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9. Exercise sheet

Exercise 1 (4 Points):
Let p be an odd prime.

1. Prove that for any integer a with 1 < a < p— 1, there exists a unique (p — 1)-th root of unity
Uq € Zyp such that u, = a mod p.
2. For any integer n > 1, let n = a9 + a1p + ... + a,p" be the p-adic expansion of n with
-
0<a; <p—1. Put sp(n) = > a;. Prove that v,(n!) = %Pl(n).
i=0

3. Prove that for any z € Z,,, the series

(appmte Yy oz @ont ),

n!
n=1

converges to an element in Z,, and we have (1 + p)**¥ = (1 + p)*(1 + p)v.

4. Prove that ¢: z — (1+p)” defines an isomorphism of abelian groups (Z,, +) = (1 +pZ,, x),
and conclude that Z; = Z/(p — 1)Z X Z,.
Hint: To solve the equation (1+ p)® =1+ ap with a € Z,, prove by induction on n > 1 that
there exists x, € Zp such that (1 4+ p)™ =1+ pa mod (1 + p"Z,), and that (z,)n>1 is a
Cauchy sequence in Z,.

Exercise 2 (4 Points):

Let K be a field complete with respect to a non-archimedean absolute value, O C K be its
valuation ring. Let f(X) € O[X] and ag € O with |f(ag)| < |f/(co)|?. Using the Newton iteration
Qp = Q1 — % prove that there exists a unique o € O with f(a) =0 and

| f ()]
| (o)

o — o] < <|f'(a0)l 1.

Exercise 3 (4 Points):

1. Let p be a prime, and n > 1 be an integer with p { n. Prove that for any u € O}, the
equation " = u has solutions in Z, if and only it has solutions in [F),.

2. Let p be an odd prime. Prove that Q) /(Q))? = Z/2Z x Z/2..
3. Prove that Q) /(Q))? = (Z/27)3.

Exercise 4 (4 Points):
Using Newton polygons prove that the following polynomial is irreducible in Q[X]:

0 .,

OED I

n=0

To be handed in: Monday, 18. Dezember 2017.



