all data functorially associated to G, such
as the automorphic spectrum. In the case we are discussing here, the reduc-
tive group is GLy and 6 is the pinned automorphism that is in the same inner
class as the transpose-inverse automorphism. One considers test functions f
on the non-identity coset GLy (A) x 6 in the disconnected group GLx (A) x ()
lets them act on the automorphic spectrum of GLy (A), and derives a geomet-
ric and spectral expansion for that action, eventually resulting in an invariant
distribution f + IV (f) with two expressions for it.

We will not review the derivations of these expansions. While the broad
strokes are generally similar to the untwisted case, the notation, and many
technical considerations, becomes even more cumbersome. Therefore, we will
use the twisted trace formula symbolically, and focus on the applications of the
untwisted trace formula.

The distribution IV (f) has a stabilization identity formally analogous to
(7.8.1), which Arthur writes as

V() =Y iN,G)SE(f9). (8.2.1)

G

The coefficients i(V, G) are analogous to the coefficients (G, G’) of (7.8.1). The
function f¢ is the (twisted) endoscopic transfer of f to G. The summation
runs over the set of elliptic twisted endoscopic data of the pair (GLy, ). These
data are equivalent to tuples (Ng, No,n), where Ng and Ny are non-negative
integers with Ng + No = N, Ngis even, and n: I' — {%1} is a quadratic
(possibly trivial) character of the Galois group I' of F', assumed trivial when
No = 0, non-trivial when Np = 2, and no assumption for other values of No.
The endoscopic group associated to this tuple is the group Gs x G, where
Gs = SO(Ng + 1) is the (automatically split) odd orthogonal group, and Go,
depending on the parity of No, is the (automatically split) symplectic group
Sp(No — 1) when No is odd, and the even orthogonal group SO(Np) that
splits over the (trivial or quadratic) extension E,,/F specified by the character
n when Ny is even.

The product structure for an elliptic twisted endoscopic group facilitates
an inductive argument, of which the simple endoscopic data become the fo-
cal point. These correspond to tuples (Ng, No, ) in which one of the integers
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Ng and No is zero. When N is odd, necessarily Ng = 0, and the only sim-
ple twisted endoscopic group is the symplectic group Sp(No — 1). It occurs
infinitely many times as a simple twisted endoscopic datum (0, N,7n) with 5
varying, and 7 is used to embed the L-group SOx(C) x I' into GLy(C) x I" by
mapping 1 x o to (o)l x o, where I is the non-trivial element of the center
of On(C). When N is even, the simple twisted endoscopic data are (N, 0, 1)
and (0, N,n), with (N, 0, 1) corresponding to the split odd orthogonal group
SOn+1, and (0, N, ) corresponding to the quasi-split even orthogonal group
SOy with splitting field E,,.

8.2.2 Decomposition of the discrete part of the trace formula

For simplicity assume F' = Q and G quasi-split. Let Ty C G be a minimal Levi
subgroup, and K = K, - K*° a maximal compact subgroup of G(A) in good
relative position to 7.

The discrete part of the trace formula is the spectral distribution Igjsc = Igsc
defined in (7.4.1), which we recall here

5N =D W Wt Y [ det(s — 1af)| e (Mp(s,0)Zp (0, f)),
M SEW G (M )reg
8.2.2)
where Zp (0, f) is the action of the operator of averaging against f on the in-
duced representation Hp and Mp(s,0) is the intertwining operator for the
Weyl element w acting on the space space; see Appendices A.1 and A.2.

We remark that we have presented the distribution I§,_ in terms of the
Hilbert space L?(G(F)\G(A)!), which is a-priori a representation of G(A)! but
can be extended to G(A) using the decomposition G(A) = G(A)! x A} and
imposing a character on A}, see §4.2. An alternative presentation is to fix a
subgroup X¢ C Zg(A) such that Zg(F) - X\ Z¢(A) is compact, and consider
functions on G(F)\G(A) that transform under X by a fixed character. The
two approaches are equivalent. Note that when G is a symplectic or special
orthogonal group then Z is finite, so A, = {1} and moreover one can take
Xg = {1}, so the two approaches coincide.

Arthur gives a decomposition of the distribution Cﬁsc( f) as a sum of pieces
indexed by formal global parameters. It is based on two invariants that can
be associated to an automorphic representation = of G, one coming from the
archimedean place, and another coming from the finite places.

The archimedean component 7, has an infinitesimal character, which is
an element p, € . The complex vector space t¢ = X.(T') ® C has a Weyl-
invariant real structure X, (T') ® R. Using that we can write 1, = Re(ux) +
iIm(p-), where Re(jir ), Im(pi, ) are R-valued linear forms on X, (T') @ R. Fixing
a Weyl-invariant norm on the vector space t¢ we can extract from 4 the non-
negative real number ¢, = |Im(u,)|, which is the first invariant. The second
invariant is the collection of Satake parameters ¢, = (¢x )y, for all finite places

v where 7 is unramified. Here ¢, , is a semi-simple conjugacy class in G x
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Frob,, and the collection ¢, is taken for almost all v in the sense that two such
collections are deemed equal if they are equal at all but finitely many places.

Consider a formal global parameter 1) € ¥(N). For now we do not impose
that ¢ lies in ¥(G). We can extract analogously a non-negative real number
ty and a collection ¢,. Then, for any unitary representation 7 of M (A)!, we
can ask if t; = t; and ¢, — c;, where the meaning of the arrow is given by
the standard representation M = G — GL ~(C). We then write Zp,(x) to
be the sum of # = Zp(mwyr), where 7, runs over the irreducible constituents
of L3 (M(F)\M(A)') and we are requiring that the central character of m;
restricts to x on Xg and that ¢, = ¢, and ¢, — cy. We then define Igjs o in
analogy with the definition of Igjs o in (7.4.1), namely

I§hoep(f) =D W |- WS~ - | det(s — 1]afy)| ™ tr (Mpy(s,0)Zpu (0, £)),
M,s

(8.2.3)
with Mp 4 (s, 0) being the restriction of Mp(s, 0) to the invariant subspace Hp,y,
of Hp on which Zp y acts.

This leads to the following decompositions, the first one being a refinement
of the decomposition If,. = 3,51 gsc’t obtained by separating the sum in
(7.4.1) into an outer sum over ¢t and an inner sum over M, s.

Proposition 8.2.1 ([Art13, Corollaries 3.4.2, 3.4.3]).
In?zsc(f) = Z It?isc,qb(f)?
YeT(N)

D Liws(GENG(A)).

eV (N)

Lo (G(F)\G(A))

In the second decomposition, the direct summand Liisc’ H(GIENG(A)) of
L2

Gisc(G(F)\G(A)) is defined analogously, namely as the direct sum of those
irreducible constituents 7 of L3,..(G(F)\G(A)) whose central character restricts
to x on Xg and which satisfy ¢, = ¢, and c; — cy. We will write Rgjgc  for
the right regular representation of G(A) on the summand Liisc, H(GIENG(A))
of L3, (G(F)\G(A)). Thus, the right regular representation Rgis. of G(A) on
L2, .(G(F)\G(A)) decomposes as the direct sum of Ryjsc ., over all 1 € W(N).
Of course our eventual goal is to reduce both sums in Proposition 8.2.1 to
the subset ¥(G), i.e. to show that the summands for the other ¢ are zero, but
this is one of the main global theorems and will be achieved only at the end of

the argument.

8.2.3 Stabilization identities

The stabilization of the usual trace formula takes the form

I9(f) =Y UG, G ().

G/’
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This results in an analogous stabilization identity

Icﬁsc(f) = Z (e Gl)Scﬁsc(f/)'
G/
The decomposition of Proposition 8.2.1 induces a decomposition of the entire
stabilization identity.

Proposition 8.2.2 ([Art13, Lemma 3.3.1]). For each ¢y € U(N) the following iden-
tity holds
Igsc,w(f) = Z (e G/)Sdisc,w(f/)'
o

The identity stated above holds, suitably interpreted, also for the twisted
trace formula for the group GLy. At the time [Art13] was written, the stabi-
lization of the twisted trace formula was not fully established, which is why
the assumption of [Art13, Lemma 3.3.1] is stated as “Assume that G satisfies
(3.2.3)”. The stabilization of the twisted trace formula has since been estab-
lished by [MW16a], [MW16b]. Thus, [Artl13, Lemma 3.3.1] now holds, condi-
tional only on the validity of the twisted weighted fundamental lemma, which
at the time of writing of this text has not been established.

Let us say a word about the content of Proposition 8.2.2. If G is a quasi-
split group, then it is its largest-dimensional endoscopic group, and the iden-
tity amounts to an inductive definition of 5§ (f), as well as its ¢-component,
and the assertion that this definition provides a stable distribution. When G is
not quasi-split, then its largest-dimensional endoscopic group is its quasi-split
form. The right hand side in Proposition 8.2.2 has then been completely de-
fined, and one has to prove that it equals the left hand side. Finally, when G
is twisted GL, then again the right hand side has been completely defined,
with all G’ being products of quasi-split classical groups, and again one has to
prove that it equals the left hand side.

Finally, by combining the two identities obtained from Proposition 8.2.2,
one for a classical group G, and one for twisted GLy, one obtains additional
information about the distribution S§ . It is this information that can be ex-
ploited to finally obtain the desired theorems.

8.24 The standard model: getting to the payload in I, (f)

Recall from (8.2.2) that the distribution [ gsc( f) contains not just the quantity
tr Rgisc(f), which we are most interested in, but also contributions from the
continuous spectrum. More precisely, |kg| tr Ryisc(f) is the summand for
M = G in (8.2.2) (the constant |x¢| is recalled below), while the continuous
spectrum contributes the summands M # (. By induction we assume as
known all local and global theorems for the groups M # G. This observa-
tion alone can already establish some part of the local and global theorems for
G itself. In order to realize this idea, we need to reinterpret the summands
M # G of Igsc( f) in a different way and then compare them to summands in
the stabilization identity of Proposition 8.2.2.
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Recall the summands I,y and Rygisc,yy introduced in Proposition 8.2.1 and
the paragraph thereafter. We begin by rewriting the difference Igisc . (f) —
|kG|Hr Raisc,yy (f). The following theorem is valid both for a classical group
G as well as for twisted GL .

Theorem 8.2.3 ([Art13, Lemma 4.3.2]). Let G be either a quasi-split classical group
or twisted GLy. Let ¢ € U(N).

1. Ify € Wy (M) for a proper Levi subgroup M C G, then the difference Iisc o, (f)—
|k 717 Raise o (f) equals

ot

ol 5 2 S@WIT 30 sl det(ws = DI fe(w,u).

weSy UEN g ()

2. Otherwise Lyjsc s (f) = |kc| ™ 1 Ryise.p (f)-
Let us summarize the notation.

1. |kg| = 1 when G is classical and |kg| = 2 when G is twisted GLy. We
note that in [Art13], there is also the constant m, that we have omit-
ted here, due to our convention that we are ignoring the complications
caused by the outer automorphism of SO,,,.

2. eg (x) = ey () is the sign character associated to 1 that enters the global
multiplicity formula (Theorem 8.1.4).

3. Wg is the part of the relative Weyl group N¢(M)(F')/M (F') consisting of
elements that can be realized within the identity component S}, of S;,. We
will also need below the part Wy, of the relative Weyl group consisting of
elements that can be realized within Sy

4. My = wo(Nw(M)/Z(@)F), where we recall from §8.1.3 that Ny (M) =
Norm(A47, G). Note that the assumption 1) € Wy(M) implies that A;
is a maximal torus of Sg,. Moreover, My, reg consists of those elements

whose image in the Weyl group is regular’, and 9,(z) is the subset of
those elements that map to = under 91, — Sy. We then set My, g (7) =
Ny (x) N Ny reg-

5. w, € Wy is the image of u.

6. sy, is the sign function on the Weyl group W, of the disconnected reduc-
tive group Sy.

7 Arthur’s formulation involves the subset m;eg of elements whose image in the Weyl group is

non-trivial. The only way in which a regular Weyl element can be trivial is when M = G, so the
prime decoration is just used to exclude the case M = G, where M is the standard Levi subgroup

dual to M = Cent(A gz, G). This is equivalent to our condition ¢ ¢ ¥2(G).
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7. det(w, — 1) is taken for the action on the real vector space a§;, equiva-
lently the real vector space X, (T )®zR, where Ty, = A7 /Ag C Sy/Z(G)Y
is a maximal torus.

8. fa(1,u) is the linear form that enters the global intertwining relation,
and equals the product over all places of the linear forms that enter the
local intertwining relation Theorem 8.1.6.

The proof of Theorem 8.2.3 is obtained by applying the induction hypoth-
esis that all local and global results are known for the groups M # G. More
precisely, recall from (7.4.1) that I, (f) is a sum over Levi subgroups M of
G of terms of the form tr(Mp(w)Zp(f)). We have the corresponding versions
where we control the infinitesimal character at co by a real parameter ¢, or
where we use a formal Arthur parameter ¢ to control both the infinitesimal
character at oo as well as the Satake parameters at unramified finite places,
see (8.2.3), and we use the subscripts ¢ or ¢ to indicate that. The main global
theorem, which we assume inductively as known for all M # G, expresses
L3,..(M) as a direct sum over discrete Arthur parameters ¢ for M and the mul-
tiplicity of each representation in the corresponding adelic packet is provided
by the multiplicity formula. The intertwining operator Mp y(w, 0) is expressed
as the product of a normalized operator Rp . and a normalizing factor rp .
Regrouping terms one obtains from this a description ([Art13, Corollary 4.2.4])
for the term tr(Mp . (w)Zpy(f)) that is the main contribution to the summand
for M of Igisc . (f). This description still contains the normalizing factor rp
and the sign character ¢,’. A key computation of signs ([Art13, Lemma 4.3.1])
shows that their product equals the product of the sign characters eg and s),.

We now make a slight refinement of Theorem 8.2.3, by considering what
we expect the value of tr Rgisc ; (f) to be. When ¢ ¢ W5(G), we expect that this
value is zero. When ¢ € ¥,(G), we expect this value to be the contribution of
the (as of yet to be defined) global A-packet for ¢ to the discrete spectrum of G.
We remind the reader that this is not a tautology at all, since the actual defini-
tion of Rgisc,y, as recalled in Proposition 8.2.1 and the paragraph thereafter, is
by imposing conditions on the infinitesimal character of the archimedean com-
ponent and the Satake parameters of the unramified non-archimedean compo-
nents of irreducible constituents of L2, _(G). The contribution of the A-packet
for ¢ to tr Rgisc(f) is given by the conjectural formula in the global classification
theorem (Theorem 8.1.4), which is based on the existence of the local A-packets
I1,, and their pairing with Sy, . So let us put ourselves in the hypothetical po-
sition that these local objects have been defined. This allows us to define the
(rescaled) difference Or(ﬁsc) " between tr Rgisc(f) and its expected value as

oG 1| tr Raise (), P ¢ U (G)
Tdisc,z/} = @ terisc,w(f) - ﬁ Z“ Eg(‘T) Z <.’L‘,7'l'>']cG(7'(')7 ”Q/J S \I/Q(G)

€Sy welly

With this notation, we obtain the following result, which puts us one step closer
to proving that tr Ryisc 4 (f) is equal to its expected value, i.e. that °r§,_ , = 0.
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Corollary 8.2.4 ([Art13, Corollary 4.3.3]). Let G be either a quasi-split classical
group or twisted GLy. Let 1 € ¥(Q).

1. If¢p € Uy(M) for a proper Levi subgroup M C G, assume that the linear form
fa (4, u) depends only on the image x € Sy, of u.

2. If ¢ € Vy(G), assume that the local packet 1L, (G) and its pairing with Sy,
have been defined for each place v, and set fc(¢,x) = Zweﬂw(G) (x, ) fa(m).

Then Lysc. 4 (f) — Orgsc,w(f) equals

> iy(@)eG (@) fa (v, ),

IKGI ISul &5,

where

ip(@)= W™t Y sh(w)ldet(w — 1)

wEW,/,‘,Bg(:E)

The proof of this corollary is immediate from the theorem, upon noting that the
map Ny reg () — Wy reg() is bijective, and that if ¢ € Wy (G) then iy () = 1.

The output of Corollary 8.2.4 will be compared against the stabilization
identity of Proposition 8.2.2. In order to facilitate this comparison we now
rework the latter identity in a way similar to what we ]ust did to I§, (f). The
goal this time is to compute the difference I, () — S§ discp(f) when G is a
classical group, or the difference I§,_ ,(f) — > ¢ «(G, G")SS.. (') when G is
twisted GLy and G’ runs over the simple twisted endoscopic data, i.e. the var-
ious classical groups that occur as twisted endoscopic groups and that are not
products of smaller groups; thus when N is even we are considering the vari-
ous quasi-split special orthogonal groups in N and N + 1 variables, and when
N is odd we are considering the symplectic group in N — 1 variables. Note that
S¢S dlsc is defined for all ¢ € ¥(N), just like I, «.»» and not just for those 1 that
lie in ¥(G’) resp. U(G).

For uniformity, write s ()= Sg’;sg ,(f) when G is a classical group, and

8Gisens(F) = 2 (G, G")S§. (") when G is twisted GLy. Then

Theorem 8.2.5 ([Art13, Lemma 4.4.2]). Let i) € U(N ) and let G be either a quasi-
split classical group or twisted GLy. Then I, (f) — sG.. ., (f) equals

|/<;G| 1Syl Z SHEREN! Z 70 (Sy,s)| "o (SY o) f& (b, 5).

z€Sy S€El, ()

Let us summarize the new notation.

