
V4A4 - Representation Theory II (Introduction to geometric representation theory)

Exercise Sheet 8

Important information:

• Due Friday, December 16 at 10:15am (just before lecture).
• You may write your solutions by hand or in LaTeX.
• You are allowed to work in groups of 2–3 people if you would like.
• On the top of each sheet you hand in, please include your name and an email address.

1. Let (W,S) be a Coxeter group, and let T := {wsw−1 | s ∈ S,w ∈W} be the set of reflections.
Given w ∈W , we define the left associated reflections to w:

TL(w) := {t ∈ T | `(tw) < `(w)},
and the left descent set of w:

DL(w) := TL(w) ∩ S.

The following allows Bruhat relations to be “lifted”—you are free to use this without proof
throughout this exercise.

Proposition 1 (Lifting Property). Let u,w ∈W . Suppose u < w and s ∈ DL(w) \DL(u). Then,
u ≤ sw and su ≤ w.

(a) (1.5 points) Show that the Bruhat order on W is a directed poset; that is, for all x, y ∈W
there exists z ∈W such that x ≤ z and y ≤ z.

(b) (1.5 points) If W is finite, show that there exists a longest element w0. Now describe this
element in the case W = Sn.

(c) (1 point) Let G = GLn(C) and let B ⊂ G be the standard Borel subgroup. Show that
there exists a unique dense B-orbit in G/B.

(d) (1 point) Show that the orbit in part (c) is open.

2. Answer the following questions.

(a) (2 points) Compute both the Jordan–Hölder filtration and the socle filtration of
C[x]/(x2).

(b) (2 points) Compute both the Jordan–Hölder filtration and the socle filtration of
C[x]/(x3).

(For 3 bonus points) Let n ≥ 2. Can you compute both the Jordan–Hölder filtration and the socle
filtration for C[x]/(xn)?

3. For w ∈ Sn and r, s ∈ [n], define

w[r, s] := #{1 ≤ i ≤ r | w(i) ≥ s}.
Recall from the lecture that one can interpret w[r, s] in terms of pictures, in the following way. In
the n× n grid with columns numbered 1, . . . , n increasing from left to right, and rows numbered
1, . . . , n increasing from bottom to top, place a bullet in the box (i, w(i)) for each i ∈ [n]. (Here
the coordinates are (column, row).) Now w[r, s] is the number of bullets in a rectangle whose
top-left corner is the box (1, n) and whose bottom-right corner is the box (r, s). (Note, we include
the top-left and bottom-right boxes in the rectangle.)

We aim to prove the following proposition from the lecture:
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Proposition 2. Let x, y ∈ Sn, and take ≤ to be the Bruhat ordering on Sn. Then

x ≤ y ⇐⇒ for all r, s ∈ [n], we have x[r, s] ≤ y[r, s].

(a) (1 point) Prove the implication =⇒.

Now we will break into steps the proof of the harder implication, ⇐=. To this end, for all
r, s ∈ [n], define N(r, s) := y[r, s]− x[r, s]. Note that N(r, s) ≥ 0 by assumption.

(b) (1 point) First, suppose that N(r, s) = 0 for all r, s ∈ [n]. Show that in the case y = x.

(c) (2 points) Now suppose that there exist r, s ∈ [n] such that N(r, s) 6= 0. Choose
(a1, b1) ∈ [n]2 such that N(a1, b1) > 0 and N(i, j) = 0 for all
(i, j) ∈ ([1, a1]× [b1, n]) \ {(a1, b1)}. Now also let (a2, b2) ∈ [n]2 be the bottom-right corner
of a maximal positive connected submatrix of the n× n grid having (a1, b1) as the top-left
corner. Prove that there exist c ∈ [a1, a2] and d ∈ [b2, b1] such that

N(a2 + 1, b2 − 1)−N(c, b2 − 1)−N(a2 + 1, d) + N(c, d) > 0.

(d) (1 point) Prove that

#{e ∈ [c + 1, a2 + 1] | y(e) ∈ [b2 − 1, d− 1]} > 0.

(e) (2 points) Now let (a0, b0) ∈ [c + 1, a2 + 1]× [b2 − 1, d− 1] be such that y(a0) = b0. Cook

up an element z ∈ Sn such that z
t−→ y for some transposition t. Show that x ≤ z, and use

this to finish the proof.

Now for a fun application!

(f) (1 point) Decide whether the permutations x = 36847512 and y = 64287531 in S8 are
comparable or not in the Bruhat order.

4. (3 points) Let G = GLn(C), and let B ⊆ G be the standard Borel subgroup. Show that there
exists a bijection between the following two sets

• The set of G-orbits of the diagonal G-action on G/B ×G/B.

• The set of B-orbits on G/B, where the action here is the restriction of the usual G-action
on G/B.


