
V4A3 - Representation Theory I (Lie algebras and their representation theory)

Exercise Sheet 6

Important information about this sheet:

• Due Friday, May 20 at 8:15am just before lecture starts.

• You may write your solutions by hand or in LaTeX. If your tutorial group leader accepts
submission of solutions online and you would like to do that, then please submit a pdf.
• On the top of your solutions, please include your name and an email address.
• You are allowed to work in groups of 2–3 people if you would like.

1. Answer the following questions about bilinear forms.

(a) (2 points) Let g be a simple, finite dimensional, complex Lie algebra, and let β and γ be
two symmetric, invariant bilinear forms on g. Prove that if β and γ are both
nondegenerate, then β and γ are scalar multiples of each other.

(b) (2 points) Is the statement in part (a) true or false if the word ‘complex’ is replaced by
the word ‘real’? If the statement is true, give a proof, and if the statement is false, give a
counterexample.

2. Answer the following questions about decompositions of representations of Lie algebras.

(a) (2 points) Consider the Lie algebra g = sl2(C), and let V (n) and V (m) be irreducible
finite dimensional representations of g with respective maximal h-eigenvalues n and m.
Prove that

V (n)⊗ V (m) ∼= V (n+m)⊕ V (n+m− 2)⊕ · · · ⊕ V (|n−m|),
where |n−m| denotes the absolute value of n and m.

(b) (2 points) Consider the Lie algebra g = sl2(C), and let κ be the Killing form on sl2(C).
Compute the Casimir element cVκ for every irreducible finite dimensional representation
V = V (n).

For the next two parts of this problem, answer true or false. If the statement is true, give a proof,
and if the statement is false, give a counterexample.

(c) (2 points) Let g be a finite dimensional, complex, semisimple Lie algebra. Let V be a
finite dimensional representation of g. The decomposition

V =
⊕
i

Mi

into irreducible subrepresentations Mi of V given by Weyl’s theorem is unique.

(d) (2 points) Let k be a field, and consider the Lie algebra g = sl2(k). Every finite
dimensional representation of g is completely reducible.

3. Consider the Lie algebra g = sl2(C). The PBW theorem for the universal enveloping algebra
U(g) states that

(♣) {f `hmen | `,m, n ∈ N}
is a basis of U(g).

(a) (2 points) Inside U(g), express the elements ehf , e2h2f2, hf3, and h3f in the basis (♣)
above.
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(b) (2 points) Prove the PBW theorem for U(g).
[Hint: Consider the representation S = C[X1, X2] of g from Exercise Sheet #3, Problem

4(a).]

4. Let g be a Lie algebra over a field k. Prove the following.

(a) (2 points) There are unique homomorphisms of algebras

∆: U(g)→ U(g)⊗ U(g),

η : U(g)→ k,

S : U(g)→ U(g)op,

such that ∆(x) = x⊗ 1 + 1⊗ x and η(x) = 0 and S(x) = −x for all x ∈ g ⊆ U(g).

(b) (2 points) Consider the unit and multiplication maps for the algebra structure of U(g):

ε : k → U(g), λ 7−→ λ1
µ : U(g)⊗ U(g), a⊗ b 7−→ ab.

Show that (U(g), µ, ε,∆, η, S) is a Hopf algebra over k. Is it commutative, cocommutative,
involutive? Look up the relevant definitions if necessary.