1. As remarked above, we continue to ignore the constant 1.
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2. 5, =84/Z(G)F and S5, = (Sy)? is the identity component.

3. The set Sy o1 consists of semi-simple elements of S, for which the central-
izer 5’1/,75 of s in 5’11, has finite center, cf. [Art13, (4.1.7)]. This is precisely
the set for which the endoscopic datum associated to (¢, s) as in (6.4.5) is
elliptic. We introduce the subset S .11 consisting of those s for which the
endoscopic datum is not simple.

4. The set &, o1 consists of the orbits under the action of 5’2} by conjugation
on 5‘1/,7911, and the analogous version decorated with a prime. The subset
Ey ei(x) is the preimage of  under the natural map £y, 1 — Sy; we also
have the analogous notation decorated with a prime.

5. The group SY , is the identity component in the usually disconnected

reductive group S that is the centralizer of s in Sy, and the quantity
a(Sy ) is a complex number defined inductively in [Art13, Proposition
4.1.1].

6. fL(1,s) is (the global version of) the endoscopic linear form that enters
the local intertwining relation (Theorem 8.1.6).

The proof of Theorem 8.2.5 is based on the bijection (6.4.5) and the inductive
assumption that the local and global theorems, in particular the endoscopic
character identities and the stable multiplicity formula, are valid for all G’. The
stable multiplicity formula relates Sg;c’ o to the linear form f¢ (¢, s). The key
sign computation egf (syr) = eg(sd, - 5), which allows one to convert the sign
eg,/ (sy+) from the stable multiplicity formula for (G’,4) into the sign €7 (s, - s)
that appears in the above statement, comes from [Art13, Lemma 4.4.1].

As with Theorem 8.2.3, we will reinterpret Theorem 8.2.5 by considering
what we expect the value of Sg;isc,d)( f) to be. The stable multiplicity formula

(Conjecture 7.9.1) gives the expected value for Sgsc’ »(f). We let OS§SC7 »(f) be
the difference between SCC{;SC’ »(f) and its expected value, i.e.

Osgsc,w(f) = Sgsc,w(f) - |3w|_10(53)6(¢)f(1/})7
where we recall that e(¢)) = ¢, (sy), and keeping with previous notation we set
"Sasc ) = D2 "Shisear (f):
Y=
Finally, we set
Osg;isc,dj (f) = Z L(G’ G/)Osg;c,w (f,)’
G’ €€sim(G)

where the sum over G’ runs over the set (‘fsim(G) of simple endoscopic data;
thus it has just the term G’ = G when G is a classical group, but has multiple
terms when G is twisted GLy.
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To rewrite the result of Theorem 8.2.5 we add some assumptions that will
be in force when we make the comparison with the result of Corollary 8.2.4.
These assumptions concern the linear form f(,(¢, s). According to our induc-
tion hypothesis it is defined whenever (¢, s) leads via (6.4.5) to an endoscopic
datum that is not simple, and is hence a product of smaller classical groups.
In that case we make the assumption that this linear form depends only on
the image « of s in Sy. This will allow the term f/ (¢, x) in Theorem 8.2.5 to
be pulled out of the inner sum. The second assumption will be that the linear
form f(,(1, s) is also defined when (¢, s) leads to a simple endoscopic datum.
Just as in the discussion of Corollary 8.2.4, this assumption is local, since that
linear form is the product of local distributions at all places. Assuming that
f&(1, s) is defined, as well as that it only depends on the image = € Sy of s, we
obtain from Theorem 8.2.5 the following result.

Corollary 8.2.6 ([Art13, Corollary 4.4.3]). Let ¢ € \il(N ) and let G be either a
quasi-split classical group or twisted GLy. Given x € Sy, and s € Ey(x) , assume that
the linear form f(, (v, s) is defined and depends on s only through x. Then I gsc’ () —
St (f) equals

1 G !
kel - |S¢| Z 6¢($)6w (x)fG(¢’ z Sw)v

TESy

where

ep()= Y Imo(Sys) "o (S),).

SEE Y ai(x)

8.2.5 Reduction of the global theorems to non-elliptic non-exceptional pa-
rameters via comparison of trace formulas

Considering Corollaries 8.2.4 and 8.2.6 side by side, it is apparent that their
structure is very similar. In this section we will obtain the proofs of the global
theorems for a large class of global parameters by virtue of comparing the ex-
pressions in Corollaries 8.2.4 and 8.2.6, once with G being a quasi-split classi-
cal group, and once with G being twisted GLy. The key assumptions that are
needed for this comparison are the following crucial global result.

Theorem 8.2.7 (Global intertwining relation). The linear forms fo (v, s) and f (¢, s)
depend only on the image x € Sy, of s and

fo(¥,x) = fa(, x - sy).

This is the global analog of, and a direct consequence of, the local intertwin-
ing relation (Theorem 8.1.6). Just like its local counterpart, it is established in
its entirety only at the end of the long induction argument.

A small part of it, namely the dependence of f.(¢, s) on s can be treated by
a simple and direct argument as follows.
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Lemma 8.2.8. The linear form f(,(1, s) depends only on x.

Proof. This is a fairly simple and general argument that uses the fact that this
linear form satisfies parabolic descent. See [Art13, pp. 204-205]. O

Proposition 8.2.9 (Discussion in the beginning of [Art13, §4.5]). Let) € W(N)~

U (N). Assume that the global intertwining relation (Theorem 8.2.7) holds for .
Then Theorem 8.1.4 and Conjecture 7.9.1 hold for 1.

Proof. The assumption ¢ ¢ Wy (N) implies that both linear forms f¢ (1, s) and
[&(1, s) are defined. By assumption they depend only on the image =z € Sy,
of s, and are equal to each other. A combinatorial result ([Art13, Proposition
4.1.1]) shows that iy (z) = €4(z) and this implies that the right hand sides of
Corollaries 8.2.4 and 8.2.6 are equal. This equates their left hand sides, leading
t0 “rdiscp (f) = YSaiscp(f). Recalling definitions and using the fact that ¢ ¢
T (N) D Uy(G) this identity becomes

|Iig|_1t1' Rdisc,z/)(f) = Z L(G7 G/)Osg;c,w(fl)v (8.2.4)
G/

where the sum runs over the simple endoscopic data. In fact, we have two such
identities: one for the classical group G, and one for twisted GLy. When G is
the classical group the identity (8.2.4) becomes

tr Rdisc,d)(f) = O‘Sgsc,w (f)a (825)

because |kg| = 1 and G’ = G is the only summand on the right. This implies
in particular that tr Rgis, (f) is a stable distribution. Of course we expect it to
be zero, since ¢ ¢ V5(G), but at the moment we don’t know that.

When G is twisted GLy we do know that tr Rgisc ,(f) = 0. This is a conse-
quence of the theorem of Jacquet-Shalika that isobaric automorphic represen-
tations of GLy are determined by their Satake parameters, together with our
assumption that 1) ¢ W, (). Therefore the identity (8.2.4) becomes

0= > NG SS9,
Gegsim(N)

where the sum runs over the set £ sim (IV) of simple twisted endoscopic data for
GLy. Combining this with (8.2.5) applied to each G in the above sum we arrive
at
0= Y NG R, (f9)
Ge;‘fsim(N)

Since the constants 7(N, G) are positive real numbers, and Rfisc’ ., decomposes
as a Hilbert direct sum of irreducible representations, we see that Rgisc’ » (f¢) =
0 for each G (the actual argument is a bit more involved, see [Art13, Proposition
3.5.1]). This is the first key conclusion, namely that 1) does not contribute to the
discrete spectrum of G.
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The second key conclusion is obtained by combining this vanishing with
(8.2.5). This implies that °Sg_ . (f©) = 0, which by definition is the validity of
the stable multiplicity formula Conjecture 7.9.1 for . O

In order to be able to apply Proposition 8.2.9 we must know that the global
intertwining relation holds. It can be proved directly for all those v € ¥(N)
which do not lie in W¢;(N), nor in W (G) for any simple twisted endoscopic
group G, nor fall in one of the following two exceptional families (cf. [Art13,
(4.5.11), (4.5.12)]).

=2 By B---BHY,

{Sw =Sp(2,C) x (Z/2Z)" (8.2.6)
=3 By B - B,

{Sw =0(3,C) x (2/22)", (8.2.7)

where 7/ = 7 if the character ¢ defined just below Equation (8.1.7) is trivial,
and r’ = r — 1 otherwise.

Proposition 8.2.10. Let ¢» € W(N). Assume that 1 does not lie in W,y (N), or
in U (Q) for any simple twisted endoscopic group, or in one of the two exceptional
families (8.2.6), (8.2.7). Then the global intertwining relation holds.

Proof. This is the first half of the proof of [Art13, Proposition 4.5.1], which is a
direct argument that involves the explicit structure of the centralizer S,,, which
allow one to reduce all these cases to Levi subgroups and appeal to the induc-
tion hypothesis. O

Corollary 8.2.11. Let i) € W(N). Assume that 1 does not lie in W,y (N) or Wy (G)
for any simple twisted endoscopic group G, or in one of the two exceptional families
(8.2.6),(8.2.7). Then the global Theorem 8.1.4 and Conjecture 7.9.1 hold.

8.3 On the local theorems

In the previous subsection we obtained the global theorems for non-elliptic
non-exceptional parameters by comparison of trace formulas and the stabiliza-
tion identities, taking advantage of induction on dimension of the group. The
case of elliptic or exceptional parameters is more difficult. In that case, one ob-
tains the local theorems first, again using the trace formula and its stabilization
as a main tool, but supplementing it with a finer analysis and using additional
tools, such as the orthogonality relations of elliptic tempered characters. Once
the local theorems have been established, they can be used to supplement the
analysis of the trace formula and to ultimately obtain the remaining cases of
the global theorems.

In this subsection we will sketch Arthur’s arguments that lead to the proof
of the local theorems. We will first deal with generic parameters, and then turn
to non-generic parameters.
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The method of proving the local theorems can be described as “peeling
an onion”. All the relevant information is contained in the trace formula, but
extracting it is challenging, because there is too much information mixed to-
gether. The approach is to carefully remove it, layer by layer, starting from the
outside and moving inwards. The direction inwards is measured by the num-
ber and multiplicities of the simple constituents of the local parameter ¢. One
first discusses non-discrete parameters by proving the local intertwining rela-
tion, which in turn implies the local classification theorem for such parameters.
Having established the local intertwining relation, it is used to remove from the
trace formula the contributions of non-discrete parameters, thus giving access
to the information contained in the discrete parameters. The next step is to
consider discrete parameters that are not simple. Once the non-simple discrete
parameters are handled, their information can also be removed from the trace
formula, revealing the information contained in the simple parameters.

Since the parameters are local, but the trace formula is global, one needs a
local-to-global passage. This is provided by the globalization results of §8.3.2.
One must then control the various places that are away from the place of inter-
est. The archimedean places play a key role in this process, because much of
the desired local information is known for them.

8.3.1 Reduction of local results

The local theorems can be reduced by local means certain core cases. The core
case for the local intertwining relation is that when the parameter ¢y, is dis-
crete for M and the endoscopic element has regular image in the endoscopic
Weyl group.

Proposition 8.3.1. Let G be a classical group. Assume that the local intertwining
relation holds for any proper Levi subgroup M C G, any ¢ € Uo(M), and any
s € Ny (M) whose image in Wy, is regular. Then it holds for any proper Levi subgroup
M C Gandany € U(M), and any s € Ny (M).

Proof. First, Arthur reduces from the case of general ) € ¥ (M) to the case of
¢ € Wo(M). This is [Art13, Lemma 2.4.2], whose proof comes at the end of §2.4,
and it’s a simple matter of verifying that the normalized intertwining operators
are compatible with induction in stages. Indeed, if ¢ ¢ Uy(M) there exists a
Levi subgroup M’ C M with ¢ € Uy(M’'). The packet I1,;, (M) is then induced
from the packet I, (M’), cf. proof of Proposition 8.3.2 below, and the assumed
validity of the local intertwining relation for (¢, M’) and induction in stages
completes this reduction.

We now assume ¢ € ¥o(M). The reduction to elliptic s, i.e. those with
regular image in de is analogous. If the image is not regular, then s centralizes
a torus in Sw(G) of positive dimension. The centralizer of this torus is a Levi
subgroup M; C G that contains M (possibly up to conjugation by S, (G)?),
because the assumption ¢ € Wy(M) implies that A;; is a maximal torus of
Sy(G)°. Then one shows that both sides of the identity of Theorem 8.1.6 can
be reduced from G to M;, after which their identity follows from the inductive
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hypothesis on dimension of G. The reduction of the endoscopic linear form
[&(1, s) is a general argument that this form only depends on the image of s in
Sy(G). Itis given in the paragraphs below [Art13, (4.5.8)] and stems from the
compatibility of endoscopic transfer with parabolic induction. The reduction
of the linear form f (¢, s) relies on the statement that the intertwining operator
RE(w) is given by Z§ (Rp2,,, (w)) whenever w lies in the Weyl group for M.

O

The local intertwining relation in turn implies the local classification theo-
rem for non-discrete parameters.

Proposition 8.3.2. Let G be a classical group, M C G a proper Levi subgroup, and
W € Wo(M). Assume that the local classification theorem 8.1.3 holds for M and the
local intertwining relation 8.1.6 holds for v, M, and G. Then the local classification
theorem holds for ).

Proof. This is [Art13, Proposition 2.4.3]. The local classification theorem pro-

vides a packet IT,, (M) together with a map I1,,(M) — S, (M), which we tem-
porarily denote by 7™ — p}. One forms the representation

ny = @ ™MK py
mMelly, (M)

of the group M (F) xSy (M). Recall the group DNy, (M) of components of N, (M)/Z(G)T,
where Ny, (M) is the normalizer of Az; in Sy (G). The group Ny (M) acts on M

as follows. An element u € 91, (M) maps to an element w,, € W (M), and the

latter has a canonical Tits lift to an element of Ng (M) coming from the natural
pinning of the classical group G. We can then form M (F) x DM, (M).

There is a natural extension of IT) to the group M (F) x 9, (M). Apply-
ing parabolic induction Z§ to the M (F)-part of this representation, and the
normalized intertwining operators to the 9, (M )-part, one obtains a represen-
tation I of G(F) x 9y (M).

The assumption that 1 is discrete for M implies that A; is a maximal torus
in S4(G)°, and the conjugacy of maximal tori implies that the natural map
Ny (M) — Sy(G) is surjective. The local intertwining relation implies that Hfj
descends to a representation of G(F) x Sy (G). Decomposing this representa-

tion one obtains
Hg = @ ™™ pr

and one defines the packet II,,(G) to be the set of all 7 that occur in this de-
composition. A-priori 7 <+ p, is a correspondence, not necessarily a map. One
can make it into a map formally by allowing repetitions in the set I1;(G). As-
suming that 1 is generic, the Harish-Chandra basis theorem implies that the
correspondence is in fact a bijection. The character identity that is part of The-
orem 8.1.3 follows again from the local intertwining relation. O
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Finally, the first assertion of the local classification theorem, namely the fac-

torization of £V (¢) through endoscopic transfer, can be reduced to the case of
generic parameters.

Lemma 8.3.3. Assume that Theorem 8.1.3(1) holds for all generic parameters 1. Then
it holds for all parameters 1.

Proof. This is [Art13, Lemma 2.2.2]. We will not reproduce the proof. O

8.3.2 Globalization results for generic parameters

Since the arguments are again global, based on the trace formula, the first step
is to embed the local situation into a global one. The required “globalization re-
sults” are again a consequence of the trace formula, but here the trace formula
is applied to a single group and the necessary information is obtained by calcu-
lating its terms. We present two of them, the first globalizing a representation,
and the second globalizing a parameter. Both pertain to the case of tempered
representations and generic parameters.

Proposition 8.3.4 ([Artl3, Lemma 6.2.2, Corollary 6.2.3]). Let G be a quasi-split
classical group over a local field F' and let w be an irreducible square-integrable rep-
resentation of G. There exists a totally real number field E, a connected reductive
quasi-split F-group G, a place u of F', and a discrete automorphic representation 7 of
G, such that

1. F,=F, G, =G, 7ty =.
2. Ty is spherical at any finite place v # w.

3. Ty is a discrete series representation with infinitesimal character in general po-
sition at any real place v # wu.

4. The unique parameter 1) such that - € L2 p (G(F)\G(A)) according to Propo-
sition 8.2.1, is generic.

5. For any v # w, the localization 7, lies in the L-packet I1; (G.).

6. The parameter ¥y, lies in éell(N ).
Moreover, one can achieve that I has as many real places as is desired.

Proof. The constructions of F and G are elementary, cf. [Art13, Lemma 6.2.1],
and beginning of proof of [Art13, Lemma 6.2.2]. To obtain the automorphic rep-
resentation 7 one applies the trace formula to a special test function f =[], f.-
Here f, is a pseudocoefficient for 7. For example, if = were supercuspidal one
could just take a matrix coefficient of 7. In the general case such a matrix coeffi-
cient would not be compactly supported, but the theory of pseudo-coefficients
provides a suitable substitute, cf. [BDK86, CD90]. At all finite places v # u we
take f, to be the unit in the spherical Hecke algebra. At all real places v # u
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we take f, to be the sum of pseudo-coefficients for the discrete series in a fixed
L-packet with sufficiently regular infinitesimal character.

