
V4A4 - Representation Theory II (Introduction to geometric representation theory)

Exercise Sheet 7

Important information:

• Due Wednesday, December 14 at 10:15am (just before lecture).
– Note that you will receive Sheet #8 on Friday, December 9, and it will be due on

Friday, December 16 (so the schedule will quickly go back to being as usual).
• You may write your solutions by hand or in LaTeX.
• You are allowed to work in groups of 2–3 people if you would like.
• On the top of each sheet you hand in, please include your name and an email address.

1. Answer the following questions.

(a) (2 points) Classify and describe all of the subgroups WS′ of Sn that are generated by a
subset S′ of the set S of simple transpositions.

(b) (1 point) Show that the alternating group An is not a subgroup of Sn of the kind WS′

from part (a).

(c) (2 points) Fix S′ ⊂ S. Let Hv(WS′) be the Z[v, v−1]-algebra with generators Hs for
s ∈ S′, and with the defining relations (H1), (H2), (H3) as in the Hecke algebra. Show
Hv(Sn) is a free Hv(WS′)-module and compute its rank.

2. (3 points) Verify the refined Kazhdan–Lusztig conjecture in the case when g = sl2(C).

3. Let (W,S) be a Coxeter group, and let u,w ∈W . We say that u ≤ w if there exists a reduced
expression for u which is a subexpression of a reduced expression of w.

(a) (1 point) Show that ≤ is a partial ordering on W . (This is called the Bruhat ordering
on W .)

(b) (1 point) Show that Bruhat intervals [u,w] = {v ∈W | u ≤ v ≤ w} are finite (even if S is
infinite).

(c) (1 point) Show that the map W →W given by w 7→ w−1 is an automorphism of W
compatible with the Bruhat order.

(d) (1 point) Let x, y, t ∈W = Sn with t ∈ T , the set of transpositions. We write x
t−→ y if

x−1y = t and `(x) < `(y). We define x � y if there exist x0, x1, . . . , xk ∈W and
transpositions t1, . . . , tk ∈W such that

x = x0
t1−→ x1

t2−→ · · ·
tk−1−−−→ xk−1

tk−→ xk = y.

Show that � is a partial ordering on W .

(For 2 bonus points): Can you give a proof that � is a partial ordering whenever (W,S)
is an arbitrary Coxeter group, with T = {wsw−1 | s ∈ S and w ∈W}?

(e) (1 point) Write down both ≤ and � for W = S3.

(f) (2 points) Show that u ≤ w implies that there exists v ∈W = Sn such that u � v ≤ w and
`(v) = `(u) + 1.
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(g) (1 point) Let x, y ∈W = Sn. Prove that x ≤ y if and only if x � y.

(For 2 bonus points): Can you give a proof of the statement in part (g) for (W,S) an
arbitrary Coxeter group?

(h) (2 points) Draw the Bruhat poset (= partially ordered set) for S4, and draw the length
poset for S4. Compare your drawings.

(i) (1 point) Show that the Bruhat ordering on S4 induces an ordering on the set
S4/(S2 × S2). Show that this ordering corresponds to the Bruhat ordering on I2,4.

4. Let W be the group of symmetries of a square in the plane.

(a) (0.5 points) Find a Coxeter presentation of W .

(b) (0.5 points) Write down the Bruhat ordering for W .


