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4. Exercise sheet

Exercise 1 (4 Points):
Let K be a number field of degree n = [K: Q], and a € O such that Ox = Z[a]. Let f(z) € Z[x]
be the minimal polynomial of «, and & = g, -+ , v, be the roots of f(x).

1) Verify the equality

n
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fl@) ~ 2 Frla)(@ —aq)

i=1

Hint: Prove that the polynomial f(x) Z m — 1 is of degree n — 1 and has n roots.
i=1 ‘ ¢

2) Prove that
at~t 0 ifl1<i<n-1

Trcsal ) = {1 ifi=mn—1.

Hint: Write the two sides of the equality in 1) into power series of
coefficients of % for1<i<n.

1

z’

and compare the

3) Use 2) to show that d' = (f,%a)).

Exercise 2 (4 Points):
Consider the fields Q({23), and K = Q(+/—23) C Q((23). Let p be the prime ideal (2, (14++/—23)/2)
of Ok. Show that there exists a unique prime ideal P of Q((23) above p, and that P is not a
prinicipal ideal.
Exercise 3 (4 Points):
Let K = Q(C25)

1) Prove that K has a unique subfield of degree 5 over @, and find an explicit « € K such that

M = Q(«).

2) Find the decompositions of the primes p = 2,3,5 in M/Q, and their corresponding decom-
position subfields.

3) Prove that p splits in M if and only if p = +1,4+7 mod 25.

Exercise 4 (4 Points):

1) Let f(X) € Z[X] be a non-constant polynomial. Prove that there exist infinitely many primes
p such that the image of f(X) in F,[X] has a root in F,,.
Hint: Consider the prime factors of f(nlag)/ag for some large n, where ag = f(0).

2) Show that, given an integer N, there are infinitely many primes p with p =1 mod N.
Hint: Apply 1) to the cyclotomic polynomial f(X) = &n(X).
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