The test function f, for v|co is thus what Arthur calls stable cuspidal, cf.
[Art89a, §4]. We apply the trace formula with this test function. The fact that
the test function is stable cuspidal at one infinite place, and cuspidal at more
than one, simplifies the trace formula significantly [Art88, Theorem 7.1]: on
the geometric side all terms vanish that are indexed by a conjugacy class that
is either not semi-simple, or semi-simple but not elliptic at all real places. Us-
ing estimates of orbital integrals due to Harish-Chandra one deduces that the
geometric side of the trace formula is non-zero, provided the infinitesimal char-
acter at one fixed real place v # v is sufficiently large.

The spectral side of the trace formula is therefore also non-zero for this
function. Due to the nature of the test function (see again the references listed
above), this spectral side is simply tr Rgsc( f ). This implies the existence of an
automorphic representation 7 with tr7(f) # 0. The precise form of the test
function implies that 7 is of the desired form, although some additional argu-
ments are required to substantiate the claim that 7, = 7. The problem comes
from the fact that a pseudocoefficient distinguishes m among all tempered rep-
resentations of G(F'), but a-priori we do not know that 7, is tempered. This is
what needs to be shown. Since twisted endoscopic transfer preserves the no-
tion of temperedness, it will be enough to know that the transfer of 7, to GL(IV)
is tempered, which we will discuss in a moment. Modulo temperedness of 7,
we have thus proved (1), (2), and (3).

(4) Consider now the parameter 1. To show that it is generic it is enough to
show that any of its localizations is generic. We will consider the localization at
an archimedean place. To obtain the desired information, we will consider the
three identities provided by the t)-component of (8.2.2) and Proposition 8.2.2
applied once to G and once to twisted GLy. The fact that f,, is a pseudocoeffi-
cient for a discrete series L-packet implies that the terms for M # Gin (8.22),
and the terms for G’ # G in Proposition 8.2.2 for G, vanish. Choosing a test
function fV on twisted GLy appropriately, the summands on the right hand
side of Proposition 8.2.2 applied to twisted GLy also vanish for all G’ except
G’ = G. This leads to

(NGNS () = 88 () = TS, (D = RS, (). (831)

We know that the right-hand side is non-zero (it contains the representation 7),
so the left-hand side is non-zero. The archimedean infinitesimal characters on
both side correspond, and are in general position. This forces the localization
1), at archimedean places to be tempered, since non-tempered representations
of real reductive groups do not have infinitesimal characters in general posi-
tion. We have concluded that v, is generic, hence W is generic, hence also thy is
generic. This completes the proof of (4).

(5) We use again (8.3.1), but we use a slightly different function f, where
we allow fv for finite v # u to vary through the entire spherical Hecke algebra,
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while we fix f, to be a pseudocoefficient for 7. This identity then implies

N @) = ey RG (), (832)

for a non-zero constant c¢(¢). For each place v this identity implies the anal-
ogous local identity up to some unspecified non-zero constant. Since for ev-
ery v # u the local packet is characterized by the fact that Zm,enib fo(my) =
co () fN (1,), the claim follows.

(6) We note that the right hand side of (8.3.2) is non-zero for a test function f
that is cuspidal at u, namely the pseudocoefficient of w. Therefore the left hand
side is non-zero for a test function f that is cuspidal at . This implies that ¢,
is elliptic, because the local linear forms associated to non-elliptic parameters
vanish on cuspidal functions.

Finally, we observe that the ellipticity of ¢, implies that v, is tempered,
being the direct sum of mutually inequivalent self-dual, hence unitary, repre-
sentations of L. Thus the transfer of 7, to GL is tempered, which completes
the proof of (1). O

Proposition 8.3.5 ([Art13, Proposition 6.3.1]). Let G be a quasi-split classical group,
M C G a Levi subgroup, ¢ppr € ®2(M). Let ¢ = L1y @ -+ @ L¢P, be the decom-
position of the parameter of G obtained from ¢ny. Assume that ¢ ¢ P (G). There
exist

1. a totally real number field F, with sufficiently many real places
2. a quasi-split classical F-group G and a Levi subgroup M
3. a global generic parameter ¢y for M
4. aplace u of I
such that
1. F,=F,Gy=G, M, =M, $ar = du1.
2. The canonical maps S; =~ — Sg,, and S; — Sy are isomorphisms, where ¢ and

¢ are the parameters of G and G obtained from ¢nr and ¢ .

3. For any finite place v # u, qﬁv = 51&1,71 b Ergz.ﬁryv is a sum of characters,
and ¢1 y, . . ., Gr contains at at most one of which is ramified.

4. For a real place v # u, ¢, is a discrete series parameter of G, ,, in relative
general position.

5. If V is the set of real places v # w, the canonical mapping 11, — S;M =

S;,, Is surjective.

6. If M = G there exists a real place v # w such that if¢5v lies in ®(G?) for some
G: € ésim,v(N), then éi = é
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7. If M # G there is a real place v # w such that the kernel of the composed map
{S 5 — S, — Ry contains no element whose image in the global R-group R ;
is regular.

Proof. We give a brief outline. The assumption that ¢ is not simple allows us to
use the induction hypothesis to globalize each of the pieces ¢; separately. That
is, we let G; be the unique classical group for which ¢; is a simple parameter,
and consider a member 7; of the L-packet Iy, (G;). Proposition 8.3.4 provides
an automorphic representation 7; of a global version G’i of G;. This represen-
tation corresponds to a global parameter qbl We set qb = €1q51 b--- B Zr(ﬁr. The
construction of M follows analogously.

The condition that for all finite places v # u the parameter d)u is almost
unramified follows from the fact that in Proposition 8.3.4 the representation
i, is spherical. One just has to arrange that the globalized groups G; be as
unramified as possible. This is only an issue with non-split even orthogonal
groups, where one needs to choose the corresponding idele character more
carefully.

The condition that the archimedean components of ¢ have infinitesimal
characters in general position is already built into Proposition 8.3.4 for the in-
dividual ¢;. One must just take care to impose this regularity condition step by
step to ensure that it remains valid for the full parameter ¢.

For the condition that the canonical mapping II;,  — S:/i =&, issur-

’ M

jective, where V' is the set of real places v # u, we use the fact from the real
local theory that for each such v the image of the canonical mapping I; , —

M,V

S;M , Is generating (cf. [Artl3, Lemma 6.1.2]). If we knew that the canoni-

cal mapping [, S;M )
of II; generates S . Increasing the number of real places V' if neces-
oM,V om

— S;.;M is surjective, we would see that the image

sary, by replacing F' with a larger global field, we can convert this generation
statement into surjectivity. So it remains to show that the dual natural map
S,y — Ilvev S;,, » can be arranged to be injective. This is equivalent to the
claim that S; N ,cy ng = {1}. But the latter can be checked directly using

the explicit description of the centralizer groups.
The remaining conditions are also checked in a direct way using the explicit
description of the centralizer groups. O

8.3.3 The local intertwining relation for generic parameters

With the two globalization results established, we turn to the proofs of the
local theorems in the case of generic parameters. The first one we will attack
is the local intertwining relation. For this, we begin with a quasi-split classical
F-group G, a proper Levi subgroup M C G, and a generic parameter ¢y €
®(M). Due to the reduction afforded by Proposition 8.3.1 we may assume that
o is discrete, i.e. ¢pr € P2(M). Welet ¢ € ®(G) denote the image of ¢y,
under the natural map ®(M) — ®(G). We recall that the global intertwining
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relation, and hence also the local intertwining relation, has been established in
all but the following three cases: ¢ € P (G), ¢ is of type (8.2.6), ¢ is of type
(8.2.7). We recall their explicit structure here:

S, C 0(2,C)7 x O(1,C)"~1

9 V=2 By B--- By
' Sy =Sp(2,C) x (Z,/2Z)" !

3 =3 B @ ---Hp,
' Sy, = 0(3,C) x (Z/22)"

y {w=2%83---532%@%“53---53%,

Recall further that ¢ does not lie in ®3(G), because it comes from a param-
eter ¢y of a proper Levi subgroup. Therefore, the number ¢ in 1. above is not
equal to zero.

The essential global input that the trace formula provides us is the following
weaker version of the global intertwining relation.

Proposition 8.3.6. Let (G, b, M, ) be a globalization of (G, ¢, M, ¢r) as in Propo-
sition 8.3.5. Then for every test function f on G(A) we have

N (Feldii) = f4(d.) = 0.

w65¢,ez1

Moreover,

L2 (GQ\G(A)) = 0.

Proof. This argument spans [Art13, Proposition 3.5.1, Corollaries 3.5.3, 4.5.2,
Lemmas 5.2.1,5.2.2,5.4.3, 5.4.4].

To ease notation in the proof, we will drop the dots and keep the under-
standing that all objects are global, and the local objects are found at the place
u.

The case where N is even and 7¢ = 1 is more complicated, so we focus on
the remaining cases. The first claim is that then

> (faloa) = f6(6,2)) = € tr(Rase.s) () (83.3)
TESyH ell

for some positive constant C, cf. [Art13, Lemma 5.2.1]. This is consistent with
the statement being proved, because we expect tr(Rgisc,¢)(f) to equal zero,
since ¢ ¢ ®5(G). In particular, the discrepancy rgisc » between tr(Raisc,¢)(f)
and its expected value equals tr(Rgisc ¢ )(f) itself. We then have

tr(RcCésc,q&)(f) - OScﬁsc,d;(f) = Orcﬁsc,d;(f) - Oscciisc@(f)
= (Icﬁsc,qﬁ(f) - Osgisc,¢>(f)) - (IdGisc,d;(f) - Orcclisc@(f))
(apply Cor. 82,4, 8.26) = Cy > igla)(f6(6,2) — Jo(6,)),

TESy
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with Cy positive. The coefficient i4(2) vanishes unless z is elliptic, and is
positive otherwise. To finish the proof of (8.3.3) it remains to be shown that

OSESC@( f) = 0. The argument, given in [Art13, §5.1], is in fact rather simi-
lar, but now applied to the twisted group (GLy, 0) rather than to the group G.
In that case the local and global intertwining relations are already known, so
the final term in the above chain of equalities vanishes, yielding Ofé\ifm ( )=

05 .o 1. At the same time 07 fee.s( f) = 0 because the expected formula for
tr(Ré\i’SC’ #)([f) is known, and this leads to

Z Z(Nv G*)Osg;c,qﬁ(f(;*) =0.

G*egsim(N)

According to Remark 8.3.11 the term °S%,_ ,(f¢") vanishes unless ng- = 1y,
and since 74 = ng the sum extends only over those G* with ng~ = ng. This
sum contains G, and it contains a second group when N is even and ng = 1.
This is the case that we are suppressing from the discussion in order to simplify
the exposition. With this, our review of the proof of (8.3.3) is complete.

The next step is to leverage the fact that a weak version of the local in-
tertwining relation is known at Archimedean places, following the proof of
[Art13, Lemma 5.4.3]. Let v be an Archimedean place as in part 7. of Proposi-
tion 8.3.5. We may take a decomposable test function f = f, f”. This decom-
poses both linear forms fg(¢,z) and f; (¢, z) into a product of the term at v
and the term away from v.

Consider the term at v. Despite the mature state of the theory over R, the
local intertwining relation is not known, and will be discussed in Lemma 8.3.9
below. However, a weaker version of it can be extracted from the known the-
ory, namely

fz/;,Gv (Pv, T0) = Z Gv(wv)<nv7er>tr(RPu (¢1177TM,U77«UU)IJ§UU (77Mruafv))7
Tty €Ly, (M)

(8.3.4)
for a sign character €,: Wy, — {+1} which descends to the quotient Ry, =
Wy, /W . In other words, the local intertwining relation (Theorem 8.1.6) holds
up to the possible error given by ¢,. Recall here that w, € W, is the image of

x,. Therefore one sees that ers¢,en (fg(¢, x) — f&(o, J;)) equals

S (F860) — @) fE6,2) ) mas,) foo (M T, 30),

TESy el T, €11y, (M)
(8.3.5)
where

Jo,a(My, Tar,, T0) = tr(va(%,va,wv)Igj (Ta1,, fo))-

We can rewrite the above double sum as

Zd(Tm fv)fv,G(Tv)a
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with
dr ) = Y (F6(6,2) = e(2) 5 (6,2) ) mmar )

Xy T M,

Here the sum over 7, runs over the set of conjugacy classes of triples (M, , s, 7y),
with M; C G, a Levi subgroup, 7, an essentially discrete series represen-
tation of M) (F},), r, an element of the Harish-Chandra R-group R(my ), and
fo.c(T0) = fo.c(M}, 7, 70). The double sum in the definition of d(7, f*) runs
over the same set as that in (8.3.5), but with the condition that (M, 7, , ) is
conjugate to 7,,. Thus, in the end, the 7, over which the sum runs are strongly
constrained, with their Levi component M|, being pinned down to be M.
Combining this with (8.3.3) we obtain

C- Zm(ﬂ')f(}(ﬂ') = Zd(Tvafv)fv,G(Tv)v

where the sum on the left runs over the discrete automorphic representations
in Liisc, 4(G) and m(r) are their multiplicities. The conclusion from this is that
both m(r) = 0 for all 7, i.e. that L3, ,4(G) = 0, and d(7,, f*) = 0 for all
Ty, implying in particular the desired weak form of the global intertwining
relation. This conclusion is derived in [Art13, Proposition 3.5.1, Lemma 3.5.2,
Corollary 3.5.3].

Roughly speaking, the key point is the following bit of representation the-
ory over the local field F,. The vector space of characters of G(F),) has three
different bases: the set of characters of irreducible representations, the set of
characters of standard representations (representations that are parabolic in-
ductions of essentially discrete series representations of Levi subgroups), and
the set of distributions f +— f, c(7,) for triples 7, = (M), 7 ,7,) as above.
The matrix that translates between irreducible characters and triples 7, has the
property that for every irreducible representation 7, there is a triple 7, with
ry, = 1 such that the corresponding coefficient is non-zero. On the other hand,
the complex number d(7,, f¥) has the property of being zero for any such triple,
due to the fact that the sum over z in the definition of d(7,, f*) runs only over
the elliptic z € Sy, which are those whose image in the global R-group Ry,
and part 7. of Proposition 8.3.5 ensures that the image of « in the local R-group
Ry, is non-trivial. This forces all the numbers m(r) to be zero (this is a more
refined version of the idea that if a sum of non-negative numbers equals zero,
then all summands equal zero, and is given in [Art13, Proposition 3.5.1]). In
turn, this forces all the numbers d(7,, f") to be zero, using linear independence
of the distributions f, ¢(7). O

In order to extract the local intertwining relation from this global informa-
tion we need to know that it holds at all places away from the place of interest.
Let us assume this for now and see how this completes the proof of the local
intertwining relation at .

Proposition 8.3.7. Assume that the local intertwining relation holds for (G, ¢, M, r)
at all places v # u. Then it also holds at v = w, i.e. it holds for (G, ¢, M, pr).
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Proof. Consider a factorizable test function f = [], f,. Then f(,4) =[], foc, (o, ),

and the analogous statement holds for f é(qﬁ, #). Using the assumption that the
local intertwining relation holds at all places v # u the identity of Proposition
8.3.6 becomes

> ( I e, (évm‘c)) (fue, (busd) = [ o (du, ) = 0. (8.3.6)

TESp el VFEU

The local classification theorem is known at all archimedean places by the work
of Shelstad [She08a], [She10], [She08b]. Therefore for each such place v we have

fv,GU(Q'S'U"%) = Z <7rv7i‘>fu,év (7T’U)'

WUEH(;)U (Gv)

The following cute lemma, whose short and amusing proof we leave to the
reader, implies that the set of linear forms {fy, o, (¢v, %) |% € Spen} is linearly
independent, where we recall that V' is the set of real places v # w.

Lemma 8.3.8. Let W be a complex vector space, D C W a finite linearly independent
subset, A a finite abelian group, and p: D — A* a surjective map. Then the set of
vectors {) ], cp P(w)(x) - w|x € A} is linearly independent.

This lemma is applied with W the vector space of distributions on G(A), D
the set of distributions f, () for all real places v # vand all m, € II (G,
and A = §; . The surjectivity statement is part (5) of Proposition 8.3.5. But
there is a slight discrepancy here: the sum we are considering in our problem
is over Sy en = S o, and not over S . Arthur gives a brief indication how to
handle this discrepancy, namely using “the disjointness of constituents of tem-
pered representations”. Another way would be to check explicitly that for the
types of parameters being considered (elliptic non-discrete, or of exceptional
type (8.2.6) or (8.2.7)), we either have an equality S, = S dagr OF S¢.ell is a torsor
under S; .

The linear independence of {fy ¢, (¢v, i) | & € Syen} converts (8.3.6) into
(T1 £ @0 ®)) - (g, (Busid) = £ s (D)) =0 Va € Sy
vF#U

Since for each v # u the linear form f, . (q3v7 &) is non-zero, we infer that the
local intertwining relation holds at the place u. O

In order to apply Proposition 8.3.7 we need to know the local intertwining
relation at all places v # w.

Lemma 8.3.9. Assume that F' = R and that ¢, is a discrete series parameter in
general position. Then the local intertwining relation holds for (G, ¢, M, dar).
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Proof. Despite the mature state of the theory over R, this fundamental theorem
is not known. It would be nice to have an intrinsic proof, that even holds with-
out assuming general position. As things stand, Arthur is forced to give an ad-
hoc argument, based on the available local theory over R and supplemented by
a global argument that works in the setting of classical groups established thus
far. We will not repeat this argument, and refer the reader to [Art13, Lemmas
6.4.2,6.4.3]. O

Lemma 8.3.10 (incomplete, based on unpublished reference [A27]). In the set-
ting of Proposition 8.3.6, the local intertwining relation holds at all finite places v # u.

