
V4A4 - Representation Theory II (Introduction to geometric representation theory)

Exercise Sheet 2

Important information:

• Due Friday, October 28 at 10:15am (just before lecture).
• You may write your solutions by hand or in LaTeX.
• You are allowed to work in groups of 2–3 people if you would like.
• On the top of each sheet you hand in, please include your name and an email address.

1. (8 points) Give a description of the Schubert cells in Gr(3, 5) by describing the following for
each I ∈ I3,5.

(i) the set of all A ∈Mn×d(C) such that their column span gives a point in the cell CI ;

(ii) the dimension of CI ;

(iii) the partition, respectively Young diagram, associated with the cell CI .

Describe the partial order on Schubert varieties given by inclusion, and determine which Schubert
cells are closed.

Interpreting each Schubert cell as an orbit for an affine algebraic group action, show by using
properties about Schubert cells and Schubert varieties that each orbit is open and dense in its
closure. Can you give a general proof which works for any Grassmannian?

Pick a set R of coset representatives for Sn/(Sd × Sn−d). Take the identification of
Sn/(Sd × Sn−d) with torus fixed points in Gr(d, n) to give a bijection between the Schubert cells
and the elements in R. How can the dimension of CI be read off from the corresponding element
in R? Explain the partial ordering as above, now in terms of elements in R.

(♣) Now use (i) to construct at least two embeddings of P1 into Gr(d, n) such that torus fixed
points go to torus fixed points. You can use as a fact that whenever you have a morphism
A1 → Y into a projective variety Y , you can extend it to a morphism P1 → Y , where Y is the
closure of Y in the Zariski topology.

2. (3 points) Show the following alternative description of Schubert cells claimed in the lectures:
for I ∈ Id,n, show that

CI =

{
V ∈ Gr(d, n)

∣∣∣∣ for all 1 ≤ r ≤ d, dim(V ∩ F st
ir

) = r,
and for all s < ir, dim(V ∩ F st

s ) < r

}
,

where I = {i1 < i2 < · · · < id} and CI is the Schubert cell associated to I.

3. (3 points) Give an example of a group G acting on an affine variety X such that not all orbits
are closed. Is it an action of an affine algebraic group?
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4. Prove the following which was claimed in the lectures:

(a) (3 points) ΩI = XI for all I ∈ Id,n, where

XI = {V ∈ Gr(d, n) | dim(V ∩ F st
ir ) ≥ r for all 1 ≤ r ≤ d}.

(b) (3 points) ΩI =
⋃

J≤I CJ .

[Hint: First you should prove the following lemma:

Lemma.

• CJ ⊆ XI if and only if J ≤ I.
• CJ ∩XI = ∅ otherwise.

Then use the fact from (♣) above.]


