
V4A3 - Representation Theory I (Lie algebras and their representation theory)

Exercise Sheet 11

Important information about this sheet:

• Due Wednesday, June 29 at 10:15am just before lecture starts.

• You may write your solutions by hand or in LaTeX. If your tutorial group leader accepts
submission of solutions online and you would like to do that, then please submit a pdf.
• On the top of your solutions, please include your name and an email address.
• You are allowed to work in groups of 2–3 people if you would like.

1. Prove the following about Dynkin diagrams.

(a) (2 points) In a Dynkin diagram with n vertices, there can be at most n− 1 pairs of
vertices that are connected. (Here, two vertices are “connected” if there is at least one
edge between them.)

[Hint: Use that bases form an admissible set.]

(b) (2 points) In a Dynkin diagram, no more than three edges can originate at a single vertex.

(c) (2 points) The only connected Dynkin graph that can contain a triple edge is the Dynkin

graph of type G2. [Note: The Dynkin graph of type G2 looks like • • .]

2. Prove the following statements.

(a) (2 points) An inclusion of Dynkin diagrams induces an inclusion of the corresponding root
systems.

(b) (2 points) The Cartan matrix of a root system determines the root system up to
isomorphism.

(c) (2 points) The Weyl group of a root system is isomorphic to the direct product of the
respective Weyl groups of its indecomposable components.

3. Let g be a finite dimensional semisimple complex Lie algebra with Cartan subalgebra h and
root system R = R(g, h) ⊂ h∗. Choose a basis B of the root system and denote by R+ = R+(B)
the corresponding system of positive roots. Let n+ =

⊕
α∈R+ gα and n− =

⊕
α∈R+ g−α and

consider the “triangular” decomposition g = n− ⊕ h⊕ n+. For each α ∈ R, choose a “root vector”
xα ∈ gα \ {0}. Prove the following statements.

(a) (2 points) n+ and n− are nilpotent.

(b) (2 points) n+ is generated as a Lie algebra by the root vectors xα, for α ∈ B.

(c) (2 points) b = h⊕ n+ is a maximal solvable Lie subalgebra of g.
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4. Answer the following questions.

(a) (2 points) The matrix  2 −1 0
−1 2 −1

0 −2 2


is the Cartan matrix of a root system R ⊂ V with respect to an (ordered) basis α, β, γ of
R. Write down the positive roots.

[Hint: If α, β are non-proportional roots, the α-string through β is the set of all roots of
the form β + iα for i ∈ Z. Consider such root strings and construct all roots of height one,
two, three, etc. Recall that the height of a root is the sum of the coefficients in its
expression as a sum of simple roots (i.e. elements of the base).]

(b) (Bonus: 4 points) If we choose a W -invariant inner product on V , the convex hull of the
roots R is a regular octahedron in V . You may identify V with three-dimensional
Euclidean space R3 such that the vertices of the octahedron lie on the coordinate axes.
Draw a picture of this octahedron, mark the roots, and draw the intersections of the
reflection hyperplanes with this octahedron. Mark the intersection of the octahedron with
the Weyl chamber corresponding to the base {α, β, γ}. How many elements does the Weyl
group have?