Proof. Consider such a finite place. According to Part (3) of Proposition 8.3.5,
gi)v is a sum of characters. If one of them is not self-dual, this forces the ele-
ment &, to have non-regular image in the Weyl group, and the claim follows
by Proposition 8.3.1. If all of them are self-dual, there are at most three dis-
tinct characters (the trivial and sign characters are the only unramified self-dual
characters, and Part (3) of of Proposition 8.3.5 ensures that there is at most one
ramified character). Examining the three types of parameters we are consider-
ing, listed as 1., 2., 3., above, we conclude that the Levi subgroup M is either
abelian or its derived subgroup is SLy. At this point, the proof is deferred to an
unpublished paper [A27], cf. proof of [Art13, Lemma 6.4.1]. O

With this, the proof of the local intertwining relation for generic (i.e. tem-
pered parameters) ¢ is complete, modulo the missing reference [A27]. From
this, Arthur derives [Art13, Corollary 6.4.5], which states that the normalized
local self-intertwining operator Rp(w, Tar, ¢) acts by the scalar 1 when w €
Wg. We caution the reader that this is a misprint. The correct statement, which
follows from the proof that is provided in loc. cit., should state that the prod-
uct (i, Tar) Rp(wy, Tar, ¢) equals 1, where the pairing (@, 7as) is the one used
in [Art13, (2.4.5)]. One could define Rp(u,mar,d) = (U, Tar) Rp(Wy, Tar, P),
in which case the statement of [Art13, Corollary 6.4.5] would become correct
(with w there now replaced by u). This is the form in which the result is stated
in [KMSW14, Theorem 2.6.2(1)]. The operator Rp(u, 7, ¢) has the advantage
of not depending on an arbitrary choice of extension 7as of myy.

8.3.4 The local classification theorem for generic parameters

We next turn to the local classification theorem for generic (i.e. tempered) pa-
rameters. This is the material in [Art13, §6.6,§6.7]. When the local field F' is ar-
chimedean, the desired results have been established by Shelstad, cf. [Shel0],
[She08b]. We will therefore assume that ' is a non-archimedean local field. The
case of ¢ € ®(G) \ ®2(G) is essentially resolved by Proposition 8.3.2, with the
exception of the identification of the representation-theoretic and endoscopic
R-groups. For this argument, which involves notation that we do not want to
introduce here, we refer the reader to the discussion in the beginning of [Art13,
§6.6].
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We focus now on the main case, which is ¢ € ®5(G). Decompose

P=p1 D D Py (8.3.7)

We will first deal with the case r» > 1, i.e. the case of a “non-simple”, or “com-
posite” parameter, which is the material in [Art13, §6.6]. We will denote the
subset of ®,(G) consisting of composite ¢ by ®5™(G).

Apply Proposition 8.3.5 (here M = G) to obtain a number field F,a F-
group G, and a global generic parameter ¢, so that (F, G, ¢) specializes to
(F, G, ¢) at the place u.

Remark 8.3.11. An elliptic Arthur parameter 1) € ¥ (V) has a quadratic char-
acter 1y, : I' — {%1} associated to it. An elliptic endoscopic group G € E(NV)
also has a quadratic character ng: I' — {£1} associated to it.

We first review ng. An elliptic endoscopic datum consists of a group of the
form G = Gy x Gy where G; = Sp(N_,C) and G5 = SO(N,,C), as well as
an embedding of Lag = G1 X G2 X I'g/p into GLy. Here E/F is either trivial
or quadratic, and splits G2. The image of Gy is isomorphic to Sp(N_, C). The
image of G % I'g/r lands in O(N, C) and contains SO(N, C). The character
nc is obtain by restricting this embedding to '/ and composing with the
projection to O(N4, C)/SO(N, C).

We now review n,,. Write ¢ = )1 @ - - - @ v, into a direct sum of mutually
inequivalent simple parameters. Each ¢; has a sign ¢; € {1} associated to it.
The sign is ¢; = —1 if and only if ¢; factors through Sp(N;,C), and ¢ = +1 if
1; factors through O(N;, C). We arrange the decomposition so that ¢; = --- =
€, = —land €41 = - =€, = +land sety_ = Y1 @ --- DY and Y, =
Y41 @ -+ ® Yp. Then ¢_ factors through Sp(N_, C) and ¢ factors through
O(N4+,C), with N = N_ + N;. The composition of ¢, with O(N;,C) —
O(N4+,C)/SO(N4,C) = Z/2Z extends to a quadratic character of I' , which is
M-

Note that if the datum G is simple then it is uniquely determined by 7
unless N is even and n¢ = 1, in which case there are two possible such data,
namely G = SO(N) and G = SO(N +1), both split. If » € U4(G), then ny = ng.

Recall from (7.8.2) and (7.8.3) the total transfer map between test functions
and its dual on the level of distributions. We will now use the global analogs of
these maps, obtained by taking the products of the local maps over all places.
The next two results are valid even when r = 1, i.e. when ¢ is simple, and will
be used later for that case as well.

We consider the linear form fy — fn ((b) that evaluates the character of the
automprphic representation ¢ of GLy (A) on a test function fy.

Proposition 8.3.12. 1. The linear form fn () is the image of a unique stable lin-
ear form & (@), mterpreted as an element of P .. SZ(G*)* with only non-zero
coordinate for G* = G.
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2. The stable multiplicity formula holds for ¢. That is,
Sﬁsc¢( H =187 f4(9).

Proof. In this proof we will use the fact that a simple twisted endoscopic datum

G is determined by 7 and G unless N is even and 1ng = 1, in which case there

are the two possibilities of split SO(N + 1) and split SO(N), with dual groups

Sp(N) and SO(NV), respectively. The latter disambiguation is very technical, so

we will not discuss it. To lighten notation we set 1/ = ¢ and drop the dot on G.
(1) This is [Art13, Lemma 5.4.2]. We use the stabilization identity

I(fl\i]sc,w(f) = Z Z(Nv G*)Sg;c,w(fa*)

G*

the sum being over elliptic endoscopic groups. The spectral expansion (7.4.1)

of I dise,o (f) shows that it is a non-zero constant multiple of the linear form

(@), and our goal is to show that in the above sum Sg_,(f¢") = 0 for all
G* #G.

Ifw is simple, then the above term vanishes automatically unless G* is sim-
ple. It also vanishes if ng- # 7. The tuple (1, G) uniquely pins down G. To
pin down G we use part (3) of Proposition 8.3.4, which implies that the local
parameter 1, factors through the L-group of G, only; since G = G, we are
done.

Assume now that 1) is not simple. We use Proposition 8.3.5 to pin down
G, specifically part (6). Let V' be the set of real places not equal to u, and let
v € V be a places satisfying part (6) of that proposition. The identification of
the image of the total twisted transfer map and the trace Paley-Wiener theorem
allow us to choose the local function fy so that fy (¢v) # 0, but the image of
fv in SZ(G3) vanishes for all simple G* with CAT'* i G,. Letting the local parts
of f vary at all other places one deduces that S dlsc w( f¢) =0 forall G* # G,
proving I . (f) = I(N, G)Sdisc,d)(fG)‘

(2) This is [Art13, Corollary 5.1.3, Lemma 5.1.4, Lemma 5.4.5]. In the previ-
ous point we have already shown that S w( f¢) = 0 for all G* # G. Since
¢ ¢ W(G*) we have S§.  (f9) = 98§, ,(f¢). The twisted stabilization
identity (8.2.1) implies that

> UN, G Sy (FF7)

G*

equals the difference between I (f) and its “expected value” |k |~ 'tr Ré\i’m ()

isc,y
But the latter difference is zero, due to the known spectral expansion of I, W ()

Therefore °S§ . ,(f¢) = 0, as claimed. O

Corollary 8.3.13 ([Art13, Lemma 6.6.3]). The linear form fy(¢) is the image of
a unique stable linear form f¢(¢), interpreted as an element of @ . ST(G*)* with
only non-zero coordinate for G* = G.
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Proof. This is clearly the local analog of Proposition 8.3.12(1). Since the global
linear form fy(¢) is a product of local linear forms over all places, the claim at
the place u of interest follows from Proposition 8.3.12(1) and the validity of the
local claim at all places v # u, which we now have to establish.

If v # w is an archimedean place, this follows from the results on twisted
endoscopy for real groups of Mezo [Mez13]. If v # u is a non-archimedean
place, Part (3) of Proposition 8.3.5 asserts that the parameter at v has a very
simple form. If S, o is infinite, i.e. the parameter is not discrete at v, the claim

follows from Proposition 8.3.2. If S 5y is finite, this forces N < 3 and év is the
direct sum of N-many inequivalent characters that are either trivial or a sign
character. This small case can be handled directly using the results of Labesse-
Langlands [LL79], cf. [Art13, Lemma 6.6.2]. O

The stable linear form f%(¢) will turn out to be the stable character of the
L-packet I, (G) associated to the parameter ¢. We can obtain the set II4(G)
using a piece of local harmonic analysis that generalizes the well-known du-
ality between conjugacy classes and irreducible characters of a finite group.
Namely, for each discrete series representation 7 of G(F') we have the distribu-
tion fg(m). More generally, consider a triple 7 = (M, 7, r) consisting of a Levi
subgroup M C G, a discrete series representation m of M (F'), and a regular
element r € Ry g in the R-group of 7. Then we have the distribution

fa(r) = tr(Rp(r, Tar, &) Ip (T, f)),

where Rp is the normalized intertwining operator, and we are using the induc-
tive assumption that the local theorems are known for M in order to have the
desired normalization. The result from local harmonic analysis that we need is
that the space Z.,sp(G) of orbital integrals of cuspidal functions is isomorphic,
via the map f — (7 — fg(7)), to the space of functions of finite support on the
set of triples 7 = (M, m,r), cf. [Kaz86, Theorem A] or [Artl3, §6.5]. The dual
statement to that is that the space of invariant distributions, upon restriction to
cuspidal test functions, has as basis the set of triples 7 = (M, 7, ), where each
7 identified with the distribution f — fg(7). This leads to the expression

FOB) =Y eolr) - falr), (8.3.8)

valid for all cuspidal test functions f, where ¢, (7) are unknown complex num-
bers, non-zero for only finitely many 7. We will show that c4(7) = 0 unless
T = (G, 1) for some discrete series representation 7 of G. Then II4(G) =
{7T | C¢(G7 T, 1) 7& 0}'

But our goal is not just to construct IT4(G), but also the pairing between it
and S4. With this in mind, we apply the above strategy more generally, not
just to the linear form f¢(¢), but also to the linear form f/(¢') for any = € S,.
We recall here that « leads via (6.4.5) to an endoscopic datum and a parameter
¢ for it, and we denote by f’ the transfer of f to this endoscopic datum. As
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above we obtain

)= csla,T) - falr), (8.3.9)

again valid for all cuspidal test functions f on G, where c4(z, 7) are unknown
complex numbers, non-zero for only finitely many 7, and ¢4 (7) = c4(1,7) (for
the finite support property see [Art96, Lemma 5.2]).

Again we will want to show that ¢4(x,7) = 0 unless 7 = (G, 7, 1). In addi-
tion, we will want to show that z — c4(z, (G, m, 1)) is either zero or a character
of the finite abelian group S, and that, as 7 runs over II4(G), the character
¢y(—, (G, m,1)) runs over all characters of S;. In other words, we will have
(x,m) = cp(z, (G, 7, 1)).

Note that the constructions of II4(G) and (—, ) are local in nature. The
global input from the trace formula will only be used to justify that they work.

Lemma 8.3.14. cy(z,7) = O unless 7 = (G, m, 1).

Proof. This is a consequence of the orthogonality relations (cf. [Art13, §6.5]) sat-
isfied by the constants c4(x, 7), and the fact that for 7 = (M, 7, r) with M C G
proper, the already proved local intertwining relation determines that c,(z, )
is closely related to the pairing (7, —) on Ss,, . O

We will henceforth write ¢4 (z, ) instead of c4(x, (G, 7, 1)). To examine the
coefficients ¢y (xz, 7) with 7 € II,(G) we return to the global setting.
Lemma 8.3.15. Write Ryisc.o = @n Q;(irg)frg, where g runs over the admissible
representations of G(A) and n 4(Tc) are non-negative integers. Then

> nglda)fa(ra) = 18,17 Y (¢

g TES,
Proof. According to Proposition 8.3.12(2), the stable multiplicity formula holds
for G and ¢. By inductive assumption it also holds for each proper endoscopic
group G’. We combine this with the stabilization identity of Proposition 8.2.2
and after a small reformulation, which converts the product of +(G, G"), |S wl L
and a few more supplementary terms, into [S; | =1, we obtain

d1sc¢ |S| 1Zf

TES,

On the other hand, the global theorem holds for all proper Levi subgroups
M of G by induction, and describes their discrete spectrum in terms of global
parameters that are in the complement of ®;(N). Therefore, the parameter ¢
does not contribute to the discrete spectrum of any proper Levi subgroup M
of G, which conversely means that no proper Levi subgroup M contributes to
the expression (8.2.2) of 1 Cf .. Therefore,

IdlSC d) Z n(b ﬂ-G fG (ﬂ-G)
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O

The following result completes the proof of the main local theorem for the
parameter ¢ € ®5™(G). It is enough to focus on the non-archimedean setting,
since the archimedean setting is already known and used as input.

Proposition 8.3.16 ([Art13, Proposition 6.6.5]). For each n € I1,(G) the function
x +— cy(x, ) is a character of Sy and the map 7 — cy(—, ) is a bijection between
I14(G) and the group Sj. As ¢ ranges over 3" (G), the sets 11, (G) are disjoint.

Proof. We apply the identity of Lemma 8.3.15 and use a factorizable function
f =TI, f»- As was already remarked and used in the proof of Corollary 8.3.13,
the local theorem is known at all places v # u. We apply it to the right hand
side, and use Equation (8.3.9) at v = u together with Lemma 8.3.14. This leads

to
Z%(ﬁa)fc(ffc) =187 >0 D (i es(w, ) f (7 @ ),

:bES- T,

where on the right hand side 7" runs over ®/ , II; and 7 runs over IT,.

Consider a character { € S. Accordmg to part (5) of Proposition 8.3.5
there exists a representation 7 (§) € II; (Goo) = ®y)oo %(Gq,) such that
(i, oo (€)) = &(z) ™! under the surjection S:; — S; Let m°% = @4, , T be
such that 7, € II; with (—, > = lon§; . Choosing fo and f*" appro-
priately to 1solate mx, ) and 7%, and choosmg the test function f = f, to be
cuspidal, the above identity becomes

D 0y (e (§) @ T @ 1) fa(m) = (ST YD T @) ey (@, m) fa (),

TES, ™

where on both sides the sum runs over 7 € II4(G). Using that characters of
discrete series representations are linearly independent even after restriction to
cuspidal functions, and the identity S5 = S, of Proposition 8.3.5, we conclude

Ny (Too(§) @ T @ m) = [Sp|™ ! Z & H@)ey(z, ). (8.3.10)

€Sy

We may abbreviate n (7 (§) ® 7°" @ m) =: ng(m, ), noting from the above
identity that it depends only on the three quantities ¢, n,£. The power of
(8.3.10) comes from the fact that the left hand side is a non-negative integer,
while the coefficients of the right hand side satisfy orthogonality relations: the
term & because it is a character of a finite abelian group, and the term cy(x, )
due to the orthogonality relations coming from local harmonic analysis already
used in the proof of Lemma 8.3.14. Applying the orthogonality relations first,
one obtains

> g, (1,6 ng, (1, &) =

m€ella(G)

{17 (01,61) = (¢2,82)

0, else,
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where II,(G) denotes the set of isomorphism classes of irreducible discrete se-
ries representations of G(F). Taking (¢1,&1) = (¢2,&2) = (6,£), and using the
fact that ng4(, §) is a non-negative integer, we conclude that it must equal 1 for
aunique 7 = w(§) € II3(G), which by definition of I14(G) lies in I, (G). Taking
1= ¢2 = ¢and & # & we see w(&1) # w(£2). We have thus established an

injective map
S; — Hy(G), & w(§). (8.3.11)

Taking ¢1 # ¢2, we see that the sets I, (G) and II,, (G) are disjoint.

To see that the map (8.3.11) is surjective, take 7 € II4(G). By definition,
the function z — c¢g4(x, ) is non-zero. Therefore, it has a non-zero Fourier
coefficient, i.e. there exists a character £ of Sy such that the right hand side of
(8.3.10) is non-zero. Thus n(m, ) is non-zero, but the above argument shows
that it then equals 1 and 7 = = (§). O

We have thus completed the construction of L-packets for parameters ¢ €
®$™ (@) and proved their endoscopic character identities, the latter being (8.3.9)
with the identification of the coefficients cy(z, 7) given by Lemma 8.3.14 and
Proposition 8.3.16. However, we must be careful to note that these identities
are so far proved only for cuspidal test functions on G. The extension of these
identities to all test functions requires an independent argument, which we
will not give here, and for which we refer to [Art13, Corollary 6.7.4].

We now consider the case where the decomposition (8.3.7) consists of a
single summand, i.e. » = 1. Thus ¢ is a “simple” parameter, and we write
Dsim (G) C P2(G) for the set of those. This is discussed in [Artl3, §6.7]. The
logic here flows in the opposite direction, namely from 7 to ¢, rather than from
¢ to w. For this, we define Ilsim (G) to be the complement in IT5(G) of the union
of packets I, (G) for all ¢ € ®5™(G), as just defined. Then we fix a represen-
tation 7 € Ign(G). Our goal is to match it with a parameter ¢ € ¥(N) and
then prove that ¢ € ®gm(G). For each ¢ € Pgin(G) the L-packet should be a
singleton. Thus we want to provide a bijection Isjm (G) — Psim (G).

