
V4A4 - Representation Theory II (Introduction to geometric representation theory)

Exercise Sheet 3

Important information:

• Due Friday, November 4 at 10:15am (just before lecture).
• You may write your solutions by hand or in LaTeX.
• You are allowed to work in groups of 2–3 people if you would like.
• On the top of each sheet you hand in, please include your name and an email address.

1. (2 points) Prove that for any affine algebraic variety (X, k[X]), where k is an arbitrary
algebraically closed field k = k, there is an isomorphism (X, k[X]) ∼= (V(M), I(V(M))) for some
n ∈ N and a set of polynomials M ⊆ k[X1, . . . , Xn].

2. Answer the following questions.

(a) (2 points) Give an example of a prevariety that is not a variety.
[Hint: Think about ways of gluing together two copies of A1(C).]

(b) (1 point) Show that An(C) can be turned into an affine algebraic group.

(c) (2 points) Check that GLn(C) is an affine algebraic group.

(d) (2 points) Show that the natural action of GLn(C) on Cn induces an action of GLn(C) on
Pn−1(C).

3. Recall that a subset of a topological space X is called locally closed if it is the intersection of
an open set and a closed set. A set is called constructible if it is a finite union of locally closed
sets. For the entirety of this problem, you may use the following fact as a black box.

Fact (Books by Borel, Humphreys, or Springer). Let ϕ : X → Y be a morphism of varieties.
Then ϕ maps constructible sets to constructible sets; in particular, ϕ(X) is constructible.

Let G and G′ be affine algebraic groups.
Prove the following:

(a) (1 point) Let U, V be two dense open subsets of G. Then G = U · V .

(b) (2 points) Let H be a subgroup of G. Prove that the closure H is a subgroup of G.

(c) (2 points) With the notation of part (b), prove that if H is constructible, then H = H.

(d) (1 point) Let A,B be closed subgroups of G. If B normalizes A, then AB is a closed
subgroup of G.

(e) (1 point) Let ϕ : G→ G′ be a morphism of algebraic groups. Prove that kerϕ is a closed
subgroup of G.

(f) (2 points) With the notation of part (e), show that imϕ is a closed subgroup of G′.

[Remark: One can use all of this, and a bit more, to prove (with the correct definition of
dimension) that dimG = dim kerϕ + dim imϕ.]

4. (2 points) Let G be a linear algebraic group and H a closed subgroup. Show that

(G×G)/(H ×H) ∼= G/H ×G/H

as varieties.
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