
V4A3 - Representation Theory I (Lie algebras and their representation theory)

Exercise Sheet 1

Important information about this sheet:

• Due Wednesday, April 13 at 10:15am just before lecture starts.

• You may write your solutions by hand or in LaTeX.
• On the top of your solutions, please include your name and an email address.
• You are allowed to work in groups of 2–3 people if you would like.

1. Prove the following statements about Lie algebra homomorphisms.

(a) (2 points) If ϕ : g→ h is a Lie algebra homomorphism, then the kernel of ϕ is an ideal of

g, the image of ϕ is a Lie subalgebra of h, and ϕ induces an isomorphism g/ kerϕ
∼−→ imϕ

of Lie algebras.

(b) (2 points) If I and J are ideals of a Lie algebra g with I ⊂ J , then J/I is an ideal of g/I
and there is a canonical isomorphism

g/I

J/I

∼−→ g/J

of Lie algebras.

(c) (2 points) If I and J are ideals of a Lie algebra g, then I+J
J
∼= I

I∩J .

2. Answer the following questions about bilinear forms and Lie algebras.

(a) (3 points) Let V be a nonzero complex vector space of dimension 2n. Let (−,−)1 and
(−,−)2 be two symmetric nondegenerate bilinear forms on V . Using these bilinear forms,
define two Lie algebras as in the lecture:

so(2n,C)1 := {A ∈ gl(V ) | (Ax, y)1 + (x,Ay)1 = 0 for all x, y ∈ V }
and

so(2n,C)2 := {A ∈ gl(V ) | (Ax, y)2 + (x,Ay)2 = 0 for all x, y ∈ V }.
Prove that the Lie algebras so(2n,C)1 and so(2n,C)2 are isomorphic.

(b) (4 points) Now, choose an ordered basis v1, v2, . . . , v2n of V such that
– the matrix of the bilinear form (−,−)1 is

M1 =

(
0 In
In 0

)
,

where In denotes the n× n identity matrix, and
– the matrix of the bilinear form (−,−)2 is

M2 =

(
0 Jn
Jn 0

)
,

where Jn is the n× n matrix with 1’s on the antidiagonal and 0’s elsewhere.
Explicitly describe the corresponding Lie algebras so(2n,C)1 and so(2n,C)2 in terms of
matrices, and compute the dimension of these Lie algebras.

3. (3 points) Compute all central extensions of sl(2,C) with dimC(h) = 1 (with notation as in the
lecture) up to equivalence.
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4. (4 points) Prove Theorem I.2 from the lecture. That is, there is a bijection of sets

H2(g, h)
1:1←→ {equivalence classes of central extensions of g by h}.