The reason that the logic flows in the opposite direction is that Proposition
8.3.5 is not available for simple parameters. Instead, we apply Proposition
8.3.4 to (F, G, w) and obtain global objects (F,G,7), and let ¢ € &)(N) be the
unique parameter such that 7 € Liisc é(G (F)\G(A)). The parameter we attach

to 7 is the localization ¢ = ¢,. We already know that it is generic. What we
need to show is that it is simple, and depends only on =, rather than the full
globalization 7.

Lemma 8.3.17. We have ¢ € By (G) C Pyipe(N) and ¢ € By (G) C Dipa(N).

Proof. This argument is given on pages 369-370 in [Art13, §6.7].

We consider first the local parameter ¢. The argument of the proof of Propo-
sition 8.3.4(6) shows that ¢ € i)ell(N ). Moreover, any cuspidal test function f
on GLy(F) whose transfer to G is a pseudocoefficient of m must have zero
transfer to any other elliptic endoscopic group. This means that the linear form
fn(¢) on GLy(F) is the endoscopic transfer of a stable linear form fc(¢) on
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G(F). Recall that this characterizes G uniquely, a fact that will be used in the
next paragraph.

Next we argue that if ¢ were not simple, then ¢ € ®3(G). Indeed, in that
case we could apply Corollary 8.3.13 to ¢ and to the unique elliptic endoscopic
datum G* through which ¢ factors as a discrete parameter, and show that the
linear form fn(¢) on GLy(F') is the endoscopic transfer of a stable linear form
fa+(¢) on G*(F). But this implies G* = G.

Thus, assuming that ¢ is not simple we have arrived at ¢ € ®3(G). Propo-
sition 8.3.16 then expresses fz(¢) as ) . er, fa(m*), where I1,, is the L-packet
associated to the discrete but (allegedly) non-simple parameter ¢ according to
the discussion of the case r > 1. Applying this identity with f being a pseudo-
coefficient of 7 and using the fact that ¥ (¢) # 0, we see 7 € Il,, which is a
contradiction to 7 € Igm (G). Therefore, ¢ is indeed simple.

We now consider the global parameter ¢. It represents a generic automor-
phic representation of GLy. We have just shown that its local component ¢,,
is a discrete series representation of GLy(F,,). This implies that ¢ represents
a cuspidal automorphic representation, hence ng € i)sim(N ). Moreover, at all
unramified places the localization of ¢ matches the Satake parameter of 7. This
implies ¢ € Pgm(G). Strictly speaking, at this point in the argument the set
® () has been redefined according to a provisional definition made in [Art13,
§5.1], so an additional argument is required, but we will not review it here. [J

The analog of Proposition 8.3.12 holds in this setting, and so does Corollary
8.3.13. We thus obtain the stable linear form f¢(¢). After restriction to cuspidal
functions we decompose it as (8.3.8) and use the argument of Lemma 8.3.14 to
obtain

@)=Y coln) folx) (8.3.12)

m* €Il (G)

with some complex coefficients c4(7*), only finitely many of which are non-
zero. We have used the index 7*, because 7 is reserved for the fixed element of
i (G).

Lemma 8.3.18. Write Ryisc.p = D n q;(irg)irg, where 7 runs over the admissible
representations of G(A) and n 4T ) are non-negative integers. Then

Z%(ﬁc)fc(#c) = f(9).

Proof. The proof is the same as for Lemma 8.3.15, with the additional informa-
tion that, since ¢ is simple according to Lemma 8.3.17, we have Sy = {1}. [

Proposition 8.3.19 ([Art13, Proposition 6.7.2]). 1. The parameter ¢ depends only
on 7, and not on .

2. The map 7 — ¢ is a bijection sy, (G) — Dsin(G), and this bijection is charac-
terized by f€(¢) = fg(r) for all cuspidal test functions f.
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Proof. Most of the argument follows the lines of the proof of Proposition 8.3.16.
We apply the identity of Lemma 8.3.18 to a factorizable function f = [], f.,
apply the known local theorems at all places v # u, and use Equation (8.3.12)
at v = u, to obtain

an'a(#G)fc‘;(fTG) = Z C¢(7T)fé(7i'“ ® ),

UL

where on the right hand side 7* runs over ®/, 21, and 7 runs over Il,.

We fix the representation 7" = ®;,_,,m, where m, € Il; corresponds to
(—,m) = 1. We choose again f" to isolate this representation, and f, to be
cuspidal, and obtain from the above identity

Zn¢w Q) fulm Zc¢

where on both sides the sum runs over 7* € II5(G), from which we conclude
that c4(7*) is a non-negative integer, namely equal to the automorphic multi-
plicity n (7" @ 7).

The orthogonality relations show that

ZC Yoo, (1) = 1, ¢1=0¢2
o1 (7" o (7 0, else

Here ¢1, ¢» are any discrete local parameters that are either not simple, or are
simple and arise from some simple 7 via the preceding construction (for a non-
simple ¢ the number cy(7*) was defined by (8.3.8)). Since both ¢4, (7*) and
¢4, (m*) are non-negative integers, we conclude by setting ¢1 = ¢ = ¢ that
¢y (m*) is either 0 or 1. Moreover, we conclude that ¢y (m) = 1, since the global
representation 7 with 7, = 7 does occur in the automorphic spectrum of G.
But then ¢y (7*) = 0 for all 7* # w. This collapses the sum in Equation (8.3.12),
which now becomes f%(¢) = fa(n).

Applying the above orthogonality relation with ¢; = ¢ # ¢2 we see that
¢y (m) = 0 for any ¢’ # ¢, concluding that ¢ is uniquely determined by 7. This
proves (1) and provides the map 7 — ¢ of (2), which is injective by the above
paragraph, and has the desired characterization.

It remains to prove that the map m — ¢ is surjective. Let ®, (G) denote
the image of this map, and let ®5(G) = @5, (G) U ®5™(G). We can rephrase
our goal as showing that ®5(G) = ®2(G). The basic idea is to show that ®5(G)
provides a basis of the space Scusp(G) of stable orbital integrals of cuspidal
functions, which leaves no room for the existence of discrete parameters in

To implement this idea, Arthur introduces subspaces Zgim(G) C Zeusp(G)
and Sim(G) C Scusp(G). The first consists of those fo € Zeusp(G) such that
fa(r) = 0forall 7 = (M, m,r) except 7 = (G,7,1) with 7 € Ilim(G). The
second consists of those f© € Squsp(G) such that f¢(¢) = 0 forall ¢ € PF™(G).
We then need the following result.
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Lemma 8.3.20 ([Art13, Lemma 6.7.1]). The total endoscopic transfer isomorphism

Icusp(G) N @Scusp(G/)Autc(G’)
G/

maps Lsiy (G) isomorphically onto Ssin(G).

For each 7 € Il (G), the pseudocoefficient f; lies in Zgm (G), and the func-
tions (fr), obtained this way form a basis of this space. By the above lemma
these functions are transported to a basis of Ssim(G). According to the charac-
terization of the map 7 — ¢, the basis vector fr of Zim(G) is transported to the
basis vector f¢ of Ssim(G) having the property that if ¢* is in the image of the
map 7™ — ¢, then f?(¢*) = 0 unless ¢* = ¢, and f?(¢) = 1. The orthogonal
complement of Ssim(G) in Scusp(G) (With respect to the scalar product [Art13,
(6.5.12)]) can be equipped with the basis f¢ = |S,|~* ZWGH¢(G) fr, Where ¢

runs over ®$™(G) and f; is a pseudocoefficient of .

Consider now an arbitrary parameter ¢* € ®gm(G) C fi)sim(N ). Associated
is a linear form fV(¢*) on H(N). Via the total twisted transfer map

Icusp(N) — @ Scusp(G*);
G*

where G* runs over the twisted elliptic endoscopic data of twisted GLy;, this
linear form induces stable linear forms on each S.usp(G*), and we consider
the component for G* = G and call it f9(¢*). The definition of the subset
Dsim (G) C Pgim(N) is that f(¢*) is non-zero. It is then enough to show that
f»(¢*) = 0 for any ¢ € ®5(G) that is not equal to ¢*. But this statement is
true after twisted transfer to GL . O

8.3.5 Co-tempered packets

We have so far discussed the proof of the local theorems (the local classification
and the local intertwining relation) for generic parameters. The approach was
that of embedding the local situation in a global situation using the globaliza-
tion results of §8.3.2, controlling the places away from the place of interest, and
peeling away the layers of information from the trace formula, as discussed in
the beginning of §8.3. A key part of this process was the fact that much of the
desired local results were already available for the archimedean places due to
the work of Langlands and Shelstad, as well as further work by Mezo.

The first problem one is faced with when dealing with non-generic param-
eters is that the endoscopic results of Shelstad, which only apply to tempered
representations, are no longer available. This leaves the archimedean places as
mysterious as the non-archimedean places, and they cannot be used to control
the global argument.

The resolution to this problem is provided by an additional symmetry that
is afforded by the non-archimedean places. On the side of parameters it is
provided by the two copies of the group SLy(C) in the source of a general
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Arthur parameter ¢: Wr x SL2(C) x SLy(C) — LG. Arthur defines ¥ to be
the composition of ¢ with the automorphism of Wr x SL2(C) x SLy(C) that
switches the two copies of SL(C). Note that S; = Sy as subgroups of G.
On the side of representations, one has the Aubert-Zelevinski duality operator
7 — 7. Thus, given any Arthur packet I1,(G), one can define the set I, (G) =
{# |7 e I(G)). A

The expectation is that I1;(G) = I, (G). At the moment both sides are not
defined in general, so this is only a guiding principle. But there is a special
class of parameters for which both sides are defined, namely those 3 which
are trivial on the first copy of SLy(C). This is equivalent to saying i = ¢ fora
generic Arthur parameter ¢. One can call these parameters co-tempered.

Given a co-tempered parameter ¢ = ¢, Arthur defines I, (G) = ﬁ¢(G).
This definition must now be supplemented with the proofs of the local the-
orems for the packet IL,(G). Once this is done, the co-tempered parameters
can be used to control the global argument, in the same way that archimedean
parameters were used in the discussion of the generic case.

Let us discuss the local classification theorem (Theorem 8.1.3) for I, (G).
It's first statement, asserting that the distribution f (1) factors through endo-
scopic transfer from G, and is thus given as f%(¢)) = fN(¢) for a uniquely
determined stable distribution (1) on G(F'), has already been established,
because it was reduced by local means to the case of generic parameters in
Lemma 8.3.3, and the case of generic parameters is at this point known. It is the
second statement that now needs to be proved, namely that, for any s € Sy, the
identity f'(¢') = Zwenw(c) (sys, ) fa(m) holds. Note that there are natural bi-
jections I, (G) «» I14(G) and (Sy)* > (Sy)*, as well as an already constructed
bijection II4(G) — (S4)*, which combine to give the bijection IT,(G) — (Sy)*
that is implicit in the above identity. It will however turn out that this naive
definition of the bijection II,(G) — (Sy)* is not the one that makes the above
identity hold, so part of the work is to modify the above bijection. The precise
modification is given in [AGI*24, Theorem 5.4.1], which is where this identity
is proved.

A key input in the proof of the endoscopic character identity is the work
of Hiraga [Hir04] on the compatibility of endoscopic transfer with the Aubert—
Zelevinski involution. Hiraga’s result is that ordinary and twisted endoscopic
character identities commute with the involution up to a certain explicit sign,
called 3(¢). On the other hand, the Aubert—Zelevinski involution involves a
second explicit sign, called (7). Hiraga’s work and elementary manipulations
using Fourier theory on the finite abelian group (S,;)* now reduce the problem
to the following sign identity ([Art13, (7.1.8)]) for any 7 € II4(G)

B(9)B(m) = (sy, ). (8.3.13)

Despite its explicit nature, this identity is not immediate. In fact, it takes a fair
bit of work to prove.
Consider now the second major local theorem, the local intertwining rela-
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tion (Theorem 8.1.6). It is the identity of two distributions f¢ (¢, n) = f& (¥, sy -
n). Hiraga’s result again shows that f5 (¢, sy - n) = 8(6)(D fa) (¢, syx), where
D is the operator on test functions that is dual to Aubert-Zelevinski duality
on representations. The validity of the local intertwining relation for ¢ now
reduces the same for ¢ to the identity fa(v,n) = B(¢)(Dfa)(¢, sy - n). The
definition of both sides as sums of terms and linear independence of characters
reduces this to the corresponding identity between the individual summands,
namely

(n, %M>tr(RP(¢, ot w)IE (T, f)) = (sy-n, my)tr (RP(¢, mar, w)IE (T, f))-

(8.3.14)
This identity is considerably more subtle than (8.3.13), as it involves the action
of the normalized intertwining operators and its compatibility with Aubert-
Zelevinski duality.

Unfortunately, neither (8.3.13) nor (8.3.14) appears to be directly approach-
able by the methods developed so far. Arthur relegates their proof to one of
the unwritten articles, namely [A25]. More precisely, Arthur formally defines
the subset Hg C II,(G) to consist of those elements 7 for which (8.3.13) holds,
and analogously the subset HgM C ILy,, (M) the subset of those 7as for which
(8.3.14) holds, and asserts in [Art13, Lemma 7.1.2] that these sets can be proven
to be large enough so that the resulting local information is sufficient to be
used to control the global argument, at least for sufficiently many co-tempered
parameters.

Both identities were recently obtained in [AGI*24] in the setting of all co-
tempered parameters, thus proving a generalization of [Art13, Lemma 7.1.2].
Identity (8.3.13) is proved in [AGI*24, Proposition 5.1.2], from which the de-
sired endoscopic character identities follow somewhat formally in [AGI'24,
Theorem 5.4.1], but not before the correct pairing between S, and II,, has been
defined. Once these have been established, one can reinterpret (see [AGI* 24,
Lemma 1.10.2]) identity (8.3.14) as the simpler looking identity

Rp(, mar,w)|e = (u, mar) ™ (u, ) (8.3.15)

which describes the scalar by which the normalized intertwining operator acts
on any 7 appearing in the parabolic induction Zp(mys) as the scalar (u, w) ex-
pressed in terms of the pairing between S, and Il defined above, and its
analog for the Levi subgroup M. This simplification is one of technical, but
not substantive, nature, because one still needs to understand the mysteri-
ous action of the normalized intertwining operator. This identity is proved in
[AGI*24, §6,87] by a sequence of reductions which crucially involve the theory
of derivatives due to Atobe and Minguez.

8.3.6 The local intertwining relation for non-generic parameters

The proof of the local intertwining relation for non-generic parameters follows
the same outline as that for generic parameters.
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The first step is the application of a globalization result [Art13, Proposi-
tion 7.2.1]. Its statement is almost identical to that of [Art13, Proposition 6.3.1],
which we have recalled here as Proposition 8.3.5, with the main difference that
the set of real places in parts 5., 6., and 7, has been replaced with a finite set
of non-archimedean places for which 1, is co-tempered and for which the sub-
set of I, - consisting of those elements for which (8.3.13) and (8.3.14) hold,
maps surjectively onto §¢M (in light of [AGI*24] the requirement is simply
thatIl,; - maps surjectively onto Syar)- The proof of this globalization result
is also very close to that of Proposition 8.3.5, and we will not review it.

The second step is the derivation of the weak global intertwining relation
for the globalized parameter ¢ that is produced by the globalization step. This
is [Artl3, Lemma 7.3.1], and is the direct analog of Proposition 8.3.6. Its proof
is also quite similar. The first part of the proof, up to (8.3.4), is the same, as it
relies on Corollaries 8.2.4 and 8.2.6 which are available in the necessary gener-
ality of not necessarily generic parameters. The second part of the proof relied
on Equation (8.3.4), which asserted that a weaker form of the local intertwining
relation is known at archimedean places. In the current setting, the set of ar-
chimedean places is replaced by the set V' of non-archimedean places at which
1) has co-tempered localization. The analogous weaker version of the local
intertwining relation is extracted from the work of D. Ban [Ban02], which iden-
tifies the summands in the definition of fz (1, n) with those of (D fg)(¢, syn)
up to a sign, and the result of Hiraga [Hir04] discussed above, which identi-
fies f(,(¢,n) with (D fg)'(¢,n) up to a sign. The rest of the argument proceeds
analogously to its generic counterpart.

The third step is to supply the validity of the local intertwining relation at
all unramified places, as well as at all places in the control set V, at least for a
sufficient supply of functions. This is [Art13, Lemma 7.3.3, 7.3.4]. The first of
these states that, for a place v for which v),, is co-tempered, if the test function is
chosen so as to kill all representations in the local co-tempered packet I1; (G)
which fail the identity (8.3.14), then the local intertwining relation holds for
that test function. This is essentially by definition, and the statement of this
lemma was made necessary due to the particular form in which Lemma 7.1.2
was stated.

The second lemma states that for any unramified place v, the localization
zl}u is co-tempered, and the characteristic function of the hyperspecial maximal
compact satisfies the local intertwining relation. This essentially follows from
the fundamental lemma. With this, the argument proceeds roughly as before
and produces the local intertwining relation at the place u of interest. A small
deviation is that, instead of a single place u where the desired local statement
is unknown, a-priori one now has to deal with the finite set of places U con-
sisting of u and all archimedean places, for the archimedean places are not as
easy to control in the non-generic setting. But the required modification of
the argument is not difficult, and we refer to the final page of [Art13, §7.3] for
discussion.

