
V4A3 - Representation Theory I (Lie algebras and their representation theory)

Exercise Sheet 3

Important information about this sheet:

• Due Wednesday, April 27 at 10:15am just before lecture starts.

• You may write your solutions by hand or in LaTeX. If your tutorial group leader accepts
submission of solutions online and you would like to do that, then please submit a pdf.
• On the top of your solutions, please include your name and an email address.
• You are allowed to work in groups of 2–3 people if you would like.

1. Let g be a Lie algebra. Prove the following statements about solvability.

(a) (1 point) If g is solvable and h is a Lie subalgebra of g, then h is solvable.

(b) (1 point) Let ϕ : g→ h be a homomorphism of Lie algebras. If g is solvable, then imϕ is
solvable.

(c) (2 points) Let I / g. If I is solvable and g/I is solvable, then g is solvable.

Now use the previous parts of this exercise to deduce the following:

(d) (1 point) Let 0→ g1 → g→ g2 → 0 be a short exact sequence of Lie algebras. Prove that
g is solvable if and only if g1 and g2 are solvable.

2. On the live tutorial sheet, you classified all Lie algebras of dimension ≤ 2.

(a) (2 points) Which of these Lie algebras are simple?

(b) (2 points) Now consider complex Lie algebras of dimension 3 (which you only classified if
time permitted). Prove that if g is a complex Lie algebra of dimension 3 with [g, g] = g,
then g is simple.

3. (6 points) Consider the set of four words

P = {abelian, simple, nilpotent, solvable}.
For each subset P ′ of P , either find an example of a Lie algebra that satisfies the properties
indicated by P ′ but not the properties indicated by P \ P ′, or show that such a Lie algebra does
not exist.

4. Let k be an algebraically closed field with char k = 0. Let S = k[X1, X2] be the polynomial
ring in two variables. We write Xi for the multiplication with the variable Xi and ∂i for the usual
partial derivative with respect to the variable Xi. Define the following operators on S:

e := X1 ◦ ∂2 and f := X2 ◦ ∂1.
(a) (1 point) Show that these operators can be used to turn S into a representation of sl2(k).

(b) (2 points) Show that the subspace Sm of homogeneous polynomials of degree m, with
basis Xm
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2 , is an irreducible sl2(k)-subrepresentation of S.

(c) (2 points) For this part, suppose that char k = p > 0. Show that the representation that
you just constructed in part (b) is irreducible if m < p, but not irreducible when m = p.
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