
V4A4 - Representation Theory II (Introduction to geometric representation theory)

Exercise Sheet 12

Important information:

• Due Friday, January 27 at 10:15am (just before lecture).
• You may write your solutions by hand or in LaTeX.
• You are allowed to work in groups of 2–3 people if you would like.
• On the top of each sheet you hand in, please include your name and an email address.

1. Let π : E → X and π′ : F → X be vector bundles. Give a construction of the following vector
bundles.

(a) (1 point) the direct sum bundle E ⊕ F , whose fibers are the direct sum of the fibers.

(b) (1 point) the tensor product bundle E ⊗ F , whose fibers are the tensor product of the
fibers.

(c) (1 point) the Hom-bundle Hom(E,F ), whose fibers are the Hom of the fibers.

2. (2 points) Let G be an affine algebraic group and H be a closed subgroup of G. Let V be a
representation of H. Show that G×H V is the total space of a vector bundle over the base G/H.

3. In this question, we will classify line bundles on PnC. A line bundle is a vector bundle of rank 1.
Consider the projective variety PnC with coordinates x0, . . . , xn. Let Ui ∼= AnC be the standard
affine open subset of PnC where xi 6= 0. Recall that on Ui the regular functions are of the form
f/xki , where f is a homogeneous polynomial and k ∈ Z.

(a) (3 points) Consider the transition matrices Ai,j = (xi/xj)
di,j , where di,j ∈ Z. (Note that

these transition matrices are just scalars, as the vector bundles we are considering are of
rank 1.) Spell out the cocycle condition, and give a complete description of all line
bundles on PnC in terms of an integer d ∈ Z.

(b) (3 points) Assume the cocycle condition and the equality

(xi/xj)
dσi = σj

on Ui ∩ Uj , where the σk are regular functions on Uk considered as elements of
C[x0/xk, . . . , xk−1/xk, xk+1/xk, . . . , xn/xk]. Now show that

H0(PnC,OPn
C
(d)) = C[x0, . . . , xn]d,

where the right-hand side is the vector space of homogeneous degree d polynomials and
the OPn

C
(d) for d ∈ Z are the line bundles constructed in part (a).

[Hint: If you need it, you may use the fact (without proof) that the line bundles
on AnC are trivial.]

4. (4 points) Consider P1
C = GL2(C)/B. Using the statement of the Borel–Weil–Bott theorem,

describe the cohomology of the line bundles OP1
C
(d) for d = −5, . . . , 5. To do so, describe OP1

C
(d)

as a line bundle Lλ with λ ∈ X(T ). Then, make a table containing the following data:

i) the degree in which the cohomology H i(Lλ) is nonzero;

ii) the representation of GL2(C) which appears as the cohomology (if nonzero).

Explain which line bundles have no cohomology, and why.
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5. In this exercise, we will study the Peter–Weyl theorem for
C[SL2(C)] = C[a, b, c, d]/(ad− bc− 1).

(a) (2 points) Equip this algebraic with a filtration by placing the generators in degree one.
Prove that the natural left and right actions of SL2(C) preserve the filtration, and
therefore pass to the associated graded.

(b) (1 point) Determine the Hilbert series of the associated graded.

(c) (2 points) Use the Peter–Weyl theorem to give a complete classification (up to
isomorphism) of all finite-dimensional irreducible representations of SL2(C).