The results of [AGIT24], which were obtained much after [Art13] was writ-
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ten, simplify this proof, because they directly provide the local intertwining
relation at all places v where v, is co-tempered.

8.3.7 The local classification theorem for non-generic parameters

We can now complete the proof of the local classification theorem (Theorem
8.1.3) for arbitrary ¢ € ¥(G). If ¢y ¢ W5(G), there exists a proper Levi subgroup
M C G and ¢y € Uy(M) such that ¢y — . In the previous section we
established the local intertwining relation for this setting. Then Proposition
8.3.2 establishes Theorem 8.1.3 for .

We may thus assume ¢ € U5(G). We apply the same globalization result
([Art13, Proposition 7.2.1]) that was used in the proof of the local intertwining
relation in §8.3.6, and that is the non-generic analog of Proposition 8.3.5, to
obtain a pair (G,1)) over a global field F' which at a place u of F' localizes to
the given local pair (G, ). Note however that, while Proposition 8.3.5 requires
the generic parameter to not be simple (so that all theorems are available for
its simple components by induction), its non-generic analog does not have that
requirement, because the inductive hypothesis is used on the generic pieces
of its simple components, and even if v itself is simple, its generic component
will be smaller due to the non-trivial SU,-part. Therefore, we can treat both the
simple and non-simple non-generic ¢ € ¥4(G) uniformly.

We apply Proposition 8.2.2 and obtain

Igsc,dz(f) = Z [’(G’ G/)Sgsc,d}(f/)'
G/

Next we check that the stable multiplicity formula (Conjecture 7.9.1) holds for
(G" ,1/}) This is [Artl3, Lemma 7.3.2], which is proved just the same as the
argument given in the proof of Proposition 8.3.12(2) except in the slightly more
difficult case when N is even and ), is trivial.

On the other hand, since 1/1 is discrete for G, it doesn’t factor through a
proper Levi subgroup of G, and one concludes that

15,0 = (RS, 4(D) = Yony(ra)fe(a),

where the sum runs over discrete automorphic representations 7¢ of G(A) and
n,;(7¢) are non-negative integers.
Plugging these into the above identity leads to

Y ony(Ea)fe(ia) =187 Y W) (), (8.3.16)

el I‘Esd)

where (G, v) corresponds to (¢, z) under (6.4.5). This is the non-generic ana-
log of Lemma 8.3.15.
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Consider the complex number f! (1// ). It depends on the test function f
(through its endoscopic transfer f"), and is thus a distribution on G(A). But it
also depends on the element i, because (G, 7)) arise from (1), &) via (6.4.5).

In the generic case in Proposition 8.3.16, we proceeded to decompose /(1))
in terms of the variable f,, thus into irreducible characters of G(F) with un-
known coefficients ¢, (—, ), and then to identify these coefficients as charac-
ters of Sy, using the orthogonality relations for elliptic tempered characters. In
the present (non-tempered) case we will decompose f'(¢) in terms of the vari-
able z, thus into characters of S, with unknown coefficients fz (o), and will
identify these coefficients (which depend on f and are thus distributions) with
(the characters of) irreducible representations of G(F).

Thus, we write
where ¢ runs over the characters of S ; iy and we have denoted the evaluation of
this character at s, - @ by (s, - 4, 5), and fG( &) is the coefficient with which this

character enters the decompos1t10n of the function & — f'(¢).

In fact, this decomposition can be done at each place v, and doing this
shows that ¢ is a tensor product ®,5, with &, a character of S, - At the
same time, for all places v away from U and V, the local classification theo-
rem is known. There the distribution fv7 ,(6,) is known to be an irreducible

character of G(F,). Furthermore, we can choose an irreducible representation
7, € I, in such a way that (—,7,) = 1. Set 7"V = ®,gpuy 0.

Now consider a fixed character £ of S, = S,;. While the local classification
theorem is not fully known at the set V' of control places, we do have available
the local packet II; there, as well as a subset HG for which the sign identity
(8.3.13) is known, and which is rich enough (accordmg to the unproven [Art13,
Lemma 7.1.2]). Note that these local packets were defined “by hand”, and
we do not yet know that their constituents are unitary, but this is not relevant
at this point, and we will be able to conclude the unitarity at the end of the
argument, see the final paragraph of this section. Regardless, this allows to
choose a member 7, € Hgv for each v € V so that the product 7y (§) = ®yev Ty

has the property (—, 7y (§)) = 61;15*1.
We now choose the test function f away from the places in U so that oy —

fv(6v) is the indicator function of 7y (€), and ¥V — fU:V (6VV) is the indi-
cator function of 7%V, Then (8.3.16) becomes

> nyliv @ wv () @ 7 fiy ¢ (Fu) Z [S517 >, 60)6(x) " fya(6u)
U CEGSQ/,
(8.3.17)
Here 7y runs over the set of irreducible admissible unitary representations of

[1,c G(F,), while &y runs over the characters of [], ., S - Fourier inversion
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on the abelian group S, reduces the above identity to

> ny(iv @ wv (&) @ 7Y) fy o (i) ZfUG (1), (8.3.18)

U

where now &y runs over those characters of [[,.; S, whose restriction to the
diagonal S, equals {. If U consists of the single place u of interest, then the sum
on the rlght hand side has a single term f(o), which makes it clear that this o is
a (a-priori not irreducible) unitary representation of G(F) = G(F,), namely the
sum of the terms 7, on the right with the non-negative integral multiplicities
Ny (...). One thus defines II,(G) to be the set of these (possibly reducible)
representations of G(F'), or rather the multiset of their irreducible pieces, and
the mapping II,(G) — (Sy)* maps each of the representations occurring in
the left side of (8.3.18) to £&. The character identity of the local classification
theorem (Theorem 8.1.3) now holds by construction, and this completes the
proof of that theorem. In general one needs to separate the various places in
U, which is not particularly difficult, and takes places in the page before the
statement of [Art13, Proposition 7.4.3].

We come back to the question of unitarity of the constituents of the local
packets constructed here. The construction of the local packet II,(G) given
here proceeds by global means, in the sense that the constituents of II,(G) are
local components of automorphic representations, hence unitary. Thus, a by-
product of the construction is the unitarity of the members of IL,,(G). Butin this
global construction we used, at the control places in the set V, the local pack-
ets for co-tempered parameters that were provided to us by [Artl3, Lemma
7.1.2], thus in some sense constructed “by hand”, whose unitarity a-priori we
do not know. However, what we do know is that these packets satisfy the endo-
scopic character identities, both ordinary and twisted. Since the local packets
I1,,(G) produces by the above global construction also satisfy these identities,
we now have, for a fixed co-tempered local parameter ¢, two separate, hence
competing, constructions of the local packet IT,(G) — one “by hand”, and one
via global means. The second one has the property that the result is unitary.
Both have the property that they satisfy the endoscopic character identities.
But these identities, together with the linear independence of characters, imply
that the two constructions produce the same representations. Thus, in hind-
sight, the two constructions agree.

8.4 Completion of the proof of the global theorems

With all the local theorems at this point established, Arthur turns to the com-
pletion of the proof of the global theorems. These are the global classification
theorem 8.1.4, the seed theorems 8.1.1, 8.1.2, 8.1.5, and the stable multiplicity
formula Conjecture 7.9.1. Recall that the latter is equivalent to the vanishing of
the distribution °Sg, ,, that was defined to be the discrepancy between SSee, "
and its conjectural expression.

We take F' to be a global field. Before we can make sense of the stable

120



multiplicity formula, we need to define the key stable distribution that is part
of its statement, namely f€(1).

Lemma 8.4.1. Let G be an elliptic twisted endoscopic group of GLy. Given ¢ € ¥(G)
there exists a unique stable linear form fC (i) whose twisted transfer to GLy is the

stable linear form fN (1)).

Proof. We can reduce immediately to the case that G is simple, because a non-
simple G is a product of a symplectic and an orthogonal group, each of smaller
dimension than G, and one can apply the inductive hypothesis on the dimen-
sion. Thus assume from now on that G is simple.

Consider the localization v, at a place v. If we knew ¢, € ¥, (G), then the
local classification theorem asserts that the local analog of the desired state-
ment is true, and taking the product of all local stable linear forms f%(¢,,) over
all places one obtains the desired global form.

The assertion ¢, € U, (G) is the content of the first seed theorem, Theorem
8.1.1. By induction this theorem is known when 1) is composite (apply it to its
irreducible pieces), or simple but non-generic (apply it to the generic factor).

Thus one can assume that 1 = ¢ is simple generic. Then Theorem 8.1.1 is
not yet available, and we proceed globally. The stabilization identity of Propo-
sition 8.2.2 applied to twisted GLy implies

fN(¢) = tr(éé\ifsc@(f)) = jcll\ifsc@(f) = Z Z(N7 G*)Sgs*c,qS(fNG*)

G*€Egim(N)

Ignoring the case “/N even and 745=1", Remark 8.3.11 shows that there is exactly
one summand with non-zero contribution, namely the summand for G* = G,
and we conclude

fN(¢) = Z(N’ G)Scﬁsc,¢(fG)~
We then set f(¢) = i(N, G) S , (). O

We now turn to the proof of the global theorems. Let 1) € ¥(N). Theorem
8.1.4 and Conjecture 7.9.1 have already been established when 1) does not lie
in \f!eu(N ) or in U (G) for any simple twisted endoscopic group G of GLy:
this is Proposition 8.2.9, which was based on the comparison of trace formu-
las dubbed the “standard model”. This proposition requires as an input the
global intertwining relation, which, being the product of the local intertwining
relations, has now been verified®.

As anext case Arthur considers 1) € ¥(N) which does not lie in Wy (), but
does lie in ¥ (G) for some simple twisted endoscopic group G of GLy. Then
G is uniquely determined by 1, due to the shape of S,,. By assumption ¢ ¢
Uy (@) C \i/eu(N ). Therefore, the statement of Theorem 8.1.4 is that Rgisc 4 = 0.

8 Actually, as we have recorded in Proposition 8.2.10, the global intertwining relation can be
verified directly for such v, except when 1 is an exceptional parameter, i.e. lies in one of the
families (8.2.6), (8.2.7). The validity of Theorem 8.1.4 and Conjecture 7.9.1 in the exceptional cases
can also be verified directly, without appeal to the global intertwining relation, as is done in the
second half of the proof of [Art13, Propostion 4.5.1].
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The argument used in the proof of Proposition 8.3.6 applies here as well (it
is the argument of [Artl3, Lemma 5.2.1]) and established the identity (8.3.3),
which we recall is

> (fo(0.2) = fe(6,2)) = O tr(Raie) (),

TESy el

for some positive constant C. Since the global intertwining relation is known,
the left hand side of this identity is zero, and we obtain tr(Rgisc,s»)(f) = 0, thus
Rgisc,p = 0, as required. Conjecture 7.9.1 also follows from the argument given
in the proof of Proposition 8.3.6, which showed that

0=tr(RY ) ()= Y i(N,G") S (f7),
G*eg‘sim(N)

where the first identity comes from ¢ ¢ ¥5(N) and the second comes from the
stabilization of the twisted trace formula for GLy. The summands for G* # G
vanish because of Remark 8.3.11. This means that OSng W (f @) also vanishes,
and this is Conjecture 7.9.1.

The final case is ¢ € Uy(G) for a (as above uniquely determined) simple
twisted endoscopic group G of GLy. The argument that we just reviewed for
the proof of the stable multiplicity formula is still valid in this case, as it relied
only on Remark 8.3.11 and Ofé\ifsc’ W f) =0. The argument for the proof of The-
orem 8.1.4 is quite different, as it has to be, because this theorem now asserts
an actual formula for R(?isw}, rather than just a vanishing statement. This ar-
gument is given in [Art13, §4.7], and is basically the reverse of the argument
presented in §6.4. It goes roughly as follows.

Since ¢ € ¥5(G), this parameter does not contribute to any of the sum-
mands with M # G in the expansion of I{,_ given in (8.2.2). This of course
depends on the validity of the global theorem (Theorem 8.1.4) for all proper
Levi subgroups of G, which is assumed by induction. Thus

Igsc,w(f) - tr(R(isc,w(f))'

On the other hand, the stabilization identity of Proposition 8.2.2 together with
the stable multiplicity formula lead to

I§en(H) =D G,G)Sy| W) @),
(G',97)

where the sum runs over the pairs (G’, ") consisting of an elliptic endoscopic
datum G’ for G and parameter ¢’ for G’ that maps to ¢; note that o(SY, ) is triv-
ial because the group 5”3,, is trivial, due to the discreteness of 1). We now use the
bijection (6.4.5) to switch the set (G’,¢’) to the set S;,. The sign lemma [Art13,
Lemma 4.4.1] shows €'(¢)') = €y (sy - ), while an explicit computation shows
UG, Q) T(G)||Sy |7t = |Sy| ™1, where U(G’, 1)) is the set of parameters 1’
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for G’ that map to 9. Finally, the local character identity of the local classifica-
tion theorem (Theorem 8.1.3), taken over all places, provides the global identity
'@ = Zwenw(c) (sy - 8, m) fa(m). Putting these together we obtain

tr(RGee o (M) () =186l D0 D ewlsw - 5)(sy - s,m) fa(m).

SESy TrEHlp(G)

Substituting sy, - s for s in the sum over S, leads to the identity claimed in
Theorem 8.1.4.

This completes the review of the proofs of Theorems 8.1.4 and Conjecture
7.9.1. We remind the reader that we have been omitting the case “N even and
ny = 1”7. This case is more difficult and requires the arguments of [Art13, §8.2].

Continuing to omit the case “/N even and 7, = 1”7, we can now review the
proof of the seed theorems, Theorem 8.1.1 and 8.1.2. This is essentially [Art13,
Corollary 5.4.7].

Corollary 8.4.2. For given ¢ € ésim(N )and G € gsim(N ) the following statements
are equivalent.

1. The linear form S, ¢ doesn’t vanish.

2. Theorem 8.1.1 holds and the unique group asserted by its statement is G.
Moreover, Theorem 8.1.2 holds for ¢.

Proof. Let G* € & sim(IV). Since ¢ is simple, it does not contribute to any proper
Levi subgroup of G, or any proper endoscopic subgroup of G, according to the
global theorem applied to each of these groups. Therefore, the combination of
Proposition 8.2.2 and (8.2.2) provide
tr(Ricc.o (/) = SGaco(f)-

Therefore SZ,_ ,(f*) # 0 is equivalent to tr(R§,, ,(f*)) # 0. This shows that
(1) and (2) are equivalent, noting that we have already argued that there is at
most one G* € Egm(N) with Sg; 670

Regarding Theorem 8.1.2, we couple the non-vanishing of Sﬁsc, » with the
stable multiplicity formula to obtain the non-vanishing of f¢(¢). This sta-
ble linear form is the product over all places of the local stable linear forms
fS*(¢,). The form fG(¢,) transfers to the form fN(¢,), which implies that
oy € B(Gy). O

Appendices

A EISENSTEIN SERIES AND THE SPECTRAL DECOMPOSITION OF

L*(G(Q\G(A))

In this appendix we will give a brief and superficial review of the results of
Langlands” work on Eisenstein series and the spectral decomposition of the
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space L?(G(Q)\G(A)), in particular of its continuous spectrum. We have drawn
on various sources, including [Art05, §7,§12], [Gel75, §8], and [Bor97, §10]. For
a more detailed discussion we refer to Lapid’s article [Lap22] in these proceed-
ings.

Let F' be a global field of characteristic zero with ring of adeles A, G a con-
nected reductive F-group, and P = MN C G a parabolic subgroup. Let
K C G(A) be a maximal compact subgroup such that the Iwasawa decom-
position G(A) = P(A) - K holds.

A1l Different presentations of parabolic induction

In the literature one often uses without comment multiple equivalent presenta-
tions of parabolically induced representations. We review some of them here,
and refer the reader to [Kna86, §VIIL.1] for further discussion in the context of
real groups.

Given a unitary representation (m, V;) of M(A) we have the parabolically
induced representation Zp(7) with underlying vector space Hp(m) consisting
of measurable functions f: G(A) — V; that satisfy the properties

L. f(nmg) = ép(m)"/m(m)f(g),
2 If 17y = S IF Rk < o0,

and where dp: M(A) — Ry is the (restriction to M (A) of the) modulus char-
acter of the locally compact group P(A). Slighly more generally, we can apply
this construction to the case where the restriction of  to M(A)! is unitary. A
key example for us will be the representation L2, (M (F)\M (A)!) ® e{Ha (=)0
of M(A) = M(A)' x A}, for some A € a}; .

