
V4A3 - Representation Theory I (Lie algebras and their representation theory)

Exercise Sheet 5

Important information about this sheet:

• Due Wednesday, May 11 at 10:15am just before lecture starts.

• You may write your solutions by hand or in LaTeX. If your tutorial group leader accepts
submission of solutions online and you would like to do that, then please submit a pdf.
• On the top of your solutions, please include your name and an email address.
• You are allowed to work in groups of 2–3 people if you would like.

1. (2 points) Let g and g′ be complex finite dimensional Lie algebras. Prove that if g is
semisimple and ϕ : g→ g′ is a homomorphism of Lie algebras, then the image ϕ(g) is semisimple.

2. Solve the following problems about Jordan decomposition.

(a) (2 points) Find the Jordan decomposition of x =

[
1 2
0 3

]
∈ EndC(C2). Find polynomials

P,Q ∈ C[T ] without constant term such that P (x) (resp. Q(x)) is the diagonalizable
(resp. nilpotent) part of x.

(b) (3 points) Prove the functoriality of the concrete Jordan decomposition (Lemma VII.2
from lecture).

3. Let g be a complex finite dimensional Lie algebra.

(a) (1 point) Show that for any x ∈ g, ad(x) is a Lie algebra derivation.

(b) (1 point) Show that {ad(x) | x ∈ g} is an ideal in Der(g).

(c) (2 points) Now suppose that g is semisimple. Show that all Lie algebra derivations of g
are inner derivations.

4. Consider a complex finite dimensional Lie algebra g.

(a) (2 points) Prove, without using Weyl’s complete reducibility theorem, that if g is
semisimple, then g is (linearly) reductive.

(b) (2 points) Show that gln(C) is (linearly) reductive.

(c) (2 points) Suppose that g is not abelian and that g 6= 0. Give an intuitive explanation for
why if g is solvable or nilpotent, then g is not (linearly) reductive.

5. Consider the Lie algebra g = sl2(C), and let κ be the Killing form on sl2(C). Compute the
following Casimir elements cVκ explicitly as matrices for the following representations V .

(a) (1 point) V = C the trivial representation

(b) (1 point) V = C2 the (obvious) natural representation

(c) (1 point) V = g the adjoint representation
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