
V4A3 - Representation Theory I (Lie algebras and their representation theory)

Exercise Sheet 8

Important information about this sheet:

• Due Wednesday, June 1 at 10:15am just before lecture starts.

• You may write your solutions by hand or in LaTeX. If your tutorial group leader accepts
submission of solutions online and you would like to do that, then please submit a pdf.
• On the top of your solutions, please include your name and an email address.
• You are allowed to work in groups of 2–3 people if you would like.

1. (3 points) Show that the concrete PBW theorem from lecture is equivalent to the abstract
PBW theorem from lecture. You are allowed to cite one direction from the lecture.

2. (2 points) Let g be a Lie algebra over a field k. Show that U(g) is a filtered algebra with
U(g)≤n := π(

⊕n
i=0 g

⊗i), where π : T (g)→ U(g) is the usual projection map.

3. Answer the following questions about filtered and graded algebras over a field k.

(a) (2 points) Let A and B be filtered algebras. Prove that A⊗B is a filtered algebra.

(b) (2 points) Let A and B be graded algebras. Prove that A⊗B is a graded algebra.

(c) (2 points) Show that (a) and (b) can be done such that gr(A⊗B) = gr(A)⊗ gr(B).

4. The following questions involve computing a root space decomposition.

(a) (2 points) Show that the set h of diagonal matrices in sln(C) forms a Cartan subalgebra.

Given a Cartan subalgebra h of a semisimple Lie algebra g, the collection of endomorphisms of g
of the form ad(h), for all h ∈ h, is simultaneously diagonalizable. Thus, g decomposes into a
direct sum of the subspaces

gα := {x ∈ g | [h, x] = α(h)x for all h ∈ h},
where α ∈ h∗. This decomposition is called the root space decomposition of g with respect to h.

(b) (2 points) Find the root space decomposition of sln(C) with respect to the Cartan
subalgebra h from part (a).

(c) (1 point) Part (a) gives you a Cartan subalgebra in sl2(C). Can you find another Cartan
subalgebra in sl2(C)?

5. Answer the following questions about universal enveloping algebras. Throughout, let g and g′

be Lie algebras over a field k.

(a) (2 points) Show that U(g× g′) = U(g)⊗ U(g′) canonically as algebras.

Go back and remind yourself about Exercise Sheet #6, Problem #4. One definition before the
next part: we call an element u ∈ U(g) primitive if ∆(u) = u⊗ 1 + 1⊗ u.

(b) (2 points) Prove that if k has characteristic zero, then the primitive elements of U(g) are
precisely the elements of g. Here, g is considered as a subset of U(g).
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