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10. Exercise sheet

Exercise 1 (4 Points):

Let K be a complete non-archimedean valuation field. Prove that an infinite product
∏

n≥1(1+an)
with an 6= −1 converges in K if and only if |an| → 0 as n→ +∞.

Exercise 2 (4 Points):

Let K be a finite extension of Qp with ramification index e = e(K|Qp). Let π denote a uniformizer
of K. Prove that for every element α ∈ OK such that α ≡ 1 mod πm+1 with m ≥ ep

p−1 , the
equation xp = α has solutions in K.
Hint: Write α = 1+πna with n ≥ m+1 and a ∈ OK with π - a. Try to find some β = 1+πkb ∈ OK

for some k such that αβ−p ≡ 1 mod πn+1. Repeat the process and use Exercise 1.

Exercise 3 (4 Points):

Let p be a prime. Let K = Fp((t)), OK = Fp[[t]]. Consider the polynomial

f(x) = xp − x− t−1 ∈ K[x].

1. Prove that f(x) is irreducible in K[x].

2. Let L = K[x]/(f(x)), and vL be the normalized additive valuation on L. Find the different
vL(δL/K).

3. Is xp − x− t irreducible in K[x]?

Exercise 4 (4 Points):

Let K = Q( 3
√

2). Describe the irreducible factors of K ⊗Q Qp for p = 3, 5, 7.
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