
V4A3 - Representation Theory I (Lie algebras and their representation theory)

Exercise Sheet 10

Important information about this sheet:

• Due Wednesday, June 22 at 10:15am just before lecture starts.

• You may write your solutions by hand or in LaTeX. If your tutorial group leader accepts
submission of solutions online and you would like to do that, then please submit a pdf.
• On the top of your solutions, please include your name and an email address.
• You are allowed to work in groups of 2–3 people if you would like.

1. (3 points) The following was left as an exercise from the lecture.
Let R ⊆ V be an indecomposable root system. Prove that the Weyl group W acts naturally on V
and turns V into an irreducible representation of W .

2. (3 points) The following was left as an exercise from the lecture.
Prove that up to isomorphism there are only four different root systems with basis {α, β},
assuming that ||α||2 ≤ ||β||2.

3. The following was left as an exercise from the lecture.
Let R ⊆ V be a root system, where V is a finite dimensional R-vector space.

(a) (2 points) Let B be a basis of this root system. Prove that there exists γ ∈ V reg such that
(γ, α) > 0 for all α ∈ B.

(b) (2 points) Let γ ∈ V reg be a regular point of the root system R ⊆ V . Then define

R+(γ) := {α ∈ R | (α, γ) > 0} = {α ∈ R | γ ∈ H+
α },

and
B(γ) := {α ∈ R+(γ) | α is not a sum of roots in R+(γ)}.

Prove that B(γ) is a basis of the root system, and that every basis is obtained in this way
from some γ.

(c) (2 points) Show that there is a bijection between the set of bases of the root system
R ⊆ V and the set of Weyl chambers in V reg.

4. Let R ⊆ h∗ be the root system of (g, h), where g is a simple finite dimensional complex Lie
algebra and h is a Cartan subalgebra. Let W = W (g, h) be the corresponding Weyl group.

(a) (2 points) Show that W ∼= Sn with Sn denoting the symmetric group of order n!, in the
case that g = sln(C).

(b) (2 points) Consider the affine space h∗ (in the sense of algebraic geometry). Denote by
O(h∗) the ring of regular functions on h∗. Prove that there is an isomorphism of
C-algebras between the symmetric algebra S(h) and O(h∗).

(c) (2 points) Use part (b) to show that the Weyl group W acts (naturally) on S(h) by
algebra automorphisms.

(d) (2 points) Describe this action as explicitly as possible in the case that g = sln(C).
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