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6. Exercise sheet

Exercise 1 (4 Points):

Let K C R be a real quadratic field with discriminant dx. Then the fundamental unit of K is
defined to be the unique unit € of K such that ¢ > 1 and Ux = {&1} x Z.

1) Let w > 1 be a unit of K. Show that u > (Vdx + Vdx —4)/2 if Ng,g(u) = —1 and
u > (\/dK + Vdg —‘r4)/2 if NK/Q(u) =1.

Hint: Consider Disck /q(1,u) and use Discgq(1,u) > di.

2) Show that if dg is divisible by a prime p with p = 3 mod 4, then K does not contain any
units u with Ng/g(u) = —1.

3) Find the fundamental unit of K = Q(v/2), Q(v/3), Q(v/5).

Exercise 2 (4 Points):

Let K = Q((p) be the p-the cyclotomic field, where p is odd, and set K+ = K (¢, + Cp_l). Denote
by Ug and Ug+ the group of units in K and K.

1) Let u be a unit of K. Show that u/@ is a root of unity.
Hint: Use that o(u/u) has absolute value 1 for every embedding o: K — C.

2) Let u be a unit of K. Show that u/u = ¢} for some k € Z (and not u/u = —(}).

3) Show that Ux = Ug+ X <<p>
Hint: Consider the map Ux — ((p), u+— u/a.

Exercise 3 (4 Points):
Let (5 = €2™/%, and u = —(¢Z + ¢3).

1) Find a quadratic equation over Q satisfied by u and prove that u = (1 + /5)/2.
2) Prove that all the units of Q((5) are given by +¢¥(1 4 ¢5)" with 0 < k <4 and h € Z.
3) Find the regulator of Q((5).



Exercise 4 (4 Points):

1) Let an,b, € C be two sequences of complex numbers and for m < k, m < m’ put

k m’
Am,k: = E Gnp, and Sm,nL’ = E anbn-
n=m n=m

Prove
n=m'—1

Sm,m’ = Z Am,n(bn - bn+1) + Am,m’bm’-
2) Let 0 < a < B real numbers and let z =z + iy € C, z,y € R, x > 0. Then
—az _ —fBz < E —ax __ —fx
e — e 7] < 2o — o)
Hint: Write e=®* — e P87 = zf(f e~ 3 dt.

[ee]
3) Let f(s) = “n, ap € C, be a Dirichlet series. Prove that if f converges for some so € C,
n=1

then f converges locally uniformly on { s € C | Re(s) > Re(so) }-
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