The action of G(A) on this space is via the right regular action, that is,
(Zp(m,x)f)(g) = f(gx). We recall that §p: M(A) — Ry is the unique charac-
ter whose restriction to A/ (Ar) is givenby 6p(2) = [T,cp(a,, n) la(@) |dim(na)
where A); C M is the maximal split central torus, R(Ax;, N) is the set of
weights for the adjoint action of Ay; on n := Lie(N), and n,, is the eigenspace
for the weight a. If M — A, is the maximal split quotient torus, the natu-
ral map Ay — A’ is an isogeny and the character on A,,(A) defined by the
above formula extends uniquely to A);(Ar), and can then be pulled back to
M(AFg). In terms of the function Hj;, we have

1 . *
Sp(m) = etHu(m):20r) pp =15 Z dim(ng ) € ajy.
a€R(Ap,N)

For many applications one embeds the representation 7 into a continuous
family my = 7 @ e{#M(7):Y) indexed by A € a}, ., or some subspace thereof. The
vector space 7 p(my) then depends on A, and this is inconvenient when one
wants to study analytic questions in the variable A. To avoid this problem one
can consider the vector space

Hp(m) = {f: G(&) > Va | f(nmg) = w(m) ()}
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subject to the same requirement || f ||%p(7r) < 00 as above, but now the action of
x € G(A) on this space is given by

(Zp(m A @) f)(g) = e!Hrom) = He@Xtoe) f(gq),

where we recall from (7.3.7) that Hp(nmk) = Hpy(m) withn € N(A), m €
M(A), k € K. We have thus recorded the parameter A in the action, rather than
in the vector space. The isomorphism Hp(my) — Hp(r) sending f to flg) =
e~ (HP(9):A+0P) f(g) intertwines the representations Zp(my) and Zp(, A).

Given a second parabolic subgroup P’ with Levi factor M one has the stan-
dard intertwining operator Jp:p(7): Hp(7) — Hp: () defined by

Tpip@ () = F(n'g)dn'.
(N(A)NN'(A))\N'(A)
One then formally sees that Jp/ p intertwines the representations Zp(7) and
Zp/ (). For this, it is useful to note that

flmn'm=Y)dn' = 6}1,/2(m)5;,1/2 m)

( / f(n")dn'.
(N(A)NN'(A)\N'(A)

/(N(A)WN’(A))\N/(A)
The integral defining Jp/|p(7)(f) doesn’t always converge, but if one replaces
7 with 7 for sufficiently positive A then it does. For this it is useful to pass
to #(r), which is unaffected by this twist. Under the isomorphism Zp(7y) —
Zp(m,\) described above the operator .J prip(my) is translated to the operator
jp/lp(ﬂ', A): Hp(r) — Hp(r) defined by

Tpip(m N)()(g) = W@ xee [ MWD X4E) f1' )
(N(A)NN'(A)\N'(A)

A.2 Eisenstein series

In Appendix A.1 we discussed various presentations of the parabolically in-
duced representation Zp(7), where 7 is a representation of M (A) with unitary
restriction to M(A)!. Of central importance is 7 = L3 (M(F)AL,\M(A)).
The space Hp(m) now consists of functions f: G(A) x (M(F)A},\M(A)) —
C such that f(nmg,m’) = dp(m)2 f(g,m'm) for n € N(A), m,m’ € M(A),
g € G(A). Therefore we can forget the second variable and interpret this as a
function ¢: N(A)M(F)\G(A) — C, namely via ¢(g9) = f(g,1) and f(g,m) =
5p(m)~2¢(mg). The function ¢ has to satisfy the properties that for all z €
G(A), ¢, € L3 (M(F)\M(A)'), where ¢,.(m) = ¢(mz), and moreover that

disc
1]z = / / B(mk)[? < oo,
K JM(F)\M(a)!

where we have taken arbitrary Haar measures on all groups (the choice does
not influence the condition).
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The action of G(A) on this space is given again by the right regular action,
ie.
(Zr(2)0)(9) = d(g2)-

We can do the same also with 7 = LﬁiSC’A(M(F)\M(A)) for some A € aj, ¢,
in which case one would be looking at functions ¢: N(A)M (F)\G(A) — C
which transform on the left under z € A}, via e!#4 ()} The resulting induced
representation shall be denoted by Zp ().

The function ¢ on G(A) is left-invariant under P(F'), but not under G(F'),
i.e. it is not itself an automorphic form. The Eisenstein series construction

E@¢)= Y. o) (A2.1)

pEP(IM\G(F)

produces a function in z € G(A) that is left-invariant under G(F), provided
the sum converges. Moreover, formally, the map

¢'_>E(*v¢)

intertwines the representation Zp (7)) on H p(LfﬁSQ N(M(F)\M(A))) with the
right regular representation of G(A) on a subspace of the space of automorphic
forms with central character A, where we treat A as an element of af; - via the
projection a}, — ag,. However, these automorphic forms need not be square-
integrable, and one needs a further Fourier transform to obtain an element of
L3(G(F)\G(A)), cf. Appendix A.3.

Consider now a second parabolic subgroup P’ = M’N’ with the same Levi
factor M' = M. As in Appendix A.1 we have the intertwining operator

Tpr1pt Hp(Liise \(M(F)\M(A))) = Hpr (Lise A (M(F)\M(A)))
defined by
(Jprp9)(9) :/ d(n'g)dn’.

(N (A)NN7(A)\N'(4)

It is useful to rigidify the setting by fixing a minimal parabolic subgroup Py =
MyNy. Every G(F)-conjugacy class of parabolic subgroups has a unique repre-
sentative P (called standard) that contains Fy, and P has a unique Levi factor
M (again called standard) that contains Mj. Another standard parabolic sub-
group P’ is called associate to P if the standard Levi factors M and M’ of P and
P’ are G(F)-conjugate, equivalently Ng(My)(F)-conjugate. In that case, let
s € WE(My)(F) = Ng(My)(F)/My(F) be an element such that sMs~! = M’.
We can form the operator

Mpip(5,A): Hp(Lijse n(M(F)\M(A))) = Hpr(Lijse on (M’ (F)\M'(A)))
defined as the composition Mp/|p(s, A)(s) = Jp/|sps-1 0 £, where

£t Hp (Lo s (M(F)\M(A))) = Hops (Lne or (sMs™ (F)\sMs~" (1))
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is defined by (¢s¢)(g9) = ¢(571g) for an arbitrary lift § € Ng(Mo)(F) of s;
the M (F')-equivariance of ¢ implies that the choice of lift is irrelevant. In the
literature this operator is oftentimes abbreviated to M (s, A) or M (s), when the
remaining parameters are clear from the context. In the special case of s =1
the operator Mp| p(s) recovers the operator Jp/|p, and is sometimes denoted
by Mp: p. We also have the version Mp/p(s,0x) : Hp(on) = Hp/(oy), given
by the same definition, but where now o is any representation of M (A) with
unitary restriction to M (A)!.

In summary, the intertwining operator M (s) shows that the unitary G(A)-
representation H p(Liisc) V(M (F)\M(A))) depends only on the conjugacy class
of M; we remind ourselves that A is imaginary and that, in the global con-
text that we are discussing, the intertwining operator M (s) is holomorphic at
imaginary A.

The definitions of the Eisenstein series and of the intertwining operator are
given by a sum and an integral over non-compact spaces, and in general will
not converge, and the serious difficulties in the theory of Eisenstein series arise
from this fact. They converge when A € a}, ¢ has sufficiently positive real part,
and Langlands has shown that as functions in A they can be analytically con-
tinued to those A whose real part is zero, which is the case of interest for us.

For this reason one usually works in the presentation {p that is indepen-
dent of ), as discussed in Appendix A.l. Setting #(g) = f(g,1) we obtain the
space of functions ¢: N(A)M (F)A},\G(A) — C satisfying the properties that
by € L2 (M(F)A$,\M(A)) and ||gz5||2 < o00. The dependence of ) is recorded

disc

in the action of G(A), which is by
(Ep(A2)d)(g) = eI Hr@2400) (g,

The passage between ¢ and gzb is again via qS(g) = ¢~ (Hr(9)Arr)(g). In these
coordinates the Eisenstein series construction becomes

E(fﬁ,@%,)\) = Z Qoﬁ(px)e<HP(Pw)y>\+PP>,
pEP(F)\G(F)

and the intertwining operator becomes
M(s,\)(9)(g) = e~ Hr(@o2trer) eHP a2 4er) g5~/ g)dn.
(sNs=H(A)NN'(A))\N'(4)

Example A.2.1. We give an example connecting the general definition of Eisen-
stein series (A.2.1) to the classical Eisenstein series, cf. [Bor97, §10.8], [Gel75,
Remark 8.5].

Let & > 2 be an integer. Recall that the classical holomorphic Eisenstein series

is defined as 1
Ga(z) = Z 7(02 D
(0,0)#(c,d)€Z2
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This is a function X — C, where H = {z € C|Im(z) > 0} is the upper half
plane of the complex numbers, and is a modular form of weight 2k for the full
modular group I' = SLy(Z). In particular Ga(v2) = u(7, 2)?*Gax(2), where

az+b
cz+d’

ply,2) =cz+d, v = {a Z};

vz = .

the term p(, 2) is called the factor of automorphy. If we define

1 1
ear(2) = 5 > CETIE

(0,0)#(c,d)ez?
ged(c,d)=1

then a simple calculation shows Gay(z) = 2((2k) - ea(z). The function ey
is thus still a modular form of weight 2k for I, called a holomorphic Eisenstein
series.

A related object is the real analytic Eisenstein series, defined for s € C with

Re(s) > 1l as
eu() = % Z Im(z)

, lez +d|?s’
(0,0)%(c,d)€Z
ged(e,d)=1
and via analytic continuation for all s € C ~\ {1}. This is again a function
‘H — C and behaves like a modular form of weight 0, i.e. it is invariant on the
left under I', and is real analytic, but in general not holomorphic.

We can reinterpret the summation index in the definitions of es; and e;
using the group G = SLy/Q. Let B C G be the standard Borel subgroup,
consisting of upper triangular matrices. Write B = TU, with T the standard
maximal torus, consisting of diagonal matrices, and U the subgroup consisting
of unipotent upper triangular matrices.

Consider the (right) action of GL3(Q) on Q? given by interpreting Q? as the
set of row vectors (a,b) and multiplying them on the right by the correspond-
ing matrix. This action commutes with the scaling action of Q* and induces a
transitive action of GL2(Q) on P1(Q) = (Q? \ {(0,0)})/Q*. The stabilizer of
[0: 1] € P1(Q) is the group of upper triangular matrices in GL»(Q). In this way
we obtain a bijection

B(Q)\G(Q) — PY(Q),

which explicitly extracts the bottom row of the matrix and interprets it as a
row vector of homogenous coordinates of an element of P!(Q). On the other
hand, it is immediate that the elements of P*(Q) are in 1-1 correspondence with
tuples (¢, d) of coprime integers with (¢, d) # (0,0), taken up to the equivalence
relation (¢, d) ~ (—c¢, —d). By the Euclidean algorithm we can find a, b € Z such
that ad — bc = 1. We obtain the bijections

B(Z)\G(Z) — B(Q\G(Q) = {(0,0) # (¢, d) € Z?|ged(c,d) = 1}/ ~ .

128



Using this bijection, and the computation

(az+b)(cz+d)\  Im(z)
lcz + d|? ez +dJ?’

Im(yz) =Im (
we can rewrite the definitions of ey, and e, as

e2k(z) = Z M(’Yaz)_Qk’ 65(2) = Z Im(’yz)s'
VEG(Z)\B(Z) YEG(Z)\B(Z)

We now recall the standard passage between modular forms H — C and au-
tomorphic forms G(Q)\G(A) — C, cf. [Gel75, (3.4)]. It is a two-step pro-
cess. The first step associates to a modular form f: H — C of weight 2k the
function ¢: G(R) — C defined by ¢(g) = f(g - i)u(g,4)~2*. This function is
now left-invariant under G(Z). The second step uses the fact that the inclu-
sion G(R) — G(A) induces a bijection G(Q)\G(A)/K; = G(Z)\G(R), where
Ky = G(Z) ¢ G(Z @7 Q), in order to interpret ¢ as a function on G(Q)\G(A).
Applying the first step to the holomorphic Eisenstein series ey, and using the
cocycle identity p(g192, z) = p(g1, 92%)14(g2, z) we obtain the function

By GZ)\GR) - C,  Eulg)= Y.  plygi)
YEG(Z)\B(Z)

Applying the same procedure to the real analytic Eisenstein series e, we obtain

E.: GZ)\GR) - C,  EJg)= Y, Im(ygi)".
YEG(Z)\B(Z)
Recall the Iwasawa decomposition G(R) = U(R)T(R)K, where Ko, =
50(2) € G(R). Let us parameterize the three groups U(R), T'(R), and K, by
n €R,a € R*, and 0 € [0, 27), using

{1 n a0 | cos(f) sin(h)
u(n) = {0 1} » Ha)= [0 a_l} - K(0) = {— sin(f) cos(9) |’
A direct computation shows Im(u(n)t(a)k(0)i) = a® = |a|?, while the cocycle
identity for y implies p(u(n)t(a)k(0),i) = a~te~%. In fact, we can use the same
formulas to parameterize also U(Q,) and T(Q,) by n € Q, and a € Q, as well

as the adelic groups U(A) and T'(A) by n € A and a € A*. Then we can define
the functions ¢, ps: T(Q\T'(A) - Koo Ky — Cby

par(t(a) - k(0) - k) = al** >, oy (t(a) - k(0) - kf) = |af,
where a € A, 0 € [0,27), and ky € K.

These functions are elements of Z5 (L2 (T'(Q)\T'(A)) for the characters x(t(a)) =
la|?*~1 and x(t(a)) = |a|*~1, respectively, where we note that the modulus
character dp: T(A) — R is given by dp(a) = |a|?>. This reveals the func-
tions Eoy, Es: G(Q)\G(A) — C as coming from the general Eisenstein series
construction (A.2.1), namely

Ex(g)= Y.  ¢x(19), Edl9= D e(19).

YeBQ\G(Q Y€BQ\G(Q)
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A.3 The spectral decomposition

In Appendix A.2 we reviewed some basic constructions in the theory of Eisen-
stein series. We will now give a very brief summary of how they are used
to obtain a description of the space L?(G(F)\G(A)) of square-integrable auto-
morphic forms. This description is called the spectral decomposition, and is the
subject of Lapid’s article [Lap22] in these proceedings, to which we refer for a
detailed discussion. A summary can also be found in [Art05, §7].

The spectral decomposition theorem of Langlands can be stated in a very
rough form as follows.

LH(G(F)\G(A)) = @D Ind (L3 (M(F)\M ()", (A3.1)
M

where the index runs over the set of G(F')-conjugacy classes of Levi subgroups
M C G, and IndIGD denotes normalized parabolic induction with respect to an
arbitrary parabolic subgroup P with Levi factor M. The special summand for
M = @ is the discrete spectrum L3, (G(F)\G(A)). The remaining summands
constitute together the continuous spectrum L2 (G(F)\G(A)). The continuous
quality comes from the fact that each space L3, (M (F)\M (A)) decomposes as
a direct integral
| BhuerMIP)\M(ar))aN (A32)
iay,
as described in (4.2.2).
The identity (A.3.1) is notjust a G-equivariant isomorphism of vector spaces,
but an isometry of Hilbert spaces. It is obtained by putting together various G-

equivariant isometries
Ind (Lgioc(M(FNM (M) — L2(GFN\G(A)).

These isometries are given by Eisenstein series.

Slightly more precisely, recall from Appendix A.2 that an element of the left
hand side can be thought of as a function ¢: N(A)M (F)A$,\G(A) — C satisfy-
ing certain properties, in particular bs € L3 (M(F)\M(A)!) forall z € G(A),
and to each such function one can try to form the Eisenstein series E(z, b, N).
Langlands has proved that if ¢ is K-finite and A has sufficiently positive real
part, than both the Eisenstein series F(z, 9, A) and the intertwining operator
M(s,A)()(x) converge. The function 2 — E(z, ¢, \) is automorphic. How-
ever, it is usually not square-integrable. In order to obtain a square-integrable
automorphic form, thus an element of L?(G(F)\G(A)), one applies a Fourier
transform.

The first kind of Fourier transform, which avoids the convergence problems
of Eisenstein series, is the following. Let ¥: a3, x N(A)M(F)A}\G(A) —
C be a function that is entire in the factor a},, and for each A € aj, - the
function W(\, —) is K-finite and for each x € G(A) the function m — ¥(\, mx)
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lies not just in L2, (M (F)\M(A)!), but in fact in a fixed isotypic summand of

disc

L2,o (M (F)\M(A)'). Then for any A € a} the function

cusp
U(z) = / e HP@ATPE) g (X 2)d\
A+iay,

is compactly supported in Hp(z) and the Eisenstein series

BEy(x)= > (px)

pEP(F\G(F)

converges and lies in L?(G(F)\G(A)). This is a result of Langlands and leads
to the following preliminary decomposition of the space L?(G(F)\G(A)). Let
X denote the set of pairs (P, o) consisting of a (standard) parabolic subgroup
P = MpNp C G and a cuspidal automorphic representation o of Mp(A)!,
taken up to conjugacy. For such a pair x = (P,0) let L} (G(F)\G(A)) denote
the subspace of L?(G(F)\G(A)) generated by the functions Ev, for all ¥ as
above coming from the o-isotypic summand of L?usp(M (F)\M(A)'). Then one
has the orthogonal decomposition

LA(G(F)\G(A) = P LYG(F)\G(A)).

xeX

This decomposition is only preliminary. For example, the non-cuspidal parts
of the discrete spectrum of G are scattered among the various L2 (G(F)\G(A))
for x coming from proper parabolic subgroups. Moreover, the description of
the scalar product on L?(G(F)\G(A)) involves integration along a vertical axis
with positive real part (cf. [Art05, Lemma 12.3]), and does not come from the
scalar product of a unitary induced representation.

In order to obtain the desired decomposition (A.3.1) from this one, one must
shift the contour of integration from a vertical line with positive real part to
the imaginary axis, thereby lining it up with (A.3.2). This requires not only
the analytic continuation of Eisenstein series and intertwining operators, but
also a control of their poles. These poles account for the non-cuspidal discrete
spectrum of G. The result is summarized in [Art05, Theorem 7.2].

