
V4A3 - Representation Theory I (Lie algebras and their representation theory)

Exercise Sheet 7 (updated)

Important information about this sheet:

• Due Wednesday, May 25 at 10:15am just before lecture starts.

• You may write your solutions by hand or in LaTeX. If your tutorial group leader accepts
submission of solutions online and you would like to do that, then please submit a pdf.
• On the top of your solutions, please include your name and an email address.
• You are allowed to work in groups of 2–3 people if you would like.

1. (2 points) The following was an exercise left over from the lecture.
Let J E A be a two-sided ideal of a graded algebra A. Prove that J is homogeneous if and only if
it is generated by homogeneous elements.

2. (2 points) The following was an exercise left over from the lecture.
Let g be an abelian Lie algebra over a field k. Prove (without using the abstract PBW theorem)
that U(g) is isomorphic, as a k-algebra, to a polynomial ring.

3. Let V be a finite dimensional representation of a Lie algebra g. Recall that V ∗ is also a
representation of g via the formula

x · f(v) = −f(x · v), for all x ∈ g, v ∈ V, and f ∈ V ∗.

(a) (1 point) Prove that the assignments

M 7−→M ⊗ V and M 7−→M ⊗ V ∗

give functors from the category of representations of g to itself.

(b) (2 points) Show that these functors are adjoint to each other.

4. Answer the following questions.

(a) (2 points) Let V be a vector space over a field k. Show that the tensor algebra T (V ) can
be turned into a bialgebra.

[Hint: if you have trouble coming up with the maps you need, refer to Exercise Sheet
#6, Problem 4.]

(b) (2 points) Choose a basis B of T (V ), and compute a formula for the value ∆(b) of the
coproduct ∆ on an arbitrary basis element b ∈ B.

(c) (1 point) Now take V to be one dimensional with basis vector v. Does the algebra
structure on T (V ) extend to a bialgebra structure on T (V ) with comultiplication given by
the formula

(♣) ∆(va) =

a∑
i=0

vi ⊗ va−i,

where we take the convention that v0 = 1 and that va = v ⊗ v ⊗ · · · ⊗ v ∈ V ⊗a ⊆ T (V )?

(d) (2 points) Again take V to be a one dimensional vector space with basis vector v. Can
you define a different algebra structure on

⊕
d≥0 V

⊗d, with V 0 = k, such that the

comultiplication ∆ given by the formula in (♣) is an algebra map?
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5. Throughout this exercise, let A be a filtered algebra and gr(A) be its associated graded.

(a) (1 point) Prove that if gr(A) is a domain, then A is a domain.
[Note: from this one can conclude that U(g) is a domain.]

Now we will prepare a couple of exercises which will help you to come up with the solution to
part (d) below.

(b) (2 points) Give an explicit description of gr(U(sl2(C))) by picking a basis and
constructing a multiplication table.

An A-module M is called filtered if M has a filtration

0 = M≤−1 ⊂M≤0 ⊂ · · ·
⋃

i≥−1

M≤i = M

such that A≤p ·M≤q ⊂M≤p+q. The associated graded

gr(M) =
⊕
p≥0

(M≤p/M≤p−1)

is a graded module over gr(A).

(c) (2 points) Let M be a filtered A-module. Prove that if gr(M) is finitely generated, then
M is finitely generated.

(d) (1 point) Prove that if gr(A) is left Noetherian, then A is left Noetherian.
[Note: from this one can conclude that U(g) is left (resp. right) Noetherian if g is finite

dimensional.]


