
V4A4 - Representation Theory II (Introduction to geometric representation theory)

Exercise Sheet 11

Important information:

• Due Friday, January 20 at 10:15am (just before lecture).
• You may write your solutions by hand or in LaTeX.
• You are allowed to work in groups of 2–3 people if you would like.
• On the top of each sheet you hand in, please include your name and an email address.

1. In this question, we will practice computing bases of parabolic Hecke modules.

(a) (4 points) Consider the Coxeter group W = S3 with its set S = {s1, s2} of standard
generators. For each parabolic subgroup WP of W , do the following:

(i) Draw the Hasse diagram of the Bruhat order poset for WP .

(ii) Compute the Kazhdan–Lusztig bases of the modules NP and MP , as well as the
Kazhdan–Lusztig polynomials.

(b) (3 points) Now do (i), and also (ii) only for the module NP , in the case that W = S4 and
WP := 〈s1, s3〉.

2. Answer the following questions about Coxeter groups.

(a) (1 point) Give an example of a subgroup of S3 that is not a parabolic subgroup.

(b) (2 points) Can you give an example of a group with finitely many generators of order two
that is not a Coxeter group? Justify your answer.

3. Answer the following questions about vector bundles.

(a) (1 point) Show that the fibers of a vector bundle are indeed vector spaces.

(b) (2 points) Let X be an algebraic variety with an open covering X =
⋃

i∈I Ui. Suppose that
for every i, j ∈ I, we have an (r× r)-matrix Ai,j with entries in OX(Ui ∩Uj) (i.e., the set of
regular functions on Ui ∩ Uj). Suppose further that the Ai,j satisfy the cocycle condition:
(1) Ai,i = id, and
(2) Aj,kAi,j = Ai,k (seen as matrices with entries in OX(Ui ∩ Uj ∩ Uk)).

Given this information, construct a vector bundle on X.

(c) (2 points) We now do the converse of part (b). That is, show that our definition of a
vector bundle from the lecture gives rise to a collection of transition matrices satisfying
the cocycle condition.

4. Answer the following questions about representations of the general linear group.

(a) (2 points) First consider GL2(C). Show that for each nonnegative integer n, there exists a
finite-dimensional irreducible representation Vn of dimension n+ 1.

(b) (3 points) Now consider GLn(C), and let λ be a dominant weight. Explain how to
construct an irreducible representation of GLn(C) with highest weight λ.
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