We will now discuss briefly the example of G = SL;/Q. If 7 is an irreducible

~

representation of the maximal compact subgroup K = SO(2)SL3(Z) of G(A),
and ¢: C — 7 is an entire function that is the Fourier transform of a compactly
supported smooth function on iR, then Ey(z) = & fRe(Z):ZO E(x,9(2),2)dz
lies in L?(G(Q)\G(A)), where 2z, > 1 is fixed. The functions E1), as 7 varies,
generate a subspace whose closure is a complement to the cuspidal spectrum
L2, (G(Q)\G(A)). The inner product of two such functions is given by

cusp

/G Ey () Etby (z)d : ((1(2), ¥2(=2)) + (M (2)41(2), ¥2(2)) )dz.

(@\G(A) 27 JRe(2)=z0

Here M (z) is the standard intertwining operator for the standard Borel and its
opposite. If we move the contour of integration from Re(z) = 2y to Re(z) = 0
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we encounter the poles of Eisenstein series and intertwining operators. In the
current example there is only a single pole, at = = 1, when 7 is the trivial
representation. The result becomes

_ 1 0 0 1 1 |
/G(Q)\G(A) By (2) Erps(x)dz = %(Mwu%) + o /iR(%(Z)a%(Z))dZ’

where ¢0 = (1), ¥1(2) = $(¥(2) + M(—2)¥(—z)), and p is the residue of
2miM (=) at z = 1. The first summand on the right accounts for the contribu-
tion of the trivial representation, which is discrete but not cuspidal. The sec-
ond summand accounts for the purely continuous spectrum. The sum ¢! (z) =
1(¥(2) + M(—2)¢(—z)) is to be seen as coming from the collection of two func-
tions, one associated to the standard Borel, and one to its opposite, satisfying
the coherence requirement in [Art05, Theorem 7.2(b)].

B THE TAMAGAWA MEASURE

Let F' be a global field of characteristic zero and G a connected linear algebraic
F-group. We continue to use the basic notation established in §4.1, and in
addition write O for the ring of integers of F'. We will recall the Tamagawa
measures dg on G(A) and dg' on G(A)!, as well as the Tamagawa number
7(G) and its computation by Langlands, Lai, Kottwitz, and Sansuc, following
[Wei82, Appendix 2], [Ono66], [Kot84], and [Kot88].

As in the reductive case, we let X*(G)  be the group of F-rational algebraic
characters of G, and define ag = Hom(X*(G)r,R),

Hg: G(A) = ag, (H(g),x) =log|x(g)la, VYx € X"(G)p,

and G(A)! = ker(Hg).
We recall first the following fundamental result from reduction theory.

Theorem B.0.1 ([PR94, §5.3, Theorem 5.5]). The volume of G(A)' /G(F) is finite
(with respect to any Haar measure on G(A)!).

The Tamagawa measure dg is a canonical measure on G(A), whose defini-
tion we will recall below. For now assume that it has been defined and proceed
to define the Tamagawa number in terms of it.

The real vector space a¢ has an integral structure, namely Hom(X*(G) r, Z).
Therefore, it has a canonical Euclidean measure dz, obtained by choosing a ba-
sis for Hom(X*(G) r, Z), identifying ag with R? via this basis, and transporting
the Lebesgue measure under this identification. Since the basis is ambiguous
up to the action of GL4(Z), the result is independent of the choice of basis.
Define the Haar measure dg' on G(A)! to be the unique measure such that
dr = dg/dg*.

Definition B.0.2. The Tamagawa number 7(G) is the measure of G(A)!/G(F)
with respect to the quotient of the measure dg* of G(A)! and the counting mea-
sure on the discrete group G(F).
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The key result about 7(G) is the following conjecture of Weil, which has
been proved by Weil and Mars for all classical grous, by Langlands for split
groups, by Lai for quasi-split groups cf. [Wei82, Appendix 2, §5], and by Kot-
twitz in general, cf. [Kot88].

Theorem B.0.3. Assume that G is semi-simple and simply connected, then 7(G) = 1.

Assuming this result, a formula of Sansuc [San81, Theorem 10.1] gives the
expression 7(G) = [Pic(G)| - |ker' (F,G)|~! for a general connected reductive
group G. Kottwitz reinterpreted |Pic(G)| in terms of Borovoi’s fundamental
group in [Kot84, (2.4.1)] and derived the following result.

Theorem B.0.4. For any connected reductive group G
7(GQ) = |m1(GQ)r tor]| - [ker (F, Q)| 72

We recall here from §6.1 that 71 (G), the Borovoi fundamental group, is a
finitely generated abelian group with I'-action, functorial in G, and has the
property that X*(Z (@)) = m1(G) (although note that the left-hand side is not
obviously functorial in G). We have written 71 (G)r +or for the torsion subgroup
of the I-coinvariants in 7 (G). Furthermore, ker' (F, G) is the kernel of the total
localization map H'(F,G) — [[, H'(F,, G), and is known to be a finite abelian
group.

Since both m;(G) and ker'(F,G) are invariant under inner twisting, the
above theorem implies the following result.

Corollary B.0.5. If G; and G5 are connected reductive groups F-groups that are
inner forms of each other, then 7(G1) = 7(G2).

In fact, this corollary was the main theorem of [Kot88], which together with
the work of Langlands and Lai led to the proof of Theorem B.0.3. Thus, the
historical development follows a different path than our exposition here.

The above results were initially stated under the assumption that G have no
factors of type Es, but the necessity of this assumption has since been removed
by the work of Chernousov [Che89].

We now come to the definition of the Tamagawa measure dg on G(A),
following [Ono66]. Let w be a non-zero alternating form of top degree on
Lie(G)(F) and let A be a non-trivial complex-valued continuous character of
A/F. Composing A with the natural map F,, — A/F for a place v of F we ob-
tain a non-trivial character A, : F,, — C*. Let (dx), be the Haar measure on F;,
that is self-dual with respect to A,, i.e. the one for which the Fourier inversion
formula

7 (@) = f(~)

holds for any smooth compactly supported function f on F,, where

Fly) = /F F(@) Ay () (der)o.
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The measure (dz), and the form w induce a Haar measure (dg), on G(F,) in
the usual way: the form w can be identified with a nowhere vanishing top
differential form on G(F,) via left translations; given a function f € C°(G(F,))
one defines its integral as the integral of the differential form f-w on the (real or
p-adic) manifold G(F,); the latter can be reduced by a partition of unity to the
case when the support of f is contained in the domain of definition of a chart,

after which f - w can be transported via this chart to a top form on qul m(&) and
then integrated with respect to (dz),.

We have thus obtained a collection ((dg), ), of measures and would like to
define a measure on G(A) as the product [], (dg),. The question is whether
this product converges. Before we discuss this question, let us argue that this
product is independent of the choices of w and A. Indeed, each of these is
unique up to multiplication by an element of F'*, which means that changing
either of them changes the collection of local measures ((dz),), to a collection
(lyv(dz)y), for some y € F*. The product formula [], |y|, = 1 implies that
the product [ [, (dg). is unchanged.

Coming to the convergence question, we would like to know that for any
open subset of G(A) of the form [] U, with U, C G(F,) open and relatively
compact, the product [], vol(U,; (dg),) converges to a non-zero quantity. We
may omit finitely many factors from this product, since each individual factor
vol(Uy; (dg),) is always finite and non-zero. Consider a finite set of places S of
F containing all archimedean places, such that G has a smooth model over the
ring of S-integers of F'. It is enough to check that [ ], ; 5 vol(G(O.); (dg),) con-
verges to a non-zero quantity. To investigate the convergence of this product
we use the following result, cf. [Wei82, Theorem 2.2.5].

Theorem B.0.6. Fix a finite set of places S of F' containing all archimedean places,
such that G has a smooth model over the ring of S-integers of F', A,, is unramified for
v ¢ S, and wis integral at all v ¢ S (i.e. it lies in \'" Lie(G)(O,) and has non-zero
image in \'” Lie(G)(k,)). Then for all v ¢ S we have

wl(G(0,); (dg),) = g, "™ DH#G(ky),
where g, is the size of the residue field of F,.

Let us compute the right hand side of the above theorem for an algebraic
group G defined over the finite field k£ = k, of size ¢ = ¢, in the following basic
cases.

* G is unipotent. Then G is isomorphic as a variety to affine space, hence
q dim(G) #G(k/’) =1.
¢ ( is semi-simple. Then [Ste68b, Theorem 25] implies that
!

l
[T =g ) <q ™D%am) <[ +q),
i=1

i=1

where [ is the rank of G and ay, ..., a; are the invariant degrees. As dis-
cussed in [Ste68b, Theorem 24], we have a; > 2.
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e G = Tis a torus. Choose an isomorphism of groups k* — (Q/Z)®,
where the superscript (?) indicates that we are taking away the p-torsion
subgroup. This isomorphism gives the isomorphism T'(k) = X.(T) ®z
E*X = X.(T)®7(Q/Z)®). Thus T(k) = T(k)? = (X.(T) @z (Q/Z)P))%®1,
where ¢ denotes the Frobenius automorphism’ of T'(k) as well as of X, (T),
and ¢ denote multiplication by ¢ on the abelian group (Q/Z)®). Since the
endomorphism ¢ ® ¢ is divisible by p, we also have T'(k) = (X.(T) ®z
(Q/7))?%®1, giving the exact sequence

1= T(k) = X.(T) 9z (Q/Z) 5" X.(T) €2 (Q/Z) - 0.
Taking Hom(—, Q/Z) we obtain the exact sequence

loq—1

1 x4(T) % 247" X*(T) — Hom(T'(k),Q/Z) — 0,

from which we conclude
IT(K)| = [Hom(T'(k), Q/Z))| = |det(qp~" — 1)| = |det(q — ¢)|.

Since ¢ is an automorphism of a lattice and has finite order, its eigen-
values are roots of unity, and all non-real such come in conjugate pairs.
Therefore det(q — ¢) is positive, and we see

g~ DT (k)| = det(1 — g ¢).

These computations allow us to understand the convergence of

[ vol(G(0.); (dg).).

vgS
* When G is unipotent, all factors equal 1.

* When G is semi-simple, the product [], [],(1 + ¢, *) can be reduced to
considering [, (1 + ¢, **), which is clearly non-zero if it is finite, and is
dominated by the exponential of |, ¢, *. Since a; > 2, the latter sum is
finite. On the other hand, consideration of the product [], [],(1 — ¢, %)
reduces to [], (1 — g, '), which again is clearly non-zero if it is finite. By
definition, it is the inverse value of the partial Dedekind zeta function at
a;. Again since a; > 2 it is known that this value is finite and non-zero,

cf. [Neul3, Chapter VII, Proposition 5.2].

9We note that our convention is that pA = ¢ o Ao ¢~ for A\ € X.(T) = Hom(G,,T), so
that ¢ is a finite order automorphism of X (T"). This convention is different from the convention
typically used in treatments of finite groups of Lie type, such as [DL76] or [Car93], which use
FAX=¢o)\sothat F =q- ¢.
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e When G = T is a torus the complex vector space V = X*(T) @z C is
a representation of the Galois group of I" and [[, ¢ vol(G(O,); (dg),) =
L5(1,V)~'. Let us decompose V = Vj, @ Vi, where Vj = VEIUF/F) is the
isotypic component for the trivial representation, and V; is the sum of all
other isotypic components. Then L(s,V) = L%(s, Vo) - L%(s, V3). It is
known, cf. [IK04, §5.13, Corollary 5.47], that L3(s, V1) is regularats =1
with non-zero value. On the other hand, V} is direct sum of copies of
the trivial representation and hence L (s, V;) has a pole at s = 1 of order
dim(V}), cf. [Neul3, Chapter VII, Corollary 5.11]. Therefore, the product
[T,¢s vol(G(Ov); (dg),) converges to a non-zero value if and only if V5 =
{0}, equivalently T is anisotropic.

The conclusion of this analysis is that [ |, (dg), will generally not converge
to a Haar measure on G(A). We need to introduce convergence factors A, €
R- and take [ ], A, (dg),. Furthermore, this analysis offers a natural definition
of such convergence factors. In the case of a torus, we can take A, = L,(1,V)
when v is non-archimedean, and A\, = 1 when v is archimedean.

In fact, we can take this definition of convergence factors in the general
case of an arbitrary connected affine algebraic F-group G, where we take V' =
X*(G)®zC as a representation of the Galois group. Of course X*(G) = X*(T),
where T is the maximal torus quotient of . This leads to the following defini-
tion of the Tamagawa measure dg.

Definition B.0.7. The Tamagawa measure on G(A) is the Haar measure

dg = |Ap|~ ™ O2pct T (dg)o [] Lo(1, V) (dg),

v|oo vtoo

where pg = lim,_1(s — 1)"L(s, V), r is the dimension of the maximal split
torus quotient (equivalently maximal split central torus) of G, and Ap is the
discriminant of F.

The factors, |Ap|~4m(@)/2p-1 are included to normalize the measure so as
to ensure that 7(G,,) = 1 and 7(Resg,rG) = 7(G).

Example B.0.8. Consider G = G, over the number field F. Verify explicitly
that 7(G) = 1. This computation will highlight the number-theoretic nature of
the Tamagawa number.

By definition, 7(G) = vol(A!/F*) taken with respect to the measure on
this quotient determined by the counting measure on F'* and the measure on
Al that, together with the Haar measure [Loj0c (@9)w [T otoo Lo(1,V)(dg)w on A%,
induces the Lebesgue measure on R via the exact sequence 1 — Al — AX —
R — 0 given by log | — |s. Here V is the trivial one-dimensional Galois repre-
sentation, so L, (1,V) = (1 —¢; )7L

We have the canonical identification Lie(G)(F) = F' and we take the stan-
dard differential form w corresponding to 1 € F under the tautological identi-
fication \' F' = F. We take the character Ag: Ag/Q — C* that is the product
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of the character =™ on R and the character ¢*™* on Q/Z = [[,,Q,/Z,. We
take on Ap/F the character A = Ag o trp/q. For a real place v we then have
A, (x) = e 2™ and the self-dual measure on F, = R is the Lebesgue measure.
For a complex place v we have A, (z) = e ?™*% and the self-dual measure on
F, = Cis twice the Lebesgue measure. For v { co the self-dual measure on F,
assigns volume 1 to O,. Therefore the measure L, (1, V)(dx), = % assigns
volume 1 to O.F.

We now compute vol(A!/F*). Recall the section R-o — [Ty £ C AX
of the idele norm introduced in §4.1. It provides the direct product decompo-
sition AX = A! x R.(. We are thus computing vol(A*X /R~ ¢F*). Let A(cc) =
[Tojoe Fo X Tl O - Then AX /A(c0) F™ is a finite group whose order equals
the class number h of F, cf. [Neul3, Chap. VI, Prop 1.3]. Since F*NA(c0) = O*
we obtain vol(A*/RsoF*) = h - vol(A(c0)/R>00*). Now O* is embed-
ded diagonally in A(oco), but replacing this by the diagonal embedding into
FX = [l 2 C A(co) does not change the quotient measure. With this
and the identity vol(O)) = 1 we see vol(A* /Ry oF*) = h - vOl(FX /R5o0%).
Consider now the homomorphism F — R, obtained by restricting the idele
norm. Its kernel F1 contains O and R is a section of this homomorphism.
Thus vol(Al/F*) = h - vol(FL /O*).

To compute vol(FL /O*) we consider the following diagram of locally com-
pact abelian groups with exact rows and columns

0 0
1 ——> {£1} x St FL H 0
v:Fy,=R v:F,=C
1—> {+1} x st Fx . @R 0
v:Fy=R v:F,=C v|oo
g h
R R
0 0

where we have f((z,)y) = (log|zy|v), A((rv)s) = >, 7w, and g((zy)s) =

log [T, [o]o = >, log |2y |o.
We recall that the measure on

Fr= [ m<x [] c*
v:F, =R v:F,=C

is the product of the Haar mesure on each copy of R and twice the Haar mea-
sure on each copy of C, the measure on the target of ¢ is the Lebesgue measure,
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the measure on FL is the measure induced by these two, and the measure on
O* is the counting measure.

We further endow R on the bottom right corner with the Lebesgue measure
and @, R with the product of the Lebesgue measures. This fixes measures
on H as well as on the group

c:= [ {=z13x ][] s

v:Fy=R v:F,=C

One checks that the volume of C'is 2" (27)*®, where r is the number of real places
and s is the number of complex places. On the other hand, C N O* = p(F) is
the group of roots of unity of F, a finite group whose size we denote by w.
Therefore

vol(A!/F*) = h-vol(FL /O*) = %

vol(H/¢(0™)).
It remains to compute vol(H/¢(O*)). This was done in [Neul3, Chap. I, Propo-
sition 7.5] and the result is

vol(H/¢(0™)) =/r +s-R,

where R is the regulator of F'. We have placed an overline on the volume to
indicate that this result uses a different measure on H than what we use here,
so we have to compare the measures. The measure used in [Neul3] is obtained
by taking the isomorphism

HxR—=R™ (z,0) = z+aro, o= ((/r+s)11,1,...,1),

and endowing H with the measure whose product with the Lebesegue mea-
sure on R will match the Lebesgue measure on R"** under this isomorphism.
Comparing with our choice of measure we conclude

VOl(H/¢(0™)) = R,

and hence hor (9,8
vol(Al/pxy = M3
w
On the other hand, the analytic class number formula [Neul3, Chap. VII,
Corollary 5.11] implies that the same quantity is equal to pg|Ar|'/?. Thus
7(G) =1.
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