
V4A3 - Representation Theory I (Lie algebras and their representation theory)

Exercise Sheet 9

Important information about this sheet:

• Due Wednesday, June 15 at 10:15am just before lecture starts.

• You may write your solutions by hand or in LaTeX. If your tutorial group leader accepts
submission of solutions online and you would like to do that, then please submit a pdf.
• On the top of your solutions, please include your name and an email address.
• You are allowed to work in groups of 2–3 people if you would like.

1. (2 points) The following was left as an exercise in the lecture.
Let g be a Lie algebra and g = n⊕ b as vector spaces for Lie subalgebras n and b. In the lecture,
you saw that there is an isomorphism of vector spaces

m : U(n)⊗ U(b)→ U(g), u⊗ u′ 7−→ uu′

sending a pair of PBW monomials to a PBW monomial. Prove that U(g) is a free U(n)-module
by acting with left multiplication of U(n) on U(n) ⊆ U(g) via m.

2. Answer the following questions about Cartan subalgebras.

(a) (2 points) Let h be a Lie subalgebra of a complex Lie algebra g such that adg(h) is
semisimple for all h ∈ h. Show that h is abelian.

[Remark: This shows that one condition in our definition of a Cartan subalgebra is
automatic.]

(b) (2 points) Let h be a Cartan subalgbra of a semisimple complex Lie algebra g. Is the
following statement true or false? (Prove it, or give a counterexample.)

If h′ is an abelian Lie subalgebra of g, then dim h′ ≤ dim h.

3. (2 points) Consider the Lie algebra so2n(C) defined in terms of matrices using each of the two
bilinear forms from Exercise Sheet #1, Problem #2 (b). Describe a choice of Cartan subalgebra
in at least one of the two cases, and give an example of a Cartan subalgebra when n is small for
the other choice.

4. Answer the following questions about root systems.

(a) (2 points) The following was left as an exercise in the lecture.
Let g be a semisimple finite-dimensional complex Lie algebra, and let h ⊆ g be a Cartan

subalgebra. Let R ⊆ h∗ be the set of roots. Prove that dim gα = 1 for all α ∈ R.

(b) (2 points) For the following Lie algebras, choose a Cartan subalgebra and calculate the
corresponding root system.

(i) sl2(C)

(ii) sl3(C)

(iii) so4(C)

(iv) sp4(C)

(c) (2 points) Draw a picture of each of the four root systems from part (b) (by considering a
projection of h to the plane).
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(d) (2 points) Are these four root systems pairwise non-isomorphic?

(e) (2 points) Compute the order of the Weyl group associated to each of the four root
systems. In each case, give an isomorphism to a familiar group.

5. (2 points) Let h be a Cartan subalgebra in a semisimple complex Lie algebra g. Show that

Ng(h) := {x ∈ g | [x, h] ⊆ h for all h ∈ h}
of h in g is h itself; i.e. show that h is self-normalizing.


