
V4A3 - Representation Theory I (Lie algebras and their representation theory)

Exercise Sheet 12

Important information about this sheet:

• Due Wednesday, July 6 at 10:15am just before lecture starts.

• You may write your solutions by hand or in LaTeX. If your tutorial group leader accepts
submission of solutions online and you would like to do that, then please submit a pdf.
• On the top of your solutions, please include your name and an email address.
• You are allowed to work in groups of 2–3 people if you would like.

1. Consider g = sl2(C) with the usual diagonal Cartan subalgebra h and associated root system

R = {±1}, where α

([
1 0
0 −1

])
= 2. Take R+ = {α} as a system of positive roots. Let ρ = α/2

and z ∈ C.

(a) (3 points) Describe all g-subrepresentations of the Verma module M(zρ).

(b) (2 points) Show that the simple quotient L(zρ) of M(zρ) has finite dimension (equal to
z + 1) if and only if z ∈ N.

(c) (2 points) Let M be a g-representation, and suppose that M has a weight space
decomposition M =

⊕
λ∈h∗ Mλ. Then, the character chM : h∗ → Z≥0 of M is defined as

the function which sends λ ∈ h∗ to dimCMλ. Compute chM(zρ) and chN for every
g-subrepresentation N of M(zρ).

2. Consider the natural representation V = Cn of g = sln(C), together with the standard
triangular decomposition ♣.

(a) (2 points) Show that
∧d V is an irreducible representation of g for all 0 ≤ d ≤ dimC V .

(b) (2 points) Determine the highest weight of
∧d V with respect to ♣.

3. (3 points) Let b ⊂ g be an inclusion of Lie algebras over a field k. Let M be a representation of
b and E a representation of g. Show that there is a canonical isomorphism of g-representations:

U(g)⊗U(b) (E ⊗kM)
∼−→ E ⊗k (U(g)⊗U(b) M).

[Hint: Here, the E on the left is considered as a representation of b by restriction. Either define
an isomorphism explicitly, or deduce it from the fact that the left adjoint of a composition is the
composition of the left adjoints, provided that they exist.]

4. Let g be a complex semisimple Lie algebra with a Cartan subalgebra h, and let
R+ ⊂ R = R(g, h) be a system of positive roots. We say that a U(g)-module M has a Verma flag
if there is a sequence 0 = M0 ⊂M1 ⊂ · · · ⊂Mn = M of submodules such that each quotient
Mi/Mi−1 is isomorphic to a Verma module.

(a) (3 points) Show that the tensor product E ⊗C M(λ) of a Verma module M(λ) with a
finite dimensional U(g)-module E has a Verma flag.

(b) (3 points) In the setting of Problem 1 with V = C2, the natural representation, find
Verma flags of V ⊗M(0) and V ⊗M(−ρ). Are these tensor products direct sums of
Verma modules?
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